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Introdu
tion to Integer-Coordinate CrystallineMeshes �Vasiliki Chatzi and Fran
o P. Preparata yFebruary 18, 19991 Introdu
tionProblems in physi
s and engineering de�ned on a given physi
al domain areoften modeled by a system of partial di�erential equations, together withappropriate boundary 
onditions. This data 
ompletely models a physi
alphenomenon, and if we were to solve the di�erential equations we wouldobtain the values of the physi
al quantities of interest in the de�ned region.However, obtaining a 
losed form solution of the equations is often impos-sible and in these 
ases we have to settle for using a numeri
al method toobtain approximate results.The �nite-element method is one of the tools 
ommonly used today toapproximately solve partial di�erential equations asso
iated with a physi
alregion. The �rst step 
onsists of dis
retizing the region by partitioningit into a set of simple shapes 
alled elements. The resulting 
olle
tion ofelements is 
alled a �nite element mesh. Then, nodal points are de�nedon ea
h of the elements, and a basis fun
tion is asso
iated with ea
h nodalpoint. The basis fun
tions are used to 
onstru
t a system of linear equationsand �nally, the system is solved to obtain an approximation to the solutionof the partial di�erential equation. The mesh used plays an important roleduring the entire 
omputation. A high-quality mesh ensures both that theresulting system of linear equations is well-
onditioned, as well as that theapproximation we obtain will be 
lose to the real solution.Although this is still an a
tive resear
h area, there is general agreementon some properties a high-quality mesh should have. First of all, sin
e theproblem is asso
iated with a physi
al domain, the union of all the elementsin the mesh should 
losely approximate the domain. We also would like to�Resear
h supported in part by the National S
ien
e Foundation under grand CCR9400232 and by the U.S. Army resear
h OÆ
e under grand DAAH04-96-1-0013.yDepartment of Computer S
ien
e, Brown University, Box 1910, Providen
e, RI 02912.Tel: (401) 863-7668, Fax: (401) 863-7657, E-mail: fv
,fran
og�
s.brown.edu1
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��(a) (b)Figure 1: Two-dimensional illustration pertaining to the notion of 
onfor-mity. (a) This mesh is non-
onformal, be
ause the interse
tion of the elementmarked 1 with the element marked 2 
ontains only part of the edge (u; v).(b) Adding one more edge makes the mesh 
onformal.be able to 
over di�erent regions of the domain with elements of di�erentsize. In general, smaller elements give us a better approximation of thesolution. However, using smaller elements also implies that we need moreelements to 
over the same region of the domain, whi
h results in a largerand harder to solve system of equations. So, we would like to 
over regionsof the domain where the solution 
hanges rapidly (\regions of interest")with smaller elements, while using bigger elements for regions where thephenomenon is relatively stable. Moreover, the transition between elementsof di�erent sizes should be smooth [12℄, that is, the ratio of areas (or volumes)of two adja
ent elements should be bounded by a small 
onstant. Finally,it is important that the resulting system of equations be well-
onditioned,and therefore easy to solve. It is not entirely 
lear what properties of themesh will result in a well-
onditioned system, however, several theoreti
aland experimental results show that elements with small angles have to beavoided.Another highly desirable but not ne
essary property is 
onformity. Anelement is said to be 
onformal if its interse
tion with any other elementin the mesh is empty, or a vertex, or an edge, or a fa
e (Figure 1). Amesh is 
onformal if all its elements are 
onformal [6, 24℄. A point is 
allednon-
onformal if it is the vertex of one element, but is positioned in theinterior of an edge of an other element (for example, the point marked win Figure 1(a)). Non-
onformal points 
reate numeri
al problems whi
h 
anonly be solved by using 
ompli
ated spe
ialized te
hniques, and therefore2
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��(a) (b)Figure 2: (a) A stru
tured mesh. (b) An unstru
tured mesh on the samedomain.Noti
e that the element density is mu
h higher at the lower left
orner. Both meshes are 
onformal.should be avoided whenever possible.Currently used meshes fall into two broad 
ategories: stru
tured meshes(Figure 2(a)), 
onsisting of virtually identi
al elements, and unstru
turedmeshes (Figure 2(b)), whose geometry is arbitrary within some broad topo-logi
al 
onstraints. Stru
tured meshes are easy to 
onstru
t and result insystems of equations that are easy to generate and to solve. However, theyare inappropriate for problems de�ned over a 
omplex region and for prob-lems exhibiting regions of interest. Unstru
tured meshes are more 
exible,and are therefore used to model these problems. However, the resulting sys-tems of equations are harder to generate and solve. Moreover, the numeri
alerrors a

umulating during the generation and adaptation phases 
an yieldmeshes that are in pra
ti
e non-
onformal, for
ing one to use 
ompli
atedand time-
onsuming methods to 
ompensate for this behavior.In this paper we present integer-
oordinate 
rystalline meshes whi
h weredesigned to 
ombine the advantages of both stru
tured and unstru
turedmeshes. A mesh is 
alled 
rystalline if it 
onsists of regular elements whoseverti
es are positioned on a regular grid. The regular elements we use in ourmeshes are squares in 2D and 
ubes in 3D. Cubes were 
hosen be
ause theyoutperform tetrahedra for many types of problems [1℄. Crystalline meshesallow us to use elements of di�erent sizes in di�erent regions of the domain,whi
h makes them suitable for problems with regions of interest. Conformaltransitions between regions 
ontaining d-
ubes of di�erent sizes are realizedusing elements belonging to a small set of distin
t, non-
ubi
al shapes. Thisallows us to pre
ompute the element matri
es used in the 
omputation andredu
es the 
ost of 
reating the system of linear equations to the 
ost ofits assembly. Moreover, it guarantees that the angles of all the elementswill be bounded 
omfortably away from zero, resulting in a system of linear3



equations that is easier to solve.If all the verti
es in a 
rystalline mesh are pla
ed on integer 
oordinates,the mesh is an integer-
oordinate 
rystalline mesh. Using only integer 
oor-dinates allows us to use integer arithmeti
 during the mesh generation andadaptation phases, whi
h alleviates the problem of a

umulating numeri
alerrors, that is 
ommon in other types of meshes. Noti
e that if the givendomain is su
h that integer 
oordinates 
annot be used, we 
an always s
aleit appropriately.Another important advantage of 
rystalline meshes is that they are suit-able for adaptive 
omputations, where the simulated system evolves overtime. Creating meshes that fa
ilitate adaptive 
omputation is one of ourmain goals, and we will spend a large part of this paper des
ribing howmesh adaptation for 
rystalline meshes 
an be done eÆ
iently.Integer 
oordinate 
rystalline meshes allow for di�erent element sizesin di�erent regions of the domain, are 
onformal and only use elementsbelonging to a small set of distin
t shapes, whi
h allows us to 
onstru
t thesystem of linear equations both fast and a

urately. Their use minimizesnumeri
al errors during the mesh generation and adaptation phases andsimpli�es adaptive 
omputations. All these advantages, as well as empiri
aleviden
e that the systems of equations generated from 
rystalline meshesare well 
onditioned, suggest that 
rystalline meshes are appropriate forproblems where stru
tured meshes 
annot be used.While isolated examples of su
h meshes have been o

asionally reportedin the literature for 2D problems (for example, the 
over of [5℄ shows a 2D
rystalline mesh), our emphasis is on the far more 
omplex and signi�
ant3D setting. We will fo
us on the 
hara
teristi
s of 
rystalline meshes and onthe pro
edures intended to adapt the element density as required to a
hievehigh-quality solutions.There is some similarity between 
rystalline meshes and meshes gener-ated using quadtree or o
tree based methods [26, 4, 12, 23, 25℄ in that bothmeshes 
onsist mainly of squares or 
ubes (at least at some point duringthe mesh generation phase). However, o
tree meshes do not use integer 
o-ordinates for their verti
es, whi
h results in points that are non-
onformalin pra
ti
e. Moreover, the last stages of the o
tree method are typi
ally atriangulation phase, where the obtained 
ubes are 
ut into tetrahedra, anda smoothing phase, where the verti
es of the tetrahedra are moved to ob-tain elements with larger angles. So the output meshes 
onsist of irregulartriangles or tetrahedra. This makes the assembling of the system of linearequations both 
omputationally expensive and ina

urate.Cartesian meshes (see for example [9℄) are also somewhat similar to4




rystalline meshes in that they also use points with integer 
oordinates andthe elements of the mesh are squares in 2D and 
ubes in 3D. However, theex
lusive use of d-
ubes results in non-
onformal points in the transitionregions between elements of di�erent sizes. This for
es resear
hers usingCartesian meshes to develop 
ompli
ated and 
omputationally expensivete
hniques to deal with the singularities arising from the introdu
tion ofnon-
onformal points [2℄.Some work has also been done on meshes that have guaranteed anglebounds [3, 15℄. However, these results 
on
entrate on triangular and tetra-hedral meshes. Moreover, they seem to have more theoreti
al then pra
ti
alvalue, sin
e the meshes generated using the proposed algorithms have a mu
hhigher number of elements than needed to a
hieve the desired a

