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tThis paper establishes a relation between intera
tion and persisten
e. Intera
tive 
omputationis 
hara
terized by Intera
tion Ma
hines (IMs) [We1℄, with a restri
ted sub
lass of SequentialIntera
tion Ma
hines (SIMs) 
ontrolled by a single sequential stream of intera
tions, modelingtransdu
ers and simple data abstra
tions. Persistent Turing Ma
hines (PTMs) are introdu
edby extending Turing Ma
hines (TMs) with a persistent working tape. It is shown that SIMs andPTMs are expressively equivalent but more expressive than TMs where, following Milner [Mi2℄,expressiveness is de�ned in terms of observerability of system behavior. This work is part of alarger e�ort towards a more 
omprehensive formalization of intera
tive 
omputation, with theaim of 
hara
terizing empiri
al 
omputation by intera
tion.1 Introdu
tionIn this paper, we adopt Milner's intera
tive view of system behavior [Mi1℄. This view is more generalthan the algorithmi
 view [Kn, Pa℄, extending the one-input one-output 
omputational model ofTuring Ma
hines (TMs) to 
omputations that involve sequen
es of intera
tions. It is interesting tonote that the distin
tion between automati
 ma
hines and 
hoi
e ma
hines, where the latter allow
hoi
es by an external operator, was already present in Turing's seminal paper [Tu℄, but was notfollowed up by Turing.Whereas algorithmi
 expressiveness is de�ned by the transformational power of systems, intera
-tive expressiveness is de�ned by the ability of observers to make observational distin
tions. In [MP℄,it was shown that rea
tive (intera
tive) systems 
annot be modeled by TMs. However, intera
tivebehavior spe
i�
ations 
an easily be spe
ialized from multiple to single intera
tions. Thus, observa-tional expressiveness provides a 
ommon framework for expressing the behavior of algorithmi
 andintera
tive systems within whi
h they 
an be 
ompared.In the intera
tive framework, whether two systems are equivalent depends not only on the systemsbut on the mode of observation. Observations may in
lude multiple intera
tions with the system,with one of several pragmati
s [GW℄:on-line vs. o�-line, leading to distin
tions known in pro
ess theory as linear time vs. bran
hingtime equivalen
e [Pn℄. The Bro
k-A
kerman anomaly [BA℄ is a 
lassi
 example of how thesemodes of observation a�e
t the observer's ability to distinguish between systems.1



bla
k-box vs. glass-box, known in pro
ess theory as as tra
e equivalen
e vs. di�erent types of simu-lation. The equivalen
e 
lasses of system behavior indu
ed by di�erent glass-box observationalmodes for labeled transition systems are well studied [Gl℄The transformational view of system expressiveness, where some 
lasses of automata are more pow-erful than others due to their ability to express a wider set of fun
tions, generalizes to the intera
tiveframework as well.In this paper, we introdu
e Persistent Turing Ma
hines (PTMs) that extend TMs with a persis-tent working tape whose 
ontent is preserved for su

essive intera
tions. From the viewpoint of asystem observer, systems su
h as PTMs that preserve the state between intera
tions are more naturalthan TMs that reinitialize their state for every intera
tion. Persisten
e is ne
essary to model historydependent behavior, implying that non-persistent systems are ne
essarily limited in their usefulness.PTMs 
an model data abstra
tions like sta
ks and queues, and we show that they are equivalentto Sequential Intera
tion Ma
hines (SIMs), a sub
lass of IMs whose behavior is 
hara
terized by asingle sequential stream of intera
tions.The 
hara
terization of sequential intera
tion by persisten
e provides insight into nature of in-tera
tion, showing that intera
tion of a 
lient agent with a server agent 
an be spe
i�ed in terms ofpersisten
e of the server agent. Conversely the 
hara
terization of persisten
e by intera
tion providesthe insight that persisten
e 
an be spe
i�ed entirely in terms of how persistent agents intera
t withtheir observers.In this paper, we adopt the bla
k-box approa
h to observation, where system inputs and outputsare the only aspe
ts of its behavior available to be observed. Furthermore, we assume that systemobservations 
onsist of sequen
es of input-output pairs, akin to multiple su

