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Abstract. Persistent Turing machind®TMs) are multitape machines with a persistent worktape pre-
served between successive interactions. They are a minimal extension of Turing machines (TMs) that
express interactive behavior. Their behavior is characterized by input-output streams; PTM equiva-
lence and expressiveness are defined relative to its behavior. Four different models of PTM behavior
are examinedanguage-basedutomaton-basewmbservation-basedndfunction-based A number

of special subclasses of PTMs are identified, and several expressiveness results are obtained, both for
the general class of all PTMs and for the special subclasses. The methods, formalisms, and tools for
studying models of PTM computation developed in this paper can serve as a basis for a more compre-
hensive theory of interactive computation.

1. Introduction

Persistent Turing Maching®TMs) are multitape machines with a persistent worktape preserved between
successive interactions; they are a minimal extension of Turing machines (TMs) that express interactive
behavior [GW]. They model services over time provided by embedded, object-oriented, or reactive sys-
tems that cannot be expressed by computable functions [MP, We2, WG].

TMs and PTMs are abstract computing devices useful for representing different forms of computational
behavior: TMs modedhlgorithmic behavior whereas PTMs modaquential interactive behavi¢8IMs)

[WG]. In general, sequential interactive behavior may involve aspects that are not modeled by PTMs, with
temporal or non-discrete characteristics; these characteristics may be crucial, as in the case of embedded
devices.

PTMs share with TMs the inability to express temporal or non-discrete characteristics of computation.
Nevertheless, both TMs and PTMs are robust computational abstractions which serve as a foundation for
formal study of algorithmic and sequential interactive computation, respectively. We believe that the PTM
model can be extended to account for non-functional behavioral characteristics of computing devices, by
augmenting models of behavior beyond streams of input/output pairs.

PTM equivalence and expressiveness are defined relative to its behavior. Models of computation for
PTMs, just as models of computation for TMs, can be equivalently expressed by languages, automata,
observation-based models, and function-based models. Whereas models of computation for TMs are
string-based, models for PTMs are based on interaction (input/output) streams. We use these classes of
models to obtain several expressiveness results, both for the general class of PTMs and for a number of
special subclasses.

Summary: Section 2 provides some background concepts and defines PTMs. Section 3 outlines the differ-
ent models of PTM behavior, identifies several PTM subclasses, and summarizes the expressiveness results
about them. Sections 4 through 7 give the details of the four models and obtain the corresponding expres-
siveness results, followed by a conclusion.

2. Extending Turing Machines with Persistence

2.1 Turing Machines as Noninteractive Computing Devices

Turing machines are finite agents that transform input into output strings by sequences of state transitions.
Turing machine (TM): a TM is a state-transition machiihe= (S,Z, d), with finite sets of states S and



tape symbol&, and a state-transition relatidnSx -> Sx{Z,L,R}. TMs transform finite input strings &

>* to outputs y =M(x) by a finite sequence of steps, staring in a unsgating state and ending when a
halting state is reached. At each stipreads a tape symbol i, performs a state transition (s,i) -> (s',0),
writes a symbol o, and/or moves the reading head one position right or leftfHU].

TMs compute functions f: X->Y from integers to integers (strings to strings). The class of functions com-
putable by TMs are called tmemputable functim TM computations for a given input are history-inde-
pendent and reproducible, since TMs always start in the same initial state and obtain all their input prior to
start of computation (they "shut out the world" during computation).

The property of “shutting out the world” during a computation, where all input is determined prior to the
start of the computation, characterizes Turing Machine@asnteractive

Interactive computing devices: Interactive computing devicesimit input/output actions during the pro-
cess of computation [We2.

Several classic extensions to the TM model have been proposed, such as multiple tapes or multiple read/
write heads. AnultitapeTM typically has 3 or more tapes: a read-only input tape, one or more internal
work tapes, and a write-only output tape. This extension, and others proposed, are noninteractive; they
have been shown to have no effect on the expressiveness of the TM model [HU].

