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Abstract of \ Exploiting Structure for Planning and Control "by Shieu-Hong Lin, Ph.D., Brown University, May 1997.Thesis advisor Thomas L. Dean.Discrete dynamical systems in the form of �nite automata or Markov decisionprocesses have been used as a representational and computational foundationfor planning under uncertainty. Many AI planning problems can be convenientlyviewed as control problems over the underlying discrete dynamical systems. UsingAI-style representation, the features of application domains are represented asstate variables, and planning problem instances compactly encode very largediscrete dynamical systems. The standard algorithms to solve the correspondingcontrol problems require explicit enumeration of the underlying state spaces. Thisis impractical since the sizes of the state spaces are exponential in the number ofstate variables.In this thesis, we develop decomposition techniques to exploit structure forplanning problems in di�erent application domains. Given a problem instance,we �rst symbolically decompose the underlying dynamical system into subsys-tems. After analyzing the local dynamics within subsystems and the dependencyacross subsystems, we decompose the original planning problem into a sequenceof subproblems governing the subsystems. Rather than explicitly constructingthe entire system, we compactly construct each subsystem by abstracting awaythe state variables that are irrelevant to the subsystem and its interactions withthe other subsystems. Solutions of the planning subproblems can be derivedby applying standard algorithms for the corresponding control problems to thesecompactly constructed subsystems, while a solution to the original planning prob-lem is derived by systematically compiling and propagating the solutions to theplanning subproblems. These decomposition techniques shed light on how toexploit locality and dependency to cope with very large state spaces.
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Chapter 1Introduction1.1 Planning under UncertaintyIn classical planning, propositional STRIPS-like operators [FN71a] [AHT90] areemployed to attain a goal where some state variables (propositions) have speci-�ed values. A classical plan is a multiset of totally ordered or partially orderedSTRIPS-like operators [Cha87] [MR91]. The task of planning is to determine aplan such that by taking the actions (STRIPS-like operators) in an order con-sistent with the plan a speci�ed goal is achieved at the end [FN71a] [Cha87][AHT90] [PW92] [BW93] [Wel94].Each planning instance involves a �nite set of state variables. The values ofthe variables at a point in time determine a state. A STRIPS-like operator is onlyapplicable in the states where the precondition associated with the operator istrue. When applied in a state s, an operator then changes the values of some statevariables deterministically according to the state s. In this setting, a STRIPS-likeoperator compactly represents a state-transition function over the state spacedetermined by the set of state variables.Recently, many researchers have devoted e�ort to generalize this classicalplanning framework to deal with planning under uncertainty [BD94] [BDG95][DKKN93b] [DKKN93a] [DKKN95] [DHW94] [KHW94]. To cope with uncer-tainty, it is necessary to further extend the notions of STRIPS-like operators as1



actions, plans as totally or partially ordered actions, and planning as a goal-achieving task under the classical framework. Rather than having a determinis-tic e�ect, taking an action in a speci�c state may end in one of several possibleoutcomes; the actual outcome is not known in advance. More general action dy-namics such as state-transition relations are employed to model uncertainty andthe classical notion of plans is extended to cope with the possibility of failure inattaining a goal when executing a plan. In addition, the information about ac-tion cost and the probability governing state transitions are often available also,and it is appropriate to consider more general performance criteria for planningrather than a simple dichotomy between attaining or not attaining a goal.1.2 Planning and ControlIn this thesis, we adopt discrete dynamical systems like �nite automata [Paz71][HU79] [LP81] and Markov decision processes [Paz71] [BS78] [Put94] as the rep-resentational and computational foundation for planning under uncertainty. Adiscrete dynamical system is composed of a �nite state space, a �nite action space,and an action dynamics governing how actions result in state transitions. A con-troller is an agent situated in a discrete dynamical system which regulates thesystem's state by taking actions. A discrete dynamical system evolves througha (possibly in�nite) sequence of states as the controller takes actions. We de�nea plan to be a program executed by the controller in determining the actionsto take. We investigate several performance criteria to evaluate the expectedutility of executing a plan to control a discrete dynamical system. Under thisframework, the task of planning is to search for a plan that provides a maximumexpected utility regarding a speci�c performance criterion. This perspective con-veniently casts planning under uncertainty as control over discrete dynamicalsystems [RW89a] [ZW90]. [Dea88] [Dea87] [BF88] [DW91] [LD95b] [LD96] andprovides the computational leverage of employing existing algorithms developedby the operations research community. 2



1.3 Exploiting Locality and DependencyAs many planning problems can be formulated as control problems over com-pactly encoded discrete dynamical systems, a naive approach to solve these plan-ning problems is to explicitly construct the underlying dynamical systems, andthen directly apply standard search techniques or dynamic programming algo-rithms to derive an optimal solution. However, the sizes of the underlying statespaces usually grow exponentially in the sizes of the problem instances, whichmakes the naive approach infeasible. To cope with this computational barrier,researchers have explored di�erent alternatives such as heuristic algorithms with-out quality guarantee [NK94] [DKKN93b] [DKKN93a] [DKKN95] approximationalgorithms applicable under certain circumstances [BD94] [TVR96] and exactalgorithms aggregating states on the 
y in improving computational e�ciency[BDG95] [BCn89].In this thesis, we present exact decomposition techniques for planning andcontrol. Computational e�ciency is attained by exploiting locality and depen-dency recognized through static analysis of planning instances. In particular, weare interested in planning instances that employ AI-style compact representa-tions [BD94] [BDG95] [BDH95] [LD95b] [LD96]. Compact representations oftenexhibit locality and dependency in action dynamics, which indicates regularityand redundancy in the underlying discrete dynamical systems. In many situa-tions, explicit construction of the entire dynamical systems underlying such kindsof planning instances is not necessary. Rather than dealing with a large discretedynamical system as a whole, we develop decomposition techniques that derivean optimal solution by systematically solving planning subproblems governingsubsystems of reduced sizes. The utility of these decomposition techniques isorthogonal to the afore mentioned algorithms for planning and control. This isbecause we can always employ these existing algorithms in solving the planningsubproblems and thus gaining additional computational e�ciency.We �rst symbolically decompose a discrete dynamical system into a set of re-gions, where a region is a subsystem concerning a state subspace together with theactions and dynamics centered around that subspace. Locality and dependency3



is then recognized through static analysis of such a symbolic decomposition. Al-though every state variable is indispensable in describing global dynamics, oftenonly a few actions in the action space are applicable in a speci�c system state.Similarly, only a few state variables a�ect or are a�ected by the outcome of a givenaction. After carefully analyzing the dependencies among regions, we can recog-nize a subset of state variables that can su�ciently represent the local dynamicsin a given region R and capture the e�ects of R on iter-regional interactions; inother words, only the state variables in this subset are relevant in region R.The original planning problem is then decomposed into a series of subprob-lems and each subproblem is concerned with a region instead of the entire statespace. Furthermore, dimensionality reduction can be attained in a region R byaggregating states indistinguishable with respect to their values in the relevantvariables in R. This is equivalent to abstracting away the irrelevant state vari-ables in R. These decomposition techniques improve computational e�ciencyby exploiting locality and dependency embedded in problem instances. For eachdecomposition technique developed in thesis, we describe a structural parame-ter characterizing the locality and dependency exploitable in a problem instanceand quantify the resulting computational e�ciency in terms of this structuralparameter [LD94] [LD95b] [DL95] [LD95a].1.4 Outline of the ThesisChapter 2 investigates planning and control over discrete dynamical systems, in-troduces the de�nitions and notation used throughout this thesis, and describesAI representational schemas for compactly encoding action dynamics. Chap-ter 3 display the applications of planning problems such as the temporal projec-tion problem and the Markov decision problem in di�erent application domains.Chapter 4 provides a generic overview of the decomposition techniques depictedin Chapter 5, Chapter 6 and Chapter 7. In Chapter 5, we describe a decompo-sition technique for the temporal projection problem. In Chapter 6 and Chap-ter 7, we present two decomposition techniques for the Markov decision problem.4



Chapter 8 describes the related research in planning, probabilistic reasoning inBayesian networks, model minimization, and relational databases theory. Finallyin Chapter 9, we describe future work and draw conclusions. Appendix A con-tains proofs for the theorems in this thesis. Appendix B provides the backgroundknowledge about the Dantzig-Wolfe decomposition principle utilized in Chap-ter 7, while Appendix C describes the technical details about a decompositiontechnique depicted in Chapter 7.
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Chapter 2Planning and Control:FoundationsIn this chapter, we describe the perspective of planning as control involving dis-crete dynamical systems in the form of �nite automata [Paz71] [HU79] [LP81]and Markov decision processes [Paz71] [BS78] [DW91] [Put94], and introducede�nitions and notation used throughout the thesis. We also present AI repre-sentational schemas for compactly representing action dynamics.2.1 Discrete Dynamical SystemsA discrete dynamical system is a three-tuple D = hS;A;�Di where S is a �nitestate space, A is a �nite action space, and �D is the underlying action dynamicsconcerning how the actions in A result in state transitions among the states inS.Factored State Spaces:� The domain of a dynamical system D = hS;A;�Di is represented by a setof state variables Domain(D) = fX1;X2; : : : ;Xmg. Each state variable Xihas a value at each point in time, and 
Xi denotes the �nite set of thepossible values for Xi. We refer to the size of the domain Domain(D) asthe dimension of the dynamical system D.6



� The state of the dynamical system D at a speci�c point in time is deter-mined by the values of the state variables in Domain(D) = fX1;X2; : : : ;Xmgat that time. S = Q1�i�m 
Xi is the factored state space of the dynamicalsystem; a state s in S is represented as a vector hv1; v2; : : : ; vmi where viis a speci�c value in 
Xi for the state variable Xi. The initial state of thesystem is determined by the initial values of the state variables.� We use either s; t;u;v;u0;u1; : : : or simply i; j; 0; 1; 2; : : : to denote the in-dividual states in a state space S.� We use v;w, or, v1; v2; : : : to denote the possible values for a variable inDomain(D).Controllers:A controller for a discrete dynamical system is a decision-making agent that reg-ulates the system's state by taking actions. Throughout this research, we assumethat there is only a single decision-making agent 	D situated in a discrete dy-namical system D.Representing Discrete Time:We use T to denote a time variable and t to denote a speci�c point in time.Given a dynamical system, we are concerned with a set of discrete points in timeabstractly represented as T = f0; 1; 2; : : :g, where (1) T = 0 is the point in timewhen the system is initialized to its initial state, and (2) T = t is the point intime when the controller must take the tth action.Enabled Actions and State Transitions:Usually not every action can be taken in every state, and Enabled(u)(Enabled(u) � A) denotes the set of actions that the controller 	D can take ina state u. At time t an action a in Enabled(u) is taken resulting in a changeof state to v which may or may not be the same as u; the system state v thenpersists until time t+ 1 at which an action in Enabled(v) is taken.7



Action Dynamics and the Markov property:In this thesis, we focus on discrete dynamical systems whose action dynamicsobey the following Markov property: when taking an action a at time t, the nextstate is independent of the system's state at any earlier time given the currentstate.Goals and Target States:A state s is an absorbing state in a discrete dynamical system if and only if assoon as the system enters s the system stays in s forever. Often we model the tar-get states as the absorbing states of the system, implicitly speci�ed by a booleanpredicate G governing the values of the state variables. Target(G) denotes theset of absorbing states satisfying G while the goal G is achieved when the systemends in a target state in Target(G).2.2 Finite Automata andMarkov Decision Pro-cessesIn this thesis, we focus on three planning problems generically formulated ascontrol problems over discrete dynamical systems such as �nite automata [Paz71][HU79] [LP81] and Markov decision processes [Paz71] [BS78] [DW91] [Put94].Finite Automata:A �nite automaton is a discrete dynamical system D = hS;A;�Di whose actiondynamics �D is simply a state transition relation, �D � S � A � S. The ac-tion space A forms an input alphabet, while the controller 	D takes actions asinputs to the automaton. In each state u, the controller can take any action a inEnabled(u) as an input to the automaton, and result in a state transition fromstate u to a state v where (u; a;v) is in �D. Given an initial state S0 = u anda goal G, the automaton starts from the initial state u and then ends in a targetstate in Target(G) as the �nal states of the automaton.8



Markov Decision Processes:A Markov decision process is a discrete dynamical system D = hS;A;�Di whoseaction dynamics �D = hPr;Costi is composed of a cost function Cost(:j:) and aprobability function Pr(:j:) governing the state transitions over the state space S: � let At be a decision variable denoting the tth action (t � 1) taken by acontroller in a dynamical system,� let X ti be a random variable denoting the value of the state variable Xiimmediately after taking action At,� let St be a random variable denoting the system state immediately aftertaking action At,� Cost(St+1 = vjAt+1 = a;St = u) = cuv(a) speci�es the cost of takingaction a in state u and ending up in state v, and� Pr(St+1 = vjAt+1 = a;St = u) = puv(a) speci�es the conditional probabil-ity of taking action a in state u and ending up in state v.For simplicity, we denote this Markov decision process by M = hS;A;Pr;Costi.A Markov decision process is simply a �nite automaton augmented with the costfunction Cost(:j:) and the probability function Pr(:j:). For a �nite automatonhS;A;�Di, Next(u; a) = fvj9(u; a;v) 2 �Dg characterizes the set of possiblenext states when taking an action a in a given state u. For a Markov decisionprocess M = hS;A;Pr;Costi, Pr(St+1 = vjAt+1 = a;St = u) characterizes aprobability distribution over the possible next statev, v 2 Next(u; a) when tak-ing an action a in a given state u.The conditional probability Pr(:j:) fully embeds the information of a state-transitionrelation since a state transition from a state u to a state v immediately followingan action a is possible if and only if the transition probability puv(a) is greaterthan zero. 9



2.3 Compact RepresentationsLarge state spaces present a number of challenges. To begin with, the prob-lem has to be e�ciently encoded. A factored state-space representation usesstate variables to represent di�erent aspects of the overall state of the system.1 Compact encodings for stochastic processes can be achieved for many appli-cations using factored state-space representations, where the size of the modelis usually logarithmic in the size of the state space [DK89]. Similarly, policiesfor large factored state spaces can often be e�ciently encoded using decisiontrees that branch on state variables. [BDG95]. In the following, we describea compact representation employed in this thesis for encoding state-transitionrelations, state-transition probabilities, and action costs. This is primarily forthe ease of concretely explaining the algorithms and problem instances presentedin this thesis. The algorithms and results in this thesis can be easily extendedto other representation schemas, rather than strictly depending on this speci�crepresentation scheme.2.3.1 Compactly Representing State-transition RelationsInstead of explicitly enumerating the state-transition relation �D of a discretedynamical system D, �D can be compactly represented as sets of causal rules[DB88a] [BD94] [LD94] [KHW94] [LD96]. Each action is associated with a setof causal rules, while each causal rule is basically a state-space operator thatpartially encodes how the associated action can result in state transitions. Thefollowing is a formal description of causal rules and their usage in representingstate-transition relations.Expressions:An expression is represented as a set of variable/value pairs of the form hXi; viiwhere vi is a value in 
Xi for the state variable Xi.1In arti�cial intelligence, such factored representations are often called intentional represen-tations. Propositions representing 
uents in STRIPS operators [FN71b] correspond to statevariables in a factored state-space representation.10



� An expression � is true in a state u if and only if for each variable/valuepair hXi; vii in �, vi is the value of Xi in u.� Notationally, the variable/value pairs are enclosed by a pair of parentheses,and an empty expression () is true in every state. We usually use � and �to denote expressions.� Two expressions � and � are mutually exclusive if � and � cannot both betrue in the same state.Causal Rules as State-space Operators:A causal rule r is represented as � ! � where � and � are two expressions. �is the precondition and � is the postcondition of the causal rule r = � ! �. Acausal rule r is applicable in a state u if and only if the precondition of r is truein u. A causal rule r = �! � is a state-space operator that can map state u tostate v if and only if� r is applicable in state u (i.e., � is true in state u),� � is true in state v, and� the values of the variables that are not involved in � remain the same in vas they are in u.Actions as Sets of State-space Operators:� Each action in the action space A is associated with a set of state spaceoperators. Taking an action a can result in a state transition from stateu to state v if and only if one of the state-space operators associated withaction a can map state u to state v.� An action a is enabled in a state u if and only if at least one of its state spaceoperators is applicable in u. Among the state-space operators associatedwith action a, several of them may be applicable in a state u; in turn, theremay be several possible next states after taking action a in state u.11
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a2

=

=

{(<X 1,false><X4,true>)→(<X1,true><X4,false><X7,false>)

(<X1,true>)→(), (<X4,false>)→()}

{(<X 1,true><X4,false>)→(<X1,false><X4,true><X8,false>)

(<X1,false>)→(), (<X4,true>)→()}

{X 1, X4, X8}Directly relevant variables =

{X 1, X4, X7}Directly relevant variables =

Figure 2.1: Two actions and their associated causal rulesActions and Directly Relevant Variables:For an action a compactly represented as a set of state-space operators, a vari-able Xi is directly relevant to a if and only if Xi appears in the precondition orpostcondition of at least one of the state-space operator associated with a.Figure 2.1 display two actions a1 and a2, their associated causal rules, and thevariables directly relevant to the actions.Encoding State-transition Relations:Actions represented as sets of state-space operators compactly encode a state-transition relation �D: For each action a, (u; a;v) is in the state transitionrelation �D if and only if one of the causal rules associated with a can map stateu to state v.2.3.2 Compactly Representing Transition Probabilitiesand CostsIn the following, we augment state-space operators with the information of transi-tion probability and action cost. We then illustrate how to compactly encode theinformation of transition probabilities and action costs using these probabilistic12



state-space operators.Probabilistic State-space Operators:A probabilistic causal rule r = hPr(r);Cost(r); �! �i is a causal rule r = � !� augmented with the information of an action cost Cost(r) and a transitionprobability Pr(r). A probabilistic causal rule r = hPr(r);Cost(r); �! �i is aprobabilistic state-space operator that can map state u to state v if and only if� r is applicable in state u (i.e., � is true in state u),� � is true in state v, and� the values of the variables that are not involved in � remain the same in vas they are in u.Encoding Transition Probability and Action Cost:The information of a conditional probability Pr(:j:) about state transition and afunction Cost(:j:) for action cost can be compactly represented using probabilisticcausal rules in the following way:1. Each action a is associated with a set of probabilistic causal rules, wherethe preconditions (postconditions) of any two probabilistic causal rules areeither identical or mutually exclusive.2. For each state u and each action a, if there exists a probabilistic causalrule r = hPr(r);Cost(r); �! �i associated with a that maps state u tostate v, we have Pr(St+1 = vjAt+1 = a;St = u) = puv(a) = Pr(r) andCost(St+1 = vjAt+1 = a;St = u) = cuv(a) = Cost(r); otherwise, we havePr(St+1 = vjAt+1 = a;St = u) = puv(a) = 0.3. The transition probabilities of the probabilistic causal rules that are associ-ated with the same action and share the same precondition sum to one. Thisensures that the transition probability is well de�ned over all states, andfor every state u and every action a enabled in u we have �vpuv(a) = 1).13



2.4 Planning and Control over Discrete Dy-namical SystemsPlans and Control:A controller takes actions according to a plan. There are di�erent sorts of plans,which are categorized according to how they determine actions to take.� A plan � is conditional if � employs the information of the current systemstate in determining an action to take; otherwise � is unconditional.� A plan � is time-variant if � employs the information of the current timein determining an action to take; otherwise � is stationary.� A plan � is deterministic if � determines a unique action given the informa-tion of current time and current system state; otherwise � is nondeterminis-tic. In particular, we say that � is stochastic if � chooses one of the actionsenabled in the current system state according to a probability distributionover actions.� Stationary conditional plans are of special interest to us, and we refer to astationary conditional plan as a policy. A deterministic (nondeterministic) policy maps a state to an action deterministically (nondeterministically);a stochastic policy maps a state to one of the actions enabled in that stateaccording to a probability distribution over actions.� A linear plan (i.e., a �nite action sequence) in classical planning is a de-terministic time-variant unconditional plan in our classi�cation, where theinformation of current time fully determines the action to take.� Suppose that for each action instance we introduce a new state variableto keep track of whether the action instance has been taken. Then a par-tially ordered plan (i.e., a multiset of actions together with a partial order onthem) in classical planning can be interpreted as a nondeterministic station-ary conditional plan (i.e., a nondeterministic policy) in our classi�cation.14



This is because a partially ordered plan allows a controller to nondetermin-istically take any action instances which are enabled in the current systemstate and whose predecessors have all been taken.Plan Executions and Trajectories:We say that the controller 	D executes a plan � when the controller takes actionsaccording to �. Given an initial state S0, when the controller takes a sequenceof actions hA1 = a1; A2 = a2; : : :i according to the plan �, the dynamical sys-tem D evolves through a sequence of states hS0 = u0;S1 = u1; : : :i. We refer tohu0;u1;u2; : : :i as a trajectory of the dynamical system, and refer to ha1; a2; : : :ias an action trajectory of the dynamical system. Di�erent executions of the sameconditional plan � in a dynamical system can result in very di�erent trajectorieseven if starting from the same initial state.Performance Criteria:A performance criterion indicates a measure of the quality of plans. In this thesis,we focus on minimizing the expected cumulative cost during plan execution,and/or maximizing the expected �nal reward associated with the system's targetstates at the end of plan execution.� E�s [P0�t<�G 
tCost(St+1jAt+1 = �(St);St)], is the expected cumulative costuntil we �rst reach a target state where{ E�s is the expectation operator given that the initial state is s (S0 = s),{ �G is the inde�nite time that we �rst reach a state satisfying a speci�cgoal G, and{ 0 < 
 � 1 is a discount factor.When 
 = 1 (0 < 
 < 1), it is an expected undiscounted (discounted)cumulative cost criterion.� Reward(s) denotes the �nal reward associated with a target state s in S.15



{ To generate a plan to achieve a speci�c goal, we can adopt a rewardfunction that uniformly assigns to each target state a large positivereward and assigns to the other states with zero reward.{ If the state variables contribute independently to the �nal rewardsassociated with the target states, the reward function is additive andcan be represented as a summation of the separate reward functionsassociated with the state variables, i.e., Reward(s = hv1; v2; : : : ; vni) =�1�i�nRewardi(Xi = vi).� Note that �nal rewards associated with target states can be considered asextra negative cost involved when actions end in target states. Therefore,we can incorporate the �nal rewards associated with target states into ac-tion costs, and then form new cost functions of actions. In other words, wecan consider the expected cumulative cost as the most basic performancecriterion, and then model and optimize as its derived variants the perfor-mance criteria of maximizing the expected �nal reward, or minimizing theexpected cumulative cost minus the expected �nal reward.Planning Problems as Control Problems:In this thesis, we formulate planning problems as control problems over discretedynamical systems as follows:� Each planning instance is composed of a discrete dynamical system D, anda performance criterion F . The controller 	D takes actions according to aplan. The task of planning is to �nd a plan � for the controller 	D such that� achieves the goal G optimally with respect to the performance criterionF .� For classical planning, the performance criterion is to maximize the �nalreward, given that each target state is uniformly assigned with a large pos-itive reward while the other states are assigned with a zero reward. Thetask of classical planning is to derive a linear plan (i.e., a deterministic16



time-variant unconditional plan) or a partially ordered plan (i.e., a nonde-terministic stationary conditional plan) that returns an optimal reward atthe end of plan execution (i.e., ending in one of the target states).The Markov Decision Problem:The Markov decision problem is a control problem [Put94] [Der70] over Markovdecision processes, and the task is to generate an optimal policy (i.e., a stationaryconditional plan) given a Markov decision process and a performance criterion.2.5 Algorithms for Optimal Control overMarkovDecision ProcessesMarkov decision processes have been well studied by the operations research com-munity [Bel61] [How60] [Ber87] [Put94]. In this thesis, we extensively utilize thecomputational machinery developed by the operations research community incomputing optimal policies for Markov decision processes.Dynamic Programming:The value iteration method [Bel61] and the policy iteration method [How60] aretwo well-known methods used to generate optimal policies for Markov decisionprocesses, both employing the dynamic-programming principle. The value itera-tion method starts with an arbitrary value function that estimates for each statethe expected cumulative costs of plan execution starting from the state. Thevalue iteration method then repeatedly searches for a better value function un-til it ends in an optimal value function, which encodes the expected cumulativecosts for individual states when adopting an optimal policy. An optimal policycan then be determined by examining the optimal value function.The policy iteration method uses an arbitrary initial policy as an initial17



seed, and then alternates between a value-determination phase and a policy-improvement phase until an optimal policy is determined at the end. The ex-pected cumulative costs of the states with respect to the current policy are deter-mined in a value-determination phase, this information is immediately employedin the following policy-improvement phase to derive an improved policy.On each iteration, the value iteration method takes time quadratic in the sizeof the state space, while the policy iteration method takes time cubic in the size ofthe state space. Assuming �nite precision and a constant discount rate 
 strictlyless than one, both methods converge to an optimal solution in a �nite number ofiterations, and are polynomial-time algorithms in terms of the sizes of the statespaces [Put94] [PT87a] [LDK95].Linear Programming:The instances of Markov decision problems can also be cast as linear programs[Der70] [D'E63] [KK71a] [Put94], and then solved by standard techniques forlinear programming [MB90] [Las70] [DW60] [Chv80] like the well known simplexmethod. Although this linear programming approach is not as e�cient as the dy-namic programming approach [KK71a], it provides valuable insight [KC74a] intothe relationship between the computational e�ciency and structure in probleminstances.
18



