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AbstractWe present e�cient algorithms and data structures for dynamic re-�nement/coarsening (adaptation) of unstructured FE meshes on looselycoupled parallel processors. We describe a) a parallel adaptation algo-rithm, b) an online parallel repartitioning algorithm based on mesh adap-tation histories, c) an algorithm for the migration of mesh elements be-tween processors, and d) an integrated object-oriented framework for theadaptation, repartitioning and migration of the mesh at runtime. A two-dimensional triangle-based prototype demonstrates the feasibility of theseideas.1 IntroductionAlthough massively parallel computers can deliver impressive peak performances,their computational power is not su�cient to simulate physical problems withhighly localized phenomena by using only brute force computations. Adap-tive computation o�ers the potential to provide large increases in performancefor problems with dissimilar physical scales by focusing the available comput-ing power on the regions where the solution changes rapidly. Since adaptivitysigni�cantly increases the complexity of algorithms and software, new designtechniques based on object-oriented technology are needed to cope with thecomplexity that arises.In this thesis we study problems that arise when �nite-element and spec-tral methods are adapted to dynamically changing meshes. Adaptivity in thiscontext means the local re�nement and dere�nement of meshes to better followthe physical anomalies. Adaptation produces load imbalances among processorsthereby creating the need for repartitioning of the work load. We present newparallel adaptation, repartioning and rebalancing algorithms that are stronglycoupled with the numerical simulation. Adaptation, repartitioning and rebal-ancing each o�er challenging problems on their own. Rather than studying theseproblems individually we put special emphasis on investigating the way thesedi�erent components interact. By considering adaptivity as a whole we obtainnew results that are not available when these problems are studied separately.We discuss the di�culties of designing parallel re�nement algorithms andwe introduce a re�nement algorithm based on the Rivara's bisection algorithmfor triangular elements [1], [2]. By representing the adapted mesh as a forest oftrees of elements we avoid the synchronization problems for which Jones et aluse randomization [3].We propose a new Parallel Nested Repartitioning algorithm that has itsroots in the multilevel bisection algorithm of Barnard et al [16]. It produceshigh quality partitions at a low cost, a very important requirement for recom-puting partitions at runtime. It has a very natural parallel implementation thatallows us to partition meshes of arbitrary size. The collapsing of the vertices isperformed locally using the re�nement history and avoiding the communicationoverhead of other partitioning methods [19]. Compared to iterative local migra-1



tion techniques [42] this method does not require several iterations to rebalancethe work.Finally we design a mesh data structure where the elements and nodes arenot assigned to a �xed processor throughout the computation but can easilymigrate from one processor to another in order to rebalance the work. The meshis represented as a set of C++ objects. To avoid the problem of having danglingpointers between di�erent address spaces, the references to remote objects arehandled through local proxies. These proxies keep track of the migration ofobjects as a result of load balancing.To evaluate these ideas we designed and implemented a system in C++.This program runs on a network of workstations (NOW) and uses MPI [23] tocommunicate between processors. The most salient characteristic of adaptivecodes is the high sophistication of their data structures. The use of objectoriented techniques allowed us to reduce the complexity of the implementationwithout signi�cantly a�ecting the performance.2 Mesh-based computationThe numerical solution of complex partial di�erential equations using compu-tational resources requires the de�nition of a domain 
 in which the problem isto be solved and a set of conditions to be applied at its boundaries [10]. Thecontinuous domain and boundary conditions are discretized so they becomeamenable to computer manipulation. A computational mesh M is thereby pro-duced. This mesh is constructed by splitting the domain into a set of simplepolygons such as triangles and quadrilaterals (in 2 dimensions) or tetrahedrals(in 3 dimensions) called elements that are connected by faces, edges and nodes.Once a mesh is constructed, elements can be split into a set of nested smallerelements or combined into a macroelement. This process is called the adaptationof the mesh. In an adaptive method the selective and local re�nement of themesh is interleaved with the solution of the problem by contrast with the staticgrid generation approach in which a �xed discretization of the geometry is donein a preprocessing step.Adaptive methods can be schematically described as a feedback processwhere the automatic construction of a quasi-optimal mesh is performed in thecourse of the computation [1]. Rather than using a uniform mesh with gridpoints evenly spaced on a domain, adaptive mesh re�nement techniques placemore grid points where the solution is changing rapidly. The mesh is adaptivelyre�ned during the computation according to local error estimates on the domain[3]. Meshes are usually re�ned for two main reasons: [10]:� to obtain a better solution by increasing the resolution in a particularregion (steady case).� to better resolve transient phenomena like shocks in the simulation of sti�unsteady two-dimensional 
ows [6]. During the computation the mesh isre�ned and coarsened (called sometimes �ssion and fusion operations) as2



the regions of interest evolve and move. The construction of meshes forthis type of problem requires data structures that allow:{ addition of elements when an element is re�ned by replacing it bytwo or more nested elements.{ coalescence of elements into larger elements when the mesh is coars-ened.Although the computational power of parallel computers is continuously in-creasing it is unlikely that they will reach the level of performance required tosolve problems of very localized physical phenomena using a uniform discretiza-tion of the domain. Rather than using this brute force approach adaptive meshesrestrict the use of small elements to the regions of interest while maintaining acoarser mesh everywhere else.The use of adaptive meshes has the potential of producing large computa-tional savings but at the price of signi�cantly increasing the sophistication ofcodes and algorithms. As the mesh is no longer regular we need to develop newdata structures that are usually more di�cult to implement than the regularones. Also the design of adaptive meshes in a parallel environment requiresa close interaction between the algorithms that re�ne, partition and rebalancethe mesh and the numerical simulation. The success of an adaptive strategywill depend strongly on how well these di�erent modules can communicate witheach other.There is a wide variety of strategies for mesh re�nement [8]. In the remainingpart of this section we review some of the most common techniques for meshgeneration and re�nement. In the following section we introduce a strategy toimplement adaptive meshes using a sequence of nested re�nements. Later weshow how to implement this approach on a parallel computer. We also explainthe object-oriented techniques that we use to simplify the software design.2.1 Selection of the mesh typeThe selection of the mesh type depends on the problem to be studied sincethere is no strategy that it is considered best for every problem. Among themost common approaches we mention [8]:� structured meshes: there is a mapping from the physical space to thecomputational space. In the computational space the elements appearas squares (in two dimensions) or cubes (in three dimensions) and theneighbors and vertices of an element are easily calculated using an arraybased data structure. The data structures for this type of mesh are veryregular.� unstructured meshes: in this case the elements store explicit connectivityinformation to determine their neighbors and vertices. The data structuresin this case are more complex than in structured meshes but it is easierto represent complex geometries.3



Each type of mesh has its advantages and disadvantages. Structured meshesrequire simpler codes with less overhead but are more limited in the representa-tion of complex domains. Unstructured meshes are more complex, require morestorage and overhead per element but can easily represent complex geometriesand moving bodies. Some techniques implement the meshes as a combinationof both approaches. In such cases the mesh is usually decomposed in a setof unstructured super-elements where each super-element is decomposed into astructured grid.The choice of the mesh type determines the data structures and algorithmsavailable for re�nement, partitioning and rebalancing. For example, a parti-tioning method adequate for unstructured meshes such as Recursive SpectralBisection [15] is useless for structured meshes. A re�nement algorithm will per-form well on some type of meshes but is not recommended for anothers. Andthe migration algorithm described in Section 7.2 highly depends on how themesh is actually stored. In the rest of this paper we assume that the domain isdiscretized using unstructured meshes.2.2 Mesh generationThe generation of meshes for unsteady problems is usually done in two distinctphases [10]:� initial mesh creation: involves the creation of a compatible unstructuredmesh using the geometry description of the problem domain. The complextopology of the problem is discretized into a set of simpler elements. Thisis a global process usually performed on a sequential computer and itmight require human assistance.� mesh adaptation: the selective re�nement/coarsening of sections of themesh improves the quality of the solutions either by increasing the reso-lution in interesting areas or by decreasing it on regions of little interest.The re�nement of elements is largely a local process.The compatibility of the mesh to the problem topology and correct treatmentof the boundaries are not the only requirements for high-quality meshes. Inaddition it is desirable to have meshes whose elements are [1]:� conforming: the intersection of elements is either a common vertex or acommon side.� non-degenerate: the interior angles of the elements are bounded away fromzero.� smooth: the transition between small and big elements is not abrupt.4



2.3 Mesh adaptationThe following are the two principal strategies for mesh re�nement [12] :� h-re�nement: is performed by splitting an element into two or moresmaller subelements (re�nement) or by combining two or more subele-ments into one element (coarsening). h is a parameter of the size of theelements. This method involves the modi�cation of the graph structureof the mesh.� p-re�nement: can be thought as increasing the amount of informationassociated with a node without changing the geometry of the mesh [10],where p is the polynomial order of some element.Through the rest of this paper we concentrate mainly on h-re�nement al-though some of the techniques for mesh partitioning and migration are indepen-dent of the re�nement strategy. Since p-re�nement also modi�es the workloadin each processor the repartitioning and migration algorithms apply to it also.2.3.1 Local h-re�nement algorithmsStarting from a conforming mesh M formed by a set E of non-overlappingelements Ei 2 E that discretize a domain 
 of interest and a set of elementsR, R � E, that are selected for re�nement, h-re�nement algorithms constructa new conforming mesh M 0 of embedded elements E0i such that:� if Ei 2 R, Ei is split into a set of nonoverlapping subelements fE0i1; E0i2;: : : ; E0ing that replace Ei.� if Ei 62 R, Ei = E0i.The selection of elements for re�nement (or coarsening) in R is made byexamining the values of an \adaptation criteria" [6] that can be related to adiscretization error. Usually these re�nement methods cause the propagationof the re�nement to other mesh elements so an element Ei 62 R might alsobe re�ned in order to obtain a conforming mesh. Coarsening algorithms havesimilar problems.One common re�nement algorithm is the Rivara bisection re�nement algo-rithm for triangular elements that it is used in two dimensional problems. In itssimplest form it bisects the longest edge of a triangle to form two new triangleswith equal area. There are several variants of the serial bisection re�nementalgorithm. In Figure 1 we illustrate an example of the 2-triangles bisection al-gorithm [1] and [2] described in Figure 2. In Figure 1 (a) the element selected forre�nement is shaded. The re�nement of this element creates a non-conformingwhite node on its longest edge. The shaded element in 1 (b) must now be re-�ned to to maintain a conforming mesh. This process is repeated in (c) wherethere are two non-conforming nodes. Finally in (f) we show the resulting mesh.5



c)b)a)

d) f)e)Figure 1: Bisection re�nement: in (a) only one element is selected for re-�nement. (b) shows the mesh after the re�nement of that element. A non-conforming white node is created so we propagate the re�nement to an adjacentelement. (c), (d) and (e) show di�erent stages of the re�nement and (f) showsthe �nal mesh. Although only one element was initially in R we re�ned 3 moreelements to obtain a conforming mesh.Using the bisection re�nement algorithm the propagation is guaranteed to ter-minate. Also if we start the re�nement with a mesh M that has elements thatare smooth, conforming and non-degenerate then the elements of the resultingmesh M 0 will also have the same properties.3 Multilevel mesh adaptationTo support dynamic adaptation of meshes we designed a data structure basedon a multilevel �nite-element mesh with a �liation hierarchy between two con-secutive levels. As we will show in later sections, our algorithms for re�nement,partition and migration take good advantage of this mesh representation.We assume that the user supplies an initial coarse mesh M0(E; V ) calleda 0-level mesh where E is a set of elements and V is a set of nodes. This isthe coarsest mesh that the re�nement algorithm is able to manipulate. Usingde�ned adaptation criteria we select some elements Ei 2 R � E for re�nementand others Ej 2 C � E for coarsening.For each re�ned element Ei we de�ne the Children(Ei) = fEi1 ; Ei2; : : : ; Eingto be the elements into which Ei is re�ned and let Parent(Eik) = Ei. Also foreach element Ei 2 E we de�ne Level(Ei) = 0 if Ei is in M0 and Level(Ei) =Level(Parent(Ei))+1 otherwise. The children of an element Ei of level l can befurther re�ned and they become the parents of level l+2 children. For each nodeVp we de�ne Level(Vp) = 0 if Vp is in M0 and Level(Vp) = Level(Ei) + 1 if Vpwas created as the result of re�ning an element Ei. Figure 3 gives an example ofthe re�nement of a mesh along with the associated levels. Note that the meshes6