As we will show in this paper, when inputs are streams with dynamic binding, interactive computing
devices can be more expressive than TMs.

2.2. Persistent Turing Machines

Persistence of state typifies computing devices as diverse as software objects and intelligent agents [AB,
RN]. In this section, we extend Turing Machines by introducing persistence. It is interesting to note that
Turing foresaw interactive Turing Machines in his seminal paper [Tu], where he made a distinction
betweerautomatic machinesiow known as TMs, anthoice machinesvhich allow choices by an exter-

nal operator.

Persistent Turing machind®TMs) are a minimal extension of TMs [GW] that models interactive compu-
tation:

Persistent Turing Machine (PTM): A PTM is a multitape TM with gersistent work taperhose content

is preserved between successive TM computations, known ag@&mpltation steps

Since the work tape at the beginning of a PTM computation step is not necessarily blank, the output of a
PTM M at the end of the computation step depends both on the on the input and on the work tape contents.
As a resultM defines gartial recursive functiony from (input, worktape) pairs to (output, worktape')

pairs of stringsfy: | X W -> O x W

Example 2.2 (Answering Machine): An answering machine & a PTM whose worktape contains a
sequence of recorded messages and whose operations are "record message", "playback”, and "erase". The
Turing-computable function fok is:

fa(record Y, X) = (ok, XY); fa(playback, X) = (X, X);fa(erase, X) = (done)

Note that both the content of the worktape and the length of input for recorded messages are unmounded.

A PTM's persistent works tape contents is known astate
PTM state: A PTM'’s persistent work tape is known as thanmory The contents of the memory prior
before and after a (single TM) computation is known as the P3isite m

PTM states can be represented by strings, so the set of PTM states is enumerably infinite. In contrast, TMs
have a finite set of states.



2.3 PTM Computations

Individual computation steps of a PTM correspond to TM computations and are string-based. However,
the semantics of PTM computations ateam-basedhe input stream is generated by émgironment
(observey and the output stream is generated by the PTM (the computing device).

Stream-based PTM semantics: both the input and the output of a PTM are streams [BM] whose tokens
are strings oveE*. These streams are sequences of tokensdyittamic (late, lazyevaluation semantics,
where the next value is not generated until the previous one is consumed.

A PTM computations an (infinite) sequence of Turing-computable steps, consuming input stream tokens
and generating output stream tokens:
PTM computation: Given a PTM M defining a functiofy, and an input streamq(ii,, ...), a computation

of M consists of a sequence of computational steps and produces an output stregm.jo

fp(is, Wo) = (01, Wa); fim(iz, W) = (0p, Wo); fi(iz, Wo) = (03, W3); ...

The state of the PTMvolvesduring a PTM computation, starting with the initial statg \wvg, Wy, Wy, ...);
w.l.0.g., we can assume thag i8 an empty stringm

The fact that input and output actions on streams take place in the middle of computation characterizes
PTMs as interactive computing devices. The evolution of the PTM state is in contrast to the TMs, which
always start (end) a computation in the same starting (halting) state (section 2.1).

Example 2.3 (Answering machine computation): For the Answering Machine (example 2.2), the input
stream(record A, erase, record BC, record D, playback... ) generates the output stream
(ok, done, ok, ok, BCD, ...); the state evolves as follow(s, A, €, BC, BCD, BCD, ...). =

From this example, it is easy to see how any abstract data type can be implemented as a PTM. Other exam-
ples of interactive behaviors that can be expressed by PTMs include single-user databases, holding a dia-
logue, driving home from work [Wel] and playing two-person games [Ab].