essive 
alls to a fun
tionwithin a larger program. Though this is more limiting than the general observational frameworksstudied elsewhere, it is suÆ
ient to obtain our results.Overview: In Se
tion 2, we present the fundamental 
on
epts for use throughout the rest of thepaper. In Se
tion 3, we de�ne TMs and the semanti
s of their 
omputations, followed by a similartreatment for PTMs in Se
tion 4. We dis
uss the expressiveness of PTMs in Se
tion 5, and 
ompareit to the expressiveness of TMs in Se
tion 6. In Se
tion 7, we de�ne SIMs and the semanti
s oftheir 
omputations, and establish their equivalen
e to PTMs in Se
tion 8. We 
on
lude with a briefsummary in Se
tion 9.2 Fundamental Con
eptsIn this se
tion, we introdu
e 
on
epts and de�nitions used throughout the rest of the paper.2.1 System Equivalen
e and DistinguishabilityThroughout the paper, we assume that system observation is bla
k-box (only inputs and outputs areobserved) and sequential (observations 
onsist of sequen
es of inputs and outputs). Therefore, theobservable system behavior 
an be 
hara
terized by a set of �nite intera
tion sequen
es, de�ned asfollows:De�nition 2.1 Given a system S, the observable behavior of S (denoted by B(S)) is a set of all�nite intera
tion sequen
es observable for S, where an intera
tion sequen
e of length k is a a �nitesequen
e of pairs of input-output values: 2



f(i1; o1); (i2; o2); :::(ik; ok)g;where ea
h i is an input to a system, ea
h o is the 
orresponding output, and ea
h ij is input afteroj�1 is output but before oj is output.Two systems S1 and S2 are said to be equivalent if B(S1) = B(S2). Likewise, they are said tobe distinguishable if B(S1) 6= B(S2). In this 
ase, any intera
tion sequen
e that is observable for oneof them but not for the other is known as a distinguishability 
erti�
ate (SDC). Though there is nounique SDC for any pair of systems, the length of the shortest SDC is well-de�ned.De�nition 2.2 Given a pair of systems S1, S2, any element in(B(S1) [ B(S2))� (B(S1) \ B(S2))is known as a distinguishability 
erti�
ate (SDC) for (S1; S2). The length of the shortest SDC for(S1; S2) is denoted by dist(S1; S2).This notion of dist allows us to de�ne �ner 
lasses of system equivalen
e, 
alled k-equivalen
e forany k:De�nition 2.3 For any natural k, systems S1 and S2 are k-equivalent if dist(S1; S2) > k. Con-versely, S1 and S2 are k-distinguishable if dist(S1; S2) � k.It is easy to see that k-equivalen
e is transitive, re
exive and symmetri
, thus indu
ing, for anysystem S and any k, the equivalen
e 
lass of all systems k-equivalent to S:De�nition 2.4 For any k, the k-equivalen
e partitioning of PTMs is the partitioning of PTMs intosubsets su
h that two PTMs M1 and M2 belong to the same subset i� they are k-equivalent.2.2 Persisten
e and History Dependen
eIn this paper, we only 
onsider system behavior that is observable by observers intera
ting with thesystem. We de�ne intera
tion as:De�nition 2.5 (Intera
tion) A system S1 is said to intera
t with a system S2 if S1's output servesas S2's input, or vi
e versa.The sequen
e of intera
tions of a system with observers is 
alled its intera
tion history. In order toapply this notion, there must also be a notion of the 
urrent intera
tion whi
h is not 
onsidered apart of its history:De�nition 2.6 (History dependen
e) The behavior of a system S is said to be history dependentif S's intera
tion history may a�e
t its behavior for the 
urrent intera
tion.Persisten
e 
an be viewed as the system's ability to remember while not performing 
omputations,su
h as persisten
e of data in database systems.De�nition 2.7 (Persisten
e) A system S is said to be persistent relative to observers with whi
hit may intera
t if it 
ontinues to exist for multiple intera
tions of observers with S.Persisten
e is a ne
essary (though not suÆ
ient) 
ondition for systems to be history dependent.History dependen
e is an important property of intelligent system behavior, implying that non-persistent systems are ne
essarily limited in their usefulness.3



