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To appear in Proceedings, 28th Annual ACM Symposium on Theory of Computing (May 1996).E�cient Approximation Algorithms for Semide�nite ProgramsArising from MAX CUT and COLORINGPhilip Kleinklein@cs.brown.edu Hsueh-I Luhil@cs.brown.eduDepartment of Computer Science, Brown UniversityAbstractThe best known approximation algorithm for graphMAX CUT, due to Goemans and Williamson, �rst�nds the optimal solution a semide�nite program andthen derives a graph cut from that solution. Build-ing on this result, Karger, Motwani, and Sudan gavean approximation algorithm for graph coloring thatalso involves solving a semide�nite program. Solv-ing these semide�nite programs using known methods(ellipsoid, interior-point), though polynomial-time, isquite expensive. We show how they can be approxi-mately solved in ~O(nm) time for graphs with n nodesand m edges.1 IntroductionIt is well-established that linear programs can be use-ful in (1) estimating the value of an integer program,and (2) obtaining approximately optimum solutionsto an integer program. Similar use of semide�niteprogramming is emerging as an important technique.Lov�asz [15] showed semide�nite programming couldbe used to compute the Shannon capacity of a graph,often referred to as the theta function; this is a num-ber that lies between the size of the maximum cliqueand the minimumnumber of colors. Lov�asz and Schri-jver [16] described a way to use semide�nite program-ming to estimate the value of integer programs.In an important recent breakthrough, Goemansand Williamson [4] discovered an approximation al-gorithm for graph MAX CUT whose accuracy is sig-ni�cantly better than that of the previously knownalgorithms. Their algorithm is based on obtaining anear-optimum solution to a semide�nite program.Building on this work, Karger, Motwani, and Su-dan [9] discovered an approximation algorithm forgraph coloring. If the input graph is 3-colorable, theiralgorithm obtains a coloring that uses O(n1=4 logn)colors. More generally, if the input graph is k-

colorable, the coloring obtained by the algorithm uses~O(n1�1=(k+1)) colors. Their algorithm, like that ofGoemans and Williamson, is based on obtaining anear-optimum solution to a semide�nite program.Semide�nite programming is a generalization of lin-ear programming, and a special case of convex pro-gramming. Essentially, what is added to linear pro-gramming is the ability to specify constraints of theform \X is a positive-semide�nite matrix", whereX isa symmetric matrix whose entries are variables. Sucha constraint is written X � 0. A positive-semide�nitematrix is a matrixX all of whose eigenvalues are non-negative. An equivalent condition is that for any col-umn vector u, the value of uTXu is nonnegative.Semide�nite programming is a special case of con-vex programming. The �rst algorithm proposed forsemide�nite programming was based on the ellipsoidmethod. Lov�asz gave a subroutine that, given amatrix X that is not positive-semide�nite, �nds ahyperplane separating X from the set of positive-semide�nite matrices. This subroutine, combinedwith the ellipsoid method, provided a polynomial-time algorithm for semide�nite programming. How-ever, the complexity of this algorithm is quite high.Nesterov and Nemirovsky showed [17] how to usethe interior-point method to solve semide�nite pro-grams. Alizadeh [1] showed how an interior-point al-gorithm for linear programming could be directly gen-eralized to handle semide�nite programming. Sincethe work of Alizadeh, there has been a great deal of re-search into such algorithms [8, 24, 20, 25, 6, 12, 3]. Es-sentially, the number of iterations is roughly ~O(pn),and each iteration involves either factoring a matrixor solving a least-squares problem. The size of eitherproblem is s�n2 where s is the number of constraintsde�ning the semide�nite program.Goemans and Williamson's algorithm involves solv-ing a semide�nite program with O(n) linear con-straints but with special structure. Because of thisstructure, each iteration can be done in O(n3) time.Thus the time required to solve this problem is1