ura
y. Weare not aware of any work 
on
entrating on hexahedral or mixed meshes.The rest of the paper is organized as follows. Se
tion 2 gives the 
har-a
terization of integer-
oordinate 
rystalline meshes. Se
tion 3 dis
ussesthe adaptive features (
on
entrating on the re�nement). Se
tion 4 dis
ussesadaptivity in detail for 2D meshes, and Se
tion 5 presents its generalizationto the more 
omplex 3D 
ase. Se
tion 6 addresses some implementationissues and gives some experimental results. Se
tion 7 
ontains a summaryof results and some open problems.2 Integer-Coordinate Crystalline MeshesAn integer-
oordinate 
rystalline mesh 
onsists of a small variety of regularelements whose verti
es are a subset of the points of a regular grid spanningthe domain (with integer 
oordinates). The mesh is 
onformal and theelement density 
an vary in di�erent regions of the domain. The elementsare of two types: standard and transitional. Standard elements are squaresin 2D meshes and 
ubes in 3D meshes. Transitional elements are usedto realize 
onformal transitions between regions where the 
orrespondingstandard elements have di�erent sizes. In a typi
al 
rystalline mesh, thevast majority of elements are standard elements. All elements in the meshare homotheti
 (modulo a rotation belonging to the group of the 
ube) to afew basi
 shapes, the fa
tor of homothety being a power of 2. We will nowpresent some de�nitions that will be used in the paper.De�nition 2.1 A mesh 
ube is a d-
ube whose boundary edges belong tothe mesh.De�nition 2.2 The 
apsule 
(x) of an element x is the smallest mesh 
ube
ontaining x (Figure 3). 5
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c(y)Figure 3: 2D illustration of the notion of 
apsules.The 
apsules of the ele-ments x and y are shown shaded. x is a standard element, so it 
oin
ideswith its 
apsule. y is a transitional element, so its 
apsule is the smallesten
losing mesh 
ube.
3
3

3
33

3
3
3

1.5
1.5 1.5

1.5

2 2

2

2

2

2.5
2.5 2.5

2.5

2.5
2.5

2.5 2.5

2.5
2.5

2.5
2.5

2.5 2.5

2.5

2.5
2.5

2.5
2.5 2.5

2.5

2.5
2.5

2
1 1

22

2 2 2

23
33

3
3
3 3

3 3
3

1

22

2 2 2

23
33

3
3
3

2

2 2

2(a) (b) (
)Figure 4: 2D illustration of the di�erent types of meshes de�ned in thisse
tion. (a) Legal mesh (b) Re
tilinear mesh. Note that one of the level-1squares has a level-3 neighbor, therefore the mesh is not 
onformable. (
) A
onformable mesh. Numbers denote the levels of the elements.Sin
e standard elements are d-
ubes whose boundary belongs to themesh, every standard element 
oin
ides with its 
apsule. The 
apsule ofea
h transitional element is a d-
ube, stri
tly larger than the element, that
ontains it. We will 
all 
apsules 
ontaining transitional elements transi-tional 
apsules.Let L be the length of the side of the largest 
ube appearing in themesh. If l denotes the length of the side of a generi
 mesh 
ube, the levelof this 
ube is log2(L=l) � 0. We de�ne the level of a standard elementto be the level of its 
apsule, whereas the level of a transitional element is
onventionally the level of its 
apsule +1=2. Note that the level uniquelyidenti�es the size of a standard element.De�nition 2.3 We say that a 
rystalline mesh is legal (Figure 4(a)) if:1. it is 
onformal,2. the level of a standard element di�ers by at most 1=2 from the levelsof its neighbors, and 6



3. the levels of two transitional elements belonging to adja
ent 
apsulesdi�er by at most 1.It is easy to see that the se
ond and third 
ondition ensure that neighbor-ing elements will not have sizes that di�er by too mu
h. A legal 
rystallinemesh is 
onformal and exhibits smooth transitions in element sizes. Themeshes 
onstru
ted during the mesh generation step, as well as the meshesresulting from ea
h adaptation phase are legal, and are the ones used in thea
tual �nite element 
omputations.De�nition 2.4 A re
tilinear mesh (Figure 4(b)) is a (not ne
essarily 
on-formal) 
rystalline mesh indu
tively de�ned as follows:1. The 
oarsest 
rystalline mesh (
onsisting of all standard elements oflevel 0) is re
tilinear.2. The mesh resulting from repla
ing one element of a re
tilinear meshwith 2d standard elements (4 squares in 2D or 8 
ubes in 3D) is re
ti-linear.De�nition 2.5 A 
onformable mesh (Figure 4(
)) is a re
tilinear meshsu
h that the level of ea
h element in the mesh di�ers by at most 1 fromthe levels of its neighbors.The most important 
hara
teristi
 of 
onformable meshes is that they
an be made 
onformal (resulting in a legal mesh) by using a simple, one-pass pro
edure. Sin
e the mesh is 
onformable, we know that if an elementx is non-
onformal, it is be
ause it has one or more neighbors that have alevel value of level(x)+ 1. So, there is only a small number of possible non-
onformal neighboring 
on�gurations. With ea
h one of these 
on�gurationswe 
an asso
iate a re�nement that will make the element 
onformal without
reating any additional non-
onformal points. This means that we 
an useone pass to examine all elements in the mesh, lo
ate the non-
onformalones and re�ne them appropriately, to obtain a 
onformal mesh. We willtalk more about exa
tly how this re�nement 
an be done in the se
tionsdis
ussing 2D and 3D meshes.3 Crystalline Mesh AdaptationTo obtain a high-quality solution, we need a mesh with a high elementdensity within the regions of interest. However, given the des
ription of aphysi
al problem and its domain, we generally 
annot establish a priori theregions of interest. In su
h 
ases, the �nite element 
omputation pro
eeds7



conformable mesh

legal mesh (final, refined)

legal mesh

rectilinear mesh

conformable mesh

    refinement)

    2-level jumps)
3. propagate refinement (to eliminate 

2. refine selected domain (all selected 
    cubes are refined: standard refinement)

4. refine transitional capsules (nonstandard

(initial, with selected domain 

    elements by their capsules)
1. clean-up (replace all transitional

to be refined)R

Figure 5: Flow diagram of the re�nement pro
ess.as follows. Given an initial mesh over the domain, a system of equationsis generated and solved. Then, bounds on the errors asso
iated with ea
helement are 
omputed and used to determine in whi
h subregions the meshdensity must be modi�ed. Finally, a new mesh is 
reated based on thisinformation. The pro
edure is applied iteratively until a satisfa
tory errorbound is a
hieved over the whole domain [6, 14, 16℄. This pro
ess 
an besigni�
antly fa
ilitated and a

elerated by me
hanisms that automati
allymodify the existing mesh. Su
h modi�
ation is 
alled mesh adaptation, andinvolves two re
ipro
al pro
esses, re�nement and 
oarsening. We 
on�neourselves to the pro
ess of re�nement, sin
e the ideas and te
hniques usedfor 
oarsening are analogous.We are given a legal 
rystalline mesh and a region to be re�ned. Weshould re�ne the elements in the region in su
h a way that the resulting meshis also legal. We 
an a
hieve this by doing re�nement in a very 
ontrolledway. Figure 5 is a 
ow diagram (not ne
essarily the proposed algorithm)of a 
on
eptually 
orre
t way to 
arry out a re�nement. In the �rst step(
lean-up phase) we repla
e all transitional, as well as standard elements
ontained in a transitional 
apsule, by their 
apsule, thereby obtaining a
onformable mesh. Then, all the elements of the resulting mesh that fall
ompletely within the sele
ted region are re�ned. Standard elements withedge length l are partitioned into standard elements with edge length l=2,so that a standard element of level j will be repla
ed by 2d elements of levelj + 1. Su
h re�nement is 
alled standard .8