Chapter 3Planning and Control:Applications and ComputationalChallengeIn this chapter, we describe the applications of planning problems genericallyformulated as control problems over discrete dynamical systems in the form of�nite automata or Markov decision processes. Each planning instance compactlyencodes a discrete dynamical system D and a performance criterion F . Thetask of planning is to determine an optimal plan � of a speci�ed category, whichprovides optimal utility with respect to the criterion F when the controller takesactions according to �. The exponential growth of the underlying state spacescomposes a major computational challenge in solving these planning problems.At the end of this chapter, we depict the basic principles adopted in this thesisto cope with very large state spaces.3.1 Multi-Level Task Networks and TemporalProjectionA multi-level task network speci�es a hierarchy of tasks together with the tempo-ral constraints regarding the order of performing these tasks. Given a multi-level19



task network, there are many possible linear plans for performing the tasks inthe network. To analyze such a task network, we would like to (1) determinethe possibility of running into undesirable states, and (2) if possible report alinear plan that ends in an undesirable state as an evidence. If we consider un-desirable states as target states and uniformly associate every undesirable stateswith a large positive reward, then the task of temporal projection [DB88b] [NB94][LD94] [LD96] is to determine an optimal linear plan that returns a maximum�nal reward for a given multi-level task network.3.1.1 Multi-Level Task NetworksA multi-level task network speci�es a hierarchy of tasks together with the tem-poral constraints regarding the order of performing these tasks.Primitive Tasks and Compound Tasks:Tasks are classi�ed as primitive tasks or compound tasks. A primitive task isan action that is represented as a set of state-space operators (i.e., causal rules).A compound task is composed of a set of tasks, each of which can be either aprimitive task or a compound task.Multi-Level Task Networks:A multi-level task network organizes a set of tasks ftk1; tk2; : : :g as a tree, andthese tasks are performed through a depth-�rst exploration of the tree:� Each leaf node represents a primitive task, and each internal node x rep-resents a compound task whose component tasks are the child nodes of x.The component tasks of a compound task are siblings to one another, andthe compound task is the parent of the component tasks.� When a primitive task is performed, the associated action is taken to changethe values of some state variables. When a compound task tk is performed,the component tasks of tk are performed in any order consistent with agiven partial order over these component tasks. The component tasks of20



the compound task tk are performed as an atomic group; the tasks as-sociated with the siblings of tk are performed either before or after thisatomic group is completed. Therefore the tasks are performed through adepth-�rst traversal through the multi-level task network, although thereare potentially many possible ways of conducting such a traversal.� Each task is performed exactly once; a primitive task is fully completedafter the associated action is taken, and a compound task is fully completedwhen all of its component tasks are fully completed. A compound task ispartially completed when some but not all of its component tasks are fullycompleted.Linear Plans for Multi-Level Task Networks:A linear plan for a multi-level task network is a total order on the primitive taskssatisfying all the ordering constraints speci�ed by the network. An importantreasoning task involving a multi-level task network is to search for linear plansof certain useful properties, such as linear plans that avoid undesirable states orend in a target state. This is one of the planning problems to be addressed inthis thesis.3.1.2 Multi-Level Task Networks as Finite AutomataA multi-level task network determines a �nite automata D = hS;A;�Di:The State Space S:The state space S is determined by the state variables infX1;X2; : : :gSfTK1; TK2; : : :g where� Xi is a variable directly relevant to at least one of the primitive tasks (i.e.,actions), and� TKi is an auxiliary variable whose value can be either not-performed-yet,fully-completed, or partially-completed indicating respectively that the tasktki is not yet performed, fully completed, or partially completed.21



A state u in S is a vector hx1; x2; : : : ; y1; y2; : : :i where xi is the value of vari-able Xi and yi is the value of variable TKi in state u. In the initial state, eachvariable TKi has the value not-performed-yet since none of the tasks have beenperformed yet.The Action Space A:The action space A is the union of fâ1; â2; : : :g and f�a1; �a2; : : :g where� for a compound task tki, action âi signals the beginning of task tki andaction �ai signals the completion of task tki, while� for a primitive task tki, action âi means applying one of the state-spaceoperator associated with task tki, and action �ai signals the completion oftask tki.The Action Dynamics �D:The action dynamics �D is a state-transition relation characterizing di�erentways of performing the tasks in a task network. (u; âi;v) is in �D if and onlyif state u = hx1; x2; : : : ; y1; y2; : : :i satis�es the following requirements (i.e., âi isenabled in u to start task tki):� if tkj is the parent task of tki, tkj must have been partially completed;i.e., the state variable TKj must have the value partially-completed (yj =partially-completed) in state u;� if tki has sibling tasks that must precede tki, then every such sibling tasktkj must have been fully completed; i.e., the state variable TKj must havethe value fully-completed (yj = fully-completed) in state u;� the task tki is not yet performed; i.e., the state variable TKi must have thevalue not-performed-yet (yi = not-performed-yet) in state u;� if tki is a primitive task, then at least one of the state-space operatorsassociated with tki must be applicable in state u;22



and state v = hx01; x02; : : : ; y01; y02; : : :i satis�es the following requirements (i.e., vis a possible resulting state after starting task tki in state u):� the value of the variable TKi has value partially-completed (y0i = partially-completed), signaling that the task tki is partially completed now;� if task tki is a primitive task, the values of the variables in fX1;X2; : : :g canbe changed from x1; x2; : : : in u to x01; x02; : : : in v by applying a state-spaceoperator associated with tki to state u.(u; �ai;v) is in �D if and only if state u = hx1; x2; : : : ; y1; y2; : : :i satis�es thefollowing requirements (i.e., �ai is enabled in state u to �nish task tki):� The task tki is partially completed in state u; i.e., the state variable TKimust have the value partially-completed (yi = partially-completed) in stateu.� If tki is a compound task, then every component task tkj of tki must havebeen fully completed in state u; i.e., the state variable TKj must have thevalue fully-completed (yi = fully-completed) in state u.and state v = hx01; x02; : : : ; y01; y02; : : :i satis�es the following requirement (i.e., v isthe resulting state after �nishing task tki in state u):� The value of the variable TKi has value fully-completed (y0i = fully-completed),signaling that the task tki is fully completed now.3.1.3 Modeling a Process-Scheduling DomainIn Figure 3.1-a, six primitive tasks, tk1; tk2; tk3; tk4; tk5 and tk6, are going to beperformed in a job shop. Three groups of primitive tasks ftk1; tk2g, ftk3; tk4g andftk5; tk6g form three compound tasks tk7, tk8 and tk9 respectively. The compoundtasks ftk7; tk8; tk9g then compose another compound task tk10. The environmentof the job shop is modeled by eight binary variables fX1;X2; : : : ;X8g, each ofwhich can be either true or false at a point in time. For example, one statevariable indicates whether the temperature is over a critical level or not, and23
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Jobshop JFigure 3.1: Process scheduling for a job shopanother indicates whether the concentration of a chemical in the air is over athreshold level or not.Figure 3.1-c displays the constraints regarding the order of performing thesetasks. The component tasks of a compound task must be perform as an atomicgroup, since they are closely related to one another. Compound task tk7 can onlybe performed sometime after compound task tk8 is performed. In compound tasktk9, primitive task tk6 is always performed before primitive task tk5.While the primitive tasks are performed, the environment of the job shop isalso changed accordingly. The e�ects of performing a primitive task depends onthe conditions immediately before the primitive task is performed. For example,performing a task can increase the density of a chemical in the air over a thresholdlevel if the temperature immediately prior to performing the task is over a criticallevel. On the other hand, a primitive task can be performed by setting up thejob shop in multiple ways, each of which may have very di�erent preconditionsand postconditions. Figure 3.2-b describes the preconditions and postconditionsof these primitive tasks using state-space operators.24
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Figure 3.2: Preconditions and postconditions of the primitive tasks25



3.1.4 Application in Schedule Veri�cationThe following scenarios describe various temporal projection tasks concerning theconsequences of performing the tasks in the task network depicted in Figure 3.1.Scenario 1: If X1;X2;X4;X5;X7 and X8 are all true after performing the tasknetwork, the job shop needs to be cleaned up at extra cost before the job shopcan continue its operation.Scenario 2: If X1;X2;X4;X5;X7 and X8 are all true at the same time, a machinein the job shop will be in
icted with a permanent damage.Scenario 3: If X1;X2;X4;X5;X7 and X8 are all true immediately after perform-ing primitive task tk5, it is very likely that the job shop will catch �re.For these scenarios, the controller of the job shop needs to determine whetherthe variables X1;X2;X4;X5;X7 and X8 can all be true at a speci�c point in time.In scenario 1 , it is the point in time immediately after the task network is �n-ished. In scenario 2, it is any point in time while performing the task networkin scenario 2. In scenario 3, it is the point in time immediately after performingthe primitive task tk5. The controller also needs to generate such a linear planas evidence to explain how the linear plan together with certain choices of theassociated state-space operators of the primitive tasks can end in the desired orundesirable situation.3.1.5 Computational ComplexityClassical Planning involving propositional STRIPS-like operators is PSPACE-hard [Byl94] [Byl96]. The Temporal Projection Problem investigated in thisthesis is shown to be NP-Complete [DB88a] [NB94] [LD94] [LD96].The temporal projection problem can be viewed as a special kind of planningproblem where only linear plans of a �xed length (i.e., the number of primitive26



tasks in the given task network) are considered.This makes the problem fall in the class NP, since a decision maker can non-deterministically determine a linear plan as a solution in polynomial time.The temporal projection problem is NP-Complete even in very restricted cases[LD94] [LD96].3.2 Sequential Decision Networks and OptimalDecision Making3.2.1 Sequential Decision NetworksA decision stage for a decision maker contains a restricted set of possible actionstogether with the information about transition probabilities and action costs.Often complex decision processes can be broken down into elementary decisionstages [HM84] [Sha86] [TS90] [SW95] [LD95b]. These decision stages can be com-bined to form a sequential decision network using a simple programming languagespecifying conditionals, loops, and sequences involving the decision tasks as prim-itive statements. A sequential decision network is composed of many decision-making stages interconnected as a directed graph using conditional branches andloops [SW95] [LD95b]. Sequential decision networks compactly represent Markovdecision processes with rich structures in the underlying state spaces and actiondynamics. For optimal decision making in a sequential decision network, the taskof the decision maker is to determine a policy that optimizes a given performancecriterion such as the expected cumulative cost in executing the policy.Decision Stages:A decision stage d = (�d;Ad;Xd) is composed of (1) a guard expression �d, (2)a set of actions Ad, and (3) a set of the state variables Xd. �d is a boolean ex-pression concerning the values of a subset of the variables in V , which must betrue immediately prior to entering decision stage d. All activities within decisionstage d is restricted to the actions in Ad. Each action in Ad is represented as a set27



of probabilistic state-space operators. Xd is the set of state variables appearingin decision stage d, which is the union of the state variables appearing in �d andthe state variables directly relevant to the actions in Ad.Control Nodes:A control node c = (�c) contains a guard expression �c, which is a boolean ex-pression concerning the values of some variables. A control node c is a �lter incontrolling the process of decision making, where the guard expression �c mustbe true before the decision maker can bypass c to enter the next decision-makingstage.Sequential Decision Networks:A sequential decision networkH is represented as a directed graph H = (NH; EH)where (1) each node d in NH is either a decision stage or a control node, and (2)a directed edge (d; d0) in graph EH indicates that after taking an action enabledin a decision stage d (or after bypassing a control node d), the decision makercan enter a decision stage d0 (or bypass a control node d0) if and only if the guardexpression �d0 is true.Relationship among Decision Stages:A decision stage d0 is a child of a decision stage d (or d is a parent of d0) if and onlyif d can reach d0 bypassing zero or more control nodes in EH . We then naturallyextend this de�nition to de�ne the ancestors and descendants of decision stagesin an obvious way.Looping and Conditional Branching in Sequential Decision Networks:A decision maker can enter a decision stage d (or bypass a control node c) if andonly if its guard expression �d (�c) is true immediately prior to entering d (by-passing c). After entering a decision stage d, the decision maker repeatedly takesactions in a decision stage d until he can successfully bypass zero or more controlnodes and enter one of the child decision stages of d. The control nodes between28



a decision stage d and d's child decision stages implicitly forms a decision tree fordetermining the next decision stage to enter.The Starting Node and the Ending Node:A starting node is a control node and the unique source in a sequential decisionnetwork, which according to the initial values of the variables determines the very�rst decision stage to enter. Similarly, an ending node is a control node and theunique sink in a sequential decision network, which signals the end of decisionmaking in a sequential decision network. We assume that there is a unique source(sink) since we can always construct one by adding a dummy control node thatleads to (follows) all the current sources (sinks).Policies for Decision Making:A policy for a sequential decision network maps a decision stage into an actionenabled in that stage according to the values of the variables at the time of de-cision making.Executing a Policy: For a sequential decision network, the execution of apolicy � starts at the starting node, and then branches through and loops arounddecision stages until reaching the ending node; at each decision stage, the decisionmaker takes actions according to policy � 1. Repetitive executions of the samepolicy for a sequential decision network may result in very di�erent trajectoriesthrough the decision stages due to the uncertainty in the action outcomes.Cost, Reward, and Optimal Decision Making:Each time the decision maker takes an action, the action involves a cost. Whenentering the ending node, the decision maker gets a �nal reward P1�i�n fi(Xi),where fi is a reward function that maps the values of variable Xi into a re-ward. For optimal decision making in a sequential decision network, the task ofthe decision maker is to determine an optimal policy that minimizes the expected1We focus on sequential decision networks that with probability one, will end in the endingnode in the long run. 29



cumulative action costminus the expected �nal reward when executing the policy.3.2.2 Sequential Decision Networks as Markov DecisionProcessesA sequential decision network H = (NH ; EH) determines a Markov decision pro-cess M = hS;A;Pr;Costi:The State Space S:The state space S is determined by the state variables in fX1;X2; : : :gSfDgwhere� Xi is a variable directly relevant to some of actions enabled in the decisionstages, and� D is an auxiliary variable whose value indicates the decision stage currentlyencountered.A state u in S is a vector hx1; x2; : : : ; di where xi is the value of variableXi and d is the value of variable D in state u. In the initial state, variable Dindicates the starting decision stage.The Action Space A:The action space A = SdAd is simply the union of the set of actions Ad enabledin d over every decision stage d.Action Dynamics (Pr and Cost):The transition probability Pr and action cost Cost of the Markov decision processM = hS;A;Pr;Costi capture the dynamics of decision making in the sequentialdecision network. For each action a, puv(a) equals P
 Pr(
) and cuv(a) equalsP
 Pr(
)Cost(
) where a probabilistic state-space operator 
 associated with a,if and only if state u = hx1; x2; : : : ; di satis�es the following requirements (i.e., ais an action enabled in state u): 30
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Figure 3.3: A sequential decision network to improve product quality� u = hx1; x2; : : : ; di is a state, a is an action in the restricted action set Adof decision stage d, and 
 is a probabilistic state-space operator associatedwith action a and applicable in state u;� v = hx01; x02; : : : ; d0i is a state, and by applying state-space operator 
to state u, the values of the variables in fX1;X2; : : :g are changed fromx1; x2; : : : in u to x01; x02; : : : in v, ending in decision stage d0.3.2.3 Modeling a Production-Control Domain31



Figure 3.3 shows a sequential decision network to improve the overall quality of aproduct with ten componentsX1; : : : ;X10. The quality of each Xi is quanti�ed asa value that is either zero or one. Initially the values of all of the components arerated as zero. At the end of the improvement, we receive a reward proportional tothe number of the components Xi's whose values are rated as one. In addition,it is also required that the values of at least one of fX1;X2g, X4 and two offX3;X5;X6g, and three of fX7;X8;X9;X10g must be rated as one at the end ofthe improvement.Figure 3.3 displays thirteen decision stages and control nodes interconnectedas a directed graph, where (1) cstart and cend are the starting node and the endingnode respectively, (2) cstart, cend, c1, c2, and c3 are all control nodes to direct theexecution of the plan, and (3) d1; d2; : : : ; d8 are the decision stages that allowus to change the quality of the product by taking actions. Each of the decisionstages in fd1; d2; : : : ; d8g is associated with two enabled actions. Taking an actionenabled in a decision stage incurs a cost and changes the values of the componentsXi's stochastically. Rather than providing the details of the transition probabil-ities and the costs associated with the actions a1; a2; : : : ; a16, we only depict thevariables relevant to the actions enabled in the decision stages in Figure 3.3.3.2.4 Application in Factory Production ControlTaking an action enabled in a decision stage introduces a cost and changes thevalues of the components Xi's stochastically. The expected cumulative cost andthe expected �nal reward are greatly a�ected by how we take actions in individualdecision stages. For example, in decision stage d1, action a1 may improve thevalues of at least one of X1 and X2 to one with cost $15 and probability 0.75all the time, while action a2 may improve the values of both X1 and X2 to onewith cost $20 and probability 0.99 when the value of X4 is one immediately priorto taking action a2. Instead of taking action a1 in step d1 all the time, it maybe worthwhile to take action a2 if the value X4 is one. A policy of such a planis a mapping that for each decision stage di in fd1; d2; : : : ; d8g determines theaction to take according to the values of the components immediately prior to32



taking an action enabled in di. Our task is to derive an policy that optimizes thethe expected cumulative cost of actions during the production process minus theexpected reward determined by the quality of the �nal product.3.2.5 Application in Stochastic Transportation PlanningAn agent plans to travel to a destination as e�ciently as possible. At eachstop, the agent can take actions (e.g., using di�erent combination of routes andvehicles) to reach adjacent locations. The cost and the probability of reachinga speci�c location depend on the current location, the conditions of the localenvironment (e.g., the conditions of weather, tra�c, road, : : :), and the actiontaken. A policy maps the current location and the conditions of the environmentinto an action to take. For stochastic transportation planning, the agent wouldlike to determine an optimal policy that minimizes the expected cumulative cost(e.g., time and fuel) to reach the destination.Such a stochastic transportation problem [Lat90a] [Jak94] [GD95] [CKL94][MA95] [DKKN95], is a Markov decision problem:� The state variables that model the physical locations and the conditions ofthe local environment determine the state space S.� The action space A is the union of the actions available at di�erent loca-tions.� M = hS;A;Pr;Costi forms a Markov decision process, where Cost andPr specify the cost and transition probability for state transition among Safter taking actions in A.� The performance criterion F is the expected cumulative cost to reach thedestination. To solve the Markov decision problem is to determine an op-timal policy with respect to the performance criterion F .Figure 3.4 displays a building of three 
oors. Two elevators in the buildingtransport people from one 
oor to another. Each 
oor is tessellated into one33
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Figure 3.4: A building of three 
oors and two elevatorsthousand squares with two of them corresponding to the positions for the twoelevators. A robot moves around this building by taking actions to reach adjacentsquares in the same 
oor or to go to a di�erent 
oor using one of the elevators.All these actions take time and involve uncertainty in their outcomes:Moving in di�erent directions: As long as there is no obstacle blocking itsway, the robot can move in four directions, namely east, west, north andsouth. To move in a speci�c direction, the robot �rst orients itself towardthat direction, and then move one square forward. The expected amountof time spending in such an action depends on the orientation of the robotimmediately prior to taking the action. When the robot take an action tomove forward, it ends in the adjacent square in front of it most of the timewith some chances that it may end in the square to the right or the left ofthe target square. The probability distribution over the possible outcomesdepends on the local environment of the robot immediately prior to takingthe action.Entering an elevator: When standing in a square adjacent to an elevator, therobot can take an action to (1) turn itself toward the entrance to the eleva-tor, (2) push the button to call for the elevator, (3) wait until the elevatorcomes up, and (4) enter the elevator and turn around. Both the expectedamount of time and the probability of ending up on a speci�c 
oor dependon what the current 
oor is.Heading toward another 
oor: When the robot enters an elevator, it can34
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Figure 3.5: Uncertainty in action outcomestake an action to (1) push a button to close the door, (2) choose a target
oor, and (3) steps out of the elevator when the door is open again. Therobot may end up on a 
oor di�erent from the target 
oor it has in mind,since the elevator may be stopped before actually reaching the target 
oor.Both the expected amount of time and the probability of ending up on aspeci�c 
oor depend on what the current 
oor is.In Figure 3.5, the robot is in location l and is oriented toward the north. Boththe east side and the west ride of l are blocked by obstacles. If the robot decidesto go north (south), it takes �ve (ten) seconds on average to reach one of thelocations p, q and r (t, u and v ) with probability 0.3, 0.6 and 0.1 (0.1, 0.8 and0.1) respectively. This is because the robot needs to spend �ve extra seconds toorient itself toward the south before it can actually move to the south.At the �rst 
oor, there is a site to recharge the battery of the robot. Assoon as the voltage of the battery is below certain level, the robot enters a panicmode to head for the site for recharge. We would like to determine a policy thatmaps each given pair of the physical location and orientation of the robot into an35



action to take. In particular, we would like to determine an optimal policy thatminimizes the expected amount of time for the robot to reach one of the chargingsites. This can be modeled as a Markov decision problem over a Markov decisionprocess M = hS;A;Pr;Costi and a performance criterion F as follows:The state space: Each state hX1 = l;X2 = di in S models a speci�c locationl and a speci�c orientation d of the robot. This gives us a state space of12,000 (3 � 1000 � 4) states, given the three 
oors, one thousand squaresper 
oor, and four possible orientations.The action space: A is the action space composed of the actions of (1) movingin four directions while staying in the same 
oor, (2) getting into an elevator,and (3) moving to another 
oor by elevator. The robot is enabled to movein a speci�c direction only if there are no obstacles blocking its way.Action cost and transition probability: Cost and Pr specify the cost func-tion and conditional probability distributions associated with actions andpossible action outcomes. cuv(a) (puv(a)) is the expected amount of time(the probability) of taking action a in a state u = hX1 = l;X2 = di andends in another state v = hX1 = l0;X2 = d0i.The performance criterion: fu = (l; d)jl is the position of a charging siteg isthe set of target states. The performance criterion F is to minimize theexpected cumulative cost to reach the target states.3.2.6 Computational ComplexityAlthough an instance of the Markov decision problem can be solved in timepolynomial in the size of the underlying state space [Put94] [PT87b], the Markovdecision problem is PSPACE-hard in general.This follows from the facts that classical planning involving propositionalSTRIPS-like operators is PSPACE-hard [Byl94] and that we can transform any in-stance of the classical STRIPS planning problem involving propositional STRIPS-like operators into an instance of the Markov decision problem in the following36



way:� propositions in STRIPSplanning are viewed as boolean state variables andimplicitly specify a state space,� the truth values of the propositions at a point in time determines the stateof the underlying Markov decision process at that time,� the set of STRIPS-like operators speci�es a state transition function whileeach STRIPS-like operator is viewed as an action involving no cost,� the states satisfying the goal are the only absorbing states and are uniformlyassociated with a very large positive reward, and� the performance criterion is to maximize the �nal reward.An optimal policy for the derived instance of the Markov decision problemmaps a given state u to an action (i.e., a STRIPS-like operator), and that action inturn deterministically maps state u to a next state. Consequently, by adoptingan optimal policy for the derived Markov decision problem instance, a uniquesequence of STRIPS-like operators (i.e., a linear plan) is determined with a statetrajectory leading from the initial state to a target state if and only if the goal isachievable.Moreover, optimal decision making in sequential decision networks is PSPACE-hard even if only one decision stage is involved. This is because an instance ofthe classical planning problem can be reduced to a one-stage sequential decisionnetwork where� the starting control node unconditionally leads to the only decision stage,� the STRIPS-like operators in the planning instance represent the actionsapplicable in the decision stage, which involve no action cost,� the goal in the original planning instance must be satis�ed in the decisionstage to enter the ending control node,37



Figure 3.6: Three views of a three-dimensional state space with the correspond-ing local structure of space shown to the right. The top view represents theunstructured state space, the middle view represents an abstraction obtained byprojection, and the bottom view represents a decomposition obtained by parti-tioning the states into aggregate states.� the states satisfying the goal are the only absorbing states and are uniformlyassociated with a very large positive reward, and� the performance criterion is to maximize the �nal reward.An optimal policy for the derived one-stage sequential decision network thendetermines a linear plan (i.e., a sequence of STRIPS-like operators) resulting ina state trajectory leading from the initial state to a target state if and only if thegoal of the original planning instance is achievable.3.3 Coping with Very Large State SpacesA factored state-space representation with n boolean state variables representsan n-dimensional state space with O(2n) states. Large state spaces present acomputational challenge. Assuming that both a problem instance and a solution(a plan) can be encoded in a compact form, we would like to generate solutions intime bounded by tractable factor of the problem and solution size. In this thesis,aggregation and abstraction play important roles toward this goal. Instead of38



