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PrefaceLinear programming has been fruitful in designing approximation algorithmsfor many combinatorial optimization problems. Nonlinear programming didnot receive as much attention in this respect until the recent work by Goe-mans and Williamson [62]. They use semide�nite programs, which are nonlinearprograms, to obtain approximation solutions with much better approximationfactors. For example, the best previously known approximation algorithm forMAXCUT, which was invented twenty years ago, has approximation factor0.5 [137]. The algorithm of Goemans and Williamson dramatically improvesthe approximation factor to 0.878. Inspired by the work on MAXCUT, Karger,Motwani, and Sudan [86] adapt the same technique and obtain the currentlybest approximation algorithm for coloring a k-colorable graph with the fewestpossible number of colors. The approximation ratio is improved by a factor of
(n2=k) over the best previously known result [29]. Later Karger and Blumgive the best known approximation algorithm for coloring a 3-colorable graphby combining the results in [86] and [29] and give the best known approx-imation algorithm for coloring a 3-colorable graph. Besides MAXCUT andCOLORING, the technique of semide�nite programming has been successfulin designing approximation algorithms for many other optimization problems,such as MAX DICUT [63, 51], MAX SAT [63, 51], MAX BISECTION [54],MAX k-CUT [54], MAX STABLE SET [6], and BETWEENNESS [43].Each of these improved algorithms is based on obtaining a near-optimal so-lution to a semide�nite program, which is referred as the semide�nite relaxationof the underlining optimization problem. Therefore how to approximately solvethese semide�nite relaxations e�ciently, in both time and space, is practicallyimportant. All the previous work resorts to various general interior-point meth-ods [5, 113, 150] for this step. In the thesis we adapt the technique of Lagrangeanrelaxation [96, 105, 121, 87, 158] to cope with this crucial step. Speci�cally weuse the framework of Plotkin, Shmoys, and Tardos [121] to obtain near-optimaliv



solutions to the semide�nite relaxations of MAXCUT and COLORING. Ourresults signi�cantly reduce the work space required by the best known approxi-mation algorithms for MAXCUT and COLORING if the given graph is sparse.As a result, our algorithms enable the best known approximation algorithms forMAXCUT and COLORING to work on much larger sparse graphs than theydid with interior-point methods.In the �rst part of the thesis we give the basic approximation algorithms forthe semide�nite programs of MAXCUT and COLORING [94]. Starting with�nding an initial feasible solution, our algorithms repetitively solve a sequenceof optimization subproblems. The solutions to these optimization subproblemsare used to \guide" the current feasible solution towards the optimal solution.We show that the subproblem corresponding to the semide�nite relaxation ofMAXCUT is in fact an eigenvector problem. More interestingly, we show thatthe subproblem corresponding to COLORING is equivalent to the semide�niterelaxation for MAXCUT. If the approximation precision is a constant, the timecomplexity of our algorithms is better than than interior-point methods andhave the ability to exploit the sparsity of the given graph [94].In the second part of the thesis we show the extensions of our basic algo-rithms. In the �rst chapter of the second part we show how our basic algorithmscan be applied to reduce the required work space of the best known approxima-tion algorithms for MAXCUT and COLORING. Moreover, if the precision ofthe approximation is a constant and the chromatic number of the input graphis a constant, our algorithms reduces the time complexity of the best knownapproximation algorithms for MAXCUT and COLORING.The application of semide�nite programming to combinatorial optimiza-tion problems was pioneered by Lov�asz's work on the Shannon capacity ofa graph [106]. Lov�asz introduced the theta function, which is a semide�niteprogram, to approximate the Shannon capacity of a graph. The polynomial-time solvability of the theta function leads to the only known polynomial-timealgorithms for some optimization problems on perfect graphs, such as MAX-CLIQUE (and therefore MAX STABLE SET) [66], and COLORING (and there-fore MIN CLIQUE COVER) [67]. In the second chapter of the second part weshow how our basic algorithm for the semide�nite relaxation of COLORINGcan be used to reduce the work space required by the only known polynomial-time algorithms for MAXCLIQUE and MAX STABLE SET. Moreover, if thechromatic number of the input perfect is a constant, then the time complexityv



of both algorithms is signi�cantly reduced.The output of interior-point methods or our basic algorithms tends to bea full-rank matrix. It follows from Pataki's results [117, 118] that there ex-ist low-rank optimal solutions to the semide�nite programs for MAXCUT andCOLORING. In the last chapter of the second part of the thesis we show how toadapt Pataki's results and give compact approximation algorithms for solvingthe semide�nite programs for MAXCUT and COLORING [95]. The rank of thesolution output by our compact algorithm for MAXCUT's semide�nite relax-ation matches Pataki's bound. Interestingly, the rank of the solution output byour compact algorithm for COLORING's semide�nite relaxation is asymptot-ically lower than Pataki's bound. Moreover, if the input graph is sparse, thenthe space complexity of our compact algorithms is better than that of interior-point methods. The running-time analysis of our compact algorithms, however,is based on exact arithmetic. Our compact algorithms are only of theoreticalinterest so far.We have implemented our basic approximation algorithms for the semidef-inite relaxation of MAXCUT. The results of some numerical experiments areshown in the last part of the thesis.

vi



AcknowledgmentsI would like to thank Prof. Philip Klein, who has been a great advisor. Heteaches me a lot about doing research. One important thing I have learned fromhim is \never easily give up". I really appreciate his patience, encouragement,and ideas. Without his guidance, I would not have learned half as much atBrown.I would like to thank Prof. Franco Preparata and Prof. Pascal Van Henten-ryck for being on my thesis committee. Their suggestions and comments helpto improve the thesis signi�cantly.I would like to thank Dr. David Williamson for supplying useful data, pro-gram, and information, which help a lot on the work shown in Chapter 7. I alsothank him for the suggestion that inspired me to work out the results shown inChapter 5.I would like to thank Prof. Michael J�unger for supplying useful informationand data on Spin Glasses.I would like to thank Prof. Rob Netzer and Prof. R. Ravi for their collabo-ration on the research that is not within the scope of the thesis. Working withthem has been very educational to me. I also thank them for helping me to geta teaching job.I would like to thank Mary Andrade, who is one of the nicest people I haveever met, for her kind help on the thesis. I also would like to thank JennetKirschenbaum for her generous help on the defense.During my graduate study at Brown, there have been some big challengesin my life. I thank God for granting me faith and strength through His Wordsso that I can confront the di�culties. Also I would like to thank my Christianfriends, Dr. and Mrs. Michael Chang, Dr. and Mrs. Nai-Che Tsai, James andJean Sung, Daniel and Shirley Wu, Edward and Salina Kuo, Yo-Wei and Guo-Luey Sun, Wen-Chun and Wen-Jen Ni, Shih-Hsiu and Jia-Ling Huang, Tim andNancy Lu, Daphne Kot, Caspar Liou, Chong-Ming and Balinda Wong, Seanvii



and Grace Ho, and many others. Their friendship and prayers have been verystrong support to me.My deepest gratitude is to my parents. Their support and encouragementhas always been the treasure of my life. My greatest appreciation is due mywife, Chih-Hui. Without her sweet company and being thoughtful, supportive,understanding, and patient, my graduate study at Brown cannot possibly besuccessfully �nished. I dedicate this thesis to all three of them.

viii



ContentsVita iiiPreface ivAcknowledgments viiList of Figures xivI Basics 11 Introduction 21.1 Memory Space . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51.2 Our Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51.2.1 Basic algorithms . . . . . . . . . . . . . . . . . . . . . . . 81.2.2 Applications to the approximation algorithms of MAX-CUT and COLORING . . . . . . . . . . . . . . . . . . . . 91.2.3 Applications to some algorithms for perfect graphs . . . . 101.2.4 Compact algorithms . . . . . . . . . . . . . . . . . . . . . 101.3 Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112 Background 132.1 Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132.2 Two Graph Optimization Problems . . . . . . . . . . . . . . . . . 142.2.1 MAXCUT . . . . . . . . . . . . . . . . . . . . . . . . . . . 142.2.2 COLORING . . . . . . . . . . . . . . . . . . . . . . . . . 162.3 Semide�nite Relaxation . . . . . . . . . . . . . . . . . . . . . . . 172.3.1 Positive semide�nite matrices . . . . . . . . . . . . . . . . 172.3.2 Semide�nite programs . . . . . . . . . . . . . . . . . . . . 18ix



2.3.3 Semide�nite relaxation . . . . . . . . . . . . . . . . . . . . 192.3.4 MAXCUT | an example . . . . . . . . . . . . . . . . . . 203 Basic Algorithms 223.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 223.1.1 The basic algorithm for the semide�nite relaxation ofMAXCUT . . . . . . . . . . . . . . . . . . . . . . . . . . . 233.1.2 The basic algorithm for the semide�nite relaxation ofCOLORING . . . . . . . . . . . . . . . . . . . . . . . . . 253.1.3 Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . 263.2 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 263.3 The Basic Algorithm for the Semide�nite Relaxation of MAXCUT 273.3.1 Problem reduction . . . . . . . . . . . . . . . . . . . . . . 273.3.2 Bounding the values of feasible solutions . . . . . . . . . . 293.3.3 Relaxed optimality conditions . . . . . . . . . . . . . . . . 323.3.4 The algorithm . . . . . . . . . . . . . . . . . . . . . . . . 323.3.5 Correctness . . . . . . . . . . . . . . . . . . . . . . . . . . 353.3.6 Time complexity . . . . . . . . . . . . . . . . . . . . . . . 353.3.7 Space complexity . . . . . . . . . . . . . . . . . . . . . . . 363.3.8 The power method . . . . . . . . . . . . . . . . . . . . . . 373.4 The Basic Algorithm for the Semide�nite Relaxation of COL-ORING . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 393.4.1 De�nitions . . . . . . . . . . . . . . . . . . . . . . . . . . 393.4.2 Bounding the values of feasible solutions . . . . . . . . . . 393.4.3 Relaxed optimality conditions . . . . . . . . . . . . . . . . 403.4.4 The algorithm . . . . . . . . . . . . . . . . . . . . . . . . 403.4.5 Correctness . . . . . . . . . . . . . . . . . . . . . . . . . . 433.4.6 Time complexity . . . . . . . . . . . . . . . . . . . . . . . 443.4.7 Space complexity . . . . . . . . . . . . . . . . . . . . . . . 45II Extensions 464 Applications to the Approximation Algorithms of MAXCUTand COLORING 474.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 474.1.1 Application to the approximation algorithm of MAXCUT 47x



4.1.2 Application to the approximation algorithm of COLORING 484.2 The Approximation Algorithm for MAXCUT . . . . . . . . . . . 494.3 The Approximation Algorithm of COLORING . . . . . . . . . . 505 Applications to Some Perfect-graph Algorithms 555.1 Lov�asz's theta function . . . . . . . . . . . . . . . . . . . . . . . . 555.2 Two Polynomial-time Algorithms for Perfect Graphs . . . . . . . 565.2.1 MAXCLIQUE . . . . . . . . . . . . . . . . . . . . . . . . 565.2.2 MAX STABLE SET . . . . . . . . . . . . . . . . . . . . . 585.3 Reducing the Complexity . . . . . . . . . . . . . . . . . . . . . . 595.3.1 Time complexity . . . . . . . . . . . . . . . . . . . . . . . 595.3.2 Space complexity . . . . . . . . . . . . . . . . . . . . . . . 616 Compact Algorithms 626.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 626.1.1 MAXCUT . . . . . . . . . . . . . . . . . . . . . . . . . . . 636.1.2 COLORING . . . . . . . . . . . . . . . . . . . . . . . . . 636.1.3 Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . 646.2 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 646.2.1 Compact representation of low-rank matrices . . . . . . . 656.2.2 Pataki's rank bound on the basic solutions of semide�niteprograms . . . . . . . . . . . . . . . . . . . . . . . . . . . 676.3 The Compact Algorithm for the Semide�nite Relaxation of MAX-CUT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 686.3.1 The algorithm . . . . . . . . . . . . . . . . . . . . . . . . 696.3.2 The rank-reduction step . . . . . . . . . . . . . . . . . . . 716.3.3 Solving a homogeneous linear system in exact arithmetic . 726.3.4 Overall complexity . . . . . . . . . . . . . . . . . . . . . . 736.4 The Compact Algorithm for the Semide�nite Relaxation of COL-ORING . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73III Experiments and Conclusion 747 Implementation 757.1 Overview of Results . . . . . . . . . . . . . . . . . . . . . . . . . 757.2 Some Tricks in the Implementation . . . . . . . . . . . . . . . . . 767.3 Preliminary Numerical Experiments . . . . . . . . . . . . . . . . 77xi



7.3.1 Random graphs . . . . . . . . . . . . . . . . . . . . . . . . 777.3.2 Graphs from Spin Glasses . . . . . . . . . . . . . . . . . . 817.3.3 Sparse non-random graphs . . . . . . . . . . . . . . . . . 837.4 Can We Do Better? . . . . . . . . . . . . . . . . . . . . . . . . . 838 Concluding Remarks 888.1 Our Contribution . . . . . . . . . . . . . . . . . . . . . . . . . . . 888.2 Future Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89A The Proofs of Six Lemmas 91A.1 The Proof of Lemma 12 . . . . . . . . . . . . . . . . . . . . . . . 91A.2 The Proof of Lemma 13 . . . . . . . . . . . . . . . . . . . . . . . 92A.3 The Proof of Lemma 15 . . . . . . . . . . . . . . . . . . . . . . . 92A.4 The Proof of Lemma 22 . . . . . . . . . . . . . . . . . . . . . . . 93A.5 The Proof of Lemma 23 . . . . . . . . . . . . . . . . . . . . . . . 94A.6 The Proof of Lemma 25 . . . . . . . . . . . . . . . . . . . . . . . 95B An Analysis of the Power Method 96Bibliography 114

xii



List of Tables7.1 Comparison for sparse random graphs with no more than 500nodes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 787.2 Comparison for sparse random graphs with 600 { 900 nodes . . . 807.3 The relation between the number of iterations and the precisionof the approximation . . . . . . . . . . . . . . . . . . . . . . . . . 827.4 Experiments on sparse graphs obtained from Spin Glasses . . . . 847.5 Comparison for some sparse non-random graphs obtained fromTSPLIB. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

xiii



List of Figures2.1 Algorithm GreedyCut . . . . . . . . . . . . . . . . . . . . . . . 153.1 Algorithm VectorMaxCut . . . . . . . . . . . . . . . . . . . . 333.2 Algorithm Improve . . . . . . . . . . . . . . . . . . . . . . . . . 343.3 Algorithm VectorColoring . . . . . . . . . . . . . . . . . . . 413.4 Algorithm ImproveC . . . . . . . . . . . . . . . . . . . . . . . . 424.1 Algorithm NearOptCut . . . . . . . . . . . . . . . . . . . . . . 504.2 Algorithm Projection . . . . . . . . . . . . . . . . . . . . . . . 514.3 Algorithm ModifiedImprove . . . . . . . . . . . . . . . . . . . 514.4 Algorithm NearOptColoring . . . . . . . . . . . . . . . . . . 534.5 Algorithm ModifiedImproveC . . . . . . . . . . . . . . . . . . 534.6 Algorithm ModifiedDirectionC . . . . . . . . . . . . . . . . . 545.1 Algorithm MaxClique . . . . . . . . . . . . . . . . . . . . . . . 575.2 Algorithm MaxStableSet . . . . . . . . . . . . . . . . . . . . . 585.3 Algorithm BetterMaxClique . . . . . . . . . . . . . . . . . . 605.4 Algorithm BetterMaxStableSet . . . . . . . . . . . . . . . . 606.1 Algorithm CompactVectorMaxCut . . . . . . . . . . . . . . 706.2 Algorithm CompactImprove . . . . . . . . . . . . . . . . . . . 706.3 Algorithm RankReduction . . . . . . . . . . . . . . . . . . . . 717.1 Some illustrations for Table 7.1 . . . . . . . . . . . . . . . . . . . 797.2 A typical random graph . . . . . . . . . . . . . . . . . . . . . . . 797.3 Some illustrations for Table 7.2 . . . . . . . . . . . . . . . . . . . 807.4 The relation between the precision and the number of iterations . 827.5 A typical graph from Spin Glasses . . . . . . . . . . . . . . . . . 837.6 Some illustrations for Table 7.4 . . . . . . . . . . . . . . . . . . . 847.7 A typical non-random sparse graph obtained from TSPLIB . . . 85xiv



7.8 Some illustrations for Table 7.5 . . . . . . . . . . . . . . . . . . . 867.9 An experiment on a graph with 400 nodes and 800 edges . . . . . 87

xv



Part IBasics

1



Chapter 1IntroductionLinear Programming has been a very useful tool for designing approximationalgorithms. A combinatorial optimization problem can usually be written as aninteger linear program, which is NP-complete to be solved [58]. A widely usedtechnique is relaxing the underlining integer linear program to a linear programby allowing the solution to be fractional. The resulting linear program, calledthe fractional relaxation, is often polynomial-time solvable, e.g. if the originalinteger linear program has a polynomial number of constraints [92]. The optimalfractional solution can be regarded as some kind of approximate solution to theoriginal integer linear program. Sometimes randomly rounding the fractionalsolution to an integer solution gives a good approximation to the original integerlinear program with high probability [128]. Moreover, the randomized-roundingprocedure can usually be derandomized to a deterministic algorithm [127]. It issurprising that the technique of fractional relaxation plus randomized roundinggives the best performance guarantees for many NP-hard problems [25]. Linearprogramming, however, is not always this powerful. Sometimes the performanceof linear relaxation is limited. Therefore whether nonlinear relaxation can workbetter has been an open question.Researchers in the area of combinatorial optimization usually study a math-ematical programming problem by examining the structure of the convex hullspanned by the feasible solutions. The convex hull reveals important informa-tion about the problem. For example, if the convex hull can be described bypolynomial number of constraints, which is the case for linear programs, thenany linear objective function can be optimized within the convex hull in polyno-mial time. The approach of the fractional relaxation described in the previousparagraph is closely related to how to obtain the integral convex hull from the2



fractional convex hull of the underlining linear program. Gomory [64] proposesa way to obtain the integral convex hull by applying a sequence of linear cutson the fractional convex hull. Chv�atal [45] shows that the Gomory-cut pro-cedure always terminates in a �nite number of steps and obtains the integralconvex hull. The number of steps, however, could be very large. Lova�sz andSchrijver [108] show that nonlinear cuts do perform better in this aspect. Theyintroduce a nonlinear cut, whose nonlinearity comes from semide�nite con-straints, by \lifting" the fractional convex hull to a higher-dimensional space,applying some linear cuts in the higher dimensional space, and then projectingthe resulting convex hull back to the original space. They show that after ap-plying a linear number of such nonlinear cuts to the fractional convex hull, theresulting convex body is the integral convex hull itself. Their result suggeststhat nonlinear relaxation might perform better in designing approximation al-gorithms.Recently Goemans and Williamson give the �rst approximation algorithmwhich shows that nonlinear relaxation does perform better than linear relax-ation [62]. Speci�cally they write the NP-complete MAXCUT problem as anonlinear integer program and then relax it as a semide�nite program, which isa nonlinear program. After obtaining a near-optimal solution to this semidef-inite relaxation of MAXCUT in polynomial time [5], their algorithm \rounds"the solution, which is a positive-semide�nite matrix, to an integral solutionfor the original nonlinear integer program. The result is exciting: Goemansand Williamson show that the performance ratio is 0.878, which is much betterthan the performance ratio 0.5 of the best previously known approximation algo-rithms for twenty years. In the same paper, Goemans andWilliamson also give a0:79607-approximation algorithm for MAX DICUT and a 0:758-approximationalgorithm for MAX SAT, where the best previously known approximation al-gorithms have performance ratios 0:25 and 0:75 respectively. Later the perfor-mance ratios for MAX DICUT and MAX 2SAT are improved to 0.859 and 0.991respectively by Feige and Goemans [51]. Using the same technique of semidef-inite relaxation, Frieze and Jerrum [55] improve the approximation algorithmsfor MAX BISECTION and MAX k-CUT for large k.Inspired by the work on MAXCUT, Karger, Motwani, and Sudan [86] applythe same idea of semide�nite relaxation to the problem of coloring a k-colorablegraph with the fewest possible number of colors. They generalize the notionof color to that of vector color. Consider a graph of n nodes. A vector color3