2.4 PTM interaction streams

The interaction of PTMs with their environment can be describeiigyaction streamswhich interleave
PTM's inputs and outputs:
Interaction (I/0) streams have the form (,0,), (i»,0,), ... , where i's are input tokens generated by the

environment (observer) and o's are output tokens generated by the PTM (computing devicek, &or all
is computed from,ibut precedes and can influengg i m

Due to the dynamic evaluation semantics of PTM input streams, it is assumed that each input token is gen-
erated after the previous output. As a result, later input tokens may depend on earlier outputs and on exter-
nal (exogenous) events in the environment.

Example 2.4 (Interaction stream for the Answering Machine): the computation in example 2.3 leads to
the following interaction stream:

((record A, ok), (erase, done), (record BC, ok), (record D, ok), (playback, BCD), ...). m

Interaction streams ahéstory dependentThis can be seen in the example above, where the fifth output
BCD depends on the third and fourth inputs. The history dependent effect of "playback” cannot be
expressed by TMs whose output is a function of the input.



3. Towards formalizing PTMs

Being able to determine when two computing devices are equivalent, or when one class of devices is more
expressive than another, is an important goal for any attempt to a formalization of a new model for comput-
ing devices. We will formulate these notions in terms of a computing device’s behavior, and formalize
them for PTMs by providing specific models of PTM behavior.

3.1 Behaviors, equivalence, and expressiveness

The notions of equivalence and expressiveness of computing devices are intimately related to the notion of
a device'©ehavior where behavior is exhibited through its interactions with the environment.

Example (TM behavior): The behavior of a TM consists of accepting input strings and returning output
strings; this can be alternately modeled as a set of input/output pairs or as a function from inputs to out-
puts.m

PTM interaction streams (section 2.4) completely capture the behavior of PTMs, though it can be modeled
in different ways, just as for TMs.

The notion ofequivalencepplies to individual pairs of devices, by comparing their behaviors:
Definition 3.1.1 (equivalence): Two computing devices aexuivalentf they have the same behavimwr.

The notion ofexpressivenesapplies to classes of computing devices, by comparing the sets of behaviors
for them:

Definition 3.1.2 (expressiveness). Two classes of computing devices C1 and C2 are said to have the same
expressivenest the two corresponding sets of behaviors are equal; C2 is said madoe expressivihan

Clif the set for C1 is a proper subset of that forsC2.

Example (FSAs and PDAs): for every Finite State Automaton (FSA), there exists an equivalent Push-
Down Automaton (PDA), one which accepts the same language. However, the reverse is not true; as a
result, PDAs are more expressive than FSAs [HiU].

In this paper, we show that PTMs have a richer set of behaviors than TMs, and are therefore more expres-
sive than TMs in precisely the same sense that PDAs are more expressive FSAS.

3.2 Models of PTM behavior

Four different models of PTM behavior are examinadguage-basedutomaton-baseabservation-
based andfunction-based Whereas models of computation for TMs are string-based, models for PTMs
are based on interaction streams (section 2.4):

Language-based: A PTM M is modeled by itdanguage which is the set of all interaction streams for M
(section 4).

Automaton-based: A PTM M can be modeled by an infinite-state transducer whose transitions are
labeled by pairs of input/output strings; paths through that automaton are the interaction streams of M
(section 5).

Observation-based: A PTM M can be modeled by a set of firsfeservationsmade by M'®bserver
These observations are segments of interaction streams, giving us notions of behavior and equivalence
that are relative to observers (section 6).

Function-based: A PTM can be modeled by a recursive function from input to output streams; this func-
tion has coinductive evaluation semantics [BM], recursing infinitely without reaching a base case (sec-
tion 7).



As for Turing Machines, different models of computation for PTMs are suitable for obtaining different
results. In the next section, we define special specializations of PTMs as a prelude to proving results about
their expressiveness.

3.3 Special PTMs and their expressiveness

In general, a single computational step of a PNk modeled by a Turing computable functidg: | x W
-> 0 x W where I, O, and W abe (section 3.1). Several interesting subclasses of PTMs are defined in
this section, which arise from subcases of this general model:

Amnesic PTMs (section 4.2) ignore the contents of their memory, behaving as if each computa-
tional step starts in the same state.