Figure 3.7: Region-by-region dimensionality reduction. A three-dimensionalspace is represented as the union of two-dimensional abstract subspaces shadeddark gray.considering the entire state space S as a whole, the states in S can be decomposedinto disjoint groups with each group considered as an aggregate state or a region.Figure 3.6 illustrates three views of a multi-dimensional state space. The bottomview displays sixteen regions, each of which is an aggregate state composed offour base-level states.Abstraction is a special type of aggregation for projecting away some statevariables. Given a subset X of Domain(D), the abstract state space determinedby X is Space(X ) = QXi2X 
Xi. Each abstract state in Space(X ) is composed ofthe states that share identical values over the variables in X . Assuming a speci�cordering on the variables in X , an abstract state s in S is represented as a vectorhv1; v2; : : : ; vhi where (1) vi is a speci�c value for the ith variable in X and (2)h =j X j. We say that Space(X ) is derived from the factored state space S byabstracting away the variables in Domain(D)�X . The middle view in Figure 3.6illustrates an abstract state space that projects away one dimension of the statespace.We assume that all of the state variables are relevant in at least some portionof the state space and so the dimensionality of the problem cannot be reduced bysimply abstracting away some of the state variables without su�ering some lossin performance. However, it is very likely that not all state variables are relevantin all portions of the state space (e.g., when you are planning to take a walk insouthern Florida you can neglect the possibility of snow). After decomposing astate space into m regions, at times only a small subset (of size no more thanr, r � n) of the set of all state variables is relevant for decision making in eachregion. Consequently, we are concerned with an abstract subspace of size no more39



than 2r for each region, and the size of the union of these abstract subspaces isno more than m2r. Figure 3.7 illustrates how a three-dimensional state spacemight be represented as the union of two-dimensional abstract subspaces.
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Chapter 4A Generic Overview of theDecomposition TechniquesIn the next three chapters, we develop decomposition methods for the temporalprojection problem, and the Markov decision problem. For these decompositionmethods, we demonstrate the resulting computational e�ciency in terms of thestructural parameters in the underlying inter-regional interaction patterns. Thischapter provides a generic overview of these decomposition methods.4.1 Regional Decomposition and Inter-regionalInteraction PatternsRegions and Dynamical Subsystems:Given a discrete dynamical system D = hS;A;�Di, a region R = S 0 is sim-ply a state subspace of S, and region R determines a dynamical subsystemD0 = hS 0;A0;�0Di where (1) A0 is an action subspace of A and is composedof actions that are enabled in one or more states in S 0, and (2) �0D is the fractionof �D which describes how the actions in A0 result in state transitions in S 0.Regional Decomposition:A regional decomposition of a discrete dynamical system D = hS;A;�Di is a41



collection of regions (i.e., state subspaces) covering the state space S.The Directly Relevant Variables of a Region:A variableXi is directly relevant to a region R if and only ifXi is directly relevantto an action enabled in a state in region R. We use Relevant(R) to denote theset of variables directly relevant to a region R.Inter-regional Interaction Patterns:Given a regional decomposition of a discrete dynamical system, the system's tra-jectory through the state space is a sequence of local trajectories through localregions. After entering a region, the system evolves along the states in the regionfor a while, and then moves to another region. Such inter-regional interactionpatterns re
ect how the regional dynamical subsystems interact with one another.Decomposition techniques are then developed to exploit locality and dependencyembedded in inter-regional interaction patterns.Multi-Level Permutation Patterns in Multi-Level Task Networks:In a multi-level task network, each task is associated with a region, the entire setof regions are organized as a region hierarchy.� The Parent-child Relationship in a Region Hierarchy:In the region hierarchy, we can de�ne a parent-child relationship as follows:a region R0 is a child region of a region R if and only (1) R is associated witha task tki and (2) R0 is associated with a child task of tki. Naturally, we canalso extend this parent-child relationship to de�ne the ancestor-descendantrelationship in the region hierarchy.� Characteristics of Multi-Level Permutation Patterns:In a multi-level task network, each region is visited (i.e., entered and left)exactly once. After entering a region R, the child regions of R are visitedone after another in any total order consistent with a given partial order(over the tasks associated with these child regions). Conceptually, a deci-sion maker can arbitrarily permute the order in entering the child regions42



of a region as long as the chosen total order is consistent with the givenpartial order. This is the reason why such patterns are called multi-levelpermutation patterns.Branching Patterns in Markov Decision Processes:When a given Markov decision process is decomposed into disjoint regions, theprocess evolves from region to region in a branching pattern.� The Parent-child Relationship in Branching Patterns:We say that a region R is adjacent to a region R0 if and only if the systemcan reach a state in region R0 following a state transition from a state inregion R. For convenience, we de�ne a parent-child relationship in terms ofadjacency among regions: a region R0 is a child region of a region R if andonly region R is adjacent to region R0. Naturally, we can then extend thisparent-child relationship to de�ne the ancestor-descendant relationship inthe region hierarchy.� Characteristics of Branching Patterns:Conceptually, disjoint regions in a Markov decision process are intercon-nected as a directed graph, where each region is a node and the directededges represent the parent-child relationship among regions. After enter-ing a region R, the underlying discrete dynamical system evolves along thestates in R for a while, and then branches into one of the child regions ofR. This is the reason why such patterns are called branching patterns.� Acyclic Branching Patterns:An acyclic branching pattern is a special branching pattern where regionsare interconnected as a directed acyclic graph. Each region is visited atmost once in an acyclic branching pattern, since a region can never bevisited again after leaving the region.� Strongly-connected Branching Patterns:A strongly-connected branching pattern is a special branching pattern whereregions are interconnected as a single strongly-connected component. Each43



region can be visited for multiple times in a strongly-connected branch-ing pattern, since after leaving a region R the system may branch throughseveral other regions and then reenter region R.� Factoring a Branching Pattern:In general, the regions in a branching pattern are interconnected as a di-rected graph with several strongly connected components. On the one hand,within a strongly connected component, the system evolves along the re-gions in that component in a strongly-connected branching pattern. Onthe other hand, when each connected component is considered as a macroregion, the system evolves along these macro regions in an acyclic branch-ing pattern. In this way, every branching pattern can be factored out asa product of an acyclic branching pattern and several strongly-connectedbranching patterns.4.2 Structural Analysis of Inter-regional Inter-action PatternsLocality, Dependency, and Dimensionality Reduction:Although generally all state variables are indispensable in modeling a discretedynamical system, it is rare that every state variable is directly relevant in everyregion. At times, the action dynamics in a region R only directly involves a fewstate variables. For each region R, a decision maker is only concerned with thedirectly relevant state variables of R plus some additional state variables charac-terizing the causal dependencies between R and other regions; the other variablesare irrelevant in region R. This allows a decision maker to attain dimensionalityreduction in individual regions by properly abstracting away the irrelevant vari-ables. Locality and causal dependency play critical roles in the decompositionmethods developed in this thesis. In the following, we quantify the underlying lo-cality and dependency using a structural parameter for each kind of inter-regionalinteraction patterns. The smaller a structural parameter is, the more e�ciency44



we can obtain by using the decomposition techniques developed in this thesis.� The Structural Parameter L1 in a Multi-level Permutation Pat-tern: The structural parameter in a multi-level permutation pattern isL1 = maxR (bR + cR)where (1) the branching factor bR of a region R is the number of childregions of R, and (2) the coupling factor cR of a region R is the number ofvariables directly relevant to at least two of R's child regions.� The Structural Parameter L2 in an Acyclic Branching Pattern :The structural parameter in an acyclic branching pattern isL2 = maxR jARjwhere AR is the set of state variables that are either (1) directly relevantto R or (2) directly relevant to at least one ancestor region of R and alsoat least one descendant region of R.� The Structural Parameter L3 in a Strongly Connected Branch-ing Pattern: The structural parameter in a strongly connected branchingpattern is L3 = j[R Periphery(R)jwhere Periphery(R) is the set of states that are not in R but but reachablefrom a state in R.4.3 Exploiting Structure for Computational Ef-�ciencyTo cope with very large state spaces, we symbolically decompose a state spaceinto local regions, and exploit locality and dependency embedded to attain di-mensionality reduction in individual regions.45



Aggregation and Regional Decomposition:Instead of considering the entire state space S as a whole, the states in S can beaggregated into a set of regions; each region corresponds to an aggregate state.Such a regional decomposition allows a planning problem to be decomposed into� a master problem concerning the overall performance and the interactionsamong local regions, plus� a sequence of planning subproblems regarding the local performance andlocal dynamics over individual regions.The master problem iteratively determines, from a global perspective, the plan-ning subproblem to solve in a region. The solution to this planning subproblem isutilized later by the master problem in determining other planning subproblems.The focus of this thesis is to exploit locality embedded in planning instances suchthat e�cient local computation can be conducted in optimizing a global perfor-mance criterion. An obvious computational advantage of regional decompositionarises from the fact that (1) each subproblem involves only the states in a regionplus some adjacent states in the neighboring regions and that (2) the masterproblem involves only the regions as aggregate states.Abstraction and Dimensionality Reduction:Given a regional decomposition, every variable is relevant to the action dynamicsin one or more regions, assuming no redundancy in the description of the probleminstance. However, it is rare that every variable is relevant to every region. Attimes, we can further aggregate states in a region R according to their valuesover the relevant variables in R. In this way, the irrelevant variables in a regioncan be abstracted away while solving the planning subproblems over that region.An appropriate region decomposition can introduce signi�cant dimensionality re-duction in individual regions. Dimensionality reduction is an important sourceof computational e�ciency, since it can exponentially reduce the size of planningsubproblems. 46



4.3.1 Exploiting Structure in Multi-Level PermutationPatternsThe following is an overview of the decomposition method for the temporal pro-jection problem developed in Chapter 5. We refer the readers to Chapter 5 forthe details of the algorithm and analysis.An Overview of a Structure-exploiting Algorithm:1. Input and Output:Given a multi-level task network and a goal, the algorithm exploits themulti-level permutation pattern underlying a regional decomposition onthe network. If there exists a linear plan to achieve the goal, the algorithmreturns such a plan; otherwise the algorithm reports that no solution exists.2. The Master Problem and Regional Subproblems:In the master problem, the goal for a problem instance is decomposed intoregional subgoals of individual regions. To solve the master problem, foreach region R a subproblems over R is �rst devised to determine the pos-sibility of attaining the regional subgoals of R. This is the �rst phase insolving the master problem. If it is possible to achieve every regional sub-goal, for each region R a subproblem is devised to determine the orderingof R's child regions in order to achieve the regional subgoal; a linear planto achieve the goal is then generated according to this information. This isthe second phase in solving the master problem.3. Solving Subproblems and Propagating Regional Solutions:� The First Phase: In this phase, a subproblem over a region R canonly be devised and solved after all the subproblems over the childregions of R are solved. After solving a subproblem over a region R0,an abstract information is compiled regarding all possible pairs of (1)47



the values of the abstract variables of R0 right before entering R0 and(2) the values of the abstract variables of R0 immediately after leavingR0 in order to achieve the regional subgoal. This abstract informationis then propagated to the parent region of R0. The subproblem overthe parent region R of R0 is then devised according to the abstractinformation propagated from R0 and other child regions of R.� The Second Phase: In this phase, a subproblem over a region Rcan only be devised and solved after the subproblem over the parentregion of R is solved. After solving a subproblem over a region R,an abstract information is compiled for each child region R0 of R re-garding a speci�c pair of values of the abstract variables of R0 rightbefore entering R0 and immediately after leaving R0 in order to adopta speci�c total order on the child regions of R. This abstract informa-tion is then propagated to region R0. The subproblem over the childregion R0 of R is then devised according to the abstract informationpropagated from R.4. Dimensionality Reduction:For each region R, the subproblems over R are only concerned with infor-mation encoded in the abstract variables of R and R's child regions. Itturns out that (1) the union of the sets of abstract variables of the childregions of R is simply the set of coupling variables of R and (2) an abstractvariables of R is also a coupling variable of R. Consequently, a subproblemover R can be solved by considering the abstract state space determined bythe coupling variables of R, rather than explicitly enumerating every statein R.5. Quantifying Computational E�ciency:Note that the structural parameter L1 for the underlying multi-level permu-tation pattern is the maximal number of coupling variables in a region. Thedecomposition method described above runs in O(n� 8L1) time, where n isthe number of primitive tasks in the task network. When L1 = O(log n),48



the algorithm runs in time polynomial in the total number of primitivetasks n.4.3.2 Exploiting Structure in Acyclic Branching PatternsThe following is an overview of the decomposition method for Markov decisionproblems with acyclic branching patterns. In particular, this algorithm can beapplied to determine an optimal policy for a sequential decision network. Werefer the readers to Chapter 6 for the details of the algorithms and analysis.An Overview of a Structure-exploiting Algorithm:1. Input and Output:Given a Markov decision process and a performance criterion, the algorithmexploits the acyclic branching pattern underlying a regional decompositionon the Markov decision process. At the end, the algorithm returns anoptimal policy for the Markov decision process.2. The Master Problem and Regional Subproblems:In the master problem, the given Markov decision process together withthe given performance criterion is decomposed into subproblems concern-ing Markov decision processes over local regions with local performancecriteria; each region is exactly associated with a subproblem. To solve themaster problem, the subproblems over local regions are solved systemati-cally; a subproblem over a region R is devised and solved only after all thesubproblems over the child regions of R are solved. An optimal policy overthe given Markov decision process is simply the union of the optimal poli-cies over local regions, which are determined by solving the subproblemsover local regions.3. Propagating Regional Solutions:After solving a subproblem over a region R0, an optimal policy � over R0with respect to a local performance criteria is determined. According to �,49



for each parent region R of R0, the information about the optimal expectedcumulative cost received after reaching a state in R0 from a state in R arecompiled. This information is then propagated to the parent regions of R0for devising the subproblems over the parent regions of R0.4. Devising Regional Subproblems:After receiving all the information propagated from the child regions of aregion R, a new Markov decision process MR over R is devised as follows:� The state space of MR is the entire region R plus a special sink staterepresenting all the child regions of R as a whole. The action space ofMR comprises all the actions enabled in some state in R.� Immediately following an action a that is enabled in a state u in R,the transition probability of entering the special sink state from u isthe sum of the probabilities of entering the states outside R from u.� Immediately following an action a enabled in a state u in R, the costof entering the special sink state from u is the expectation (over thestates outside R reachable from u) of (1) the immediate action cost ofentering a state outside R and (2) the expected cumulative cost afterentering a state outside R.� The action cost and transition probability involving a state transitionbetween two states in R remain the same as described in the originalMarkov decision process.The subproblem over region R is to determine a policy that minimizes theexpected cumulative cost minus for the Markov decision processMR. Sucha policy consequently minimizes the expected cumulative cost starting fromany state in R.5. Dimensionality Reduction:Any two states in a region R are indistinguishable with respect to theaction dynamics in R if these two states share the same values for theactive variables in R. Therefore, the states in a region R can be aggregated50



according to the values of the abstract variables in R, and thus abstractaway the passive variables in R. This allows a subproblem over a region Rto be solved by simply considering the abstract state space determined bythe active variables of R, rather than explicitly enumerating every state inR.6. Quantifying Computational E�ciency:The decomposition algorithm described above runs in O(m� 8L2) time fora given Markov decision process where m is the number of regions in theregional decomposition. When L2 = O(logm), the algorithm runs in timepolynomial in the total number of regions m.4.3.3 Exploiting Structure in Strongly-connected Branch-ing PatternsThe following is an overview of the decomposition method for Markov decisionproblems with strongly-connected branching patterns. We refer the readers toChapter 7 for the details of this algorithm.An Overview of a Structure-exploiting Algorithm:1. Input and Output:Given a Markov decision process and a performance criterion, the algorithmexploits the strongly-connected branching pattern underlying a regionaldecomposition of the Markov decision process. At the end, the algorithmreturns an optimal policy for the Markov decision process.2. The Master Problem and the Policy Repository:� The master problem iteratively estimates the values of the states inthe peripheries of region (i.e., the expected cumulative cost startingfrom the states until reaching a target state). On each iteration, a51



Markov decision problem and a regional decomposition with an acyclicbranching pattern are devised according to the estimated values of thestates in the peripheries. A global policy is determined at the end ofan iteration by solving the Markov decision problem devised on thatiteration.� A policy repository maintains up to u+ 1 of the previously generatedglobal policies at a time, where u is the number of periphery states.When a global policy is determined at the end of an iteration, it re-places one of the existing policies in the repository. By examining therepository, we can determine whether an optimal policy or a policywithin a speci�ed range of the optimum can be generated as a solu-tion; if so, we are able to generate such a policy by properly combiningthe policies in the repository. Otherwise, we are able to determine newestimates for the periphery states and go through another iteration ofcomputation. The policy repository guarantees to produce an optimalpolicy in the long run.3. Devising and Solving Regional Subproblems:On each iteration, a Markov decision problem and a regional decompositionwith an acyclic branching pattern are devised according to the estimatedvalues of the states in the peripheries.� First, we transform the given regional decomposition P = fR1; : : : ; Rhginto a regional decomposition Q = fU;K1; : : : ;Khg where (1) U isSRi2P Periphery(Ri), which represents the peripheries of the regionsRi's, (2) for each region Ri, we have Ki = Kernel(Ri) = Ri � U ,which represents the kernel of region Ri, and (3) the resulting regionaldecomposition Q has a star topology as depicted in Figure 7.5.� Second, we transform each state u in U into a target state, and asso-ciate u with the estimated cumulative cost of u in the original processas the �nal penalty when entering u. Consequently, this providesa Markov decision process and a regional decomposition Q with an52



acyclic branching pattern. We adopt the expected cumulative cost un-til reaching a target state as the performance criterion of the Markovdecision problem.� Using the regional decomposition Q and the decomposition method foracyclic branching patterns, the devised Markov decision problem canbe further decomposed into regional subproblems over regions Ki's.4. Quantifying Computational E�ciency:Note that the structural parameterL3 for the underlying strongly-connectedbranching pattern is the total number of states in the peripheries of regions.� The decomposition algorithm as described above improves the solutionquality iteratively, and converges to an optimal policy in the long run.� The policy repository can be compactly maintained as (L3+1)�(L3+1) matrices and vectors of length L3 + 1 .Instead of directly solving the original problem, the computation on eachiteration comprises two parts: (1) deriving and solving regional subprob-lems over local regions and (2) maintaining a solution repository. The �rstpart renders much computational e�ciency by dividing a large probleminto several subproblems of tractable sizes. The second part represents theadditional cost to pay when compiling the solutions to subproblems. Whena solution of good quality can be obtained within a few number of itera-tions, this decomposition technique can provide signi�cant computationale�ciency.
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Chapter 5Decomposition Techniques forthe Temporal ProjectionProblem5.1 More about Temporal ProjectionIn the following, we formally de�ne temporal projection problems considered inthis thesis, and introduce addiotional terminology and notation used in this chap-ter.Conditions and Events:Following the convention of literature, we refer to a binary state variable as acondition and say an event occur when an agent takes a speci�c action. An eventcan then be represented as a set of causal rules in the same way as an action isrepresented in Chapter 2.2. Multi-value state variables can be encoded by con-ditions without loss of generality. A set of conditions P determines a state spaceSP and the truth values of the conditions in P at a point in time determine astate in SP .Possible Event Sequences: 54



Given a set of events E and a set of ordering constraints O on E, a possible eventsequence q of length h over a set of events E (h � n) is a sequence he1; e2; : : : ; ehiwhere (1) e1; : : : ; eh are distinct events in E and (2) the order in which the eventsappear in q is consistent with the ordering constraints in O. We also de�ne thefollowing sets of event sequences:QEO= f q j q is a possible event sequence of length n g,QEO= f q j q is a possible event sequence of length equal to or less than n g, andQEO;e= f q j q 2 QEO and event e is the tail of qg.Problem Instances for Temporal Projection:A problem instance of temporal projection is a �ve tuple hP; E;O; s0;Gi where� P is a �nite set of conditions;� E is a �nite set of events;� O is a �nite set of ordering constraints on E;� s0 is the initial state, s0 2 SP ;� G is an expression and G speci�es a set of goal states in SP in which G istrue.The Tasks of Temporal Projection:Given an instance of the temporal projection problem, the PRJ task, the PRJ1task, and the PRJ2 task of temporal projection are to determine the existence ofan event sequence q in QEO, QEO, and QEO;e respectively such that (1) the eventscan occur as the sequence q and (2) the dynamical system may enter a goal stateimmediately following q. In addition, we generate such an event sequence q ifone exists, and determine the rules applied by the individual events to enter agoal state. 55
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Jobshop JFigure 5.1: Temporal projection in a multi-level task networkTheorem 5.1 Given an instance of the temporal projection problem, the PRJtask, the PRJ1 task, and the PRJ2 task can be reduced to one another by trans-forming the problem instance. All these transformations can be done in polyno-mial time by (1) adding at most two more conditions and two more events, and(2) appropriately modifying the ordering constraints and causal rules. 1Throughout this paper, we consider the PRJ task 2 as the standard formof temporal projection. The decomposition algorithm and its analysis in thischapter focus on the PRJ task, which are also applicable to the PRJ1 task andthe PRJ2 task after transforming the problem instances accordingly.Consider the multi-level task network in the job-shop scheduling domain inChapter 3.3. The three scenarios in Chapter 3.3 involve the PRJ task, the PRJ1task, and the PRJ2 task respectively. In the remainder of this chapter, we usethe �rst scenario in Chapter 3.3 as an example for illustrating algorithmic details,1The proofs for all theorems stated in this thesis are provided in Appendix A at the end ofthis document.2The PRJ1 task is considered by Lin and Dean in [LD93] and the PRJ2 task is consideredby Dean and Boddy in [DB88b] and Nebel and B�ackstr�om in [NB92].56



which provides the following problem instance for temporal projection.� P = fX1;X2;X3;X4;X5;X6;X7;X8g. Xi, 1 � i � 8, is a condition model-ing the job shop environment.� E = ftk1; tk2; tk3; tk4; tk5; tk6g. For simplicity, we use tki to denote the eventof performing the primitive task tki also. Figure 5.2 display the causal rulesassociated with the individual events.� Figure 5.1-c depicts the ordering constraints O on E. For convenience, wealso refer to E as R. The events in the three event subsets R7, R8, and R9must occur as three atomic groups, where R7 = ftk1; tk2g, R8 = ftk3; tk4g,R9 = ftk5; tk6g. The events in R8 must occur before the events inR7. Eventtk6 must occur before event tk5.� We assume that in the initial state s0 all conditions are initially true.� G = (hX1; falseihX2; falseihX4; falseihX5; falseihX7; falseihX8; falsei).� Our task is to (1) determine the existence of an event sequence q in QEOthat may end in a goal state, in which the goal G is true, and (2) if such a qexists, generate q and determine the rules applied by the individual eventsto enter a goal state.5.2 Tradeo� in Computational ComplexityIn the following, we show that (1) the kinds of events, (2) the ordering constraintson events, and (3) the size of the state space all contribute to the computationalcomplexity. First we de�ne the following terms.Classifying Events:A one-rule event is associated with a single rule that is applicable in exactly onestate and maps that state to a distinct state. A two-rule event is associated withtwo rules, each of which is applicable in exactly one state and maps that state to57
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Figure 5.3 displays the complexity trade-o�s regarding events, ordering con-straints, and state spaces, where� events are categorized as either one-rule events, two-rule events or generalevents according to how they trigger state transitions;� events can be either (1) partially ordered as a constant number of chains,(2) totally unordered, or (3) constrained by an arbitrary partial order;� a state space can be either constant-size, polynomial-size, or exponential-size with respect to the number of events.Given an instance of the temporal projection problem, we can �rst guess asolution event sequence q and the rules applied by the individual events. Wecan then verify in polynomial time whether a goal state is reached immediatelyfollowing q. Therefore we have the following lemma.Lemma 5.1 The temporal projection problem is in NP.When there is no structure in event ordering, the following two theorems indi-cate that we have very limited ability to deal with a polynomial-size state spacedetermined by O(log jEj) number of conditions.Theorem 5.2 Temporal projection regarding two-rule events, totally unordered,with a polynomial-size state space is NP-Complete.Theorem 5.3 Temporal projection regarding one-rule events with an arbitrarypartial order and a polynomial-size state space is NP-Complete 3.Corollary 5.1 Temporal projection regarding general events with an arbitrarypartial order and an exponential-size state space is NP-Complete.3Nebel and B�ackstr�om [NB92] prove the NP-Completeness of a closely related case. Theirproof technique is adapted here to prove Theorem 5.360



The following three theorems demonstrate that temporal projection is moretractable when we have (1) available structure in causal rules or event orderingor (2) a small state space. These complexity results motivate our e�ort to exploitinherent locality in event ordering and the dependencies among conditions andevents.Theorem 5.4 Temporal projection regarding one-rule events, totally unordered,with a polynomial-size state space is solvable in polynomial time.Theorem 5.5 Temporal projection regarding general events partially ordered asO(1) number of chains of length O(jEj) or O(log jEj) number of chains of O(1)length with a polynomial-size state space can be solved in polynomial time.Theorem 5.6 Temporal projection regarding general events with an arbitrarypartial order and a constant-size state space is solvable in polynomial time.5.3 Locality in Multi-level Task NetworksWhen totally unordered, events can occur in an arbitrary order. However, there islocality in event ordering if the occurrences of events or groups of events closelyrelate to one another. Several closely related events may always occur as anatomic group; an event not in the group either occurs before or after the group.Similarly, several atomic groups may always occur as a macro atomic group.Consequently locality in event ordering can be introduced at many levels. This isthe case in a multi-level task network. In the following, we model locality in eventordering when performing a mult-level task network using a region hierarchy anda set of regional ordering constraints.Event Regions:Given a set of events E and a set of ordering constraints O on E, a subset X of Eforms a region if and only if the events in X occur as an atomic group while anevent not in X occurring either before or after the events in X. The entire set ofevents E and feg for every event e in E are regions by themselves.61