is an n-dimensional vector assigned to a node. A vector coloring of the graphis an assignment of vector colors to the nodes such that the vector colors ofevery two adjacent nodes have a small inner product. The vector coloringproblem can be written as a semide�nite program, whose near-optimal solutioncan be found in polynomial time [5]. The near-optimal vector coloring is then\rounded" to a regular coloring by vector projection in n-dimensional space.The number of colors required by the algorithm is ~O(n1�3=(k+1)). The num-ber of colors required by the best previously known approximation algorithmis ~O(n1�1=(k�4=3)) [29]. The improvement is by a factor of ~
(n2=k). The ap-proximation ratio for COLORING on a 3-colorable graph was later improvedby Blum and Karger [30].Each of these improved algorithms is based on obtaining a near-optimal so-lution to a semide�nite program, which is referred as the semide�nite relaxationof the underlining optimization problem. Therefore how to approximately solvethese semide�nite relaxations e�ciently, in both time and space, is practicallyimportant.Semide�nite programming is a generalization of linear programming, anda special case of convex programming. Essentially, what is added to linearprogramming is the ability to specify constraints of the form \X is a positive-semide�nite matrix", where X is a symmetric matrix whose entries are vari-ables. Such a constraint is written X � 0. A positive-semide�nite matrix is amatrix X such that for any column vector u, the value of uTXu is nonnegative.A symmetric matrix X is positive-semide�nite if and only if every eigenvalueof X is nonnegative.The �rst polynomial-time algorithm proposed for solving semide�nite pro-grams was based on the ellipsoid method. Gr�otschel, Lov�asz, and Schrijver [66]gave a subroutine that, given a matrix X that is not positive semide�nite, �ndsa hyperplane separating X from the set of positive-semide�nite matrices. Thissubroutine, combined with the ellipsoid method, provided a polynomial-timealgorithm for semide�nite programming. However, the complexity of this algo-rithm is quite high.Nesterov and Nemirovskii [112] showed how to use the interior-point meth-ods to solve semide�nite programs. Alizadeh [5] showed how an interior-pointalgorithm for linear programming could be directly generalized to handle semidef-inite programming. Since the work of Alizadeh, there has been a great deal ofresearch into such algorithms [83, 149, 131, 157, 75, 101, 53]. A simplex-type4



method was also discovered by Pataki [119]. Among these varieties, the per-formance of interior-point methods are the best in both theory and practice.Suppose there are ` constraints in a semide�nite program, whose variable isan n� n matrix. A near-optimal solution for the semide�nite program can beobtained in time ~O(pn`3) using interior-point methods. For example, let nbe the number of nodes and m be the number of edges in a given graph. Thesemide�nite relaxation for MAXCUT has n constraints on an n�n-matrix vari-able. A near-optimal solution can therefore be obtained in time ~O(n3:5). Thesemide�nite relaxation of COLORING has m constraints on an n � n-matrixvariable. Hence a near-optimal solution can be obtained in time ~O(pnm3).1.1 Memory SpaceThere are two kinds of storage in most modern computer systems, the localdisk and the server disk. The size of the local disk determines the work spaceof an executable program. The local disk of a computer is usually small, e.g., 2gigabytes. Many computers, however, can share a fairly large server disk, e.g.,200 gigabytes. In the thesis we emphasize the distinction between these twokinds of storage. We assume that the server disk is signi�cantly larger than thelocal disk. Therefore we make e�orts to reduce the required work space of ouralgorithms and store the intermediate data on the server disk.1.2 Our ResultsUsing interior-point methods to approximate the semide�nite relaxations ofMAXCUT and COLORING requires work space quadratic in the number ofnodes of the given graph. Speci�cally, interior-point methods involve opera-tions, such as matrix inversion or Cholesky decomposition, on n � n matrices,where n is the number of nodes in the input graph. These matrix operations re-quire work space O(n2). Thus previous sequential implementations of the bestknown approximation algorithms for MAXCUT and COLORING work only forrelatively small graphs, e.g., graphs with no more than 1,000 nodes. Reduc-ing the required work space for approximating the semide�nite relaxations ofMAXCUT and COLORING is the main contribution of the thesis. Speci�cally,we give algorithms for obtaining approximate solutions to both semide�nite5



relaxations in work space O(m), where m is the number of edges. As a con-sequence, our algorithms enable the best known approximation algorithms forMAXCUT and COLORING to handle sparse graphs that are much larger, e.g.,n = 100; 000. Although our algorithms perform well only for obtaining roughapproximations, as predicted by the analysis and shown in the experiments,they can handle instances that previous algorithms cannot even touch.The basis of our algorithms is the framework of Plotkin, Shmoys, and Tar-dos [121], which is related to the technique of Lagrangean relaxation. La-grangean relaxation useful in exploiting the structure of mathematical pro-grams [96, 105, 121, 87, 158]. It basically works as follows: Suppose we aregiven a set of constraints, over which an objective function is supposed to beoptimized. Instead of solving it using general-purpose algorithms such as ellip-soid methods [92, 68] or interior-point methods [89, 147, 50], we could separatethe constraints into two sets, say Peasy and Phard, where we know how to e�-ciently optimize a linear objective function over Peasy. Starting with an initialfeasible solution X that satis�es Peasy [ Phard, the algorithm proceeds itera-tively. In each iteration the algorithm solves an optimization subproblem, i.e.,optimizing over Peasy a carefully chosen objective function based on the cur-rent solution X . The solution to the optimization subproblem is then used toguide X towards the optimum solution. If it is much easier to optimize somefunction over Peasy than over Peasy [ Phard, then the technique of Lagrangeanrelaxation usually yields great improvement over the algorithms that optimizeover Peasy [ Phard directly. Based on the technique of Lagrangean relaxation,Plotkin, Shmoys, and Tardos [121] give a framework for designing e�cient ap-proximation algorithms for convex programs. All the previous applications ofthis framework are to linear programs. The results in the thesis are the �rstapplications of the framework to nonlinear programs.Using the framework of Plotkin, Shmoys, and Tardos, we observe an inter-esting relation between the semide�nite relaxations of MAXCUT and COLOR-ING: the semide�nite relaxation of MAXCUT can be regarded as an optimiza-tion subproblem for solving the semide�nite relaxation of COLORING. Besidesour observation, Laurent, Poljak and Rendl [104] show that the semide�niterelaxation of MAX INDEPENDENCE SET can be reduced to the semide�niterelaxation of MAXCUT by introducing a new node adjacent to each node ofthe original graph. Therefore the semide�nite relaxation of MAXCUT appearsto be fundamental. 6



For each of the semide�nite relaxations of MAXCUT and COLORING wegive a basic approximation algorithm. Both basic algorithms require work spaceonly O(m). Although the 
(n2) space required by both algorithms is no betterthan that required by interior-point methods, most of the intermediate dataproduced during the execution of our basic algorithms can be stored on theserver disk. At the completion of execution, the output can be easily obtainedfrom those data stored on the server disk. Moreover, the time complexity ofour basic algorithms is better than that of interior-point methods if the approx-imation precision is a constant. Therefore our basic algorithms are quite goodat obtaining rough approximations to the semide�nite relaxations of MAXCUTand COLORING for sparse graphs.When applied to the best known approximation algorithms for MAXCUTand COLORING, our basic algorithms perform even better. The approximationalgorithm of Goemans and Williamson and the algorithm of Karger, Motwani,and Sudan both require that we compute a matrix H such thatHTH equals thenear-optimal solution X to the corresponding semide�nite relaxation. Given ann � n matrix X , it would take time O(n3) to obtain such a matrix H . Theform in which a near-optimal solution is given by our basic algorithms, however,makes it trivial to �nd such a matrix H . Moreover, when our basic algorithmsare applied to the best known approximations for MAXCUT and COLORING,storing those intermediate data on the server disk becomes unnecessary. Asas result, the space complexity of the algorithm for MAXCUT is reduced toO(m), and the space complexity of the algorithm for COLORING is reducedto O(m+ n�), where � is the maximum degree of the input graph. The workspace of both algorithms is still O(m).Our basic algorithm for COLORING's semide�nite relaxation can be appliedto the only known polynomial-time algorithms for some optimization problemson perfect graphs. The required space is reduced to O(m). The time complexityis signi�cantly reduced if the chromatic number of the input perfect graph is aconstant.We also show how to modify our basic algorithms so that low-rank solutionsto the semide�nite relaxations of MAXCUT and COLORING can be obtainedin low space. We refer to these two modi�ed algorithms as the compact ap-proximation algorithms for the semide�nite relaxations of MAXCUT and COL-ORING. The space required by the our compact algorithm for the semide�niterelaxation of MAXCUT is only O(m+n1:5). The space required by the compact7



algorithm for the semide�nite relaxation of COLORING is O(m+��2n1:5 logn),where � is the required approximation precision. The work space required byboth compact algorithms is O(m+ n1:5). The running-time analysis, however,is based on exact arithmetic. Therefore our compact algorithms are only oftheoretical interest so far.1.2.1 Basic algorithmsOur basic algorithm for the semide�nite relaxation of MAXCUT starts with�nding an initial feasible solution X by a greedy method. The algorithm thenproceeds iteratively. In each iteration an optimization subproblem, de�ned bythe current feasible solution X , is approximately solved. Every optimizationsubproblem is in fact an eigenvector problem that can be e�ciently solved usingthe power method. The algorithm then uses the near-optimal solution ~X tothe optimization subproblem to guide the current feasible solution X towardsthe optimal solution. The current solution X is guaranteed to be �-optimalafter ~O(��2n) iterations. It is known that the power method takes ~O(��1)matrix-vector multiplications to yield the required solution to each optimizationsubproblem [102]. Therefore it takes time ~O(��3mn) for our basic algorithmto produce an �-optimal solution to the semide�nite relaxation of MAXCUT,where m is the number of edges. If the approximation precision � is a constant,then our algorithm performs better than the general interior-point methods,which take time ~O(n3:5) [62]. The improvement is particularly striking when theinput graph is very sparse, e.g., m = O(n). We have performed some numericalexperiments on sparse large graphs. For a graph with 10; 000 nodes and 20; 000edges, our algorithm can �nd a :5-optimal solution to the semide�nite relaxationof MAXCUT in 10 hours. By a rough estimate, an interior-point algorithmwould take at least one year to output any near-optimal solution to the samesemide�nite relaxation, even if it had su�cient work space.Our basic algorithm for the semide�nite relaxation of COLORING works ina similar way: the sequence of the near-optimal solutions ~X to the optimizationsubproblems guides the current solution X towards the optimal solution. Therequired number of iterations is ~O(��2). Each optimization subproblem can beregarded as the semide�nite relaxation of MAXCUT for a graph, whose edgeweights are determined by the current feasible solution X to the semide�niterelaxation of COLORING. Therefore we can use our basic algorithm for MAX-CUT's semide�nite relaxation to handle these optimization subproblems. We8



show that the required precision is O(�=k) if the given graph is k-colorable.Therefore our algorithm for COLORING runs in time ~O(��5k3mn). If � and kare both constant, then our basic algorithm performs better than the generalinterior-point methods, which takes time ~O(pnm3).As mentioned above, if the given graph is sparse, our basic algorithms signif-icantly reduce the required work space for obtaining near-optimal solutions tothe semide�nite relaxations of MAXCUT and COLORING. Although the spacerequired by our basic algorithms is ~O(n2��3) for MAXCUT and ~O(n2��5) forCOLORING, they both require work space only O(m). Speci�cally, our basicalgorithms can store most of the intermediate data on the server disk, and keeponly data of linear size in the work space. At the completion of execution, theoutput can be easily obtained from the data stored on the server disk. Since theserver disk is usually much larger than the work space, our algorithms can workon fairly large sparse instances in practice. Although our basic algorithms per-form better for rough approximations, they can handle the instances on whichinterior-point methods would simply run out of memory.1.2.2 Applications to the approximation algorithms of MAX-CUT and COLORINGThe best known approximation algorithms for MAXCUT and COLORING havethe following three steps:1. Obtain a near-optimal solution X to the corresponding semide�nite re-laxation.2. Obtain a matrix H such that HTH equals X . Assign the ith column h(i)of H to the ith node of the input graph.3. Obtain a near-optimal solution based on the dot-products z(s) � h(i) forsome random vectors z(s).Although our basic algorithms are only for the �rst step, we can modify themso that all three steps are done incrementally. In particular, in the jth iterationwe obtain the jth component of each vector h(i) and the jth components ofthose random vectors. Therefore each dot-product can be computed up to thejth term. As soon as our algorithms �nd a near-optimal solution to the corre-sponding semide�nite relaxation, all the dot-products are known, from whicha near-optimal solution to MAXCUT or COLORING can be easily obtained.9



Because all we need at the completion of execution are those dot-products, thealgorithms no longer need to store the intermediate data on the server disk. Asa consequence, the space complexity of the algorithm for MAXCUT is reducedto O(m), and the space complexity of the algorithm for COLORING is reducedto O(m+ n�). The required work space of both algorithms is still O(m).1.2.3 Applications to some algorithms for perfect graphsThe only known polynomial-time algorithms for some optimization problems,such as MAXCLIQUE, MAX STABLE SET, COLORING, and MIN CLIQUE COVER,on perfect graphs [66, 67], are based on the observation that Lov�asz's thetafunction [106] can be computed in polynomial time. It follows from the journalversion of [86] that the optimum value of COLORING's semide�nite relaxationis closely related to Lov�asz's theta function. We show that our basic algorithmfor the semide�nite relaxation of COLORING can thus be used to reduce thetime and space complexity of the only known polynomial-time algorithms for�nding a maximum clique or a maximum stable set in a perfect graph, if thechromatic number of the given graph is a constant.1.2.4 Compact algorithmsPataki shows that any extreme solution to a semide�nite program with ` con-straints has rank at most p2` [117, 118]. (The same result is implied by thework of Barvinok [18].) The space required by any interior-point method is
(n2), because it has to maintain a full-rank n � n matrix during the execu-tion. Our basic algorithm for MAXCUT's semide�nite relaxation is potentiallybetter because it does not have to maintain a full-rank matrix all the time.Speci�cally, it starts with �nding an initial rank-one matrix, and then proceedsiteratively to improve its quality. In each iteration it applies a rank-one updateto the current solution matrix. Unfortunately the number of iterations canbe as large as ~O(��2n). Therefore the output tends to have full rank, and itsspace complexity is thus asymptotically the same as that of interior-point meth-ods. Similarly the output of our basic algorithm for COLORING's semide�niterelaxation tends to have full rank.It follows from Pataki's results that no matter how high the rank of thecurrent solution is, there always exists a solution of rank at most p2(n+ 1)that has the same quality. Therefore our compact algorithm for MAXCUT's10



semide�nite relaxation is basically the basic algorithm with a number of rank-reduction steps, which were proposed by Pataki [118]. Speci�cally, wheneverthe rank of the current solution is more than p2(n+ 1), we replace the currentsolution by a rank-p2(n+ 1) solution that has the same quality. That waywe maintain the low rank of the current solution during the execution of ourbasic algorithm. As a result, we reduce required space for obtaining a near-optimal solution to MAXCUT's semide�nite relaxation to O(n1:5 +m), whereO(m) comes from the input. The work space required by our algorithm isO(n1:5+m), which is more than that required by our basic algorithm, but stillless than that required by an interior-point algorithm for sparse graphs. Basedon exact arithmetic, the time required by our compact algorithm is ~O(��2n4).As shown in x1.2.1, our approximation algorithm for the COLORING semidef-inite program runs in ~O(��2) iterations. In each iteration an approximate solu-tion for a MAXCUT semide�nite program is obtained. The resulting approxi-mate solution of the COLORING semide�nite program is a linear combinationof the solutions obtained from all iterations. If we resort to our compact al-gorithm for the semide�nite relaxation of MAXCUT in each iteration of ourbasic algorithm for COLORING's semide�nite relaxation, then we are guar-anteed to �nd an approximate solution for COLORING semide�nite programwhose rank is ~O(��2pn). This gives a compact approximation algorithm forthe COLORING semide�nite program. Note that Pataki's results only guar-antee a rank-O(pm) solution for the semide�nite relaxation of COLORING.Our compact approximation algorithm for the COLORING semide�nite pro-gram is interesting in that the rank of the output is asymptotically lower thanthe bound given by Pataki, when � is a constant and the graph is dense. Thespace complexity of our compact algorithm is ~O(m + ��2n1:5). The requiredwork space is O(m+ n1:5). Based on exact arithmetic, the time complexity is~O(��5k3n4).1.3 OutlineIn the following chapter we give the preliminaries that are required to make thethesis self-contained. We then explain our basic algorithms in Chapter 3. Wespend three chapters on the extensions of our basic algorithms: the applicationsto the approximation algorithms for MAXCUT and COLORING in Chapter 4,11



the applications to some perfect-graph algorithms in Chapter 5, and the com-pact algorithms in Chapter 6. The implementation of the basic algorithm forthe semide�nite relaxation of MAXCUT is shown in Chapter 7. In the lastchapter, we summarize our contribution, and propose some future work.Lemma 12, Lemma 13, Lemma 15, Lemma 22, Lemma 23, and Lemma 25of the thesis are adapted from the paper by Plotkin, Shmoys, and Tardos [122].We therefore do not include their proofs in the main content of the thesis.However, to make the thesis self-contained, we put their proofs in Appendix A.The power method is the core of our algorithms. Its analysis of can be foundin [102]. For completeness of the thesis, we give an easier-to-read and shorteranalysis in Appendix B.
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Chapter 2Background2.1 NotationIn this section we de�ne some notation that will be used throughout the thesis.All vectors and matrices in the thesis are real. All vectors are columnvectors. Unless otherwise speci�ed, vectors are denoted by lower-case letters,and matrices are denoted by capital letters. We use xi to denote the ith elementof vector x; and use Xij to denote the entry ij of matrix X .Suppose x is an n-element vector, and X is an m� n matrix. De�nekxk2 = s X1�i�n xikXkF = s X1�i�m X1�j�nXij :Let X and Y be two m� n matrices. De�neX � Y = X1�i�m X1�j�nXijYij :Let x and y be two n-element vectors. De�nex � y = X1�i�n xiyi:We use X � 0 to signify that the matrix X is symmetric and positivesemide�nite. Let I be the identify matrix. Let J be the all-one matrix. Let ~1be the all-one vector.Vectors v1; : : : ; vn are orthonormal if the following holds for every 1 � i; j �n. vTi vj = 8<: 1 when i = j0 when i 6= j:13



Clearly if the columns of an n� k matrix U are orthonormal, then UTU is thek � k identity matrix.It is well-known that every n�n symmetric rank-k matrix X can be writtenas X = V DV T for some k � k diagonal matrix D and n � k matrix V , wherethe columns of V are orthonormal (see, e.g., Theorem 2.5.4 of [79]).Let L be a linear subspace of n-dimensional space. We use L? to denotethe orthogonal space of L. Namely L? is composed of all the vectors that areorthogonal to each vector in L. Let A be an n� n matrix. The null space of Ais the linear subspace of n-dimensional space in which every vector x satis�esAx = 0. It is well-known that the rank of A plus the dimension of the nullspace of A is exactly n.Let P be a mathematical program. An assignment to the variables of P issaid to be a feasible solution to P if the assignment satis�es P 's constraints.The value of such an assignment is the value of the objective function at thatassignment. Let f(�) be the objective function of P . Let X� be an optimalsolution to P . A solution X feasible to P is �-optimal if(1 + �)�1 � f(X�)f(X) � (1 + �):For simplicity of time-bounds, we assume throughout that � > 1=n.2.2 Two Graph Optimization ProblemsIn the thesis we focus on the following two graph optimization problems.MAXCUT | Given a graph with weights on edges, we would like to partitionits nodes into two sets such that the sum of the weights of the crossingedges is maximized.COLORING | Given a graph, we would like to color its nodes with thefewest number of distinct colors such that no adjacent nodes have thesame color.Both problems are NP-complete [58].2.2.1 MAXCUTMAXCUT [125] has applications in VLSI layout design and statistical physics [16,17, 40, 42, 120, 142, 143, 132]. It is among Karp's original NP-complete prob-lems [90]. It remains NP-complete even if the given graph is unweighted [60],14