roughly O(n3:5). Furthermore, after the algorithmcomputes a solution matrix X, it must compute theCholesky factorization ofX; this can be done in O(n3)time. The algorithm of Karger, Motwani, and Su-dan requires the solution to a semide�nite programwith O(n2) linear constraints. The time required asis at least that of the algorithm of Goemans andWilliamson.In this paper, we propose an alternative approach.We apply the method of Plotkin, Shmoys, and Tar-dos [18] to �nd an approximate solution to each ofthese semide�nite programs. As the core of thesealgorithms, we use the power method to solve aneigenvalue problem. The power method can exploitthe sparsity of the matrix, which in turn re
ects thesparsity of the graph. Using a randomized methodfor selecting an initial vector, we bound the numberof iterations of the power method required to �nd aeigenvalue solution good enough for our purposes. Asa result, for �xed �, we obtain randomized algorithmsthat �nd an �-optimal solutions to the semide�niteprograms in only ~O(nm) time, where m is the num-ber of edges. Furthermore, the form in which thissolution is given makes it trivial to �nd its Choleskyfactorization (or rather a decomposition that servesthe same purpose). Thus by using our algorithms assubroutines, one implement the MAX CUT algorithmof Goemans and Williamson and the graph coloringalgorithm of Karger, Motwani, and Sudan in ~O(nm)time.The di�erence between our ~O(nm) bound and the~O(n3:5) bound of the interior-point method is par-ticularly striking when the graph is very sparse, i.e.m = O(n). Thus one of the key advantages of ourapproach is that we can provably exploit the sparsityof the input graph.The catch, of course, is that our algorithm �ndsonly an �-approximate solution to the semide�niteprograms. The ellipsoid method and interior-pointmethod also �nd approximate solutions, but theirrunning-times' dependence on � is much nicer. Con-sequently, our algorithm is useful only when one iswilling to sacri�ce a little in the quality of the outputin order to get the solution more quickly|or whenthe input graph is so big (and yet sparse) that theinterior-point method would take more time than fea-sible.2 Background and overviewThe basis of our approach is the method of Plotkin,Shmoys, and Tardos for approximately solving whatthey call fractional packing and covering problems.Their method is analogous to Lagrangean relaxation,

in which constraints are replaced by a \penalty" com-ponent of the objective function, such that violationsof the constraint are penalized. The di�culty in La-grangean relaxation is in choosing the weights of thepenalties. In the method of Plotkin, Shmoys, andTardos, the penalties are determined directly from acurrent candidate solution. These penalties are usedto select a direction to move from the current candi-date solution to obtain the next candidate solution,and the process is repeated.Some of the particulars of their approach originatedin the work of Shahrokhi and Matula [22] on approx-imate solution of a multicommodity 
ow problem.Shahrokhi andMatula proved a polynomial but ratherhigh bound on the running time of their algorithm.A much faster algorithm for this problem was devel-oped by Klein, Plotkin, Stein, and Tardos [10]. Oneimportant ingredient in the improvement is a formula-tion of approximate optimality (relaxed complemen-tary slackness conditions) that works well in this set-ting. This multicommodity 
ow algorithm was gener-alized by Leighton, Makedon, Plotkin, Stein, Tardos,and Tragoudas [14]. Plotkin, Shmoys, and Tardosthen took a �nal step and generalized this multicom-modity 
ow algorithm, obtaining not a single algo-rithm but a whole framework in which algorithms fora variety of problems could be formulated.This framework, like that of the ellipsoid algo-rithm [5] and the method of Vaidya [23], casts al-gorithms in terms of a subroutine, an oracle. For theellipsoid algorithm, the subroutine is called a sepa-ration oracle. For Plotkin, Shmoys, and Tardos, thesubroutine must �nd an optimum (or near-optimum)solution to a simpler optimization problem. Speci�-cally, if the goal is to �nd a vector that satis�es somelinear inequalities and in addition lies in a given con-vex body P , the subroutine must �nd a vector of min-imum cost of all those in P .2.1 Solving the MAX CUT semide�-nite programTo cast the MAX CUT semide�nite program in thisframework, we take P to be the set of positive-semide�nite matrices X satisfying the linear inequal-ityPij LijXij = 1. To obtain an algorithm, we mustsupply a subroutine to �nd such a matrixX minimiz-ing a weighted sum of its diagonal elements. That is,we must �nd the minimizer ofminfXi yiXii :Xij LijXij = 1; X � 0g:We show that the minimum is achieved by a rank-onematrix, a matrix X of the form uuT , where u is an2