In Figure 5.1, Ri = ftkig for every primitive task tk1; tk2; : : : ; tk6,R7 = ftk1; tk2g,R8 = ftk3; tk4g,R9 = ftk5; tk6g, and R = R7SR8SR9 are all regions.A Region Hierarchy:A region X is a child region of a region Y and Y is the parent region of X if andonly if Y is the smallest region that contains X as a proper subset. A region X isa descendant region of a region Y and Y is an ancestor region of X if and only ifX is a proper subset of Y . A region hierarchy is a set of regions in which for anytwo regions either they are disjoint or one is a descendant region of the other.In Figure 5.1, R7 = ftk1; tk2g, R8 = ftk3; tk4g, and R9 = ftk5; tk6g, are thechild regions of R = R7SR8SR9. ftk1g and ftk2g are the child regions of R7.ftk3g and ftk4g are the child regions of R8. ftk5g and ftk6g are the child regionsof R9. Together, they form a region hierarchy, which is depicted in Figure 5.1-cas a tree.Regional Ordering Constraints:The set of regional ordering constraints OR on a region R is a pair h�;�i, where� = fR1; R2; : : :g is the set of child regions of R, and � is a partial order on �.The events in Ri must occur before the events in Rj if Ri � Rj.In Figure 5.1, the possible event sequences are determined by the region hi-erarchy and the following regional ordering constraints:OR7 = hfftk1g; ftk2gg; ;i, OR8 = hfftk3g; ftk4gg; ;i,OR9 = hfftk5g; ftk6gg; fftk6g � ftk5ggi, and OR = hfR7; R8; R9g; fR8 � R7gi.A multi-level task network can be viewed as a region hierarchy with a setof regional ordering constraints. A primitive task in the task network is anevent, which is a disjunction of several STRIPS-like operators and it changesthe system state by using exactly one of the applicable operators. Tasks areorganized as a hierarchy of event regions. The task associated with a region R62



can be decomposed into the tasks associated with the child regions of R, and soon hierarchically. The tasks associated the child regions of a region R may beconstrained by a partial order, but cannot be interleaved.5.4 Causal Dependency in Multi-level Task Net-worksEvents a�ecting all conditions are rare. Instead, events tend to a�ect or bea�ected by a subset of the set of conditions P. If a condition p is irrelevant tothe events in a region R, we do not need to directly concern ourselves with p inreasoning about the changes caused by the events in region R. This can resultin signi�cant computational savings.Causal Dependencies:A condition p is dependent on a causal rule � ! � if p appears in � or in �. Acondition p is dependent on an event e if p is dependent on a causal rule associ-ated with e. A condition p is dependent on a region R if p is dependent on anevent in R.Problem Decomposition:In Figure 5.1-b and Figure 5.1-c, the conditions X1, X2, and X3 are dependenton region R7, but independent of region R8; the conditions X4, X5, and X6 aredependent on region R8, but independent of region R7. If region R9 were absent,we could decompose the problem instance into two independent parts: one withregion R7 and the conditions X1, X2, and X3; the other one with region R8 andthe conditions X4, X5, and X6. However, through the conditions X1 and X4respectively, region R9 interacts with the regions R7 and R8. This complicatesthe interactions among these three regions.In general, two disjoint regions interact with one another through a few condi-tions that are dependent on both regions. In this situation, problem decomposi-tion must be achieved by carefully exploiting structure in the causal dependencies63
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and subgoal conditions.Lemma 5.2 If Xi is a local condition of a region R, the value of Xi can only belocally a�ected by the events in R. The value of Xi immediately before the eventsin R occur is the same as Xi's initial value. Immediately after all of the eventsin R have occurred, the value of Xi will not be further changed.Lemma 5.3 If Xi is a subgoal condition of a region R, then R is the smallestregion containing Xi as a local condition. The sets of subgoal conditions of dif-ferent regions are mutually disjoint and together they form a partition of the setof conditions P.Lemma 5.4 The set of local conditions of a region R is the union of the localconditions of R's child regions and the subgoal conditions of R.Regional Subgoals:Given a goal G, the regional subgoal GR of a region R is composed of the condi-tion/value pairs in G whose condition components are local conditions of regionR. The incremental subgoal ~GR of region R is composed of the condition/valuepairs in G whose condition components are subgoal conditions of region R.The following theorem indicates the relationship between the goal and theregional subgoals.Theorem 5.7 The goal G is true immediately after all events have occurred ifand only if for each region R, the regional subgoal GR of R is true immediatelyafter all of the events in R have occurred.By Lemma 5.4 and the de�nition of regional subgoals and incremental sub-goals, we have the following lemma. 65
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5.4.2 Abstract Conditions and Abstract EventsGiven a region hierarchy, we can identify the abstract conditions of each re-gion, which allows us to de�ne the abstract event of the corresponding region.Figure 5.4 displays the abstract conditions of individual regions in the jobshopexample.Abstract Conditions:A condition Xi is an abstract condition of region R if Xi is (1) dependent on atleast one event in R, and also (2) dependent on at least one event not in R.Both the events in R and the events outside R can a�ect and be a�ected bythe values of the abstract conditions of R. Therefore the set of abstract conditionsof R is the media for inter-regional interactions between the events in R and theevents outside R. For example, in Figure 5.1 the events tk1 and tk2 in region R7interact with the events outside R7 through the abstract condition X1 of R7.The number of the abstract conditions of a region R is a measure of thelocality regarding the causal dependencies between the events in R and the eventsoutside R. If region R does not have any abstract conditions, all of the conditionsinvolved in the events of R are local conditions of R. In this case, the events inR together with the local conditions of R can be separated from the other eventsand conditions to form an independent problem instance.The e�ects of the events in a region R can only a�ect and be a�ected bythe local conditions and the abstract conditions of R. Since the values of thelocal conditions of R immediately before the events in R occur are the same astheir initial values, the state transitions triggered by the events in a region R aredetermined by two factors: (1) the values of the abstract conditions of R imme-diately before the events in R occur, and (2) the ordering of the events in R. Toachieve the regional subgoals GR, (1) the set of abstract conditions of R musthave appropriate values immediately before the events in R occur, and (2) theevents in R must be properly ordered. In turn, these two factors also a�ect thevalues of the abstract conditions of R after achieving the regional subgoals GR.This information about the possible preconditions and their e�ects on the values67



of the abstract conditions can be compiled as an abstract event in achieving theregional subgoal. Before we de�ne the abstract event of a region, we introducethe following terms.Abstract States:For an arbitrary subset A = fp1; : : : ; phg of the set of conditions P, A determinesan abstract state space SA = ftrue; falsegh. The values of the conditions in Aat a speci�c point in time determines an abstract state in SA. An abstract stateu of A is represented as a vector hv1; : : : ; vhi where vi; 1 � i � h, indicates thevalue of condition pi.Expressions and Abstract States:Let (1) A and B be two subsets of the set of conditions P, A � B, and (2) u be anabstract state in SB. �Au denotes the expression fhpi; viijpi 2 A; vi is the value ofpi in ug.�Au is an expression that encodes the information about the values of theconditions in A in an abstract state u. In the following, we formally de�ne theabstract event of a region.Abstract Relation �R:Consider a region R where A is the set of abstract conditions of R, and O is theset ordering constraints. �R is relation on SA�SA where (u; v) 2 �R if and onlyif there exists an event sequence q in QRO such that (1) u is the abstract state inSA immediately before the events in R occur, (2) v is the abstract state in SAimmediately following q, and (3) the regional subgoal GR is achieved in v.Abstract Events:An abstract event eR of a region R is associated with a set of causal rules where�Au ! �Av is an associated rule if and only if (u; v) is in �R.The abstract relation �R provides the information regarding the possiblepreconditions and their e�ects on the abstract conditions of R in order to achieve68
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event eR9 = f(hX1; trueihX4; falsei)! ()g. Similarly, we can derive the abstractevents for the remaining regions in Figure 5.6.5.4.3 Coupling Conditions and Localized ReasoningIn the following, we describe the coupling conditions of a region, which are themedia for the inter-regional interactions among the child regions of R. Ratherthan considering the entire set of conditions P, we only need to focus on thecoupling conditions of a region R when reasoning about the events in R.Coupling Conditions:A condition Xi is a coupling condition of region R if and only if (1) region R iscomposed of two or more events and Xi is an abstract condition of a child regionof R, or (2) region R is composed of a single event e and Xi is dependent onevent e.Figure 5.4 depicts the coupling conditions of the individual regions in the job-shop example. For example, the three child regions R7, R8, and R9 of region Rinteract with one another through the coupling conditionsX1 andX4 of region R9.The child regions of a region R are coupled together through the couplingconditions of R. This is because by de�nition the union of the conditions appear-ing in these abstract events is exactly the set of coupling conditions of R. Onthe other hand, to derive an abstract event of region R, we need to reason aboutthe values of the abstract conditions and the subgoal conditions of R, and theirunion is again the set of coupling conditions according to the following theorem.Theorem 5.8 The set of coupling conditions of a region R is the union of twodisjoint subsets: the set of abstract conditions of R and the set of subgoal condi-tions of R. 70



5.5 Localized Temporal Projection Using Sub-goals and Abstract EventsIn this section, we reduce temporal projection into a sequence of local searches,in each of which we are concerned with the subgoal of a region R and the abstractevents of the child regions of R.5.5.1 Temporal Projection as Global SearchFirst of all, we describe how to formulate temporal projection as search. Givenan instance of the temporal projection problem I = hP; E;O; s0;Gi, the searchgraph is a directed graph GI = (V;A) that encodes the information of time,states, events in its vertices and arcs. Temporal projection is reduced to a graphreachability problem in the search graph.Time and States:The set of vertices V represents the possible system states at di�erent phases ofthe system's evolution. Each vertex contains two components: (1) a system state,and (2) a record indicating whether the individual events in E have occurred ornot.Events:The set of arcs A represents the occurrences of events at di�erent phases of thesystem's evolution. We construct an arc (u; v) in A if (1) by applying a causalrule r, an event e can cause a state transition from the state encoded in vertex uto the state encoded in vertex v, (2) e can occur immediately after those eventsthat are marked as having occurred in vertex u without violating the orderingconstraints in O, and (3) in vertex u, e is marked as having not occurred yetwhile in vertex v, e is marked as having occurred. In addition, we associate arule-tag (e; r) with such an arc (u; v) to indicate that by applying rule r, evente can cause a state transition from the state encoded in vertex u to the stateencoded in vertex v. 71



Root Vertex and Goal Vertices:The root vertex u0 is the vertex in which no events have occurred yet, and thestate in u0 is the initial state s0. A vertex t is a goal vertex if all events haveoccurred in vertex t and the state in t is a goal state.Temporal Projection as Search: The task of temporal projection can be viewedas a search for a path from the root vertex u0 to any goal vertex t. Since an arcin GI = (V;A) models the occurrence of an event, such a path corresponds to apossible event sequence immediately following which we reach a goal state. Therule-tags on the arcs tell us the rules applied by the individual events to enterthe goal state.The following procedure Temporal-Search provides the details of temporalprojection as search. Our localized algorithm utilizes this procedure for localsearch.Procedure Temporal-Searchinput: an instance of temporal projection problem I = hP; E;O; s0;Gi.output:(1) a set F composed of the goal states that can be entered immediately followingsome event sequences in QEO;(2) an event sequence q in QEOthat ends in a goal state f in F ;(3) the rules applied by the individual events in q to enter the goal state f ;(4) a trajectory tq of q that ends in the goal state f .1. Partition the set of events E into m chains where the ith (1 � i � m) chainis composed of li events that are totally ordered as a chain according to theordering constraints in O. Construct a directed acyclic graph GI = (V;E)in step 2 and step 3.2. Construct the vertex set V of GI :Each state s in SP is mapped to Q1�i�m(1+li) nodes, each of which indicatesa speci�c phase in the system's evolution. A vertex t in V is of the form72



(s; x1; x2; : : : ; xm). s (s 2 SP) indicates the corresponding state in vertext. xi (0 � xi � li, 1 � i � m) is a counter for the ith chain; xi indicatesthat the �rst xi events in the ith chain have occurred while the remainingevents in the ith chain have not occurred yet. These vertices comprise thevertex set V of GI .3. Construct the arc set A of GI :Add an arc from (s; x1; x2; : : : ; xk�1; xk � 1; xk+1; : : : ; xm) to(t; x1; x2; : : : ; xk�1; xk; xk+1; : : : ; xm) if (1) e is the xkth event in the kthchain, (2) e can trigger a state transition from s to t by applying a causalrule r, and (3) e can occur immediately after the �rst xk � 1 events inthe kth chain and the �rst xi events in the ith chain (1 � i � m; i 6= k)without violating the ordering constraints in O. In addition, we associate arule-tag (e; r) with this arc to indicate that event e can trigger such a statetransition by applying causal rule r. These arcs comprise the arc set V ofGI , and model all possible situations regarding the occurrences of events.4. In the following, we reduce the task of temporal projection to graph reach-ability. We can apply any standard graph-reachability algorithms to derivea solution.� Search the graph GI . A goal state t can be reached immediate afteran event sequence in QEO if and only if the goal vertex (t; l1; l2; : : : ; lm)is reachable from the root vertex (s; 0; 0; : : : ; 0) in graph GI . Add sucha state t to the set F .� Search for a directed path from the root vertex (s; 0; 0; : : : ; 0) to anarbitrary goal vertex (f ; l1; l2; : : : ; lm). The arcs in the directed pathgive us an event sequence q that ends in the goal state f , and therule-tags of the arcs tell us the rules applied by the individual eventsin q to enter f . The state components of the vertices in the path giveus a trajectory of q which ends in f .Theorem 5.9 The search graph GI = (V;E) constructed in procedure Temporal-Search is a directed acyclic graph. If we adopt a trivial partition that considers73



each individual event as a chain, the search graph GI contains 2jPj+jEj vertices.In this case, the procedure Temporal-Search runs in O(22(jPj+jEj)) time.5.5.2 Temporal Projection as a Sequence of LocalSearchesIn the following, we present a localized temporal projection algorithm. In this al-gorithm, two procedures are systematically called region by region: (1) procedureAbstract-Event, which derives an abstract event of a region, and (2) procedureGenerate-Sequence, which recursively generates an event sequence to achieve theregional subgoal of a region. Both procedures in turn call procedure Temporal-Search to conduct local search. For a region R, the following causal knowledgehAR;UR; CR; s0; ~GR;XR;ORi is provided as input to procedure Abstract-Event andprocedure Generate-Sequence, where� AR is the set of abstract conditions of R;� UR is the set of subgoal conditions of R;� CR = AR [ UR is the set of coupling conditions of R;� s0 is the initial state of the problem instance;� ~GR is the incremental subgoal of R;� if R contains more than one event, XR is the set of abstract events XR ofR's child regions; otherwise XR is composed of the single event in region R;� OR is the set of regional ordering constraints on the child regions of R.Procedure Localized-Reasoninginput: a problem instance hP; E;O; s0;Gi.output: Report an event sequence q in QEO and the rules applied by the eventsin q such that we enter a goal state immediately following q if such an eventsequence exists; otherwise, report that such a sequence does not exist.74



1. Establish the following causal knowledge by scanning through the probleminstance: (i) the regions, the region hierarchy, and the regional orderingconstraints, (ii) the local conditions, the subgoal conditions, the abstractconditions and the coupling conditions of individual regions, (iii) the re-gional subgoals and incremental subgoals of individual regions.2. Starting from the bottom level of the region hierarchy, call procedure Abstract-Event as described in Step 3 for each region at the same level; proceed inthe same way level by level until the root region at the top level is done.3. For each region R, call procedure Abstract-Event to determine the possi-bility of achieving the regional subgoal of R. If the regional subgoal cannotbe achieved, abort the computation and report the infeasibility of achievingthe goal G; otherwise, derive and propagate the abstract event eR to R'sparent region.4. Call procedure Generate-Sequence with a pair of empty abstract states(hi; hi) and the causal knowledge hAE;UE ; CE ; s0; ~GE;XE;OEi associated withthe root region E as input. Procedure Generate-Sequence recursively gener-ates an event sequence q and the rules applied by the events in q to achievethe goal G.Procedure Abstract-EventInput: the causal knowledge hAR;UR; CR; s0; ~GR;XR;ORi associated with regionR.Output: if the incremental subgoal of R can be achieved, report the abstractevent eR; otherwise, stop and report the infeasibility of achieving the regionalsubgoal.1. Determine the set S of the possible abstract states in SCR immediatelybefore the events in R occur, where the values of the subgoal conditions inUR must be the same as their initial values in s0.75



2. For each abstract state s in S, construct a new instance of the temporal pro-jection problem hCR;XR;OR; s; ~GRi regarding the set of coupling conditionsCR, the set of abstract events XR, the set of regional ordering constraintsOR, the possible abstract state s immediately before the events in R occur,and the incremental subgoal ~GR.3. For each new instance hCR;XR;OR; s; ~GRi, call procedure Temporal-Searchto derive F , the set of reachable goal states in SCR regarding this newinstance. Add the pairs (s; f) for each f in F into �R.4. If the set �R is empty, we report the infeasibility of achieving the incremen-tal subgoal. Otherwise, compile�R into an abstract event eR by associatinga causal rule �ARs ! �ARf with eR for each pair of abstract states (s; f) in�R.Procedure Generate-SequenceInput:(1) the causal knowledge hAR;UR; CR; s0; ~GR;XR;ORi associated with region R;(2) a pair of abstract states (s0; f 0) in SAR where s0 and f 0 are the abstract statesimmediately before and after the events in R occur as a group respectively.Output: an event sequence q in QRO and the rules applied by the events suchthat if the abstract state s0 is true immediately before q, immediately followingq the abstract state is changed to f 0 and the regional subgoal GR is true.1. Determine the abstract states s in SCR where (i) the values of the conditionsin AR in s are the same as those in abstract state s0, and (ii) the values ofthe conditions in UR in s are the same as their initial values in s0.2. Construct a new instance of the temporal projection problemhCR;XR;OR; s; ~GRi regarding the set of coupling conditions CR, the set ofabstract events XR, the set of regional ordering constraints OR, the pos-sible abstract state s immediately before the events in R occur, and theincremental subgoal ~GR. 76



3. For the new instance hCR;XR;OR; s; ~GRi, call procedure Temporal-Searchto derive an event sequence q0 in QXROR that ends in a reachable goal statef where (i) the incremental subgoal ~GR is true in f , and (ii) the expression�ARf 0 is true in f .4. Also use procedure Temporal-Search to determine (i) a trajectory tq0 of q0that starts in s and ends in f , and (ii) the rules applied by the events in q0that results in the trajectory tq0. The ordering of the abstract events in q0determines a total order on the child regions of R.5. For each child region R0 of R, according to the trajectory tq0 of q0 derivedin Step 3 , determine the abstract states ~s and ~f in SAR0 immediately beforeand after the abstract event of R0 in q0 occurs respectively.6. For each child region R0 of R, (i) prepare the pair of abstract states (~s;~f)derived in Step 5 and the causal knowledge hAR0;UR0; CR0; s0; ~GR0;XR0;OR0iassociated with R0 as input, and (ii) call procedure Generate-Sequence toderive an event sequence over R0. Concatenate these event sequences overthe child regions of R' into an event sequence q according to the total orderon R's child regions derived in Step 4.7. For each event e, determine the rule applied by event e according to the ruleselected in Step 4 when procedure Generate-Sequence is recursively calledto handle the region feg.Theorem 5.10 Procedure Localized-Reasoning is sound and complete.We illustrate the use of the localized algorithm in solving the jobshop exam-ple. First, we derive the following knowledge by scanning through the probleminstance: (1) the region hierarchy as depicted in Figure 5.4; (2) the local condi-tions, the subgoal conditions, the abstract conditions and the coupling conditionsof the individual regions as depicted in Figure 5.4; and (3) the regional subgoalsand incremental subgoals of individual regions as depicted Figure 5.5.77



Second, starting from the bottom level of the region hierarchy, we call pro-cedure Abstract-Event to derive the abstract events of regions as depicted inFigure 5.6. We proceed level by level until we reach the root region W at the toplevel. Since we can successfully derive the abstract event for every region, thereexists an event sequence q in QEOto achieve the goal.Finally, we call procedure Generate-Sequence to recursively derive an event se-quence q inQEOto achieve the goal. The procedure Generate-Sequence recursivelygenerates the following orderings hR8; R9; R7i, hftk3g; ftk4gi, hftk6g; ftk5gi, andhftk1g; ftk2gi for the child regions of the regions R, R8, R9, and R7 respectively.This gives us an event sequence q = htk3; tk4; tk6; tk5; tk1; tk2i as an event se-quence in QEOto achieve the goal. The causal rules applied by the events in q asa sequence are the �rst rule, the second rule, the �rst rule, the �rst rule, the �rstrule, and the second rule of the events respectively.5.6 Quantitative Analysis of Computational Ef-�ciencyWe �rst de�ne the interaction measure of a problem instance, which is used toquantify the computational e�ciency of procedure Localized-Reasoning in theproblem instance.Measure of Causal Interactions:Given the region hierarchy determined by an instance of the temporal projectionproblem, we de�ne the branching factor bR of a region R to be the number ofchild regions of R, the coupling factor cR of a region R to be the number ofcoupling conditions of R, and the interaction measure L of the problem instanceto be maxR (bR + cR).The interaction measure L indicates the magnitude of the interactions amongregions. A large interaction measure L indicates the existence of regions withmany child regions or large sets of coupling conditions, which implies complicated78



interactions among regions. Instead, a small interaction measure L indicates thatthe causal interactions are well structured and localized in individual regions. Inother words, small interaction measure L implies strong locality in the probleminstance.Theorem 5.11 Given an instance of the temporal projection problem, procedureLocalized-Reasoning runs in O(n � 8L) time, where n is the size of the event setE, and L is the interaction measure of the problem instance.By Theorem 5.11, the worst-case performance degrades to be exponential inn when the branching factor or the coupling factor is of O(n) size, where n is thesize of the event set E. This is as expected, because (1) a set of totally unorderedevents E corresponds to a single region containing the individual events as childregions, where the branching factor is of O(n) size, and (2) temporal projectionregarding totally unordered events is NP-complete even in very restricted casesas shown in Theorem 5.2.On the other hand, our localized algorithm can exploit the locality inherentin problem instances to bring about computational e�ciency. When there isstrong locality in a problem instance, the interaction measure L is small. In thissituation, our localized reasoning algorithm can substantially expedite temporalprojection. The following two corollaries of Theorem 5.11 demonstrate the com-putational savings gained by exploiting locality.Corollary 5.3 When the interaction measure L is of O(1) magnitude, the tem-poral projection problem can be solved by procedure Localized-Reasoning in O(n)time, where n is the size of the event set E.Corollary 5.4 Corollary 5.4. When the interaction measure is of O(log n) mag-nitude, the temporal projection problem can be solved by procedure Localized-Reasoning in time polynomial in n, where n is the size of the event set E.79



Consider a situation in which (1) every region except for the regions containingonly a single event has ~b child regions, and (2) for each region the child regionsof the region are totally unordered.� There are ~b!(n�1)=(~b�1) possible total orders on events, where n is the sizeof the event set E. It is infeasible to exhaustively examine this super-polynomial number of possible total orders one by one for a solution.� However, procedure Localized-Reasoning can derive a solution in linear timeif (1) ~b = O(1) and (2) every region has only O(1) number of conditions thatare dependent on both the events in and the events not in the region. Theinteraction measure L in this case is of O(1) magnitude. This is becausefor each region R (1) bR = ~b = O(1) and (2) the coupling factor cR is nomore than the sum over the O(1) numbers of the abstract conditions of R'schild regions according to Theorem 5.8.� Similarly, procedure Localized-Reasoning can derive a solution in polyno-mial time if (1) ~b = O(log n) and (2) every region has only O(log n) numberof conditions that are dependent on both the events in and the events notin the region. The interaction measure L in this case is of O(log n) mag-nitude. In both cases, procedure Localized-Reasoning provides substantialcomputational savings.5.7 Related WorkThe related work on the representation of time and temporal reasoning is exten-sive. There are several formalisms that can represent the temporal relationshipamong a set of points or intervals in time [All83] [Vil82] [MB83] [Dea84]. Rea-soning about the consequence of events using the logic-based event calculus canbe found in [KS86] [Chi94]. The idea of structuring ordering and causal knowl-edge to speed up temporal reasoning is also present in maintaining knowledgeabout temporal intervals [All83] [GS93] [KG77] and in the event calculus [Eva90][Mea92]. 80



The use of subgoals and abstract events in Chaprer 4 is inspired by the similarnotions of subgoals and abstraction used in search [Kor87] and in abstract andhierarchical planning [Sac74a] [Chr90] [Kno91a] [YT90] in reducing the overallsearch e�ort. The idea of using localized reasoning to exploit locality is alsostudied by Lansky in GEM [Lan88] in event-based planning. In GEM, localityis similarly modeled by sets of interrelated events delimited by temporal logicconstraints.5.8 SummaryIn this chapter, we formally describe a dynamical system modeled by a set ofconditions, a set of events, and a set of ordering constraints on the events. Thesystem state at a point in time is determined by the values of a �nite set ofconditions. We represent an event as a disjunction of STRIPS-like operators.The system evolves through a sequence of state transitions as the events occurand change the values of conditions. We are concerned with deriving an eventsequence consistent with the ordering constraints to achieve a goal. We identifythe factors a�ecting computational complexity and demonstrate the complexitytrade-o�s involving these factors. Our complexity results indicate that we havevery limited ability to consider a large number of conditions at a time. To ex-pedite temporal projection, we investigate locality in event ordering and causaldependency. Locality allows us to focus on many smaller numbers of conditionsseparately rather than considering the entire set of conditions at a time. Thelocality in event ordering in a particular problem instance is modeled by a hier-archy of regions. A region is a collection of closely related events which occur asan atomic group. For each region, we can identify four characteristic conditionsubsets, which re
ect locality in causal dependencies. We develop a localized tem-poral reasoning algorithm that determines a solution through a sequence of localsearches. The computational complexity of our algorithm is determined by thelocality of a problem instance. Our theoretical results demonstrate the substan-tial performance improvement gained by exploiting locality. This work provides81



solid evidence of the usefulness of localized reasoning in exploiting locality.
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Chapter 6Decomposition Techniques forthe Markov Decision Problem(I)Many goal-oriented planning problems can be modeled as Markov decision pro-cesses with absorbing states. Goals specify target states as absorbing states andthe other states are transient states. Once reaching a target state, a processstays in that state forever without cost [Der70] [KK71b] [KC74b]. At times theunderlying state space can be symbolically decomposed into regions that havean acyclic interconnection. We refer to these regions as coherent fragments. AMarkov decision process will never end in a coherent fragment again after leavingthe fragment.In this chapter, we develop a decomposition algorithm to exploit acyclic in-terconnection among coherent fragments. Although every variable is relevant indescribing the action dynamics, usually only a subset of the state variables isrelevant to the action dynamics within a coherent fragment and the subsequenttrajectories after leaving that coherent fragment. In a coherent fragment, twostates are undistinguishable if they have the same con�guration governing thevalues of the relevant variables. Signi�cant dimensionality reduction can be at-tained by aggregating undistinguishable states in coherent fragments. This allows83



us to construct an equivalent but smaller Markov decision process for computingan optimal policy.For Markov decision processes compactly encoded as sequential decision net-works, the strongly connected components of the networks are natural coherentfragments. We empirically investigate dimensionality reduction gained by thisdecomposition algorithm when solving Markov decision problems encoded as se-quential decision networks. We employ three probabilistic models to generateproblem instances with parameters re
ecting di�erent levels of locality and de-pendency. We then evaluate the e�ectiveness of this decomposition algorithm forproblem instances generated under di�erent settings of the parameters.6.1 Coherent Fragment and LocalityIn this section, we formally de�ne the coherent fragments in a Markov decisionprocess given a decomposition of the underlying state space into regions.Interconnection among Regions:We view a Markov decision process given a decomposition of the underlying statespace into regions as a directed graph H = (NH ; EH) in the following way :� each node in NH uniquely represents a region;� arcs in EH represent the interconnection among regions where a region Ris connected to a region R0 i� there exist (1) a state u in R, (2) a state vin R0, and (3) an action a such that taking action a in state u can ends instate v with nonzero probability.Coherent Fragments:Given a Markov decision process and a decomposition of the underlying statespace into regions represented as a directed graph H = (NH ; EH), a coherentfragment F is a subset of the regions that compose a strongly connected compo-nent in H. 84