At the end of this step, the mesh may 
ontain neighboring1 elementsthat have level values that di�er by 2. In su
h 
ase, the resulting mesh is nolonger 
onformable, so the re�nement is propagated in order to obtain a 
on-formable mesh. The propagation step also identi�es the elements that willbe transitional 
apsules in the output mesh. In the �nal step we re�ne ea
htransitional 
apsule appropriately. This re�nement depends upon the levelsof the 
apsule's neighbors, and is referred to as nonstandard re�nement.We now analyze the re�nement propagation step (step 3). At an abstra
tlevel, we identify ea
h element of the re
tilinear mesh under 
onsiderationwith the node of a node- and edge-weighted dire
ted graph G. The weightof a node is its level. We establish an ar
 (vx; vy) from node vx to node vy , ifthe 
orresponding elements x; y are neighbors and level(x) > level(y). Weassign to (vx; vy) the weight w(vx; vy) = level(x)� level(y) (Figure 6).It is 
lear that G is a
y
li
, and that if l is the maximum level of anelement in the mesh, the maximum length of a path in G will be l. A pathin G is said to be smooth if all the edges in the path have weight 1. Themesh is 
onformable if and only if all paths of G are smooth.By the a
tion of the standard re�nement (step 2), the weights of a subsetof ar
s of the (
onformable) mesh are in
reased by 1, so that 2 is the largestweight of ar
s of the resulting re
tilinear mesh M . Consider any path p =(v1; v2; : : : ; vs) in the graph G(M) of M . We 
laim:Lemma 3.1 In any maximal nonsmooth path p in G(M), there is at mostone ar
 of weight 2.Proof: We will start with a 
ase analysis. Consider two arbitrarily 
hosenneighboring elements x and y in the original 
onformable mesh (the meshobtained after the 
lean-up phase). By the de�nition of a 
onformable meshwe know that either the two elements have the same level value, or theirlevel values di�er by 1. In the se
ond 
ase we 
an assume, without loss ofgenerality, that level(x) = level(y) + 1 (see Figure 7, 
ase 2). During there�nement phase, none, or one, or both of the elements are to be re�ned.This gives us eight distin
t 
ases, shown in Figure 7. In the same �gure wealso show the subgraph of G that is obtained in ea
h of the 
ases. Noti
ethat if an ar
 (v; w) has weight 2, we 
an 
on
lude that the element asso
i-ated with v was 
reated during the last re�nement step, while the elementasso
iated with w was not re�ned (Case 2,(
)).Using this 
ase analysis, we 
an prove the Lemma by 
ontradi
tion.Suppose that in p there are two ar
s (vi; vi+1) and (vj ; vj+1) with (1 � i <1The neighbors of an element x are a subset of the elements adja
ent to x, and will bede�ned separately for the 2D and 3D 
ase. 9
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Figure 6: A re
tilinear mesh and its asso
iated graph. The heavy ar
s haveweight larger than 1. The region that was re�ned during the last step isshown shaded. 10
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x
y(a) (b) (
) (d)Figure 7: 2D illustration of the possible neighboring arrangements in theoriginal 
onformable mesh and in the mesh resulting after the re�nement.Elements sele
ted to be re�ned are shown shaded. Together with the ele-ments resulting from the re�nement we also show the subgraph asso
iatedwith them. Case 1: The neighbors originally have the same level value. Case2: The level values of the neighbors di�er by 1. Noti
e that Case 2(
) is theonly one resulting in ar
s with weight 2 (shown heavier).

v
i-1

v i
v
i+1 j-1v v j

vj+1... ......Figure 8: The path used in the proof. The ar
s (vi; vi+1) and (vj ; vj+1) haveweight 2. All other ar
s shown have weight 1.j � s� 1) of weight 2, with no intermediate weight-2 ar
 (Figure 8).From the 
ase analysis we know that sin
e vj has an outgoing weight-2ar
, the element asso
iated with it has been 
reated during the last re�ne-ment step. We also know that vj has an in
oming weight-1 ar
 (vj�1; vj).We see that the only 
ase where an element that was re�ned during the laststep has an in
oming weight-1 ar
 is 
ase 2(d), and this implies that the ele-11



ment 
orresponding to vj�1 was also 
reated during the last re�nement. We
an follow the path from vi�1 to vj ba
kwards, applying the same reasoningat ea
h ar
, 
on
luding that all nodes on the path from vi+1 to vj have been
reated during the last re�nement step. In parti
ular, the element 
orre-sponding to vi+1 has been 
reated during the last re�nement step. However,from the 
ase analysis we know that no element 
reated during the last re-�nement step 
an have a node asso
iated with it with an in
oming weight-2ar
, a 
ontradi
tion whi
h proves the Lemma. 2A re�nement path of M is a path whose �rst ar
 has weight 2 and isfollowed by a run of weight-1 ar
s. Re�nement propagation o

urs exa
tlyon re�nement paths. Lemma 3.1 proves that re�nement propagation 
an bedone in one pass. Assume that x, y are two neighboring elements in themesh we obtained after step 2, v, w are the two nodes asso
iated with themand (v; w) is a weight-2 ar
. We start by re�ning y, thereby eliminating thelevel-2 jump between x and y. If w has outgoing ar
s, we follow them andre�ne the elements asso
iated with them. We 
ontinue following outgoingar
s and re�ning the 
orresponding elements until we rea
h the end of there�nement path. Lemma 3.1 proves that on
e an element is re�ned, theresulting elements will not be re�ned again during the re�nement propaga-tion. Using the de�nition of the re�nement paths we 
an also easily provethe following theorem:Theorem 3.2 If l > 0 is the maximum level o

urring in the mesh, thedepth of re�nement propagation is at most l.After the re�nement propagation, we obtain a 
onformable mesh. Nowwe 
an, in one pass, lo
ate all non-
onformal elements and re�ne them inorder to obtain a 
onformal mesh. This happens during Step 4 of the re-�nement pro
edure, and the non-
onformal elements lo
ated are (standard)elements that have neighbors with higher level value. The re�nement usedduring this step is 
alled nonstandard re�nement and will result in sometransitional elements, at the boundaries between regions having di�erentelement density.Knowing the length of the re�nement path allows us to 
ompute the
omplexity of the re�nement algorithm. It is given in the following Corollaryof Theorem 3.2.Corollary 3.3 Let R be the region to be re�ned, and let m(R) and m(Æ(R))denote respe
tively the numbers of elements in R and on its boundary. Thenthe 
omplexity of the re�nement algorithm is �(m(R) + l � m(Æ(R))). Ifm(Æ(R)) = o(m(R)), the 
omplexity of the re�nement is �(m(R)).12
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2Figure 9: A 2D 
rystalline mesh, shown in solid lines. The dotted linesrepresent the regular grid supporting the 
rystalline mesh. The numbersindi
ate the level of ea
h �nite element.Note that 
ondition m(Æ(R)) = o(m(R)) is 
ommonly met, and in this
ase, the 
omplexity of re�ning the region R dominates the 
omplexity ofthe re�nement propagation. In the following se
tions we present eÆ
ientre�nement te
hniques for 
rystalline meshes in 2D and 3D.4 2D Crystalline Meshes4.1 Des
ription and PropertiesThe two-dimensional 
ase, inherently very simple, is handled by a pro
edureanalogous to that of the more 
omplex three-dimensional 
ase (Se
tion 5),and is therefore presented here for pedagogi
al reasons. In 2D 
rystallinemeshes the standard element is a square. The transitional elements areright-angle isos
eles triangles. We de�ne two elements to be neighbors ifthey share an edge. Figure 9 shows a 2D integer-
oordinate 
rystallinemesh.If we are 
areful during the mesh generation and re�nement steps, we
an maintain all the elements so that their verti
es are presented in 
ounter-
lo
kwise order. In this 
ase the sti�ness matri
es [27℄ of all square elementsare exa
tly the same. If we give a 
onsistent lo
al index to ea
h vertex of13



Figure 10: A square and all the di�erent neighbors it 
an have in a 
rystallinemesh.The 
ir
um
ir
les are shown in dashed lines. Noti
e that the Delaunayproperty always holds.the triangle (for example, if the vertex at the right angle always has lo
alindex 0), the sti�ness matri
es of all the triangles will also be identi
al (re-gardless of size and orientation). In order to 
reate the system of equations,we pre
ompute the matri
es of the two distin
t shapes, and then assemblethe lo
al matri
es to 
onstru
t the matrix of the system using the standard�nite element pro
edure. This redu
es the 
ost of 
reating the system tothe 
ost of its assembly.The smallest angle present in any 2D 
rystalline mesh is 45Æ (and o

ursin the transitional elements). Moreover, any 2D 
rystalline mesh has theDelaunay property: the interior of the 
ir
um
ir
le of any element does not
ontain any verti
es of the mesh [10, 17℄. The Delaunay property is veryimportant and 2D meshes that exhibit it are 
onsidered ideal, be
ause thesystem of equations that results from them is easy to solve. Bellow we willprove the 
laim.Lemma 4.1 Two-dimensional 
rystalline meshes have the Delaunay prop-erty.Proof: We 
an prove the lemma by exhaustively examining all possibleneighboring 
on�gurations. We have already seen that the mesh will 
onsistonly of squares and right-angle isos
eles triangles, and that it is 
onformal.We 
onsider ea
h of the shapes and all possible neighbors that the shape
ould have. If all possible neighboring arrangements have the Delaunayproperty, the whole mesh will also have the Delaunay property.Let us �rst look at the square elements. The only possible neighbors asquare 
ould have in a 
rystalline mesh is either a square of the same sizeor triangles of two di�erent sizes. Figure 10 shows all possible neighbors ofthe square and the 
ir
um
ir
les of all the elements. It is easy to verify thatthe Delaunay property holds. 14