n-element column vector. Furthermore, we show thatthe best such matrix is that de�ned by the vector uthat is the eigenvector corresponding to the maximumeigenvalue of a matrix derived from L.Finding an eigenvector of a matrix would take toomuch time. We exploit the fact that we need onlyan approximate solution, and can therefore use a fewiterations of a method called the power method.Since L is positive-semide�nite, all its eigenvaluesare nonnegative. Hence its maximumeigenvalue is theeigenvalue of maximum absolute value. The powermethod uses the fact that the eigenvalues of Ak arethe kth powers of the eigenvalues of A. If k is bigenough, therefore, small di�erences in eigenvalues ofA result in large di�erences in eigenvalues of Ak. In-stead of computing Ak directly, we can make do withthe matrix-vector product Akx(0), where x(0) is a suit-ably chosen initial vector. We can compute this prod-uct by computing a series of k matrix-vector prod-ucts Ax(i). Computing each of these products takestime proportional to the number of nonzero elementsof A. In this case, the number is O(m). We showthat a good enough solution is obtained by takingk = O(��1 logn). We also show that a random se-lection of the initial vector is su�ciently good withhigh probability. Thus we obtain a fast subroutine tooptimize over P .Some additional work is needed. We need to ensurethat the vectors obtained by the power method havereasonably small components. We do this by perturb-ing the initial problem in a way that does not modifythe optimum value too much; an approximately op-timal solution to the perturbed problem yields andapproximately optimal solution to the original prob-lem. We also need to show how to obtain a good ini-tial solution to the semide�nite program. For this, weuse the previously known approximationalgorithm forMAX CUT, due to Sahni and Gonzalez [21]. Finally,we show that after only only O(��2n logn) iterationsof optimizing over P , we obtain an �-optimal solutionX to the semide�nite program. The time requiredis thus O(��3nm log2 n). Furthermore, in practice wecould run the power method for many fewer iterationsby using as its initial vector the output obtained fromthe power method the last time. Thus one factor of��1 in our analysis seems super
uous.Since in each iteration the matrix output by thesubroutine has the form uuT , we obtain X as the sumof such rank-one matrices:X = u(1)u(1)T + � � �+ u(r)u(r)T :(1)That is,Xij = u(1)iu(1)j + � � �+ u(r)iu(r)j :(2)

The approximation algorithm of Goemans andWilliamson requires that we compute a matrixH suchthat HTH equals X. That is, the ith column of H isa vector hi such thatXij = hi � hj = h(1)i h(1)j + � � �h(t)i h(t)j :As evident from (2), we can derive such vectors hidirectly from the u(j)'s appearing in (1), namely weset h(j)i := u(j)i .2.2 The graph coloring semide�niteprogramIn casting this problem in the framework of Plotkin,Shmoys, and Tardos, we take the convex body P tobe the set of positive-de�nite matrices X whose diag-onal elements are 1. Thus in this case P involvesn linear constraints instead of just one, as in thecase of MAX CUT. Moreover, the function we mustoptimize over P involves all the components of Xrather than just the diagonal elements (as was thecase in MAX CUT). The objective function has theform Pij CijXij . Thus optimization over P cannotbe done using a rank-one matrix. However, by mak-ing a small perturbation in this optimization prob-lem, we transform it into precisely the MAX CUTsemide�nite program. Thus we can use our algorithmfor that problem to approximately optimize over P .(Once, again we show that the perturbation is suchthat an approximately optimal solution to the per-turbed problem yields an approximately optimal so-lution to the original problem.)This time, we need to optimize over P onlyO(��2 logn) times. Thus we obtain an algorithmfor the coloring semide�nite program that takesO(��5nm log3 n) time. As mentioned in Subsec-tion 2.1, by being more clever about how we use thepower method, we can probably remove one factor of��1 in practice.3 PreliminariesAll vectors in the paper are n � 1 column vectors.All matrices in this paper are n � n and symmetric.Let u and v be two vectors. De�ne u � v to be thedot product uT v of u and v. Let A and B be twomatrices. De�ne A � B to be the trace of AB, whichis equal to P1�i;j�nAijBij. One can easily verifythat A� (uuT ) = uTAu for any vector u. Let I be theidentity matrix and let J be the all-one matrix. Let~1 be the all-one vector.A matrixX is positive semide�nite, denoted X � 0,if every eigenvalue of X is nonnegative. It is well-known that X � 0 if and only if X can written as3



