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Discrete dynamical systems in the form of finite automata or Markov decision
processes have been used as a representational and computational foundation
for planning under uncertainty. Many Al planning problems can be conveniently
viewed as control problems over the underlying discrete dynamical systems. Using
Al-style representation, the features of application domains are represented as
state variables, and planning problem instances compactly encode very large
discrete dynamical systems. The standard algorithms to solve the corresponding
control problems require explicit enumeration of the underlying state spaces. This
is impractical since the sizes of the state spaces are exponential in the number of
state variables.

In this thesis, we develop decomposition techniques to exploit structure for
planning problems in different application domains. Given a problem instance,
we first symbolically decompose the underlying dynamical system into subsys-
tems. After analyzing the local dynamics within subsystems and the dependency
across subsystems, we decompose the original planning problem into a sequence
of subproblems governing the subsystems. Rather than explicitly constructing
the entire system, we compactly construct each subsystem by abstracting away
the state variables that are irrelevant to the subsystem and its interactions with
the other subsystems. Solutions of the planning subproblems can be derived
by applying standard algorithms for the corresponding control problems to these
compactly constructed subsystems, while a solution to the original planning prob-
lem is derived by systematically compiling and propagating the solutions to the
planning subproblems. These decomposition techniques shed light on how to

exploit locality and dependency to cope with very large state spaces.
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Chapter 1

Introduction

1.1 Planning under Uncertainty

In classical planning, propositional STRIPS-like operators [FN71a] [AHT90] are
employed to attain a goal where some state variables (propositions) have speci-
fied values. A classical plan is a multiset of totally ordered or partially ordered
STRIPS-like operators [Cha87] [MRI1]. The task of planning is to determine a
plan such that by taking the actions (STRIPS-like operators) in an order con-
sistent with the plan a specified goal is achieved at the end [FN71la] [Cha87]
[AHTO0] [PW92] [BWI3] [Wel94].

Each planning instance involves a finite set of state variables. The values of
the variables at a point in time determine a state. A STRIPS-like operator is only
applicable in the states where the precondition associated with the operator is
true. When applied in a state s, an operator then changes the values of some state
variables deterministically according to the state s. In this setting, a STRIPS-like
operator compactly represents a state-transition function over the state space
determined by the set of state variables.

Recently, many researchers have devoted effort to generalize this classical
planning framework to deal with planning under uncertainty [BD94] [BDG95]
[DKKN93b] [DKKN93a] [DKKN95] [DHW94] [KHW94]. To cope with uncer-

tainty, it is necessary to further extend the notions of STRIPS-like operators as



actions, plans as totally or partially ordered actions, and planning as a goal-
achieving task under the classical framework. Rather than having a determinis-
tic effect, taking an action in a specific state may end in one of several possible
outcomes; the actual outcome is not known in advance. More general action dy-
namics such as state-transition relations are employed to model uncertainty and
the classical notion of plans is extended to cope with the possibility of failure in
attaining a goal when executing a plan. In addition, the information about ac-
tion cost and the probability governing state transitions are often available also,
and it is appropriate to consider more general performance criteria for planning

rather than a simple dichotomy between attaining or not attaining a goal.

1.2 Planning and Control

In this thesis, we adopt discrete dynamical systems like finite automata [Paz71]
[HU79] [LP81] and Markov decision processes [Paz71] [BS78] [Put94] as the rep-
resentational and computational foundation for planning under uncertainty. A
discrete dynamical system is composed of a finite state space, a finite action space,
and an action dynamics governing how actions result in state transitions. A con-
troller is an agent situated in a discrete dynamical system which regulates the
system’s state by taking actions. A discrete dynamical system evolves through
a (possibly infinite) sequence of states as the controller takes actions. We define
a plan to be a program executed by the controller in determining the actions
to take. We investigate several performance criteria to evaluate the expected
utility of executing a plan to control a discrete dynamical system. Under this
framework, the task of planning is to search for a plan that provides a maximum
expected utility regarding a specific performance criterion. This perspective con-
veniently casts planning under uncertainty as control over discrete dynamical
systems [RW89a] [ZW90]. [Dea88] [Dea87] [BF88] [DWI1] [LD95b] [LD9I6] and
provides the computational leverage of employing existing algorithms developed

by the operations research community.



1.3 Exploiting Locality and Dependency

As many planning problems can be formulated as control problems over com-
pactly encoded discrete dynamical systems, a naive approach to solve these plan-
ning problems is to explicitly construct the underlying dynamical systems, and
then directly apply standard search techniques or dynamic programming algo-
rithms to derive an optimal solution. However, the sizes of the underlying state
spaces usually grow exponentially in the sizes of the problem instances, which
makes the naive approach infeasible. To cope with this computational barrier,
researchers have explored different alternatives such as heuristic algorithms with-
out quality guarantee [NK94] [DKKN93b] [DKKN93a] [DKKN95] approximation
algorithms applicable under certain circumstances [BD94] [TVR96] and exact
algorithms aggregating states on the fly in improving computational efficiency
[BDGI5] [BCn89).

In this thesis, we present exact decomposition techniques for planning and
control. Computational efficiency is attained by exploiting locality and depen-
dency recognized through static analysis of planning instances. In particular, we
are interested in planning instances that employ Al-style compact representa-
tions [BD94] [BDG95] [BDH95] [LD95b] [LD96]. Compact representations often
exhibit locality and dependency in action dynamics, which indicates regularity
and redundancy in the underlying discrete dynamical systems. In many situa-
tions, explicit construction of the entire dynamical systems underlying such kinds
of planning instances is not necessary. Rather than dealing with a large discrete
dynamical system as a whole, we develop decomposition techniques that derive
an optimal solution by systematically solving planning subproblems governing
subsystems of reduced sizes. The utility of these decomposition techniques is
orthogonal to the afore mentioned algorithms for planning and control. This is
because we can always employ these existing algorithms in solving the planning
subproblems and thus gaining additional computational efficiency.

We first symbolically decompose a discrete dynamical system into a set of re-
gions, where a region is a subsystem concerning a state subspace together with the

actions and dynamics centered around that subspace. Locality and dependency



is then recognized through static analysis of such a symbolic decomposition. Al-
though every state variable is indispensable in describing global dynamics, often
only a few actions in the action space are applicable in a specific system state.
Similarly, only a few state variables affect or are affected by the outcome of a given
action. After carefully analyzing the dependencies among regions, we can recog-
nize a subset of state variables that can sufficiently represent the local dynamics
in a given region R and capture the effects of R on iter-regional interactions; in
other words, only the state variables in this subset are relevant in region R.
The original planning problem is then decomposed into a series of subprob-
lems and each subproblem is concerned with a region instead of the entire state
space. Furthermore, dimensionality reduction can be attained in a region R by
aggregating states indistinguishable with respect to their values in the relevant
variables in R. This is equivalent to abstracting away the irrelevant state vari-
ables in R. These decomposition techniques improve computational efficiency
by exploiting locality and dependency embedded in problem instances. For each
decomposition technique developed in thesis, we describe a structural parame-
ter characterizing the locality and dependency exploitable in a problem instance

and quantify the resulting computational efficiency in terms of this structural

parameter [LD94] [LD95b] [DL95] [LD95a).

1.4 Outline of the Thesis

Chapter 2 investigates planning and control over discrete dynamical systems, in-
troduces the definitions and notation used throughout this thesis, and describes
AT representational schemas for compactly encoding action dynamics. Chap-
ter 3 display the applications of planning problems such as the temporal projec-
tion problem and the Markov decision problem in different application domains.
Chapter 4 provides a generic overview of the decomposition techniques depicted
in Chapter 5, Chapter 6 and Chapter 7. In Chapter 5, we describe a decompo-
sition technique for the temporal projection problem. In Chapter 6 and Chap-

ter 7, we present two decomposition techniques for the Markov decision problem.



Chapter 8 describes the related research in planning, probabilistic reasoning in
Bayesian networks, model minimization, and relational databases theory. Finally
in Chapter 9, we describe future work and draw conclusions. Appendix A con-
tains proofs for the theorems in this thesis. Appendix B provides the background
knowledge about the Dantzig-Wolfe decomposition principle utilized in Chap-
ter 7, while Appendix C describes the technical details about a decomposition

technique depicted in Chapter 7.



Chapter 2

Planning and Control:

Foundations

In this chapter, we describe the perspective of planning as control involving dis-
crete dynamical systems in the form of finite automata [Paz71] [HU79] [LP81]
and Markov decision processes [Paz71] [BS78] [DW91] [Put94], and introduce
definitions and notation used throughout the thesis. We also present Al repre-

sentational schemas for compactly representing action dynamics.

2.1 Discrete Dynamical Systems

A discrete dynamical system is a three-tuple D = (S, A, Ap) where S is a finite
state space, A is a finite action space, and Ap is the underlying action dynamics
concerning how the actions in A result in state transitions among the states in
S.

Factored State Spaces:

e The domain of a dynamical system D = (S, A, Ap) is represented by a set
of state variables Domain(D) = {X;, Xs,..., X,,}. Each state variable X;
has a value at each point in time, and Qx, denotes the finite set of the
possible values for X;. We refer to the size of the domain Domain(D) as

the dimension of the dynamical system D.



e The state of the dynamical system D at a specific point in time is deter-
mined by the values of the state variables in Domain(D) = {X1, X, ..., X5}
at that time. § = [ <;<m {2x; is the factored state space of the dynamical
system; a state s in S is represented as a vector (vq,vs,...,0,) where v;
1s a specific value in Qy, for the state variable X;. The initial state of the

system is determined by the initial values of the state variables.

o We use either s,t,u,v,ug, uy,... or simply 7,7,0,1,2,... to denote the in-

dividual states in a state space S.

o We use v, w, or, vy,vs,... to denote the possible values for a variable in

Domain(D).

Controllers:

A controller for a discrete dynamical system is a decision-making agent that reg-
ulates the system’s state by taking actions. Throughout this research, we assume
that there is only a single decision-making agent ¥p situated in a discrete dy-

namical system D.

Representing Discrete Time:

We use T to denote a time variable and ¢ to denote a specific point in time.
Given a dynamical system, we are concerned with a set of discrete points in time
abstractly represented as 7 = {0,1,2,...}, where (1) T'= 0 is the point in time
when the system is initialized to its initial state, and (2) T = ¢ is the point in

time when the controller must take the #tth action.

Enabled Actions and State Transitions:

Usually not every action can be taken in every state, and Enabled(u)
(Enabled(u) C A) denotes the set of actions that the controller ¥p can take in
a state u. At time ¢ an action « in Enabled(u) is taken resulting in a change
of state to v which may or may not be the same as u; the system state v then

persists until time ¢ 4+ 1 at which an action in Enabled(v) is taken.



Action Dynamics and the Markov property:

In this thesis, we focus on discrete dynamical systems whose action dynamics
obey the following Markov property: when taking an action a at time ¢, the next
state is independent of the system’s state at any earlier time given the current

state.

Goals and Target States:

A state s is an absorbing state in a discrete dynamical system if and only if as
soon as the system enters s the system stays in s forever. Often we model the tar-
get states as the absorbing states of the system, implicitly specified by a boolean
predicate G governing the values of the state variables. Target(G) denotes the
set of absorbing states satisfying G while the goal G is achieved when the system
ends in a target state in Target(G).

2.2 Finite Automata and Markov Decision Pro-

cesses

In this thesis, we focus on three planning problems generically formulated as
control problems over discrete dynamical systems such as finite automata [Paz71]
[HU79] [LP81] and Markov decision processes [Paz71] [BS78] [DWI1] [Put94].
Finite Automata:

A finite automaton is a discrete dynamical system D = (S, A4, Ap) whose action
dynamics Ap is simply a state transition relation, Ap C § x A x §. The ac-
tion space A forms an input alphabet, while the controller Up takes actions as
inputs to the automaton. In each state u, the controller can take any action @ in
Enabled(u) as an input to the automaton, and result in a state transition from
state u to a state v where (u,a,v) is in Ap. Given an initial state S° = u and
a goal G, the automaton starts from the initial state u and then ends in a target

state in Target(G) as the final states of the automaton.



Markov Decision Processes:
A Markov decision process is a discrete dynamical system D = (S, A, Ap) whose
action dynamics Ap = (Pr, Cost) is composed of a cost function Cost(.|.) and a

probability function Pr(.|.) governing the state transitions over the state space S

let A' be a decision variable denoting the tth action (¢ > 1) taken by a

controller in a dynamical system,

e let X! be a random variable denoting the value of the state variable X;

immediately after taking action A,

e let S* be a random variable denoting the system state immediately after

taking action Af,

e Cost(S"*! = v|A'"™™ = a,S" = u) = cuy(a) specifies the cost of taking

action a in state u and ending up in state v, and

e Pr(S't = v|A" = «,S" = u) = pyy(a) specifies the conditional probabil-

ity of taking action a in state u and ending up in state v.

For simplicity, we denote this Markov decision process by M = (S, A, Pr, Cost).
A Markov decision process is simply a finite automaton augmented with the cost
function Cost(.|.) and the probability function Pr(.|.). For a finite automaton
(§,A,Ap), Next(u,a) = {v|3(u,a,v) € Ap} characterizes the set of possible
next states when taking an action @ in a given state u. For a Markov decision
process M = (S, A, Pr,Cost), Pr(S't! = v|A"t! = ¢,S" = u) characterizes a
probability distribution over the possible next statev, v € Next(u, a) when tak-
ing an action @ in a given state u.

The conditional probability Pr(.].) fully embeds the information of a state-transition
relation since a state transition from a state u to a state v immediately following
an action « is possible if and only if the transition probability puv(a) is greater

than zero.



2.3 Compact Representations

Large state spaces present a number of challenges. To begin with, the prob-
lem has to be efficiently encoded. A factored state-space representation uses
state variables to represent different aspects of the overall state of the system.
1 Compact encodings for stochastic processes can be achieved for many appli-
cations using factored state-space representations, where the size of the model
is usually logarithmic in the size of the state space [DK89]. Similarly, policies
for large factored state spaces can often be efficiently encoded using decision
trees that branch on state variables. [BDG95]. In the following, we describe
a compact representation employed in this thesis for encoding state-transition
relations, state-transition probabilities, and action costs. This is primarily for
the ease of concretely explaining the algorithms and problem instances presented
in this thesis. The algorithms and results in this thesis can be easily extended

to other representation schemas, rather than strictly depending on this specific

representation scheme.

2.3.1 Compactly Representing State-transition Relations

Instead of explicitly enumerating the state-transition relation Ap of a discrete
dynamical system D, Ap can be compactly represented as sets of causal rules
[DB88a] [BD94] [LD94] [KHW94] [LD96]. Each action is associated with a set
of causal rules, while each causal rule is basically a state-space operator that
partially encodes how the associated action can result in state transitions. The
following is a formal description of causal rules and their usage in representing

state-transition relations.

Expressions:
An expression is represented as a set of variable/value pairs of the form (X, v;)

where v; is a value in Qx, for the state variable Xj.

'In artificial intelligence, such factored representations are often called intentional represen-
tations. Propositions representing fluents in STRIPS operators [FN71b] correspond to state
variables in a factored state-space representation.
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e An expression « is true in a state u if and only if for each variable/value

pair (X;,v;) in «, v; is the value of X; in u.

e Notationally, the variable/value pairs are enclosed by a pair of parentheses,
and an empty expression () is true in every state. We usually use o and 3

to denote expressions.

e Two expressions « and 3 are mutually exclusive if & and ( cannot both be

true in the same state.

Causal Rules as State-space Operators:

A causal rule r is represented as @ — 3 where o and [ are two expressions. «
is the precondition and f is the postcondition of the causal rule r = o — 5. A
causal rule r is applicable in a state u if and only if the precondition of r is true
in u. A causal rule r = o — 3 is a state-space operator that can map state u to

state v if and only if

e r is applicable in state u (i.e., o is true in state u),
e [ is true in state v, and

e the values of the variables that are not involved in # remain the same in v

as they are in u.

Actions as Sets of State-space Operators:

e Each action in the action space A is associated with a set of state space
operators. Taking an action a can result in a state transition from state
u to state v if and only if one of the state-space operators associated with

action a can map state u to state v.

e An action a is enabled in a state u if and only if at least one of its state space
operators is applicable in u. Among the state-space operators associated
with action a, several of them may be applicable in a state u; in turn, there

may be several possible next states after taking action « in state u.
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Directly relevant variables{X ;, X, X7}

A = {(<X q,false><Xy,true>)— (<Xq,true><Xy, false><)¢,false>)

(<Xptrue>)— (),  (<Xgfalse>)- ()}

Directly relevant variables{X ;, X, Xg}

B = {(<X p,true><Xy false>)- (<X false><Xy, true><Xg,false>)

(<X false>)- (), (<Xgtrue>)- ()}

Figure 2.1: Two actions and their associated causal rules

Actions and Directly Relevant Variables:

For an action a compactly represented as a set of state-space operators, a vari-

able X; is directly relevant to @ if and only if X; appears in the precondition or

postcondition of at least one of the state-space operator associated with a.
Figure 2.1 display two actions a; and ay, their associated causal rules, and the

variables directly relevant to the actions.

Encoding State-transition Relations:

Actions represented as sets of state-space operators compactly encode a state-
transition relation Ap: For each action a, (u,a,v) is in the state transition
relation Ap if and only if one of the causal rules associated with a can map state

u to state v.

2.3.2 Compactly Representing Transition Probabilities
and Costs

In the following, we augment state-space operators with the information of transi-
tion probability and action cost. We then illustrate how to compactly encode the

information of transition probabilities and action costs using these probabilistic
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state-space operators.

Probabilistic State-space Operators:

A probabilistic causal rule r = (Pr(r), Cost(r), @ — ) is a causal rule r = a —
[ augmented with the information of an action cost Cost(r) and a transition
probability Pr(r). A probabilistic causal rule r = (Pr(r), Cost(r),o — 3) is a

probabilistic state-space operator that can map state u to state v if and only if
e r is applicable in state u (i.e., o is true in state u),
e [ is true in state v, and

e the values of the variables that are not involved in # remain the same in v

as they are in u.

Encoding Transition Probability and Action Cost:
The information of a conditional probability Pr(.|.) about state transition and a
function Cost(.|.) for action cost can be compactly represented using probabilistic

causal rules in the following way:

1. Each action «a is associated with a set of probabilistic causal rules, where
the preconditions (postconditions) of any two probabilistic causal rules are

either identical or mutually exclusive.

2. For each state u and each action a, if there exists a probabilistic causal
rule r = (Pr(r), Cost(r),a — ) associated with a that maps state u to
state v, we have Pr(S'*! = v|A'"™! = «,S' = u) = puv(a) = Pr(r) and
Cost(S'*! = v|A"*! = «,S" = u) = cyv(a) = Cost(r); otherwise, we have

Pr(S"*! = v|A"™ =4, 8" = u) = puv(a) = 0.

3. The transition probabilities of the probabilistic causal rules that are associ-
ated with the same action and share the same precondition sum to one. This
ensures that the transition probability is well defined over all states, and

for every state u and every action a enabled in u we have Yypyy(a) = 1).
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2.4 Planning and Control over Discrete Dy-

namical Systems

Plans and Control:
A controller takes actions according to a plan. There are different sorts of plans,

which are categorized according to how they determine actions to take.

o A plan 7 is conditional if m employs the information of the current system

state in determining an action to take; otherwise 7 is unconditional.

o A plan 7 is time-variant if © employs the information of the current time

in determining an action to take; otherwise 7 is stationary.

o A plan 7 is deterministic if m determines a unique action given the informa-
tion of current time and current system state; otherwise 7 is nondeterminis-
tic. In particular, we say that 7 is stochastic if 7 chooses one of the actions
enabled in the current system state according to a probability distribution

over actions.

e Stationary conditional plans are of special interest to us, and we refer to a
stationary conditional plan as a policy. A deterministic (nondeterministic
) policy maps a state to an action deterministically (nondeterministically);
a stochastic policy maps a state to one of the actions enabled in that state

according to a probability distribution over actions.

e A linear plan (i.e., a finite action sequence) in classical planning is a de-
terministic time-variant unconditional plan in our classification, where the

information of current time fully determines the action to take.

e Suppose that for each action instance we introduce a new state variable
to keep track of whether the action instance has been taken. Then a par-
tially ordered plan (i.e., a multiset of actions together with a partial order on
them) in classical planning can be interpreted as a nondeterministic station-

ary conditional plan (i.e., a nondeterministic policy) in our classification.
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This is because a partially ordered plan allows a controller to nondetermin-
istically take any action instances which are enabled in the current system

state and whose predecessors have all been taken.

Plan Executions and Trajectories:

We say that the controller ¥p executes a plan m when the controller takes actions
according to 7. Given an initial state S°, when the controller takes a sequence
of actions (A" = ay, A*> = ay,...) according to the plan 7, the dynamical sys-
tem D evolves through a sequence of states (S° = up,S' = uy,...). We refer to
(ug,uy,uy,...) as a trajectory of the dynamical system, and refer to (ay, as,...)
as an action trajectory of the dynamical system. Different executions of the same
conditional plan 7 in a dynamical system can result in very different trajectories

even if starting from the same initial state.

Performance Criteria:

A performance criterion indicates a measure of the quality of plans. In this thesis,
we focus on minimizing the expected cumulative cost during plan execution,
and/or maximizing the expected final reward associated with the system’s target

states at the end of plan execution.

o El[Yocicrg 7 Cost(SHAM! = 7(S"),8')], is the expected cumulative cost

until we first reach a target state where

— ET is the expectation operator given that the initial state is s (S° = s),

— 7¢ 1s the indefinite time that we first reach a state satisfying a specific

goal G, and

— 0 < v <1is a discount factor.

When v = 1 (0 < v < 1), it is an expected undiscounted (discounted)

cumulative cost criterion.

e Reward(s) denotes the final reward associated with a target state s in S.
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— To generate a plan to achieve a specific goal, we can adopt a reward
function that uniformly assigns to each target state a large positive

reward and assigns to the other states with zero reward.

— If the state variables contribute independently to the final rewards
associated with the target states, the reward function is additive and
can be represented as a summation of the separate reward functions

associated with the state variables, i.e., Reward(s = (v, v2,...,0,)) =

Yi<i<nReward;(X; = v;).

o Note that final rewards associated with target states can be considered as
extra negative cost involved when actions end in target states. Therefore,
we can incorporate the final rewards associated with target states into ac-
tion costs, and then form new cost functions of actions. In other words, we
can consider the expected cumulative cost as the most basic performance
criterion, and then model and optimize as its derived variants the perfor-
mance criteria of maximizing the expected final reward, or minimizing the

expected cumulative cost minus the expected final reward.

Planning Problems as Control Problems:
In this thesis, we formulate planning problems as control problems over discrete

dynamical systems as follows:

e Each planning instance is composed of a discrete dynamical system D, and
a performance criterion F. The controller Up takes actions according to a
plan. The task of planning is to find a plan 7 for the controller ¥p such that
7 achieves the goal G optimally with respect to the performance criterion

F.

e For classical planning, the performance criterion is to maximize the final
reward, given that each target state is uniformly assigned with a large pos-
itive reward while the other states are assigned with a zero reward. The

task of classical planning is to derive a linear plan (i.e., a deterministic
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time-variant unconditional plan) or a partially ordered plan (i.e., a nonde-
terministic stationary conditional plan) that returns an optimal reward at

the end of plan execution (i.e., ending in one of the target states).

The Markov Decision Problem:
The Markov decision problem is a control problem [Put94] [Der70] over Markov
decision processes, and the task is to generate an optimal policy (i.e., a stationary

conditional plan) given a Markov decision process and a performance criterion.

2.5 Algorithms for Optimal Control over Markov

Decision Processes

Markov decision processes have been well studied by the operations research com-
munity [Bel61] [How60] [Ber87] [Put94]. In this thesis, we extensively utilize the
computational machinery developed by the operations research community in

computing optimal policies for Markov decision processes.

Dynamic Programming;:

The value iteration method [Bel61] and the policy iteration method [How60] are
two well-known methods used to generate optimal policies for Markov decision
processes, both employing the dynamic-programming principle. The value itera-
tion method starts with an arbitrary value function that estimates for each state
the expected cumulative costs of plan execution starting from the state. The
value iteration method then repeatedly searches for a better value function un-
til it ends in an optimal value function, which encodes the expected cumulative
costs for individual states when adopting an optimal policy. An optimal policy
can then be determined by examining the optimal value function.

The policy iteration method uses an arbitrary initial policy as an initial
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seed, and then alternates between a value-determination phase and a policy-
improvement phase until an optimal policy is determined at the end. The ex-
pected cumulative costs of the states with respect to the current policy are deter-
mined in a value-determination phase, this information is immediately employed
in the following policy-improvement phase to derive an improved policy.

On each iteration, the value iteration method takes time quadratic in the size
of the state space, while the policy iteration method takes time cubic in the size of
the state space. Assuming finite precision and a constant discount rate ~ strictly
less than one, both methods converge to an optimal solution in a finite number of

iterations, and are polynomial-time algorithms in terms of the sizes of the state

spaces [Put94] [PT87a] [LDK95].

Linear Programming:

The instances of Markov decision problems can also be cast as linear programs
[Der70] [D’E63] [KK71a] [Put94], and then solved by standard techniques for
linear programming [MB90] [Las70] [DW60] [Chv80] like the well known simplex
method. Although this linear programming approach is not as efficient as the dy-
namic programming approach [KK71a], it provides valuable insight [KC74a] into
the relationship between the computational efficiency and structure in problem

Instances.
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Chapter 3

Planning and Control:
Applications and Computational

Challenge

In this chapter, we describe the applications of planning problems generically
formulated as control problems over discrete dynamical systems in the form of
finite automata or Markov decision processes. Each planning instance compactly
encodes a discrete dynamical system D and a performance criterion F. The
task of planning is to determine an optimal plan 7 of a specified category, which
provides optimal utility with respect to the criterion F when the controller takes
actions according to m. The exponential growth of the underlying state spaces
composes a major computational challenge in solving these planning problems.
At the end of this chapter, we depict the basic principles adopted in this thesis

to cope with very large state spaces.

3.1 Multi-Level Task Networks and Temporal

Projection

A multi-level task network specifies a hierarchy of tasks together with the tempo-

ral constraints regarding the order of performing these tasks. Given a multi-level

19



task network, there are many possible linear plans for performing the tasks in
the network. To analyze such a task network, we would like to (1) determine
the possibility of running into undesirable states, and (2) if possible report a
linear plan that ends in an undesirable state as an evidence. If we consider un-
desirable states as target states and uniformly associate every undesirable states
with a large positive reward, then the task of temporal projection [DB88b] [NB94]
[LD94] [LD96] is to determine an optimal linear plan that returns a maximum

final reward for a given multi-level task network.

3.1.1 Multi-Level Task Networks

A multi-level task network specifies a hierarchy of tasks together with the tem-

poral constraints regarding the order of performing these tasks.

Primitive Tasks and Compound Tasks:

Tasks are classified as primitive tasks or compound tasks. A primitive task is
an action that is represented as a set of state-space operators (i.e., causal rules).
A compound task is composed of a set of tasks, each of which can be either a

primitive task or a compound task.