Finite-memory PTMs (section 4.3) have a bound on the amount of available memory.
Finite-state PTMs (section 4.3) have a finite number of states; that is to say, W is finite.
Simple PTMs have finite sets of input/output tokens; that is to say, both | and O arebiinitey
PTMs are a subclass of simple PTMs where both | and O have size 2.

Consistent PTMs produce the same output token for a given input token everywhere within a single
interaction stream; different interaction streams may have different outputs for the same input [Kos].

These subclasses of devices have special characteristics. Here are some of them:

* Amnesic PTMs have the same expressiveness as sequences of TM computations (section 4);

* Finite-memory PTMs have the same expressiveness as finite-state PTMs (section 4);

* Simple finite-state PTMs have the same expressiveness as Finite State Transducers (section 5);

* Simple (binary) finite-state PTMs are less expressive than simple (binary) PTMs (section 5);

* General PTMs have the same expressivenesfeative labeled transition systeh$'Ss), a sub-
class of LTSs (section 5);

* Amnesic PTMs are less expressive than general PTMs, constituting the lowest leviafiaftan
observability hierarchyor PTMs (section 6).

The remainder of the paper, up to the concluding section, is devoted to a discussion of the above results.
4. Language-based model of PTM computation

In this section, we use the language-based model of PTM computation to show that theaohaesof
PTMs (section 3.3) has the same expressiveness as the class of TMs, and that thindiesserhory
PTMs has the same expressiveness as the cldisgtefstatePTMs. Languages and grammars for interac-
tion machines were previously explored in [We2].

4.1 PTM languages

The behavior of non-interactive computing devices can be describeldtyuage which is a set of

strings over some finite alphabet. For example, the language of a finite state automaton is the set of strings
it accepts [HU]. A set-based notion of languages can likewise be defined for PTMs; PTM languages are
stream-based rather than string-based:

PTM language: The set of all interaction streams for a PWMMonstitutes itéanguage £(M). m



Despite the change in semantics from strings to streams, the definitions of expressiveness and equivalence
(section 3.1) apply to PTMs just as to other computing devices for which a language is defined:

Language-based equivalence: Let M1 and M2 be computing devices whose behavior is modeled by sets
of interaction streams; M1 and M2 aguivalentff L(M1) = (M2).

Language-based expressiveness: Let C1 and C2 be two classes of computing devices whose behavior is
modeled by sets of interaction streams; C2 is said tmbre expressivihan C1 if the set of all languages
for the members of C1 is a proper subset of that fomC2.

4.2 Amnesic PTMs and TMs

In order to compare PTM languages to those of multitape TMs, we need to consider TM computations over
streams of input strings, which produce streams of output strings:
Stream-based TM computation: Given a TMM defining a functiorfy, from input to output strings and

an input stream {j i,, ...), @ computation d¥l produces an output stream,(0,, ...), wheréy,(i) = (0,
for eachk. m

Amnesid®PTMs ignhore the contents of their memory, behaving as if each computational step starts in the
same state. As a result, computations of amnesic PTMs are not history dependent (hence their name):
Definition 4.2 (Amnesic PTMs): a PTMM is amnesiaff fy,(i, w) = fyy(i, wg) for all inputs i and states w,

where vy is M's initial state.m

Proposition 4.2.1: the behavior of each amnesic PTM is equivalent to a sequence of TM computations for
the corresponding TM.
Proof: Given an input streamq(ii,, ...), @ computation of an amnesic PMproduces an output stream

(04, 0, ...), Where:

fm(iz, Wo) = (01, Wy); fi(in, wa) = fiy(iz, Wo) = (0, Wo); f(ia, W) =f(io, Wo) = (03, Wa); ...
Since v is assumed empty, each computation stefgl f the same as a computation of the TM that corre-
sponds tdV, let us call itMO: for all k, fyo(ix) = fy(ix, Wo) = O ®

Proposition 4.2.2;: for each TM M, there exists a TM M’ so that Ms behavior is equivalent to the amnesic
PTM based on M'.