Pu2U uuT , where U is a set of at most n orthogonalvectors.Let G be a simple undirected graph of n nodes withnonnegative costs on edges. Let C be the cost matrixof G, where Cij is the cost of the edge ij of G. Let �Lbe the Laplacian of G, de�ned as�Lij = � �Cij i 6= jP1�k�nCik i = j:For convenience we refer to the MAX CUT semidef-inite program as the VECTOR MAX CUT problem.The VECTOR MAX CUT problem is the followingsemide�nite program as shown in [4].max 14C � (J �X)s.t. Xii = 1 for every 1 � i � nX � 0:Lemma1 ensures that the above semide�nite programcan be rewritten as follows.max 14 �L �Xs.t. Xii = 1 for every 1 � i � nX � 0:(3)Lemma 1 Let �L be the Laplacian of a graph corre-sponding to the cost matrix C. Let X be a matrixsuch that every diagonal element of X is one. ThenC � (J �X) = �L �X.Proof Let D = �L + C. Clearly D is a diagonalmatrix. Since every diagonal element of X is one, weknow that D �X = C � J . ThereforeL �X = D �X �C �X = C � J � C �X:The VECTOR COLORING problem is the follow-ing semide�nite program as shown in [9].min �s.t. Xii = 1 for every 1 � i � nXij � � for every edge ij of GX � 0:(4)For a mathematical program, e.g. (3), an assign-ment to the variables is said to be a feasible solutionif it satis�es the constraints. The value of such anassignment is the value of the objective function atthat assignment. Let f(�) be the objective functionof a mathematical program Q. Let X� be an optimalsolution to P . A feasible solution X to Q is �-optimalif (1+ �)�1 � f(X�)f(X) � (1 + �). For simplicity of time-bounds, we assume throughout that � > 1=n.

4 VECTOR MAX CUT4.1 Problem reductionFor simplicity of the analysis, we assume that the edgecosts ofG are scaled such that the sum of edge costs ofG is exactly one. It follows that that �L�I = 2. De�neL = �L + I=n. Consider the following semide�niteprogram.min �s.t. Xii � � for every 1 � i � nL �X = 1X � 0:(5)It is easy to see that this program is equivalent to (3),in that a feasible solution to one can be easily trans-formed into a feasible solution to the other. For exam-ple, let (X�; ��) be an optimal solution to (5). Sincethe diagonal elements of L are nonnegative, we canassume without loss of generality that all the diago-nal elements of X are exactly the maximumdiagonalelement, �� (by increasing them and then rescaling ifnecessary). If we divide every element of X� by ��,we get a matrix X 0 in which each diagonal element isat most one. Increase each diagonal element until itis one. Since L�X� = 1, we obtain L�X0 = 1=��. Fi-nally, since L = �L+I=n, L we have L�X 0 = �L�X 0+1,so 14 �L�X0 = 14(L�X0�1). Since this transformationis invertible, we conclude that an optimum solution toone program yields an optimum solution to the other.We can say more, however. Because the identify ma-trix I is a feasible solution to (3), the optimum valueof that program is at least 14 �L � I, which is 1=2 byour assumption about the edge costs of G. It followsthat an �-optimal solution to (5) yields a 2�-optimalsolution to (3), at least as long as � � 0:5.More formally, let (X;�) be the �-optimal solutionto (5), and let (X�; ��) the optimal solution. Let �Xdenote the solution to (3) corresponding to (X;�),and let �X� be the optimal solution. Then we have�L � �X = L � �X � 1� 1=�� 1� (1 + �)�1=�� � 1� (1 + �)�1(1=�� � 1� �)� (1 + �)�1(1 � 0:5�)�L � �X�� (1 + 2�)�1�L � �X�;where the last inequality follows because � � 0:5.For the rest of the section we focus on �nding an�-optimal solution to (5).4