Multi-Level Task Networks:
A multi-level task network organizes a set of tasks {tki,tks,...} as a tree, and

these tasks are performed through a depth-first exploration of the tree:

e Each leaf node represents a primitive task, and each internal node x rep-
resents a compound task whose component tasks are the child nodes of .
The component tasks of a compound task are siblings to one another, and

the compound task is the parent of the component tasks.

o When a primitive task is performed, the associated action is taken to change
the values of some state variables. When a compound task tk is performed,
the component tasks of tk are performed in any order consistent with a

given partial order over these component tasks. The component tasks of
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the compound task tk are performed as an atomic group; the tasks as-
sociated with the siblings of tk are performed either before or after this
atomic group is completed. Therefore the tasks are performed through a
depth-first traversal through the multi-level task network, although there

are potentially many possible ways of conducting such a traversal.

e Each task is performed exactly once; a primitive task is fully completed
after the associated action is taken, and a compound task is fully completed
when all of its component tasks are fully completed. A compound task is
partially completed when some but not all of its component tasks are fully

completed.

Linear Plans for Multi-Level Task Networks:

A linear plan for a multi-level task network is a total order on the primitive tasks
satisfying all the ordering constraints specified by the network. An important
reasoning task involving a multi-level task network is to search for linear plans
of certain useful properties, such as linear plans that avoid undesirable states or
end in a target state. This is one of the planning problems to be addressed in

this thesis.

3.1.2 Multi-Level Task Networks as Finite Automata

A multi-level task network determines a finite automata D = (S, A, Ap):

The State Space S:
The state space S is determined by the state variables in

{Xl, Xz, .. } U{T-Z—(lv T.[(z, .. } where

e X, is a variable directly relevant to at least one of the primitive tasks (i.e.,

actions), and

o TK,; is an auxiliary variable whose value can be either not-performed-yet,
fully-completed, or partially-completed indicating respectively that the task
tk; is not yet performed, fully completed, or partially completed.
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A state u in S is a vector (x1,22,...,Y1,Y2,...) where z; is the value of vari-
able X; and y; is the value of variable T K, in state u. In the initial state, each
variable T'K; has the value not-performed-yet since none of the tasks have been

performed yet.

The Action Space A:

The action space A is the union of {ay, aq, ...} and {ay, as,...} where

o for a compound task tk;, action a; signals the beginning of task tk; and

action a; signals the completion of task tk;, while

o for a primitive task tk;, action &, means applying one of the state-space
operator associated with task tk;, and action a; signals the completion of

task tk;.

The Action Dynamics Ap:

The action dynamics Ap is a state-transition relation characterizing different
ways of performing the tasks in a task network. (u,a;,v) is in Ap if and only
if state u = (xy,x2,...,Y1,Y2,...) satisfies the following requirements (i.e., @; is

enabled in u to start task tk;):

o if tk; is the parent task of tk;, tk; must have been partially completed,;
i.e., the state variable TK; must have the value partially-completed (y; =

partially-completed) in state u;

o if tk; has sibling tasks that must precede tk;, then every such sibling task
tk; must have been fully completed; i.e., the state variable T'K; must have

the value fully-completed (y; = fully-completed) in state u;

e the task tk; is not yet performed; i.e., the state variable T K; must have the

value not-performed-yet (y; = not-performed-yet) in state u;

o if tk; is a primitive task, then at least one of the state-space operators

associated with tk; must be applicable in state u;
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and state v = (2,2}, ...y}, y},...) satisfies the following requirements (i.e., v

is a possible resulting state after starting task tk; in state u):

e the value of the variable T K; has value partially-completed (y. = partially-
completed), signaling that the task tk; is partially completed now;

o if task tk; is a primitive task, the values of the variables in { X, X5,...} can
be changed from x4, x3,...1n u to xf, x5, ... in v by applying a state-space

operator associated with tk; to state u.

(u,a;,v) is in Ap if and only if state u = (21, x9,...,y1,Y2,...) satisfies the

following requirements (i.e., a; is enabled in state u to finish task tk;):

o The task tk; is partially completed in state u; i.e., the state variable T K;
must have the value partially-completed (y; = partially-completed) in state

u.

o If tk; is a compound task, then every component task tk; of tk; must have
been fully completed in state u; i.e., the state variable TK; must have the

value fully-completed (y; = fully-completed) in state u.

and state v = (&}, 25, ..., y1,v5, .. .) satisfies the following requirement (i.e., v is

the resulting state after finishing task tk; in state u):

e The value of the variable T K; has value fully-completed (y. = fully-completed),
signaling that the task tk; is fully completed now.

3.1.3 Modeling a Process-Scheduling Domain

In Figure 3.1-a, six primitive tasks, tky, tko, tks, tky, tks and tkg, are going to be
performed in a job shop. Three groups of primitive tasks {tky, thko}, {tks, tks} and
{tks, tke} form three compound tasks tkr, ths and tkg respectively. The compound
tasks {tkr, tks, tko} then compose another compound task tkjp. The environment
of the job shop is modeled by eight binary variables {Xj, X,,..., X3}, each of
which can be either true or false at a point in time. For example, one state

variable indicates whether the temperature is over a critical level or not, and
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Figure 3.1: Process scheduling for a job shop

another indicates whether the concentration of a chemical in the air is over a
threshold level or not.

Figure 3.1-c displays the constraints regarding the order of performing these
tasks. The component tasks of a compound task must be perform as an atomic
group, since they are closely related to one another. Compound task tk; can only
be performed sometime after compound task tksg is performed. In compound task
tkg, primitive task tkg is always performed before primitive task tks.

While the primitive tasks are performed, the environment of the job shop is
also changed accordingly. The effects of performing a primitive task depends on
the conditions immediately before the primitive task is performed. For example,
performing a task can increase the density of a chemical in the air over a threshold
level if the temperature immediately prior to performing the task is over a critical
level. On the other hand, a primitive task can be performed by setting up the
job shop in multiple ways, each of which may have very different preconditions
and postconditions. Figure 3.2-b describes the preconditions and postconditions

of these primitive tasks using state-space operators.
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Domain variables={X, X5, X3, X4, X5, Xg X7, Xg}

tk = Directly relevant variables{X 1, X5, X3}

tky = {(X ptrue><Xo,true>)— (<X false><X% false><xg,true>)

tk, = (<Xypfalse>)-(),  (<Xpfalse>)- ()}

tko= {(<X ,true><Xg true>)- (<Xy,false><Xg false><X%, true>)

(<Xpfalse>)- (), (<X false>)- ()}

Directly relevant variables{X 4, X5, Xg}

tkg= {(<X g true><Xg,true>)— (<X, false><xg, false><Xg, true>)

tkg= (<Xgfalse>)- (), (<Xsfalse>)- ()}

tky= {(<X gtrue><Xg true>)— (<X 4 false><X, false><X, true>)

(<XKgfalse>)- (), (<Xgfalse>)- ()}

Directly relevant variables{X ;, X4 X7, Xg}

tks= {(<X 1, false><X true>)— (<Xq,true><Xy, false><X,false>)

(<Xyptrue>)-(),  (<Xgfalse>)- ()}
tkgz
k= {(<X 1 true><Xyfalse>)- (<X false><Xy, true><xg false>)

(<X false>)» (),  (<Xgtrue>)- ()}

Figure 3.2: Preconditions and postconditions of the primitive tasks
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3.1.4 Application in Schedule Verification

The following scenarios describe various temporal projection tasks concerning the

consequences of performing the tasks in the task network depicted in Figure 3.1.

Scenario 1: If X1, X5, Xy, X5, X7 and Xy are all true after performing the task
network, the job shop needs to be cleaned up at extra cost before the job shop

can continue its operation.

Scenario 2: If X1, Xy, Xy, X5, X7 and Xj are all true at the same time, a machine

in the job shop will be inflicted with a permanent damage.

Scenario 3: If Xy, Xy, Xy, X5, X7 and Xy are all true immediately after perform-
ing primitive task tks, it is very likely that the job shop will catch fire.

For these scenarios, the controller of the job shop needs to determine whether
the variables X7, X5, X4, X5, X7 and X; can all be true at a specific point in time.
In scenario 1 , it is the point in time immediately after the task network is fin-
ished. In scenario 2, it is any point in time while performing the task network
in scenario 2. In scenario 3, it is the point in time immediately after performing
the primitive task tks. The controller also needs to generate such a linear plan
as evidence to explain how the linear plan together with certain choices of the
associated state-space operators of the primitive tasks can end in the desired or

undesirable situation.

3.1.5 Computational Complexity

Classical Planning involving propositional STRIPS-like operators is PSPACE-
hard [Byl94] [Byl96]. The Temporal Projection Problem investigated in this
thesis is shown to be NP-Complete [DB88a] [NB94] [LD94] [LD96].

The temporal projection problem can be viewed as a special kind of planning

problem where only linear plans of a fixed length (i.e., the number of primitive
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tasks in the given task network) are considered.
This makes the problem fall in the class NP, since a decision maker can non-
deterministically determine a linear plan as a solution in polynomial time.

The temporal projection problem is NP-Complete even in very restricted cases

[LDY4] [LDY6].

3.2 Sequential Decision Networks and Optimal
Decision Making

3.2.1 Sequential Decision Networks

A decision stage for a decision maker contains a restricted set of possible actions
together with the information about transition probabilities and action costs.
Often complex decision processes can be broken down into elementary decision
stages [HM84] [Sha86] [TS90] [SW95] [LD95b]. These decision stages can be com-
bined to form a sequential decision network using a simple programming language
specifying conditionals, loops, and sequences involving the decision tasks as prim-
itive statements. A sequential decision network is composed of many decision-
making stages interconnected as a directed graph using conditional branches and
loops [SW95] [LD95b]. Sequential decision networks compactly represent Markov
decision processes with rich structures in the underlying state spaces and action
dynamics. For optimal decision making in a sequential decision network, the task
of the decision maker is to determine a policy that optimizes a given performance

criterion such as the expected cumulative cost in executing the policy.

Decision Stages:

A decision stage d = (ag, Aq, Xy) is composed of (1) a guard expression oy, (2)
a set of actions Ay, and (3) a set of the state variables Xy. a4 is a boolean ex-
pression concerning the values of a subset of the variables in V', which must be
true immediately prior to entering decision stage d. All activities within decision

stage d is restricted to the actions in Ay. Each action in Ay is represented as a set
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of probabilistic state-space operators. Xy is the set of state variables appearing
in decision stage d, which is the union of the state variables appearing in o4 and

the state variables directly relevant to the actions in Ag.

Control Nodes:

A control node ¢ = (o) contains a guard expression a., which is a boolean ex-
pression concerning the values of some variables. A control node ¢ is a filter in
controlling the process of decision making, where the guard expression «,. must
be true before the decision maker can bypass ¢ to enter the next decision-making

stage.

Sequential Decision Networks:

A sequential decision network H is represented as a directed graph H = (Ng, Ep)
where (1) each node d in Ny is either a decision stage or a control node, and (2)
a directed edge (d,d’) in graph Ep indicates that after taking an action enabled
in a decision stage d (or after bypassing a control node d), the decision maker
can enter a decision stage d' (or bypass a control node d') if and only if the guard

expression ag 1s true.

Relationship among Decision Stages:

A decision stage d' is a child of a decision stage d (or d is a parent of d') if and only
if d can reach d’ bypassing zero or more control nodes in Ey. We then naturally
extend this definition to define the ancestors and descendants of decision stages

in an obvious way.

Looping and Conditional Branching in Sequential Decision Networks:
A decision maker can enter a decision stage d (or bypass a control node ¢) if and
only if its guard expression oy (a.) is true immediately prior to entering d (by-
passing c). After entering a decision stage d, the decision maker repeatedly takes
actions in a decision stage d until he can successfully bypass zero or more control

nodes and enter one of the child decision stages of d. The control nodes between
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a decision stage d and d’s child decision stages implicitly forms a decision tree for

determining the next decision stage to enter.

The Starting Node and the Ending Node:

A starting node is a control node and the unique source in a sequential decision
network, which according to the initial values of the variables determines the very
first decision stage to enter. Similarly, an ending node is a control node and the
unique sink in a sequential decision network, which signals the end of decision
making in a sequential decision network. We assume that there is a unique source
(sink) since we can always construct one by adding a dummy control node that

leads to (follows) all the current sources (sinks).

Policies for Decision Making:
A policy for a sequential decision network maps a decision stage into an action
enabled in that stage according to the values of the variables at the time of de-

cision making.

Executing a Policy: For a sequential decision network, the execution of a
policy 7 starts at the starting node, and then branches through and loops around
decision stages until reaching the ending node; at each decision stage, the decision
maker takes actions according to policy 7 !. Repetitive executions of the same
policy for a sequential decision network may result in very different trajectories

through the decision stages due to the uncertainty in the action outcomes.

Cost, Reward, and Optimal Decision Making:

Each time the decision maker takes an action, the action involves a cost. When
entering the ending node, the decision maker gets a final reward Y-, <;<, fi(X;),
where f; is a reward function that maps the values of variable X; into a re-
ward. For optimal decision making in a sequential decision network, the task of

the decision maker is to determine an optimal policy that minimizes the expected

'We focus on sequential decision networks that with probability one, will end in the ending
node in the long run.
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cumulative action cost minus the expected final reward when executing the policy.

3.2.2 Sequential Decision Networks as Markov Decision

Processes

A sequential decision network H = (Ny, Ep) determines a Markov decision pro-

cess M = (S, A, Pr, Cost):

The State Space S:
The state space S is determined by the state variables in {Xy, Xs,...} U{D}

where

e X, is a variable directly relevant to some of actions enabled in the decision

stages, and

e D is an auxiliary variable whose value indicates the decision stage currently

encountered.

A state u in S is a vector (w1, x2,...,d) where x; is the value of variable
X, and d is the value of variable D in state u. In the initial state, variable D

indicates the starting decision stage.

The Action Space A:
The action space A = |J; Ag is simply the union of the set of actions A, enabled

in d over every decision stage d.

Action Dynamics (Pr and Cost):

The transition probability Pr and action cost Cost of the Markov decision process
M = (S, A, Pr,Cost) capture the dynamics of decision making in the sequential
decision network. For each action a, puv(a) equals Y-, Pr(vy) and cuy(a) equals
>, Pr(v)Cost(y) where a probabilistic state-space operator v associated with a,
if and only if state u = (2, x3, ..., d) satisfies the following requirements (i.e., a

is an action enabled in state u):
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Figure 3.3: A sequential decision network to improve product quality

e u=(xy,19,...,d) is a state, a is an action in the restricted action set Ay
of decision stage d, and v is a probabilistic state-space operator associated

with action a and applicable in state u;

o v = (af,2),...,d") is a state, and by applying state-space operator =y
to state u, the values of the variables in {X, X5,...} are changed from

T1,T2,... 10w to a7}, 25, ... in v, ending in decision stage d'.

3.2.3 Modeling a Production-Control Domain
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Figure 3.3 shows a sequential decision network to improve the overall quality of a
product with ten components X, ..., Xig9. The quality of each X; is quantified as
a value that is either zero or one. Initially the values of all of the components are
rated as zero. At the end of the improvement, we receive a reward proportional to
the number of the components X;’s whose values are rated as one. In addition,
it is also required that the values of at least one of {X;, X5}, X, and two of
{X3, X5, X6}, and three of {X;, X5, Xg, X10} must be rated as one at the end of
the improvement.

Figure 3.3 displays thirteen decision stages and control nodes interconnected
as a directed graph, where (1) ¢sart and cenq arve the starting node and the ending
node respectively, (2) Cstart, Cends €1, €2, and ¢z are all control nodes to direct the
execution of the plan, and (3) dy,ds,...,ds are the decision stages that allow
us to change the quality of the product by taking actions. Each of the decision
stages in {d, ds, ..., ds} is associated with two enabled actions. Taking an action
enabled in a decision stage incurs a cost and changes the values of the components
X,’s stochastically. Rather than providing the details of the transition probabil-
ities and the costs associated with the actions ay,as, ..., ae, we only depict the

variables relevant to the actions enabled in the decision stages in Figure 3.3.

3.2.4 Application in Factory Production Control

Taking an action enabled in a decision stage introduces a cost and changes the
values of the components X;’s stochastically. The expected cumulative cost and
the expected final reward are greatly affected by how we take actions in individual
decision stages. For example, in decision stage d;, action a; may improve the
values of at least one of X; and X, to one with cost $15 and probability 0.75
all the time, while action a; may improve the values of both X; and X; to one
with cost $20 and probability 0.99 when the value of X, is one immediately prior
to taking action ay. Instead of taking action a; in step d; all the time, it may
be worthwhile to take action ay if the value X, is one. A policy of such a plan
is a mapping that for each decision stage d; in {dy,ds,...,ds} determines the

action to take according to the values of the components immediately prior to

32



taking an action enabled in d;. Our task is to derive an policy that optimizes the
the expected cumulative cost of actions during the production process minus the

expected reward determined by the quality of the final product.

3.2.5 Application in Stochastic Transportation Planning

An agent plans to travel to a destination as efficiently as possible. At each
stop, the agent can take actions (e.g., using different combination of routes and
vehicles) to reach adjacent locations. The cost and the probability of reaching
a specific location depend on the current location, the conditions of the local
environment (e.g., the conditions of weather, traffic, road, ...), and the action
taken. A policy maps the current location and the conditions of the environment
into an action to take. For stochastic transportation planning, the agent would
like to determine an optimal policy that minimizes the expected cumulative cost
(e.g., time and fuel) to reach the destination.

Such a stochastic transportation problem [Lat90a] [Jak94] [GD95] [CKL94]
[MA95] [DKKN95], is a Markov decision problem:

e The state variables that model the physical locations and the conditions of

the local environment determine the state space S.

e The action space A is the union of the actions available at different loca-

tions.

o M = (5, A Pr,Cost) forms a Markov decision process, where Cost and
Pr specify the cost and transition probability for state transition among S

after taking actions in .A.

e The performance criterion F is the expected cumulative cost to reach the
destination. To solve the Markov decision problem is to determine an op-

timal policy with respect to the performance criterion F.

Figure 3.4 displays a building of three floors. Two elevators in the building

transport people from one floor to another. Each floor is tessellated into one
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First Floor Second floor | Third floor

Figure 3.4: A building of three floors and two elevators

thousand squares with two of them corresponding to the positions for the two
elevators. A robot moves around this building by taking actions to reach adjacent
squares in the same floor or to go to a different floor using one of the elevators.

All these actions take time and involve uncertainty in their outcomes:

Moving in different directions: As long as there is no obstacle blocking its
way, the robot can move in four directions, namely east, west, north and
south. To move in a specific direction, the robot first orients itself toward
that direction, and then move one square forward. The expected amount
of time spending in such an action depends on the orientation of the robot
immediately prior to taking the action. When the robot take an action to
move forward, it ends in the adjacent square in front of it most of the time
with some chances that it may end in the square to the right or the left of
the target square. The probability distribution over the possible outcomes
depends on the local environment of the robot immediately prior to taking

the action.

Entering an elevator: When standing in a square adjacent to an elevator, the
robot can take an action to (1) turn itself toward the entrance to the eleva-
tor, (2) push the button to call for the elevator, (3) wait until the elevator
comes up, and (4) enter the elevator and turn around. Both the expected
amount of time and the probability of ending up on a specific floor depend

on what the current floor is.

Heading toward another floor: When the robot enters an elevator, it can
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Figure 3.5: Uncertainty in action outcomes

take an action to (1) push a button to close the door, (2) choose a target
floor, and (3) steps out of the elevator when the door is open again. The
robot may end up on a floor different from the target floor it has in mind,
since the elevator may be stopped before actually reaching the target floor.
Both the expected amount of time and the probability of ending up on a

specific floor depend on what the current floor is.

In Figure 3.5, the robot is in location [ and is oriented toward the north. Both
the east side and the west ride of [ are blocked by obstacles. If the robot decides
to go north (south), it takes five (ten) seconds on average to reach one of the
locations p, ¢ and r (¢, v and v ) with probability 0.3, 0.6 and 0.1 (0.1, 0.8 and
0.1) respectively. This is because the robot needs to spend five extra seconds to
orient itself toward the south before it can actually move to the south.

At the first floor, there is a site to recharge the battery of the robot. As
soon as the voltage of the battery is below certain level, the robot enters a panic
mode to head for the site for recharge. We would like to determine a policy that

maps each given pair of the physical location and orientation of the robot into an
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action to take. In particular, we would like to determine an optimal policy that
minimizes the expected amount of time for the robot to reach one of the charging
sites. This can be modeled as a Markov decision problem over a Markov decision

process M = (S, A, Pr, Cost) and a performance criterion F as follows:

The state space: Each state (X; =1, X; =d) in S models a specific location
[ and a specific orientation d of the robot. This gives us a state space of
12,000 (3 x 1000 x 4) states, given the three floors, one thousand squares

per floor, and four possible orientations.

The action space: A is the action space composed of the actions of (1) moving
in four directions while staying in the same floor, (2) getting into an elevator,
and (3) moving to another floor by elevator. The robot is enabled to move

in a specific direction only if there are no obstacles blocking its way.

Action cost and transition probability: Cost and Pr specify the cost func-
tion and conditional probability distributions associated with actions and
possible action outcomes. cuy(a) (puv(a)) is the expected amount of time
(the probability) of taking action « in a state u = (X; =1, X, = d) and
ends in another state v = (X; =", Xy = d').

The performance criterion: {u = (/,d)|l is the position of a charging site} is
the set of target states. The performance criterion F is to minimize the

expected cumulative cost to reach the target states.

3.2.6 Computational Complexity

Although an instance of the Markov decision problem can be solved in time
polynomial in the size of the underlying state space [Put94] [PT87b], the Markov
decision problem is PSPACE-hard in general.

This follows from the facts that classical planning involving propositional
STRIPS-like operators is PSPACE-hard [Byl94] and that we can transform any in-
stance of the classical STRIPS planning problem involving propositional STRIPS-

like operators into an instance of the Markov decision problem in the following
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way:

e propositions in STRIPSplanning are viewed as boolean state variables and

implicitly specify a state space,

e the truth values of the propositions at a point in time determines the state

of the underlying Markov decision process at that time,

o the set of STRIPS-like operators specifies a state transition function while

each STRIPS-like operator is viewed as an action involving no cost,

o the states satisfying the goal are the only absorbing states and are uniformly

associated with a very large positive reward, and
e the performance criterion is to maximize the final reward.

An optimal policy for the derived instance of the Markov decision problem
maps a given state u to an action (4.e., a STRIPS-like operator), and that action in
turn deterministically maps state u to a next state. Consequently, by adopting
an optimal policy for the derived Markov decision problem instance, a unique
sequence of STRIPS-like operators (i.e., a linear plan) is determined with a state
trajectory leading from the initial state to a target state if and only if the goal is
achievable.

Moreover, optimal decision making in sequential decision networks is PSPACE-
hard even if only one decision stage is involved. This is because an instance of
the classical planning problem can be reduced to a one-stage sequential decision

network where
o the starting control node unconditionally leads to the only decision stage,

o the STRIPS-like operators in the planning instance represent the actions

applicable in the decision stage, which involve no action cost,

o the goal in the original planning instance must be satisfied in the decision

stage to enter the ending control node,
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Figure 3.6: Three views of a three-dimensional state space with the correspond-
ing local structure of space shown to the right. The top view represents the
unstructured state space, the middle view represents an abstraction obtained by
projection, and the bottom view represents a decomposition obtained by parti-
tioning the states into aggregate states.

o the states satisfying the goal are the only absorbing states and are uniformly

associated with a very large positive reward, and
e the performance criterion is to maximize the final reward.

An optimal policy for the derived one-stage sequential decision network then
determines a linear plan (i.e., a sequence of STRIPS-like operators) resulting in
a state trajectory leading from the initial state to a target state if and only if the

goal of the original planning instance is achievable.

3.3 Coping with Very Large State Spaces

A factored state-space representation with n boolean state variables represents
an n-dimensional state space with O(2") states. Large state spaces present a
computational challenge. Assuming that both a problem instance and a solution
(a plan) can be encoded in a compact form, we would like to generate solutions in
time bounded by tractable factor of the problem and solution size. In this thesis,

aggregation and abstraction play important roles toward this goal. Instead of
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Figure 3.7: Region-by-region dimensionality reduction. A three-dimensional
space is represented as the union of two-dimensional abstract subspaces shaded
dark gray.

considering the entire state space § as a whole, the states in § can be decomposed
into disjoint groups with each group considered as an aggregate state or a region.
Figure 3.6 illustrates three views of a multi-dimensional state space. The bottom
view displays sixteen regions, each of which is an aggregate state composed of
four base-level states.

Abstraction is a special type of aggregation for projecting away some state
variables. Given a subset X of Domain(D), the abstract state space determined
by X is Space(X) = [Ix,cx 2x;. Each abstract state in Space(X') is composed of
the states that share identical values over the variables in X'. Assuming a specific
ordering on the variables in X', an abstract state s in § is represented as a vector
(v1,vg,...,v,) where (1) v; is a specific value for the ith variable in X and (2)
h =] X |. We say that Space(X) is derived from the factored state space S by
abstracting away the variables in Domain(D)—X. The middle view in Figure 3.6
illustrates an abstract state space that projects away one dimension of the state
space.

We assume that all of the state variables are relevant in at least some portion
of the state space and so the dimensionality of the problem cannot be reduced by
simply abstracting away some of the state variables without suffering some loss
in performance. However, it is very likely that not all state variables are relevant
in all portions of the state space (e.g., when you are planning to take a walk in
southern Florida you can neglect the possibility of snow). After decomposing a
state space into m regions, at times only a small subset (of size no more than
r, r < n) of the set of all state variables is relevant for decision making in each

region. Consequently, we are concerned with an abstract subspace of size no more
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than 2" for each region, and the size of the union of these abstract subspaces is
no more than m2". Figure 3.7 illustrates how a three-dimensional state space

might be represented as the union of two-dimensional abstract subspaces.
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Chapter 4

A Generic Overview of the

Decomposition Techniques

In the next three chapters, we develop decomposition methods for the temporal
projection problem, and the Markov decision problem. For these decomposition
methods, we demonstrate the resulting computational efficiency in terms of the
structural parameters in the underlying inter-regional interaction patterns. This

chapter provides a generic overview of these decomposition methods.

4.1 Regional Decomposition and Inter-regional

Interaction Patterns

Regions and Dynamical Subsystems:

Given a discrete dynamical system D = (S, A, Ap), a region R = &’ is sim-
ply a state subspace of §, and region R determines a dynamical subsystem
D = (8, A,Ap) where (1) A’ is an action subspace of A and is composed
of actions that are enabled in one or more states in &', and (2) A}, is the fraction

of Ap which describes how the actions in A’ result in state transitions in &’.

Regional Decomposition:

A regional decomposition of a discrete dynamical system D = (S, A, Ap) is a
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collection of regions (i.e., state subspaces) covering the state space S.

The Directly Relevant Variables of a Region:
A variable X is directly relevant to a region R if and only if X is directly relevant
to an action enabled in a state in region R. We use Relevant(R) to denote the

set of variables directly relevant to a region R.

Inter-regional Interaction Patterns:

Given a regional decomposition of a discrete dynamical system, the system’s tra-
jectory through the state space is a sequence of local trajectories through local
regions. After entering a region, the system evolves along the states in the region
for a while, and then moves to another region. Such inter-regional interaction
patterns reflect how the regional dynamical subsystems interact with one another.
Decomposition techniques are then developed to exploit locality and dependency

embedded in inter-regional interaction patterns.