The Directly Relevent Variables in a Coherent Fragment:A variable Xi is directly relevant in a coherent fragment F if and only if thereexists an action a applicable in F such that Xi is directly relevant in encodingaction a. We use VF to denote the set of directly relevant variables in a coherentfragment F .Interconnection among Coherent Fragments:Given two coherent fragments F and G, we say that G is a child of F if and onlyif at least one of the regions in F is connected to a region in G. Naturally, wecan also de�ne descendant fragments, parent fragments, and ancestor fragmentsin a similar way. For a coherent fragment F , Children(F ), Descendants(F ),Parents(F ), and Ancestors(F ) denote the sets of the coherent fragments that arethe children, the descendants, the parents, and the ancestors of F respectively.Fragment Graphs:A fragment graph displays the interconnection among a set of coherent frag-ments. Given a Markov decision process and a decomposition of the underlyingstate space into regions represented as a directed graph H = (NH ; EH), the frag-ment graph (F ; EF) of H is a directed graph where (1) F is composed of allcoherent fragments in H, and (2) (F;F 0) is a directed edge in EF if and only ifF 0 is a child fragment of F .Example:For the production-control decision network in Figure 3.3, we can aggregate thestates with the same decision step into a region. In other words, a decisionstep symbolically represents a region. Figure 6.1 depicts the coherent fragments,the directly relevant variables in coherent fragments, and the resulting fragmentgraph.Property 6.1 Given a Markov decision process and a decomposition of the un-derlying state space into regions, the resulting fragment graph is acyclic. Any85



{ X1, X2, X3, X4 }
F1={d1,d2}

{ X7, X8, X9, X10 }
F4={d7,d8}

{ X4, X5, X6, X8 }
F3={d5,d6}

{ X3, X5, X6, X7 }
F2={d3,d4}

c2c1

c3

cstart

cend

Fragment F
{Directly relevant variables} :XF

Figure 6.1: The fragment graph of the production-control decision network
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trajectory of the process can be divided into blocks such that (1) each block isuniquely associated with a coherent fragment with no two blocks associated withthe same coherent fragment, and (2) each block is composed of some states in theassociated coherent fragment.Property 6.1 directly follows from the de�nitions of coherent fragments andfragment graphs. This is because as soon as the process leaves a state in a co-herent fragment F to enter a state in another coherent fragment, the process willnever enter any states in F again. Often coherent fragments are loosely coupledwith one another since only a few state variables are directly relevant in a co-herent fragment, and a coherent fragment interacts with its child fragments onlythrough a few state variables. This allows us to conveniently decouple a Markovdecsion problem into subproblems governing coherent fragments.Example:Consider the production-control decision network in Figure 3.3. There are fourcoherent fragments, each of which full�lls a speci�c requirements on the �nalvalues of the components.First, we (1) start with control node Cstart, (2) enter coherent fragment F1through Cstart, and (3) alternate between decision steps d1 and d2 to improvethe values of at least one of X1 and X2 to one. As soon as this requirement issatis�ed, we enter fragment F2 or fragment F3. Note that variables X1 and X2become irrelevant after leaving fragment F1.If the value of X4 has been improved to one when leaving fragment F1, we (1)enter coherent fragment F2 through control node C1 and (2) alternate betweensteps d3 and d4 to improve the values of at least two of X3, X5 and X6 to one.Otherwise, we (1) enter coherent fragment F3 through control node C2 and (2)alternate between steps d5 and d6 to improve the values of all of X4, X5 and X6to one. In either case, we leave fragment F2 or fragment F3 to enter fragment F4with at least three of the four variables X3, X4, X5 and X6 are improved to one.Note that X4, X5, and X6 become irrelevant immediately after entering fragmentF4. 87



Finally, we (1) enter coherent fragment F4 through control node C3, (2) alter-nate between steps d7 and d8 to improve the values of at least three of X7, X8,X9 and X10 to one, and (3) then �nish the entire execution in control node Cend.6.2 Dependency among Coherent FragmentsIt is rare that every variable is directly relevant in every coherent fragment. Moreoften, a variable is only directly relevant in a few coherent fragments interact withsome other variables that are in the other fragments. In the following, we analyzedependency among coherent fragments by using several characteristic subsets ofstate variables.The Active Variables in a Fragment:A variable Xi is active in a coherent fragment F if and only if (1) Xi is directlyrelevant in fragment F , or (2) Xi is directly relevant in an ancestor fragment of Fand also in a descendant fragment of F . A variable Xi is inactive in F ifXi is notactive in F . We denote the set of active variables in a coherent fragment F as AF .The Latent Variables in a Fragment:A variable Xj is latent in a coherent fragment F if and only if (1) Xj is directlyrelevant in at least one descendant fragment of F and (2) Xj is neither directlyrelevant in F nor in any ancestor fragment of F .The Passive Variables in a Fragment:A variable Xj is passive in a coherent fragment F if and only if Xj is neitherdirectly relevant in F nor in F 's descendant fragments.Property 6.2 If variable Xj is not active in a coherent fragment F , Xj is eitherlatent or passive in F . If Xj is passive in F , the value of Xj will never changeat any time after the process enters fragment F , If Xj is latent in F , the valueof Xj remains unchanged after the process enters fragment F until the process88



enters a descendant fragment of F in which Xj is active.The Terminal Variables between Two Fragments:Given a coherent fragment F and a child coherent fragment G of F , a variableXi is a terminal variable from F to G if and only if (1) Xi is active in F , and (2)Xi is passive in G. We denote the set of terminal variables from fragment F tofragment G as TFG. Note that the variables in TFG become irrelevant immedi-ately after the process enters fragment G from fragment F .The Starting Variables between Two Fragments:Given a coherent fragment F and a child coherent fragment G of F , a variableXi is a starting variable from F to G if and only if (1) Xi is latent in F , and (2)Xi is active in G. We denote the set of starting variables from fragment F tofragment G as SFG. Note that the variables in SFG become relevant immediatelyafter the process enters fragment G from fragment F .Property 6.3 Given a coherent fragment F and a child coherent fragment G ofF , we have the following equation :AG = AF � TFG [ SFG:The Coupling Variables between Two Fragments:Given a coherent fragment F and a child coherent fragment G of F , a variable Xiis a coupling variable between F and G if and only if Xi is active in both F andG. We denote the set of coupling variables between fragment F and fragmentG as CFG. The set of coupling variables CFG is the media for the interactionbetween two adjacent coherent fragments.Property 6.4 Given a coherent fragment F and a child coherent fragment G ofF , we have the following equation :AF � TFG = CFG = AG � SFG:89
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Figure 6.2 displays characteristic subsets of state variables for the production-control decision network in Figure 3.3.Consider the production-control decision network in Figure 3.3. VariablesX1 andX2 are directly relevant only in fragment F1, but indirectly a�ect the dynamicsin fragments F2 and F3 through variables X3 and X4. This is because X1 and X2directly interact with X3 and X4 in fragment F1 while X3 and X4 are directlyrelevant in fragments F2 and F3.6.3 A Decomposition Technique to Exploit Co-herent FragmentsGiven a Markov decision process M, an initial state, and a decomposition ofthe underlying state space into regions, the following procedure analyzes the de-pendency structure among coherent fragments, constructs a reduced processM0,and derives an optimal policy for M0 :Procedure Reduced-MDPinput:(1) a Markov decision process M = hS;A;Pr;Costi;(2) an initial state u0;u0 2 S;(3) a partition of the state space S into disjoint regions de�ned by a set of booleanpredicates governing the values of the state variables.output:(1) a reduced Markov decision process M0 = hS 0;A; ~Pr; ~Costi;(2) an optimal policy �0 for the reduced process M0.� Determine the interconnection among regions and derive the strongly con-nected components of regions as coherent fragments. Determine the in-terconnection among the coherent fragments. For each coherent fragmentF , 91



1. determine the actions applicable in F and the directly relevant vari-ables in F ;2. determine the set of active variables AF as the intersection of (i) theunion of the directly relevant variables of F and F 's ancestor fragmentsand also (ii) the union of the directly relevant variables of F and F 'sdescendant fragments;3. determine the other characteristic subsets of variables using the infor-mation of the fragment graph and the subsets of active variables inindividual coherent fragments according to the de�nitions in the lastsection.� For each coherent fragment F , aggregate the states in F according tothe values of the active variables of F to form a set of aggregate statesSubSpace(F ), SubSpace(F ) = QXi2AF 
Xi. An aggregate state uF =hx1F ; x2F ; : : :i in SubSpace(F ) represents as a whole the states in fragment Fin which (i) xiF is the value of the active variable X iF in coherent fragmentF and (ii) the values of the latent variables in fragment F are consistentwith the corresponding values in the initial state u0 1.� Return the following reducedMarkov decision processM0 = hS 0;A; ~Pr; ~Costithat respects the state-aggregation step above:{ The state space S 0, S 0 = SF SubSpace(F ), is the union of the aggregatestates in individual coherent fragments while the action space remainsunchanged.{ Within each fragment F , ~Pr and ~Cost compactly replicate the originalprobability Pr and cost function Cost : for every pair of aggregatestates uF and vF in SubSpace(F ) ~puF vF (a) equals puv(a) and ~cuFvF (a)equals cuv(a) where (i) u is any state in F aggregated into uF , (ii) a isany action application in u, and (iii) v in F is aggregated into vF and1By Property 6.2, those states in fragment F violating this requirement are not reachablefrom the initial state at all and are thus ignored.92



also has the same con�guration governing the values of the inactivevariables of F as u does 2.{ Between a coherent fragment F and a descendant fragment G of F ,~Pr and ~Cost are direct extensions from Pr and Cost respecting thestate-aggregation step : for every pair of aggregate states uF and vG(uF 2 SubSpace(F ), vG 2 SubSpace(G)) ~puFvG equals Pv puv ~cuFvGequals Pv puvcuv where (i) u is any state in F aggregated into uF ,(ii) a is any action application in u, and (iii) the two summations areover every state v in G that is aggregated into vG and has the samecon�guration governing the values of the inactive variables of F as udoes 3.{ As de�ned above, the new transition probability function ~Pr and thenew action cost function ~Cost can be directly determined by applyingthe probabilistic operator representing the actions in A to the aggre-gate states in S 0.� Determine an optimal policy �0 for the reduced process M0 fragment byfragment until all coherent fragments are processed. For each coherentfragment F without any descendant coherent fragments or all of whosedescendant coherent fragments have been processed,{ construct a local Markov decision process MDP(F ) whose state spaceis the union of SubSpace(F ) and Target(F ), where Target(F ) denotesthe set of aggregate states outside F but reachable from SubSpace(F )in one state transition;{ the transition probability fuction and action cost function of MDP(F )are basically the same as ~Pr and ~Cost, except that each aggregate2 ~Pr and ~Cost are well de�ned for any pair of states u and v satisfying the requirementsspeci�ed above. This is because the values of the inactive variables in state u remain unchangedafter taking action a and are irrelevant to the transition probabilty and cost, which is a factdirectly follows from the de�nition of active variables and Property 6.2.3Again ~Pr and ~Cost are well de�ned for any state u aggregated into uF since the values ofthe inactive variables in state u remain unchanged after taking action a and are irrelevant tothe transition probabilty and cost. 93



state in Target(F ) is considered as an absorbing state and is associatedwith an additional cost modeling the expected cumulative cost fromentering that aggregate state for the �rst time until reaching a targetstate in the original process.{ determine an optimal policy for MDP(F ) and also determine the ex-pected cumulative cost for each aggregate state in SubSpace(F ).The union of the optimal policies over all local Markov decision processesthen provides an optimal policy for the reduced process M0.Property 6.5 The size of the reduced Markov decision process M0 is boundedby f � cr, where (1) f is the total number of coherent fragments (2) r is themaximum of the numbers of active variables in coherent fragments, and (3) c isthe maximum of the numbers of possible values for variables.Theorem 6.1 Given an optimal policy �0 for the reduced Markov decision processM0 derived from a Markov decision processM by procedureReduced-MDP, �0compactly encodes an optimal policy � forM with respect to a given initial state,where �(u) equals �0(uF ) for every state u that is aggregated into an aggregatestate uF in a coherent fragment F .6.4 E�cacy in Optimizing Sequential DecisionNetworksIn this section, we investigate the application of Procedure Reduced-MDP inoptimizing sequential decision networks, i.e.,, generating optimal policies for theunderlying Markov decision processes. We employ three probabilistic modelsto generate sequential decision networks and then evaluate the e�ectiveness ofProcedure Reduced-MDP. 94



6.4.1 Decomposing Sequential Decision NetworksFor Markov decision processes encoded as sequential decision networks, one of thestate variables Xstage encodes which decision stage is the current decision stage.Naturally, we can decompose such a state space into regions with each regioncorresponding to the states associated a speci�c decision stage. In other words,each region is symbolically speci�ed by a predicate P (Xstage) : Xstage = di for adecision stage di. This is the partitioning strategy implicitly assumed throughout this section. Assuming the existence of actions that allow transition fromevery decision stage to its child decision stages, the resulting coherent fragmentsare simply the strongly connected components of the sequential decision network.Directly following from Property 6.5, we have the following property:Property 6.6 With regions de�ned by decision stages, Procedure Reduced-MDP can determine an optimal policy for a sequential decision network withm decision stages in O(mc) time for some constant c if every strongly connectedcomponent of the network involves only O(logm) number of active variables.Example:Figure 3.3 depicts the active variables in each coherent fragment F of the production-control decision network. Since each coherent fragment is composed of two de-cision stages and four active variables other than the variable encoding the cur-rent decision stage, an optimal policy can be determined by solving four localMarkov decision processes. Consequently the reduced Markov decision processhas 4� 2� 24 = 128 aggregate states. This is much smaller than the entire statespace, which is of size 210 � 8 = 8192 since we have ten binary state variablesplus the variable encoding the eight possible decision stages.
95



6.4.2 Empirical E�ectiveness in Dimensionality Reduc-tionA Probabilistic Model for Sequential Decision Networks:In the following, we empirically evaluate the e�ectiveness of ProcedureReduced-MDP in optimizing sequential decision networks generated from the followingprobabilistic model:� Some of the state variables are global variables, which are directly relevantto some applicable actions in every decision stage; the other state variablesare local variables, which are not directly relevant to any applicable actionsin some decision stages. Each local state variable is uniquely attached to adecision stage. We assume that there is only small deviation in the numbersof local state variables attach to decision stages. We use plocal to denote thepercentage of local state variables within the entire set of state variables.� Besides the global state variables, actions applicable in a decision stage dican only directly involve the local state variables attached to di or the localstate variables attached to the adjacent decision stages of di. Let dj be anadjacent decision stage of di. For each local state variable Xk attached tothe decision stage dj , pa denotes the probability that Xk is directly relevantto some actions applicable in the decision stage di.� We classify the interconnection of decision stages into two categories.One-Dimensional Interconnection: The �rst category simulates a one-dimensional assembly line in a factory process-control domain. In thiscategory, m decision stages, d1, d2, : : :, dm, are interconnected as aone-dimensional array with d1 as the starting stage; di (i < m) isalways connected to di+1 while di+1 (i � 1) is connected to di withprobability pb. We refer to the arcs connecting some decision stagedi+1 to a decision stage di as the backward arcs in the network. Theaverage out degree of a decision stages di (i.e., the average number ofadjacent decision stages from di) is thus 1 + pb.96



Two-Dimensional Interconnection: The second category simulates aplanar communication network in a stochastic transportation planningdomain. In this category, m2 decision stages, d1;1, d1;2, : : :, d1;m; d2;1,d2;2, : : :, dm;m, are interconnected as a two-dimensional array with d1;1as the starting decision stage; di;j is always connected to di+1;j wheni < m and di;j+1 when j < m while di+1;j and di;j+1 are connected todi;j with probability pb respectively. We refer to the arcs connectingsome decision stage di+1;j or di;j+1 to a decision stage di;j as the back-ward arcs in the network. The average out degree of a decision stagesdi (i.e., the average number of adjacent decision stages from di) is thus2 + 2 � pb.Parameter Con�gurations:Since global state variables are active in every coherent fragment, we focus onevaluating how many local state variables are active in the coherent fragments ofa sequential decision network. We generate random sequential decision networkswith the following parameter settings:� There is no global state variables and thus the precentage of local statevariables plocal equals 1.0.� There are either sixteen decision stages with eighty state variables or sixtyfour decision stages with three hundred and twenty state variables. In otherwords, there are �ve local state variables attached to each decision stages.� pa, the probability that the actions in a speci�c decision stage involve aspeci�c local state variable attached to an adjecnt decision stage is either0.2, 0.4, or 0.6.� The decision stages either have a one-dimensional interconnection or a two-dimensional interconnection while pb, the probability of having a speci�cbackward arc in such networks, is either 0.05, 0.1, 0.15, : : :, 0.95, or 1.0.97



Evaluating the E�ectiveness of Dimensionality Reduction:Procedure Reduced-MDP takes time exponential in the maximal number ofactive state variables in a coherent fragment of a given sequential decision net-work. Given a sequential decision network with n state variables, we would liketo evaluate the average percentage of local state variables that can be abstractedaway in individual coherent fragments. More precisely, we de�ne1� L2=nas the e�ectiveness indicator of the dimensionality reduction attained by Pro-cedure Reduced-MDP where AF is the set of active variables in a coherentfragment F and L2 = maxF jAF jis the structural parameter for the sampled decision network. Note that we canat least abstract away 100(1�L2=n) percents of the entire set of local state vari-ables in any coherent fragment F .Experiments and Data:For a speci�c parameter con�guration, we sample one hundred random sequentialdecision networks. For each sampled network, we analyze the maximal numberof active variables in the coherent fragments of the network. The average size ofthe maximal number of active variables in the coherent fragments of a sequentialdecision network generated under di�erent parameter settings is displayed inFigure 6.3 to Figure 6.6. Similarly the e�ectiveness of Procedure Reduced-MDP in dimensionality reduction is displayed in Figure 6.7 to Figure 6.10.Observation and Comments:� The e�ectiveness of Procedure Reduced-MDP in dimesionality reductionis mainly determined by parameter pb, while parameter pa plays a veryminor role in the e�ectiveness of Procedure Reduced-MDP.98
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Figure 6.3: Statistics about decision networks with eighty state variables, sixteendecision stages, and a one-dimensional interconnection
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Figure 6.5: Statistics about decision networks with three hundred and twentystate variables, sixty four decision stages, and a one-dimensional interconnection
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Figure 6.6: Statistics about decision networks with three hundred and twentystate variables, sixty four decision stages, and a two-dimensional interconnection100
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Figure 6.7: E�ectivess of dimensionality reduction in decision networks withsixteen decision stages and a one-dimensional interconnection
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Figure 6.8: E�ectivess of dimensionality reduction in decision networks withsixteen decision stages and a two-dimensional interconnection101
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Figure 6.9: E�ectivess of dimensionality reduction in decision networks with sixtyfour decision stages and a one-dimensional interconnection
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Figure 6.10: E�ectivess of dimensionality reduction in decision networks withsixty four decision stages and a two-dimensional interconnection102



� pb is the probability of having a backward arc connecting two adjacentdecision stages. When pb is small, typically there are many coherent frag-ments and only a few active variables in each coherent fragments. Proce-dure Reduced-MDP ends in signi�cant dimensionality reduction in thissituation. When pb is close to 1.0, typically there exists a giant coherentfragments with almost all state variables being active in this coherent frag-ments. In this situation, Procedure Reduced-MDP does not help muchin dimensionality reduction.� Although the experiments are conducted with plocal = 1:0 assuming allvariables are local variables. It is easy to project what will happen to theexperiments if plocal is less than 1.0 by counting the global variables asadditional active variables in coherent fragments. This simply introduces aplocal discount over data governing the e�ectiveness of dimensionality.6.5 Related WorkThe particular representation of Markov processes in terms of sequential deci-sion networks with conditional branches and loops that serves as inspiration forthis paper is due to Smith and Williamson [SW95]. The particular methods forcompiling fragment graphs are adapted from the work of Lin and Dean [LD94]on expediting temporal inference, which in turn builds on the work of Lansky[Lan88], Tenenberg [Ten91] and others in exploiting locality planning.The general idea of restricting reachability in state space by enabling someactions and disabling others is common in control theory. See Ramadge andWonhan [RW89b] for an survey of work on discrete event systems that concernsthe synthesis of supervisory systems. Dean and Lin [DL95] describe a familyof techniques for decomposing the computations required to solve large Markovdecision processes. This family of techniques complements the representationsand algorithms investigated in this paper.103



Chapter 7Decomposition Techniques forthe Markov Decision Problem(II)In Chapter 5, we focus on solving Markov decision problems given a partition ofthe state space into regions that are interconnected as many strongly connectedcomponents. In this chapter, we present appropriate decomposition techniquesfor solving Markov decision problems given a partition of the state space into re-gions that are interconnected as a single strongly connected component. For eachregion R in the partition of state space, we associate a set of topologically moti-vated parameters with R. These parameters summarize the interactions betweenR and the other regions in the partition. A speci�c estimate of the parametervalues associated with region R allows us to construct a Markov decision processover the subspace associated with R. By solving such a Markov decision process,we determine a local policy on the region R, which is a solution to the subproblemassociated with R. In this chapter, we describe two basic methods for combiningsolutions to subproblems in order to generate a solution to the global problem.The �rst combination method is illustrated in an algorithm called hierarchicalpolicy construction, which considers particular sets of parameter values that havean intuitive topological interpretation. These sets of parameter values give us a104



set of candidate local policies associated with each region. We then construct anabstract Markov decision process by considering individual regions as abstractstates and their candidate local policies as abstract actions. The solution tothis abstract Markov decision process assigns a particular candidate policy toeach region, thus yielding a policy on the entire state space. Hierarchical policyconstruction produces an optimal policy only in special cases; however, it does sorelatively e�ciently and has an intuitive interpretation that makes it particularlysuitable for robot navigation domains.The second method of combining solutions involves iterative approximation ofthe optimal parameter values, i.e., those values associated with optimal solutionsto the global problem. On each iteration of the iterative approximation method,we consider for each region R, a speci�c estimate of the parameter values of regionR, and solve the resulting Markov decision process to obtain a local policy. Byexamining the resulting local policies, we obtain information to generate a newestimate of the parameter values that is guaranteed to improve the global solution.This information about local policies also tells us when the current solution isoptimal or within some speci�ed tolerance, and it is therefore appropriate toterminate the iterative procedure.Section 1 describes the parameters modeling the inter-regional interactions,and the construction of a Markov decision process on a region R given a spe-ci�c estimate of the parameter values of R. Section 2 presents the hierarchicalconstruction algorithm. We describe the construction of abstract decision pro-cesses from a base-level process, and the use of such abstract decision processesto construct policies for the base-level process. Section 3 sketches the method ofthe iterative approximation and brie
y addresses issues concerning convergence,optimality, and complexity. We refer readers to Appendix B for the connectionbetween the iterative approximation method and the Dantzig-Wolfe decomposi-tion for solving linear programs. We refer readers to Appendix C for more detailsof the iterative approximation method sketched in Section 3. In Section 4, weillustrate the use of decomposition techniques in a robot navigation domain, andalso compare the computational e�ciency of the two approaches presented in this105



chapter.7.1 Terminology and NotationIn this section, we describe a general method of decomposing a Markov decisionprocess de�ned on a large state space into smaller Markov decision processesde�ned on local regions. Based on this regional decomposition framework, wedevelop two approaches in the following two sections that combine the solutionsto the smaller Markov decision processes into a solution to the original Markovdecision process.Let M = (S;A; p; c) be a Markov decision process with �nite state spaceS, actions A, state transition matrix p, and cost matrix c. For convenience, letS = f1; 2; : : : ; Ng. Xt (At) is a variable indicating the state (action) at time t.pij(a) = Pr(Xt = jjXt�1 = i; At�1 = a) i; j 2 S a 2 Acij(a) = Cost(Xt = jjXt�1 = i; At�1 = a) i; j 2 S a 2 Awhere Pr(:j:) is a conditional probability distribution and Cost(:j:) is a real-valuedcost function. A policy � is a function mapping states to actions � : S ! A.To completely de�ne a Markov decision process we also need a performancecriterion. Two criteria that we consider are expected discounted cumulative costand expected cost to reach a speci�ed goal. In the former, the task is to �nd apolicy minimizing the expected cumulative cost function,E�(�
ji) = Pj2S pij(�(i)) [cij(�(i)) + 
E�(�
 jj)]for all i 2 S where 0 < 
 < 1 is the discount rate, �
 represents the discountedcumulative cost, and E�(:j:) denotes an expectation with respect to the policy �.Let P be any partition of S, P = fR1; : : : ; Rmg such that S = Smi=1Ri andRi \Rj = ; for all i 6= j. We refer to a region R 2 P as an aggregate state. Werefer to a state in S as a base-level state.106



RFigure 7.1: Boundary (light gray) and periphery (darker gray) states of region R
R SFigure 7.2: R is adjacent to S (R;S)The periphery of an aggregate state R (denoted Periphery(R)) is the set ofall base-level states not in R but reachable in a single transition from a base-levelstate in R. Periphery(R) = fjjj 62 R ^ 9i 2 R; a 2 A; pij(a) > 0gThe boundary of an aggregate state R (denoted Boundary(R)) is the set ofall base-level states in R from which you can reach a base-level state not in R ina single transition.Boundary(R) = fiji 2 R ^ 9j 62 R; a 2 A; pij(a) > 0gIn Figure 7.1, the boundary states are shaded light gray and the periphery statesare shaded darker gray.We say that aggregate state R in P is adjacent to aggregate state S in P(denoted R;S) just in case Periphery(R) \ S 6= ; (see Figure 7.2).Next, we introduce a set of parameters that we will use to model interactionsamong regions. Let U = SR2P Periphery(R), and �i for each i 2 U denote a real-valued parameter. Let �� 2 RjU j denote a vector of all such �i parameters, and107