FOR each Ei 2 R DObisect Ei by the midpoint of its longest side generating a new node Vp andtwo triangles Ei1 and Ei2.WHILE Vp is a non-conforming node in the side of some triangle Ej DOmake Ej conforming by bisecting Ej by its longest side generating a nodeVq and two triangles Ej1 and Ej2 .IF Vp 6= Vq THENVp is a non-conforming node in the midpoint of one of the sides of eitherEj1 or Ej2. Assume that Vp is in one side of Ej1. Bisect Ej1 over the sidethat contains Vp obtaining two triangles E0j1 or E00j1 . Now Vp is a vertexof both triangles.set Vp = Vq .END IFEND WHILEEND FORFigure 2: Rivara's two-triangle re�nement algorithm.M1, M2 and M3 in (b), (c) and (d) do not only include nodes and elementsof the corresponding level but can also include nodes and elements of previouslevels. Also the elements are replaced by their children when they are re�nedbut the nodes are not. For example, every node Vp such that Level(Vp) = 0will be present in all the successive meshes. Also note that some elements Ei oflevel l have as vertices nodes of level l � 1 or less.The iterative execution of this algorithm produces nested meshes. If M0 isthe coarsest mesh then for any level l:Ml � Ml�1 � � � � �M0where Mi � Mi�1 is a relation that indicates that Mi has all the nodes presentin Mi�1 and that some elements in Mi�1 have been split to form the elementsin Mi.3.1 Multilevel re�nementA sequence of nested re�nements creates an element hierarchy. In this hierarchyeach element of the initial mesh belongs to the coarse mesh M0 and time t > 0each element that it is not re�ned belongs to the �ne mesh.A decision to perform an n-fold re�nement of Ei 2 R is transmitted to there�nement module as the pair (Ei; n). For example if n = 1 then using Rivara'sbisection re�nement the element Ei is divided into 2 triangles. If n > 1 theneach of its children is re�ned n� 1 times.The multilevel algorithm for re�nement has the following properties:� an element that has no parents has level 0 and belongs to the coarse(initial) mesh M0. No coarsening is done above this level.7
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Figure 3: Re�nement of a mesh. (a) shows the initial mesh M0 while (b),(c) and (d) show the meshes M1, M2 and M3. Associated with each node andelement is its level.
8



� an element with no children belongs the �ne mesh Mt. The numericalsimulations are always based on the �ne mesh.� an element could be at the same time in both the coarse mesh M0 andthe �ne mesh Mt (for example before any re�nement is done) or in anyintermediate mesh.� only elements that are in the �ne mesh Mt can be selected for re�nementor coarsening. The hierarchy of elements is only modi�ed at its leaves.� a node Vp such that Level(Vp) = l is a vertex of elements Ei of level l orbelow. An element Ei of level l has vertices of level m where m � l.� as the elements are individually selected for re�nement or coarsening thehierarchy can have di�erent depths in di�erent regions of the mesh.� when an element Ei is re�ned it is replaced by its children in the �ne meshMt. To coarsen an element all its children must be selected for coarsening.In this case the children in the �ne mesh Mt are replaced by their parentand destroyed.� both re�nement and coarsening can propagate to adjacent elements. Thealgorithms are not completely local because they need to preserve confor-mality requirements.This sequence of re�nements is explained in Figure 4. Initially the elementsEa and Eb are selected for re�nement (a). Under the mesh we show the internalrepresentation. Both Ea and Eb belong toM0 andMt. After the �rst re�nement4 new elements are created. At this point Mt includes Ea1 , Ea2 , Eb1 and Eb2(b).3.2 Local coarseningThe selection of elements for coarsening is performed by evaluating an adapta-tion criterion at their vertices. The nodes in a �nite element mesh are associatedwith the degrees of freedom and the unknowns of a system of equations. After�nding its solution at time t the system might desire the elimination of nodesconsidered unnecessary according to a selected evaluation criterion to reduce thenumber of unknowns. This destruction of nodes requires coarsening of elementsto maintain a conforming mesh.The successful evaluation of the adaptation criteria at a node Vp is not asu�cient condition for the destruction of a node. Nodes created as a result ofthe propagation of re�nement need to be adequately coarsened to preserve theconformality of the mesh. Elements at a lower level that reference the nodeneed to be eliminated to prevent dangling references and this might require thedestruction of other nodes. The conditions for a correct coarsening algorithmare: 9
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Figure 4: Multilevel re�nement. Initially elements Ea and Eb in (a) are se-lected for re�nement. Both elements are re�ned and replaced by their children(b). In (c) the element Ea1 is further re�ned. Under the meshes we show thecorresponding mesh hierarchy.� to select an element Ei of level l as a candidate for coarsening, all itsvertices Vp that are nodes of level l should be selected as candidates forcoarsening by evaluating the adaptivity criteria at the node.� assume that this element Ei of level l is the child of some other elementEj of level l � 1. In order to replace all the children of Ej by Ej all itschildren should be selected as a candidates for coarsening or none of themare.� a node Vp is selected for coarsening, not anymore as a simple candidate,only if all its adjacent elementsEi are selected as candidates for coarsening.This condition prevents dangling references from elements to destroyednodes.� if an element Ei that is an element of level l has more than one vertexof level l and not all of them are selected for coarsening, then none ofits vertices of level l is selected for dere�nement since an element thathas vertices of its level that are not selected for coarsening will not becoarsened and we need to prevent that its vertices allow the coarsening ofadjacent elements.� �nally, an element Ei of level l is selected for coarsening if:{ the element Ei has no children (it belongs to the �ne mesh).10



{ the element Ei has a parent (it does not belong to the coarse mesh).{ its vertices are nodes of level m where m � l.{ all its vertices that are nodes of level l are selected for coarsening(and are not simple candidates). This last condition will ensure thatthe resulting mesh is conforming because a node Vp is selected forcoarsening only if there will be no references to it.4 The challenge of exploiting parallelismThe data structures and algorithms introduced in the previous section allow usto re�ne and coarsen a mesh in a serial computer. Most of the work that wewill present in the rest of this paper extends these ideas to a parallel computer.Parallelism introduces a series of problems that we need to solve in order toperform the dynamic adaptation of parallel mesh-based computation.Re�nement algorithms typically use a local information to perform re�ne-ment. Unfortunately the re�nement of an element Ea that creates a new nodeVp in an internal boundary between two processors requires synchronizationbetween the processors.The second problem concerns with the termination of the re�nement phase.The serial algorithm terminates when no more elements are marked for re�ne-ment. This is not always easy to detect in a parallel environment. In this case,global re�nement termination holds only when all the processors have re�nedtheir elements and there is no propagation message in the network. A processorPi might have no more local elements to re�ne but it needs to wait for possiblepropagations from neighbor processors. Only when all the processors agree onthe termination of the re�nement phase can they proceed to the next phase.The adaptation of the mesh produces imbalances on the work assigned toeach processor as elements and nodes are dynamically created and destroyed.Also mesh partitions are computed at runtime interleaved with the numericalsimulation. In this environment we cannot a�ord expensive algorithms thatrecompute the partitions from scratch after each re�nement. Instead we pro-pose repartitioning algorithms that use the information available from previouspartitions and the re�nement history.Finally we must keep a consistent mesh while migrating elements and nodesbetween processors. In our meshes the physical location of nodes and elements isnot �xed throughout the computation. Instead our design supports dynamicallychanging connectivity information where the references to remote elements andnodes are updated as new nodes or elements are created, deleted or moved to anew processor to balance the work load.In the following sections we address these problems in detail and we presentour solutions. First however, we introduce some de�nitions, explain a strategyfor storing meshes in a distributed memory parallel computer (that we call aparallel mesh) and show how to use the mesh to solve dynamic problems.11



5 Mesh representation in a parallel computerIn Section 3 we presented a data structure to represent a re�ned mesh in aserial computer and we introduced serial re�nement and coarsening algorithms.In this section we extend this data structure to store adapted meshes in parallelcomputers.LetM (E; V ) be a �nite element mesh where E is a set of elements and V is aset of nodes. We de�ne Adj (Ea) = fVp : Vp is a vertex of Eag. In a similar waywe de�ne ElemAdj (Vp) = fEa : Vp is a node of Eag and NodeAdj (Vp) = fVq : Vpand Vq are both nodes of a common element Eag. Adj (Ea) of an element Ea isthe set formed by the vertices of Ea.In the case of triangular elements jAdj (Ea)j = 3, and in the case of quadri-lateral elements jAdj (Eb)j = 4. ElemAdj (Vp) of a node Vp is the set formed bythe elements adjacent to Vp and NodeAdj (Vp) is the set formed by the nodesadjacent to Vp. Two nodes are considered adjacent not only because there is anedge between them in the mesh M but also if they are adjacent to a commonelement. In the case of quadrilateral elements two nodes at opposite cornersare node adjacent. In an unstructured mesh jNodeAdj (Vp)j is not a constant.Although in theory we can construct meshes where jNodeAdj (Vp)j can have ar-bitrary values, if the mesh is non-degenerate (the interior angles are not closeto 0) we expect that jNodeAdj (Vp)j be close to a constant k.A graph G is constructed from the �nite element mesh M . Its adjacencymatrix H has one row and column for each node Vp 2 V . The entry hp;q = 1 ifthe nodes Vp and Vq are adjacent to a common element and hp;q = 0 otherwise.The adjacency matrix H can be directly constructed from NodeAdj (Vp). SinceVp 2 NodeAdj (Vq) ) Vq 2 NodeAdj (Vp), the matrix H is symmetric and G isan undirected graph. In general jNodeAdj (Vp)j � jV j so we expect that H willbe very sparse.5.1 Partitioning by elements or partitioning by nodesIn an iterative method for solving systems of equations the cost of the algorithmis dominated by the cost of performing repeated sparse matrix-vector productsAb = c where A is jV j � jV j. A and H have the same sparsity structure. Thisimplies that a good partition for G is also a good partition for A because itminimizes the communication required to perform the matrix-vector products.There are two basic strategies for partitioning the graph G:� node-partitioning : there is a partition � = f�1;�2; : : : ;�P g of the nodesbetween P processors such that S �i = V and �i \ �j = ?; 8 i 6= j. IfVp 2 �i it is assigned to Pi. Each node is assigned to a single processor.The partition of G is performed by removing some edges, leaving sets ofconnected nodes. The edges removed express the communication patternbetween processors and the cost of the partition is measured by the numberof edges removed. 12



� element-partitioning : in this case there is a partition � = f�1;�2; : : : ;�P gof the elements between P processors such that S �i = E and �i \ �j =?; 8 i 6= j. If Ea 2 �i it is assigned to Pi. Each element is assigned to asingle processor. The partition is performed across the edges that separatetwo elements. If Vp 2 Adj (Ea) and also Vp 2 Adj (Eb) where Ea 2 �i,Eb 2 �j and i 6= j then Vp is a shared node. Both Pi and Pj have theirown copy of Vp, that we will denote V ip and V jp respectively. Communi-cation is required between multiple copies of the same node so the costof the partition is measured by the number of shared nodes. We de�neNodes(�i) = fV ip : Ea 2 �i and Vp 2 Adj (Ea)g hence Nodes(�i) is theset of nodes corresponding to the elements in �i. Note that Nodes(�i) \Nodes(�j ) 6= ? if the two partitions �i and �j are adjacent. To �nd apartition of the mesh using element-partitioning we �rst compute the dualM�1(E;W ) of the mesh M where W = f(Ea; Eb) : Ea; Eb 2 E;Ea 6= Eb;Adj (Ea)\ Adj (Eb) 6= ?g. W is a set of pairs of adjacent elements sothey have at least one node in common. We then use a graph partitioningalgorithm to assign elements to processors.It is shown in [13] that partitioning by elements has several advantages overpartitioning by nodes due to the way the matrix A is computed in the �niteelement method. The matrix A is the result of an assembly process. We �rstcompute a local square matrix of L(Ea) (of size jAdj(Ea)j) for each elementEa 2 E. L(Ea) represents the contribution of Ea to its nodes Vp. The globalmatrix A is equal toPEa2E L(Ea) (where P means the direct sum of the localmatrices after converting from the local indices in L to the global indices inA). The matrix A is also partitioned between the processors. If the node Vpis a shared node between two or more processors Pi and Pj then the entry inAi corresponding to V ip has the contributions of the elements Ea 2 �i and theentry in Aj corresponding to V jp has the contributions of the elements Eb 2 �j .The matrix Ai in processor Pi is partially assembled since it only considers thecontributions of the elements Ea 2 Pi. The fully assembled matrix is A =PAi.The matrix-vector product Ab = c is performed in two phases. In the �rstphase each processor computes Aib = ci. The resulting vectors ci are alsopartially assembled. In the second phase we communicate the individual vectorsci to obtain c =P ci.5.2 Implementing a parallel mesh using remote referencesA remote reference is a pair (Pi; V ip ) where Pi is a processor and V ip 2 Nodes(�i).It represents a reference to the V ip copy of node Vp in processor Pi. We de�neRef (V ip ) = f(Pj; V jp ) : V jp is a copy of Vp in Pj; i 6= jg. This relation is alsosymmetric so that if (Pj; V jp ) 2 Ref (V ip ) then (Pi; V ip ) 2 Ref (V jp ). The remotereferences are pointers to a remote address space. Since this is not allowed inalmost any programming language we designed the remote references as C++objects using the notion of smart pointers. We will come back to this when wediscuss the implementation details. 13
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uenced by the element partitioning14



