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AbstractGraph Drawing (also known as Graph Visualization) tackles the problem of representinggraphs on a visual medium such as computer screen, printer etc. Many applicationssuch as software engineering, data base design, project planning, VLSI design, multime-dia etc., have data structures that can be represented as graphs. With the ever increasingcomplexity of these and new applications, and availability of hardware supporting vi-sualization, the area of graph drawing is increasingly getting more attention from bothpractitioners and researchers.In a typical drawing of a graph, the vertices are represented as symbols such as circles,dots or boxes, etc., and the edges are drawn as continuous curves joining their end points.Often, the edges are simply drawn as (straight- or poly-) lines joining their end points(and hence the title of this thesis), followed by an optional transformation into smoothcurves. The goal of research in graph drawing is to develop techniques for constructinggood drawings of the input graphs. Informally speaking, a drawing is considered \good"if it is able to communicate e�ectively and clearly, the information being displayed inthe drawing. Several desirable properties of a good drawing, that have been identi�edare: small area, minimum edge crossings, large angles between edges, symmetry, smallnumber of edge-bends, upwardness, clustering or aligning of related vertices etc. In thisthesis, we have addressed the problem of constructing drawings that exhibit some ofthese properties, and have presented several new techniques that provide answers tothese problems. The problems we have considered relate to the following drawings:� Planar upward drawings of directed acyclic graphs, i.e., planar drawings in whichedges 
ow in the same direction (usually along y-axis).� Planar straight-line drawings of planar graphs, in which the angles between edgesincident on the same vertex have large magnitudes.� Drawings of angle graphs, i.e., graphs with angles speci�ed between edges incidenton the same vertex.� Planar orthogonal drawings (edges drawn as a chain of horizontal and verticalline-segments) of degree-four graphs, with minimum number of edge-bends.iii
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Chapter 1IntroductionIt is well-known that human beings are very good in processing visual information, as issuccinctly and e�ectively captured in the adage \a picture is worth a thousand words".Hence, in applications that involve human interaction, visual display of informationcan be very useful. Examples of applications include software engineering, data bases,VLSI circuit-design, project planning, scienti�c data analysis, and graphics design. Infact, with the ever growing capability of the visual-display technology, the list of suchapplications is growing every day, and so is the complexity of visual information that isneeded to be displayed.A graph is a structure consisting of a set of vertices and a set of edges connecting thesevertices. Many applications consist of structures that can be modeled very naturally bygraphs. Some examples of graphs that occur in real-life situations are subroutine callgraphs, inheritance hierarchies and class inter-relationship diagrams in object-orienteddatabases and object-oriented programs, VLSI circuits, Pert networks, and coveringdigraphs of partial orders.Graph Drawing (also known as Graph Visualization) addresses the problem of con-structing good drawings (synonyms: diagrams, pictures, layouts) of graphs. Informallyspeaking, a drawing is considered \good" if it is able to convey to the user clearly andcompletely, the information that is being or is intended to be provided in the form of thedrawing. A good graph drawing utility is one that given as input, a graph containingthe information intended to be conveyed to user, produces a good drawing of the graph.An extensive survey on the area of graph drawing is presented by Di Battista, Eades,Tamassia and Tollis in [30].While it is di�cult, perhaps impossible, to measure exactly, the \goodness" of adrawing, it has been found, see e.g. [3, 28], that two criteria are considered importantby the human designers:� Aesthetic criteria which are independent of the information being displayed, andare concerned with the \beauty" of the drawing. Some aesthetic criteria that havebeen identi�ed as important are small number of crossings, symmetry, upwardness(for directed acyclic graphs), large angles between edges incident on the samevertex (in straight-line drawings), small number of bends (in polyline drawings),1



small total edge length, small area, uniform distribution of vertices etc.� Semantic constraints, on the other hand, are certain layout rules that aim to pro-vide semantic information on the basis of layout. Typical layout rules are, cluster-ing or aligning \related" vertices, placing the most important vertex in the centerof the drawing etc.To classify the di�erent kind of graph drawings, various graphic standards have beenproposed in literature [30]. Vertices of the graph are generally represented as symbolssuch as circles, dots, or boxes, etc., and edges are drawn as continuous curves joining theirend points. Often, the edges are simply drawn as (straight- or poly-) lines joining theirend points (and hence the title of this thesis), followed by an optional transformationinto smooth curves. A straight-line drawing is one in which edges are drawn as straight-line segments (Fig. 1.1(a)). In a polyline drawing, each edge is drawn as a polygonalchain of straight-line segments (Fig. 1.1(b)). A vertex of a polygonal chain, that is notan end point of the chain, is called a bend of the drawing. A k-gonal drawing is a polylinedrawing in which each line segment makes an angle that is an integer multiple of 2�=kwith the x-axis. An orthogonal drawing is a 4-gonal drawing, i.e., a polyline drawingin which each edge is drawn as a chain of horizontal and vertical straight-line segments(Fig. 1.1(c)). A planar drawing is a drawing in which no two edges cross except at theircommon end point. A grid drawing is a polyline drawing in which each vertex and eachbend is assigned integer coordinates.
(a) (b) (c)

bend

Figure 1.1: Di�erent drawing standards: (a) Straight-line drawing; (b) Polyline drawing;(c) Orthogonal drawingThe current graph drawing techniques are, broadly speaking, based on two type ofapproaches: the algorithmic approach and the declarative approach.The declarative approach (see for example, [28, 25, 40, 66]. Also see [30] for a detailedbibliography) allows users to specify constraints such as clustering or aligning a set ofvertices etc., so that the drawings constructed satisfy these constraints. The declarativeapproach provides a lot of 
exibility in type of drawings that can be constructed using2



them. However, the techniques based on declarative approach, because of the inherentcomplexity of solving constraints, are generally slow, do not always provide a solution,or sometimes provide non-intuitive solutions, and it is di�cult to guarantee any kindof performance bounds (for running-time etc.) for them. A current \hot" topic forresearch is to devise declarative approach based techniques with improved e�ciency,more amenability to performance-analysis etc. (see for example, [23, 56]).The algorithmic approach takes a more pragmatic path. This approach emphasizes ondeveloping algorithms for constructing drawings that satisfy only a �xed set of aestheticcriteria. These algorithms �rst formalize the aesthetic criteria under consideration asoptimization goals, and then construct a drawing optimizing these goals. Because eachalgorithm has to typically optimize only a �xed set of goals, these algorithms can be quitee�cient and can also be analyzed to give performance guarantees. Also, the algorithmsare usually decomposable into smaller units called methods, so that one can devise newalgorithms using the methods of the existing algorithms [8, 34]. Because of these advan-tages, research in graph drawing has mainly concentrated on devising algorithms basedon the algorithmic approach. This thesis also focuses on the algorithmic approach.This thesis mainly addresses the problem of constructing four di�erent kinds of draw-ings: upward planar drawings, planar straight-line drawings with large angular resolu-tion, angle-preserving drawings, and orthogonal planar drawings with minimum numberof bends. It also contains some results that hold individually for other kinds of drawings.In Chapter 2, we consider the problem of constructing upward planar drawings ofdirected graphs. An upward drawing is one in which all the edges 
ow in one direction(usually along the positive y-axis). Fig. 2.1 shows an upward planar drawing. Because ofthe \unidirectionality" of upward drawings, the user doesn't have to go back and forth iny-direction while traversing a directed path. Hence, it is easier to navigate through suchdrawings. Upward drawings are also very suitable for displaying hierarchical structures.Upward drawings �nd application in displaying structures such as object-oriented models,subroutine call graphs, organization charts, directory-hierarchy, pert networks, partialorders, etc. The upward planarity testing problem, i.e., the problem of testing whether agiven directed graph (digraph, in short) admits an upward planar drawing, has intriguedresearchers for many years. Polynomial-time algorithms are known for upward planaritytesting of triconnected digraphs [7, 9], bipartite digraphs [35], st-digraphs [36, 73], single-source multiple-sink digraphs [64, 10], and outerplanar digraphs [86]. However, despitethe e�ort of many researchers, it was not previously known whether one can test a generaldigraph for upward planarity in polynomial time. Using the concept of a special kind of
ow network, we show that the upward planarity testing problem for general digraphsis NP-complete and hence a polynomial-time algorithm is unlikely to exist.The most natural way of drawing trees is to draw them upward, as an illustrationof a tree in any text book will demonstrate. The issue of area is important because ofthe �nite resolution of the displaying and printing devices. Trees are very popular data-structures, making appearance in a number of applications. It is therefore no surprisethat the problem of drawing trees has been studied quite extensively, and a number ofresults are available. See for example, [112, 89, 42, 98, 44, 84, 15, 109]. Also see [30]for a detailed bibliography. As for the area-requirement of upward planar grid drawings3



of trees, the well-known algorithms of Reingold and Tilford [89], and Wetherell andShannon [112] give drawings with area O(n2), where n is the number of nodes in thetree. Crescenzi, Di Battista, and Piperno [21, 22] have given algorithms for constructinga straight-line upward planar grid drawing with area O(n logn) of a given general tree,and with area O(n) of a given complete binary or Fibonacci or AVL tree. In Chapter 3,we study the area-requirements of upward planar grid drawings of trees, within twographic standards, namely polyline and orthogonal, and provide matching upper andlower bounds for the area-requirements of both kinds of drawings. More speci�cally, wegive linear-time algorithms for constructing upward planar polyline grid drawings witharea O(n), upward planar orthogonal grid drawings with area O(n log log n), and upwardplanar polyline grid drawings with area O(n logn) that preserve the left-to-right order ofthe children of each node. We also prove that these bounds are tight within a constantfactor.The angular resolution of a straight-line drawing is equal to the magnitude of thesmallest angle between any two edges incident on a vertex. For example, the angularresolution of the drawing of Fig. 1.1(a) is 20�. It is important for a drawing to havelarge angular resolution because it is di�cult for the eye to distinguish between two linesseparated by only a small angle. A large angular resolution is also important in wirelesscommunication where it is di�cult to receive and send signals at a tight angle [48].Degree of a graph is equal to the maximum number of edges incident on a vertex ofthe graph. Formann, Hagerup, Haralambides, Kaufmann, Leighton, Simvonis, Welzl,and Woeginger have shown in [48] that every degree-d planar graph admits a straight-line (nonplanar) drawing with angular resolution 
(1=d). Malitz and Papakostas [83]show that a degree-d planar graph admits a planar straight line drawing with angularresolution 
(1=7d) (notice that this bound is independent of the number of vertices inthe graph). It is however still not known whether a degree-d planar graph admits aplanar straight line drawing with angular resolution that is a polynomial in d, and isindependent of the number of vertices in the graph. In Chapter 4, we consider theproblem of constructing planar straight-line drawings with large angular resolution. Weprovide the �rst non-trivial upper bound on angular resolution, namely, we show thatthere exists an in�nite family of degree-d planar graphs that requires angular resolutionO(plog d=d3 ) in any planar straight-line drawing. We also show a trade-o� betweenthe area and angular resolution of a drawing which implies that there exists a familyof degree-d planar graphs that requires exponential area for any planar straight-linedrawing with angular resolution that is independent of d and n, where n is the numberof vertices in a graph. We also give linear-time algorithms for constructing drawingsof outerplanar, star-nested, and series-parallel graphs with angular resolution that is apolynomial in the degree of the graph and is independent of the number of vertices inthe graph.In Chapter 5, we study the problem of constructing angle-preserving drawings, i.e.drawings of angle graphs. An angle graph is a graph having a �xed embedding andequipped with angles between consecutive edges incident on its vertices. An equilateraltriangle, for example, is an angle graph in which the angle between any two consecutiveedges incident on a vertex is either 60� or 300�. A drawing of an angle graph is a straight-line drawing that preserves its angles. Angle graphs capture the notion of the desired4



\shape" of the drawing and hence are important for developing systems for generatinglayouts with user-speci�ed constraints. In addition, angle graphs seem to be useful asintermediate-stage products for constructing drawings of graphs, as demonstrated bytheir implicit use in the well-known algorithms of [99] and [102] for constructing planarorthogonal drawings. We give several new results on drawings of angle graphs. Using agadget based approach, in which we use smaller graphs to construct a bigger graph, wehave shown that it is NP-hard to determine whether a given angle graph admits a planardrawing. We also study the problem of testing whether a given series-parallel angle graphadmits a drawing, and provide a linear-time testing-algorithm. Using the NP-hardnessresult, we also show that given a triconnected planar graph, it is NP-hard to construct aplanar straight-line drawing of the graph with maximum angular resolution, extendinga similar NP-hardness result of [69, 68] that holds for biconnected planar graphs. Thisresult also demonstrates the bene�ts of studying drawings of angle graphs. Amultilayeredangle graph is one whose edges are assigned to a set of layers available. A multiplanarmultilayered angle graph is one that admits a drawing in which edges belonging to thesame layer do not cross. We show that the problem of testing a multilayered angle graphfor multiplanarity is NP-hard, even if, quite surprisingly, we restrict the number of layersto two, and the angles to be multiples of 90�.In Chapters 6 and 7, we study the problem of constructing orthogonal planar drawingswith small number of bends. Such drawings are attractive for many reasons. They tendto give more aesthetically pleasing drawings in general [31, 62]. Minimizing bends isalso important in VLSI layouts where bends act as \hot points" because of their highercurrent density. In view of the trade-o� between the angular resolution of a drawingand its area-requirement [58, 83], these drawings o�er a good compromise: they havelarge angles (multiples of 90�), small area, and few bends (every degree 4 graph admitsam orthogonal drawing with O(n2) area and O(n) bends [109, 75]). Finally, becauseeach angle is a multiple of 90�, orthogonal planar drawings have very nice combinatorialproperties leading to several simple algorithms for constructing them. Because of theseadvantages, many commercial packages, e.g. [32, 106], are available that use orthogonaldrawings for displaying graphs. However, it was not previously known whether onecan test in polynomial time if a given graph admits a rectilinear planar drawing, i.e.,an orthogonal planar drawing with no bends. This problem is known in literature asthe rectilinear planarity testing problem. Previously, polynomial time testing-algorithmswere known only for special categories of graphs, namely, embedded planar graphs [99],series-parallel graphs [33], and degree-3 graphs [33]. Borrowing from our techniques usedfor showing the NP-completeness of the upward planarity testing problem, in Chapter 6we show that the rectilinear planarity testing problem for general graphs is also NP-complete, and hence a polynomial time algorithm is unlikely to exist. In fact, we alsoshow that given a n-vertex graph, even approximating the number of bends withinO(n1��) of the optimal, for any � greater than 0, is NP-hard.Our NP-hardness result of Chapter 6 necessitates the development of e�cient heuris-tics for constructing planar orthogonal drawings with small number of bends. Be-cause of the importance of these drawings, and due to the e�orts of a large num-ber of researchers, many heuristics are already available in literature. See for exam-ple, [95, 109, 111, 99, 97, 102, 79, 80, 81, 78, 45, 68, 13, 33]. A well-known heuristic5



constructs an orthogonal planar drawing in two steps{ Step 1: convert the given planargraph into an embedded planar graph ( i.e., a planar graph with a �xed embedding), andStep 2: construct a planar orthogonal drawing with minimum number of bends of theembedded planar graph of Step 1. This heuristic is very simple and also seems to givegood drawings in practice [31, 62]. Central to the success of this heuristic is minimizingthe number of bends in Step 2. Tamassia has given a very famous algorithm in [99] thatconstructs a bend-minimum planar orthogonal drawing of an embedded planar graph.This algorithm uses a transformation to a minimum cost maximum 
ow problem on arelated network such that, a minimum cost maximum 
ow on this network gives a bend-minimum planar orthogonal drawing of the embedded planar graph. This algorithmhowever has a time-complexity of O(n2), where n is the number of vertices in the graph.Experimental studies [31, 62] have also commented on its high running time in real-lifesituations. In Chapter 7, we present a new algorithm with time-complexity O(n1:75 logn)for constructing a bend-minimum planar orthogonal drawing of an n-vertex embeddedplanar graph. Our algorithm is based on Tamassia's algorithm, and essentially gains intime by using a faster minimum cost maximum 
ow computation on the related network.Our conclusions and some open problems are given in Chapter 8.
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Chapter 2Upward Planar Drawings ofDirected Graphs2.1 IntroductionIn this chapter, we study the problem of testing a directed graph (digraph, in short) forupward planarity i.e., testing whether it admits a planar upward drawing. A drawing isplanar if no two edges cross. A graph (or digraph) is planar if it admits a planar drawing.A drawing of a digraph is upward if every edge is monotonically nondecreasing in they-direction. A digraph is upward planar if it admits a planar upward drawing. Fig. 2.1shows a planar straight-line upward drawing.
Figure 2.1: Example of a planar straight-line upward drawing of a directed graph.Testing upward planarity is a fundamental problem in the e�ective visualization ofvarious graph and network structures. For example, upward planarity is useful for thedisplay of order diagrams and subroutine-call graphs. In this chapter we show that thefollowing problem is NP-complete:Upward planarity testing: testing whether a digraph is upward planar.7



This problem has challenged researchers in order theory, topological graph theory,computational geometry, and graph drawing for many years. We show in Chapter 6that the rectilinear planarity testing problem, i.e., testing whether a graph admits anorthogonal straight-line drawing with no bends, is also NP-complete. Our intractabilityresults motivate the following observations:� Testing whether a graph admits a planar drawing or an upward drawing can bedone in linear time. Combining the two properties makes the problem NP-hard.� Every planar graph admits a planar straight-line drawing. Hence, we can saythat planarity is equivalent to straight-line planarity, and both properties can beveri�ed in linear time. We can view upward and rectilinear planarity as derivedfrom straight-line planarity by adding further constraints, which make the problembecome apparently much more di�cult.Previous results on upward planarity testing are summarized below (also see [54] foran extensive survey). In the rest of this section, we denote with n the number of verticesof the graph being considered.Combinatorial results on upward planarity of covering digraphs of lattices were �rstgiven in [74, 88]. Further results on the interplay between upward planarity and orderedsets are surveyed by Rival [90, 91, 92]. Lempel, Even, and Cederbaum [76] relate theplanarity of biconnected undirected graphs to the upward planarity of st-digraphs. Acombinatorial characterization of upward planar digraphs is provided in [36, 73]: namely,a digraph is upward planar if and only if it is a spanning subgraph of a planar st-digraph.This characterization implies that upward planarity testing is in NP.Di Battista, Liu, and Rival [35] show that every planar bipartite digraph is upwardplanar. Papakostas [86] gives a polynomial-time algorithm for upward planarity test-ing of outerplanar digraphs. Bertolazzi, Di Battista, Liotta, and Mannino [7, 9] give apolynomial-time algorithm for testing upward planarity of triconnected digraphs and ofdigraphs with a �xed embedding. Concerning single-source digraphs, Thomassen [107]characterizes upward planarity in terms of forbidden circuits. Hutton and Lubiw [64]combine Thomassen's characterization with a decomposition scheme to test upward pla-narity of a single-source digraph in O(n2) time. Bertolazzi, Di Battista, Mannino, andTamassia [10] show that upward planarity testing of a single-source digraph can be doneoptimally in O(n) time. They also give a parallel algorithm that runs in O(logn) timeon a CRCW PRAM with n log logn= logn processors.Di Battista, Tamassia, and Tollis [36, 37] give algorithms for constructing upwardplanar drawings of planar st-digraphs, and investigate area bounds and symmetry dis-play. Tamassia and Vitter [104] show that the above drawing algorithms can be e�cientlyparallelized. Upward planar drawings of series-parallel digraphs are studied in [5, 6].Our proof techniques are based on a two-phase reduction from the known NP-complete problem not-all-equal-3-sat. In the �rst phase, we reduce not-all-equal-3-sat to an auxiliary undirected 
ow problem. In the second phase, we reduce this undi-rected 
ow problem to the upward planarity testing of a special class of digraphs. The8



latter reduction is interesting in its own and provides new insights on the characteriza-tion by 
ow networks of the angles formed by the edges of upward planar drawings [7, 9].Most of the results and techniques presented in this chapter can also be found in [57, 59].The rest of this chapter is organized as follows. Preliminary de�nitions and results areprovided in Section 2.2. The reduction from not-all-equal-3-sat to the auxiliary 
owproblem is given in Section 2.3. Section 2.4 describes the reductions from the auxiliary
ow problem to upward planarity testing. Conclusive remarks are given in Section 2.5.2.2 PreliminariesWe assume standard concepts and de�nitions on NP-completeness [50]. Our result usesreductions from the following well-known NP-complete problem:not-all-equal-3-sat Given a set of clauses with three literals each, is there a truthassignment such that each clause has at least one true literal and one false literal?An embedding of a planar graph is the collection of circular permutations of theedges incident upon each vertex in a planar drawing of the graph. An embedded graphis a planar graph equipped with an embedding. We do not distinguish between a graphand its embedding if the embedding is unique and the meaning is clear from the context.We denote by G� fvg the subgraph of graph G obtained by removing vertex v andits incident edges from G.The angles of an embedded graph are the pairs of consecutive edges incident on thesame vertex. Such angles are mapped to geometric angles in a straight-line drawing ofthe graph.The following de�nitions are from [7, 9]. An upward embedding of a digraph ~G isan embedding of ~G where each angle formed by pairs of incoming or outgoing edges isassigned a label in the set fsmall, largeg, such that there exists a planar straight-lineupward drawing of ~G where each angle labeled small has measure < � and each anglelabeled large has measure > �. Each upward embedding has a unique external face.A source of a a digraph ~G is a vertex with all outgoing edges and a sink of ~G is avertex with all incoming edges. A switch of ~G is a source or sink of ~G. A source or sinkof a face f of ~G is called a local source or sink of f . Note that a local switch of f mayor may not be a switch of ~G.2.2.1 Upward EmbeddingIn this section we give Lemma 1 that will be extensively used in the proofs.First, some de�nitions. In an embedding of a digraph ~G, a vertex has the bimodalproperty if the cyclic order of the edges incident on it can be partitioned into two setsof consecutive edges, one (possibly empty) consisting entirely of its incoming edges and9



the other (also possibly empty) consisting entirely of its outgoing edges. An embeddingof ~G is bimodal if each vertex in it has the bimodal property.Consider an assignment of labels from the set fsmall, largeg to the angles betweenincoming or outgoing edges of an embedding of ~G. For a face f of the embedding, letL(f) and S(f) be the number of angles of f with label large and small, respectively.Face f is said to be consistently assigned if:L(f)� S(f) = ( �2 if f is an internal face;+2 if f is the external face:An assignment of labels to the angles of an embedding of digraph ~G is a consistentassignment if:� all the angles at a nonsource or nonsink vertex of ~G are assigned label small;� exactly one angle at a source or sink vertex of ~G is assigned label large; and� each face is consistently assigned.We paraphrase a result of [7, 9] in the following lemma:Lemma 1 An embedding of a digraph ~G can be extended to an upward embedding if andonly if it is bimodal and admits a consistent assignment of labels to its angles.2.2.2 Tendrils and WigglesWe now de�ne several graphs that will be used as gadgets in our reduction.We show in Fig. 2.2(a) tendril Tk (k � 1), which is an acyclic digraph with k + 1sources and k + 1 sinks. We also de�ne tendril T0 as a a digraph consisting of a singleedge. Tendril Tk (k � 0) has a designated source and a designated sink, called the polesof Tk. We shall consider transformations where a directed edge (u; v) of a digraph isreplaced with a tendril Tk, where the source is identi�ed with u and the sink with t.Lemma 2 Tendril Tk is upward planar and admits a unique upward embedding.Proof: We use induction on k. Tendril T1 is shown in Fig. 2.3(a). Tendril Tk can beconstructed by adding to Tk�1 the digraph Hk shown in Fig. 2.3(b) and by identifyingedges ek�1 of Tk�1 and fk of Hk, as shown in Fig. 2.3(c). It is straightforward to verifythat T1 and Hk have a unique upward embedding by applying Lemma 1 to their O(1)planar embeddings. This proves the base of the induction. For the inductive step,since Tk�1 and Hk each have a unique upward embedding, we only need to considerthe four planar embeddings of Tk obtained by 
ipping the upward embeddings of Tk�1and Hk around their common edge fk . Applying Lemma 1 to the four faces containingboth endpoints of fk shows that only one of the above planar embeddings of Tk can beextended to an upward embedding. 210
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In the upward planar embedding of Tk, the external face consists of two paths betweens and t. One such path, called outer path, has 2k large angles and no small angles, andthe other path, called inner path, has 2k small angles and no large angles. When a tendrilreplaces an edge of an embedded planar digraph, the outer path becomes a subpath ofa face, and we say that the contribution of the outer path to the face is +2k. Similarly,we say that the contribution of the inner path to its face is �2k.Figure 2.2(b) shows a wiggle Wk, which is an acyclic digraph consisting of a chainof 2k + 1 edges whose orientation alternates along the chain. The extreme vertices ofWk, a source s and a sink t, are called the poles of Wk. An arrangement of wiggle Wk isan upward embedding of Wk. We shall consider transformations where a directed edge(u; v) of an embedded digraph is replaced with wiggle Wk , where s is identi�ed with uand t with v, and Wk becomes a subpath of two faces. Given an arrangement of Wk, wesay that the contribution of Wk to a face f containing Wk is the number of large anglesminus the number of small angles of Wk in f . Clearly, Wk can be arranged to give to aface any contribution c such that c is an even number between 0 and 2k. Note that ifGk gives contribution c to a face, it gives contribution �c to the other face it belongs to.2.3 An Auxiliary Undirected Flow ProblemIn this section we de�ne two auxiliary 
ow problems and show that they are equivalentto not-all-equal-3-sat under polynomial-time reductions.A switch-
ow network is an undirected 
ow network N where each edge is labeledwith a range [c0 � � � c00] of nonnegative integer values, called the capacity range of the edge.For simplicity, we denote the capacity range [c � � �c] with [c]. A 
ow for a switch-
ownetwork is an orientation of and an assignment of integer \
ow" values to the edges ofthe network. A feasible 
ow is a 
ow that satis�es the following two properties:Range property: the 
ow assigned to an edge is an integer within the capacity range ofthe edge.Conservation property: the total 
ow entering a vertex from the incoming edges is equalto the total 
ow exiting the vertex from the outgoing edges.Starting from an instance S of not-all-equal-3-sat, we construct a switch-
ownetworkN as follows (see Figs. 2.4{2.5). Let the literals of S be denoted with x1; y1; � � � ; xn; yn,where yi = xi , and the clauses of S be denoted with c1; � � � ; cm. Let � be a positiveinteger parameter. We denote with �i and �i (i = 1; � � � ; n) the number of occurrences ofliterals xi and yi in the clauses of S, respectively. Note that Pni=1(�i + �i) = 3m. Also,we de�ne 
i = (2i� 1)� and �i = 2i� (i = 1; � � � ; n). Network N has a literal vertex foreach literal of S and a clause vertex for each clause of S, plus a special dummy vertex z.There are three types of edges in N (see Fig. 2.5):Literal edges joining pairs of literals associated with the same boolean variable. Thecapacity range of literal edge (xi; yi) is [�i
i + �i�i].12



Clause edges joining each literal to each clause. The capacity range of clause edge (xi; cj)is [
i] if xi 2 cj , and [0] otherwise. The capacity range of clause edge (yi; cj) is [�i]if yi 2 cj , and [0] otherwise.Dummy edges joining each literal and each clause to the dummy vertex. The capacityranges of dummy edges (z; xi) and (z; yi) are [�i�i] and [�i
i], respectively. Thecapacity range of dummy edge (z; cj) is [0 � � ��j � 2�], where �j is the sum of thecapacities of the clause edges incident on cj .The construction of network N from S is straightforward, and we have:Lemma 3 Given an instance S of not-all-equal-3-sat with n variables andm clauses,the associated switch-
ow network N has O(n+m) vertices and O(nm) edges, and canbe constructed in O(nm) time.A feasible 
ow in network N corresponds to a satisfying truth assignment for S.Namely, we have that a literal is true whenever its incident literal edge is incoming inthe feasible 
ow (see Fig. 2.4(b)) and its incident clause edges with nonzero capacityrange are outgoing. We formalize this correspondence in the following lemma.Lemma 4 An instance S of not-all-equal-3-sat is satis�able if and only if the as-sociated switch-
ow network N admits a feasible 
ow. Also, given a feasible 
ow for N ,a satisfying truth assignment for S can be computed in time O(nm), where n and m arethe number of variables and clauses of S, respectively.Proof:If: Given a feasible 
ow in N , we construct a truth assignment A by setting a literaltrue if and only if its incident literal edge is incoming in the 
ow. We now show that thisis a satisfying assignment. Clearly, the two literals xi and yi associated with the sameboolean variable consistently receive opposite truth assignments.Because of the conservation property all the incident clause edges with nonzero ca-pacity range of a true literal are outgoing, and the amount of 
ow in each of them isequal to the capacity. Conversely ,if a literal is false, then because of the conservationproperty all its incident clause edges with nonzero capacity range are incoming and theamount of 
ow in each of them is equal to the capacity. The three clause edges withnonzero capacity range incident on a clause vertex cj cannot be all incoming or all outgo-ing because of the conservation property at vertex cj and the choice of the capacity rangefor the dummy edge incident on cj . Therefore, three literals in cj can not be all true orall false. Hence, A is a satisfying truth assignment for S. Also, A can be constructed intime linear in the number of edges of N , which is O(nm).Only If: Let A be a satisfying truth assignment of S. We construct a feasible 
ow fin N from A. In this 
ow, 13
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(d)Figure 2.4: (a) Switch-
ow network N with parameter � = 4 associated with thethe not-all-equal-3-sat instance S with clauses c1 = y1x2y3, c2 = y1y2x3, andc3 = x1x2x3. The clause edges with nonzero capacity range are shown with thick lines.(b) Feasible 
ow for N corresponding to the satisfying truth assignment (y1; x2; x3) forS. Only the edges with nonzero 
ow are shown. (c) Planar switch-
ow network P asso-ciated with S. (d) Feasible 
ow for P corresponding to the satisfying truth assignment(y1; x2; x3) for S. Only the edges with nonzero 
ow are shown.14
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.Figure 2.5: Schematic illustration of the edges incident on the literal and clause verticesof network N : (a) literal vertices xi and yi; (b) clause vertex cj .� The amount of 
ow through the literal, clause and the dummy edges incident onliteral vertices is equal to their capacities. The 
ow therefore satis�es the rangeproperty in these edges.� If a literal is true then its incident literal edge is incoming and its incident clauseedges with nonzero capacity range and its dummy edge are outgoing. If a literalis false then its incident literal edge is outgoing and its incident clause edges withnonzero capacity and its dummy edge are incoming. In either case the amountof 
ow coming into a literal li is �i
i + �i�i and the amount of 
ow leaving it is�i
i+�i�i. Therefore the 
ow satis�es the conservation property at these vertices.� If the net 
ow entering a clause vertex through the clause edges is �j , then the
ow leaving it through its dummy edge is �j . Conversely, if the net 
ow leaving aclause through the clause edges is �j , then the 
ow entering it through its dummyedge is �j . Since A is a satisfying assignment, the three clause edges with nonzerocapacity range incident on a clause vertex can not be all incoming or all outgoing.A positive 
ow in a clause edge has is greater than or equal to �. Therefore, thenet 
ow coming into or leaving a clause vertex cj through its clause edges is atmost �j � 2�. Hence, the conservation property at cj and the range property in itsdummy edge edge are both satis�ed by the 
ow.� The conservation property holds at the dummy vertex because of the followingargument. By successive mergers of two nondummy vertices of N and eliminationof the resultant self loops and the 
ow through them, we can reduce N into agraph with multiple edges between two vertices{ the dummy vertex and anothervertex u for which the conservation property holds. The net 
ow between thesetwo vertices is same as in f . Since the conservation property holds for u and thedummy vertex is neither a source nor a sink, the conservation property holds forthe dummy vertex also. 215



