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Abstra
tIn this paper we des
ribe a parallel h-re�nement algorithm for unstru
tured Finite Elementmeshes based on the longest-edge bise
tion of triangles and tetrahedrons. This algorithm isimplemented in Pared, a system that supports the parallel adaptive solution of PDEs. Wedis
uss the design of su
h an algorithm for distributed memory ma
hines in
luding the problemof propagating re�nement a
ross pro
essor boundaries to obtain meshes that are 
onforming andnon-degenerate. We also demonstrate that the meshes obtained by this algorithm are equivalentto the ones obtained using the serial longest-edge re�nement method. We �nally report on theperforman
e of this re�nement algorithm on a network of workstations.1 Introdu
tionThe �nite-element method (FEM) is a powerful and su

essful te
hnique for the numeri
al solutionof partial di�erential equations. When applied to problems that exhibit highly lo
alized or movingphysi
al phenomena, su
h as o

urs on the study of turbulen
e in 
uid 
ows, it is desirable to 
om-pute their solutions adaptively. In su
h 
ases, adaptive 
omputation has the potential to signi�
antlyimprove the quality of the numeri
al simulations by fo
using the available 
omputational resour
eson regions of high relative error.Unfortunately, the 
omplexity of algorithms and software for mesh adaptation in a parallel ordistributed environment is signi�
antly greater that it is for non-adaptive 
omputations. Be
ausea portion of the given mesh and its 
orresponding equations and unknowns is assigned to ea
hpro
essor, the re�nement (
oarsening) of a mesh element might 
ause the re�nement (
oarsening) ofadja
ent elements some of whi
h might be in neighboring pro
essors. To maintain approximately thesame number of elements and verti
es on every pro
essor a mesh must be dynami
ally repartitionedafter it is re�ned and portions of the mesh migrated between pro
essors to balan
e the work.In this paper we dis
uss a method for the parallel re�nement of two- and three-dimensionalunstru
tured meshes. Our re�nement method is based on Rivara's serial bise
tion algorithm [1, 2, 3℄in whi
h a triangle or tetrahedron is bise
ted by its longest edge. Alternative e�orts to parallelizethis algorithm for two-dimensional meshes by Jones and Plassman [4℄ use randomized heuristi
s tore�ne adja
ent elements lo
ated in di�erent pro
essors.The parallel mesh re�nement algorithm dis
ussed in this paper has been implemented as part ofPared [5, 6℄, a system for the parallel adaptive solution of partial di�erential equations that we havedeveloped. Pared provides a variety of solvers, handles sele
tive mesh re�nement and 
oarsening,mesh repartitioning for load balan
ing, and interpro
essor mesh migration. One of the most salient
hara
teristi
s of adaptive 
ode is the high sophisti
ation of its data stru
tures and algorithms. To
ope with this 
omplexity, new design te
hniques based on obje
t-oriented te
hnology are ne
essary.For this reason, all the support 
ode in Pared is written in C++.2 Adaptive Mesh Re�nementIn the Finite Element Method (FEM) a given domain 
 is divided into a set of non-overlappingelements 
i su
h as triangles or quadrilaterals in 2D and tetrahedrons or hexahedrons in 3D. Theset of elements 
i; 1 � i � n; and its asso
iated verti
es Vj ; 1 � j � m; form a mesh M . Withthe addition of boundary 
onditions, a set of linear equations is then 
onstru
ted and solved. Forthe purpose of this paper, we 
on
entrate on the re�nement of 
onforming unstru
tured meshes
omposed of triangles or tetrahedrons. On unstru
tured meshes, a vertex 
an have a varying numberof elements adja
ent to it. Unstru
tured meshes are well suited to modeling domains that have1
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(c)(b)(a)Figure 1: The re�nement of the mesh in (a) using a nested re�nement algorithm 
reates a forestof trees as shown in (b) and (
). The dotted lines identify the leaf triangles.
omplex geometry. A mesh is said to be 
onforming if the triangles and tetrahedrons interse
t onlyat their shared verti
es, edges or fa
es. The FEM 
an also be applied to non-
onforming meshes, but
onformality is a property that greatly simpli�es the method. It is also assumed to be a requirementin this paper.The rate of 
onvergen
e and quality of the solutions provided by the FEM depends heavily onthe number, size and shape of the mesh elements. The 
ondition number of the matri
es used inthe FEM and the approximation error are related to the minimum and maximum angle of all theelements in the mesh [7℄. In three dimensions, the solid angle of all tetrahedrons and their ratio ofthe radius of the 
ir
umsphere to the ins
ribed sphere (whi
h implies a bounded minimum angle)are usually used as measures of the quality of the mesh [8, 9℄. For a given shape, the approximationerror in
reases with element size (h), whi
h is usually measured by the length of the longest edge ofan element.The goal of adaptive 
omputation is to optimize the 
omputational resour
es used in the sim-ulation. This goal 
an be a
hieved by re�ning a mesh to in
rease its resolution on regions of highrelative error in stati
 problems or by re�ning and 
oarsening the mesh to follow physi
al anomaliesin transient problems [10℄. The adaptation of the mesh 
an be performed by 
hanging the order ofthe polynomials used in the approximation (p-re�nement), by modifying the stru
ture of the mesh(h-re�nement), or a 
ombination of both (hp-re�nement). Although it is possible to repla
e an oldmesh with a new one with smaller elements, most h-re�nement algorithms divide ea
h element in asele
ted set of elements R from the 
urrent mesh into two or more nested subelements.Starting from an initial mesh M0 these methods 
onstru
t a family of meshes M0;M1; : : : ;MLwhere every vertex in Ml is also present in Ml+1 and every element ex
ept the ones in the initialmesh is 
reated as the result of dividing some parent element. The numeri
al simulation is still basedon the unre�ned mesh ML although 
oarser meshes are sometimes used (for example, in multigridmethods). A mesh Ml is non-degenerate if its interior angles are never too small or too large. An h-re�nement algorithm is stable if, after starting from an initial meshM0, it never 
reates a degeneratemesh Ml, 0 < l � L as L!1.In Pared, when an element is re�ned, it does not get destroyed. Instead, the re�ned elementinserts itself into a tree, where the root of ea
h tree is an element in the initial meshM0 and the leavesof the trees are the unre�ned elements in ML as illustrated in Figure 1. Therefore, the re�ned meshforms a forest of re�nement trees. These trees are used in many of our algorithms. For example, to2




oarsen the mesh, we only need to repla
e some leaf elements in ML by their parents. We 
an thenrepeat this pro
edure until we obtain the initial mesh M0. Our repartitioning algorithm also takesadvantage of these trees, and when an element is migrated to another pro
essor all its des
endantsare migrated as well.Error estimates are used to determine regions where adaptation is ne
essary. These estimatesare obtained from previously 
omputed solutions of the system of equations. After adaptation im-balan
es may result in the work assigned to pro
essors in a parallel or distributed environment.EÆ
ient use of resour
es may require that elements and verti
es be reassigned to pro
essors atruntime. Therefore, any su
h system for the parallel adaptive solution of PDEs must integrate sub-systems for solving equations, adapting a mesh, �nding a good assignment of work to pro
essors,migrating portions of a mesh a

