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Generalized Markov Decision Processes:Dynamic-programming and Reinforcement-learningAlgorithmsCsaba Szepesv�ariBolyai Institute of Mathematics\J�ozsef Attila" University of SzegedSzeged 6720 / Aradi vrt tere 1.HUNGARYszepes@math.u-szeged.huMichael L. LittmanDepartment of Computer ScienceBrown UniversityProvidence, RI 02912-1910USAmlittman@cs.brown.eduNovember 13, 1996AbstractThe problem of maximizing the expected total discounted reward in a completelyobservable Markovian environment, i.e., a Markov decision process (mdp), models aparticular class of sequential decision problems. Algorithms have been developed formaking optimal decisions in mdps given either an mdp speci�cation or the opportunityto interact with the mdp over time. Recently, other sequential decision-making prob-lems have been studied prompting the development of new algorithms and analyses.We describe a new generalized model that subsumes mdps as well as many of the recentvariations. We prove some basic results concerning this model and develop general-izations of value iteration, policy iteration, model-based reinforcement-learning, andQ-learning that can be used to make optimal decisions in the generalized model undervarious assumptions. Applications of the theory to particular models are described, in-cluding risk-averse mdps, exploration-sensitive mdps, sarsa, Q-learning with spreading,two-player games, and approximate max picking via sampling. Central to the resultsare the contraction property of the value operator and a stochastic-approximation the-orem that reduces asynchronous convergence to synchronous convergence.1



1 INTRODUCTIONOne particularly well-studied sequential decision-making problem is that of a single agentmaximizing expected discounted total reward in a �nite-state, completely observable envi-ronment. A discount parameter 0 � 
 < 1 controls the degree to which future rewards aresigni�cant compared to immediate rewards.The theory of Markov decision processes can be used as a theoretical foundation forimportant results concerning this decision-making problem [2]. A (�nite) Markov decisionprocess (mdp) [31] is de�ned by the tuple hX;A; P;Ri, where X represents a �nite set ofstates, A a �nite set of actions, P a transition function, and R a reward function. Theoptimal behavior for an agent depends on the optimality criterion; in an mdp with thein�nite-horizon discounted criterion, the optimal behavior can be found by identifying theoptimal value function, de�ned recursively byV �(x) = maxa  R(x; a) + 
Xy P (x; a; y)V �(y)! ;for all states x 2 X, where R(x; a) is the immediate reward for taking action a from statex, 0 � 
 < 1 is a discount factor, and P (x; a; y) is the probability that state y is reachedfrom state x when action a 2 A is chosen. These simultaneous equations, known as theBellman equations, can be solved using a variety of techniques ranging from successiveapproximation [3] to linear programming [11].In the absence of complete information regarding the transition and reward functions,reinforcement-learning methods can be used to �nd optimal value functions. Both model-free(direct) methods, such as Q-learning [59, 60], and model-based (indirect) methods, such asprioritized sweeping [29] and DYNA [46], have been explored and many have been shown toconverge to optimal value functions under the proper conditions [60, 53, 19, 13].Not all sequential decision-making problems of interest can be modeled as mdps; in oneform of two-player game, for example, one or the other player chooses an action in each statewith one player striving to maximize the total reward and the other trying to minimize it.A great deal of reinforcement-learning research has been directed to solving games of thiskind [51, 52, 37, 7], Algorithms for solving mdps and their convergence proofs do not applydirectly to these problems.There are deep similarities between mdps and games; for example, it is possible to de�nea set of Bellman equations for the optimal minimax value of a two-player zero-sum game,V �(x) = (maxa2A �R(x; a) + 
Py P (x; a; y)V �(y)� ; if maximizer moves in xmina2A (R(x; a) + 
Px P (x; a; y)V �(y)) ; if minimizer moves in x,where R(x; a) is the reward to the maximizing player. When 0 � 
 < 1, these equationshave a unique solution and can be solved by successive-approximation methods [39]. Inaddition, we show in Section 4.1 that the natural extension of several reinforcement-learningalgorithms for solving mdps converge to optimal value functions in two-player games.In this paper, we introduce a generalized Markov decision process model with applica-tions to reinforcement learning, and list some of the important results concerning the model.2



Generalized mdps provide a foundation for decision making in mdps and games, as wellas in risk-sensitive models [15], exploration-sensitive models [20, 36], simultaneous-actiongames [39], and other models. The common feature of these decision problems is that thereward function is based on the total, discounted cost|this latter property enables us toapply arguments based on the properties of contraction mappings, which makes the analy-sis tractable. Our main theorem addresses conditions on the convergence of asynchronousstochastic processes and shows how this problem can be reduced to determining the con-vergence of a corresponding synchronous one; it can be used to prove the convergence ofmodel-free and model-based reinforcement-learning algorithms in a variety of di�erent se-quential decision-making models.In the remainder of this section, we present the generalized mdp model and motivate itusing two detailed examples; in Section 2, we present several algorithms for solving general-ized mdps that are extensions of classic algorithms for solving mdps; in Section 3, we describeour main theorem and how it can be used for solving generalized mdps in a reinforcement-learning setting; and in Section 4 we show several applications of our framework to othersequential decision-making problems. Most of the proofs are deferred to the appendix toincrease the readability. We tried to make the appendix as self-contained as we could; how-ever, at some places it is necessary to read the main body of the text before reading theappendix.1.1 MARKOV DECISION PROCESSESTo provide a point of departure for our generalization of Markov decision processes, we beginby describing some results concerning mdps. These results are well established; proofs of theunattributed claims can be found in Puterman's mdp book [31].The ultimate target of a decision-making algorithm is to �nd an optimal policy. Apolicy is some function that tells the agent which actions should be chosen under whichcircumstances. Of course, since the agent that applies the policy is not clairvoyant, theaction prescribed by a policy cannot depend on future states or actions, i.e., a policy mapsthe history of a process to an action. A policy � is optimal under the expected discountedtotal reward criterion if, with respect to the space of all possible policies, � maximizes theexpected discounted total reward from all states.Maximizing over the space of all possible policies is practically infeasible. However,mdps have an important property that makes it unnecessary to consider such a broad spaceof possibilities. We say a policy � is stationary and deterministic if it maps the actual statedirectly to an action, ignoring everything else from the history of the decision process, andwe write �(x) as the action chosen by � when the current state is x. In expected discountedtotal reward mdp environments, there is always a stationary deterministic policy that isoptimal; we will therefore use the word \policy" to mean stationary deterministic policy,unless otherwise stated.The value function for a policy �, V �, maps states to their expected discounted totalreward under policy �. It can be de�ned by the simultaneous equationsV �(x) = R(x; a) + 
Xy P (x; a; y)V �(y):3



It is also possible to condition the immediate rewards on the state y as well; this is somewhatmore general, but complicates the presentation. The optimal value function V � is the valuefunction of an optimal policy; it is unique for 0 � 
 < 1. The myopic policy with respect toa value function V is the policy �V such that�V (x) = argmaxa  R(x; a) + 
Xy P (x; a; y)V (y)! :Any myopic policy with respect to the optimal value function is optimal.The Bellman equations can be operationalized in the form of the dynamic-programmingoperator T , which maps value functions to value functions:[TV ](x) = maxa  R(x; a) + 
Xy P (x; a; y)V (y)! :For 0 � 
 < 1, successive applications of T to a value function bring it closer and closerto the optimal value function V �, which is the unique �xed point of T : V � = TV �. Thealgorithm derived from successive applications of T is known as value iteration.In reinforcement-learning applications, R and P are not known in advance. They can belearned from experience by keeping statistics on the expected reward for each state-actionpair, and the proportion of transitions to each next state for each state-action pair. Inmodel-based reinforcement learning, R and P are estimated on-line, and the value functionis updated according to the approximate dynamic-programming operator derived from theseestimates; this algorithm converges to the optimal value function under a wide variety ofchoices of the order states are updated [13].The method of Q-learning [59] uses experience to estimate the optimal value functionwithout ever explicitly approximating R and P . The algorithm estimates the optimal Qfunction Q�(x; a) = R(x; a) + 
Xy P (x; a; y)V �(y);from which the optimal value function can be computed via V �(x) = maxaQ�(x; a). Givenan agent's experience at step t hxt; at; yt; rti and the current estimate Qt(x; a) of the optimalQ function, Q-learning updatesQt+1(xt; at) := (1� �t(xt; at))Qt(xt; at) + �t(xt; at)(rt + 
maxa Qt(yt; a));where 0 � �t(x; a) � 1 is a learning rate that controls how quickly new estimates are blendedinto old estimates as a function of the state-action pair and the trial number. Q-learningconverges to the optimal Q function under the proper conditions [60, 53, 19].1.2 ALTERNATING MARKOV GAMESIn alternating Markov games, two players take turns issuing actions to try to maximize theirown expected discounted total reward. We now describe this model to show how closely itparallels mdps. The model is de�ned by the tuple hX1; X2; A; B; P;Ri, where X1 is the set of4



states in which player 1 issues actions from the set A, X2 is the set of states in which player2 issues actions from the set B, P is the transition function, and R is the reward function forplayer 1. Note that it is not assumed that player 1's actions always follow player 2's actionsand vice versa. In the zero-sum games we consider, the rewards to player 2 (the minimizer)are simply the additive inverse of the rewards for player 1 (the maximizer). Markov decisionprocesses are a special case of alternating Markov games in which X2 = ;; Condon [9] provesthis and the other unattributed results in this section.A common optimality criterion for alternating Markov games is discounted minimaxoptimality. Under this criterion, the maximizer should choose actions so as to maximizeits reward in the event that the minimizer chooses the best possible counter-policy. Anequivalent de�nition is for the minimizer to choose actions to minimize its reward against themaximizer with the best possible counter-policy. A pair of policies is said to be in equilibriumif neither player has any incentive to change policies if the other player's policy remains �xed.The value function for a pair of equilibrium policies is the optimal value function for thegame; it is unique when 0 � 
 < 1, and can be found by successive approximation. Forboth players, there is always a deterministic stationary optimal policy. Any myopic policywith respect to the optimal value function is optimal, and any pair of optimal policies is inequilibrium.Dynamic-programming operators, Bellman equations, and solution algorithms can bede�ned for alternating Markov games by starting with the de�nitions used in mdps andchanging the maximum operators to either maximums or minimums conditioned on the state.In Section 4.1, we show that the resulting algorithms share their convergence properties withthe analogous algorithms for mdps. A key di�erence between mdps and alternating Markovgames is that the former can be solved (i.e., an optimal policy can be found) in polynomialtime using linear programming; no such algorithm is known for solving alternating Markovgames [10]1.1.3 GENERALIZED MDPSIn alternating Markov games and mdps, optimal behavior can be identi�ed by solving theBellman equations; any myopic policy with respect to the optimal value function is opti-mal. In this section, we generalize the Bellman equations to de�ne optimal behavior for abroad class of reinforcement-learning models. The objective criterion used in these modelsis additive in that the value of a policy is some measure of the total reward received.1An algorithm that solves mdps is strongly polynomial if the number of arithmetical operations neededby the algorithm is polynomial in jX j and jAj. At this time, there is no known algorithm that solvesmdps in strongly polynomial time. Using linear programming, however, mdps can be solved in a numberof operations polynomial in jX j, jAj and b, where b measures the number of bits needed to write down thetransition, rewards, and discount factor. Value iteration converges in time bounded above by a polynomialin jX j; jAj; b, and 1=(1 � 
)|this algorithm is called pseudo-polynomial because of the appearance of thefactor h = 1=(1� 
). Value iteration takes a number of iterations proportional to h log(h) in the worst case.The worst-case time complexity of policy iteration is not known, although it requires no more iterations thanvalue iteration. Value iteration and also policy iteration can be used to solve alternating Markov games inpseudo-polynomial time. For further information on these topics the interested reader is referred to the PhDThesis of Michael Littman [26]. 5



As a �rst step towards a general model, we will express the Bellman equations formdps and alternating Markov games in a uni�ed notation. For succinctness, we will usean operator-based notation in which addition and scalar multiplication are generalized ina natural way. For example, if V : X ! < is a value function and R : X � A ! < orR : X�A�X ! < (allowing reward to depend on the resulting state as well) is the rewardfunction, we de�ne (R + 
V ) : X � A�X ! < to be:(R + 
V )(x; a; y) = R(x; a; y) + 
V (y);for x 2 X, a 2 A, and y 2 Y .If we de�ne the operator L : (X � A �X ! <) ! (X � A ! <) to be an expectationoperator according to the transition function P ,(M(R + 
V ))(x; a) =Xy P (x; a; y)(R(x; a; y) + 
V (y));and N : (X � A! <)! (X ! <) to maximize over A2,(OM(R + 
V ))(x) = maxa Xy P (x; a; y)(R(x; a; y) + 
V (y));then V � = NL(R + 
V �) is simply an alternate form of the Bellman equations for mdps.Here, the big plus (L) is intended to remind us that the operator is a weighted sum and thebig x (N) reminds us that the operator is a type of maximization.The N operator here takes a Q function (mapping states and actions to values) andreturns the value of the best action in each state. Now, by changing the meaning of N to be(OQ)(x) = �maxaQ(x; a); if x 2 X1,minbQ(x; b); if x 2 X2,V � =NL(R+
V �) is also a representation of the Bellman equations for alternating Markovgames.Our generalized mdp model is de�ned by the generalized Bellman equations V � =NL(R + 
V �), where di�erent models are obtained using di�erent de�nitions for the Nand L operators. As we've seen, optimal value functions for mdps and alternating Markovgames can be expressed in this way; a variety of other examples are discussed in Section 4.The value functions de�ned by the generalized mdp model can be interpreted as thetotal value of the rewards received by an agent selecting actions in a non-deterministicenvironment. The agent begins in state x, takes action a, and ends up in state y. The Loperator de�nes how the value of the next state should be used in assigning value to thecurrent state. The N operator de�nes how an optimal agent should choose actions.When 0 � 
 < 1 and N and L are non-expansions, the generalized Bellman equationshave a unique optimal solution, and therefore, the optimal value function is well de�ned (seeAppendix A). Recall that an operator T which maps a normed space B1 to another normedspace B2 is a non-expansion if for all f; g 2 B1 kTf � Tgk � kf � gk, where k � k denotes2The de�nitions of L and N are (LS)(x; a) = Py P (x; a; y)S(x; a; y) and (NQ)(x) = maxaQ(x; a),where S : (X �A� Y )! < and Q : (X �A)! <. 6



model/example reference (N f)(x) (L g)(x; a)disc. exp. mdps [60] maxa f(x; a) Py P (x; a; y)g(x; a; y)exp. return of � [45] Pa �(x; a)f(x; a) Py P (x; a; y)g(x; a; y)alt. Markov games [7] maxa or minb f(x; b) Py P (x; a; y)g(x; a; y)risk-sensitive mdps [15] maxa f(x; a) miny:P (x;a;y)>0 g(x; a; y)expl.-sens. mdps [20] max�2P0Pa �(x; a)f(x; a) Py P (x; a; y)g(x; a; y)Markov games [24] maxAminbPaA(a)f(x; (a; b)) Py P (x; (a; b); y)g(x; (a; b); y)Table 1: Some models and their speci�cation as generalized Markov decision processes.the norm on the appropriate spaces3. In accordance with the above de�nition we say thatthe N operator is a non-expansion if
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 � kf � gkfor all f; g : X � A ! <, and x 2 X, here k � k denotes the max norm over the appropriatefunction space. An analogous condition de�nes when L is a non-expansion.Many natural operators are non-expansions, such as max, min, midpoint, median, mean,and �xed weighted averages of these operations (see Appendix B). Mode and Boltzmann-weighted averages are not non-expansions (see Littman's thesis [26] for information onBoltzmann-weighted averages). Several previously described sequential decision-makingmodels are special cases of this generalized mdp model|Table 1 gives a brief sampling.For more information about the speci�c models listed, see the associated references.As with mdps, we can de�ne a dynamic-programming operatorTV =OM(R + 
V ) (1)such that, for 0 � 
 < 1, the optimal value function V � is the unique �xed point of T .The operator T is a contraction mapping as long as 
 < 1. Recall that an operator T is acontraction mapping if kTV1 � TV2k � 
kV1 � V2k where V1 and V2 are arbitrary functionsand 0 � 
 < 1 is the index of contraction. Here, k � k is the max norm. It is easy to see thatT is a contraction mapping using the non-expansion properties of N and L.We can de�ne a notion of stationary myopic policies with respect to a value function V ;it is any (stochastic) policy � for which T �V = TV where[T �V ](x) =Xa �(x; a) ��M(R + 
V )� (x; a)� :3If B1 = B2 are spaces of function over X , i.e., if B1 = B2 = (X ! <) then we say that T : B1 ! B2 is apointwise non-expansion if for all x 2 X and f; g 2 B1 there holds that j(Tf)(x)� (Tg)(x)j � jf(x)� g(x)j.Taking the maximum of both sides over X we see that if T is a pointwise non-expansion then T is also anon-expansion for the max norm. It is easy to extend the notion of being a pointwise non-expansion tospaces when B1 = (X �A! <) and B2 = (X ! <). We say that the operator T : B1 ! B2 is a pointwisenon-expansion over X if j(Tf)(x) � (Tg)(x)j � kf(x; �) � g(x; �)k for all f; g 2 B1 and x 2 X . Here, f(x; �)and g(x; �) are understood as functions from A ! <, and k � k denotes a norm over A ! <, usually themax norm. Usually it is much easier to check if an operator is a pointwise non-expansion. The operators weconsider are, indeed, pointwise non-expansions. Our statements, however, do not exploit this feature.7