INPUT : M (E; V ) where M is a �nite element mesh with a set E of elementsand a set V of vertices.� compute the dual M�1(E;W ) of M where W = f(Ea; Eb) : Ea; Eb 2 E; a 6=b, Adj(Ea) \ Adj(Eb) 6= ?g. W is a set of adjacent elements and Adj(Ea) isthe nodes of element Ea.� partition M�1 into P regions using a graph partitioning algorithm such thatEa 2 �i if Ea is assigned to Pi where S �i = E and �i \ �j = ? 8 i 6= j.� Nodes(�i) is the set of nodes corresponding to elements in �i. Note that isnot required that Nodes(�i) \ Nodes(�j ) 6= ?.FOR each V ip 2 Nodes(�i) in parallel DORef(V ip ) = ?END FORFOR each V ip 2 Nodes(�i) in parallel DOIF Ea 2 ElemAdj(Vp) and Ea 2 �j and j 6= i THENRef (V ip ) = Ref (V ip ) [ (Pj; V jp )END IFEND FORFigure 6: Computing the initial references in a parallel mesh.method. Their main use is to maintain the connections between the di�erentregions of the mesh as the mesh is partitioned between the processors. As will beshown in later sections, they provide a very 
exible mechanism for maintaininga dynamic mesh. When a node is moved to a new processor it can use itsreference list to �nd its copies in other processors. It can then send a messageto these copies telling them to update their references to the new location.The references also simplify the task of assembling matrices and vectors frompartially assembled ones as new nodes are created and moved at runtime becauseno assumption is initially made about origin and destination of these messages.5.3 Using a parallel mesh for the solution of dynamicphysical problemsIn this paper we assume that we are given an initial coarse mesh M0 at timet = 0 from which we �nd an initial partition �0. This partition is computedin a preprocessing step. We distribute the nodes and elements between theprocessors according to that partition and we compute the initial referencesusing the algorithm in Figure 6.Our algorithm for �nding the solution of dynamic problems consists of fourconsecutive phases that we execute repeatedly. Figure 7 gives a high level outlineof the program.In the �rst phase we use numerical approximation techniques to �nd thesolution of the partial di�erential equations by solving a system of linear equa-tions. We solve this system using iterative methods. As we have mentioned15



� �nd an initial partition �0.� load the mesh using the partition �0.� initialize the references Ref (V ip ) using the algorithm in Figure 6.FOR t < T DO� compute a solution.� re�ne/coarsen the mesh. For each new shared node V ip determine Ref (V ip ).� �nd a new partition �t.� migrate the elements and nodes according to �t. If a node V ip is movedfrom Pi to Pj then if V kp is another copy of Vp in Pk update Ref (V kp ) =((Ref (V kp )� (Pi; V ip )) [ (Pj ; V jp ) and set Ref (V jp ) = Ref (V ip ).END FORFigure 7: Outline of a general algorithm for computing the solution of dynamicphysical system using a parallel mesh.earlier we generally perform repeated matrix-vector products Ab = c when weneed to assemble matrices and vectors. All the e�ort in the following phaseshas the goal of improving the performance and quality of this phase.At some time t = tk we decide that it is convenient to adapt the mesh so westart a re�nement/coarsening phase. Using error estimates we select elementsfor re�nement that we insert into R and if we select elements for coarsening weinsert them in C. If the re�nement of the elements in R creates a new sharednode Vp in an internal boundary between two processors Pi and Pj we createthe two local copies V ip and V jp and we initialize Ref (V ip ) = f(Pj; V jp )g andRef (V jp ) = f(Pi; V ip )g.Since adaptation produces imbalances in the distribution of the work, wecompute a new partition �t. If �t 6= �t�1 we need to migrate some elementsand nodes to adequate the mesh to the new partition. This phase does notcreate new nodes or elements but it modi�es the reference lists as nodes aremoved to new processors.6 Parallel mesh adaptationUsing the data structures presented in the previous section we now introducean algorithm for adapting the mesh in a parallel computer. Let R be a set ofelements selected for re�nement and let Ri be the subset of the elements of Rassigned to processor Pi. In this case R = SRi and also Ri \ Rj = ? fori 6= j because by using the element-partitioning method of assigning elementsto processors each element is assigned to only one processor. Each processorhas all the information it needs to re�ne in parallel its own subset Ri using aserial algorithm, but nonconforming elements might be created on the boundarybetween processor as suggested in Figure 8. In that example four elements areselected for re�nement so R0 = fEa; Ee; Ef ; Egg and R1 = ?. The re�nement16
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Ri is the set of elements selected for re�nement in Pi.WHILE Ri 6= ? DO� extract an element Ea from Ri.� re�ne Ea using a serial re�nement algorithm.FOR each shared node V ip created in an internal boundary between Pi andPj DOSend a message from Pi to Pj requesting the creation of a shared node V jpin Pj. If a node V jp already exists, then return a reference to it. Otherwise,create the node V jp , determine the element to re�ne, and insert it into Rj.Finally return its reference to Pi.END FOREND WHILEFigure 10: Avoiding re�nement collisions in a parallel mesh.using the shared node V jp .The pseudocode for this algorithm is shown in Figure 10 but there are asome details that they are not explained there. First, we do not send a messagefor each individual node because of the high cost of sending messages. Insteadwe �rst re�ne all the elements in Ri keeping track of the shared nodes thatPi creates as a result of re�ning elements in Ri. Once Ri = ?, Pi sends themessages to its adjacent processors and listens for propagation messages fromthem. If it receives such a message it creates the new shared nodes and insertsthe nonconforming elements into Ri.To determine which element to re�ne we use ElemAdj (Vp). Suppose thatthe re�nement of an element Ea in Pi creates a shared node Vp in a boundarybetween Pi and Pj . This new node is created at a midpoint between two othershared nodes Vq and Vr . Note that (Pj ; V jq ) 2 Ref (V iq ) and also (Pj; V jr ) 2Ref (V ir ). We use these references to send a message from Pi to Pj. When Pjreceives this message, it determines the unre�ned element Eb 2 ElemAdj (V jq ) \ElemAdj (V jr ) and inserts it into Rj.As it can be easily seen, the parallel algorithm is not a perfect parallelizationof the serial one and it can result in a di�erent mesh. The serial Rivara'salgorithm [1] and [2] �rst selects an element Ea from R. It then continuesre�ning all the nonconforming elements that result from the re�nement of Eabefore proceeding with another element from R. In our parallel implementationwe ignore this serialization. We approximate the serial algorithm within eachprocessor as much as possible but do not impose it across processor boundaries.We claim that this modi�cation does not a�ect the quality of the re�nement.6.2 Termination detectionThe algorithm for detecting the termination of parallel re�nement is based on ageneral termination algorithm in [4]. A global termination condition is reached19



when no element is marked for re�nement, so if R is the set of all the elementsselected for re�nement, then the algorithm �nishes when R = ?. This globaltermination condition implies a local termination condition for processor Pi thatholds when Ri = ?. We assume that the re�nement is started in one specialprocessor referred to as the coordinator, PC. To simplify the explanation weassume initially that the re�nement does not propagate cyclically from processorPi to processor Pj and then from processor Pj back to processor Pi. We willshow later that this is not a reasonable restriction but it does not a�ect thealgorithm signi�cantly.The algorithm for detecting termination uses two basic kind of messages:� a re�ne message Re�ne-Msg(i; j) sent from a source processor Pi to pro-cessor Pj is used to request the re�nement of one or more elements ofprocessor Pj. We will specify the contents of this message later but let'sassume for now that it can either indicate the elements selected for re-�nement (if the message is sent by the coordinator) or it can include areference to a shared node. If Pj receives a Re�ne-Msg(i; j) = fV ipg itcreates the node V jp , it initializes Ref (V jp ) = f(Pi; V ip )g and inserts theunre�ned element Ea 2 Adj (Vp) into Rj. Note that at this stage V ip hasno reference to V jp . To update Ref (V ip ) we use the next type of message.� an update message AddRef-Msg(j; i) is returned from Pj to Pi for eachre�ne message sent from Pi to Pj to indicate the completion of the re-quested re�nement. This message also includes the necessary informationto update the references to the nodes shared between Pi and Pj. WhenPi receives an AddRef-Msg(j; i) = fV jp g it inserts (Pj; V jp ) into Ref (V ip ).If Pi is the coordinator we return AddRef-Msg(j; C) = ?.The coordinator sends at t = 0 a Re�ne-Msg(C; i) message to one or moreprocessors Pi indicating that the re�nement phase has started. The initiatorcan explicitly select the elements for re�nement or it can instruct the proces-sors to select the elements based on an adaptation criteria. Processor Pi thenexecutes the serial re�nement algorithm on these marked elements, possiblysending Re�ne-Msg(i; j) messages to neighboring processors Pj when a node V ipis created in an internal boundary between processors Pi and Pj .The local termination condition holds for processor Pi when no more ele-ments are marked for re�nement. When this condition holds, processor Pi doesnot generate new Re�ne-Msg messages and it is not waiting for any AddRef-Msg messages. Also processor Pi does not insert new elements into Ri until aRe�ne-Msg(j; i) message arrives from some other processor Pj. In this case, newnodes are created in the internal boundary as instructed in the message and thecorresponding elements are selected for re�nement by inserting them into Ri.Then processor Pi executes the serial re�nement algorithm, which might causefurther propagation to other processors. An example is shown in Figure 11where PC sends an initial Re�ne-Msg to the other processors. P0 and P1 com-plete their work without propagation so they return a AddRef-Msg message to20
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Figure 11: Parallel re�ne algorithm. In (a) the initiator sends a Re�ne-Msg toeach other processors. Processors P0 and P1 return immediately a AddRef-Msgto the initiator but the re�nement in processor P2 propagates to P1 so P2 sendsa Re�ne-Msg to P1 (b). After P1 returns a AddRef-Msg to P2 (c), P2 returnsits AddRef-Msg to the initiator (d).PC . On the other hand the re�nement of elements in P2 propagates to P1 so P2sends a Re�ne-Msg(2; 1) message to P1. P1 completes this request without fur-ther propagation so it returns to P2 which in turn returns an AddRef-Msg(2; C)message to PC.We say that the parallel re�nement terminates (the global termination con-dition holds) at some t if:� Ri = ? for each processor Pi at time t.� there is no Re�ne-Msg or AddRef-Msg in transit at time t.The termination detection procedure is based on message acknowledgments.In particular Re�ne-Msg(i; j) messages received by processor Pj from processorPi are acknowledged by Pj by sending to Pi a AddRef-Msg(j; i) message. Thesemessages return the references to the newly created vertices so that if V ip is avertex in processor Pi over a shared edge that caused a propagation to processorPj and V jp is its copy in processor Pj, a reference to V jp is added at V ip and viceversa.A processor Pi can be in two possible states: the inactive state and the activestate. While in an inactive state Pi can send no Re�ne-Msg or AddRef-Msg butit can receive messages. If it receives a receives a Re�ne-Msg(j; i) from anotherprocessor Pj while in an inactive state it moves from the inactive to the activestate. It creates the shared nodes as stated in the message and proceeds to21



