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Planning and Acting in Partially Observable StochasticDomainsLeslie Pack Kaelbling� Michael L. Littmany Anthony R. CassandraNovember 1, 1995AbstractIn this paper, we bring techniques from operations research to bear on the problemof choosing optimal actions in partially observable stochastic domains. We begin byintroducing the theory of Markov decision processes (mdps) and partially observablemdps (pomdps). We then outline a novel algorithm for solving pomdps o� line andshow how, in some cases, a �nite-memory controller can be extracted from the solutionto a pomdp. We conclude with a discussion of the complexity of �nding exact solutionsto pomdps and of some possibilities for �nding approximate solutions.Consider the problem of a robot navigating in a large o�ce building. The robot canmove from hallway intersection to intersection and can make local observations of its world.Its actions are not completely reliable, however. Sometimes, when it intends to move, itstays where it is or goes too far; sometimes, when it intends to turn, it overshoots. It hassimilar problems with observation. Sometimes a corridor looks like a corner; sometimes aT-junction looks like an L-junction. How can such an error-plagued robot navigate, evengiven a map of the corridors?In general, the robot will have to remember something about its history of actions and ob-servations and use this information, together with its knowledge of the underlying dynamicsof the world (the map and other information), to maintain an estimate of its location. Manyengineering applications follow this approach, using methods like the Kalman �lter [10] tomaintain a running estimate of the robot's spatial uncertainty, expressed as an ellipsoid ornormal distribution in Cartesian space. This approach will not do for our robot, though. Itsuncertainty may be discrete: it might be almost certain that it is in the north-east corner ofeither the fourth or the seventh 
oors, though it admits a chance that it is on the �fth 
oor,as well.Then, given an uncertain estimate of its location, the robot has to decide what actionsto take. In some cases, it might be su�cient to ignore its uncertainty and take actions thatwould be appropriate for the most likely location. In other cases, it might be better forthe robot to take actions for the purpose of gathering information, such as searching fora landmark or reading signs on the wall. In general, it will take actions that ful�ll bothpurposes simultaneously.�This work was supported in part by NSF grants IRI-9453383 and IRI-9312395.yThis work was supported in part by Bellcore. 1



1 IntroductionIn this paper, we bring techniques from operations research to bear on the problem ofchoosing optimal actions in partially observable stochastic domains. Problems like the onedescribed above can be modeled as partially observable Markov decision processes (pomdps).Of course, we are not interested only in problems of robot navigation. Similar problems comeup in factory process control, oil exploration, transportation logistics, and a variety of othercomplex real-world situations.This is essentially a planning problem: given a complete and correct model of the worlddynamics and a reward structure, �nd an optimal way to behave. In the arti�cial intelli-gence (AI) literature, a deterministic version of this problem has been addressed by addingknowledge preconditions to traditional planning systems [19]. Because we are interestedin stochastic domains, however, we must depart from the traditional AI planning model.Rather than taking plans to be sequences of actions, which may only rarely execute as ex-pected, we take them to be mappings from states to actions that specify the agent's behaviorno matter what may happen. In many cases, we may not want a full policy; methods fordeveloping partial policies and conditional plans for completely observable domains are thesubject of much current interest [8, 7, 11]. A weakness of the methods described in thispaper is that they require the states of the world to be represented enumeratively, ratherthan through compositional representations such as Bayes nets or probabilistic operator de-scriptions. However, this work has served as a substrate for development of more complexand e�cient representations [3].One important facet of the pomdp approach is that there is no distinction drawn betweenactions taken to change the state of the world and actions taken to gain information. Thisis important because, in general, every action has both types of e�ect. Stopping to askquestions may delay the robot's arrival at the goal or spend extra energy; moving forwardmay give the robot information that it is in a dead-end because of the resulting crash.Much of the content of this paper is a recapitulation of work in the operations-researchliterature [15, 18, 25, 27, 31]. We have developed new ways of viewing the problem thatare, perhaps, more consistent with the AI perspective. We begin by introducing the theoryof Markov decision processes (mdps) and pomdps. We then outline a novel algorithm forsolving pomdps o� line and show how, in some cases, a �nite-memory controller can be ex-tracted from the solution to a pomdp. We conclude with a brief discussion of approximationmethods.2 Markov Decision ProcessesMarkov decision processes serve as a basis for solving the more complex partially observableproblems that we are ultimately interested in. An mdp is a model of an agent interactingsynchronously with a world. As shown in Figure 1, the agent takes as input the state of theworld and generates as output actions, which themselves a�ect the state of the world. In themdp framework, it is assumed that, although there may be a great deal of uncertainty aboutthe e�ects of an agent's actions, there is never any uncertainty about the agent's currentstate|it has complete and perfect perceptual abilities.2



AGENT

ActionsStates

WORLDFigure 1: An mdp models the synchronous interaction between agent and world.Markov decision processes are described in depth in a variety of texts [2, 20]; we will justbrie
y cover the necessary background.2.1 Basic FrameworkA Markov decision process can be described as a tuple hS;A; T;Ri, where� S is a �nite set of states of the world;� A is a �nite set of actions;� T : S � A ! �(S) is the state-transition function, giving for each world state andagent action, a probability distribution over world states (we write T (s; a; s0) for theprobability of ending in state s0, given that the agent starts in state s and takes actiona); and� R : S � A ! R is the reward function, giving the expected immediate reward gainedby the agent for taking each action in each state (we write R(s; a) for the expectedreward for taking action a in state s).In this model, the next state and the expected reward depend only on the previous state andthe action taken; even if we were to condition on additional previous states, the transitionprobabilities and the expected rewards would remain the same. This is known as theMarkovproperty.In fact, mdps can have in�nite state and action spaces. The algorithms that we describein this section apply only to the �nite case; however, in the context of pomdps, we willconsider a class of mdps with uncountably in�nite state spaces.2.2 Acting OptimallyWe would like our agents to act in such a way as to maximize some measure of the long-runreward received. One such framework is �nite-horizon optimality, in which the agent shouldact in order to maximize the expected sum of reward that it gets on the next k steps; itshould maximize E " kXt=0 rt# ;3