Algorithm GreedyCut(G)Input: an undirected graph G with weights on edgesOutput: a cut of G1. Start with both sides empty, so the initial value of the cut iszero.2. For every node v in G do(a) Put v on the side which increases the current cut valuemore. Figure 2.1: Algorithm GreedyCutcubic [123, 155], or quasi-planar [14]. Since this problem is so hard, researchershave been working along two di�erent directions. The �rst direction is tolook for algorithms for MAXCUT on special graphs. It is known that MAX-CUT is polynomial-time solvable on planar graphs [72, 114], weakly bipartitegraphs [69], and graphs that are not contractible to K5 [15].The other direction is to look for approximation algorithms. It is known thatMAXCUT is MAX SNP-complete, even if the degree of the graph is bounded bya constant [116]. It follows from [11] that MAXCUT does not have a polynomial-time approximation scheme (PTAS) [85] unless P=NP. Namely there exists apositive constant � such that approximating MAXCUT to within a ratio of 1��is NP-complete. For example it is NP-complete to approximate MAXCUT towithin the ratio of 65=66 [20]. However, MAXCUT can be easily approximatedto within a constant factor. The �rst approximation algorithm for MAXCUT,as shown in Figure 2.1, was given by Sahni and Gonzalez in 1976 [137].One can easily see that the resulting cut output by the above greedy algo-rithm has value at least one half of the total edge weight of G. Clearly the valueof any cut is at most the sum of positive edge weights of G. If G has no edgeswith negative weights, then the approximation ratio of Sahni and Gonzalez'salgorithm is 12 . If G has negative weights, then one can verify that the value ofthe cut reported by GreedyCut minus the sum of negative edge weights of Gis at least one half of the sum of the absolute values of the edge weights of G.Researchers have slightly improved the approximation ratio for unweightedgraph MAXCUT [151, 124, 73]. None of the results, however, makes progresson the constant term 12 in the approximation ratio.In the thesis we are interested in approximation algorithms for MAXCUT.15



For a graph with no negative edge weights, Goemans and Williamson [63] givethe currently best approximation algorithm for this problem in 1994. They usethe technique of semide�nite relaxation to signi�cantly improve the approxi-mation ratio of MAXCUT to 0.878, which is provably tight [88]. For a graphwith negative edge weights, Goemans and Williamson's algorithm guaranteesto �nd a cut whose value minus the negative edge weights is no less than 0.878times the maximum cut value minus the negative edge weights. Their resultis a major breakthrough in designing approximation algorithms in that for the�rst time they successfully adapt a nonlinear-programming technique to designapproximation algorithm. Much research, including the results described in thisthesis, was prompted by their pioneering work [86, 55, 51, 43, 94, 95, 104, 78,111, 6, 30, 88, 98].There are also some results on approximation algorithms for MAXCUT onspecial graphs. It is known that MAXCUT has a polynomial-time approxima-tion scheme when the given graph is dense [49, 10].2.2.2 COLORINGCOLORING [84] has applications in register allocation, time tabling, schedul-ing, sequencing, and circuit testing [39, 38, 34, 44, 70, 35, 24, 154, 59]. The mostfamous problem related to graph coloring is probably the four-colorability ofplanar graphs, which is due to F. Guthrie. The conjecture has been answereda�rmatively [7, 9]. Moreover, a planar graph can actually be four-coloredin quadratic time [8, 133]. However, COLORING is much harder than four-coloring a planar graph. Coloring a 3-colorable planar graph with three colorsis NP-complete [60].There are many positive results on solving COLORING on special graphs [61,66, 67, 57, 145, 80, 12, 13], among which a quite general result is that perfectgraphs can be colored with the fewest possible number of colors in polynomialtime [66, 67].Approximating COLORING is di�cult. There exists a positive constant �such that approximating COLORING to within a factor of n� is NP-complete [110].Moreover, COLORING cannot be approximated in polynomial time to withina factor of n1=10 (or n1=13) unless NQP 6= co-RQP (or NP = co-RP) [21]. Re-searchers have been trying hard to improve the approximation ratio for COL-ORING [153, 29, 74]. The currently best approximation ratio for COLORINGis O(n(log logn)2= log3 n) due to Halld�orsson [74].16



In the thesis we are interested in approximating COLORING for a k-colorablegraph. The problem is also di�cult. Given a 3-colorable graph, it is NP-complete to color the graph with four colors [93]. Karger, Motwani, and Sudangive the best currently known approximation algorithm for COLORING on a k-colorable graph [86]. Their result improves the best previously known ratio [29]by a factor of 
(n2=k). Their work is based on the technique of semide�niterelaxation invented by Goemans and Williamson for MAXCUT [63]. Blum andKarger combine the results in [29] and [86] and give the best known approxi-mation algorithm for coloring a 3-colorable graph.2.3 Semide�nite RelaxationWe explain the idea of semide�nite relaxation in this section.2.3.1 Positive semide�nite matricesAn n � n matrix X is positive semide�nite if vTXv � 0 for every n-elementvector v. It follows directly from the de�nition that the sum of two positivesemide�nite matrices is still positive semide�nite.If X is symmetric (which implies that all of its eigenvalues are real, see,e.g., x5.5 of [144]), then the following statements are equivalent (see, e.g., [103]):� X is positive semide�nite.� All eigenvalues of X are nonnegative.� X admits a Cholesky decomposition. Namely there exists a matrixH suchthat X = HTH .Recall that we use X � 0 to signify that X is symmetric and positive semidef-inite.The following property of a symmetric and positive-semide�nite matrix willbe used throughout the thesis.Lemma 1 An n � n matrix X is symmetric and positive semide�nite if and onlyif there exists a set U of n-element columns vectors such thatX = Xu2U uuT :17



Proof Clearly uuT � 0 for any vector u 2 U . Therefore X � 0. The if-partof the lemma holds.Let HTH be the Cholesky decomposition of X . Let U be the set of thecolumns of HT . One can easily verify that X = Pu2U uuT . Therefore theonly-if-part of the lemma holds.The following lemma is a corollary of the above lemma.Lemma 2 Let X and Y be two n � n matrices. If X � 0 and Y � 0, thenX � Y � 0.Proof It follows from Lemma 1 that X and Y can be written asX = Xu2U uuT ;Y = Xv2V vvT :Clearly X � Y = Xu2U Xv2V (uuT ) � (vvT)= Xu2U Xv2V (u � v)2� 0:The lemma is proved.2.3.2 Semide�nite programsA semide�nite program is a mathematical program for optimizing a linear func-tion of a matrix X subject to linear constraints and the constraint that X � 0.An example of a semide�nite program is as follows.min C �Xs:t: A(1) �X � b1...A(`) �X � b`X � 0; (2.1)where C, A(1); : : : ; A(`), and X are all n�n matrices. Note that without the lastconstraint X � 0, the above mathematical program is simply a linear program.18



The constraint X � 0 is nonlinear but convex. Therefore a semide�niteprogram is a special case of a convex program. Although a semide�nite pro-gram is a nonlinear program, surprisingly it preserves many nice properties of alinear program. For instance most methods for solving integer programs (e.g.,simplex [48], ellipsoid [92], and interior-point [89, 156]) can be generalized tosemide�nite programs [119, 68, 146, 5, 112, 113]. As a result, a semide�niteprogram can be approximately solved to within an additive error � in poly-nomial time unless the optimal solution itself is exponentially large [5]. Forexample if the semide�nite program (2.1) has a feasible solution, then it takestime O(pn`3 log ��1) for interior-point methods to �nd a near-optimal solutionto within an additive error �.2.3.3 Semide�nite relaxationA discrete optimization problem, such as MAXCUT or COLORING, can usu-ally be written as an integer linear program. Solving an integer linear programis known to be NP-complete [90, 31], but linear program can be e�ciently solvedin polynomial time. Therefore the technique of fractional relaxation works asfollows. The linear program without the integral constraints is called the lin-ear relaxation of the original integer linear program. We �rst �nd the optimalsolution xfractional to the linear relaxation. We then round xfractional into anintegral solution xintegral. The vector xintegral is a good approximate solutionto the original integer linear program if the rounding procedure is successful.This technique has been used in approximation algorithms for many discreteoptimization problems [76, 128, 127, 25].Goemans and Williamson generalized the above linear-relaxation techniqueto obtain a nonlinear-relaxation one [63]: they write the MAXCUT problem asan integer semide�nite program, i.e., a semide�nite program with some integralconstraints, max 14C � (J �X)s.t. Xii = 1 for every 1 � i � nX � 0Xij 2 f�1g for every 1 � i; j � n; (2.2)where C is the edge-weight matrix of the given graph. They use interior-pointmethods to �nd a near-optimal solution Xreal of the semide�nite relaxation,19



i.e., the semide�nite programs without the integral constraintsXij 2 f�1g for every 1 � i; j � n;They show that Xreal can always be rounded to a good approximate solutionXintegral for the original discrete optimization problem.2.3.4 MAXCUT | an exampleTo illustrate the technique, we explain in this subsection why the MAXCUTproblem can be represented as (2.2). Let C be the edge-weight matrix of thegiven graph, i.e., Cij is the weight of edge ij. Suppose we use yi = 1 to signifyputting node i on the left, and yi = �1 to signify putting node i on the right.Therefore every cut corresponds to an assignment to y. One can easily verifythat the weight of the cut is exactly14 X1�i;j�nCij(1� yiyj):Therefore the weight of the maximum cut can be written asmax 14 X1�i;j�nCij(1� yiyj)s.t. yi 2 f�1g;which is equivalent tomax 14C � (J �X)s.t. X = yyTXii = 1 for every 1 � i � n: (2.3)Clearly a feasible solution to the above mathematical program is also a feasiblesolution to (2.2). It su�ces to show that a feasible solution to (2.2) is also afeasible solution to the above mathematical program.Let X be a feasible solution to (2.2). Since X � 0, there exists a matrix Hsuch thatX = HTH . Let h(i) be the ith column ofH . Since h(i) �h(i) = Xii = 1,each h(i) is a unit vector. Since h(1) � h(i) = X1j 2 f�1g, it follows thath(i) = �h(1) for every 1 � i � n. Let y be the �rst column of X . We knowh(i) = yih(1). We show X = yyT . For simplicity, let z = h(1), so h(i) = yiz.Therefore h(i)j = yizj ; (2.4)20



for every j. Let u(j) be the jth column of HT . Clearlyu(j)i = h(i)j ; (2.5)for every i and j. Combining (2.4) and (2.5), we know u(j) = zjy for every j.It follows that X = HTH= Xj u(j)u(j)T= Xj (zjy)(zjy)T= Xj z2j yyT= (Xj z2j )yyT= yyT :Thus X is a feasible solution to (2.3). It follows that (2.3) is equivalent to (2.2).Therefore the MAXCUT problem can be represented as (2.2).
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Chapter 3Basic Algorithms3.1 OverviewObtaining a near-optimal solution to the semide�nite relaxation of MAXCUT,which has O(n) constraints, is the crucial step in Goemans and Williamson'salgorithm. The time complexity for this step is O(n3:5) using interior-pointmethods. Obtaining a near-optimal solution to the semide�nite relaxation ofCOLORING, which has O(m) constraints, is the crucial step in Karger, Mot-wani, and Sudan's algorithm. The time complexity of this step is O(pnm3)using interior-point methods.In this chapter, we propose an alternative approach. We apply the methodof Plotkin, Shmoys, and Tardos [121] to �nd approximate solutions to bothsemide�nite programs. As the core of these algorithms, we use the powermethod to solve an eigenvalue problem. The power method can exploit thesparsity of the matrix, which in turn re
ects the sparsity of the graph.The basis of our approach is the method of Plotkin, Shmoys, and Tardos forapproximately solving what they call fractional packing and covering problems.Their method is analogous to Lagrangean relaxation, in which constraints arereplaced by a \penalty" component of the objective function, such that viola-tions of the constraint are penalized. The di�culty in Lagrangean relaxationis in choosing the weights of the penalties. In the method of Plotkin, Shmoys,and Tardos, the penalties are determined directly from a current candidate so-lution. These penalties are used to select a direction to move from the currentcandidate solution to obtain the next candidate solution, and the process isrepeated.Some of the particulars of their approach originated in the work of Shahrokhi22



and Matula [139] on approximate solution of a multicommodity 
ow problem.Shahrokhi and Matula proved a polynomial but rather high bound on the run-ning time of their algorithm. A much faster algorithm for this problem wasdeveloped by Klein, Plotkin, Stein, and Tardos [96]. One important ingredi-ent in the improvement is a formulation of approximate optimality (relaxedcomplementary slackness conditions) that works well in this setting. This mul-ticommodity 
ow algorithm was generalized by Leighton, Makedon, Plotkin,Stein, Tardos, and Tragoudas [105]. Plotkin, Shmoys, and Tardos then took a�nal step and generalized this multicommodity 
ow algorithm, obtaining nota single algorithm but a whole framework in which algorithms for a variety ofproblems could be formulated. Grigoriadis and Khachiyan [65] independentlygeneralized the above results on multicommodity 
ow problem to other appli-cations.This framework, like that of the ellipsoid algorithm [68] and the methodgiven by Vaidya [147], casts algorithms in terms of a subroutine, an oracle. Forthe ellipsoid algorithm, the subroutine is called a separation oracle. For Plotkin,Shmoys, and Tardos, the subroutine must �nd an optimum (or near-optimum)solution to a simpler optimization problem. Speci�cally, if the goal is to �nda vector that satis�es some linear inequalities and in addition lies in a givenconvex body P , the subroutine must �nd a vector in P of minimum cost.3.1.1 The basic algorithm for the semide�nite relaxation ofMAXCUTTo cast the semide�nite relaxation of MAXCUT in this framework, we take Pto be the set of positive-semide�nite matrices X satisfying the linear inequalityPij LijXij = 1. To obtain an algorithm, we must supply a subroutine to �ndsuch a matrix X minimizing a weighted sum of its diagonal elements. That is,we must �nd the minimizer ofminfXi yiXii :Xij LijXij = 1; X � 0g: (3.1)We show that the minimum is achieved by a rank-one matrix, a matrix X ofthe form uuT , where u is an n-element vector. Namely, the a minimizer for thefollowing program is also a minimizer of the above program.minfXi yiu2i :Xij Lijuiuj = 1; uuT � 0g: (3.2)23



Furthermore, we show that the best such vector u can be obtained from a vectorv which is the eigenvector corresponding to the maximum eigenvalue of a matrixL0 derived from L and y. Speci�cally, letL0ij = Lijpyiyj :Let v be the eigenvector corresponding to the maximum eigenvalue of L0. Letu be the vector obtained from v and y by lettingui = vipyi :Then u is a minimizer of (3.2), and therefore uuT is a minimizer of (3.1).Finding an eigenvector of a matrix would take too much time. We exploitthe fact that we need only an approximate solution, and can therefore use afew iterations of a method called the power method.Since L0 is positive-semide�nite, all its eigenvalues are nonnegative. Henceits maximum eigenvalue is the eigenvalue of maximum absolute value. Thepower method uses the fact that the eigenvalues of Ak are the kth powers of theeigenvalues of A. If k is big enough, therefore, small di�erences in eigenvaluesof A result in large di�erences in eigenvalues of Ak. Instead of computing Akdirectly, we can make do with the matrix-vector product Akx(0), where x(0) isa suitably chosen initial vector. We can compute this product by computinga series of k matrix-vector products Ax(i). Computing each of these productstakes time proportional to the number of nonzero elements of A. In this case,the number is O(m). It is known that a good enough solution is obtained bytaking k = O(��1 log n) [102]. Thus we obtain a fast subroutine to optimizeover P .Some additional work is needed. We need to ensure that the vectors ob-tained by the power method have reasonably small components. We do thisby perturbing the initial problem in a way that does not modify the optimumvalue too much; an approximately optimal solution to the perturbed problemyields an approximately optimal solution to the original problem. We also needto show how to obtain a good initial solution to the semide�nite program. Forthis, we use the previously known approximation algorithm for MAXCUT, dueto Sahni and Gonzalez [137], which is shown in Figure 2.1. Finally, we showthat after only O(��2n logn) iterations of optimizing over P , we obtain an �-optimal solution X to the semide�nite program. The time required is thusO(��3nm log2 n). Furthermore, in practice we could run the power method for24



many fewer iterations by using as its initial vector the output obtained fromthe power method the last time. Thus one factor of ��1 in our analysis seemssuper
uous.Since in each iteration the matrix output by the subroutine has the formuuT , we obtain X as the sum of such rank-one matrices:X = u(1)u(1)T + � � �+ u(r)u(r)T :In order to keep the required work space small, we do not store all those vectorsu(i) on the local disk. Since the server disk is usually much larger than the localdisk, we can store those vectors u(i) on the server disk. Although it wouldrequire space ~O(�3n2) on the server disk, the required work space is only O(m),which is used to keep the matrices L and L0, and the diagonal elements of thecurrent solution matrix.3.1.2 The basic algorithm for the semide�nite relaxation ofCOLORINGIn casting this problem in the framework of Plotkin, Shmoys, and Tardos, wetake the convex body P to be the set of positive-de�nite matrices X whosediagonal elements are 1. Thus in this case P involves n linear constraintsinstead of just one, as in the case of MAXCUT. Moreover, the function wemust optimize over P involves all the components of X rather than just thediagonal elements (as was the case in MAXCUT). The objective function hasthe formPij CijXij . Thus optimization over P cannot be done using a rank-onematrix. However, by making a small perturbation in this optimization problem,we transform it into precisely the MAXCUT semide�nite program. Thus we canuse our algorithm for that problem to approximately optimize over P . (Onceagain, we show that the perturbation is such that an approximately optimalsolution to the perturbed problem yields an approximately optimal solution tothe original problem.)This time, we need to optimize over P only O(��2 logn) times. Thus we ob-tain an algorithm for the semide�nite relaxation of that takes timeO(��5k3nm log3 n),if the given graph is k-colorable. As mentioned in x3.1.1, by being more cleverabout how we use the power method, we can probably remove one factor of ��1in practice. 25



3.1.3 OutlineHere is the structure for the rest of the chapter. We �rst give some preliminariesin x3.2. In x3.3 we give and analyze the basic approximation algorithm for solv-ing MAXCUT's semide�nite relaxation. In x3.4 we give and analyze the basicapproximation algorithm for solving COLORING's semide�nite relaxation.3.2 PreliminariesAll vectors in this chapter are n-element real column vectors. All matrices inthis chapter are n�n, real, and symmetric, and therefore have real eigenvalues.Let G be a simple undirected graph of n nodes with costs on edges. Let Cbe the cost matrix of G, where Cij is the cost of the edge ij of G. Let �L(G) bethe matrix �L de�ned as �Lij = 8<: �Cij i 6= jP1�k�n jCikj i = j:Note that if G does not have negative edge cost, then �L(G) is called the Lapla-cian matrix of G. The following lemma is immediate from Ger�sgorin's theorem(e.g. see x10.6 of [103]).Lemma 3 Let �L = �L(G). Then �L � 0.The semide�nite relaxation of MAXCUT is the following semide�nite pro-gram as shown in x2.3.4:max 14C � (J �X)s.t. Xii = 1 for every 1 � i � nX � 0:In order to handle the negative edge costs, however, Goemans and Williamsonwork on the following semide�nite program [63, Theorem 2.6].max 14C � (J �X)� cnegatives.t. Xii = 1 for every 1 � i � nX � 0; (3.3)where cnegative is the sum of negative edge costs of G. Lemma 4 ensures that(3.3) can be rewritten as follows.max 14 �L �Xs.t. Xii = 1 for every 1 � i � nX � 0: (3.4)26