Proof: Given an arbitrary TMM, it may write something to tape and fail to erase it, so that the correspond-
ing PTM is not necessarily amnesic. However, an equivalent TM M’ that always erases its work tape can
be constructed, guaranteeing that the behavior of the corresponding PTM is amnesic.

The following theorem follows from Propositions 4.2.1 and 4.2.2:
Theorem 4.2: Amnesic PTMs have the same expressiveness as sequences of TM compmtations.

4.3 Finite-state and finite-memory PTMs

Finite-memory PTMs have a bound on the amount of available memory. This does not imply a bound on
the size of the work tape, but only on the number of bits that may be stored persistently.

LetM be a finite-memory PTM. If is the memory bound favl, and c is the size oM'’s alphabet, then

M can have at mosh states. Therefore, the set of statesvias finite.

Finite-state PTMs have a finite number of states; that is to say, given the set of all possible finite
sequences of inputs, the set of states that can be reached by these sequences is finite.

Let M be a finite-state PTM. If W is the set\ states an#t is the size of W, then at most lkgharac-



ters are needed to represent any state in W. Therefore, one can place a bound on the amount of memory
available tavi without affecting its computation.

The following theorem follows from the discussion above:
Theorem 4.3: Finite-memory PTMs have the same expressiveness as finite-statedPTMs.

5. Automata-theoretic model of PTM behaviors

In this section, we adopt the automata-theoretic view of a PTM. as a transducer over an infinite state space.
This view complements the language-based view, just as for TMs.

5.1 Finite-state transducers and their index

One of the possible metrics for classify finite-state automata (FSAS) igdheirwhich is finite for all
FSAs and is the same for equivalent FSAs [RS]:
Myhill-Nerode theorem: Given any finite state automatérover alphabek, where L) is the set of

strings accepted b, it induces a partition ¢* into {L 4, L, ... L} for some finitek, where:
for anyi <k, for all x, y in Lj, and for all w in=*, xw is in L(A) iff yw is in L(A);
kis known as thendexof A. m

Finite state transducers (FSTs) augment FSAs with character outputs at each transition (rather than the
binary outpuiaccepirejectat the end of the computation). A Mealy machine is an example of an FST:
Mealy Machine: a Mealy machine (@, A, 8, A, q0) is a finite state machine where each transition is
associated with both an input and an output character. For a transition from sta@ewith input labela

in 2, the value of the next statedq, a); the value of the output %(q, a), which is a member oh. [HU] =

Moore machines, where the output is associated with a state rather than with a transition [HU], are another
example of a transducer; Moore and Mealy machines have the same expressiveness [HU].

For inputs of finite length, FSTs can simulate any FSA: restrict the output alphabéivo valuesaccept
andreject and consider only the last character of the output string. However, the input of an FST may be
an infinite character stream; the output will also be a character stream. Myhill-Nerode theorem can be
adapted to stream-based FSTs [TB]:

Proposition 5.1 (Myhill-Nerode theorem for FSTs): Given any finite state transduc&over alphabet&

andA, which maps streams ovErto streams oveh by a mapping, Ainduces a partition a* into {L 4,
L, ... L} for some finitek, where:

for anyi <k, for all x, y in L;, and for all w inZ*, the last characters @f(xw) andu(yw) are the same;
kis known as thendexof A. m

5.2 FSTs and PTMs

Stream-based Mealy machines are the sarfipitesstate simpl®TMs, which have finite sets of input/
output tokens:

Proposition 5.2.1: Stream-based Mealy machines have the same expressivefiegs-atate simple
PTMs.