where rt is the reward received on step t. This model is somewhat inconvenient, becauseit is rare that an appropriate k will be known exactly. We might prefer to consider anin�nite lifetime for the agent. The most straightforward is the in�nite-horizon discountedmodel, in which we sum the rewards over the in�nite lifetime of the agent, but discount themgeometrically using discount factor 0 < 
 < 1; the agent should act so as to optimizeE " 1Xt=0 
trt# :In this model, rewards received earlier in its lifetime have more value to the agent; the in�nitelifetime is considered, but the discount factor ensures that the sum is �nite. This sum is alsothe expected amount of reward received if a decision to terminate the run is made on eachstep with probability 1 � 
. The larger the discount factor, the more e�ect future rewardshave on current decision making. In our future discussions of �nite-horizon optimality, wewill also use a discount factor; when it has value one, it is equivalent to the simple �nitehorizon case described above.A policy is a description of the behavior of an agent. We consider two kinds of policies:stationary and non-stationary. A stationary policy, � : S ! A, speci�es, for each state, anaction to be taken. The choice of action depends only on the state and is independent of thetime step. A non-stationary policy is a sequence of state-action mappings, indexed by time.The policy �t is to be used to choose the action on the tth-to-last step as a function of thecurrent state, st. In the �nite-horizon model, there is not necessarily an optimal stationarypolicy: the way an agent chooses its actions on the last step of its life is generally going tobe very di�erent from the way it chooses them when it has a long life ahead of it. In thein�nite-horizon discounted model, the agent always has a constant expected amount of timeremaining, so there is no reason to change action strategies: there is a stationary optimalpolicy.Given a policy, we can evaluate it based on the long-run value that the agent expects togain from executing it. In the �nite-horizon case, let V�;t(s) be the expected sum of rewardgained from starting in state s and executing non-stationary policy � for t steps. Clearly,V�;1(s) = R(s; �1(s)); that is, on the last step, the value is just the expected reward fortaking the action speci�ed by the �nal element of the policy. Now, we can de�ne V�;t(s)inductively as V�;t(s) = R(s; �t(s)) + 
 Xs02S T (s; �t(s); s0)V�;t�1(s0) :The t-step value of being in state s and executing non-stationary policy � is the immediatereward, R(s; �t(s)), plus the discounted expected value of the remaining t � 1 steps. Toevaluate the future, we must consider all possible resulting states s0, the likelihood of theiroccurrence T (s; �t(s); s0), and their (t � 1)-step value under policy �, V�;t�1(s0). In thein�nite-horizon discounted case, we write V�(s) for the expected discounted sum of futurereward for starting in state s and executing policy �. It is recursively de�ned byV�(s) = R(s; �(s)) + 
 Xs02S T (s; �(s); s0)V�(s0) :The value function, V�, for policy � is the unique simultaneous solution of this set of linearequations, one for each state s. 4



Now we know how to compute a value function, given a policy. Sometimes, we will needto go the opposite way, and compute a greedy policy given a value function. It really onlymakes sense to do this for the in�nite-horizon discounted case; to derive a policy for the�nite horizon, we would need a whole sequence of value functions. Given any value functionV , a greedy policy with respect to that value function, �V , is de�ned as�V (s) = argmaxa 24R(s; a) + 
 Xs02S T (s; a; s0)V (s0)35 :This is the policy obtained by, at every step, taking the action that maximizes expectedimmediate reward plus the expected discounted value of the next state, as measured by V .What is the optimal �nite-horizon policy, ��? The agent's last step is easy: it shouldmaximize its �nal reward. So ��1(s) = argmaxa R(s; a) :The optimal policy for the tth step, ��t , can be de�ned in terms of the optimal (t � 1)-stepvalue function V��t�1;t�1 (written for simplicity as V �t�1):��t (s) = argmaxa 24R(s; a) + 
 Xs02S T (s; a; s0)V �t�1(s0)35 ;V �t�1 is derived from ��t�1 and V �t�2.In the in�nite-horizon discounted case, for any initial state s, we want to execute thepolicy � that maximizes V�(s). Howard [9] showed that there exists a stationary policy, ��,that is optimal for every starting state. The value function for this policy, V�� , also writtenV �, is de�ned by the set of equationsV �(s) = maxa 24R(s; a) + 
 Xs02S T (s; a; s0)V �(s0)35 ;which has a unique solution. An optimal policy, ��, is just a greedy policy with respect toV �.Another way to understand the in�nite-horizon value function, V �, is to approach it byusing an ever-increasing discounted �nite horizon. As the horizon, t, approaches in�nity, V �tapproaches V �. This only occurs when the discount factor, 
, is less than 1, which tends towash out the details of exactly what happens at the end of the agent's life.2.3 Computing an Optimal PolicyThere are many methods for �nding optimal policies for mdps. In this section, we explorevalue iteration because it will also serve as the basis for �nding policies in the partiallyobservable case.Value iteration proceeds by computing the sequence Vt of discounted �nite-horizon op-timal value functions, as shown in Table 1 (the superscript � is omitted, because we shall5