ording to a new assignment, and handling interpro
essor 
ommu-ni
ation eÆ
iently.3 Pared: An OverviewPared is a system of the kind des
ribed in the last paragraph. It provides a number of standarditerative solvers su
h as Conjugate Gradient and GMRES and pre
onditioned versions thereof. Italso provides both h- and p-re�nement of meshes, algorithms for adaptation, graph repartitioningusing standard te
hniques [11℄ and our own Parallel Nested Repartitioning (PNR) [6, 12℄, and workmigration.Pared runs on distributed memory parallel 
omputers su
h as the IBM SP-2 and networks ofworkstations. These ma
hines 
onsist of 
oarse-grained nodes 
onne
ted through a high to moderatelaten
y network. Ea
h node 
annot dire
tly address a memory lo
ation in another node. In Parednodes ex
hange messages using MPI (Message Passing Interfa
e) [13, 14, 15℄. Be
ause ea
h messagehas a high startup 
ost, eÆ
ient message passing algorithms must minimize the number of messagesdelivered. Thus, it is better to send a few large messages rather than many small ones. This is avery important 
onstraint and has a signi�
ant impa
t on the design of message passing algorithms.Pared 
an be run intera
tively (so that the user 
an visualize the 
hanges in the mesh thatresults from mesh adaptation, partitioning and migration) or without dire
t intervention from theuser. The user 
ontrols the system through a GUI in a distinguished node 
alled the 
oordinator,PC . This node 
olle
ts information from all the other pro
essors (su
h as its elements and verti
es).This tool uses OpenGL [16℄ to permit the user to view 3D meshes from di�erent angles. Throughthe 
oordinator, the user 
an also give instru
tions to all pro
essors su
h as spe
ifying when andhow to adapt the mesh or whi
h strategy to use when repartitioning the mesh.When the FEM is implemented in parallel, a portion of the mesh is assigned to ea
h pro
essor.The goal is to �nd a partition of the mesh that minimizes interpro
essor 
ommuni
ation whileassigning similar amount of work to ea
h pro
essor. This goal is related to the graph partitioningproblem [17℄, an NP-
omplete problem for whi
h many heuristi
s have been developed [18, 19℄. Tosimplify the way matri
es are 
omputed in the FEM, it is preferred to make this partition by meshelements rather than by mesh verti
es [20℄ so that matri
es 
an be assembled lo
ally when 
reatinga systems of equations. A partition of the mesh 
an be a
hieved by 
omputing the dual of the mesh,that is, a graph in whi
h there is a vertex for every mesh element and an edge between neighboringelements. This graph 
an then be partitioned using any of a number of graph partitioning algorithms.In our 
omputation, we assume that an initial 
oarse mesh is given and that it is loaded intothe 
oordinator. The initial mesh 
an then be partitioned using one of a number of serial graphpartitioning algorithms and distributed between the pro
essors. Pared then starts the simulation.Based on some adaptation 
riterion [21℄, Pared adapts the mesh using the algorithms explained3
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Figure 2: Mesh representation in a distributed memory ma
hine using remote referen
es.in Se
tion 5. After the adaptation phase, Pared determines if a workload imbalan
e exists due toin
reases and de
reases in the number of mesh elements on individual pro
essors. If so, it invokesa pro
edure to de
ide how to repartition mesh elements between pro
essors; and then moves theelements and verti
es. We have found that PNR gives partitions with a quality 
omparable to thoseprovided by standard methods su
h as Re
ursive Spe
tral Bise
tion [18℄ but whi
h handles mu
hlarger problems than 
an be handled by standard methods.3.1 Obje
t-Oriented Mesh RepresentationsIn Pared every element of the mesh is assigned to a unique pro
essor. Verti
es are shared betweentwo or more pro
essors if they lie on a boundary between partitions. Ea
h of these pro
essors hasa 
opy of the shared verti
es and verti
es refer to ea
h other using remote referen
es, a 
on
eptused in obje
t-oriented programming. This is illustrated in Figure 2 on whi
h the remote referen
es(marked with dashed arrows) are used to maintain the 
onsisten
y of multiple 
opies of the samevertex in di�erent pro
essors. Remote referen
es are fun
tionally similar to standard C pointers butthey address obje
ts in a di�erent address spa
e. When implemented in C++, a remote referen
e isan obje
t that 
onsists of a pro
essor number and memory address.A pro
essor 
an use remote referen
es to invoke methods on obje
ts lo
ated in a di�erent pro
es-sor. In this 
ase, the method invo
ations and arguments destined to remote pro
essors are marshaledinto messages that 
ontain the memory addresses of the remote obje
ts. In the destination pro
es-sors these addresses are 
onverted to pointers to obje
ts of the 
orresponding type through whi
hthe methods are invoked. Be
ause the di�erent nodes are inherently trusted and MPI guaranteesreliable 
ommuni
ation,Pared does not in
ur the overhead traditionally asso
iated with distributedobje
t systems.Another idea 
ommonly found in obje
t oriented programming and whi
h is used in Pared isthat of smart pointers. An obje
t 
an be destroyed when there are no more referen
es to it. InPared verti
es are shared between several elements and ea
h vertex 
ounts the number of elementsreferring to it. When an element is 
reated, the referen
e 
ount of its verti
es is in
remented.Similarly, when the element is destroyed, the referen
e 
ount of its verti
es is de
remented. Whenthe referen
e 
ount of a vertex rea
hes zero, the vertex is no longer atta
hed to any element lo
atedin the pro
essor and it 
an be destroyed. If a vertex is shared, then some pro
essor might have a4