Now, starting from S, we construct a planar switch-
ow network P (see Fig. 2.4).We �rst construct a layered drawing  N of N as follows (see Fig. 2.4(a)):� Each literal and clause edge is drawn as a straight-line. The dummy edges aredrawn as continuous curves.� The clause vertices are horizontally aligned and ordered c1:c2; : : : ; cm from left toright.� The literal vertices horizontally aligned above the clause vertices, and orderedx1; x2; y1; y2; : : : ; xm; ym from left to right.� There are crossings only between the clause edges. However, no more than twoclause edges cross at the same point.We next replace the crossings of  N with vertices called the crossing vertices, thussplitting the clause edges at the crossing vertices. We call fragment edges or simplyfragments, the edges originated by the splitting of the clause edges. Each fragment edgeinherits the capacity range of the originating clause edge. We de�ne the facial degree ofa vertex as the total number of edges in its incident faces.Lemma 5 Given network N representing an instance S of not-all-equal-3-sat withn � 3 variables and m � 3 clauses, the associated planar switch-
ow network P istriconnected, has O(n2m2) vertices and edges, and can be constructed in O(n2m2) time.Also, in the unique embedding of P, the facial degree of each vertex is at most 7nm.Proof: Let  N be the layered drawing of N that is used to construct P (see Fig. 2.4(a)).There are O(n2m2) crossings in  N . Therefore, P has O(n2m2) crossing vertices andfragment edges. Consequently, P has O(n2m2) vertices and edges.Now we show that P is triconnected. We denote by uk , the crossing vertex thatcorresponds to the crossing between the line joining ck and yn, and the line joining ck+1and x1. We denote by vk, the crossing vertex that corresponds to the crossing betweenthe line joining yk and cm, and the line joining xk+1 and c1. We call the vertices of typeuk and vk as the bounding crossing vertices of P . No two bounding vertices are identicalbecause they correspond to crossing between di�erent pairs of lines. Hence there are twovertex disjoint paths p = x1y1v1 : : : xkykvk; xk+1 : : : yn and q = c1u1c2 : : : ckukck+1 : : : cmin P . From each vertex there are two vertices disjoint (possibly empty) paths, one toa clause vertex and the other to a literal vertex. For the dummy vertex z, these pathsconsist of the dummy edges; For every nondummy vertex, these paths consist of thefragment edges of a clause edge whose fragment edges are incident on it. We have thatbetween any two nondummy vertices there are two vertex disjoint paths not containingz. One such path contains a (possibly empty) subpath of p, and the other path containsa (possibly empty) subpath of q. Hence graph P�fzg is biconnected. Now suppose, fora contradiction, that P is not triconnected. Since the graph P �fzg is biconnected, z isnot a member of a separating pair of P . Let C1 and C2 be two connected componentsof P obtained after removing a separating pair. Suppose z is in C1. Hence there are at16



most two vertex disjoint paths between z and the vertices in C2. But between a vertexw of P and z there are at least four vertex disjoint paths (e.g., for a crossing vertex v,the four paths go through the endpoints of the two clause edges of N whose crossing isassociated with v). Thus, we obtain a contradiction. Therefore P is triconnected.Now we show that the facial degree of any vertex is at most 7nm. All the facesincident on the dummy vertex z have at most four vertices: one is z, two of them areclause and/or literal vertices and the fourth (if present) is a bounding crossing vertex.There are n � 1 +m � 1 bounding crossing vertices in P . A simple counting argumentshows that the facial degree of z is 3n+m+ 2(n� 1 +m� 1) + 2 = 5n+ 3m� 2. Letf be a face that does not contain z. Face f contains at least one crossing vertex, and atmost two fragments of clause edges incident on the same clause or literal vertex. Hence,the number of edges in face f is at most minf4n; 2mg. The degree of each nondummyvertex is at most maxf2n+ 1; m+ 2; 4g. Consequently, the facial degree of each vertexis at most 7nm, for n;m � 3.Finally we show how to construct P from N . Suppose the literals are numbered from1 to 2n so that literal l2k�1 = xk and l2k = yk . We inductively construct a layered drawing (k;m) of the subgraph of N induced by literals l1; � � � ; lk and clauses c1; � � � ; cm (seeFig. 2.6). Drawing  (2; m) is shown in Fig. 2.6(a). Suppose we have already constructeddrawing  (k � 1; m) (see Fig. 2.6(b)). We place literal lk at the same height as lk�1and su�ciently far to its right so that that edge (lk; c1) intersects each clause edge of (k � 1; m) below its lowest crossing. Replacing the crossings of  (2n;m) by crossingvertices gives us the planar network P .The construction of the network P does not require computing the exact coordinatesof the vertices and crossings of  (2n;m). In the actual implementation, P is constructeddirectly by maintaining and updating at each inductive step a list of the lowest crossingvertices of the clause edges. The manipulation of this list takes constant time per crossingvertex and hence can be done in total O(n2m2) time. The rest of the construction canalso be carried out in O(n2m2) time. 2
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z zFigure 2.6: Proof of Lemma 5: (a) drawing  (2; m); (b) drawing  (k;m). The smallcircles show the lowest crossings of the clause edges in the drawing of  (k� 1; m).Lemma 6 Network N admits a feasible 
ow if and only if network P admits a feasible
ow, and a feasible 
ow for N can be computed from a feasible 
ow for P in O(n2m2)17



time.Proof: The only if part is trivial. Given a feasible 
ow in N , we can get a feasible
ow in P in which the 
ow through each fragment edge is same as in the correspondingclause edge in N , and the 
ow through the dummy and literal edges is same as in thecorresponding edges in N .For proving the if part suppose that P admits a feasible 
ow f . In f , at any crossingvertex, of the two fragment edges of a clause edge incident on it, one is incoming and theother is outgoing. This is so because the fragment edges of di�erent clause edges havedi�erent capacities and the conservation property is satis�ed at the vertex. Consequentlyall the fragment edges of a clause edge have the same 
ow. We can get a feasible 
owin N in which the 
ow through a clause edge is same as the 
ow in its fragment edgesin f , and the 
ow through the dummy edges and the literal edges is same as the 
ow inthe corresponding edges in P . 2By combining Lemmas 4, 5 and 6, we obtain the main result of this section.Theorem 1 Given an instance S of not-all-equal-3-sat with n � 3 variables andm � 3 clauses, the associated planar switch-
ow network P is triconnected, has O(n2m2)vertices and edges, has facial degree at most 7nm, and can be constructed in O(n2m2)time. Instance S is satis�able if and only if network P admits a feasible 
ow. Also,given a feasible 
ow for P, a satisfying truth assignment for S can be computed in timeO(n2m2).2.4 Upward Planarity TestingIn this section we show how to reduce the problem of computing a feasible 
ow in theplanar switch-
ow network associated with a not-all-equal-3-sat instance to theproblem of testing the upward planarity of a suitable digraph.Let P be the planar switch-
ow network with parameter � = 4 associated with anot-all-equal-3-sat instance S. Now, we construct on orientation ~P of P as follows(see Fig. 2.7):� Every literal edge (xi; yi) is oriented from xi to yi.� Every fragment edge is oriented \away from" the clause vertex and \towards" theliteral vertex.� Every dummy edge incident on a literal vertex is oriented towards the dummyvertex, and every dummy edge incident on a clause vertex is oriented towards theclause vertex.Lemma 7 In digraph ~P, every vertex has at least one incoming and one outgoing edge,every directed cycle contains the dummy vertex, and there are exactly two faces that are18



c1 c2 c3

y1x1 y2x2 y3x3

z

Figure 2.7: Orientation ~P of the network P shown in Fig. 2.4(c).directed cycles. Also, ~P is bimodal and each face of ~P consists of at most two directedpaths.Proof: Let m be the number of clauses and n be the number of variables in S. Let zbe the dummy vertex of ~P.Each crossing vertex has two incoming and two outgoing fragment edges. Each literalvertex yi has m+ 1 incoming edges and one outgoing edge (to z). Each literal vertex xihas m incoming edges and two outgoing edges (to z and yi). Each clause vertex has 2noutgoing edges and one incoming edge (from z). The dummy vertex has 2n incomingedges and m outgoing edges. Therefore, each vertex has at least one incoming and oneoutgoing edge. It can be easily veri�ed that each vertex of ~P has the bimodal propertyand hence ~P is bimodal.The digraph ~P � fzg is upward planar with m sources, each being a clause vertexand n sinks, each being a literal vertex yi. Therefore every directed cycle in ~P containsz. There are exactly two faces in ~P that that are directed cycles | one consisting ofvertices x1, z and c1, and the other consisting of vertices yn, z and cm. It can be easilyveri�ed that the other faces of ~P each consist of exactly two directed paths. 219
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Figure 2.8: Dual digraph ~D of network ~P shown in Fig. 2.7.Since P is triconnected (see Theorem 1), the planar embedding of P and the dualgraph of P are unique. We construct the dual digraph ~D of ~P , by taking the dual graphD of P and orienting every dual edge from the face on the left to the face on the rightof the primal edge (see Fig. 2.8).Lemma 8 The dual digraph ~D of ~P is upward planar, triconnected, acyclic and hasexactly one source and one sink, denoted with s and t, both of which are on the sameface. Also, each face of ~D has exactly one source and one sink.Proof: Because ~P is planar and triconnected (Theorem 1), so is its dual ~D. By Lemma 7,exactly two faces of ~P are directed cycles. Hence ~D has exactly two switches, denotedby s and t (see Fig. 2.8), corresponding to these two switches, s which is a source and twhich is a sink. s corresponds to the face of ~P consisting of the literal vertex x1, dummyvertex z and the clause vertex c1. t corresponds to the face of ~P consisting of the verticesyn, z and cm. Both s and t are on the face that is the dual of z. From Lemma 7, eachface of ~P consists of at most two directed paths and hence each vertex of ~D has the20



bimodal property. Therefore ~D is bimodal. Again from Lemma 7, each vertex of ~P hasthe bimodal property and none of them is a source or a sink. Hence each face of ~D hasexactly one source and one sink. Since s and t are the only switches of ~D and both ofthem are on the same face, it follows that there is a consistent assignment of labels tothe angles of ~D in which exactly two angles are labeled large, namely the angles at sand t in their common face. Therefore, by Lemma 1, ~D has an upward embedding andhence is upward planar. 2Starting from digraph ~D we construct a new digraph ~G by replacing the edges of ~D withsubgraphs (tendrils or wiggles), as follows (see Fig. 2.9):� Every edge of ~D that is the dual of a literal edge, fragment edge, or dummy edgeincident on a literal vertex is replaced with tendril Tc, where [c] is the capacityrange of the dual edge. Note that c is a multiple of parameter �.� Every edge of ~D that is the dual of a dummy edge incident on a clause vertex isreplaced with wiggle Wc, where [0 � � �c] is the capacity range of the dual edge.We distinguish two types of vertices in digraph ~G: we call primary vertices, thevertices that are also vertices of ~D, and secondary vertices the remaining vertices. Thereis no directed path from the sink the pole to the source pole of a tendril or a wiggle.Therefore ~G is also acyclic. The following lemma is immediate.Lemma 9 Digraph ~G is planar and acyclic. Also, the only primary source vertex is sand the only primary sink vertex is t. Both s and t are on the same face.By Lemma 8 and the construction of digraph ~G, all the embeddings of ~G are obtainedby choosing one of the two possible 
ips for each tendril. In an embedding of ~G, the facethat corresponds to the dummy vertex of P is called the dummy face of the embedding.The other faces are called the nondummy faces.Lemma 10 Digraph ~G is upward planar if and only if the tendrils can be 
ipped and thewiggles can be arranged such that for every nondummy face the total contribution of thetendrils and wiggles is zero.Proof:If: By Lemma 8, D has an upward embedding. Let A be the assignment of labelsto the angles in this embedding. A is a consistent assignment. Therefore if the tendrilscan be 
ipped and the wiggles can be arranged to get an embedding  in which, forevery face, the total contribution of the tendrils and wiggles is zero, we obtain from  an upward embedding of ~G by assigning to the angles of the primary vertices of ~G thatare not angles of the internal faces of the tendrils to the same label as in assignment A.Only If: Suppose ~G has an upward embedding  . Let B be the assignment of labelsto the angles of  . By Lemma 1, B is a consistent assignment, so that, denoting with21
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Figure 2.9: (a) Schematic illustration of digraph ~G obtained from ~D by replacing edgeswith tendrils and wiggles. (b) The two faces of ~G associated with literal vertices xi andyi of P . (c) The face of ~G associated with a clause vertex of P . (d) The face of ~Gassociated with a crossing vertex of P . 22



L(f) and S(f), the number of angles of face f with label large and small, respectively,we have that jL(f)� S(f)j = 2 for every face f of  .Let f be a nondummy face of  . By Lemma 8, f has exactly one primary sourcevertex and one primary sink vertex. Let us denote them by u and v. Let �(f) be thecontribution of the tendrils to f . Recall from Section 2.2.2, that the contribution of atendril Tk is either 2k or �2k. Therefore, �(f) is a multiple of 2� = 8.We have two cases:Case 1: f corresponds to a literal or a crossing vertex of P . Face f has no wigglesand exactly two angles between incoming or outgoing edges that are not anglesof the tendrils of f . Thus, L(f) � S(f) = �(f) + t, with jtj � 2. By Lemma 1,jL(f) � S(f)j = 2. Hence, j�(f) + tj = 2, with jtj � 2. Since �(f) is a multipleof 8, this implies �(f) = 0.Case 2: f corresponds to a clause vertex of P . Face f has three tendrils, one wiggle,and exactly two angles between incoming or outgoing edges that are not angles ofthe tendrils or wiggle of f . Let !(f) be the contribution of the wiggle. We haveL(f) � S(f) = �(f) + !(f) + t, with jtj � 2. By Lemma 1, jL(f) � S(f)j = 2.Hence, j�(f) + !(f) + tj = 2, with jtj � 2.Let �j be the sum of the absolute values of the contributions of the tendrils tof . By construction, we have j!(f)j � �j � 8. We claim that j�(f)j � �j � 8.Indeed, since �(f) is a multiple of 8, j�(f)j > �j � 8 implies j�(f)j = �j and thusj�(f) + !(f)j � 8, a contradiction.Since the wiggle of f can be rearranged so that !(f) takes any even value between��j + 8 and �j � 8,  can be modi�ed so that �(f) + !(f) = 0 without a�ectingthe other faces of the embedding. 2We establish the following correspondence between digraph ~G and network P (seeFig. 2.9):� The faces of ~G correspond to the vertices of P .� The tendrils and wiggles of ~G correspond to the the edges of P .� Flipping a tendril Tk of ~G corresponds to orienting an edge e of P , where e isthe dual of the edge replaced by Tk in constructing ~G from ~D. Edge e is orientedtowards the dual vertex of a face f of ~G if and only if Tk contributes 2k to f .� The contribution of a tendril or wiggle U of ~G corresponds to the 
ow in an edgee of P . e is the dual of the edge which is replaced by U in constructing ~G from ~D.The contribution of U to a face f is equal to the amount of the 
ow coming intothe dual vertex of f through edge e. 23



� The balance of the contribution of the tendrils and wiggles to the faces of ~G corre-sponds to the conservation of 
ow at the vertices of P , i.e., the total contributionof the tendrils and wiggles to a face f is zero if and only if there is a conservationof 
ow at the dual vertex of f .Theorem 2 Given an instance S of not-all-equal-3-sat with n variables and mclauses and the associated planar switch-
ow network P, digraph ~G associated with S andP has O(n3m2) vertices and edges, and can be constructed in O(n3m2) time. InstanceS is satis�able and network P admits a feasible 
ow if and only if digraph ~G is upwardplanar. Also, given an upward planar embedding for ~G, a feasible 
ow for P and asatisfying truth assignment for S can be computed in time O(n3m2).Proof: The number of vertices and edges in a tendril or a wiggle is O(n). Since P hasO(n2m2) vertices and edges, S has O(n3m2) vertices and edges. P can be constructedfrom S in O(n2m2) time and ~G can be constructed from P in O(n3m2) time giving atotal time complexity of O(n3m2) for the construction of ~G from S.From Lemma 10 and the correspondence established above between a feasible 
owin P and the upward planarity of ~G, we have that instance S is satis�able and networkP admits a feasible 
ow if and only if digraph ~G is upward planar. We also obtain thatgiven an upward planar embedding for ~G, a feasible 
ow for P and a satisfying truthassignment for S can be computed in time O(n3m2). 2From Theorems 1 and 2 we conclude:Corollary 1 Upward planarity testing is NP-complete.2.5 ConclusionsThe problem of �nding an e�cient algorithm for upward planarity testing had been openfor many years. In this chapter we have shown that the upward planarity testing problemis NP -complete, and hence a polynomial time algorithm is unlikely to exist.
24



Chapter 3Upward Planar Grid Drawings ofTreesAn important criterion for a drawing of a graph is that it takes up as little area as possi-ble. This is motivated by the �nite resolution of all of our current technologies for render-ing a drawing, and also by circuit-area optimization criteria in VLSI layout [12, 75, 109].In the following, we assume the existence of a resolution rule that implies a �nite min-imum area for the drawing of any graph. A typical resolution rule is to require griddrawings, where the vertices and bends of the edges have integer coordinates. Indeed,this consideration recently motivated the re-examination of straight-line drawings of pla-nar directed graphs, because they require exponentially-large area [37], whereas severalresearchers have recently shown that planar graph drawings require only quadratic area,and that such drawings can be produced in linear time [26, 68, 94]. Moreover, some verynice work by Kant [68] shows that a number of other aesthetic criteria (such as convexfaces) can be satis�ed for a planar drawing while still keeping the area quadratic.In this chapter we consider the problem of constructing area-e�cient upward planargrid drawings of rooted trees. An upward drawing of a tree T is one in which every edgeof T is drawn as a vertically monotone chain from the child to the parent, so that theparent u of a node v has y-coordinate greater than or equal to the one of v. This is thenatural way in which rooted trees are usually drawn to display their hierarchic structure(e.g., see any undergraduate text in data structures). The di�culty is that most of theknown techniques for constructing planar upward grid drawings of trees require 
(N2)area in the worst case [89, 98].3.0.1 Previous WorkIf we relax the upward requirement, however, then, as independently shown by Leis-erson [75] and Valiant [109], one can construct an O(N)-area planar orthogonal griddrawing of an N -node tree T , where the nodes are placed at integer grid points and theedges follow paths of the grid. However, Brent and Kung [16] show that if the leaves ofan N -node complete binary tree are constrained to be on the convex hull of the drawing,25



then the drawing needs 
(N logN) area.Thus, a natural question is whether O(N) area is still achievable for planar upwarddrawings. Crescenzi, Di Battista, and Piperno [21] have recently provided a negativeanswer to this question for the case of strictly upward grid drawings, where the nodeshave integer coordinates, and the parent of a node has y-coordinate strictly greater thanthe ones of its children. Namely, they exhibit a family of binary trees that require
(N logN) area in any strictly upward planar grid drawing. This lower bound is tightwithin a constant factor: Shiloach [95] and Crescenzi, Di Battista, and Piperno [21] givelinear-time algorithms that construct a strictly upward planar straight-line grid drawingof an N -node rooted tree with O(N logN) area, O(N) height, and O(logN) width.Their result doesn't settle the question for the standard notion of upward drawing,however, which allows a child node to be on the same horizontal line as its parent, aslong as it is not above its parent. In addition, it should be noted that producing theexact minimization of the area of the drawing of a tree is NP-hard under several drawingconventions [11, 15, 42]. Nevertheless, Crescenzi, Di Battista, and Piperno [21, 22]give O(N)-area planar straight-line upward grid drawings of AVL trees. They do not,however, give a general construction for other types of trees.An hv-drawing of a binary tree has the following properties: (i) nodes have integercoordinates; (ii) an edge between a node v and its parent u is drawn either as a horizontalsegment, with u to the left of v, or as a vertical segment, with u above v; (iii) theenclosing rectangles of the drawings of the subtrees rooted at the children of a node aredisjoint. Hence, hv-drawings are a special case of upward planar straight-line drawings.Eades, Lin, and Lin [43] show how to construct in O(NpN logN) time a minimum-areahv-drawing of an N -node binary tree. However, they do not provide speci�c bounds onthe area requirement of hv-drawings.Related results on the area requirement of visibility representations of trees are givenin [71].3.0.2 Our ResultsWe show that, for any rooted bounded-degree tree T with N nodes, one can construct aplanar upward grid drawing of T with O(N) area in O(N) time, and that such drawingcan have width O(N�), for any prespeci�ed constant � such that 0 < � < 1. Thelatter feature provides great 
exibility to applications that need to �t the drawing ina prescribed region of the plane. Our algorithm for constructing such drawings uses atwo step process. In the �rst step, it constructs an upward layering of T , which is anassignment of the nodes of T to horizontal layers such that a parent is placed either atthe same layer as its children or at a higher layer. Notice that the end-points of an edgee may get assigned to non-consecutive layers; we say that e traverses the layers thatare between the layers to which its end-points are assigned. In the second step, it �rstintroduces dummy nodes in each edge of tree, one for every layer traversed by the edge,and assigns x-coordintates to the nodes and bends (each bend corresponds to a dummynode) by using an inorder-traversal of the tree. The key-part of our algorithm is the wayan upward layering is constructed in the �rst step. This is done by �rst converting T26



into a left-heavy tree T 0 and then repeatatively adding (nodes contained in the) leftmostpaths of the subtrees of T 0 into an initially empty ordered sequence �. The order of nodesin � is then used to assign the nodes to layers. Details are given in Section 3.2. Wealso extend our approach to trees of arbitrary maximum degree d, at a small additionalcost when d exceeds N1�� for any � > 0. Our drawings do not preserve the left-to-rightordering of the children in T , however. But this should not be surprising, for we showthat if one requires a planar upward tree drawing to preserve the left-to-right ordering,then the drawing requires at least 
(N logN) area in the worst case, and we show thatthis is tight to within a constant factor. Our O(N)-area drawing is for the polyline gridmodel, where the nodes of T are mapped to integer grid points, and the edges of T aremapped to polygonal chains with bends at grid points. These polygonal chains need notfollow along grid edges, however.If one desires such a drawing, then in Section 3.3, we show that one can construct aplanar upward orthogonal grid drawing of an N -node binary tree T with O(N log logN)area in O(N) time. Our algorithm uses a recursive-decomposition technique in whichthe tree is �rst decomposed into small trees called blocks, each with �(logn) nodes, byrecursively deleting the 1=3-2=3 separators (see Chazelle [17]) of the trees obtained duringthe course of recursion. Each block is then drawn suboptimally with height O(logn logn)and width O(logn) using a simple algorithm. Next, the drawings of the blocks are stackedone above the above, and the separators which were deleted earlier are routed betweenthem, giving us a drawing of T with O(N log logN) area. This log logN factor in thearea may, at �rst, seem unnatural, but we show that it is not, for we give an N -nodebinary tree that requires 
(N log logN) area for any upward orthogonal grid drawing.Thus, we show that there is an intermediate case between the �(N) area achievable fornon-upward planar orthogonal grid tree drawings and the �(N logN) area achievable forstrictly-upward planar grid drawings, or for upward planar grid drawings that preservethe left-to-right order. It is also interesting to observe that the upward requirementpenalizes the area less than the requirement of placing the leaves on the same horizontalline, for which the 
(N logN) area bound also applies [16]. We summarize the previousand current bounds on planar grid tree drawings in Table 3.1.Most of the results and techniques presented in this chapter can also be found in [53,52].3.1 PreliminariesIn this section we give de�nitions that will be used throughout the chapter.A drawing � of a graph G maps each vertex of G to a distinct point of the planeand each edge (u; v) of G to a simple Jordan curve with endpoints u and v. We saythat � is a straight-line drawing (see Fig. 3.1(a)) if each edge is a straight-line segment.� is a polyline drawing (see Fig. 3.1(b)) if each edge is a polygonal chain, and we callbends the intermediate vertices of the chain that are not vertices of G. � is an orthogonaldrawing (see Fig. 3.1(c)) if each edge is a chain of alternating horizontal and verticalsegments. A grid drawing is such that the vertices and bends along the edges have integercoordinates. Planar drawings, where edges do not intersect, are especially important27



Drawing Tree Type Previous Bounds Our BoundsUpward general O(N logN) [21, 95]Straight-LineUpward AVL, Fibonacci, �(N) [21, 22]Straight-Line complete binaryStrictly-Upward general �(N logN) [21]Straight-LineUpward degree O(n�), �(N) (x 3.2.2)Polyline � < 1Upward Ordered degree O(1) �(N logN) (x 3.2.3)PolylineLeaves-on-Hull binary �(N logN) [16]OrthogonalNon-Upward degree O(1) �(N) [75, 109]OrthogonalUpward binary �(N log logN) (x 3.3)OrthogonalTable 3.1: Area-requirements for various types of planar grid drawings of a rooted treewith N nodes.because they improve the readability of the drawing, and, in the context of VLSI layouts,they simplify the design process [12, 75, 109]. An upward drawing of a directed graphis such that every edge is a curve monotonically nondecreasing in the vertical direction(when traversed along the direction of the edge).The area of a drawing � is the area of the smallest rectangle R with sides parallelto the axes covering the drawing. The width and height of � are the width and heightof R, respectively. We assume the existence of a resolution rule that implies a �niteminimum area for the drawing of any graph. A typical resolution rule is to require griddrawings. When a resolution rule is given, it is meaningful to consider the problem of�nding drawings with minimum area.An ordered tree is a rooted tree with a prespeci�ed left-to-right order of the childrenof each node. Let T be an ordered tree. We assume that each edge of T is directed fromthe child to the parent. The ordering of the children of a node v will be referred to astheir left-to-right order. Hence, the �rst and last children of v will be referred to as theleftmost child and rightmost child of v, respectively. The degree of a node of T is thenumber of its children. Tree T is said to be left-heavy (see Fig. 3.2(a)) if, for every nodev of T , the children of v are ordered by nonincreasing size of their subtrees. A leftmostpath of T is a maximal path consisting of nodes that are leftmost children, except thelast node.A binary tree is de�ned as a rooted tree such that each node has at most two children.Examples of planar upward drawings of a binary tree are given in Fig. 3.1.28



(a) (b)

(c)Figure 3.1: Example of planar upward drawings of the same binary tree: (a) straight-line; (b) polyline; (c) orthogonal.3.2 Polyline DrawingsIn this section we investigate polyline drawings. First, we describe a layering techniquethat will be used to construct the drawings.3.2.1 Upward LayeringsWe de�ne the inorder visit of a rooted ordered T as follows:1. recursively visit the �rst subtree of T ;2. visit the root of T ;3. recursively visit the other subtrees of T , in left-to-right order.An upward layering of T is a mapping � of the nodes of T to nonnegative integersthat satis�es the following properties (see Fig. 3.2(a)):1. If w is the leftmost child of v, then �(v) � �(w);2. If w is a child of v but not the leftmost child, then �(v) < �(w).3. If u is the root of T , then �(u) = 0. 29
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Figure 3.2: (a) Example of upward layering � of a left-heavy tree. (b) Drawing associ-ated with �.We say that a node v is assigned to layer i if �(v) = i. An edge (u; v) is said to traverselayer i if �(v) < i < �(u). The height of upward layering � is de�ned as maxv2T �(v).The width of a layer i is the number of nodes assigned to layer i plus the number of edgesthat traverse layer i. The width of � is the maximum width of a layer.The following theorem shows that an upward layering can be extended to a planarpolyline upward grid drawing where the nodes are placed along horizontal lines associatedwith the layers (see Fig. 3.2(b)).Theorem 3 Given an upward layering � with height H and width W of an N -nodeordered tree T , a planar polyline upward grid drawing of T with height W and width Hcan be constructed in O(H �W ) time.Proof: First, we insert dummy nodes along the edges that traverse layers. Namely, ifedge (u; v) traverses layers i through j, we insert j� i+1 dummy nodes along (u; v), andassign them to layers i through j, respectively. Let T 0 be the resulting tree. For eachnode v of T 0, we set y(v) = ��(v), and x(v) equal to the number of nodes of layer �(v)preceding v in the inorder visit. The edges of T 0 are then drawn as straight-line segments.Clearly, this yields a straight-line upward grid drawing of T 0 with height H and widthW , such that every edge either joins nodes of consecutive layers, or joins a leftmost childto its parent on the same level. We claim that the drawing is also planar. To prove theclaim, we observe: (a) a horizontal edge (u; v) on layer i cannot be crossed because allthe nodes between u and v in the inorder sequence are assigned to layers below i; (b) ifthere were a crossing between edges (v0; w0) and (v00; w00), where w0 precedes w00 in layeri and v00 precedes v0 in layer i+1, then we would have that w0 precedes w00 in the inordersequence but v0 follows v00 in the inorder sequence, a contradiction. Finally, we obtaina planar polyline upward grid drawing of T by replacing the dummy nodes of T 0 withbends. The height and width are not a�ected. The above construction can be easilycarried out in time O(H �W ). 2Therefore it is su�cient for us to describe how to construct an upward layering of atree. 30



3.2.2 Drawing AlgorithmIn this section we describe an algorithm for constructing an upward layering of anN -node rooted tree. We show that if the tree has bounded degree, an upward layeringwith width O(N�) and height O(N1��) can be constructed for any constant � such that0 < � < 1.So, let T be a left-heavy ordered rooted tree with N nodes (we will show how toremove this left-heavy restriction later). The following algorithm constructs an upwardlayering � of T with width O(N� + d logN) and height O(N1��). The algorithm incre-mentally assembles an ordered sequence � of nodes of T , and marks some nodes of T ,such that the following invariants are maintained:1. If u precedes v in �, then �(u) � �(v); and2. a node is marked if and only if it is the �rst node of its layer contained in �.The assembly of � is performed by repetitive insertions of leftmost paths. At theend of the computation, the sequence � contains all the nodes of T , so that � and themarking of the nodes uniquely identify the upward layering �. Note that in the sequence� a child precedes its parent, while in the layering �, a child is assigned to a layer numbergreater than or equal to the one of its parent. The algorithm consists of three steps:1. Preprocessing: Initialize � as the leftmost path containing the root of T .2. Main Loop:for k = 1; � � � ; logN do(* execute round k *)(a) Select the nodes v of T such that� v is a child of a node of �;� v is not already in �; and� the subtree rooted at v has size at least N=2k.(b) Sort the selected nodes according to the order of their parents in �.(c) Partition the sorted sequence of selected nodes into blocks of 2�k nodes (withthe last block possibly having fewer nodes).(d) For each block (v1; � � � ; vm), let u be the parent of v1. Mark u and successivelyinsert into � the leftmost paths of v1; � � � ; vm, right before u.endfor3. Postprocessing: Scan sequence �, and mark a node if it has N� � 1 unmarkedpredecessors.Layering � is �nally constructed by assigning node v to layer i if there are i markednodes following v in �.The algorithm is illustrated in Fig. 3.3. An example of the layering � produced (fora di�erent tree) is shown in Fig. 3.2. 31
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Figure 3.3: Illustration of the execution of round 4 of the upward layering algorithm ofTheorem 4. Here, N = 50, � = 1=2 and k = 4. (a) Tree. (b) Two blocks (of size atmost 4) are created in Step 2c, and nodes x and v are marked in Step 2d.Theorem 4 Let � be a constant such that 0 < � < 1. Given an N -node left-heavyrooted ordered tree T with maximum degree d, an upward layering � of T with heightH = O(N1��) and width O(N=H + d logN) can be constructed in O(N) time.Proof: Every node is eventually inserted into �. Namely, after round k all the nodesin the leftmost path of a subtree of size N=2k are inserted into �. Hence, every node isassigned to a layer. All the children of a node v precede v in �. Also, if u is a child of vbut is not the leftmost child of v, then �(u) > �(v) because either v is marked, or thereis a marked node between u and v in �. Hence, � is an upward layering.We say an edge (u; w) of T is across a marked node v if u precedes v, and v precedesw in �. After round k, the number of edges across a node is increased by at most2�k + d � 1. Hence, at the end of the main loop the number of edges across a markednode is at most 32



logNXk=1 �2�k + d� 1� :Since, Pmi=1 ai = a(am � 1)=(a� 1), we getlogNXk=1 �2�k + d� 1� = 2�2� � 1(N� � 1) + (d� 1) logN:The postprocessing step does not increase the number of edges across a marked node.After the postprocessing step, at most N� nodes are assigned to a layer. Also, thenumber of edges that traverse a layer is less than or equal to the number of edges acrossthe marked node of that layer. We conclude that the width of � is at mostN� + 2�2� � 1(N� � 1) + (d� 1) logN:Since there are at most 2k subtrees of size at least N=2k, the number of blocks createdin step 2c in round k is at most d(2k=2�k)e � 2(1��)k + 1. Hence, after round k, thenumber of marked nodes is increased by at most 2(1��)k + 1. Hence the total number ofnodes marked in the main loop is at mostlogNXk=1 �2(1��)k + 1� = 21��21�� � 1(N1�� � 1) + logN:The postprocessing step marks at most N1�� nodes. The height of � is equal to thenumber of marked nodes, so that it is at mostN1�� + 21��21�� � 1(N1�� � 1) + logN:To achieve linear time complexity, we set up a data structure that allows us toe�ciently perform Steps 2a{2b. We say that a node is active for round k if it is in �and has a child not in � whose subtree has size at least N=2k. A node is called active ifit is active for any round k. We maintain logN lists such that, before round k, the k-thlist contains the nodes active for round k. Within each list, the active nodes are in thesame relative order as in �. An active node can appear in more than one list, and haspointers to its representatives in the lists.The nodes selected in round k are children of the nodes in list k, so that they canbe accessed and sorted in Steps 2a{2b in O(1) time per node. Every node v that hasmore than one child and gets inserted into � at round k becomes a new active node,and its representatives are inserted into the appropriate lists. The insertion in each suchlist is carried out in a manner similar to insertion in �. This can be done in O(1) timeper representative in Step 2d. Also, whenever a node becomes inactive for round k, weremove its representative from the k-th list. Again, this can be done in O(1) time per33



representative. Therefore, the total time for maintaining the lists is proportional to themaximum total size of the lists. The k-th list can have at most 2k nodes. Since a nodein list k is also in list k0 for k0 > k, we have that the maximum total size of the lists islogNXk=1 2k � (logN � k + 1) = 4N � logN � 1:The remaining computations can be performed in O(N) time, and we conclude thatthe time complexity of the algorithm is O(N). 2Theorem 5 Given a rooted tree T with N nodes and maximum degree d, and a constant� such that 0 < � < 1, a planar polyline upward grid drawing of T with height H =O(N1��) and width O(N=H + d logN) can be constructed in O(N) time.Proof: First, permute the children of a node so that they are ordered by nonincreasingsize. The tree so obtained is left-heavy, so that the result follows from Theorems 3{4. 2Theorem 5 implies the existence of optimal area planar upward polyline grid drawingsfor trees of maximum degree O(N �), for any constant � such that 0 < � < 1.Corollary 2 Given a bounded-degree rooted tree T with N nodes, and a constant �such that 0 < � < 1, a planar polyline upward grid drawing of T with area O(N), heightH = O(N1��) and width O(N=H) can be constructed in O(N) time.Corollary 3 Let � and � be constants such that 0 < � < � < 1. Given a rooted tree Twith N nodes and maximum degree O(N �), a planar polyline upward grid drawing of Twith area O(N), height H = O(N1��) and width O(N=H) can be constructed in O(N)time.The algorithm described in this section has been implemented for binary trees. Thedrawing produced for a complete binary tree with 63 nodes and � = 1=2 is shown inFig. 3.4.3.2.3 Order Preserving DrawingsThe drawings obtained with the above algorithm do not preserve the left-to-right orderof the children. This is justi�ed, however, by the area lower bound given in Theorem 6.Our proof of theorem 6 is based upon the following lemma:Lemma 11 Any planar upward polyline grid drawing of the complete binary tree withN nodes has 
(logN) width and 
(logN) height.34