V1(s) := 0 for all st := 1loopt := t+ 1loop for all s 2 S and for all a 2 AQat (s) := R(s; a) + 
Ps02S T (s; a; s0)Vt�1(s0)Vt(s) := maxaQat (s)end loopuntil jVt(s)� Vt�1(s)j < � for all s 2 STable 1: The value iteration algorithm for �nite state space mdps.henceforth only be considering optimal value functions). It makes use of an auxiliary func-tion, Qat (s), which is the t-step value of starting in state s, taking action a, then continuingwith the optimal (t � 1)-step non-stationary policy. The algorithm terminates when themaximum di�erence between two successive value functions (known as the Bellman errormagnitude) is less than some �.It can be shown [29] that there exists a t�, polynomial in jSj, jAj, the magnitude ofthe largest value of R(s; a), and 1=(1 � 
), such that the greedy policy with respect toVt� is equal to the optimal in�nite-horizon policy, ��. Rather than calculating a bound ont� in advance and running value iteration for that long, we instead use the following resultregarding the Bellman error magnitude, due to Williams and Baird [32] in order to terminatewith a near-optimal policy.If jVt(s) � Vt�1(s)j < � for all s, then the value of the greedy policy with respect to Vtdoes not di�er from V � by more than 2�
=(1 � 
) at any state. That is,maxs2S jV�Vt (s)� V �(s)j < 2� 
1 � 
 :It is often the case that �Vt = �� long before Vt is near V �; tighter bounds may be obtainedusing the span semi-norm on the value function [20].3 Partial ObservabilityWhat happens if the agent is no longer able to determine the state it is currently in withcomplete reliability? A naive approach would be for the agent to map the most recentobservation directly into an action without remembering anything from the past. In ourhallway navigation example, this amounts to performing the same action in every locationthat looks the same|hardly a promising approach. Somewhat better results can be obtainedby adding randomness to the agent's behavior: a policy can be a mapping from observationsto probability distributions over actions [24].In order to behave truly e�ectively in a partially observable world, it is necessary to usememory of previous actions and observations to aid in the disambiguation of the states ofthe world. The pomdp framework provides a systematic method of doing just that.6
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πFigure 2: A pomdp agent can be decomposed into a state estimator (SE) and a policy (�).3.1 POMDP FrameworkA partially observable Markov decision process can be described as a tuple hS;A; T;R;
; Oi,where� S, A, T , and R describe a Markov decision process;� 
 is a �nite set of observations the agent can experience of its world; and� O : S�A! �(
) is the observation function, which gives, for each action and resultingstate, a probability distribution over possible observations (we write O(s0; a; o) for theprobability of making observation o given that the agent took action a and landed instate s0).A pomdp is an mdp in which the agent is unable to observe the current state. Instead,it makes an observation based on the action and resulting state.1 The agent's goal remainsto maximize expected discounted future reward.3.2 Problem StructureWe decompose the problem of controlling a pomdp into two parts, as shown in Figure 2.The agent makes observations and generates actions. It keeps an internal belief state, b, thatsummarizes its previous experience. The component labeled SE is the state estimator: it isresponsible for updating the belief state based on the last action, the current observation, andthe previous belief state. The component labeled � is the policy: as before, it is responsiblefor generating actions, but this time as a function of the agent's belief state rather than thestate of the world.What, exactly, is a belief state? One choice might be the most probable state of theworld, given the past experience. Although this might be a plausible basis for action insome cases, it is not su�cient in general. In order to act e�ectively, an agent must takeinto account its own degree of uncertainty. If it is lost or confused, it might be appropriate1It is possible to formulate an equivalent model in which the observation depends on the previous stateinstead of, or in addition to, the resulting state, but it complicates the exposition and adds no more expressivepower. 7



1 2 3 4Figure 3: Simple pomdp to illustrate belief state evolution.for it to take sensing actions such as asking for directions, reading a map, or searching fora landmark. In the pomdp framework, such actions are not explicitly distinguished: theirinformational properties are described via the observation function.Our choice for belief states will be probability distributions over states of the world.These distributions encode the agent's subjective probability about the state of the worldand provide a basis for acting under uncertainty. Furthermore, they comprise a su�cientstatistic for the past history and initial belief state of the agent: given the agent's currentbelief state (properly computed), no additional data about its past actions or observationswould supply any further information about the current state of the world.To illustrate the evolution of a belief state, we will use the simple example depicted inFigure 3. There are four states in this example, one of which is a goal state, indicated bythe star. There are two possible observations: one is always made when the agent is in state1, 2, or 4; the other, when it is in the goal state. There are two possible actions: east andwest. These actions succeed with probability 0:9, and when they fail, the movement is inthe opposite direction. If no movement is possible in a particular direction, then the agentremains in the same location.Assume that the agent is initially equally likely to be in any of the three non-goal states.Thus, its initial belief state is h0:333 0:333 0:000 0:333i, where the position in the beliefvector corresponds to the state number.If the agent takes action east and does not observe the goal, then the new belief statebecomes h0:100 0:450 0:000 0:450i. If it takes action east again, and still does notobserve the goal, then the probability mass becomes concentrated in the right-most state:h0:100 0:164 0:000 0:736i. Notice that as long as the agent does not observe the goalstate, it will always have some non-zero belief that it is in any of the non-goal states, sincethe actions have non-zero probability of failing.3.3 Computing Belief StatesA belief state b is a probability distribution over S. We let b(s) denote the probabilityassigned to world state s by belief state b. The axioms of probability require that O �b(s) � 1 for all s 2 S and that Ps2S b(s) = 1. The state estimator must compute a newbelief state, b0, given an old belief state b, an action a, and an observation o. The new degree
8