Here, �(x; a) represents the probability that an agent following � would choose action a instate x. For later use, it is convenient to introduce the operator N� de�ned by (N� f)(x) =Pa �(x; a)f(x; a). To be certain that every value function possesses a myopic policy, werequire that the operator N satisfy the following property: for all functions f : X � A! <and states x, mina f(x; a) � (O f)(x) � maxa f(x; a): (2)In an alternate formulation, Inequality (2) is replaced by the restriction that (N f)(x) =f(x; af) for all f , where af 2 A is an action that may depend on f . In other words, N mustselect an action. This has the price that stochastic actions must be explicitly introduced(the action set of the new model would be the set of probability distributions over A, �(A)),but has the advantage that \deterministic" policies su�ce (since each stochastic policies inthe present model would have a corresponding deterministic action). To put this anotherway, Inequality (2) is just an extension of the selection condition to stochastic actions.The value function with respect to a policy �, V � is de�ned by the simultaneous equationsV � = T �V �; it is unique.We say a policy � is optimal if it is myopic with respect to its own value function. Abetter term for such policies might be \self-consistent"; we use the optimization-orientedterm \optimal" because the most common applications make use of a N operator thatselects extremals. Even in non-optimization settings, it is reasonable to call these policiesoptimal since they share important properties of optimal policies of mdps. The �rst suchproperty is that the evaluation of optimal policies is a particular function: the �xed pointof T . To see this, let �� be an optimal policy. Then V �� is the �xed point of T becauseV �� = T ��V �� = TV ��. Thus, V �� = V � when 
 < 1, because T has a unique �xed pointby the Banach �xed-point theorem [44]. All the statements of this section and some otherbasic facts about generalized mdps are proved in Appendices A through D.1.4 SOLVING GENERALIZED MDPSThe previous subsections have motivated and described our generalization of Markov deci-sion processes. We showed how mdps and alternating Markov games, two popular modelsof sequential decision making, could be viewed as examples of the generalized model. InSection 4, we will examine other examples including games in which players make their ac-tion choices simultaneously, mdps with a risk-sensitive performance criterion, mdps with anexploration-sensitive performance criterion, and the use of sampling to replace the compu-tation of the maximum action in mdps.Formulating a problem as an instance of a formal model is rarely an end unto itself,however. We address algorithms for solving generalized mdps; that is, we would like toidentify optimal policies for speci�c instances of the model. One class of algorithms assumesaccess to a complete description of the model instance. Examples of dynamic-programmingalgorithms in this class are described in Section 2.A second class of algorithms assumes that the only information available to the agent onthe speci�c problem instance being solved is via \experience": state-to-state transitions withtheir associated rewards. Problems couched this way are known as reinforcement-learning8



problems and algorithms for solving them are called reinforcement-learning algorithms4. Sec-tion 3 describes reinforcement-learning algorithms for generalized mdps.Because of the asynchronous manner in which information arrives in a reinforcement-learning problem, the contraction assumption (that is, that 
 < 1) becomes critical forsmoothing across pieces of information that arrive separately. We derive a powerful theoremconcerning the convergence of asynchronous learning processes that depends on little otherthan the assumption of contraction; this makes it applicable to a wide variety of models.Full generality of the theorem is achieved by stating the results in terms of general normedspaces. The theorem will be presented and discussed in Section 3.1.The next section extends the standard value-iteration and policy-iteration algorithms tothe generalized model. Section 3 describes a general theorem that can be used to prove theconvergence of several reinforcement-learning algorithms in the generalized mdp framework.2 SOLVING GENERALIZED MDPS VIA A MODELThe most basic algorithms for solving mdps are value iteration [3] and policy iteration [18];both date back the late 1950s. This section describes how these algorithms can be appliedto solve generalized Markov decision processes.2.1 VALUE ITERATIONThe method of value iteration, or successive approximations [3, 39], is a way of iterativelycomputing arbitrarily good approximations to the optimal value function V �.A single step of the process starts with an estimate Vt�1 of the optimal value function,and produces a better estimate Vt = TVt�1. We show that applying T repeatedly causes thevalue function to become as close as desired to optimal. Again, the notation k � k refers tothe maximum norm.Lemma 1 Let Vt be the value function produced in the tth iteration of value iteration. Aftert steps of value iteration on a generalized mdp, kVt � V �k � 
tkV0 � V �k.Proof: We proceed by induction. The base case, kV0 � V �k � 
0kV0 � V �k, is self evident.By the inductive hypothesis we seekVt � V �k = kTVt�1 � TV �k � 
kVt�1 � V �k � 

t�1kV0 � V �k = 
tkV0 � V �k:q.e.d.Since 0 � 
 < 1, we have that Vt ! V � at a geometric rate as t increases. In somecircumstances, it is helpful to state this result without reference to the details of the initialvalue function V0. Let M = supxmaxa jR(x; a)j = kRk. If the agent received a reward of M4Traditionally, it was the �eld of adaptive control that considered such \learning" problems [23]. Adaptive-control researchers, however, usually considered linear models only, i.e., when the evolution equation ofthe controlled object is linear. Nonetheless, the results and emerged problems of adaptive control can beinstructive for reinforcement-learning researchers. 9



on every step, its total expected reward would be P1i=0 
iM = M=(1 � 
). Thus, the zerovalue function, V0 = 0 cannot di�er from the optimal value function by more thanM=(1�
)at any state. This also implies that the value function for any policy cannot di�er from theoptimal value function by more than 2M=(1 � 
) at any state. This allows us to restateLemma 1 in a form that bounds the number of iterations needed to �nd an �-optimal valuefunction.Theorem 1 Let V0 be any value function such that kV0k �M=(1� 
), and lett� = 26661 + log(M) + log(1� ) + log( 11�
 )log( 1
 ) 3777 :Running value iteration for t� or more steps results in a value function V such that kV �V �k � �.Proof: This follows from simple algebraic manipulation of the bounds given in this section.q.e.d.2.2 COMPUTING NEAR-OPTIMAL POLICIESThus, we know that the value function estimates converge to the optimal value function. Butwhen should we stop this iteration? The following result shows that if kVt+1 � Vtk is smallthen kVt�V �k is small, too. The next question is which policy to use after we have stoppedthe iteration. The natural choice is the myopic policy with respect to the latest estimateof the value function. Below we show that the value of such a policy is also close to theoptimum, i.e., it can be bounded as a function of kVt+1� Vtk = kTVt� Vtk. More generally,we will show that for an arbitrary function V , the distance between the value function forany myopic policy with respect to V and the optimal value function can be bounded as afunction of the Bellman error magnitude of V , de�ned as kTV � V k. These results relyentirely on the contraction property of the involved generalized mdps. Note that one mustbe careful when applying these estimates in practice since the meaning of \small error" ishighly problem dependent5.First, we establish a few basic results.Lemma 2 Let V be a value function, V � be the value function for the myopic policy withrespect to V , and V � be the optimal value function. Let � be the Bellman error magnitudefor V , � = kV � TV k. Then, kV � V �k � �=(1� 
) and kV � V �k � �=(1� 
).Proof: This result follows easily from the contraction property of T and the triangle in-equality.First, kV �V �k � kV �TV k+kTV �V �k = kV �TV k+kT �V �T �V �k � �+
kV �V �k.Grouping like terms gives kV � V �k � �=(1� 
).5McDonald and Hingston [28] pointed out that optimal values can be exponentially small in the numberof states for special classes of mdps. 10



Similarly, kV �V �k � kV �TV k+kTV �V �k = kV �TV k+kTV�TV �k � �+
kV �V �k.Grouping like terms gives kV � V �k � �=(1� 
). q.e.d.We next bound the distance between V � and V � in terms of �, the Bellman error magni-tude (related arguments have been made before [6, 42, 62, 16]6).Theorem 2 Let V be a value function, V � be the value function for the myopic policy withrespect to V , and V � be the optimal value function. Let � be the Bellman error magnitudefor V , � = kV � TV k. Then, kTV � V �k � �
=(1 � 
), kTV � V �k � �
=(1 � 
), andkV � � V �k � 2�
=(1� 
).Proof: The third statement follows from an application of the triangle inequality to the �rsttwo statements, which we prove now. First,kTV � V �k = kT �V � T �V �k � 
kV � V �k � �
=(1� 
):Similarly, kTV � V �k = kTV � TV �k � 
kV � V �k � �
=(1� 
);completing the proof. q.e.d.This result is concerned with values and not immediate rewards, so the total rewardearned by a myopic policy is not too far from optimal. The signi�cance of the result is that avalue-iteration algorithm that stops when the Bellman error magnitude is less than or equalto � � 0 will produce a good policy with respect to �.This result can be re�ned further for a subclass of generalized mdps. In generalized mdpsin which there is a �nite set of policies such that every value function has a myopic policyin that set, any myopic policy with respect to Vt is optimal for large enough t. This is inno way related to the contraction property of the value iteration operator, i.e., it holds forarbitrary monotone and continuous operators [48]. This means that value iteration can beused to �nd optimal value functions in �nite time for generalized mdps in this subclass. Afurther re�nement, which relies on the contraction property of the dynamic-programmingoperator, puts a pseudo-polynomial bound on the number of iterations required to �nd anoptimal policy [26]. This requires that 
, P and R are expressed with a polynomial numberof bits.2.3 POLICY ITERATIONIn this section, we de�ne a generalized version of policy iteration. Applied to mdps, itis equivalent to Howard's policy-iteration algorithm [18] and applied to alternating Markovgames, it is equivalent to Ho�man and Karp's policy-iteration algorithm [17]. Policy iterationfor mdps proceeds as follows: Choose an initial policy �0 and evaluate it. Let the next policy,�1, be the greedy policy with respect to the value function V �0 . Continue in this way until�t+1 = �t. The traditional proof of convergence relies on the following facts [18]:6The most general of these arguments is due to Bertsekas and Shreve [6] (Proposition 4.5) for extremizationproblems (although, the authors do not exploit this property). They also consider value iteration when theprecision of computation is limited. Williams and Baird [62] have proved these bounds tight for mdps, andthis should hold for generalized mdps, as well. 11



(i) V �t+1 � V �t, and the inequality is strict for at least one state if �t is not optimal,(ii) there are a �nite number of policies (since X and A are �nite), and(iii) the �xed point of T is unique.Unlike value iteration, the convergence of policy iteration seems to require that value ismaximized (or minimized in a cost-based setting) with respect to some set of possible actions(this is because we require Condition (i) in the above paragraph). To capture this, we willrestrict our attention to generalized mdps in which N can be written[OQ](x) = max�2R �[O�Q](x)� (3)where R is a compact set andN� is a non-expansion operator mapping functions over X�Ato functions over X for all � 2 R. Note that the conditions that R be compact and N� bea non-expansion for all � ensure that the maximum in the above equation is well de�ned.Note that any operator N can be written this way by de�ning R = f�0g and N�0 = N;the choice of parameterization ultimately determines the e�ciency of the resulting policy-iteration algorithm. A generalized mdp satisfying Equation (3) and satisfying a monotonicityproperty discussed in Appendix C is called a maximizing generalized mdp.As a concrete example, mdps can be viewed as type of maximizing generalized mdp. LetR = A and [N�Q](x) = Q(x; �). Then, [NQ](x) = maxa2AQ(x; a) = max�2RQ(x; �) =max�2R[N�Q](x) as required by Equation (3). Similarly, alternating Markov games can beviewed as maximizing generalized mdps. Again, R = A and de�ne[O�Q](x) = �Q(x; �); if x 2 X1,minbQ(x; b); if x 2 X2.The maximization and minimization operators have been separated so that they can betreated independently. To understand the importance of this, note that the essence of policyiteration is that in every step the new policy is an improvement over the previous policy.For alternating Markov games this would mean that V �t+1(x) � V �t(x) for x 2 X1 andV �t+1(x) � V �t(x) for x 2 X2. However, as a careful analysis of an example by Condon [10]shows, the additive structure of rewards is incompatible with this condition. To be able towork with additive rewards, we need to separate the minimumization and maximumizationoperators.A more complex example is Markov games, in which R is not �nite; it will be describedin Section 4.2.The term �-myopic policy refers to a mapping ! : X ! R such that[O!(x)Q](x) = max�2R �[O�Q](x)� = [OQ](x);for all x 2 X. Here ! is myopic with respect to Q. If Q = L(R+
V ) then the policy whichis myopic for Q is called myopic for V as well. The value function for a �-myopic policy !,V !, is de�ned as the optimal value function for the generalized mdp where N!(x) is used asthe summary operator in state x; it is well de�ned.12