3 Turing Ma
hinesTuring Ma
hines (TMs) are an example of systems whose behavior is neither history dependent norpersistent; 
omputations of a TM do not depend on previous 
omputations. In this se
tion we de�neTMs and the semanti
s of their 
omputations; later, we will de�ne Persistent Turing Ma
hines asTMs with a persistent working tape.De�nition 3.1 A Turing Ma
hine (TM) is a quintuple M = (S;�;�; S0; SF ), where S is the stateset, � is the input alphabet, � is the state transition relation, S0 is the initial state, and F is the setof �nal states. A Turing Ma
hine has one in�nite tape for performing input/output.Turing Ma
hines perform 
omputations by being given a �nite input string, with the read-ing/writing head positioned at the beginning of the tape, and performing a sequen
e of state tran-sitions to a �nal state. Whatever is on the tape at the end is 
onsidered output.De�nition 3.2 A TM 
omputation is a sequen
e of transitions allowed by the ma
hine's state tran-sition relation, starting from the initial state, with input string I on the tape, ending in a �nal state,with output string O on the tape. Ea
h transition 
onsists of moving the I/O head by one position,reading/writing one 
hara
ter at 
urrent position, and 
hanging its internal state.Semanti
s of TM 
omputations: Is is well known that a TM M de�nes a partial re
ursivefun
tion fM [LP℄:fM(input) = output.Turing ma
hines 
an be generalized to multiple-tape TMs (MTMs), with a read-only input tape,an output tape, and a �nite number of work tapes. It is well known that MTMs with any �nitenumber of tapes are no more expressive than TMs [LP℄.De�nition 3.3 Multitape Turing Ma
hines (MTMs) perform 
omputations by being given a �niteinput string on the input tape, with the other tapes being blank, and with the reading/writing headspositioned at the beginning of the tapes. Whatever is on the output tape at the end is 
onsideredoutput.The de�nition of a TM 
omputation 
an also be generalized to permit multiple 
omputations fordi�erent input tapes, just as a fun
tion in a program 
an be 
alled multiple times.De�nition 3.4 An extended 
omputation of a TM is a sequen
e of 
omputations for a sequen
e ofinput tapes.TMs are abstra
t ma
hines, and we 
on
eptualize TM 
omputation by instantiating a new TMfrom its des
ription any time we need to 
ompute with it. Herein lies the di�eren
e with the real
omputation devi
es, whi
h are 
reated on
e but are used over and over again. Though addingworking tapes to a TM does not in
rease its power, we 
ontend that making their 
ontents persistentbetween 
omputations does. We de�ne su
h an extension to TMs in the next se
tion.4



4 Persistent Turing Ma
hinesIn this se
tion, we de�ne a Persistent Turing Ma
hine (PTM) as a multitape Turing ma
hine wherethe 
ontents of the work tape(s) persists between Turing ma
hine 
omputations.De�nition 4.1 A PTM is a multitape Turing ma
hine with a persistent work tape that is initiallyempty; the 
ontents of the work tape at the end of ea
h 
omputation is maintained for the beginningof the subsequent one.The notion of 
omputation for a PTM is identi
al to the one for a TM, ex
ept that the workingtape may be non-empty at the start of 
omputation. The notion of extended 
omputation (De�ni-tion 3.4) also 
arries over.Even though a PTM's work tape 
ontentsW a�e
ts its output value, W is 
ompletely determinedby the PTM's intera
tion history, and is not under the 
ontrol of the observer. Note that W isalways �nite; however, its size is unbounded. As a result, a PTM is similar in its behavior to a dataabstra
tion with an unbounded state, su
h as a queue or a sta
k.Example 4.1 We 
an de�ne an Answering Ma
hine PTM A whi
h expe
ts inputs of the followingthree types:re
ord message, playba
k, erase.The re
ord input 
auses A to append the message to the 
ontents of the work tape and output OK;the playba
k input 
auses A to output the 
ontents of the work tape; the erase input 
auses A toreset the work tape to empty and output OK. 2The above example is a very simple ma
hine, yet it models very useful behavior. As seen from thisexample, the output of a PTM 
omputation may depend both on the given input and on the 
ontentsof the working tape.The PTM 
omputational semanti
s are a generalization of the TM 
omputational semanti
s:Proposition 4.1 (Semanti
s of PTM 
omputations) A PTM M de�nes a partial re
ursivefun
tion fM:fM(input, W) = (output, W').Proof: Any PTM M1 
an be simulated by a TM M2 su
h that a 
omputation of M1 on input Iwith initial working tape W yielding output O with �nal working tape W 0 
an be simulated by a
omputation of M2 on input I#W yielding output O#W 0. 2Example 4.2 If A is the Answering Ma
hine of Example 4.1, thenfA(re
ord X, Y) = (OK, Y X)fA(playba
k, X) = (X, X)fA(erase, X) = (OK, �)If A1 and A2 are two Answering Ma
hines where we re
ord \Hi" on A1 and \Hello" on A2 , theyprodu
e di�erent outputs for the same playba
k input. 25