re�ne the nonconforming elements. The message Re�ne-Msg(j; i) is called thecritical message because it caused the re�nement that Pi is performing and Pjis the parent of processor Pi.In the active state, while a processor Pi is re�ning some of its elements, there�nement can propagate to a neighbor processor Pk requiring another Re�ne-Msg(i; k) message to it. An active processor becomes inactive at the �rst timet for which the following conditions hold:� no new Re�ne-Msg message is received by the processor at time t.� there are no elements marked for re�nement in processor Pi (the localtermination condition holds).� the processor has transmitted prior to t an AddRef-Msg message for eachRe�ne-Msg message it has received except for the critical message.� the processor has received prior to t aAddRef-Msg message for each Re�ne-Msg message it has transmitted.Using this de�nition, the local termination condition might hold in processorPi (Ri = ?) but processor Pi might be in an active state waiting for a AddRef-Msg(j; i) from processor Pj if the re�nement of the elements of Pi caused there�nement to propagate to processor Pj and Pj has not yet responded. Whena processor becomes inactive it returns a AddRef-Msg message to the processorthat originally sent its critical message.Initially, at time t = 0, the coordinator is active and all other processorsare inactive. Furthermore, at t = 0, the local termination condition holds at allprocessors except the coordinator. It can be seen that if a processor is inactiveat time t, the following rules hold:� its local termination condition holds at t.� it has transmitted an AddRef-Msg for all the Re�ne-Msg messages it hasreceived prior to t.� it has received AddRef-Msg messages for all Re�ne-Msg messages it hastransmitted prior to t.If the processor is active at time t, at least one of the above conditionsis violated. We say that global termination is detected when the coordinatorbecomes inactive. In the case of the coordinator only the last of the previousrules is relevant as it has no local elements to re�ne. The coordinator will receivean AddRef-Msg message from all the processors Pi only when all the processorsare inactive. In this case there are no elements marked for re�nement and thereare no other messages in the network.This algorithm works if the propagation does not generate cycles. As shownin Figure 12 it is possible to design a mesh where the re�nement propagatesback to processor P0. In that example P0 re�nes an element Ea creating a22
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FOR each processor Pi DOsend Re�ne-Msg(C; i) indicating elements to re�ne.END FORFOR each processor Pi DOwait for an AddRef-Msg(i; C).END FORFOR each processor Pi DOsend Continue-Msg(C; i) to �nish the re�nement phase.END FORFigure 13: Detecting the termination of the re�nement phase (Coordinatoralgorithm).each of the Re�ne-Msg messages that processor Pi transmits to other processors.We modify the Re�ne-Msg message to include a unique sequence number foreach processor. We also modify the AddRef-Msg message to return the numberof the Re�ne-Msg that caused the re�nement.All the critical messages are added to a table of critical messages. When pro-cessor Pj sends back a AddRef-Msg message it needs to identify which criticalmessage in processor Pi caused the propagation to Pj using the sequence num-ber. When a critical message in a processor Pi receives a AddRef-Msg messagefor all the propagations it caused, then processor Pi removes the critical mes-sage from the table and it sends back a AddRef-Msg message to the processorthat initially sent that critical message to it. The processor Pi is in the inactivestate if Ri = ? and it has no critical messages in its table. The pseudocode forthe algorithm executed by the coordinator is shown Figure 13 while Figure 14has an outline of the program executed by all the remaining processors. Thispseudocode is explained below.Initially PC sends a Re�ne-Msg(C; i) to all the other processors Pi to startthe re�nement phase. These messages are used to select the elements in Ri to bere�ned in Pi. Each Pi returns a AddRef-Msg(i; C) once they have re�ned theseelements and has also received a AddRef-Msg(k; i) for each Re�ne-Msg(i; k)produced by the propagation of the re�nement to Pi. The algorithm uses a newtype of message:� a continue message Continue-Msg(i; j) sent from the initiator to everyother processor is used to inform them that the re�nement phase concludedand that they can continue to the next phase.Once PC has received a AddRef-Msg from each other processor it broadcastsa Continue-Msg.Each processor Pi starts the re�nement phase waiting for a message. If itreceives a Continue-Msg from the initiator it knows that it can proceed to thenext phase. If the message is a Re�ne-Msg(k; i) it inserts the elements indicatedin the message inRi and re�nes it using the serial algorithm. Rather than having24



seq = 0WHILE true DOwait for a message msg.IF msg = Continue-Msg(j; i) THENreturn.ELSE IF msg = Re�ne-Msg(j; i) THENset seq++, table[seq].critical = msg and table[seq].count = 0FOR each element Ea 2 msg DOcreate the shared nodes and insert Ea in Ri.END FORre�ne the elements in RiFOR each shared node V ip created in an internal boundary between Pi andPk DOsend Re�ne-Msg(i; k) containing seq and the elements to re�ne.table[seq].count++END FORIF table[seq].count = 0 THENreturn AddRef-Msg(i; j) as msg did not cause re�nement to other pro-cessors.END IFELSE IF msg = AddRef-Msg(j; i) THENseq is the sequence number returned by msg. set table[seq].count - -IF table[seq].count = 0 THENsend AddRef-Msg(i; j) to Pj where Pj sent the message stored in ta-ble[seq].critical.END IFEND IFEND WHILEFigure 14: Detecting the termination of the re�nement phase.
25



(a) (b)
(c) (d)Figure 15: Propagation of the re�nement. In (a) we show an arbitrary meshdistributed in 4 processors. The re�nement of an element (b) causes the re�ne-ment to come back to the processor (c). If we repeat this operation we obtainthe mesh in (d).one critical message now Pi can have several critical messages sent by the sameor di�erent processors. Pi gives them a sequence number and stores them in atable. If the re�nement of the elements in Ri creates shared nodes in a boundarybetween Pi and Pj then Pi sends a Re�ne-Msg(i; j) message to Pj. Pi keepstrack of how many of these Re�ne-Msg(i; j) it sends for each critical Re�ne-Msgit receives. Once it has received a AddRef-Msg(j; i) for each Re�ne-Msg(i; j)it can send back a AddRef-Msg(i; k) response to Pk. Pi continues to listen formessages until it receives a Continue-Msg from the coordinator. Figure 15 showsan example where the re�nement propagates cyclically between processors.7 Load balancingIn this section we present a strategy for repartitioning and rebalancing the mesh.We �rst explain serial multilevel re�nement algorithms. We then introduce a26



new highly parallel repartitioning method called the Parallel Nested Reparti-tioning (PNR) algorithm which is fast and gives high quality partitions.In Section 7.2 we explain a mesh migration algorithm. This algorithm re-ceives as input the partition obtained from the repartitioning of the mesh andmigrates the elements and nodes according to this partition.7.1 The mesh repartitioning problemWhile the PNR repartitioning algorithm is based on the serial multilevel algo-rithms presented in [15], [20] and [18] it also makes use of the re�nement historyto achieve great reductions in execution time and an improvement in the qualityof the partitions produced. General multilevel algorithms partition the mesh byconstructing a tree of vertices. They create a sequence of smaller graphs bycollapsing vertices, then partition a suitable small graph and �nally reverse thecollapsing process to produce a partition of the larger graphs.The Parallel Nested Repartitioning algorithm can be divided into a serialphase and a parallel phase. When the graph is small enough to �t into oneprocessor we use a serial re�nement algorithm to partition the graph. When themesh is very large as in the case of a highly re�ned mesh we collapse verticesin parallel. The PNR method di�ers from other methods in that it uses there�nement history of the mesh to collapse the vertices while other methodsuse maximum matchings or independent sets. As a consequence we are ableto collapse vertices locally in the parallel phase without any communicationoverhead unlike other methods. Our tests show that by using the re�nementhistory we obtain partitions that are almost always of higher quality than thoseobtained by the multilevel algorithms yet PNR is very fast. For simplicity weassume that the initial mesh �ts into one processor and marks the transitionbetween the serial and the parallel phase. In Section 7.1.5 we discuss possiblegeneralizations of this method.7.1.1 The serial Multilevel Graph Partitioning algorithmsThe code for a standard serial Multilevel Partitioning Algorithm is sketched inFigure 16. In general serial multilevel algorithms perform the partitioning of amesh in three phases:� in the coarsening phase these algorithms construct a sequence of graphsG0; G1; : : :Gk such that the jGij < jGi�1j by collapsing adjacent nodes orcontracting edges. This contraction is implementing by �nding a maximalindependent set [16] or a maximal matching [20]. Given a graph G(U;F )where U is a set of vertices and F is a set of edges then U 0 � U isan independent set of G if for all v 2 U 0; (v; w) 2 F ) w 62 U 0. Anindependent set U 0 is maximal if the the addition of any vertex in U 0would make it no longer an independent set. A matching of G is a setF 0 � F od edges such that no two of which are incident on the same verex.A mathing F 0 is maximal if the addition of an edge in F 0 would make it27



compute the weighted graph M�10 (E;W ) = G0.WHILE jGij > K DOcompute a coarser graph Gi+1 by collapsing the vertices of Gi.END WHILEpartition the coarsest graph Gk.FOR each level i in the re�ne tree from k downto 0 DOproject the partition of Gi to Gi�1.improve the partition of Gi�1 using local heuristics.END FORFigure 16: Serial Multilevel Partitioning algorithm.no longer a matching. A contraction operation is repeated until jGij issmaller than a de�ned constant K.� in the partitioning phase standard multilevel methods �nd a partition �of the graph Gk using any one of a number of di�erent graph partitioningalgorithms such as Recursive Spectral Bisection [15]. Note that typicallyjGkj � jG0j so their use of RSB is generally not very expensive.� in the uncoarsening phase these methods project the partition found forGi to the graph Gi�1 by reversing the collapsing process. Assume that twoor more vertices v and w in the graph Gi�1 are collapsed to form a vertexu in Gi in the coarsening phase. If u is assigned to processor Pq then bothr and s are initially assigned to Pq. After projecting the partition to Gi�1,they typically perform local heuristics such as Kernighan and Lin [32] oneach Gi�1 for the purpose of improving the quality of the partition.To implement this algorithm on a parallel computer note that for each levelof the coarsening phase we need to compute either an independent set or amatching of the graph. This implies that for each Gi�1 we will need to sendmessages to insure that two adjacent processors do not select adjacent vertices ofthe graph at the same time, an operation that can be very time consuming. Aswe will show, our algorithm uses a di�erent heuristic for collapsing the verticesof the graph that does not require synchronization at each level.7.1.2 General repartitioning of an adapted meshIn Section 5.1 we explained that our meshes are partitioned by elements. Thatis, given a meshM (E; V ) where E is a set of elements and V is a set of verticeswe construct a partition � = f�1;�2; : : : ;�Pg such that each element Ea 2 E isassigned to only one partition �i. This is done by creating a graphM�1(E;W )that is the dual ofM where W is a set of pairs of adjacent elements: (Ea; Eb) 2W if and only if Ea and Eb are adjacent. Thus the elements in E are the verticesof the graph M�1 and the pairs in W are its edges. A partition of the verticesof M�1 is a partition of the elements of the mesh M .28