Multi-Level Permutation Patterns in Multi-Level Task Networks:
In a multi-level task network, each task is associated with a region, the entire set

of regions are organized as a region hierarchy.

e The Parent-child Relationship in a Region Hierarchy:
In the region hierarchy, we can define a parent-child relationship as follows:
aregion R’ is a child region of a region R if and only (1) R is associated with
a task tk; and (2) R’ is associated with a child task of tk;. Naturally, we can
also extend this parent-child relationship to define the ancestor-descendant

relationship in the region hierarchy.

e Characteristics of Multi-Level Permutation Patterns:
In a multi-level task network, each region is visited (i.e., entered and left)
exactly once. After entering a region R, the child regions of R are visited
one after another in any total order consistent with a given partial order
(over the tasks associated with these child regions). Conceptually, a deci-

sion maker can arbitrarily permute the order in entering the child regions

42



of a region as long as the chosen total order is consistent with the given
partial order. This is the reason why such patterns are called multi-level

permutation patterns.

Branching Patterns in Markov Decision Processes:
When a given Markov decision process is decomposed into disjoint regions, the

process evolves from region to region in a branching pattern.

e The Parent-child Relationship in Branching Patterns:
We say that a region R is adjacent to a region R’ if and only if the system
can reach a state in region R’ following a state transition from a state in
region R. For convenience, we define a parent-child relationship in terms of
adjacency among regions: a region R’ is a child region of a region R if and
only region R is adjacent to region R'. Naturally, we can then extend this
parent-child relationship to define the ancestor-descendant relationship in

the region hierarchy.

e Characteristics of Branching Patterns:
Conceptually, disjoint regions in a Markov decision process are intercon-
nected as a directed graph, where each region is a node and the directed
edges represent the parent-child relationship among regions. After enter-
ing a region R, the underlying discrete dynamical system evolves along the
states in R for a while, and then branches into one of the child regions of

R. This is the reason why such patterns are called branching patterns.

e Acyclic Branching Patterns:
An acyclic branching pattern is a special branching pattern where regions
are interconnected as a directed acyclic graph. Each region is visited at
most once in an acyclic branching pattern, since a region can never be

visited again after leaving the region.

e Strongly-connected Branching Patterns:
A strongly-connected branching pattern is a special branching pattern where

regions are interconnected as a single strongly-connected component. Each
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region can be visited for multiple times in a strongly-connected branch-
ing pattern, since after leaving a region R the system may branch through

several other regions and then reenter region R.

e Factoring a Branching Pattern:
In general, the regions in a branching pattern are interconnected as a di-
rected graph with several strongly connected components. On the one hand,
within a strongly connected component, the system evolves along the re-
gions in that component in a strongly-connected branching pattern. On
the other hand, when each connected component is considered as a macro
region, the system evolves along these macro regions in an acyclic branch-
ing pattern. In this way, every branching pattern can be factored out as
a product of an acyclic branching pattern and several strongly-connected

branching patterns.

4.2 Structural Analysis of Inter-regional Inter-

action Patterns

Locality, Dependency, and Dimensionality Reduction:

Although generally all state variables are indispensable in modeling a discrete
dynamical system, it is rare that every state variable is directly relevant in every
region. At times, the action dynamics in a region R only directly involves a few
state variables. For each region R, a decision maker is only concerned with the
directly relevant state variables of R plus some additional state variables charac-
terizing the causal dependencies between R and other regions; the other variables
are 1rrelevant in region R. This allows a decision maker to attain dimensionality
reduction in individual regions by properly abstracting away the irrelevant vari-
ables. Locality and causal dependency play critical roles in the decomposition
methods developed in this thesis. In the following, we quantify the underlying lo-
cality and dependency using a structural parameter for each kind of inter-regional

interaction patterns. The smaller a structural parameter is, the more efficiency
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we can obtain by using the decomposition techniques developed in this thesis.

e The Structural Parameter £, in a Multi-level Permutation Pat-

tern: The structural parameter in a multi-level permutation pattern is
L= m]%X(bR + cr)

where (1) the branching factor br of a region R is the number of child
regions of R, and (2) the coupling factor cg of a region R is the number of

variables directly relevant to at least two of R’s child regions.

e The Structural Parameter £, in an Acyclic Branching Pattern :

The structural parameter in an acyclic branching pattern is
= A
Ly max | AR

where Ap is the set of state variables that are either (1) directly relevant
to R or (2) directly relevant to at least one ancestor region of R and also

at least one descendant region of R.

e The Structural Parameter £3 in a Strongly Connected Branch-
ing Pattern: The structural parameter in a strongly connected branching

pattern is

L3 = || Periphery(R)|
R

where Periphery(R) is the set of states that are not in R but but reachable

from a state in R.

4.3 Exploiting Structure for Computational Ef-

ficiency

To cope with very large state spaces, we symbolically decompose a state space
into local regions, and exploit locality and dependency embedded to attain di-

mensionality reduction in individual regions.
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Aggregation and Regional Decomposition:
Instead of considering the entire state space S as a whole, the states in § can be
aggregated into a set of regions; each region corresponds to an aggregate state.

Such a regional decomposition allows a planning problem to be decomposed into

e a master problem concerning the overall performance and the interactions

among local regions, plus

e a sequence of planning subproblems regarding the local performance and

local dynamics over individual regions.

The master problem iteratively determines, from a global perspective, the plan-
ning subproblem to solve in a region. The solution to this planning subproblem is
utilized later by the master problem in determining other planning subproblems.
The focus of this thesis is to exploit locality embedded in planning instances such
that efficient local computation can be conducted in optimizing a global perfor-
mance criterion. An obvious computational advantage of regional decomposition
arises from the fact that (1) each subproblem involves only the states in a region
plus some adjacent states in the neighboring regions and that (2) the master

problem involves only the regions as aggregate states.

Abstraction and Dimensionality Reduction:

Given a regional decomposition, every variable is relevant to the action dynamics
in one or more regions, assuming no redundancy in the description of the problem
instance. However, it is rare that every variable is relevant to every region. At
times, we can further aggregate states in a region R according to their values
over the relevant variables in R. In this way, the irrelevant variables in a region
can be abstracted away while solving the planning subproblems over that region.
An appropriate region decomposition can introduce significant dimensionality re-
duction in individual regions. Dimensionality reduction is an important source
of computational efficiency, since it can exponentially reduce the size of planning

subproblems.
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4.3.1 Exploiting Structure in Multi-Level Permutation

Patterns

The following is an overview of the decomposition method for the temporal pro-
jection problem developed in Chapter 5. We refer the readers to Chapter 5 for
the details of the algorithm and analysis.

An Overview of a Structure-exploiting Algorithm:

1. Input and Output:
Given a multi-level task network and a goal, the algorithm exploits the
multi-level permutation pattern underlying a regional decomposition on
the network. If there exists a linear plan to achieve the goal, the algorithm

returns such a plan; otherwise the algorithm reports that no solution exists.

2. The Master Problem and Regional Subproblems:
In the master problem, the goal for a problem instance is decomposed into
regional subgoals of individual regions. To solve the master problem, for
each region R a subproblems over R is first devised to determine the pos-
sibility of attaining the regional subgoals of R. This is the first phase in
solving the master problem. If it is possible to achieve every regional sub-
goal, for each region R a subproblem is devised to determine the ordering
of R’s child regions in order to achieve the regional subgoal; a linear plan
to achieve the goal is then generated according to this information. This is

the second phase in solving the master problem.

3. Solving Subproblems and Propagating Regional Solutions:

e The First Phase: In this phase, a subproblem over a region R can
only be devised and solved after all the subproblems over the child
regions of R are solved. After solving a subproblem over a region R’,

an abstract information is compiled regarding all possible pairs of (1)
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the values of the abstract variables of R’ right before entering R’ and
(2) the values of the abstract variables of R’ immediately after leaving
R’ in order to achieve the regional subgoal. This abstract information
is then propagated to the parent region of R'. The subproblem over
the parent region R of R’ is then devised according to the abstract

information propagated from R’ and other child regions of R.

e The Second Phase: In this phase, a subproblem over a region R
can only be devised and solved after the subproblem over the parent
region of R is solved. After solving a subproblem over a region R,
an abstract information is compiled for each child region R’ of R re-
garding a specific pair of values of the abstract variables of R’ right
before entering R’ and immediately after leaving R’ in order to adopt
a specific total order on the child regions of R. This abstract informa-
tion is then propagated to region R’. The subproblem over the child
region R’ of R is then devised according to the abstract information

propagated from R.

4. Dimensionality Reduction:
For each region R, the subproblems over R are only concerned with infor-
mation encoded in the abstract variables of R and R’s child regions. It
turns out that (1) the union of the sets of abstract variables of the child
regions of R is simply the set of coupling variables of R and (2) an abstract
variables of R is also a coupling variable of R. Consequently, a subproblem
over R can be solved by considering the abstract state space determined by

the coupling variables of R, rather than explicitly enumerating every state

m R.

5. Quantifying Computational Efficiency:
Note that the structural parameter £, for the underlying multi-level permu-
tation pattern is the maximal number of coupling variables in a region. The
decomposition method described above runs in O(n x 8%1) time, where n is

the number of primitive tasks in the task network. When £; = O(logn),
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the algorithm runs in time polynomial in the total number of primitive

tasks n.

4.3.2 Exploiting Structure in Acyclic Branching Patterns

The following is an overview of the decomposition method for Markov decision
problems with acyclic branching patterns. In particular, this algorithm can be
applied to determine an optimal policy for a sequential decision network. We

refer the readers to Chapter 6 for the details of the algorithms and analysis.

An Overview of a Structure-exploiting Algorithm:

1. Input and Output:
Given a Markov decision process and a performance criterion, the algorithm
exploits the acyclic branching pattern underlying a regional decomposition
on the Markov decision process. At the end, the algorithm returns an

optimal policy for the Markov decision process.

2. The Master Problem and Regional Subproblems:
In the master problem, the given Markov decision process together with
the given performance criterion is decomposed into subproblems concern-
ing Markov decision processes over local regions with local performance
criteria; each region is exactly associated with a subproblem. To solve the
master problem, the subproblems over local regions are solved systemati-
cally; a subproblem over a region R is devised and solved only after all the
subproblems over the child regions of R are solved. An optimal policy over
the given Markov decision process is simply the union of the optimal poli-
cies over local regions, which are determined by solving the subproblems

over local regions.

3. Propagating Regional Solutions:
After solving a subproblem over a region R’, an optimal policy 7 over R’

with respect to a local performance criteria is determined. According to m,
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for each parent region R of R', the information about the optimal expected
cumulative cost received after reaching a state in R’ from a state in R are
compiled. This information is then propagated to the parent regions of R’

for devising the subproblems over the parent regions of R'.

. Devising Regional Subproblems:
After receiving all the information propagated from the child regions of a

region R, a new Markov decision process Mpr over R is devised as follows:

o The state space of Mp is the entire region R plus a special sink state
representing all the child regions of R as a whole. The action space of

Mpr comprises all the actions enabled in some state in R.

o Immediately following an action a that is enabled in a state u in R,
the transition probability of entering the special sink state from u is

the sum of the probabilities of entering the states outside R from u.

o Immediately following an action a enabled in a state u in R, the cost
of entering the special sink state from u is the expectation (over the
states outside R reachable from u) of (1) the immediate action cost of
entering a state outside R and (2) the expected cumulative cost after

entering a state outside R.

e The action cost and transition probability involving a state transition
between two states in R remain the same as described in the original

Markov decision process.

The subproblem over region R is to determine a policy that minimizes the
expected cumulative cost minus for the Markov decision process Mpg. Such
a policy consequently minimizes the expected cumulative cost starting from

any state in R.

. Dimensionality Reduction:
Any two states in a region R are indistinguishable with respect to the
action dynamics in R if these two states share the same values for the

active variables in R. Therefore, the states in a region R can be aggregated
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according to the values of the abstract variables in R, and thus abstract
away the passive variables in R. This allows a subproblem over a region R
to be solved by simply considering the abstract state space determined by
the active variables of R, rather than explicitly enumerating every state in

R.

6. Quantifying Computational Efficiency:
The decomposition algorithm described above runs in O(m x 82) time for
a given Markov decision process where m is the number of regions in the
regional decomposition. When £ = O(log m), the algorithm runs in time

polynomial in the total number of regions m.

4.3.3 Exploiting Structure in Strongly-connected Branch-

ing Patterns

The following is an overview of the decomposition method for Markov decision
problems with strongly-connected branching patterns. We refer the readers to

Chapter 7 for the details of this algorithm.

An Overview of a Structure-exploiting Algorithm:

1. Input and Output:
Given a Markov decision process and a performance criterion, the algorithm
exploits the strongly-connected branching pattern underlying a regional
decomposition of the Markov decision process. At the end, the algorithm

returns an optimal policy for the Markov decision process.

2. The Master Problem and the Policy Repository:

e The master problem iteratively estimates the values of the states in
the peripheries of region (i.e., the expected cumulative cost starting

from the states until reaching a target state). On each iteration, a
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Markov decision problem and a regional decomposition with an acyclic
branching pattern are devised according to the estimated values of the
states in the peripheries. A global policy is determined at the end of
an iteration by solving the Markov decision problem devised on that

1teration.

e A policy repository maintains up to u + 1 of the previously generated
global policies at a time, where u i1s the number of periphery states.
When a global policy is determined at the end of an iteration, it re-
places one of the existing policies in the repository. By examining the
repository, we can determine whether an optimal policy or a policy
within a specified range of the optimum can be generated as a solu-
tion; if so, we are able to generate such a policy by properly combining
the policies in the repository. Otherwise, we are able to determine new
estimates for the periphery states and go through another iteration of
computation. The policy repository guarantees to produce an optimal

policy in the long run.

3. Devising and Solving Regional Subproblems:
On each iteration, a Markov decision problem and a regional decomposition
with an acyclic branching pattern are devised according to the estimated

values of the states in the peripheries.

o First, we transform the given regional decomposition P = { Ry, ..., Rp}
into a regional decomposition @@ = {U, Ky,..., K} where (1) U is
Ur,ep Periphery(R;), which represents the peripheries of the regions
R;’s, (2) for each region R;, we have K; = Kernel(R;) = R; — U,
which represents the kernel of region R;, and (3) the resulting regional

decomposition ) has a star topology as depicted in Figure 7.5.

e Second, we transform each state u in U into a target state, and asso-
ciate u with the estimated cumulative cost of u in the original process
as the final penalty when entering u. Consequently, this provides

a Markov decision process and a regional decomposition ¢} with an
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acyclic branching pattern. We adopt the expected cumulative cost un-
til reaching a target state as the performance criterion of the Markov

decision problem.

o Using the regional decomposition ) and the decomposition method for
acyclic branching patterns, the devised Markov decision problem can

be further decomposed into regional subproblems over regions K;’s.

4. Quantifying Computational Efficiency:
Note that the structural parameter L3 for the underlying strongly-connected

branching pattern is the total number of states in the peripheries of regions.

o The decomposition algorithm as described above improves the solution

quality iteratively, and converges to an optimal policy in the long run.

e The policy repository can be compactly maintained as (£3+1) x (L34
1) matrices and vectors of length £3 + 1 .

Instead of directly solving the original problem, the computation on each
iteration comprises two parts: (1) deriving and solving regional subprob-
lems over local regions and (2) maintaining a solution repository. The first
part renders much computational efficiency by dividing a large problem
into several subproblems of tractable sizes. The second part represents the
additional cost to pay when compiling the solutions to subproblems. When
a solution of good quality can be obtained within a few number of itera-
tions, this decomposition technique can provide significant computational

efficiency.
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Chapter 5

Decomposition Techniques for

the Temporal Projection
Problem

5.1 More about Temporal Projection

In the following, we formally define temporal projection problems considered in
this thesis, and introduce addiotional terminology and notation used in this chap-

ter.

Conditions and Events:

Following the convention of literature, we refer to a binary state variable as a
condition and say an event occur when an agent takes a specific action. An event
can then be represented as a set of causal rules in the same way as an action is
represented in Chapter 2.2. Multi-value state variables can be encoded by con-
ditions without loss of generality. A set of conditions P determines a state space
Sp and the truth values of the conditions in P at a point in time determine a

state in Sp.

Possible Event Sequences:
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Given a set of events £ and a set of ordering constraints O on &, a possible event
sequence q of length h over a set of events £ (h < n) is a sequence (e, €g,. .., €p)
where (1) e1,..., e are distinct events in € and (2) the order in which the events
appear in q is consistent with the ordering constraints in . We also define the
following sets of event sequences:

Q5= { q| q is a possible event sequence of length n },
Qg: { q | qisapossible event sequence of length equal to or less than n }, and

62762 {alqe Qfo and event e is the tail of q}.

Problem Instances for Temporal Projection:

A problem instance of temporal projection is a five tuple (P, &, O, s9,G) where

e P is a finite set of conditions;

£ is a finite set of events;
o O is a finite set of ordering constraints on &;
® 5o is the initial state, sg € Sp;

e (G is an expression and G specifies a set of goal states in Sp in which G is

true.

The Tasks of Temporal Projection:

Given an instance of the temporal projection problem, the PRJ task, the PRJ1
task, and the PRJ2 task of temporal projection are to determine the existence of
an event sequence q in Q5, Qg, and Q‘(‘;e respectively such that (1) the events
can occur as the sequence q and (2) the dynamical system may enter a goal state
immediately following . In addition, we generate such an event sequence q if
one exists, and determine the rules applied by the individual events to enter a

goal state.
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Figure 5.1: Temporal projection in a multi-level task network

Theorem 5.1 Given an instance of the temporal projection problem, the PRJ
task, the PRJ1 task, and the PRJ2 task can be reduced to one another by trans-
forming the problem instance. All these transformations can be done in polyno-
mial time by (1) adding at most two more conditions and two more events, and

(2) appropriately modifying the ordering constraints and causal rules. !

Throughout this paper, we consider the PRJ task ? as the standard form
of temporal projection. The decomposition algorithm and its analysis in this
chapter focus on the PRJ task, which are also applicable to the PRJ1 task and
the PRJ2 task after transforming the problem instances accordingly.

Consider the multi-level task network in the job-shop scheduling domain in
Chapter 3.3. The three scenarios in Chapter 3.3 involve the PRJ task, the PRJ1
task, and the PRJ2 task respectively. In the remainder of this chapter, we use

the first scenario in Chapter 3.3 as an example for illustrating algorithmic details,

IThe proofs for all theorems stated in this thesis are provided in Appendix A at the end of
this document.

2The PRJ1 task is considered by Lin and Dean in [LD93] and the PRJ2 task is considered
by Dean and Boddy in [DB88b] and Nebel and Backstrom in [NB92].
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which provides the following problem instance for temporal projection.

o P ={X1, X5, X3, Xy, X5, X, X5, Xs}. X, 1 <i <8, is a condition model-

ing the job shop environment.

o & = {thy,thy, ths, thky, tks, thke}. For simplicity, we use tk; to denote the event
of performing the primitive task tk; also. Figure 5.2 display the causal rules

associated with the individual events.

o Figure 5.1-c depicts the ordering constraints O on £. For convenience, we
also refer to £ as R. The events in the three event subsets R-, Rg, and Ry
must occur as three atomic groups, where Ry = {tk;,tks}, Rs = {tks,tks},
Rg = {tks,tks}. The events in Rg must occur before the eventsin R;. Event

tks must occur before event tks.

e We assume that in the initial state sg all conditions are initially true.
o G = ((Xy, false)(Xz, false)(Xy, false)(X5, false)( X7, false)(Xs, false)).

e Our task is to (1) determine the existence of an event sequence q in Q%
that may end in a goal state, in which the goal G is true, and (2) if such a q
exists, generate q and determine the rules applied by the individual events

to enter a goal state.

5.2 Tradeoff in Computational Complexity

In the following, we show that (1) the kinds of events, (2) the ordering constraints
on events, and (3) the size of the state space all contribute to the computational

complexity. First we define the following terms.

Classifying Events:
A one-rule event is associated with a single rule that is applicable in exactly one
state and maps that state to a distinct state. A two-rule event is associated with

two rules, each of which is applicable in exactly one state and maps that state to
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tk

Domain variables={%, X5, X3, X4, X5, Xg, X7, Xg}

tk7 =

tk8=

Directly relevant variables{X 1, X5, X3}

tky = {(<X ptrue><X true>)— (<Xy,false><X, false><xg,true>)

(<Xypfalse>)- (),  (<Xpfalse>)- ()}

tko= {(<X 1,true><Xg true>)— (<X, false><Xg, false><X,true>)

(<Xyfalse>)- (),  (<X3false>)- ()}

Directly relevant variables{X 4, X5, Xg}

tka= {(<X 4 true><X,true>)— (<X, false><Xg,false><x;, true>)

(<Xgfalse>)- (), (<Xg,false>)- ()}

tka= {(<X g true><Xg true>)— (<X 4 false><X, false><X true>)

(<X false>)- (),  (<Xgfalse>)- ()}

tkgz

Directly relevant variables{X ;, X4 X7, Xg}

tks= {(<X 1, false><X;, true>)— (<Xq,true><X, false><)¢,false>)

(Xptrue>)— (),  (<Xyfalse>)- ()}

tke= {(<X pirue><xy false>)- (<Xq,false><X, true><Xg, false>)

(<Xyfalse>)- (), (<Xgtrue>)- ()}

Figure 5.2: The events and causal rules in the jobshop example
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(Theorem 5.3) (Theorem 5.2)

Y \ \ v

General actions One-rule actions General actions

A polynomial-size state spaceA polynomial-size state spaceA constant-size state space
Partially ordered as a constantrotally unordered Partially ordered

number of chains (Theorem 5.4) (Theorem 5.6)

(Theorem 5.5)

Polynomial-time solvable

Figure 5.3: Complexity trade-off in temporal projection

a distinct state. In general, an event can have multiple rules, each of which can

map many states to states other than themselves.

Classifying Ordering Constrints:

Given a set of events &£, we say that & is partially ordered if £ is constrained by
an arbitrary partial order <; we say that &£ is partially ordered as m chains if (1)
£ can be partitioned into m disjoint event subsets, (2) the events in each subset
are totally ordered as a chain, and (3) the events in the entire set £ can only be
ordered by interleaving these m chains; we say that & is totally unordered if every

total order on the set of events £ is possible.

Classifying the Sizes of State Spaces:

Given a set of events £ and a set of conditions P, we say that the state space Sp
is of constant size if P is composed of O(1) number of conditions; we say that the
state space is of polynomial size if P is composed of O(log |€|) number of condi-
tions; and we say that the state space is of exponential size if P is composed of

O(|€]) number of condition.
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Figure 5.3 displays the complexity trade-offs regarding events, ordering con-

straints, and state spaces, where

e events are categorized as either one-rule events, two-rule events or general

events according to how they trigger state transitions;

e events can be either (1) partially ordered as a constant number of chains,

2) totally unordered. or (3) constrained by an arbitrary partial order:
Y ) Y yp ;

e a state space can be either constant-size, polynomial-size, or exponential-

size with respect to the number of events.

Given an instance of the temporal projection problem, we can first guess a
solution event sequence q and the rules applied by the individual events. We
can then verify in polynomial time whether a goal state is reached immediately

following . Therefore we have the following lemma.

Lemma 5.1 The temporal projection problem is in NP.

When there is no structure in event ordering, the following two theorems indi-
cate that we have very limited ability to deal with a polynomial-size state space

determined by O(log |€|) number of conditions.

Theorem 5.2 Temporal projection regarding two-rule events, totally unordered,

with a polynomaial-size state space is NP-Complete.

Theorem 5.3 Temporal projection regarding one-rule events with an arbitrary

partial order and a polynomial-size state space is NP-Complete °.

Corollary 5.1 Temporal projection regarding general events with an arbitrary

partial order and an exponential-size state space is NP-Complete.

3Nebel and Backstrom [NBY2] prove the NP-Completeness of a closely related case. Their
proof technique is adapted here to prove Theorem 5.3
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The following three theorems demonstrate that temporal projection is more
tractable when we have (1) available structure in causal rules or event ordering
or (2) a small state space. These complexity results motivate our effort to exploit
inherent locality in event ordering and the dependencies among conditions and

events.

Theorem 5.4 Temporal projection regarding one-rule events, totally unordered,

with a polynomial-size state space is solvable in polynomial time.

Theorem 5.5 Temporal projection regarding general events partially ordered as
O(1) number of chains of length O(|E]) or O(log |E]) number of chains of O(1)

length with a polynomial-size state space can be solved in polynomial time.

Theorem 5.6 Temporal projection regarding general events with an arbitrary

partial order and a constant-size state space is solvable in polynomial time.

5.3 Locality in Multi-level Task Networks

When totally unordered, events can occur in an arbitrary order. However, there is
locality in event ordering if the occurrences of events or groups of events closely
relate to one another. Several closely related events may always occur as an
atomic group; an event not in the group either occurs before or after the group.
Similarly, several atomic groups may always occur as a macro atomic group.
Consequently locality in event ordering can be introduced at many levels. This is
the case in a multi-level task network. In the following, we model locality in event
ordering when performing a mult-level task network using a region hierarchy and
a set of regional ordering constraints.

Event Regions:

Given a set of events £ and a set of ordering constraints O on &£, a subset X of &£
forms a region if and only if the events in X occur as an atomic group while an
event not in X occurring either before or after the events in X. The entire set of

events £ and {e} for every event e in £ are regions by themselves.
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In Figure 5.1, R; = {tk;} for every primitive task tky, tko, ..., tke,
Rr = {tkq, thy},
Rs = {tks, thy},
Ry = {tks,tks}, and R = R;|J Rs|J Ry are all regions.

A Region Hierarchy:
A region X is a child region of a region Y and Y is the parent region of X if and
only if Y is the smallest region that contains X as a proper subset. A region X is
a descendant region of a region Y and Y is an ancestor region of X if and only if
X is a proper subset of Y. A region hierarchy is a set of regions in which for any
two regions either they are disjoint or one is a descendant region of the other.
In Figure 5.1, R; = {tky,tks}, Rs = {tks,tks}, and Ry = {tks,tks}, are the
child regions of R = R;J RsU Ry. {tk1} and {tky} are the child regions of R;.
{tks} and {tk4} are the child regions of Rs. {tks} and {tke¢} are the child regions
of Ry. Together, they form a region hierarchy, which is depicted in Figure 5.1-c

as a tree.

Regional Ordering Constraints:
The set of regional ordering constraints Or on a region R is a pair (o, <), where
o ={Ri,R,y,...} is the set of child regions of R, and < is a partial order on o.
The events in R; must occur before the events in R; if R; < R;.

In Figure 5.1, the possible event sequences are determined by the region hi-
erarchy and the following regional ordering constraints:
On, = ({{th 1, {th:11,0), On, = ({{ths}, {1k, 11, 0),
Or, = ({{tks}, {tke}}, {{tke} < {tks5}}), and Or = ({Rr, Rs, Ry}, {Rs < R:}).

A multi-level task network can be viewed as a region hierarchy with a set
of regional ordering constraints. A primitive task in the task network is an
event, which is a disjunction of several STRIPS-like operators and it changes
the system state by using exactly one of the applicable operators. Tasks are

organized as a hierarchy of event regions. The task associated with a region R
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can be decomposed into the tasks associated with the child regions of R, and so
on hierarchically. The tasks associated the child regions of a region R may be

constrained by a partial order, but cannot be interleaved.