Figure 3.4: Drawing of the complete binary tree with 63 nodes produced by the imple-mentation of the algorithm of Corollary 2 with � = 1=2.Proof: Let us denote by H(N) andW (N), the minimum height and width, respectively,of an upward polyline grid drawing of an N node complete binary tree T .In any upward polyline grid drawing of T , a node, its children and its grand-childrencan not all be placed at the same height. Hence we get the recurrenceH(N) � H((N � 3)=4) + 1;H(1) = H(3) = 0. Therefore H(N) = 
(logN).The width of any upward polyline grid drawing of T is at least one plus the min-imum of the widths of the drawings of the subtrees of T in the drawing. ThereforeW (N) � W ((N � 1)=2) + 1 with W (1) = 0. Hence W (N) = 
(logN). 2Theorem 6 The N -node ordered binary tree BN requires 
(N logN) area in any planarupward polyline grid drawing that preserves the order of the children.Proof: (For Theorem 6) Let BN be an ordered binary tree comprising (see Fig. 3.5(a)):� a chain with N=3 nodes, alternating between left and right children;� N=3 leaves attached to each node of the chain, alternating as left and right children;and� a complete subtree with N=3 nodes attached to the bottommost node of the chain.In any planar upward polyline grid drawing of BN , because of the order of thechildren, each pair of consecutive edges of the chain contributes at least one unit to35



chain with

complete
binary tree
with N/3

nodes

N/3  nodes

(b)

(a)Figure 3.5: Order-preserving drawings: (a) Tree for the lower bound of Theorem 6. (b)Each pair of consecutive edges of the chain increases the height by at least one unit.the height of the drawing (see Fig. 3.5(b)) so that the chain requires 
(N) height. ByLemma 11, the complete subtree requires 
(logN) width. 2The lower bound of Theorem 6 is tight and can be achieved with the following simplerecursive algorithm:1. Let T1; T2; : : : ; Tm be the subtrees of a bounded degree tree T whose root is v (seeFig. 3.6(a), where m is �ve). Let the root of the subtree Ti be denoted by vi.Recursively construct the drawings of each Ti. Vertically stack their drawings (seeFig. 3.6(b)) such that the subtree at the bottom has the maximum size among thesubtrees (other subtrees can be placed in any order, e.g. in Fig. 3.6(b), they are inthe order T5; T3; T2; T1 from top to bottom). Place the root v above the drawingof the topmost subtree.2. Now for every Ti, draw edge (vi; v) as a polyline that uses one vertical track (gridcolumn) either on the left or on the right of each Tj drawn above Ti dependingupon whether Tj is to the left or right of Ti in T , and correspondingly switchesfrom left to right or vice-versa (e.g., in Fig. 3.6, T4 is to the left of T5 and is to theright of the subtrees T1, T2 and T3. Hence in Fig. 3.6(b), edge (v4; v) �rst uses avertical track on the left of the drawing of T5 and them switches to a vertical trackon the right of the drawing of T1, T2 and T3 ). This completes the construction ofthe drawing of the tree T .Fig. 3.6(e) shows the drawing constructed by this algorithm for the ordered tree ofFig. 3.6(d). 36
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constant � � c. This is trivially true for N = 1 since width(1) = 0.Now suppose this is true for any tree with less than N nodes. If N is the sizeof a tree T , then the size of Tk (as de�ned above) is at most N � 1 and since therecan be at most two subtrees of sizes both at least (N � 1)=2, size of any subtree Tiof T , for i 6= k is at most (N � 1)=2. Therefore from equation 3.1 and our inductivehypothesis, width(N) � maxf� log2(N � 1); � log2((N � 1)=2) + cg. For � � c, we havewidth(N) � � log2N .It is easy to prove by a simple inductive argument that the height of the drawing ofT is N � 1. Thus the area of the drawing is O(N logN).The algorithm can be trivially implemented in linear time. 23.3 Orthogonal DrawingsIn this section we consider planar orthogonal upward grid drawings of binary trees, andprovide a tight �(N log logN) bound on the area.3.3.1 Drawing AlgorithmFirst, we present a simple straight-line drawing algorithm that will be later used as asubroutine. The algorithm is a variation of the ones by Shiloach [95] and by Crescenzi,Di Battista, and Piperno [21]. We say that a node in a drawing is obstructed if thevertical line through v intersects the drawing below v.Lemma 12 Let T be a binary tree with N nodes. A planar straight-line orthogonalupward grid drawing of T with width at most N and height at most logN , such thatevery node of degree 0 or 1 is not obstructed, can be constructed in O(N) time.Proof: The algorithm �rst transforms tree T into a left-heavy binary tree T 0. Thenfor every node v, it sets y(v) equal to the minus of the number of nodes on the pathin T 0 from v to the root that are right children. Then, traversing T 0 in the post ordersequence, for every node v, it sets x(v) equal to the x-coordinate of its right child, if ithas one otherwise sets x(v) to one plus the x-coordinate of the last node visited beforeit. Finally it draws each edge as a straight-line between its endpoints. The drawing isclearly a straight-line upward drawing.Two nodes v and w are assigned same x-coordinates by the algorithm if and only ifthere is a sequence of nodes u0 = v; u1; u2; : : : ; um = w or u0 = w; u1; u2; : : : ; um = vsuch that ui is the right child of ui�1 in T 0. Since no node of T with degree 0 or 1 hasa right child in T 0, each node of T with degree 0 or 1 is assigned a unique x-coordinateand hence is not obstructed.For every edge e = (u; v) of T , either y(u)� y(v) = 0 which happens when u is theleft child of v in T 0, or x(u) � x(v) = 0 when u is the right child of v in T 0. Hence thedrawing constructed is orthogonal. 38



Now we show that the drawing is planar. Suppose for contradiction, there are edgese1 = (u1; v1) and e2 = (u2; v2) that cross. Assume without loss of generality that v1precedes u2 in the post order traversal of T 0. If e1 does not belong to a subtree rootedat u2 then because of the post order assignment of x-coordinates, we have that x(u1) �x(v1) < x(u2) � x(v2). Hence e1 and e2 can not cross, a contradiction. If e1 belongs toa subtree rooted at the left child of u2, then x(u1) � x(v1) < x(u2) � x(v2) and if e1belongs to a subtree rooted at the right child of u2, then y(u1) � y(v1) < y(u2) � y(v2),and in either case e1 and e2 can not cross, again a contradiction. Hence the drawingconstructed is planar.The drawing has width at most N , and has height at most logN because any pathin T 0 from a leaf to the root consists of at most logN nodes that are right children oftheir respective parents.The algorithm can be easily implemented in linear time. 2An example of a drawing constructed by the algorithm of Lemma 12 is shown inFig. 3.7(a).Now, we recall some de�nitions on separators of binary trees. Let T be a binary treewith N nodes. A partial tree of T is a tree which is a subgraph of T . (Note the di�erencebetween partial tree and subtree: the subtree of T rooted at node v is the partial treeof T containing all the descendants of v.) A separator of a binary tree T is an edge ofT whose removal divides T into two partial trees, each with at least N=3 nodes and atmost 2N=3 nodes (e.g., see Chazelle [17]). A recursive decomposition of T by separatorsde�nes a binary tree S, called separator tree, where each leaf of S corresponds to a nodeof T , and each internal node � of S corresponds to a partial tree T� of T and to theseparator s� = (u; v) of T�, with the left child of � being associated to the partial treeof T� rooted at u, and the right child associated with the rest of T�. Tree S has 2N � 1nodes, height at most log3=2N , and can be constructed in O(N) time (e.g., see Guibaset al. [60]).The algorithm for constructing a planar orthogonal upward grid drawing of an N -node binary tree T is outlined below (see Fig. 3.7):1. Construct the separator tree S of T .2. Remove from S the nodes associated with partial trees with less than logN nodes,and let S0 be the resulting truncated separator tree, which has O(N= logN) nodesand O(log(N= logN)) = O(logN) height. (See Fig. 3.7(b{c).)3. For each leaf � of S 0, construct a drawing of the associated partial tree T�, calleda block, using the algorithm of Lemma 12 (See Fig. 3.7(a)). Since T� has �(logN)nodes, its drawing has O(logN) width and O(log logN) height.4. Place the drawings of the blocks vertically one above the other, sorted from bot-tom to top according to the inorder sequence of the associated nodes of S 0. (SeeFig. 3.7(d).) 39



(a)

(b)

(c) (d)

(e)Figure 3.7: Illustration of the algorithm of Theorem 8: (a) Example of a drawing pro-duced by the algorithm of Lemma 12. (b) A binary tree T and the separators that joinblocks, drawn with thick lines. Here, N = 55, log2N = 5, one block has size 6, and theremaining blocks have size 7. The block size B is obtained for T by using the constraintlog2N � B � 2 log2N . (c) Truncated separator tree S0 of the tree T of part (b). Thenodes of S0 correspond to the separators of T . (d) Stacking of the drawings of the blocksof T and routing of the separators. The rectangles represent the drawings of the blocks.(e) Drawing of T constructed by the algorithm of Theorem 8.40



5. For each internal node � of S0, route separator s� = (u; v), on the current drawing,creating bends and adding extra tracks (grid rows or columns), whenever needed.(See Fig. 3.7(d).)Fig. 3.7(e) shows a drawing constructed by this algorithm of the binary tree shownin Fig. 3.7(b).Theorem 8 Given a binary tree T with N nodes, a planar orthogonal upward grid draw-ing of T with O(N) bends, O(N log logN) area, O(logN) width, and O(N log logN= logN)height can be constructed in O(N) time.Proof: By Lemma 12, the union of the drawings of the blocks constructed in Step 4has width O(logN) and height O(N log logN= logN). We show that all the separatorscan be routed in Step 5 by adding a total of O(logN) vertical tracks and O(N= logN)horizontal tracks. We say that a separator spans a block T� if its endpoints are onebelow and the other above the drawing of T�. A separator s� is routed using one verticaltrack either on the left or on the right side of the drawing of a block T� spanned bys� , depending on whether T� is to the left or the right of the path from s� to the rootin modi�ed T (modi�ed because of the conversion of each T� into a left-heavy tree inlemma 12).A switch occurs when s� changes side between two blocks or enters a block. Eachswitch needs a distinct horizontal track and two bends. For each basic block T�, only theseparators associated with ancestors of � in S can span T�, so thatO(logN) extra verticaltracks are su�cient to route all the separators in Step 5. The number of horizontal tracksadded in Step 5 is equal to the total number of switches. The number of switches inthe routing of separator s� is bounded by the height of the subtree rooted at � in S 0.If � corresponds to a partial subtree of size k, the height of the subtree rooted at �in S 0 is O(log(k= logN)). Thus the total number of switches s(N) is the solution ofthe recurrence s(k) = s(k=c) + s(k(1 � 1=c)) + O(log(k= logN)); s(logN) = 0, where clies between 2 and 3. It is easy to see that s(k) is less than or equal to c1k= logN �c2 log(k= logN)� c3 for appropriate constants c1, c2 and c3. Therefore the total numberof switches is O(N= logN). 2The log logN factor in the area achieved by the algorithm of Theorem 8 may at�rst seem unnatural, but it is not, as we show in the next section that an N log logNarea-bound is tight within a constant factor.3.3.2 A Superlinear Lower Bound on the AreaWe show that the superlinear area-bound of Theorem 8 is tight within a constant factor.Let TN be the N -node binary tree consisting of (see Fig. 3.8):� a chain C with N=3 nodes, where every plogN-th node of C is called a joint of C;� N=3plogN complete subtrees, where each subtree has plogN nodes and is rootedat a child of a joint of C; 41



� a complete subtree with N=3 nodes, which is rooted at a child of the �rst node ofC.
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Figure 3.8: Tree for the lower bound of Theorem 9.Theorem 9 Any planar upward orthogonal grid drawing of the N -node tree TN requiresarea 
(N log logN).Proof: Consider any planar upward orthogonal grid drawing of TN , and let W and Hbe the width and height of the drawing, respectively. If W is more than N=6, then thearea of the drawing is 
(N logN) since, by Lemma 11, H = 
(logN). Now, suppose Wis at most N=6. Since TN contains a complete subtree with N=3 nodes, by Lemma 11we have that W is 
(logN). Consider the subdrawing of any subchain S of C with 2Wnodes. We claim that the height of the drawing of S is 
(log logN). Since the drawingis upward, the drawings of any two consecutive subchains of C must be vertically stacked.Hence, the claim implies the statement of the theorem.The proof of the claim is illustrated in Fig. 3.9. For the sake of contradiction, we needonly to consider the case when the height of the drawing of S is less than log logN . Let `0be the horizontal line through the bottommost node of S in the drawing. Since S has 2Wnodes the drawing of S has width at most W and contains at least W obstructed nodes(recall the de�nition of \obstructed" from Section 3.3.1). Also, by a simple pigeon-holeargument, there are at least W= log logN obstructed nodes of S on the same horizontalline `00, where `00 is above `0. Thus, there are at least W=(plogN log logN) obstructedjoints along line `00. Consider the subtrees with plogN nodes connected to such ob-structed joints. Since the drawing is upward, these subtrees are drawn below line `00. Ifany such subtree is drawn entirely above `0, then by Lemma 11 the height of the drawingof S is 
(log logN), and the claim is veri�ed. Otherwise, every subtree has a leaf v belowor on line `0, and we consider the path from v to its closest ancestor joint u. Let x0 and42



x = x"x = x'

subchain S

l'

l"
u

joint

vFigure 3.9: Drawing of subchain S in the proof of Theorem 8.x00 be the minimum and maximum x-coordinates of the drawing of S below line `00. Thepath between u and v must intersect one of the vertical lines at x = x0� 1 or x = x00+1.Also, since we have a planar upward orthogonal grid drawing, such intersections mustoccur at distinct grid points of these two vertical lines, and between `0 and `00. Since thereare at least W=(plogN log logN) such paths, we have that the height of the drawing ofS is at least W=(2plogN log logN). Recalling thatW = 
(logN), we conclude that theheight of the drawing of S is 
(plogN=(2 log logN)) = 
(log logN), which contradictsour height assumption about S. This completes the proof of the claim. 2The drawings constructed by the algorithm of Theorem 8 do not preserve the left-to-right order of the children. Note that the lower bound of Theorem 6 applies also toorthogonal drawings.3.4 Experimental ResultsWe have implemented the algorithm of Corollary 2 given in section 3.2 for constructingplanar upward polyline drawings of trees, on a Sun Sparcstation 10 in language \C". Ourimplementation takes a binary tree as its input. The implementation places d2�ke nodesin a block in step 2c of the algorithm. The theoretical upper bound for width and heightof the drawing with � = 1=2, of a N -node binary tree, produced by our implementation,computed as in the proof of theorem 4 isWidth = d(3 +p2)pN + log2 NeHeight = d(3 +p2)pN + log2 NeThe additive term of log2 N appears in width because the implementation places d2�kenodes in a block in the step 2c as compared to 2�k nodes as described in the algo-rithm. The ratio of theoretical area bound of drawing and number of nodes in input treetherefore lies between 19:48 and 33:34.The experimental results obtained for complete binary trees and Fibonacci trees,with � = 1=2 are presented in Table 3.2. In the table, we have denoted the theoretical43



area bound by Ath and the experimental area by Aex. Fig. 3.10 and Fig. 3.11 give acomparison of the the ratios rth = Ath=N and rex = Aex=N for complete binary andFibonacci trees respectively. The value of rex for both complete binary and Fibonaccitrees is less than 5 even up to about 24 million nodes and hence the algorithm is quitearea-e�cient in practice.
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c c c c c c c c c c c c c c c c c c c c c c c cFigure 3.10: Experimental results on the area of the drawings of complete binary treesproduced by the algorithm of Corollary 2 with � = 1=2, and comparison with thetheoretical upper bounds3.5 ConclusionIn this chapter, we have investigated the area requirement of di�erent types of planarupward drawings of a rooted bounded-degree tree T with N nodes. Our results aresummarized as follows: T admits a planar upward polyline grid drawing with area O(N),and with width O(N�) for any prespeci�ed constant � such that 0 < � < 1. If Tis a binary tree, then T admits a planar orthogonal upward grid drawing with areaO(N log logN). If T is ordered, then T admits an O(N logN)-area planar upward griddrawing that preserves the left-to-right ordering of the children of each node. All ofthe above area bounds are asymptotically optimal in the worst case. Also, there areO(N)-time algorithms for constructing each of the above types of drawings of T withasymptotically optimal area.The drawings obtained with the techniques presented in this chapter indicate thatperhaps there is a tradeo� between the aesthetic quality and area bound achieved by treedrawing algorithms. This issue needs to be further explored. A possible direction is to44



# Nodes N Theoretical Bounds Experimental ResultsWidth = Height Area Ath rth = AthN Width Height Area Aex rex = AexNComplete 15 22 484 32.27 5 6 30 2.00Binary 31 30 900 29.03 8 7 56 1.81Tree 63 42 1764 28.00 11 13 143 2.27127 57 3249 25.58 18 18 324 2.55255 79 6241 24.47 27 29 783 3.07511 109 11881 23.25 40 41 1640 3.211023 152 23104 22.58 62 57 3534 3.452047 211 44521 21.75 90 79 7110 3.474095 295 87025 21.25 121 114 13794 3.378191 413 170569 20.82 178 158 28124 3.4316383 580 336400 20.53 261 228 59508 3.6332767 815 664225 20.27 374 314 117436 3.5865535 1147 1315609 20.07 521 451 234971 3.59131071 1616 2611456 19.92 746 632 471472 3.60262143 2279 5193841 19.81 1071 905 969255 3.70524287 3216 10342656 19.73 1542 1284 1979928 3.781048575 4541 20620681 19.67 2182 1802 3931964 3.752097151 6414 41139396 19.62 3074 2553 7847922 3.744194303 9063 82137969 19.58 4344 3616 15707904 3.758388607 12808 164044864 19.56 6192 5108 31628736 3.7716777215 18105 327791025 19.54 8902 7229 64352558 3.84Fibonacci 20 25 625 31.25 6 7 42 2.10Tree 33 31 961 29.12 10 9 90 2.7354 39 1521 28.17 10 11 110 2.0488 48 2304 26.18 15 14 210 2.39143 60 3600 25.17 24 19 456 3.19232 76 5776 24.90 26 23 598 2.58376 95 9025 24.00 42 30 1260 3.35609 119 14161 23.25 56 40 2240 3.68986 149 22201 22.52 64 48 3072 3.121596 187 34969 21.91 86 62 5332 3.342583 236 55696 21.56 130 77 10010 3.884180 298 88804 21.24 194 95 18430 4.416764 376 141376 20.90 193 122 23546 3.4810945 476 226576 20.70 276 156 43056 3.9317710 602 362404 20.46 384 194 74496 4.2128656 763 582169 20.32 402 252 101304 3.5446367 967 935089 20.17 577 320 184640 3.9875024 1226 1503076 20.03 825 404 333300 4.44121392 1555 2418025 19.92 831 521 432951 3.57196417 1974 3896676 19.84 1282 659 844838 4.30317810 2507 6285049 19.78 1705 832 1418560 4.46514228 3185 10144225 19.73 1717 1070 1837190 3.571346268 5143 26450449 19.65 3463 1705 5904415 4.392178308 6537 42732369 19.62 4824 2141 10328184 4.743524577 8309 69039481 19.59 4890 2733 13364370 3.795702886 10564 111598096 19.57 6968 3494 24346192 4.279227464 13433 180445489 19.56 9530 4425 42170250 4.5714930351 17081 291760561 19.54 9980 5664 56526720 3.7924157816 21721 471801841 19.53 14633 7202 105386866 4.36Table 3.2: Experimental results on the drawings of complete binary trees and Fibonaccitrees produced by the implementation of the algorithm of Corollary 2 with � = 1=2, andcomparison with the theoretical upper bounds.
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c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c cFigure 3.11: Experimental results on the area of the drawings of Fibonacci trees producedby the algorithm of Corollary 2 with � = 1=2, and comparison with the theoretical upperboundsinvestigate the tradeo� between the maximum number of bends per edge and the area-requirement of a drawing. For example, our algorithm for polyline drawings gives areaO(N) but allows O(N) bends per edge, whereas our algorithm for orthogonal drawingsgives area O(N log logN) and O(logN) bends per edge.In view of our results, the main open problem on this subject is determining thearea requirement of planar upward straight-line drawings of rooted trees. There is still agap between the trivial 
(N) lower bound and the O(N logN) upper bound [21, 95]. Itwould also be interesting to determine the total edge-length of our O(N) area polylinedrawings and extend our results to unbounded-degree trees. A related open problemis to investigate the area requirement of planar upward straight-line drawings of rootedtrees such that the angular resolution (i.e., the minimum angle between any two edgesincident on the same node) is maximized. Previous results on the angular resolution of(non upward) drawings of graphs appear in [48, 82].
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Chapter 4Angular Resolution4.1 IntroductionCoping with the �nite resolution of display devices and of the human eye is a fundamen-tal problem in graph drawing. Namely, in visualization applications, it is important toconstruct drawings of graphs that avoid placing vertices and edges too close. In this chap-ter we investigate the problem of constructing planar straight-line drawings with withlarge angles between the edges. Namely, we study the angular resolution of straight-linedrawings, de�ned as the smallest angle formed by two incident edges. Besides visualiza-tion applications (see, e.g., [29]), constructing drawing with large angular resolution isimportant in the design of wireless communications networks (see, e.g., [2]).The study of the angular resolution of drawings has attracted considerable interest inthe last years. Formann, Hagerup, Haralambides, Kaufmann, Leighton, Simvonis, Welzl,and Woeginger [49] were the �rst to study the angular resolution of (generally nonplanar)straight-line drawings of various classes of graphs. In particular, they show that a degree-d graph has a straight-line drawing with angular resolution 
(1=d2), and every degree-dplanar graph has a straight-line (nonplanar) drawing with angular resolution 
(1=d).(Note that the above bounds are independent from the number of vertices of the graph.)They also pose the open problem of characterizing the angular resolution of planarstraight-line drawings.Malitz and Papakostas [83] make further progress on the above open problem byproving a lower bound on the angular resolution dependent only on the degree of thegraph. Namely, they show that a degree-d planar graph admits a planar straight linedrawing with angular resolution 
(1=7d), irrespectively of the number of vertices. Theyalso analyze a linear program associated with two necessary conditions on the angles ofa planar triangulation (i.e., the sum of the angles around a vertex is 2�, and the sumof the angles inside each triangle is �), and �nd that such a linear program admits asolution with 
(1=d) angles. This leads them to conjecture that the trivial 
(1=d) lowerbound on the angular resolution may be achievable for planar straight-line drawings.Kant [68, 69] shows that testing whether a biconnected planar graph admits a planarstraight-line drawing with angular resolution greater than or equal to a given constant47



is NP-hard, thus providing further motivation to the study of asymptotic bounds. Healso considers polyline drawings (where edges are drawn as polygonal chains), and showsthat a degree-d triconnected planar graph admits a planar polyline grid drawing withangular resolution 
(1=d).Di Battista and Vismara [38] provide a characterization of the angles in planarstraight-line drawings of maximal planar graphs through a nonlinear system of inequali-ties. As a consequence, they show that testing whether a prescribed assignment of anglesto a maximal planar graph is achievable in a planar straight-line drawing can be done inlinear time, and that constructing a planar straight-line drawing with maximum angularresolution can be reduced to the solution of a nonlinear optimization problem.Our results can be summarized as follows:In Section 4.3, we prove the �rst nontrivial upper bound on the angular resolutionof planar straight-line drawings by exhibiting a family of degree-d planar graphs thatrequire angular resolution O(plog d=d3) in any planar straight-line drawing. Previously,only the trivial O(1=d) bound was known, and determining whether it is achievable wasposed as an open problem in [83, 69].In Section 4.4, we show a continuous trade-o� between the area and the angularresolution of planar straight-line drawings. Namely, there exists a constant c > 1 suchthat, for any n > d > 6, with n�3 a multiple of d�4, there exists a planar graph Gdn withn vertices and degree d such that any planar straight-line drawing of Gdn with angularresolution � has area 
(c�n). In particular, this implies that there exist bounded-degreeplanar graphs for which asymptotically optimal resolution can be achieved only at theexpense of an exponential increase in the area. Previously, area/trade-o� results wereproved for planar drawings (see, e.g., [6, 16, 21, 37, 26, 53, 68, 69, 70, 71, 75, 93, 94, 101,109]), depending on various restrictions on the representation (e.g., upward, straight-line, orthogonal, polyline). Our result is the �rst \continuous" area/trade-o� result forplanar drawings.In Section 4.5, we give linear-time algorithms for constructing planar straight-linedrawings with large resolution of various classes of graphs, such as series-parallel graphs,maximal outerplanar graphs, and nested-star graphs (i.e., maximal planar graphs gen-erated from a triangle by repeated insertions of stars). The angular resolution is shownto be 
(1=d2) for series-parallel and nested-star graphs, and �=(d� 1) for maximal out-erplanar graphs. Our algorithms for series-parallel and nested-star graphs exploit therecursive structure of these graphs. In each recursive step of these algorithms, a triangle� is allocated to a subgraph H (of the input graph), and H is drawn completely inside�. � has the property that the interior angle (of �) at an apex verticex a of � either hasa magnitude independent of both the number of vertices in H and the degree of H , orhas a magnitude proportional to the degree of the vertex of H that is placed on a, givingus the desired lower bound on the smallest angle. Our algorithm for drawing a maximalouterplanar graph �rst performs a breadth-�rst search of the graph, and then placesvertices on concentric circles such that vertices visited in the same step of the search areplaced on the same circle. Vertices on the same circle are distributed such that the anglebetween any two edges incident on the same vertex is at least �=(d � 1). Previously,Malitz and Papakostas [83] showed that angular resolution �=2(d�1) can be achieved for48



outerplanar graphs. No polynomial bounds in 1=d were known for series-parallel graphsand nested-star graphs. We leave it as an open problem either proving or disproving that
(1=d2) is a tight lower bound on the angular resolution of the series-parallel and nested-star graphs. Note that the family of graphs requiring angular resolution O(plog d=d3)in any planar straight-line drawing are actually nested-star graphs.The signi�cance of our result on nested-star graphs is motivated by the followingobservation: Malitz and Papakostas [83] show that a disk packing of a planar degree-dgraph yields a planar straight-line drawing with angular resolution 
(1=7d), and theyexhibit a family of nested-star graphs to prove that this exponential bound is the bestthat can be obtained with the disk packing method. Our results imply that the diskpacking method yields suboptimal results and leave as an open problem whether theangular resolution of planar straight-line drawings can be bounded from below by apolynomial in 1=d.Our algorithms for drawing nested-star and series-parallel graphs exploit various ge-ometric properties of the angles in certain triangulations. Since most existing algorithmsfor drawing planar graphs rely on graph-theoretic properties (e.g., orientation, coloring,
ow), the techniques in this chapter appear to be interesting in the way they blend geo-metric and graph-theoretic methods. We believe that our results will stimulate furtherresearch in this direction. Most of the results and techniques presented in this chaptercan also be found in [55, 58].The rest of this chapter is organized as follows. Section 4.2 provides basic de�nitions.The upper bound on the angular resolution is shown in Section 4.3. Section 4.4 con-tains the tradeo� between area and angular resolution. The algorithms for constructingstraight-line drawings with large angular resolution, of nested-star series-parallel, andmaximal outerplanar graphs are described in Section 4.5. Our Conclusions are given inSection 4.6.4.2 De�nitionsFirst, we review basic graph drawing terminology [29]. Various graphic standards havebeen proposed for the representation of graphs in the plane. Usually, vertices are rep-resented by points, and each edge (u; v) is represented by a simple open Jordan curvejoining the points associated with the vertices u and v. A straight-line drawing maps eachedge into a straight-line segment. The angular resolution of a straight-line drawing is thesmallest angle formed by two edges incident on the same vertex. A drawing is planar ifno two edges intersect. The area of a drawing is the area of the smallest convex polygoncovering the drawing. Whenever we give lower bounds on the area, we assume that thedrawing is constrained by some rule that prevents it from being arbitrarily scaled down(e.g., integer coordinates for the vertices, or a minimum unit distance between any twovertices). The results of Section 4.4 are fully general, since they hold under any rule thatimplies a �nite minimum area for the drawing of a graph.Other notation and concepts used in the chapter are as follows. Two vertices u andv are neighbors if there is an edge (u; v) in the graph. A vertex w is a common neighbor49



of vertices u and v if there are edges (u; w) and (v; w) in the graph. The degree of avertex is the number of edges incident on it. The degree of a graph is the maximumdegree of any vertex in the graph. The notation dG(u) indicates the degree of vertex uin graph (or subgraph) G. Given a line segment with endpoints A and B, AB denoteseither the line segment itself or its length. Given two line segments AB and BC, 6 ABCdenotes either the angle between AB and BC or its measure. Finally, �ABC denotesthe triangle with vertices A, B and C. The internal angles of a triangle �ABC arethe angles inside it at its vertices. Therefore, �ABC has three internal angles, namely6 ABC, 6 BCA, and 6 CAB.In each planar drawing of a planar graph, the edges of a vertex are incident on it ina cyclic order. An embedding of a planar graph is the collection of circular permutationsof the edges incident on each vertex in a planar drawing of the graph. An embeddedplanar graph is a graph equipped with an embedding. A cycle c = w0w1w2w3 : : :wmw0),where m � 2, consists of the edges (w0; w1); (w1; w2); (w2; w3); : : : ; (wm; w0). A path p =uw1w2w2 : : : v, where for each i, wi 6= u; v, consists of edges (u; w1); (w1; w2); (w2; w3); : : : ;(wm; v). We also use the shorthand notation p : u ; v, to denote a path p from u tov. All planar drawings of an embedded graph are topologically equivalent. Let G be anembedded planar graph. Each planar drawing of G divides the plane into several regions,which are separated from each other by cycles consisting of the edges and vertices of G;These cycles are called the faces of G. Notice that exactly one region is unbounded; Thecycle separating it from the other regions is called the external face of G. The otherfaces of G are called its internal faces. A vertex v is in the interior of a cycle c of G if inany planar drawing of G (and hence in all the planar drawings of G), it is placed strictlyinside the region enclosed by the drawing of c. A face f of G is enclosed by a cycle c ofG if in any planar drawing of G (and hence in all the planar drawings of G), no vertexand edge of f is drawn outside the region enclosed by the drawing of c. A path p is ona face f if all its edges are on Face f .We assume, unless explicitly stated, that a graph does not have any multiple edges,i.e., between any two vertices, there can be at most one edge.4.3 Upper Bound on the Angular ResolutionIn this section we show that there exists an in�nite family of degree-d graphs thatrequire angular resolution O(plog d=d3 ) in any planar straight-line drawing. Thus, forthese graphs the linear program of [83] is guaranteed to give an inconsistent drawing.First, we prove the following geometric lemma (see Fig. 4.1).Lemma 13 Let D be a point inside a triangle �ABC. Let �1, �2, �1, �2, 
1 and 
2 bethe angles de�ned in Fig. 4.1. If � � �=2 and �2=�1 � 1, thenmin(�2�1 ; 
2
1 ) � �24 r�1�2 (4.1)Proof: 50
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β γFigure 4.1: Dividing a triangle �ABC by introducing a vertex D in its interior andjoining D with A, B and C. sin�2sin �1 sin �2sin �1 sin 
2sin 
1 = 1 (4.2)We shall use the following variants of Eq. 4.2:(sin �2= sin �1)(sin 
2= sin 
1) = sin�1= sin �2 (4.3)(sin �1= sin �2)(sin 
1= sin 
2) = sin�2= sin �1 (4.4)We know that at least two angles of a triangle have value not exceeding �=2. � isone of them (see the lemma statement). Let us assume without loss of generality that 
be the other angle not exceeding �=2. Since � � �=2, both �1 and �2 are at most �=2.There are two cases:�2 � �1: Therefore �1 < �=2. Since �1 = � � �2 < � � �2, sin �2 � sin �1. Sincesin � � (2=�)� for � � �=2 and � � sin �, from Eq. 4.3 we getsin�2sin�1 (2=�)
2
1 � �1(2=�)�2 (4.5)Since sin �2 � sin �1, 
2=
1 � (�2=4)(�1=�2) � (�2=4)p�1=�2 because �2=�1 � 1.Hence, we obtain Eq. 4.1.�2 < �1: Therefore �2 � �=2 because otherwise �2 > �. Again, since sin � � (2=�)� for� � �=2 and � � sin �, from Eq. 4.4 we get�1(2=�)�2 
1(2=�)
2 � (2=�)�2�1Therefore, we have (�2=�1)(
2=
1) � �3�1=(8�2), which implies Eq. 4.1. 2We are now ready to present the main theorem of this section.51
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(m= logm). For any k,52