Bise
t(
i)let Vp, Vq and Vr be verti
es of the triangle 
ilet (Vp; Vq) be the longest side of 
i and let Vs be the midpoint of (Vp; Vq)bise
t 
i by the edge (Vr ; Vs), generating two new triangles 
i1 and 
i2while Vs is a non-
onforming vertex do�nd the non-
onforming triangle 
j adja
ent to the edge (Vp; Vq)Bise
t(
j)end whileFigure 3: Longest edge (Rivara) bise
tion algorithm on triangular mesh.remote referen
e to it. In that 
ase, before a 
opy of a shared vertex is destroyed, it informs the
opies in other pro
essors to delete their referen
es to itself. This pro
edure insures that the sharedvertex 
an then be safely destroyed without leaving dangerous dangling pointers referring to it inother pro
essors.Smart pointers and remote referen
es provide a simple repli
ation me
hanism that is tightlyintegrated with our mesh data stru
tures. In adaptive 
omputation, the stru
ture of the meshevolves during the 
omputation. During the adaptation phase, elements and verti
es are 
reatedand destroyed. They may also be assigned to a di�erent pro
essor to rebalan
e the work. Asexplained above, remote referen
es and smart pointers greatly simplify the task of 
reating dynami
meshes.4 Adaptation Using the Longest Edge Bise
tion AlgorithmMany h-re�nement te
hniques [22℄ have been proposed to serially re�ne triangular and tetrahedralmeshes. One widely used method is the longest-edge bise
tion algorithm proposed by Rivara [1, 2℄.This is a re
ursive pro
edure (see Figure 3) that in two dimensions splits ea
h triangle 
i from asele
ted set of triangles R by adding an edge between the midpoint Vs of its longest side to theopposite vertex. In the 
ase that Vs makes a neighboring triangle, 
j, non-
onforming, then 
jis re�ned using the same algorithm. This may 
ause the re�nement to propagate throughout themesh, as illustrated in Figure 4. Nevertheless, this pro
edure is guaranteed to terminate be
ause theedges it bise
ts in
rease in length. Building on the work of Rosenberg and Stenger [23℄ on bise
tionof triangles, Rivara [1, 2℄ shows that this re�nement pro
edure provably produ
es two dimensionalmeshes in whi
h the smallest angle of the re�ned mesh is no less than half of the smallest angle ofthe original mesh.The longest-edge bise
tion algorithm 
an be generalized to three dimensions [3℄ where a tetra-hedron is bise
ted into two tetrahedrons (Figure 5) by inserting a triangle between the midpointof its longest edge and the two verti
es not in
luded in this edge. The re�nement propagates toneighboring tetrahedra in a similar way. This pro
edure is also guaranteed to terminate, but unlikethe two dimensional 
ase, there is no known bound on the size of the smallest angle. Nevertheless,experiments 
ondu
ted by Rivara [3℄ suggest that this method does not produ
e degenerate meshes.In two dimensions there are several variations on the algorithm. For example a triangle 
aninitially be bise
ted by the longest edge, but then its 
hildren are bise
ted by the non-
onformingedge, even if it is that is not their longest edge [1℄. In three dimensions, the bise
tion is alwaysperformed by the longest edge so that mat
hing fa
es in neighboring tetrahedrons are always bise
tedby the same 
ommon edge.Be
ause in Pared re�ned elements are not destroyed in the re�nement tree, the mesh 
an be5
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Figure 4: The re�nement of the shaded triangle (a) propagates through the mesh 
reating three(bla
k) non-
onforming verti
es (b)-(f). Non-
onforming elements adja
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es arere
ursively re�ned until all the mesh is 
onforming (g).
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(a) (b)Figure 5: Re�nement of a tetrahedron (a) by its longest edge (3; 4) into two tetrahedrons (b). There�nement propagates to all the tetrahedrons adja
ent to the edge (3; 4).6




oarsened by repla
ing all the 
hildren of an element by their parent. If a parent element 
i issele
ted for 
oarsening, it is important that all the elements 
j that are adja
ent to the longestedge of 
i are also sele
ted for 
oarsening. If neighbors are lo
ated in di�erent pro
essors then onlya simple message ex
hange is ne
essary. This algorithm generates 
onforming meshes: a vertex isremoved only if all the elements that 
ontain that vertex are all 
oarsened. It does not propagatelike the re�nement algorithm and it is mu
h simpler to implement in parallel. For this reason, inthe rest of the paper we will fo
us on the re�nement of meshes.5 Parallel Longest-Edge Re�nementThe initial 
oarse mesh is assumed small enough so it 
an be stored in one pro
essor and re�nedthere using the serial re�nement algorithms outlined in the previous se
tion. Nevertheless, as thenumber of elements and verti
es in
reases in re�ned meshes, it is ne
essary to distribute the meshbetween pro
essors and perform its re�nement in parallel.Be
ause the adaptation pro
edure is used to re�ne the mesh in regions of high relative error,when the mesh is distributed between pro
essors it is likely that su
h a region is lo
ated in only oneor few pro
essors. The longest edge bise
tion algorithm and many other mesh re�nement algorithmsthat propagate the re�nement to guarantee 
onformality of the mesh are not lo
al. The re�nementof one parti
ular triangle or tetrahedron 
i 
an propagate through the mesh and potentially 
ause
hanges in regions far removed from 
i. If neighboring elements are lo
ated in di�erent pro
essors,it is ne
essary to propagate this re�nement a
ross pro
essor boundaries to maintain the 
onformalityof the mesh.In our parallel longest edge bise
tion algorithm ea
h pro
essor Pi iterates between a serial phase,in whi
h there is no 
ommuni
ation, and a parallel phase, in whi
h ea
h pro
essor sends and re
eivesmessages from other pro
essors. In the serial phase, pro
essor Pi sele
ts a set Ri of its elements forre�nement and re�nes them using the serial longest edge bise
tion algorithms outlined earlier. There�nement often 
reates shared verti
es in the boundary between adja
ent pro
essors. Pi maintainsa list for ea
h of its neighboring pro
essors Pj of the verti
es shared with that pro
essor that were
reated during the serial phase. To minimize the number of messages ex
hanged between Pi and Pj,Pi delays the propagation of re�nement to Pj until Pi has re�ned all the elements in Ri.The serial phase terminates when Pi has no more elements to re�ne. When this happens, Pisends one message to every adja
ent pro
essor Pj on whose shared boundary it 
reated one or moreshared verti
es. This message 
ontains all the verti
es shared with Pj that were 
reated as a resultof re�ning the elements in Ri. After sending these messages Pi listens for messages from otherpro
essors.A pro
essor Pi informs an adja
ent pro
essor Pj that some of its elements need to be re�ned bysending a message from Pi to Pj 
ontaining the non-
onforming edges and the verti
es to be insertedat their midpoint. Ea
h edge is identi�ed by its endpoints Vp and Vq and its remote referen
es (seeFigure 6 (a)). If Vp and Vq are shared verti
es, then Pi has a remote referen
e to 
opies of Vp andVq lo
ated in pro
essor Pj. These referen
es are in
luded in the message, so that Pj 
an identify thenon-
onforming edge e and insert the new vertex Vs. A similar strategy 
an be used when the edgeis re�ned several times during the re�nement phase, but in this 
ase, the vertex Vs is not lo
ated atthe midpoint of e.Di�erent pro
essors 
an be in di�erent phases during the re�nement. For example, at any giventime a pro
essor 
an be re�ning some of its elements (serial phase) while neighboring pro
essors havere�ned all their elements and are waiting for propagation messages (parallel phase) from adja
entpro
essors. Pj waits until it has no elements to re�ne before re
eiving a message from Pi. For every7
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(a) (b) (c)Figure 6: (a) In the parallel longest edge bise
tion algorithm some elements (shaded) are initiallysele
ted for re�nement. (b) If the re�nement 
reates a new (bla
k) vertex on a pro
essor boundary,the re�nement propagates to neighbors. (
) Finally the referen
es are updated a

ordingly.non
onforming edge e in
luded in a message to Pj, Pj 
reates its shared 
opy of the midpoint Vs(unless it already exists) and inserts the new non-
onforming elements adja
ent to Vs into a new setR0j of elements to be re�ned. In this way the re�nement propagates a
ross the internal boundarybetween Pi and Pj to maintain the 
onformality of the global mesh. The remote referen
es of thenew verti
es are updated a