In order to contract the graph while preserving its global structure we asso-ciate weights to each element Ea and each pair of adjacent elements (Ea; Eb).Given the graph M�1 we de�ne ElemWeight(Ea) to be the number of descen-dants of Ea in the �ne mesh (or 1 if Ea has no children). We also de�neEdgeWeight(Ea) to be the number of edges between the descendants of Ea inthe �ne mesh. That is EdgeWeight(Ea) =PEb ;Ec2Mt(Eb; Ec) such that Eb andEc are the lowest level descendants of Ea and they are adjacent to each other.For each pair (Ea; Eb) 2W we de�ne Weight(Ea; Eb) to be the number of edgesbetween the descendants of Ea and Eb in the �ne mesh. Note that if both Eaand Eb are unre�ned then Weight(Ea; Eb) = 1.Although we de�ned ElemWeight, EdgeWeight and Weight based on ourmultilevel elements of Section 3 we could also de�ne them recursively for anymesh. GivenM�1(E;W ) we de�ne ElemWeight(Ea) = 1, EdgeWeight(Ea) = 0and Weight(Ea; Eb) = 1 if Ea and Eb are adjacent and 0 otherwise. If wecollapse two or more elements Ea and Eb into one element Ec then:ElemWeight(Ec) = ElemWeight(Ea) + ElemWeight(Eb)EdgeWeight(Ec) = EdgeWeight(Ea) + EdgeWeight(Eb) +Weight(Ea; Eb)In a similar way we can de�ne Weight(Ec; Ed) for two collapsed elements Ecand Ed.The goal of the coarsening phase in the partitioning algorithm is to approx-imate cliques. A re�ned vertex Ea of the graph M�1 approximates a cliqueif EdgeDensity(Ea) = (2� EdgeWeight(Ea))(EdgeWeight(Ea)(EdgeWeight(Ea) � 1))is close to 1 and it does not approximate a clique if it is close to 0. Intuitively, ifa vertex Ea has a a large edge density it will not be cut in half by the bisectionin the partition of the contracted graph.7.1.3 The Parallel Nested Repartitioning (PNR) algorithmThe partitioning algorithm that we discuss in this section incorporates the ideathat the �ne mesh Mt at time t was obtained as a sequence of re�nements ofa coarse initial mesh M0. The mesh Mt includes all the elements Ea such thatChildren(Ma) = ? at time t. We de�ne jM j as the number of elements in themesh. We assume that jM0j < jMtj but in general jM0j � jMtj. Note that it ispossible to have an element Ea 2M0 \Mt if Ea is not re�ned.Figure 17 shows an example of an initial mesh M0 and the re�ned mesh Mtat time t. The amount of work for processor P0 is far larger than the amountof work of the other processors. The goal of the repartitioning algorithm is torebalance the work so each processor has approximately the same number ofelements.The PNR algorithmuses the information thatMt was obtained as a sequenceof re�nements. Rather than computing directly a partition of Mt it computes29
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� in parallel compute ElemWeight(Ea), EdgeWeight(Ea) and Weight(Ea; Eb)for each element Ea and each pair of adjacent elements (Ea; Eb) 2M�10 .� each processor Pi sends its portion of M�10 and the weights to a commonprocessor PP .� PP receives sections of M�10 from each processor and computes a partition �of M�10 . This can be done using RSB or a serial multilevel algorithm.� PP returns � to each processor Pi.� Pi migrates the elements and nodes according to �.Figure 18: The parallel Nested Repartitioning algorithm.
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also compute ElemWeight(Ec), EdgeWeight(Ec) and Weight(Ec; Ed) for eachelement Ec and each pair (Ec; Ed) of adjacent elements in Gi.We choose a matching that has an approximate maximal edge density. Weapproximate the matching by using a randomized algorithm. We select in ran-dom order an unmatched vertex r and we determine for each unmatched neigh-bour s of r the EdgeDensity of a vertex u formed by collapsing r and s. Thenr is collapsed with the neighbour with which it has the largest edge density.We then partition the graph Gk using a partitioning algorithm. In our testswe used Recursive Spectral Bisection. We usually call Chaco for this purpose.This is very fast since jEkj is small.Finally we uncoarsen the graph for each level k > i > 0. At this time we alsoimprove the partition using local heuristics that are a variation on Kernighan-Lin [32]. We compare pairs of elements assigned to di�erent processors and ifwe �nd that there is an improvement in the quality of the partition, 
ip them.While these algorithms have been implemented, performance results are notreported because the method provides at least equally good results.7.1.5 Improving the PNR algorithmIn this section we discuss three possible improvements to the PNR algorithm.Two of them are generalizations of the PNR algorithm while the third one is adiscussion of parallel heuristics to improve the quality of the partition.We assumed that the transition between the parallel phase and the serialphase is given by the initial meshM0. This does not always have to be the case.If an element Ea 2M0 is highly re�ned, we can send the children of Ea ratherthan Ea to PP or some of its descendants.Although we send the full mesh M0 to PP with all the weights each time werepartition the mesh this is not necessary. If we assume that the serial partitionofM0 is computed using a serial multilevel algorithm then we can just computethe tree once and store it in PP . To repartition the mesh Pi needs to send toPP only the changes of the weights produced as the result of the re�nement andcoarsening of the mesh. In this way we are extending the PNR to graphs thatare not obtained as the result of a re�nement process.In the migration algorithm explained in the next section we migrate fullyre�ned trees. This means that at every time step t if an element Ea 2 M0is assigned to processor Pi then all the descendants of Ea are also assigned toPi. For this reason we have not yet implemented parallel heuristics such as theMOB heuristic [9] to try to improve the quality of the partition.7.2 Using remote references for work migrationAlthough we demonstrated in the previous section how to compute a parti-tion �t that balances the work, at this stage of the computation the mesh isstill distributed according to an unbalanced partition �t�1. In this section wepresent an algorithm that migrates elements and nodes between processors. If�t 6= �t�1, then there is at least one element Ea such that Ea 2 �t�1i and33



Ea 2 �tj where i 6= j. Remember that we assume that the mesh is partitionedby elements so that the �i partitions are disjoint, Ea 62 �t�1j and Ea 62 �ti. Toadjust the mesh to the �t partition we need to move Ea from Pi to Pj . Let'sassume that the vertices of Ea are Adj (Ea) = fVp1 ; : : : ; Vpng.Our algorithm considers several cases that depend on Pj having a local copyof these nodes or if they are included in the message to Pj:� for each node Vp 2 Adj (Ea), if (Pj; V jp ) 62 Ref (V ip ) (so Vp is not a sharednode between Pi and Pj at time t � 1) then we need to create the nodeV jp in Pj and then use this node to create the element Ea in Pj .� otherwise (Pj; V jp ) 2 Ref (V ip ) (so Vp is a shared node between Pi and Pjat time t � 1 and Pj has a local copy V jp ) then we should not create theV jp node again. When Pi sends the element Ea to Pj, it also includesthe reference (Pj ; V jp ) instead of the node Vp. Then Pj can use V jp tocreate Ea. This condition has an important implication: processor Pjcannot delete its copy of V jp until it has received all the elements, even ifprocessor Pj has already sent the only element Ec that points to V jp toanother processor Pk because some other processor Pi might expect Pj tohave a copy of Vp.� if processor Pi sends more than one element Ea and Eb to Pj and thereis a node Vp 2 Adj (Ea) \ Adj (Eb) (so Vp is a vertex of both Ea and Eb)then only one copy V jp should be created in Pj and both elements Ea andEb should refer to it in the destination processor.� now if two processors Pi and Pk send the elements Ea and Eb respectivelyto processor Pj where elements Ea and Eb are adjacent elements andthere is a shared node Vp 2 Adj (Ea)\ Adj (Ea) so (Pk; V kp ) 2 Ref (V ip )and (Pi; V ip ) 2 Ref (V kp ) then Pj should detect that V ip and V kp are twocopies of the same node. In this case Pj should create only one copy V jpfor both elements Ea and Eb.� �nally if processor Pi sends an element Ea to another processor Pj andPk sends an element Eb to Pl and Ea and Eb are adjacent elements in twodi�erent processors that share a common node Vp then we should insurethat (Pl; V lp ) 2 Ref (V kp ) and (Pk; V kp ) 2 Ref (V lp ) (so V kp and V lp refer toeach other).In the migration phase we use three di�erent kinds of messages:� a move message Move-Msg(i; j) = fEag is used to migrate an elementEa from a source processor Pi to a destination processor Pj. We alsoassume that this message has two other �elds. The �rst �eld Move-Msg(i; j):nodes(Ea) contains the vertices of the element Ea. For eachnode Vp 2 Adj (Ea), if Pj has a local copy of V jp then only the refer-ence (Pj; V jp ) is included in the message. Otherwise we send the node Vp.34



We also set Ref (V ip ) [ (Pi; V ip ) to initialize V jp . The other �eld, Move-Msg(i; j).ref (Vb), contains the references to Vp in the other processors.� an add reference message AddRef-Msg(i; j) = f(V jp ; V ip )g is used to adda reference to node V ip in processor Pj. In this case we set Ref (V jp ) =Ref (V jp ) [ (Pi; V ip ). This is essentially the same kind of message used forre�ning the mesh.� a delete reference message DelRef-Msg(i; j) = f(V jp ; V ip )g is used to removea reference to the node V ip in Pj. So Ref (V jp ) = Ref (V jp ) � (Pi; V ip ).In the rest of this section we discuss a migration algorithm that uses thesemessages.7.2.1 The migration algorithmAssume that we need to move an element Ea from Pi to Pj, that is Ea 2 �t�1iand Ea 2 �tj. Assume also Adj (Ea) = fVp1 ; : : : ; Vpng is the set of vertices ofEa. We initially send a Move-Msg(i; j) = fEag message from Pi to Pj. IfVp 2 Adj (Ea) and also (Pj; V jp ) 2 Ref (V ip ) we only include the reference in themessage. Otherwise if Vp 2 Adj (Ea) and (Pj; V jp ) 62 Ref (V ip ) we include thenode Vp in the message. Pj creates the copy V jp and it initializes Ref (V jp ) =Ref (V ip ) [ (Pi; V ip ). At this point Pj has a reference to all the copies of Vp. Itthen sends an AddRef-Msg(j; i) = f(V ip ; V jp )g for each reference in Ref (V jp ) andall the other copies update their references to the new copy. Using V jp processorPj creates the element Ea. Pi then deletes its element Ea. It can happen thatEa was the only element that pointed to Vp in Pi. In this case we wish to removealso V ip . Pi sends a DelRef-Msg(i; j) = f(V jp ; V ip )g to each reference in Ref (V ip ).Once all the other processors remove their references to V ip we can delete thenode. A simple illustration of this algorithm is shown in Figure 21.In this example we show a mesh with two elements partitioned between threeprocessors P0; P1 and P2. Our goal is to move the element Ea form P0 to P2.We initially send a Move-Msg(0; 2) = fEag that includes V0; V1 and V2. Weinitialize Ref (V 20 ) = f(P1; V 10 ); (P0; V 00 )g. We similarly initialize Ref (V 21 ) andalso Ref (V 22 ). P2 then sends a AddRef-Msg to P0 and P1 to the copies of V0; V1and V2 that includes references to V 20 ; V 21 and V 22 . P0 then deletes its copy ofEa. Since it can also remove V 00 ; V 01 and V 02 , it sends a DelRef-Msg to the otherprocessors.We will explain the algorithm in more detail using the example in Figure22. There we show a mesh composed of 8 elements (Ea; : : : ; Eh) and 9 nodes(V0; : : : ; V8) partitioned between 4 processors (P0; : : : ; P3). In the top Figure weshow the initial partition �t�1 and in the bottom Figure we show the targetpartition �t. The initial representation of the mesh is shown in Figure 23 (a).Our goal is to move the elements from the initial partition to the destinationpartition. This can be done by executing the commands:� P0: move Ea to P3 by sending the message Move-Msg(0; 3) = fEag.35
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FOR each element Ea such that Ea 2 �t�1i ; Ea 2 �tj; i 6= j DOinsert Ea into Move-Msg(i; j).FOR each node Vp 2 Adj(Ea) DOIF (Pj ; V jp ) 2 Ref (V ip ) THENinsert (Pj; V jp ) into Move-Msg(i; j).nodes(Ea).ELSEinsert Vp into Move-Msg(i; j).nodes(Ea ).insert (Pi; V ip ) into Move-Msg(i; j).ref (Vp).FOR each reference (Pk; V kp ) 2 Ref (V ip ) DOinsert (Pk; V kp ) into Move-Msg(i; j).ref (Vp).END FOREND IFEND FOREND FORFOR each processor Pj DOIF i 6= j and Move-Msg(i; j) 6= ? THENsend Move-Msg(i; j).END IFEND FORFigure 24: Migration phase: sending the elements to the destination proces-sors. { P2: similarly send Ee to P3 (with V3 and V6 and a reference to V 37 )and Ef to P0 (with V7 and reference to V 03 and V 04 ).{ P3: at the same time send Eg to P1 (with V7 and V8 and a referenceto V 41 ) and send Eh to P2 (with V5 and V8 with a reference to V 42 ).� Once a processor Pj receives a message Move-Msg(i; j) it �rst createsthe new nodes as speci�ed in the message and then constructs the ele-ments. If Vp is a node of a an element Ea such that Ea 2 Move-Msg(i; j)and Vp 2 Move-Msg(i; j).nodes(Ea) then a new copy V jp is created in Pjand Ref (V jp ) is initialized to Move-Msg(i; j).ref (Vp) (remember that thisalso includes a reference to the sending processor (Pi; V ip )). At this point(Pi; V ip ) 2 Ref (V jp ) but (Pj; V jp ) 62 Ref (V jp ). It is responsibility of Pj toinform the other processors of the newly created copy.Continuing with the example, when P2 sends Ef to P0 it should alsoinclude a copy of V7. Before P1 constructs the element Ef it should �rstcreate the node V 07 . Using that node and the local copies V 03 and V 04 it canthen create the element Ef . Note that the copy of V7 in P0 has a referenceto the copies in P2 and P3 and not vice versa. It is the responsibility ofP0 to inform the other processors of the newly created copy. When P1receives the element Eg it also creates a copy of V7 but the copies in P039