from Eq. 4.6 we get that Qmj=k rj=(rj + 1) = 
(1=m3=2) because rq=(rq + 1) < 1 for anyq. If r(k) = maxmj=k(rj), we get fr(k)=(r(k) + 1)gm�k = 
(1=m3=2). Consequently�1 + 1r(k)�m�k = O(m3=2) (4.7)It is easy to see from Eq. 4.7 that for su�ciently large m, r(m=2) > 1. From Eq. 4.7,(m=2)(log (1 + 1=r(m=2))) = O(logm)m=r(m=2) = O(logm)r(m=2) = 
(m= logm)Thus there is an index i � m=2 such that ri = 
(m= logm). By Lemma 13, ei-ther �i�1 � �i�2=4(pri + �2=4) or 
i�1 � 
i�2=4(pri + �2=4). Since di�1(vi�1) =di�1(wi�1) = 3i� 1, both �i�1 and 
i�1 include 3i� 2 � 3m=2� 2 angles in their inte-rior. Hence for su�ciently large m, there is an angle inside either �i�1 or 
i�1 that isO(p(logm)=m3 ). This proves our claim.It can be readily seen that a planar straight-line drawing of Gm where �umvmwmis not the external face contains as a subdrawing a drawing of Gm�1 with external face�um�1vm�1wm�1. Hence, any planar straight-line drawing of Gm has angular resolutionO(p(log(m� 1))=(m� 1)3 ) = O(p(logm)=m3 ). We conclude by recalling that graphGm has degree �(m) and �(3m) vertices. 24.4 Tradeo� between Area and Angular ResolutionIn this section we show that there exists a continuous tradeo� between the area require-ment and the angular resolution of a planar straight-line drawing. Namely, for everyn > d > 0, we show that there exists a planar graph Gdn with n vertices and degree dsuch that any planar straight-line drawing of Gdn with resolution � requires area 
(c�n),where c is a constant greater than 1.For a �xed d, we recursively de�ne graph Gk as follows. Graph G0 is a triangleconsisting of three vertices A0, B0, and C0, as shown in Fig. 4.3(a). Graph Gk isobtained from Gk�1 by adding d� 4 new vertices and 3(d� 4) + 3 new edges, as shownin Fig. 4.3(b). For k � 2, Gk has k(d� 4)+3 vertices and degree d. Graph Gdn is de�nedas Gn�3d�4 , whenever n � 3 is a multiple of d� 4.First, we give a technical lemma, which uses the notation of Fig. 4.3.Lemma 14 Given a planar straight line drawing of Gk, let �ki be the area of �AkBiCi,with 1 � i � (d� 4)=2, then in at least one of the following pairs of edges, both edgeshave lengths greater than q2�ki : (ai; ai+1), (fi; fi+1), (di; ei+1), and (di; bi+1).53
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2We are now ready to state the main result of this section:Theorem 11 There exists a constant c > 1 such that, for any n > d > 6, with n � 3 amultiple of d� 4, there exists a planar graph Gdn with n vertices and degree d such thatany planar straight-line drawing of Gdn with angular resolution � has area 
(c�n).Proof: Let n and d be two integers such that n > d > 6, and n�3 is a multiple of d�4.Let k = (n� 3)=(d� 4). Consider a planar straight-line drawing D of Gk with AkBkCkas the external face. We denote with �k the area of D, and with �ki the area of Triangle�AkBiCi, where 1 � i � (d� 4)=2 + 1, in Drawing D. From Lemma 14, we have�ki+1 > �ki + 12q2�kiq2�ki sin � > �ki (1 + sin �): (4.8)Since �k = �kd�42 +1 and �k1 = �k�1, we obtain the recurrence�k > �k�1(1 + sin �) d�42 : (4.9)Recalling the recursive construction of Gk, we get�k > �0(1 + sin �) d�42 k = �0(1 + sin �) d�42 n�3d�4 = �0(1 + sin �)n�32 (4.10)Since sin � � 12�, we have �k > �0(1 + �=2)n�32 . This gives,log�k > log�0 + n� 32 log(1 + �=2) (4.11)Because the smallest angle in a triangle can be at most �=3, we have that � � �=3 < 1.Using the expansion, log(1 + y) = y � y2=2 + y3=3� y4=4 + : : :, for y � 1, we have thatlog�k > log�0 + ((n � 3)=2)�(1=2� �=24). Therefore, �k > r�n for some constantr > 1. Finally, we observe that in any planar drawing of Gk with AkBkCk not beingthe external face, there is a subgraph of Gk isomorphic to Gk=2, that is drawn withAk=2Bk=2Ck=2 as the external face. We conclude that any planar straight line drawingof Gk has area 
(c�n) for some constant c > 1. 2Note that Theorem 11 is fully general, since it holds under any rule that implies a�nite minimum area for the drawing of a graph.The following corollary is immediate (this corollary is also proved independentlyin [83]).Corollary 4 There exists an in�nite family of bounded-degree graphs that require ex-ponential area in any planar straight-line drawing with bounded (from below) angularresolution. 56



4.5 Constructing Drawings with Large Angular Resolu-tionIn this section we give linear-time algorithms for constructing planar straight-line draw-ings with large angular resolution for various classes of planar graphs. We show thatevery nested-star graph and series-parallel graph admits a planar straight-line drawingwith angular resolution 
(1=d2), and that every maximal outerplanar graph admits aplanar straight-line drawing with angular resolution �=(d�1), where d denotes the degreeof a graph.4.5.1 A Geometric LemmaIn this section we give a geometric lemma that is used in our algorithms for drawingnested-star and series-parallel graphs.
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sin�2 sin �1 = sin �2 sin�1 (4.12)�2 � �2 since otherwise using Eq. 4.12, we can show that �1 < �1 which in turnimplies that � = �2 + �1 < �2 + �1 = �. Again using Eq. 4.2, this time for D1 we get,sin(�2 � �0)sin(�1 + �0) = sin(�2 � �0)sin(�1 + �0)This gives sin�2sin�1 1� cot�2 tan�01 + cot�1 tan�0 = sin �2sin �1 1� cot �2 tan�01 + cot �1 tan�0Let �0 = tan�0= tan�0. After using Eq. 4.12, substituting tan�0 by �0 tan�0 and thencollecting the terms containing �0, we get�0 = cot�2 + cot�1cot �2 + cot �1 + (cot�1 cot �2 � cot�2 cot �1) tan�0� cot�2 + cot�1cot �2 + cot �1 + cot�1 cot �2 tan�0 (4.13)The following can be easily shown by elementary trigonometrycot�2 + cot�1 = sin(�1 + �2)sin�2 sin�1 = sin�sin�2 sin�1cot �2 + cot �1 = sin(�1 + �2)sin �2 sin �1 = sin �sin �2 sin�1 (4.14)Since �0 � �2 � �=2, tan�0 � tan�2. Therefore cot�1 cot�2 tan�0 � cot�1 cot�2 tan�2.Using Eq. 4.12 we get,cot�1 cot �2 tan�0 � cot�1 cot �2 tan�2 = cos�1 cos �2sin�1 sin �2 sin�2cos�2= cos�1 cos �2sin�1 sin�2 sin�2cos�2 = cos�1sin�1 cos �2cos�2We have show earlier that �2 � �2 � �=2. Therefore cos�2 � cos�2. Hencecot�1 cot �2 tan�0 � cos�1sin �1 � 1sin �1 (4.15)From Eqs 4.13, 4.14, and 4.15 we get, 58



�0 � sin�sin�2 sin�1sin �sin �2 sin �1 + 1sin�1 = sin�sin�2 sin�1( sin�sin�2 + 1) 1sin�1Since sin �= sin �2 � 1,�0 � sin�=(sin�2 sin�1)2 sin �=(sin �2 sin �1) = sin�2 sin� sin �2 sin �1sin�2 sin�1Using Eq. 4.12, sin �2 sin �1=(sin�2 sin �1) = sin2 �2= sin2 �2 = sin2 �1= sin2 �1. If j 2f1; 2g be such that �j = max(�2; �1), then�0 � sin� sin2 �j2 sin � sin2 �jSince �=2 � �j � �=2 and �j � � � �=2, sin �=2 � sin �j and sin�j � sin �. Thereforetan �0tan�0 = �0 � sin2(�=2)2 sin � sin� = sin(�=2)4 cos(�=2) sin� � sin(�=2)4 sin�� � �=2 and � � �=2 as assumed in the lemma. Since tan � � sin � � (2=�)� if � � �=2,and sin � � �, tan�0 � 14 (2=�)�=2� (2=�)�0 = 12�2 ���0 (4.16)If �0 > �=3 then since � � �=2 (as assumed in the lemma),�0� > 23 > 14�2 � 14�2 �0�If �0 � �=3 then 2�0 � tan�0. Therefore fromEq. 4.16, we get �0=�0 � (1=4�2)(�=�)and hence �0=� � (1=4�2)�0=�. 24.5.2 Nested-Star GraphsA nested-star graph G is de�ned recursively as follows: G has three vertices called itsapex vertices (denoted by u, v and w in Fig. 4.6). G either consists of a single triangle(see Fig. 4.6(a)) or is a composition of three nested-star graphs G1, G2 and G3, and isconstructed from them as shown in Fig. 4.6(b). Vertices u, w and z are also the apexvertices of G1, vertices u, v and z are also the apex vertices of G2 and vertices v, w and zare also the apex vertices of G3. Graphs G1, G2 and G3 are also called constituents of G.59
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vertex less than G, the lemma is true for the common neighbors of u and v in G2. Letp = zw1w2 : : :wm be the path consisting of all the common neighbors of u and v in G2.u and v have only one more common neighbor in G, namely w. Because there is an edge(w; z) in G, there is a path p0 = wzw1w2 : : :wm in G that consists of all and only thecommon neighbors of u and v in G. 2The Drawing AlgorithmWe now describe a recursive algorithm that constructs a planar straight-line drawingwith angular resolution at least 1=(24�d2), of a nested-star graph with degree d. Thisalgorithm runs in linear time.
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allocated to G, we show how to construct a drawing D(G;�) of G such that in D(G;�),(a) each vertex and edge of G is drawn entirely inside �, and (b) the apex vertices of Gare placed at the vertices of � (see Fig. 4.8(a; b)). For constructing D(G;�), we considertwo cases:Case 1: G consists of three and only three vertices: Simply draw G such that its apexvertices coincide with � (see Fig. 4.8(a)).Case 2: G consists of at least four vertices: G is drawn as shown in Fig. 4.8(b). Let�, � and 
 be the three internal angles of �. Assume without loss of generality that
 � � � �. From Lemma 16, there is a path p = w0(= w)w1; w2 : : :wm consisting of alland only the common neighbors of u and v. Let Ui be the nested-star subgraph of Gwith wi�1, u and wi as its apex vertices. Let Vi be the nested-star subgraph of G withwi�1, v and wi as its apex vertices. Notice that uwmv is a face of G. Let W be thenested-star subgraph of G which consists only of the triangle uwmv. Let wp be a linethat bisects angle 
. D(G;�) is constructed as follows:1. For each i � 1, place wi on line p in the interior of � such that 6 wi�1uwi is(dUi(u) � 1)�=(dG(u) � 1). (Recall that dG(u) denotes the degree of vertex u ingraph G.)2. (Recursively) construct Drawings D(Ui;�wi�1uwi) and D(Vi;�wi�1vwi).Theorem 12 A nested-star graph with degree d and n vertices admits a planar straight-line drawing with angular resolution at least 1=(24�d2) that can be constructed in O(n)-time.Proof: Let H be a nested-star graph with degree d and n vertices. Let �E be an equi-lateral triangle. Construct Drawing D(H;�E) using the recursive algorithm describedabove. It is easy to see that the algorithm executes in O(n)-time.We prove now that D(H;�) has angular resolution at least 1=(24�d2). For thiswe show that the algorithm maintains Invariant 1 given below. It is easy to see thatif Invariant 1 is maintained, then because each vertex u of H has degree at most d,D(H;�E) has angular resolution at least 1=(24�d2).Invariant 1: Let G be a nested-star subgraph of H . Let � be the triangle allocated toG by the algorithm. Let u be the apex vertex of G, called its critical vertex, suchthat 6 vuw � 6 uvw and 6 vuw � 6 uwv in Drawing D(G;�), where v and w arethe other two apex vertices of G. Then:1. (dG(u)� 1)=(24�d2) � 6 vuw � �=6, and2. if G has at least four vertices then, 6 uvw � �=6 and 6 uwv � �=6, otherwise,6 uvw � 1=(24�d2) and 6 uwv � 1=(24�d2).62



We now prove that Invariant 1 holds for every nested-star subgraph G of H . Weprove this by reverse induction on the number of vertices in G.Clearly, when G = H Invariant 1 holds for G because �E is an equilateral triangle,and each apex vertex of G has degree at most d.Now suppose G has at least four vertices, and that Invariant 1 holds for G. Let � bethe triangle allocated to G. Drawing D(G;�) is constructed as shown in Fig. 4.8(b) andas described in Case 2 of the drawing algorithm given earlier in this section. The restof this proof uses the notation of Fig. 4.8(b). Recall that 
 � � � �. Since Invariant 1holds for G, � � �=6, and (dG(u)�1)=(24�d2) � � � �=3. Since 
 is the largest internalangle of �, we have that 
 � �=3 and � � �=2. Also recall that Line wp bisects Angle
. Let q be the intersection of Line wp with Line uv. Each Ui and Vi, as well as thenested-star graph W has at least one vertex less than G. We now show that Invariant 1holds for W , as well as for each Ui and Vi.We �rst show that Invariant 1 holds for Ui, and u is the critical vertex of Ui. Let�i = 6 wi�1uwi. 6 uwi�1wi � 6 uww1 = 
=2 � �=6. Because � � �=6, we have that6 uwiwi�1 � 6 uqw = � � 
=2 � � > �=6. �i = (dUi(u) � 1)�=(dG(u) � 1). BecauseInvariant 1 holds for G, � � (dG(u) � 1)=24�d2. Hence �i � dUi(u)=24�d2. ThereforeInvariant 1 holds for Ui.Now we show that Invariant 1 holds for Vi, and v is the critical vertex of Vi. Let�i = 6 wi�1vwi. 6 vwi�1wi � 6 vww1 = 
=2 � �=6. Because � � �=2, we have that6 vwiwi�1 � 6 vqw = � � 
=2 � � = � � (
 + �)=2 � �=2 � �=2 � �=2 > �=6. FromLemma 15, �i � (�i=4�2�)�. Since � � �=6 and �i = (dUi(u)� 1)�=(dG(u)� 1),�i � 14�2 dUi(u)� 1dG(u)� 1 �6since dG(u) � d, dUi(u) � 2 and dVi(v) � d,�i � 124�d � dVi(v)24�d2Therefore Invariant 1 holds for Vi.Now we show that Invariant 1 holds for W . Notice that W consists of three verticesonly, and dW (u) = dW (v) = 2. 6 vuwm = ��Pi(dUi(u)�1)�=(dG(u)�1) = ��(dG(u)�2)�=(dG(u)�1) = �=(dG(u)�1) = (dW (u)�1)�=(dG(u)�1). Because Invariant 1 holdsforG, � � (dG(u)�1)=24�d2. Therefore, 6 vuwm � (dW (u)�1)=24�d2. From Lemma 15,6 uvwm � ( 6 vuwm=4�2�)�. Since � � �=6 and 6 vuwm � �=(dG(u)� 1) > �=d, we havethat 6 uvwm > 1=24�d2 = (dW (v) � 1)=24�d2. 6 uwmv � 6 uwv = 
 � �=3. HenceInvariant 1 holds for W also, where either u or v is the critical vertex of W . 2Fig. 4.9(b) shows a drawing, with angular resolution 60�=(7�1) = 10�, of the nested-star graph G of Fig. 4.9(a), constructed by our algorithm. Notice that G has degree 7.63
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are the leaves of SPQ(G). Fig. 4.11(b) shows a SPQ-tree that is associated with theseries-parallel graph shown in Fig. 4.11(a). Notice that if G has no multiple edges, atmost one child of a P node is a Q node. Given G, SPQ(G) can be constructed in lineartime using the algorithm given in [108].
s=s1

(b) (e)

(c)

s

t

(a) (d)

G1 G2

Q

G1

G2

G1

G

G

G G

SPQ(G1) SPQ(G1)

S G

G2

(f)

G1

SPQ(G1) SPQ(G1)

P G

G2

t1=s2

t=t2

t=t1=t2

s=s1=s2Figure 4.10: A series-parallel graph G when it is: (a) a single edge (s; t), (b) a series-composition of series-parallel graphs G1 and G2, and (c) a parallel-composition of series-parallel graphs G1 and G2. (d) Corresponding Q node when G is a single edge; (e)Corresponding S node when G is a series-composition of G1 and G2; (f) CorrespondingP node when G is a parallel-composition of G1 and G2.A compact SPQ-tree is a tree whose vertices are of three types, S, P and Q, suchthat there are no two consecutive P nodes on any path from leaf to root. Each SPQ-tree65



u

G

v

w

z

y b

(a)

P

G

S S

Q Q P Q
(u,a) (w,z)(a,z)

a x

P

S

Q Q
(u,b) (b,z)

S P

Q Q
(u,v) (v,w)

Q P
(u,w)

S S

Q Q Q Q
(u,x) (y,w)(x,w) (u,y)

(b)

P

S S S

GP

Q Q Q Q
(u,a) (b,z)(a,z) (u,b)

QS S S
(u,w)

Q Q Q Q
(u,v) (x,w)(v,w) (u,x)

Q Q
(y,w)(u,y)

Q
(w,z)

(d)

P

P

P

(c)

compaction

u

v

x y

z1 zp

v

z1 zpx yFigure 4.11: Example of a SPQ-tree SPQ(G) and its equivalent compact SPQ-tree T (G):(a) A series-parallel graph G; (b) SPQ-tree SPQ(G); (c) Compacting vertex u into vertexv; (d) The compact SPQ-tree T (G). 66



can be converted into an equivalent compact SPQ-tree in linear time by a process calledcompaction (see Fig. 4.11(c))in which we recursively merge a P node u into its parentv if v is also a P node so that the children of u become the children of v. Fig. 4.11(d)shows a compact SPQ-tree equivalent to the SPQ-tree of Fig. 4.11(b).As in a SPQ-tree, each node of a compact SPQ-tree corresponds to a series-parallelgraph. The root corresponds to the series-parallel graph associated with the equivalentSPQ-tree. A P node represents a parallel composition of two or more series-parallelgraphs and a S node represents a series composition of two series-parallel graphs. Everyseries-parallel graph G has a compact SPQ-tree associated with it.Let G be a series-parallel graph with degree d, poles s and t. Let T (G) be a compactSPQ-tree associated with G. Given a triangle �, which is said to be allocated to G (seeFig. 4.12), we show how to construct a drawing D(G;�) of G such that in D(G;�), (a)each vertex and edge of G is drawn entirely inside �, and (b) s and t are placed at twovertices of �. The third vertex of � is called its free vertex. Let r be the free vertex of�. For constructing D(G;�), we consider three cases:
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and construct Drawing D(Ki;�sq2t), such that q2 is the free vertex of �sq2t.The position of each ri, qi and r0i is determined as follows: Assume without anyloss of generality that 6 rst � 6 rts. Let � = 6 rst. Let p be the bisector of angle6 srt. For each Hi, draw lines �i and �i from s such that (a) the angle (�i) between�i and �i is equal to (2dHi(s) � 1)�=(2dG(s) � 1), and (b) the angle between �iand �i+1 is equal to �=(2dG(s)� 1). (Recall that we denote by dG(u), the degreeof vertex u in G.) qi is the intersection of �i with p. ri is a point on �i such that6 riqis is �=3. Let pi be the intersection of p and �i. Let �i be the line passingthrough t and pi. r0i is a point on �i such that 6 r0iqit is �=3.Theorem 13 A series-parallel graph with degree d and n vertices admits a planar straight-line drawing with angular resolution at least 1=(48�d2) that can be constructed in O(n)-time.Proof:Let G0 be a series-parallel graph with degree d and n vertices. Construct a compactSPQ-tree T (G) associated with G0, by �rst constructing SPQ(G0) using the O(n)-timealgorithm of [108], and then compacting SPQ(G0) in O(n) time using the compactingprocedure described earlier. Let DeltaE be an equilateral triangle. Construct DrawingD(G0; DeltaE) using the recursive algorithm given above. It is easy to see that thealgorithm executes in O(n)-time, giving a total time-complexity of O(n).We prove now that D(G0;�E) has angular resolution at least 1=(48�d2). For thiswe show that the algorithm maintains Invariant 1 given below. It is easy to see that ifInvariant 1 is maintained, then because each vertex ofG0 has degree at most d,D(G0;�E)has angular resolution at least 1=(48�d2).Invariant 2: Let G be a series-parallel subgraph of G0 with poles s and t. Let � bethe triangle allocated to G by the algorithm. Let r be the free vertex of � in thedrawing D(G;�). Let u be the pole of G, such that in D(G;�), 6 ruv � 6 rvu,where v is the other pole of G. u is called the critical vertex of G (therefore, eithers or t is the critical vertex of G). Then:1. (2dG(u)� 1)=(48�d2) � 6 ruv � �=3, and2. if G has at least three vertices then, 6 rvu = �=3 and 6 urv � �=3, otherwise,6 rvu � 1=(48�d2) and 6 urv � �=3.We now prove that Invariant 2 holds for every series-parallel subgraph G of G0. Weprove this by reverse induction on the number of vertices in G.Clearly, when G = G0 Invariant 1 holds for G because �E is an equilateral triangle,and both s and t have degrees at most d.Drawing D(G;�) is constructed as shown in Fig. 4.8(b) and as described in Case 2of the drawing algorithm given earlier in this section. The rest of this proof uses thenotation of Fig. 4.8(b). 70



Now suppose G has at least three vertices, and that Invariant 2 holds for G. Let � bethe triangle allocated to G. Assume without loss of generality that s is the critical vertexof G. Let r be the free vertex of �. Let � = 6 tsr, � = 6 str and 
 = 6 srt. Since Invari-ant 2 holds for G, � � (2dG(s)� 1)=48�d2 and � = �=3. Therefore 
 < � � � = 2�=3.We have two cases:� Case S: G is a series-composition of two series-parallel graphs G1 and G2. Let ube the common pole of G1 and G2. Drawing D(G;�) is constructed as shown inFig. 4.12(b), and as described in Case S of the drawing algorithm given earlier inthis section. The rest of the proof for Case S uses the notation of Fig. 4.12(b). Wedesignate s and u as the critical vertices of G1 and G2 respectively. dG1(s) = dG(s)and 6 r1us = �=3. Therefore Invariant 2 holds for G1, with s as its critical vertex.Also, Invariant 2 holds for G2, with u as its critical vertex, because 6 r2tu = �=3and since dG2(u) � d, 6 r2ut = �=3 > (2dG2(u)� 1)=48�d2.� Case P:G is a parallel composition of the series-parallel graphs G1; G2; : : : ; Gm (seeFigures 4.14 and 4.15). Drawing D(G;�) is constructed as shown in Fig. 4.13, andas described in Case P of the drawing algorithm given earlier in this section. Therest of the proof for Case S uses the notation of Fig. 4.13.We �rst show that Invariant 2 holds for each Hi, with s as its critical vertex.Let �i = 6 risqi. �i = (2dHi(s)� 1)�=(2dG(s)� 1) � (2dHi(s)� 1)=48�d2 because� � (2dG(s)� 1)=48�d2. From basic geometry we know that 6 piqis � ��( 6 srqi+�). Because 
 < 2�=3 as proved earlier, 6 srq1 = 
=2 < �=3. Because � � �=3, wehave that 6 piqis � 6 rq1s = ��(�+ 6 srp) > ��(�=3+�=3) = �=3. Therefore thereis a point ri on the line segment spi such that 6 riqis = �=3. Because �i � �=3, wehave that 6 sriqi = ��(�i+ 6 riqis) � ��(�=3+�=3) = �=3. Therefore Invariant 2holds for Hi.We now show that Invariant 2 holds for each Ki, with t as its critical vertex.Because 6 qirt = 
=2 < �=3 and � = �=3, we have that 6 piqit � 6 rq1t = � � (� +6 srp) > � � (�=3 + �=3) = �=3. Hence, there is a point r0i on the line segment pitsuch that 6 r0iqit = �=3. Let �i = 6 r0itqi. From Lemma 15, �i � (�i=4�2�)�. Since� = �=3 and �i = (2dHi(s)� 1)�=(2dG(s)� 1),�i � 14�2 2dHi(s)� 12dG(s)� 1 �3Since dG(s) � d, dHi(s) � 1 and dKi(t) � d,�i � 124�d � 2dKi(t)� 148�d2Because �i � � = �=3, we have that 6 triqi = �� (�i+ 6 riqit) � �� (�=3+�=3) =�=3. Therefore Invariant 2 holds for Ki as well.We now show that Invariant 2 holds for G1, when G1 consists of a single edge only(see Figures 4.15 and 4.13(b)). Notice that dG1(s) = dG1(t) = 1.6 q2st = � � X2�i�m(2dHi(u)� 1)�=(2dG(u)� 1) + X2�i�m�1�=(2dG(u)� 1)71



= � � (2dG(u)� 2dG1(s)� (m� 1))�=(2dG(u)� 1) + (m� 2)�=(2dG(u)� 1)= � � (2dG(u)� 2dG1(s)� 1)�=(2dG(u)� 1)= 2dG1(u)�=(2dG(u)� 1)> (2dG1(u)� 1)�=(2dG(u)� 1)From Lemma 15, 6 q2ts � (6 q2st=4�2�)�. Since � = �=3 and 6 q2st > �=(2dG(u)�1) > �=2d, we have that 6 q2ts > 1=24�d2 > (2dG1(t)� 1)=48�d2. 6 sq2t � 6 srt =
 � �=3. Hence Invariant 2 holds for G1 also, where either s or t is the criticalvertex of G1. 2Fig. 4.16 shows a drawing, with angular resolution 2 � 60�=(2 � 6 � 1) = 11�, of theseries-parallel graph G of Fig. 4.11(a), constructed by our algorithm. Notice that G hasdegree 6.
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proof of Theorem 14 is constructive, it yields a simple algorithm for constructing such adrawing.An outerplanar graph is one that has an embedding in which each vertex is on a singleface, called its outer face (see Fig. 4.22(a)). A maximal outerplanar graph is one to whichno edge can be added without making the graph non-outerplanar (for an example, seeFig. 4.22(a)). Let G be an embedded maximal outer planar graph. Let f be the outerface of G. It is easy to see that all the faces of G, except f , are triangles, i.e., consistof only three edges each. Also notice that G is also biconnected, i.e., there is no vertex,called a cut-vertex, whose removal divides G into two or more graphs that do not haveany vertex in common.The proof of Theorem 14 uses certain properties of breadth-�rst search. Before givingthe proof, we discuss these properties. Let G be an embedded maximal outerplanargraph, i.e., along with G we are also provided with an embedding of G. Assume that theouter face of G is its external face in the embedding. Recall that in a breadth-�rst searchdone starting at a vertex r, we maintain a queue Q of ready vertices. Q is initializedby inserting r in it. In each iterative step of the search, we visit each and every vertexpresent in Q, and insert their not-already-visited neighbors into Q (thereby making themready), so that they are visited in the next iterative step. Thus for each edge (u; v) ofthe graph, u and v are visited either in the same iterative step or in consecutive iterativesteps. A layering L(G; r) of G is a mapping l of the vertices of G to non-negative integers,such that l(u) = i if and only if u is visited in the ith iterative step of a breadth �rstsearch of G done starting at Vertex r. r is called the root of G in Layering L(G; r). ubelongs to ( or is on) layer i if l(u) = i. Notice that l(r) = 0. An edge (u; v) belongs to (or is on) layer i if both u and v belong to layer i. A path p belongs to ( or is on) layeri if all its edges belong to layer i. A path p : uw1w2 : : :wmv belonging to layer i is amaximal path of layer i if the only edge incident on u that belongs to layer i is (u; w1),and the only edge incident on v that belongs to layer i is (v; wm). v is an immediatesuccessor of u (and conversely, u is the immediate predecessor of v) if l(v) = l(u) + 1. vis a common immediate successor of vertices u and w if v is an immediate successor ofboth u and w.Suppose u and v be two vertices of G, belonging to the same layer i in L(G; r). u isto the left (to the right, otherwise) v if u precedes v in the clockwise order of vertices onthe outer-face, assuming that r is the �rst vertex in the order. We say that u and v areconsecutive vertices if there is no vertex between them in the left to right order of thevertices on Layer i. u is immediately left (and conversely v is immediately right) of v ifu is to the left of v, and u and v are consecutive vertices.Lemma 17 Let G be an embedded graph maximal outerplanar graph with at least 3vertices, such that its outer face is its external face in the embedding. Let r be a vertexof G. Let L(G; r) be a layering of G with root r. Each layer i of L(G; r) has the followingproperties:Property P1: Let u and v be two vertices on layer i. If u and v are neighbors in G,or have a common immediate successor, then u and v are consecutive vertices.73