Proof: given a finite-state simple PTM with fy;: | X W -> O x W, it is easy to see how to construct an

equivalent Mealy Machine (@, 4, §, A, g0) , and vice versa.

As a corollary to Proposition 5.2.1, finite-state simple PTMs have a finite index. In contrast, simple PTMs
without the finite-state restriction may have no finite index:

Proposition 5.2.2: Myhill-Nerode theorem for FSTs does not hold in the case of infinite-state transducers:
Proof: LetM be the following PTM, which accepts and produces bit streams as follows:



while M's input stream equals the "template 010£01%01%0..., M's output bits are all 1's; as
soon as there is an "incorrect” input bits output becomes 0's.

LetL be the set of all prefixes of the templai¢hat end in OL is countably infinite. Leti(x) be the output
string produced b for any input stringk. It is easy to see that given any two distinct strings x Ly in
there exists a string w of the forM fbr somen > 1 such that the last charactengtw) is different from
the last character @f{yw). m

As Propositions 5.1 and 5.2.2 show, the index of any finite-state simple PTM is finite, whereas the same is
not true for the class of all simple PTMs. Therefore, the behavior of the class of simple PTMs can be con-
sidered richer than of the class of FSTs, when measured in terms of the index. Moreover, sike PTM
used in the proof above lnary (section 3.3), the same difference in expressiveness is found for the class
of binary PTMs.

5.3 LTSs and PTMs

There is a well-studied class of transition systems with infinite states that are known as Labeled Transition
Systems [BM].

Definition (LTS): A labeled transition systeis a triple (S, Ap), where S is a set sfates A is a set of

actions andd: S x A -> S is dransition functionm

The transition functio® associates with every state a set of possible actions, and specifies the new state
reached with each action. The actions are assumed to be observable whereas the states are not. LTSs are a
standard tool for process modeling [Mil].

We identify a particular class of LTSs, calleffiectivelL. TSs; each action of an effective LTS is an input/
output pair, and the transitions are Turing-computable:

Effective LTSs: An LTS T iseffectivef A=1x O, where | is a set ofnputsand O is a set abutputs and
the transition functio is Turing-computablem

In fact, PTMs comprise a subclass of LTSs with trace equivalence semantics:
Proposition 5.3: The class of PTMs has the same expressiveness as the class of effective LTSs.
Proof: given a finite-state simple PTMwith fy;: I x W -> O x W, it is easy to see how to construct an

equivalent effective LTS (S, |, @), and vice versas

6. Observational approach to PTM behaviors

System behavior has been defined as an absolute notion. Haviserkedehavior of systems defined
relative toobserverss in many contexts more relevant than unobservable absolute behavior. In this sec-
tion, we consider an observational notion of behavior for interactive systems.

6.1 Observational equivalence of interactive systems

Observersnap machines with behavior B to thelrserved behaviors
Definition 6.1 (observational equivalence): Given a class C of machines with behavior B,adoserverO
of C is a mapping from elements of C to some doriginO: C ->f3 5 which has the following property,

known asobservational correctness
for any My, M, in C, if B(M;) = B(M,), then O(M) = O(M,)  (observational correctngss

The elements g o are known asbserved behaviorén case when O() # O(M,), we say that Nland
M, aredistinguishabldo O. Otherwise, we say that;Mnd M, are observationally equivalem O. m



Observers should never distinguish between equivalent systems (as a tbsutthservational correct-
nessproperty), but they may fail to distinguish between systems that are not equivalent. We will consider
a special case of observers, knowfitite observers

Finite observers: O is afinite observefor C if, for all M in C, O(M) is a set of finite (bounded) elements,
known asobservationsm

Finite PTM observers: For an arbitrary PTMM, any finite subsequence of some interaction stream of
is anobservatiorof M; thelengthof an observation is the number of pairs init. Then, any mapping from
PTMs to sets of their observations constitutéaite PTM observem

If M, and M, are distinguishable to a finite observer O, then Q@O(M,), i.e., O(M)) O O(M,) is not
empty. The members of this set are knowdiasnguishability certificatefor (M, M,); they are finite
observations which allow O to distinguish betweepavid M,.