4.2 Bounding the valuesWe �rst give a lower bound on the optimum valuebased on the assumption that the sum of edge costsof G is one. We then give an upper bound on thefeasible values, which also holds for the optimal value.Lemma 2 The optimum value is at least 0:17.Proof Let �X� be an optimal solution to (3). Theresults in [4] ensure that 0:8784 �L � �X� is at most thesum of edge costs. Since we assume that the sum ofedge costs of G is one, it follows that �L � �X� � 40:878.One can easily verify that �� = 1�L� �X�+1 . Therefore�� � 11+4=0:878 > 0:17.The following lemma upperbounds the value of anyfeasible solution.Lemma 3 For any X satisfying X � 0 and L�X = 1,each diagonal element of X is at most n.Proof Since L = �L + I=n, it follows that I � X =n(1� �L�X). Note that �L � 0 by Ger�sgorin's theorem(e.g. see x10.6 of [13]). Since also X � 0, we obtain�L � X � 0, and thus X11 + � � �+ Xnn = I � X � n.Since X � 0, each Xii is nonnegative. It follows thatXii � n for every 1 � i � n.We now apply the framework of Plotkin, Shmoys,and Tardos [18]. We view (5) asmin �s.t. Xii � � for every 1 � i � nX 2 P;(6)where P = fX : L �X = 1; X � 0g.The algorithm depends on a parameter � thatPlotkin, Shmoys, and Tardos call the width of theformulation. The width in this case is by de�nitionmaxfXii : X 2 Pg. By Lemma3, the width is at mostn. Now we can describe the algorithm.4.3 The algorithmLet C be the cost matrix for the given graph G. Let �be the given positive precision parameter. We give analgorithm that produces an �-optimal solution. Thealgorithm starts with �nding a 1-optimal initial solu-tion (X;�). It then iteratively updates (X;�) until itis �-optimal. In each iteration a procedure Improveis called to improve the precision of (X;�). Speci�-cally, after the kth iteration (X;�) is guaranteed tobe 2�k-optimal with high probability. The algorithmVectorMaxCut(C; �) is as follows.

1. Scale C such that the sum of edge costs is one,and then compute L from C.2. Let (X;�) = Initial(C).3. Let �0 = 1.4. While �0 > � do(a) Let �0 = �0=2.(b) Let (X;�) = Improve(X;�; �0=7).The procedure Initial(C) obtains an initial solu-tion (X;�) from a greedy solution to the MAX CUTproblem. Using the greedy method by Sahni andGonzalez [21], one can obtain a 1-optimal solutionto the MAX CUT problem in time linear in the num-ber of edges. Moreover such a greedy cut has valueat least one half of the sum of edge costs. Let u bethe characteristic vector for the greedy solution to theMAX CUT problem, where ui = 1 for every node ion one side of the cut, and uj = �1 for every node jon the other side of the cut. Clearly uuT is the corre-sponding feasible solution to (3). Let c = �L � (uuT ).We know 14c � 12 , since the sum of edge costs is scaledto be one. Hence c � 2. Let the return value (X;�) ofInitial(C) be (uuTc+1 ; 1c+1 ). Clearly (X;�) is feasibleto (5). Since c � 2, � � 1=3. Therefore the initialsolution (X;�) is 1-optimal by Lemma 2.At the beginningof the procedure Improve(X;�; �), we assume that�=�� = 1+O(�). The solution (X 0; �0) output by thisprocedure satis�es �0=�� � 1 + �, so our assumptionholds for the next call to the procedure, when �0 hasbeen halved.The procedure Improve uses a positive vector yde�ned as a function of the current solution (X;�).The procedure proceeds iteratively to update thecurrent solution. In each iteration a procedureDirection(y; �) is called to obtain a matrix solution~X that with high probability is an approximate min-imizer for�(y) = minfy1X11 + � � �+ ynXnn : X 2 Pg:(7)The current solution is moved towards ~X by a smallamount �. Namely let X := (1��)X+� ~X , and let �be the maximumdiagonal element of the new X. Onecan easily verify that the new (X;�) is still feasible.Let us de�ne the notation hXiy byhXiy = y1X11 + � � �+ ynXnn:The procedure can stop when the following conditionholds.hXiy � h ~Xiy � �(hXiy + �y �~1)(8)The procedure Improve(X;�0; �) is as follows.5