Property P2: Let u and v be two vertices on layer i. Then u and v have at most onecommon neighbor.Property P3: Each vertex on layer i is an immediate successor of at most two vertices.Property P4: If two vertices u and v on layer i have a common immediate successorthen they are neighbors in G. Notice that because of Property P1, u and v are alsoconsecutive.Property P5: Let p be a maximal path belonging to layer i. If i � 2, then p consists ofthe immediate successors of two and only two vertices, say u and v, and p also containsthe common immediate successor of u and v.Proof: Let f be the outer face of G. Denote by 	, the embedding of G. PropertiesP1, P2, P3 and P4 are true for layer 0. Now assume that i � 1. We prove one by one,that each property holds for layer i. Our proof for each property, except P4, has thefollowing 
avor: Because G is an outerplanar graph, each vertex v of G is on f . f is theexternal face of G in 	. Hence, there is no cycle c in G, such that v is in the interior ofc. For each property P , we show that if for contradiction, we assume that P does nothold for layer i, then there is a vertex v and a cycle c, such that v is in the interior of c.Therefore, Property P holds for layer i.
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Now, suppose for contradiction that u and v are neighbors, i.e., there is an edge(u; v) in G. Then, as shown in Fig. 4.17(a), w is in the interior of cycle r ; uv ; r, acontradiction. Hence u and v are consecutive vertices.Again, suppose for contradiction that u and v have a common immediate successort. Then, as shown in Fig. 4.17(b), vertex w is in the interior of the cycle r ; utv ; r,and hence u, v and w, a contradiction. Hence u and v are consecutive vertices.
u v

w1

r

(a)

i

p2p1

i+1 w2

u v

w2

r

(b)

i

p2p1

i+1 w1

Figure 4.18: Proof of Property P2: (a) w1 is in the interior of the cycle r ; uw2v ; r(b) w2 is in the interior of the cycle r ; uw1v ; rProperty P2: Let u and v be two vertices on layer i. There are paths p1 : r; u andp2 : r ; v, consisting of vertices belonging to levels 0 to i � 1, in addition to u and vrespectively. Suppose for contradiction, u and v have two or more common immediatesuccessors w1; w2; : : : ; wm, where m � 2. Then, either w1 is in the interior the cycler ; uw2v ; r (see Fig. 4.18(a)), a contradiction or w2 is in the interior of the cycler; uw1v ; r(see Fig. 4.18(b)), again a contradiction. Hence, u and v have at most onecommon immediate successor.
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Property P3: let u be a vertex on layer i. Suppose for contradiction, it is an immediatesuccessor of three or more vertices, v1; v2; v3; : : : ; vm, where m � 3 and vk is to the leftof vk+1. There are paths p1 : r ; v1 and p2 : r ; vm on Face f , consisting of verticesbelonging to levels 0 to i� 2, in addition to v1 and vm respectively. v2 is in the interiorof the cycle r ; v1uvm ; r (see Fig. 4.19(a)), a contradiction. Therefore, u has at mosttwo immediate predecessors.Property P4: Let u and v be two vertices on layer i. Let w be a common immediatesuccessor of u and v. There are paths p1 : r; u and p2 : r ; v on Face f , consisting ofvertices belonging to levels 0 to i�1, in addition to u and v respectively. There exists aninternal face g of G such that u, v and w are on g, and the cycle r ; uwv ; r enclosesg (see Fig. 4.19(b)). Because G is a maximal graph, each face of G, other than f , is atriangle. Hence, g is also a triangle. Therefore, there is an edge (u; v) in G. Hence, uand v are neighbors in G.Property P5: Let i � 2. Let p : a1a2 : : : am be a maximal path on layer i, where akis to the left of ak+1 (see Fig. 4.20).First, suppose for contradiction that all the aj 's are immediate successors of a singlevertex w. We claim that there is only one internal face of G that contains both w anda1, namely the face that consists of the vertices w, a1 and a2. Suppose for contradiction,there is another internal face g that contains both w and a1. Because G is maximalouterplanar, g is a triangle. But, because for each edge (u; v) of G, u and v, belong toeither same layers or adjacent layers, g contains an edge e 6= (a1; a2) incident on a1, thatbelongs to layer i. This contradicts the assumption that p is a maximal path. Therefore,there is only one internal face ofG that contains both w and a1. From a similar reasoning,there is only one internal face that contains both w and am. Therefore, w is a cut-vertexof G (whose removal divides G into two or more graphs, one containing r, and the otherscontaining the aj 's), which contradicts the biconnectivity of G. Hence all the aj 's cannot be immediate successors of a single vertex.
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Now, suppose for contradiction that the vertices of p are immediate successors ofq vertices w1w2 : : :wq on layer i � 1, where q � 3. There are paths p1 : r ; w1 andp2 : r ; wq, consisting of vertices belonging to levels 0 to i�2,, in addition to w1 and wqrespectively. w2 is in the interior of the cycle r ; w1a1a2amwq ; r (see Fig. 4.20(a)), acontradiction.Therefore, p consists of the immediate successors of two and only two vertices, say uand v. Now we show that p also contains the common immediate successor of u and v.Suppose for contradiction, this is not true. Assume without loss of generality that u isto the left of v. Let vertices a1a2 : : : ak, where 1 � k � m� 1 be immediate successors ofu only. Vertex ak+1 is immediate successor of v only. As shown in Fig. 4.20(b), there isan internal face g of G, that consists of at least four vertices, namely, u, ak, ak+1, and v,and hence is not a triangle, a contradiction. Hence, u and v have a common immediatesuccessor w, and p contains w. Notice that from Properties P1 and P4, u and v areconsecutive as well as neighbors. 2
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A planar straight-line drawing D of G, with angular resolution �=(d � 1) can beconstructed by the simple procedure Drawoutpl given below, that places the vertices ofG on a set of concentric circle such that vertices belonging to the same layer gets placedon the same circle. The correctness of Procedure Drawoutpl is based on the fact that itmaintains the following invariant while placing the vertices:Invariant 2: For each layer i, all the edges belonging to layer i have equal lengths.Drawoutpl(G)Let C1 be a circle, with non-zero radius. Place r at the center of C1. Invari-ant 2 holds trivially for layer 0 (which contains only one vertex, namely r).Let u1u2 : : : um be the left-to-right order of the vertices on layer 1. Noticethat each uj is a neighbor of r. Place vertices u1; u2; : : : ; um at equidis-tant positions on C1 such that for each uj , angle 6 uj�1ruj is �=(d� 1) (seeFig. 4.21(a)). From Propery P1, it is easy to see that Invariant 2 holdsfor layer 1.Now, suppose we have already placed the vertices from layers 1 to i � 1,where i � 2, on concentric circles C1; C2; : : : ; Ci�1. Let u1; u2; : : : ; um be theleft-to-right order of the vertices on Ci�1 (see Fig. 4.21(b)). Let lj be thetangent of Circle Ci�1 at uj . Let �j and �j be two lines passing through uj ,that make angles �=(d�1) and ��=(d�1) respectively with lj . Let pj be thepoint of intersection of lines �j�1 and �j . Let E be the set of edges belongingto layer i� 1. Because layer i has at least one vertex, and hence at least onemaximal path, From Property 5, layer i � 1 has at least two vertices a andb which have a common immediate successor. From Property 4, there is anedge (a; b) in G. Hence, E is non-empty. Also, from Property 1, for eachedge e = (a; b) in E, a and b are consecutive vertices. Let J be a set de�nedas J = fjj(uj�1; uj) 2 Eg. Because of Invariant 2, there is a unique circle Ciconcentric to Ci�1 that passes through each pj , for every j 2 J . Place thevertices belonging to layer i on Circle Ci as follows: For each uj , if uj anduj�1 have a common immediate successor w(which if exists, is unique fromProperty P2), then place w at the point pj (see Fig. 4.21(b), where w = vs).From Property 4, j 2 J . Hence, w gets placed on Circle Ci. It follows fromProperty P1 that, if a vertex w on layer i has two immediate predecessorsa and b, then a and b are consecutive vertices. Hence, from Property P3,the vertices of layer i that remain to be placed are the ones with only oneimmediate predecessor. Let p = v1; v2; : : : ; vq be a maximal path on layer isuch that vk is to the right of vk�1 (see Fig. 4.21(b)). Let uj�1 and uj be theimmediate predecessors of the vertices in p. From Property P5, uj�1 and ujhave a common immediate successor w, and w is on Path p. Let w = vs,where 1 � s � q. Therefore, vertices v1; v2; : : : ; vs are immediate successors ofuj�1 and vertices vs; vs+1; : : : ; vq are immediate successors of uj . Notice thatwe have already placed w at point pj . As shown in Fig. 4.21(b), place each78



vk such that 6 vk�1uj�1vk = �=(d�1), for k � s, and 6 vkujvk+1 = �=(d�1),for k > s.It is easy to see that the angular resolution of the drawing constructed by ProcedureDrawoutpl is �=(d� 1). As for the time-complexity, L(G; r) can be easily constructedin O(n)-time. Procedure Drawoutpl executes in O(n)-time. Therefore, the total time-complexity is O(n). 2Fig. 4.22(b) shows a drawing D, with angular resolution 180�=(5� 1) = 45�, of themaximal outerplanar graph G of Fig. 4.22(a), constructed by our algorithm. Notice thatG has degree 5. In D, vertices a, h, i and k are placed on the same circle, and verticesb, c, e and j are placed on the same circle.
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� Prove or disprove whether every planar graph has angular resolution that is apolynomial in its degree. Notice that the result of [83] shows that every planargraph has angular resolution that is exponential in its degree.� Find tighter lower bound for the area-requirement of straight-line drawings, withlarge angular resolution, of a planar graph. Also �nd matching upper and lowerbounds for the area-requirement.� Devise algorithms that are parameterized for area and angular resolution, i.e., theyconstruct drawings with large or small area, depending upon the desired angularresolution.� Notice that the area can be sometimes be reduced by allowing some edges to havebends. Study the trade-o� between area, angular resolution and number of bends.
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Chapter 5Angle Graphs5.1 IntroductionAn angle graph is a graph with a �xed cyclic order of edges around each vertex and anangle (between 0� and 360�) speci�ed for every pair of consecutive edges incident oneach vertex such that the sum of angles around every vertex is 360�. Fig. 5.1(a; b) showtwo angle graphs, with angles 15�, 30�, 45�, 120� and 300� between consecutive edgesincident on a vertex. A rectilinear angle graph is an angle graph in which each angle isa multiple of 90�.Many well known graph drawing algorithms, while drawing a graph, use rectilinearangle graphs in an intermediate stage. For example, Tamassia's bend-minimization algo-rithm [99] constructs a planar drawing of a planar orthogonal graph (each vertex has de-gree at most four) by �rst generating a rectilinear angle graph referred to as an orthogonalrepresentation, and then drawing it. Similarly the algorithm by Tamassia and Tollis [101]that converts a visibility representation of a graph into a rectilinear planar drawing usesan orthogonal representation at an intermediate stage. Drawings of rectilinear graphsalso �nd application in a variety of areas such as VLSI design [75, 109], architectural
oor plan layout [77] and data base system design [4]. In fact a recent experimentalstudy [62, 61] has shown that Tamassia's bend-minimization algorithm gives a moreaesthetic drawing in practice then some other well known algorithms [18, 27, 19, 113].The success of rectilinear angle graphs in drawing graphs raises the natural questionwhether it is possible to use general angle graphs for constructing high quality planardrawings. Given a planar graph, Tamassia's bend minimization algorithm can be useddirectly to construct angle graphs whose angles are multiples of a preassigned angle.Hence a good characterization of planar angle graphs can allow us to use the bendminimization algorithm to construct aesthetically pleasing drawings of any planar graph,not just orthogonal planar graphs.A recent trend in the area of graph drawing is towards developing systems whichallow the user to specify arbitrary constraints on the positioning of vertices and edgesin the drawings. See for example, [23, 24, 41, 65]. Since the user may specify angleconstraints, a study of angle graphs is important for such systems.81



In a straight-line drawing (edges drawn as straight lines) of a graph, it is di�cult todistinguish between two edges incident on the same vertex, if the angle between themis very small. Hence, it is very important in a straight-line drawing of a graph, thatthe angles between the consecutive edges incident on each vertex be large. Maximizingangles is also important in other applications, such as optical communication where it isvery di�cult to transmit and receive signal at a very tight angle [48]. The notion of largeangles between consecutive edges incident on a vertex is formalized by de�ning angularresolution of a graph [48, 58, 83]. The angular resolution of a straight line drawing of agraph is the smallest angle in the drawing between any two consecutive edges incident onthe same vertex. For example, the angular resolution of the drawing shown in Fig. 5.1(b)is 30�. Angular resolution of a graph is the maximum angular resolution over all thestraight-line drawings of the graph.Studying angle graphs can provide important clues in constructing drawings withlarge angular resolution. For example we use our result that testing an angle graph forplanarity is NP-hard, to show that, given a triconnected planar graph G and an angle�, determining whether G admits a planar straight line drawing with angular resolutionat least � is NP-hard. Also see [72] for related results on drawing graphs on a hexagonalgrid. Angles have been found to be useful in characterizing planar graphs. In a recentpaper [38], Dibattista and Vismara characterize many important constructions such asDelauny drawing, disc packing etc. of a triangulated graph using its angles. The study ofangle graphs is also of theoretical interest in itself because they require an extensive use ofplane geometry in their analysis. Most of the known graph drawing algorithms use graphtheoretic concepts such as orientation, coloring, 
ow etc. Recent results [58] howevershows that plane geometry is a useful tool by successfully applying geometric techniquesin deriving a number of results on planar drawings with large angular resolution. Astudy of angle graphs can provide an invaluable insight into the use of plane geometryfor graph drawing algorithms and stimulate research in this relatively unexplored area.Most of the results and techniques presented in this chapter can also be found in [51].5.1.1 Some De�nitionsLet A be an angle graph. The graph isomorphic to A if we drop the angle constraintsis called the underlying graph of A. Let H be the underlying graph of A. Two edgesincident on a vertex v are called neighboring edges if they appear consecutively in thecyclic order of edges incident on v. A is called a a rectilinear angle graph if each vertexof A has at most four neighbors and each angle is a multiple of 90�. A is an angle-cycle(outerplanar angle graph, series-parallel angle graph, respectively) if H is a simple cycle(outerplanar graph, series-parallel graph, respectively). We break an edge (u; v) of A byintroducing a new vertex w and replacing (u; v) by two edges (u; w) and (w; v). Theangle between the edges incident on w is 180�. A subdivision of A is an angle graph thatwe get by breaking some edges of A.A drawing of A is a mapping of its vertices to points in the plane and its edgesto straight-lines (of non-zero lengths) joining their end-points so that the angles in thedrawing between any two neighboring edges of A is equal to the angle speci�ed for thatpair in A. A planar drawing of A is a drawing without any edge crossings. It is possible82



that an angle graph may not admit a drawing at all. Fig 5.1(a) shows such an anglegraph. Fig 5.1(b), on the other hand, shows an angle graph that admit a drawing. A iscalled a consistent angle graph if it admits a drawing. A is called a planar angle graphif it admits a planar drawing.Let D be a drawing of A. We denote the x- and y- coordinates of a vertex v of Ain D by x(v) and y(v) respectively. Let u and v be two vertices of A. We denote byd(u; v), the (metric) distance between two vertices u and v in D. The horizontal distancebetween u and v is equal to jx(u)�x(v)j. The vertical distance between u and v is equalto jy(u)� y(v)j. AB denotes the line-segment joining A and B, and also its magnitude.~AB denotes the directed line-segment from A to B. 6 ABC denotes the angle betweenthe line-segments AB and BC, and also its magnitude. In this chapter, in each �gureshowing an angle graph, we label each angle by its magnitude. Sometimes in a �gure,to reduce visual complexity, we do not label all the angles. The unlabeled angles can bededuced easily either from the context or from the labeled angles by using the fact thatthe sum of angles around each vertex is 360�.Let G be a graph. A vertex u of G is a articulation vertex if removing u and itsincident edges divides G into two or more graphs G1, G2,: : :Gm, that do not have anyvertex in common. Each Gi is a component of G. G is biconnected if it does not haveany articulation vertex. Two vertices u and v of G form a separating pair if removing uand v and their incident edges divides G into two or more graphs that do not have anyvertex in common. G is triconnected if it does not have any separating pair.
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graphs with triangular faces by a set of non-linear equalities is given in [38]. [111] givesan O(n) time algorithm for testing a rectilinear angle graph for planarity and O(n2) timealgorithm for constructing a planar drawing if it is planar. Given a planar graph, [99]shows how to construct angle graphs whose angles are multiples of a preassigned angle,such that any planar drawing of this angle graph gives a planar drawing with minimumnumber of bends of the input graph.5.1.3 Our ResultsWe give several new results concerning drawing of angle graphs. We �rst study theplanarity of angle graphs. We disprove the conjectures of [110] by providing counterexamples to them. We then show that the problem of testing a consistent angle graph forplanarity is NP-hard and hence unlikely to have an e�cient algorithm. Our proof uses areduction from the well-known 3-SAT problem [50] to the planarity testing problem, i.e.,we show that given an instance T of the 3-SAT problem, we can construct in polynomialtime an angle graph A(T) such that T admits a satisfying truth-assignment if and only ifA(T) is planar. A(T) is constructed using a gadget based approach in which we assemblesmaller graphs to construct a bigger graph.Using our NP-hardness result, we then show that given a triconnected planar graphand an angle �, determining whether it admits a planar straight-line drawing with angu-lar resolution at least � is NP-hard. Again, we use a reduction from the 3-SAT problem.Namely, given an instance T of the 3-SAT problem, we �rst construct the aforemen-tioned angle graph A(T), and then by adding some special graphs called fans to A(T)and dropping the angle constraints of A(T), we construct a new graph G(T) such thatG(T) admits a planar straight-line drawing with angular resolution 5� if and only if T ad-mits a satisfying truth-assignment. Our result strengthens a previous result of Kant [68]in which he has shown that determining whether a biconnected planar graph has a planarstraight-line drawing with angular resolution at least � is NP-hard.We study the problem of testing whether an angle graph whose underlying graph isa series-parallel graph is consistent or not, and provide a linear time testing-algorithm.A series-parallel graph G can either be a series or a parallel composition of two series-parallel graphsG1 and G2 called the constituents of G. Our algorithm is recursive. It �rstdetermines whether G1 and G2 are consistent or not, and then determines whether theirdrawings can be combined together to give a drawing for G. Notice that this requiresmaintaining information about the drawings that G1 and G2 admit. Since there can bein�nitely many drawings, our algorithm uses an e�cient encoding scheme to representall possible drawings of a series-parallel graph H . Namely, it uses a 4-tuple calledsector(H), that represents the smallest geometric sector that covers all the drawings ofH (assuming that the source vertex of H is always placed at the origin of the coordinatesystem). Sector(G) is computed from sector(G1) and sector(G2) by considering whetherG is a series or a parallel composition of G1 and G2.The study of area requirements of drawings of graphs has received a lot of attention(see, e.g., [6, 37, 53, 58]) and is motivated by the �nite resolution of the current graphdrawing technologies and circuit-area optimization criteria of VLSI layouts [12, 75, 109].84



Typical resolution rules are requirement of minimum unit distance between vertices,their placement on grid points of a unit-grid etc. We study the area requirement ofangle graphs and show that for every m � 1, we can construct an angle graph with 3mvertices that requires area 
(4m) for any drawing, under any resolution rule. Therefore,such an angle graph can not be drawn compactly.Finally we consider the multiplanarity problem of angle graphs. A multilayered anglegraph is an angle graph in which each edge is assigned to one of several layers. Amultiplanar angle graph is a multilayered angle graph if it has a drawing in which edgesassigned to the same layer do not cross. We show that very surprisingly even if weare given a bilayered rectilinear angle graph (edges assigned to only two layers and allthe angles are multiples of 90�), it is NP-hard to test its biplanarity. Again, we usea reduction from the 3-SAT problem, using a gadget based approach. Our result isin sharp contrast to the linear time complexity of testing a single-layered rectilineargraph for planarity [111]. Also interesting is the fact that the corresponding problemfor general graphs is very simple: A graph is multiplanar if and only if each subgraphinduced by the edges assigned to the same layer is planar. In a VLSI circuit even thoughtypically many layers are available, some are preferable to others because of better electricproperties [39]. Our NP-hardness result is important in this regard.5.2 Planarity Testing of Angle GraphsWe start this section by disproving the conjectures given in [110] by providing counter-examples to them. Some de�nitions �rst, most of which are from [110]. Let A be an anglegraph whose underlying graph G has an articulation vertex v. v is also an articulationvertex of A. A biconnected component of A is a biconnected component of G with anglesspeci�ed. Suppose B1 and B2 are two biconnected components of A with a commonvertex u (u is an articulation vertex of A). We say that B1 and B2 interlace at u if theedges joining u to the vertices of B1 and B2 alternate between B1 and B2 at least fourtimes (Fig 5.2(a) shows an example given in [110]). We say that B1 is directly forcedinside B2 if all the edge joining u to the vertices of B1 are in the interior of the face of B2containing u (Fig 5.2(b) shows an example given in [110]-B2 is also directly forced insideB1 in this �gure). We say that B1 is forced inside B2 if either B1 is directly forced insideB2 or there is another biconnected component B3 of A such that B3 is forced inside B2and B1 is attached to B3 (Fig 5.2(c) shows an example given in [110]). Notice that fromthe de�nition of a subdivision (see Sec 5.1.1), the subdivision of a triangle is a polygonwhose all but three angles are 180�.Vijayan has made the following conjectures in [110]:Conjecture 1 (Vijayan [110]) An angle graph A that does not contain any angle-cyclewhich is a subdivision of a triangle is planar if and only if1. A is consistent,2. the faces of each biconnected component of A are consistent angle cycles,85
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Because polygons uadg and defg are convex, we have that � � 45� and 
 � 15�.Therefore, 150� � > 90� and 150� 
 > 90�. Since sin � is a monotonically increasingfunction of � for 0� � � � 90�, and is a monotonically decreasing function of � for90� < � � 180�, from Eq. 5.3, it follows that ug is greater than or equal to gf if andonly if 
 � �.If ug < gf , then because gd is perpendicular to uj, and 6 ugd = 6 dgf , it follows frombasic geometry that fg crosses uj, and therefore, D is non-planar.Now assume that ug � gf . Hence, as shown earlier, 
 � �. Since 
 � 15�, we havethat � � 15�. Therefore, � = 45� � � � 30�. Because 6 uad = 135�, from �uad wehave that 6 uda = 180� � 6 uad � � = 45� � � � 15�. Therefore, 6 uda < �. Since, in atriangle, the side opposite to the larger angle has a larger length, from �uad we havethat ad > ua.Now consider the trapezoid abcd. Let p be a point on cd such that 6 apd = 90�.Because 6 adc = 30�, pd = ad cos 30�. Let q be a point such that 6 bqc = 90�. Becausepolygon abcd is a trapezoid, aq = pc � pd = ad cos30�. Since ad > ua, we haveaq > ua cos 30� > ua sin 15�. Because aq is perpendicular to uj, and 6 auj = 15�, itfollows from basic geometry that aq, and therefore dc, crosses uj. Hence, D is non-planar.Therefore, A does not admit any planar drawing. 25.2.1 NP-Hardness of Planarity TestingIn this section, we show that the problem of testing whether a given consistent anglegraph admits a planar drawing or not, is NP-hard.We reduce a well-known NP-hard problem, namely, the 3-SAT problem [50] givenbelow, to the planarity testing problem:given a set X = fx1; x2; : : : ; xng of variables and a set C = fc1; c2; : : : ; cmgof clauses over X such that every clause has exactly three literals, is there asatisfying truth assignment for C ?Given an instance T of the 3-SAT problem, with n variables and m clauses, weconstruct a consistent angle graph A(T), called the associated angle graph of T, such thatT admits a satisfying truth assignment if and only if A(T) is planar. In Section 5.2.1,we describe some gadgets that are used for constructing A(T). In Sections 5.2.1, 5.2.1and 5.2.1 respectively, we describe three important subgraphs of A(T), namely, thevariable subgraph, the connection subgraph and the clause subgraph. We give the fulldescription of A(T) in Section 5.2.1.Some GadgetsWe need the following gadgets (which are angle graphs) for our construction.88



� Horse shoe: We use the horse shoe to represent the variables. A horse shoeH with size r1 � r2, is shown in Fig. 5.4(a). The vertices fx0; x1; : : : ; xr1g andfy1; y2; : : : ; yr2+1g are called the output vertices of the faces Fx and Fy respectively.Vertices xi and xi+1 (yi and yi+1) for odd values of i are siblings of each other.Edges ex, ey and et are called the left attachment, right attachment and top edgerespectively of the horse shoe. Because each triangle of H is an equilateral triangleand Fx and Fy are parallelograms, in any planar drawing D of H ,Observation 1: the attachments of H have same length as its top edge.Observation 2: if the top edge of H has unit length then at most one of d(x0; xr1)and d(y1; yr2+1) has length one unit or more. H is left heavy in D if d(x0; xr1) � 1(Fig. 5.4(b)) and is right heavy in D if d(y1; yr2+1) � 1 (Fig. 5.4(c)), and is balancedotherwise.
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� V1 is a horse shoe X1 with size 2occur(x1)� 2occur( �x1).� Vi is constructed from Vi�1 by identifying the right attachment of the horse shoeXi�1 (present in Vi�1) with the left attachment of the a beam B and identifyingthe right attachment of B with the left attachment of a horse shoe Xi with size2occur(xi)� 2occur( �xi) (see Fig 5.11(a)).We say that horse shoe Xi represents variable xi.
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� there is a one-to-one correspondence between the edges of D and the line-segments of D00, and� the angle between any two consecutive edges incident on the same vertex ofD is same as the one between the corresponding line-segments in D00.Angle Graph A(T)We have already described the construction of three subgraphs of A(T), namely, thevariable subgraph Vn, the clause subgraph Cm and the connection subgraphs K. Therest of A(T) is constructed as follows:� Suppose literal li where l = x or l = y = �x occurs in clauses cj1 ; cj2 ; : : : ; cjr , where1 � jk < jk+1 � m. \Connect" siblings lk and lk+1 in horse shoe Xi (recallthat Xi represents variable xi) with connector N(l; i; jk), using a wiggle W (l; i; jk)(see Fig. 5.10(b) which shows the connection of xk and xk+1 with N(x; i; jk) usingW (x; i; jk)). Edge (vk; vk+1), where, v = x if l = x and v = y if l = �x, is the imageassociated with literal li, of clause cjk in horse shoe Xi.� Suppose clause cj consists of literals l0p0 , l1p1, and l2p2, where, for q equal to 0 or1, pq � pq+1, and lq = x or lq = �x (if pq = pq+1, then lq = x and lq+1 = �x).\Connect" vertices c2q and c2q+1 of crown Cr with connector N(lq; pq; j) usinga connector T (lq; pq; r) (Fig. 5.10(b) shows the connection of N(x; i; jk) with thevertices c0 and c1 of crown Cjk using a connector T (x; i; jk)). Edge (c2q; c2q+1) isthe image of the literal lpq in the crown Cj .� Now choose any horse shoe Xi and crown Cj , and \connect" Xi with Cj by identi-fying the upper clamp of a holder R with the top edge of Xi and the lower clampof R with the base of Cj (see Fig. 5.10(b)).Fig. 5.14 shows an example.Lemma 18 Let T be an instance of the 3-SAT problem with n variables and m clauses.Its associated angle graph A(T) has O(n2m2) edges and vertices, and can be constructedin O(n2m2) time.Proof:From its recursive construction, it is easy to see that the variable subgraph of A(T)has O(n) edges and can be constructed in O(n) time. Similarly, the clause subgraph ofA(T) has O(m) edges and vertices, and can be constructed in O(m) time.As for the connection subgraph of A(T), consider the approach given in Section 5.2.1for constructing it. Graph H has exactly 3m = O(nm) edges. The drawing D, andhence the drawing D0, has O(n2m2) crossings. Therefore, the connection subgraph ofA(T) has O(n2m2) edges and vertices, and can be constructed in O(n2m2) time.The rest of A(T) can easily be constructed in O(3m) = O(nm) time, by addingO(3m) = O(nm) edges and vertices. 295
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Figure 5.14: A planar drawing D of the associated angle graph A(T) of an instanceT of the 3-SAT problem, where T consists of the variables x1, x2 and x3, and theclauses (x1; �x2; x3), (x1; x2; �x3) and ( �x1; x2; �x3). D corresponds to the truth-assignmentx1 =true, x2 =false and x3 =false. This �gure is not to scale. Also, to reduce thevisual complexity, we have not shown all the vertices and edges of A(T), and have �lledsome regions of the drawing with shading. In the planar drawing of A(T) described inthe only if part of the proof of Lemma 19, C1, C2 and C3 are drawn at x-coordinatesthat are to the left of the x-coordinates at which X1 is drawn.Lemma 19 Let T be an instance of the 3-SAT problem. There is a satisfying truthassignment of T if and only if its associated angle graph A(T) is planar.Proof: Suppose T has n variables and m clauses.If: Suppose A(T) is planar. Let D be a planar drawing of A(T) (see Fig. 5.14 foran example). Let the clamps of R have unit lengths each in D. Every Xi is eitherleft heavy or right heavy or balanced in D (Observation 2). Set variable xi to true ifXi is left heavy, and to false otherwise. We show that this is a truth-assignment. Thatis, for every clause cj in T, at least one of the literals occurring in cj is true. Supposeliteral li, where l = x or l = �x, occurs in cj . From Observations 6 and 8, the length ofthe image of li in crown Cj is equal to p3=2 times the length of the image associated97



with li, of cj in Xi. Therefore, the image of xi in Cj has at least p3=2 units length onlyif literal li is true. From Observation 3, at least one of the images in Cj , of the literalsoccurring in cj has length at least p3=2 units. Therefore, at least one of the literalsoccurring in cj is true.Only If: Let 	 be a satisfying truth-assignment of T. From 	, we can construct aplanar drawing D of A(T) (see Fig. 5.14 for an example). A horse shoe Xi is left heavyin D if variable xi is true, and is right heavy in D if variable xi is false.Following observations provide the basis for the construction of D (assume that theclamps of R are of unit length):� Recall that, in Section 5.2.1, the connection subgraph K of A(T) was constructedfrom a planar drawing D00. K has a similar drawing in D.� The holder, wiggles, variable subgraph and clause subgraph of A(T), each admit aplanar drawing.� In any drawing of A(T), because of Observations 6 and 8, if the image of a literalli, where l = x or l = �x, in crown Cj have unit length, then the image associatedwith li, of clause cj in horse shoe Xi has length 2=p3.� In any drawing of A(T), because of Observations 3, 6 and 8, the width of anyconnector and of any wiggle is at most 5 units. Because there are at most 2nmconnectors in the connection subgraph K, the cumulative width of the connectorsin K is at most 10nm. Similarly, the sum of the widths of the wiggles, and theremaining connectors is 10nm each. Therefore, all the connectors and wigglescan be drawn without crossings, in a total width of 12nm, such that there isa horizontal separation of at least one unit between two connectors or wiggles,whenever they pass through the same y-coordinate. A similar reasoning showsthat all the connectors and wiggles can be drawn without crossings, in a totalheight of 3 � 12nm = 36nm, such that there is a vertical separation of at leastone unit between two connectors or wiggles, whenever they pass through the samex-coordinate.� From Observation 3, the image of a literal in a crown has length at most 5 units.Therefore, from Observations 6 and 8, the image of a clause in a horse shoe Xi haslength at most 10=p3. Hence, Xi can be drawn with height at most 5m+ 1 unitsand a width at most 5m + 1 units such that for each clause cj in which literal li(l = x or l = �x) occurs, the image of cj in Xi, associated with li, has length 2=p3times the length of the image of li in crown Cj .� Each crown can be drawn such that it has height 4 units and width at most 6 units.� Recall that the length of a beam is 12mn (Observation 5).We now describe D. Let � be a constant, such that 0 < � < p3=(2m). In D,� The clamps of the holder R of A(T) have unit length.98



� The shaft of R is drawn vertically at the x-coordinate 12mn(n+m).� The base of the crown Cj is drawn horizontally at the y-coordinate 0, and betweenx-coordinates (12mn+ 3 + 2=p3)(j � 1) + 1 + 1=p3 and (12mn+ 3 + 2=p3)(j �1) + 2+ 1=p3.� The top edge of the horse shoe Xi is drawn horizontally at the y-coordinate 4+ 3 �36nm+ 5m+ 1 = 108nm+ 5m+ 5, and between x-coordinates 12m2n+ (12mn+3)(i� 1) + 3=2 and 12m2n+ (12mn+ 3)(i� 1) + 5=2.� If k literals appearing in a clause cj are true, then the images in the crown Cj , ofeach of these true literals have lengths (5� �)=k units.� If k literals appearing in a clause cj are false, then the images in the crown Cj,of each of these false literals have lengths �=k units. Notice that because of ourchoice of �, if a literal li, where l = or l = �xi, is false, then in horse shoe Xi, thesum of the images associated with li, of the clauses of T in which li occurs, is lessthan one unit.� The Wiggles and connectors are drawn without crossings in the empty region ofheight 36nm and width 12mn2, that is to the left of the shaft of R and is boundedfrom above and below by the drawings of the variable subgraph and the clausesubgraph of A(T) respectively. Furthermore, they are drawn such that there isa vertical (horizontal) separation of at least one unit between two connectors orwiggles, whenever they pass through the same x-coordinate (y-coordinate). Asobserved earlier, because drawing them without crossings in this manner requiresa total width of at most 12nm and a height of at most 36nm, they can be drawnin this manner in the aforementioned region. 2This yields the main theorem of this section.Theorem 16 The problem of testing whether a given consistent angle graph is planaris NP-hard.Proof: Let T be an instance of the 3-SAT problem. From Lemmas 18 and 19, we canconstruct the associated angle graph A(T) of T in O(n2m2) time, such that A(T) isplanar if and only if T admits a satisfying truth-assignment. Hence, given a consistentangle graph, testing whether it is planar or not, is NP-hard. 2All the angles of A(T) are multiples of 15�. Therefore,Corollary 5 The problem of testing whether a consistent angle graph is planar is NP-hard even if all the angles are multiples of some non-negative integer.A bounded degree angle graph is one in which each vertex has a bounded number(i.e., independent of the number of edges and vertices in the graph) of edges incident onit. Each vertex of A(T) has at most seven edges incident on it. Therefore,99