The above example demonstrates that the behavior of a PTM is history-dependent (De�ni-tion 2.6); identi
al PTMs with di�erent intera
tion histories may exhibit di�erent behavior, whi
h isin 
ontrast to the behavior of TMs. From the viewpoint of a system observer, systems that preservethe state between intera
tions are more natural than those that reinitialize their state for everyintera
tion, suggesting that PTMs 
onstitute a pra
ti
al extension to the TM model of 
omputation.5 On the Expressiveness of PTMsAs the examples in Se
tion 4 suggest, any abstra
t data type (ADT) 
an be modeled by a PTMwhose work tape represents the ADT's internal value. The dependen
e of ADT's operations on itsinternal value 
orresponds to the dependen
e of PTM 
omputations on the work tape 
ontents. Thefa
t that the work tape is initially empty 
orresponds to an assumption that all the �elds of an ADTare initially uninitialized, and that a 
all to the ADT's INIT operation sets their value.We present several propositions on the expressiveness of PTMs.Proposition 5.1 PTMs are at least expressive as TMs.Proof: PTMs 
an simulate any TM with a non-persistent work tape, by erasing the tape at thebeginning of any 
omputation. 2Proposition 5.2 Without 
hanging their expressiveness, we 
an extend PTMs to allow their 
urrentstate to be persistent, so the initial state is not ne
essarily S0.Proof: The state 
an be written as a part of the work tape 
ontents. 2For the rest of the arti
le, we assume that PTMs may have both state and tape persistent.Proposition 5.3 Without 
hanging their expressiveness, we 
an extend PTMs to allow a non-emptyinitial work tape.Proof: We 
an always de�ne an INIT operation whi
h initializes the work tape if it is empty. 26 Comparing PTMs and TMsBoth PTMs and TMs 
an be observed via intera
tion sequen
es, whi
h allows us to 
ompare theexpressiveness of these two 
lasses of systems.We apply De�nition 2.1 to 
hara
terize the observable behavior of TMs and PTMs as a set ofintera
tion sequen
es: given a TM or a PTM M, its observable behavior B(M) is a set of all �niteintera
tion sequen
es observable for M. We make the notion of observable intera
tion sequen
esmore pre
ise, for both 
lasses of systems, in the following proposition:Proposition 6.1 Let � be an arbitrary intera
tion sequen
e f(i1; o1); (i2; o2); :::(ik; ok)g, and letMTand MP be a TM and a PTM, respe
tively. � 2 B(MT ) i�, for all j, 1 � j � k,fM(ij) = (oj).� 2 B(MP ) i� there exists a sequen
e fWO;W1; : : : ;Wkg su
h that for all j, 1 � j � k,6