FOR each message Move-Msg(i; j) sent from other processor Pi to Pj DOreceive Move-Msg(i; j).FOR each element Ea 2Move-Msg(i; j) DOFOR each node Vp 2 Move-Msg(i; j).nodes(Ea ) DOIF Vp does not exist in Pi THENcreate the node Vp and initialize Ref (V ip ) = Move-Msg(i; j).ref (Vp).END IFEND FORconstruct the element Ea.END FOREND FORFigure 25: Migration phase: creating the elements in the destination proces-sors. and P1 of that node know nothing about each other at this moment.There is another problem: P2 receives Ed from P1 and Eh from P3 andboth messages include the vertex V5 (a similar problem happens in P3with V3). We will explain later how to handle these conditions. Figure 23(b) shows the mesh at this stage and Figure 25 presents an outline of thisphase.� In the next phase we update the references to the new nodes. Assumethat V ip is a node created in Pi in the previous phase as the result of aMoveMsg(j; i). Pi needs to inform Pj and all the other processors Pk thathave a copy of Vp about the location of V ip in memory so they can createa reference to it. Using Ref (V ip ), Pi sends a AddRef-Msg(i; k) for eachreference (Pk; V kp ) 2 Ref (V ip ). This procedure is shown in Figure 26.In the previous example P0 sends a message to P2 and P3 to update theirreferences to V 07 and so does P1. P2 detects that there is more than onenew copy of V7 so it informs P0 to update the reference from V 07 to V 17 .The same thing happens in P3.At this stage we detect that there are two copies of V5 in P2 and two copiesof V3 in P3. One of the copies is destroyed and the corresponding elementsare updated accordingly. The state of the mesh at the end of this phaseis shown in Figure 27 (a) and (b).� We now remove the elements from the source processors. Moreover ifthere is some node Vp such that ElemAdj(Vp) = ? we delete the node tofree memory. In the example the destruction of Ee and Ef in processor P2causes the deletion of V 23 , V 26 and V 27 . Note that the node V 24 is referencedby the new element Eh so it is not deleted.Before deleting the nodes we send a DelRef-Msg message to the processorsthat have a reference to the node indicating that they should remove the40



FOR each new node V ip DOFOR each reference (Pj; V jp ) 2 Ref (V ip ) DOinsert (V jp ; V jp ) into AddRef-Msg(i; k).END FOREND FORFOR each processor Pj DOIF i 6= j and AddRef-Msg(i; j) 6= ? THENsend AddRef-Msg(i; j).END IFEND FORFOR each message AddRef-Msg(j; i) sent from other processor Pj to Pi DOreceive AddRef-Msg(j; i).FOR each reference (V ip ; V jp ) 2 AddRef-Msg(j; i) DOinsert (Pj; V jp ) into Ref (V ip ).END FOREND FORFigure 26: Migration phase: updating the references to the new nodes.
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FOR each element Ea such that Ea 2 �t�1i ; Ea 2 �tj; i 6= j DOdelete element Ea.FOR each node Vp 2 Adj(Ea) DOremove Ea from ElemAdj(Vp).IF ElemAdj(Vp ) = ? THENFOR each reference (Pj; V jp ) 2 Ref (V ip ) DOinsert (V jp ; V ip ) into DelRef-Msg(i; j).END FORdelete V ip .END IFEND FOREND FORFOR each processor Pj DOIF i 6= j and DelRef-Msg(i; j) 6= ? THENsend DelRef-Msg(i; j).END IFEND FORFOR each message DelRef-Msg(j, i) sent from other processor Pj to Pi DOreceive DelRef-Msg(j; i)FOR each reference (V ip ; V jp ) 2 DelRef-Msg(j; i) DOremove (Pj; V jp ) from Ref (V ip ).END FOREND FORFigure 29: Migration phase: deleting the elements on the source processors.
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our program uses the MPICH [26] implementation of MPI from the ArgonneNational Lab. MPI is becoming the standard for message passing libraries andthere are e�cient implementations for many parallel computers. Although MPIhas many di�erent ways of sending a message between two computers we usethe standard blocking send and receive. When a processor Pi wants to send amemory bu�er to another processor Pj it calls a C function and blocks until itis safe to reuse the bu�er. This does not guarantee that the message is actuallydelivered. When a processor Pj wants to receive a bu�er from Pi it calls anotherC function and waits until a message from Pi arrives to Pj. We have designedC++ wrappers around these C routines. In our environment a message is justanother kind of object.We also designed a very simple window interface that allows us to selectan element or a group of elements for re�nement. We use windows to displaythe mesh where the elements are colored depending on which processor theyare located. P0 is usually responsible for managing the windows. This proces-sor collects information from all the other processors and broadcasts the usercommands to them.Finally we use the Chaco [20] graph partitioning program to generate theinitial partitions and for some of the mesh repartitioning algorithms. SinceChaco is a sequential program we also run it in P0.8.1 The user interfaceThe user interface is designed around the Tcl/Tk scripting package [28], [29].The user is presented with a window that displays the mesh. Using the mousethe user can click on individual elements to select them or it can drag thecursor to select a group of elements. He can then choose commands from themenus to re�ne, partition or migrate the mesh using di�erent algorithms. Thereare several options to display information about a mesh or about individualelements. The user can load di�erent meshes using a �le selection box andcan select di�erent initial partition �les for a particular mesh. There is also anoption for zooming regions of the mesh. A sample display with the mesh usedin Section 7.1 is shown in Figure 30. The elements are colored according totheir processor assignment. In this example the mesh is partitioned between 4processors.Although the window is managed by P0 the actual elements and nodes arelocated in di�erent processors. When we want to display the mesh all theprocessors need to send a message to P0 that contains the elements and itscoordinates. When the user issues a command by selecting an option fromthe menus P0 broadcasts the command to all the other processors. All thisdistributed input and output is managed by 4 classes. When the user selectsan option from the menu the program calls a method of a Console objectlocated in P0. This object is responsible for putting a wrapper around thecommand and broadcasting it to all the other Pi processors. When Pi receivesa command message from P0 it invokes a method on its ConsoleStub object.This object unwraps the command and calls the appropriate method on the44



Figure 30: Sample display of the window interface of the program.
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P0Figure 31: Implementation of the distributed input/output.FEMesh object that implements the mesh. This FEMesh object executes thecommand, probably communicating with some other FEMesh objects in otherprocessors. When Pi wants to produce some output like drawing an elementin the screen it calls a method on its DrawStub object. This object collectsseveral output instructions and sends an individual message to P0. P0 receivesthe output messages through the Draw object. Finally to display the output theDraw object calls the appropriate Tcl/Tk commands. The relations betweenthese objects are shown in Figure 31.8.2 Object oriented representation of the FE meshThe distributed mesh is implemented using the FEMesh class. There is onlyone FEMesh object per processor. As this class is in essence a container forelements and nodes its two most important data members are a list of pointerto elements and a list of pointers to nodes. These lists are implemented usingthe Tools++ [30] templates library. The list of elements is a list of pointers tothe elements in the �ne mesh assigned to the processor while the list of nodesis a list of pointers to all the nodes in the processor. The FEMesh class has alsoa pointer to a root element. The children of this distinguished element are theelements of the coarse mesh assigned to the processor. In this way it is possibleto traverse down in the element hierarchy from the elements in the coarse meshto their descendants in the �ne mesh. The FEMesh class has methods for all thealgorithms described in the previous sections.The remote references described in Section 5.2 are implemented using the46



NodeRef class. This class is just a pair consisting of a processor and a memoryaddress. It represents a reference to a node located in that processor at aspeci�c memory location. To invoke a method into a node located in a remoteprocessor these addresses are packed into a message as long integers (MPI doesnot support the notion of messages of pointers) and sent to the remote processor.Once the message arrives at the destination processor the address is cast intoa pointer to the node and the corresponding method is invoked on the node.For this reason it is very unsafe to delete or move a node if the other processorsstill have a reference to it. This restriction had a big in
uence on the migrationalgorithm of Section 7.2.The elements are implemented using inheritance. There is an abstract classAbsElement from where we derive classes for the di�erent types of elements suchas Triangle and Quadrilateral. An element has a pointer to its parent, thatis the element whose re�nement created it. If the element was also re�ned it hasa list of pointers to its children. Finally the element has a vector of pointers toits vertices. This makes it easy to access the coordinates of the vertices of theelement to generate its local matrices for the numerical simulations.Another important class is the Node class. This class keeps track of thecoordinates of the node and has a list of NodeRef to the copies of the node inother processors. For an internal node this list is empty. For a node locatedin an internal boundary between processors this list contains the referencesto the copies of the node in the remote processor. The Node class has alsoa list of pointers to their adjacent elements. When a element is created it isautomatically added to the lists in its vertices. When the element is deleted itis removed from the lists of its vertices. If the list of pointers to the adjacentelements of a Node object becomes empty then there is no element pointingto that node. In this case the node can be safely deleted without leaving anydangling pointers to it.The messages are also encapsulated in classes that inherit from a commonMessage class. To send or receive a message the user just calls the send andreceive methods of the message object. These classes also handle all the manipu-lation of the bu�ers so the user does not have to call MPI routines directly. TheMPI functions that are not related to messages, such as obtaining the processornumber or the number of processors, are encapsulated in an MPI class.8.3 File formatThe �le format for the meshes is very simple. Each mesh description consistsof a header line that includes the number of nodes and the number of elements.After this header line there is a line for each node that includes the node numberand its coordinates. After all the nodes there is a line for each element. Foreach element we include its type, the element number and the number of itsvertices. 47



9 Experimental resultsTo evaluate the quality and performance of our system we performed a seriesof tests on a network of SUN SparcStation10 workstations, each with 32MB ofRAM and running Solaris 2.4. The processor P0 that was responsible for thewindow interface and the serial part of the re�nement algorithm is a multipro-cessor workstation with 64MB. We tested our program using between 4 and 32processors. These machines were scattered between the 1st and the 5th 
oorof the CIT building and were connected by a 10Mbs ethernet network. Mostof the machines that we used were located in the SunLab in the 1st 
oor whileP0 was located in the 5th 
oor. The network is divided in several subnetworksthat were connected through gateways in the 5th 
oor. In particular, to send amessage from a machine in one row of the SunLab to a machine in a di�erentrow (that is connected to a di�erent subnetwork) the message has to travel allthe way up to the 5th 
oor and then all the way down to the SunLab.The tests cover the major components of the system. We found that thecost of the re�nement algorithm is dominated by the serial part. By performinga sequence of successive re�nements of the whole mesh we obtained some verybig meshes. Our parallel Parallel Nested Repartition algorithm computed highquality partitions in a very reasonable time. By using the re�nement history wewere able to obtain better partitions than in other multilevel algorithms.We ran these test when most of the machines were idle but there is noguarantee that the timings are not in
uenced by other users.9.1 Network performanceThe �rst test does not evaluate our system directly. Instead our goal is todetermine the performance of the network and compare it with a real parallelcomputer. We tried three sets of programs on machines located in the 5th
oor and machines located in the 1st 
oor. The intuition was that as thedistance between machines in the SunLab is longer than the distance betweenthe machines in the 5th 
oor their messages should take more time.The �rst test is a point-to-point communication program where a proces-sor Pi sends a message to some other processor Pj and waits for a response.We tried this test for several messages whose length ranged from 1 to 100000double. Table 1 shows the results of this test measured in MBytes per seconds.These results are plotted in Figure 32 (a). Sending a message of only 1 doubletakes 0.0015 sec. (this is the latency of the message) while the cost of sendingan additional byte for long messages is 0.0015 msec and the maximum per-formance was around 1 MByte/sec., consistent with performance obtainable ausing 10Mbit/sec ethernet network. We did not experience too much di�erencebetween machines in the lab and machines connected to the same subnetwork.In both cases only when the messages are around 8K we do obtain full speed.The second test corresponds to the broadcast operation. In this case adistinguished processor P0 sends a di�erent message to all the other processorsand waits for a response from all of them. This operation is usually executed48