If the condition minaQ(x; a) � [N�Q](x) � maxaQ(x; a) is satis�ed for all Q : X �A ! < and x 2 X (the last inequality is automatically satis�ed), then to every function! : X ! R we could assign one (or more) policy �! : X ! �(A) with the propertythat [N!(x)Q](x) = Pa �!(x; a)Q(x; a). Then, every mapping ! can be identi�ed with anequivalent stochastic stationary policy. This de�nition is in harmony with the de�nitions ofthe value functions V ! and V �, and the de�nition of greediness.We characterize policy iteration as follows. Start with a value function V and computeits �-myopic policy ! and !'s value function V !. If kV � V !k � �, terminate with V ! as anapproximation of the optimal value function. Otherwise, start over, after assigning V := V !.Note that if R contains a single element, then this policy-iteration algorithm terminatesafter two steps since !�0 = ! and thus V !0 = V � with !0(x) = �0 for all x 2 X. Thisillustrates the tradeo� between determining the optimal value function of a given mapping !and determining the optimal value function. The following two examples are also instructive.We can apply the generalized policy-iteration algorithm to mdps by taking R to be the setof actions and N� to return Q(s; rho). Because computing V ! is equivalent to evaluating a�xed policy and can be solved by, e.g., Gaussian elimination, the resulting policy-iterationalgorithm (which is just standard policy iteration) is useful. In alternating Markov games,we take N� to return Q(s; �) for states in which value is maximized, and to pick out theminimum value minaQ(s; a) otherwise. Computing V ! is equivalent to solving an mdp,which is conceptually easier than �nding V � directly.To show that policy iteration converges, we appeal to two important results. The �rst isthat, for maximizing generalized mdps,V �(x) = max!:X!RV !(x);meaning that the optimal value function dominates or equals the value functions for allpossible values of !. The second is a generalization of a result of Puterman [31] that showsthat the iterates of policy iteration are bounded below by the iterates of value iteration.From these two facts, we can conclude that policy iteration converges to the optimal valuefunction, and furthermore, that its convergence is at least as fast as the convergence ofvalue iteration. This result can also be proved for continuous and monotone value-iterationoperators of maximizing type without assuming the contraction property [48].Theorem 3 Let V �(x) = max�2R ��O�M(R + 
V �)� (x)�and, for all ! : X !R, V !(x) = �O!(x)M(R + 
V !)� (x)where N� and L are non-expansions and monotonic and R is compact. Then, for all x 2 X,V �(x) = max!:X!RV !(x):13



Proof: This result is proven in Appendix D. q.e.d.Lemma 3 Let Ut be the iterates of value iteration and Vt be the iterates of policy iteration,starting from the same initial value function, U0 = V0. If U0 and V0 are underestimates ofthe optimal value function, then for all t and x 2 X, Ut(x) � Vt(x) � V �(x).Proof: The proof is in Appendix D. q.e.d.According to Lemma 3, policy iteration converges at least geometrically and a bound onconvergence time can be given byt� = & log (kV0 � V �k=(�(1� 
)))log(1=
) 'or in terms of the Bellman error magnitude of V0:t� = & log (kV0 � TV0k=(�(1� 
)2))log(1=
) ' :If t � t� then kVt � V �k � � (� � 0).It is worth noting that the implementation of policy evaluation in generalized mdpsdepends on the de�nition of L. When the expected-reward objective is used, as it is inmdps, policy evaluation can be implemented using a linear-equation solver. When L ismaximization or minimization, as it is in some games or under a risk-sensitive criterion,policy evaluation is equivalent to solving an mdp and can be accomplished using linearprogramming (or policy iteration!).With a little change, the above framework is also capable of expressing asynchronouspolicy-iteration algorithms. Most of the previous results on asynchronous policy iterationcan be repeated since those proofs depend only on the monotonicity and the contractionproperties of the involved operators [61, 40]. The work of Bertsekas and Shreve [6] is alsoworth mentioning here: they have considered a version of policy iteration in which bothmyopic policies and the evaluation of these policies are determined with a precision geomet-rically increasing in time. Such an approximate policy-iteration scheme is useful of the stateor the action spaces are in�nite (such as a compact subset of a Euclidean space).3 REINFORCEMENT-LEARNING ALGORITHMSIn this section, we describe methods for solvingmdps that make use of \experience" instead ofdirect access to the parameters of the model. We begin by introducing a powerful stochastic-approximation theorem.3.1 COMPUTING THE FIXED POINT OF A CONTRACTIONBY MEANS OF RANDOMIZED APPROXIMATIONSIterative approaches to �nding an optimal value function can be viewed in the followinggeneral way. At any moment in time, there is a set of values representing the current14



approximation of the optimal value function. On each iteration, we apply some dynamic-programming operator, perhaps modi�ed by experience, to the current approximation togenerate a new approximation. Over time, we would like the approximation to tend towardthe optimal value function.In this process, there are two types of approximation going on simultaneously. The �rstis an approximation of the dynamic-programming operator for the underlying model, andthe second is the use of the approximate dynamic-programming operator to �nd the optimalvalue function. Both Q-learning and model-based reinforcement learning work in this way.This section presents a theorem that gives a set of conditions under which this type ofsimultaneous stochastic approximation converges to an optimal value function.First, we need to de�ne the general stochastic process. Let the set X be the states ofthe model, and the set B(X) of bounded, real-valued functions over X be the set of valuefunctions. Let T : B(X)! B(X) be an arbitrary contraction mapping and V � be the �xedpoint of T .To apply the value-iteration algorithm, the contraction mapping T is applied directlyto successively approximate V �. In other algorithms, especially reinforcement-learning al-gorithms, T is not available and we must use our experience to construct approximationsof T . Consider a sequence of random operators Tt : (B(X) � B(X)) ! B(X) and de�neUt+1 = Tt(Ut; V ) where V and U0 2 B(X) are arbitrary value functions. We say Tt approxi-mates T at V with probability one uniformly over X, if Ut converges to TV uniformly overX 7. The basic idea is that Tt is a randomized version of T in some sense; it uses Ut as\memory" to help it approximate TV . Here, one may think of V as a \test function," as inphysics8.The following theorem shows that, under the proper conditions, we can use the sequenceTt to estimate the �xed point V � of T .Theorem 3.1 Let T be an arbitrary mapping with �xed point V �, and let Tt approximate Tat V � with probability one uniformly over X. Let V0 be an arbitrary value function, and de�neVt+1 = Tt(Vt; Vt). If there exist functions 0 � Ft(x) � 1 and 0 � Gt(x) � 1 satisfying theconditions below with probability one, then Vt converges to V � with probability one uniformlyover X:1. for all U1, and U2 2 B(X) and all x 2 X,jTt(U1; V �)(x)� Tt(U2; V �)(x)j � Gt(x)jU1(x)� U2(x)j;2. for all U and V 2 B(X), and all x 2 X,jTt(U; V �)(x)� Tt(U; V )(x)j � Ft(x) supx0 jV �(x0)� V (x0)j;7A sequence of random functions fn converges to f� with probability one uniformly over X if, for almostall events ! for which fn(!; x)! f�, the convergence is uniform in x. This should be contrasted to uniformalmost sure (or probability one) convergence, when we consider a sequence of random functions, fn, and werequire that the speed of convergence of fn(!)� f(!) to zero should be independent of !.8In physics, the e�ect of electric �elds is determined using the concept of \test charges," which areimagined unit-charge, no-mass particles subject to the �eld. The strength of the �eld (e�ect of the operator)is determined as the force acting on the test charge. The situation here is analogous since we have animagined object subject to a transformation. 15



3. for all k > 0, �nt=kGt(x) converges to zero uniformly in x as n increases; and,4. there exists 0 � 
 < 1 such that for all x 2 X and large enough t,Ft(x) � 
(1�Gt(x)):Proof: To prove this, we will de�ne a sequence of auxiliary functions, Ut, that is guaranteedto converge, and relate the convergence of Vt to the convergence of Ut. Let U0 be an arbitraryvalue function and let Ut+1 = Tt(Ut; V �). Since Tt approximates T at V �, Ut converges toTV � = V � with probability one uniformly over X. We will show that kUt � Vtk convergesto zero with probability one, which implies that Vt converges to V �. Let�t(x) = jUt(x)� Vt(x)jand let �t(x) = jUt(x)� V �(x)j:We know that �t(x) converges to zero because Ut converges to V �.By the triangle inequality and the constraints on Tt, we have�t+1(x) = jUt+1(x)� Vt+1(x)j= jTt(Ut; V �)(x)� Tt(Vt; Vt)(x)j� jTt(Ut; V �)(x)� Tt(Vt; V �)(x)j+ jTt(Vt; V �)(x)� Tt(Vt; Vt)(x)j� Gt(x)jUt(x)� Vt(x)j + Ft(x)kV � � Vtk� Gt(x)�t(x) + Ft(x)kV � � Vtk� Gt(x)�t(x) + Ft(x)(kV � � Utk+ kUt � Vtk)� Gt(x)�t(x) + Ft(x)(k�tk+ k�tk) (4)If it were the case that k�tk = 0 for all t, then �t would converge to zero as shown inLemma 10 of Section E.1. Using this, one may show that the perturbation caused by �tdiminishes. The main di�culty of the proof is that an inequality similar to Inequality (4)does not hold for k�tk, i.e., di�erent components of �t may converge at di�erent speeds and,moreover, because of the disturbance term, k�tk, k�tk may even increase sometimes. Evenmore, we do not have an a priori estimate of the convergence rate of �t to zero, which wouldenable a traditional treatment. However, the idea of homogeneous perturbed processes [19]can be used to show that the e�ect of this perturbation can be neglected.To use Inequality (4) to show that �t(x) goes to zero with probability one, we use someauxiliary results proven in Appendix E. q.e.d.Note that from the conditions of the theorem and the additional condition that Tt ap-proximates T at every function V 2 B(X), it follows that T is a contraction operator at V �with index of contraction 
 (i.e., kTV � TV �k � 
kV � V �j for all V )9. We next describesome of the intuition behind the statement of the theorem and its conditions.9The proof of this goes as follows. Let V; U0; V0 2 B(X) be arbitrary and let Ut+1 = Tt(Ut; V ) andVt+1 = Tt(Vt; V �). Let �t(x) = jUt(x) � Vt(x)j. Then, using Conditions (1) and (2) of Theorem 3.1 we16



The iterative approximation of V � is performed by computing Vt+1 = Tt(Vt; Vt), whereTt approximates T with the help of the \memory" present in Vt. Because of Conditions (1)and (2), Gt(x) is the extent to which the estimated value function depends on its presentvalue and Ft(x) � 1 � Gt(x) is the extent to which the estimated value function is basedon \new" information (this reasoning becomes clearer in the context of the applications inSection 4).In some applications, such as Q-learning, the contribution of new information needs todecay over time to insure that the process converges. In this case, Gt(x) needs to converge toone. Condition (3) allows Gt(x) to converge to 1 as long as the convergence is slow enoughto incorporate su�cient information for the process to converge (this is discussed in somedetail in Section 4.8).Condition (4) links the values of Gt(x) and Ft(x) through some quantity 
 < 1. If it weresomehow possible to update the values synchronously over the entire state space, the processwould converge to V � even when 
 = 1 provided that QTt=1(Ft(x) + Gt(x)) ! 0 uniformlyin x as T increases. In the more interesting asynchronous case, when 
 = 1, the long-termbehavior of Vt is not immediately clear; it may even be that Vt converges to something otherthan V � or it may even diverge depending on how strict Inequality (4) and the inequality ofCondition (4) are. If these were strict, then k�tk might not decrease at all. The requirementthat 
 < 1 insures that the use of outdated information in the asynchronous updates doesnot cause a problem in convergence.One of the most noteworthy aspects of this theorem is that it shows how to reduce theproblem of approximating V � to the problem of approximating T at a particular point V(in particular, it is enough that T can be approximated at V �); in many cases, the latter ismuch easier to achieve and also to prove. For example, the theorem makes the convergenceof Q-learning a consequence of the classical Robbins-Monro theorem [34].In many problems we do not have full access to the operatorL or the immediate rewardsR 10. Basically, there are two ways to deal with this: we can build an estimate ofL and R, orwe can estimate a function (without ever building a model ofL and R) from which an optimalpolicy is easily be determined. In the next section, we discuss a particular generalized Q-learning algorithm which provides an interesting insight into how Q-learning-like algorithmsshould be constructed.3.2 GENERALIZED Q-LEARNINGA de�ning attribute of the generalized Q-learning algorithm is that we exchange the orderingof theL andN operators in the update equation relative to the de�ning generalized Bellmanget that �t+1(x) � Gt(x)�t(x) + 
(1 � Gt(x))kV � V �k. By Condition (3), Q1t=0Gt(x) = 0, and thus,lim supt!1 �t(x) � 
kV � V �k (see, e.g., the proof of Lemma 10 of Section E.1). Since Tt approximates Tat V � and also at V , we have that Ut ! TV and Vt ! TV � with probability one. Thus, �t converges tokTV �TV �k with probability one and thus kTV �TV �k � 
kV �V �k holds with probability one. Since anyprobability space must contain at least one element, the above inequality, which contains only deterministicvariables, is true. Note that if Condition (1) were not restricted to V �, this argument would imply that T isa contraction with index 
.10It is reasonable to assume complete access to N, since this determines how the agent should optimizeits choice of actions. In Section 4.7, we will discuss cases when this assumption is relaxed.17



equations. Remember that the �xed-point equation of V � isV � =OM(R + 
V �):Now, if we let Q� =L(R + 
V �) then we arrive at the �xed point equationQ� =M(R + 
OQ�);i.e., Q� is the �xed point of the operator K : ((X � A) ! <) ! ((X � A) ! <), withKQ = L(R + 
NQ). The reason for exchanging summary operators is that(i) we have access to N, not L, but(ii) we have a \consistent" method for estimating L which we will apply to estimate Q�.Once we have a good estimate of Q�, say Q, a near optimal policy is easily determined: onetakes a policy �, which is myopic for Q, i.e., N�Q = NQ. Then, using the technique ofSection 2.2, it can be shown that kV � � V �k � 2kQ� Q�k=(1� 
), i.e., we can bound thesuboptimality of the resulting policy.Now, what do we mean by a \consistent" method? Let B1; B2 be arbitrary normedspaces and let T : B1 ! B2 be a mapping. By a method which estimates T , we mean anyprocedure which to every f 2 X assigns a sequence mt(f) 2 B2. The method is said to beconsistent with T if, for any f , the sequence mt(f) converges to Tf with probability one.Usually, we will consider iterative methods of the form M = (M0;M1; : : : ;Mt; : : :), whereMt : B2 � B1 ! B2 and mt+1(f) = Mt(mt(f); f); t � 0; (5)m0(f) being arbitrary. The �rst argument of Mt can be viewed as the internal \memory" ofthe method.The most well-known example corresponds to the estimating of averages of functions.Let B1 = (X ! <) for some �nite X, B2 = <, and let T : (X ! <)! < be given byTf = Xx2X Pr(x)f(x);where Pr(x) is a probability distribution over X. If xt is a sequence of identically distributedindependent random variables with underlying probability distribution Pr(�), then the iter-ative method with Mt(m; f) = (1� �t)m+ �tf(xt);where �t � 0;P1t=0 �t =1 and P1t=0 �2t <1 is consistent with T . Indeed, sincemt+1(f) = (1� �t)mt(f) + �tf(xt);we see that this is the simplest Robbins-Monro process (iterated averaging) and mt(f) con-verges to Tf with probability one.To present the following example, we need to re�ne the de�nition of consistent iterativemethods. We say that an iterative method M is consistent with T for the initial set Y0(f),if for each f 2 B1 and m0(f) 2 Y0(f) the process mt(f) de�ned by Equation (5) converges18



to Tf with probability one. The next example shows why we must restrict the set of initialvalues|also as a function of f .Let B1 = (X ! <) for some �nite X, B2 = <, and let T : (X ! <) ! < begiven by (Tf) = miny2X0 f(y). Now, if xt is a sequence of random variables such thatfx1; x2; : : : ; xt; : : :g = X0 with probability one, then the iterative method withMt(m; f) = min(m; f(xt))is consistent with T and the initial set Y0(f) = fy j y � Tf g.Consistency of a method with an n-dimensional operator follows from componentwiseconvergence of the estimates. That is, let T = (T1; T2; : : : ; Tn) : B ! B1 � B2 � : : : � Bnand let mt(f) 2 B1 � B2 � : : : � Bn be a sequence generated by some method. Then it isclear that mt(f) converges to Tf if and only if mt(f)i converges to (Tf)i = Tif . From thisit follows that if Mi is an iterative method which is consistent with Ti, then the methodM : (B1 �B2 � : : :� Bn)� B ! B1 � B2 � : : :� Bn de�ned byMt(m; f)i = Mt;i(mi; f)will be consistent with T . That is, consistent methods for a multidimensional operatorT can be constructed by the composition of one-dimensional methods consistent with Ti,i = 1; 2; : : : ; n. This is useful since the L operator is usually multidimensional.How a consistent method of estimating L results in a Q-learning algorithm is discussednext. In general, if the iterative methodM = (M1;M2; : : : ;Mt; : : :) withMt : (X�A�Y !<)� (X � A ! <) ! (X � A ! <) is consistent with L then the appropriate Q-learningalgorithm is given by Qt+1 = Mt(Qt; R + 
OQt):Note that such an algorithm would need explicit knowledge of R. To avoid this we introducea new operator Q which maps X ! < to X � A ! < and which is de�ned by (QV ) =L(R+
V ). Now, ifMt is consistent with the operator Q then the corresponding generalizedQ-learning rule takes the form Qt+1 = Mt(Qt;OQt):All the Q-learning algorithms which we will discuss are of this form.How is the convergence of such an algorithm ensured? De�ning Tt(Q;Q0) = Mt(Q;NQ0),we arrive at an operator sequence Tt, which, in many cases, satis�es the conditions of The-orem 3.1. It is immediate that Tt approximates K at any Q0 since Qt+1 = Tt(Qt; Q0) =Mt(Qt;NQ0) converges to QNQ0 = R + 
NQ0 = KQ0 by assumption. The other condi-tions on Tt (Condition (1){(4)) result in completely similar conditions on Mt, which we donot list here since it will be equally convenient to check them directly for Tt. The aim of thisdiscussion was to give an explanation of how Q-learning algorithms are constructed.4 APPLICATIONSThis section uses Theorem 3.1 to prove the convergence of various decision-making algo-rithms. 19