1. Let � = �0.Let � = 12��1 ln(2n��1).Let � = �=(4�n).2. Repeat(a) Let yi = e�Xii for every i = 1; : : : ; n.(b) Let ~X = Direction(y; �).(c) If condition (8) is satis�ed thenReturn (X;�).elseLet X = (1� �)X + � ~X .Let � = maxfX11; : : : ; Xnng.It follows from the framework of Plotkin, Shmoys,and Tardos that the number of iterations isO(��2n logn). In the next subsection, we give an im-plementation ofDirection that takes ~O(��1m) time.Thus we will obtain the following lemma.Lemma 4 The running time required by the algorithmVectorMaxCut(C; �) is ~O(��3mn).4.4 The power methodIt remains to describe Direction(y; �), which pro-duces an approximate minimizer for (7) with highprobability. One can easily verify that �(y) can beachieved by a rank-one matrix uuT 2 P . Therefore itsu�ces for Direction(y; �) to obtain a vector u suchthat huuT iy � (1 + �)�(y):We show that it is in fact an eigenvector problem to�nd a feasible matrix uuT such that huuT iy = �(y).The eigenvector problem can be approximately solvedby a well-known numerical algorithm called the powermethod (e.g. see x5.3 of [2]), which is one of theoldest methods for computing the dominant eigen-pair of a matrix. Let L0 be a matrix de�ned asL0ij = Lij=pyiyj. One can easily verify that L0 � 0.Let v be a vector de�ned by vi = ui=pyi. Note that yis positive, so L0 and v are both well-de�ned. ClearlyL � (uuT ) = L0 � (vvT ) and huuT iy = v � v. It followsthat�(y) = minfv � v : L0 � (vvT ) = 1g:Therefore1=�(y) = maxfL0 � (wwT ) : w �w = 1g:By Rayleigh-Ritz's theorem (e.g. see Theorem 4.2.2of [7]) we know 1=�(y) is the maximum eigenvalue ofL0. A normalized eigenvector w in the eigenspace ofL0 corresponding to 1=�(y) is a vector that maximizesL0�(wwT ) over all normalized vectors. Let v = �(y)w,