(a) (b) (
)Figure 11: All possible neighbors of a right angle isos
eles triangle in a
rystalline mesh. (a) Squares of two di�erent sizes. (b) Triangles of the samesize sharing either the hypotenuse or one of the other sides. (
) Triangles oftwo di�erent sizes in a side-hypotenuse adja
en
y. Dashed lines denote the
ir
um
ir
les. The Delaunay property holds in all 
ases.An element that is a right-angle isos
eles triangle 
an have squares oftwo di�erent sizes as neighbors (Figure 11(a)). It 
an also have triangles ofthe same size sharing either the hypotenuse or one of the two other sides,or a triangle of di�erent size with a side-hypotenuse adja
en
y. All possible
on�gurations are shown in Figure 11(b) and (
), and we 
an verify that theDelaunay property holds in all 
ases. 24.2 Re�nement of 2D Crystalline MeshesThe general re�nement pro
ess dis
ussed in Se
tion 3 is illustrated in Fig-ure 12 for a 2D mesh. We start with a legal 
rystalline mesh and a regionR that needs to be re�ned (shown shaded in Figure 12(a)). During the
lean-up phase, we 
oarsen all transitional elements, thereby obtaining anon-
onformal mesh that 
onsists only of squares (Figure 12(b)). Clearly,the resulting mesh is 
onformable. We then use standard re�nement tore�ne all elements within the sele
ted region (Figure 12(
)). The result-ing mesh is re
tilinear but might not be 
onformable. In order to make it
onformable we propagate the re�nement to eliminate all two-level jumps(Figure 12(d)). Finally, we use non-standard re�nement to re�ne all non-
onformal elements, in order to obtain a legal mesh (Figure 12(e)), whi
hwill be used in the 
omputation. All shaded elements in Figure 12(e) arethose altered by the re�nement pro
ess.Re�nement propagation ensures that the resulting mesh is 
onformable.Ea
h element in the 
onformable mesh will have edges that are either 
on-formal or have a vertex in the middle. This means that there are only �ve15
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onformable(e) (d)Figure 12: (a) A region R has been sele
ted for re�nement (shown shaded).(b) The non-standard elements are removed. (
) Squares that fall 
om-pletely within R are regularly re�ned. (d) The re�nement is propagatedto neighboring elements (striped element). (e) Non-
onformal elements arere�ned. The striped region 
ontains all the elements that were modi�ed bythe re�nement. Noti
e that it almost 
oin
ides with R.Figure 13: All possible non-
onformal 
on�gurations for elements in a 2D
onformable mesh. Bold sides denote boundaries shared with higher levelelements.di�erent 
on�gurations (modulo right-angle rotations) a non-
onformal ele-ment 
an have, depending on the subset of sides it shares with higher levelelements. All possible 
on�gurations are shown in Figure 13, with empha-16



sis given to the non-
onformal verti
es and the sides 
ontaining them. Inthe same �gure we show an appropriate non-standard re�nement for ea
h
on�guration. Noti
e that all non-
onformal edges are divided in two, whileall 
onformal edges are not divided. Therefore, the mesh will be 
onformal(and legal) after the last step of the algorithm has been exe
uted.Going ba
k to the example of Figure 12 we realize that the re�nementpro
edure, as des
ribed so far, is not very eÆ
ient. For example, noti
e thatthe transitional elements in the lower right-hand 
orner of the mesh areremoved during the 
lean-up phase, resulting in a standard element. Duringthe last phase of the re�nement pro
edure this element is re�ned, in orderto obtain a 
onformal mesh. The resulting elements are exa
tly the same asin the original mesh. This suggests that we would obtain a more eÆ
ientalgorithm if we 
ould identify elements that are identi
al in the input andoutput meshes and avoid pro
essing them. This be
omes more importantin 
ases where the input mesh 
onsists of many elements and the region Rto be re�ned 
ontains only a small portion of them. In general, we wouldlike the re�nement pro
edure to run in time proportional to the number ofelements in R and not to the number of elements in the entire mesh, andprodu
e exa
tly the same meshes as the pro
edure shown in Figure 5.In order to develop an eÆ
ient algorithm we noti
e that all elements inR need to be modi�ed. Moreover, elements that are not in R need to bemodi�ed only if at least one of their neighbors is modi�ed. So we 
an avoidmodifying elements that are not a�e
ted by the re�nement pro
edure bykeeping tra
k of all modi�ed elements and 
he
king all their neighbors tosee if modi�
ations are in order.The algorithm starts by repla
ing all transitional elements, whose 
ap-sule falls 
ompletely within the sele
ted region R, with said 
apsule (Fig-ure 14(b)). This is equivalent to the 
lean-up phase, but is performed onlyon elements in R. Next, all standard elements 
ompletely within R are re-�ned, using standard re�nement (Figure 14(
)). Now we have to perform thetwo last steps of the pro
edure, re�nement propagation and non-standardre�nement of non-
onformal elements. The re�nement propagation is a
-
omplished by using the pro
edure Propagate Refinement, shown aspseudo
ode in Algorithm 1.Sin
e all elements within R have been re�ned, paths of G within R areby 
onstru
tion smooth. So, the re�nement propagation will start fromelements that are at the boundary of R and pro
eed outwards. We willsimulate a breadth-�rst sear
h of the graph G using a queue Q. Throughoutthe exe
ution of the algorithm, Q 
ontains elements that have been modi�edby the re�nement pro
edure and whose neighbors need to be 
he
ked and17
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�(g) (h) (i)Figure 14: An example of the re�nement pro
edure: (a) The initial mesh. Theregion R is shown shaded. (b) Non-standard elements in R are removed. (
)Elements in R are re�ned (standard re�nement). (d) Elements on the boundary ofR are inserted into Q (shown shaded). (e) Level di�eren
e of 1=2: the neighbor is
oarsened and its 
apsule is re�ned. (f) Level di�eren
e of 1, and neighbor doesnot belong to a transitional 
apsule: the neighbor is re�ned using non-standardre�nement. (g) The neighbor belongs to a transitional 
apsule: the 
apsule isre�ned using standard re�nement and the resulting elements are inserted in Q. (h)State of mesh when Q is empty. (i) Non-standard re�nement is used to make themesh 
onformal. The resulting mesh is legal.18



Propagate-Refinement(M;R)1 for ea
h element x on the boundary of R2 do insert x into Q3 while Q 6= ;4 do x head[Q℄5 for ea
h neighbor y of x with level(y) < level(x) AND y =2 Q6 do Æ  level(y)� level(x)7 swit
h8 
ase Æ = 12 :9 z  Coarsen(y)10 Nonstandard-Refine(z)11 
ase Æ = 1 AND y =2 to a transitional 
apsule :12 Nonstandard-Refine(y)13 
ase (Æ = 1 AND y 2 to a transitional 
apsule ) OR Æ = 32 :14 z  Coarsen(y)15 Standard-Refine(z)16 insert all resulting elements in QAlgorithm 1: The Algorithm used to simulate a breadth-�rst sear
h on thegraph G. Coarsen(y) repla
es all elements belonging to the transitional
apsule of y with the 
apsule z and returns it.maybe modi�ed.We start by inserting into Q all elements that are on the boundary ofR (shown lightly shaded in Figure 14(d)). The algorithm then pro
eeds byextra
ting elements from the queue, examining all their neighbors, modifyingthem if ne
essary, and when appropriate inserting new standard elementsthat need pro
essing into the queue. The algorithm terminates when thequeue is empty.To gain the 
orre
t insight into the operation of the proposed algorithm,we will prove some fa
ts about it.Lemma 4.2 During the exe
ution of the algorithm Propagate Refinement,Q 
ontains only standard elements that have been 
reated during the 
urrentre�nement step.Proof: We initialize Q by inserting all elements on the boundary of R.During the previous two steps of the re�nement pro
edure all transitionalelements in R have been removed and then all elements in R (whi
h are nowstandard) have been re�ned using standard re�nement. So, all elements inR are now standard elements that have been 
reated during the 
urrentre�nement step. Sin
e the elements inserted in Q are in R, this is enoughto prove that the lemma is true when Q is initialized.The only other point where elements are inserted into Q is line 16. Theseelements are the result of a Standard Refine operation (line 15). There-19



yp(x)
x y y

p(x)

x y(a) (b)Figure 15: Examples showing the worst 
ases for Lemma 4.4: (a) x is 
reatedby re�ning a standard element. In this 
ase, level(x)� level(y) = 32 . (b)x was 
reated by �rst removing some transitional elements and then usingstandard re�nement to re�ne their 
apsule. In this 
ase also level(x) �level(y) = 32 .fore, these elements, too, are standard elements 
reated during the 
urrentre�nement step. 2Lemma 4.3 The pro
edure Propagate Refinement terminates.Proof: The pro
edure terminates when the queue Q is empty. We havealready proven that only standard elements that have been 
reated duringthe 
urrent re�nement step are inserted into Q. Moreover, Lemma 3.1 provesthat on
e an element has been re�ned, none of the resulting element will bere�ned again during the re�nement propagation step.Combining these two fa
ts, we 
on
lude that on
e an element has beenremoved from the queue, it will not be re�ned again and no elements result-ing from it 
an be inserted into the queue. This proves that only a �nitenumber of elements will ever be inserted into Q, and therefore the pro
edurewill terminate. 2Lemma 4.4 Let x be an element that has just been extra
ted from the queueQ and y one of its neighbors. Then, level(x)� level(y) � 32 .Proof: First of all, noti
e that whenever an element is removed from themesh by the re�nement pro
edure, it is repla
ed by elements of the same orhigher level value. Therefore, in order to prove the bound we 
an assumethat y is an element that is present in the input mesh.Sin
e x was just removed from Q, we know that it is a standard element
reated during the 
urrent re�nement step (Lemma 4.2). We 
an distinguishtwo 
ases, depending on how x was 
reated:� x was 
reated by re�ning a standard element in the original mesh, usingstandard re�nement (Figure 15(a)). Let p(x) denote this standardelement in the original mesh. Obviously, y was a neighbor of p(x) inthe input mesh, and sin
e the mesh was legal:20