Lemma 4 Let C be the cost matrix of graph G. Let �L = �L(G). Let cnegative bethe sum of negative edge costs of G. Let X be a matrix such that every diagonalelement of X is one. Then C � (J �X)� 4cnegative = �L �X .Proof Let D = �L+ C. Clearly D is a diagonal matrix. Since every diagonalelement of X is one, we know thatD �X = X1�i�n �Lii= X1�i;j�n jCijj= �4cnegative+ X1�i;j�nCij= �4cnegative+ C � J:Therefore �L �X = D �X � C �X= �4cnegative+ C � J � C �X= C � (J �X)� 4cnegative:The semide�nite relaxation of COLORING is the following semide�nite pro-gram as shown in [86].min �s.t. Xii = 1 for every 1 � i � nXij � � for every edge ij of GX � 0: (3.5)3.3 The Basic Algorithm for the Semide�nite Relax-ation of MAXCUT3.3.1 Problem reductionFor simplicity of the analysis, we assume that the edge costs of G are scaledsuch that the sum of the absolute values of G's edge costs is exactly one. Itfollows that �L � I = 2. De�ne matrix L to be the matrix obtained from �L asfollows: L = �L+ I=n: (3.6)27



Since �L � 0 by Lemma 3, we know L � 0. Consider the following semide�niteprogram. min �s.t. Xii � � for every 1 � i � nL �X = 1X � 0: (3.7)Suppose � is the maximum diagonal element of X . De�ne Z(X) to be thematrix obtained from X by increasing each of its diagonal elements to �. Onecan easily verify that if (X; �) is a feasible solution to (3.7), then Z(X)=� is afeasible solution to (3.4).The following lemma shows how to obtain a feasible solution to (3.7) froma feasible solution to (3.4).Lemma 5 Let X be a feasible solution to (3.4). Let c = �L �X . Then ( Xc+1 ; 1c+1)is a feasible solution to (3.7). Moreover, if X is an optimal solution to (3.4), then( Xc+1 ; 1c+1 ) is an optimal solution to (3.7).Proof The �rst part of the lemma is immediate from the fact thatL �X = �L �X + 1= c+ 1:We prove the second part. Suppose (X�; ��) is an optimal solution to (3.7).We know that Z(X�)=�� is a feasible solution to (3.4). Thereforec+ 1 = �L �X + 1� �L � Z(X�)=�� + 1= L � Z(X�)=��� 1=��:However by the optimality of (X�; ��) we know that �� � 1=(1+ c). Therefore1c+1 = ��, and the lemma follows.The following lemma ensures that the problem of �nding a near-optimal so-lution to (3.4) can be reduced to the problem of �nding a near-optimal solutionto (3.7).Lemma 6 Suppose � � 0:5. Let (X; �) be an �-optimal solution to (3.7). ThenZ(X)=� is a 2�-optimal solution to (3.4).28



Proof Let (X�; ��) be an optimal solution to (3.7). By de�nition � � (1 +�)��. Let �X = Z(X)=�, which is a feasible solution to (3.4). Clearly L � �X �1=�. Let �X� be an optimal solution to (3.4). We show �L� �X � (1+2�)�1 �L� �X�.Since �X� is feasible to (3.4), we know 1�L� �X�+1 � �� by Lemma 5. Thus1=�� � 1 � �L � �X�:Since I is feasible to (3.4), we know�L � �X� � �L � I= 2:Hence 1=�� � 1� � � (1� 0:5�)�L � �X�:Therefore we have �L � �X = L � �X � 1� 1=�� 1� (1 + �)�1=�� � 1= (1 + �)�1(1=��� 1� �)� (1 + �)�1(1� 0:5�)�L � �X�� (1 + 2�)�1 �L � �X�;where the last inequality holds because � � 0:5.For the rest of the section we focus on �nding an �-optimal solution to (3.7).3.3.2 Bounding the values of feasible solutionsWe �rst give a lower bound on the optimum value based on the assumptionthat the sum of the absolute values of G's edge costs is one. We then give anupper bound and a lower bound on the feasible values. Clearly the bounds onthe feasible values hold for the optimal value.Lemma 7 Let Y be a diagonal matrix such that Y � L � 0. Then the optimalvalue is at least 1=(I � Y ). 29



Proof Let (X�; ��) be an optimal solution to (3.7). Since X� � 0 and Y �L �0, it follows from Lemma 2 thatX� � (Y � L) � 0:Therefore X� � Y � L �X�= 1:Since X�ii � �� and Y is a diagonal matrix, we know X� � Y � ��I � Y . Itfollows that �� � 1=(I � Y ):The lemma is proved.The following lemma is a corollary of the above lemma.Lemma 8 The optimum value is at least 0:2.Proof Let Y be a diagonal matrix such that Yii = 2Lii � 1n . Namely Y =2(�L+ C) + I=n. It follows thatY � L = 2(�L+ C) + I=n� L= 2(�L+ C)� �L= �L+ 2C:By de�nition of �L we know that the ith diagonal element of �L + 2C is exactlythe sum of the absolute value of the o�-diagonal elements on its ith row. Itfollows from Ger�sgorin's theorem (see, e.g., x10.6 of [103]) that �L + 2C � 0.Therefore Y � L � 0.Note that I � Y = 2I � L� 1= 6� 1= 5:It follows from Lemma 7 that the optimal value is at least 0:2.Lemma 9 A feasible value is at most n.30



Proof By the feasibility of (X; �) we know L �X = 1. Since L = �L+ I=n, itfollows that I �X = n(1� �L �X):Note that �L � 0 by Lemma 3, and X � 0 by the feasibility of (X; �). Therefore�L �X � 0 by Lemma 2, and thusX11 + � � �+Xnn = I �X� n:Since X � 0, each Xii is nonnegative. It follows that Xii � n for every 1 � i �n. Let y be a nonnegative vector. Let X be a matrix. De�nehXiy = y1X11 + � � �+ ynXnn: (3.8)Clearly hXiy is nonnegative for any matrix X � 0. De�ne �(y) to be theminimum hXiy over all feasible matrices X , i.e., let�(y) = minfhXiy : L �X = 1; X � 0g: (3.9)The following lemma gives another lower bound on any feasible value.Lemma 10 A feasible value is at least �(y)=y � ~1 for any nonnegative vector y.Proof By the feasibility of (X; �) we know that �y � ~1 � hXiy. Since hXiy ��(y) by de�nition of �(y), the lemma follows.The following lemma ensures that there is always a rank-one feasible matrixthat achieves �(y).Lemma 11 �(y) = minfhuuT iy : L � (uuT ) = 1g.Proof Let � be the RHS of the equality. Since uuT � 0 for any vector u, weknow that uuT is feasible if L � (uuT ) = 1. Therefore �(y) � � by de�nition of�(y). We show �(y) � �. Suppose X is a feasible matrix such that hXiy = �(y).Since X is positive semide�nite, X can be written as Pu2U uuT , where U is aset of vectors. Let cu = L � (uuT ) for every u 2 U . By the feasibility of X we31



know Pu2U cu = 1, and thus Pu2U jcuj � 1. ThereforehXiy = Xu2UhuuT iy= Xu2U jcujhuuTjcuj iy� Xu2U jcuj�� �:3.3.3 Relaxed optimality conditionsLet � be a positive precision parameter. Let (X; �) be a feasible solution. Let~X be a feasible matrix such thath ~Xiy � (1 + �=13)�(y): (3.10)We de�ne the following relaxed optimality conditions, which are adapted from [122].(P1) (1� �)�y � ~1 � hXiy(P2) hXiy � h ~Xiy � �(hXiy + �y � ~1)The following two lemmas are adapted from [122]. The �rst lemma shows that(P1) and (P2) together ensure the near optimality of (X; �). The second lemmashows that (P1) always holds if � is su�ciently large.Lemma 12 Let y be a nonnegative vector. Let ~X be a matrix such that h ~Xiy �(1 + �=13)�(y). If � � 1=13, then (P1) and (P2) imply that (X; �) is 4�-optimal.Lemma 13 Suppose � � 2��1��1 ln(2n��1). Let (X; �) be a feasible solution.Let y be a nonnegative vector de�ned as yi = e�Xii . Then (P1) is satis�ed.For completeness of the thesis, we include the proofs of the above two lemmasin Appendix A.3.3.4 The algorithmLet C be the cost matrix for the given graph G. Let � be the given positiveprecision parameter. We give the basic algorithm that produces an �-optimal32



Algorithm VectorMaxCut(C; �)Input: C is the matrix such that Cij is the weight of edge ij ofthe input graph.Output: an �-optimal solution matrix X to the semide�nite re-laxation of MAXCUT for the input graph.1. Scale C such that the sum of the absolute values of the edgecosts is one, and then compute L from C.2. Let (X; �) = Initial(C).3. Let �0 = 2=3.4. While �0 > � do(a) Let �0 = �0=2.(b) Let (X; �) = Improve(X; �; �0=4).5. Return X .Figure 3.1: Algorithm VectorMaxCutsolution to (3.7). The algorithm starts with �nding a 23-optimal initial solution(X; �), i.e., a solution that achieves 35 of the optimum. It then iterativelyupdates (X; �) until it is �-optimal. In each iteration a procedure Improveis called to improve the precision of (X; �). Speci�cally, after the kth iteration(X; �) is guaranteed to be O(2�k)-optimal with high probability. The algorithmVectorMaxCut(C; �) is given in Figure 3.1.The procedure Initial(C) obtains an initial solution (X; �) from a greedysolution to the MAXCUT problem. Using the greedy method by Sahni andGonzalez [137], which is shown in Figure 2.1, one can obtain a 23 -optimal solu-tion to the MAXCUT problem in time linear in the number of edges. Moreover,such a greedy cut has value at least one half of the sum of edge costs. Let ube the characteristic vector for the greedy solution to the MAXCUT problem,where ui = 1 for every node i on one side of the cut, and uj = �1 for everynode j on the other side of the cut. Clearly uuT is the corresponding feasiblesolution to (3.4). Let c = �L � (uuT ). We know 14c � 12 , since the sum of theabsolute values of the edge costs is scaled to be one. Hence c � 2. Let thereturn value (X; �) of Initial(C) be (uuTc+1 ; 1c+1 ). It follows from Lemma 5 that(X; �) is feasible to (3.7). Since c � 2, � � 1=3. Therefore the initial solution(X; �) is 2=3-optimal by Lemma 8. 33



Algorithm Improve(X; �0; �)Input: X is the current solution whose value is �0.Output: a solution matrix X whose value is �-optimal.1. Let � = minf�; 1=13g.Let � = �0.Let � = 10��1 ln(2n��1).Let � = �=(4�n).2. Repeat(a) Let yi = e�Xii for every i = 1; : : : ; n.(b) Let ~X = Direction(y; �=13).(c) If (P2) is not satis�ed thenlet X = (1� �)X + � ~X.let � = maxfX11; : : : ; Xnng.elsereturn (X; �).Figure 3.2: Algorithm ImproveThe procedure Improve(X; �0; �) uses a positive vector y de�ned as a func-tion of the current solution (X; �) such that (P1) is always satis�ed. Theprocedure proceeds iteratively to update the current solution until (P2) is alsosatis�ed. In each iteration a procedure Direction(y; �=13) is called to obtaina feasible solution ( ~X; ~�) such that (3.10) holds with high probability. If (P2)is satis�ed, the current solution (X; �) is returned by the procedure. If thegiven parameter � is no more than 1=13, by Lemma 12 we know that the returnvalue of the procedure Improve is 4�-optimal as long as ~X satis�es (3.10). If(P2) is not satis�ed, then the current solution is moved towards ~X by a smallamount �. Namely let X = (1��)X+� ~X, and let � be the maximum diagonalelement of the new X . One can easily verify that the new (X; �) is still feasible.In the following subsection we will show that the procedure always terminatesin a �nite number of iterations. The procedure Improve(X; �0; �) is given inFigure 3.2.We will prove the following lemma in x3.3.8.Lemma 14 The procedure Direction(y; �) produces a feasible matrix uuT intime O(��1m lnn) such that huuT iy � (1 + �)�(y) holds with high probability.34



3.3.5 CorrectnessBy Lemma 8 we know ��1 � 5 for each feasible solution (X; �). Since � is setto be 10��1 ln(2n��1) in Improve(X; �; �), we know � � 2��1��1 ln(2n��1)always holds, and thus (P1) holds by Lemma 13, during the execution ofImprove(X; �; �). Therefore the correctness of the algorithm relies on the ter-mination of Improve. Clearly e��� � y �~1 � ne�� where �� is the optimal valueand � is the initial value. The following lemma, which is adapted from [122],ensures that Improve(X; �; �) terminates in a �nite number of iterations.Lemma 15 Suppose 0 < � � 1. Let (X; �) be a feasible solution. Let �, �, ybe as de�ned in Improve(X; �; �). Let ~X be a feasible matrix (not necessarilysatisfying (3.10)). Suppose (P2) is not satis�ed by (X; �), ~X and y. De�ne a newfeasible matrix X̂ to be (1 � �)X + � ~X. Let ŷ be de�ned by ŷi = e�X̂ii . Theny � ~1� ŷ � ~1 � ����y � ~1.(For the completeness of the thesis, we include the proof in Appendix A.) Wethen have the following lemma.Lemma 16 The algorithmVectorMaxCut(C; �) obtains an �-optimal solutionto (3.7) with high probability.3.3.6 Time complexityWithout loss of generality we may assume that m � n. Clearly the timerequired by each call to Improve(X; �; �) is dominated by the time requiredby obtaining the directions ~X. By Lemma 14 each ~X can be obtained in timeO(m��1 lnn). We will show that the number of iterations required by each callto Improve(X; �; �) is O(��3n lnn). Moreover if (X; �) is already O(�)-optimal,the number of iterations required by each call to Improve(X; �; �) is reducedto O(��2n lnn). Note that the precision parameter � given to Improve(X; �; �)is reduced by a factor of two in each iteration of VectorMaxCut. Thereforethe result of the previous call to Improve is an O(�)-optimal initial solution forthe current call to Improve with high probability. It follows that the runningtime of VectorMaxCut is ~O(��3mn).Lemma 17 Let �� be the value of the optimal solution to (3.7). Then the numberof iterations required by Improve(X; �0; �) is O((1 + �0=���1� )��2n lnn).35



Proof Since � = �4�n and � � ��, we know that ���� � �2��4n . Let N be thenumber of iterations required by the algorithm. Note that during the executionof the algorithm we have e��� � y � ~1 � ne��0 . It follows from Lemma 15 thatne��0(1� �2��4n )N � e��� :Therefore N � (�� � �)�� lnnln(1� �2��=(4n))= O((�� ��)��1 ln n+ lnn�2��=n ):The lemma follows.We already show that the initial solution (X; �) obtained by Initial hasvalue at most 1=3, so its corresponding hXiy is at most ne�=3. Lemma 15 ensuresthat hXiy never increases during the execution of the algorithm. Therefore theinequality e�� � hXiy � ne�=3always holds for any current solution (X; �), which implies that � � 1=2. Itfollows from Lemma 8 that �0=�� = O(1). Hence Lemma 17 ensures that thenumber of iterations required by each call to Improve(X; �; �) is O(��3n lnn).Moreover if �0=�� = 1 + O(�), then the number of iterations is reduced toO(��2n ln n). Therefore we have the following lemma.Lemma 18 The time complexity of the algorithm VectorMaxCut(C; �) is~O(��3mn).3.3.7 Space complexityAs described in x3.1.1, the algorithm Improve does not maintain every elementof the current solution matrix in the work space. One can see that the onlyelements of the current solution matrix required during the execution of Im-prove are the diagonal elements. Therefore the algorithm just maintains thediagonal elements of the current solution in the work space. For every rank-onedirection uuT output by Direction, the algorithm simply stores the vector uon the �le server. Therefore the required work space is only O(m), which isdominated by the space required by the matrices L and L0. Since the number ofiterations is ~O(��2n), as shown in the previous subsection, the space complexityof VectorMaxCut is ~O(��2n2). 36



If we are only interested in the value of the semide�nite relaxation of MAX-CUT for the given graph, we then do not have to spend the space on thosevectors u. Similarly, if we are interested in only O(m) elements of the resultingsolution matrix, and do not care about obtaining a matrix H such that HTHequals the �nal solution matrix, we do not have to spend the space on thosevectors u, either. For both cases the space complexity is only O(m). In x3.4and x5 we will see the cases in which we need only O(m) elements of the re-sulting solution matrix output by VectorMaxCut. We summarize the abovediscussion in the following lemma.Lemma 19 The space complexity of VectorMaxCut is O(��2n2 log n), butthe work space required by VectorMaxCut is only O(m). Moreover, the spacecomplexity is reduced to O(m) if� VectorMaxCut has to output only the value of the �nal solution matrix,or� VectorMaxCut has to output only O(m) elements of the �nal solutionmatrix.3.3.8 The power methodIt remains to describe Direction(y; �), which produces a feasible matrix uuTsuch that huuT iy � (1 + �)�(y) holds with high probability. We show thatit is in fact an eigenvector problem to �nd a feasible matrix uuT such thathuuT iy = �(y). The eigenvector problem can be approximately solved by awell-known numerical algorithm called the power method (see, e.g., x5.3 of [41]),which is one of the oldest methods for computing the dominant eigenpair of amatrix. Let L0 be a matrix de�ned asL0ij = Lijpyiyj :Since L � 0, one can easily verify that L0 � 0. Since L contains O(m) nonzeroentries, so does L0. Let v be de�ned by vi = uipyi. Note that y is positive, soL0 and v are both well-de�ned. Clearly L�(uuT ) = L0�(vvT) and huuT iy = v �v.It follows from Lemma 11 that�(y) = minfv � v : L0 � (vvT ) = 1g:Therefore 1=�(y) = maxfL0 � (wwT ) : w � w = 1g:37



By Rayleigh-Ritz's theorem (see, e.g., Theorem 4.2.2 of [79]) we know 1=�(y)is the maximum eigenvalue of L0. A unit eigenvector w in the eigenspace ofL0 corresponding to 1=�(y) is a vector that maximizes L0 � (wwT ) over all unitvectors. Let v = �(y)w, and let u be obtained from v and y by letting ui =vi=pyi. By the above discussion we know that uuT is a feasible solution suchthat huuT iy = �(y). Clearly if w is close to the eigenspace of L0 correspondingto 1=�(y), then the corresponding L�(uuT ) would be close to �(y). Speci�callyif w is a unit vector such thatL0 � (wwT ) � 1(1 + �=13)�(y) ; (3.11)then the corresponding uuT is a feasible matrix ~X that satis�es (3.10). There-fore the problem of �nding a feasible matrix ~X that satis�es (3.10) is reducedto the following problem:Let � be the maximum eigenvalue of a positive semide�nite matrixA, which has O(m) nonzero entries. Find a unit vector x such thatA � (xxT ) � (1 + �)�1�.The power method consists of a series of k iterations, where k is a parameterto be determined. Each iteration consists of a matrix-vector multiplication. Inparticular, initialize by choosing a random unit vector x(0), and then computex(k) = Akx(0)kAkx(0)k2using the recurrence x(i+1) = Ax(i)kAx(i)k2 :It is known that if k = 
(��1 lnn) then A � (x(k)xT(k)) � (1 + �)�1� holds withhigh probability [102]. (For completeness of the thesis, we include an easier-to-read proof in Appendix B.) Since each iteration of the power method requiresa matrix-vector multiplication, which takes time O(m), Lemma 14 follows.We would like to point out that Lanczos method (see, e.g., x9 of [77]) isan alternative to the power method for the above eigenvector problem. Itis observed that Lanczos method outperforms the power method in practice(see, e.g., x9.1.5 of [77]). Based on exact arithmetic, Lanczos method requiresonly O(��1=2 lnn) matrix-vector multiplications to obtain a vector x such thatA� (xxT ) � (1+ �)�1� [102]. Therefore if we use Lanczos method to implementDirection, then the running time of VectorMaxCut would be reduced by a38



factor of ��1=2 in exact arithmetic. In practice, however, Lanczos method is notas stable as the power method. Therefore Lanczos method involves expensivereorthogonalization during its execution. Some researchers [47] argued thatreorthogonalization is not really necessary for Lanczos method. Since this isnot a general belief, we choose the power method to implement Direction fora solid running-time analysis.3.4 The Basic Algorithm for the Semide�nite Relax-ation of COLORINGIn this section we show how to obtain an O(�)-optimal solution to (3.5), thesemide�nite relaxation of COLORING, which we restate here for convenience.min �s.t. Xii = 1 for every 1 � i � nXij � � for every edge ij of GX � 0: (3.12)3.4.1 De�nitionsA matrix Y is a cost matrix for G if Y is a nonnegative matrix such that Yij = 0for every ij that is not an edge of G. Let �(Y ) = min Y �X over all feasiblematrices X . Since (I; �) is feasible and Y � I = 0, we know that �(Y ) � 0.3.4.2 Bounding the values of feasible solutionsThe following lemmas bound the value of any feasible solution, including thevalue of an optimal solution.Lemma 20 Let (X; �) be a feasible solution. Then � � 1.Proof By the feasibility of (X; �) we knowX � 0, which implies that uTXu �0 for any vector u. If Xij > 1 for some edge ij of G, then uTXu < 0, where uis de�ned by uk = 8>>><>>>: 1 if k = i�1 if k = j0 otherwiseThe lemma thus follows. 39