5.4 Causal Dependency in Multi-level Task Net-

works

Events affecting all conditions are rare. Instead, events tend to affect or be
affected by a subset of the set of conditions P. If a condition p is irrelevant to
the events in a region R, we do not need to directly concern ourselves with p in
reasoning about the changes caused by the events in region R. This can result
in significant computational savings.

Causal Dependencies:

A condition p is dependent on a causal rule @ — [ if p appears in a or in 3. A
condition p is dependent on an event e if p is dependent on a causal rule associ-
ated with e. A condition p is dependent on a region R if p is dependent on an

event in R.

Problem Decomposition:
In Figure 5.1-b and Figure 5.1-c, the conditions X;, X3, and X3 are dependent
on region R;, but independent of region Rs; the conditions X, X5, and Xg are
dependent on region Rg, but independent of region R;. If region Ry were absent,
we could decompose the problem instance into two independent parts: one with
region R; and the conditions X7, X5, and X3; the other one with region Rg and
the conditions X, X5, and Xg. However, through the conditions X; and X,
respectively, region Rg interacts with the regions R; and Rg. This complicates
the interactions among these three regions.

In general, two disjoint regions interact with one another through a few condi-
tions that are dependent on both regions. In this situation, problem decomposi-

tion must be achieved by carefully exploiting structure in the causal dependencies
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Figure 5.4: The condition subsets characterizing the causal dependencies among
regions

among regions. In this section, we investigate the notions of the subgoals and ab-
stract events of regions. These two notions reflect locality in causal dependencies.
Using subgoals and abstract events, we are able to decompose the task of tem-

poral projection into a sequence of local searches in individual regions.

5.4.1 Subgoal Conditions and Problem Decomposition

Given a region hierarchy, we can identify the local conditions and subgoal condi-
tions of each individual region, which allows us to define the subgoals of regions.
Local Conditions and Subgoal Conditions:

A condition X; is a local condition of region R if and only if X; is dependent
on R but not dependent on any events outside R. A condition X, is a subgoal
condition of a region R, if and only if (1) X; is a local condition of region R, and
(2) X, is not a local condition of any child regions of R. Figure 5.4 displays the
local conditions and subgoal conditions of the individual regions in the jobshop
example.

The following lemmas directly come from the definitions of local conditions
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and subgoal conditions.

Lemma 5.2 If X; is a local condition of a region R, the value of X; can only be
locally affected by the events in R. The value of X; immediately before the events
in R occur is the same as X;’s initial value. Immediately after all of the events

in R have occurred, the value of X; will not be further changed.

Lemma 5.3 If X; is a subgoal condition of a region R, then R is the smallest
region containing X; as a local condition. The sets of subgoal conditions of dif-
ferent regions are mutually disjoint and together they form a partition of the set

of conditions P.

Lemma 5.4 The set of local conditions of a region R is the union of the local

conditions of R’s child regions and the subgoal conditions of R.

Regional Subgoals:

Given a goal G, the regional subgoal Gr of a region R is composed of the condi-
tion/value pairs in G whose condition components are local conditions of region
R. The incremental subgoal G of region R is composed of the condition/value

pairs in § whose condition components are subgoal conditions of region R.

The following theorem indicates the relationship between the goal and the

regional subgoals.

Theorem 5.7 The goal G is true immediately after all events have occurred if
and only if for each region R, the regional subgoal Gr of R is true immediately

after all of the events in R have occurred.

By Lemma 5.4 and the definition of regional subgoals and incremental sub-

goals, we have the following lemma.
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Figure 5.5: The regional subgoals and incremental subgoals of individual regions

Lemma 5.5 The regional subgoal Gr of a region R is the union of the regional

subgoals of R’s child regions and the incremental subgoal Gr of region R.

By Lemma 5.5, we have the following corollary of Theorem 5.7.

Corollary 5.2 In order to achieve goal G, for each region R the regional subgoals
of R’s child regions should be true respectively as soon as all of the events in the
individual child regions have occurred; the incremental subgoal Gr should then be
true immediate after all of the events in region R have occurred. Otherwise, the

goal G cannot be true after all events have occurred.

Figure 5.5 depicts the incremental subgoals and the regional subgoals in the
problem instance corresponding to the jobshop example. For example, the re-
gional subgoal of Rg is ((X5, false)), which indicates that condition X5 must be
false immediately after all of the events in Rg have occurred. The goal G is equal
to the regional subgoal Ggr of the root region R, which contains all events in the
problem instance. To achieve the goal G (i.e. Gr), (1) the regional subgoals of
regions Ry, Rg, and Rg must be achieved respectively as soon as the individual
regions are finished, and then (2) the incremental subgoal for Gr must be achieved

immediately after all events have occurred.
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5.4.2 Abstract Conditions and Abstract Events

Given a region hierarchy, we can identify the abstract conditions of each re-
gion, which allows us to define the abstract event of the corresponding region.
Figure 5.4 displays the abstract conditions of individual regions in the jobshop

example.

Abstract Conditions:
A condition X; is an abstract condition of region R if X; is (1) dependent on at
least one event in R, and also (2) dependent on at least one event not in R.

Both the events in R and the events outside R can affect and be affected by
the values of the abstract conditions of R. Therefore the set of abstract conditions
of R is the media for inter-regional interactions between the events in R and the
events outside R. For example, in Figure 5.1 the events tky and tks in region R;
interact with the events outside R; through the abstract condition X; of R;.

The number of the abstract conditions of a region R is a measure of the
locality regarding the causal dependencies between the events in R and the events
outside R. If region R does not have any abstract conditions, all of the conditions
involved in the events of R are local conditions of R. In this case, the events in
R together with the local conditions of R can be separated from the other events
and conditions to form an independent problem instance.

The effects of the events in a region R can only affect and be affected by
the local conditions and the abstract conditions of R. Since the values of the
local conditions of R immediately before the events in R occur are the same as
their initial values, the state transitions triggered by the events in a region R are
determined by two factors: (1) the values of the abstract conditions of R imme-
diately before the events in R occur, and (2) the ordering of the events in R. To
achieve the regional subgoals Gr, (1) the set of abstract conditions of R must
have appropriate values immediately before the events in R occur, and (2) the
events in R must be properly ordered. In turn, these two factors also affect the
values of the abstract conditions of R after achieving the regional subgoals Gr.

This information about the possible preconditions and their effects on the values
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of the abstract conditions can be compiled as an abstract event in achieving the
regional subgoal. Before we define the abstract event of a region, we introduce

the following terms.

Abstract States:

For an arbitrary subset A = {p1,...,pn} of the set of conditions P, A determines
an abstract state space Sy = {true, false}". The values of the conditions in A
at a specific point in time determines an abstract state in S4. An abstract state
u of A is represented as a vector (vy,...,vy) where v;,1 < ¢ < h, indicates the

value of condition p;.

Expressions and Abstract States:
Let (1) A and B be two subsets of the set of conditions P, A C B, and (2) u be an

abstract state in Sg. o' denotes the expression {(p;, v;)|p; € A, v; is the value of

pi in u}.

a? is an expression that encodes the information about the values of the

conditions in A4 in an abstract state u. In the following, we formally define the

abstract event of a region.

Abstract Relation Ap:

Consider a region R where A is the set of abstract conditions of R, and O is the
set ordering constraints. Ap is relation on S X S4 where (u,v) € Ag if and only
if there exists an event sequence q in Q& such that (1) u is the abstract state in
S immediately before the events in R occur, (2) v is the abstract state in S4

immediately following q, and (3) the regional subgoal G is achieved in v.

Abstract Events:
An abstract event e of a region R is associated with a set of causal rules where

A A
a, —>Oév

is an associated rule if and only if (u,v) is in Ag.
The abstract relation Apr provides the information regarding the possible

preconditions and their effects on the abstract conditions of R in order to achieve
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R | Ar={0- 0}
Ry Rg

aR7 ={(<Xy,true>)— (<X false>)} aRg (<X g true>)— (<X false>)}
Rg
aR9 ={(<Xy,true><X, false>)- ()}

R, Ry R3 Rq
aR1: tk]_ aR2 = tlé aR3= tk3 aR4 = ﬂg
Rs Rg
aR5: {(<X 1, false><Xy, true>) aR6= {(<X 1, true><Xy false>)
o (=Xqtrue><Xy, false>)} o (<Xy false><Xy,true>)}

Figure 5.6: The abstract events of individual regions

the regional subgoals Gr. The abstract event er compactly represents Apr by
abstracting away the information in Ap about the local conditions of region
R. The abstract event er is what we need to reason about the inter-regional
interactions between the events in R and the events outside R. An algorithm to
derive abstract events is provided in Section 7.

Figure 5.6 displays the abstract events of the regions regarding the jobshop
example. At the top level, the global region R has no abstract conditions. There-
fore () — () is the only rule associated with the abstract event of the root region
R. At the second level, it is not hard to see that X; and X; must be true im-
mediately before the events in region R; and region Rg respectively to achieve
the regional subgoals that X, is false in R; and X5 is false in Rg respectively,
and consequently X; and X4 must be false immediately after region R; and re-
gion Rg is finished respectively. This gives us the abstract events er, and eg,
described in Figure 5.6. In region Ry, (1) tks must occur before tks, (2) Xs
must be false immediately after tkg occurs, and (2) X7 must be false immediately
after tks occurs. Therefore, X; must be true and X, must be false immedi-
ately before tkg occur so that the first rule associated with tkg can be applied
to make Xy false. This also makes X; false and X, true immediately before tks
occurs. When tks occurs following tkg, it applies the first rule to make X7 false

and also restores X; to be true and X, to be false. This gives us the abstract
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event ep, = {((X1, true)(Xy, false)) — ()}. Similarly, we can derive the abstract

events for the remaining regions in Figure 5.6.

5.4.3 Coupling Conditions and Localized Reasoning

In the following, we describe the coupling conditions of a region, which are the
media for the inter-regional interactions among the child regions of R. Rather
than considering the entire set of conditions P, we only need to focus on the

coupling conditions of a region R when reasoning about the events in R.

Coupling Conditions:
A condition X; is a coupling condition of region R if and only if (1) region R is
composed of two or more events and X; is an abstract condition of a child region
of R, or (2) region R is composed of a single event e and X, is dependent on
event e.

Figure 5.4 depicts the coupling conditions of the individual regions in the job-
shop example. For example, the three child regions R;, Rg, and Ry of region R

interact with one another through the coupling conditions X; and X, of region Ry.

The child regions of a region R are coupled together through the coupling
conditions of R. This is because by definition the union of the conditions appear-
ing in these abstract events is exactly the set of coupling conditions of R. On
the other hand, to derive an abstract event of region R, we need to reason about
the values of the abstract conditions and the subgoal conditions of R, and their

union is again the set of coupling conditions according to the following theorem.

Theorem 5.8 The set of coupling conditions of a region R is the union of two
disjoint subsets: the set of abstract conditions of R and the set of subgoal condi-

tions of R.
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5.5 Localized Temporal Projection Using Sub-
goals and Abstract Events

In this section, we reduce temporal projection into a sequence of local searches,
in each of which we are concerned with the subgoal of a region R and the abstract

events of the child regions of R.

5.5.1 Temporal Projection as Global Search

First of all, we describe how to formulate temporal projection as search. Given
an instance of the temporal projection problem I = (P, &, 0, so,G), the search
graph is a directed graph G; = (V, A) that encodes the information of time,
states, events in its vertices and arcs. Temporal projection is reduced to a graph

reachability problem in the search graph.

Time and States:

The set of vertices V' represents the possible system states at different phases of
the system’s evolution. Each vertex contains two components: (1) a system state,
and (2) a record indicating whether the individual events in & have occurred or

not.

Events:

The set of arcs A represents the occurrences of events at different phases of the
system’s evolution. We construct an arc (w,v) in A if (1) by applying a causal
rule r, an event e can cause a state transition from the state encoded in vertex u
to the state encoded in vertex v, (2) e can occur immediately after those events
that are marked as having occurred in vertex u without violating the ordering
constraints in O, and (3) in vertex w, e is marked as having not occurred yet
while in vertex v, e is marked as having occurred. In addition, we associate a
rule-tag (e,r) with such an arc (u,v) to indicate that by applying rule r, event
e can cause a state transition from the state encoded in vertex w to the state

encoded in vertex v.
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Root Vertex and Goal Vertices:
The root vertex ug is the vertex in which no events have occurred yet, and the
state in ug 1s the initial state sg. A vertex t is a goal vertex if all events have

occurred in vertex t and the state in ¢ is a goal state.

Temporal Projection as Search: The task of temporal projection can be viewed
as a search for a path from the root vertex uy to any goal vertex ¢t. Since an arc
in G; = (V, A) models the occurrence of an event, such a path corresponds to a
possible event sequence immediately following which we reach a goal state. The
rule-tags on the arcs tell us the rules applied by the individual events to enter

the goal state.

The following procedure Temporal-Search provides the details of temporal
projection as search. Our localized algorithm utilizes this procedure for local
search.

Procedure Temporal-Search

input: an instance of temporal projection problem I = (P, €&, O,s0,G).
output:

(1) a set F' composed of the goal states that can be entered immediately following
some event sequences in Q%;

(2) an event sequence q in Q5that ends in a goal state f in F;

(3) the rules applied by the individual events in q to enter the goal state f;

(4) a trajectory tq of q that ends in the goal state f.

1. Partition the set of events £ into m chains where the ith (1 <7 < m) chain
is composed of [; events that are totally ordered as a chain according to the
ordering constraints in O. Construct a directed acyclic graph Gy = (V, E)
in step 2 and step 3.

2. Construct the vertex set V of Gy
Each state s in Sp is mapped to ] ;<,,, (1+1;) nodes, each of which indicates

a specific phase in the system’s evolution. A vertex ¢ in V is of the form
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(8,21,%2,...,%m). s (s € Sp) indicates the corresponding state in vertex
t.o2; (0 <a; <1;; 1 <1< m)isa counter for the ith chain; z; indicates
that the first x; events in the ¢th chain have occurred while the remaining
events in the ith chain have not occurred yet. These vertices comprise the

vertex set V of G7.

3. Construct the arc set A of Gy:

Add an arc from (s, x1, 22, ..., k1, Tk — 1, Thg1, ..y Tm) tO

(t, 21, @2y oy Xhe1y Ty Thp1y - - - Tm) if (1) € is the x4th event in the kth
chain, (2) e can trigger a state transition from s to t by applying a causal
rule r, and (3) e can occur immediately after the first xx — 1 events in
the kth chain and the first x; events in the ith chain (1 < ¢ < m,i # k)
without violating the ordering constraints in O. In addition, we associate a
rule-tag (e, r) with this arc to indicate that event e can trigger such a state
transition by applying causal rule r. These arcs comprise the arc set V' of

G, and model all possible situations regarding the occurrences of events.

4. In the following, we reduce the task of temporal projection to graph reach-
ability. We can apply any standard graph-reachability algorithms to derive

a solution.

o Search the graph Gj. A goal state t can be reached immediate after
an event sequence in Q% if and only if the goal vertex (t,11,l5, ... 1,)
is reachable from the root vertex (s,0,0,...,0) in graph G;. Add such
a state t to the set F.

e Search for a directed path from the root vertex (s,0,0,...,0) to an
arbitrary goal vertex (f,l4,l2,...,l). The arcs in the directed path
give us an event sequence ¢ that ends in the goal state f, and the
rule-tags of the arcs tell us the rules applied by the individual events
in q to enter f. The state components of the vertices in the path give

us a trajectory of q which ends in f.

Theorem 5.9 The search graph Gy = (V, E) constructed in procedure Temporal-

Search s a directed acyclic graph. If we adopt a trivial partition that considers
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each individual event as a chain, the search graph Gp contains 2/PIHEl vertices.

In this case, the procedure Temporal-Search runs in O(22UPIFED) time,

5.5.2 Temporal Projection as a Sequence of Local

Searches

In the following, we present a localized temporal projection algorithm. In this al-
gorithm, two procedures are systematically called region by region: (1) procedure
Abstract-Event, which derives an abstract event of a region, and (2) procedure
Generate-Sequence, which recursively generates an event sequence to achieve the
regional subgoal of a region. Both procedures in turn call procedure Temporal-
Search to conduct local search. For a region R, the following causal knowledge
(ARr,Ur,Cr,so, Gr, Xn, Og) is provided as input to procedure Abstract-Event and

procedure Generate-Sequence, where

o Ap is the set of abstract conditions of R;

o Up is the set of subgoal conditions of R;

o Cr = Ar UUp is the set of coupling conditions of R;
® g is the initial state of the problem instance;

e Gp is the incremental subgoal of R;

e if R contains more than one event, Xr is the set of abstract events Xr of

R’s child regions; otherwise X'g is composed of the single event in region R;

o Ogr is the set of regional ordering constraints on the child regions of R.

Procedure Localized-Reasoning

input: a problem instance (P, &, O, sq, G).

output: Report an event sequence q in Q% and the rules applied by the events
in q such that we enter a goal state immediately following ¢ if such an event

sequence exists; otherwise, report that such a sequence does not exist.
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1. Establish the following causal knowledge by scanning through the problem
instance: (i) the regions, the region hierarchy, and the regional ordering
constraints, (ii) the local conditions, the subgoal conditions, the abstract
conditions and the coupling conditions of individual regions, (iii) the re-

gional subgoals and incremental subgoals of individual regions.

2. Starting from the bottom level of the region hierarchy, call procedure Abstract-
Event as described in Step 3 for each region at the same level; proceed in

the same way level by level until the root region at the top level is done.

3. For each region R, call procedure Abstract-Event to determine the possi-
bility of achieving the regional subgoal of R. If the regional subgoal cannot
be achieved, abort the computation and report the infeasibility of achieving
the goal G; otherwise, derive and propagate the abstract event ep to R’s

parent region.

4. Call procedure Generate-Sequence with a pair of empty abstract states
((),()) and the causal knowledge (Ag,Us,Ce, S0, Ge, X, O¢) associated with
the root region & as input. Procedure Generate-Sequence recursively gener-
ates an event sequence q and the rules applied by the events in q to achieve

the goal G.

Procedure Abstract-Event

Input: the causal knowledge (Ag,Ur,Cr, so,Gr, Xr, Or) associated with region
R.

Output: if the incremental subgoal of R can be achieved, report the abstract
event ep; otherwise, stop and report the infeasibility of achieving the regional

subgoal.

1. Determine the set S of the possible abstract states in Se¢, immediately
before the events in R occur, where the values of the subgoal conditions in

Upr must be the same as their initial values in sg.
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2. For each abstract state s in S, construct a new instance of the temporal pro-
jection problem (Cr, Xr, Og, s, QNR> regarding the set of coupling conditions
Cr, the set of abstract events X'g, the set of regional ordering constraints
ORr, the possible abstract state s immediately before the events in R occur,

and the incremental subgoal Gp.

3. For each new instance (Cr, Xr, Or, s, QNR>, call procedure Temporal-Search
to derive F', the set of reachable goal states in S¢, regarding this new

instance. Add the pairs (s,f) for each f in F into Ap.

4. If the set Ap is empty, we report the infeasibility of achieving the incremen-
tal subgoal. Otherwise, compile Ag into an abstract event eg by associating

a causal rule af'® — oz}‘tR with ep for each pair of abstract states (s,f) in

Ap.

Procedure Generate-Sequence

Input:

(1) the causal knowledge (Ar,Ur,Cr, so, Gr, Xn, Ogr) associated with region R;
(2) a pair of abstract states (s’,f’) in S, where s’ and f’ are the abstract states
immediately before and after the events in R occur as a group respectively.
Output: an event sequence q in QZ and the rules applied by the events such
that if the abstract state s’ is true immediately before q, immediately following

q the abstract state is changed to f’ and the regional subgoal Gg is true.

1. Determine the abstract states s in S¢, where (i) the values of the conditions
in Ap in s are the same as those in abstract state s’, and (ii) the values of

the conditions in /g in s are the same as their initial values in sg.

2. Construct a new instance of the temporal projection problem
(Cr, X, OR,S,QNR> regarding the set of coupling conditions Cg, the set of
abstract events X, the set of regional ordering constraints Opg, the pos-
sible abstract state s immediately before the events in R occur, and the

incremental subgoal G.
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. For the new instance (Cr, X, (’)R,S,QNR>, call procedure Temporal-Search
to derive an event sequence ¢’ in Qgg that ends in a reachable goal state
f where (i) the incremental subgoal Gr is true in f, and (ii) the expression

ozf“f}R is true in f.

. Also use procedure Temporal-Search to determine (i) a trajectory tq of ¢
that starts in s and ends in f, and (ii) the rules applied by the events in ¢’
that results in the trajectory tq. The ordering of the abstract events in ¢’

determines a total order on the child regions of R.

. For each child region R’ of R, according to the trajectory tq of q' derived
in Step 3, determine the abstract states § and f in S a,, immediately before

and after the abstract event of R’ in ' occurs respectively.

. For each child region R’ of R, (i) prepare the pair of abstract states (5,%)
derived in Step 5 and the causal knowledge (Ap:,Ur:,Crr, so, Gri, Xp, Orr)
associated with R' as input, and (ii) call procedure Generate-Sequence to
derive an event sequence over R'. Concatenate these event sequences over
the child regions of R’ into an event sequence q according to the total order

on R’s child regions derived in Step 4.

. For each event e, determine the rule applied by event e according to the rule
selected in Step 4 when procedure Generate-Sequence is recursively called

to handle the region {e}.

Theorem 5.10 Procedure Localized-Reasoning is sound and complete.

We illustrate the use of the localized algorithm in solving the jobshop exam-

ple. First, we derive the following knowledge by scanning through the problem

instance: (1) the region hierarchy as depicted in Figure 5.4; (2) the local condi-

tions, the subgoal conditions, the abstract conditions and the coupling conditions

of the individual regions as depicted in Figure 5.4; and (3) the regional subgoals

and incremental subgoals of individual regions as depicted Figure 5.5.
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Second, starting from the bottom level of the region hierarchy, we call pro-
cedure Abstract-Event to derive the abstract events of regions as depicted in
Figure 5.6. We proceed level by level until we reach the root region W at the top
level. Since we can successfully derive the abstract event for every region, there
exists an event sequence q in Q%to achieve the goal.

Finally, we call procedure Generate-Sequence to recursively derive an event se-
quence q in Q% to achieve the goal. The procedure Generate-Sequence recursively
generates the following orderings (Rs, Ry, Rr7), ({tks}, {tks}), ({tke}, {tks}), and
({tk1}, {tk2}) for the child regions of the regions R, Rs, Ry, and R; respectively.
This gives us an event sequence q = (tks,tky,the,tks, thy,tky) as an event se-
quence in Q5 to achieve the goal. The causal rules applied by the events in q as
a sequence are the first rule, the second rule, the first rule, the first rule, the first

rule, and the second rule of the events respectively.

5.6 Quantitative Analysis of Computational Ef-

ficiency

We first define the interaction measure of a problem instance, which is used to
quantify the computational efficiency of procedure Localized-Reasoning in the

problem instance.

Measure of Causal Interactions:

Given the region hierarchy determined by an instance of the temporal projection
problem, we define the branching factor br of a region R to be the number of
child regions of R, the coupling factor cg of a region R to be the number of
coupling conditions of R, and the interaction measure £ of the problem instance

to be maxg (br + cr).

The interaction measure £ indicates the magnitude of the interactions among
regions. A large interaction measure £ indicates the existence of regions with

many child regions or large sets of coupling conditions, which implies complicated
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interactions among regions. Instead, a small interaction measure £ indicates that
the causal interactions are well structured and localized in individual regions. In
other words, small interaction measure £ implies strong locality in the problem

mstance.

Theorem 5.11 Given an instance of the temporal projection problem, procedure
Localized-Reasoning runs in O(n x 8%) time, where n is the size of the event set

E, and L s the interaction measure of the problem instance.

By Theorem 5.11, the worst-case performance degrades to be exponential in
n when the branching factor or the coupling factor is of O(n) size, where n is the
size of the event set €. This is as expected, because (1) a set of totally unordered
events £ corresponds to a single region containing the individual events as child
regions, where the branching factor is of O(n) size, and (2) temporal projection
regarding totally unordered events is NP-complete even in very restricted cases
as shown in Theorem 5.2.

On the other hand, our localized algorithm can exploit the locality inherent
in problem instances to bring about computational efficiency. When there is
strong locality in a problem instance, the interaction measure £ is small. In this
situation, our localized reasoning algorithm can substantially expedite temporal
projection. The following two corollaries of Theorem 5.11 demonstrate the com-

putational savings gained by exploiting locality.

Corollary 5.3 When the interaction measure L is of O(1) magnitude, the tem-
poral projection problem can be solved by procedure Localized-Reasoning in O(n)

time, where n s the size of the event set £.

Corollary 5.4 Corollary 5.4. When the interaction measure is of O(logn) mag-
nitude, the temporal projection problem can be solved by procedure Localized-

Reasoning in time polynomaial in n, where n is the size of the event set &.
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Consider a situation in which (1) every region except for the regions containing
only a single event has b child regions, and (2) for each region the child regions

of the region are totally unordered.

e There are bl("=D/(=1) pogsible total orders on events, where n is the size
of the event set £. It is infeasible to exhaustively examine this super-

polynomial number of possible total orders one by one for a solution.

e However, procedure Localized-Reasoning can derive a solution in linear time
if (1) b= O(1) and (2) every region has only O(1) number of conditions that
are dependent on both the events in and the events not in the region. The
interaction measure £ in this case is of O(1) magnitude. This is because
for each region R (1) bg = b = O(1) and (2) the coupling factor ¢ is no
more than the sum over the O(1) numbers of the abstract conditions of R’s

child regions according to Theorem 5.8.

e Similarly, procedure Localized-Reasoning can derive a solution in polyno-
mial time if (1) b = O(log n) and (2) every region has only O(log n) number
of conditions that are dependent on both the events in and the events not
in the region. The interaction measure £ in this case is of O(logn) mag-
nitude. In both cases, procedure Localized-Reasoning provides substantial

computational savings.

5.7 Related Work

The related work on the representation of time and temporal reasoning is exten-
sive. There are several formalisms that can represent the temporal relationship
among a set of points or intervals in time [AlI83] [Vil82] [MB83] [Dea84]. Rea-
soning about the consequence of events using the logic-based event calculus can
be found in [KKS86] [Chi94]. The idea of structuring ordering and causal knowl-
edge to speed up temporal reasoning is also present in maintaining knowledge
about temporal intervals [AlI83] [GS93] [KG77] and in the event calculus [Eva90]
[Mea92].
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The use of subgoals and abstract events in Chaprer 4 is inspired by the similar
notions of subgoals and abstraction used in search [Kor87] and in abstract and
hierarchical planning [Sac74a] [Chr90] [Kno9la] [YT90] in reducing the overall
search effort. The idea of using localized reasoning to exploit locality is also
studied by Lansky in GEM [Lan88] in event-based planning. In GEM, locality
is similarly modeled by sets of interrelated events delimited by temporal logic

constraints.