ordingly. The 
opy of Vs in Pj must also have a remote referen
e tothe 
opy of Vs in Pi. For this reason, when Pi propagates the re�nement to Pj it also in
ludes inthe message a referen
e to its 
opies of shared verti
es. These steps are illustrated in Figure 6. Pjthen enters the serial phase again, where the elements in R0j are re�ned.The parallel algorithm is essentially the same for two- and three-dimensional meshes. In both
ases triangles and tetrahedrons are re�ned by their longest edge. The only di�eren
e is that in 2D,every triangle 
an have only one neighboring triangle over a shared edge so it needs to propagatethe re�nement to only one pro
essor. Be
ause a tetrahedron 
an have more than one neighboringtetrahedron over an edge and these tetrahedra 
an be lo
ated in di�erent pro
essors, the 
reationof a shared vertex in a 3D mesh might o

ur between one pro
essor and several other pro
essors.5.1 The Challenge of Re�ning in ParallelThe des
ription of the parallel re�nement algorithm is not 
omplete be
ause re�nement propagationa
ross pro
essor boundaries 
an 
reate two syn
hronization problems. The �rst problem, adaptation
ollision, o

urs when two (or more) pro
essors de
ide to re�ne adja
ent elements (one in ea
hpro
essor) during the serial phase, 
reating two (or more) vertex 
opies over a shared edge, one inea
h pro
essor. It is important that all 
opies refer to the same logi
al vertex be
ause in a numeri
alsimulation ea
h vertex must in
lude the 
ontribution of all the elements around it.The se
ond problem that arises, termination dete
tion, is the determination that a re�nementphase is 
omplete. The serial re�nement algorithm terminates when the pro
essor has no moreelements to re�ne. In the parallel version, a pro
essor might have no elements to re�ne but it mightstill be waiting for re�nement propagations from adja
ent pro
essors. Therefore, termination is aglobal de
ision that 
annot be determined by an individual pro
essor and requires a 
ollaborativee�ort of all the pro
essors involved in the re�nement. We now des
ribe these two problems and oursolutions. 8
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(c)Figure 7: (a) Both pro
essors sele
t (shaded) mesh elements for re�nement. The re�nementpropagates to a neighboring pro
essor (b) resulting in more elements being re�ned (
).5.1.1 Adaptation 
ollisionDuring the serial phase, every pro
essor Pi re�nes a sele
ted set Ri of its elements in parallel (theseelements are shaded in the Figure 7). In the event that two or more pro
essors Pi and Pj both re�nean edge e that is shared between mesh elements lo
ated in di�erent pro
essors, they 
reate a vertexover the shared edge before propagating the re�nement to the others. In this 
ase it is importantthat these pro
essors do not 
onsider these verti
es to be distin
t.When a message arrives at Pj with the instru
tion to 
reate a vertex Vr at the midpoint of ashared edge e, Pj 
an dete
t if the edge was already re�ned by using e to 
he
k the elements inPj that 
ontain it. If any of those elements was re�ned over e then Pj already has a 
opy of thevertex Vr. In that 
ase, Pj does not 
reate another 
opy of the same vertex but instead it adds toit a referen
e to the remote 
opy in Pi. As we mentioned earlier, this referen
e is in
luded in themessage from Pi to Pj . Otherwise, Pj 
reates the vertex Vr and then re�nes the non-
onformingelements adja
ent to it after whi
h it adds a referen
e to that remote 
opy in Pi.5.1.2 Termination dete
tionThe other problem mentioned earlier is the dete
tion of the termination of re�nement. Terminationof re�nement 
annot be determined by individual pro
essors be
ause, although a pro
essor Pi mayhave adapted all of its mesh elements in Ri, it 
annot determine whether this 
ondition holds forall other pro
essors. For example, at any given time, no pro
essor might have any more elementsto re�ne. Nevertheless, the re�nement 
annot terminate be
ause there might be some propagationmessages in transit.The algorithm for dete
ting the termination of parallel re�nement is based on Dijkstra's generaldistributed termination algorithm [24, 25℄. A global termination 
ondition is rea
hed when noelement is sele
ted for re�nement. Hen
e if R is the set of all elements in the mesh 
urrently markedfor re�nement, then the algorithm �nishes when R = ;.The termination dete
tion pro
edure uses message a
knowledgments. For every propagationmessage that Pj re
eives, it maintains the identity of its sour
e (Pi) and to whi
h pro
essors Pkit propagated re�nements. Ea
h propagation message is a
knowledged. Pj a
knowledges to Piafter it has re�ned all the non-
onforming elements 
reated by Pi's message and has also re
eiveda
knowledgments from all the pro
essors to whi
h it propagated re�nements.A pro
essor Pi 
an be in two states: an ina
tive state is one in whi
h Pi has no elements to9



for ea
h pro
essor Pi doPC sends a Re�neMsg to Pi spe
ifying elements to re�ne and/or an adaptation 
riterionend forfor ea
h pro
essor Pi doPC waits for a DoneMsg from Piend forfor ea
h pro
essor Pi doPC sends a FinishMsg to Pi to indi
ate the termination of the re�nementend for Figure 8: The messaging algorithm exe
uted by the 
oordinator PC.re�ne (it 
annot send new propagation messages to other pro
essors) but 
an re
eive messages. IfPi re
eives a propagation message from a neighboring pro
essor, it moves from an ina
tive state toan a
tive state, sele
ts the elements for re�nement as spe
i�ed in the message and pro
eeds to re�nethem. Let Ri be the set of elements in Pi needing re�nement. A pro
essor Pi be
omes ina
tivewhen:� Pi has re
eived an a
knowledgment for every propagation message it has sent.� Pi has a
knowledged every propagation message it has re
eived.� Ri = ;.Using this de�nition, a pro
essor Pi might have no more elements to re�ne (Ri = ;) but it mightstill be in an a
tive state waiting for a
knowledgments from adja
ent pro
essors. When a pro
essorbe
omes ina
tive, Pi sends an a
knowledgment to the pro
essors whose propagation message 
ausedPi to move from an ina
tive state to an a
tive state.We assume that the re�nement is started by the 
oordinator pro
essor, PC (see Figure 8). Atthis stage, PC is in the a
tive state while all the pro
essors are in the ina
tive state. PC initiatesthe re�nement by sending the appropriate messages to other pro
essors. This message also spe
i�esthe adaptation 
riterion to use to sele
t the elements Ri for re�nement in Pi.When a pro
essor Pi re
eives a message from PC , it 
hanges to an a
tive state, sele
ts someelements for re�nement either expli
itly or by using the spe
i�ed adaptation 
riterion, and thenre�nes them using the serial bise
tion algorithm, keeping tra
k of the verti
es 
reated over sharededges as des
ribed earlier. When it �nishes re�ning its elements, Pi sends a message to ea
h pro
essorPj on whose shared edges Pi 
reated a shared vertex. Pi then listens for messages.Only when Pi has re�ned all the elements spe
i�ed by PC and is not waiting for any a
knowledg-ment message from other pro
essors does it sends an a
knowledgment to PC. Global termination isdete
ted when the 
oordinator be
omes ina
tive. When PC re
eives an a
knowledgment from everypro
essor this implies that no pro
essor is re�ning an element and that no pro
essor is waiting foran a
knowledgment. Hen
e it is safe to terminate the re�nement. PC then broad
asts this fa
t toall the other pro
essors.5.2 The Message Model for Re�nementThe parallel re�nement algorithm des
ribed above uses three di�erent types of message:� A Re�neMsg re
eived by Pi indi
ates that some elements in Pi must be re�ned. At thebeginning of the re�nement phase, PC sends a Re�neMsg to all the pro
essors. The pro
essors10