Lemma 21 Let Y be a cost matrix for G. Let (X; �) be a feasible solution. Then� � �(Y )=Y � J .Proof If ij is an edge of G, then Xij � �. If ij is not an edge of G, thenYij = 0. It follows that �Y � J � Y �X . By de�nition of �(Y ) we know thatY �X � �(Y ). Therefore �Y � J � �(Y ). Since Y is nonnegative, Y � J � 0.The lemma thus holds.3.4.3 Relaxed optimality conditionsLet � be a positive precision parameter. Let (X; �) be a feasible solution. Let~X be a feasible matrix such thatY � ~X � (1 + �)�1�(Y ): (3.13)We de�ne the following relaxed optimality conditions, which are adapted from [122].(C1) (1 + �)�Y � J � Y �X(C2) Y �X � Y � ~X � ��(Y �X + �Y � J)The following two lemmas are adapted from [122]. The �rst lemma showsthat (C1) and (C2) together ensure the near optimality of (X; �). The secondlemma shows that (C1) is always satis�ed if � is su�ciently large.Lemma 22 Let Y be a cost matrix for G. Let ~X be a matrix satisfying (3.13).Then (C1) and (C2) imply that (X; �) is 4�-optimal.Lemma 23 Suppose � � �2��1��1 ln(4n2��1). Let (X; �) be a feasible solu-tion. Let Y be a cost matrix for G de�ned as Yij = e�Xij for every edge ij of G.Then (C1) is satis�ed.For completeness of the thesis, we give the proof of the above two lemmasin Appendix A.3.4.4 The algorithmWe give the basic algorithm that produces an �-optimal solution to the semide�-nite relaxation of COLORING. The algorithm starts with �nding an initial solu-tion (X; �). It then iteratively updates (X; �) until it is �-optimal. In each iter-ation a procedure ImproveC is called to improve the quality of (X; �). Speci�-cally each call to ImproveC either reduces the value of the current solution by40



Algorithm VectorColoring(G; �)Input: G is the input graphOutput: an �-optimal solution matrix X to G's semide�nite re-laxation for graph COLORING.1. Let (X; �) = InitialC(G).2. Let �0 = 2.3. While �0 > � do(a) Let �0 = �0=2.(b) While (X; �) is not �0-optimal doLet (X; �) = ImproveC(X; �; �0=4).4. Return X .Figure 3.3: Algorithm VectorColoringa factor of two or yields a solution that is near-optimal with respect to the pre-cision parameter given to ImproveC. The algorithm VectorColoring(G; �)is given in Figure 3.3.The procedure InitialC(G) obtains an initial solution (X; �) as follows:Xij = 8>>><>>>: 1 if i = j� 1n if ij is an edge of G0 otherwise:Clearly X � 0 (see, e.g., Ger�sgorin's theorem in x10.6 of [103]). Thus the initialsolution (X;� 1n) is feasible.The procedure ImproveC(X; �0; �) uses a nonnegative matrix Y de�nedas a function of the current solution (X; �) such that (C1) is always satis�ed.The procedure proceeds iteratively to update the current solution until (C2)is also satis�ed. In each iteration a procedure DirectionC(Y; �) is called toobtain a feasible solution ( ~X; ~�) such that (3.13) holds with high probability.If (C2) is satis�ed, the current solution (X; �) is returned by the procedure.By Lemma 22 we know that the return value of the procedure is 4�-optimal, aslong as (3.13) holds. If (C2) is not satis�ed, then the current solution is movedtowards ~X by a small amount �. Namely let X = (1 � �)X + � ~X, and let �be the new maximum Xij over all edges ij of G. One can easily verify that thenew (X; �) is still feasible. In the following subsection we will show that theprocedure always terminates in a �nite number of iterations. The procedure41



Algorithm ImproveC(X; �0; �)Input: X is the current solution matrix whose value is �0.Output: a solution matrix X whose value is either �-optimal orat most one-half of �0.1. Let � = �0.Let � = �4��1��10 ln(4n2��1).Let � = �=(4�).2. Repeat(a) Let Yij = e�Xij for every edge ij of G.(b) Let ~X = DirectionC(Y; �).(c) If � � 2�0 or (C2) is satis�ed thenReturn (X; �).elseLet X = (1� �)X + � ~X.Let � = maxfXij : ij is an edge of Gg.3. Return (X; �).Figure 3.4: Algorithm ImproveCImproveC(X; �0; �) is given in Figure 3.4.It remains to describe DirectionC(Y; �), which produces a feasible ma-trix ~X that satis�es (3.13). It is interesting that �nding a feasible solution(X; �) that achieves �(Y ) is equivalent to solving the semide�nite relaxation ofMAXCUT for some graph with nonnegative edge weights. The following lemmashows how to use the VectorMaxCut procedure to implement DirectionC.Lemma 24 Suppose G is k-colorable, where k � 2. Let ( ~X; ~�) be the outputof VectorMaxCut(Y; �6k ), where � � 1. Then ~X satis�es (3.13) with highprobability.Proof By Lemma 16 and Lemma 6 we know that with high probability ( ~X; ~�)is an �3k -optimal solution to the semide�nite relaxation of MAXCUT for thegraph speci�ed by the cost matrix Y . Assume ( ~X; ~�) is �3k -optimal. We showthat ~X satis�es (3.13).Let (X; �) be an optimal solution to the semide�nite relaxation of COLOR-ING, i.e., the mathematical program (3.12). Since G is k-colorable, it follows42



from the results in [86] that � � 11� k� �1k :By the feasibility of (X; �) we know thatY �X � �1kY � J: (3.14)Let X� be an optimal solution to MAXCUT's semide�nite relaxation (3.4)corresponding to the cost matrix Y . Clearly �(Y ) = Y �X�. Since X is alsofeasible for (3.4), it follows that�Y �X� � �Y �X: (3.15)By the assumption we knowY � (J � ~X) � (1 + �3k )�1Y � (J �X�);and thus �(1 + �3k )Y � ~X � � �3kY � J � Y �X�� �(1� �3)Y �X�;using (3.14) and (3.15). Since � � 1, we know that(1� �3)(1 + �3k)�1 � (1 + �)�1:Therefore �Y � ~X � �(1 + �)�1Y �X�. The lemma follows because Y �X� =�(Y ).3.4.5 CorrectnessWe know � is always no less than 2�0 during the execution of ImproveC(X; �0; �).Note that � is set to be �4��1��10 ln(4n2��1) in ImproveC(X; �0; �). It followsthat � � �2��1��1 ln(4n2��1) always holds, and thus (C1) holds by Lemma 23,during the execution of ImproveC(X; �0; �). Therefore the correctness of thealgorithm relies on the termination of ImproveC. Clearly e��� � Y � J �n2e��0 , where �� is the optimal value and �0 is the initial value. The fol-lowing lemma, which is an easy adaption of Lemma 3.3 in [122], ensures thatImproveC(X; �0; �) terminates in a �nite number of iterations.43



Lemma 25 Suppose 0 < � � 1. Let (X; �) be a feasible solution. Let �, �, Ybe as de�ned in ImproveC(X; �0; �). Let ~X be a feasible matrix (not necessarilysatisfying (3.13)). Suppose (C2) is not satis�ed by (X; �), ~X and Y . De�ne a newfeasible matrix X̂ to be (1� �)X + � ~X. Let Ŷ be de�ned byYij = 8<: e�Xij if ij is an edge of G0 otherwise:Then Y � J � Ŷ � J � �����Y � J .(For completeness of the thesis, we include the proof of the above lemma inAppendix A.) We have the following lemma.Lemma 26 Algorithm VectorColoring(G; �) obtains an �-optimal solutionto (3.12) with high probability.3.4.6 Time complexityClearly the time required by each call to ImproveC(X; �0; �) is dominated bythe time required by obtaining the directions ~X. It follows from Lemma 18that each ~X can be obtained in time ~O(mn��3k3) if G is k-colorable. We showthat the number of iterations required by each call to ImproveC(X; �0; �) is~O(��2). Since �0 is reduced by a factor of two, each time the current solution is�0-optimal with high probability. It follows that the running time required byall calls to Improve is dominated by that required by the last call. Thereforethe running time required by VectorColoring(G; �) is ~O(mn��5k3).Lemma 27 Let �� be the value of the optimal solution to (3.12). Then thenumber of iterations required by ImproveC(X; �0; �) is O((1+ 1��0=�0� )��2 lnn),where �0 = maxf��; �02 g.Proof By Lemma 25 we know that e�� � n2e��0 . One can easily verify that� � �0. Since � = �4� , it follows that ����� � ��2�04 . Let N be the numberof iterations required by the algorithm. Note that during the execution of thealgorithm we have e��0 � Y � J � n2e��0 . It follows from Lemma 25 thatn2e��0(1 + �2�04 )N � e��0 :Therefore N � (�0 � �0)�� ln 2nln(1 + �2�0=4)= O((�0 � �0)��1 ln n+ lnn��0�2 ):44



The lemma follows.Note that the algorithm starts with letting �0 = O(1). In the �rst O(lnn)iterations, each call to ImproveC reduces the current value � by a factor oftwo in time O(n lnn) by Lemma 27. From then on the initial solution is O(�0)-optimal with high probability. It follows that each call to ImproveC(X; �0; �)requires ~O(��2) iterations. Therefore we have the following lemma.Lemma 28 The running time required by the algorithmVectorColoring(G; �)is ~O(��5k3mn) if G is k-colorable.3.4.7 Space complexityAs explained in the previous subsection, the algorithm VectorColoringmakes ~O(��2) calls to the algorithm VectorMaxCut. For the same rea-son as we explained in x3.3.7, we store all the intermediate data, i.e. the outputof each call to VectorMaxCut, on the �le server. During the execution ofVectorColoring, we maintain only the ij-entry of the current solution ma-trix, for every edge ij of the graph, in the work space. Although the requiredspace is ~O(��4k2n2), the required work space is only O(m). Moreover, if weare interested in only the value of a near-optimal solution to the semide�niterelaxation of COLORING, then exactly m elements of the solution matrix needbe returned by each call to VectorMaxCut. Therefore the required space isreduced to O(m) by Lemma 19. In Chapter 5 we will see the cases in whichwe are interested only the value of the near-optimal solution to COLORING'ssemide�nite relaxation. We summarize the space complexity of VectorCol-oring in the following lemma.Lemma 29 The space complexity of VectorColoring is O(��4n2k2 log2 n),but the work space required by VectorColoring is only O(m). Moreover, thespace complexity is reduced to O(m) if VectorColoring has to output only thevalue of the �nal solution.
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Chapter 4Applications to theApproximation Algorithms ofMAXCUT and COLORINGIn this chapter we show how our basic algorithms can be applied to the bestknown approximation algorithms for MAXCUT and COLORING.4.1 Overview4.1.1 Application to the approximation algorithm of MAXCUTGoemans and Williamson's approximation algorithm for MAXCUT has thefollowing three steps:1. Obtain an �-optimal solution X to the semide�nite relaxation of MAX-CUT.2. Compute a Cholesky decomposition for X , i.e., obtain a matrix H suchthat HTH = X . Let h(i) be the ith column of H .3. Randomly choose a vector z, and then obtain a cut as follows: if z�h(i) � 0,put the ith node on the left-hand side; otherwise, put the ith node on theright-hand side.Goemans and Williamson show that the resulting cut is 0:878=(1+ �)-optimalwith high probability. Clearly our basic algorithm for the semide�nite relax-ation of MAXCUT is only for the �rst step. In this chapter, however, we show47



how to modify our basic algorithm so that the above three steps can be doneincrementally. Roughly speaking, our basic algorithm determines one com-ponent of each vector in fz; h(1); : : : ; h(n)g in each iteration. Therefore eachdot-product z � h(i) is known up to the jth term after j iterations. As soon asour basic algorithm �nds an �-optimal solution to the semide�nite relaxation ofMAXCUT, all the dot-products z � h(i) are computed. A near-optimal cut canthus be easily obtained. As a result, our basic algorithm does not have to storethose rank-one directions on the �le server. Therefore the space complexity isreduced to O(m), which is the same as the required work space.4.1.2 Application to the approximation algorithm of COLOR-INGKarger, Motwani, and Sudan's approximation algorithm for COLORING hasthe following three steps, where the �rst two steps are similar to the �rst twosteps of Goemans and Williamson's algorithm.1. Obtain an �-optimal solution X to the semide�nite relaxation of COL-ORING.2. Compute a Cholesky decomposition for X , i.e. obtain a matrix H suchthat HTH = X . Let h(i) be the ith column of H , which corresponds tothe vector color assigned to the ith node of the input graph.3. Randomly choose t vectors z(1); : : : ; z(t), and then obtain an assignmentof colors as follows: color the ith node with color s if z(s) is the vectoramong z(1); : : : ; z(t) that has the largest dot-product with h(i).Suppose the input graph is k-colorable. Let � be the maximum degree of theinput graph. Karger, Motwani, and Sudan show that if t = �1� 2k(1+�)+o(1),then the resulting color assignment is a legal t-coloring with high probability.Although our basic algorithm for the semide�nite relaxation of COLORING isonly for the �rst step, it can be modi�ed such that the above three steps aredone incrementally. Note that our basic algorithm for COLORING's semide�-nite relaxation repeatedly call our basic algorithm for MAXCUT's semide�niterelaxation. Roughly speaking, we determine one component of each vectorin fz(1); : : : ; z(t)g [ fh(1); : : : ; h(n)g in each iteration of our basic algorithm forMAXCUT's semide�nite relaxation. Therefore each dot-product z(s) � h(i) is48



known up to the jth term after j iterations. As soon as a near-optimal solu-tion to COLORING's semide�nite relaxation is obtained, all the dot-productsz(s) �h(i) are computed. A color assignment can therefore be easily obtained. Asa result, our basic algorithm does not have to store those rank-one directionson the �le server. The space complexity is thus reduced to O(m + nt). Therequired work space is still O(m).4.2 The Approximation Algorithm for MAXCUTWe show in the previous chapter that our basic algorithm for MAXCUT'ssemide�nite relaxation starts with �nding an initial rank-one matrix uuT , andthen proceeds iteratively to improve its quality. A rank-one update ~u~uT is ap-plied to the current matrix in each iteration. Therefore the resulting �-optimalsolution X can be written asX = u(1)u(1)T + � � �+ u(r)u(r)T ;where u(i)u(i)T is some scalar times the rank-one matrix obtained from the ithiteration, and r is the number of executed iterations. Let U be the matrixwhose ith column is u(i). One can easily verify thatX = UUT :As mentioned in x4.1.1, the approximation algorithm of Goemans and Williamsonrequires that we compute a matrix H such that HTH equals X . An evidentchoice of H is UT . It follows that our basic algorithm obtains the jth row ofthe matrix H in the jth iteration.Once the matrix H is obtained, the algorithm of Goemans and Williamsonassigns the ith column h(i) ofH to the ith node of the input graph. The resultingnear-optimal cut is determined by the signs of the dot-products z � h(i), wherez is a random vector obtained from the r-dimensional unit sphere. It is knownthat z can be obtained by independently choosing each component zi fromthe standard normal distribution and normalizing the resulting vector z (see,e.g., [99, p. 130]). For our purpose, however, there is no need to normalize theresulting vector z. Therefore we can determine zj in the jth iteration of ourbasic algorithm. Since the jth row of H is determined in the jth iteration, thejth component of each vector h(i) is known in the jth iteration. It follows thatwe can compute each dot-product z � h(i) up to the jth term after j iterations.49



Algorithm NearOptCut(C; �)Input: C is the matrix such that Cij is the weight of edge ij ofthe input graph.Output: a cut of the input graph.1. Let t = 1.2. Scale C such that the sum of the absolute values of the edgecosts is one, and then compute L from C.3. Let (X; �) = (uuT ; �) = Initial(C).Let p = Projection(u; t).4. Let �0 = 2=3.5. While �0 > � do(a) Let �0 = �0=2.(b) Let (X; �; p) =ModifiedImprove(X; �; �0=4; p; t).6. Return the set fthe ith node of the input graph : pi � 0g.Figure 4.1: Algorithm NearOptCutSince the resulting dot-products are all we need to obtain a near-optimal cut,our basic algorithm does not need to store all those rank-one directions on the�le server. Therefore the required space is reduced to O(m), which is also therequired work space. The time complexity is still O(��3mn log2 n).We give the algorithm for �nding a near-optimal cut in Figure 4.1, Fig-ure 4.2, and Figure 4.3. Note that all the matrices X and ~X in NearOptCutand ModifiedImprove keep only their diagonal entries.4.3 The Approximation Algorithm of COLORINGWe show in the previous chapter that our basic algorithm for COLORING'ssemide�nite relaxation starts with �nding a rank-one matrix solution uuT , andthen proceeds iteratively. Each iteration a subroutine DirectionC is called toobtain a direction matrix ~X, which is used to guide the current solution towardsthe optimal solution. The subroutine DirectionC can be implemented byVectorMaxCut. Since the resulting near-optimal solution matrix X is alinear combination of the initial matrix uuT and those direction matrices ~X,we can write X as X = u(1)u(1)T + � � �+ u(r)u(r)T ;50



Algorithm Projection(u; t)Input: u corresponds to one row of H , where each column h(i)of H corresponds to the vector assigned to a node.Output: The sth column of p corresponds to one term of thedot-products z(s) � h(1); : : : ; z(s) � h(n).1. For every s = 1; : : : ; t do(a) Let the sth column of p be 
u, where 
 is a random numberobtained from the standard normal distribution.Figure 4.2: Algorithm ProjectionAlgorithm ModifiedImprove(X; �0; �; p; t)Input: (X; �0) is the current solution, and p keeps the currentdot-products z(s) � h(i), for every 1 � s � t, 1 � i � n.Output: (X; �; p), where (X; �) is an �-optimal solution matrixX to the semide�nite relaxation of MAXCUT, and p maintainsthe current dot-products.1. Let (�; �; �; �) = SetParameters(�0; �), which is exactly the�rst step of Improve.2. Repeat(a) Let yi = e�Xii for every i = 1; : : : ; n.(b) Let ~X = uuT = Direction(y; �=13).(c) If (P2) is not satis�ed thenlet X = (1� �)X + � ~X.let ~p = Projection(u; t).let p = p1� �p+p�~p.let � = maxfX11; : : : ; Xnng.elsereturn (X; �; p).Figure 4.3: Algorithm ModifiedImprove51



where r is the total number of subroutine calls to Improve in all those subrou-tine calls to VectorMaxCut. Let U be the matrix whose ith column is u(i).Clearly X = UUT :The algorithm of Karger, Motwani, and Sudan also requires that we computea matrix H such that X = HTH . Clearly we can let H = UT . Therefore inthe jth iteration of those subroutine calls to VectorMaxCut, the jth rows ofthe matrix H is obtained.Once the matrix H is obtained, the algorithm of Karger, Motwani, andSudan assigns the ith column h(i) of the matrix H to the ith node of the inputgraph. The algorithm then computes t random vectors z(1); : : : ; z(t) from r-dimensional space. The ith node is assigned color s if z(s) is the vector infz(1); : : : ; z(t)g that has the largest dot-product with h(i). As described in [86],each z(s) can be obtained by independently choosing each of its componentsfrom the standard normal distribution (without normalization). Therefore ourbasic algorithm can determine the jth component of each z(s) in the jth iteration.Since the jth row of H is known in the jth iteration, we can compute each dot-product z(s) �h(i) up to the jth term in the jth iteration. Since the dot-productsare all we need to obtain a near-optimal coloring at the completion of execution,our basic algorithm does not have to store those rank-one directions on the �leserver. During the execution of our algorithm, only m elements of the currentsolution matrix matter. Therefore the space complexity is reduced toO(m+tn),where O(tn) is used to maintain the dot-products. Since t = O(�), where � isthe maximum degree of the input graph, the space complexity is O(m+ n�).The time complexity is still O(��5k3mn log3 n).Note that we do not have to keep those dot-products z(s) � h(i) in the workspace. Instead, we can store them on the �le server, as we did to those rank-one direction matrices in the previous chapter. At the end of each iteration,the dot-products can be updated in t iterations. Speci�cally, the values ofz(s) � h(1); : : : ; z(s) � h(n) are updated in the sth iteration. That way we keep thework space small. Therefore the work space of the algorithm is still O(m).We give the algorithm for �nding a near-optimal coloring in Figure 4.4,Figure 4.5, and Figure 4.6. Note that all the matrices X and ~X in NearOpt-Coloring,ModifiedImproveC, andModifiedDirectionC keep only theirij-entries, for every edge ij of the graph.52