Length 5th 
oor SunLab1 0.005234 0.0049995 0.025177 0.02179310 0.050197 0.03459750 0.179837 0.166160100 0.260687 0.246555500 0.586020 0.5656391000 0.741308 0.7258555000 0.786961 0.76693610000 0.820302 0.76446350000 0.843152 0.820467100000 0.859652 0.838322Table 1: Point to point data rates between machines located in the 5th 
oorand machines located in the SunLab. Performance is measured in MBytes/secand the length of the message is in double.when P0 broadcasts the result of the repartitioning algorithm. The results for4, 8 and 16 processors are shown in Table 2 and plotted in Figure 32 (b), (c)and (d). Again the full speed is obtained when the messages are of 8K. Forlonger messages we start to notice a degradation of the performance, possibledue to contention. In these tests the maximum performance was also around 1MByte/sec. 4 Processors 8 Processors 16 ProcessorsLength 5th 
oor SunLab 5th 
oor SunLab 5th 
oor SunLab1 0.007748 0.006733 0.006648 0.004730 0.005601 0.0061675 0.038316 0.033345 0.030359 0.025214 0.026274 0.02796510 0.077707 0.066563 0.060923 0.049014 0.051953 0.05712450 0.329701 0.300788 0.326305 0.158403 0.245903 0.282621100 0.515726 0.494174 0.531610 0.491153 0.465172 0.517887500 0.838217 0.896251 0.952069 0.972119 0.917585 1.0416981000 0.937303 0.998263 1.026578 0.958222 1.048212 1.0462175000 0.819534 0.861735 0.819441 0.861253 0.931990 0.90891910000 0.757282 0.746826 0.915833 0.869889 0.936937 0.91722350000 0.849323 0.809480 0.891440 0.842223 0.904827 0.842918100000 0.862556 0.833068 0.881041 0.842355 0.850441 0.837908Table 2: Broadcast from a single source to all the other processors. Perfor-mance is measured in MBytes/sec and the length of the message is in doubles.The last test is an all-to-all communication program. In this test each pro-cessor sends a message to each other processor and waits for a response. Thistest is an extreme case of our migration algorithm. The e�ect is that it saturates49



0

0.2

0.4

0.6

0.8

1

1.2

1 10 100 1000 10000 100000

M
B

yt
es

/s
ec

Buffer size (doubles)

Point to Point

5th Floor
SunLab

0

0.2

0.4

0.6

0.8

1

1.2

1 10 100 1000 10000 100000
M

B
yt

es
/s

ec
Buffer size (doubles)

Broadcast (4 processors)

5th Floor
SunLab(a) (b)

0

0.2

0.4

0.6

0.8

1

1.2

1 10 100 1000 10000 100000

M
B

yt
es

/s
ec

Buffer size (doubles)

Broadcast (8 processors)

5th Floor
SunLab

0

0.2

0.4

0.6

0.8

1

1.2

1 10 100 1000 10000 100000

M
B

yt
es

/s
ec

Buffer size (doubles)

Broadcast (16 processors)

5th Floor
SunLab(c) (d)Figure 32: Comparison of the performance of the network between machinesin the 5th 
oor and machines in the SunLab. (a) shows the performance ofa ping application where a source processor sends a message to a destinationprocessor and then waits for a response. This example is used to measure thelatency of the network. Only when the messages are around 8K (1000 doubles)we do obtain full speed. (b), (c) and (d) show the performance of a broadcastexample where a source processor sends an individual message to every otherprocessor and waits for a response from all of them.50



the network as it is shown in Table 3 and Figures 33 (a), (b) and (c). As it isshown in the �gures when we increase the number of processors we notice alower performance due to contention. The maximum speed for the 4 processorcase was around 0.6 MByte/sec., almost half of the performance of the point topoint program. When we increase the number of processors to 16 the maximumperformance drops to 0.2 MByte/sec. (compared with 1 MByte/sec. in thepoint to point test).4 Proc 8 Proc 16 ProcLength 5th 
oor SunLab 5th 
oor SunLab 5th 
oor SunLab1 0.002787 0.003874 0.002790 0.002305 0.000545 0.0001695 0.041049 0.014917 0.018661 0.015755 0.010178 0.00714810 0.075899 0.033313 0.066663 0.028382 0.024450 0.01555350 0.360098 0.276849 0.194468 0.073495 0.158196 0.059094100 0.483465 0.248942 0.251540 0.091595 0.196801 0.105000500 0.490462 0.566953 0.313826 0.265786 0.195512 0.1474891000 0.550117 0.363984 0.315014 0.258172 0.224284 0.1842565000 0.435300 0.558364 0.329452 0.317619 0.238315 0.18782710000 0.489746 0.559008 0.318954 0.340022 0.222170 0.19587650000 0.496505 0.537064 0.316744 0.346304 0.116656 0.196713100000 0.504589 0.531281 0.201673 0.324911 0.078395 0.139036Table 3: All to all communication. Performance is measured in MBytes/secand the length of the message is in doubles.Finally we ran the same tests in an IBM SP-2 with 24 processors. Theseresults are shown in Table 4 and plotted in Figure 33 (d). The SP-2 was ableto run the same tests around 35 times faster than the network of workstations.Furthermore contention has a much smaller e�ect on that machine.9.2 Mesh examplesOur tests were run on two basic meshes. The �rst mesh is of relatively small size.It contains 9000 triangular elements and 4720 nodes and is a 2D unstructuredFE grid of an airfoil. This mesh is provided with the Chaco program and it isknown as the Hammond mesh. In our examples we will refer to it as air.mesh.Several views of this mesh are shown in Figure 34.The second mesh is a larger 2D �nite element grid of around 30000 triangularelements and 15000 nodes. We will refer to it as the big.mesh. Four di�erentviews of this mesh are displayed in Figure 35. As it is shown in these picturesthere is a big disparity on the size of the elements.9.3 Initial partition of the meshRecall that the �rst task of the general algorithm for computing the solution ofdynamic systems in Figure 7 was to obtain an initial partition of the mesh. This51



Length pt2pt bcast 4 bcast 8 all2all 4 all2all 81 0.030493 0.049504 0.032990 0.049397 0.0473565 0.449846 0.936888 0.728459 0.820869 0.78665110 0.962093 1.980803 1.431854 1.617866 1.55271950 3.441315 6.545091 5.087394 6.464023 6.080583100 5.241769 10.247676 8.709354 10.275279 9.726054500 14.986043 21.422860 20.492599 21.749445 22.0995461000 19.998413 24.756026 26.153441 27.523068 25.5878895000 28.619531 27.910036 22.897113 31.495189 22.86959410000 31.171557 32.700909 24.209284 31.805331 22.37035850000 33.140733 34.230389 25.071044 33.086489 24.191446100000 32.841156 32.861832 25.181348 32.626888 25.082283Table 4: Point to point, broadcast and all to all communication on the SP2.Performance is measured in MBytes/sec. and the length of the message is indoubles.partition is usually computed using a serial computer during a preprocessingstep and it is not part of our system. Nevertheless it allows us to compare thequality of the partitions obtained using serial multilevel algorithms with morestandard algorithms like Recursive Spectral Bisection [15]. Recursive SpectralBisection is known to produce very good partitions but it is too expensive touse for repartitioning the mesh.Our program assumes that there is an initial partition of the mesh andwe generate this partition using Chaco in a preprocessing step. This systemprovides several method for partitioning a graph. We used both RecursiveSpectral Bisection and Multilevel Bisection. As Chaco is a serial program werun these tests on a single SparcStation10 workstation with 64MB of RAM. Theresults are shown in Tables 5, 6, 7 and 8. The time required to compute thepartitions of both meshes is shown in Figure 36 and the number of shared nodesis shown in Figure 37. Clock time is the time elapsed to compute the partitionwhile user and system time denote the time spent in user and system mode. Thedi�erence between clock time and the sum of user and system time representsthe time the system was idle because of trashing. Remember that this partitionis computed using the dual of the mesh. In this case the row labeled \edgescut" is the number of edges cut in the dual of the mesh. Average elements isthe number of elements in each processor while shared nodes is the number ofnodes in the internal boundaries between processors. A lower number of sharednodes represents a better partition as it requires less communication.In these examples Chaco's Multilevel Bisection outperformed Chaco's Spec-tral Bisection both in time and in the quality of the partitions. The low per-formance of RSB on computing the partitions for the big.mesh was due to thefact that it required a considerable amount of memory, more than the 64MBavailable in the computer. Although all the partitions required more than 4:3052
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(a) (b)(c) (d)Figure 34: The air.mesh is a 2D �nite element grid of a complex airfoil withtriangular elements. It consists of 9000 elements and 4720 nodes. This mesh isprovided with the Chaco program.
54



(a) (b)(c) (d)Figure 35: The big.mesh is a 2D �nite element mesh of a complex airfoil. Itconsists of 30269 elements and 15606 nodes. It is obtained from riacs.edu in thedirectory \pub/grids/big.*".
55



hours of clock time only 1 hour was spent doing useful work. In all cases theserial Multilevel Bisection algorithm produced better partitions in less than aminute. Number of partitions4 8 16 32Clock Time 4:54.8 5:57.1 6:49.4 6:48.5User Time 4:49:0 5:51.2 6:40.9 6:36.8System Time 3.7 5.4 8.0 11.1Edge cuts 928 1702 2747 4417Avg. elements 2250 1125 563 281Shared nodes 144 267 428 690Table 5: Spectral Bisection on the air.mesh using Chaco on a 64Mb SunSparcStation. The dual of the mesh has 9000 vertices and 52507 edges. Thetimes are in hours:minutes:seconds. Edge cuts is the number of edges cut re-ported by Chaco. Number of partitions4 8 16 32Clock Time 5:24:43.7 4:16:16.6 4:43:06.6 4:34:39.7User Time 42:45.5 49:29.9 1:00:13.0 1:02:58.5System Time 18:53.6 19:35.0 19:27.2 19.57.6Edge cuts 1929 3252 5427 8084Avg. elements 7567 3784 1892 946Shared nodes 298 494 834 1243Table 6: Spectral Bisection on the big.mesh using Chaco on a 64Mb SunSparcStation. The dual of the mesh has 30269 vertices and 178639 edges. Thetimes are in hours:minutes:seconds.9.4 Re�nement of the meshTo test the re�nement algorithm we performed successive re�nements of themesh. In each of these phases all the elements of the mesh are selected forre�nement. The number of elements grows exponentially with the level of re-�nement. By doing a series of successive re�nements we were able to createmeshes consisting of more than 2,000,000 elements. We estimate that we couldstore around 40,000 to 50,000 elements in each processor. After that the datasets were too big and the performance of the algorithm drops considerably dueto trashing. These results are shown in Tables 9, 10, 11 and 12. The serial timeis the time spent creating new elements and nodes and the communication timeis the time spent propagating the re�nement to adjacent processors. For each56



Number of partitions4 8 16 32Clock Time 8.0 11.2 18.6 26.2User Time 6.4 9.7 15.2 21.1System Time 0.6 1.3 3.2 4.9Edge cuts 878 1510 2440 3978Avg. elements 2250 1125 563 281Shared nodes 127 238 371 613Table 7: Serial Multilevel Bisection on the air.mesh using Chaco on a 64MbSun SparcStation. The times are in hours:minutes:seconds.
Number of partitions4 8 16 32Clock Time 17.9 23.4 47.4 52.7User Time 16.3 21.4 43.0 46.3System Time 1.3 1.8 4.1 6.1Edge cuts 1575 2509 4047 6701Avg. elements 7567 3784 1892 946Shared nodes 233 374 619 1026Table 8: Serial Multilevel Bisection on the big.mesh using Chaco on a 64MbSun SparcStation. The times are in hours:minutes:seconds.57
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re�nement we include the total number of elements, the average number of ele-ments per processor, and the number of elements in the processor that stores thelargest number of elements and the one that stores the smallest number. Imbal-ance is the ratio between the absolute value of the di�erence between the largestor smallest number of elements (whichever is larger) and the average. Sharednodes is the number of nodes in an internal boundary between processors.The algorithm spends most of its time in the serial part and the commu-nication cost is very small. This is not surprising because of the way we areselecting the elements for re�nement. It is unlikely that by selecting all theelements the re�nement is going to propagate to too many processors. In thesetests the longest propagation was to a couple of processors. Also note thatwhen we increase the number of processors there is a higher imbalance of theelement distribution that reaches a 33 per cent after 6 successive re�nements.As it is shown in the �gures we are able to obtain superliner speedups. This isdue to the fact that when we use a small number of processors we require a lotof memory. This is particularly true when the number of elements assigned toa processor is more than 50,000. In some of these tests we measured 90MB ofvirtual memory on machines that have around 15MB of physical memory avail-able. This speedup tends to become linear as the number of processors increaseand the memory is less of an issue. Figure 38 plots these results and Figure 39shows the air.mesh before and after the re�nement of all its elements.Number of re�nementsInitial 1 2 3 4Time (serial) 7.42 35.50 162.63 927.25Time (comm) 0.13 0.32 0.40 9.80Time (total) 7.55 35.81 163.03 937.05Elements (total) 9000 22247 51703 115347 251458Elements (avg) 2250 5562 12926 28837 62865Elements (max) 2250 5549 13220 29617 64743Elements (min) 2250 5522 12793 28461 61949Imbalance (%) 1.56 2.27 2.70 2.99Shared nodes 127 194 304 440 676Table 9: Successive re�nements of the air.mesh in 4 processors. In each phaseall the elements are selected for re�nement.9.5 Migration of the meshThe migration tests are performed by migrating all the elements in processor Pito processor Pi+1. This is probably one of the most demanding migrations thatwe can perform. It involves the destruction of all the elements in Pi and thecreation of the same elements in Pi+1. The timings for this test are shown inTable 13 and plotted in Figure 40. We perform this permutation migration afternone, one and two re�nements on the air.mesh for 4, 8, 16 and 32 processors.60