of belief in some state s0, b0(s0), can be obtained from basic probability theory as follows:b0(s0) = Pr(s0jo; a; b)= Pr(ojs0; a; b) Pr(s0ja; b)Pr(oja; b)= Pr(ojs0; a)Ps2S Pr(s0ja; b; s) Pr(sja; b)Pr(oja; b)= O(s0; a; o)Ps2S T (s; a; s0)b(s)Pr(oja; b)The denominator, Pr(oja; b), can be treated as a normalizing factor, independent of s0, thatcauses b0 to sum to 1. The state estimation function SE(b; a; o) has as its output the newbelief state b0.Thus, the state-estimation component of a pomdp controller can be constructed quitesimply from a given model.3.4 Finding an Optimal PolicyThe policy component of a pomdp agent must map the current belief state into action. Be-cause the belief state is a su�cient statistic, the optimal policy is the solution of a continuous-space \belief mdp." It is de�ned as follows:� B, the set of belief states, comprise the state space;� A, the set of actions, remains the same;� � (b; a; b0) is the state-transition function, which is de�ned as� (b; a; b0) = Pr(b0jb; a)= Xo2
Pr(b0jb; a; o) Pr(ojb; a)= ( Pr(ojb; a) if SE(b; a; o) = b00 otherwise ;and� �(b; a) is the reward function on belief states, constructed from the original rewardfunction on world states: �(b; a) = Xs2S b(s)R(s; a) :The reward function may seem strange; the agent is rewarded for merely believing thatit is in good states. However, because the state estimator is constructed from a correctobservation and transition model of the world, it is not possible for the agent to purposelydelude itself into believing that it is in a good state when, in fact, it is not.This belief mdp is such that an optimal policy for it, coupled with the correct stateestimator, will give rise to optimal behavior (in the discounted in�nite-horizon sense) for the9



O2
Ok

O1

O2
Ok

A

A A A

A

A

A A

O1
t steps to go

t-1 steps to go

2 steps to go

1 steps to goFigure 4: A t-step policy tree.original pomdp [27, 1]. The remaining problem, then, is to solve this mdp. It is very di�cultto solve continuous-space mdps in the general case, but, as we shall see in the next section,the optimal value function for the belief mdp has special properties that can be exploited tosimplify the problem.4 Value functions for POMDPsAs in the case of discrete mdps, if we can compute the optimal value function, then wecan use it to directly determine the optimal policy. This section concentrates on �nding anapproximation to the optimal value function. We approach the problem using value iterationto construct, at each iteration, the optimal t-step discounted value function over belief space.4.1 Policy TreesWhen an agent has one step remaining, all it can do is take a single action. With twosteps to go, it can take an action, make an observation, then take another action, perhapsdepending on the previous observation. In general, an agent's non-stationary t-step policycan be represented by a policy tree as shown in Figure 4. It is a tree of depth t that speci�esa complete t-step policy. The top node determines the �rst action to be taken. Then,depending on the resulting observation, an arc is followed to a node on the next level, whichdetermines the next action. This is a complete recipe for t steps of conditional behavior.Now, what is the expected discounted value to be gained from executing a policy tree p?It depends on the true state of the world when the agent starts. In the simplest case, p is a1-step policy tree (a single action). The value of executing that action in state s isVp(s) = R(s; a(p)) ;where a(p) is the action speci�ed in the top node of policy tree p. More generally, if p is a10