Proposition 6.1 (Distinguishability certificates for amnesic PTMs): if two amnesic PTMs are not equiv-
alent, they have a distinguishability certificate of length 1.
Proof: Let M; and M, be two amnesic PTMs, and lef Be a finite PTM observer that observes all PTM

intraction sequences of length 1; i.eq, @serves single input/output pairs . It is easy to see thanifl
M, are distinguishable iff §M,) # O;(M,).m

Proposition 6.1 does not hold for the general class of PTMs; in fact, we will show in section 6.3 that there
exist pairs of PTMs whose shortest distinguishability certificate is arbitrarily long.

6.2 Observational expressiveness

It is easy to see that observational equivalence (definition 6.1) is symmetric, reflexive, and transitive. As a
result, an observer O for a class of machines C with behavior B induces a partitioning of C into equivalence
classes, where the members of each class are not distinguishable to O; we aaiisérational equiva-

lence classes

O, is more powerfuthan G if it can distinguish more:

Observational expressiveness: O; is more powerfuthan G if the observational equivalence classes for
O, are strictly finer than those for,0Olt is easy to see that the finest possible equivalence relation over a
class C of devices with behavior B is induced by B itself.

This notion of expressiveness allows us to show that PTM computations are more expressive than
sequences of TM computations, by establishin@bservational Expressiveness Hierar¢by PTMs
(section 6.3).

6.3 Observational Expressiveness Hierarchy

In this section, we show that PTM computations are more expressive than sequences of TM computations,
by establishing a®bservational Expressiveness Hierardoy PTMs.

For any k, we define a finite PTM observer Ok as follows:
Finite PTM observer O;: for any k and any PTM M, @M) is the set of M's observations of lengtk,

where the length of an observation is the number of pairssin it.

Oy gives us a relative notion of M's behavior, with respect to observers that can only "remembé&r" up to
interactions at a time. It is easy to see that forkay, is observationally correct:
Proposition 6.3.1: for any pair of PTMs Mand M, if B(M,) = B(M,) then (M) = O(M,) =



It is also easy to see that for dnyO, . is at least as powerful agO
Proposition 6.3.2: for anyk, O, is at least as powerful ag.®

It is furthermore the case that for anyO, .1 is more powerful than © In order to prove it, we will con-

struct a family of PTMs M = (M, M,, ...) such that for anl, O, cannot distinguish betweenMnd M.,

whereas 1 can:

Lemma 6.3: There exists a family of PTMs M = (MM, ...) such that for arly; O, cannot distinguish

between N} and M, whereas @,, can.

Proof: The proof is by construction. All Mire binary, with inputs 0 or 1, and outputs T and F. At every
computational step, for atky M, outputs T if the ladt input tokens were 1's, F otherwise (if it has not

seen that many values, or if some of them were 0). For any k, the shortest distinguishability certificate has
lengthk+1: ((0, F), (1, F‘ﬁ'l, (2, T)). This certificate is consistent with,Nbut not with M., =

Corollary: For anyk, O, is more powerful than Om

Thus, we have obtained an infinite famiyof increasingly powerful PTM observers:

® = (0, Oy, ...).
Each observer partitions the class of PTMs into observational equivalence classes, which get progressively
finer without reaching a limit.

Given PTMs M and M, letk be the smallest number such thato@n distinguish between Mnd M,.
Then, we say thadtis theobservational distancketween M and M,:

Observational distance: Given PTMs M and M,, theobservational distancketween M and M, is the
smallest numbek such that Qcan distinguish betweenNnd M,. =

Lemma 6.3 shows that there exist pairs of PTMs that are arbitrarily far apart, in terms of observational dis-
tance. However, there are subclasses of PTMs where this is not the case. In particular, the observational
distance between any two amnesic PTMs is 1 (Proposition 6.1). In addition, amnesic PTM behaviors are
equivalent to TM behaviors (section 4). As a result, we obtain the following theorem:

Theorem 6.3: There exists an infinite observational hierarchy for PTM behaviors, with TM behaviors at
the bottom of this hierarchy.