Algorithm NearOptColoring(G; �)Input: G is the input k-colorable graph. Let � be the maximumdegree of G. Let t be �1� 3k(1+�)+o(1).Output: a t-color assignment for the nodes of G. The colorassignment is likely to be a legal t-coloring of the input graph.1. Let (X; �) = (uuT ; �) = InitialC(G).Let p = Projection(u; t).2. Let �0 = 2.3. While �0 > � do(a) Let �0 = �0=2.(b) While (X; �) is not �0-optimal doLet (X; �; p) =ModifiedImproveC(X; �; �0=4; p; t).4. For every i = 1; : : : ; n do(a) Assign color s to the ith node of the input graph if p(s)i �p(s0)i for every 1 � s0 � t.Figure 4.4: Algorithm NearOptColoringAlgorithm ModifiedImproveC(X; �0; �; p; t)Input: (X; �0) is the current solution. p keeps the current dot-products z(s) � h(i) for every 1 � s � t, 1 � i � n.Output: (X; �; p), where X is the resulting matrix whose value� is either �-optimal to the semide�nite relaxation of COLOR-ING or at most 2�0, and p keeps the current dot-products.1. Let (�; �; �) = SetParamtersC(�; �0), which is exactly the�rst step of ImproveC.2. Repeat(a) Let Yij = e�Xij for every edge ij of G.(b) Let ( ~X; ~p) =ModifiedDirectionC(Y; �=(6k); t).(c) If � � 2�0 or (C2) is satis�ed thenReturn (X; �; p).elseLet X = (1� �)X + � ~X.Let p = p1� �p+p�~p.Let � = maxfXij : ij is an edge of Gg.Figure 4.5: Algorithm ModifiedImproveC53



Algorithm ModifiedDirectionC(C; �; t)Input: C is the matrix such that Cij is the weight of edge ij ofthe input graph.Output: (X; p), where X is an �-optimal direction for Modi-fiedImproveC, and p, which has t columns, keeps the corre-sponding dot-products.1. Execute Step 2{5 of NearOptCut(C; �).2. Return (X=�; p=p�).Figure 4.6: Algorithm ModifiedDirectionC
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Chapter 5Applications to SomePerfect-graph AlgorithmsIn this chapter we show how our basic algorithms for COLORING's semide�niterelaxation can be applied to reduce the time and space complexity of the onlyknown polynomial-time algorithms for some optimization problems on perfectgraphs, if the chromatic number of the given graph is a constant.The only known polynomial-time algorithms for some optimization problemson perfect graphs are based on the observation that Lov�asz's theta function [106]can be computed in polynomial time [66]. It follows from a result in the journalversion of [86] that the clique number of a perfect graph is strongly related to theoptimal value of its semide�nite relaxation of COLORING. Therefore we canuse our basic algorithm for COLORING's semide�nite relaxation to reduce thetime and space complexity of these only known polynomial-time algorithms forperfect graphs if the chromatic number of the given perfect graph is a constant.5.1 Lov�asz's theta functionGiven a graph G with n nodes and m edges, A matrix A is feasible for G if� A is a real and symmetric n� n matrix,� Aii = 1 for every i = 1; : : : ; n, and� Aij = 1 for every ij 62 G.Since a feasible matrix A for G is symmetric, every eigenvalue of A is real. Weuse �max(A) to denote the largest eigenvalue of matrix A. Clearly �max(A) is55



well-de�ned for every feasible matrix A for G. Lov�asz's theta function #(G),can be de�ned as follows.#(G) = minf�max(A) : A is feasible for Gg:In fact there are �ve equivalent de�nitions for Lov�asz's theta function. Theabove de�nition is the de�nition #2(G), as described in [68, Equation (9.3.9)in page 287] and [100, De�nition (6.3) in page 9]. Lov�asz [106] introduced thisfunction to approximate the Shannon capacity [140, 135, 115] of a graph.Clearly the theta function of G can be written as a semide�nite program asfollows. min �s.t. Aii = 1 for every i = 1; : : : ; nAij = 1 for every ij 62 G�I �A � 0:Therefore #(G) is a polynomial-time computable function. Let �G be the comple-ment graph of G. Clearly #( �G) is also a polynomial-time computable function.Let !(G) be the size of the maximum clique in G. Let �(G) be the chromaticnumber of G. Lov�asz [106] showed that!(G) � #( �G) � �(G);for any graph G, which is called the Sandwich Theorem by Lov�asz [107]. Agraph G is perfect if !(G0) = �(G0);for any induced subgraph G0 of G [22, 23]. Therefore both !(G) and �(G) arepolynomial-time computable, if G is a perfect graph.5.2 Two Polynomial-time Algorithms for Perfect Graphs5.2.1 MAXCLIQUELet v be node of G. Let Gv be the induced subgraph of G obtained from G byremoving v and all the edges that are incident on v. Based on the observationthat !(G0) = #(G0) for any induced subgraph of a perfect graph G, Gr�otschel,Lov�asz, and Schrijver [66] gave the only known polynomial-time algorithm forobtaining a maximum clique in a perfect graph. We show the algorithm inFigure 5.1. 56



Algorithm MaxClique(G)Input: a perfect graph GOutput: a maximum clique of G1. Let C = fg.2. Compute ! = !(G).3. For every node v in G(a) Compute !0 = !(Gv).(b) If ! = !0 thenLet G = Gv,elseLet C = C [ fvg.4. Return C. Figure 5.1: Algorithm MaxCliqueWhen Gr�otschel, Lov�asz, and Schrijver [67] presented the above algorithmand other only known polynomial-time algorithms for perfect graphs, the onlychoice for solving semide�nite programs was the ellipsoid method, whose timecomplexity is high. Therefore they wroteOur analysis of these problems should be viewed as a theoreticalcontribution showing that certain programming problems for perfectgraphs are indeed polynomially solvable. Future research should bedirected toward �nding practically good algorithms for these prob-lems. These algorithms should have a more combinatorial natureand should not su�er from the numerical instability (due to ourpresent-day computer technology of �xed precision arithmetic). . .However, recent development of the interior-point algorithms for solving semidef-inite programs has made the above algorithm more practical than it was. Sup-pose G has n nodes and m edges. Note that in each of those n iterations ofMaxClique, a #(G0) is computed, where the number of edges in G0, which isan induced subgraph of G, is at most m. By the above discussion, we know57



Algorithm MaxStableSet(G)Input: a perfect graph GOutput: a maximum stable set of G1. Return MaxClique( �G).Figure 5.2: Algorithm MaxStableSet!(G0) = #( �G0) is equal to the optimum value of the following semide�nite pro-gram. min �s.t. Aii = 1 for every i = 1; : : : ; nAij = 1 for every ij 2 G0�I �A � 0:With simple change of variables, we can rewrite the program asmin �s.t. Xii = �� 1 for every i = 1; : : : ; nXij = �1 for every ij 2 G0X � 0:Since G0 has at most n nodes and at most m edges, the above semide�niteprogram can be approximately solved in time ~O(pnm3) using interior-pointmethods. Since there are n iterations in MaxClique, a maximum clique ina perfect graph G with n nodes and m edges can be found in time ~O(n1:5m3)using interior-point methods. Based on the above observation, Alizadeh [4, 5]developed a parallel algorithm for �nding a maximum clique in perfect graphs.5.2.2 MAX STABLE SETOne can easily see that �nding a maximum clique in G is equivalent to �ndinga maximum stable set in �G. The algorithm MaxStableSet(G) is simply afunction call toMaxClique( �G), as shown in Figure 5.2. The number of edgesin �G could be as large as �(n2) even if G is sparse. Therefore the running timerequired by MaxStableSet is ~O(n7:5).58



5.3 Reducing the ComplexityIn this section we show how our basic algorithm for COLORING's semide�niteprogram can be used to reduce the complexity required by MaxClique andMaxStableSet.First of all, we observe that if k = o(n), then MaxClique can be improvedby performing some binary searches. Speci�cally, suppose G0 is an inducedsubgraph of a perfect graph G. If !(G) = !(G0), then a maximum clique of G0is also a maximum clique of G. If !(G0) < !(G), then every maximum cliqueof G has at least a node in G n G0. Therefore after computing !(G0) for log ninduced subgraphs G0 of G, we can locate a single node v which is guaranteedto be in a maximum clique of G. Now we can reduce the problem to �nding amaximum clique of size !(G)� 1 in the induced subgraph of G on the nodesthat are adjacent to v. Then we can repeat the above procedure to �nd anothernode that is guaranteed to be in a maximum clique in the induced subgraph,which is therefore in a maximum clique in the original graph.Clearly the procedure repeats at most k times. Therefore the algorithmcomputes !(G0) for at most k logn induced subgraphs G0 of G. We give thealgorithm in Figure 5.3, where Gi is the induced subgraph ofG on nodes i; : : : ; n,where n is the number of nodes in G. Clearly the algorithmBetterMaxStableSet(G)is just BetterMaxClique( �G), as shown in Figure 5.4.If we use interior-point methods to compute those !(G0) in BetterMax-Clique, the running time required by BetterMaxClique is ~O(kpnm3).Therefore the running time required by BetterMaxStableSet is ~O(kn6:5).If k is a constant, then we can signi�cantly improve the running time of bothalgorithms using our basic approximation algorithm for the semide�nite relax-ation of COLORING.5.3.1 Time complexityLet �(G) be the optimal value of G's semide�nite relaxation for COLORING.It is shown in the journal version of [86] that �(G) = 1=(1�!(G)). If the givenperfect graph is k-colorable, then !(G) = �(G) � k by de�nition of perfectgraphs. It follows that an O(1=k)-optimal approximation to �(G) can be usedto determine !(G), since !(G) is an integer. Therefore our VectorColoringgives a way to implement BetterMaxClique and BetterMaxStableSetmore e�ciently. Speci�cally the running time required by BetterMaxClique59



Algorithm BetterMaxClique(G)Input: a perfect graph GOutput: a maximum clique of G1. Let C = fg.2. For ! = !(G) downto 1 do(a) Let ` = 1.(b) Let r be the number of nodes in G.(c) Repeati. Let i = d `+r2 e.ii. Compute !0 = !(Gi).iii. If !0 < !Let r = i� 1.elseLet ` = i.Until ` = r.(d) Insert node ` of G into the set C.(e) Change G to be the induced subgraph of G on the neigh-bors of node ` in G.3. Return C.Figure 5.3: Algorithm BetterMaxCliqueAlgorithm BetterMaxStableSet(G)Input: a perfect graph GOutput: a maximum stable set of G1. Return BetterMaxClique( �G).Figure 5.4: Algorithm BetterMaxStableSet60



is ~O(k9mn); and the running time required by BetterMaxStableSet is~O(k9n3). One can see that the improvement is particularly striking when kis a constant.5.3.2 Space complexityNote that we are only interested in the value of the solution returned by each callto VectorColoring. It follows from Lemma 29 that the space required byeach call to VectorColoring is only O(m). Therefore the space complexityof BetterMaxClique is only O(m).Since �G could be dense, the space complexity of MaxStableSet is stillO(n2).
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Chapter 6Compact Algorithms6.1 OverviewIn this chapter we give algorithms for obtaining low-rank approximate solutionsto the semide�nite relaxations of MAXCUT and COLORING. The objective isto obtain the low-rank solutions in the least possible space.We would like to point out that the running-time analysis of our compactalgorithms is based on exact arithmetic. In other words, we assume that thereis no error in our computations. In general this is not a practical assumption.Therefore the results presented in this chapter work only in theory. The assump-tion on exact arithmetic is due to the di�culty in one step of our algorithm,�nding a nonzero solution to a homogeneous linear system with O(n) variablesand O(n) constraints. Because we can a�ord only O(n1:5) space for this step,we resort to an iterative method, the conjugate gradient method, which requiresonly O(n) space. The time complexity is O(n3) in exact arithmetic. Withoutthe assumption of exact arithmetic, the running time depends linearly on thesquare root of the condition number of the linear system, because of the error inthe computation. However, the space we can a�ord is more than the space wehave used by a factor of O(pn). Therefore the computation in this step can bedone in O(pn)-bit precision. As a consequence, the computation should haveless error. Perhaps this could reduce the dependence of the running time onthe condition number of the linear system, and thus reduces the running timerequired by this step in practice. 62



6.1.1 MAXCUTIn Chapter 3 we show that our basic algorithm for MAXCUT's semide�niterelaxation starts with �nding a rank-one feasible solution, and then proceedsiteratively to improve its quality. In each iteration a rank-one update is appliedto the current solution, so the rank of the current solution is increased byat most one. Since the number of iterations could as large as ~O(��2n), theresulting solution is likely to have full rank. However, it follows from Pataki'sresults that no matter how high the rank of the current solution is, there alwaysexists a feasible solution of rank O(pn) that has the same quality. Thereforeour compact algorithm is simply the basic algorithm augmented with a numberof rank-reduction steps, which was �rst proposed by Pataki [119]. Speci�cally,whenever the rank of the current solution is one more than the bound given byPataki, we replace the current solution matrix by a new matrix with the samequality, whose rank is one less than the current solution matrix. That way wekeep the rank of the current solution low throughout the execution. As a result,we reduce the space required by approximating the semide�nite relaxation ofMAXCUT to O(m+ n1:5), where O(m) comes from the input.6.1.2 COLORINGIn Chapter 3 we show that our basic algorithm for COLORING's semide�niterelaxation runs in ~O(��2) iterations. In each iteration an approximate solutionto a MAXCUT's semide�nite relaxation is obtained. The resulting near-optimalsolution to COLORING's semide�nite relaxation is a linear combination of thesolutions obtained from all iterations. If we resort to our compact algorithmfor MAXCUT's semide�nite relaxation in each of those iterations, then we areguaranteed to �nd an approximate solution to COLORING's semide�nite re-laxation whose rank is ~O(��2pn). This gives an approximation algorithm forCOLORING's semide�nite relaxation that runs in space O(m)+ ~O(��2n1:5). Itis interesting to observe that Pataki's results only guarantee a rank-O(pm) so-lution to COLORING's semide�nite relaxation. Hence the rank of the solutionoutput by our algorithm is lower than the bound given by Pataki when � is aconstant and the graph is dense. 63



6.1.3 OutlineHere is the structure for the rest of the chapter. We �rst give some preliminariesin Section 6.2. In Section 6.3 we give and analyze the compact algorithmfor MAXCUT's semide�nite relaxation. In Section 6.4 we show the compactalgorithm for COLORING's semide�nite relaxation.6.2 PreliminariesWe need the following lemmas in this chapter.Lemma 30 Let X be a symmetric matrix. Suppose X = UDUT , where thecolumns of U are linearly independent, and D is k � k and diagonal.� If the rank of X is k, then Dii 6= 0 for every 1 � i � k.� X � 0 if and only if Dii � 0 for every 1 � i � k.Proof Let ui be the ith column of U . We know X = P1�i�kDiiuiuTi . IfDii = 0, then X is the sum of at most k � 1 rank-one matrices. Therefore therank of S is at most k � 1. The �rst statement holds.If every Dii is nonnegative, thenvTXv = X1�i�kDiivTuiuTi v= X1�i�kDii(v � ui)2� 0;for any vector v. Therefore X � 0. The if-part of the second statement holds.Assume X � 0. We show Dii � 0 for every 1 � i � k. Let L1 be thelinear space spanned by fu1; : : : ; ukg. Let L2 be the linear space spanned byfu1; : : : ; ukg n fuig. Since u1; : : : ; uk are linearly independent, the dimension ofL1 is one more than the dimension of L2. Therefore the dimension of L?2 is onemore than the dimension of L?1 . It follows that there exists a nonzero vector vin L?2 nL?1 . Namely v � ui 6= 0; and v � uj = 0 for every j 6= i. HenceDii(v � ui)2 = vTXv� 0;and thus Dii � 0. 64



Lemma 31 Let S and Ŝ be two symmetric k � k matrices, where S � 0 andŜ 6� 0. Then �̂ = maxf� : S + �̂Ŝ � 0g:is well-de�ned. Moreover, the rank of S + �̂Ŝ is at most k � 1.Proof Since S � 0, it follows from Theorem 8.7.1 of [77] that there exists anonsingular k�k matrix R such that S = RDRT and Ŝ = RD̂RT , where D andD̂ are diagonal. Since R is nonsingular, we know the columns of R are linearlyindependent. Since S + �Ŝ = R(D + �D̂)RT , it follows from Lemma 30 thatS+�Ŝ � 0 if and only if all (diagonal) elements of D+�D̂ are nonnegative. Bythe second statement of Lemma 30 we know Dii � 0 for every i and D̂jj < 0for some j. Therefore �̂ is well-de�ned as�̂ = minf�Dii=D̂ii : D̂ii < 0g:Suppose �̂ = �Djj=D̂jj for some 1 � j � k. Clearly the jth diagonal elementof D+ �̂D̂ is zero. It follows from Lemma 30 that the rank of S+ �̂Ŝ is at mostk � 1.Lemma 32 Let X , U , and S be three nonzero matrices such that X = USUT .The following statements hold.� The rank of X is no more than the rank of S.� X is positive semide�nite if S is positive semide�nite.Proof Suppose the rank of S is k. We know S can be written as RDRT , whereD is a k � k diagonal matrix. Let W = UR. Therefore X = WDWT , whichimplies that X can be written as the sum of k rank-one matrices. Thereforethe rank of X is no more than k. The �rst statement holds.Suppose S is positive semide�nite. We prove the second statement by show-ing that uTXu � 0 for any vector u. Let w be the vector such that w = UTu.Clearly uTXu = wTSw � 0, since S is positive semide�nite.6.2.1 Compact representation of low-rank matricesA procedure for the following problem is required by our compact algorithms.65