level(p(x))� level(y) � 12 :Moreover, level(x) = level(p(x))+ 1:Combining these two fa
ts we get:level(x)� level(y) � 32 :So, the lemma holds in this 
ase.� x was 
reated by 
oarsening a transitional element, and then re�ningthe resulting transitional 
apsule (Figure 15(b)). Let p(x) be the tran-sitional element in the input mesh that was a neighbor of y. Sin
e theoriginal mesh is legal:level(p(x))� level(y) � 1:We also know that: level(x) = level(p(x))+ 12 :Combining these two fa
ts we get:level(x)� level(y) � 32 :This is enough to prove that the lemma always holds. 2Using the above lemma and the fa
t that level values are always eitherintegers or integer + 12 we 
an prove that:Corollary 4.5 Let x be an element that has just been extra
ted from thequeue Q and y one of its neighbors. Let Æ = level(x)� level(y). If Æ > 0then Æ 2 f12 ; 1; 32g.During the Propagate Refinement subroutine and while we are ex-amining the neighbors of x, we are only interested in neighbors with levelvalues lower than level(x), sin
e the re�nement 
annot propagate to neigh-bors with the same or higher level value. We will now des
ribe and justifythe a
tions that need to be performed in ea
h of the 
ases addressed inCorollary 4.5. 21
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x(
) (d)Figure 16: Examples of how neighbors of x with higher level value arepro
essed by the algorithm. (a) level(x) � level(y) = 12 . The Coarsensubroutine is used and the obtained transitional 
apsule is re�ned usingnon-standard re�nement. (b) level(x)� level(y) = 1 and y does not belongto a transitional 
apsule. Non-standard re�nement is used to re�ne y. (
)level(x)�level(y) = 1 and y belongs to a transitional 
apsule. The 
apsule isobtained by using the Coarsen subroutine and then re�ned with standardre�nement. The resulting standard elements, shown shaded, are insertedinto the queue. (d) level(x)� level(y) = 32 . This 
ase is handled in exa
tlythe same way as 
ase (
).1. level(x)� level(y) = 12 (Figure 16(a)).This means that y is a transitional element, whose 
apsule has a levelvalue of level(x) + 1. In this 
ase, the re�nement does not have to bepropagated, but y might not be 
onformal (be
ause of the 
onstru
tion22



of x). So, we use the subroutine Coarsen to repla
e y and all theelements in its 
apsule by the 
apsule, and re�ne the 
apsule again,using non-standard re�nement. This pro
ess is guaranteed to makethe boundary between x and the 
apsule of y 
onformal.2. level(x)� level(y) = 1 (Figure 16(b) and 16(
)).In this 
ase, y is a standard element. We 
an again distinguish two
ases.In the �rst 
ase (Figure 16(b)), y does not belong to a transitional
apsule. This means that y has been 
reated by a standard re�nementoperation. Therefore, it is enough to re�ne y, using non-standardre�nement, in order to make the boundary between x and y 
onformal.If y belongs to a transitional 
apsule (Figure 16(
)), it has been 
re-ated by a non-standard re�nement operation. The transitional 
apsuleto whi
h y belongs and x have a di�eren
e of two in level values. Inorder to understand what the appropriate a
tion is in this 
ase, we willlook at how the original algorithm, presented in Figure 5, would han-dle this 
ase. Sin
e we want the two re�nement algorithms to produ
ethe same mesh, we should simulate its a
tions. The original algorithmstarts by removing all transitional and standard elements 
ontained intransitional 
apsules by their 
apsules. Therefore, y would have beenremoved, and the 
orresponding neighbor of x would be y's transitional
apsule t
(y). Sin
e level(x)� level(t
(y)) = 2, the re�nement has tobe propagated, and t
(y) will be re�ned, using standard re�nement.Finally, the re�nement will be propagated, if ne
essary, to the neigh-bors of the newly 
reated elements. We 
an a
hieve the same resultsby using the Coarsen subroutine to repla
e y and all the elementsin the same transitional 
apsule by the 
apsule. Next, we re�ne the
apsule using standard re�nement. This entire pro
ess is a re�nementpropagation step. In order to ensure that the re�nement will be prop-agated further, if ne
essary, we insert the newly 
reated elements intothe queue.3. level(x)� level(y) = 32 (Figure 16(d)).This 
ase is similar to the se
ond 
ase. The element y is a transitionalelement and its 
apsule has a level di�eren
e of two with x. Using thesame reasoning as above, we 
on
lude that the re�nement has to bepropagated. We 
oarsen y and then use standard re�nement to re�neits 
apsule. Finally, we insert all elements 
reated by this re�nementinto the queue.Noti
e that during the while-loop (lines 3-16), we never modify elements23
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Figure 17: The two di�erent types of pyramids and the tetrahedron used astransitional elements.that are already in the queue. This is justi�ed, be
ause only elements 
re-ated in this re�nement step are pla
ed in the queue (Lemma 4.2), and weknow that these elements do not need to be re�ned again during the re-�nement propagation step (Lemma 3.1). So, the re�nement propagationwill be exe
uted 
orre
tly. Figure 14(h) shows the mesh immediately afterthe queue has be
ome empty and the exe
ution of the subroutine Propa-gate Refinement is about to terminate.As the last step of the re�nement pro
edure, the remaining non-
onformalelements are re�ned, using non-standard re�nement. The resulting mesh islegal (Figure 14(i)) and is guaranteed to be the same as the one resultingfrom applying the pro
edure shown in Figure 5 to the same initial meshwith the same region R.As was our obje
tive, the new re�nement pro
edure only takes timeproportional to the number of elements that need to be modi�ed. If thenumber of elements on the boundary of R is asymptoti
ally smaller thanthe number of elements in R, the entire pro
edure runs in time proportionalto the number of elements in R. 24



Figure 18: The boundary of a 3D 
rystalline mesh. Noti
e how di�erentregions of the mesh have di�erent element density.5 3D Crystalline Meshes5.1 Des
ription and PropertiesIn three-dimensional 
rystalline meshes, the standard elements are 
ubes.Transitional elements are of three types: two distin
t types of pyramidsand one tetrahedron. The three types of transitional elements are shownin Figure 17. 3D 
rystalline meshes are 
onformal, and 
an have elementsof di�erent size in di�erent regions of the domain. Figure 18 shows theboundary of a 3D 
rystalline mesh. Noti
e that the boundary itself is alegal 2D 
rystalline mesh.For the three-dimensional 
ase we 
hose to slightly modify the de�nitionof a neighbor. Spe
i�
ally, we say that two elements are neighbors if theyshare at least one vertex. This new de�nition allows us to develop simpleralgorithms for mesh generation and re�nement. Moreover, its use greatlyredu
es the number of distin
t shapes of transitional elements needed torealize 
onformal transitions between regions with di�erent sizes. One ofour earlier attempts to generate 
onformal 3D 
rystalline meshes while usingthe de�nition that neighbors are elements that share edges resulted in morethan ten di�erent transitional element shapes.If we are 
areful during the mesh generation and re�nement phase, we
an 
reate the elements so that ea
h vertex has a standard lo
al number.In this 
ase, the sti�ness matri
es of all the elements that have the sameshape are the same. In order to 
reate the system of linear equations, wepre
ompute one matrix for ea
h shape and then assemble the system. So,the 
ost of 
reating the system is again redu
ed to the 
ost of its assembly.The use of pyramids in 3D meshes is unusual. The main reason for this25
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α(a) (b)Figure 19: The two neighboring arrangements not exhibiting the Delaunayproperty. (a) Two pyramids sharing the square fa
e. If � denotes thelength of the side of the square fa
e, the length of the sides shared betweentriangular fa
es is p3�2 and the height of the entire arrangement is �. (b)Two tetrahedra sharing the fa
e without a right angle. We use � to denotethe length of one arbitrarily 
hosen side. The length of the other sides ofthe arrangement are also shown.is that good basis fun
tions for pyramidal �nite elements are hard to �nd.In order to fa
ilitate the use of 3D 
rystalline meshes we have developed amethod for generating Lagrangian basis fun
tions for order k pyramids2, forany k > 0 [8℄. The method is indu
tive and 
an be easily automated. Theresulting fun
tions are 
ompatible with the fun
tions used for Lagrangian
ubes and tetrahedra [27, 24℄.By examining all four possible shapes in a 3D 
rystalline mesh we 
anestablish that the smallest planar angle is 35Æ while the smallest dihedralangle is 45Æ. Moreover, every 3D 
rystalline mesh will have the Delaunayproperty almost everywhere: out of 15 possible neighboring arrangements,13 are Delaunay. This result was established by exhaustively examining allpossible neighboring 
on�gurations (using 
omputer simulations), in a waysimilar to the proof of the 
orresponding 
laim for the 2D 
ase. The twonon-Delaunay neighboring arrangements are shown in Figure 19.5.2 Re�nement of 3D Crystalline MeshesThe re�nement of 3D 
rystalline meshes 
onforms to the general philosophyof Se
tion 3 and 
an be done using Algorithm 1, whi
h was also used for 2Dmeshes. However, there are some modi�
ations due to the new de�nition of2An order k Lagrangian pyramid is a pyramid with k + 1 nodal points pla
ed on ea
hof its edges and with fa
es that are Lagrangian squares or triangles of order k.26