Corollary 6 The problem of testing whether a consistent bounded degree angle graph isplanar is NP-hard.5.3 Testing Triconnected Planar Graphs for High Angu-lar ResolutionIn this section we consider the problem of constructing planar straight line drawings ofplanar graphs with high angular resolution and show that the following problem, calledthe angular resolution problem for triconnected planar graphs, is NP-hard:Given a triconnected planar graph G and an angle �, determine whether Ghas a planar straight-line drawing with angular resolution at least �.We show that the angular resolution problem for triconnected planar graphs is NP-hard by reducing the 3-SAT problem to it. Let T be an instance of the 3-SAT problem.We �rst construct the associated angle graph A(T) of T. Let H(T) be the underlyingplanar graph of A(T). We construct an associated triconnected planar graph G(T) of T,by adding new vertices and edges to H(T) such that (a) G(T) is constructed in polynomialtime from H(T), and (b) A(T) is planar (and hence, from Lemma 19, T is satis�able) ifand only if G(T) admits a planar straight-line drawing with angular resolution 5�.G(T) is constructed from H(T) by adding graphs called fans to it. fans are describedby Kant [68, 69]. Fan F6 consisting of 6 vertices is shown in Fig. 5.15(a). Edges e1 ande2 are called the connectors of the fan and are used to connect the fan to other verticesof the graph to which the fan is added (in our case, to make G(T) triconnected). Vertexv is called the hub of the fan. In general, a fan Fi has i vertices.The purpose of using fans is to \�x" the angles between the edges of H(T) to desiredmagnitudes, in a planar straight-line drawing of G(T) with angular resolution 5� (noticethat H(T) is a subgraph of G(T)). For example, as shown in Fig. 5.15(b), if a vertex vof H(T) has three edges incident on it, then we can guarantee that the angle betweenits three incident edges is 45�, 90�, and 225� respectively, in any planar straight-linedrawing of G(T) with angular resolution 5�, by adding three fans F9, F18 and F45 to itby identifying their hubs with v. The angles will be so because after adding the fans, vhas 72 edges incident on it and in any planar straight-line drawing of G(T) with angularresolution 5�, the angle between each pair of consecutive edges incident on v has the samemagnitude (equal to 5�). In general, if a vertex v of H(T) has d edges incident on it, wecan \�x" the angles between its edges to desired magnitudes, by adding d appropriatefans{one for each angle{to H(T) by identifying their hubs with v.We now describe construction of G(T) from A(T). Let H(T) be the underlying graphof A(T). Denote by a(e1; e2), the angle in A(T) between two consecutive edges e1 ande2 of H(T) incident on the same vertex. Constructing G(T) from A(T) is a two-stepprocess:1. First, for every pair of consecutive edges e1 and e2 of H(T) incident on the samevertex v, add a fan Fa(e1;e2)=5 to H(T) by identifying the hub of the fan with v.100
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1. u and v are adjacent and there are at least three faces that contain u and v; or2. u and v are not adjacent and there are at least two faces that contain u and v.Now we are ready to present the main lemma of this section.Lemma 20 Given an instance T of the 3-SAT problem with n variables and m clauses,its associated triconnected planar graph G(T) can be constructed in O(n2m2) time. More-over, G(T) admits a planar straight-line drawing with angular resolution 5� if and onlyif T admits a satisfying truth-assignment.Proof: Using Lemma 18, �rst construct the associated angle graph A(T) of T inO(n2m2) time. Let H(T) be the underlying graph of A(T). Constructing G(T) fromH(T) requires adding O(n2m2) fans, each with at most 300=5 = 60 vertices (becausethe largest angle in A(T) is 300�). This construction can be carried out very easily inconstant time per fan. Therefore, G(T) can be constructed from T in O(n2m2) time.Now we show that G(T) is triconnected. From the construction of A(T) it is easyto see that A(T) and therefore, G(T) is biconnected. Because of the introduction offans and connecting them in a cyclic order in each face, using their connectors (seeFig. 5.15(c)), the following holds: (a) If f , g and h are three faces of G(T), then f , gand h have at most one vertex in common. This satis�es Condition 1 of Theorem 17.(b) If f and g are two faces of G(T), then f and g have at most two vertices in common,and if u and v are common vertices of f and g, then u and v are adjacent. This satis�esCondition 2 of Theorem 17. Therefore, from Theorem 17, G(T) is triconnected.We now show that G(T) admits a planar straight-line drawing with angular resolution5� if and only if A(T) is planar. Let the edges of G(T) that are also edges of H(T) becalled its primary edges. Given a planar drawing of A(T) it is easy to get a planarstraight-line drawing of G(T) with angular resolution 5�, by simply placing the edges ofeach fan incident on its hub, at an angular separation of 5� from each other and fromthe primary edges of G(T). The remaining edges of G(T) (such as connector edges ofthe fans, etc.) can easily be placed at an angle at least 5� from their neighboring edges.Now suppose that G(T) has a planar straight-line drawing D with angular resolution5�. Because of the use of fans, in D, the angles between the primary edges of G(T) isequal to the angle speci�ed between them in A(T). We can get a planar drawing of A(T)from D by simply removing the fans of G(T) from D. 2Theorem 18 Given a triconnected planar graph and an angle �, determining whetheror not, it admits a planar straight-line drawing with angular resolution at least �, isNP-hard.Proof: Let T be an instance of the 3-SAT problem. From Lemma 20, we can constructthe associated triconnected planar graph G(T) of T in O(n2m2) time, such that G(T)admits a planar straight-line drawing with angular resolution at least 5�, if and only ifT admits a satisfying truth-assignment. Hence, given a triconnected planar graph andan angle �, determining whether or not, it admits a planar straight-line drawing withangular resolution at least �, is NP-hard. 2102



5.4 Testing a Series-Parallel Angle Graph for Consis-tencyIn this section we give a linear-time algorithm for testing whether a series-parallel anglegraph with non-zero angles is consistent or not, i.e., whether it admits a drawing or not.A series-parallel graph G with source s and sink t is de�ned recursively as follows: Gis either a single edge (s; t) (see Fig 5.16(a)), or a series composition (see Fig 5.16(b)), ora parallel composition (see Fig 5.16(c)) of two series-parallel graphs G1 and G2. Let s1and t1 be the source and sink respectively, of G1. Let s2 and t2 be the source and sinkrespectively, of G2. A series composition of G1 and G2 is done by identifying vertices s1and t2 (see Fig 5.16(b)); For G in this case, s = s2 and t = t1. A parallel compositionof G1 and G2 is done by identifying vertices t2 and t1, and the vertices s2 and s1(seeFig 5.16(c)); For G in this case, s = s1 = s2 and t = t1 = t2. G1 and G2 are called theconstituents of G. A series-parallel subgraph of G is either G, or a series-parallel subgraphof G1 or G2. Associated with G is a SPQ-tree called the decomposition tree T(G) of G.T(G) has three types of nodes- S, P and Q. Each Q node corresponds to an edge of G(see Fig 5.16(a)), each S node corresponds to a series-composition (see Fig 5.16(b)), andeach S node corresponds to a series-composition (see Fig 5.16(c)). Fig 5.16(e) shows theassociated decomposition tree of the series-parallel graph shown in Fig 5.16(d). T(G),therefore, maintains information about the structure of G in terms of its series-parallelsubgraphs, and can be constructed in linear time [6].A series-parallel angle graph is an angle graph with a series-parallel graph as itsunderlying graph.
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In a preprocessing phase, we align the reference axis with an arbitrary edge of G andusing this alignment compute the angles made by each edge of G with the the referenceaxis.Let A be a series-parallel subgraph of G. Let s and t be the source and sink respec-tively of A. The testing of A for consistency is done recursively. Let A1 and A2 be thetwo constituents of A. We de�ne a tuple sector(A) = (lowerboundtype,upperboundtype,lowerboundangle,upperboundangle) that represents the smallest (geometric) sector (seeFig. 5.17(a)) that contains all the possible drawings of A, assuming that s is alwaysplaced at the origin of the sector. Notice that sector(A) is bounded only by its bound-ary angles lowerboundangle and upperboundangle; It has in�nite radius. sector(A) iscompletely characterized as follows:1. 0 � lowerboundangle � 360, 0 � upperboundangle � 720, andlowerboundangle� upperboundangle.2. lowerboundtype and upperboundtype are each either NONE, CLOSED or OPEN.3. lowerboundtype = upperboundtype =NONE if and only if A does not admit anydrawing.4. lowerboundtype and upperboundtype are not NONE, lowerboundangle= �, andupperboundangle = � if and only if(a) A admits at least one drawing,(b) In no drawing of A, Line ~st is at an angle less than � or more than � withthe reference axis.(c) If � 6= �, then for each �, such that � < � < �, there exists a drawing of A inwhich Line ~st is at an angle � with the reference axis.5. lowerboundtype is CLOSED and lowerboundangle = � if and only if there is adrawing of A in which Line ~st is at an angle � with the reference axis, but there isno drawing of A in which Line ~st is at an angle less than � with the reference axis.6. upperboundtype is CLOSED and upperboundangle = � if and only if there is adrawing of A in which Line ~st is at an angle � with the reference axis, but there isno drawing of A in which Line ~st is at an angle greater than � with the referenceaxis.7. lowerboundtype is OPEN and lowerboundangle = � if and only if there is nodrawing of A in which Line ~st is at an angle � with the reference axis, but for any�, such that 0 < � < upperboundangle� �, there is a drawing of A in which Line~st is at an angle equal to �+ � with the reference axis.8. upperboundtype is OPEN and upperboundangle = � if and only if there is nodrawing of A in which Line ~st is at an angle � with the reference axis, but for any�, such that 0 < � < � � lowerboundangle, there is a drawing of A in which Line~st is at an angle equal to � � � with the reference axis.104



For example, each drawing of the series-parallel graph G shown in Fig. 5.18(a), is con-tained in the sector R shown in Fig. 5.18(b), assuming that the edge (s; u) is aligned withthe reference axis. sector(G), which represents R, is equal to (OPEN;OPEN; 0; 90).The upperboundarytype and lowerboundarytype for sector(G) are both OPEN becauseboth su and tu have non-zero lengths in every drawing of G.
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ub = CLOSED.
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�1 < �2 and �2 < �1 + 360. This is illustrated in Fig. 5.20(b). In this case, sector(A)is empty. Hence, sector(A) = (NONE;NONE; �; �).�1 < �2 and �2 � �1 + 360. We have four cases:�2 = �1 + 360. Then, if lb1 = CLOSED and lb2 = CLOSED, then sector(A) =(CLOSED;CLOSED;�1; �1), otherwise, sector(A) = (NONE;NONE; �; �).�1 + 360 > �2 > �1 + 360: This is illustrated in Fig. 5.20(c). In this case,sector(A) = (lb1; ub2; ; �1; �2 � 360).�1 + 360 < �1 + 360 = �2: Then, if ub1 = CLOSED, then sector(A) =(lb1; ub1; �1; �1), otherwise, sector(A) = (lb1; ub2; �1; �2� 360).�1 + 360 < �2: In this case, sector(A) = (lb1; ub1; �1; �1).�1 � �2. Because sector(A1) and sector(A2) are both simple, we have that �2 ��1 + 180 � �1 + 360. We have �ve cases:�2 = �1 Then, if ub1 = CLOSED and lb2 = CLOSED, then otherwise,sector(A) = (NONE;NONE; �; �).�2 > �1 > �2. This is illustrated in Fig. 5.20(d). In this case, sector(A) =(lb1; ub1; �1; �1).�2 = �1 > �2. Then, if ub1 = OPEN , then sector(A) = (lb1; ub1; �1; �1),otherwise, sector(A) = (lb1; ub2; �1; �2).�1 > �2 > �1. Then, sector(A) = (lb1; ub2; �1; �2).�2 = �2 = �1. Then, if lb1 = CLOSED, then sector(A) = (CLOSED;CLOSED;�1; �1), otherwise, sector(A) = (NONE;NONE; �; �).Theorem 19 Given a series-parallel angle graph G with non-zero angles and with nvertices, we can test whether G admits a drawing or not, as well as compute sector(A)for each series-parallel subgraph A of G, in O(n) time.Proof: Assume that we are given the associated decomposition tree of G, since it canbe constructed in O(n) time [6]. For testing whether G admits a drawing or not, �rstalign the reference axis with an arbitrary edge of G and using this alignment, for eachedge e of G, compute the angle between e and the reference axis. This takes O(n) time.Next, compute sector(G) using the recursive procedure given above. Each step of thisrecursive procedure takes constant time. Since there are O(n) recursive steps, one foreach series-parallel subgraph of G, the total time-complexity is O(n).Nowwe prove the correctness of the above algorithm. Let sector(G) = (lbG; ubG; �G; �G),as computed by the algorithm. We prove that G admits a drawing if and only if nei-ther lbG nor ubG is equal to NONE. Let A be a series-parallel subgraph of G. Letsector(A) = (lb; ub; �; �), as computed by the algorithm. We show that sector(A) iscomputed correctly and A admits a drawing if and only if neither lb nor ub is equal toNONE. Since G is a a series-parallel subgraph of itself, this will prove the claim for G.For proving the correctness, we also show that sector(A) has the the upper boundaryand lower boundary inheritance properties given below (recall that in the preprocessingphase, we compute the angles between the edges of G and the reference axis):109



lower boundary inheritance property: If sector(A) is not a disk andlb = CLOSED, then there are vertices u and v in A, such that angle betweenedge su and the reference axis is �, and the angle between edge vt and thereference axis is �.upper boundary inheritance property: If sector(A) is not a disk andub = CLOSED, then there are vertices u0 and v0 in A, such that anglebetween edge su0 and the reference axis is either � or �� 360, and the anglebetween edge v0t and the reference axis is either � or � � 360.If A consists of one and only one edge, then clearly sector(A) is computed correctly.A admits at least one drawing and correspondingly neither lb nor ub is equal to NONE.Also, sector(A) trivially has the upper and lower boundary inheritance properties.Now suppose A consists of at least two edges. Then, A is a series or parallel com-position of two series-parallel graphs A1 and A2. Let sector(A1) = (lb1; ub1; �1; �1) andsector(A2) = (lb2; ub2; �2; �2), as computed by the algorithm. Let s1 and t1 be the sourceand sink respectively of A1. Let s2 and t2 be the source and sink respectively of A2. Lets and t be the source and sink respectively of A. There are two cases:1. A is a series-composition of A1 and A2: Assume without loss of generalitythat s1 = t2, s = s2 and t = t1 (see Fig. 5.16). We consider two cases.Case 1: sector(A1) and sector(A2) are opposite (see Fig. 5.19(a)). sector(A1)andsector(A2) can be opposite under two situations (recall the de�nition of op-posite given earlier). We give the proof for the situation when sector(A1)and sector(A2) are opposite because there is a line l0 such that l0 lies insidesector(A1) and is reverse included in sector(A2); The proof for the other sit-uation is similar. Suppose l0 is at an angle � with the reference axis. Let l00be a line that passes through o, and is at angle �+180 with the reference axis(see Fig. 5.21(a; b)).Our claim is that sector(A) is a disk, i.e., for every point p in the plane, thereis a drawing of A in which s is placed at the origin o and t is placed at p.Because l00 lies properly inside sector(A2), there exists an angle � such thatline l(�) lies inside sector(A2), and the angle between Line l(�) and Line l(�)is less than 180�. Let q be a point on Line l(�) such that Line qp is at angle �with the reference axis. Let r1 = qp, and r2 = oq. Let D1 be a drawing of A1in which angle( ~s1t1) = � and s1t1 = r1. Let D2 be a drawing of A2 in whichangle( ~s2t2) = � and s2t2 = r2. We can construct a drawing of A in which sis at o and t is at p by placing D1 and D2 such that s1 and t2 are placed atq, s2 is placed at o, and t1 is placed at p (see Fig. 5.21(b)).Because sector(A) is a disk, it trivially has the upper and lower boundaryinheritance properties.Case 2: sector(A1) and sector(A2) are not opposite (see Fig. 5.19(b; c)). Thisis illustrated in Fig. 5.21(c; d). Let p be a point that lies inside sector A. Be-cause sector(A) has width at most 180, basic geometric considerations show110
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It therefore, remains to be shown that the case �1 = �1 = �2�180 = �2�180can not happen. Suppose for contradiction that it happens. Since �1 = �1, wehave that lb1 = ub1 = CLOSED. Since, sector(A1) has the lower boundaryproperty, there is a vertex u1 in A1, such that edge s1u1 is at angle �1 withthe reference axis. Since �2 = �2, we have that lb2 = ub2 = CLOSED. Since,sector(A2) has the upper boundary property, there is a vertex u2 in A2, suchthat edge u2t2 is at angle �2 with the reference axis. Since �2 = �1 + 180,and s1 = t2 (see Fig. 5.21(d)), s1 has two edges incident on it, namely, u2s1and s1u1, that have zero angle between them, contradicting the fact that Ghas non-zero angles only. Hence, the case �1 = �1 = �2� 180 = �2� 180 cannot happen.If p is a point that does not lie inside sector(A), then simple geometric con-siderations show that there do not exist any angles �1 and �2, as describedabove. Therefore, A does not have any drawing in which t is placed atp and s is placed at o.Therefore, sector(A) is computed correctly.We now show that sector(A) has the upper and lower boundary inheritanceproperties. We give the proof for the lower boundary inheritance property;The proof for the upper inheritance property is similar. lb is CLOSED onlyif both lb1 and lb2 are CLOSED, and � = �1 = �2. By inductive hypothesis,sector(A1) and sector(A2) both have the lower boundary inheritance proper-ties. Therefore, there are vertices u1 and u2 such that edges u1t1 and s2u2are at an angle � with the reference axis. Since s = s2 and t = t1, sector(A)also has the lower boundary inheritance property. The proof for the upperboundary inheritance property is similar.2. A is a parallel-composition of A1 and A2: Denote by \(sector(A1); sector(A2),the sector with greatest width that is contained in both sector(A1) and sector(A2).We prove that sector(A) = \(sector(A1); sector(A2)).Because s = s1 = s2 and t = t1 = t2, in every drawing of A, angle( ~s1t1) =angle( ~s2t2) = angle(~st). Therefore, Line l(angle(~st)) lies inside both sector(A1)and sector(A2). Hence, sector(A) � \(sector(A1); sector(A2)).Let l0 = l(�) be a line lying inside \(sector(A1); sector(A2). There exists a drawingD1 of A1 in which angle( ~s1t1) = �. Also, there exists a drawing D2 of A2 in whichangle( ~s2t2) = �. Therefore, there exists a drawing of A, constructed from D1 andD2 in which angle(~st) = �. Hence, \(sector(A1); sector(A2)) � sector(A).Therefore, sector(A) = \(sector(A1); sector(A2). Hence, sector(A) is computedcorrectly by the algorithm.As for lower and upper boundary properties, when lb 6= NONE and ub 6= NONE,lb is either lb1 or lb2 or NONE, ub is either ub1 or ub2 or NONE, � is either �1 or�2, � is either �1 or �2 or �1� 360 or �2� 360. Since, s = s1 = s2 and t = t1 = t2,and sector(A1) and sector(A2) have the lower and upper boundary properties, itfollows that sector(A) also has the lower and upper boundary properties. 2112



5.5 Area Requirement of Angle GraphsIn this section, we investigate the area requirement of angle graphs. Area of a drawingD of an angle graph A is de�ned as the area of the region bounded by the external faceof A in D. We show that there exist certain angle graphs that require exponential areafor any drawing.Following theorem states the main result of this section:Theorem 20 For every m � 1, there exists an angle graph Am with 3m vertices thatrequires area 
(4m) for any drawing.Proof: Angle graph Am can be described recursively. A1 is an equilateral triangle asshown in Fig. 5.22(a). Am is constructed from Am�1 (see Fig 5.22(b)) by adding verticesum, vm and wm and edges (um�1; um), (vm�1; um), (vm�1; vm), (wm�1; vm), (wm�1; wm)and (um�1; wm) in the exterior of Am�1. Each of the three newly added faces Fu, Fvand Fw is an equilateral triangle.Let Dm be a drawing of Am. We denote by area(Dm), the area of Dm. For provinga lower bound on the area of Dm, we show that Dm has following properties:1. Shape-property: Triangle um�1vm�1wm�1 is an equilateral triangle.2. Area-property: area(Dm) = 4 area(Dm�1), for m � 2.D1 trivially has the shape-property. Now suppose Dm�1 has the shape-property.From plane geometry, because each of the faces Fu, Fv and Fw is an equilateral triangle,it is easy to see that Dm also has the shape-property.As for the area-property, because each of the faces Fu, Fv and Fw is an equilateraltriangle and Dm�1 has the shape-property, it follows that the area of each of these threefaces is equal to area(Dm�1). Therefore, for m � 2, area(Dm) = 4 area(Dm�1).Since area(Dm) = 4 area(Dm�1), it follows that area(Dm) = 4m�1 area(D1). As-suming that area(D1) is a constant, we get that Area(Am) = 
(4m).Let vertex(Am) denote the number of vertices in Am. We construct Am from Am�1by adding three vertices to it. Hence, vertex(Am) = vertex(Am�1)+3, for m � 2. SinceA1 consists of three vertices, it is easy to see that the number of vertices in Am is 3m. 2Notice that each and every drawing of the angle graph Am of Theorem 20 is a planardrawing. Therefore,Corollary 7 For every m � 1, there exists an angle graph Am with 3m vertices thatrequires area 
(4m) for any planar drawing.113
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(b)Figure 5.22: Angle graph Am: (a) A1; (b) Constructing angle graph Am from Am�1.5.6 Multilayered Angle GraphsWe recall that a multilayered angle graph is an angle graph in which each edge isassigned to one of the several layers available. A biplanar angle graph is one whose edgesare assigned to two layers only. A multilayered angle graph is multiplanar if it admitsa drawing in which edges assigned to the same layer do not cross. The multiplanaritytesting problem can stated as:Given a consistent multilayered angle graph G, test whether G is multiplanaror not, i.e., whether or not, G admits a drawing in which there is no crossingbetween the edges assigned to the same layer.In this section, we show that the multiplanarity testing problem is NP-hard. In fact,we show something stronger, that even if we consider only consistent biplanar rectilinearangle graphs, the problem of testing them for biplanarity is NP-hard. We prove the NP-hardness of the biplanarity testing problem by reducing a well-known NP-hard problem,namely, the 3-SAT problem [50] given below, to the planarity testing problem:given a set X = fx1; x2; : : : ; xng of variables and a set C = fc1; c2; : : : ; cmgof clauses over X such that every clause has exactly three literals, is there asatisfying truth assignment for C ?Let T be an instance of the 3-SAT problem, with n variables and m clauses. Weconstruct a bilayered rectilinear angle graph A(T), called the associated angle graph ofT, in polynomial time such that T admits a satisfying truth-assignment if and only ifA(T) is biplanar.Let the two layers to which the edges of A(T) are assigned, be called red and bluelayers. The edges of A(T) assigned to the red and blue layers are called red and blueedges respectively.The rest of this section is organized as follows. In Section 5.6.1, we describe somegadgets (which are consistent bilayered rectilinear angle graphs) that are used for the114



construction of A(T). In Section 5.6.2, we describe a consistent bilayered rectilinear anglegraph called a Completed Course. This graph consists of some of these gadgets and isused to construct A(T). Finally, in Section 5.6.3, we completely describe A(T).5.6.1 Some GadgetsWe now describe some consistent bilayered rectilinear angle graphs that are used forconstructing A(T).� Subcourse: A subcourse S is shown in Fig. 5.23(a). Vertex uj , where 0 � j �2m + 2, is called the jth input vertex of S. Vertex vj , where 0 � j � 2m + 2,is called the jth output vertex of S. Edge (tj ; tj+1), where 1 � j � m, is calledthe jth reference edge of S. Edge (sj ; sj+1), where 1 � j � m is called the jthvalue edge of S. Edge (a2j�1; a2j), where 1 � j � m, is called the jth inner edgeof S. Edges (u2j; sj+1), (sj+1; a2j), and (a2j ; v2j), where 1 � j � m, are the jthvalue-separation edges of S. Edges (u2j�1; tj), (tj ; a2j�1), and (a2j�1; v2j�1), where1 � j � m, are the jth reference-separation edges. Each reference, value, inner andseparation edge is either blue or red (as will be described later in Section 5.6.3).Edge (v2j�1; v2j), where 1 � j � m, is called the jth output edge of S and is red.Edge (u2j�1; u2j), where 1 � j � m, is called the jth input edge of S and is red.Edges (t0; t1) and (tm+1; tm+2) are both red. Edge (sm+1; sm+2) is red. All theremaining edges of S are blue.Let D be a drawing of S. Assume without loss of generality that the referenceand value edges of A(T) are drawn vertically in D (see Fig. 5.23(a)). The line-segment lv= s1sm+1 is called the value line-segment of S in D. The line-segmentlr= t1tm+1 in D is called the reference line-segment of S in D. In D, either lvis to the right of lr (Fig. 5.23(b)), or lv is to the left of lr (see Fig. 5.23(c)), orboth lv and lr overlap. S is left heavy (right heavy , balanced, respectively) if lv isleft of lr (right of lr, overlapping with lr , respectively). As we will see later, eachsubcourse S corresponds to a variable x, and the left heavy (right heavy) \state"of S corresponds to x being true (false) in a satisfying truth-assignment of T.� Starting and Ending Location: A starting location L is shown in Fig. 5.24(a)and an ending location L0 is shown in Fig. 5.24(b). Vertex cj (c0j), where 1 � j �m, is called the jth starting (ending) vertex of L (L0). Vertex wj (w0j), where0 � j � 2m+ 2, is called the jth separation vertex of L (L0). All the edges of bothL and L0 are blue.� Hurdle: A hurdle H is shown in Fig. 5.24(c). Vertex gj , where 0 � j � 2m+ 4,is the jth input vertex of H . Vertex hj , where 0 � j � 2m + 2, is called the jthoutput vertex of H . Each edge (hj ; hj+1), where 0 � j � 2m+2, is red. The otheredges of H are all blue.� Runner: A runner R (see Fig. 5.24(d)) is simply a connected sequence of 13 edgesthat alternates between red and blue. The angle between consecutive edges is 180�.Vertex a is the �rst end-point of R and vertex a0 is its last end-point. The edges115
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R3Figure 5.26: A biplanar drawing D of the associated angle graph A(T) of an instanceT of the 3SAT problem, where T consists of the variables x1, x2 and x3, and theclauses (x1; �x2; x3), (x1; x2; �x3) and ( �x1; x2; �x3). D corresponds to the truth-assignmentx1 =true, x2 =false and x3 =false. The red edges are shown as thick lines, and theblue edges are shown as thin lines.Proof: A(T) has n subcourses, one for each variable, m runners, one for each clause,a starting location L, an ending location L0 and a hurdle H . Graphs L, L0, and H ,each have O(m) vertices and edges. Each subcourse has O(m) vertices and edges. Eachrunner has O(n) vertices and edges. Therefore A(T) has a total of O(nm) vertices andedges. A(T) can easily be constructed in O(nm) time. 2Lemma 23 shows that T admits a satisfying truth-assignment if and only if A(T) isbiplanar. It uses the following correspondence between a biplanar drawing D of A(T)and a satisfying truth-assignment 	 of T: Variable xi is true in 	 if and only if SubcourseSi is left heavy in D.We need to do some groundwork before we prove Lemma 23. First some de�nitions.We assume a right-handed three-dimensional cartesian coordinate system. We denoteby x(p), y(p) and z(p), the x-, y- and z-coordinates of a point p. A point p is to theleft (right) of another point q if x(p) < x(q) (x(p) > x(q)). A vertical line l is to theleft (right) of another vertical line l0 if l is drawn at an x-coordinate less than (greaterthan) the x-coordinate at which l0 is drawn. Let D be a biplanar drawing of A(T).Assume without loss of generality, that the runners of A(T) are drawn horizontally inD and the starting location L is drawn to the left of the ending location L0. Let R be arunner of A(T). Let e = (u; v) be an edge of R. Notice that e is drawn horizontally inD. In D, the right (left) end-point of e is the one that is placed to the right (left) of its119



other end-point. Assume without loss of generality that u is the left end-point of e inD. Edge e spans a vertically drawn edge e0 = (u0; v0) if x(u) � x(u0) � x(v) and eithery(u0) � y(u) � y(v0) or y(v0) � y(u) � y(u0). e is the incoming (outgoing) edge of Rin Subcourse Si if it spans the jth input (output) edge of Si. R spends d edges to spanSubcourse Si if d consecutive vertices v1; v2; : : : ; vd of R are placed such that for eachvk, following holds: (a) vk is placed to the left of the output vertices of Si, and (b) vkis placed to the right of the output vertices of Si�1 if i � 2. R spends d edges to spanHurdle H if d consecutive vertices v1; v2; : : : ; vd of R are placed such that for each vk,following holds: (a) vk is placed to the left of the output vertices of H , and (b) vk isplaced to the right of the output vertices of Sn.Subcourse Si is said to be neutral to Runner Rj in D if variable xi either does notoccur in clause cj , or occurs both negated and un-negated in clause cj . If variable xioccurs either only negated or only un-negated in clause cj , then Subcourse Si is said tobe compatible (not compatible, otherwise) to Runner Rj in D if:1. Variable xi occurs only negated in clause cj and Si is right heavy in D, or2. Variable xi occurs only un-negated in clause cj and Si is left heavy in D.Lemma 22 Let D be a biplanar drawing of A(T). Each subcourse of A(T) is either leftheavy or right heavy in D.Proof: Assume for contradiction, that there is a subcourse Si of A(T) that is balancedin D, i.e., the reference line-segment and the value line-segment of Si overlap in D.Consider a runner Rj of A(T) such that variable xi occurs in clause cj . Rj consists of asequence of alternating red and blue edges. Let e be the edge of Rj that spans the jthreference as well as the jth value edge of Si (notice that these two edges are overlapping,therefore e spans both of them). Since the jth reference and jth value edge of Si edgeshave di�erent colors, it follows that one of them has the same color as e, contradictingthe assumption that D is a biplanar drawing. Therefore, Si is either left heavy or rightheavy in D. 2Lemma 23 A(T) is biplanar if and only if T admits a satisfying truth-assignment.Proof:If: Suppose T admits a satisfying truth-assignment 	. We construct a biplanardrawing of D of A(T) (see Fig 5.26 for an example). In D, Subcourse Si is left heavy ifvariable xj is true and is right heavy if variable xj is false. The runners of A(T) aredrawn such that, for every Subcourse Si, and Runner Rj , following holds:1. If Si is neutral to Rj , then Rj spends exactly 0 edges to span Si.2. If Si is compatible to Rj , then Rj spends exactly 2 edges to span Si,3. If Si is not compatible to Rj, then Rj spends exactly 4 edges to span Si,120



4. Rj spends exactly 2 edges to span Hurdle H .5. The �rst edge of Rj is the incoming edge of Rj in S1.6. The outgoing edge of Rj in Si is also the incoming edge of Rj in Si+1.Because 	 is a satisfying truth-assignment, for each runner Rj , there exists a sub-course Si, such that Si is compatible with Rj. Hence, in D, each runner spends amaximum of 12 edges for spanning all the subcourses and the hurdle H (see Fig 5.26).
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3. Si is not compatible with Rj : In both the cases when Si is left heavy or rightheavy, Rj spans in Si, one red, one blue, one red, one blue and one red edge,in that order from left to right. Rj can easily be drawn without any crossingsbetween same colored edges such that it spends only 4 edges for spanning Si (SeeFig 5.28(c), where only �xi occurs in cj and Si is left heavy).Only If: Let D be a biplanar drawing of A(T) (see Fig 5.26 for an example). FromD, we construct a truth-assignment 	 of T. From Lemma 22, each Subcourse Si is eitherleft heavy or right heavy. In 	, a variable xi is true if and only if Subcourse Si is leftheavy.We claim that 	 is a satisfying truth-assignment of T. A clause is trivially satis�ableif a variable occurs in it both negated and un-negated. Therefore, from the de�nition ofcompatibility, this is equivalent to claiming that for each runner Rj of A(T), such thatno variable occurs both negated and un-negated in Rj , there exists a subcourse of A(T)that is compatible with Rj in D. Suppose for contradiction, there is a runner Rj of A(T)with no compatible subcourse in D. We show that, in D, Rj spends a total of at least14 edges to span all the subcourses and the hurdle of A(T). Suppose a variable xi occursin Clause cj . Consider Subcourse Si. From Lemma 22, Si is either left heavy or rightheavy in D. Therefore, in D, Rj either spans the jth input, jth value, jth reference, jthinner and jth output edges of Si, in that order from left to right (when Si is left heavy),or Rj spans the jth input, jth reference, jth value, jth inner and jth output edges of Si,in that order from left to right (when Si is right heavy). In both the cases, since Si isnot compatible with Rj , Rj spans in Si, one red, one blue, one red, one blue and one rededge, in that order from left to right. Since D is biplanar, the incoming edge of Rj in Siis blue. Rj therefore, needs to spend at least 4 edges to span Si (See Fig 5.28(c), whereonly �xi occurs in cj and Si is left heavy). Because clause cj has exactly three literals,Rj spends at least 12 edges to span all the subcourses of A(T). Because D is biplanar,Rj spends at least 2 more edges to span H (see Fig. 5.27). Hence, in D, Rj spends atotal of at least 14 edges to span all the subcourses and the hurdle of A(T). This is notpossible since Rj has only 13 edges. Therefore, Rj has at least one compatible subcoursein D. 2We are now ready to present the main theorem of this sectionTheorem 21 The problem of testing whether a consistent bilayered angle graph is bi-planar is NP-hard.Proof: Let T be an instance of the 3SAT problem. From Lemmas 21 and 23, wecan construct the associated angle graph A(T) of T in O(nm) time, such that A(T) isbiplanar if and only if T admits a satisfying truth-assignment. Hence, given a consistentbilayered angle graph, testing whether it is biplanar or not, is NP-hard. 2Following corollary is immediate-Corollary 8 The problem of testing whether a multilayered angle graph is multiplanaris NP-hard. 123