while true doPi waits for a message msg from other pro
essors (in
luding PC)if msg type = FinalizeMsg thenbreakelse if msg type = Re�neMsg thenre�ne the spe
i�ed elements using a serial re�nement algorithmif re�nement does not propagate to other pro
essors thensend a DoneMsg to the sour
e pro
essor of msgelsesend a Re�neMsg to every pro
essor to whi
h the re�nement propagatesend ifelse if msg type = DoneMsg thenlet msg be a response to a previous Re�neMsg from Pi to Pj. Assume that the re�nementthat propagated to Pj was 
aused by a message re
eived by Pi from Pkif Pi is waiting for no more responses to Re�neMsg thensend a DoneMsg to Pkend ifend ifend while Figure 9: Message model for re�nement by pro
essor Pi.sele
t their elements to re�ne a

ording to the spe
i�ed re�nement 
riterion. This message isalso used when the re�nement propagates between the pro
essors. In this 
ase, the messageindi
ates whi
h edge to re�ne and a referen
e to the new verti
es.� A DoneMsg is used to a
knowledge ea
h Re�neMsg re
eived by Pi from another pro
essor Pj(in
luding the 
oordinator).� A FinishMsg from PC to ea
h pro
essors signals the end of the re�nement phase.The steps exe
uted by the 
oordinator PC and by the other pro
essors Pi are di�erent. Figure8 shows the algorithm exe
uted by the 
oordinator. PC initially broad
asts a Re�neMsg to all theother pro
essors to start the re�nement phase whi
h identi�es the initial elements to re�ne. PCthen waits until it re
eives a DoneMsg from all the other pro
essors. At this point, PC broad
astsa FinishMsg.Every other pro
essor Pi is in a loop waiting for messages (Figure 9). Pi does not know whi
htype of message it is going to re
eive next, so it has to be able to re
eive any of them. This algorithmis nondeterministi
 be
ause at any given time Pi 
an re
eive a message from any of its neighbors orthe 
oordinator. In MPI, messages re
eived from the same sour
e are re
eived in order, but there isno guarantee about the order of messages from di�erent sour
es. Therefore in di�erent exe
utionsthe sequen
e in whi
h messages are re
eived 
an be di�erent.If Pi re
eives a message whose type is a Re�neMsg from the 
oordinator, then Pi sele
ts a set ofits elements for re�nement and re�nes them using the serial bise
tion algorithm. If the Re�neMsgis from another pro
essor Pj, then for ea
h edge spe
i�ed in the message, Pi 
reates or updatesthe referen
e to the 
orresponding vertex of that edge and then re�nes the adja
ent non-
onformingelements. If the re�nement of the elements spe
i�ed in the Re�neMsg 
reates verti
es over edgesshared with adja
ent pro
essors, then Pi sends a 
orresponding Re�neMsg to every su
h pro
essor.Otherwise it sends a DoneMsg to the sour
e of the Re�neMsg.11
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RefineMsg

DoneMsgFigure 10: (a) PC sends a Re�neMsg to all pro
essors. (b) Be
ause P0 and P1 do not propagatethe re�nement to other pro
essors they return a DoneMsg to PC. P2 propagates the re�nement toP1. (
) P1 re�nes the non
onforming elements in P1 without propagating the re�nement to otherpro
essors and then sends a DoneMsg to P2. (d) A DoneMsg is sent from P2 to PC.As mentioned earlier, every Re�neMsg must be a
knowledged by a DoneMsg whi
h is returnedto the sour
e of the Re�neMsg when Pi has 
ompleted all the propagations 
aused by that message.This is true when� Pi has re�ned all its lo
al elements spe
i�ed in the Re�neMsg message, and� Pi has also re
eived a DoneMsg from every other pro
essor to whi
h ea
h re�nement haspropagated.Pi stops waiting for messages when it re
eives a FinalizeMsg from PC . As suggested in Figure 10 (b),a pro
essor might have returned a DoneMsg to the 
oordinator but might still have more elementsto re�ne be
ause it re
eived a Re�neMsg from an adja
ent pro
essor (P2 in this 
ase).When Pi propagates re�nements to Pj , Pi does not blo
k while waiting for an a
knowledgmentfrom Pj. Instead it waits in a loop a