t-step policy tree, thenVp(s) = R(s; a(p)) + 
 Expected value of the future= R(s; a(p)) + 
 Xs02S Pr(s0js; a(p)) Xoi2
Pr(oijs0; a(p))Voi(p)(s0)= R(s; a(p)) + 
 Xs02S T (s; a(p); s0) Xoi2
O(s0; a(p); oi)Voi(p)(s0) ;where oi(p) is the (t� 1)-step policy subtree associated with observation oi at the top levelof a t-step policy tree p. The expected value of the future is computed by �rst takingan expectation over possible next states, s0, then considering the value of each of thosestates. The value depends on which policy subtree will be executed which, itself, dependson which observation is made. So, we take another expectation, with respect to the possibleobservations, of the value of executing the associated subtree, oi(p), starting in state s0.Because the agent will never know the exact state of the world, it must be able todetermine the value of executing a policy tree, p, from some belief state b. This is just anexpectation over world states of executing p in each state:Vp(b) = Xs2S b(s)Vp(s) :It will be useful, in the following exposition, to express this more compactly. If we let�p = hVp(s1); : : : ; Vp(sn)i, then Vp(b) = b � �p.Now we have the value of executing the policy tree p in every possible belief state. Toconstruct an optimal t-step policy, however, it will generally be necessary to execute di�erentpolicy trees from di�erent initial belief states. Let P be the �nite set of all t-step policytrees. Then Vt(b) = maxp2P b � �p :That is, the optimal t-step value of starting in belief state b is the value of executing thebest policy tree in that belief state.This de�nition of the value function leads us to some important geometric insights intoits form. Each policy tree, p, induces a value function that is linear in b, and Vt is the uppersurface of those functions. So, Vt is piecewise-linear and convex. Figure 5 illustrates thisproperty. Consider a world with only two states. In such a world, a belief state consists of avector of two non-negative numbers, hb(s1); b(s2)i, that sum to 1. Because of this constraint,a single number is su�cient to describe the belief state. The value function associated witha policy tree p1, Vp1 , is a linear function of b(s1) and is shown in the �gure as a line. Thevalue functions of other policy trees are similarly represented. Finally, Vt is the maximumof all the Vpi at each point in the belief space, giving us the upper surface, which is drawnin the �gure with a bold line.When there are three world states, a belief state is determined by two values (againbecause of the simplex constraint, which requires the individual values to be non-negativeand sum to 1). The belief space can be seen as the triangle in two-space with vertices(0; 0), (1; 0), and (0; 1). The value function associated with a single policy tree is a planein three-space, and the optimal value function is typically a bowl shape that is composed of11
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a p1( ) a p2( ) a p3( )Figure 7: The optimal t-step policy is determined by projecting the optimal value functionback down onto the belief space.planar facets; an example is shown in Figure 6. This general pattern repeats itself in higherdimensions, but becomes di�cult to contemplate and even harder to draw!The convexity of the optimal value function makes intuitive sense when we think aboutthe value of belief states. States that are in the \middle" of the belief space have highentropy|the agent is very uncertain about the real underlying state of the world. In suchbelief states, the agent cannot select actions very appropriately and so tends to gain lesslong-term reward. In low-entropy belief states, which are near the corners of the simplex,the agent can take actions more likely to be appropriate for the current state of the worldand, so, gain more reward.Given a piecewise-linear convex value function and the t-step policy trees from which itwas derived, it is straightforward to determine the optimal policy for execution on the tthstep from the end. The optimal value function can be projected back down onto the beliefspace, yielding a partition into polyhedral regions. Within each region, there is a singlepolicy tree p such that b � �p is maximal. The optimal action for each belief state in thisregion is a(p), the action in the root node of policy tree p. Figure 7 shows the projectionof the optimal value function down into a policy partition in the two-dimensional exampleintroduced in Figure 5.4.2 The In�nite HorizonIn the previous section, we showed that the optimal t-step value function is always piecewise-linear and convex. This is not necessarily true for the in�nite-horizon discounted valuefunction; it remains convex [30], but may have in�nitely many facets. Still, the optimalin�nite-horizon discounted value function can be approximated arbitrarily closely by a �nitehorizon value function for a su�ciently long horizon [27, 22].The optimal in�nite-horizon discounted value function can be approximated via valueiteration, in which the series of t-step discounted value functions is computed; the iterationis stopped when the di�erence between two successive results is small, yielding an arbitrarilygood piecewise-linear and convex approximation to the desired value function. From theapproximate value function we can extract a stationary policy that is approximately optimal.Recall that the value-iteration algorithm has the following form:13
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jt� 1)=(j
j � 1) nodes (the branching factor is j
j, the number of possible observations).Each node can be labeled with one of jAj possible actions, so the total number of t-steppolicy trees is jAj j
jt�1j
j�1 ;which grows astronomically in t.It is possible, in principle, that each of these policy trees might represent the optimalstrategy at some point in the belief space and, hence, that each would contribute to thecomputation of the optimal value function. Luckily, however, this seems rarely to be thecase. There are generally many policy trees whose value functions are totally dominated byor tied with value functions associated with other policy trees. Figure 8 shows a situation inwhich the value function associated with policy pd is completely dominated by (everywhereless than or equal to) the value function for policy pb. The situation with the value functionfor policy pc is somewhat more complicated; although it is not completely dominated by anysingle value function, it is completely dominated by pa and pb taken together.Given a set of policy trees, V, it is possible to de�ne a unique minimal subset thatrepresents the same value function that V represents. We will call the elements of this setthe useful policy trees.The ability to �nd the set of useful policy trees serves as a basis for a more e�cientversion of the value-iteration algorithm [18]. We let V stand for a set of policy trees, thoughfor each tree we need only actually store the top-level action and the vector of values, �.14



t := 1V1 := the set of 1-step policy trees (one for each action)loopt := t+ 1compute V+t , the set of possibly useful t-step policy trees, from Vt�1prune V+t to get Vt, the useful set of t-step policy treesuntil supb jVt(b)� Vt�1(b)j < �The idea behind this algorithm is the following: Vt�1, the set of useful (t� 1)-step policytrees, can be used to construct a superset of the useful t-step policy trees. A t-step policytree is composed of a root node with an associated action, a, with j
j subtrees, which are(t� 1)-step policy trees. We propose to restrict our choice of subtrees to those (t� 1)-steppolicy trees that were useful. For any belief state and any choice of policy subtree, there isalways a useful subtree that is at least as good at that state; so there is never any reason toinclude a non-useful policy subtree.The time complexity of a single iteration of this algorithm can be divided into two parts:generation and pruning. There are jAjjVt�1jj
j elements in V+t : there are jAj di�erent waysto choose the action and all possible lists of length j
j may be chosen from the set Vt�1 toform the subtrees. The value functions for the policy trees in V+t can be computed e�cientlyfrom those of the subtrees.Although this algorithm may represent a large computational savings over the naiveenumeration strategy, it still does more work than may be necessary. Even if Vt is verysmall, we must go through the step of generating V+t , which always has size exponential inj
j. In the next section, we sketch a more e�cient algorithm.4.3 The Witness AlgorithmTo improve the complexity of the value-iteration algorithm, we must avoid generating V+t ;instead, we would like to generate the elements of Vt directly. If we could do this, we mightbe able to reach a computation time per iteration that is polynomial in jSj, jAj, j
j, jVt�1j,and jVtj. Cheng [5] and Smallwood and Sondik [25] also try to avoid generating all of V+tby constructing Vt directly. However, their algorithms still have worst-case running timesexponential in at least one of the problem parameters [13]. In fact, if we could solve thisproblem, then RP=NP [13], so we will pursue a slightly di�erent approach.Instead of computing Vt directly, we will compute, for each action a, a set Qat of t-steppolicy trees that have action a at their root. We can compute Vt by taking the union of theQat for all actions and pruning as described in the previous section. The witness algorithmis a method for computing Qat in time polynomial in jSj, jAj, j
j, jVt�1j, and jQat j. It ispossible that the Qat are exponentially larger than Vt, but this seems to be rarely the casein practice.In what sense is the witness algorithm superior to previous algorithms for solving pomdps,then? Experiments indicate that the witness algorithm is faster in practice over a wide rangeof problem sizes [13]. The primary complexity-theoretic di�erence is that the witness algo-rithm runs in polynomial time in the number of policy trees in Qat . There are exampleproblems that cause the other algorithms, although they never construct the Qat 's directly,15