��jR denote a subvector of �� composed of �i where i is in Periphery(R). U is themedium for inter-regional interactions; a region R can only communicate withthe other regions through the states in U . Parameter �i serves as a measure ofthe expected cumulative cost of starting from a periphery state, and ��jR providesan abstract summary of how the other regions a�ect R.Given a particular ��, the original Markov decision process can be decomposedinto smaller Markov decision processes, each of which determines a local policyon a local region. For a region R and the subvector ��jR of ��, we de�ne a Markovdecision process M��jR = (R [ Periphery(R);A; q; k) and the corresponding localpolicy ���jR as follows.1. R [ Periphery(R) is the (local) state space for M��jR.2. qij is the (local) state transition matrix for M��jR, where� qij = pij for i 2 R� qii = 1 for i 2 Periphery(R)3. kij is the (local) cost matrix for M��jR, where� kij = cij for i; j 2 R� kij = �j + cij for i 2 R and j 2 Periphery(R)� kii = 0 for i 2 Periphery(R)4. ���jR corresponds to the local policy that is optimal for M��jR with perfor-mance criterion expected cost to goal and target set Periphery(R).M��jR is the subproblem we associate with region R given ��jR as an abstractsummary of R's interaction with the other regions. ���jR is the solution to thesubproblem M��jR. A particular �� determines a set of local policies (abstractactions) which in turn determines a policy on the entire state space. Let �� denotean optimal policy for M. If �i = E��(�
 ji), then the resulting local policies asde�ned above de�ne an optimal policy on the entire state space. The algorithmsconsidered in the following two sections o�er various methods for either guessingor successively approximating E��(�
 ji) for all i 2 U .108



7.2 Abstraction and Hierarchical Policy Con-structionIn this section, we �rst describe a general method for constructing an abstractdecision process from a base-level process given a �xed partition of the statespace. We then present a hierarchical policy construction method for using anabstract decision process to construct policies for the base-level process.7.2.1 Abstract Decision ProcessesLet P = fR1; : : : ; Rmg be any partition of S. Each region R 2 P can be con-sidered as an abstract state. A particular local policy ���jR on region R can beconsidered as an abstract action on R, which re
ects our bias toward di�erentperiphery states described by ��jR. Abstract actions for stochastic domains arethe rough equivalent of macro operators for deterministic domains. The abstractaction ���jR indicates how to act optimally in region R if the interactions withthe other regions are captured in ��jR. For example, a large value for �j naturallydiscourages us from entering the periphery state j since it induces a large cost inkij . The family of all abstract actions is denoted F = f���jRjR 2 P; �� 2 RjU jg.The probability of ending up in S starting in R and following an abstraction���jR is de�ned byp0RS(���jR) = 1jBoundary(R)j 264 Xi2Boundary(R)'i375'i = 264 Xj2S\Periphery(R)pij375+Xj2R pij'jwhere pij = pij(���jR(i)). Note that we assume here that there is an equal proba-bility of starting in any state in the boundary of R.The cost of ending up in S starting in R and following ���jR is de�ned byc0RS(���jR) = 1jBoundary(R)j 264 Xi2Boundary(R)#i375109



#i = 264 Xj2S\Periphery(R)pijcij375+Xj2R pij [cij + #j]where cij = cij(���jR(i)).The resulting abstract decision process is then de�ned byM�� = (P;F ; p0; c0).It is important to note that M�� need not be Markov; in some cases, we maysimply accept this as one of the inevitable consequences of abstraction and pro-ceed as if the process is Markov; in other cases, we may attempt to amelioratethis condition (at some increase in computational cost) by using one of severalstandard techniques.7.2.2 Hierarchical Policy ConstructionIn the following algorithm, called hierarchical policy construction, we restrict ourattention to a �nite subset of F . For each R and each S adjacent to R, weconstruct a local policy �R!S by setting �i = 0 for i 2 S \ Periphery(R) andsetting �i = � for i 2 Periphery(R) � S, where � is some �xed constant. If theperformance criterion for the base-level process is expected cost to goal, thenfor each R containing one or more goal states, we add an additional action inwhich all the peripheral states get �i = � and all of the goal states are made intosinks with kii = 0. The abstract decision process is (P;F;; p0; c0) where F; =f�R!SjR;S 2 P ^ R;Sg and the performance criterion is expected discountedcumulative reward for a discount rate 
.The local policies have the interpretation that �R!S is the policy to takestarting in R if you want to get to S. The larger � is, the more incentive thereis to get to S and avoid the rest of the periphery of R. Figure 7.3 illustrates anexample in which p0RS(���jR) = 0:7 and p0RT (���jR) = 0:3. The abstract policy hasthe interpretation of providing a global perspective and indicating for each regionthe best local policy to use. Generally, it is best to set 
 very close to one oruse an alternative performance criterion such as average expected cost per step[Der70].The following is an algorithm to construct a global policy using the abstractdecision process (P;F;; p0; c0). 110
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1. Set � and compute �R!S for R;S 2 P .2. Calculate the abstract transition probabilities p0 and abstract costs c0.3. Set 
 and solve the abstract decision process to obtain an abstract policy� : P ! F;.4. To determine the action to take in base-level state i, determineR 2 P suchthat i 2 R and take action �(R)(i).Figure 7.4 illustrates the di�erence between abstract actions de�ned as localpolicies (���jR 2 F) and base-level actions (���jR(i) 2 A). The above algorithm forconstructing and solving abstract processes can be applied recursively and henceapplies to hierarchical partitions.Hierarchical policy construction does not guarantee to produce an optimalpolicy; however, it does so relatively e�ciently and has an intuitive interpretationthat makes it suitable for robot navigation domains. For a simple partition of thestate space with no aggregation within regions, standard algorithms [Put94] onthe base-level state space would be dominated by a factor quadratic in the size ofthe state space (jSj), while hierarchical policy construction would be dominatedby the number of regions in the partition (jP j) times the maximum number ofneighbors for any region (maxR2P jfSjS 2 P ^ R;Sgj) times the square of thesize of the largest region (maxR2P jRj).7.3 The Iterative Approximation ApproachGiven a particular ��, the base-level process is decomposed into local processes,fM��jRg. By solving these local processes, we derive the corresponding localpolicies (abstract actions) f���jRg. A global policy, �, to the base-level processis then derived by directly gluing these local policies together. The quality of �critically depends on the choice of ��. Instead of relying on a particular ��, we cansuccessively modify �� and proceed through multiple iterations of decompositionand localized computation. Let �(i) denote the global policy determined by aparticular �� adopted on the ith iteration of computation. Rather than simply112



using one of the global policy �(i) as the �nal solution policy, we may also cleverlycombine these global polcies, f�(i)g, to generate an even better solution policy.There are several issues in realizing this iterative approximation framework:� how to e�ciently maintain useful information about the global policies,f�(i)g, derived on previous iterations,� how to combine f�(i)g to generate a solution policy if we need to terminatethe computation at the end of a speci�c iteration,� how to modify �� iteratively so that the solution quality can be improvedon each iteration and is guaranteed to converge to an optimal solution in a�nite number of iterations, and� how to determine it is time to terminate the computation when the solutionis optimal or within some speci�ed tolerance of the optimum.In this paper, we focus on a particular iterative method that resolves theseissues. This iterative method is based on a reduction to the methods of Kushnerand Chen [KC74a] that demonstrate how to solve Markov decision processes aslinear programs using the Dantzig-Wolfe decomposition principle [DW60]. Thedetails of the material presented in this section depend on some understandingof linear programming [Chv80] and methods for decomposing and solving largesystems [Las70]. We sketch the iterative method in the following, and refer thereaders to appendix B and Appendix C for more details.1. Given an arbitrary partition P = fR1; : : : ; Rhg of size h, we �rst transformP into a new partition Q = fU;K1; : : : ;Khg of size h+ 1 as follows.� U is SRi2P Periphery(Ri), which represents the peripheries of the re-gions Ri's.� For each region Ri, we have Ki = Kernel(Ri) = Ri � U , which repre-sents the kernel of region Ri.This resulting partition Q induces a star topology that is critical in applyingthe techniques in [KC74a]. U is the coupling region in the new partition113
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policy repository using its associated information; otherwise, we are able todetermine a new �� to go through another iteration of computation.Theorem 7.1 The iterative method described above improves the solution qualityon each iteration, and converges to an optimal solution in a �nite number ofiterations.In the following, we brie
y discuss the convergence rate and the time andspace complexity of this iterative method.� Empirical experience suggests that the Dantzig-Wolfe decomposition prin-ciple, which the analysis of the iterative method is based on, allows con-vergence to within 1{5% of the optimum fairly quickly, although the tailconvergence rate can be very slow (see page 325 in [MB90]). In other words,it is likely that after a few number of iterations in the iterative method weare able to produce a solution of good quality, but it may not be worthwhileto continue after reaching 1{5% of the optimum.� The computational task in an iteration is decomposed into two subtasks:(i) deriving and solving local Markov decision processes over local regionsas subproblems, and (ii) maintaining a policy repository of up to jU j + 1previously generated policies, where U is the union of Periphery(R) for theregions R in the original partition P .The computation e�ciency of each iteration is critically a�ected by thestructure of the given partition P : (i) jKernel(Ri)j, the number of base-level states in the kernel of each region Ri in the partition P , and (ii) jU j,the total number of base-level states in the peripheries of the regions in thepartition P .� Compared with solving the original base-level process as a whole, the �rstsubtask can be achieved more e�ciently by applying the standard tech-niques for Markov decision processes over individual regions. This is a nat-ural advantage of decomposition techniques, which divide large problemsinto subproblems of tractable sizes.115



The second subtask can be achieved by maintaining a (jU j+ 1) � (jU j+ 1)matrix, whose computational e�ciency critically depends on the topologyof the given partition P . The second subtask can be performed e�cientlyif the size of U is relatively small. This is the additional cost to pay fordecomposition techniques since we need to combine the solutions to sub-problems.� In other words, this iterative method is promising if the given partition Pdivides the whole state space into many small regions, and the number ofthe states in the peripheries of the regions in P is also small.7.4 Example and ComparisonIn the following, we use the robot navigation example in Chapter 3.2 to illustratethe basic principle of the decomposition techniques described in this chapter.Local regions: Since the elevators are accessible only in a small fraction of theentire state space S, the robot tends to walk around the same 
oor forquiet a while before it either (i) enters the elevator to leave for another
oor or (ii) reaches one of the charging sites. Therefore, the activities ofthe robot are highly localized in the individual 
oors. In the remainder ofthis section, we partition the state space into three regions R, S and T ,which are composed of the states in the three 
oors respectively.Loose coupling among regions: The connections among the three 
oors arealso highly localized. Only if the robot is in a stairwell position on a 
oor, itcan (i) transfer by elevator to another 
oor and (ii) only end in a correspondstairwell position on that 
oor. In other words, the peripheries of the threeregions are very thin. The union of the peripheries, U , is composed ofonly twenty four states that correspond to the combination of six stairwellpositions and four possible orientations.Local interactions: Standing in a speci�c position beyond the stairwells, therobot can only move to the adjacent positions on the same 
oor. Therefore,116



each state in the kernels of the regions R, S, and T can only transition tono more than thirty two other states that correspond to the combinationsof eight adjacent positions and four possible orientations. We exploit thisproperty in the theoretical analysis of the feasibility of the decompositiontechniques.7.4.1 Employing Hierarchical Construction ApproachWe �rst construct the abstract decision process (fR;S; Tg;F;; p0; c0).1. Determine the nine abstract actions in F;: �S!S , �S!T , �S!R, �T!S,�T!T , �T!R, �R!S, �R!T , and �R!R. Each abstract action corresponds toa local policy to be used on a 
oor that intends to increase the possibilityof ending up in a speci�c 
oor in the long run. In other words, the abstractactions specify the most preferred next 
oors to go for individual 
oors.2. To derive these abstract actions, we �rst choose an appropriate value �to parameterize the pace the robot should take to transfer from one 
oorto the most preferred next 
oor to go. Second, for each 
oor F , we (i)uniformly assign zero to �i's for those periphery states i's of F that arein the preferred 
oor, and (ii) uniformly assign � to �i for those peripherystates i's of F that are not in the preferred 
oor. Third, we constructand solve these local Markov decision processes, each of which is concernedwith 4,000 states instead of 12,000 states. The optimal policies for theselocal Markov decision processes are the abstract actions to be consideredin individual 
oors.3. Calculate the abstract transition probabilities p0 and abstract costs c0, whichrepresent the estimates of the probabilities and costs of ending in anotherregion when we adopt an abstract action (i.e. a local policy) in a speci�cregion. For example, p0ST (�S!R) is an estimate of the probability of enteringregion T from region S when we adopt the abstract action (the local policy)�S!R. Similarly, c0ST (�S!R) is an estimate of the cost of entering region Tfrom region S when we adopt the abstract action (the local policy) �S!R.117



4. Solve the abstract decision process (fR;S; Tg;F;; p0; c0) to obtain an ab-stract policy � : P ! F;. � indicates which abstract action in F; to take(i.e. which 
oor the robot should head for) when the robot is on a speci�c
oor.5. The robot takes the action �(F )(i), when (i) the robot is in a speci�c regionF and (ii) i is its current state, which is determined by its current positionand orientation.Remark: In the hierarchical construction approach, our underlying intuition isto, for each 
oor, (i) �rst choose a speci�c 
oor (maybe the same 
oor) as themost preferred next 
oor to go, and (ii) second minimize the expected cumulativecost in achieving (i). We accomplish the �rst task by solving the abstract decisionprocess that heuristically choose the most preferred next 
oor to go among all
oors. We accomplish the second task by solving the local Markov decisionprocesses associated with the state subspaces concerning individual 
oors.7.4.2 Employing the Iterative Approximation Approach1. We �rst initialize the policy repository and the �� vector as described inAppendix C, and then iterate the following steps.2. Since there are only twenty four (m=24) states in the peripheries, we onlyneed to store twenty �ve (m+1=25) global policies at a time, each of whichis compactly represented as a 25�1 column vector. Compared with the statespace of size 12,000, the space taken by the policy repository is negligible.3. �� vector represents our current estimate of how valuable it is to enter astairwell position. On each iteration, we solve the local Markov decisionprocesses according to the current �� vector. These solutions are the localpolicies on each 
oor, which are then glued together to yield a global policy.We then store this global policy in the policy repository to replace an oldone there. 118



4. If the optimum or �-optimum is not yet achieved, we (i) update the policyrepository, (ii) determine a new �� vector, and (iii) go back to Step 2. Oth-erwise, we combine the twenty �ve polices stored in the policy repositoryto generate the �nal policy.Remark: Two major simpli�cations or assumptions in the hierarchical approachare (i) that each 
oor is restricted to have a unique most preferred next 
oor togo, and (ii) that each state in the peripheries is assigned either the value zero orthe value �. In the iterative approximation approach, we relax these restrictions.We allow each state in the peripheries to have arbitrary bias value. In otherwords, we numerically specify our preference over the states in the peripheries,rather than choosing the most preferred 
oor to go. In addition, we do not relyon a speci�c �� vector and its resulting global policy. Instead, we (i) repeatedlymodify �� to generate a sequence of global policies, (ii) keep a policy repositoryof 25 such global policies at a time, and (iii) combine the policies stored in thepolicy repository to generate a solution policy when we decide to terminate thecomputation.7.4.3 Comparing Computational E�ciencyIn the following, we compare the computational e�ciency of the decompositiontechniques in deriving an optimal policy or a near optimal policy. We focus onthe kind of robot navigation problem described in this section, where (i) a state isdetermined by the position and orientation of a robot and (ii) only a small set ofactions are enabled in a state. We assume and exploit the general property thata robot can only move from one position to geometrically neighboring positions.Rather than assuming additional structure like 
oors loosely coupled by elevators,we consider a robot moving around an N � N area that is tessellated into N2square units as depicted in Figure 7.6.Suppose we adopt a partition that divides the area into M2 regions, each ofwhich is a NM � NM local area as displayed in Figure 7.6. Therefore each regionhas no more than 4NM neighboring squares. In summary, we have the followingproperties regarding the partitioning of state space:119



Figure 7.6: An N � N area tessellated into N2 squares and M2 regions whereN = 8 and M = 4� We assume a robot can be oriented in four di�erent ways, namely east,west, south, and north. This yields a state space of size 4N2, given the N2squares there. Each region R is composed of 4N2M2 states and is adjacent tono more than 16NM states in other regions.� For each region R, Kernel(R) is of size �(N2M2 ). The size of U , the union ofthe peripheries of regions, is M2�(NM ) = �(MN).In the following, we (i) compare the computational e�ciency of di�erent ap-proaches, and (ii) indicate when we should apply the decomposition techniques.Modeling the Computation Complexity of the Standard TechniquesNote that� Standard techniques like the policy iteration method and the value iterationmethod converge to optimal policies in linear and quadratic convergencerate respectively [Put94].� Each iteration of the policy iteration method and the value iteration methodtakes time cubic and quadratic respectively in the size of the state space[Der70] [Put94]. 120



� We model the computational complexity of directly applying the standardtechniques to the state space as cnk, where (i) both c and k are constantsand (ii) n is the size of the state space. k is 3 and 2 respectively whenapplying the policy iteration method and the value iteration method re-spectively, while in applying the value iteration method c is much greaterthan that in applying the policy iteration method.� Therefore, the overall computation complexity of directly applying the stan-dard techniques in this robot navigation domain is �(N2k), since we havea state space of size 4N2 .Computation E�ciency of the Hierarchical Construction Approach� The overall computation complexity is�(M2(NM )2k +M2k):The �rst term concerns with solving the M2 local Markov decision pro-cesses over the local regions, each of whose size is �(N2M2 ). The second termconcerns with solving the abstract decision process of size M2.� When M = �(N1=2), the �rst term and the second term of the overallcomputation complexity are roughly balanced, which yields a �(Nk+1) timecomplexity.� Compared with the �(N2k) complexity of directly applying standard tech-niques, the hierarchical construction method is always much more e�cient.However, there is no guarantee about the quality of the derived policy.Computation E�ciency of the Iterative Approximation Approach� The computation complexity of each iteration of the iterative approximationmethod is �(M2(NM )2k) + (MN)3):121



The �rst term concerns with solving theM2 local Markov decision processesover the kernels of the local regions, each of whose size is �(N2M2 ). Thesecond term concerns with deriving the local policy over U , the union ofthe peripheries, by solving �(MN) linear equations that correspond to the�(MN) states in U .� WhenM = �(N (2k�3)=(2k+1)), the �rst term and the second term of the over-all computation complexity are roughly balanced, which yields a �(N (12k�6)=(2k+1))time complexity on each iteration. More precisely, we have �(N18=5) timecomplexity when k = 2, and �(N30=7) time complexity when k = 3.� Compared with the �(N2k) overall complexity in directly applying standardtechniques, the iterative approximation approach is more e�cient if thecomputation converges to an optimal (or near optimal) solution within (i)O(N2=5) number of iterations when k = 2 and (ii) O(N12=7) number ofiterations when k = 3.7.5 Related workThe related work on abstraction and decomposition is extensive. In the areaplanning and search assuming deterministic action models, there is the workon macro operators [Kor85] and hierarchies of state-space operators [Sac74a][Kno91a]. Closely related is the work on decomposing discrete event systemsmodeled as (deterministic) �nite state machines [ZW90] [CW90].In the area of reinforcement learning, there is work on deterministic actionmodels and continuous state spaces [MA95] and stochastic models and discretestate spaces [Kae93]. The hierarchical policy construction method described inSection 7.2 provides an alternative formulation of Kaelbling's hierarchical learningalgorithm [Kae93] and suggests how Moore and Atkeson's parti-game algorithmmight be extended to handle discrete state spaces.The analysis in this paper of the paper borrows heavily from the work in oper-ations research and combinatorial optimization for representing Markov decision122



processes as linear programs [D'E63] [Der70] and decomposing large systems gen-erally [DW60] [Las70] and Markov decision processes speci�cally [KC74a]. Theapproach described in [DKKN93b] represents a special case of the framework pre-sented here, in which the partition consists of singleton sets for all of the statesin the envelope and a set for all the states in the complement of the envelope.7.6 SummaryThe bene�t of decomposition techniques is that we are able to deal with subprob-lems of smaller size, the tradeo� is that often extra e�ort is required to combinethe solutions to these subproblems into a solution to the original problem. Theleverage of decomposition techniques is orthogonal to that of standard techniquesused to solve the original problem. In the case of a problem instance of verylarge size, decomposition techniques are valuable even if standard polynomial-time algorithms exist. It is always more e�cient to apply a standard techniqueto solve smaller subproblems than to solve the original problem directly (unlessthe the standard technique provides a linear-time algorithm). The only questionis whether we can e�ciently combine the solutions to the subproblems into asolution to the original problem.There exist standard techniques that can solve Markov decision processes intime polynomial in the size of the given state space. However, given a factoredstate-space representation for a Markov decision process, the underlying statespace is exponential in the number of state variables mentioned in a probleminstance. This exponential state space makes it impractical to apply the stan-dard techniques to many AI planning problems that have factored state-spacerepresentations.Frequently, a domain expert may exploit the factored state-space represen-tation and partition the state space into regions, each of which has a abstractdescription of reduced dimensions. In this paper, we develop decomposition tech-niques for Markov decision processes, given an arbitrary partition of the statespace into regions. Subproblems correspond to local Markov decision processes123



over regions associated with a �� parameter that provides an abstract summaryof the interactions among regions.In this Chapter, we develop two approaches to combining the solutions to sub-problems: a hierarchical construction approach and an iterative approximationapproach. The hierarchical construction approach provides a quick solution withan intuitive interpretation. The iterative approximation approach, iteratively de-composes a problem instance into di�erent subproblems. On each iteration, wecombine the solutions to the subproblems to obtain an improved solution anddetermine whether the current solution is optimal or within some speci�ed tol-erance. In particular, we relate the iterative approximation framework to theresearch on the use of Dantzig-Wolfe decomposition in solving Markov decisionprocesses as linear programs, which can be interpreted as an iterative method.This iterative method is guaranteed to converge to the optimum in a �nite num-ber of iterations. For practical purposes, a few number of iterations may besu�cient for a solution of good quality.
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Chapter 8Related ResearchBesides exploiting locality and dependency, there are techniques to deal withtime-critical constraints on planning and to approximate acceptable solution in-stead of optimal solutions. Other than the directly related work mentioned inthe previous chapters, the idea of exploiting locality and dependency to attaincomputational e�ciency are also present in the research in many other relatedareas. In this chapter, we provide an overview of these research areas and brie
ydescribe the underlying work.8.1 Real-time Planning in Stochastic DomainsFor time-critical planning applications involving large Markov decision process[DKKN93b] [DKKN93a] [DKKN95], often only a small Markov decision processM0 is considered at a time as a local envelope.� The Markov decision process M0 composed of (1) a small portion of theoriginal state space together with the associated transition probabilities andaction costs, (2) a super sink state corresponding to the contraction of theremainder of the state space, and (3) the estimated costs and the estimatedtransition probabilities of entering the super sink state.� A local policy �0 that is optimal with respect toM0 is determined, and thecontroller takes actions according to �0 as long as the system state falls in125



the portion of the original state space covered by M0.� If the system state falls out of the portion of the original state space coveredby M0, M0 is properly expanded and shrank to cover the newly exploredstate and then a new local policy is determined.This approach can be viewed as a heuristic decomposition method that synam-ically partition a given state space into two regions and focus on computing alocal policy for the region containing the current states. It is simple and e�cienct,but usually provides no formal quality guarantee of the solutions.8.2 Approximate Planning Using Abstract Poli-ciesInstead of determining an optimal policy for a huge Markov decision process M,the approximation approach [BD94] pursues policies of suboptimal quality byapproximatingM with an abstraction of M.� In the approximation approach, a procedure is devised to determine a set ofrelevant variables by inspecting M. The states in M are then aggregatedinto abstract states according to the set of relevant variables; an abstractstate is a collection of the states in M that have the same values for therelevant variables.� Given a set of relevant variables, an abstraction ofM is a Markov decisionprocess M0 determined by (1) the abstract state space composed of theabstract states with respect to the set of relevant variables, (2) the transitionprobabilities and the estimated action costs in the abstract state space.� The approximation approach determines an optimal policy �0 with respecttoM0, which maps each abstract state into an action. This abstract policy�0 is directly augmented into a policy in M by mapping all the statesaggregated into the same abstract state into the same action adopted inthe abstract state. 126



Since the number of relevant variables can be much smaller than the totalnumber of variables, the approximate approach can potentially allow great com-putational e�ciency. The solution quality of the policy �0 compared with anoptimal policy of M can be bounded by inspectingM andM0. A problem withthe approximation approach is that often all or most of the state variables turnout to be relevant; in this situation, the approximation approach does not help.8.3 Aggregation and AbstractionWhen computing an optimal policy for a large Markov decision process, it is use-ful to aggregate indistinguishable states dynamically [BDG95] [BCn89] [Sch84][DG97] or statically using di�erent notions of indistinguishability to reduce re-dundancy in computation. The decomposition technique in Chapter 6 employsstructural analysis to identify a static aggregation of states before solving theunderlying Markov decision process.For model checking og complicated communication protocols, aggregationtechniques have been investigated to derive equivalent �nite-state machines onthe 
y to minimize computation time of validation or veri�cation [LY92] [LY94][BCL+94] [DG97].Abstraction is a special way of aggregation, in which two states are indistin-guishable if they share the same con�guration governing the values of a selectedsubset of variables. Aggregation and abstraction are employed as tools for con-structing compact and equivialent Markov decision processes or �nite automatato improve computational e�ciency. Di�erent abstraction techniques have beeninvestigated in classic STRIPS planning [Kno91b] [Ten91] [Sac74b] [HS94] to copewith very large search spaces.8.4 Probabilistic Inference in Bayesian NetworksLocalized probabilistic inference in Bayesian networks [LS88] [JLO90] providesan analogy to the decomposition approach for planning under uncertainty in this127



thesis. In a Bayesian network, a joint probability over many random variabless isfactored into the product of many conditional probabilities over subsets of randomvariables, with the dependecies among state variables compactly encoded in thenetwork [LS88][Pea88]. Dependencies among random variables provide computa-tional leverage in computing marginal probabilities and conditional probabilities.Rather than globally enumeratng possible combination of variable values, localcomputation and propagation exploiting dependency and result in much bettercomputational e�ciency [JLO90] [LS88] [SDDF90] [AWFA87].8.5 Decomposition Theory in RelationalDatabasesThe decomposition theory for relational databases provides an analogy to the de-composition approach for planning under uncertainty in this thesis. Dependenciesamong domain features play an important role in decomposition theory for rela-tional databases, and provide computational leverage in time and space [ADA93][Ull88] [KS91]. Instead of keeping a large global relational schema covering allattributes, often small local relational schemas are employed, each covering onlya subset of the attributes. This allows database managers to keep small databasesover the local relational schemas, rather than a large database over the globalschema. To answer a query, small relational databases over the local schemas arejoined and processed to provide an answer, and this is usually more e�cient thanmaintaining and probing a large database over the global schema.
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Chapter 9ConclusionsDiscrete dynamical systems in the form of �nite automata or Markov decisionprocesses have been used as a representational and computational foundationfor planning under uncertainty. Many AI planning problems can be convenientlyviewed as control problems over the underlying discrete dynamical systems. UsingAI-style representation, the features of application domains are represented asstate variables, and planning problem instances compactly encode very largediscrete dynamical systems. The standard algorithms to solve the correspondingcontrol problems require explicit enumeration of the underlying state spaces. Thisis impractical since the sizes of the state spaces are exponential in the number ofstate variables.In this thesis, we develop decomposition techniques to exploit structure forplanning problems in di�erent application domains. Given a problem instance, we�rst symbolically decompose the underlying dynamical system into subsystems.Often only a subset of the state variables are directly relevant to the dynamicswithin a subsystem, and the interactions among subsystems are characterizedby the dependency across these subsets of the state variables. After analyzingthe local dynamics within subsystems and the dependency across subsystems, wedecompose the original planning problem into a sequence of subproblems govern-ing the subsystems. Rather than explicitly constructing the entire system, wecompactly construct each subsystem by abstracting away the state variables thatare irrelevant to the subsystem and its interactions with the other subsystems.129