6.4. Compactness conjecture for PTM behaviors

Any observer of a class of machines with behavior B that is capable of observing B (section 7) can be con-
sidered thaultimate observer For PTMs, the ultimate observer is one as powerful & language of
PTMs (section 5):

Ultimate PTM observer (Opyy): for any My, M, in C, 2(Mq) = £(M)) iff Op1(M1) = Oprm(M2)

In section 7, we have constructed a sequénoéfinite observers that represent increasingly accurate
approximations to Py This raises the following conjecture:

Compactness conjecture for PTMs: two PTMs M, and M, are distinguishable by &, iff there exists
a finite observer i® which distinguishes them.

As a corollary of the Compactness Conjecture for PTMs, infinite observers are not necessary for distin-
guishing between all PTMs:
Corollary: If Ois afinite PTM observer that observes PTM observations of any length, then O is ultimate.

The Compactness Conjecture for PTidsanalogous to theompactness Theorem for Logichich states
that an infinite set of formulae is unsatisfiable (has no model) iff there exists a finite set which is unsatisfi-
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able (has no model) [End]. We conjecture that these two theorems are in fact related, and that a more gen-
eral compactness theorem can be formulated in terms of finite model theory, where these theorems are
different versions of the general one.

7. Modeling PTM behavior by recursively defined functions.

We have mentioned in section 3.2 that PTM behaviors can also be modeled by recursive functions from
input to output streams. In this section, we define such a funggjgior any PTMM. A similar approach

can be found in [Bro].

First, we define two functions over paitstand2nd, returning the 1st and 2nd components of pairs,
respectively. We also define three functions over strdagag) tail, andappendheads) returns the first
token of a stream gail(s) returns the rest of the stream (which is also a stream)appéendt, s) appends
a token t to the beginning of a stream s (returning a new stream).

LetM be a PTM wheré, is the corresponding computable function (section Zg)IxW -> Ox W. We
define a functiorfirec, which takes an input streanand a state w and returns an output street,, is
defined recursively as follows:

frecy (1, w) =appendo, frec(tail(1), w)),
where o and w’ are the 1st and 2nd element respectivg|)logadt), w)

o =1s{fy,(headt), w)); w’ = 2ndfy,(headl), w)).

Streams are assumed to be infinite: successive invocatidag obntinue returning new streams. Streams
are also assumed be dynamically boumeadandtail have lazy evaluation semantics. As a restritgy,
cannot be expressed by any Turing-computable functisrdefinition is based on coinductive principles
[BM], which are more expressive than the inductive principles underlying Turing-computable functions
[UR, WG].

Thoughfrec returns the output stream properly, it represents the state explicitly among its inputs, so it is
not quite what we need. The function we neggl,is obtained by currying the initial state wO ifitec:

for any x,@(x) = fregy(x, wO0).

Though functions from streams to streams are not Turing-computable, they provide a functional way of
defining PTM equivalence:
Theorem 7: Given two PTMaM1 andM2, £(M1) = £(M2) iff @y1 = Q-

Proof: The proof is omitted from this abstract; it makes use of coinductive reasoning and coalgebraic
methods [BM, JR].m

8. Conclusion

Though PTM behavior cannot be expressed by recursively enumerable sets, computable functions, or TMs,
notions of behavior, equivalence, and expressiveness for PTMs can be expressed as extensions of the corre-
sponding notions for TMs. We have developed the methods, formalisms, and tools for studying models of
computation for PTMs that can serve as a basis for a more comprehensive theory of interactive computa-
tion.
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