epting messages from other pro
essors. A deadlo
k is verylikely to o

ur if Pi were to blo
k. This s
heme, propagating the re�nement and listening formessages, allows us to handle 
ases like the one shown in Figure 11 in whi
h the re�nement initiatedin Pi propagates ba
k to the same pro
essor. In this example, the pro
essors denoted Pj and Pk inFigure 9 are a
tually the same.6 Properties of Meshes Re�ned in ParallelOur parallel re�nement algorithm is guaranteed to terminate. In every serial phase the longest edgebise
tion algorithm is used. In this algorithm the re�nement propagates towards progressively longeredges and will eventually rea
h the longest edge in ea
h pro
essor. Between pro
essors the re�nementalso propagates towards longer edges. Global termination is dete
ted by using the global terminationdete
tion pro
edure des
ribed in the previous se
tion. The resulting mesh is 
onforming. Every timea new vertex is 
reated over a shared edge, the re�nement propagates to adja
ent pro
essors. Be
auseevery element is always bise
ted by its longest edge, for triangular meshes the results by Rosenbergand Stenger on the size of the minimum angle of two-dimensional meshes also hold.12
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(d)(c)Figure 11: A 
y
li
 propagation using the parallel longest edge bise
tion algorithm. (a) There�nement of an element (shaded) in Pi propagates to Pj in (b) and ba
k to Pi in (
). When thepro
edure terminates the mesh is 
onforming as shown in (d).
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Let R be a set of elements to be re�nedwhile there is an element 
i 2 R dobise
t 
i by its longest edgeadd any non-
onforming element 
j to Rend while Figure 12: General longest-edge bise
tion (GLB) algorithm.It is not immediately obvious if the resulting meshes obtained by the serial and parallel longestedge bise
tion algorithms are the same or if di�erent partitions of the mesh generate the same re�nedmesh. As we mentioned earlier, messages 
an arrive from di�erent sour
es in di�erent orders andelements may be sele
ted for re�nement in di�erent sequen
es.We now show that the meshes that result from re�ning a set of elements R from a given meshM using the serial and parallel algorithms des
ribed in Se
tions 4 and 5, respe
tively, are the same.In this proof we use the general longest-edge bise
tion (GLB) algorithm outlined in Figure 12 wherethe order in whi
h elements are re�ned is not spe
i�ed. In a parallel environment, this order dependson the partition of the mesh between pro
essors. After showing that the resulting re�ned mesh isindependent of the order in whi
h the elements are re�ned using the serial GLB algorithm, we showthat every possible distribution of elements between pro
essors and every order of parallel re�nementyields the same mesh as would be produ
ed by the serial algorithm.Theorem 6.1 The mesh that results from the re�nement of a sele
ted set of elements R of a givenmesh M using the GLB algorithm is independent of the order in whi
h the elements are re�ned.Proof: An element 
i is re�ned using the GLB algorithm if it is in the initial set R orre�nement propagates to it. An element 
i 62 R is re�ned if one of its neighbors 
reatesa non-
onforming vertex at the midpoint of one of its edges. The re�nement of 
i byits longest edge divides the element into two nested subelements 
i1 and 
i2 
alled the
hildren of 
i. These 
hildren are in turn re�ned by their longest edge if one of theiredges is non-
onforming. The re�nement pro
edure 
reates a forest of trees of nestedelements where the root of ea
h tree is an element in the initial mesh M and the leavesare unre�ned elements. For every element 
i 2M , let �i be the re�nement tree of nestedelements rooted at 
i when the re�nement pro
edure terminates.Using the GLB pro
edure elements 
an be sele
ted for re�nement in di�erent orders, 
re-ating possible di�erent re�nement histories. To show that this 
annot happen we assumethe 
onverse, namely, that two re�nement histories H1 and H2 generate di�erent re�nedmeshes, and establish a 
ontradi
tion. An element 
i 2 M su
h that the re�nementtrees �1i and �2i , asso
iated with ea
h re�nement histories H1 and H2 of 
i respe
tively,are di�erent. Be
ause the root of �1i and �2i is the same in both re�nement histories,there is a pla
e where both trees �rst di�er. That is, starting at the root, there is anelement 
j that is 
ommon to both trees but for some reason, its 
hildren are di�erent.Be
ause 
j is always bise
ted by the longest edge, the 
hildren of 
j are di�erent onlywhen 
j is re�ned in one re�nement history and it is not re�ned in the other. In otherwords, in only one of the histories 
j has 
hildren.Be
ause 
j is re�ned in only one re�nement history, then 
j 62 R, the initial set ofelements to re�ne. This implies that 
j must have been re�ned be
ause one of its edgesbe
ame non-
onforming during one of the re�nement histories. Let D1 be the set of14



elements that are present in both re�nement histories, but are re�ned in H1 and not inH2. We de�ne D2 in a similar way.For ea
h re�nement history, every time an element is re�ned, it is assigned an in
reasingnumber. Sele
t an element 
i from either D1 or D2 that has the lowest number. Assumethat we 
hoose 
i fromD1 so that 
i is re�ned in H1 but not in H2. In H1, 
i is re�nedbe
ause a neighboring element 
j 
reated a non-
onforming vertex at the midpoint oftheir shared edge e. Therefore 
j is re�ned in H1 but not in H2 be
ause otherwise itwould 
ause 
i to be re�ned in both sequen
es. This implies that 
j is also in D1 andhas a lower re�nement number than 
i 
ontradi
ting the de�nition of 
i. It follows thatthe re�nement histories are the same.Consider now the parallel re�nement algorithm des
ribed in Se
tion 5. Although it re�neselements on individual pro
essors serially, these pro
essors re�ne their elements in parallel. Asshown below, the resultant mesh is the same as would be produ
ed in the serial 
ase.Corollary 6.2 Given a meshM and a set of elements R to re�ne, for every partition of the elementsbetween pro
essors, the parallel GLB algorithm generates the same re�ned mesh as does the serialGLB algorithm.Proof: For every partition of the elements and every order of re�nement within pro-
essors that is 
onsistent with the GLB algorithm, there is a linear order that 
an beestablished of element re�nements. From Theorem 6.1 it follows that the re�ned meshasso
iated with every linear ordering is the same.Clearly the result of Theorem 6.1 holds for any nested re�nement algorithm in whi
h the re�ne-ment of elements o

urs in an order that is independent of whi
h side or fa
e is non-
onforming.7 Experimental ResultsIn the previous se
tion we have shown that the meshes obtained using the parallel re�nement algo-rithm des
ribed in this paper are the same as those obtained using the widely used serial longest-edgebise
tion algorithm. Therefore the quality of the resulting meshes using any of the measures men-tioned in Se
tion 2 is the same as that obtained using serial re�nement.To evaluate the performan
e of our parallel algorithm and to show that re�nement does notin
ur any signi�
ant overhead we performed a series of tests using a network of four to thirty-twoSun Ultra-1 workstations, ea
h with 128Mb of memory, running Solaris 2.6 and 
onne
ted througha 100Mbs network. In these tests we worked with meshes that 
ontained millions of elementsand verti
es. Using simple regular meshes we �rst demonstrate that the performan
e of the parallelre�nement algorithm strongly depends on the quality of the partition of the mesh between pro
essors.If many adja
ent elements are lo
ated in di�erent pro
essors the 
ost of 
ommuni
ation is very high.Nevertheless, for good partitions of the mesh there is a reasonable 
ommuni
ation overhead.We also show the performan
e of the re�nement algorithm on irregular unstru
tured meshesis similar to that observed on the simpler regular ones. Finally, we examine the performan
e ofre�nement algorithm when lo
ally adapting unstru
tured meshes and 
ompare it with the otherphases of the adaptation pro
edure. 15



Figure 13: Initial two- and three-dimensional regular meshes.7.1 Global Re�nement of Regular MeshesThe performan
e of our parallel re�nement algorithm is dependent on the quality of the partition ofthe mesh. Starting from the regular two- and three-dimensional meshes de�ned in the unit squareand 
ube, as shown in Figure 13, we performed su

essive global parallel re�nements of all theelements of the mesh. Ea
h bise
tion of every element of these regular meshes doubles the numberof elements in the mesh. In our two-dimensional example we start with a mesh that 
ontains 256elements and 145 verti
es and after 15 su

essive global re�nements we obtain a mesh with 4,194,304elements and 2,099,201 verti
es. The initial three-dimensional mesh 
ontains 1,536 elements and 426verti
es. After 12 re�nements its number of elements and verti
es grows to 3,145,728 and 536,769,respe
tively.Pared allows the user to 
hoose from a large variety of partitioning algorithms. One of theseis Multilevel-KL, a serial graph partitioning algorithm o�ered as part of the Cha
o pa
kage [11℄. Itgenerates high quality partitions of meshes but at the 
ost of a large overhead that is prohibitivelylarge for meshes. Multilevel-KL was used in the experiments des
ribed below to provide goodpartitions for the initial assignment of elements to pro
essors. Be
ause Multilevel-KL is a serialalgorithm, an entire graph must be moved to one pro
essor to partition it. For very large re�nedmeshes, the time required by Multilevel-KL is very large (on the order of 20 minutes in some 
ases)and required the use of a Sun server with 2 GB of memory. We have developed an alternativein
remental partitioning heuristi
 