Solutions of the planning subproblems can be derived by applying standard al-gorithms for the corresponding control problems to these compactly constructedsubsystems, while a solution to the original planning problem is derived by sys-tematically compiling and propagating the solutions to the planning subproblems.These decomposition techniques shed light on how to exploit locality and depen-dency to cope with very large state spaces.
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Appendix AProofsTheorem 5.1. Given an instance of the temporal projection problem, the PRJtask, the PRJ1 task, and the PRJ2 task can be reduced to one another by trans-forming the problem instance. All these transformations can be done in polyno-mial time by (1) adding at most two more conditions and two more events, and(2) appropriately modifying the ordering constraints and causal rules.Proof. Given an instance I for the PRJ task, we can construct the followinginstance I 0 for the PRJ2 task. We add a new condition Xi and a new event einto I such that the only e�ect of event e is to make Xi true unconditionally.Condition Xi is constrained to be false initially. Event e is constrained to happenafter the other events. We add hXi; truei into the goal. It is obvious that the goalin instance I can be true immediately after all events have occurred if and onlyif the new goal in instance I 0 can be true immediately after event e has occurred.Given an instance I for the PRJ2 task, we can construct the following instanceI 0 for the PRJ1 task. Suppose e is the speci�ed tail event in the PRJ2 task. Weadd a new condition Xi and add a new event e0. Event e0 makes Xi true if thegoal in instance I is true immediate before e0 occurs. Condition Xi is constrainedto be false initially. Event e0 is constrained to happen immediately following e.(hXi; truei) is the new goal. It is obvious that the goal of instance I can be trueimmediately after the speci�ed event e has occurred if and only if the new goalcan be true immediately following a possible event sequence in the new instance131



I 0. Given an instance I for the PRJ1 task, we can construct the following instanceI 0 for the PRJ task. We add a new condition Xi. All events remain the sameexcept that in addition every event makes Xi true if the goal in instance I istrue immediate before the event occurs. Condition Xi is constrained to be falseinitially. (hXi; truei) is the new goal. It is obvious that the goal of instance I canbe true immediately following a possible event sequence if and only if the newgoal in instance I 0 can be true after all events have occurred.Each of the transformations above adds at most one more condition and onemore event. Since the tasks can be reduced to one another by composing at mosttwo of the transformations above, at most two more conditions and two moreevents will be added into the �nal transformed problem instance. 2Theorem 5.2.Temporal projection regarding two-rule events, totally unordered,with a polynomial-size state space is NP-Complete.Proof. Given a directed graph with a set of forbidden pairs of arcs, the forbiddenpairs of arcs problem [GJ79] determines whether there is a path between twonodes without using both arcs in any forbidden pair of arcs. It is NP-Completeeven if all forbidden pairs are disjoint.In the following, we reduce an instance of the disjoint forbidden pairs of arcsproblem to an instance of the temporal projection problem regarding two-ruleevents, totally unordered, with a polynomial-size state space. (1) Each non-isolated vertex in the directed graph is mapped to a distinct state in a statespace. In particular, the starting vertex s and the target vertex t are mappedto the initial state and a unique goal state respectively. (2) Each directed arc(u; v) in the graph is mapped to a distinct causal rule that is only applicable atstate u and causes a state transition from u to v. (3) Each forbidden pair of arcsis mapped to a distinct two-rule event which is associated with the two causalrules that correspond to the two arcs in the forbidden pair. Events are allowedto occur in arbitrary order. 132



Since an event corresponds to a forbidden pair of arcs, the event can triggera state transition along exactly one of the two arcs. Therefore an event sequencewith a trajectory starting from s and ending in t corresponds to a solution directedpath in the forbidden pairs of arc problem instance. On the other hand, each arcin the directed graph is uniquely associated with a two-rule event. Therefore adirected path from s to t in the directed graph corresponds to an event sequencestarting from s and ending in t. This reduction together with Lemma 5.1 and The-orem 5.1 prove the NP-Completeness of this special case of temporal projection.2Theorem 5.3. Temporal projection regarding one-rule events with an arbitrarypartial order and a polynomial-size state space is NP-Complete.Proof. Given a directed graph with a set of forbidden pairs of arcs, the forbiddenpairs of arcs problem [GJ79] determines whether there is a path between twonodes without using both arcs in any forbidden pair of arcs. This problem isNP-Complete even for directed acyclic graphs.In the following, we reduce an instance of the forbidden pairs of arcs problemon a directed acyclic graph to an instance of the temporal projection problemregarding one-rule events with an arbitrary partial order and a polynomial-sizestate space. (1) Each non-isolated vertex in the directed graph is mapped to adistinct state in a state space. In particular, the starting vertex s and the targetvertex t are mapped to the initial state and a unique goal state respectively. (2)Each directed arc (u; v) in the graph is mapped to a distinct causal rule that isonly applicable at state u and causes a state transition from u to v. Each causalrule is then uniquely associated with a one-rule event. In other words, each arcis uniquely mapped to a one-rule event. (3) For each forbidden pair of arcs (e; e0)where e and e0 correspond to the one-rule events tk1 and tk2 respectively, weimpose an ordering constraint tk1 � tk2 (tk2 � tk1) if there is a directed pathwith arc e0 preceding arc e (e preceding arc e0). Since the graph is acyclic, theseordering constraints de�ne a partial order on the events.For a forbidden pair of arcs (e; e0) where e and e0 correspond to the one-rule133



events tk1 and tk2 respectively, the imposed ordering constraint on the events tk1and tk2 prevents the arcs e and e0 from both appearing in the same trajectoryof any possible event sequence. Note that each arc is uniquely mapped to a one-rule event. Given the ordering constraints, event tk1 must precede event tk2 ifthere is a directed path in the graph with arc e0 preceding arc e. However, eventtk1 precedes event tk2 implies that a transition along the arc e must precede atransition along arc e0 if both transitions are contained in the trajectory of anevent sequence. However, this is impossible, since in a directed acyclic graph theexistence of a directed path with arc e0 preceding arc e implies the nonexistenceof a path with arc e preceding arc e0. This proves that arcs e and e0 can not bothappear in the trajectory of any possible event sequence if (e; e0) is a forbidden pairof arcs. Note that each arc is uniquely mapped to a one-rule event. Therefore apossible event sequence with a trajectory starting from s and ending in t givesus a solution directed path in the forbidden pairs of arc problem instance andvice versa. This reduction together with Lemma 5.1 and Theorem 5.1 prove theNP-Completeness of this special case of temporal projection. 2Theorem 5.4. Temporal projection regarding one-rule events, totally unordered,with a polynomial-size state space is solvable in polynomial time.Proof. For this special case, the PRJ1 task of temporal projection can be reducedto a graph reachability problem, which is solvable in polynomial time [CLR91].We �rst construct a directed graph G by mapping (1) each state to a distinctvertex in G and (2) each one-rule event that triggers a state transition from astate u to a state v to an arc (u; v) in G. Finding an event sequence that endsin a goal state is equivalent to �nding a path from s to t in graph G where sand t correspond to the initial state and a goal state respectively. This reductiontogether with Theorem 5.1 prove that this special case of temporal projection issolvable in polynomial time. 2Theorem 5.5. Temporal projection regarding general events partially ordered as134



O(1) number of chains of length O(jEj) or O(log jEj) number of chains of O(1)length with a polynomial-size state space can be solved in polynomial time.Proof. Given a problem instance hP; E;O; s0;Gi, the number of vertices in thegraph constructed by the global search algorithm for temporal projection in Sec-tion 7 is jSPj �Q1�i�m(1 + li), where jSPj is the size of the state space, m is thenumber of chains, and li is the number of events in the ith chain. If li = O(jEj)and m is a constant, or li = O(1) and m = O(log jEj), in both cases the graphG is polynomial in the size of the event set E. Therefore graph reachability andthus temporal projection is solvable in polynomial time for this special case oftemporal projection. 2Theorem 5.6. Temporal projection regarding general events with an arbitrarypartial order and a constant-size state space is solvable in polynomial time.Proof. For this special case, the task in the PRJ1 task of temporal projectioncan be accomplished in the following way. First, we construct a directed graph Gby (1) mapping each state to a distinct vertex in G, and (2) adding an arc (u; v)to G if one of the events can trigger a state transition from u to v. G is a graphof O(1) size.Second, we enumerate all simple directed paths which start from the initialstate and end in goal states. There is only a constant number of such directedpaths since the graph is of constant size. For each of these directed paths, wemust determine whether there is an event sequence whose trajectory can corre-spond to the directed path. This task is equivalent to bipartite matching betweenthe directed arcs in a simple directed path and the set of events. An event e canmatch a directed arc (u; v) if e can trigger a state transition from u to v. If eachof the directed arcs in the directed path can be matched with a distinct event,this gives us an event sequence whose trajectory is the directed path. Finally, weexamine the event sequence to determine whether it is consistent with the order-ing constraints. Since the bipartite match problem can be solved in polynomial135



time [PS82] [CLR91], this reduction together with Theorem 5.1 prove that thisspecial case of temporal projection is solvable in polynomial time. 2Theorem 5.7. The goal G is true immediately after all events have occurred ifand only if for each region R, the regional subgoal GR of R is true immediatelyafter all of the events in R have occurred.Proof. According to the de�nition, all regional subgoals are subsets of the goalG. In particular, the goal G equals the regional subgoal of the root region, sinceevery condition is a local condition in this global region. Therefore the goal G istrue after all events occur if and only if for each region R, the regional subgoal GRis true after all events occur. By Lemma 5.2, a local condition Xi of a region Ris true after all events occur if and only if Xi is true immediately after the eventsin region R have all occurred. Therefore a regional subgoal GR is true after allevents occur if and only if GR is true immediately after the events in region Rhave all occurred. 2Theorem 5.8. The set of coupling conditions of a region R is the union of twodisjoint subsets: the set of abstract conditions of R and the set of subgoal condi-tions of R.Proof. The set of abstract conditions of R and the set of subgoal conditionsof R are disjoint, since the abstract conditions are dependent on events not inR and the subgoal conditions of R are local conditions of R. In the following,we consider a region R of two or more child regions. (For a region composed ofa single event, the proof directly follows from the de�nitions of these three setsof conditions.) Suppose Xi is an abstract condition of R. Xi is dependent onan event not in R and an event e in R. Since e is contained in one of R's childregions R0, Xi is also an abstract condition of this child region R0. If Xi is asubgoal condition of R, then Xi must be an abstract condition of one of R's childregions. This is because Xi is dependent on R, but not a local condition of any136



child region of R. Therefore, if Xi is in the union of the set of abstract conditionsand the set of coupling conditions of R, then Xi must be an abstract conditionof a child region R0 of R, which implies that Xi is also a coupling condition of R.On the other hand, suppose Xi is a coupling condition of R. Xi must be anabstract condition of a child region R0 of R. If Xi is not an abstract condition ofR, Xi is a local condition of R which is only dependent on the events in R. SinceXi is an abstract condition of a child region R0 of R, Xi must be dependent onan event in R but not in R0. This implies that Xi is not a local condition of anychild region of R. In other words, Xi is a subgoal condition of R. Therefore ifXi is a coupling condition of R, then Xi is either an abstract condition of R or asubgoal condition of R. 2Theorem 5.9. The search graph GI = (V;E) constructed in procedure Temporal-Search is a directed acyclic graph. If we adopt a trivial partition that considerseach individual event as a chain, the search graph GI contains 2jPj+jEj vertices.In this case, the procedure Temporal-Search runs in O(22(jPj+jEj)) time.Proof. When we follow a directed arc (u; v) in E, exactly one of the time coun-ters is increased by one in v compared with the counters in u, and the other timecounters remain the same. Consider the counters associated with the individualchains. There is no directed path from u to u where the counters are the samein the head and the tail, since at least one of the counters is increased by fol-lowing a directed path. Therefore GI = (V;E) is a directed acyclic graph, andthe single-source shortest paths problem and thus the graph reachability problemcan be solved in O(jV j + jEj) time [CLR91]. If we adopt the trivial partition,we have jEj chains, and the length li equals one for each chain. This gives usjSPj�Q1�i�m(1+ li)= 2jPj+jEj vertices, and at most 22(jPj+jEj) arcs. Therefore theprocedure Temporal-Search runs in O(22(jPj+jEj)) time. 2Theorem 5.10. Procedure Localized-Reasoning is sound and complete.137



Proof. By induction on the levels of the region hierarchy, we can establish thefollowing two properties about the localized algorithm. First, for each region R,the regional subgoal GR can be true immediately after the events in R have alloccurred if and only if (1) procedure Abstract-Event can successfully derive theabstract event eR and (2) at least one of the rules associated with eR is applicableimmediately before the events in R occur. Second, for each region R, procedureGenerate-Sequence can generate an event sequence q inQRO immediately followingwhich GR can be true if and only if (1) s0 is the abstract state in SAR immediatelybefore the events in R occur where hs0; t0i is the pair of abstract states in SARgiven as the input to procedure Generate-Sequence, and (2) at least one of therules associated with eR is applicable in s0.The induction hypothesis is composed of the two properties described above.In the basis step, we consider every region that is composed of a single event.Both properties are true in this situation directly following the localized algorithmand the de�nition of abstract events. In the induction step, we consider everyregion R in which both properties in the induction hypothesis are true for everychild region of R. According to procedure Abstract-Event and the de�nitions of�R and eR, for each rule � ! � associated with eR, if � is true immediatelybefore the events in R occur, we have the following two implications: (a) theabstract events of R's child regions can occur as a sequence such that for eachchild region R0, at least one of the rules associated with the abstract event eR0 isapplicable immediately before eR0 occur, and (b) the incremental subgoal ~GR istrue immediately after the events in R occur. These two implications togetherwith Corollary 5.2 allows us to complete the induction step for the two proposedproperties.First, suppose that we can derive the abstract event eR for R. By implication(a) and the induction hypothesis, for each child region R0 of R, the regionalsubgoal GR0 can be true immediately after the events in R0 have all occurred.Therefore, according to implication (b) and Corollary 5.2, the regional subgoalGR can be true immediately after the events in R have all occurred if one of therules associated with eR is applicable immediately before the events in R occur.138



On the other hand, if we can not derive the abstract event eR, this implies that�R is empty and the regional subgoal GR can never be achieved. This completesthe induction step for the �rst property.Second, suppose that (1) for a region R, hs0; t0i is the pair of abstract statesin SAR given as the input to procedure Generate-Sequence and (2) at least one ofthe rules associated with eR is applicable in s0. By the implications (a) and (b)and the induction hypothesis, if one of the rules associated with eR is applicableimmediately before the events in R occur, we are able to generate an eventsequence q in QRO such that (1) for each child region R0 of R, the regional subgoalGR0 is true immediately after the events in R0 have all occurred and (2) theincremental subgoal ~GR is true immediately following q. This completes theinduction step for the �rst property.By induction, both properties are true for all regions. In particular, considerthe root region E. Note that (1) since all conditions are local conditions in the rootregion, the root region has an empty set of abstract conditions; (2) ()! () is theonly rule in the abstract event of the root region if we can successfully derive theabstract event; and (3) in particular, in Step 4 of procedure Localized-Reasoning,() is true in s0 = hi immediately before the events in E occur where (s0; f 0) = (hi; hi)is the pair of abstract states given to procedure Generate-Sequence. Therefore,according to the two properties, procedure Localized-Reasoning always success-fully (1) determines the existence of an event sequence in QEOthat ends in a goalstate and (2) generates such an event sequence if and only if one exists. 2Theorem 5.11. Given an instance of the temporal projection problem, the pro-cedure Localized-Reasoning runs in O(n � 8L) time, where n is the size of theevent set E, and L is the interaction measure of the problem instance.Proof. In the procedure Localized-Reasoning, the procedure Region-Abstractionand the procedure Generate-Sequence are (recursively) called once in each region,and both procedures use the procedure Temporal-Search for local searches inindividual regions. In particular, in each region the procedure Temporal-Search139



is called 2jARj times in Step 2 of the procedure Region-Abstraction. In a region R,procedure Temporal-Search runs in O(22(bR+cR)) time according to Theorem 5.9,since there are bR child regions and cR coupling conditions in R. Thereforeprocedure Localized-Reasoning runs in PR 2jARj � O(22(bR+cR)) time, which canbe written as O((2n� 1)� 2L� 22L) according to the following two observations:First, in a region hierarchy, the number of distinct regions is no more than 2n�1;this is because in a tree with n leaves, there is at most n � 1 internal vertices,which corresponds to a region hierarchy with n events. Second, in each region,we have L � bR + cR � cR = jCRj = jUR [ ARj � jARj:Accordingly we have a O(n � 8L) time bound. 2Theorem 6.1. Given an optimal policy �0 for the reduced Markov decisionprocess M0 derived from a Markov decision process M by procedure Reduced-MDP, �0 compactly encodes an optimal policy � for M with respect to a giveninitial state, where �(u) equals �0(uF ) for every state u that is aggregated intoan aggregate state uF in a coherent fragment F .Proof. A variable is either active, latent, or passive in a coherent fragment. Inprocedure Reduced-MDP, states are aggregated into an aggregate state in acoherent fragment F if and only if (1) these states are indistinguishable in thevalues of the active variables in F and (2) only di�er in the values of the passivevariables in F . Note that the values of the latent variables in a coherent fragmentF never change in F or the ancestors of F ; the values of the latent variables inF remain the same as their initial values in the initial state. Since the passivevariables in a coherent fragment F do not involve in the action dynamics in F orthe descendants of F , the states aggregated into an aggregate state in coherentfragment F (1) have the same expected cumulative cost given any speci�c policyand (2) do not communicate with one another. Following the state-aggregationoperation in coherent fragment F described in procedure Reduced-MDP, it isobvious that every aggregate state preserves the same expected cumulative cost140



as any of its component base-level state given any speci�c policy. In particualr,this is true for the optimal value function for the reduced process, which maps agiven aggregate state to the optimal expected cumulative cost associated with theunderlying base-level states. Then according to the state-transition probabilityand cost function of the reduced Markov decision process described in procedureReduced-MDP, it is obvious that a policy � that results in the optimal valuefunction for the reduced process can be extended to a policy �0 that results inthe optimal value function for the original process simply by mapping every base-level state u to the action the corresponding aggreate state of u is mapped to. 2Theorem 7.1. The iterative method described above improves the solution qual-ity on each iteration, and converges to an optimal solution in a �nite number ofiterations.Proof. The iterative method is equivalent to (i) adopting the partition Q, andthen (ii) applying the methods of Kushner and Chen [KC74a] that solve Markovdecision processes as large linear programs using the Dantzig-Wolfe decompo-sition principle, which have the properties described above. A more detaileddescription of the algorithm and its correspondence to the methods of Kushnerand Chen [KC74a] is provided in appendix B and Appendix C. 2
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Appendix BIterative Approximation andLinear ProgrammingIn this chapter, we explore the relationship between the iterative approximationframework described in Section 5 and the use of the Dantzig-Wolfe decompositionprinciple in solving Markov decision processes as linear programs. This relation-ship then provides interesting insight into the iterative approximation framework.In the remainder of this paper, we abbreviate the Dantzig-Wolfe decompositionprinciple as the DW decomposition, and refer to the work of Kunshner and Chen[KC74a] as the DW approach for Markov decision processes.B.1 Linear Programming and the Dantzig-WolfeDecomposition PrincipleTo cope with linear programs of very large sizes, decomposition principles [Las70]that divide a large linear program into many correlated linear programs of smallersizes have been well studied, among which the DW decomposition may be themost well known. In the following, we describe the general form of the DWdecomposition without assuming additional structure in linear programs. Werefer the readers to [Las70] [MB90] for more details about linear programmingand the DW decomposition. 142



Consider a linear program of standard formmin z = cXAX = bX � 0 9>>>=>>>; : : : (1);where X is a N � 1 column vector composed of N variables x1; x2; : : : ; xN ; c isa 1 � N row vector of N scalar values representing a cost function of X; A is aM � N constraint matrix representing M linear constraints on X; and X � 0represents sign constraints enforcing x1; x2; : : : ; xN to be nonnegative.Using the DW decomposition, we can arbitrarily partition the set ofM linearconstraints AX = b into two smaller sets of linear constraints A1X = b1 andA2X = b2. Let m be the number of linear constraints in A1X = b1. Ratherthan directly solving the linear program in (1), the DW decomposition implicitlyreformulate the linear program in (1) as a master problem concerning the mlinear constraints in A1X = b1, and iteratively generate a series of subproblemsconcerning theM�m linear constraints inA2X = b2 to attain an optimal solutionof the linear program in (1).B.1.1 The Master Problem in the DW DecompositionNote that all feasible solutions to AX = b also satisfy A2X = b2. Therefore eachfeasible solution X to AX = b can be properly represented asX = X1�i�r �iX(i) + X1�j�t ��j �X(j);where� X i's, 1 � i � r, and �Xj 's, 1 � j � t are N � 1 column vectors representingthe �nite number of extreme points and extreme rays 1 [Las70] [MB90]respectively of the set fxjA2X = b2g, and1The set of extreme rays f �X1; : : : ; �Xtg is any maximal set of linearly independent solutionsto A2X = 0. 143



� �i's and ��j 's must satisfy the following constraintsA1(P1�i�r �iX i +P1�j�t ��j �Xj) = b1P1�i�r �i = 1�i � 0; 8i = 1 : : : r��j � 0; 8j = 1 : : : t: 9>>>>>>=>>>>>>; : : : (2):We can factor A1 into the summations in the �rst equation in (2), whichrenders (2) as a set of linear constraints on �i's and ��j 's. Similarly, for the costfunction z = cX over X we can rewrite it ascX = c( X1�i�r �iX(i) + X1�j�t ��j �X(j));which renders a cost function over �i's and ��i's when we factor c into the sum-mations in the above equation. Let m be the number of linear constraints inA1X = b1. We denote A1X(i) as qi, A1 �X(j) as �qj, cX(i) as di and c �X(j) as �dj,where qi and �qj arem column vectors while di and �dj are scalar values. This allowsus to rewrite the linear program in (1) as a linear program over the nonnegativevariables �i's and ��j's in the following formminz = P1�i�r �idi +P1�j�t ��j �djP1�i�r �iqi +P1�j�t ��j �qj = b1P1�i�r �i = 1�i � 0; 8i = 1 : : : r��j � 0; 8j = 1 : : : t: 9>>>>>>>>>=>>>>>>>>>; : : : (3):We refer to the linear program in (3) as the master problem in the DW de-composition in solving the linear program in (1). Let m be the number of linearconstraints in A1X = b1. Note that we have m + 1 linear constraints in themaster problem in addition to those sign constraints that enforce �i's and ��j'sto be nonnegative. Theoretically, we can directly apply the simplex method tosolve the master problem, where the simplex method iteratively updates a basisof m+1 columns of the constraint matrix of the master problem in (3). On eachiteration, a pro�table column is selected to enter the basis and replace an old one144



in the current basis, which corresponds to an �i or an ��j variable associated withan extreme point or an extreme ray of the set fXjA2X = b2g. In this way, thesolution quality can be iteratively improved until an optimal solution is reached.B.1.2 The Subproblems in the DW DecompositionIn order to solve the master problem using the simplex method, we need todetermine a pro�table column corresponding to an extreme point or an extremeray of the set fXjA2X = b2g to iteratively update the basis. However, it isinfeasible to exhaustively enumerate all these extreme points and extreme raysin general. To cope with this di�culty, a subproblem is devised according to thecurrent simplex multipliers 2 [Las70] [MB90] associated with the m + 1 linearconstraints in the master problem (3). By solving the subproblem, we can �ndan extreme point or an extreme ray that gives us a pro�table column to enterthe basis.Let �� denote a 1�m row vector composed of the simplexmultipliers associatedwith the m linear constraintsX1�i�r �iqi + X1�j�t ��j �qj = b1:Let �0 denote the simplex multiplier associated with the linear constraintX1�i�r �i = 1:The corresponding subproblem isminz = (c� �A1)XA2X = b2X � 0 9>>>=>>>; : : : (4):For such a subproblem, we use z�� to denote the optimum solution of the sub-problem, and �� to denote the quantity �0 � z��.2On each iteration of the simplex method, we can determine for each linear constraint anassociated simplex multiplier. 145