4.1 GENERALIZED Q-LEARNING FOR EXPECTED VALUEMODELSIn this section, we will consider a model-free algorithm for solving the family of �nite stateand action generalized mdps de�ned by the Bellman equations V � = NL(R + 
V �) whereL is an expected value operator, (L g)(x; a) = Py P (x; a; y)g(x; a; y), and the de�nition ofN does not depend on R or P .A Q-learning algorithm for this class of models can be de�ned as follows. Given experiencehxt; at; yt; rti at time t and an estimate Qt(x; a) of the optimal Q function, letQt+1(xt; at) := (1� �t(xt; at))Qt(xt; at) + �t(xt; at) �rt + 
(OQt)(yt)� : (6)We can derive the assumptions necessary for this learning algorithm to satisfy the con-ditions of Theorem 3.1 and therefore converge to the optimal Q function. The randomizedapproximate dynamic-programming operator that gives rise to the Q-learning rule isTt(Q0; Q)(x; a) = � (1� �t(x; a))Q0(x; a) + �t(x; a)(rt + 
(NQ)(yt)); if x = xt and a = atQ0(x; a); otherwise.If� yt is randomly selected according to the probability distribution de�ned by P (xt; at; �),� N is a non-expansion,� rt has a �nite variance and expected value given xt, at and yt equal to R(xt; at; yt),� the learning rates are decayed so that P1t=1 �(xt = x; at = a)�t(x; a) = 1 andP1t=1 �(xt = x; at = a)�t(x; a)2 <1 uniformly with probability one11,then a standard result from the theory of stochastic approximation [34] states that Tt approx-imates K at Q� with probability one. That is, this method of using a decayed, exponentiallyweighted average correctly computes the average one-step reward.Let Gt(x; a) = � 1� �t(x; a); if x = xt and a = at;1; otherwise,and Ft(x; a) = � 
�t(x; a); if x = xt and a = at;0; otherwise.These functions satisfy the conditions of Theorem 3.1 (Condition (3) is implied by therestrictions placed on the sequence of learning rates �t).Theorem 3.1 therefore implies that this generalized Q-learning algorithm converges tothe optimal Q function with probability one uniformly over X � A. The convergence ofQ-learning for discounted mdps and alternating Markov games follows trivially from this.Extensions of this result for a \spreading" learning rule [32] are given in Appendix 4.8.11Here, � denotes the characteristic function. A common choice for learning rates is �t(x; a) = 1=(1 +nt(x; a)), where nt(x; a) is the number of times (x; a) has been visited before t. For this learning-ratefunction, the condition on learning rates requires that every state-action pair is updated in�nitely often. Ifa central decreasing learning rate, e.g. �t(x; a) = 1=t, is used, then the learning-rate condition additionallyrequires that the update rate of any given (x; a) pair should not decrease faster than the decrease of learningrates. More results on this can be found in Appendix F.20



4.2 Q-LEARNING FOR MARKOV GAMESMarkov games are a generalization of mdps and alternating Markov games in which bothplayers simultaneously choose actions at each step. The basic model was developed by Shap-ley [39] and is de�ned by the tuple hX;A;B; P;Ri and discount factor 
. As in alternatingMarkov games, the optimality criterion is one of discounted minimax optimality, but becausethe players move simultaneously, the Bellman equations take on a more complex form:V �(x) = max�2�(A)minb2B Xa2A �(a)0@R(x; (a; b)) + 
 Xy2X P (x; (a; b); y)V �(y)1A : (7)In these equations, R(x; (a; b)) is the immediate reward for the maximizer for taking actiona in state x at the same time the minimizer takes action b, P (x; (a; b); y) is the probabilitythat state y is reached from state x when the maximizer takes action a and the minimizertakes action b, and �(A) represents the set of discrete probability distributions over the setA. The sets X, A, and B are �nite.Once again, optimal policies are policies that are in equilibrium, and there is always apair of optimal policies that are stationary. Unlike mdps and alternating Markov games, theoptimal policies are sometimes stochastic; there are Markov games in which no deterministicpolicy is optimal. The stochastic nature of optimal policies explains the need for the opti-mization over probability distributions in the Bellman equations, and stems from the factthat players must avoid being \second guessed" during action selection. An equivalent set ofequations can be written with a stochastic choice for the minimizer, and also with the rolesof the maximizer and minimizer reversed.To clarify the connection between this model and the class of generalized mdps, de�neQ : (X � (A� B))! < to be an arbitrary Q function over pairs of simultaneous actions,(OQ)(x) = max�2�(A)minb2B Xa2A �[a]Q(x; (a; b));and (MV )(x; (a; b)) = Xy2X P (x; (a; b); y)V (y);then Equation (7) can be expressed in the familiar form V � =NL(R+
V �). Note that bothL and N de�ned this way are non-expansions and monotonic (see Appendices B and C).The Q-learning update rule for Markov games [24] given step t experience hxt; at; bt; yt; rtihas the formQt+1(xt; (at; bt)) := (1� �t(xt; (at; bt)))Qt(xt; (at; bt)) + �t(xt; (at; bt)) �rt + 
(OQt)(yt)� :This is identical to Equation (6), except that actions are taken to be simultaneous pairsfor both players. The results of the previous section prove that this rule converges to theoptimal Q function under the proper conditions.In general, it is necessary to solve a linear program to compute the update given above.We hypothesize that Theorem 3.1 can be combined with the results of Vrieze and Tijs [57] onsolving Markov games by \�ctitious play" to prove the convergence of a linear-programming-free version of Q-learning for Markov games.21



4.3 CONVERGENCE UNDER ERGODIC SAMPLINGIn most of the sequential decision problems that arise in practice, the state space is huge.The most sensible way of dealing with this di�culty is to generate compact parametricrepresentations that approximate the Q function. One form of compact representation, asdescribed by Tsitsiklis and Van Roy [54], is based on the use of feature extraction to mapthe set of states into a much smaller set of feature vectors. By storing a value of the optimalQ-function for each possible feature vector, the number of values that need to be computedand stored can be drastically reduced and, if meaningful features are chosen, there is a chanceof obtaining a good approximation of the optimal Q-function. This approach is extended bySingh et al. [43], where the authors consider learning Q-values for \softly aggregated" states,i.e., for any given aggregated state s there is a probability distribution over the states whichdetermines to which extent a given state fromX belongs to s (this can also be viewed as fuzzysets over the state space and is also related to the spreading rule described in Section 4.8).In this section, we describe a lemma which provides general conditions under which the rawgeneralization of Q-learning for such aggregate models converges.Assume that the sequence of experience tuples is an arbitrary stochastic process, �n =<xn; an; yn; rn >, that satis�es the following criterion. For a given state x and action a let�0n(x; a) be the subprocess for which xn = x and an = a. Assume that X and A are �nite,rn � B for some �xed number B andlimK!1 1K N+KXn=N r0n(x; a) = R(x; a) (8)limK!1 1K N+KXn=N �(y0n(x; a) = y) = P (x; a; y) (9)and both converge to their limit values with a speed that is independent of N . Here�(y0n(x; a) = y) = 1 if y0n(x; a) = y and �(y0n(x; a) = y) = 0, otherwise. A real-valuedfunction f that satis�es limT!1 1T Z k+Tk f(s)ds = Fwith a convergence speed independent of k is said to admit the \uniform averaging" property.Thus, we may say that a process �n can be averaged uniformly if the above conditions hold.Lemma 4 Q-learning applied to a sequence �n that admits the uniform averaging propertyconverges to the optimal Q-function of the mdp determined by rewards R and transitionprobabilities P given by the averages in Equations (8) and (9).Proof: We immediately see that the conditions of Theorem 3.1 are satis�ed except that Ttapproximates T , the value operator of the mdp given by hX;A;R; P i. However, this followsfrom standard stochastic-approximation results. q.e.d.The above lemma can be used to show that if the sampling of states and actions comesfrom a �xed distribution, then an aggregate model will converge. That is, if you have a Qfunction represented by an m-entry table E and a mapping G : X�A to T , and you updateentry e of E (according to the Q-learning rule) whenever G(xt; at) = e, and, you are sampling22



xt and at according to some probabilistic laws, then the values in your table will converge.Section 4.8 discusses this in more detail. Lemma 4 is concerned with the case when the xtstates are sampled asymptotically according to a distribution function p1 de�ned over X(Pr(xt = x) converges to p1(x)).4.4 RISK-SENSITIVE MODELSHeger [15] described an optimality criterion for mdps in which only the worst possible valueof the next state makes a contribution to the value of a state12. An optimal policy underthis criterion is one that avoids states for which a bad outcome is possible, even if it is notprobable; for this reason, the criterion has a risk-averse quality to it. This can be expressedby changing the expected value operator L used in mdps to(M g)(x; a) = miny:P (a;x;y)>0 g(x; a; y):The argument in Section 4.6 shows that model-based reinforcement learning can be usedto �nd optimal policies in risk-sensitive models, as long as N does not depend on R or P ,and P is estimated in a way that preserves its zero vs. non-zero nature in the limit.For the model in which (N f)(x) = maxa f(x; a), Heger de�ned a Q-learning-like al-gorithm that converges to optimal policies without estimating R and P online [15]. Inessence, the learning algorithm uses an update rule analogous to the rule in Q-learningwith the additional requirement that the initial Q function be set optimistically; that is,Q0(x; a) � Q�(x; a) for all x and a 13. Like Q-learning, this learning algorithm is a general-ization of Korf's [22] LRTA* algorithm for stochastic environments. The algorithm and itsconvergence proof can be found in Appendix G.4.5 EXPLORATION-SENSITIVE MODELSA major practical di�culty with Q-learning in mdps is that the conditions needed to ensureconvergence to the optimal Q function and optimal policy make it impossible for a learningagent to ever adopt the optimal policy. In particular, an agent following the optimal policywill not visit every state and take every action in�nitely often, and this is necessary to assurethat an optimal policy is learned.John [20, 21] devised an approach to this problem based on the idea that any learningagent must continue to explore forever. Such an agent should still seek out actions that resultin high expected discounted total reward, but not to the exclusion of taking exploratoryactions. He found that better learning performance can be achieved if the Q-learning ruleis changed to incorporate the condition of persistent exploration. More precisely, in somedomains, John's learning rule performs better than standard Q-learning when exploration is12Such a criterion was also analyzed by Bertsekas and Shreve [6].13The necessity of this condition is clear since in this Q-learning algorithm we need to estimate theoperator miny:P (x;a;y)>0 from the observed transitions, and the underlying iterative method{as discussedin Section 3.2|is consistent only if the initial estimate is overestimating. Since we require only that Ttapproximates T at Q�, it is su�cient if the initial value of the process satis�es Q0 � Q�. Note thatQ0 =M=(1� 
) satis�es this condition, where M = max(x;a;y)R(x; a; y).23



retained, i.e., the discounted cumulated reward during learning was higher for his learningrule. However, this does not mean that his learning rule converges to a better estimate ofthe optimal Q-function: if exploration were stopped at some point late in the run, then it islikely that the myopic policy with respect to the Q-function learned by standard Q-learningwould perform better than the myopic policy with respect to the Q-function learned by hisrule.One concrete implementation of this idea is the followingmetapolicy . Given a Q functionand a small value e > 0, when in state x, take the action argmaxaQ(x; a) with probability1 � e and a random action from A with probability e. Assuming that an agent will selectactions according to this metapolicy (instead of, for example, the greedy metapolicy, whichalways selects the action with the highest Q value), which is a reasonable Q function to use?John shows empirically that the optimal Q function for the mdp is not always the bestchoice here. So instead of using the standard Q-learning update rule, he updates Q valuesbyQt+1(xt; at) :=(1� �t(xt; at))Qt(xt; at) + �t(xt; at) rt + 
  e 1jAjXa Qt(yt; a) + (1� e)maxa Qt(yt; a)!! :This update rule tries to learn the value of the exploring metapolicy instead of the value ofthe optimal mdp policy.It is not di�cult to apply the arguments of Section 4.1 to this variation of Q-learning toshow that the learned Q function converges to Q� de�ned byQ�(x; a) = R(x; a) + 
Xy P (x; a; y) e 1jAjXa Q�(y; a) + (1� e)maxa Q�(y; a)! : (10)(The operator of the corresponding generalized mdp are given as follows: N operator takesthe bizarre form (NQ)(x; a) = e(1=jAj)PaQ(y; a) + (1 � e)maxaQ(y; a) which is a non-expansion by the results of Appendix B, and L is the usual averaging operator underlyingthe transition probabilities P ). In addition, we can show that using this Q� in the metapolicyresults in the best possible behavior over the space of all policies generated by this metapolicy.The conclusion is that John's learning rule converges to the optimal Q function for this typeof exploration-sensitive mdp. These results are discussed in a forthcoming technical note [25].This update rule was also described by Rummery [35] in the context of variations of theTD(�) rule. In addition, Rummery explored a related update rule:Qt+1(xt; at) := (1� �t(xt; at))Qt(xt; at) + �t(xt; at) (rt + 
Qt(yt; bt)) ;where bt is chosen as the action in state yt stochastically according to the exploring metapol-icy. It can be viewed as an action-sampled version of John's update rule. This rule has alsobeen studied by John [21], and under the name \SARSA" by Sutton [47] and Singh andSutton [41]. Once again, it is possible to apply Theorem 3.1 to show that Qt converges toQ� as de�ned in Equation (10) [25]. (In Section 4.7 we describe a related algorithm in whichN is estimated by computing randomized maximums.)24