alled Parallel Nested Repartitioning (PNR) [6, 12℄ that veryqui
kly generates very high quality partitions in
rementally as a mesh is re�ned and 
oarsened. Asnapshot of the re�ned regular meshes partitioned randomly and by Multilevel-KL from a randompartition are shown in Figure 14.We used three di�erent measures to evaluate the performan
e of the parallel re�nement algo-rithm. For every pro
essor, we 
ount the number of new edge re�nements sent to other pro
essorsduring ea
h of the su

essive global re�nements of the mesh. This is a measure of the amountof 
ommuni
ation o

urring in the parallel re�nement algorithm. The maximum number of edgere�nements sent by any pro
essor to all its neighbors in ea
h level using both partitioning strategiesare shown in Table 1 for the regular two-dimensional mesh and in Table 2 for the three-dimensionalmesh. The amount of 
ommuni
ation during re�nement required for a random distribution of themesh is signi�
antly larger than for the mesh partitioned using Multilevel-KL. Also, the number ofnew shared edges using Multilevel-KL does not ne
essarily in
rease with ea
h level of re�nementeven on a regular mesh be
ause it depends on the a
tual partition of the mesh between pro
es-16



Figure 14: Regular two- and three-dimensional regular meshes partitioned between 32 pro
essorsusing a partition provided by Multilevel-KL (left) and a random partition (right).
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4 Pro
essors 8 Pro
essors 16 Pro
essors 32 Pro
essorsLevel M-KL Rand M-KL Rand M-KL Rand M-KL Rand1 6 64 6 39 6 20 4 122 4 120 6 90 5 43 6 263 0 237 0 170 3 89 3 554 13 504 11 320 9 167 9 845 4 1024 8 677 9 348 5 1516 19 2075 24 1326 21 615 21 2817 11 4129 10 2740 25 1233 13 5048 43 8095 33 5314 32 2421 28 10039 25 16626 24 10800 30 4840 24 196410 66 32786 82 21307 70 9789 48 391011 48 66010 55 42844 83 19399 76 789912 99 158 85425 111 38291 100 1552513 120 145 76806 89 3095214 241 206 6145215 207Table 1: Largest number of edge re�nements sent by a pro
essor to other pro
essors in ea
hre�nement level obtained by performing su

essive re�nements on a regular 2D mesh partitionedrandomly and with the Multilevel-KL algorithm.sors. Therefore, it is diÆ
ult to predi
t the amount of 
ommuni
ation required by the re�nementalgorithm even in these simple examples.These di�eren
es in the amount of 
ommuni
ation also have a great impa
t on the re�nementtime as we in
rease the size of the mesh and the number of pro
essors. For the regular two-dimensional mesh, the total time for ea
h parallel re�nement phase of random and Multilevel-KLderived partitions is shown in Figures 15 (a) and (b) respe
tively. For the three- dimensional mesh,these times are shown in Figures 15 (
) and (d). These �gures show that the re�nement timefor randomly distributed meshes is mu
h larger than that for the same meshes partitioned usingMultilevel-KL. It is also possible to pro
ess larger meshes with Multilevel-KL be
ause it requiresfewer shared 
opies of verti
es and less memory to store them.The speedup in the time to re�ne a mesh using the GLB algorithm is shown in Figure 16 forrandom and Multilevel-KL-derived partitions of regular 2D and 3D meshes. We show only thetime to globally re�ne all elements and propagate 
hanges a
ross pro
essor boundaries. The timeto repartition a random mesh with Multilevel-KL and to migrate the mesh are not in
luded. Inboth the 2D and 3D 
ases the speedup that is obtained with the well partitioned mesh is mu
hhigher than for the randomly partitioned mesh and almost maximal. Also, we 
an report that there�nement time is dominated by the time for lo
al re�nement of meshes on individual pro
essors,not the 
ost of interpro
essor 
ommuni
ation. Figure 16 (a) shows the speedup obtained by re�ningthe regular two-dimensional mesh with 262,144 elements for both the random and Multilevel-KLderived partitions. Figure 16 (b) shows the speedup obtained by the re�nement of the regular three-dimensional mesh with 98,304 elements. Due to the large number of new shared verti
es 
reated inrandomized partitions, the 
ommuni
ation 
ost overhead remains an important fa
tor in the total
ost of the re�nement algorithm as the meshes grow in size.18



4 Pro
essors 8 Pro
essors 16 Pro
essors 32 Pro
essorsLevel M-KL Rand M-KL Rand M-KL Rand M-KL Rand1 23 422 21 559 21 521 15 3022 41 644 30 890 32 958 16 6063 0 1273 0 1952 0 2044 0 15694 78 3230 80 4265 51 3800 24 24825 90 4731 87 7393 66 7800 46 56696 7 10199 16 15755 18 16997 4 126177 260 25778 229 34332 343 32578 191 208088 425 323 57350 302 65188 203 490289 141 125 98 139756 101 10431410 1278 986 886 173428Table 2: Largest number of edge re�nements sent by a pro
essor to other pro
essors in ea
hre�nement level obtained by performing su

essive re�nements on a regular 3D mesh partitionedrandomly and with the Multilevel-KL algorithm.7.2 Global Re�nement of Irregular MeshesThe repeated bise
tion of all the elements in regular meshes never 
reates a mesh whose smallestangle is less than 45 degrees in the the 
ase of two-dimensional meshes and a smallest solid angleless than 15 degrees in the the 
ase of three-dimensional meshes. Also, it never re�nes an elementmore than on
e to maintain the 
onformality of the mesh.Typi
al unstru
tured �nite-element meshes are similar to those shown in Figure 17. Su

essivere�nement of these meshes more than doubles the size of the mesh, as shown in Table 3. That is,an element might be re�ned more than on
e during the re�nement phase, whi
h is not the 
ase inthe previous regular examples.Nevertheless, the performan
e of the algorithm using these irregular meshes is similar to ourprevious results. Table 4 shows that the maximum number of new edge re�nements sent by anypro
essor to another in ea
h re�nement is relatively small. The total re�nement time in the di�erentsteps of the re�nement are 
omparable to the ones in the regular meshes, as shown in Figure 18.7.3 Lo
al Adaptive Re�nement of Irregular MeshesWe have mentioned earlier that lo
al re�nement of the mesh using the longest edge bise
tion algo-rithm 
an potentially 
ause re�nement to propagate through all the elements of the mesh and, in theparallel 
ase, through all the pro
essors. In the previous examples, there is very little propagationbe
ause all the elements have similar size. By performing repeated global re�nements of the meshit is not likely that the re�nement of an element would propagate to distant regions of the meshrequiring several messages between pro
essors to obtain a 
onforming mesh.A good stati
 test for our framework and one for whi
h the best mesh is not regular is thetwo-dimensional problem de�ned by Lapla
e's equation �u = 0 in the square 
 = (�1; 1)2 with thefollowing Diri
hlet boundary 
onditions [26℄:g(x; y) = 
os(2�(x� y)) sinh(2�(x+ y + 2))sinh(8�) :The analyti
al solution for this problem is known to be u(x; y) = g(x; y) at every point of the domain
. This solution is smooth but 
hanges rapidly 
lose to the 
orner (1; 1). A similar problem has been19
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2D Irregular Mesh 3D Irregular MeshLevel Elements Verti
es Elements Verti
es1 2239 1171 3179 7282 5094 2629 10166 21773 11110 5677 31935 64724 23749 12040 101051 195545 49915 25214 320424 607626 103585 52125 1007549 1875997 212831 106941 3177713 5851288 434119 2177269 880745 44143610 1779869 89126911 3586501 1795390Table 3: Number of elements and verti
es that result from su