neighboring elements. A

ording to this de�nition, a 3D mesh is 
onformableif elements that share a vertex have a level di�eren
e of at most one. Sin
ewe want the re�nement propagation step to result in a 
onformable mesh,we have to propagate the re�nement from an element x to an element yeven if the two elements share only a vertex. This means that, in general,more elements will be a�e
ted by the re�nement, but the di�eren
e will notbe signi�
ant. For example, if the region R to be re�ned has the shapeof a parallelepiped, the number of additional elements that will be a�e
tedby the re�nement is bounded from above by 8l (where l is the maximumlevel o

urring in the mesh). Remember that a

ording to Corollary 3.3 thenumber of elements a�e
ted by the re�nement is �(m(R) + l �m(Æ(R))).We also have to spe
ify how the last step of the algorithm (using non-standard re�nement to re�ne non-
onformal elements in order to obtaina 
onformal mesh) 
an be performed. In the 3D 
ase, the operation ismu
h more 
ompli
ated than in the 2D 
ase, sin
e now an element 
an benon-
onformal be
ause of non-
onformal fa
es, non-
onformal edges or a
ombination of the two. This results in a very large number of possible 
on-
onformal 
on�gurations, ea
h one of whi
h has to be treated separately.An added sour
e of 
omplexity 
omes from the requirement to keep fa
esshared between elements 
onformal, while one or both of the elements arere�ned. Finally, we would like the pro
edure for making the mesh 
onformalto work in one pass.In order to deal with the 
omplexity of the operation and ensure that theresulting mesh is 
onformal, we 
hose a di�erent approa
h. Elements in the
onformable mesh are examined and are 
hosen for re�nement if they shareat least one vertex with a higher level element. The type of non-standardre�nement used for ea
h element is determined by the number of verti
esshared with higher level elements as well as their relative positions (modulore
e
tions and rotations). This results in 22 di�erent patterns, as many asthere are equivalen
e 
lasses of 3 variable boolean fun
tions (Harvard 
lasses[13℄). Asso
iated with ea
h pattern is a spe
i�
 re�nement.Noti
e that some of the elements 
hosen for re�nement by the methodproposed above are 
onformal in the original 
onformable mesh, whi
h meansthat re�ning them is not ne
essary. This implies that the proposed methodmay result in meshes that 
onsist of more elements than absolutely ne
-essary. In pra
ti
e, however, the number of 
onformal elements re�ned issmall, while the added bene�ts from the simpli
ity of both the algorithmand the implementation are enormous. For example, if the region R to bere�ned has the shape of a parallelepiped, only eight 
onformal elements willbe re�ned (one 
orresponding to ea
h of the eight verti
es of R).27
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1 2a 2b 3 4Figure 20: Patterns appearing on the fa
es of non-
onformal 
ubes to bere�ned (standard patterns). Verti
es shared with higher level 
ubes areshown as solid 
ir
les. Fa
es that do not share any verti
es with higher level
ubes are not partitionedNow we also have to des
ribe how to re�ne ea
h one of the resulting22 
on�gurations, so that we 
an guarantee that the resulting mesh is 
on-formal. To further simplify the problem, we enfor
e the 
ondition that the
uts on the fa
es of the 
ubes that were 
hosen to be re�ned follow spe
i�
patterns, depending on whi
h verti
es are shared with higher level 
ubes(Figure 20). Fa
es that do not share any verti
es with higher-order 
ubesshould not be partitioned. Noti
e than an edge is partitioned in two edgesif and only if one of its endpoints is shared with a higher level 
ube. Alsonoti
e that if a vertex x is shared with a higher level 
ube, the fa
e is re-�ned so that a square is formed, having x as one of its verti
es. We 
laimthat if all elements that share verti
es with higher level 
ubes are re�ned sothat their fa
es are 
ut a

ording to these patterns, the resulting mesh is
onformal. This 
laim is formalized as follows:Lemma 5.1 Given a 
onformable 3D 
rystalline mesh, if all 
ubes in themesh that share verti
es with higher-level 
ubes are re�ned so that their fa
esbear a standard pattern, the resulting mesh will be 
onformal.Proof: In the 3D 
ase, non-
onformity 
an arise from either non-
onformaledges or non-
onformal fa
es.We will �rst 
onsider the edges of the elements, and will prove that afterthe re�nement, all edges shared between elements will be 
onformal. Letx be an element in the 
onformable mesh and (v; w) one of its edges. Theedge 
an be shared by up to four 
ubes in the mesh. We 
an distinguish two
ases.1. All elements sharing (v; w) have the same level value (Figure 21(a)).In this 
ase, if either v or w also belong to an element with higherlevel value, x will be re�ned so that a new vertex will be 
reated inthe middle of (v; w). The same is true for all other elements sharing28
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w(a) (b)Figure 21: Examples, illustrating why edges will be 
onformal after the non-standard re�nement step. (a) x shares (v; w) with elements having the samelevel value. Sin
e v also belongs to an element with higher level value, allelements sharing (v; w) are re�ned. The resulting edges are 
onformal. (b)x shares (v; w) with elements having lower level values. These elements willbe re�ned, resulting in two 
onformal edges.(v; w). Therefore, after the re�nement, the two edges resulting fromsplitting (v; w) will be 
onformal.In the example shown, x shares the edge (v; w) with two otherelements that have the same level value as x. However, vertex v alsobelongs to a higher level element. This means that all elements sharing(v; w) will be re�ned. By looking at the standard re�nement patternsin Figure 20, we see that all elements will be re�ned so that a vertexp will be inserted at the midpoint of (v; w). The resulting edges, (v; p)and (p; w) will be 
onformal.2. The elements sharing (v; w) have di�erent level values (Figure 21(b)).Sin
e we assume that the elements share the entire edge, this 
anonly mean that the elements that have a di�erent level value than x willbe larger, or equivalently, have a lower level value. The mesh is 
on-formable, so the only valid level value for these elements is level(x)�1.This implies that the edges of the larger 
ubes will have a length whi
his twi
e the length of the edges of x. Moreover, by 
onstru
tion, eitherv or w is a vertex of these larger elements. Without loss of generality,we 
an assume that it is v. Let (v; u) be the edge of the larger 
ubesthat 
ontains w. Noti
e that w is the midpoint of (u; v).When the lower-level elements are examined by the algorithm, thefa
t that they share a vertex with a higher level element will be dis-
overed, and they will be re�ned. Regardless of whi
h other verti
esof the elements are shared with higher-level elements, (v; u) will bedivided into two edges, by inserting a vertex at its midpoint, whi
h29



y

x

y

x x(a) (b)Figure 22: Examples, illustrating why fa
es will be 
onformal after the non-standard re�nement step. (a) x and y share a fa
e, that have two verti
esbelonging to higher level elements. Both x and y are re�ned, and the sharedfa
e is re�ned a

ording to the same pattern. The dashed lines show howthe shared fa
e will be re�ned. (b) x shares f with the lower-level element y.y is re�ned so that one of the fa
es of the resulting elements exa
tly mat
hesf . 
oin
ides with w. So, after all elements have been re�ned, both edgesresulting from (v; u) will be 
onformal.In the example shown, x is sharing (v; w) with two elements withlevel value level(x)�1. Both of the larger 
ubes have v as one of theirverti
es. During the last step of the algorithm both larger elementswill be re�ned. The re�nement will divide (v; u) into two edges ofequal size, by inserting a vertex at its midpoint. This vertex 
oin
ideswith w. Both edges resulting from the re�nement are 
onformal.This proves that after the nonstandard re�nement step, all edges in themesh will be 
onformal.Let us now 
onsider the fa
es of the elements in the mesh. We will provethat after the nonstandard re�nement, all fa
es in the mesh will also be
onformal. Sin
e non-
onformity 
an only arise from non-
onformal edgesor non-
onformal fa
es, this will prove that the resulting mesh will be 
on-formal.Again, let x be an element in the 
onformable mesh and f be one of itsfa
es. We have two separate 
ases, depending on the level of the element xshares f with.1. Both elements have the same level value (Figure 22(a)).In this 
ase all four verti
es of the fa
e are shared by both elements.If any of the four verti
es is shared with a higher level element, bothelements sharing f will be re�ned and f will be partitioned during there�nement. However, both elements will partition f a

ording to the30



same pattern, and therefore the resulting fa
es will be 
onformal. Ifnone of the four verti
es of f belongs to a higher level element, theelement might still be re�ned (
aused by other verti
es that are not inf), but in any 
ase f will not be partitioned and will be 
onformal inthe resulting mesh.In the example shown, elements x and y share a fa
e. Two of theverti
es of the shared fa
e are also shared by higher level elements.Therefore, both elements are re�ned. In this 
ase, the shared fa
e isre�ned a