Given an n�n symmetric matrix X of rank k, where k is unknown,but k � ` for some known ` � n, compute an n� k matrix U and asymmetric k � k matrix S such that X = USUT .Since the rank of X is k, there exists a k � k diagonal matrix D and an n� kmatrix V , whose columns are orthonormal, such that X = V DV T . Let vi bethe ith column of V . Namely X = P1�i�k �ivivTi . In order to solve the aboveproblem, we �rst compute ` vectors w1; : : : ; w`, where each wi is obtained bymultiplying X by a random vector ri. Namely wi = Xri, for every 1 � i � `.We have the following lemma.Lemma 33 The linear space spanned by v1; : : : ; vk is equal to the linear spacespanned by w1; : : : ; w` with probability one.Proof Since wj = Xrj= X1�i�k �iwiwTi rj= X1�i�k(�iwTi rj)wi;each wj is in the linear space spanned by v1; : : : ; vk. It su�ces to show thateach vi is in the linear space spanned by w1; : : : ; w` with probability one, whichcan be proved by showing w1; : : : ; wk are linearly independent with probabilityone.Assume �1w1 + � � �+ �kwk = 0 for some coe�cients �1; : : : ; �k. ThereforeX(�1r1 + � � �+ �krk) = 0:Since r1; : : : ; rk are randomly chosen, the dimension of the linear space L1spanned by them is k with probability one. Let L2 be the linear space spannedby v1; : : : ; vk. The dimension of L?2 is n� k. Clearly L1 \L?2 = f0g holds withprobability one. Since L?2 is exactly the null space of X , we know �1r1+ � � �+�krk = 0 with probability one. Since r1; : : : ; rk are linearly independent withprobability one, we know �1 = � � � = �k = 0 with probability one.Now we orthonormalize w1; : : : ; w` using the Gram-Shmidt procedure (see,e.g., Chapter 5 of [77]), and get a set of orthonormal vectors u1; : : : ; uk suchthat the linear space spanned by w1; : : : ; w` is equal to the linear space spanned66



by u1; : : : ; uk. Let U be the n � k matrix whose columns are u1; : : : ; uk. Sincethe linear space spanned by u1; : : : ; uk is equal to the linear space spanned byv1; : : : ; vk, we know there exists a k�k matrix R such that V = UR. It followsthatX = URDRTUT . Therefore we know there exists a symmetric k�k matrixS = RDRT such that X = USUT . In fact S = UTXU , since the columns of Uare orthonormal. We then have a USUT factoring for the given matrix X .If the given matrix X is in the form of �U �S �UT , where �U is n � �k and �S is�k��k, then the rank of X is at most �k by Lemma 32. One can easily verify fromthe above that the USUT decomposition of X can be found in time O(n�k2)and space O(n�k).6.2.2 Pataki's rank bound on the basic solutions of semide�niteprogramsConsider the following set of symmetric positive-semide�nite matricesQ = fX � 0 : A(i) �X = bi, i = 1; : : : ; mg;where X and A(1); : : : ; A(m) are n � n matrices. Pataki [117] shows that ifQ is nonempty, then Q contains a matrix of rank k, for some k such thatk(k + 1) � 2m. The low-rank matrix is called a basic solution, by analogyto the notion of a basic solution to a linear program [46, 138, 19]. His proofrelies on the facial structure of the positive-semide�nite cone, which requiresbackground from convex analysis [134, 36]. Based on the existence of basicsolutions, Pataki [119] also shows how to obtain a basic solution from a feasiblesolution by performing a sequence of rank-reduction procedure.In the subsection we explain Pataki's rank-reduction procedure. The keyfor the rank-reduction procedure is the following straightforward observation.A homogeneous linear system has a nonzero solution if the numberof variables is more than the number of constraints.Pataki's bound on the rank of a basic solution follows inductively from thefollowing lemma.Lemma 34 Suppose Q contains a matrix X whose rank is k, where k(k + 1) �2m+ 1. Then Q contains a matrix X 0 of rank at most k � 1.67



Proof The proof is constructive, which follows Pataki's rank-reduction pro-cedure. Since the rank of X is k, it follows from x6.2.1 that X = USUT forsome k � k symmetric matrix S and n � k matrix U , where the columns of Uare orthonormal. Since X � 0 and S = UTXU , we know S � 0 by the secondstatement of Lemma 32. Suppose we can �nd a k�k symmetric matrix Ŝ suchthat1. Ŝ 6� 0, and2. A(i) � (UŜUT ) = 0 for every i = 1; : : : ; m.It follows from Lemma 31 that the rank of S + �̂Ŝ is at most k � 1, where �̂ =maxf� : S + �Ŝg. Let S 0 = S+ �̂Ŝ. Let X 0 = US 0UT . It follows from Lemma 32that X 0 � 0 and the rank of X 0 is at most k � 1. Since A(i) � (UŜUT ) = 0 forevery i = 1; : : : ; m, we know A(i) �X 0 = bi for every i = 1; : : : ; m. Therefore X 0is a matrix in Q whose rank is at most k � 1.It remains to show the existence of a k � k symmetric matrix Ŝ with therequired properties. Let us focus on the second property �rst. Note that eachA(i) � (UŜUT ) = 0is a homogeneous linear constraint on Ŝ. Since Ŝ is symmetric and k�k, it hasto satisfy k2�k2 other homogeneous linear constraints. As a result, we have ahomogeneous linear system with k2 variables and m+ k2�k2 constraints. Clearlyk2 � (m+ k2 � k2 ) = k2 + k2 �m� 1:The number of variables is at least one more than the number of constraints.Therefore the homogeneous linear system has a nonzero solution �S. Clearly� �S is also a nonzero solution to the system. At least one of �S and � �S is notpositive semide�nite. Therefore at least one of them satis�es properties 1 and2 above.6.3 The Compact Algorithm for the Semide�nite Re-laxation of MAXCUTLet G be a graph composed of n nodes and m edges with positive weights.Let C be the matrix such that Cij is the weight of edge ij. In x3.3.4 we68



give the algorithmVectorMaxCut(C; �) for solving the following semide�niteprogram to within relative error �.min �s.t. Xii � � for every 1 � i � nL �X = 1X � 0:At the completion of execution, the Cholesky decomposition of an �-optimalsolution is reported. The space required by VectorMaxCut is ~O(n2). In thissection we show how to modify that algorithm and obtain an algorithm solvingthe same problem whose space requirement is only O(m + n1:5), where O(m)comes from the input.6.3.1 The algorithmCompactVectorMaxCut(C; �), the compact version of the approximationalgorithm, is given in Figure 6.1. The algorithm starts with �nding an initialrank-one matrix (X; �). It then iteratively calls the subroutine CompactIm-prove to improve the quality of the current solution. The only thing thatCompactVectorMaxCut di�ers from the original versionVectorMaxCutis that the new subroutine CompactImprove runs in space O(n1:5) and alwaysoutputs a matrix X in the form of USUT , where U is n� k and S is k� k, forsome k = O(pn).The subroutine CompactImprove(X; �0; �) is given in Figure 6.2. Thesubroutine Direction is described in x3.3.8, which runs in time ~O(m��1) andspace O(n). It always outputs a rank-one matrix in the form of ~u~uT for somevector ~u.The only thing that CompactImprove di�ers from the original version isthat a new procedure RankReduction is called in each iteration after therank-one update is applied to the current matrix. The purpose is to ensurethat the rank k of the current matrix X satis�es that k(k + 1) � 2n + 2.Speci�cally, RankReduction( �X) computes the USUT decomposition of �Xusing the procedure described in x6.2.1, and therefore determines the rank kof �X. If k(k + 1) � 2n + 3, then it uses Pataki's rank-reduction proceduredescribed in the proof of Lemma 34 to �nd a matrix X 0 2 Q �X whose rank is atmost k � 1, where Q �X is the following set of matricesfX � 0 : L �X = L � �X , Xii = �Xii, 1 � i � ng:69



Algorithm CompactVectorMaxCut(C; �)Input: C is the matrix such that Cij is the weight of edge ij ofthe input graph.Output: an �-optimal solution matrix X to the semide�nite re-laxation of graph MAXCUT for the input graph.1. Scale C such that the sum of the absolute values of edge weightsis one, and then compute L from C.2. Let (X; �) = Initial(C).3. Let �0 = 2=3.4. While �0 > � do(a) Let �0 = �0=2.(b) Let (X; �) = CompactImprove(X; �; �0=4).5. Return X .Figure 6.1: Algorithm CompactVectorMaxCutAlgorithm CompactImprove(X; �0; �)Input: X is the current solution whose value is �0.Output: a �-optimal solution (X; �).1. Let (�; �; �; �) = SetParameters(�0; �), which is exactly the�rst step of Improve.2. Repeat(a) Let yi = e�Xii for every i = 1; : : : ; n.(b) Let ~X = Direction(y; �=13).(c) If (P2) is not satis�ed thenlet X = (1� �)X + � ~X.Let X = RankReduction(X).let � = maxfX11; : : : ; Xnng.elsereturn (X; �).Figure 6.2: Algorithm CompactImprove70



Algorithm RankReduction( �X)Input: the current solution matrix �XOutput: a rank-k solution matrixX 0 = US 0UT where k(k+1) �2n+ 2.1. Use the procedure given in x6.2.1 to compute the USUT de-composition of �X where the columns of U are orthonormal,and S is a k � k full-rank matrix.2. If k(k + 1) � 2n + 2, then return �X in the form of USUT .Otherwise,(a) Find a symmetric k � k matrix Ŝ such that Ŝ 6� 0, L �(UŜUT ) = 0 and the diagonal elements of UŜUT are allzero.(b) Find a nonsingular matrix R and two diagonal matrices Dand D̂ such that S = RDRT and Ŝ = RD̂RT .(c) Compute �̂ = minf�Dii=D̂ii : D̂ii < 0g. Let S0 = S + �̂Ŝ.Let X 0 = US 0UT .(d) Return X 0 in the form of US 0UT .Figure 6.3: Algorithm RankReductionSince �X 2 Q �X , we know Q �X is not empty. Lemma 34 guarantees the existenceof X 0, which is also the output of RankReduction( �X).In order to claim that CompactVectorMaxCut is a compact algorithm,it remains to show how to implement RankReduction to run in space O(m+n1:5).6.3.2 The rank-reduction stepWe give RankReduction( �X) in Figure 6.3.The input matrix �X is (1��) times the output of the previous iteration plusa rank-one update �~u~uT . Therefore it can be put in the form �U �S �UT , where Uis n� �k and �S is �k� �k for some �k = O(pn). It follows from x6.2.1 that the �rststep can be done in time O(n2) and space (n1:5).Step 2-(b) can be done in time O(k3) and space O(k2) using, for example,Algorithm 8.7.1 in [77].The real challenge comes from Step 2-(a), which requires that we �nd anonzero solution to the underconstrained homogeneous linear system Ax = 0with O(n) variables and O(n) constraints. Note that L � (UŜUT ) is equal to71



(UTLU) � Ŝ, where UTLU is a k � k matrix obtainable in time O(mk + nk2).Also note that the ith diagonal element of UŜUT is exactly uTi Ŝui, where ui isthe ith column of UT . Therefore the corresponding matrix A can be representedsparsely in space O(n1:5), although it is O(n)�O(n).A direct method such as Gaussian Elimination cannot be applied here to�nd a nonzero solution to Ax = 0, since it would take O(n2) space. Thereforewe have to resort to iterative methods which can �nd an exact solution in spaceO(n).6.3.3 Solving a homogeneous linear system in exact arithmeticLet �Ax = b be a linear system, where �A is a nonsingular n � n matrix, andb is nonzero. Then a solution to the system can be found in time O(n3) inexact arithmetic and space O(n) using iterative methods like the conjugategradient method [141]. It can be shown that in our homogeneous system Ax =0, the number of variables is O(pn) more than the number of constraints.Therefore we can throw in O(pn) linear constraints with random coe�cientsto make the system nonsingular and nonhomogeneous, and then use iterativemethods to �nd a solution of the new system, which also clearly gives a nonzerosolution to the original homogeneous system. Note that throwing in thoseO(pn) constraints requires O(n1:5) extra space, which fortunately does notexceed the space bound we are aiming for. As for exactly how many extraconstraints have to be added to make the system nonsingular but still consistent,we can use binary search, which adds an O(logn) factor to the required runningtime.Therefore we can �nd a nonzero solution to our homogeneous linear sys-tem Ax = 0 in time O(n3 logn) and space O(n1:5) using exact arithmetic. Inpractice, however, the running time of iterative methods depends polynomiallyon the condition number of the matrix A, i.e., the largest ratio of the abso-lute values of two eigenvalues of A. This is due to the accumulation of theerror in the computation. Researchers have developed various kinds of precon-ditioning techniques to bring down the condition number of the given linearsystem [71, 37, 91, 136]. As explained in x6.1, however, we can a�ord to per-form the computation in O(pn)-bit precision. This might reduce the runningtime required by the conjugate gradient method in practice.72



6.3.4 Overall complexityAs shown in x3.4.4 the total number of iterations required byCompactVectorMaxCut(C; �)is O(��2n log(n��1)). The running time of each iteration is dominated by thetime required by solving a homogeneous linear system, which is O(n3 logn)using exact arithmetic. It follows that the time complexity of our compactalgorithm is ~O(��2n4) using exact arithmetic. As shown in the previous sub-sections, the required space is O(m + n1:5). The required work space is alsoO(m+ n1:5).6.4 The Compact Algorithm for the Semide�nite Re-laxation of COLORINGIf the given graph is k-colorable, in x3.4.4 we show that an �-optimal solution toCOLORING's semide�nite relaxation can be found by making O(��2 log(n��1))subroutine calls to VectorMaxCut, each of which �nds an �6k -optimal so-lution to a semide�nite relaxation for some graph MAXCUT. The resulting�-optimal solution is simply a linear combination of the approximate solutionsreported by those ~O(��2) subroutine calls to VectorMaxCut. Clearly we canreplace VectorMaxCut by CompactVectorMaxCut. We therefore havean algorithm CompactVectorColoring(G; �),which runs in space O(m+ n1:5��2 log(n��1)). Based on exact arithmetic, thetime complexity of CompactVectorColoring is O(��4k2n4).Since the matrix output by CompactVectorMaxCut has rank at mostp2n+ 2, the rank of the solution output by CompactVectorColoring hasrank ~O(��2pn). It is interesting to note that if � is a constant, then the rankof the �-optimal solution output by CompactVectorColoring is asymptot-ically lower than Pataki's rank bound O(pm) on the basic solutions.73



Part IIIExperiments and Conclusion
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Chapter 7ImplementationMany researchers have implemented general interior-point methods for solvingsemide�nite programs [148, 33, 131, 130, 56]. In order to evaluate the practi-cal performance of our algorithms, we have done some preliminary numericalexperiments on our basic algorithm for MAXCUT. The programs are writtenin Matlab. We use SPARC station 10, which has 32 MB main memory and105 MB swap space, to perform the experiments. For comparison, we useRendl's code [130], which is also written in Matlab. Rendl's code implementsan interior-point algorithm for a very special kind of semide�nite programs. Weslightly modify Rendl's code, based on the guidelines shown in the document,to make the code fully exploit the special structure of MAXCUT's semide�niteprogram.7.1 Overview of ResultsWe ran both programs on three kinds of sparse graphs:� Random graphs with nonnegative edge weights | The degree of eachgraph is roughly four. Therefore the number of edges is roughly two timesthe number of nodes. Each nonzero edge weight is uniformly distributedbetween 0 and 1.� Random graphs from Spin Glasses | The number of edges is exactly twotimes the number of nodes in each graph. There are edges of positive andnegative weights in each graph.� Non-random graphs obtained from TSPLIB | The number of edges isroughly ten times the number of nodes in each graph. Each edge has a75



nonnegative weight.The experiments show that our program outperforms Rendl's program when� � 0:25 and n � 200. Moreover, Rendl's program runs out of memory ongraphs with more than 1,000 nodes, but our program can handle sparse graphswith 10,000 nodes.7.2 Some Tricks in the ImplementationA naive implementation of our algorithm VectorMaxCut turns out to be anextremely slow program. This is due to the non-negligible constant factors anda bad dependence on the required precision �. After using the following tricks inour implementation, however, our program becomes signi�cantly faster. When� is large enough, e.g., � � 0:25, our program is almost always better thanRendl's program in our experiments.1. Our experiments show that the value of � given in VectorMaxCut sig-ni�cantly a�ects the number of iterations required by Improve. Specif-ically, the number of iterations required by Improve depends roughlylinearly on the value of �. Therefore it would be nice to keep � as smallas possible. In the implementation we increase the value of � only whenthe relaxation optimality condition (P1) does not hold. This trick speedsup our implementation signi�cantly.2. In the analysis for VectorMaxCut we show that the reduction of po-tential in each iteration is determined by the step size �. We show alower bound for �, and thus guarantee that the potential is decreasedby a signi�cant factor in each iteration of Improve. In practice, we canuse binary search to look for the step size which decreases the potentialthe most. Namely, once the new direction ~X is determined, we look forthe step size � such that the potential of (1� �)X + �( ~X) is minimized.This trick also helps to improve the performance of our implementationsigni�cantly.3. The most expensive part of our algorithm is the power iterations. Thepower method is notorious in its slow convergence. It takes a lot of it-erations to converge the iterate to a dominant eigenvector. Althoughour analysis guarantees that ~O(1=�) iterations are su�cient, the power76



iterations are still very time-consuming. Fortunately the Direction pro-cedure does not always require that many iterations. Namely, the poweriteration can stop as long as the current iterate gives a direction ~X suchthat the relaxed optimality condition (P2) does not hold. In other words,we can stop the power iteration as soon as the direction ~X guaranteesto decrease the potential of the current solution by a signi�cant amount.This trick works well especially when � � 0:25. Our experiments showthat when � � 0:25 it roughly takes two power iterations to �nd a su�-ciently good direction.4. In the description of VectorMaxCut we show that the current solutionis guaranteed to be O(�)-optimal if (P1) and (P2) hold. In the exper-iments, however, we observe that our program ran a lot of unnecessaryiterations to satisfy (P1) and (P2). Usually the current solution is alreadyO(�)-optimal, but (P2) still does not hold. The question is then how toguarantee the near-optimality of the current solution besides (P1) and(P2). The answer is in Lemma 8. In Lemma 8 we show that the value ofany feasible solution is at least 0.2. Therefore we can stop our programas soon as the current value is no more than 0:2 � (1 + �). This trick alsohelps a lot when � � 0:25.5. The reason we perturb the matrix �L is to upper-bound the width by n.In the experiments, however, we observe that the perturbation does notseem to be necessary. Therefore we do not have to waste the precision ofour approximation by a factor of two. This trick turns out to reduce therunning time by roughly a factor of ten.7.3 Preliminary Numerical Experiments7.3.1 Random graphsIn this subsection we show our experiments on sparse random graphs with onlypositive edge weights. In order to demonstrate the e�ect of limited work space,we let our program keep every element of the current solution matrix in thememory. We will see that both Rendl's program and our program have thememory-swapping problem when 600 � n � 900, where n is the number ofnodes. When n � 1; 000, both programs run out of memory.77