5.8 Summary

In this chapter, we formally describe a dynamical system modeled by a set of
conditions, a set of events, and a set of ordering constraints on the events. The
system state at a point in time is determined by the values of a finite set of
conditions. We represent an event as a disjunction of STRIPS-like operators.
The system evolves through a sequence of state transitions as the events occur
and change the values of conditions. We are concerned with deriving an event
sequence consistent with the ordering constraints to achieve a goal. We identify
the factors affecting computational complexity and demonstrate the complexity
trade-offs involving these factors. Our complexity results indicate that we have
very limited ability to consider a large number of conditions at a time. To ex-
pedite temporal projection, we investigate locality in event ordering and causal
dependency. Locality allows us to focus on many smaller numbers of conditions
separately rather than considering the entire set of conditions at a time. The
locality in event ordering in a particular problem instance is modeled by a hier-
archy of regions. A region is a collection of closely related events which occur as
an atomic group. For each region, we can identify four characteristic condition
subsets, which reflect locality in causal dependencies. We develop a localized tem-
poral reasoning algorithm that determines a solution through a sequence of local
searches. The computational complexity of our algorithm is determined by the
locality of a problem instance. Our theoretical results demonstrate the substan-

tial performance improvement gained by exploiting locality. This work provides
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solid evidence of the usefulness of localized reasoning in exploiting locality.
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Chapter 6

Decomposition Techniques for

the Markov Decision Problem

(1)

Many goal-oriented planning problems can be modeled as Markov decision pro-
cesses with absorbing states. Goals specify target states as absorbing states and
the other states are transient states. Once reaching a target state, a process
stays in that state forever without cost [Der70] [KK71b] [KC74b]. At times the
underlying state space can be symbolically decomposed into regions that have
an acyclic interconnection. We refer to these regions as coherent fragments. A
Markov decision process will never end in a coherent fragment again after leaving
the fragment.

In this chapter, we develop a decomposition algorithm to exploit acyclic in-
terconnection among coherent fragments. Although every variable is relevant in
describing the action dynamics, usually only a subset of the state variables is
relevant to the action dynamics within a coherent fragment and the subsequent
trajectories after leaving that coherent fragment. In a coherent fragment, two
states are undistinguishable if they have the same configuration governing the
values of the relevant variables. Significant dimensionality reduction can be at-

tained by aggregating undistinguishable states in coherent fragments. This allows
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us to construct an equivalent but smaller Markov decision process for computing
an optimal policy.

For Markov decision processes compactly encoded as sequential decision net-
works, the strongly connected components of the networks are natural coherent
fragments. We empirically investigate dimensionality reduction gained by this
decomposition algorithm when solving Markov decision problems encoded as se-
quential decision networks. We employ three probabilistic models to generate
problem instances with parameters reflecting different levels of locality and de-
pendency. We then evaluate the effectiveness of this decomposition algorithm for

problem instances generated under different settings of the parameters.

6.1 Coherent Fragment and Locality

In this section, we formally define the coherent fragments in a Markov decision

process given a decomposition of the underlying state space into regions.

Interconnection among Regions:
We view a Markov decision process given a decomposition of the underlying state

space into regions as a directed graph H = (N, Ey) in the following way :
o cach node in Ny uniquely represents a region;

e arcs in Fp represent the interconnection among regions where a region R
is connected to a region R’ iff there exist (1) a state u in R, (2) a state v
in R', and (3) an action « such that taking action « in state u can ends in

state v with nonzero probability.

Coherent Fragments:

Given a Markov decision process and a decomposition of the underlying state
space into regions represented as a directed graph H = (Np, Ep), a coherent
fragment F is a subset of the regions that compose a strongly connected compo-

nent in H.
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The Directly Relevent Variables in a Coherent Fragment:

A variable X; is directly relevant in a coherent fragment F' if and only if there
exists an action a applicable in F' such that X; is directly relevant in encoding
action a. We use Vp to denote the set of directly relevant variables in a coherent

fragment F.

Interconnection among Coherent Fragments:

Given two coherent fragments F' and G, we say that G is a child of F'if and only
if at least one of the regions in F' is connected to a region in G. Naturally, we
can also define descendant fragments, parent fragments, and ancestor fragments
in a similar way. For a coherent fragment F, Children(F'), Descendants(F),
Parents(F'), and Ancestors(F') denote the sets of the coherent fragments that are

the children, the descendants, the parents, and the ancestors of F' respectively.

Fragment Graphs:

A fragment graph displays the interconnection among a set of coherent frag-
ments. Given a Markov decision process and a decomposition of the underlying
state space into regions represented as a directed graph H = (N, Ey), the frag-
ment graph (F, Er) of H is a directed graph where (1) F is composed of all
coherent fragments in H, and (2) (F, F') is a directed edge in Er if and only if
F' is a child fragment of F.

Example:

For the production-control decision network in Figure 3.3, we can aggregate the
states with the same decision step into a region. In other words, a decision
step symbolically represents a region. Figure 6.1 depicts the coherent fragments,
the directly relevant variables in coherent fragments, and the resulting fragment

graph.

Property 6.1 Given a Markov decision process and a decomposition of the un-

derlying state space into regions, the resulting fragment graph is acyclic. Any

85



Fragment F
{Directly relevant variables}xg

_> F1={d,d)}

? { X1, X2, X3, X4} _@

F,={d3,ds} F3={ds,dg}
{ X3, Xs, X, X7} { X4, X5, X5, Xg}

C3 EE——
F,={d;,dg}
{ X7, Xg, Xg, X10}

Figure 6.1: The fragment graph of the production-control decision network
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trajectory of the process can be divided into blocks such that (1) each block is
uniquely assoctated with a coherent fragment with no two blocks associated with
the same coherent fragment, and (2) each block is composed of some states in the

associated coherent fragment.

Property 6.1 directly follows from the definitions of coherent fragments and
fragment graphs. This is because as soon as the process leaves a state in a co-
herent fragment F' to enter a state in another coherent fragment, the process will
never enter any states in F' again. Often coherent fragments are loosely coupled
with one another since only a few state variables are directly relevant in a co-
herent fragment, and a coherent fragment interacts with its child fragments only
through a few state variables. This allows us to conveniently decouple a Markov

decsion problem into subproblems governing coherent fragments.

Example:

Consider the production-control decision network in Figure 3.3. There are four
coherent fragments, each of which fullfills a specific requirements on the final
values of the components.

First, we (1) start with control node Cgqpe, (2) enter coherent fragment F
through Cgape, and (3) alternate between decision steps dy and dy to improve
the values of at least one of X; and X, to one. As soon as this requirement is
satisfied, we enter fragment F, or fragment F3. Note that variables X; and X,
become irrelevant after leaving fragment Fj.

If the value of X4 has been improved to one when leaving fragment Fy, we (1)
enter coherent fragment F3 through control node C; and (2) alternate between
steps ds and d4 to improve the values of at least two of X3, X5 and Xg to one.
Otherwise, we (1) enter coherent fragment F5 through control node Cy and (2)
alternate between steps ds and dg to improve the values of all of X, X5 and Xg
to one. In either case, we leave fragment F; or fragment F3 to enter fragment Fy
with at least three of the four variables X3, X,, X5 and Xg are improved to one.
Note that X4, X5, and Xg become irrelevant immediately after entering fragment

Fy.
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Finally, we (1) enter coherent fragment Fy through control node Cs, (2) alter-
nate between steps dr and dg to improve the values of at least three of X7, Xg,

Xy and Xy to one, and (3) then finish the entire execution in control node Cepg.

6.2 Dependency among Coherent Fragments

It is rare that every variable is directly relevant in every coherent fragment. More
often, a variable is only directly relevant in a few coherent fragments interact with
some other variables that are in the other fragments. In the following, we analyze
dependency among coherent fragments by using several characteristic subsets of

state variables.

The Active Variables in a Fragment:

A variable X is active in a coherent fragment F' if and only if (1) X; is directly
relevant in fragment F, or (2) X, is directly relevant in an ancestor fragment of F
and also in a descendant fragment of F'. A variable X; is inactive in F' if X; is not

active in F'. We denote the set of active variables in a coherent fragment F' as Ap.

The Latent Variables in a Fragment:
A variable X is latent in a coherent fragment F if and only if (1) X is directly
relevant in at least one descendant fragment of F' and (2) X is neither directly

relevant in F' nor in any ancestor fragment of F.

The Passive Variables in a Fragment:
A variable X; is passive in a coherent fragment F' if and only if X; is neither

directly relevant in F nor in F’s descendant fragments.

Property 6.2 If variable X; is not active in a coherent fragment F', X, is either
latent or passive in F. If X; s passive in F, the value of X; will never change
at any time after the process enters fragment F, If X; s latent in F, the value

of X; remains unchanged after the process enters fragment F until the process
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enters a descendant fragment of F' in which X, is active.

The Terminal Variables between Two Fragments:

Given a coherent fragment F and a child coherent fragment G of F', a variable
X, is a terminal variable from F to G if and only if (1) X, is active in F', and (2)
X, is passive in G. We denote the set of terminal variables from fragment F' to
fragment G as Trg. Note that the variables in Trg become irrelevant immedi-

ately after the process enters fragment G from fragment F.

The Starting Variables between Two Fragments:

Given a coherent fragment F and a child coherent fragment G of F', a variable
X, is a starting variable from F to G if and only if (1) X is latent in F, and (2)
X; 1s active in G. We denote the set of starting variables from fragment F' to
fragment G as Spg. Note that the variables in Spg become relevant immediately

after the process enters fragment G from fragment F.

Property 6.3 Given a coherent fragment F and a child coherent fragment G of

F, we have the following equation :
Ag = Ar — Trg U Srg.

The Coupling Variables between Two Fragments:

Given a coherent fragment F' and a child coherent fragment G of F', a variable X;
is a coupling variable between F' and G if and only if X; is active in both F and
G. We denote the set of coupling variables between fragment F' and fragment
G as Cpg. The set of coupling variables Cr¢g is the media for the interaction

between two adjacent coherent fragments.

Property 6.4 Given a coherent fragment F and a child coherent fragment G of

F, we have the following equation :

A —Trg = Crg = Ag — Sre.
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Fragment F

{Active variables}: Ac

Leaving F to enter G .-G
{Terminal variables} : Eg

{Starting variables} : §£g
{Coupling variables} : Gg

Fp
{ Xq, Xo, X3, X4}

F>
{ X3, X5, X5, X7}

F3
{ X4, X5, Xe, Xg}

Figure 6.2: Dependencies among coherent fragments
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Figure 6.2 displays characteristic subsets of state variables for the production-
control decision network in Figure 3.3.
Consider the production-control decision network in Figure 3.3. Variables X and
X, are directly relevant only in fragment Fy, but indirectly affect the dynamics
in fragments Fy and F3 through variables X5 and Xy. This is because Xy and X,
directly interact with X3 and X, in fragment F; while X3 and X, are directly

relevant in fragments Fy and F5.

6.3 A Decomposition Technique to Exploit Co-

herent Fragments

Given a Markov decision process M, an initial state, and a decomposition of
the underlying state space into regions, the following procedure analyzes the de-
pendency structure among coherent fragments, constructs a reduced process M’,

and derives an optimal policy for M’ :

Procedure Reduced-MDP

input:

(1) a Markov decision process M = (S, A, Pr, Cost);

(2) an initial state ug,ug € S;

(3) a partition of the state space S into disjoint regions defined by a set of boolean
predicates governing the values of the state variables.

output:

(1) a reduced Markov decision process M’ = (S’ A, Pr, C(;st>;

(2) an optimal policy 7’ for the reduced process M’.

o Determine the interconnection among regions and derive the strongly con-
nected components of regions as coherent fragments. Determine the in-

terconnection among the coherent fragments. For each coherent fragment

F

Y
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1. determine the actions applicable in F' and the directly relevant vari-

ables in F';

2. determine the set of active variables Ap as the intersection of (i) the
union of the directly relevant variables of F and F’s ancestor fragments
and also (ii) the union of the directly relevant variables of F and F'’s

descendant fragments:

3. determine the other characteristic subsets of variables using the infor-
mation of the fragment graph and the subsets of active variables in
individual coherent fragments according to the definitions in the last

section.

o For each coherent fragment F', aggregate the states in F according to
the values of the active variables of F' to form a set of aggregate states
SubSpace(F), SubSpace(F) = [Iy,ca, x;- An aggregate state up =
(v}, %, ...) in SubSpace(F') represents as a whole the states in fragment F'
in which (i) #% is the value of the active variable X} in coherent fragment
F and (ii) the values of the latent variables in fragment F are consistent
with the corresponding values in the initial state ug .

e Return the following reduced Markov decision process M’ = (8’ A, Pr, Cost)
that respects the state-aggregation step above:

— The state space &', §' = Up SubSpace(F'), is the union of the aggregate
states in individual coherent fragments while the action space remains

unchanged.

— Within each fragment F, Pr and Cost compactly replicate the original
probability Pr and cost function Cost : for every pair of aggregate
states up and vp in SubSpace(F) pupv,(a) equals puy(a) and éy,v,.(a)
equals cyv(a) where (i) u is any state in F' aggregated into ug, (ii) a is

any action application in u, and (iii) v in F is aggregated into vy and

!By Property 6.2, those states in fragment F violating this requirement are not reachable
from the initial state at all and are thus ignored.
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also has the same configuration governing the values of the inactive

variables of F as u does 2.

— Between a coherent fragment F' and a descendant fragment G of F,
Pr and Cost are direct extensions from Pr and Cost respecting the
state-aggregation step : for every pair of aggregate states up and vg
(up € SubSpace(F), vg € SubSpace(G)) pupv, equals Yy puv Cupvg
equals >y puvcuy where (i) u is any state in F' aggregated into up,
(ii) @ is any action application in u, and (iii) the two summations are
over every state v in G that is aggregated into vg and has the same
configuration governing the values of the inactive variables of F' as u

does 3.

— As defined above, the new transition probability function Pr and the
new action cost function Cost can be directly determined by applying
the probabilistic operator representing the actions in A to the aggre-

gate states in S’

e Determine an optimal policy 7’ for the reduced process M’ fragment by
fragment until all coherent fragments are processed. For each coherent
fragment F' without any descendant coherent fragments or all of whose

descendant coherent fragments have been processed,

— construct a local Markov decision process MDP(F') whose state space
is the union of SubSpace(F') and Target(F'), where Target(F') denotes
the set of aggregate states outside F' but reachable from SubSpace(F')

in one state transition;

— the transition probability fuction and action cost function of MDP(F)

are basically the same as Pr and Cost, except that each aggregate

2Pr and Cost are well defined for any pair of states u and v satisfying the requirements
specified above. This is because the values of the inactive variables in state u remain unchanged
after taking action a and are irrelevant to the transition probabilty and cost, which is a fact
directly follows from the definition of active variables and Property 6.2.

3Again Pr and Cost are well defined for any state u aggregated into up since the values of
the inactive variables in state u remain unchanged after taking action a and are irrelevant to
the transition probabilty and cost.
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state in Target(F') is considered as an absorbing state and is associated
with an additional cost modeling the expected cumulative cost from
entering that aggregate state for the first time until reaching a target

state in the original process.

— determine an optimal policy for MDP(F') and also determine the ex-

pected cumulative cost for each aggregate state in SubSpace(F).

The union of the optimal policies over all local Markov decision processes

then provides an optimal policy for the reduced process M’.

Property 6.5 The size of the reduced Markov decision process M’ is bounded
by f x ¢, where (1) f is the total number of coherent fragments (2) r is the
mazimum of the numbers of active variables in coherent fragments, and (3) ¢ is

the mazimum of the numbers of possible values for variables.

Theorem 6.1 Given an optimal policy w' for the reduced Markov decision process
M’ derived from a Markov decision process M by procedure Reduced-MDP, 7’
compactly encodes an optimal policy m for M with respect to a given initial state,
where m(w) equals ©'(up) for every state u that is aggregated into an aggregate

state up in a coherent fragment F.

6.4 Efficacy in Optimizing Sequential Decision
Networks

In this section, we investigate the application of Procedure Reduced-MDP in
optimizing sequential decision networks, i.e.,, generating optimal policies for the
underlying Markov decision processes. We employ three probabilistic models
to generate sequential decision networks and then evaluate the effectiveness of

Procedure Reduced-MDP.
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6.4.1 Decomposing Sequential Decision Networks

For Markov decision processes encoded as sequential decision networks, one of the
state variables X4 encodes which decision stage is the current decision stage.
Naturally, we can decompose such a state space into regions with each region
corresponding to the states associated a specific decision stage. In other words,
each region is symbolically specified by a predicate P(Xsiage) @ Xstage = d; for a
decision stage d;. This is the partitioning strategy implicitly assumed through
out this section. Assuming the existence of actions that allow transition from
every decision stage to its child decision stages, the resulting coherent fragments
are simply the strongly connected components of the sequential decision network.

Directly following from Property 6.5, we have the following property:

Property 6.6 With regions defined by decision stages, Procedure Reduced-
MDP can determine an optimal policy for a sequential decision network with
m decision stages in O(m®) time for some constant ¢ if every strongly connected

component of the network involves only O(log m) number of active variables.

Example:

Figure 3.3 depicts the active variables in each coherent fragment F of the production-
control decision network. Since each coherent fragment is composed of two de-
cision stages and four active variables other than the variable encoding the cur-
rent decision stage, an optimal policy can be determined by solving four local
Markov decision processes. Consequently the reduced Markov decision process
has 4 x 2 x 2* = 128 aggregate states. This is much smaller than the entire state
space, which is of size 2!° x 8 = 8192 since we have ten binary state variables

plus the variable encoding the eight possible decision stages.

95



6.4.2 Empirical Effectiveness in Dimensionality Reduc-
tion

A Probabilistic Model for Sequential Decision Networks:
In the following, we empirically evaluate the effectiveness of Procedure Reduced-
MDP in optimizing sequential decision networks generated from the following

probabilistic model:

e Some of the state variables are global variables, which are directly relevant
to some applicable actions in every decision stage; the other state variables
are local variables, which are not directly relevant to any applicable actions
in some decision stages. Each local state variable is uniquely attached to a
decision stage. We assume that there is only small deviation in the numbers
of local state variables attach to decision stages. We use pjoeqr to denote the

percentage of local state variables within the entire set of state variables.

o Besides the global state variables, actions applicable in a decision stage d;
can only directly involve the local state variables attached to d; or the local
state variables attached to the adjacent decision stages of d;. Let d; be an
adjacent decision stage of d;. For each local state variable X} attached to
the decision stage d;, p, denotes the probability that X}, is directly relevant

to some actions applicable in the decision stage d;.
o We classify the interconnection of decision stages into two categories.

One-Dimensional Interconnection: The first category simulates a one-
dimensional assembly line in a factory process-control domain. In this
category, m decision stages, dyi, ds, ..., d,,, are interconnected as a
one-dimensional array with d; as the starting stage; d; (1 < m) is
always connected to d;y; while d;y1 (¢ > 1) is connected to d; with
probability p,. We refer to the arcs connecting some decision stage
d;11 to a decision stage d; as the backward arcs in the network. The
average out degree of a decision stages d; (i.e., the average number of

adjacent decision stages from d;) is thus 1 + ps.
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Two-Dimensional Interconnection: The second category simulates a
planar communication network in a stochastic transportation planning
domain. In this category, m?* decision stages, dy1, di2, ..., dim,da1,
dz2, ..., dpm, are interconnected as a two-dimensional array with d; ;
as the starting decision stage; d; ; is always connected to d;4; ; when
1 < m and d; j41 when 3 < m while d;1; ; and d; ;41 are connected to
d; ; with probability p, respectively. We refer to the arcs connecting
some decision stage d;41 ; or d; j1+1 to a decision stage d; ; as the back-
ward arcs in the network. The average out degree of a decision stages
d; (i.e., the average number of adjacent decision stages from d;) is thus

2—|—2>l<pb.

Parameter Configurations:

Since global state variables are active in every coherent fragment, we focus on
evaluating how many local state variables are active in the coherent fragments of
a sequential decision network. We generate random sequential decision networks

with the following parameter settings:

o There is no global state variables and thus the precentage of local state

variables procqr equals 1.0.

o There are either sixteen decision stages with eighty state variables or sixty
four decision stages with three hundred and twenty state variables. In other

words, there are five local state variables attached to each decision stages.

® p., the probability that the actions in a specific decision stage involve a

specific local state variable attached to an adjecnt decision stage is either

0.2, 0.4, or 0.6.

o The decision stages either have a one-dimensional interconnection or a two-
dimensional interconnection while py, the probability of having a specific

backward arc in such networks, is either 0.05, 0.1, 0.15, ..., 0.95, or 1.0.
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Evaluating the Effectiveness of Dimensionality Reduction:

Procedure Reduced-MDP takes time exponential in the maximal number of
active state variables in a coherent fragment of a given sequential decision net-
work. Given a sequential decision network with n state variables, we would like
to evaluate the average percentage of local state variables that can be abstracted

away in individual coherent fragments. More precisely, we define
1— Ez/n

as the effectiveness indicator of the dimensionality reduction attained by Pro-
cedure Reduced-MDP where Ay is the set of active variables in a coherent
fragment F and

Ly = mI:gLX|AF|

is the structural parameter for the sampled decision network. Note that we can
at least abstract away 100(1 — £2/n) percents of the entire set of local state vari-

ables in any coherent fragment F'.

Experiments and Data:

For a specific parameter configuration, we sample one hundred random sequential
decision networks. For each sampled network, we analyze the maximal number
of active variables in the coherent fragments of the network. The average size of
the maximal number of active variables in the coherent fragments of a sequential
decision network generated under different parameter settings is displayed in
Figure 6.3 to Figure 6.6. Similarly the effectiveness of Procedure Reduced-
MDP in dimensionality reduction is displayed in Figure 6.7 to Figure 6.10.

Observation and Comments:

o The effectiveness of Procedure Reduced-MDP in dimesionality reduction
is mainly determined by parameter p,, while parameter p, plays a very

minor role in the effectiveness of Procedure Reduced-MDP.
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The average size of the maximal number of active variables in coherent fragments

Figure 6.3: Statistics about decision networks with eighty state variables, sixteen
decision stages, and a one-dimensional interconnection

The average size of the maximal numbers active variables in coherent fragments

Figure 6.4: Statistics about decision networks with eighty state variables, sixteen
decision stages, and a two-dimensional interconnection
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The average size of the maximal number of active variables in coherent fragments

200 —

Figure 6.5: Statistics about decision networks with three hundred and twenty
state variables, sixty four decision stages, and a one-dimensional interconnection

The average size of the maximal number of active variables in coherent fragments

Figure 6.6: Statistics about decision networks with three hundred and twenty
state variables, sixty four decision stages, and a two-dimensional interconnection
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The effectiveness of dimensionality reduction

0.2
0.3

o - 0.4

0.5

Pb

Figure 6.7: Effectivess of dimensionality reduction in decision networks with
sixteen decision stages and a one-dimensional interconnection

The effectiveness of dimensionality reduction

Figure 6.8: Effectivess of dimensionality reduction in decision networks with
sixteen decision stages and a two-dimensional interconnection
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The effectiveness of dimensionality reduction

Figure 6.9: Effectivess of dimensionality reduction in decision networks with sixty
four decision stages and a one-dimensional interconnection

The effectiveness of dimensionality reduction

Figure 6.10: Effectivess of dimensionality reduction in decision networks with
sixty four decision stages and a two-dimensional interconnection
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o p is the probability of having a backward arc connecting two adjacent
decision stages. When py is small, typically there are many coherent frag-
ments and only a few active variables in each coherent fragments. Proce-
dure Reduced-MDP ends in significant dimensionality reduction in this
situation. When pj; is close to 1.0, typically there exists a giant coherent
fragments with almost all state variables being active in this coherent frag-
ments. In this situation, Procedure Reduced-MDP does not help much

in dimensionality reduction.

o Although the experiments are conducted with pieqr = 1.0 assuming all
variables are local variables. It is easy to project what will happen to the
experiments if pjoeqr 18 less than 1.0 by counting the global variables as
additional active variables in coherent fragments. This simply introduces a

Plocai discount over data governing the effectiveness of dimensionality.

6.5 Related Work

The particular representation of Markov processes in terms of sequential deci-
sion networks with conditional branches and loops that serves as inspiration for
this paper is due to Smith and Williamson [SW95]. The particular methods for
compiling fragment graphs are adapted from the work of Lin and Dean [LD94]
on expediting temporal inference, which in turn builds on the work of Lansky
[Lan88], Tenenberg [Ten91] and others in exploiting locality planning.

The general idea of restricting reachability in state space by enabling some
actions and disabling others is common in control theory. See Ramadge and
Wonhan [RW89b] for an survey of work on discrete event systems that concerns
the synthesis of supervisory systems. Dean and Lin [DL95] describe a family
of techniques for decomposing the computations required to solve large Markov
decision processes. This family of techniques complements the representations

and algorithms investigated in this paper.
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Chapter 7

Decomposition Techniques for

the Markov Decision Problem

(11)

In Chapter 5, we focus on solving Markov decision problems given a partition of
the state space into regions that are interconnected as many strongly connected
components. In this chapter, we present appropriate decomposition techniques
for solving Markov decision problems given a partition of the state space into re-
gions that are interconnected as a single strongly connected component. For each
region R in the partition of state space, we associate a set of topologically moti-
vated parameters with R. These parameters summarize the interactions between
R and the other regions in the partition. A specific estimate of the parameter
values associated with region R allows us to construct a Markov decision process
over the subspace associated with R. By solving such a Markov decision process,
we determine a local policy on the region R, which is a solution to the subproblem
associated with R. In this chapter, we describe two basic methods for combining
solutions to subproblems in order to generate a solution to the global problem.
The first combination method is illustrated in an algorithm called hierarchical
policy construction, which considers particular sets of parameter values that have

an intuitive topological interpretation. These sets of parameter values give us a
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set of candidate local policies associated with each region. We then construct an
abstract Markov decision process by considering individual regions as abstract
states and their candidate local policies as abstract actions. The solution to
this abstract Markov decision process assigns a particular candidate policy to
each region, thus yielding a policy on the entire state space. Hierarchical policy
construction produces an optimal policy only in special cases; however, it does so
relatively efficiently and has an intuitive interpretation that makes it particularly
suitable for robot navigation domains.

The second method of combining solutions involves iterative approximation of
the optimal parameter values, i.e., those values associated with optimal solutions
to the global problem. On each iteration of the iterative approximation method,
we consider for each region R, a specific estimate of the parameter values of region
R, and solve the resulting Markov decision process to obtain a local policy. By
examining the resulting local policies, we obtain information to generate a new
estimate of the parameter values that is gnaranteed to improve the global solution.
This information about local policies also tells us when the current solution is
optimal or within some specified tolerance, and it is therefore appropriate to
terminate the iterative procedure.

Section 1 describes the parameters modeling the inter-regional interactions,
and the construction of a Markov decision process on a region R given a spe-
cific estimate of the parameter values of R. Section 2 presents the hierarchical
construction algorithm. We describe the construction of abstract decision pro-
cesses from a base-level process, and the use of such abstract decision processes
to construct policies for the base-level process. Section 3 sketches the method of
the iterative approximation and briefly addresses issues concerning convergence,
optimality, and complexity. We refer readers to Appendix B for the connection
between the iterative approximation method and the Dantzig-Wolfe decomposi-
tion for solving linear programs. We refer readers to Appendix C for more details
of the iterative approximation method sketched in Section 3. In Section 4, we
illustrate the use of decomposition techniques in a robot navigation domain, and

also compare the computational efficiency of the two approaches presented in this
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chapter.