V1 := fh0; 0; : : : ; 0igt := 1loopt := t+ 1foreach a in AQat := witness(Vt�1; a)prune SaQat to get Vtuntil supb jVt(b)� Vt�1(b)j < �Table 2: Outer loop of the witness algorithm.to run in time exponential in the number of policy trees in Qat . That means, if we re-strict ourselves to problems in which jQat j is polynomial, that the resulting running time ispolynomial.From the de�nition of the state estimator, SE, and the t-step value function, Vt(b), wecan express Qat (b) formally asQat (b) = Xs2S b(s)R(s; a) + 
Xo2
Pr(oja; b)Vt�1(b0o) ;where b0o is the belief state resulting from taking action a and observing o from belief state b;that is, b0 = SE(b; a; o). Since V is the value of the best action, we have Vt(b) = maxaQat (b).Using arguments similar to those in the previous section, we can show that these Q-functions are piecewise-linear and convex and can be represented by collections of policytrees. Let Qat be the collection of policy trees that specify Qat . Once again, we can de�nea unique minimal useful set of policy trees for each Q function. Note that the policy treesneeded to represent the function Vt are a subset of the policy trees needed to represent allof the Qat functions: Vt � SaQat . This is because maximizing over actions and then policytrees is the same as maximizing over the pooled sets of policy trees.The code in Table 2 outlines our approach to solving pomdps. The basic structureremains that of value iteration. At iteration t, the algorithm has a representation of theoptimal t-step value function. Within the value-iteration loop, separate Q-functions arefound for each action, represented by sets of policy trees. The union of these sets forms arepresentation of the optimal value function. Since there may be extraneous policy trees inthe combined set, it is pruned to yield the useful set of t-step policy trees, Vt.4.3.1 Witness inner loopThe basic structure of the witness algorithm is as follows. We would like to �nd a minimalset of policy trees for representing Qat for each a. We consider the Q-functions one at a time.The set U of policy trees is initialized with a single policy tree that is the best for somearbitrary belief state. At each iteration we ask, Is there some belief state, b, for which thetrue value, Qat (b), computed by one-step lookahead using Vt�1, is di�erent from the estimatedvalue, Q̂at (b), computed using the set U? We call such a belief state a witness because it16
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...Figure 9: Constructing a new policy.can, in a sense, testify to the fact that the set U is not yet a perfect representation of Qat (b).Note that for all b, Q̂at (b) � Qat (b); the approximation is always an underestimate of the truevalue function.Once a witness is identi�ed, we �nd the policy tree with action a at the root that willyield the best value at that belief state. To construct this tree, we must �nd, for eachobservation o, the (t� 1)-step policy tree that should be executed if observation o is madeafter executing action a. If this happens, the agent will be in belief state b0 = SE(b; a; o),from which it should execute the (t � 1)-step policy tree po 2 Vt�1 that maximizes Vpo(b0).The tree p is built with subtrees po for each observation o. We add the new policy tree toU to improve the approximation. This process continues until we can prove that no morewitness points exist and therefore that the current Q-function is perfect.4.3.2 Identifying a witnessTo �nd witness points, we must be able to construct and evaluate alternative policy trees.If p is a t-step policy tree, oi an observation, and p0 a (t� 1)-step policy tree, then we de�nepnew as a t-step policy tree that agrees with p in its action and all its subtrees except forobservation oi, for which oi(pnew) = p0. Figure 9 illustrates the relationship between p andpnew.Now we can state the witness theorem [13]: The true Q-function, Qat , di�ers from theapproximate Q-function, Q̂at , if and only if there is some p 2 U , o 2 O, and p0 2 Vt�1 forwhich there is some b such that Vpnew(b) > V~p(b) ; (1)for all ~p 2 U . That is, if there is a belief state, b, for which pnew is an improvement over allthe policy trees we have found so far, then b is a witness. Conversely, if none of the treescan be improved by replacing a single subtree, there are no witness points.4.3.3 Checking the witness conditionThe witness theorem requires us to search for a p 2 U , an o 2 
, a p0 2 Vt�1 and a b suchthat Condition 1 holds, or to guarantee that no such quadruple exists. Since U , 
, and Vt�1are �nite and (we hope) small, checking all combinations will not be too time consuming.However, for each combination, we need to search all the belief states to test Condition 1.This we can do using linear programming. 17



Inputs:U; pnewVariables:�, b(s) for each s 2 SMaximize: �Improvement constraints:For each ~p in U : Vpnew(b)� V~p(b) � �Simplex constraints:For each s 2 S: b(s) � 0Ps2S b(s) = 1Table 3: The linear program used to �nd witness points.For each combination of p, o and p0 we compute the policy tree pnew, as described above.For any belief state b and policy tree ~p 2 U , Vpnew(b)�V~p(b) gives the advantage of followingpolicy tree pnew instead of ~p starting from b. We would like to �nd a b that maximizes theadvantage over all policy trees ~p the algorithm has found so far.The linear program in Table 3 solves exactly this problem. The variable � is the minimumamount of improvement of pnew over any policy tree in U at b. It has a set of constraints thatrestrict � to be a bound on the di�erence and a set of simplex constraints that force b to bea well-formed belief state. It then seeks to maximize the advantage of pnew over all ~p 2 U .Since the constraints are all linear, this can be accomplished by linear programming. Thetotal size of the linear program is one variable for each component of the belief state andone representing the advantage, plus one constraint for each policy tree in U , one constraintfor each state, and one constraint to ensure that the belief state sums to one.If the linear program �nds that the biggest advantage is not positive, that is, that � � 0,then pnew is not an improvement over all ~ps. Otherwise, it is and b is a witness point.4.3.4 A single step of value iterationThe complete value iteration step starts with an agenda containing a single policy tree. Ittakes a policy tree o� the top of the agenda and uses the linear program in Table 3 todetermine whether it is an improvement over the policy trees in U . If a witness point isdiscovered, its associated policy tree is added to U and all policy trees that di�er from thecurrent policy tree in a single subtree are added to the agenda. If no witness points arediscovered, then that policy tree is removed from the agenda. When the agenda is empty,the algorithm terminates.The running time of a single pass of value iteration using the witness algorithm is bounded18