� = 0:5 � = 0:25 � = 0:125 � = 0:0625n = 100 ours 00:00:06 00:00:36 00:06:36 00:41:48Rendl's 00:00:38 00:00:49 00:00:49 00:00:54n = 200 ours 00:00:28 00:02:47 00:35:30 03:13:40Rendl's 00:04:23 00:05:54 00:05:54 00:06:39n = 300 ours 00:01:03 00:04:09 01:30:42 09:59:16Rendl's 00:21:43 00:26:55 00:26:55 00:29:30n = 400 ours 00:02:52 00:11:06 03:19:07 23:33:48Rendl's 01:14:02 01:21:20 01:21:20 01:38:48n = 500 ours 00:04:33 00:18:18 05:21:35 47:55:45Rendl's 02:08:00 02:40:46 02:40:46 02:57:26Table 7.1: Comparison for sparse random graphs with no more than 500 nodes.We use n to denote the number of nodes. The number of edges in each graphis roughly 2n. The weight of each edge is uniformly distributed between 0 and1. Each running time is speci�ed as \hh:mm:ss".Table 7.1 and Figure 7.1 show the running times of both codes on sparserandom graphs with no more than 500 nodes. The number of edges in eachgraph is roughly two times the number of nodes. All edge weights are non-negative, uniformly distributed between 0 and 1. A typical graph of this kindis shown in Figure 7.2, where each dot corresponds to an edge. Each runningtime is speci�ed in the form of \hh:mm:ss", where \hh", \mm", and \ss", arethe numbers of hours, minutes, and seconds, respectively. Clearly our programperformed better than Rendl's program when � = 0:5 and � = 0:25. Rendl'sprogram is faster than our program when � � 0:125.Table 7.2 and Figure 7.3 show the running times of both codes on sparserandom graphs with 600 { 900 nodes. The number of edges in each graph isagain roughly two times the number of nodes. All edges weights are nonnega-tive, uniformly distributed between 0 and 1. Due to the limited amount of mainmemory in our machines, both programs start to su�er from memory swappingfor these larger graphs.Clearly our program performed better than Rendl's program in both CPUtime and elapsed time when � = 0:5. However, when � = 0:25, the elapsed timeof Rendl's program starts to be better than that of ours when n � 800, eventhough the CPU time of our program is still much better than that of Rendl'sprogram.As we explained in x1.2.1, the work space is relatively small compared to78
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Figure 7.1: Some illustrations for Table 7.1
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� = 0:5 � = 0:25 � = 0:125CPU elapsed CPU elapsed CPU elapsedn = 600 ours 00:08:19 00:23:21 00:31:56 01:52:23 09:56:29 25:25:03Rendl's 03:21:32 03:49:56 04:22:27 04:59:32 04:22:27 04:59:32n = 700 ours 00:14:19 01:25:09 00:52:48 06:13:50Rendl's 05:21:50 06:21:05 07:00:53 08:20:41 07:50:18 09:22:20n = 800 ours 00:16:32 03:01:19 01:24:02 20:21:20Rendl's 07:49:07 11:00:10 10:12:18 14:27:54 11:22:29 16:04:01n = 900 ours 00:12:16 04:39:01 01:03:31 24:21:02Rendl's out of memoryTable 7.2: Comparison for sparse random graphs with 600 { 900 nodes. Weuse n to denote the number of nodes. The number of edges in each graph isroughly 2n. The weight of each edge is uniformly distributed between 0 and 1.Each running time is speci�ed as \hh:mm:ss".
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Figure 7.3: Some illustrations for Table 7.280



the �le server. Therefore storing all the intermediate data on the �le servercan avoid the memory-swapping problem for our program, assuming the �leserver has su�cient disk space. That way our program does not su�er from thememory-swapping problem even for very large n, e.g., n = 10; 000. Moreover, asdescribed in Chapter 4, our algorithm does not have to store those intermediatedata, if it is applied to the approximation algorithm of Goemans andWilliamsonfor MAXCUT.The observation that our program su�ers from the memory-swapping prob-lem more seriously is understandable. It is simply because our program requiresa lot of iterations and each iteration requires some matrix-matrix addition. Theinterior-point methods, however, requires no more than 15 iterations in general,and each iteration requires constant numbers of matrix operations. If we com-pute only the value of the near-optimal solution instead of the near-optimalsolution itself, then our program can do a lot better, since our program doesnot su�er from the memory-swapping problem even for very large n. Out ofcuriosity we have performed an experiment on a sparse random graphs with10; 000 nodes and 20; 000 edges. If � = 0:5, our program runs in roughly tenhours. For the same input graph, Rendl's code would require at least one year,even if it had enough main memory to avoid the memory-swapping problem.We also ran an experiment to show the number of potential-reduction iter-ations required to achieve a certain precision of the approximation. The inputgraph has 400 nodes and 802 edges. The result is shown in Table 7.3 and il-lustrated in Figure 7.4. The experiment shows that the number of iterations isroughly proportional to ��2:5.For the rest of the chapter we show only the experiments that compute thevalues of MAXCUT's semide�nite programs instead of the solutions.7.3.2 Graphs from Spin GlassesWe performed some experiments on the instances obtained from an applicationof MAXCUT. Speci�cally, we ran our program on graphs which come from SpinGlasses [14, 142, 143, 132]. J�unger o�ers �ve weighted sparse graphs athttp://www.informatik.uni-koeln.de/ls_juenger/projects/spinglass/index.htmlThese graphs have 9, 64, 100, 400, and 2500 nodes. The number of edges ineach graph is two times the number of nodes. There are edges of positive andnegative weights in these graphs. A typical graph of this kind is shown in81



number of iterations� = 0:83 32� = 0:69 70� = 0:58 112� = 0:48 161� = 0:40 253� = 0:33 386� = 0:28 566� = 0:23 838� = 0:19 1337� = 0:16 2123� = 0:13 4385� = 0:11 9499� = 0:093 15706� = 0:078 23660� = 0:065 39163Table 7.3: The relation between the number of iterations and the precision ofthe approximation. The input graph has 400 nodes and 802 edges.
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� = 0:5 � = 0:25 � = 0:125 � = 0:0625n = 9 ours 00:00:00 00:00:00 00:00:03 00:00:11Rendl's 00:00:00 00:00:00 00:00:00 00:00:00n = 64 ours 00:00:01 00:00:15 00:01:37 00:08:18Rendl's 00:00:08 00:00:10 00:00:10 00:00:13n = 100 ours 00:00:06 00:00:31 00:04:07 00:25:10Rendl's 00:00:12 00:00:24 00:00:24 00:00:29n = 400 ours 00:00:33 00:02:00 00:26:20 02:35:31Rendl's 00:45:17 00:53:32 01:01:49 01:10:05n = 2500 ours 00:04:28 00:24:07 06:02:22 34:05:46Rendl's out of memoryTable 7.4: Experiments on sparse graphs obtained from Spin Glasses. We usen to denote the number of nodes. The number of edges in each graph is exactly2n. There are edges with positive and negative weights in these graphs. Eachrunning time is speci�ed as \hh:mm:ss".
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Figure 7.6: Some illustrations for Table 7.484
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Chapter 8Concluding Remarks8.1 Our ContributionWe have shown the following results.� We give algorithms for obtaining approximations to the semide�nite re-laxations of MAXCUT and COLORING. As a result, we speed up thecurrently best known approximation algorithms for MAXCUT and COL-ORING if the approximation precision is a constant. Our algorithmshave the ability to exploit the sparsity of the given graph. The requiredwork space is only linear in the size of the input. Therefore our algo-rithms enable the best known approximation algorithms for MAXCUTand COLORING to handle much larger graphs. Although our algorithmsperform well only for obtaining rough approximations, they can work onlarger instances that previous algorithms cannot even touch.� We show an interesting relation between the semide�nite relaxations ofMAXCUT and COLORING. Speci�cally, the semide�nite relaxation ofMAXCUT can be regarded as a subroutine for solving the semide�niterelaxation for COLORING.� Our algorithms adapt the framework of approximation algorithms for con-vex programs given by Plotkin, Shmoys, and Tardos. Previous applica-tions of their framework are all to linear programs. Our algorithms arethe �rst applications to nonlinear programs.� We give compact approximation algorithms for MAXCUT and COLOR-ING's semide�nite relaxations on sparse graphs. As a result, we reduce88



the space complexity required by obtaining a near-optimal solution to thesemide�nite relaxations of MAXCUT and COLORING.� Our basic algorithm for COLORING's semide�nite relaxation can be ap-plied to reduce the time or space complexity of the only known polynomial-time algorithm for solving MAXCLIQUE and MAX STABLE SET on aperfect graph if its chromatic number is a constant.8.2 Future WorkWe propose the following future work.� There are plenty of other semide�nite programs [106, 108, 63, 55, 51, 52,150, 113, 32]. It would be nice if our algorithms could be generalized towork on some of them.� Our compact algorithms are still far from practical due to their timecomplexity. It would be nice if one can come up with compact algorithmswith better running times. We propose to perform the conjugate gradientmethod in O(pn)-bit precision. We hope that this can reduce the timecomplexity of our compact algorithms.� We observe in the numerical experiments that our algorithms usually�nd a near-optimal solution long before the relaxed optimality conditionsguarantee the near-optimality of the solution. If we can provide a goodlower bound from the dual program, then our algorithms can terminatemuch earlier. Therefore we propose to look more carefully into the dualproblem in the framework of Plotkin, Shmoys, and Tardos. We hopethat the complexity, especially the dependency on the precision of theapproximation, can be reduced both in theory and in practice.� Our algorithm for solving COLORING's semide�nite relaxation worksonly for the unweighted case. We propose to generalize our results to theweighted case. This might reduce the time complexity for computing theweighted version of Lov�asz's theta function for a graph whose chromaticnumber is a constant. We also propose to apply our results to reduce thecomplexity for solving COLORING on perfect graphs.� As brie
y mentioned in x3.3.8, Lanczos method is a promising alternativeto the power method. We propose to replace the power method with89



Lanczos method in our algorithms. We hope that the time complexityof all our algorithms shown in the thesis can be reduced by a factor ofO(p1=�).
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Appendix AThe Proofs of Six LemmasWe include the proofs of six lemmas here. All these proofs are adapted fromthe corresponding proofs in the paper by Plotkin, Shmoys, and Tardos [122].A.1 The Proof of Lemma 12Lemma 12 Let y be a nonnegative vector. Let ~X be a matrix such that h ~Xiy �(1 + �=13)�(y). If � � 1=13, then (P1) and (P2) imply that (X; �) is 4�-optimal.Proof By (P2) and (P1) we know thath ~Xiy � (1� �)hXiy � ��y � ~1� (1� 2�)�y � ~1� ��y � ~1� (1� 3�)�y � ~1:It follows that � � (1� 3�)�1h ~Xiy=y � ~1� (1� 3�)�1(1 + �=13)�(y)=y � ~1� (1� 3�)�1(1 + �=13)��� (1 + r�)��;where the second-to-last inequality is by Lemma 10, and the last inequality isby � � 1=13. 91



A.2 The Proof of Lemma 13Lemma 13 Suppose � � 2��1��1 ln(2n��1). Let (X; �) be a feasible solution.Let y be a nonnegative vector de�ned as yi = e�Xii . Then (P1) is satis�ed.Proof We introduce the following localized version of (P1):(P̂1) For each 1 � i � n, either (1� �=2)� � Xii or yi � �2ny � ~1.We �rst show that (P̂1) implies (P1). Let K = fi : (1� �=2)� � Xiig. We havethat �y � ~1 = �Xi2K yi + �Xi 62K yi� 11� �=2 Xi2K yiXii + �Xi 62K �2ny � ~1:� 11� �=2hXiy + �2�y � ~1:Thus hXiy � (1� �=2)2�y � ~1� (1� �)�y � ~1:It remains to prove that � � 2��1��1 ln(2n��1) implies that (P̂1) is satis�ed.Since � is a diagonal element of X , we know that y � ~1 � e��. Consider anyindex i such that Xii < (1� �=2)�. Clearly yi < e(1��=2)��. Thereforeyiy � ~1 < e(1��=2)��e��= e����=2� �2n;where the last inequality is by the assumption that � � 2��1��1 ln(2n��1).A.3 The Proof of Lemma 15Lemma 15 Suppose 0 < � � 1. Let (X; �) be a feasible solution. Let �, �, ybe as de�ned in Improve(X; �; �). Let ~X be a feasible matrix (not necessarilysatisfying (3.10)). Suppose (P2) is not satis�ed by (X; �), ~X and y. De�ne a newfeasible matrix X̂ to be (1 � �)X + � ~X. Let ŷ be de�ned by ŷi = e�X̂ii . Theny � ~1� ŷ � ~1 � ����y � ~1. 92



Proof By Lemma 9, jXii � ~Xiij � n for every 1 � i � n. Since � = �4�n , wehave ��jXii � ~Xiij � �=4� 1=4:Using the second-order Taylor theorem, we see that if j�j � �=4 � 1=4 then forall z, ez+� � ez + �ez + �2 j�jez. Letting � = ��(Xii � ~Xii), we see thatŷi � yi + ��yi( ~Xii �Xii) + �2��yij ~Xii �Xiij:Therefore yi � ŷi � ��yi(Xii � ~Xii)� ���yi(Xii + ~Xii)=2;since j ~Xii �Xiij � ( ~Xii +Xii). It follows thaty � ~1� ŷ � ~1 � ��(hXiy � h ~Xiy)� ���2 (hXiy + h ~Xiy)� ���(hXiy + �y � ~1)� ���hXiy= ����y � ~1;where the second inequality is because (P2) is not satis�ed. The lemma isproved.A.4 The Proof of Lemma 22Lemma 22 Let Y be a cost matrix for G. Let ~X be a matrix satisfying (3.13).Then (C1) and (C2) imply that (X; �) is 4�-optimal.Proof By (C2) and (C1) we know thatY � ~X � (1 + �)Y �X + ��Y � J� (1 + �)2�Y � J + ��Y � J= (1 + 3�)�Y � J:Let �� be the optimal value. It follows that� � (1 + 3�)�1Y � ~X=Y � J� (1 + 3�)�1(1 + �)�1�(Y )=Y � J� (1 + 4�)�1��;where the second inequality is by (3.13), and the last inequality is by Lemma 21.93



A.5 The Proof of Lemma 23Lemma 23 Suppose � � �2��1��1 ln(4n2��1). Let (X; �) be a feasible solu-tion. Let Y be a cost matrix for G de�ned as Yij = e�Xij for every edge ij of G.Then (C1) is satis�ed.Proof We introduce the following localized version of (C1):(K̂1) For each edge ij of G, either Xij � (1 + �=2)� or XijYij � �2n2Y � J .We �rst show that (K̂1) implies (C1). Note that by (K̂1) we know thatXijYij � (1 + �2)�Yij + �2n2�Y � Jfor every edge ij of G. ThereforeY �X � (1 + �=2)�Y � J + (�=2)�Y � J= (1 + �)�Y � J:It remains to prove that � � �2��1��1 ln(4n2��1) implies that (K̂1) issatis�ed. Since there is an edge ij of G such that Xij = �, we know thatY � J � e��. Consider any edge ij such that Xij < (1 + �=2)�. We showXijYij � �2n2 Y �J . Clearly �Xij � �� � �1. Note that a function f(x) = xecxis monotonically nonincreasing if cx � �1. It follows thatXijYij = Xije�Xij� (1 + �2)�e(1+ �2 )�:Therefore XijYijY � J � (1 + �2)�e���=2� 2�e���=2� �2n2 ;where the last inequality is by the assumption that � � �2��1��1 ln(4n2��1).
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A.6 The Proof of Lemma 25Lemma 25 Suppose 0 < � � 1. Let (X; �) be a feasible solution. Let �, �, Ybe as de�ned in ImproveC(X; �; �). Let ~X be a feasible matrix (not necessarilysatisfying (3.13)). Suppose (C2) is not satis�ed by (X; �), ~X and Y . De�ne a newfeasible matrix X̂ to be (1� �)X + � ~X. Let Ŷ be de�ned byYij = 8<: e�Xij if ij is an edge of G0 otherwise:Then Y � J � Ŷ � J � �����Y � J .Proof By Lemma 20, jXij � ~Xij j � 1 for every edge ij of G. Since � = �4� ,we have ��jXij � ~Xij j � �=4 � 1=4. Using the second-order Taylor theorem,we see that if j�j � �=4 � 1=4 then for all z, ez+� � ez + �ez + �2 j�jez. Letting� = ��(Xij � ~Xij), we see that Ŷij is at mostYij + ��Yij( ~Xij �Xij) + �2��Yij j ~Xij �Xij j:Therefore Yij � Ŷij is at least��Yij(Xij � ~Xij) + 12���Yij(Xij + ~Xij);since j ~Xij �Xij j � �( ~Xij +Xij). It follows thatY � J � Ŷ � J � ��Y � (X � ~X) + ���2 Y � (X + ~X)� ���(�Y �X � �Y � J) + ���Y �X= �����Y � J;where the second inequality is follows from that fact that (C2) is not satis�ed.The lemma is proved.
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Appendix BAn Analysis of the PowerMethodLet A be an n�n symmetric positive-semide�nite matrix. Let � be the largesteigenvalue of A. Let x(0) be a randomly chosen unit vector. De�nex(k) = Akx(0)kAkx(0)k2 :In this appendix we prove the following lemma.Lemma 35 Let k = 1� ln(2nc+1� ). ThenA � (x(k)xT(k)) � (1 + �)�1�holds with probability at least 1� n�c.Since A � 0, it has n orthonormal eigenvectors w(1); : : : ; w(n). Let �1; : : : ; �nbe the corresponding eigenvectors, and suppose they are indexed so that �1 �� � � � �n � 0. It is known that A can be written as�1w(1)wT(1) + � � �+ �nw(n)wT(n):Since w(1); : : : ; w(n) are orthonormal, every arbitrary unit vector x can be writ-ten as �1w(1) + � � �+ �nw(n), where �21 + � � �+ �2n = 1. Note thatAkx = X1�i�n �i�kiw(i)kAkxk2 = s X1�i�n�2i�2ki96



for any k � 0. It is not hard to see that as k grows larger, x(k) gets closer tou(1). The following lemma gives an upper on the k that is required for x(k) tobe a unit vector x such that A � (xxT ) � (1 + �)�1�1.Lemma 36 Let x(k) be as de�ned above. Suppose �1 � 0. If k � ��1 ln(��1��21 ),then A � (x(k)xT(k)) � (1 + �)�1�1.Proof Assume A�(x(k)xT(k)) < �1=(1+�). We show k < ��1 ln(��1��21 ). Notethat A � (x(k)xT(k)) = X1�i�n �2i�2k+1iX1�i�n�2i�2ki :It follows from the assumption that(1 + �) X1�i�n�2i�2k+1i < �1 X1�i�n �2i�2ki :Let �i = �1 � (1 + �)�i for every 2 � i � n. The above inequality can berewritten as follows by moving the �rst terms of both summations to the left,and the remaining terms to the right.��21�2k+11 < X2�i�n�2i�2ki �i: (B.1)Clearly �2 � � � � � �n. If �n were less than or equal to zero, then the RHSof (B.1) would be less than or equal to zero, which contradicts the fact that theLHS of (B.1) is nonnegative. Therefore we know �n > 0. Let t be the smallestindex such that �t > 0. It follows that��21�2k+11 < Xt�i�n�2i�2ki �i� Xt�i�n�2i�2kt �1� �2kt �1:Therefore ��21(�1=�t)2k < 1. Since �t > 0, we know that �1=�t > (1 + �). Thus��21(1 + �)2k < 1. Since ln(1 + �) � �=2 for any 0 � � � 1, it follows thatk < ��1 ln(��1��21 ).Since the number of iterations required by the power method is determinedby the �21 of x(0), it su�ces to show how to choose the initial vector x such thatits �21 is su�ciently large. It turns out that randomly choosing x(0) uniformly97



from the surface of the n-dimensional unit sphere is su�cient. Note that the�1 of x is exactly x � w(1), the projection of x on w(1). The following lemmaprovides a lower bound on the probability that �21 = 
(n�c�1) for any c � 0.Lemma 37 Suppose n � 2. Let x0 be a �xed unit vector in n-dimensional space.Let x be a random vector that is uniformly distributed on the surface of the n-dimensional unit sphere. Then the probability that (x �x0)2 � 12nc+1 is at most n�cfor any c � 0.Proof Let a = 12nc+1 . Clearly Pr((x � x0)2 � a2) = Pr(jx � x0j � a). We showPr(jx � x0j � a) � n�c.Let �̂ = arccosa. It is known by multivariable analysis (see, e.g. x60 of [126])that Pr(jx � yj � a) = 1S Z �=2�̂ sinn�2 � d�� 1S (�2 � �̂);where S = Z �=20 sinn�2 � d�. Note that � � 2 sin �, for any � � �2 . It followsthat �2 � �̂ � 2 sin(�2 � �̂)= 2 cos �̂= 2a= n�c�1 :Therefore it su�ces to show that S � 1n .It is known (see, e.g., (131) of x60 in [126]) thatS = �(n�12 + 1)n�n=22(n� 1)�(n�1)=2�(n2 + 1)for any n � 2. Therefore S � �(n2 )2�(n2 + 1) = 1n:A uniformly distributed random vector x on the surface of the n-dimensionalunit sphere can be obtained by randomly generating n values x1; : : : ; xn inde-pendently from the standard normal distribution, and then normalizing the98



resulting vector (see, e.g., page 130 of [99].) The standard normal distributioncan be simulated using the uniform distribution between 0 and 1 (see, e.g., page117 of [99].) Let x = x(k), where k = d1� ln(2nc+1� )e. It follows from Lemma 36and Lemma 37 that the probability that A � (xxT ) � (1 + �)�1�1 holds is atleast 1� n�c. Lemma 35 is proved.
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