7.1 Terminology and Notation

In this section, we describe a general method of decomposing a Markov decision
process defined on a large state space into smaller Markov decision processes
defined on local regions. Based on this regional decomposition framework, we
develop two approaches in the following two sections that combine the solutions
to the smaller Markov decision processes into a solution to the original Markov
decision process.

Let M = (S, A,p,c) be a Markov decision process with finite state space
S, actions A, state transition matrix p, and cost matrix ¢. For convenience, let

§=1{1,2,...,N}. X; (A;) is a variable indicating the state (action) at time ¢.

pijla) =Pr( Xy =j|Xisi =0,41=a) 1,jJ€S ac A
cij(a) = Cost(X; = j| X,y =i, 41 =a) i,jES a€ A

where Pr(.|.) is a conditional probability distribution and Cost(.|.) is a real-valued
cost function. A policy 7 is a function mapping states to actions 7 : § — A.

To completely define a Markov decision process we also need a performance
criterion. Two criteria that we consider are expected discounted cumulative cost
and expected cost to reach a specified goal. In the former, the task is to find a

policy minimizing the expected cumulative cost function,

Er(3510) = Xjes pis(m(i)) [cij(7(0)) + vEx(E,17)]

for all © € § where 0 < v < 1 1s the discount rate, ¥, represents the discounted
cumulative cost, and E.(.|.) denotes an expectation with respect to the policy 7.

Let P be any partition of S, P = {R;,..., R} such that § = U2, R; and
R,NR; =0 for all i # j. We refer to a region R € P as an aggregate state. We

refer to a state in S as a base-level state.
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Figure 7.1: Boundary (light gray) and periphery (darker gray) states of region R
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Figure 7.2: R is adjacent to S (R~S)

The periphery of an aggregate state R (denoted Periphery(R)) is the set of
all base-level states not in R but reachable in a single transition from a base-level

state in R.
Periphery(R) = {j|j € RAJi € R,a € A, p;;(a) > 0}

The boundary of an aggregate state R (denoted Boundary(R)) is the set of
all base-level states in R from which you can reach a base-level state not in R in

a single transition.
Boundary(R) = {i[i € RAJj & R,a € A, p;j(a) > 0}

In Figure 7.1, the boundary states are shaded light gray and the periphery states
are shaded darker gray.

We say that aggregate state R in P is adjacent to aggregate state S in P
(denoted R~+S) just in case Periphery(R) N S # () (see Figure 7.2).

Next, we introduce a set of parameters that we will use to model interactions
among regions. Let U = [Jpcp Periphery(R), and ; for each 1 € U denote a real-

valued parameter. Let 3 € RIVl denote a vector of all such ; parameters, and
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3|r denote a subvector of 3 composed of 3; where i is in Periphery(R). U is the
medium for inter-regional interactions; a region R can only communicate with
the other regions through the states in U. Parameter 3; serves as a measure of
the expected cumulative cost of starting from a periphery state, and 3|z provides
an abstract summary of how the other regions affect R.

Given a particular 3, the original Markov decision process can be decomposed
into smaller Markov decision processes, each of which determines a local policy
on a local region. For a region R and the subvector 3|g of 3, we define a Markov
decision process Mg, = (RU Periphery(R), A, ¢, k) and the corresponding local

policy 7, as follows.

1. RU Periphery(R) is the (local) state space for Mg, .
2. gi; is the (local) state transition matrix for Mg, , where

® q;; = Dij fOfiE R
e ¢;; =1 for « € Periphery(R)

3. kij is the (local) cost matrix for Mg, , where

o kij=cifori,7€R
o k;j =0+ ¢jtori € R and j € Periphery(R)
e k; =0 for ¢ € Periphery(R)

4. mp), corresponds to the local policy that is optimal for Mg, with perfor-

mance criterion expected cost to goal and target set Periphery(R).

Mg, is the subproblem we associate with region R given B|r as an abstract
summary of R’s interaction with the other regions. g, is the solution to the
subproblem Mgy . A particular 3 determines a set of local policies (abstract
actions) which in turn determines a policy on the entire state space. Let 7* denote
an optimal policy for M. If 8; = E.«(X,[¢), then the resulting local policies as
defined above define an optimal policy on the entire state space. The algorithms
considered in the following two sections offer various methods for either guessing

or successively approximating E«(X,]¢) for all i € U.
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7.2 Abstraction and Hierarchical Policy Con-

struction

In this section, we first describe a general method for constructing an abstract
decision process from a base-level process given a fixed partition of the state
space. We then present a hierarchical policy construction method for using an

abstract decision process to construct policies for the base-level process.

7.2.1 Abstract Decision Processes

Let P = {Ry,..., Ry} be any partition of S§. Each region R € P can be con-
sidered as an abstract state. A particular local policy 7, on region R can be
considered as an abstract action on R, which reflects our bias toward different
periphery states described by (3|r. Abstract actions for stochastic domains are
the rough equivalent of macro operators for deterministic domains. The abstract
action 7, indicates how to act optimally in region R if the interactions with
the other regions are captured in 3|g. For example, a large value for 3; naturally
discourages us from entering the periphery state j since it induces a large cost in
kij. The family of all abstract actions is denoted F = {m5,|R € P, € RV,

The probability of ending up in S starting in R and following an abstraction
T3, 18 defined by

1

> i
[Boundary(R)[ |, g0 Goryiny

Prs(Tj))

Y = Z pij | + Z Dij 5
jesnPeriphery(r) JER
where p;; = pij(75,(7)). Note that we assume here that there is an equal proba-
bility of starting in any state in the boundary of R.
The cost of ending up in S starting in R and following 7, is defined by

1
/
CRS(WBIR) |Boundary(R)| »EBougc%ary(R)
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9 = Yo picii| + Y pile + 0]
jesnPeriphery(r) JER

where ¢;; = c,'j(7r5|R(i)).

The resulting abstract decision process is then defined by Mz = (P, F,p', ).
It is important to note that Mz need not be Markov; in some cases, we may
simply accept this as one of the inevitable consequences of abstraction and pro-
ceed as if the process is Markov; in other cases, we may attempt to ameliorate
this condition (at some increase in computational cost) by using one of several

standard techniques.

7.2.2 Hierarchical Policy Construction

In the following algorithm, called hierarchical policy construction, we restrict our
attention to a finite subset of F. For each R and each § adjacent to R, we
construct a local policy mr_s by setting 3; = 0 for i € S N Periphery(R) and
setting 3, = k for ¢ € Periphery(R) — S, where & is some fixed constant. If the
performance criterion for the base-level process is expected cost to goal, then
for each R containing one or more goal states, we add an additional action in
which all the peripheral states get 3; = k and all of the goal states are made into
sinks with k; = 0. The abstract decision process is (P, F..,p/,¢') where F. =
{mr5s|R,S € P AN R~S} and the performance criterion is expected discounted
cumulative reward for a discount rate ~.

The local policies have the interpretation that mr_.s is the policy to take
starting in R if you want to get to S. The larger « is, the more incentive there
is to get to S and avoid the rest of the periphery of R. Figure 7.3 illustrates an
example in which prs(7ms,) = 0.7 and piy(7g,) = 0.3. The abstract policy has
the interpretation of providing a global perspective and indicating for each region
the best local policy to use. Generally, it is best to set v very close to one or
use an alternative performance criterion such as average expected cost per step
[Der70].

The following is an algorithm to construct a global policy using the abstract

decision process (P, F..,p', ).
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Figure 7.3: Abstract Markov decision process

Figure 7.4: Abstract action for moving from R to S. Base-level action for moving
from ¢ to j.
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1. Set k and compute 7r_s for R~5 € P.
2. Calculate the abstract transition probabilities p’ and abstract costs ¢'.

3. Set v and solve the abstract decision process to obtain an abstract policy

II: P — F..

4. To determine the action to take in base-level state ¢, determine R € P such

that ¢ € R and take action II(R)(7).

Figure 7.4 illustrates the difference between abstract actions defined as local
policies (7, € F) and base-level actions (75, () € A). The above algorithm for
constructing and solving abstract processes can be applied recursively and hence
applies to hierarchical partitions.

Hierarchical policy construction does not guarantee to produce an optimal
policy; however, it does so relatively efficiently and has an intuitive interpretation
that makes it suitable for robot navigation domains. For a simple partition of the
state space with no aggregation within regions, standard algorithms [Put94] on
the base-level state space would be dominated by a factor quadratic in the size of
the state space (|S|), while hierarchical policy construction would be dominated
by the number of regions in the partition (|P]) times the maximum number of
neighbors for any region (maxpep [{S|S € P A R~S}|) times the square of the

size of the largest region (maxpep |R|).

7.3 The Iterative Approximation Approach

Given a particular 3, the base-level process is decomposed into local processes,
{Mg,}. By solving these local processes, we derive the corresponding local
policies (abstract actions) {7 }. A global policy, II, to the base-level process
is then derived by directly gluing these local policies together. The quality of II
critically depends on the choice of 3. Instead of relying on a particular 3, we can
successively modify 3 and proceed through multiple iterations of decomposition
and localized computation. Let II) denote the global policy determined by a
particular 3 adopted on the ith iteration of computation. Rather than simply
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using one of the global policy II¥) as the final solution policy, we may also cleverly
combine these global polcies, {IIV}, to generate an even better solution policy.

There are several issues in realizing this iterative approximation framework:

e how to efficiently maintain useful information about the global policies,

{II¥}, derived on previous iterations,

e how to combine {II)} to generate a solution policy if we need to terminate

the computation at the end of a specific iteration,

e how to modify 3 iteratively so that the solution quality can be improved
on each iteration and is guaranteed to converge to an optimal solution in a

finite number of iterations, and

e how to determine it is time to terminate the computation when the solution

is optimal or within some specified tolerance of the optimum.

In this paper, we focus on a particular iterative method that resolves these
issues. This iterative method is based on a reduction to the methods of Kushner
and Chen [KCT74a] that demonstrate how to solve Markov decision processes as
linear programs using the Dantzig-Wolfe decomposition principle [DW60]. The
details of the material presented in this section depend on some understanding
of linear programming [Chv80] and methods for decomposing and solving large
systems [Las70]. We sketch the iterative method in the following, and refer the
readers to appendix B and Appendix C for more details.

1. Given an arbitrary partition P = {Ry,..., Ry} of size h, we first transform

P into a new partition @ = {U, K1,..., K} of size h + 1 as follows.

o U is Ug,cp Periphery(R;), which represents the peripheries of the re-
gions R;’s.
e For each region R;, we have K; = Kernel(R;) = R, — U, which repre-

sents the kernel of region R;.

This resulting partition ) induces a star topology that is critical in applying
the techniques in [KC74a]. U is the coupling region in the new partition
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Figure 7.5: Relationship between the partitions P and @)
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(); removing the states in U separates the state space into isolated regions,
each of which corresponds to a K;, 1 <1 < h. In other words, the kernels of
the regions R;’s in P are encapsulated and separated from one another by
their peripheries, whose union is U. Figure 7.5 illustrates the relationship

between the partitions P and ().

. On the ith iteration, we consider a particular 3 determined at the end of last
iteration. We decompose the original base-level process into local processes
{Mg,|R € Q}, and derive the corresponding local policies {m3,|R € Q}.
Let I denote the global policy formed by gluing together these local

policies.

. We need to maintain a policy repository of at most |U| + 1 previously gen-
erated global policies, {II}, at a time. As soon as policy II") is generated,
it replaces some policy IIU)| j < 1, in the repository. The information as-
sociated with the current policy repository also allows us to determine an
upper bound on the gap between the value of the current solution and the
optimum. This bound allows us to decide whether we have reached the
optimum or within a specified range of the optimum, or we should continue

for another iteration of computation.

. If we decide to terminate the computation, we are able to generate a final

solution policy by properly combining the policies, {II)}, in the current
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policy repository using its associated information; otherwise, we are able to

determine a new 3 to go through another iteration of computation.

Theorem 7.1 The iterative method described above improves the solution quality
on each iteration, and converges to an optimal solution in a finite number of

iterations.

In the following, we briefly discuss the convergence rate and the time and

space complexity of this iterative method.

e Empirical experience suggests that the Dantzig-Wolfe decomposition prin-
ciple, which the analysis of the iterative method is based on, allows con-
vergence to within 1-5% of the optimum fairly quickly, although the tail
convergence rate can be very slow (see page 325 in [MB90]). In other words,
it is likely that after a few number of iterations in the iterative method we
are able to produce a solution of good quality, but it may not be worthwhile

to continue after reaching 1-5% of the optimum.

e The computational task in an iteration is decomposed into two subtasks:
(1) deriving and solving local Markov decision processes over local regions
as subproblems, and (ii) maintaining a policy repository of up to |U| + 1
previously generated policies, where U is the union of Periphery(R) for the

regions R in the original partition P.

The computation efficiency of each iteration is critically affected by the
structure of the given partition P: (i) |Kernel(R;)|, the number of base-
level states in the kernel of each region R; in the partition P, and (ii) |U],
the total number of base-level states in the peripheries of the regions in the

partition P.

o Compared with solving the original base-level process as a whole, the first
subtask can be achieved more efficiently by applying the standard tech-
niques for Markov decision processes over individual regions. This is a nat-
ural advantage of decomposition techniques, which divide large problems

into subproblems of tractable sizes.
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The second subtask can be achieved by maintaining a (|[U]+ 1) x (|[U| 4+ 1)
matrix, whose computational efficiency critically depends on the topology
of the given partition P. The second subtask can be performed efficiently
if the size of U 1is relatively small. This is the additional cost to pay for
decomposition techniques since we need to combine the solutions to sub-

problems.

o In other words, this iterative method is promising if the given partition P
divides the whole state space into many small regions, and the number of

the states in the peripheries of the regions in P is also small.

7.4 Example and Comparison

In the following, we use the robot navigation example in Chapter 3.2 to illustrate

the basic principle of the decomposition techniques described in this chapter.

Local regions: Since the elevators are accessible only in a small fraction of the
entire state space &, the robot tends to walk around the same floor for
quiet a while before it either (i) enters the elevator to leave for another
floor or (ii) reaches one of the charging sites. Therefore, the activities of
the robot are highly localized in the individual floors. In the remainder of
this section, we partition the state space into three regions R, S and T,

which are composed of the states in the three floors respectively.

Loose coupling among regions: The connections among the three floors are
also highly localized. Only if the robot is in a stairwell position on a floor, it
can (i) transfer by elevator to another floor and (ii) only end in a correspond
stairwell position on that floor. In other words, the peripheries of the three
regions are very thin. The union of the peripheries, U, is composed of
only twenty four states that correspond to the combination of six stairwell

positions and four possible orientations.

Local interactions: Standing in a specific position beyond the stairwells, the

robot can only move to the adjacent positions on the same floor. Therefore,
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each state in the kernels of the regions R, 5, and T can only transition to
no more than thirty two other states that correspond to the combinations
of eight adjacent positions and four possible orientations. We exploit this
property in the theoretical analysis of the feasibility of the decomposition

techniques.

7.4.1 Employing Hierarchical Construction Approach
We first construct the abstract decision process ({R, S, T}, F..,p', ).

1. Determine the nine abstract actions in F..: 7s_s, Ts_T, TSRy TTS,
TTT, TT—R, TR-S, TR-T, and Tr_r. Each abstract action corresponds to
a local policy to be used on a floor that intends to increase the possibility
of ending up in a specific floor in the long run. In other words, the abstract

actions specify the most preferred next floors to go for individual floors.

2. To derive these abstract actions, we first choose an appropriate value
to parameterize the pace the robot should take to transfer from one floor
to the most preferred next floor to go. Second, for each floor F, we (i)
uniformly assign zero to f;’s for those periphery states i’s of F' that are
in the preferred floor, and (ii) uniformly assign  to (; for those periphery
states ¢’s of F' that are not in the preferred floor. Third, we construct
and solve these local Markov decision processes, each of which is concerned
with 4,000 states instead of 12,000 states. The optimal policies for these
local Markov decision processes are the abstract actions to be considered

in individual floors.

3. Calculate the abstract transition probabilities p’ and abstract costs ¢/, which
represent the estimates of the probabilities and costs of ending in another
region when we adopt an abstract action (i.e. a local policy) in a specific
region. For example, ply;(ms—r) is an estimate of the probability of entering
region T' from region S when we adopt the abstract action (the local policy)
Tsor. Similarly, ¢sr(msor) is an estimate of the cost of entering region T

from region S when we adopt the abstract action (the local policy) ms_r.
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4. Solve the abstract decision process ({R,S,T}, F..,p',c') to obtain an ab-
stract policy Il : P — F... Il indicates which abstract action in F.. to take
(i.e. which floor the robot should head for) when the robot is on a specific

floor.

5. The robot takes the action II( F')(¢), when (i) the robot is in a specific region
F and (ii) ¢ is its current state, which is determined by its current position

and orientation.

Remark: 1In the hierarchical construction approach, our underlying intuition is
to, for each floor, (i) first choose a specific floor (maybe the same floor) as the
most preferred next floor to go, and (ii) second minimize the expected cumulative
cost in achieving (i). We accomplish the first task by solving the abstract decision
process that heuristically choose the most preferred next floor to go among all
floors. We accomplish the second task by solving the local Markov decision

processes associated with the state subspaces concerning individual floors.

7.4.2 Employing the Iterative Approximation Approach

1. We first initialize the policy repository and the 3 vector as described in
Appendix C, and then iterate the following steps.

2. Since there are only twenty four (m=24) states in the peripheries, we only
need to store twenty five (m+1=25) global policies at a time, each of which
is compactly represented as a 25x 1 column vector. Compared with the state

space of size 12,000, the space taken by the policy repository is negligible.

3. [ vector represents our current estimate of how valuable it is to enter a
stairwell position. On each iteration, we solve the local Markov decision
processes according to the current 3 vector. These solutions are the local
policies on each floor, which are then glued together to yield a global policy.
We then store this global policy in the policy repository to replace an old

one there.
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4. If the optimum or e-optimum is not yet achieved, we (i) update the policy
repository, (i) determine a new 3 vector, and (iii) go back to Step 2. Oth-
erwise, we combine the twenty five polices stored in the policy repository

to generate the final policy.

Remark: Two major simplifications or assumptions in the hierarchical approach
are (i) that each floor is restricted to have a unique most preferred next floor to
go, and (ii) that each state in the peripheries is assigned either the value zero or
the value k. In the iterative approximation approach, we relax these restrictions.
We allow each state in the peripheries to have arbitrary bias value. In other
words, we numerically specify our preference over the states in the peripheries,
rather than choosing the most preferred floor to go. In addition, we do not rely
on a specific 3 vector and its resulting global policy. Instead, we (i) repeatedly
modify 3 to generate a sequence of global policies, (ii) keep a policy repository
of 25 such global policies at a time, and (iii) combine the policies stored in the
policy repository to generate a solution policy when we decide to terminate the

computation.

7.4.3 Comparing Computational Efficiency

In the following, we compare the computational efficiency of the decomposition
techniques in deriving an optimal policy or a near optimal policy. We focus on
the kind of robot navigation problem described in this section, where (i) a state is
determined by the position and orientation of a robot and (ii) only a small set of
actions are enabled in a state. We assume and exploit the general property that
a robot can only move from one position to geometrically neighboring positions.
Rather than assuming additional structure like floors loosely coupled by elevators,
we consider a robot moving around an N x N area that is tessellated into N?
square units as depicted in Figure 7.6.

Suppose we adopt a partition that divides the area into M? regions, each of

which is a % X % local area as displayed in Figure 7.6. Therefore each region
has no more than % neighboring squares. In summary, we have the following

properties regarding the partitioning of state space:
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Figure 7.6: An N x N area tessellated into N? squares and M? regions where
N=8and M =4

e We assume a robot can be oriented in four different ways, namely east,

west, south, and north. This yields a state space of size 4N?, given the N?

squares there. Each region R is composed of % states and is adjacent to
no more than % states in other regions.

2

e For each region R, Kernel(R) is of size @(]\]Z—) The size of U, the union of

the peripheries of regions, is MZQ(%) = O(MN).

In the following, we (i) compare the computational efficiency of different ap-

proaches, and (ii) indicate when we should apply the decomposition techniques.

Modeling the Computation Complexity of the Standard Techniques

Note that

e Standard techniques like the policy iteration method and the value iteration
method converge to optimal policies in linear and quadratic convergence

rate respectively [Put94].

e Each iteration of the policy iteration method and the value iteration method
takes time cubic and quadratic respectively in the size of the state space

[Der70] [Put94].
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o We model the computational complexity of directly applying the standard
techniques to the state space as en®, where (i) both ¢ and k are constants
and (ii) n is the size of the state space. k is 3 and 2 respectively when
applying the policy iteration method and the value iteration method re-
spectively, while in applying the value iteration method ¢ is much greater

than that in applying the policy iteration method.

o Therefore, the overall computation complexity of directly applying the stan-
dard techniques in this robot navigation domain is ©@(N?¥), since we have

a state space of size 4N? .

Computation Efficiency of the Hierarchical Construction Approach

e The overall computation complexity is

N

e} M2 SV N2k MZk ]
(M )
The first term concerns with solving the M? local Markov decision pro-
cesses over the local regions, each of whose size is @(]\]2—22) The second term

concerns with solving the abstract decision process of size M?2.

e When M = O(N'/%), the first term and the second term of the overall
computation complexity are roughly balanced, which yields a @( N**!) time

complexity.

e Compared with the ©(N?*) complexity of directly applying standard tech-
niques, the hierarchical construction method is always much more efficient.

However, there is no guarantee about the quality of the derived policy.

Computation Efficiency of the Iterative Approximation Approach

e The computation complexity of each iteration of the iterative approximation

method is

N

O(M*(37)™) + (MN)?).
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The first term concerns with solving the M? local Markov decision processes
over the kernels of the local regions, each of whose size is @(]\]2—22) The
second term concerns with deriving the local policy over U, the union of
the peripheries, by solving O(M N) linear equations that correspond to the

O(MN) states in U.

When M = O(NZk=3)/(2k+1)) "the first term and the second term of the over-
all computation complexity are roughly balanced, which yields a © (N (12k=6)/(2k+1))
time complexity on each iteration. More precisely, we have ©O(N'®/5) time

complexity when k = 2, and ©(N3%/7) time complexity when k = 3.

Compared with the ©(N?¥) overall complexity in directly applying standard
techniques, the iterative approximation approach is more efficient if the
computation converges to an optimal (or near optimal) solution within (i)

O(N2/5) number of iterations when k& = 2 and (ii) O(N12/7) number of

iterations when k& = 3.

7.5 Related work

The related work on abstraction and decomposition is extensive. In the area

planning and search assuming deterministic action models, there is the work

on macro operators [Kor85] and hierarchies of state-space operators [Sac74al]

[Kno9la]. Closely related is the work on decomposing discrete event systems
modeled as (deterministic) finite state machines [ZW90] [CW90].

In the area of reinforcement learning, there is work on deterministic action

models and continuous state spaces [MA95] and stochastic models and discrete

state spaces [Kae93]. The hierarchical policy construction method described in

Section 7.2 provides an alternative formulation of Kaelbling’s hierarchical learning

algorithm [Kae93] and suggests how Moore and Atkeson’s parti-game algorithm

might be extended to handle discrete state spaces.

The analysis in this paper of the paper borrows heavily from the work in oper-

ations research and combinatorial optimization for representing Markov decision
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processes as linear programs [D’E63] [Der70] and decomposing large systems gen-
erally [DW60] [Las70] and Markov decision processes specifically [KC74a]. The
approach described in [DKKNO93b] represents a special case of the framework pre-
sented here, in which the partition consists of singleton sets for all of the states

in the envelope and a set for all the states in the complement of the envelope.

7.6 Summary

The benefit of decomposition techniques is that we are able to deal with subprob-
lems of smaller size, the tradeoff is that often extra effort is required to combine
the solutions to these subproblems into a solution to the original problem. The
leverage of decomposition techniques is orthogonal to that of standard techniques
used to solve the original problem. In the case of a problem instance of very
large size, decomposition techniques are valuable even if standard polynomial-
time algorithms exist. It is always more efficient to apply a standard technique
to solve smaller subproblems than to solve the original problem directly (unless
the the standard technique provides a linear-time algorithm). The only question
is whether we can efficiently combine the solutions to the subproblems into a
solution to the original problem.

There exist standard techniques that can solve Markov decision processes in
time polynomial in the size of the given state space. However, given a factored
state-space representation for a Markov decision process, the underlying state
space is exponential in the number of state variables mentioned in a problem
instance. This exponential state space makes it impractical to apply the stan-
dard techniques to many AI planning problems that have factored state-space
representations.

Frequently, a domain expert may exploit the factored state-space represen-
tation and partition the state space into regions, each of which has a abstract
description of reduced dimensions. In this paper, we develop decomposition tech-
niques for Markov decision processes, given an arbitrary partition of the state

space into regions. Subproblems correspond to local Markov decision processes
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over regions associated with a 3 parameter that provides an abstract summary
of the interactions among regions.

In this Chapter, we develop two approaches to combining the solutions to sub-
problems: a hierarchical construction approach and an iterative approximation
approach. The hierarchical construction approach provides a quick solution with
an intuitive interpretation. The iterative approximation approach, iteratively de-
composes a problem instance into different subproblems. On each iteration, we
combine the solutions to the subproblems to obtain an improved solution and
determine whether the current solution is optimal or within some specified tol-
erance. In particular, we relate the iterative approximation framework to the
research on the use of Dantzig-Wolfe decomposition in solving Markov decision
processes as linear programs, which can be interpreted as an iterative method.
This iterative method is guaranteed to converge to the optimum in a finite num-
ber of iterations. For practical purposes, a few number of iterations may be

sufficient for a solution of good quality.
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Chapter 8

Related Research

Besides exploiting locality and dependency, there are techniques to deal with
time-critical constraints on planning and to approximate acceptable solution in-
stead of optimal solutions. Other than the directly related work mentioned in
the previous chapters, the idea of exploiting locality and dependency to attain
computational efficiency are also present in the research in many other related
areas. In this chapter, we provide an overview of these research areas and briefly

describe the underlying work.

8.1 Real-time Planning in Stochastic Domains

For time-critical planning applications involving large Markov decision process
[DKKN93b] [DKKN93a] [DKKN95], often only a small Markov decision process

M/’ is considered at a time as a local envelope.

e The Markov decision process M’ composed of (1) a small portion of the
original state space together with the associated transition probabilities and
action costs, (2) a super sink state corresponding to the contraction of the
remainder of the state space, and (3) the estimated costs and the estimated

transition probabilities of entering the super sink state.

o A local policy 7’ that is optimal with respect to M’ is determined, and the

controller takes actions according to 7’ as long as the system state falls in
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the portion of the original state space covered by M'.

o If the system state falls out of the portion of the original state space covered
by M', M’ is properly expanded and shrank to cover the newly explored

state and then a new local policy is determined.

This approach can be viewed as a heuristic decomposition method that synam-
ically partition a given state space into two regions and focus on computing a
local policy for the region containing the current states. It is simple and efficienct,

but usually provides no formal quality guarantee of the solutions.