ording to standard pattern 2a, and all �ve resulting fa
esare 
onformal.2. The element with whi
h x shares f has a di�erent level value (Fig-ure 22(b)).Let this element be y. Using the same reasoning as in the 
ase ofthe edges, we 
on
lude that y should have a lower level value, and sin
ethe mesh is 
onformable, its level value is level(x)�1. In this 
ase, thetwo elements also share exa
tly one of their verti
es. Therefore, y is
hosen to be re�ned, sin
e it shares a vertex with x whi
h has a higherlevel value. The fa
e of y that 
ontains f will be re�ned a

ording tothe appropriate standard pattern. By looking at the standard patternsin Figure 20, we see that a square will be formed, that mat
hes f . So,after the re�nement f will be 
onformal.In the example shown, x is sharing f with a lower level element y.During the nonstandard re�nement phase, y is re�ned. In this spe
i�
instan
e, the fa
e of y that 
ontains f will be re�ned a

ording tostandard pattern 2a, sin
e it 
ontains two verti
es that also belong tohigher level elements, and both of these verti
es are the endpoints ofthe same edge. One of the fa
es of the resulting elements mat
hes fexa
tly.Noti
e that for both the edge 
onformity and the vertex 
onformity proofwe used the fa
t that the original mesh is 
onformable, sin
e we assumedthat elements sharing a vertex will not have a level di�eren
e of more thanone. 2Lemma 5.1 above proves that any re�nement that 
uts the fa
es of the
ubes in a way 
onsistent with Figure 20 will result in a 
onformal mesh.This simpli�es the problem, but doesn't solve it 
ompletely. For ea
h of the22 possible neighboring arrangements we have to des
ribe how exa
tly there�nement should be performed. We will devote the next subse
tion to adis
ussion of this problem. 31
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7(a) (b)Figure 23: (a) A non-
onformal 
ube that shares three verti
es with higherlevel 
ubes. These verti
es appear as solid 
ir
les. Also shown is the stan-dard numbering of the verti
es. (b) The fa
es of the 
ube have been markedby using the appropriate standard pattern.5.3 Non-standard Re�nementFor ea
h one of the 22 possible neighboring 
on�gurations, there are sev-eral ways to re�ne the element so that the standard patterns appear on theelement's fa
es, and the elements generated from the re�nement are 
on-formal. All of these re�nements would result in 
onformal meshes and area

eptable.However, while 
hoosing spe
i�
 re�nements for ea
h of the 22 neigh-boring 
on�gurations we have two more goals in mind. First, we would liketo minimize the number of elements generated by ea
h non-standard re�ne-ment, sin
e more elements imply that we will need more time to generatethe system of linear equations. Moreover, we would like to minimize thenumber of distin
t element shapes used in the 
rystalline mesh, for reasonsof simpli
ity and eÆ
ien
y.For example, we 
ould perform the non-standard re�nement as follows.First we re�ne the fa
es of the 
ube a

ording to the appropriate standardpatterns. Then we 
reate one element for ea
h of the fa
es appearing onthe 
ube by 
onne
ting ea
h of its verti
es to the 
enter of the 
ube. Thispro
ess is easy to des
ribe and to automate and will result in 
onformalelements. However, we found that it generates many more elements thanne
essary. Moreover, some of the transitional element shapes generatedin this way have small angles and therefore may result in ill-
onditionedsystems of linear equations. By 
arefully 
hoosing the way we perform thenon-standard re�nement we 
an generate meshes that are better 
onditionedand have fewer elements.To illustrate the approa
h, we dis
uss in some detail one spe
i�
 instan
e.32
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67Figure 24: (a) All the fa
es of the non-
onformal 
ube shown in Figure 23.(b) The fa
es of the 
ube marked with the appropriate standard patterns.Spe
i�
ally, we 
onsider the 
ase of a 
ube that shares three verti
es, allpla
ed on the same fa
e, with higher-level 
ubes. This 
ube is shown inFigure 23(a), where verti
es shared with higher-level 
ubes appear as solid
ir
les. In the same �gure, we show the standard numbering of the verti
esof the 
ube. In Figure 23(b) the same 
ube is shown, where its three visiblefa
es have been marked with the appropriate standard patterns as spe
i�edin Figure 20. In order to better explain how all the fa
es of the 
ube will bepartitioned, we show all the fa
es of the 
ube in Figure 24(a), emphasizingthe verti
es that are shared with higher-level 
ubes. Figure 24(b) shows theappropriate standard pattern for ea
h of the fa
es. Noti
e that if we were touse the pro
edure des
ribed above to re�ne this 
ube, we would generate 26transitional elements. We will now show a mu
h more eÆ
ient re�nement.The entire pro
ess is shown in Figure 25. We start by removing a 
ube,that is formed around vertex 5 of the original 
ube, whi
h is shared witha higher-order element (2.). Another 
ube, formed next to vertex 1, isremoved next (3.). We 
ontinue by removing two pyramids, whose squarefa
es were formed when the �rst 
ube was removed (4. and 5.). We 
ontinueremoving elements from the 
ube in the same fashion, always keeping inmind that the resulting elements should divide the fa
es of the original 
ubeinto the appropriate standard patterns, that shared fa
es and edges shouldbe 
onformal, and that only 
ubes and the transitional elements shown inFigure 17 should be used (6.{15.). We 
on
lude that this element 
an bere�ned by using only 15 elements (three of whi
h are 
ubes).Figure 26 shows the same re�nement, in a more 
ompa
t way. Fig-ure 26.1 shows the 
ube, the verti
es shared with higher level elements andthe appropriate standard patterns for ea
h of the three visible fa
es. Fig-33



5

11. 2. 3. 4.5. 6. 7. 8.9. 10. 11. 12.13. 14. 15.Figure 25: Non-standard re�nement used for an element sharing three ver-ti
es, all on the same fa
e, with higher-level 
ubes. Ea
h �gure 
an be ob-tained from the previous one by removing one element. Dashed lines showthe \hidden" sides of the element that will be removed next. The re�nement
an be done using 15 elements.ure 26.2 shows the re�nement of part of the original 
ube. Ea
h element hasbeen marked with a number that denotes the last step in Figure 25 wherethe element is present. In the ba
kground we show the part of the 
ube that34
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1Figure 26: Another way of showing the same re�nement. (1.) The fa
es ofthe 
ube are shown marked with the standard patterns. (2.) The re�nementof part of the 
ube is shown. (3.) The re�nement of the rest of the 
ube isshown. Elements are marked with a number 
orresponding to the step inFigure 25 where they appear for the last time.remains after removing all the elements shown. It is identi
al to the oneshown in Figure 25(11.). Finally, Figure 26.3 shows how the remaining partof the 
ube is re�ned, resulting in two pyramids and three tetrahedra.In the appendix we show all 22 possible neighboring 
on�gurations aswell as an appropriate re�nement for ea
h one of them, whi
h was generatedin the same way as the one des
ribed here.6 Implementational Issues and Experimental Re-sultsIn order to test how 
rystalline meshes perform in pra
ti
e, we have devel-oped a prototype program (in 
ollaboration with J. Casta~nos and buildingon previous work of J. Casta~nos and J. Savage [7, 21, 22℄, whose fo
us wasthe parallelization of re�nements) that uses the �nite element method tosolve Poisson's equation with Diri
hlet boundary 
onditions in both 2D and3D. In order to be able to make 
omparisons, we implemented separatepro
edures that 
an also handle stru
tured meshes as well as unstru
turednon-
rystalline meshes. The prototype is written almost entirely in C++ (weuse Blas and Lapa
k subroutines for solving the system of linear equations).We found that C++ gives us the 
exibility needed, to handle di�erent typesof meshes and di�erent types of elements, and allows for easy and eÆ
ientmemory management. Every important data stru
ture in the program ishandled through smart pointers and is automati
ally deleted when it is no35



Figure 27: The solution to the problem used as a ben
hmark. The solution
hanges rapidly in the region next to one of the 
orners.longer needed, freeing the allo
ated memory [11℄. This allows us to han-dle very large meshes (up to 100,000 points) without en
ountering memoryproblems.We start with a very 
oarse mesh that 
orre
tly approximates the prob-lem's domain. Given a target error bound, the system of equations is assem-bled and solved, the regions of interest are found and, if the error is too large,re�ned. The pro
ess is repeated until the desired error bound is a
hieved.During the whole pro
ess the mesh is kept 
onformal. The entire re�nementhistory of ea
h of the elements is kept in the form of a tree. Elements in the
urrent mesh are the leaves of the tree. They are also threaded to form theelement list. When an element x is re�ned, the elements resulting from thisre�nement be
ome the 
hildren of the data stru
ture representing x in there�nement tree. Also, x is removed from the element list and its 
hildrenare added in its pla
e.We 
ompared the performan
e of 
rystalline meshes to that of both stru
-tured and unstru
tured meshes for problems with region of interest. In thispaper we will use as a ben
hmark Problem (3.61) in [20℄ (more experimentalresults will be presented in a future paper). The domain of the problem, aswell as the solution, are shown in Figure 27. Noti
e that the solution hasthe same value in almost the entire domain, but 
hanges rapidly 
lose toone of the 
orners. Sin
e the problem exhibits regions of interest, we expe
tunstru
tured meshes to do better than stru
tured meshes. We also expe
tadaptive re�nement te
hniques to prove extremely useful.We used the ben
hmark to 
ompare the performan
e of four di�erent36