by a polynomial in the size of the state space (jSj), the size of the action space (jAj), thenumber of policy trees in the representation of the previous iteration's value function (jVt�1j),the number of observations (j
j), and the number of policy trees in the representation ofthe current iteration's Q-functions (Pa jQat j). Note that we must assume that the numberof bits of precision used in specifying the model is polynomial in these quantities sincethe polynomial running time of linear programming is expressed as a function of the inputprecision [23]. A more detailed derivation of the running time is available [13].5 Understanding PoliciesIn this section we introduce a very simple example and use it to illustrate some propertiesof pomdp policies. Other examples are explore in an earlier paper [4].5.1 The Tiger ProblemImagine an agent standing in front of two closed doors. Behind one of the doors is a tigerand behind the other is a large reward. If the agent opens the door with the tiger, then alarge penalty is received (presumably in the form of some amount of bodily injury). Insteadof opening one of the two doors, the agent can listen, in order to gain some informationabout the location of the tiger. Unfortunately, listening is not free; in addition, it is also notentirely accurate. There is a chance that the agent will hear a tiger behind the left-handdoor when the tiger is really behind the right-hand door, and vice versa.We refer to the state of the world when the tiger is on the left as sl and when it is on theright as sr. The actions are left, right, and listen. The reward for opening the correctdoor is +10 and the penalty for choosing the door with the tiger behind it is �100. Thecost of listening is �1. There are only two possible observations: to hear the tiger on theleft (tl) or to hear the tiger on the right (tr). Immediately after the agent opens a doorand receives a reward or penalty, the problem resets, randomly relocating the tiger behindone of the two doors.The transition and observation models can be described in detail as follows. The listenaction does not change the state of the world. The left and right actions cause a transitionto world state sl with probability .5 and to state sr with probability .5. When the worldis in state sl, the listen action results in observation tl with probability 0.85 and theobservation tr with probability 0.15; conversely for world state sr. No matter what statethe world is in, the left and right actions result in either observation with probability 0.5.5.2 Finite-Horizon PoliciesThe optimal undiscounted �nite-horizon policies for the tiger problem are rather surprising.Let us begin with the policy for the time step t = 1, when the agent only gets to make asingle decision. If the agent believes with high probability that the tiger is on the left, thenthe best action is to open the right door; if it believes that the tiger is on the right, the bestaction is to open the left door. But what if the agent is highly uncertain about the tiger'slocation? The best thing to do is listen. Guessing incorrectly will incur a penalty of �100,19
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[0.00, 0.10] [0.10, 0.90] [0.90, 1.00]Figure 10: Tiger example policy for t = 1
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[0.39, 0.61] [0.61, 0.98] [0.98, 1.00][0.02, 0.39][0.00, 0.02] Figure 11: Tiger example policy for t = 2whereas guessing correctly will yield a reward of +10. When the agent's belief has no biaseither way, it will guess wrong as often as it guesses right, so its expected reward for openinga door will be (�100 + 10)=2 = �45. Listening always has value �1, which is greater thanthe value of opening a door at random. Figure 10 shows the optimal 1-step policy. Each ofthe policy trees is shown as a node; below each node is the belief interval2 over which thepolicy tree dominates; inside each node is the action at the root of the policy tree.We now move to the case in which the agent can act for two time steps. The policy fort = 2 is shown in Figure 11 and has a surprising property: it always chooses to listen. Why?Because if the agent were to open one of the doors at t = 2, then, on the next step, thetiger would be randomly placed behind one of the doors and the agent's belief state wouldbe reset to (0:5; 0:5). So after opening a door, the agent would be left with no informationabout the tiger's location and with one action remaining. We just saw that with one step togo and b = (0:5; 0:5) the best thing to do is listen. Therefore, if the agent opens a door whent = 2, it will listen on the last step. It is a better strategy to listen when t = 2 in order tomake a more informed decision on the last step.Another interesting property of the 2-step policy is that there are multiple policy treeswith the same action. This implies that the value function is not linear, but is made up of�ve linear regions. The belief states within a single region are similar in that when they aretransformed, via SE(b; a; o), the resulting belief states will all lie in the same belief regionde�ned by the policy for t = 1. In other words, every single belief state in a particular region,r, for t = 2 will, for the same action and observation, be transformed to a belief state thatlies in some region, r0 of the policy for t = 1. This relationship is shown in Figure 12.The optimal policy for t = 3 also consists solely of policy trees with the listen action. Ifthe agent starts from the uniform belief state, b = (0:5; 0:5), listening once does not changethe belief state enough to make the expected value of opening a door greater than that oflistening. The argument for this parallels that for the 2-step policy.This argument for listening in the �rst steps no longer applies after t = 3; the optimalpolicies for t > 3 all choose to open a door for some initial belief states. Figure 13 shows thestructure that emerges for the optimal policies from t = 1 to t = 4. Notice that for t = 3there are two nodes that do not have any incoming arcs from t = 4. This happens because2The belief interval is speci�ed in terms of b(sl) only since b(sr) = 1� b(sl).20
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Figure 12: Belief state mapping from t = 2 to t = 1
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Figure 13: Policies and relationship for t = 1 through t = 4there is no belief state at t = 4 for which the optimal action and any resulting observationgenerates a new belief state that lies in either of the regions de�ned by the unused nodes att = 3.This graph can also be interpreted as a compact representation of all of the useful policytrees at every level. The forest of policy trees is transformed into a directed acyclic graphby collapsing all of the nodes that stand for the same policy tree into one.5.3 In�nite-Horizon PoliciesWhen we include a discount factor to decrease the value of future rewards, the structure ofthe �nite-horizon pomdp value function changes slightly. As the horizon, t, increases, therewards received for the �nal few steps have decreasing in
uence on the policy for earlier timesteps and the value function begins to converge. In many cases, for large t, and 
 = 0:75,the policy looks much the same as the policy for t� 1. Figure 14 shows the solution to thediscounted �nite-horizon version of the tiger problem for large values of t. Notice that the21
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Figure 14: Structure of solution for large tstructure of the graph is exactly the same from one time to the next. The � vectors for eachof the nodes, which together de�ne the value function, di�er only after the �fteenth decimalplace. This structure �rst appears at time step t = 56 and remains constant up to t = 105.When t = 105, the precision of the algorithm used to calculate the policy can no longerdiscern any di�erence between the vectors' values for succeeding intervals. At this point, wehave an approximately optimal value function for the in�nite-horizon discounted problem.This pomdp has the property that the optimal in�nite-horizon value function has a �nitenumber of linear segments. An associated optimal policy has a �nite description and is called�nitely transient [26, 22]. pomdps with optimal �nitely transient policies can sometimesbe solved in �nite time using value iteration. In other pomdps, the in�nite-horizon valuefunction has an in�nite number of segments; on these problems the sets Vt grow with eachiteration. The best we can hope for is to solve these pomdps approximately.5.4 Policy GraphsOne drawback of the pomdp approach is that the agent must maintain a belief state anduse it to select an optimal action on every step; if the underlying state space or V is large,then this computation can be expensive. In many cases, it is possible to encode the policyin a graph that can be used to select actions without any explicit representation of the beliefstate [27]; we refer to such graphs as policy graphs. Recall Figure 14, in which the algorithmhas nearly converged upon an in�nite-horizon policy for the tiger problem. Because thepolicy has the same structure at every level, we can make it stationary by redrawing theedges from one level to itself as if it were the succeeding level. This rearrangement of edgesis shown in Figure 15, and the result is redrawn in Figure 16 as a policy graph.Some of the nodes of the graph will never be visited once either door is opened and thebelief state is reset to (0:5; 0:5). If the agent always starts in a state of complete uncertainty,then it will never be in a belief state that lies in the region of these non-reachable nodes.This results in a simpler version of the policy graph, shown in Figure 17. The policy graphhas a simple interpretation: keep listening until you have heard the tiger twice more on oneside than the other.Because the nodes represent a partition of the belief space and because all belief stateswithin a particular region will map to a single node on the next level, the policy graphrepresentation does not require the agent to maintain an on-line representation of the belief22
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Figure 15: Rearranging edges to form a stationary policy
listen