4.6 MODEL-BASED LEARNING METHODSThe de�ning assumption in reinforcement learning is that the reward and transition func-tions, R and P , are not known in advance. Although Q-learning shows that optimal valuefunctions can be estimated without ever explicitly learning R and P , learning R and P makesmore e�cient use of experience at the expense of additional storage and computation [29].The parameters of R and P can be learned from experience by keeping statistics for eachstate-action pair on the expected reward and the proportion of transitions to each nextstate. In model-based reinforcement learning, R and P are estimated on-line, and the valuefunction is updated according to the approximate dynamic-programming operator derivedfrom these estimates. Theorem 3.1 implies the convergence of a wide variety of model-basedreinforcement-learning methods.The dynamic-programming operator de�ning the optimal value for generalized mdps isgiven in Equation (1). Here we assume that L may depend on P and/or R, but N may not.It is possible to extend the following argument to allow N to depend on P and R as well. Inmodel-based reinforcement learning, R and P are estimated by the quantities Rt and Pt, andLt is an estimate of the L operator de�ned using Rt and Pt. As long as every state-actionpair is visited in�nitely often, there are a number of simple methods for computing Rt andPt that converge to R and P . A bit more care is needed to insure that Lt converges toL, however. For example, in expected-reward models, (L g)(x; a) = Py P (x; a; y)g(x; a; y)and the convergence of Pt to P guarantees the convergence of Lt to L. On the otherhand, in a risk-sensitive model, (L g)(x; a) = miny:P (x;a;y)>0 g(x; a; y) and it is necessary toapproximate P in a way that insures that the set of y such that Pt(x; a; y) > 0 convergesto the set of y such that P (x; a; y) > 0. This can be accomplished easily, for example, bysetting Pt(x; a; y) = 0 if no transition from x to y under a has been observed.Assuming P and R can be estimated in a way that results in the convergence of Lt to Land that Nt is a non-expansion (more precisely we need that the product of the \expansionindex" of Nt and 
 is smaller than one), the approximate dynamic-programming operatorTt de�ned by Tt(U; V )(x) = (NLt (Rt + 
V ) ; if x 2 �tU(x); otherwise,converges to T with probability one uniformly. Here, the set �t � X represents the set ofstates whose values are updated on step t; one popular choice is to set �t = fxtg.The functions Gt(x) = � 0; if x 2 �t;1; otherwise,and Ft(x) = � 
; if x 2 �t;0; otherwise,satisfy the conditions of Theorem 3.1 as long as each x is in in�nitely many �t sets (Condi-tion (3)) and the discount factor 
 is less than 1 (Condition (4)).As a consequence of this argument and Theorem 3.1, model-based methods can be used to�nd optimal policies in mdps, alternating Markov games, Markov games, risk-sensitive mdps,and exploration-sensitive mdps. Also, if Rt = R and Pt = P for all t, this result implies thatasynchronous dynamic programming converges to the optimal value function [2, 1].25



4.7 SAMPLED MAXThe asynchronous dynamic-programming algorithm uses insights from the reinforcement-learning literature to solve dynamic programming problems more e�ciently. At time stept+ 1, the algorithm has an estimate Vt of the optimal value function and is given a state xtat which to improve its estimate. It executes the update ruleVt+1(xt) = maxa2A  R(xt; a) + 
Xy P (xt; a; y)Vt(y)! : (11)The state xt is typically selected by following a likely trajectory through the state space,which helps the algorithm focus its computation on parts of the space that are likely to beimportant. The convergence of asynchronous dynamic programming to the optimal valuefunction (under the assumption that all states are visited in�nitely often) follows from thework of Gullapalli and Barto [13] and the results in this paper.When the set of actions is extremely large, computing the value of the maximum actionin Equation (11) becomes impractical. An alternative that has been suggested is to use theupdate ruleVt+1(xt) = (1� �t(xt))Vt(xt) + �t(xt) maxa2At  R(xt; a) + 
Xy P (xt; a; y)Vt(y)!! ; (12)where At is a random subset of A and �t(x) is the learning rate at time t for state x. The ideabehind this rule is that, if At is big enough, Equation (12) is just like Equation (11) exceptthat estimates from multiple time steps are blended together. Making At small comparedto A allows the update to made more e�ciently, at the expense of being a poor substitutefor the true update. For the purposes of the analysis presented here, we assume each At isgenerated independently by some �xed process. We assume the learning rates satisfy thestandard properties (square summable but not directly summable).We can show that the update rule in Equation (12) converges and can express (indirectly)what it converges to. The basic approach is to notice that choosing the maximum actionover a random choice of At corresponds to a particular probability distribution over ranks,that using this probability distribution directly would result in a convergent rule, and thatestimating it indirectly converges as well. Once the proper de�nitions are made, the analysismirrors that of Q-learning quite closely. The main di�erence is that Q-learning is a way toaverage over possible choices of next state whereas Equation (12) is a way of averaging overpossible choices of action.The �rst insight we will use is as follows. Consider the e�ect of selecting a random setAt and then computing argmaxa2At f(a). It is not hard to see that f induces a probabilitydistribution over the elements of A. Taking this a step further, note that this probabilitydistribution is exactly the same if we replace f with any order-preserving transformationof f . In fact, the method for selecting At induces a �xed probability distribution on therank positions of A: there is some probability (independent of f) that the selected a willresult in the largest value of f(a), some probability that it will result in the second largestvalue of f(a), and so on. Let �(i) be the probability that the a with the ith largest value off(a) is selected; this function can be derived (in principle) from the method for selecting At.26



(Note that it is possible for ties to exist in the rank ordering. We imagine these are brokenarbitrarily.)An a concrete example, we will quickly derive the � function for the case in which alla have probability p of being included in At. In this case, the maximum valued actionwill be included in At, and will therefore be selected as the maximum element in At, withprobability p. This implies that �(1) = p. The action with the second largest value will bechosen as the max if and only if it is included in At while the maximum valued action is not:�(2) = (1� p)p. Continuing in this way, we �nd that �(i) = (1� p)i�1p in general.Using the concepts introduced in the previous paragraphs, we can see that Equation (12)is equivalent toVt+1(xt) = (1� �t(xt))Vt(xt) + �t(xt) R(xt; at) + 
Xy P (xt; at; y)Vt(y)! ; (13)where action a is selected as at with probability �(i) and i is the rank position of action aunder one-step lookahead on Vt.Let I(i; V ) be the action with the ith largest value as computed by one-step lookaheadon V 14. De�neV �(x) = jAjXi=1 �(i) R(x; I(i; V �)) + 
Xy P (x; I(i; V �); y)V �(y)! ; (14)for all x. Because V � is de�ned by taking a �xed probability-weighted average of a rank-based selector function, it is a form of generalized mdp (see Appendix B). It follows fromthis that V � is well de�ned (for 
 < 1).If �(1) = 1, Equation (14) is precisely the Bellman equations de�ning the optimal valuefunction for an mdp. In general, any (non-metric) sampling method for estimating the bestaction will result in a di�erent rank-position probability function �.We next show that the update rule in Equation (12) results in the convergence of Vtto V � as de�ned in Equation (14) (i.e., not the optimal value function, in general). Todo this, we need to �rst de�ne a dynamic-programming operator T that captures a value-iteration method for �nding V �. This is a straightforward translation of Equation (14). Wenext need a sequence of dynamic programming operators Tt that capture the update rule inEquation (12). This is a simple translation of the equivalent Equation (13).To apply our stochastic-approximation theorem, we next need to de�ne functions Ft andGt and show that they satisfy a set of conditions. As the necessary de�nitions are preciselythe same as in our proof of the convergence of Q-learning (Section 4.1), we will not repeatthem here.The �nal step is to show that Tt approximates T at V �. In other words, we need to showthat Vt+1(xt) = (1� �t(xt))Vt(xt) + �t(xt) R(xt; at) + 
Xy P (xt; at; y)V �(y)! (15)converges to V � if at is selected according to �(i) as described above and every state is visitedin�nitely often. Equation (15) is a variation of Equation (13) in which V � is used in place of14For those who have already read Appendix B, we note that I(i; V ) = argordia(R(x; a)+
Py P (x; a; y)V ).27



Vt for one-step lookahead. Proving the convergence of Vt to V � under Equation (15) parallelsthe analogous result for Q-learning.The ease with which this �nal condition can be checked follows directly from the factthat we only require that the update rule emulate the true dynamic-programming operatorat a �xed value function, namely V �.In conclusion, the sampled max update rule, as de�ned in Equation (12), converges tothe value function V � as de�ned in Equation (14). Whether V � is a good approximationof the true value function depends on the sampling method used and the degree to whichsuboptimal action choices in the underlying mdp result in near optimal values.4.8 Q-LEARNING WITH SPREADINGRibeiro [33] argued that the use of available information in Q-learning is ine�cient: ineach step it is only the actual state and action whose Q-value is reestimated. The trainingprocess is local both in space and time. If some a priori knowledge of the \smoothness" of theoptimal Q-value is available then one can make the updates of Q-learning more e�cient byintroducing a so-called \spreading mechanism," which updates the Q-values of state-actionpairs in the vicinity of the actual state-action pair, as well.The rule studied by Ribeiro is as follows: let Q0 be arbitrary andQt+1(z; a) := (1��t(z; a)s(z; a; xt))Qt(z; a)+�t(z; a)s(z; a; xt)�rt + 
maxa Qt(yt; a)� ; (16)where �t(z; a) is the local learning rate of the state-action pair (z; a) which is 0 if a 6= at,s(z; a; x) is a �xed \similarity" function satisfying 0 � s(z; a; x), and hxt; at; yt; rti is theexperience of the agent at time t.The di�erence between the above and the standard Q-learning rule is that here we mayallow �t(z; a) 6= 0 even if xt 6= z, i.e., states di�erent from the actual may be updated, too.The similarity function s(z; a; x) weighs the relative strength at which the updates occur.(One could also use a similarity which extends spreading over actions. For simplicity we donot consider this case here.)Our aim here is to show that under the appropriate conditions this learning rule convergesand also we will be able to derive a bound on how far the converged values of this rule arefrom the optimal Q function of the underlying mdp. These results extend to generalizedmdps when maxa is replaced by any non-expansion operator N.Theorem 4 If1. X;A are �nite,2. Pr(yt = yjx = xt; a = at) = P (x; a; y),3. E[rtjx = xt; a = at; y = yt] = R(x; a; y) and Var[rtjxt; at; yt] is bounded,4. yt and rt are independent,5. the states, xt, are sampled from a probability distribution p1 2 �(X), with p1(x) > 0,28



6. s(z; a; �) � 0,7. �t(z; a) = 0 if a 6= at,8. �t(z; a) is independent of xt; yt and rt,9. 0 � �t(z; a), P1t=0 �t(z; a)s(z; a; xt) = 1 and P1t=0 �2t (z; a)s2(z; a; xt) < 1, both holduniformly with probability one.Then Qt as given by Equation (16) converges to the �xed point of the operator T : ((X�A)!<)! ((X � A)! <),(TQ)(z; a) = Xx2X ŝ(z; a; x) Xy2X P (x; a; y)�R(x; a; y) + 
maxb Q(y; b)� ; (17)where ŝ(z; a; x) = s(z; a; x)Py s(z; a; y)p1(y) :Proof: Note that by de�nition T is a contraction with index 
 since Px ŝ(z; a; x) = 1 for all(z; a). We use Theorem 3.1. LetTt(Q0; Q)(z; a) = (1� �t(z; a)s(z; a; xt))Q0(z; a) + �t(z; a)s(z; a; xt)�rt + 
maxa Q(yt; a)� :It can be checked that Tt approximates T at any �xed function Q. Moreover, Tt satis-�es Conditions (1) through (3) of Theorem 3.1 with Gt(z; a) = 1 � �t(z; a)s(z; a; xt) andFt(z; a) = 
�t(z; a)s(z; a; xt). q.e.d.It is interesting and important to ask how close Q0, the �xed point of T where T isde�ned by (17), is to the true optimal Q�. By Theorem 6.2 of Gordon [12] we have thatkQ0 �Q�k � 2�1� 
 ;where � = inff kQ�Q�k jFQ = Q g;where (FQ)(z; a) = Px ŝ(z; a; x)Q(x; a). This helps us to de�ne the spreading coe�cientss(z; a; x). Namely, let n > 0 be �xed and lets(z; a; x) = � 1; if i=n � Q�(z; a); Q�(x; a) < (i+ 1)=n for some i;0; otherwise,then we get immediately that � � 1=n. Of course, the problem with this is that we do notknow in advance the optimal Q-values. However, the above example gives us a guideline, howto de�ne a \good" spreading function: s(z; a; x) should be small (zero) for states z and x ifQ�(z; a) and Q�(x; a) di�er substantially, otherwise s(z; a; x) should take on larger values. Inother words, it is a good idea to de�ne s(z; a; x) as the degree of expected di�erence betweenQ�(z; a) and Q�(x; a). 29



Note that the above learning process is closely related to learning on aggregated states(if X = [iXi is a partition of X let s(z; a; x) = 1 if and only if z; x 2 Xi for some i,otherwise s(z; a; x) = 0) and also to learning using interpolator function approximators.In order to understand this, let us reformulate the model suggested by Gordon [12]. Letus �x a subset of X, say X0. This is the \sample space", which should be much smallerthan X. Let A : (X0 � A ! <) ! (X � A ! <) be a \function approximator". Themotivation behind this notion is that to each sample f(x1; a; y1); (x2; b; y2); : : : ; (xn; c; yn)g,where fx1; x2; : : : ; xng = X0, and a; b; : : : ; c 2 A, yi 2 <, A assigns a function de�ned onX � A. We assume that A is a non-expansion. Now, consider the processQt+1(z; a) := (1� �t(z; a)s(z; a; xt))Qt(z; a) + �t(z; a)s(z; a; xt)�rt + 
maxa [APQt](yt; a)� ;(18)where P projects (X � A ! <) to (X0 � A ! <), i.e., [PQ](x; a) = Q(x; a) for all(x; a) 2 X0 � A. As we noted above, Rule (16) works equally well if maxa is replacedby any non-expansion. In this particular case, this non-expansion is given by (NQ)(x) =maxa[APQ](x; a) (it is a non-expansion, since N is a composition of non-expansions). Thus,under the conditions of Theorem 4, this rule converges to the �xed point of the operator(TQ)(z; a) = Xx2X ŝ(z; a; x) Xy2X P (x; a; y) �R(x; a; y) + 
OQ(y; b)� :Note that in Equation (18) if z 2 X0 then the update of (z; a) depends only on the valuesof Qt(x0; a), where x0 2 X0. This means that it is su�cient to store these values during theupdate process|all the other values can be reproduced using A. Also, operator T can berestricted to X0 � A.If s(z; a; x) = 0 for all z 6= x (in this case the \reduced Q-table" is updated only ifxt 2 X0, which is somewhat wasteful15), then the above argument shows that Q-learningcombined with a non-expansive function approximator converges to the �xed point of theunderlying contraction, T : ((X0 � A)! <)! ((X0 � A)! <), where(TQ)(x; a) = Xy2X P (x; a; y)�R(x; a; y) + 
maxa [AQ](yt; a)� :Using standard non-expansion and contraction arguments Gordon proves that kAQ1�Q�k �2�=(1� 
), where TQ1 = Q1 and � = inffkQ�Q�k jAQ = Q g. We note that these resultsrely only on the non-expansion and contraction properties of the involved operators.The above convergence theorem can be extended to the case when the agent followsa given exploration \metapolicy" (e.g., by using the results from stochastic-approximationtheory [4]) which ensures that every state-action pair is visited in�nitely often and that thereexists a limit probability distribution over the states X. For example, persistently exciting(exploring) policies satisfy these conditions. A stochastic policy � = �(x; a) is persistently15Gordon also considered brie
y the other case, when s(z; a; x) can be non-zero for z 6= x, and stated thatthis is equivalent to introducing hidden states into the derived mdp and concluded, pessimistically, that wethen run the risk of divergence. The above argument shows that, under appropriate conditions, this is notthe case. 30