5.7 DiscussionA (general) graph can be tested for planarity in linear time [14, 63]. Similarly, theequivalent multiplanarity problem for general graphs is also solvable in linear time: Amultilayered (general) graph is multiplanar if and only if each subgraph consisting of theedges assigned to the same layer is planar [110]. We have however shown both of theseproblems to be NP-hard for angle graphs. Also every graph can be drawn in quadraticarea [109], whereas we have shown that certain angle graphs require exponential area.Thus angle graphs are more \di�cult" then general graphs in some sense, at least forthe problems that we have studied. It may be interesting to do a further comparativestudy of angle graphs and general graphs.One important open problem is to give an improved characterization of a consistentangle graph so that testing an angle graph for consistency can be done faster. A pos-sible approach could be to express the consistency of an angle graph in terms of theconsistency of its cycles. The following characterization of a consistent cycle may beuseful: Let C = fv0; v1; : : : ; vm; v0g be a cycle. Introduce variables Xi;(i+1)mod(m+1) andYi;(i+1)mod(m+1) for every edge (vi; v(i+1)mod(m+1)) of C. Intuitively Xi;j (Yi;j) corre-sponds to the di�erence in the x-coordinates (y-coordinates) of the vertices vi and vj .Let si;j be the slope of the edge (vi; vj). We have that C is consistent if and only ifthere is an assignment of Xi;j's such that P0�i�m �i;(i+1)mod(m+1)Xi;(i+1)mod(m+1) = 0,P0�i�m �i;(i+1)mod(m+1) Yi;(i+1)mod(m+1) = 0, and for every edge (vi; vj), Yi;j = jsi;j jXi;j.Here, �i;j is 1 if the edge (vi; vj) is at an angle between �90� and 90� with the positivex-axis and is �1 otherwise, and �i;j is 1 if the edge (vi; vj) is at an angle between 0� and180� with the positive x-axis and is �1 otherwise.Another open problem of great theoretical and practical importance is applying thetechniques of Tamassia's bend-minimization algorithm [99] to construct planar drawingsof general planar graphs, not just orthogonal planar graphs.Finally, although we have shown NP-hardness of the planarity testing problem forgeneral angle graphs, it is useful to characterize angle graphs for which this problem canbe solved in polynomial time.
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Chapter 6Rectilinear Planarity Testing6.1 IntroductionIn this chapter, we study the problem of testing a graph for rectilinear planarity i.e.,testing whether it admits a planar rectilinear drawing. A drawing is planar if no twoedges cross. A graph is planar if it admits a planar drawing. An orthogonal drawing mapseach edge into a chain of horizontal and vertical segments. A rectilinear drawing is anorthogonal straight-line drawing, i.e., a drawing where every edge is either a horizontal ora vertical segment. A graph is rectilinear planar if it admits a planar rectilinear drawing.Fig. 6.1 shows a planar rectilinear drawing.
Figure 6.1: Example of a planar rectilinear drawing of a graph.Testing for Rectilinear planarity is a fundamental problem in the display of cir-cuit schematics and entity-relationship diagrams. This problem has challenged the re-searchers for many years. In this chapter we show that the following problem is NP-complete:Rectilinear planarity testing: testing whether a graph is rectilinear planar.We also show that it is NP-hard to approximate the minimum number of bends in a125



planar orthogonal drawing of an n-vertex graph with an O(n1��) error, for any � > 0.Shiloach [95] and Valiant [109] show that any planar graph of degree at most 4 admitsa planar orthogonal drawing. Vijayan and Wigderson [111] study structural properties ofrectilinear planar drawings. From their results, the membership of rectilinear planaritytesting in NP is easy to establish. Storer [97], Tamassia and Tollis [102], Liu, Marchioro,Morgana, Petreschi, and Simeone [79, 80, 81, 78], Even and Granot [45], and Biedl andKant [68, 13] give various techniques for constructing planar orthogonal drawings withO(n) bends. Tamassia [99] gives an O(n2 logn)-time algorithm that constructs a planarorthogonal drawing with the minimum number of bends for an embedded planar graph.Di Battista, Liotta, and Vargiu [33] give polynomial time algorithms for minimizingbends in planar orthogonal drawings of series-parallel and cubic graphs. The latter tworesults show that rectilinear planarity testing can be done in polynomial time for a �xedembedding or for special classes of graphs.Our proof techniques are based on a two-phase reduction from the known NP-complete problem not-all-equal-3-sat. In the �rst phase, we reduce not-all-equal-3-sat to an auxiliary undirected 
ow problem. This reduction is same as the one we usefor showing the NP-completeness of the upward planarity testing problem in Chapter 2.In the second phase, we reduce this undirected 
ow problem to the rectilinear planaritytesting of a special class of digraphs. The latter reduction is interesting in its own andprovides new insights on the characterization by 
ow networks of the angles formed bythe edges of orthogonal drawings [33, 99]. Most of the results and techniques presentedin this chapter can also be found in [57, 59].The rest of this chapter is organized as follows. Preliminary de�nitions and results areprovided in Section 6.2. In Section 6.3 we describe the reduction from not-all-equal-3-sat to rectilinear planarity testing. Conclusive remarks are given in Section 6.4.6.2 PreliminariesWe assume standard concepts and de�nitions on NP-completeness [50]. Our results usereductions from the following well-known NP-complete problem:not-all-equal-3-sat Given a set of clauses with three literals each, is there a truthassignment such that each clause has at least one true literal and one false literal?An embedding of a planar graph is the collection of circular permutations of theedges incident upon each vertex in a planar drawing of the graph. An embedded graphis a planar graph equipped with an embedding. We do not distinguish between a graphand its embedding if the embedding is unique and the meaning is clear from the context.We denote by G� fvg the subgraph of graph G obtained by removing vertex v andits incident edges from G.The angles of an embedded graph are the pairs of consecutive edges incident on thesame vertex. Such angles are mapped to geometric angles in a straight-line drawing ofthe graph. 126



A rectilinear embedding of a graph G is an embedding of G where each angle isassigned a label in the set f1; 2; 3; 4g, such that there exists a rectilinear drawing ofG where each angle labeled ` in the embedding measures `�=2 in the drawing. Eachrectilinear embedding has a unique external face.6.2.1 Rectilinear EmbeddingIn this section we give Lemma 24 that will be extensively used in the proofs.Let G be an undirected graph of degree at most 4. Consider an assignment of labelsfrom the set f1; 2; 3; 4g to the angles of an embedding of G. For a face f of the embedding,let Ni(f) be the number of angles of f with label i. Face f is said to be consistentlyrectilinearly assigned if:2 �N4(f) +N3(f)�N1(f) = ( �4 if f is an internal face;+4 if f is the external face:An assignment of labels to the angles of an embedding of a graph G is a consistentrectilinear assignment if:� the sum of the labels of the angles around each vertex is 4; and� each face is consistently rectilinearly assigned.The following lemma is an immediate consequence of the results in [99, 111].Lemma 24 An embedding of a graph G can be extended to a rectilinear embedding ifand only if it admits a consistent rectilinear assignment of labels to its angles.6.2.2 Tendrils and WigglesWe now de�ne two kinds of graphs, namely rectilinear tendrils and rectilinear wigglesthat will be used as gadgets in our reductions.We show in Fig. 6.2 an undirected graph called rectilinear tendril Tk, which also hastwo designated poles denoted by s and t. We also de�ne rectilinear tendril T0 as a agraph consisting of a single edge.Lemma 25 Rectilinear tendril Tk is rectilinear planar and admits exactly four rectilinearembeddings.Proof: The proof has the same 
avor as the proof of Lemma 2 of Chapter 2. We useinduction on k and apply Lemma 24. Rectilinear tendril T1 is shown in Fig 6.3(a). Asshown in Fig. 6.3(c), Tk can be constructed from Tk�1 by removing vertex sk�1 and127



s tFigure 6.2: Example of rectilinear tendril T3.identifying its edge ek�1 with the edge fk of the rectilinear planar graph Hk shown inFig. 6.3(b). 2We show in Fig. 6.5 rectilinear wiggle Wk, which is a chain of 4k + 1 edges.The contribution of a rectilinear tendril (or wiggle) to a face containing it is thenumber of angles of the tendril (or wiggle) labeled 3 minus the number of angles labeled1 that lie in the face. Rectilinear tendril Tk contributes 4k, 4k+1, or 4k+2 to one face,and the opposite value to the other face. Rectilinear wiggle Wk contributes to one faceany value between 0 and 4k, and the opposite value to the other face.6.3 Rectilinear Planarity TestingIn this section we show how to reduce not-all-equal-3-sat to rectilinear planaritytesting. The reduction is done in two steps. Starting from an instance S of not-all-equal-3-sat, in the �rst step, we construct a planar switch-
ow network P inpolynomial time such that Instance S is satis�able if and only if network P admits afeasible 
ow. In the second step, we reduce the problem of computing a feasible 
ow inthe network P to the problem of testing the rectilinear planarity of a suitable graph G.The construction of network P is described in detail in Section 2.3 of Chapter 2. Werestate Theorem 1 of Section 2.3 of Chapter 2 here for the ease of reference.Theorem 22 (Theorem 1, Section 2.3, Chapter 2) Given an instance S of not-all-equal-3-sat with n variables and m clauses, the associated planar switch-
ownetwork P has O(n2m2) vertices and edges, and can be constructed in O(n2m2) time.Instance S is satis�able if and only if network P admits a feasible 
ow. Also, given afeasible 
ow for P, a satisfying truth assignment for S can be computed in time O(n2m2).128



e1

fk

(a) (b)

ek

sk

s1

t1

fk

ek

Tk-1

sk

(c)Figure 6.3: (a) Rectilinear Tendril T1. (b) Graph Hk. (c) Constructing Tk from Tk�1.
(a)

s

t

(b)

s
t

(c)

s
t

(d)

t

sFigure 6.4: The four di�erent rectilinear embeddings of rectilinear tendril T1.
ts Figure 6.5: Example of a rectilinear wiggle W3.We now show how to reduce the problem of computing a feasible 
ow in the planarswitch-
ow network P associated with a not-all-equal-3-sat instance S to the prob-lem of testing the rectilinear planarity of a suitable graph G. The construction of graphG is carried out in several stages, where at each stage an intermediate graph is produced.Given an instance S of not-all-equal-3-sat with n variables and m clauses, let Pbe the associated planar switch-
ow network with parameter � = 32nm.Let D be the dual graph of P . The edges of D are classi�ed as literal, clause,and dummy edges according to the type of their dual edge in P . Starting from D, weconstruct a planar graph F with vertices of maximum degree 3 by �rst replacing everyvertex of degree d with a binary tree with d leaves, and then replacing every edge of theresulting graph with a chain of �ve edges and edges.We classify the edges of F as expansion, literal, clause, and dummy edges, where theedges forming the binary trees replacing the former vertices of D are expansion edges,and the remaining edges of F are classi�ed according to the type of the edge of D that129



originated them. Note that each edge e of P is thus associated with exactly �ve edgesof F forming a path, and we call the middle edge the representative of e in F .Lemma 26 Graph F has a unique planar embedding and admits a rectilinear embedding.Proof: Each embedding of F corresponds to exactly one embedding of D, namely theembedding obtained by �rst replacing each chain of �ve edges by a single edge betweenthe end points of the chain, and then replacing each binary tree induced by the expansionedges into a single vertex. Since D has a unique embedding, we have that F also has aunique embedding.Every planar graph with vertices of degree at most 4 admits an orthogonal drawingwith at most 4 bends per edge, which can be constructed in linear time (see, e.g., [102]).Hence, graph F admits a planar rectilinear drawing.. 2
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Recall that a rectilinear tendril Tk contributes one of 4k, 4k+1, 4k+2,�4k, �(4k+1),and �(4k + 2) to a face of G. We say that the signi�cant contribution of a rectilineartendril Tk to a face is 4k if its contribution is positive and is �4k if it is negative. Thesigni�cant contribution of a rectilinear wiggle to a face is simply its contribution to theface. A face of an embedding of G is called balanced if the total signi�cant contributionof its rectilinear tendrils and wiggles to it is zero. The contribution of primary verticesto a face f is equal to the number of angles at them in f labeled 3 minus the number ofangles at them in f labeled 1.Lemma 27 If n � 3 and m � 3, then in any rectilinear embedding of ~G, the contributionof primary vertices to each face is at most 40nm.Proof: Each face of D has maxfm+ 2; 2n+ 1; 4; m+ 2ng � nm vertices for n;m � 3.The expansion of a vertex with degree d of D by a binary tree adds at most d vertices toan incident face. Hence, after we expand each vertex of D by a binary tree, we increasethe number of vertices in a face by at most the facial degree of its dual vertex in P ,which is at most 7nm by Theorem 22. We further replace each edge by a chain of �veedges resulting in a further increase of at most 4(7nm + nm) = 32nm vertices in eachface. Hence each face of F has at most 32nm+ 7nm+ nm = 40nm vertices. Therefore,the contribution of the primary vertices to each face is at most 40nm. 2Lemma 28 Graph G admits a rectilinear planar drawing if and only if the rectilineartendrils can be 
ipped and the rectilinear wiggles can be arranged such that every non-dummy face is balanced.Proof:If: By Lemma 26, F has a rectilinear embedding. Let A be the assignment of labels tothe angles in this embedding. A is a consistent assignment. Therefore if the tendrils canbe 
ipped and the wiggles can be arranged to get an embedding  in which, for everyface, the total signi�cant contribution of the tendrils and wiggles is zero, we obtain from a rectilinear embedding of G by assigning to the angles of the primary vertices of Gthe same label as in assignment A, and making the contribution of each tendril to a faceequal to its signi�cant contribution.Only If: Suppose G has a rectilinear embedding  . Let B be the assignment of labelsto the angles of  . By Lemma 24, B is a consistent assignment, so that, denoting withN3(f) and N1(f), the number of angles of face f with label 3 and 1, respectively, wehave that jN3(f)�N1(f)j = 4 for every face f of  .Let f be a nondummy face of  . By Lemma 27, f has at most 40nm primary vertices.Let �(f) be the total contribution of the tendrils to f . Let �(f) be the total signi�cantcontributions of the tendrils to f . Recall from Section 6.2.2, that the contribution ofa tendril Tk is one of 4k, 4k + 1, 4k + 2, �4k, �4k � 1, and �4k � 2. Therefore,�(f) is a multiple of 4� = 128nm. Also, because each face has at most nm tendrils,j�(f)� �(f)j � 2nm. We have two cases: 131



Case 1: f corresponds to a literal or a crossing vertex of P . Face f has no wiggles.N3(f)�N1(f) = �(f) + t, with jtj � 40nm. By Lemma 24, jN3(f)�N1(f)j = 4.Hence, j�(f) + tj = 4, with jtj � 40nm. Consequently, j�(f)+ tj � 4+ 2nm. Since�(f) is a multiple of 128nm, this implies that �(f) = 0.Case 2: f corresponds to a clause vertex of P . Face f has three tendrils and one wiggle.Let !(f) be the contribution of the wiggle. We haveN3(f)�N1(f) = �(f)+!(f)+t,with jtj � 40nm. By Lemma 24, jN3(f)�N1(f)j = 4. Hence, j�(f)+!(f)+ tj = 4,with jtj � 40nm. Since j�(f)� �(f)j � 2nm, we have j�(f)+!(f)+ tj � 4+2nm.Let �j be the sum of the absolute values of the signi�cant contributions of thetendrils to f . By construction, we have j!(f)j � �j�64nm. We claim that j�(f)j ��j�128nm. Indeed, since �(f) is a multiple of 128nm, j�(f)j > �j�128nm impliesj�(f)j = �j and thus j�(f) + !(f)j � 64nm > 4 + 2nm+ 40nm, a contradiction.Since the wiggle of f can be rearranged so that !(f) takes any value between��j + 64nm and �j � 64nm,  can be modi�ed so that �(f) + !(f) = 0 withouta�ecting the other faces of the embedding. 2We establish the following correspondence between graph G and network P (seeFig. 6.6):� The faces of G correspond to the vertices of P .� The rectilinear tendrils and wiggles of G correspond to the the edges of P .� Flipping a rectilinear tendril Tk of G corresponds to orienting an edge e of P . eis the dual of the edge which is replaced by Tk in constructing G from F . Edgee is oriented towards the dual vertex of a face f if and only if the signi�cantcontribution of Tk to f is 4k.� The signi�cant contribution of a rectilinear tendril or wiggle U of G correspondsto the 
ow in an edge e of P , where e is the dual of the edge replaced by U inconstructing G from F . The signi�cant contribution of U to a face f is equal tothe amount of the 
ow coming into the dual vertex of f through edge e.� The sum of the signi�cant contributions of the rectilinear tendrils and wiggles tothe faces of G corresponds to the conservation of 
ow at the vertices of P , i.e., thetotal signi�cant contribution of the rectilinear tendrils and wiggles to a face f iszero if and only if there is a conservation of 
ow at the dual vertex of f .Theorem 23 Given an instance S of not-all-equal-3-sat with n variables and mclauses, graph G associated with S has O(n4m3) vertices and edges, and can be con-structed in O(n4m3) time. Instance S is satis�able if and only if graph G is rectilinearplanar. Also, given a rectilinear planar embedding for G, a satisfying truth assignmentfor S can be computed in time O(n4m3). 132



Proof: From Theorem 22 and the fact that each rectilinear tendril and wiggle hasO(n2m) vertices and edges, it follows that G has O(n4m3) vertices and edges, and canbe constructed in O(n4m3) time.From Lemma 28 and the correspondence established above between graph G andnetwork P it follows that instance S is satis�able if and only if graph G is rectilinearplanar. Also, given a rectilinear planar embedding for G, a satisfying truth assignmentfor S can be computed in time O(n4m3). 2From Theorem 23 we conclude:Corollary 9 Rectilinear planarity testing is NP-complete.Corollary 10 Computing a planar orthogonal drawing with the minimum number ofbends is NP-hard.We can strengthen Corollary 10 as follows:Corollary 11 Let G be an n-vertex planar graph whose minimum number of bends inany planar orthogonal drawing is b�. Computing a planar orthogonal drawing of G withO(b� + n1��) bends is NP-hard for � > 0.Proof: Suppose there is a polynomial-time algorithm A that computes a planar orthog-onal drawing of G with at most c(b� + n1��) bends, where c is some constant. We canthen use algorithm A to test in polynomial time whether graph G is rectilinear planaras follows: Construct a graph G0 consisting of K = l(cn1��)1=�m + 1 copies of G andgive G0 as an input to algorithm A. Clearly, G is rectilinear planar if and only if G0has a planar orthogonal drawing with less than K bends. Since G0 has Kn vertices andK > c(Kn)1��, algorithm A computes a drawing of G0 with less than K bends if andonly if G is rectilinear planar. 26.4 ConclusionsFinding an e�cient algorithm for rectilinear planarity testing had been an open problemfor many years. In this chapter we have shown that a polynomial time algorithm forthis problem is unlikely to exist by proving that the problem is NP-complete. NP-completeness of rectilinear planarity testing also implies that the bend-minimizationproblem for planar orthogonal drawings is NP-hard.133



Chapter 7Bend-Minimization7.1 IntroductionThis chapter addresses the problem of constructing orthogonal planar drawings of planardegree 4 graphs (each vertex has at most 4 edges incident on it) with minimum numberof bends. An orthogonal drawing of a degree 4 graph is one in which each edge is drawnas a polygonal chain consisting of alternating horizontal and vertical line-segments (seeFig. 7.1(b)). A planar drawing is one with no edge-crossings. A planar graph is onewhich admits a planar drawing. The desire to construct orthogonal drawings with smallnumber of bends is motivated by many reasons. Drawings with fewer bends tend to givemore aesthetically pleasing drawings [31, 62]. Minimizing the number of bends seems tobe one of the key factors in producing drawings that meet a number of other aestheticcriteria such as small total edge-length, good height-to-width ratio (also known as aspectratio), small area etc., as demonstrated by an experimental study presented in the ACMsymposium on computational geometry last year [31]. For improved readability of adrawing, it is important that the angles between edges be large in the drawing. Thisnotion is formalized by de�ning angular resolution of a drawing, which is equal to themagnitude of the smallest angle in the drawing, between two edges incident on a vertex.Studies have shown that while some graphs do not admit any planar straight-line drawing(edges drawn as straight-lines) with optimal angular resolution, there are others whocan be drawn with optimal angular resolution but only at the cost of having a largearea [58, 83]. Orthogonal drawings with small number of bends seem to provide a goodcompromise in the sense that they have large angles (multiples of 90�), small area, andfew bends (every degree 4 graph admits am orthogonal drawing with O(n2) area andO(n) bends [109, 75]). Minimization of bends is also important in VLSI layouts wherebends act as \hot points" because of their higher current density. Finally we notice thateven though orthogonal drawings are usually de�ned for degree 4 graphs, the results areuseful for graphs with higher degree also. This is so because we can convert a graph withhigher degree into a degree 4 graph by expanding each vertex with more than 4 edgesincident on it, into a cycle. Many graph drawing systems are available that follow thisapproach, e.g., [32, 106].Because of the importance of bend-minimum orthogonal drawings, researchers have134



studied the problem extensively. We denote the number of vertices in a graph with n.Valiant [109] showed that every degree 4 graph admits a (nonplanar) drawing with atmost 4n bends. As for the problem of constructing bend-minimum planar orthogonaldrawings, Storer [97] gave a polynomial time algorithm for constructing a planar orthog-onal drawing of a biconnected degree 4 planar graph with at most 2n+4 bends. Tamassiaand Tollis [102] gave a linear time algorithm for constructing a planar orthogonal draw-ing of a biconnected degree 4 planar graph with at most 2n + 4 bends and area O(n2).Tamassia, Tollis and Vitter [103] gave a parallel algorithm and lower bounds for theproblem. Kant [67, 69] gives linear-time algorithms for constructing planar orthogonaldrawings of triconnected degree 4 planar graphs with at most 1:5n+ 3 bends and areaat most n2, and of triconnected degree 3 planar graphs with at most 0:5n+1 bends andarea at most n2=4. Biedl and Kant [13] give a linear time algorithm for constructing aplanar orthogonal drawing of a planar degree 4 graph with at most 2n+2 bends and arean2. Papakostas and Tollis [87] show that each degree 4 planar graph admits a planarorthogonal drawing with at most 2n+4 bends and area 0:76n2. They also show that eachdegree 3 planar graph admits a planar orthogonal drawing with at most 0:5n bends andarea 0:25n2. Even and Granot [45] show that each degree 4 planar graph admits a planarorthogonal drawing with O(n) bends such that each edge has at most 3 bends. Garg andTamassia [59] showed that given a degree 4 planar graph G, it is NP-hard to constructa bend-minimum drawing of G. They also showed that even approximating the numberof bends to within O(n1��) of the optimal, for any � < 1 is NP-hard. Di Battista, Liottaand Vargiu [33] have given polynomial time algorithms for minimizing bends in planarorthogonal drawings of series-parallel and degree 3 graphs.An embedded planar graph is a planar graph equipped with an embedding. Thebend-minimization problem for embedded planar degree 4 graphs is stated as follows:Given an embedded planar degree 4 graph G, construct a planar orthogonaldrawing of G with minimum number of bends.Tamassia [99] in 1987 gave an O(n2 log n) algorithm that takes an embedded planardegree 4 graph G as input and constructs a planar orthogonal drawing of G with min-imum number of bends, disproving the conjecture of Storer [97], who suspected thatthe problem was NP-hard. This algorithm not only made a fundamental theoreticalcontribution to the topic of bend-minimum planar orthogonal drawings, but also hasbeen found to have good performance in practice. Using Dial's implementation for thepriority queue used in the Dijkstra's shortest-path algorithm [1], Tamassia's algorithmcan be implemented with O(n2) time-complexity. Experimental studies [31, 62] haveshown that Tamassia's algorithm in general constructs better drawings in practice thansome other well-known algorithms of [18, 19, 101, 13, 87]. The studies however indicateclearly that Tamassia's algorithm has a high running time in practice.The problem of �nding a faster algorithm for constructing an orthogonal planardrawing with minimum number of bends, of a planar degree 4 graph with �xed embed-ding, has been open for many years. Not only it is considered a fundamental theoreticalproblem, but as the discussion given above indicates, is of practical signi�cance too.In this chapter, we give the �rst subquadratic-time algorithm for constructing an135



orthogonal planar drawing with minimum number of bends, of an embedded planardegree 4 graph. Namely, we give an algorithm with time-complexity O(n1:75 logn),improving the best known time-complexity by a factor of n0:25= logn. Given an embeddedplanar degree 4 graph G, Tamassia's algorithm reduces the bend-minimization problemfor G to a min-cost max-
ow problem on a nonplanar 
ow network N(G) such that a min-cost max-
ow f of N(G) corresponds to a bend-minimum orthogonal planar drawing ofG. The time-complexity of Tamassia's algorithm is dominated by the time-complexityof computing f . We give in this chapter, a new algorithm, called compute-
ow, thatcomputes a min-cost max-
ow g in an integer 
ow network P with no cost free arcs,in time O(�3=4m logn + m logn), where n and m are the number of nodes and arcsof P , and � is the cost of g. An integer 
ow network with no cost free arcs is one inwhich each arc has integer capacity, and an integer cost which is at least 1. Because itcan be shown that f has cost O(n), it follows that Algorithm compute-
ow computesf in time O(n1:75 logn), giving us a bend-minimization algorithm with time-complexityof O(n1:75 logn). Since Algorithm compute-
ow computes min-cost max-
ow in a moregeneral 
ow network than the ones used for bend-minimization, we believe that it mayhave applications in other 
ow-based problems also.This chapter is organized as follows. In Section 7.2, we give some de�nitions. InSection 7.3, we review some basic concepts of network 
ows. In Section 7.4, we givea brief description of Tamassia bend-minimization algorithm, which we call the min-bend algorithm. In Section 7.5, we present Algorithm compute-
ow. We conclude withSection 7.6.7.2 PreliminariesLet H be a graph. Degree of a vertex v of H is equal to the number of edges incident onv. Degree of H is the maximum degree of any vertex in H . A drawing of H is a mappingof its vertices to points and its edges to continuous curves joining their end-points. His planar if it admits a planar drawing. In each planar drawing of H , the edges of avertex are incident on it in a cyclic order. An embedding of H is the collection of circularpermutations of the edges incident on each vertex in some planar drawing of H . H isan embedded planar graph if it is equipped with an embedding. All planar drawings ofan embedded planar graph are topologically equivalent. Let K be an embedded planargraph. Each planar drawing of K divides the plane into several regions, which areseparated from each other by cycles consisting of the edges and vertices of K; Thesecycles are called the faces of K. Notice that exactly one region is unbounded; The cycleseparating it from the other regions is called the external face of K. The other faces ofK are called its internal faces. v is an external vertex (internal vertex, otherwise) of Kif it is on the external face of K.Let G be an embedded degree 4 planar graph. An orthogonal representation O of Gis one in which each vertex is represented as points, and each edge e is represented as apolygonal chain c(e) consisting of alternating horizontal and vertical line-segments (seeFig 7.1(b)). A vertex of c(e), that is not a vertex of G, is called a bend of e in O. Noticethat each face f of G is mapped to a polygon P (f) in O. The angles of O in a face f of G136
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Figure 7.1: (a) An embedded degree 4 planar graph G. (b) An orthogonal representationof G.are the interior angles of P (f) if f is an internal face, and are the exterior angles of P (f)if f is the external face of G. For example, in Fig 7.1(b), the angles of P (g) are 90�, 90�,270�, 90�, 90�, and 90�. An angle of O is an angle in O of a face of G. An orthogonalplanar drawing D(O), associated with O, is a planar drawing of G that preserves theangles of O (see Fig 7.1(b)). A consistent orthogonal representation is one that admits anorthogonal planar drawing. The following important theorem which follow immediatelyfrom the results of [99] characterizes consistent orthogonal representations:Theorem 24 Let G be an embedded planar degree 4 graph. An orthogonal representationO of G is consistent if and only if, in O:� for every vertex v of G, The sum of the angles between consecutive line-segmentsincident on v is equal to 360�.� for every face f of G, the sum of its angles is equal to (m � 2)180� if it is aninternal face, and is equal to (m+ 2)180� if it is the external face of G, where mis the total number of line-segments in the polygon to which f is mapped in O.7.3 Network FlowsIn this section, we review some basic concepts and de�nitions related to network 
ows.We also give a brief description of Algorithms SAP, BlockFlow and PD, which embodythree well-known techniques for computing 
ows in 
ow networks. The notation followedis generally the one of [85].A 
ow network N = (V;E; c; u), consists of a directed graph G = (V;E) with anode set V and an arc set E, a cost function c : E ! R+, and a capacity functionu : E ! R+. See Fig 7.2 for an example of a 
ow network. The cost of an arc e isequal to c(e). The capacity of an arc e is equal to u(e). N is an integer 
ow networkif both the costs and the capacities of all its arcs are integers. N has no cost-free arc ifthe cost of each arc is greater than 0. In particular, if N is an integer 
ow network withno cost-free arc, then the cost of each arc is at least one. Let s and t be two distinctvertices that are called the source and sink respectively of N . Let arc(v) be the set of137
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ow f is a function f : E ! R+ that satis�es, (a)the capacity constraints, i.e., for every arc e, f(e) � u(e), and (b) the conservation law,i.e., for every vertex v 2 V � fs; tg, Pe2arc(v) f(e) = 0. Magnitude of a 
ow f in N isequal to the sum of magnitudes of 
ows in individual arcs, i.e., jf j =Pe2E jf(e)j. Let ebe an arc. Cost of a 
ow f(e) in arc e, denoted by c(f(e)), is equal to c(e) times jf(e)j,i.e., c(f(e)) = c(e) � jf(e)j. Cost of a a 
ow f , denoted by c(f), is equal to the sum ofthe costs of 
ow f over all the arcs of N , i.e, c(f) =Pe2E c(f(e)). An arc e is saturatedin a 
ow f if f(e) = u(e). A maximum 
ow (max-
ow in short) of N is a feasible 
owwith maximum magnitude among all the feasible 
ows of N . A minimum cost maximum
ow (min-cost max-
ow in short) of N is a maximum 
ow with minimum cost amongall the maximum 
ows of N . A zero 
ow, denoted by 0, is a 
ow with zero magnitude.A non-zero 
ow is a 
ow with non-zero magnitude.A directed path p of length l from u to v is a sequence of (directed) arcs (u = v1; v2),(v2; v3); : : : ; (vl�1; vl = v). p is also denoted as p = uv2v3 : : : v, and also sometimessimply as p = u ; v. A shortest path from u and v is a directed path from u to vwith smallest length. A path p0 is a subpath of p if each and every arc of p0 is alsoin p. cost of p, denoted by c(p), is equal to the sum of the costs of the arcs of p, i.e.,138



c(p) = P1�i�l�1 c((vi; vi+1)). A path p from u to v is a capacitated path if each andevery arc of p has a non-zero capacity. An augmenting path p of N is a capacitatedpath from s to t. The concept of augmenting path is very important in network 
ows,and is used in a number of algorithms for computing 
ows. The intuition is that if Nhas an augmenting path p, then the amount of (feasible) 
ow in N can be increased by\pushing" a 
ow of non-zero magnitude from s to t along p.A residual 
ow networkR(N; f) ofN with respect to a feasible 
ow f (see Fig. 7.2(d))is a 
ow network such that for every arc e(u; v) of N , it consists of arcs e0 = (u; v) ande00 = (v; u) such that c(e0) = �c(e00) = c(e), u(e0) = u(e) � f(e), and u(e00) = f(e).Notice that from this de�nition R(N; f) may have two arcs from one vertex to another.Usually, if R(N; f) has two arcs from a vertex u to a vertex v, both with same cost c, andcapacities u1 and u2 respectively, then we replace the two arcs by a single arc from u tov with cost c and capacity u1 + u2. We therefore assume in this chapter that if R(N; f)has two arcs from one vertex to another vertex, then the two arcs have di�erent costs.Intuitively, R(N; f) consists of arcs which admit more 
ow, and hence can be used to\push" more (feasible) 
ow from s to t. A forward arc of R(N; f) is an arc with non-negative cost. A backward arc of R(N; f) is an arc with negative cost. Notice that fromthe de�nition of a backward arc, for every backward arc e = (u; v) in R(N; f), there is aforward arc e0 = (v; u) in R(N; f) such that f(e0) = u(e), and c(e0) = �c(e). A layered
ow network L(N; f) of N with respect to a feasible 
ow f is a maximal subgraph of theresidual network R(N; f) such that, L(N; f) contains both s and t, all the augmentingpaths of L(N; f) have the same length d, and each and every arc of L(N; f) is in someaugmenting path of L(N; f); Depth of L(N; f) is equal to d. Fig. 7.2(b), for example,shows a layered network with depth 3. L(N; f) is the shallowest layered network of Nwith respect to f if all the layered networks of N with respect to f have depth at leastd (see Fig. 7.2(b)). A blocking 
ow f in a layered 
ow network L is one in which forevery directed path p = s(= v0)v1v2 : : : (t = vl) from s to t in L, at least one arc of p issaturated, i.e., for at least one arc ek = (vk; vk+1), where 0 � k � l�1, f(ek) = u(ek) (seeFig. 7.2(c)). Notice that a blocking 
ow may not be a maximum 
ow. For example, thelayered network of Fig. 7.2(b) admits a maximum 
ow of magnitude 3, and also admitsa blocking 
ow of magnitude 2 (which is shown in Fig. 7.2(c)). Let p be an augmentingpath of R(N; f) with least cost. Let cmin be the cost of p. The admissible 
ow networkA(N; f) of N with respect to a feasible 
ow f is the maximal subgraph of the residualnetwork R(N; f) such that, A(N; f) contains both s and t, and all the augmenting pathsof A(N; f) have the same cost, equal to cmin, and each and every arc of A(N; f) is onsome augmenting path of A(N; f) (see Fig. 7.2(b)).An st-cut A is a set of arcs that partition the nodes of N into two sets X and Y suchthat, s 2 X , t 2 Y , and each capacitated directed path from s to t contains an arc ebelonging to set A. Following Lemma is immediate from the de�nition of an augmentingpath:Lemma 29 Each augmenting path of N contains at least one arc belonging to A.Research in the area of network 
ows has a rich tradition (see [1] for an extensivesurvey). A number of algorithms have been proposed for �nding min-cost max-
ows and139



max-
ows in 
ow networks. Fig 7.3 shows a well-known algorithm, which we call theSAP algorithm (short for shortest augmenting path algorithm), which given N as input,�nds a max-
ow in N by successively pushing 
ow along shortest augmentation pathsin the residual networks of N (with respect to the 
ow already pushed in the network).Many di�erent implementations, with di�erent time-complexities, of this algorithm areavailable in literature.Algorithm SAP(N): /*N is a 
ow network*/beginR0  N ; i 0;while Ri has at least one augmenting pathbeginFind a shortest augmenting path pi of Ri;Push a non-zero 
ow f from s to t through pi;Let Fi be the total 
ow in N after establishing 
ow f in Ri;Let Ri+1 be the residual network of N with respect to 
ow Fi;i i+ 1;endend Figure 7.3: Algorithm SAP.Lemma 30 follows immediately from Theorem 8.13 of [105].Lemma 30 ([105](Chapter 8, pp. 110)) Let N be a 
ow network with integer ca-pacities, and consisting of n nodes and m arcs. Suppose N admits a max-
ow withmagnitude �. Algorithm SAP can be implemented such that it �nds a max-
ow (ofmagnitude �) of N in time O((�+ 1) �m logn).The implementation of Algorithm SAP that achieves the O((� + 1) � m logn) upperbound of Lemma 30 uses Dijkstra's shortest path algorithm for non-negative edge weights(which has time-complexity O(m logn) when implemented using priority queues [20]),for computing pi. See [105] or [1] for details.Fig 7.4 shows another well-known algorithm, which we call the Block
ow algorithm,that computes a max-
ow f in a 
ow network N . This algorithm computes f in phases,where in each phase it computes a blocking 
ow in the shallowest layered network of N(with respect to the 
ow already computed). See [85] for details about this algorithm.Lemma 31 summarizes some important results proved in [85].Lemma 31 [85](chapter IV, Section 9) The following hold for each phase i:1. Phase i, except when it is the last phase, increases the amount of 
ow in N by atleast one.2. The depth of layered network Li is strictly greater than the depth of the layerednetwork Li�1. 140