Number of re�nementsInitial 1 2 3 4 5Time (serial) 2.51 11.68 50.89 223.40 1396.67Time (comm) 0.10 0.21 0.30 0.67 10.92Time (total) 2.61 11.89 51.19 224.07 1407.59Elements (total) 9000 22253 51711 115363 251490 535896Elements (avg) 1125 2782 6464 14420 31436 66987Elements (max) 1125 2814 7011 15900 35005 75020Elements (min) 1125 2718 6205 13708 29708 63009Imbalance (%) 2.30 8.46 10.26 11.35 11.99Shared nodes 238 357 558 815 1241 1773Table 10: Successive re�nements of the air.mesh in 8 processors. In eachphase all the elements are selected for re�nement.Number of re�nementsInitial 1 2 3 4 5 6Time (serial) 1.70 4.30 15.64 81.00 347.69 2535.00Time (comm) 0.12 0.29 0.31 0.58 1.69 86.84Time (total) 1.82 4.59 15.95 81.58 349.38 2620.84Elements (total) 9000 22247 51703 115347 251458 535840 1124496Elements (avg) 563 1390 3231 7209 15716 33490 70281Elements (max) 563 1580 3951 9173 20514 44357 93940Elements (min) 562 13.11 2918 6316 13481 28298 58739Imbalance (%) 13.70 22.28 27.24 30.53 32.45 33.66Shared nodes 371 576 911 1292 2044 2795 4357Table 11: Successive re�nements of the air.mesh in 16 processors. In eachphase all the elements are selected for re�nement.Number of re�nementsInitial 1 2 3 4 5 6Time (serial) 0.42 1.38 5.91 22.80 77.66 376.17Time (comm) 0.32 0.34 0.39 0.68 1.18 4.00Time (total) 0.73 1.72 6.30 23.48 78.84 380.17Elements (total) 9000 22251 51713 115363 251490 535902 1124612Elements (avg) 281 695 1616 3605 7859 16747 35114Elements (max) 281 788 1967 4567 10214 22080 46764Elements (min) 282 642 1389 3081 6271 13069 26979Imbalance (%) 13.38 21.72 26.69 29.97 31.84 33.06Shared nodes 613 945 1475 2138 3307 4633 7093Table 12: Successive re�nements of the air.mesh in 32 processors. In eachphase all the elements are selected for re�nement.61
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(a)
(b)Figure 39: Re�nement of the mesh. The initial air.mesh (a) and after re�ningall its elements (b). 63



Remember that the re�nement of all the elements of the mesh more thandoubles the size of the mesh. Also the migration does not include only theelements in the �ne mesh but also all the elements in the intermediate meshes.When the mesh is not re�ned the cost of the algorithm is dominated by thecommunication. This is why we do not observe any speedup in the columncorresponding to the migration of the initial mesh. After one or two re�nementswe observe linear speedups. The migration of the mesh after two re�nementsusing four processors is a special case. We believe that the low performance ofthe algorithm at that case is because we are consuming too much memory.Migration after successive re�nementsProcessors Initial mesh 1 re�nement 2 re�nements4 1.85 37.99 283.608 1.76 13.37 79.9516 2.62 6.44 27.2432 4.86 5.89 12.26Table 13: Migration of the mesh. Time in seconds to migrate each elementof the air.mesh mesh that it is assigned to Pi to Pi+1 after none, one or twore�nements.Figure 41 shows two stages of this test. In 41 (a) we display a snapshot ofthe mesh with no re�nements before the migration and in (b) we show the samemesh after this permutation migration. Figure 42 (a) shows another migrationexample. In this case all the elements in each processor are migrated to arandom processor. In Figure 42 (b) we migrate the elements according to atarget partition.9.6 Dynamic partitioning of the meshFinally we put all the tests together. In this section we present tests that re�nethe mesh, �nd a new partition at run time and migrate the mesh according to thenew partition. These tests are performed using two di�erent methods. For the�rst set of tests we partition the mesh using the Parallel Nested Repartitioningalgorithm (see Section 7.1.3). In parallel we compute the weight of the meshM�10 by collapsing elements that are descendants of a common element of thecoarse initial mesh. This phase does not require communication. We then sendthe dual of the coarse mesh to P0 to start the serial phase of the algorithm. Inthe serial phase we �nd a partition of the coarse mesh using a serial algorithm.In this phase we use Chaco's serial Multilevel Bisection algorithm to partitionthis reduced graph. We then broadcast the partition to the processors to startthe migration phase.For comparison we run the same tests using the serial Multilevel Bisectionalgorithm to repartition the mesh. Rather than collapsing the re�ned elementsin parallel as in the PNR algorithm we send to P0 the whole mesh. In thistest we forget that the �ne mesh was obtained as the result of the re�nement of64
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(a)
(b)Figure 41: Migration of the mesh. In (a) we show the air.mesh distributedbetween 32 processors. This partition was obtained using a Multilevel Bisec-tion algorithm. In (b) we migrate every element in each processor to the nextprocessor. 66



(a)
(b)Figure 42: Migration of the mesh. In (a) we migrate the elements to a randomprocessor and in (b) we migrate the mesh according to a Spectral Bisectionpartition. 67



First note that if the mesh is not re�ned both the serial and PNR algorithmare essentially the same and should produce similar results. Only when themesh is re�ned we would note a di�erence between both approaches.It is not surprising that the partition is signi�cantly faster if we send onlythe coarse mesh to P0 as in the PNR algorithm rather than the �ne mesh as inthe serial algorithm. In the PNR algorithm the cost of computing the weightsof the meshM�10 and sending it to P0 does not increase too much as we performsuccessive re�nements of the mesh. In this case jM�10 j is a constant so the samenumber of elements are always sent to P0. This is obviously not true in theserial algorithm. As P0 needs to partition a much smaller graph during theserial phase of the PNR algorithm the cost of performing this partition is muchsmaller than if it was made using the serial algorithm. The time to receivethe partition from P0 increases faster in the serial algorithm than in the PNRalgorithm as P0 needs to return longer messages because it partitioned a biggergraph.It is also not surprising that the migration phase using the serial algorithmperforms better than the one using the PNR algorithm because in the serialalgorithm we removed all the intermediate elements. In this case the migrationcorresponding to the PNR partition does not only need to migrate the elementsin the �ne mesh but also all the re�ned elements. But this advantage is out-weighed by the cost of sending the mesh to P0 and performing the partition ona bigger mesh.The really important results are obtained by looking at the last row of Ta-bles 14, 15, 16 and 17 and comparing the quality of the partitions. Our ParallelNested Repartitioning algorithm produced almost always better partitions thanthe serial multilevel algorithm and we have shown in Section 9.3 that the se-rial Multilevel Bisection algorithm produced better partitions than the highlyacclaimed Recursive Spectral Bisection algorithm. This proves that the infor-mation from the re�nement can be e�ectively used in the mesh partitioningalgorithms. PNR algorithm Serial algorithmInitial 1 Ref 2 Ref Initial 1 Ref 2 RefSend mesh to P0 20.59 32.85 34.85 21.52 57.24 256.91Partition 18.05 17.81 18.38 17.70 55.47 267.27Receive partition from P0 1.17 0.90 1.28 0.94 2.41 39.24Migration 5.36 25.90 281.53 8.80 22.65 109.53Total time 46.06 77.89 337.47 49.44 138.75 675.71Number of shared nodes 119 205 298 119 233 442Table 14: Repartition of the air.mesh in 4 processors after none, one andtwo re�nements using the PNR algorithm and the serial Multilevel Bisectionalgorithm. Times are in seconds. 68



PNR algorithm Serial algorithmInitial 1 Ref 2 Ref Initial 1 Ref 2 RefSend mesh to P0 17.04 16.13 21.16 15.72 49.01 229.20Partition 22.23 21.62 21.73 22.03 57.19 263.98Receive partition from P0 1.83 1.77 1.67 1.67 2.15 6.56Migration 4.52 16.55 84.08 4.81 8.80 29.66Total time 47.71 56.23 128.97 44.41 118.00 530.76Number of shared nodes 221 465 510 221 448 694Table 15: Repartition of the air.mesh in 8 processors after none, one andtwo re�nements using the PNR algorithm and the serial Multilevel Bisectionalgorithm. Times are in seconds. PNR algorithm Serial algorithmInitial 1 Ref 2 Ref Initial 1 Ref 2 RefSend mesh to P0 15.76 13.99 17.39 14.16 46.39 237.69Partition 34.51 31.26 33.61 30.96 76.81 304.19Receive partition from P0 2.49 2.31 2.95 2.95 3.03 5.50Migration 7.82 10.36 32.70 6.76 9.52 29.86Total time 60.69 58.13 86.86 54.97 138.40 591.30Number of shared nodes 397 597 919 397 797 1225Table 16: Repartition of the air.mesh in 16 processors after none, one andtwo re�nements using the PNR algorithm and the serial Multilevel Bisectionalgorithm. Times are in seconds. PNR algorithm Serial algorithmInitial 1 Ref 2 Ref Initial 1 Ref 2 RefSend mesh to P0 15.62 16.09 16.05 14.65 38.25 250.19Partition 40.44 47.26 46.16 40.72 86.25 331.65Receive partition from P0 4.99 5.19 4.42 5.24 5.30 9.61Migration 23.59 15.74 30.90 21.19 91.90 30.83Total time 85.26 84.48 97.71 82.01 252.94 624.18Number of shared nodes 618 955 1525 618 1122 1701Table 17: Repartition of the air.mesh in 32 processors after none, one andtwo re�nements using the PNR algorithm and the serial Multilevel Bisectionalgorithm. Times are in seconds. 69
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10 Related projectsThis project follows the spirit of the Distributed Irregular Mesh Environment(DIME) [31], [43] by Roy Williams at the California Institute of Technology.DIME allowed the re�nement of triangles but was not able to coarsen them.Also it is not clear how its parallel re�nement and load migration work.The Scalable Unstructured Mesh Computation (SUMAA3d) at the ArgonneNational Laboratories is another related project. The re�nement algorithm[3] avoids the creation of duplicate nodes in the boundaries of processors byre�ning the elements in independent sets so that adjacent elements in di�erentprocessors are never re�ned at the same time. These independent sets arecomputed using Monte Carlo methods. Also the partitioning algorithm is basedon the Orthogonal Recursive Bisection method. In general is possible to obtainmuch better partition using multilevel methods.In [33], [42] an adaptive environment for unstructured problems is presented.In this project the migration is only done to adjacent processors using iterativelocal migration techniques. The load balancing algorithm is done by comparingthe work between adjacent processors. This means that we might require severaliterations to rebalance the work.The re�nement is performed using quadtreestructures.11 Conclusion and future workIn this thesis we present contributions in the areas of mesh re�nement, meshrepartitioning and mesh migration.We have developed parallel re�nement algorithms for unstructured meshesand used the re�nement history to develop a Parallel Nested Repartitioningalgorithm superior to the algorithms in [19] when applied to the partition ofadapted meshes. Although we explained the theoretical problems of doing there�nement in parallel our tests showed very little overhead due to communica-tion.We used the Parallel Nested Repartitioning algorithm to compute partitionson the 
y. We showed that we can obtain high quality partitions at a reasonablecost. We also showed that we can use these partitions to rebalance the work bymigrating elements and nodes between the processors.The implementation of the project was highly simpli�ed by using C++. Theuse of an object oriented language allowed us to design irregular data structurese�ciently. It also reduced the number of bugs as we encapsulated the mostdangerous components (like the remote pointers) into objects.There are two major possible improvements to this project. The �rst one isto port it to the IBM SP-2. The second one is to �nd a real physical problemto drive the computation. Although we have worked only with triangles wedesigned the data structures to allow di�erent types of elements both in 2D andin 3D. 73
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