exciting if the Markov chain with state set S = X�A and given by the transition probabilitiesp((x; a); (y; b)) = P (x; a; y)�(y; b) is strongly ergodic16. This means that if the agent uses� then it will visit every state-action pair in�nitely often; moreover, given any initial statethere exists a limit distribution, p1(x; a), of Pr(x = xt; a = at) which satis�es p1(x; a) > 0for all (x; a). Since Pr(xt = x; at = a) = Pr(at = ajxt = x)P (xt = x) = �(x; a) Pr(xt = x),under the above conditions the limiting distribution (let us denote it by p1(x)) of Pr(xt = x)exists as well, and satis�es p1(x) = p1(x; a)=�(x; a);(a is arbitrary!) and thus p1(x) > 0 17.All this shows that, under a persistently exciting policy, there exists a probability distri-bution p1 over X such that xt is sampled asymptotically according to p1 . As a consequence,we have that the conclusion of Theorem 4 still holds in this case.Ribeiro and Szepesv�ari studied the above process when s(z; a; x) is replaced by a timedependent function which is also a function of the actual action, that is, the spreadingcoe�cient of (z; a) at time t is given by st(z; a; xt; at) [32]. By using Theorem 3.1 theyhave shown that if st(z; a; xt; at) � �(z = xt; a = at) converges to zero no more slowly thandoes �t(z; a), and the expected time between two successive visits of all state-action pairs isbounded, then Qt, as de�ned by the appropriately modi�ed Equation (16), converges to thetrue optimal Q function, Q�.This algorithm, therefore, can make more e�cient use of experience than Q-learning does,and still converge to the same result.5 CONCLUSIONSWe have presented a general model for analyzing dynamic-programming and reinforcement-learning algorithms and have given examples that show the broad applicability of our results.This section provides some concluding thoughts.5.1 RELATED WORKThe work presented here is closely related to several previous research e�orts. Szepesv�ari [50,48] described a generalized reinforcement-learning model that is both more and less generalthan the present model. His model enables more general value propagation than L(R+
V )with 
 < 1 but is restricted to maximization problems, i.e., when N = max. He proves that,under mild regularity conditions such as continuity and monotonicity of the value propaga-tion operator, the Bellman optimality equation is satis�ed and policy and value iteration arevalid algorithms. He also treats non-Markovian policies. The main di�culty of this approachis that one has to prove �xed-point theorems without any contraction assumption and for16Some authors call a policy � persistently exciting if the Markov chain overX with transition probabilitiesp(x; y) =Pa �(x; a)p(x; a; y) is strongly ergodic. These two de�nitions are equivalent only if �(x; a) > 0 forall (x; a).17Another way to arrive at these probabilities is to consider the Markov chain with states X and transitionprobabilities p(x; y) =Pa �(x; a)P (x; a; y): 31



in�nite state and action spaces. His model can be viewed as the continuation of the workof Bertsekas [5] and Bertsekas and Shreve [6], who proved similar statements under di�erentassumptions.Waldmann [58] developed a highly general model of dynamic-programming problems,with a focus on deriving approximation bounds. Heger [15, 16] extended many of the stan-dard mdp results to cover the risk-sensitive model. Although his work derives many of theimportant theorems, it does not present these theorems in a generalized way to allow them tobe applied to any other models. Verdu and Poor [56] introduced a class of abstract dynamic-programming models that is far more comprehensive than the model discussed here. Theirgoal, however, was di�erent from ours: they wanted to show that the celebrated \Principleof Optimality" discovered by Bellman relies on the fact that the order of selection of optimalactions and the computation of cumulated rewards can be exchanged as desired: in additionto permitting non-additive operators and value functions with values from any set (not justthe real numbers), they showed how, in the context of �nite-horizon models, a weaker \com-mutativity" condition is su�cient for the principle of optimality to hold. For in�nite modelsthey have derived some very general results18 that are too general to be useful in practice.Jaakkola, Jordan, and Singh [19] and Tsitsiklis [53] developed the connection betweenstochastic-approximation theory and reinforcement learning in mdps. Our work is similar inspirit to that of Jaakkola, et al. We believe the form of Theorem 3.1 makes it particularlyconvenient for proving the convergence of reinforcement-learning algorithms; our theoremreduces the proof of the convergence of an asynchronous process to a simpler proof of con-vergence of a corresponding synchronized one. This idea enables us to prove the convergenceof asynchronous stochastic processes whose underlying synchronous process is not of theRobbins-Monro type (e.g., risk-sensitive mdps, model-based algorithms, etc.) in a uni�edway.5.2 FUTURE WORKThere are many areas of interest in the theory of reinforcement learning that we would like toaddress in future work. The results in this paper primarily concern reinforcement-learning incontractive models (
 < 1), and there are important non-contractive reinforcement-learningscenarios, for example, reinforcement learning under an average-reward criterion [38, 27].Extending Theorem 3.1 to all-policies-proper mdps should not be too di�cult. Actor-criticsystems and asynchronous policy iteration would also worth the study. It would be interestingto develop a TD(�) algorithm [45] for generalized mdps; this has already been done formdps [30] and exploration-sensitive mdps [35]. Theorem 3.1 is not restricted to �nite statespaces, and it might be valuable to prove the convergence of a �nite reinforcement-learningalgorithm for an in�nite state-space model. A proof of convergence for modi�ed policyiteration [31] in generalized mdps should not be di�cult.18Here is an example of their statements translated into our framework. They �rst show that from theircommutativity condition it follows that TnV = V �n , where V �n is the n-step optimal value function, V is theterminal reward function. Now, the statement which concerns in�nite-horizon models goes like this: if V �nconverges to V � (their Condition 3 [56]) then TnV converges to V �. The problem is that, in practice, it isusually clear that V �n = TnV , but it is much harder to show that V �n converges to V � [5, 48].32



Another possible direction for future research is to apply to modern ODE (ordinary dif-ferential equation) theory of stochastic approximations. If one is given a de�nite explorationstrategy then this theory may yield results about convergence, speed of convergence, �nitesample size e�ects, optimal exploration, limiting distribution of Q-values, etc.5.3 CONCLUSIONBy identifying common elements among several sequential decision-making models, we cre-ated a new class of models that generalizes existing models in an interesting way. In thegeneralized framework, we replicated the established convergence proofs for reinforcementlearning in Markov decision processes, and proved new results concerning the convergenceof reinforcement-learning algorithms in game environments, under a risk-sensitive assump-tion, and under an exploration-sensitive assumption. At the heart of our results is a newstochastic-approximation theorem that is easy to apply to new situations.A OPTIMAL VALUE FUNCTION IS UNIQUEWe consider a generalized mdp de�ned by hX;A;R; P;N;Li, where N and L are non-expansions. We use Q : X � A ! < to stand for Q functions and V : X ! < to stand forvalue functions. We de�ne TV = NL(R + 
V ), KQ = L(R + 
NQ), V � = TV �, andQ� = KQ�.It is the non-expansion property of T and K that will be most convenient for provingresults about them. Here is the �rst.Lemma 5 The T and K operators are contraction mappings if 
 < 1. In particular, if V1and V2 are value functions and Q1 and Q2 are Q functions, kTV1� TV2k � 
kV1� V2k, andkKQ1 �KQ2k � 
kQ1 �Q2k.Proof: We address the T operator �rst. By the de�nition of T , we havekTV1 � TV2k = kOM(R + 
V1)�OM(R + 
V2)k� kM(R + 
V1)�M(R + 
V2)k� k(R + 
V1)� (R + 
V2)k� 
kV1 � V2k:The de�nition of K give uskKQ1 �KQ2k = kOM(R + 
Q1)�OM(R + 
Q2)k� kM(R + 
Q1)�M(R + 
Q2)k� k(R + 
Q1)� (R + 
Q2)k = 
kQ1 �Q2k:Another way to prove this is the following: the composition of a contraction with anon-expansion (in arbitrary order) is a contraction with the same index. Since the mappingV 7! R + 
V is a contraction with index 
 the desired result follows. q.e.d.33



Because the operator T is guaranteed to bring two value functions closer together, and theoperatorK is guaranteed to bring two Q functions closer together, they are called contractionmappings.Because all the results in this chapter are stated in terms of norms, they apply to any up-date rule as long as the dynamic-programming operator under consideration is a contractionmapping. (See recent work by Tsitsiklis and van Roy [55] for the use of another importantand interesting norm for reinforcement learning.) The fact that the optimal value functionsare well de�ned does not imply that they are meaningful; that is, it may be the case thatthe optimal value function is not the same as the value function for some appropriately de-�ned optimal policy. The results in this section apply to value functions de�ned by Bellmanequations; to relate the Bellman equations to a notion of optimality, it is necessary to putforth arguments such as are given in Puterman's book [31].Theorem 5 For any generalized Markov decision process, if 
 < 1 then there is a uniqueV �, called the optimal value function, such that V � = TV �; a unique Q�, called the optimalQ function, such that Q� = KQ�; and an optimal (possibly stochastic) policy, ��, such thatV �(x) = Pa ��(x; a)Q�(x; a).Proof: From Lemma 5, the T and K operators for the generalized mdp are contractionmappings with respect to the max norm. The existence and uniqueness of V � and Q� followdirectly from the Banach �xed-point theorem [44].We can de�ne the optimal value function and the optimal Q function in terms of eachother: V � =OQ�; (19)and Q� = L(R+ 
V �). These equations can be shown to be valid from the de�nitions of Kand T and the uniqueness of Q� and V �.By Condition (2) of N and Equation (19),mina Q�(x; a) � V �(x) � maxa Q�(x; a):Therefore, it is possible to de�ne a stochastic policy �� such thatV �(x) =Xa ��(x; a)Q�(x; a): q.e.d.The use of the word optimal is somewhat strange since V � need not be the largest orsmallest value function in any sense; it is simply the �xed point of the dynamic-programmingoperator T . This terminology comes from the Markov decision process model, where V � isthe largest value function of all policies and is retained for consistency.B SOME NON-EXPANSION SUMMARY OPERA-TORSIn this section, we prove several properties associated with functions that summarize setsof values. These summary operators are important for de�ning generalized Markov decision34



processes, which involve summaries over the action set A and the set of next states (we needthe results presented here when discussing simultaneous Markov games and exploration-sensitive models).Let I be a �nite set and h : I ! <. We de�ne a summary operator J over I to be afunction that maps a real-valued function over I to a real number. The maximum opera-tor maxi2I h(i) and the minimum operator mini2I h(i) are important examples of summaryoperators.Let h be a real-valued function over I. We say a summary operator J is a conservativenon-expansion if it satis�es two properties: it is conservativemini2I h(i) �K h � maxi2I h(i); (20)and it is a non-expansion ���K h�K h0��� � maxi2I jh(i)� h0(i)j: (21)We will show that the max and min summary operators are both conservative non-expansions, after proving a series of related results.Usually, in mdps, we deal with multidimensional operators, i.e., operators of the formT : I ! <n. De�ne Ti : (I ! <)! < as Tix = (Tx)i, i.e., Tx = (T1x; : : : ; Tnx); the Tis arethe coordinate-wise components of T . Non-expansion operators have the nice property thatif they are non-expansions componentwise then they are non-expansions as well. The sameis true for the conservativeness of operators. This is our �rst theorem.Theorem 6 Let T : (I ! <) ! <n be an arbitrary operator. If Ti is non-expansion/conservative (i = 1; 2; : : : ; n) then T is non-expansion/conservative.Proof: For brevity let k � k denote the max norm, khk = maxi jh(i)j. Let h; h0 2 (I ! <)be two functions. Then, since Ti is a non-expansion, j(Th � Th0)ij = j(Th)i � (Th0)ij =jTih� Tih0j � kh� h0k. Then, kTh� Th0k = maxi j(Th� Th0)ij � maxi jh� h0j = kh� h0k.That T is conservative follows immediately since h � h0 if and only if h(i) � h0(i) for alli 2 I. q.e.d.Note that if jJ j = n then the set J ! < can be identi�ed with <n.Let h and h0 be real-valued functions over I. For i 2 I, let Ji be the summary operatorJi h = h(i) (Ji is the projection operator).Theorem 7 The summary operator Ji is a conservative non-expansion.Proof: Condition (20) requires that Ji h = h(i) lie between mini02I h(i0) and maxi02I h(i0).This holds trivially.To see that Condition (21) holds, note that jJi h�Ji h0j = jh(i)�h0(i)j � maxi02I jh(i0)�h0(i0)j: q.e.d.We next examine a more complicated set of non-expansions. For real-valued function hover I, let ordnh be the nth largest value in fh(i)ji 2 Ig (1 � n � jIj). According to thisde�nition, ord1h = maxi h(i) and ordjIjh = mini h(i). We will show that the ordn summary35



operator is a conservative non-expansion for all 1 � n � jIj. To do this, we show that pairingtwo sets of numbers in their sorted order minimizes the largest pairwise di�erence betweenthe sets of numbers.Lemma 6 Let h1; h2; g1; g2 be real numbers. If h1 � h2 and g1 � g2 thenmaxi=1;2 jhi � gij � maxi 6=j; i;j=1;2 jhi � gjj:Proof: Two bounds can be proven separately:jh1 � g1j = max(h1 � g1; g1 � h1)� max(h2 � g1; g2 � h1)� maxi 6=j; i;j=1;2 jhi � gjj:and jh2 � g2j = max(h2 � g2; g2 � h2)� max(h2 � g1; g2 � h1)� maxi 6=j; i;j=1;2 jhi � gjj:Combining these two inequalities proves the lemma. q.e.d.We use Lemma 6 to create a bound involving the ordn summary operator.Lemma 7 Let h1 and h2 be real-valued functions over I. Thenmax1�n�jIj jordnh1 � ordnh2j � maxi2I jh1(i)� h2(i)j:Proof: Both quantities in the inequality involve taking a maximum over di�erences betweenmatched pairs of values. This lemma states that, of all possible matchings, pairing valueswith the same position in a sorted list of values gives the smallest maximum di�erence.To prove this, we argue that, from any matching that violates the sorted order we canproduce a matching that is \more sorted" without increasing the maximum di�erence (andperhaps decreasing it). The idea is that we can �nd a pair of pairs of values that are matchedout of order, and swap the matching for that pair. By Lemma 6, the resulting matching hasa maximum di�erence no larger than the previous matching. After generating pairings thatare more and more sorted, we eventually reach the totally sorted matching. Since the initialmatching was arbitrary, the lemma follows. q.e.d.That ordn is a conservative non-expansion follows easily from Lemma 7.Theorem 8 The ordn operator is a conservative non-expansion for all 1 � n � jIj.36