fM(ij ;Wj�1) = (oj ;Wj),and W0 is a rea
hable work tape 
on�guration, i.e., MP may a
quire W0 as a result of some otherintera
tion sequen
e that starts with an empty tape.Proof: Follows from the 
omputational semanti
s of TMs and PTMs. 2Example 6.1 Consider intera
tion patterns of length three for the Answering Ma
hine A of Exam-ple 4.1:f(playba
k, hello), (re
ord hi, OK), (playba
k, hello hi)g 2 B(A);f(playba
k, hi), (re
ord hello, OK), (playba
k, hi hello)g 2 B(A);f(playba
k, hi), (playba
k, hi), (re
ord hello, OK)g 2 B(A);f(playba
k, hi), (re
ord hello, OK), (playba
k, hi)g 62 B(A) 2For any k, there exists a pair of distinguishable PTMs whose shortest SDC has length k + 1:Proposition 6.2 For any k � 0, there exists a pair of PTMsM1 andM2 su
h that dist(M1;M2) =k + 1.Proof: Let M1 and M2 be two PTMs with bit inputs 0 and 1, and boolean outputs true and false.M1: output true if the last k values it saw were 1's, false otherwise (i.e., if it has notseen that many values, or if some of them were 0).M2: same asM1, but k + 1 values instead of k.It 
an be shown that dist(M1;M2) = k + 1; the 
orresponding SDC � has inputs f0; 1; 1; : : : ; 1g (k1's), and outputs fF; F; : : : ; F; Tg (k F 's). � is in B(M1) but not in B(M2). 2This proposition implies that the k-equivalen
e partitioning of the 
lass of PTMs (De�nition 2.4)is di�erent for every k, produ
ing ever �ner 
lasses of distinguishable ma
hines.Proposition 6.3 Any pair of TMs is 1-distinguishable.Proof: Let M1, M2 be distinguishable TMs, and � their distinguishability 
erti�
ate:� = f(i1; o1); (i2; o2); :::(ik; ok)g;w.l.o.g., let � 2 B(M1). By Proposition 6.1, for all j, 1 � j � k, fM1(ij) = (oj), but there existsm, 1 � m � k, su
h that fM2(im) 6= (om). Therefore, f(im; om)g is a distinguishability 
erti�
ate oflength 1 for (M1;M2). 2In Proposition 5.1, we have shown that PTMs are at least as expressive as TMs. In addition, wehave shown in Propositions 6.2 and 6.3 that TMs do not allow for the same hierar
hy of k-equivalentma
hines as PTMs.Theorem 6.1 PTMs are stri
tly more expressive than TMs.Proof: Follows from Propositions 5.1, 6.2 and 6.3. 27



7 Sequential Intera
tion Ma
hinesIn the 
lassi
al Turing Ma
hine model, all 
omputation pro
eeds after the input value is 
ompletelydetermined and terminates on
e the output value is 
ompletely spe
i�ed. This is to be 
ontrasted withthe intera
tive model of 
omputation where I/O a
tions may take pla
e in the middle of 
omputation.What makes I/O a
tions spe
ial is that these are the only a
tions of the TM that allow it to intera
twith the external environment, obtaining values that are not under its dire
t 
ontrol. It is interestingto note that Turing's original paper on automata [Tu℄ provided for the possibility of automata withintera
tive 
omputational steps; these 
-automata, for 
hoi
e were de�ned and 
ontrasted with a-automata, for automati
. However, the rest of the paper only 
onsidered a-automata, and the apre�x was dis
arded.De�nition 7.1 The property of having I/O a
tions taking pla
e during the 
omputation is 
alled theintera
tion property.De�nition 7.2 An Intera
tion Ma
hine (IM) is a TM extended with the intera
tion property.Note that this is an intensional de�nition in terms of the intera
tion property rather than anextensional de�nition. There are many modes of intera
tion, as dis
ussed in [We1℄. We will 
onsiderthose IMs where the 
omputation asso
iated with any intera
tion is 
ompleted before the nextintera
tion 
an begin.De�nition 7.3 A Sequential Intera
tion Ma
hine (SIM) is an IM whose intera
tions are sequential.SIMs model serializable transa
tion systems, where there is no interferen
e between sequentialtransa
tions.Example 7.1 We 
an de�ne a Bank A

ount SIM as an example of a simple transa
tion system,a

epting three types of inputs:deposit value, withdraw value, 
he
k-balan
e. 2Note that sequential a

eptan
e of inputs is not a suÆ
ient 
ondition for SIMs, sin
e a new input
an interfere with ongoing 
omputations from a previous input. For example, a
tors [Ag℄ that a

eptinputs sequentially from their mail queue are not SIMs be
ause they allow 
omputations of su

essiveinputs to run 
on
urrently.Proposition 7.1 (Semanti
s of SIM 
omputation) A SIM M de�nes a partial re
ursive fun
-tion fM from a sequen
e of inputs to one output.Proof: Any SIMM1 
an be simulated by a TMM2 su
h that the output ofM1 on input i0 with anintera
tion history (i1; :::; ik) 
an be obtained by a 
omputation ofM2 on input i1#i2# : : :#ik#i0.2Example 7.2 If M is the Bank A

ount of Example 4.1, and the sequen
e of all the inputs it hasre
eived is (i1; :::; ik), then we 
an �gure out its output for a new input i0 by 
omputing the su

essivevalues of the bank a

ount after ea
h ij . 2Note that this is a bla
k-box model of 
omputation, where the system's internal state is notinvolved in the 
omputational semanti
s of the system. This 
ontrasts with the semanti
s of PTM
omputations (Proposition 4.1), where a PTM's working tape 
ontents W is assumed to be internalto the system, but is expli
itly represented in the semanti
s.8