essive re�nement of irregular two-and three-dimensional meshes.2D Irregular Mesh 3D Irregular MeshLevel 4 Pro
 8 Pro
 16 Pro
 32 Pro
 4 Pro
 8 Pro
 16 Pro
 32 Pro
1 21 22 17 15 51 52 51 482 14 22 16 14 146 109 92 793 19 31 17 23 213 162 187 1534 26 29 31 20 433 383 336 3075 31 36 36 33 811 744 6136 37 47 35 41 1613 12217 87 56 65 628 73 131 83 749 129 143 10110 190 14311 206Table 4: Largest number of new edge re�nements sent by a pro
essor to other pro
essors in ea
hre�nement phase by performing su

essive re�nements on an irregular 2D and 3Dmeshes (Multilevel-KL partitions). 22
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(a) (b)Figure 18: Re�nement time for the global su

essive re�nements of a irregular (a) two-dimensionalmesh and (b) three-dimensional irregular mesh when Multilevel-KL is used.de�ned in three dimensions. We use these two problems to study the performan
e of the re�nementalgorithm and 
ompare it with the other 
omponents of Pared.First we loaded into the 
oordinator the two- and three-dimensional meshes with elements ofapproximately uniform size, as shown in Figure 17. We 
omputed a partition of these meshesusing the Cha
o [11℄ graph partitioning library and we distributed mesh elements between ourworkstations.After setting a maximum error 
riterion the simulation is started in parallel. Pared solves theequations in parallel and 
omputes an error estimate. While the estimate ex
eeds the maximumerror desired, the mesh is adapted lo
ally, the load balan
ed using PNR, work migrated, and theequations solved again using the new mesh. For these tests we solved the system of equations inparallel using the Conjugate Gradient method with Ja
obi pre
onditioner. In this example of astati
 problem, only re�nement was used. Ea
h re�nement phase in
reases the number of meshelements and verti
es in the region of rapid solution 
hange, as shown in Figure 19. Using linearbasis fun
tions more than 1 million elements and 17 levels of lo
al re�nement were needed to a
hievethe desired error in the 2D 
ase and about 800,000 and 11 levels of re�nement were needed in the3D 
ase.We examined the time spent by Pared in ea
h of the solution, re�nement, partition, and mi-gration phases for the 2D and 3D versions of Lapla
e's equation des
ribed above. The results fromthese experiments are shown in Figures 20 and 21 for the 2D and 3D problems, respe
tively. Thereare several things that stand out from these experiments. First, in the 2D 
ase the time spentsolving the equations 
learly dominates the time to re�ne elements and partition and migrate them.Se
ond, in the 3D 
ase the time spent solving equations is 
omparable to the time for re�nementand migration while the time for partitioning is negligible.The lo
al re�nement time varies widely between pro
essors. When the mesh is partitionedbetween pro
essors it is likely that most of the elements that are re�ned will be lo
ated on oneor a few pro
essors. As mentioned earlier, ea
h element sele
ted for re�nement is bise
ted by its23



Figure 19: Irregular two- and three-dimensional regular meshes adaptively re�ned to solve Lapla
e'sequation of a problem that exhibits high physi
al a
tivity in one of its 
orners.longest side and the re�nement propagates to adja
ent elements and a
ross pro
essor boundaries tomaintain the 
onformality of the mesh. In this phase, the largest amount of time is spent re�ningelements that are lo
al to the pro
essor; 
ommuni
ation overhead is small.For every re�nement element, we also 
omputed the pro
essor depth of the propagation, thatis, how many messages between pro
essors are required to make that element 
onformant. Evenin these examples with very high dissimilar physi
al s
ales, the depth is never more than 4 so it isunlikely that the re�nement will propagate through a large number of pro
essors.8 Related workPared follows in the spirit of the Distributed Irregular Mesh Environment (DIME) [27℄ by RoyWilliams at the California Institute of Te
hnology. DIME is an early system for the adaptivesolution of PDEs using 2D unstru
tured meshes. DIME uses a database of vorti
es to maintain theidentity of ea
h mesh stru
ture.The S
alable Unstru
tured Mesh Computation (SUMAA3d) proje
t at the Argonne NationalLaboratories is another related proje
t, but for 2D problems. In SUMAA3d the mesh is partitionedby elements rather than verti
es, although ea
h element is owned by only one pro
essor. To avoidthe syn
hronization problem of re�ning adja
ent elements in neighboring pro
essors, SUMAA3d usesheuristi
s [4℄. Ea
h element is assigned a random 
olor and elements with the same 
olor are re�nedin the same phase. Be
ause adja
ent elements have a high probability of having a di�erent 
olor,they are not likely to be re�ned at the same time.In [28℄ an adaptive environment for unstru
tured problems 
alled PMDB is presented. PMDBre�nes tetrahedrons using a variety of di�erent subdivision patterns. PMDB �rst marks a set edgesfor re�nement. Then ea
h element is re�ned into two or more tetrahedrons depending on whi
h ofits edges are marked. In the 
ase that this pro
edure 
reates a tetrahedron with very sharp angles,then some adja
ent tetrahedrons might be additionally re�ned but only if they are lo
ated in thesame pro
essor. PMDB does not propagate the re�nement a
ross pro
essor boundaries.As noted above, the PARED re�nement pro
edure is general and su�ers from none of the re-stri
tions that apply to the re�nement pro
edures of above three parallel systems for solve PDEsvia the �nite element method. 24
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Figure 20: Adaptation times for two-dimensional mesh.
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Figure 21: Adaptation times for three-dimensional mesh.
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9 Con
lusionsIn this paper we have presented an algorithm for the re�nement of two- and three-dimensionalunstru
tured meshes that are distributed between multiple pro
essors. We build on the work done forsimilar serial re�nement algorithms by proving that the meshes generated by the parallel re�nementalgorithm are identi
al to those obtained by the serial ones.We have shown that our parallel re�nement algorithm is eÆ
ient and does not require signi�
antoverhead. Nevertheless, good partitions of the mesh are still required. In that 
ase, we obtain nearlylinear speedups when re�ning all the elements of the mesh.We have also used the re�nement algorithm to lo
ally adapt the mesh on distributed memoryma
hines. Speedup is not a meaningful measure to evaluate the performan
e of the re�nementalgorithm in this 
ase be
ause the re�nement always o

urs in one or few pro
essors. Nevertheless,the lo
al re�nement times are 
omparable to the times spent in other phases of the adaptationpro
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