B.1.3 Conducting an Iteration of the DW Decomposi-tionOn each iteration, we conduct the following steps to either (i) derive an enteringcolumn to enter the basis of the master problem and go through another iteration,or (ii) determine that the current solution for the master problem is optimal orwithin a speci�ed tolerance � of the optimum, report the current solution, andterminate the computation.� Set up a subproblem according to the current simplex multipliers of themaster problem. Solve the subproblem to determine an optimal solution z��of the subproblem and �� = �0 � z��.� { If �� = 1, the cost function z = (c � �A1)X is unbounded along anextreme ray �X(j) and we can �nd a corresponding column24 A1 �X(j)0 35 = 24 �q(j)0 35to enter the basis.{ If �� is �nite and greater than �, z� must be achieved by an extremepoint X(i) and we can �nd a corresponding column24 A1X(i)1 35 = 24 q(i)0 35to enter the basis.In both situations, we determine an entering column to enter the basis.We then (i) update the current basis through an pivot operation accordingto the selected entering column, (ii) determine a new solution to and newsimplex multipliers of the master problem, and (iii) go through anotheriteration of the DW decomposition.� If �� is no more than �, we can terminate the computation and reportthe current solution of the master problem as the �nal solution. In this146



situation, the current solution is no greater than � plus the optimum of themaster problem. In particular, if �� is zero or negative, we have reached anoptimal solution of the master problem.Both the master problem and the subproblems center around the use of sim-plex method in solving the linear program in (3). We refer the readers to [MB90]for more details about (i) cycling prevention and (ii) the initialization of the sim-plex method using big-M method. We brie
y summarize two important prop-erties about the DW decomposition that are useful in the remainder of this paper.Proposition B.1 Using the DW decomposition, the solution quality is improvediteratively and converge to an optimum solution in a �nite number of iterations.Proposition B.2 For a subproblem in the DW decomposition, the value of thecurrent solution is less than or equal to the value of an optimal solution plus ��where �� = �0 � z��.B.2 The DW Decomposition and Markov De-cision ProcessesIt is well known that we can solve Markov decision processes as linear pro-grams [D'E63] [Der70] [KK71a] [Put94] using standard techniques like the simplexmethod. Kushner and Chen [KC74a] investigate the use of the DW decomposi-tion in solving Markov decision processes as linear programs. In the following, webrie
y introduce their results, which provide interesting insight into the iterativeapproximation framework described in Section 5.
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B.2.1 Formulating Markov Decision Processes as LinearProgramsLetM = (S;A; p; c) be a Markov decision process with �nite state space S, �niteaction space A, state transition matrix p, and cost matrix c. For convenience, letS = f1; 2; : : : ; Ng. Xt (At) is a variable indicating the state (action) at time t.pij(a) = Pr(Xt = jjXt�1 = i; At�1 = a) i; j 2 S a 2 Acij(a) = Cost(Xt = jjXt�1 = i; At�1 = a) i 2 S a 2 Awhere Pr(:j:) is a conditional probability distribution and Cost(:j:) is a real-valuedcost function. A policy � is a function mapping states to actions � : S ! A. Weconsider two kinds of performance criteria, namely (i) expected cumulative costto reach a speci�ed goal and (ii) expected discounted cumulative cost.We further de�ne Cost(i; a) = Pj pij(a)cij(a). For the criterion of expectedcumulative cost to reach a speci�ed goal, a subset of S is designated as a targetand performance is measured as the expected cost until arriving at some targetstates. Assuming that the target can be reached with probability 1 from anyother state, we can reformulateM = (S;A; p; c) as the following linear program[D'E63] [KK71a]:minz = Pi;aCost(i; a)Ei;aPaEi;a = �i +Pj;a Pji(a)Ej;a; 8i 2 SEi;a � 0; 8i 2 S;8a 2 A 9>>>=>>>; : : : (5);where Ei;a denote the average number of time that action a is taken in state i,and �i is the probability that state i is the initial state.Similarly, we have the following linear program for the criterion of expecteddiscounted cumulative cost [D'E63] [KK71a].minz = Pi;aCost(i; a)Ei;aPaEi;a = �i + 
Pj;a Pji(a)Ej;a; 8i 2 SEi;a � 0 8i 2 S;8a 2 A 9>>>=>>>; : : : (6);where Ei;a denote the discounted average number of time that action a is takenin state i, and �i is the probability that state i is the initial state.148



Given a solution to (5) or (6), we can determine a nondeterministic policywhere Ei;a=PaEi;a is the probability of mapping state i to action a.B.2.2 The DW Approach in Solving Markov DecisionProcessesKushner and Chen [KC74a] investigate the use of the DW decomposition insolving Markov decision processes formulated as the linear programs in (5) and(6). Given a Markov decision process M = (S;A; p; c), the following kind ofpartition Q = fU;K1; : : : ;Khg is required in applying their techniques:� For any two states i and j in two di�erent Kl's, 1 � l � h, both pij(a) andpji(a) are zero for any action a in A.� The states in two di�erent Kl's, 1 � l � h, can only communicate with oneanother through the states in U . S divides into isolated pieces Kl's, l � 1when we remove U from S.Note that each state in S contributes a linear constraint to the linear programsin (5) or (6). Given a partition Q = fU;K1; : : : ;Khg as required, we can partitionthe set of linear constraints into A1X = b1 and A2X = b2, where (i) A1X = b1composed of the constraints contributed by the states in U and (ii) A2X = b2composed of the constraints contributed by the states in Kl; 1 � l � h. Thisgives us a master problem involving the states in U and subproblems involvingthe states in Kl's.Instead of solving subproblems directly, their dual linear programs are con-sidered. Due to the special structure of the partition Q and the linear programsin (5) or (6), the dual linear program of a given subproblem can be reduced tothe local Markov decision processes over individual regions Kl's, 1 � l � h ratherthan the entire state space S. We brie
y summarize the use of DW approach insolving Markov decision processes as linear programs in the following and referthe readers to [KC74a] for more details.1. Choose a partition Q = fU;K1; : : : ;Khg such that S divides into isolatedpieces Kl's, 1 � l � h when we remove U from S.149



2. Derive the simplex multipliers associated with the master problem that isconcerned with U , and determine the corresponding subproblem.3. Reduce the subproblem to local Markov decision processes over Kl's, 1 �l � h, and solve these Markov decision processes.4. Manipulate the solutions to the local Markov decision processes derived instep 3 to generate an entering column for the master problem. Then updatethe basis and the simplex multipliers accordingly.5. Check the stopping criteria. If the stopping criteria are met, stop and reporta solution; otherwise, go to step 2.
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Appendix CMore Details about the IterativeApproximation MethodIn this part, we provide the details of the iterative method sketched in Chap-ter 7. We establish the relationship between the iterative method and the use ofthe DW decomposition in solving Markov decision processes as linear programs.This relationship then provides interesting insight into the iterative approxima-tion framework, and also demonstrate the convergence of the iterative methoddescribed in Chapter 5.C.1 Relationship between the DW Approachand Iterative ApproximationConsider the steps sketched in appendix B.2 about the DW approach that solvesMarkov decision processes as linear programs using the DW decomposition. Theycan be well interpreted as an iterative method as we sketched in Chapter 7. Thisdemonstrates that the iterative method converges to the optimum in a �nitenumber of iterations.� Given a Markov decision processM = (S;A; p; c) and an arbitrary partitionP = fR1; : : : ; Rhg of the state space S, there is always a closely relatedpartition that allows the use the DW approach. As depicted in Figure 7.5,151



U = SRl Periphery(Rl), which is the union of the peripheries of the regionsRi's, and each Kl = Kernel(Rl), which is the kernel of each individualregion Rl, 1 � l � h, naturally yield such a partition Q = fU;K1 : : : ;Khg.When we remove U from S, S divides into disjoint pieces Kl's, 1 � l � h.� Using such a partition Q = fU;K1 : : : ;Khg in the DW approach, the num-ber of linear constraints in the master problem is jU j + 1. The simplexmultipliers associated with this master problem can be interpreted as the�i's assigned to each state i in the peripheries of the regions in P , whichdetermine the the �� vector described in Section 7.3. On each iteration,such a �� vector determine a subproblem. that is further reduced to smallerMarkov decision processes over Kl's, 1 � l � h. Each of these smallerMarkov decision processes can be interpreted as the kind of local Markovdecision process M��jKl, 1 � l � h, described in Section 7.3.� In Step 2 and Step 3 of the DW approach, local Markov decision processesoverKl's, 1 � l � h are derived and solved according to the current simplexmultipliers. In Step 4 the solutions to these local Markov decision processesin turn allow us to update the simplex multipliers and then reiterate Step 2and Step 3. In this way, the DW approach provides a control mechanismto iteratively solve the local Markov decision processes and update the ��vector to improve the solution quality.� In other words, the DW approach that solves Markov decision processes aslinear programs can be interpreted as a particular iterativemethod. Accord-ing to Proposition B.1 and Proposition B.2 in Section B.1, the DW decom-position iteratively improves the solution quality of a linear program andconverges to an optimal solution in a �nite number of iterations. Thereforethe corresponding iterative method also converges to an optimal solutionof the corresponding Markov decision process in a �nite number iterations.152



C.2 Overview of the Iterative MethodBy appropriately interpreting the DW approach in [KC74a] under the iterativeapproximation framework, it yields the following iterative method.1. Given a Markov decision process M = (S;A; p; c), we choose an arbitrary(but �xed) partition P of the state space S in advance which divides thestate space into disjoint regions.2. On the tth iteration, we decompose the original Markov decision processinto smaller Markov decision processes over the kernels of the regions inP , and derive a policy �(t) by gluing together the policies of these smallerMarkov decision processes.3. The information associated with �(t) also tells us (i) a bound on the valueof the current solution, and (ii) whether we should go through anotheriteration of Step 2.4. Let m be the number of the states in the peripheries of the regions inpartition P . We need to keep a policy repository of at most m + 1 such�(t)'s at a time. As soon as policy �(t) is generated, it properly replacesone of the policy �(i); i < t, in the repository. The current solution is acombination of such policies �(t)'s stored in the current policy repository.5. If we need to go through another iteration, the information associated withthe current policy repository tells us how to go through another iterationof step 2. The solution quality is improved iteratively, and converge tooptimum.In the following, we (i) provide the entire picture of the iterative method, and(ii) indicate its equivalence to the DW approach that uses the DW decompositionto solve Markov decision processes as linear programs [KC74a]. In the remainderof this paper, we focus on the criterion of expected cumulative cost to reach targetstates. For the expected discounted cumulative cost criterion, it is all the sameexcept that the transition probability pij(a) is multiplied by a discount factor 
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and the set of target states is empty. This is true because the linear programmingformulations in (5) and (6) for these two performance criteria are basically thesame except for the presence of the discount factor in the linear program in (6).C.3 Partitioning a State Space into Local Re-gions� We adopt an arbitrary but �xed partition P = fR1; : : : ; Rhg of the statespace throughout all iterations of the iterative method. In particular, theunion of the peripheries of the regions Rl's, U = SRl2P Periphery(Rl), andthe kernel of each region Rl, Kl = Rl � U , play important roles in theiterative method.� Let m be the number of the states in U . We number these m states in thecoupling region U from 1 to m, and number the other states in Ki; i > 0from m + 1 to N . Using such a �xed numbering on states, we can moreconveniently name the elements of the matrices and the vectors that arerelated to these states.C.4 The Abstract Action SpaceAn abstract action is a local strategy imposed on a region R to encourage certainpattern of system evolution when leaving region R to enter R's adjacent regions.An abstract action of a region R is parameterized by a set of bias values assignedto the states in U .� �i; 1 � i � m denotes the bias value assigned to a state i in U as describedin Section 7.3. In addition, we de�ne �0 to be a measure of the currentsolution quality. Let� = [�1; : : : ; �m] and �� = [�1; : : : ; �m; �0]:154



� Intuitively, we can interpret �i as a measure of the expected cumulativecost since the �rst time of leaving region R from state i. A big �i has thee�ect of discouraging the use of state i as an exit to leave R to enter R'sadjacent regions.� Refer to Section C.8 for the initialization of �� and refer to Section C.9 forthe iterative modi�cations of ��. In the remainder of this paper, we use ��(t),�(t)i , and �(t)0 respectively to denote the speci�c ��, �i, and �0 appearing onthe tth iteration of the computation.Remark The �� vector is composed of the simplex multipliers on a speci�c it-eration of the master problem in the DW decomposition. Consider the m + 1constraints in the master problem, the �rst m of which concern with the statesin U . On each iteration, the simplex multipliers associated with these m con-straints then provide these bias values �i's, 1 � i � m. The simplex multipliersassociated with the (m+ 1)th constraint in the master problem provides the �0value.C.5 Deriving Local PoliciesC.5.1 Deriving the Local Policies over the KernelsGiven a Markov decision process M = (S;A; p; c), and a particular �� vector, wecan derive local Markov decision processes over the kernels Kl's. For each regionRl in the partition P , we de�ne a Markov decision processM��jKl = (Kl SU;A; ~p; ~c).1. Kl [ U is the (local) state space with respect to M��jKl, where the statesoutside the kernel Kl are considered as additional target states. In otherwords, the union of U and the set original target states of M forms the setof target states of M��jKl.2. ~pij is the (local) conditional probability distributions about action out-comes. Let ~pij(a) and pij(a) denote the probabilities of ending up in state155



j if we take action a when we are in state i with respect to M��jkl and Mrespectively. We de�ne� ~pii(a) = 1 if i is a target state of M��jKl, and� ~pij(a) = pij(a) for for a non-target state i in Kl.3. ~cij speci�es the biased action costs with respect toM��jKl, which is properlybiased according to ��. Let ~cij(a) and cij(a) denote the action costs of endingup in state j if we take action a when we are in state i with respect toM��jkland M respectively. We de�ne� ~cij(a) = 0 where i is a target state of M��jKl,� ~cij(a) = cij(a) where i is a non-target state and j is in Kl, and� ~cij(a) = cij(a) + �j where i is a non-target state and j is in U .4. In the following, we use� Cost(i; a) = Pj pij(a)cij(a) to denote the cost of taking action a instate i with respect to M,� ActionBias(i; a) = Pj2U ~pij(a)�j to denote the bias regarding takingaction a in state i, and� BiasCost(i; a) = Pj ~pij(a)~cij(a) to denote the biased cost of takingaction a in state i with respect to M��jKl.We then have:� For a target state i of M��jR, BiasCost(i; a) = 0.� For a non-target state i in Kl,BiasCost(i; a) = Xj ~pij(a)~cij(a) =Xj pij(a)~cij(a)= Xj 62U pij(a)cij(a) +Xj2U pij(a)(cij(a) + �j)= Xj pij(a)cij(a) +Xj2U pij(a)�j= Cost(i; a) +ActionBias(i; a):156
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β2 β1Figure C.1: The relationship between actual and biased action costFigure C.1 depicts three states 1, 2 and 3. State 1 and state 2 are in theperipheries of regions while state 3 is in the kernel of a region. When takingaction a in state 3, we end in state 1 (2) with a cost of 6 (4) and with probability0.4 (0.6). The bias associated with state 1 (2) is 1.2 (4.2). The biased action costof taking action a in state 3 is then determined byBiasCost(3; a) = Cost(3; a) +Bias(3; a)= (0:6� 4 + 0:4 � 6) + (0:6� 4:2 + 0:4� 1:2)= 7:8:Given M��jKl, we can derive the optimal local policy and the resulting localvalues as follows.� ���jKl is a local policy that is optimal with respect to M��jKl, which mapsthe non-target states in Kl to actions 1.� We use the term LocalV alue(i) to denote the value of a state i in Kl withrespect to the local policy ���jKl, which are determined by the followingsystem of equations: For each i in Kl,LocalV alue(i) = BiasCost(i; ���jkl(i)) + Xj2KlPij(���jkl(i))� LocalV alue(j):1The actions taken in the target states of M��jKl are not important since are modeled asabsorbing states with zero action cost. 157



Remark The biased action costs actually correspond to the coe�cients in thethe cost function (c� �A1)X of the subproblem on a particular iteration of theDW approach, where c is the vector of actual action costs; A1 is the constraintsubmatrix that gives rise to the master problem; and � are the simplex mul-tipliers concerning those m states in U . ActionBias(i; a)'s corresponds to thecomponents of ��A1. The dual linear program of the subproblem is reduced tothe local Markov decision processes described above.C.5.2 Deriving the Local Policies over the PeripheriesA local policy ���jKl maps the states in Kl, the kernel of region Rl, to actions.Given the set of local policies f���jKlg, we can also determine a local policy ���jUthat maps the states in U , the union of the peripheries, into actions as follows.� We �rst determine the biased cost of taking an action a in a state i in U asfollows: ActionBias(i; a) = ��i +Xj2U Pij(a)�j;and BiasCost(i; a) = Cost(i; a) +ActionBias(i; a):� We then determineMinStay = mini;a BiasCost(i; a) +Xj 62U Pij(a)LocalV alue(j):� { Let(i�; a�) = arg mini;a [BiasCost(i; a)+Xj 62U Pij(a)� LocalV alue(j)]:{ IfMinStay is negative, let ���jU map the state i� to action a� (���jU(i�) =a�) and arbitrarily map the other states in U to actions.{ If MinStay is positive or zero, let ���jU arbitrarily map the states inU to actions. 158



Remark The dual linear program associated with the subproblem on an itera-tion of the DW decomposition is reduced to the local Markov decision processes.MinStay measures the feasibility of the dual linear program. If MinStay isnegative, the dual linear program is infeasible and the optimal solution of thesubproblem is unbounded; otherwise, the dual linear program is bounded. De-riving these local policies corresponds to solving the dual linear program, whichallows us to �nd an entering column for the master problem.C.6 Further Information Associated with Lo-cal PoliciesOn the tth iteration, we can derive a global policy �(t) by gluing together (i) theset of local policies f���jKlg over the kernels Kl's, and (ii) the local policy ���jUover the peripheries. �(t) can provide the following information:� A weight vector Weight(t), which allows us to combine the policies in thepolicy repository to generate a solution policy if we decide to terminate atthis moment.� A feedback vector Feedback(t), which is a feedback on current solutionquality that guides us to update the policy repository and conduct anotheriteration of computation.� A value �(t), which indicates the rate of the improvement in solution qualityif �(t) is incorporated to generate a new solution policy.Again, letMinStay = mini;a BiasCost(i; a) +Xj 62U Pij(a)LocalV alue(j); and(i�; a�) = arg mini;a (BiasCost(i; a)+Xj 62U Pij(a)� LocalV alue(j)):We can derive Weight(t), Feedback(t), and �(t) in following way.159



� Weight(t) is a N � 1 column vector, where Weight(t)(i) is a measure of theutility of taking action �(t)(i) in state i.{ First for each state i in U , we determineWeight(t)(i) as follows:� If MinStay is negative,set Weight(t)(i�) to be 1 and Weight(t)(i) to be 0 for the otherstates i's in U .� If MinStay is positive or zero,set Weight(t)(i) to be zero for each state i in U .{ Second for the kernel Kl of a region Rl,� if MinStay is negative,we determine Weight(t)(i) for the states in Kl according to thefollowing equations:8i 2 Kl; Weight(t)(i) = pi�i(a�) +Pj2Kl Pji(�(t)(j))Weight(t)(j);� if MinStay is positive or zero,we determine Weight(t)(i) for the states in Kl according to thefollowing equations:8i 2 Kl; Weight(t)(i) = �i +Pj2Kl Pji(�(t)(j))Weight(t)(j):� Feedback(t) is a (m+1)�1 column vector. For each state i in U (1 � i � m),we can determine Feedback(t)(i)'s in the following way:Feedback(t)(i) = Weight(t)(i)�Xj2S Pji(�(t)(j))�Weight(t)(j):If MinStay is negative,Feedback(t) = 266666664 Feedback(t)(1)...Feedback(t)(m)1 377777775 ;160



otherwise, Feedback(t) = 266666664 Feedback(t)(1)...Feedback(t)(m)0 377777775 :� We can determine the unit pro�t associated with this policy by :�(t) =Xi2S Cost(i;�(t)(i))�Weight(t)(i):Remark Weight(t) is a solution to the subproblem that is determined by thesimplex multipliers ��(t). Feedback(t) is the corresponding entering column for themaster problem. �(t) is the unit cost of this entering column. When MinStay isnegative, the subproblem is unbounded and the entering column Feedback(t) isrelated to an extreme ray; otherwise, the subproblem is bounded and the enteringcolumn Feedback(t) is related to an extreme point.C.7 Updating the Policy RepositoryWe keep a policy repository that is an array of up to m+1 di�erent global policies�(i)'s generated on the previous iterations. We denote the rth policy stored inthe policy repository as ~�(r).On the tth iteration, we maintain the following information in the policyrepository:� B is a (m+1)� (m+1) basis matrix. The rth column of B is the feedbackvector of ~�(r), the rth policy stored in the policy repository.� CB is a 1� (m+ 1) row vector. The ith element in CB represents the rateof improvement in solution quality regarding ~�(i), the ith policy stored inthe policy repository.� Note that �(t) and Weight(t) can be reproduced from ��(t) by solving thecorresponding local Markov decision processes when needed. Instead of161



explicitly storing �(t) and Weight(t), we can just store ��(t) in the policyrepository to compactly represent �(t) and Weight(t).On the tth iteration, we update the information in the policy repository inthe following way:� Let Y = B�1�� and Z = B�1Feedback(t), andr = arg mini;Zi>0(Yi=Zi);where �� = f�1; : : : ; �m; 1g, �i is the probability that the state i in U is theinitial state, and Yi (Zi) is the ith element of Y (Z).� On the tth iteration, we bring in the newly generated �(t) to replace ~�(r),the rth policy stored in the policy repository. We store ��(t) as the rthelement in the repository to represent �(t).� We update B by replacing the rth column of B by Feedback(t). Similarly,we update CB by replacing the rth element of CB by �(t).Remark The policy repository corresponds to the simplex tableau when we carryout the simplex method on the master problem of the DW decomposition. On thetth iteration, �(t) generates an entering column Feedback(t) to enter the basis.The rule of deciding the leaving policy ~�(r) actually corresponds to the ratiotest in the simplex method. In other words, an update on the policy repositoryactually corresponds to an pivot operation on the simplex tableau.C.8 Bounds, Stopping Criteria, and New Ab-stract ActionsAt the end of the tth iteration, we can determine (i) a bound on the quality ofthe current solution, and (ii) whether we should terminate the computation orgo through another iteration of computation.162



Bounds on the solution quality :Let �(t)� = �(t)0 �Xi2SBiasCost(i;�(t)(i))Weight(t)(i);and �� = min1�i�t �(i)� :The value of the current solution is better than or equal to the optimumplus ��.Stopping Criteria :If �� is no more than �, we have reached an �-optimal solution. In particularif �� is less than or equal to zero, we have reached an optimal solution. Inboth situations, we should generate a solution policy of the required qualityin the way described in Section B.9.2; otherwise, we can derive new abstractactions of local regions as follows and go through a new iteration.New Abstract Actions and Convergence :If we determine to go through one more iteration, we derive a new biasvector by ��(t+1) = CBB�1:This gives us the new abstract actions for individual regions for the nextiteration. The solution quality are guaranteed to be improved from iterationto iteration. �� converges to 0 as we approach an optimal solution.Remark The bounds on solution quality and the convergence property directlycome from Proposition B.1 and Proposition B.2 in Section B.1 about the DW de-composition. The stopping criteria actually corresponds to the optimality criteriaof the master problem in the DW approach. The new bias vector corresponds tothe new simplex multipliers derived by a pivot operation on the simplex tableauof the master problem. 163



C.9 The Initialization and Termination of theIterative MethodC.9.1 Initializing the Policy Repository and AbstractActions� At the beginning, we let the policy repository contain m+1 dummy policesand set CB = [M;M; : : : ;M ]; andB = Iwhere I is an identity matrix and M is a large positive value 2.� Consequently we have ��(0) = CBB�1 = [M;M; : : : ;M ], which determinesthe initial abstract actions for individual regions. We then iteratively con-duct the computation steps described in Section C.5 to Section C.8 untilall the dummy policies are replaced with actual policies.Remark Such an initialization corresponds to the derivation of an initial solutionfor the master problem using big-M method.� The m + 1 dummy policies correspond to m + 1 arti�cial variables addedinto the master problem. The basis matrix B is initialized as the the m+1columns associated with these m+1 arti�cial variables, which is an identitymatrix. Every arti�cial variable is associated the cost M , which is a largepositive value. M is exactly the value used in big-M method to initiatethe simplex method. We refer the readers to [MB90] for the details of thebig-M method and the issue of choosing an appropriate M .� When applying the big-M method, some of the arti�cial variables may leaveand enter the basis more than one time. Similarly, we allow the ith dummy2M is exactly the value used in big-M method to initiate the simplex method. We refer thereaders to [MB90] about the choice of an appropriate M .164



policy to reenter the policy repository after it has been excluded from thepolicy repository. This happens when (i) on the rth iteration the stoppingcriteria ��(r) < 0 is satis�ed but (ii)M��(r)i is also negative, which indicatesthe possibility of quality improvement by bringing back the dummy policyto kick o� some actual policy stored in the current repository.C.9.2 Generating a Solution Policy from the Policy Repos-itoryWhen we meet the stopping criteria, we can properly combine the policies in thepolicy repository to produce an optimal or � optimal policy in the following way.� Let �� denote the column vector (�1; �2; : : : ; �m; 1)T , where �i is the proba-bility that a state i in U is the initial state. Let Ratio = B�1�� and Ratiojbe the jth component of Ratio. ~�(j) denote the jth policy stored in thecurrent policy repository. We determineFrequency(i; a) = X1�j�m+1;~�(j)(i)=aRatioj �Weight(t)(i):We then derive a random policy ~� where Frequency(i; a)=Pa Frequency(i; a)is the conditional probability that we take action a when we are in state i.� ~� can be improved into a deterministic policy �� by (i) �rst determiningthe values of states given the policy ~�, and (ii) then conducting an iterationof policy improvement :��(i) = argmina [Cost(i; a) +X(Pij(a)� value(j))];where value(j) is the value of state j according to ~�. Output the policy�� as the solution policy.Remark The Frequency vector corresponds to a �nal solution for the masterproblem and actually Frequency(i; a) corresponds to the variable Ei;a. Note thatEi;a and thus Frequency(i; a) also is the expected number of times when we arein state i and we take action a. Therefore Frequency(i; a)=Pa Frequency(i; a) isthe probability that we map state i to action a.165
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