8 Equivalen
e of SIMs and PTMsIn this se
tion, we show the equivalent expressive power of SIMs, whi
h are intera
tion ma
hinesrestri
ted to sequential intera
tion patterns, and PTMs, whi
h are TMs extended to have persistentmemory.We 
annot 
laim that a 
omputation of a PTM is equivalent to a 
omputation of a SIM, sin
ethe latter may in
lude I/O a
tions and the former may not. This represents two di�erent views ofa 
omputation, as a transformation of inputs to outputs or as a rea
tive pro
ess that 
ontinuouslyre
eives new inputs and pro
esses them [MP℄. However, both SIM 
omputations and extended
omputations of PTMs (Se
tion 4), 
an be 
hara
terized by intera
tion sequen
es (De�nition 2.1),and are therefore dire
tly 
omparable.Proposition 8.1 For any PTM MP , there exists a SIM MI su
h that B(MP ) = B(MI), and vi
eversa.Proof (sket
h): Let � 2 B(MP ) be some intera
tion sequen
e f(i1; o1); (i2; o2); :::(ik; ok)g. ByProposition 6.1, this implies the existan
e of fWO;W1; : : : ;Wkg su
h that for all j, 1 � j � k,fMP (ij;Wj�1) = (oj ;Wj), and W0 is rea
hable from the empty tape by an intera
tion history �0.This allows us to de�ne g, where for all j, 1 � j � k, g(�0; i1; : : : ; ij) = oj . Therefore, � 2 B(MI),where MI is the SIM with the semanti
s g. The other dire
tion is done similarly. 2The 
orresponden
e between the bla
k-box notion of sequential intera
tion and the glass-boxnotion of persisten
e may at �rst seem surprising, but 
areful analysis of our de�nitions showsthat relative persisten
e is de�ned by intera
tion, and the ability of persisten
e to express a formof intera
tion is therefore to be expe
ted: the notion of persisten
e is equivalent to the notion ofsequential intera
tion.Corollary 8.1 SIMs are more expressive that TMs.Corollary 8.1 provides a formal justi�
ation for the 
laim made in [We1℄ that IMs are moreexpressive than TMs. We expe
t that the general 
lass of IMs is more expressive than SIMs; inparti
ular, there is strong eviden
e that IMs with multiple input streams are more expressive thanSIMs.9 Towards Empiri
al Models of ComputingThis paper formalizes a limited form of intera
tion by two alternative equivalent models: PTMsand SIMs. Our model is related to formalizations of pro
ess models of observability [Mi2℄, rea
tivesystems by temporal logis [MP℄, spe
i�
ation models of data abstra
tion [Br℄, and input-outputautomata [Ly℄. It shows how PTMs 
an be de�ned by a minimal extension of TMs and that makingmemory persistent (an inner property) 
orresponds to making the ma
hine intera
tive (an outerproperty). The ability to remember elevates the expressiveness of PTMs above that of TMs, givingthem a sense of identity.This work is a part of a larger e�ort that aims to 
hara
terize empiri
al 
omputation by intera
-tion. We 
onje
ture that unrestri
ted intera
tive 
omputation is more expressive than the restri
tedform of intera
tion permitted by PTMs and SIMs. In parti
ular, there is strong eviden
e that ma-
hines with multiple input streams are more expressive than SIMs; this 
ontrasts with the result that9



TMs with multiple tapes are no more expressive than TMs with a single tape. In [We2℄, we show thatobservational expressiveness for models of 
omputation 
orresponds to explanatory power for modelsof physi
s, and propose the thesis that observational expressiveness 
aptured by intera
tion ma
hines
hara
terizes the intuitive notion of empiri
al 
omputer s
ien
e just as algorithmi
 expressiveness
hara
terized by TMs 
aptures Chur
h's notion of e�e
tive 
omputability.Referen
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