8.2 Approximate Planning Using Abstract Poli-
cies

Instead of determining an optimal policy for a huge Markov decision process M,
the approximation approach [BD94] pursues policies of suboptimal quality by
approximating M with an abstraction of M.

e In the approximation approach, a procedure is devised to determine a set of
relevant variables by inspecting M. The states in M are then aggregated
into abstract states according to the set of relevant variables; an abstract
state 1s a collection of the states in M that have the same values for the

relevant variables.

o Given a set of relevant variables, an abstraction of M is a Markov decision
process M’ determined by (1) the abstract state space composed of the
abstract states with respect to the set of relevant variables, (2) the transition

probabilities and the estimated action costs in the abstract state space.

e The approximation approach determines an optimal policy 7’ with respect
to M’ which maps each abstract state into an action. This abstract policy
7’ is directly augmented into a policy in M by mapping all the states
aggregated into the same abstract state into the same action adopted in

the abstract state.
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Since the number of relevant variables can be much smaller than the total
number of variables, the approximate approach can potentially allow great com-
putational efficiency. The solution quality of the policy 7’ compared with an
optimal policy of M can be bounded by inspecting M and M’. A problem with
the approximation approach is that often all or most of the state variables turn

out to be relevant; in this situation, the approximation approach does not help.

8.3 Aggregation and Abstraction

When computing an optimal policy for a large Markov decision process, it is use-
ful to aggregate indistinguishable states dynamically [BDG95] [BCn89] [Sch84]
[DGI7] or statically using different notions of indistinguishability to reduce re-
dundancy in computation. The decomposition technique in Chapter 6 employs
structural analysis to identify a static aggregation of states before solving the
underlying Markov decision process.

For model checking og complicated communication protocols, aggregation
techniques have been investigated to derive equivalent finite-state machines on
the fly to minimize computation time of validation or verification [LY92] [LY94]
[BCL194] [DGIT].

Abstraction is a special way of aggregation, in which two states are indistin-
guishable if they share the same configuration governing the values of a selected
subset of variables. Aggregation and abstraction are employed as tools for con-
structing compact and equivialent Markov decision processes or finite automata
to improve computational efficiency. Different abstraction techniques have been
investigated in classic STRIPS planning [Kno91b] [Ten91] [Sac74b] [HS94] to cope

with very large search spaces.

8.4 Probabilistic Inference in Bayesian Networks

Localized probabilistic inference in Bayesian networks [LS88] [JLO90] provides

an analogy to the decomposition approach for planning under uncertainty in this
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thesis. In a Bayesian network, a joint probability over many random variabless is
factored into the product of many conditional probabilities over subsets of random
variables, with the dependecies among state variables compactly encoded in the
network [LS88][Pea88]. Dependencies among random variables provide computa-
tional leverage in computing marginal probabilities and conditional probabilities.
Rather than globally enumeratng possible combination of variable values, local

computation and propagation exploiting dependency and result in much better

computational efficiency [JLO90] [LS88] [SDDF90] [AWFAST].

8.5 Decomposition Theory in Relational

Databases

The decomposition theory for relational databases provides an analogy to the de-
composition approach for planning under uncertainty in this thesis. Dependencies
among domain features play an important role in decomposition theory for rela-
tional databases, and provide computational leverage in time and space [ADA93]
[UlI88] [KS91]. Instead of keeping a large global relational schema covering all
attributes, often small local relational schemas are employed, each covering only
a subset of the attributes. This allows database managers to keep small databases
over the local relational schemas, rather than a large database over the global
schema. To answer a query, small relational databases over the local schemas are
joined and processed to provide an answer, and this is usually more efficient than

maintaining and probing a large database over the global schema.
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Chapter 9
Conclusions

Discrete dynamical systems in the form of finite automata or Markov decision
processes have been used as a representational and computational foundation
for planning under uncertainty. Many Al planning problems can be conveniently
viewed as control problems over the underlying discrete dynamical systems. Using
Al-style representation, the features of application domains are represented as
state variables, and planning problem instances compactly encode very large
discrete dynamical systems. The standard algorithms to solve the corresponding
control problems require explicit enumeration of the underlying state spaces. This
is impractical since the sizes of the state spaces are exponential in the number of
state variables.

In this thesis, we develop decomposition techniques to exploit structure for
planning problems in different application domains. Given a problem instance, we
first symbolically decompose the underlying dynamical system into subsystems.
Often only a subset of the state variables are directly relevant to the dynamics
within a subsystem, and the interactions among subsystems are characterized
by the dependency across these subsets of the state variables. After analyzing
the local dynamics within subsystems and the dependency across subsystems, we
decompose the original planning problem into a sequence of subproblems govern-
ing the subsystems. Rather than explicitly constructing the entire system, we
compactly construct each subsystem by abstracting away the state variables that

are irrelevant to the subsystem and its interactions with the other subsystems.
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Solutions of the planning subproblems can be derived by applying standard al-
gorithms for the corresponding control problems to these compactly constructed
subsystems, while a solution to the original planning problem is derived by sys-
tematically compiling and propagating the solutions to the planning subproblems.
These decomposition techniques shed light on how to exploit locality and depen-

dency to cope with very large state spaces.
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Appendix A
Proofs

Theorem 5.1. Given an instance of the temporal projection problem, the PRJ
task, the PRJ1 task, and the PRJ2 task can be reduced to one another by trans-
forming the problem instance. All these transformations can be done in polyno-
mial time by (1) adding at most two more conditions and two more events, and

(2) appropriately modifying the ordering constraints and causal rules.

Proof. Given an instance I for the PRJ task, we can construct the following
instance I’ for the PRJ2 task. We add a new condition X; and a new event ¢
into I such that the only effect of event e is to make X; true unconditionally.
Condition X; is constrained to be false initially. Event e is constrained to happen
after the other events. We add (X, true) into the goal. It is obvious that the goal
in instance I can be true immediately after all events have occurred if and only
if the new goal in instance I’ can be true immediately after event e has occurred.

Given an instance I for the PRJ2 task, we can construct the following instance
I’ for the PRJ1 task. Suppose ¢ is the specified tail event in the PRJ2 task. We
add a new condition X; and add a new event ¢/. Event ¢ makes X, true if the
goal in instance [ is true immediate before €’ occurs. Condition X; is constrained
to be false initially. Event ¢’ is constrained to happen immediately following e.
((Xi,truey) is the new goal. It is obvious that the goal of instance I can be true
immediately after the specified event e has occurred if and only if the new goal

can be true immediately following a possible event sequence in the new instance
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r.

Given an instance I for the PRJ1 task, we can construct the following instance
I’ for the PRJ task. We add a new condition X;. All events remain the same
except that in addition every event makes X, true if the goal in instance I is
true immediate before the event occurs. Condition X; is constrained to be false
initially. ((X;,true)) is the new goal. It is obvious that the goal of instance I can
be true immediately following a possible event sequence if and only if the new
goal in instance I’ can be true after all events have occurred.

Each of the transformations above adds at most one more condition and one
more event. Since the tasks can be reduced to one another by composing at most
two of the transformations above, at most two more conditions and two more

events will be added into the final transformed problem instance. a

Theorem 5.2.Temporal projection regarding two-rule events, totally unordered,

with a polynomaial-size state space is NP-Complete.

Proof. Given a directed graph with a set of forbidden pairs of arcs, the forbidden
pairs of arcs problem [GJ79] determines whether there is a path between two
nodes without using both arcs in any forbidden pair of arcs. It is NP-Complete
even if all forbidden pairs are disjoint.

In the following, we reduce an instance of the disjoint forbidden pairs of arcs
problem to an instance of the temporal projection problem regarding two-rule
events, totally unordered, with a polynomial-size state space. (1) Each non-
isolated vertex in the directed graph is mapped to a distinct state in a state
space. In particular, the starting vertex s and the target vertex ¢ are mapped
to the initial state and a unique goal state respectively. (2) Each directed arc
(u,v) in the graph is mapped to a distinct causal rule that is only applicable at
state u and causes a state transition from u to v. (3) Each forbidden pair of arcs
is mapped to a distinct two-rule event which is associated with the two causal
rules that correspond to the two arcs in the forbidden pair. Events are allowed

to occur in arbitrary order.

132



Since an event corresponds to a forbidden pair of arcs, the event can trigger
a state transition along exactly one of the two arcs. Therefore an event sequence
with a trajectory starting from s and ending in ¢ corresponds to a solution directed
path in the forbidden pairs of arc problem instance. On the other hand, each arc
in the directed graph is uniquely associated with a two-rule event. Therefore a
directed path from s to ¢ in the directed graph corresponds to an event sequence
starting from s and ending in ¢. This reduction together with Lemma 5.1 and The-

orem 5.1 prove the NP-Completeness of this special case of temporal projection.O

Theorem 5.3. Temporal projection regarding one-rule events with an arbitrary

partial order and a polynomial-size state space is NP-Complete.

Proof. Given a directed graph with a set of forbidden pairs of arcs, the forbidden
pairs of arcs problem [GJ79] determines whether there is a path between two
nodes without using both arcs in any forbidden pair of arcs. This problem is
NP-Complete even for directed acyclic graphs.

In the following, we reduce an instance of the forbidden pairs of arcs problem
on a directed acyclic graph to an instance of the temporal projection problem
regarding one-rule events with an arbitrary partial order and a polynomial-size
state space. (1) Each non-isolated vertex in the directed graph is mapped to a
distinct state in a state space. In particular, the starting vertex s and the target
vertex ¢ are mapped to the initial state and a unique goal state respectively. (2)
Each directed arc (u,v) in the graph is mapped to a distinct causal rule that is
only applicable at state u and causes a state transition from u to v. Each causal
rule is then uniquely associated with a one-rule event. In other words, each arc
is uniquely mapped to a one-rule event. (3) For each forbidden pair of arcs (e, €)
where e and ¢’ correspond to the one-rule events tky and tky respectively, we
impose an ordering constraint thy; < thky (tky < tky) if there is a directed path
with arc €’ preceding arc e (e preceding arc €’). Since the graph is acyclic, these
ordering constraints define a partial order on the events.

For a forbidden pair of arcs (e, e’) where e and €’ correspond to the one-rule
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events tky and tk, respectively, the imposed ordering constraint on the events tk;
and tk, prevents the arcs e and ¢’ from both appearing in the same trajectory
of any possible event sequence. Note that each arc is uniquely mapped to a one-
rule event. Given the ordering constraints, event tk; must precede event tky if
there is a directed path in the graph with arc ¢’ preceding arc e. However, event
tky precedes event tky implies that a transition along the arc e must precede a
transition along arc ¢’ if both transitions are contained in the trajectory of an
event sequence. However, this is impossible, since in a directed acyclic graph the
existence of a directed path with arc ¢’ preceding arc e¢ implies the nonexistence
of a path with arc e preceding arc ¢’. This proves that arcs e and ¢’ can not both
appear in the trajectory of any possible event sequence if (e, ¢’) is a forbidden pair
of arcs. Note that each arc is uniquely mapped to a one-rule event. Therefore a
possible event sequence with a trajectory starting from s and ending in ¢ gives
us a solution directed path in the forbidden pairs of arc problem instance and
vice versa. This reduction together with Lemma 5.1 and Theorem 5.1 prove the

NP-Completeness of this special case of temporal projection. a

Theorem 5.4. Temporal projection regarding one-rule events, totally unordered,

with a polynomial-size state space is solvable in polynomial time.

Proof. For this special case, the PRJ1 task of temporal projection can be reduced
to a graph reachability problem, which is solvable in polynomial time [CLR91].
We first construct a directed graph G by mapping (1) each state to a distinct
vertex in G and (2) each one-rule event that triggers a state transition from a
state u to a state v to an arc (u,v) in G. Finding an event sequence that ends
in a goal state is equivalent to finding a path from s to ¢t in graph G where s
and t correspond to the initial state and a goal state respectively. This reduction
together with Theorem 5.1 prove that this special case of temporal projection is

solvable in polynomial time. a

Theorem 5.5. Temporal projection regarding general events partially ordered as
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O(1) number of chains of length O(|E]) or O(log |E]) number of chains of O(1)

length with a polynomial-size state space can be solved in polynomial time.

Proof. Given a problem instance (P, &, O,sq,G), the number of vertices in the
graph constructed by the global search algorithm for temporal projection in Sec-
tion 7 is [Sp| X [li<icm(1 4 1), where |Sp| is the size of the state space, m is the
number of chains, and /; is the number of events in the ¢th chain. If I; = O(|&])
and m is a constant, or [; = O(1) and m = O(log |€]), in both cases the graph
G 1s polynomial in the size of the event set £. Therefore graph reachability and
thus temporal projection is solvable in polynomial time for this special case of

temporal projection. a

Theorem 5.6. Temporal projection regarding general events with an arbitrary

partial order and a constant-size state space is solvable in polynomial time.

Proof. For this special case, the task in the PRJ1 task of temporal projection
can be accomplished in the following way. First, we construct a directed graph G
by (1) mapping each state to a distinct vertex in G, and (2) adding an arc (u,v)
to G if one of the events can trigger a state transition from u to v. G is a graph
of O(1) size.

Second, we enumerate all simple directed paths which start from the initial
state and end in goal states. There is only a constant number of such directed
paths since the graph is of constant size. For each of these directed paths, we
must determine whether there is an event sequence whose trajectory can corre-
spond to the directed path. This task is equivalent to bipartite matching between
the directed arcs in a simple directed path and the set of events. An event ¢ can
match a directed arc (u,v) if e can trigger a state transition from u to v. If each
of the directed arcs in the directed path can be matched with a distinct event,
this gives us an event sequence whose trajectory is the directed path. Finally, we
examine the event sequence to determine whether it is consistent with the order-

ing constraints. Since the bipartite match problem can be solved in polynomial
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time [PS82] [CLRI1], this reduction together with Theorem 5.1 prove that this

special case of temporal projection is solvable in polynomial time. a

Theorem 5.7. The goal G is true immediately after all events have occurred if
and only if for each region R, the regional subgoal Gr of R is true immediately

after all of the events in R have occurred.

Proof. According to the definition, all regional subgoals are subsets of the goal
G. In particular, the goal G equals the regional subgoal of the root region, since
every condition is a local condition in this global region. Therefore the goal G is
true after all events occur if and only if for each region R, the regional subgoal Gr
is true after all events occur. By Lemma 5.2, a local condition X; of a region R
is true after all events occur if and only if X; is true immediately after the events
in region R have all occurred. Therefore a regional subgoal Gg is true after all
events occur if and only if Gp is true immediately after the events in region R

have all occurred. O

Theorem 5.8. The set of coupling conditions of a region R is the unton of two
disjoint subsets: the set of abstract conditions of R and the set of subgoal condi-

tions of R.

Proof. The set of abstract conditions of R and the set of subgoal conditions
of R are disjoint, since the abstract conditions are dependent on events not in
R and the subgoal conditions of R are local conditions of R. In the following,
we consider a region R of two or more child regions. (For a region composed of
a single event, the proof directly follows from the definitions of these three sets
of conditions.) Suppose X, is an abstract condition of R. X, is dependent on
an event not in R and an event e in R. Since e is contained in one of R’s child
regions R', X, is also an abstract condition of this child region R'. If X, is a
subgoal condition of R, then X; must be an abstract condition of one of R’s child

regions. This is because X; is dependent on R, but not a local condition of any
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child region of R. Therefore, if X; is in the union of the set of abstract conditions
and the set of coupling conditions of R, then X; must be an abstract condition
of a child region R’ of R, which implies that X; is also a coupling condition of R.

On the other hand, suppose X; is a coupling condition of R. X; must be an
abstract condition of a child region R’ of R. If X, is not an abstract condition of
R, X, is a local condition of R which is only dependent on the events in R. Since
X; is an abstract condition of a child region R’ of R, X; must be dependent on
an event in R but not in R'. This implies that X is not a local condition of any
child region of R. In other words, X; is a subgoal condition of R. Therefore if
X, is a coupling condition of R, then X is either an abstract condition of R or a

subgoal condition of R. O

Theorem 5.9. The search graph G = (V, E) constructed in procedure Temporal-
Search s a directed acyclic graph. If we adopt a trivial partition that considers
each individual event as a chain, the search graph Gp contains 2/PIHEl vertices.

In this case, the procedure Temporal-Search runs in O(22UPIFED) time,

Proof. When we follow a directed arc (u,v) in E, exactly one of the time coun-
ters is increased by one in v compared with the counters in u, and the other time
counters remain the same. Consider the counters associated with the individual
chains. There is no directed path from u to u where the counters are the same
in the head and the tail, since at least one of the counters is increased by fol-
lowing a directed path. Therefore G; = (V, E) is a directed acyclic graph, and
the single-source shortest paths problem and thus the graph reachability problem
can be solved in O(|V| + |E|) time [CLRI1]. If we adopt the trivial partition,
we have |£| chains, and the length /; equals one for each chain. This gives us
1Sp| X Tlicicm (1 +1;)= 2IPI+IEl vertices, and at most 22(P1+1€) arcs. Therefore the

procedure Temporal-Search runs in O(2:PHIED) time, O

Theorem 5.10. Procedure Localized-Reasoning is sound and complete.
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Proof. By induction on the levels of the region hierarchy, we can establish the
following two properties about the localized algorithm. First, for each region R,
the regional subgoal Gr can be true immediately after the events in R have all
occurred if and only if (1) procedure Abstract-Event can successfully derive the
abstract event eg and (2) at least one of the rules associated with ep is applicable
immediately before the events in R occur. Second, for each region R, procedure
Generate-Sequence can generate an event sequence q in Q% immediately following
which Gr can be true if and only if (1) s is the abstract state in S4, immediately
before the events in R occur where (s',t') is the pair of abstract states in Sa,
given as the input to procedure Generate-Sequence, and (2) at least one of the
rules associated with eg is applicable in s’.

The induction hypothesis is composed of the two properties described above.
In the basis step, we consider every region that is composed of a single event.
Both properties are true in this situation directly following the localized algorithm
and the definition of abstract events. In the induction step, we consider every
region R in which both properties in the induction hypothesis are true for every
child region of R. According to procedure Abstract-Event and the definitions of
Apr and ep, for each rule o — [ associated with er, if o is true immediately
before the events in R occur, we have the following two implications: (a) the
abstract events of R’s child regions can occur as a sequence such that for each
child region R’, at least one of the rules associated with the abstract event eps is
applicable immediately before er occur, and (b) the incremental subgoal Gr is
true immediately after the events in R occur. These two implications together
with Corollary 5.2 allows us to complete the induction step for the two proposed
properties.

First, suppose that we can derive the abstract event e for R. By implication
(a) and the induction hypothesis, for each child region R’ of R, the regional
subgoal Gr/ can be true immediately after the events in R’ have all occurred.
Therefore, according to implication (b) and Corollary 5.2, the regional subgoal
Gr can be true immediately after the events in R have all occurred if one of the

rules associated with eg is applicable immediately before the events in R occur.
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On the other hand, if we can not derive the abstract event eg, this implies that
Ap is empty and the regional subgoal Gr can never be achieved. This completes
the induction step for the first property.

Second, suppose that (1) for a region R, (s’,') is the pair of abstract states
in S4,, given as the input to procedure Generate-Sequence and (2) at least one of
the rules associated with eg is applicable in s’. By the implications (a) and (b)
and the induction hypothesis, if one of the rules associated with eg is applicable
immediately before the events in R occur, we are able to generate an event
sequence q in QL such that (1) for each child region R’ of R, the regional subgoal
Gre is true immediately after the events in R’ have all occurred and (2) the
incremental subgoal Gr is true immediately following q. This completes the
induction step for the first property.

By induction, both properties are true for all regions. In particular, consider
the root region £. Note that (1) since all conditions are local conditions in the root
region, the root region has an empty set of abstract conditions; (2) () — () is the
only rule in the abstract event of the root region if we can successfully derive the
abstract event; and (3) in particular, in Step 4 of procedure Localized-Reasoning,
() is true in s’ = () immediately before the events in € occur where (s',f') = ((), ()
is the pair of abstract states given to procedure Generate-Sequence. Therefore,
according to the two properties, procedure Localized-Reasoning always success-
fully (1) determines the existence of an event sequence in Q%that ends in a goal

state and (2) generates such an event sequence if and only if one exists. a

Theorem 5.11. Given an instance of the temporal projection problem, the pro-
cedure Localized-Reasoning muns in O(n x 8%) time, where n is the size of the

event set £, and L is the interaction measure of the problem instance.

Proof. In the procedure Localized-Reasoning, the procedure Region-Abstraction
and the procedure Generate-Sequence are (recursively) called once in each region,
and both procedures use the procedure Temporal-Search for local searches in

individual regions. In particular, in each region the procedure Temporal-Search
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is called 22! times in Step 2 of the procedure Region-Abstraction. In a region R,
procedure Temporal-Search runs in O(22(r+er)) time according to Theorem 5.9,
since there are bp child regions and cr coupling conditions in R. Therefore
procedure Localized-Reasoning runs in Y, 2%l x O(22®rter)) time, which can
be written as O((2n — 1) x 2€ x 2%4) according to the following two observations:
First, in a region hierarchy, the number of distinct regions is no more than 2n —1;
this is because in a tree with n leaves, there is at most n — 1 internal vertices,
which corresponds to a region hierarchy with n events. Second, in each region,

we have

L >bp+cr > cp = |Cr| = [Ur U Ag| > | Ag|.

Accordingly we have a O(n x 8%) time bound. O

Theorem 6.1. Given an optimal policy ©' for the reduced Markov decision
process M derived from a Markov decision process M by procedure Reduced-
MDP, ©' compactly encodes an optimal policy © for M with respect to a given
initial state, where w(u) equals 7'(up) for every state u that is aggregated into

an aggregate state up in a coherent fragment F.

Proof. A variable is either active, latent, or passive in a coherent fragment. In
procedure Reduced-MDP, states are aggregated into an aggregate state in a
coherent fragment F if and only if (1) these states are indistinguishable in the
values of the active variables in F' and (2) only differ in the values of the passive
variables in F. Note that the values of the latent variables in a coherent fragment
F never change in F or the ancestors of F'; the values of the latent variables in
F remain the same as their initial values in the initial state. Since the passive
variables in a coherent fragment F' do not involve in the action dynamics in F' or
the descendants of F', the states aggregated into an aggregate state in coherent
fragment F' (1) have the same expected cumulative cost given any specific policy
and (2) do not communicate with one another. Following the state-aggregation
operation in coherent fragment F' described in procedure Reduced-MDP,| it is

obvious that every aggregate state preserves the same expected cumulative cost
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as any of its component base-level state given any specific policy. In particualr,
this is true for the optimal value function for the reduced process, which maps a
given aggregate state to the optimal expected cumulative cost associated with the
underlying base-level states. Then according to the state-transition probability
and cost function of the reduced Markov decision process described in procedure
Reduced-MDP, it is obvious that a policy 7 that results in the optimal value
function for the reduced process can be extended to a policy 7’ that results in
the optimal value function for the original process simply by mapping every base-

level state u to the action the corresponding aggreate state of u is mapped to. O

Theorem 7.1. The iterative method described above improves the solution qual-
ity on each iteration, and converges to an optimal solution in a finite number of

iterations.

Proof. The iterative method is equivalent to (i) adopting the partition @, and
then (ii) applying the methods of Kushner and Chen [KC74a] that solve Markov
decision processes as large linear programs using the Dantzig-Wolfe decompo-
sition principle, which have the properties described above. A more detailed
description of the algorithm and its correspondence to the methods of Kushner

and Chen [KC74a) is provided in appendix B and Appendix C. O
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Appendix B

Iterative Approximation and

Linear Programming

In this chapter, we explore the relationship between the iterative approximation
framework described in Section 5 and the use of the Dantzig-Wolfe decomposition
principle in solving Markov decision processes as linear programs. This relation-
ship then provides interesting insight into the iterative approximation framework.
In the remainder of this paper, we abbreviate the Dantzig-Wolfe decomposition
principle as the DW decomposition, and refer to the work of Kunshner and Chen

[KC74a] as the DW approach for Markov decision processes.

B.1 Linear Programming and the Dantzig-Wolfe

Decomposition Principle

To cope with linear programs of very large sizes, decomposition principles [Las70]
that divide a large linear program into many correlated linear programs of smaller
sizes have been well studied, among which the DW decomposition may be the
most well known. In the following, we describe the general form of the DW
decomposition without assuming additional structure in linear programs. We
refer the readers to [Las70] [MB90] for more details about linear programming

and the DW decomposition.
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Consider a linear program of standard form

minz = ¢X
AX = b ... (1),
X >0
where X is a N x 1 column vector composed of N variables x,xs,...,2N; ¢ is

a 1 x N row vector of N scalar values representing a cost function of X; A is a
M x N constraint matriz representing M linear constraints on X; and X > 0
represents sign constraints enforcing 1, 9, ..., zy to be nonnegative.

Using the DW decomposition, we can arbitrarily partition the set of M linear
constraints AX = b into two smaller sets of linear constraints 4, X = b, and
A X = by. Let m be the number of linear constraints in 4;X = b;. Rather
than directly solving the linear program in (1), the DW decomposition implicitly
reformulate the linear program in (1) as a master problem concerning the m
linear constraints in A1 X = by, and iteratively generate a series of subproblems
concerning the M —m linear constraints in A; X = by to attain an optimal solution

of the linear program in (1).

B.1.1 The Master Problem in the DW Decomposition

Note that all feasible solutions to AX = b also satisty A, X = by. Therefore each
feasible solution X to AX = b can be properly represented as

X= 3 AXxO4 3 \Xx0),
1<i<r 1<5<t
where
o XV, 1<i<r,and X?’s,1 < j <tare N x1 column vectors representing

the finite number of extreme points and extreme rays ! [Las70] [MB90]

respectively of the set {z]A;X = by}, and

IThe set of extreme rays {X!,..., X'} is any maximal set of linearly independent solutions

to AQX =0.
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e \;’s and );’s must satisfy the following constraints

A1(Z1§i§r )‘iXi + Zlgg‘st j‘ij) = b

Tagisr A - (2).
A >0, Vi=1...r
A >0, Vi=1...t.

We can factor A; into the summations in the first equation in (2), which
renders (2) as a set of linear constraints on A;’s and A;’s. Similarly, for the cost
function z = ¢X over X we can rewrite it as

X = ¢ Z X 4 5\]5((]‘))7
1<i<r 1<j<t
which renders a cost function over );’s and ),;’s when we factor ¢ into the sum-
mations in the above equation. Let m be the number of linear constraints in
A1 X = by. We denote 4; X0 as G, A1 X0 ag d;, X as d; and ¢X) as Jj,
where ¢; and ¢; are m column vectors while d; and d; are scalar values. This allows

us to rewrite the linear program in (1) as a linear program over the nonnegative

variables \;’s and A,’s in the following form

min z = Ticicr Midi + Ticj<r Mid;
Yicicr Mt + Ticici MG = by
Yicicr Mi - 1 ... (3).
>0, Vi=1...r
Aj >0, Vi=1...t.

We refer to the linear program in (3) as the master problem in the DW de-
composition in solving the linear program in (1). Let m be the number of linear
constraints in A; X = b;. Note that we have m -+ 1 linear constraints in the
master problem in addition to those sign constraints that enforce A;’s and A;’s
to be nonnegative. Theoretically, we can directly apply the simplex method to
solve the master problem, where the simplex method iteratively updates a basis
of m+1 columns of the constraint matrix of the master problem in (3). On each

iteration, a profitable column is selected to enter the basis and replace an old one
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in the current basis, which corresponds to an ); or an \; variable associated with
an extreme point or an extreme ray of the set {X|A4,X = by}. In this way, the

solution quality can be iteratively improved until an optimal solution is reached.