Algorithm Block
ow(N): /*N is a 
ow network*/beginL0  N , i 0;while Li admits a non-zero blocking 
ow (phase i)beginFind a blocking 
ow fi of Ai;Let Fi be the total 
ow in N after establishing 
ow fi in Li;Let Li+1 be the shallowest layered network of N with respect to 
ow Fi;i i+ 1;endend Figure 7.4: Algorithm Block
ow.3. Phase i can be executed in time O(mi log ni), where ni and mi denote the numberof nodes and arcs respectively in Ai.The implementation of Block
ow in which each stage i has time-complexity O(mi logni)uses dynamic weighted trees for computing blocking 
ows. See [85, 96] for details.Although Algorithm Block
ow computes a maximum 
ow, it can be used for comput-ing a min-cost max-
ow in a 
ow network. For example, Algorithm PD described laterin this section reduces the problem of computing a min-cost max-
ow to the problemof computing max-
ows in some intermediate 
ow-networks. Each of these max-
owscan be computed using Algorithm Block
ow. We present Lemma 32 which is useful insuch a scenario. Suppose each arc e of N has a cost c(e) associated with it. Let s and tbe the source and sink respectively of N . Let �i be the magnitude of the blocking 
owfi computed in phase i of Algorithm Block
ow. Therefore, fi corresponds to �i 
ows,g1; g2; : : : ; g�0, in Ai, from s to t, where each gj has magnitude exactly one. Let R(N;Fi)be the residual network of N with respect to 
ow Fi. The proof of Lemma 32 is on thelines of the proof of a similar lemma, namely Lemma 8.4, of [105](chapter 8, pg. 110).Lemma 32 If each and every augmenting path of N has the same cost, and each andevery arc of N is in some augmenting path of N , then the cost of an augmenting pathin R(N;Fi) is same as the cost of an augmenting path in N .Proof: Let d(N 0; v) denote the minimum cost of a capacitated path from the sources0 to node v in a 
ow network N 0. In a network N 0, a node v is reachable from itssource s0 if there is a capacitated path from s0 to v. We now show by induction overthe magnitude of a 
ow f established in N , that the residual 
ow-network R(N; f)has (a) distance-retention property, i.e., for every node v reachable from s in R(N; f),d(R(N; f); v) = d(N; v), and (b) critical arc property, i.e., for every arc e = (u; v) inR(N; f), c(e) = d(N; v)� d(N; u). The residual 
ow-network R(N; 0) with respect to azero 
ow trivially has the distance-retention property. R(N; 0) also has the critical arcproperty because each augmenting path ofN has the same cost, and each and every arc of141



N is in some augmenting path ofN . Now suppose that the residual 
ow-networkR(N; g)with respect to a 
ow g has the distance-retention and critical arc properties. Supposewe establish in R(N; g), a non-zero 
ow f 0 along an augmenting path p, giving us a total
ow f�. Let R(N; f�) be the residual 
ow-netork of N with respect to 
ow f�. The onlyarcs in R(N; f�) that are not in R(N; g), are of the form (w; u), where (u; w) is on path p,and c((w; u)) = �c((u; w)) = d(N; u)�d(N;w). Hence, R(N; f�) also has the critical-arcproperty. We now show by induction over the length l(v) of a minimum cost capacitatedpath pv from s to v in R(N; f�) that, d(R(N; f�); v) = d(N; v). This is trivially true whenl(v) = 0, in which case v = s. Now suppose l(v) = k, where k � 1. Let there be an arce = (u; v) in pv. Path p0 = s; u, where p0 is a subpath of pv, has length k�1. Since pv isa minimum cost capacitated path from s to v, p0 is a minimum cost capacitated path froms to u. Hence, by the inductive hypothesis, d(R(N; f�); u) = d(N; u). Because R(N; f�)has the critical-arc property, c(e) = d(N; v) � d(N; u). Therefore, d(R(N; f�); v) =d(R(N; f�); u) + c(e) = d(N; u) + d(N; v)� d(N; u) = d(N; v). Therefore, R(N; f�) hasdistance-retention property also.Therefore, R(N;Fi) also has the distance-retention property. Hence, the cost of anaugmenting path in R(N;Fi) is equal to d(N; t), which is also the cost of an augmentingpath in N . 2Fig. 7.5 shows another well-known algorithm, which we call PD algorithm (short forprimal-dual algorithm), that �nds a min-cost max-
ow f in a network N . AlgorithmPD was developed �rst by Ford and Fulkerson [46, 47]. This algorithm computes f instages, where in each stage it computes a maximum 
ow in the admissible network of N(with respect to the 
ow already computed). See [1, 46, 47] for details.Algorithm PD(N): /*N is a 
ow network*/beginLet A0 be the admissible network of N with respect to a zero-
ow;i 0;while Ai admits a non-zero maximum 
ow (stage i)beginFind a maximum 
ow fi of Ai;Let Fi be the total 
ow in N after establishing 
ow fi in Ai;Let Ai+1 be the admissible network of N with respect to 
ow Fi;i i+ 1;endend Figure 7.5: Algorithm PD.Let ci be the cost of an augmentation path in Ai (if Ai has no augmenting path,then ci is 1). Lemma 33, which follows directly from the discussion on the primal-dualalgorithm in [1] states that ci+1 > ci. Intuitively, this is so because after establishing themaximum 
ow fi in Ai, there are no augmenting paths left in N with cost ci.142



Lemma 33 ci+1 > ci � 0.The following corollary is immediate.Corollary 12 If each arc of N has non-zero integer cost, then ci � 1, and ci+1 � ci+1.Let r be the total number of stages used by Algorithm PD. If we denote by Ti, thetime-complexity of stage i, then we have:Lemma 34 [1] Total time taken by Algorithm PD to compute a min-cost max 
ow inN is equal to P1�i�r�1 Ti+O(m logn), where n and m denote the number of nodes andarcs respectively in N .7.4 Bend-Minimization and Network FlowIt is shown by Tamassia in [99], that the problem of constructing an orthogonal planardrawing with minimum bends of an embedded degree 4 planar graph, can be solved bysolving a related min-cost max-
ow problem. In this section, we give a brief descriptionof the algorithm of [99], which we call the min-bend algorithm. Details can be foundin [99].Let G be an embedded degree 4 planar graph. The min-bend algorithm is shownin Fig 7.7. As shown in the �gure, it consists of two phases, namely, the orthogonal-ization phase, and the �nd-length phase. In the orthogonalization phase, the algorithmconstructs a consistent orthogonal representation O(G) of G. In the �nd-length phase,it constructs an orthogonal planar drawing associated with O(G).Algorithm Orthogonalize is shown in Fig. 7.8. As is shown in the �gure, AlgorithmOrthogonalize �rst constructs the associated network N(G) of G, then computes a min-cost max-
ow f in N(G), which is then used to construct a consistent orthogonal rep-resentation O(G) of G. The associated network N(G) of G is described as follows (seeFig 7.6): Except for two distinguished nodes s and t , the nodes of N(G) correspond tothe vertices and faces of G. s is the source of N(G), and t is the sink of N(G). N(G) hasfour types of arcs: vertex-face arcs, face-face arcs, source-node arcs, and face-sink arcs.Let us denote by degree(v), the degree of vertex v in G. Let us denote by length(h)the number of edges in face h of G. Let S be a set of nodes of N(G), such that forevery node v 2 S, the following holds: (a) either v corresponds to a vertex of G, or (b)v corresponds to a face h of G such that length(h) is at most 3. Let T be a set of nodesof N(G), such that every node in T corresponds to a face h of G such that length(h) isat least 4. The arcs of N(G) are as follows:� N(G) has a vertex-face arc e = (v; f) if and only if vertex v is on face f (seeFig 7.6(b)). e has capacity 4� degree(v) and cost 1.� For every triplet (f; g; e), such that e is an edge that is common to faces f and g,N(G) has two face-face arcs e0 = (f; g) and e00 = (g; f)(see Fig 7.6(c)). Arcs e0 ande00 have in�nite capacity and cost 1. 143
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1Figure 7.6: Bend-minimization and network 
ow: (a) An embedded degree 4 planargraph G; (b) Node-face arcs of the associated 
ow-network N(G) of G; (c) Face-facearcs of N(G); (d) Source-node and face-sink arcs of N(G); (e) Flow-network N(G); (f)A min-cost max-
ow in N(G) and the corresponding bend-minimum planar orthogonalrepresentation of G(shown as broken lines). Notice that each arc of N(G) has cost 1.In parts (b)-(f), we have shown the arcs of N(G) as solid lines, and the edges of G asbroken lines. In parts (b)-(d), we have have labeled each arc by its capacity. In part (f),we have labeled each arc by the amount of 
ow in it, and have shown only the arcs withnon-zero 
ow. 144



Algorithm min-bend(G): /*G is an embedded degree 4 planar graph*/beginOrthogonalization Phase. Invoke Algorithm Orthogonalize(G) to construct aconsistent orthogonal representation O(G) of G, with minimum number of bends;Find-lengths Phase. Construct an orthogonal planar drawing associated with O(G).end Figure 7.7: Algorithm min-bendAlgorithm Orthogonalize(G): /*G is an embedded degree 4 planar graph*/beginConstruct the associated 
ow network N(G) of G;Compute a min-cost max-
ow f in N(G);Compute a consistent orthogonal representation O(G) of G from f .end Figure 7.8: Algorithm Orthogonalize� For every node v 2 S, there is a source-node arc e = (s; v) in N(G) (see Fig. 7.6(d)).e has cost 1. If v is a vertex of G, then e has capacity 4� degree(v). If v is a faceof G, then e has capacity 4� length(v).� For every node h 2 T , there is a face-sink arc e = (h; t) in N(G) (see Fig. 7.6(d)).e has cost 1. Recall from the de�nition of set T that, h is a face of G. If h isthe external face of G then e has capacity length(h) + 4, otherwise e has capacitylength(h)� 4.Fig. 7.6(e) shows the complete 
ow-network N(G) (shown as solid lines) for theembedded degree 4 planar graph of Fig. 7.6(a).The following correspondence holds between a maximum 
ow f in the 
ow-networkN(G) and a consistent orthogonal representation O(G) of G:� r units of 
ow on a vertex-face arc (v; f) corresponds to an angle equal to (r+1)�=2at vertex v in face f .� k units of 
ow on a face-face arc from f to g corresponds to k bends on thecorresponding edge of G. Each bend has an angle equal to 3�=2 in face g.Fig 7.6(f) shows a maximum 
ow in the associated network of Fig. 7.6(e), and a corre-sponding consistent orthogonal representation (shown as broken lines).Let z(s) be the sum of the capacities of the arcs of N(G) incident on s. Clearly themaximum 
ow in N(G) is at most z(s). Lemma 35 follows from Lemma 2 of [99].Lemma 35 ([99], Lemma 2) N(G) admits a maximum 
ow of magnitude z(s).145



Notice that because each source-node, node-face, and face-sink arc has cost 1, eachmaximum 
ow of N(G) has cost at least 3z(s). Lemmas 36, 37, 38, 39, and 40 eitherparaphrase, or follow immediately from results proved in [99].Lemma 36 ([99], Lemma 6) N(G) has O(n) nodes and arcs.Lemma 37 ([99], Theorem 2) A min-cost max-
ow f of N(G) corresponds to a con-sistent orthogonal representation O(G) of G with minimum number of bends. Moreoverif f has cost �, then O(G) has exactly � � 3z(s) bends.Lemma 38 ([99], Lemma 7) G admits a consistent orthogonal representation with atmost 3n+2 bends.Lemma 39 ([99], Theorem 1) If O(G) has b bends then Phase �nd-length constructsa planar drawing associated with O(G) in O(n+ b) time.Lemma 40 ([99], Theorem 4) IfM(N (G)) is the time of computing a min-cost max-
ow f in N(G), then the orthogonalization phase can be implemented such that it com-putes a consistent orthogonal representation O(G) of G in O(M(N (G)) + n) time.Theorem 25 Let G be an embedded degree 4 planar graph. Then the associated 
ownetwork N(G) of G is an integer 
ow network with no cost free arc, has O(n) nodesand arcs, and admits a min-cost max-
ow with cost O(n). Moreover, if M(N (G)) isthe time of computing a min-cost max-
ow f in the associated 
ow network N(G) ofG, then we can construct an orthogonal planar drawing of G with minimum bends inO(M(N (G)) + n) time.Proof: From the construction of N(G) it is clear that N(G) is an integer 
ow networkwith no cost free arc. From Lemma 36, N(G) has O(n) nodes and arcs. Let b bethe minimum number of bends in an orthogonal planar drawing of G. From Lemma 38,b = O(n). Because each arc incident on s has capacity at most 4, z(s) = O(n). Therefore,from Lemma 37, the cost of a min-cost max-
ow in N(G) is equal to b+ 2z(s) = O(n).Again, because b = O(n), from Lemma 39 we have that the time-complexity of �nd-length phase is O(n). Therefore, from Lemma 40 it follows that the total time-complexityof Algorithmmin-bend is O(M(N (G)+n). Hence, we can construct an orthogonal planardrawing of G with minimum bends in O(M(N (G))+ n) time. 2The algorithm described in [99] uses an O(n2 logn) algorithm for computing a min-cost max-
ow in a network, resulting in a total time-complexity of O(n2 log n) for min-bend. A faster algorithm for computing a min-cost max-
ow in an integer network willgive us a faster bend-minimization algorithm. In section 7.5, we give a new algorithm,namely Algorithm compute-
ow which computes a min-cost max-
ow f in an integer 
ownetwork with no cost free arc, in time O(�3=4m logn), where � is the cost of f . Becausefrom Theorem 25 N(G) is an integer 
ow network with no cost free arc, has O(n) nodesand arcs, and admits a min-cost max-
ow with cost O(n), a min-cost max-
ow in N(G)can be computed in O(n3=4n logn) = O(n1:75 logn) time. This gives us an algorithm forbend-minimization with time-complexity O(n1:75 logn).146



7.5 Algorithm compute-
owLet N = (V;E; c; u) be an integer 
ow network with n nodes and m arcs, such that Nadmits a max-
ow with cost at most �. Let s and t be the source and sink respectivelyof N . Lemma 44, which is the main result of this section, shows that a max-
ow inN with cost at most � can be computed in O(�3=4m logn) time. This computationis done using Algorithm compute-
ow shown in Fig 7.9. Algorithm compute-
ow is avariation of the Algorithm PD described in Section 7.3. The main feature of Algorithmcompute-
ow is that, in each stage, it computes fi by running two algorithms in parallel-Algorithm SAP(Ni) and Algorithm BlockFlow(Ni). fi is therefore the 
ow computed bythe algorithm terminating �rst.Algorithm compute-
ow(N): /*N is an integer 
ow network with no cost free arcs*/beginLet A0 be the admissible network of N with respect to a zero-
ow;i 0;while Ai admits a non-zero maximum 
ow (stage i)beginTo �nd a maximum 
ow of Ai, run SAP(Ni) and BlockFlow(Ni) inparallel. Go to the next step when any one of themterminates after computing a maximum 
ow fi;Let Fi be the total 
ow in N after establishing 
ow fi in Ai;Let Ai+1 be the admissible network of N with respect to 
ow Fi;i i+ 1;endend Figure 7.9: Algorithm compute-
ow.Before we prove Lemma 44, we need to do some ground work. We use the notation ofFig 7.9. Let � be the cost of the min-cost max-
ow f computed by Algorithm Compute-
ow, given N as input. Let �i and �i be the magnitude and cost respectively, of 
owfi. Let S = ffij1 � �i � p�g. Let B = ffij�i > p�g. Let �S = Pfi2S �i. Let�B =Pfi2B �i. Let �S =Pfi2S �i. Let �B =Pfi2B �i.Lemma 41 �S = O(�3=4).Proof: Suppose set S consists of 
ows fi1 ; fi2 ; : : : ; fil, where i1 < i2 : : : < il. Fromthe de�nition of �S , �S = P1�j�l �ij . From the de�nition of 
ow network Aij , allthe augmenting paths of Aij have the same cost cij . Therefore, �ij = cij � �ij . SinceN is an integer 
ow network with no cost-free arcs, from Corollary 12, it follows that�ij = cij ��ij � ij�ij � j�ij . Therefore, � � �S =P1�j�l �ij �P1�j�l j�ij . It is easy tosee that @�=@�ij = j and @�S=@�ij = 1. Therefore, we have that @�=@�ij < @�=@�ij+1 ,whereas @�S=@�ij = @�S=@�ij+1 . Since �ij � p�, it follows that for a given �, �S is147



maximum, when the values of l and the �ij 's are such that �i1 = �i2 = � � � = �il�1 = p�and 1 � �il � p�. Because � � �S �P1�j�l j�ij , it follows that when �S is maximum,l is such that � > P1�j�l�1 jp� = (l(l � 1)=2)p�. Therefore, when �S is maximum,l2 � l < 2p�, and hence, l = O(�1=4). Therefore, the maximum value of �S is at mostP1�j�lp� = lp� = O(�1=4)p� = O(�3=4). 2Lemma 42 Let k(�) be the number of indices such that for each index i, �i > ��, thenk(�) < p2�(1��)=2.Proof: Let fi1 ; fi2; : : : ; fil , where i1 < i2 : : : < il = k(�), be the set of all the 
ows forwhich �ij > ��. From the de�nition of 
ow network Aij , all the augmenting paths ofAij have the same cost cij . Therefore, �ij = cij ��ij . Since N is an integer 
ow networkwith no cost-free arcs, from Corollary 12, it follows that �ij = cij � �ij � ij�ij � j�ij .We have that, � �P1�j�l �ij =P1�j�l j�ij >P1�j�l j�� = (l(l+1)=2)��. Therefore,2�1�� > l2 + l � l2. Hence, k(�) = l < p2�(1��)=2. 2Because, jBj = k(1=2), it follows immediately from Lemma 42 that,Corollary 13 jBj � p2�1=4.Lemma 43 gives an upper bound on the time used by Block
ow for computing themax-
ow fi of Ai.Lemma 43 Algorithm BlockFlow computes the max-
ow fi of Ai in time O(p�mi logni+mi logni), where ni and mi are the number of nodes and arcs respectively of Ai.Proof: Recall the description of Algorithm BlockFlow given in Section 7.3. FromLemma 31(3), a phase j can be executed in time O(mj log nj). Let r be the numberof phases used by Algorithm BlockFlow to compute fi. We now show that r is at most3p�+1. This will prove that Algorithm BlockFlow computes fi in time O(p�mi logni+mi logni).If �i < p�, then because from Lemma 31(1), every phase, except the last one,increases 
ow by at least one unit, r is at most �i + 1 < p� + 1. Hence, suppose�i � p�. Let l be the phase that increases the 
ow in Ai to at least �i � p�. Becausefrom Lemma 31(1), every phase, except the last one, increases the 
ow by at least oneunit, the number of phases after phase l is at most p� + 1. Hence, if we show thatl � 2p�, we are done. From lemma 31(2), each phase increases the depth of the layerednetwork by at least one, hence if we show that the depth d of the layered network usedfor phase l is at most 2p�, we are done. Now we show that d < 2p�. Our proof isbased on the following idea: We �rst compute the costs of the 
ows established in Aialong paths with length at least d. Using the costs of these 
ows, we compute the cost� of the total 
ow in N at the end of the phase r. Then we show that because � is atmost �, d is less than 2p�. We now present the proof formally.Let f be the total 
ow established in N (since the beginning of the execution ofAlgorithm compute-
ow) at the end of phase l�1. Let R(N; f) be the residual network of148



N with respect to 
ow f . Let f 0 be the total 
ow established in Ai in phases 1; 2; : : : ; l�1.Let R(Ai; f 0) be the residual network of A with respect to 
ow f 0. Notice that R(Ai; f 0)is a subgraph of R(N; f). Let Vq be the set of nodes of R(Ai; f 0) such that for each nodev 2 Vq, the length of the shortest capacitated path in R(Ai; f 0) from s to v is exactly q.Let Eq be the set of arcs from nodes in set Vq to nodes in set Vq+1. Because R(Ai; f 0) hasdepth at least d, Each arc-set Eq for 0 � q � d� 1 is a st-cut of R(Ai; f 0). Also, no twodistinct arc-sets Eq1 and Eq2 have any arc in common. Let �� be the total magnitude ofthe 
ows established in R(Ai; f 0) by Algorithm BlockFlow in phases l; l+ 1; : : : ; r. Fromthe de�nition of phase l, we have that �� > p�. Therefore, at the end of phase r, thetotal 
ow established in R(Ai; f) consists of �� 
ows from s to t, g1; g2; : : : ; g��, whereeach gj has magnitude exactly one. Because each arc-set Eq is a st-cut of R(Ai; f 0), fromLemma 29, each gj \
ows through" at least one arc of each Eq for 0 � q � d � 1, i.e.,for each pair (j; q), where 1 � j � g�� , and 0 � q � d � 1, there is an arc e in Eq, suchthat gj(e) = 1. Since, no two distinct arc-sets Eq1 and Eq2 have any arc in common, itfollows that the number of arcs of R(Ai; f 0) in which 
ow gj is established is at least d.Let Wj = fe 2 R(Ai; f 0)jc(e) > 0 and gj(e) = 1g. Let Bj = fe 2 R(Ai; f 0)jc(e) <0 and gj(e) = 1g. Thus, Wj is the set of forward arcs of R(Ai; f 0) in which 
ow gj isestablished, and Bj is the set of backward arcs of R(Ai; f 0) in which 
ow gj is established.Let c(Wj) =Pe2Wj c(e). Let c(Bj) =Pe2Bj c(e). Therefore, the cost of 
ow gj is equalto c(Wj) + c(Bj). We have shown earlier that the number of arcs of R(Ai; f 0) in which
ow gj is established is at least d. Therefore, jWj j + jBj j � d. Because N has no costfree arcs, c(Wj) � jWj j and �c(Bj) � jBj j. Therefore, c(Wj)� c(Bj) � d. Even thoughthe cost of a backward arc is negative, from Corollary 12, the cost of each and everyaugmenting path of Ai is non-negative, and hence from Lemma 32, the cost of eachand every augmenting paths of R(Ai; f 0) is non-negative. Therefore, the cost of gj isnon-negative. Since, c(gj) = c(Wj) + c(Bj), we have that c(Wj) � �c(Bj). Therefore2c(Wj) � c(Wj)� c(Bj) � d. Hence, c(Wj) � d=2.Let T = [1�j���Bj . Let � be the cost of the total 
ow established in N (sincethe beginning of the execution of Algorithm compute-
ow) at the end of phase r. FromCorollary 12, it follows that � � �. Therefore,� � � = c(f) + X1�j��� c(gj)� c(f) + X1�j���(c(Wj) + c(Bj))� X1�j��� c(Wj) + c(f) + X1�j��� c(Bj)� X1�j��� c(Wj) + c(f) +Xe2T fi(e)c(e) (7.1)Recall that R(Ai; f 0) is a subgraph of R(N; f). From the de�nition of a backwardarc, for every backward arc e = (u; v) in gj , there is a forward arc e0 = (v; u) in R(N; f)such that f(e0) = u(e), and c(e0) = �c(e). Because for each arc e in T , fi(e) � u(e), itfollows that c(f) +Pe2T fi(e)c(e) � 0. Therefore from Eq 7.1, � �P1�j��� c(Wj). Wehave shown earlier that for each gj , c(Wj) � d=2. Therefore, � �P1�j��� d=2 � �� �d=2.Recall that �� > p�. Therefore, � > p�d=2. Hence, d < 2p�. 2149



Lemma 44 Let N be an integer 
ow network with n nodes and m arcs, such that N hasno cost-free arc, and N admits a 
ow with cost at most �. We can compute a min-costmax-
ow f of N in time O(�3=4m logn+m logn).Proof: Let r be the total number of stages used by Algorithm compute-
ow to computef . Each stage i, for i � k�1, increases the amount of 
ow in N by at least 1. Therefore,�i � 1 for each i � r�1. Let i be a non-negative integer less than r. Let ni andmi be thenumber of nodes and arcs respectively in Ni. Let Ti, TSi , and TBi be the time taken byalgorithms compute-
ow, SAP and BlockFlow respectively, for computing fi in Ni. Wehave that Ti = O(min(TSi ; TBi)). Since �i � 1, from Lemma 30, TSi = O(�i �mi logni).Since �i � 1, and N has no cost free arcs, we have that � � 1. Therefore, fromLemma 43, TBi = O(p�mi log ni). Therefore, Ti = O(TSi) if �i � p�, and Ti = O(TBi),otherwise. In other words, if fi 2 S, then Ti = O(TSi), and if fi 2 B, then Ti = O(TBi).Let T be the total time taken by Algorithm compute-
ow to compute f . Therefore, fromLemma 34, T = X1�i�r�1Ti + O(m logn)= Xfi2S TSi + Xfi2BTBi +O(m logn)= Xfi2SO(�i �mi log ni) + Xfi2BO(p�mi logni) +O(m logn)= O(m logn) Xfi2S �i + (Xfi2B 1) �O(p�m logn) +O(m logn)= �S �O(m logn) + jBj �O(p�m logn) + O(m logn)From Lemma 41, �S = O(�3=4). From Corollary 13, jBj � p2�1=4. Therefore, T =O(�3=4) �O(m logn) +p2�1=4 �O(p�m logn) +O(m logn) = O(�3=4m logn+m logn).27.6 ConclusionWe now give the main theorem of this chapter.Theorem 26 Let G be an embedded degree 4 planar graph with n vertices, then wecan construct an orthogonal planar drawing of G with minimum number of bends inO(n1:75 log n) time.Proof: Let N(G) be the associated 
ow network of G. From Theorem 25, N(G) is aninteger 
ow network with no cost free arcs, consists of O(n) nodes and arcs, and admitsa min-cost max-
ow with cost O(n). Therefore, from Lemma 44, we can compute amin-cost max-
ow f of N(G) in time O(n3=4n log n + n logn) = O(n1:75 logn). FromTheorem 25, it follows that we can construct an orthogonal planar drawing of G withminimum number of bends in O(n1:75 logn) time. 2150



Chapter 8Conclusions and Open ProblemsIn this thesis, we have considered the problem of constructing four di�erent kinds ofdrawings: upward planar drawings, planar straight-line drawings with large angularresolution, angle-preserving drawings (i.e. drawings of angle graphs), and orthogonalplanar drawings with minimum number of bends. We have also presented results thathold individually for other kinds of drawings.Our results are summarized as follows:� We have shown that the upward planarity testing problem is NP-complete, andhence a polynomial-time algorithm is unlikely to exist.� We have provided matching upper and lower bounds for the area-requirementsof both polyline and orthogonal drawings of rooted trees. We have presentedlinear-time algorithms for constructing such drawings with areas that match therespective lower bounds within a constant factor.� We have given the �rst non-trivial upper bound on angular resolution, namely,we have shown that there exists an in�nite family of degree-d planar graphs thatrequires O(plog d=d3) angular resolution in any planar straight-line drawing.� We have shown a trade-o� between the area-requirement and angular resolutionof a planar straight-line drawing, which implies that an in�nite family of planargraphs requires exponential area for any drawing with angular resolution that isindependent of d and n, where n is the number of vertices in a graph.� We have also given linear-time algorithm for constructing planar straight-line draw-ings of outerplanar, star-nested and series-parallel graphs with angular resolutionthat is a polynomial in the degree of the graph, and is independent of the numberof vertices in the graph.� We have shown that testing a consistent angle graph for planarity is NP-hard.� We have shown that testing a bilayered consistent angle graph, in which each angleis a multiple of 90�, for biplanarity is also NP-hard.151



� We have given a linear-time algorithm for testing whether a given series-parallelangle graph admits a drawing.� We have studied the area-requirement of angle graphs, and have shown that anin�nite family of angle graphs requires exponential area in any drawing.� Using our NP-hardness result for the planarity testing of angle graphs, we haveshown that the problem of constructing a planar straight-line drawing with maxi-mum angular resolution, of a triconnected planar graph is also NP-hard.� We have shown that the rectilinear planarity testing problem is NP-hard. In fact,we have also shown that given an n-vertex graph, even approximating the numberof bends within O(n1��) of the optimal, for any � greater than 0, is NP-hard.� We have given a new algorithm with time-complexity O(n1:75 logn) for constructinga bend-minimum planar orthogonal drawing of an n-vertex embedded graph. Ouralgorithm is faster than the previously known fastest algorithm [99] by a factor ofn0:25= logn.Our results leave several problems open, and also give rise to many interesting prob-lems:� Characterize graphs for which upward planarity testing can be done e�ciently.� Find an algorithm for approximating angular resolution within a small factor ofthe optimal.� Either show that the O(plog d=d3) upper bound on angular resolution is also tightby giving a matching lower bound, or give a tighter upper bound.� Prove or disprove whether every planar graph has angular resolution that is apolynomial in its degree. Notice that the result of [83] shows that every planargraph has angular resolution that is exponential in its degree.� Find tighter lower bound for the area-requirement of straight-line drawings, withlarge angular resolution, of a planar graph. Also �nd matching upper and lowerbounds for the area-requirement.� Devise algorithms that are parameterized for area and angular resolution, i.e., theyconstruct drawings with large or small area, depending upon the desired angularresolution.� Notice that the area-requirement of a graph can sometimes be reduced by allowingits edges to have bends in its drawings. Study the trade-o� between area, angularresolution and the number of bends.� Characterize angle graphs for which planarity testing can be done e�ciently.� Find an e�cient algorithm for testing an angle graph for consistency, i.e., testingwhether it admits a drawing. The current best approach [110] is based on linearprogramming, and hence has a time-complexity that is a high-degree polynomialin the number of edges and vertices in the graph.152



� Characterize graphs for which rectilinear planarity testing can be done e�ciently.� Notice that rectilinear planarity testing can be done in polynomial time for degree-3 graphs [33]. Devise an algorithm whose time-complexity is exponential in thenumber of degree-four vertices in the graph.� Improve the time-complexity of bend-minimization for embedded graphs, series-parallel graphs and degree-3 graphs.� Study the problem of bend-minimization in three-dimensions, and on other surfacessuch as sphere, cylinder, and torus etc.� Study the trade-o� between the area-requirement of a drawing and the numberof bends in the drawing. Devise algorithms that are parameterized for area andnumber of bends.
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