listen

TL/TR

TL

TL

TR

left

listen

TL/TR

TR

TR
TL

right

listenlisten

TR

TR

TL

listen listen

TR

TL

TL

TR

TLFigure 16: Policy graph for tiger example
listen

listen

TL/TR

TL

TL

TR

left

listen

TL/TR

TR

TR
TL

rightFigure 17: Trimmed policy graph for tiger example23



listen

TL/TR

right

TL/TR

TL

left

TR

listen
listen

listen

listen listen

listen

listen

listen

TL

TL

TL

TL

TL

TL

TL

TL

TR

TR

TR

TR

TR

TR

TR

TR

Figure 18: Policy graph for tiger example with listening reliability of 0.65state; the current node is a su�cient representation of the current belief. In order to executea policy graph, the initial belief state is used to choose a starting node. After that, the agentneed only maintain a pointer to a current node in the graph. On every step, it takes theaction speci�ed by the current node, receives an observation, then follows the arc associatedwith that observation to a new node. This process continues inde�nitely.A policy graph is essentially a �nite-state controller. It uses the minimal possible amountof memory to act optimally in a partially observable environment. It is a surprising andpleasing result that it is possible to start with a discrete problem, reformulate it in terms ofa continuous belief space, then map the continuous solution back into a discrete controller.It is also important to note that there is no a priori bound on the size of the optimalpolicy graph in terms of the size of the problem. In the tiger problem, for instance, if theprobability of getting correct information from the listen action is reduced from 0.85 to0.65, then the optimal policy graph, shown in Figure 18, is much larger, because the agentmust hear the tiger in the same place 5 times more than in the other before being su�cientlycon�dent to act. As the observation reliability decreases, an increasing amount of memorywill be required.6 Extensions and ConclusionsThe pomdp model provides a �rm foundation for work on planning under uncertainty inaction and observation. It gives a uniform treatment of action to gain information and actionto change the world. Although they are derived through the domain of continuous beliefspaces, elegant �nite-state controllers may sometimes be constructed using algorithms suchas the witness algorithm.However, experimental results [13] suggest, even the witness algorithm becomes imprac-tical for problems of modest size (jSj > 15 and j
j > 15). Our current work explores the useof function-approximation methods for representing value functions and the use of simula-tion in order to concentrate the approximations on the frequently visited parts of the beliefspace [14]. The results of this work are encouraging and have allowed us to get a very goodsolution to an 89 state, 16 observation instance of a hallway navigation problem similar tothe one described in the introduction. We are optimistic and hope to extend these techniques(and others) to get good solutions to large problems.24
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