B.1.2 The Subproblems in the DW Decomposition

In order to solve the master problem using the simplex method, we need to
determine a profitable column corresponding to an extreme point or an extreme
ray of the set {X|A4,X = by} to iteratively update the basis. However, it is
infeasible to exhaustively enumerate all these extreme points and extreme rays
in general. To cope with this difficulty, a subproblem is devised according to the
current simplex multipliers * [Las70] [MB90] associated with the m + 1 linear
constraints in the master problem (3). By solving the subproblem, we can find
an extreme point or an extreme ray that gives us a profitable column to enter
the basis.

Let 3 denote a 1 xm row vector composed of the simplex multipliers associated
with the m linear constraints

Z AiGi + Z Ajg = br.

1<i<r 1<5<t

Let (g denote the simplex multiplier associated with the linear constraint

o =1

1<s<r
The corresponding subproblem is
minz = (c— fANX
X >0

For such a subproblem, we use zj to denote the optimum solution of the sub-

problem, and d5 to denote the quantity fy — z3.

20n each iteration of the simplex method, we can determine for each linear constraint an
associated simplex multiplier.
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B.1.3 Conducting an Iteration of the DW Decomposi-
tion

On each iteration, we conduct the following steps to either (i) derive an entering
column to enter the basis of the master problem and go through another iteration,
or (ii) determine that the current solution for the master problem is optimal or
within a specified tolerance € of the optimum, report the current solution, and

terminate the computation.

e Set up a subproblem according to the current simplex multipliers of the
master problem. Solve the subproblem to determine an optimal solution zj

of the subproblem and é5 = o — 2.

e — If 3 = oo, the cost function z = (¢ — $A;)X is unbounded along an

extreme ray X) and we can find a corresponding column
A, X0 g\
o | | o

— If 05 is finite and greater than e, z* must be achieved by an extreme

to enter the basis.

point X and we can find a corresponding column
A X g
| R

In both situations, we determine an entering column to enter the basis.

to enter the basis.

We then (i) update the current basis through an pivot operation according
to the selected entering column, (ii) determine a new solution to and new
simplex multipliers of the master problem, and (iii) go through another

iteration of the DW decomposition.

o If 43 is no more than €, we can terminate the computation and report

the current solution of the master problem as the final solution. In this
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situation, the current solution is no greater than e plus the optimum of the
master problem. In particular, if d5 is zero or negative, we have reached an

optimal solution of the master problem.

Both the master problem and the subproblems center around the use of sim-
plex method in solving the linear program in (3). We refer the readers to [MB90]
for more details about (i) cycling prevention and (ii) the initialization of the sim-
plex method using big-M method. We briefly summarize two important prop-

erties about the DW decomposition that are useful in the remainder of this paper.

Proposition B.1 Using the DW decomposition, the solution quality is improved

iteratively and converge to an optimum solution in a finite number of iterations.

Proposition B.2 For a subproblem in the DW decomposition, the value of the
current solution is less than or equal to the value of an optimal solution plus i3

where 65 = By — 25

B.2 The DW Decomposition and Markov De-

cision Processes

It is well known that we can solve Markov decision processes as linear pro-
grams [D’E63] [Der70] [KK71a] [Put94] using standard techniques like the simplex
method. Kushner and Chen [KC74a] investigate the use of the DW decomposi-
tion in solving Markov decision processes as linear programs. In the following, we
briefly introduce their results, which provide interesting insight into the iterative

approximation framework described in Section 5.
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B.2.1 Formulating Markov Decision Processes as Linear

Programs

Let M = (S, A, p, ¢) be a Markov decision process with finite state space S, finite
action space A, state transition matrix p, and cost matrix ¢. For convenience, let

§=1{1,2,...,N}. X; (A;) is a variable indicating the state (action) at time ¢.

pijla) =Pr( Xy =j|Xisi =0,41=a) 1,jJ€S ac A
cijla) = Cost(Xy = J| Xso1 =1, Ami=a) 1€S a€c A

where Pr(.|.) is a conditional probability distribution and Cost(.|.) is a real-valued
cost function. A policy m is a function mapping states to actions 7 : § — 4. We
consider two kinds of performance criteria, namely (i) expected cumulative cost
to reach a specified goal and (ii) expected discounted cumulative cost.

We further define Cost(i,a) = Y, pij(a)ei;(a). For the criterion of expected
cumulative cost to reach a specified goal, a subset of S is designated as a target
and performance is measured as the expected cost until arriving at some target
states. Assuming that the target can be reached with probability 1 from any
other state, we can reformulate M = (S, A, p, ¢) as the following linear program

[D’E63] [KK71al:

minz = Y,;,Cost(i,a)E;,
YouFlia = &G+ X.Pji(a)E;q, VieS ¢...(5),
Ei. >0, Vie S,Vae A

where E;, denote the average number of time that action a is taken in state ¢,
and &; is the probability that state ¢ is the initial state.
Similarly, we have the following linear program for the criterion of expected

discounted cumulative cost [D’E63] [KKT71a).

minz = Y,,Cost(i,a)E;,
YuFlia = &G+ vX4Pjila)E;q, VieS ¢...(6),
Ei. =20 Vie S,Vae A

where F; , denote the discounted average number of time that action a is taken

in state ¢, and &; is the probability that state ¢ is the initial state.
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Given a solution to (5) or (6), we can determine a nondeterministic policy

where E; ./>, E; . is the probability of mapping state ¢ to action «.

B.2.2 The DW Approach in Solving Markov Decision

Processes

Kushner and Chen [KCT74a] investigate the use of the DW decomposition in
solving Markov decision processes formulated as the linear programs in (5) and
(6). Given a Markov decision process M = (S, A, p,c), the following kind of
partition @ = {U, Ky, ..., K} is required in applying their techniques:

e For any two states ¢ and j in two different K;’s, 1 <1 < h, both p;j(a) and

pji(a) are zero for any action @ in A.

e The states in two different K;’s, 1 <[ < h, can only communicate with one
another through the states in U. § divides into isolated pieces K;’s, | > 1

when we remove U from S.

Note that each state in S contributes a linear constraint to the linear programs
in (5) or (6). Given a partition @ = {U, K1, ..., K3} as required, we can partition
the set of linear constraints into A; X = by and A X = by, where (i) A; X = by
composed of the constraints contributed by the states in U and (ii) 42X = by
composed of the constraints contributed by the states in K;,1 < [ < h. This
gives us a master problem involving the states in U and subproblems involving
the states in K’s.

Instead of solving subproblems directly, their dual linear programs are con-
sidered. Due to the special structure of the partition ) and the linear programs
in (5) or (6), the dual linear program of a given subproblem can be reduced to
the local Markov decision processes over individual regions K;’s, 1 <[ < & rather
than the entire state space §. We briefly summarize the use of DW approach in
solving Markov decision processes as linear programs in the following and refer

the readers to [KC74a] for more details.

1. Choose a partition @ = {U, K1,..., K3} such that § divides into isolated

pieces K;’s, 1 <[ < h when we remove U from §.
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. Derive the simplex multipliers associated with the master problem that is

concerned with U, and determine the corresponding subproblem.

. Reduce the subproblem to local Markov decision processes over K;’s, 1 <

[ < h, and solve these Markov decision processes.

. Manipulate the solutions to the local Markov decision processes derived in
step 3 to generate an entering column for the master problem. Then update

the basis and the simplex multipliers accordingly.

. Check the stopping criteria. If the stopping criteria are met, stop and report

a solution; otherwise, go to step 2.
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Appendix C

More Details about the Iterative
Approximation Method

In this part, we provide the details of the iterative method sketched in Chap-
ter 7. We establish the relationship between the iterative method and the use of
the DW decomposition in solving Markov decision processes as linear programs.
This relationship then provides interesting insight into the iterative approxima-
tion framework, and also demonstrate the convergence of the iterative method

described in Chapter 5.

C.1 Relationship between the DW Approach

and Iterative Approximation

Consider the steps sketched in appendix B.2 about the DW approach that solves
Markov decision processes as linear programs using the DW decomposition. They
can be well interpreted as an iterative method as we sketched in Chapter 7. This
demonstrates that the iterative method converges to the optimum in a finite

number of iterations.

e Given a Markov decision process M = (S, A, p, ¢) and an arbitrary partition
P = {Ry,..., Ry} of the state space S, there is always a closely related
partition that allows the use the DW approach. As depicted in Figure 7.5,
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U = Ug, Periphery(R;), which is the union of the peripheries of the regions
R;’s, and each K; = Kernel(R;), which is the kernel of each individual
region Ry, 1 <1 < h, naturally yield such a partition Q@ = {U, K; ..., K}.
When we remove U from §, S divides into disjoint pieces K;’s, 1 <1 < h.

Using such a partition Q = {U, K ..., K} in the DW approach, the num-
ber of linear constraints in the master problem is |U| + 1. The simplex
multipliers associated with this master problem can be interpreted as the
0;’s assigned to each state 7 in the peripheries of the regions in P, which
determine the the 3 vector described in Section 7.3. On each iteration,
such a (3 vector determine a subproblem. that is further reduced to smaller
Markov decision processes over K;’s, 1 < [ < h. Each of these smaller
Markov decision processes can be interpreted as the kind of local Markov

decision process My, 1 <1 < h, described in Section 7.3.

In Step 2 and Step 3 of the DW approach, local Markov decision processes
over K;’s, 1 <[ < h are derived and solved according to the current simplex
multipliers. In Step 4 the solutions to these local Markov decision processes
in turn allow us to update the simplex multipliers and then reiterate Step 2
and Step 3. In this way, the DW approach provides a control mechanism

to iteratively solve the local Markov decision processes and update the 3

vector to improve the solution quality.

In other words, the DW approach that solves Markov decision processes as
linear programs can be interpreted as a particular iterative method. Accord-
ing to Proposition B.1 and Proposition B.2 in Section B.1, the DW decom-
position iteratively improves the solution quality of a linear program and
converges to an optimal solution in a finite number of iterations. Therefore
the corresponding iterative method also converges to an optimal solution

of the corresponding Markov decision process in a finite number iterations.
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C.2 Overview of the Iterative Method

By appropriately interpreting the DW approach in [KC74a] under the iterative

approximation framework, it yields the following iterative method.

1. Given a Markov decision process M = (S, A, p,c¢), we choose an arbitrary
(but fixed) partition P of the state space S in advance which divides the

state space into disjoint regions.

2. On the tth iteration, we decompose the original Markov decision process
into smaller Markov decision processes over the kernels of the regions in
P, and derive a policy II®) by gluing together the policies of these smaller

Markov decision processes.

3. The information associated with II®) also tells us (i) a bound on the value
of the current solution, and (ii) whether we should go through another

iteration of Step 2.

4. Let m be the number of the states in the peripheries of the regions in
partition P. We need to keep a policy repository of at most m + 1 such
s at a time. As soon as policy II¥) is generated, it properly replaces
one of the policy II).7 < ¢, in the repository. The current solution is a

combination of such policies II®)’s stored in the current policy repository.

5. If we need to go through another iteration, the information associated with
the current policy repository tells us how to go through another iteration
of step 2. The solution quality is improved iteratively, and converge to

optimum.

In the following, we (i) provide the entire picture of the iterative method, and
(ii) indicate its equivalence to the DW approach that uses the DW decomposition
to solve Markov decision processes as linear programs [KC74a]. In the remainder
of this paper, we focus on the criterion of expected cumulative cost to reach target
states. For the expected discounted cumulative cost criterion, it is all the same

except that the transition probability p;;(a) is multiplied by a discount factor v
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and the set of target states is empty. This is true because the linear programming
formulations in (5) and (6) for these two performance criteria are basically the

same except for the presence of the discount factor in the linear program in (6).

C.3 Partitioning a State Space into Local Re-
gions

o We adopt an arbitrary but fixed partition P = {R;,..., Ry} of the state
space throughout all iterations of the iterative method. In particular, the
union of the peripheries of the regions R;’s, U = Ug,cp Periphery(R;), and
the kernel of each region R;, K; = R; — U, play important roles in the

iterative method.

o Let m be the number of the states in U. We number these m states in the
coupling region U from 1 to m, and number the other states in K;,1 > 0
from m + 1 to N. Using such a fixed numbering on states, we can more
conveniently name the elements of the matrices and the vectors that are

related to these states.

C.4 The Abstract Action Space

An abstract action is a local strategy imposed on a region R to encourage certain
pattern of system evolution when leaving region R to enter R’s adjacent regions.
An abstract action of a region R is parameterized by a set of bias values assigned

to the states in U.

o ;,1 <1 < m denotes the bias value assigned to a state 7 in U as described
in Section 7.3. In addition, we define 3y to be a measure of the current

solution quality. Let

6: [617"'76771] ELIldB: [617"'76m7ﬁ0]‘
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e Intuitively, we can interpret [3; as a measure of the expected cumulative
cost since the first time of leaving region R from state ¢. A big ; has the
effect of discouraging the use of state ¢ as an exit to leave R to enter R’s

adjacent regions.

o Refer to Section C.8 for the initialization of 3 and refer to Section C.9 for
the iterative modifications of 3. In the remainder of this paper, we use 3,
ﬁl»(t), and ﬁét) respectively to denote the specific 3, 8;, and 3, appearing on

the tth iteration of the computation.

Remark The 3 vector is composed of the simplex multipliers on a specific it-
eration of the master problem in the DW decomposition. Consider the m + 1
constraints in the master problem, the first m of which concern with the states
in U. On each iteration, the simplex multipliers associated with these m con-
straints then provide these bias values (3;’s, 1 <1 < m. The simplex multipliers
associated with the (m + 1)th constraint in the master problem provides the [,

value.

C.5 Deriving Local Policies

C.5.1 Deriving the Local Policies over the Kernels

Given a Markov decision process M = (S, A4, p, ¢), and a particular 3 vector, we
can derive local Markov decision processes over the kernels K;’s. For each region

Ry in the partition P, we define a Markov decision process Mgk, = (K;UU, A, p, ¢).

1. K;U U is the (local) state space with respect to Mg f,, where the states
outside the kernel K are considered as additional target states. In other
words, the union of U and the set original target states of M forms the set
of target states of Mp,.

2. pi; is the (local) conditional probability distributions about action out-

comes. Let p,;j(a) and p;;(a) denote the probabilities of ending up in state
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J if we take action @ when we are in state ¢ with respect to My, and M

respectively. We define

o pii(a) =1if 7 is a target state of My, and

e pij(a) = p;j(a) for for a non-target state ¢ in Kj.

3. ¢;; specifies the biased action costs with respect to Mgy, which is properly
biased according to 3. Let ¢;;(a) and ¢;;(a) denote the action costs of ending
up in state j if we take action @ when we are in state ¢ with respect to Mgy,

and M respectively. We define

e &ij(a) = 0 where 7 is a target state of My,

e ¢j(a) = cij(a) where 7 is a non-target state and j is in K}, and

e ¢j(a) = cij(a) + B where i is a non-target state and j is in U.

4. In the following, we use

o Cost(i,a) = ¥; pij(a)cij(a) to denote the cost of taking action « in
state 7 with respect to M,

o ActionBias(1,a) = 3 ey pij(a)B; to denote the bias regarding taking
action « in state 7, and
o BiasCost(i,a) = 3, pij(a)éij(a) to denote the biased cost of taking

action a in state 1 with respect to Mg,

We then have:

e For a target state i of My, BiasCost(i,a) = 0.

e For a non-target state ¢ in Aj,
BiasCost(i,a) = ) pij(a)éij(a) =) pij(a)é;(a)
J J

= Z pij(a)cij(a) + Z pijla)(cij(a) + B;)

I¢U J€U
= > pila)ei(a) + 3 pij(a)B
J sev

= Cost(i,a) + ActionBias(i, a).
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C3x(a)=4 Cs,(a)=6
p32(a):O-6 P31(a)=0.4

B2=4.2 B.=1.2

Figure C.1: The relationship between actual and biased action cost

Figure C.1 depicts three states 1, 2 and 3. State 1 and state 2 are in the
peripheries of regions while state 3 is in the kernel of a region. When taking
action a in state 3, we end in state 1 (2) with a cost of 6 (4) and with probability
0.4 (0.6). The bias associated with state 1 (2) is 1.2 (4.2). The biased action cost

of taking action a in state 3 is then determined by

BiasCost(3,a) = Cost(3,a)+ Bias(3,a)
= (06x4+04x6)+(06x42+04x1.2)
= 7.38.

Given Mg g,, we can derive the optimal local policy and the resulting local

values as follows.

e 75k, is a local policy that is optimal with respect to Mpg,, which maps
the non-target states in K to actions !.

e We use the term LocalValue(i) to denote the value of a state ¢ in K with
respect to the local policy gk, which are determined by the following

system of equations: For each ¢ in A},

LocalValue(i) = BiasCost(i, gy, (i) + Y Pij(my,(i)) x LocalValue(j).

JEK,

!The actions taken in the target states of Mgk, are not important since are modeled as
absorbing states with zero action cost.
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Remark The biased action costs actually correspond to the coefficients in the
the cost function (¢ — 3A1)X of the subproblem on a particular iteration of the
DW approach, where ¢ is the vector of actual action costs; A; is the constraint
submatrix that gives rise to the master problem; and 3 are the simplex mul-
tipliers concerning those m states in U. ActionBias(i,a)’s corresponds to the
components of —FA;. The dual linear program of the subproblem is reduced to

the local Markov decision processes described above.

C.5.2 Deriving the Local Policies over the Peripheries

A local policy 7, maps the states in K, the kernel of region Ry, to actions.
Given the set of local policies {75k, }, we can also determine a local policy 75

that maps the states in U, the union of the peripheries, into actions as follows.

o We first determine the biased cost of taking an action « in a state 7 in U as

follows:

ActionBias(i,a) = —3; + Z Pi;(a)p;,

jeU
and

BiasCost(i,a) = Cost(i,a) + ActionBias(i, a).
e We then determine

MinStay = mlIlBZCLSCOSt (1,a)+ Z P;j(a)LocalValue(y).
JEU

° — Let

(1*,a™) = arg mln[BzcwCost i,a)+ Y Pij(a) X LocalValue(j)].
JeU

— If MinStay is negative, let 75, map the state :* to action a* (75, (%) =

a*) and arbitrarily map the other states in U to actions.

— If MinStay is positive or zero, let 7, arbitrarily map the states in

U to actions.
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Remark The dual linear program associated with the subproblem on an itera-
tion of the DW decomposition is reduced to the local Markov decision processes.
MinStay measures the feasibility of the dual linear program. If MinStay is
negative, the dual linear program is infeasible and the optimal solution of the
subproblem is unbounded; otherwise, the dual linear program is bounded. De-
riving these local policies corresponds to solving the dual linear program, which

allows us to find an entering column for the master problem.

C.6 Further Information Associated with Lo-

cal Policies

On the tth iteration, we can derive a global policy ITY) by gluing together (i) the
set of local policies {7, } over the kernels K;’s, and (ii) the local policy 7z

over the peripheries. II) can provide the following information:

o A weight vector Weight®, which allows us to combine the policies in the
policy repository to generate a solution policy if we decide to terminate at

this moment.

o A feedback vector Feedback®
quality that guides us to update the policy repository and conduct another

, which is a feedback on current solution

iteration of computation.

o A value AW which indicates the rate of the improvement in solution quality

if IT® is incorporated to generate a new solution policy.
Again, let

MinStay = minBiasCost(i,a)+ Z P;j(a)LocalValue(j),and
e JeU
(*,a*) = argmin(BiasCost(i,a)+ Y P;j(a) x LocalValue(j)).
e JeU

We can derive Weight®, Feedback®, and A® in following way.

159



o Weight®is a N x 1 column vector, where Weight®(i) is a measure of the
utility of taking action II)(4) in state 1.

— First for each state i in U, we determine Weight)(i) as follows:

x If MinStay is negative,
set Weight®(i*) to be 1 and Weight®(i) to be 0 for the other

states ¢’s in U.
x If MinStay is positive or zero,
set Weight(i) to be zero for each state 7 in U.

— Second for the kernel Kj of a region Ry,

x 1f MinStay is negative,
we determine Weight®(i) for the states in K; according to the

following equations:
Vi€ Ki, Weight(i) = pisi(a”) + T e, Pis (T (7)) WeightV();

x 1f MinStay is positive or zero,
we determine Weight®(i) for the states in K; according to the

following equations:
Vie K, Weight)(i) = & + Yex, Pii(TY(5)Weight®(5).

o Feedback®isa (m+1)x1 column vector. For each state i in U (1 <1 < m),

we can determine Feedback®(i)’s in the following way:

FeedbackV(i) = Weight't) — > Pu(II ) X Weight®(j).

JES

If MinStay is negative,

[ Feedback(t)(l)

Feedback® = : ;
Feedback(t)(m)

1

160



otherwise,

[ Feedback(t)(l)

Feedback) = '

Feedback(t)(m)
0

e We can determine the unit profit associated with this policy by :

AW =3 Cost(i, TTV()) x Weight')(i).
1€ES
Remark WeightV is a solution to the subproblem that is determined by the
simplex multipliers ). Feedback® is the corresponding entering column for the
master problem. A is the unit cost of this entering column. When MinStay is
negative, the subproblem is unbounded and the entering column Feedback® is
related to an extreme ray; otherwise, the subproblem is bounded and the entering

column Feedback® is related to an extreme point.

C.7 Updating the Policy Repository

We keep a policy repository that is an array of up to m+1 different global policies
I1()’s generated on the previous iterations. We denote the rth policy stored in
the policy repository as II(").

On the tth iteration, we maintain the following information in the policy

repository:

e Bisa(m+1)x(m+1) basis matrix. The rth column of B is the feedback
vector of II("), the rth policy stored in the policy repository.

e Cpisalx(m+1)row vector. The ith element in Cp represents the rate
of improvement in solution quality regarding 1), the ith policy stored in

the policy repository.

e Note that I and Weight® can be reproduced from 3® by solving the

corresponding local Markov decision processes when needed. Instead of
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explicitly storing I and Weight®, we can just store 5 in the policy
repository to compactly represent II) and Weight(®.

On the tth iteration, we update the information in the policy repository in

the following way:
o Let Y = B~ '€ and Z = B~'Feedback®, and

r = arg min (Y;/Z;),

1,4;>0

where £ = {&,...,&m, 1}, & is the probability that the state 7 in U is the
initial state, and Y; (Z;) is the ith element of ¥ (Z).

e On the tth iteration, we bring in the newly generated II*) to replace I,
the rth policy stored in the policy repository. We store 1) as the rth

element in the repository to represent II().

e We update B by replacing the rth column of B by Feedback®. Similarly,
we update Cg by replacing the rth element of Cp by A®.

Remark The policy repository corresponds to the simplex tableau when we carry
out the simplex method on the master problem of the DW decomposition. On the
tth iteration, II(¥) generates an entering column Feedback® to enter the basis.
The rule of deciding the leaving policy 1" actually corresponds to the ratio
test in the simplex method. In other words, an update on the policy repository

actually corresponds to an pivot operation on the simplex tableau.

C.8 Bounds, Stopping Criteria, and New Ab-

stract Actions

At the end of the tth iteration, we can determine (i) a bound on the quality of
the current solution, and (ii) whether we should terminate the computation or

go through another iteration of computation.
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Bounds on the solution quality :
Let
8§ = B =3 BiasCost(i, IV(i))WeightV(i),
i€8
and

0" = min 5;“.
1<:<t

The value of the current solution is better than or equal to the optimum

plus 6*.

Stopping Criteria :
If 6* is no more than €, we have reached an e-optimal solution. In particular
if 6* is less than or equal to zero, we have reached an optimal solution. In
both situations, we should generate a solution policy of the required quality
in the way described in Section B.9.2; otherwise, we can derive new abstract

actions of local regions as follows and go through a new iteration.

New Abstract Actions and Convergence :

If we determine to go through one more iteration, we derive a new bias

vector by

B(t-l—l) — CBB_I.

This gives us the new abstract actions for individual regions for the next
iteration. The solution quality are guaranteed to be improved from iteration

to iteration. ¢* converges to 0 as we approach an optimal solution.

Remark The bounds on solution quality and the convergence property directly
come from Proposition B.1 and Proposition B.2 in Section B.1 about the DW de-
composition. The stopping criteria actually corresponds to the optimality criteria
of the master problem in the DW approach. The new bias vector corresponds to
the new simplex multipliers derived by a pivot operation on the simplex tableau

of the master problem.
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C.9 The Initialization and Termination of the

Iterative Method

C.9.1 Initializing the Policy Repository and Abstract

Actions

o At the beginning, we let the policy repository contain m + 1 dummy polices

and set

Cg = [M,M,...,M],and
B =1

where I is an identity matrix and M is a large positive value 2.

o Consequently we have 3 = CyB~" = [M, M, ..., M], which determines
the initial abstract actions for individual regions. We then iteratively con-
duct the computation steps described in Section C.5 to Section C.8 until

all the dummy policies are replaced with actual policies.

Remark Such an initialization corresponds to the derivation of an initial solution

for the master problem using big-M method.

e The m + 1 dummy policies correspond to m + 1 artificial variables added
into the master problem. The basis matrix B is initialized as the the m + 1
columns associated with these m + 1 artificial variables, which is an identity
matrix. Every artificial variable is associated the cost M, which is a large
positive value. M is exactly the value used in big-M method to initiate
the simplex method. We refer the readers to [MB90] for the details of the
big-M method and the issue of choosing an appropriate M.

o When applying the big-M method, some of the artificial variables may leave

and enter the basis more than one time. Similarly, we allow the ¢th dummy

2 M is exactly the value used in big-M method to initiate the simplex method. We refer the
readers to [MB90] about the choice of an appropriate M.
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policy to reenter the policy repository after it has been excluded from the
policy repository. This happens when (i) on the rth iteration the stopping
criteria dg(n < 0 is satisfied but (ii) M—ﬁi(r) is also negative, which indicates
the possibility of quality improvement by bringing back the dummy policy

to kick off some actual policy stored in the current repository.

C.9.2 Generating a Solution Policy from the Policy Repos-
itory

When we meet the stopping criteria, we can properly combine the policies in the

policy repository to produce an optimal or € optimal policy in the following way.

e Let ¢ denote the column vector (£1,&,,...,&m, 1)T, where & is the proba-
bility that a state i in U is the initial state. Let Ratio = B7'¢ and Ratio;
be the jth component of Ratio. II¥) denote the jth policy stored in the
current policy repository. We determine

Frequency(i,a) = > Ratio; x Weight(t)(i).
1<j<m+1,11G) (i)=a
We then derive a random policy II where Frequency(i,a)/Yq Frequency(i,a)

is the conditional probability that we take action ¢ when we are in state ¢.

e II can be improved into a deterministic policy II* by (i) first determining
the values of states given the policy 11, and (ii) then conducting an iteration

of policy improvement :
II°(¢) = arg rrbin[Cost(i,a) + > (Pij(a) x value(j))],

where value(j) is the value of state j according to II. Output the policy
IT* as the solution policy.

Remark The Frequency vector corresponds to a final solution for the master
problem and actually Frequency(i,a) corresponds to the variable E; ,. Note that
E; . and thus Frequency(i,a) also is the expected number of times when we are
in state ¢ and we take action a. Therefore Frequency(i,a)/>, Frequency(i,a) is

the probability that we map state 7 to action a.
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