Target error Stru
tured Mesh - TrianglesL1- norm elements verti
es CG iter. adaptive iter. time (se
)0.01 2048 1089 83 4 10.005 8192 4225 150 2 40.001 32768 16641 255 2 180.0005 32768 16641 255 1 100.0001 >524288 >263169 >374 >3 >180Target error Stru
tured Mesh - TrianglesL2- norm elements verti
es CG iter. adaptive iter. time (se
)0.01 32 25 7 1 00.001 512 289 43 3 00.0001 8192 4225 150 3 40.00001 32768 16641 255 2 160.000001 >524288 >263169 >374 >3 >180Table 1: Results obtained when using stru
tured meshes 
onsisting of triangles.For ea
h target error, we give the number of elements and verti
es in the �nal mesh,the number of Conjugate Gradient iterations needed to solve the �nal system, thenumber of adaptive iterations and the time the entire adaptation pro
ess took (inse
onds). For both error norms, the smallest error in the table was not a
hieved.The re�nement pro
ess 
ould not �nish due to out-of-memory problems.Target error Stru
tured Mesh - QuadrilateralsL1- norm elements verti
es CG iter. adaptive iter. time (se
)0.01 1024 1089 59 4 00.005 4096 4225 108 2 20.001 16384 16641 183 2 110.0005 16384 16641 183 1 80.0001 >262144 >263169 >235 >3 >30Target error Stru
tured Mesh - QuadrilateralsL2- norm elements verti
es CG iter. adaptive iter. time (se
)0.01 256 289 31 3 00.001 1024 1089 59 2 00.0001 4096 4225 108 2 20.00001 16384 16641 183 2 110.000001 >262144 >263169 >235 >3 >30Table 2: Results obtained when using stru
tured meshes 
onsisting of quadrilat-erals to solve the problem. In this 
ase, too, the smallest target error in the table
ould not be a
hieved due to memory problems.types of meshes: stru
tured meshes 
onsisting of triangles or squares, un-stru
tured meshes, 
onsisting of triangles that have been adapted usingthe very popular Rivara re�nement (presented in [18, 19℄) and 
rystalline37



Target error Unstru
tured Mesh - Rivara re�nementL1- norm elements verti
es CG iter. adaptive iter. time (se
)0.01 174 101 28 7 00.005 244 137 33 3 00.001 2054 1060 90 11 10.0005 4554 2321 130 5 60.0001 >181444 >90872 >699 >15 >150Target error Unstru
tured Mesh - Rivara re�nementL2- norm elements verti
es CG iter. adaptive iter. time (se
)0.01 32 25 7 1 00.001 218 124 30 5 00.0001 796 421 61 4 00.00001 2004 1039 92 3 10.000001 7594 3867 160 4 9Table 3: Results obtained when using unstru
tured meshes 
onsisting of trianglesand the popular Rivara re�nement method. The smallest error in the L1 norm
ould not be a
hieved.Target error Unstru
tured Mesh - CrystallineL1- norm elements verti
es CG iter. adaptive iter. time (se
)0.01 176 208 32 5 00.005 298 249 40 2 00.001 935 754 68 3 00.0005 3234 2530 127 5 50.0001 31183 27590 384 4 66Target error Unstru
tured Mesh - CrystallineL2- norm elements verti
es CG iter. adaptive iter. time (se
)0.01 112 97 23 3 00.001 192 161 31 2 00.0001 582 507 57 2 00.00001 1974 1795 107 2 10.000001 7169 6703 198 2 6Table 4: Results obtained when using 
rystalline meshes and the re�nementmethod suggested in this paper.meshes. In all 
ases we have a target error and we 
ompare the number ofelements and verti
es in the mesh that a
hieves it, the number of ConjugateGradient iterations needed to solve the �nal system of linear equations, thenumber of adaptive iterations needed to obtain the �nal mesh and the time(in se
onds) the whole adaptation pro
ess took. The results are presentedin Tables 1{4. 38



(a) (b)Figure 28: Crystalline mesh obtained by starting with a very 
oarse meshand using adaptive re�nement for the ben
hmark problem. (a) top view (b)the value of the solution is indi
ated by the hight of ea
h point. Noti
e thatat the region of interest the element density is mu
h higher than in otherregions of the domainAs expe
ted, stru
tured meshes are outperformed by both the unstru
-tured and the 
rystalline meshes. Also noti
e that, 
onsistently with theresults presented in [1℄, quadrilateral meshes are performing better than tri-angular meshes. Both types of meshes 
ould not a
hieve the smallest errorin the table for both error norms. The number of elements required in orderto obtain the desired a

ura
y is extremely high and the exe
ution of theprogram had to be interrupted due to out-of-memory problems. This resultsare 
onsistent with the results we obtained using several other problems asben
hmarks.We now turn our attention to 
omparing the triangular meshes obtainedby using the Rivara re�nement with the 
rystalline meshes. We see thatwhen the required a

ura
y of the solution is low, the two methods give
omparable results in terms of mesh size and solving time. However, whena high-a

ura
y solution is needed, 
rystalline meshes outperform meshes
onstru
ted using Rivara re�nement. Furthermore, even in the 
ases wherethe size of the mesh is 
ompatible, the time needed to a
hieve the error boundfor 
rystalline meshes is smaller, and the adaptation step for 
rystallinemeshes is simpler, easier to implement and faster, sin
e the stru
ture of thepropagation guarantees that re�nement paths have no 
y
les.In Figure 28 we show one of the 
rystalline meshes that were generatedby the adaptive re�nement pro
ess. It is the mesh that a
hieves an error of39



0:001 in the L1 norm and 
onsists of 935 elements and 754 verti
es. Noti
ehow the element density is mu
h higher at the 
orner of the domain wherethe value of the solution 
hanges rapidly.7 Con
lusionsIn this paper we have presented integer-
oordinate 
rystalline meshes andhave argued that they give us the bene�ts of both stru
tured and unstru
-tured meshes, by o�ering the 
exibility of di�erent element densities in dif-ferent regions, and the ability to generate the system of equations qui
klyand a

urately. We have also des
ribed how, given an 
rystalline mesh, we
an re�ne regions of it to get a better approximate solution.Some issues still remain. We are 
urrently investigating the problem ofgenerating the mesh, given a des
ription of the domain (both in 2D and3D). It seems that in the 3D 
ase, and for problems where the boundaryis irregular, we will need to use some tetrahedral elements that are nothomotheti
 to the elements shown in Figure 17. However, we believe thatby 
arefully 
hoosing the size of the elements in the regions 
lose to theboundary, we 
an get a very good approximation of it by using only a smallnumber of distin
t shapes.Another issue worth investigating is the parallel mesh generation andre�nement. We are parti
ularly interested in parallel algorithms for theCoarse Grained Multi
omputer model, whi
h seems to be 
lose to the par-allel 
omputers available in the market today. Both problems seem to haveenough lo
ality and therefore eÆ
ient parallel algorithms seem likely to ex-ist. The re�nement problem seems to be the most diÆ
ult be
ause of thepropagation step and the load imbalan
e that every partial re�nement stepis likely to generate.We 
urrently have a working prototype, implemented in C++, that usesthe �nite element method to solve Poisson's equation with Diri
hlet bound-ary 
onditions both in two and three dimensions. It has been programmedso that it 
an handle 
rystalline and non-
rystalline unstru
tured meshes,and 
ompute error bounds whi
h are used to sele
tively re�ne or 
oarsenregions of the mesh. We used it to obtain 
omparative results. Our plan forthe near future is to develop a mesh generator for 
rystalline meshes that
over 
omplex domains, both in 2 and 3 dimensions.40



AppendixA Non-standard re�nement of non-
onformal 
ubesIn Se
tion 5 we saw that during the re�nement of 3D 
rystalline meshes weneed to identify 
ubes that share one or more verti
es with a higher level
ube and re�ne them (using non-standard re�nement) in order to obtaina legal mesh from a 
onformable mesh. We also saw that there are 22distin
t neighboring 
on�gurations and that if ea
h element is re�ned sothat its fa
es are 
ut in a way 
onsistent with Figure 20, the resulting meshwill be 
onformable. Now we will present the re�nement used in all 22
on�gurations. Noti
e that in all 
ases only 
ubes and the shapes shown inFigure 17 are used.Case 1:
��Case 2:

�� ��Case 3: 41



Case 4:
��Case 5:Case 6:

����Case 7:Case 8: 42
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Case 14:Case 15:Case 16:Case 17:Case 18: 44



Case 19:Case 20:Case 21:Case 22:
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