Proof: Condition (20) is satis�ed easily since it is always the case that ordnh = h(i) forsome i 2 I.To verify Condition (21), let h1 and h2 be real-valued functions over I. It follows fromLemma 7 that jordnh1 � ordnh2j � maxn jordni2Ih1(i)� ordni2Ih2(i)j� maxi2I jh1(i)� h2(i)j:Since n was arbitrary, the theorem is proved. q.e.d.Theorems 7 and 8 state that two very speci�c classes of summary operators are conserva-tive non-expansions. The next theorem makes it possible to create more complex conservativenon-expansions by blending conservative non-expansions together.Theorem 9 If J1 and J2 are conservative non-expansions, then for any 0 � � � 1, thesummary operator K(1+2);�h = �K1h+ (1� �)K2his a conservative non-expansion.Proof: Once again, Condition (20) is not di�cult to verify since the operators are beingcombined using a convex weighted average.Condition (21) follows from����K(1+2);�h�K(1+2);�h0����= ����K1h+ (1� �)K2h� ��K1h0 + (1� �)K2h0����= ���� �K1h�K1h0�+ (1� �) �K2h�K2h0����� � ���K1h�K1h0���+ (1� �) ���K2h�K2h0���� �maxi2I jh(i)� h0(i)j+ (1� �)maxi2I jh(i)� h0(i)j = maxi2I jh(i)� h0(i)j:The proof is easily extended to weighted averages of more than two operators. q.e.d.The previous theorem demonstrated one way of making conservative non-expansionsout of other conservative non-expansions by averaging. The next theorem shows a moresophisticated method for constructing conservative non-expansions.If J1 is a summary operator over I1, and J2 is a summary operator over I2, we de�nethe composition of J1 and J2 to be a summary operator over I1 � I2,(K1 �K2)h =K1K2h:Theorem 10 Let J = J1 �J2 for conservative non-expansions J1 over I1 and J2 overI2. Then J over I = I1 � I2 is a conservative non-expansion.37



Proof: Let h and h0 be real-valued functions over I. For Condition (20), we see thatK h = �K1 �K2�h= K1K2h� maxi12I1(K2h)((i1; i2)) � maxi12I1 maxi22I2 h((i1; i2)) � max(i1;i2)2I h((i1; i2)):The argument that J h � min(i1;i2)2I h((i1; i2)) is similar.For Condition (21),���K h�K h0���= ���(K1 �K2)h� (K1 �K2)h0���= ���K1K2h�K1K2h0���� maxi12I1 ���(K2h)((i1; i2))� (K2h0)((i1; i2))���� maxi12I1 maxi22I2 jh((i1; i2))� h0((i1; i2))j = max(i1;i2)2I jh((i1; i2))� h0((i1; i2))j:This proves that J is a conservative non-expansion. q.e.d.As a non-trivial application of the preceding theorems, we will show that the minimaxsummary operator, used in Markov games, is a conservative non-expansion. Let A1 and A2be �nite sets. The minimax summary operator over A1 � A2 is de�ned asminimax h = max�2�(A1) mina22A2 Xa12A1 �[a1]h((a1; a2)):Let � 2 �(A1) and let h1 be a real-valued function over A1. De�neKa12A1�h1(a1) = Xa12A1 �[a1]h1(a1);by Theorem 9 and Theorem 7, J� is a conservative non-expansion. Let h be a real-valuedfunction over A1�A2. By Theorem 8, the minimum operator is a conservative non-expansion.Rewriteminimax(a1;a2)2A1�A2h((a1; a2)) = max�2�(A1) �min �K��(a2;a1)2A2�A1 h((a1; a2));minimax is a conservative non-expansion by Theorem 10. The compactness of the set �(A1)of probability distributions over A1 ensures that the above operator is well de�ned.The class of conservative non-expansions is quite broad. It is tempting to think that anyoperator that satis�es Condition (20) will be a non-expansion. Boltzmann averaging is anexample where this is not the case [26]. It is also easy to construct summary operators thatare non-expansions, but not conservative: J h = 1 +maxi h(i).38



C POLICY ITERATION ANDMAXIMIZINGMOD-ELSAppendix B describes a collection of important non-expansion operators based on elementselection, ordering, convex combinations, and composition. All of these operators obey anadditional monotonicity property as well.Operator J is monotonic if, for all real-valued functions h and h0 over a (�nite) set I,h(i) � h0(i) for all i 2 I implies K h �K h0:Theorem 11 The following summary operators are monotonic: Ji for all i 2 I, ordn forall 1 � n � jIj, J(1+2);� for all 0 � � � 1 if J1 and J2 are monotonic, and J1 �J2 ifJ1 and J2 are monotonic. An operator T : <n ! <m is monotonic if and only if for alli = 1; 2; : : : ; m Ti is a non-expansion. Moreover, if T : <n ! <m and S : <m ! <k aremonotonic then ST : <n ! <k is monotonic, too.Proof: The monotonicity of Ji, J(1+2);� , and J1 �J2 follow immediately from their de�-nitions. The monotonicity of ordn can be proven by considering the e�ect of increasing h(i)to h0(i) for each i 2 I, one at a time. A simple case analysis shows that each increase inh(i) cannot decrease the value of ordnh. The rest follows since comparisons are performedcomponentwise. q.e.d.D POLICY-ITERATION CONVERGENCE PROOFIn this section, we develop the necessary results to show that the generalized policy-iterationalgorithm of Section 2.3 converges to the optimal value function. We will �rst prove severalsimple lemmas that illuminate the fundamental properties of value functions in maximizinggeneralized mdps.First, for maximizing generalized mdps, a single step of value iteration on a value functionassociated with a mapping ! results in a value function that is no smaller.Lemma 8 For all ! : X !R, TV ! � V !.Proof: From Equation (1), the constraints on N, and the de�nition of V !,[TV !](x) = (OM (R + 
V !))(x)= max�2R (O�M (R + 
V !))(x)� �O!(x)M (R + 
V !)� (x) = V !(x): q.e.d.Let T ! be the dynamic-programming operator associated with the mapping ![T !V ](x) = �O!(x)M (R + 
V )� (x):The next lemma says that the monotonicity properties of N and L carry over to T and T !.39



Lemma 9 The mappings T and T ! are monotonic for maximizing generalized mdps.Proof: For value functions V and V 0, we want to show that if V � V 0, then TV � TV 0 andT !V � T !V 0. This follows easily from the de�nitions and the monotonicity of the operatorsinvolved and because composition of operators preserves monotonicity. q.e.d.Theorem 3 (of Section 2.3) states that the optimal value function dominates the valuefunctions for all !. We will now prove this using Lemmas 8 and 9.From Lemma 8, we have that V ! � TV ! for all !. Combining this with the result ofLemma 9, we have TV ! � T (TV !). By induction and transitivity, V ! � (T )kV ! for allintegers k � 0 where (T )k corresponds to the application of T repeated k times. Becauselimk!1(T )kV ! = V �, it follows that V ! � V �, proving the �rst part of Theorem 3, i.e.,that V � � max! V !. (This last inequality is easily proved if we assume that minaQ(x; a) �[N�Q](x) � maxaQ(x; a) holds for all Q and x 2 X. Then, as it was noted in Section 8, toevery �-policy ! we may assign a stochastic policy � withN! =N� and thus with T � = T !.From this, the desired inequality follows immediately.) That V � = max! V !, follows fromLemma 3, proved next.The �nal result we need relates the convergence of policy iteration to that of valueiteration. Let Ut be the iterates of value iteration and Vt be the iterates of policy iteration,starting from the same initial value function. Let !t : X ! R be the sequence of mappingssuch that Vt = V !t.Lemma 3 states that, for all t and x 2 X, Ut(x) � Vt(x) � V �(x). We proceed byinduction. Clearly U0(x) � V0(x), because they are de�ned to be equal. Now, assume thatUt(x) � Vt(x) � V �(x). By Lemma 9, TUt(x) � TVt(x). By de�nition, TUt(x) = Ut+1(x),by Lemma 8, Vt � TVt, and by de�nition TVt = T !tVt. Now by an argument similar to theproof of Theorem 3, TVt = T !t+1Vt � (T !t+1)kVt � V !t+1 = Vt+1:Therefore, Ut+1(x) � Vt+1(x). By Theorem 3, Vt+1(x) = V !t+1 � V �(x), completing theproof of Lemma 3.Lemma 3 and Lemma 1 (which stated that value iteration converges) together imply theconvergence of policy iteration. Lemma 3 also provides a bound on the convergence rate ofthe algorithm; it is no slower than value iteration, but perhaps faster.E REDUCTION OF SOME PARALLEL ITERATIVEPROCEDURES TO SIMPLER ONESJaakkola et al. [19] proved (Lemma 2) that if�t+1(x) � Gt(x)�t(x) + Ft(x)k�tk (22)and Ft � 
(1 � Gt) for some 0 � 
 < 1 and limn!1Qnt=kGt = 0 with probability oneuniformly over X for all k > 0 then the process of Equation (22) converges to zero withprobability one uniformly over X. To be precise, the conditions of their Lemma are not40



exactly the same as the above conditions. Particularly, they assume that condition Ft �
(1�Gt) holds only in the conditional mean with respect to the history of the process andmake some additional assumptions concerning Gt.We may expect that, for $Deltat ! 0, a �t(x) which satis�es�t+1(x) � Gt(x)�t(x) + Ft(x)(k�tk+ k�tk)(see Equation (4)) still converges to zero since it is just a perturbed version of the processof Equation (22) where the perturbation converges to zero. Indeed, according to Lemma 12stated and proved below, this process converges to zero with probability one uniformly overX. Before proving Lemma 12 we prove some additional statements that are required for theproof. The proof of Lemma 12 follows along the same lines as the proof of Lemma 2 ofJaakkola et al. [19]. First, we prove a simpli�ed version of Lemma 12 then a rather technicallemma follows. (It may be considered as an extension to Jaakkola et al.'s Lemma 1 [19].)This lemma is about the convergence of homogeneous processes. We will use this result toshow that the perturbation caused by �t can be neglected. Finally, the proof of Lemma 12follows. We would like to emphasize that the main result of this section is Lemma 10 sincethis is the very point in the proofs when we must take into account that di�erent componentsof �t(x) change independently of each other.E.1 THE MAIN CONVERGENCE LEMMANow, we prove our version of Jaakkola et al.'s [19] Lemma 2. Note that both our assumptionsand our proof are slightly di�erent from theirs.Lemma 10 Let Z be an arbitrary set and consider the sequencext+1(z) = gt(z)xt(z) + ft(z)kxtk; (23)where z 2 Z and kx1k < C < 1 with probability one for some C > 0. Assume that for allk limn!1Qnt=k gt(z) = 0 uniformly in z with probability one and ft(z) � 
(1 � gt(z)) withprobability one. Then kxtk converges to 0 with probability one.Proof: We will prove that for each �; � > 0 there exist an index T = T (�; �) <1 (possiblyrandom19) such that Pr(supt�T kxtk < �) > 1� �: (24)Fix arbitrary �; � > 0 and a sequence of numbers p1; : : : ; pn; : : : satisfying 0 < pn < 1 to bechosen later.19Note that in probability textbooks usually T is not allowed to be random. However, the following shorttrain of thoughts justi�es that T can be random and almost sure convergence still holds. First, note thatPr �supk�t jxtj � �� � Pr((supT�t jxtj � �; (T > k)) or (T > k)) � Pr(supT�t jxtj � �) + Pr(T > k): Now,�x an arbitrary �; � > 0 and let T0 = T (�; �=2), and let k = k(�; �) be a natural number, large enough sothat Pr(T0 > k) < �=2. Such a number exists since T0 <1. Then, Pr(supk�t jxtj < �) � Pr(supT0�t jxtj ��) + Pr(T0 > k) < � which was the desired result. 41



We have that xt+1(z) = gt(z)xt(z) + ft(z)kxtk� gt(z)kxtk+ ft(z)kxtk� (gt(z) + ft(z))kxtk� kxtk;since, by assumption, gt(z) + ft(z) � gt(z) + 
(1� gt(z)) � 1. Thus, we have that kxt+1k �kxtk for all t and, particularly, kxtk � C1 = kx1k holds for all t. Consequently, the processyt+1(z) = gt(z)yt(z) + 
(1� gt(z))C1 (25)with y1 = x1 estimates the process fxtg from above: 0 � xt � yt holds for all t. The processyt converges to 
C1 with probability one uniformly over Z and, thus,lim supt!1 kxtk � 
C1with probability one. Thus, there exist an index, say M1, for which if t > M1 then kxtk �(1+
)=2C1 with probability p1. Assume that up to some index i � 1 we have found numbersMi such that when t > Mi then kxtk � �1 + 
2 �iC1 = Ci+1 (26)holds with probability p1p2 : : : pi. Now let us restrict our attention to those events for whichInequality (26) holds. Then we see that the processyMi = xMiyt+1(z) = gt(z)yt(z) + 
(1� gt(z))Ci+1; t �Mibounds xt from above from the index Mi. Now, the above argument can be repeated toobtain an index Mi+1 such that Inequality (26) hold for i+1 with probability p1p2 : : : pipi+1.Since (1 + 
)=2 < 1, there exists an index k for which ((1 + 
)=2)kC1 < �. Then we getthat Equation (24) is satis�ed when we choose p1; : : : ; pk in a way that p1p2 : : : pk � 1 � �and we let T =Mk(= Mk(p1; p2; : : : ; pk)). q.e.d.When Equation (23) is subject to decaying perturbations, say �t, then the proof does notapply any more. The problem is that kxtk � kx1k (or kxT+tk � kxTk, for large enough T )can no longer be ensured without additional assumptions. For xt+1(z) � kxtk to hold, wewould need that 
�t � (1� 
)kxtk, and if lim inft!1 kxtk = 0 then we could not check thisrelation a priori . Thus we choose another way to prove Lemma 12. Notice �rst, that thekey idea in the above proof is to bound xt by yt. This can be done if we assume that xt iskept bounded arti�cially, e.g., by scaling. The next subsection shows that such a change ofxt does not e�ect the convergence properties.42



E.2 SCALED HOMOGENEOUS PROCESSESThe next lemma is about homogeneous processes, that is about processes of formxn+1 = Gn(xn; �n); (27)where Gn is a random function which is homogeneous, i.e.,�Gn(x; �) = Gn(�x; ��) (28)holds for all � > 0, x and �. We are interested in the question whether xn converges to zeroor not. Note that �t de�ned by Inequality (4), when the inequality is replaced by equality,is a homogeneous process. The lemma below says that, under additional conditions, it isenough to prove the convergence of a modi�ed process which is kept bounded by scaling tozero, that is, for the processyn+1 = �Gn(yn; �n); if kGn(yn; �n)k � T ;T Gn(yn; �n)=kGn(yn; �n)k; otherwise, (29)where T > 0 is an arbitrary �xed number.Let us denote the solution of Equation (27) corresponding to the initial condition x0 = wand the sequence � = f�kg by xn(w; �): Similarly, let us denote the solution of Equation (29)corresponding to the initial condition y0 = w and the sequence � by yn(w; �).We say that the process xn is insensitive to �nite perturbations of � if it holds that ifxn(w; �) converges to zero then so does xn(w; �0), where �0 is an arbitrary sequence that di�ersonly in a �nite number of terms from �. Further, we say that the process xn is insensitiveto scaling of � by numbers smaller than 1, if for all 0 < c < 1 there holds that if xn(w; �)converges to zero then so does xn(w; c�).Lemma 11 Let us �x an arbitrary positive number T and an arbitrary w0 and sequence �.Then, a homogeneous process xn(w0; �) converges to zero with probability one, provided thatxn is insensitive to �nite perturbations of � and also xn is insensitive to the scaling of � bynumbers smaller than one and yn(w0; �) converges to zero.Proof: Let ck be an arbitrary sequence of reals. For convenience, we will denote the productsequence fck�kg by c�. We state thatyn(w; �) = xn(dnw; c�) (30)for some sequences fcng and fdng satisfying 0 < cn; dn � 1. Note that yn(w; �), and alsoxn(w; �) depends only on �1; : : : ; �n�1. Thus, it is possible to prove Equation (30) by con-structing the appropriate sequences cn and dn.Initially set ci = di = 1 for all i = 0; 1; 2; : : :. Then, Equation (30) holds for n = 0. Letus assume that Equation (30) holds for n. Let Sn be the \scaling coe�cient" of yn at step(n+ 1) (Sn = 1 if there is no scaling, otherwise 0 < Sn < 1 with Sn = T=kGn(yn; �n)k ):yn+1(w; �) = SnGn(yn(w; �); �n)= Gn(Snyn(w; �); Sn�n)= Gn(Snxn(dnw; c�); Sn�n):43



We claim that Sxn(w; �) = xn(Sw; S�) (31)holds for all w, � and S > 0.For n = 0, this obviously holds. Assume that it holds for n. ThenSxn+1(w; �) = SGn(xn(w; �); �n)= Gn(Sxn(w; �); S�n)= Gn(xn(Sw; S�); S�n)= xn+1(Sw; S�):Thus, yn+1(w; �) = Gn(xn(Sndnw; Snc�); Sn�n)and we see that Equation (30) holds if we rede�ne c0; : : : ; cn as ci := Snci, i = 0; : : : ; n andwe let cn+1 = Sn and dn+1 = Sndn.Thus, we �nd that with the sequencescn+1 = 1Yj=nSjand dn+1 = nYi=1Si(we assume that S1 = 1), Equation (30) is satis�ed.Now, assume that we want to prove for a particular sequence � and initial value w thatlimn!1xn(w; �) = 0 (32)holds with probability one. It is enough to prove that Equation (32) holds with probability1� � when � > 0 is an arbitrary, small enough number.We know that yn(w; �) ! 0 with probability one. We may assume that T > �. Then,there exist an index M =M(�) such that if n > M thenPr(kyn(w; �)k < �) > 1� �:Now, let us restrict our attention to those events for which kyn(w; �)k < � for all n > M . Since� < T , we get that there is no rescaling after step M : Sn = 1 if n > M . Thus, if n < M thencn+1 = �Mj=nSj, and cn+1 = 1 if n � M . Similarly, if n > M then dn+1 = QMi=1 Si = dM+1.By Equation (30), we have that if n > M thenyn(w; �) = xn(dM+1w; c�):Thus, we have that xn(dM+1w; c�) converges to zero and by Equation (31), xn(w; c�=dM+1)converges to zero. Since xn is insensitive to �nite perturbations, xn(w; �=dM+1) also convergesto zero, and further since dM+1 < 1, xn(w; �) converges to zero, too (xn is insensitive to scalingof � by dM+1). All these hold with probability at least 1��. Since � was arbitrary, the lemmafollows. q.e.d.Now, we are in the position to prove that Lemma 10 is immune against decaying pertur-bations. 44



Lemma 12 Assume that the conditions of Lemma 10 are satis�ed but Equation (23) isreplaced by xt+1(z) = gt(z)xt(z) + ft(z)(kxtk+ �t); (33)where �t � 0 and �t converges to zero with probability one. Then xt(z) still converges to zerowith probability 1 uniformly over Z.Proof: We follow the proof of Lemma 11. First, we show that the process of Equation (33)satis�es the assumptions of Lemma 11 and, thus, it is enough to consider the version ofEquation (33) that is kept bounded by scaling.First, note that xt is a homogeneous process. Let us prove that xt is immune against�nite perturbations of �. To this end, assume that �0t di�ers only in a �nite number of termsfrom �t, and let yt+1(z) = gt(z)yt(z) + ft(z)(kytk+ �0t):Take kt(z) = jxt(z)� yt(z)j:Then, kt+1(z) � gt(z)kt(z) + ft(z)(kkt(z)k + j�t � �0tj):For large enough t, kt+1(z) � gt(z)kt(z) + ft(z)kkt(z)k;which is known to converge to zero by Lemma 10. Thus, xt and yt both converge or notconverge and if one converges then the other must converge to the same value.The other requirement that we must satisfy to be able to apply Lemma 11 is that xnis insensitive to scaling of the perturbation by numbers smaller than one; let us choose anumber 0 < c < 1 and assume that xn(w; �) converges to zero with probability one. Then,since xn(w; c�) � xn(w; �), xn(w; c�) converges to zero with probability one, too.Now, let us prove that the process that is obtained from xt by keeping it boundedconverges to zero. The proof is the mere repetition of the proof of Lemma 10 except a fewpoints that we discuss now. Let us denote by x̂t the process that is kept bounded and letthe bound be C1. It is enough to prove that kx̂tk converges to zero with probability one.Now, Equation (25) is replaced byyt+1(z) = gt(z)yt(z) + 
(1� gt(z))(C1 + �t):Now, yt still converges to 
C1 by Lemma 3.5 of Szepesv�ari [49] and also 0 � x̂t � yt. Thus,the whole argument of Lemma 10 can be repeated for the process x̂t, and we get that kx̂tkconverges to zero with probability one and consequently so does kxtk. q.e.d.F CENTRALIZED LEARNING RATESNote that the learning rate of the on-line Q-learning procedure is given by �(x = xt; a =at)�t(x; a) for a given state-action pair (x; a). Thus, in order to ensure that Qt convergesto Q� uniformly we have to be certain that P1t=1 �(x = xt; a = at)�t(x; a) is in�nity. In45



practice, instead of a separate learning rate for each state-action pair, often a single learningrate is used (this choice is especially reasonable if the spreading version of Q-learning or softstate aggregation is used). Bradtke conjectured that if this single \centralized" learning rate,�t, satis�es the criteria P1t=1 �t = 1 and P1t=1 �2t < 1 then for each (x; a) P1t=1 �t�(x =xt; a = at) =1 and P1t=1 �2t�(x = xt; a = at) <1 will still hold [8]. This second conditionis satis�ed since �2t�(x = xt; a = at) � �2t for all t � 1. The following propositions give someconditions under which the �rst condition is still met.Lemma 13 If the state-action inter-arrival times in �(x = xt; a = at) have a commonupper bound then P1t=1 �(x = xt; a = at)�t(x; a) = 1 holds with probability one providedthat P1t=1 �t(x; a) =1 and �t(x; a) is a decreasing sequence.Proof: It is enough to prove the statement for an arbitrary decreasing numerical sequence,�t. Note that P1t=1 �t�t can be rewritten as P1t=1 �nt with an appropriate increasing randomsequence nt. Assume that nt+1 � nt � d, i.e., that the state-action inter-arrival times arebounded. Since �nt � �nt+i, i = 0; 1; : : : ; nt+1 � nt � 1,(nt+1 � nt)�nt � nt+1�nt�1Xi=0 �nt+iand �nt � 1d nt+1�nt�1Xi=0 �nt+iholds for all t with probability one. Summing this with respect to t, we get1Xt=1 �nt � 1d 1Xt=1 nt+1�nt�1Xi=0 �nt+i = 1c 1Xn=1�n =1holds with probability one. q.e.d.An important extension of the above proposition is the following.Lemma 14 Assume that �n is a decreasing sequence and let dt be random numbers. Assumethat there exists a sequence Rt such that1Xt=1Pr(dt � Rt) <1and the Rt thinning of Pn �n (that is Pt �mt , where m1 = 1 and mt+1 = mt + Rt) stillconverges to in�nity. Then 1Xt=1 �nt =1with probability one, where n1 = 1 and nt+1 = nt + dt.
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Proof: It is enough to prove that there exists a �xed T such that dt � Rt holds for all t > Twith probability one, since then mt � nt�� and, thus, �mt � �nt�� for � = maxfsjnT�s �mTg. Let At = f!jdt(!) � Rtg. The required statement is equivalent toPr([1n=1 \1t=n At) = 1: (34)According to the Borel-Cantelli Lemma, in order to prove Equation (34) it is enough to showthat Pt Pr(At) <1 However, this holds by assumption. q.e.d.The main result of this section is the following.Theorem 12 Let �n = 1=n and assume that the dts are exponentially distributed with com-mon parameters, that is there exist numbers p and q such that Pr(dt � k) � qpk. Then1Xt=1 �nt =1with probability one, where n1 = 1 and nt+1 = nt + dt.Proof: We make use of Lemma 14. Let Rt = (2=c) log t, where c = log(1=p). Then,Pr(dt � Rt) = q=t2 and, thus, P1t=1 Pr(dt � Rt) < 1. On the other hand, let m1 = 1 andmt+1 = bmt+Rtc = bmt+(2=c) log tc. Then, mt � d(2=c)t log te can be proved by induction,giving us Xt amt =Xt 1mt � � c2�Xt 1bt log tc =1and proving the theorem. q.e.d.The implication of this result for Q-learning is this. If the policy followed by the learner iseventually strongly ergodic, then the distribution of the visits of a state becomes exponential.This means that it in Q-learning it is su�cient to consider a unique sequence of learningrates together with su�cient exploration to ensure convergence to the optimal Q-function.G CONVERGENCE OF Q-LEARNING FOR RISK-SENSITIVE MODELSAssume that both X and A are �nite. Heger studied the risk-sensitive criterion de�ned by(L g)(x; a) = miny:P (a;x;y)>0 g(x; a; y) and (N f)(x) = maxa f(x; a). In this section, we willprove the following theorem (also proven by Heger [14]).Theorem 13 LetQt+1(x; a) = �min (rt + 
[NQt](yt); Qt(x; a)) ; if (x; a) = (xt; at);Qt(x; a); otherwise, (35)where hxt; at; yt; rti is the experience of the agent at time t, yt is selected according toP (x; a; �), and rt is a random variable with lim inf(x;a;y)=(xt;at;yt) rt = R(x; a; y) with prob-ability one. Then, Qt converges to Q�, the �xed point of operator K, KQ = L(R + 
NQ)provided that Q0 � Q� and every state-action pair is updated in�nitely often.47



Proof: We prove this theorem in two parts. First, we assume that rt = R(xt; at; yt), i.e., rtis non-random. We want to use Theorem 3.1. Let our random operator sequence be de�nedin the customary way:[Tt(Q0; Q)](x; a) = �min (rt + 
[NQt](yt); Q(x; a)) ; if (x; a) = (xt; at);Q0(x; a); otherwise,It is immediate that Tt approximates T at Q� provided that Q0 � Q�. However, the de�nitionof an appropriate function Ft seems to be impossible since Ft(x; a) � 
 should hold if(x; a) = (xt; at). But, if rt + 
[NQ](yt) � Q(x; a), then Tt(Q0; Q�)(x; a) � Tt(Q0; Q)(x; a) =Q�(x; a)�Q(x; a), and there is no guarantee that jQ�(x; a)�Q(x; a)j � 
kQ�Q�k. In theother case, when rt + 
[NQ](yt) < Q(x; a), Tt(Q0; Q�)(x; a) � Tt(Q0; Q)(x; a) = Q�(x; a) �(R(xt; at; yt) + 
[NQ](yt)), which seems much more promising since Q�(x; a) = R(x; a; y) +
[NQ�](y) for y = argminzR(x; a; z)+
[NQ�](z). If y = yt (by chance), then it follows thatjTt(Q0; Q�)(x; a) � Tt(Q0; Q)(x; a)j � 
kQ � Q�k. Since the case when (x; a) 6= (xt; at), i.e.,when there is no update, is pleasant (Gt(x; a) = 1 and Ft(x; a) = 0), the idea is to restrictthe updates to the other tractable case when yt = y.Let the set of critical states for a given (x; a) pair be given byM(x; a) = fy 2 X jP (x; a; y) > 0; Q�(x; a) = R(x; a; y) + 
[OQ�](y)g:M(x; a) is non-empty since X is �nite. Let us consider the arti�cial operatorsT 0t (Q0; Q)(x; a) = �min (rt + 
[NQ](yt); Q(x; a)) ; if (x; a) = (xt; at) and yt 2M(x; a);Q0(x; a); otherwiseand the sequence Q00 = Q0 and Q0t+1 = T 0t (Q0t; Q0t). Now, the question is whether it issu�cient to consider the convergence of Q0t. Fortunately, it is. Since there are no moreupdates (decreases of value) in the sequence de�ned by T 0t , we have that Q� � Qt � Q0t and,thus, if Q0t converges to Q� then necessarily so does Qt. It is again immediate that T 0t stillapproximates T at Q� and also thatGt(x; a) = � 0; if (x; a) = (xt; at) and yt 2M(x; a),1; otherwise.Let us show that we can also de�ne a suitable Ft function for T 0t . Assume �rst that(x; a) = (xt; at) and yt 2 M(x; a). Note that we may assume that all the test functions areoverestimating, in particular in the inequality below we may assume that Q0 � Q�.jT 0t (Q0; Q)(x; a) � T 0t (Q0; Q�)(x; a)j = min(rt + 
[OQ](yt); Q(x; a))� (rt + 
[OQ�](yt))� rt + 
[OQ](yt)� (rt + 
[OQ�](yt))� 
([OQ](yt)� [OQ�](yt)) � 
kQ�Q�k:In the other case, when (x; a) 6= (xt; at) or yt 62 M(x; a) thenjT 0t(Q0; Q)(x; a)� T 0t (Q0; Q�)(x; a)j = jQ0(x; a)�Q0(x; a)j = 0:48



Thus, Ft(x; a) = � 
; if (x; a) = (xt; at) and yt 2M(x; a),0; otherwise,Condition (3) of Theorem 3.1 is satis�ed if and only if the event f(x; a) = (xt; at); yt 2M(x; a)g occurs in�nitely often. By assumption, f(x; a) = (xt; at)g occurs in�nitely manytimes and, since if y 2 M(x; a) then P (x; a; y) > 0 and since yt is sampled according toP (x; a; �), (x; a) = (xt; at); yt 2M(x; a) occurs in�nitely often, too. Finally, Condition (4) issatis�ed since, for all t, Ft(x) = 
(1�Gt(x)) holds.Now, we turn to the second part of the proof which is based on an idea very similar inspirit to the idea on which the proof of the �rst part was built. Assume that the rewards rtare random and lim inf(x;a;y)=(xt;at;yt);t!1 rt = R(x; a; y)with probability one and, thus, for each triple (x; a; y) we may choose a subsequence tk suchthat (x; a; y) = (xtk ; atk ; ytk) for all k andlimk!1 rtk = R(x; a; y):Let T (x; a; y) be the set of numbers ftkg when (xt; at; yt) = (x; a; y). Further, let T (x; a) =[y2M(x;a)T (x; a; y). The above proof can be repeated almost exactly, the only exception isthat we must further restrict the updates. Now letT 0t (Q0; Q)(x; a) = �min (rt + 
[NQ](yt); Q(x; a)) ; if t 2 T (x; a),Q0(x; a); otherwise.We still have that T 0t approximates T at Q� with probability one provided that Q0 � Q�. Asin the previous case, we get thatGt(x; a) = � 0; if t 2 T (x; a);1; otherwisebut the estimation of jT 0t (Q0; Q)(x; a)�T 0t(Q0; Q�)(x; a)j must be changed. Assume �rst thatt 2 T (x; a). Then,jT 0t (Q0; Q)(x; a)� T 0t (Q0; Q�)(x; a)j (36)= min(rt + 
[OQ](yt); Q(x; a))� (R(x; a; yt) + 
[OQ�](yt))� rt + 
[OQ](yt)� (R(x; a; yt) + 
[OQ�](yt))� 
kQ�Q�k+ jrt �R(x; a; yt)j: (37)Let �t(x; a) = jrt �R(x; a; yt)j. Note, thatlimt!1;t2T (x;a) �t(x; a) = 0with probability one. In the other case jT 0t(Q0; Q)(x; a) � T 0t (Q0; Q�)(x; a)j = 0. Because ofthe appearance of �t(x; a) in Inequality (37) instead of Condition 2 of Theorem 3.1 we havethat jT 0t (Q0; Q)(x; a)� T 0t (Q0; Q�)(x; a)j = Ft(x; a)(kQ�Q�k+ �t(x; a));49



where Ft(x; a) = � 
; if t 2 T (x; a),0; otherwise,and �t(x; a) = �t(x; a)=
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