and let u be obtained by ui = vipyi. By the abovediscussion we know that uuT is a feasible solutionsuch that huuT iy = �(y). Clearly if w is close tothe eigenspace of L0 corresponding to 1=�(y), thenthe corresponding L � (uuT ) would be close to �(y).Speci�cally if w is a normalized vector such that L0 �(wwT ) � 1=((1+�)�(y)); then the corresponding uuTwould be an �-optimal minimizer for (7). Thereforethe problem of �nding an �-optimal minimizer for (7)is reduced to the following problem:Let � be the maximum eigenvalue of a pos-itive semide�nite matrix A. Find a nor-malized vector x such that A � (xxT ) �(1 + �)�1�.For the rest of the section we focus on adapting thepower method to solve the above problem.We �rst describe the power method as follows. Themethod consists of a series of k iterations, where kis a parameter to be determined. Each iteration con-sists of a matrix-vector multiplication. In particular,initialize by choosing a random normalized vector x0,and then compute x(k) = Akx(0)=kAkx(0)k2 using therecurrence x(i+1) = Ax(i)=kAx(i)k2.Now we analyze the algorithm. Since A � 0, ithas n orthonormal eigenvectors w(1); : : : ; w(n). Let�1; : : : ; �n be the corresponding eigenvectors, andsuppose they are indexed so that �1 � � � � � �n � 0.It is known that A can be written as �1w(1)wT(1)+� � �+�nw(n)wT(n). Since fw(1); : : : ; w(n)g are orthonormal,every arbitrary normalized vector x can be written as�1w(1)+ � � �+�nw(n), where �21+ � � �+�2n = 1. Notethat Akx = X1�i�n�i�ki w(i)kAkxk2 = s X1�i�n�2i�2kifor any k � 0. It is not hard to see that as k growslarger, x(k) gets closer to u(1). The following lemmagives an upper on the k that is required for x(k) to be anormalized vector x such that A�(xxT ) � (1+�)�1�1.Lemma 5 Let x(k) be as de�ned above. Suppose �1 �0. If k � ��1 ln(��1��21 ), then A � (x(k)xT(k)) � (1 +�)�1�1.Proof Assume A� (x(k)xT(k)) < �1=(1+�). We showk < ��1 ln(��1��21 ). Note thatA � (x(k)xT(k)) = X1�i�n�2i�2k+1iX1�i�n�2i�2ki :6



It follows from the assumption that(1 + �) X1�i�n�2i�2k+1i < �1 X1�i�n�2i�2ki :Let �i = �1� (1+�)�i for every 2 � i � n. The aboveinequality can be rewritten as follows by moving the�rst terms of both summations to the left, and theremaining terms to the right.��21�2k+11 < X2�i�n�2i�2ki �i:(9)Clearly �2 � � � � � �n. If �n were less than or equalto zero, then the RHS of (9) would be less than orequal to zero, which contradicts the fact that the LHSof (9) is nonnegative. Therefore we know �n > 0. Lett be the smallest index such that �t > 0. It followsthat ��21�2k+11 < Xt�i�n�2i�2ki �i� Xt�i�n�2i�2kt �1� �2kt �1:Therefore ��21(�1=�t)2k < 1. Since �t > 0, we knowthat �1=�t > (1 + �). Thus ��21(1 + �)2k < 1. Sinceln(1 + �) � �=2 for any 0 � � � 1, it follows thatk < ��1 ln(��1��21 ).Since the number of iterations required by thepower method is determined by the �21 of x(0), itsu�ces to show how to choose the initial vector xsuch that its �21 is su�ciently large. It turns out thatrandomly choosing x(0) uniformly from the surface ofthe n-dimensional unit sphere is su�cient. Note thatthe �1 of x is exactly x � w(1), the projection of x onw(1). The following lemma lowerbounds the probabil-ity that �21 � O(n�c�1) for any c � 0.Lemma 6 Suppose n � 2. Let x0 be a �xed normal-ized vector in n-dimensional space. Let x be a randomvector that is uniformly distributed on the surface of then-dimensional unit sphere. Then the probability that(x � x0)2 � 12nc+1 is at most n�c for any c � 0.Proof Let a = 12nc+1 . Clearly Pr((x � x0)2 � a2) =Pr(jx � x0j � a). We show Pr(jx � x0j � a) � n�c.Let �̂ = arccos a. It is known by multivariable anal-ysis (e.g. see x60 of [19]) thatPr(jx � yj � a) = 1S Z �=2�̂ sinn�2 � d�� 1S (�2 � �̂);

where S = Z �=20 sinn�2 � d�. Note that � � 2 sin �,for any � � �2 . It follows that �2 � �̂ � 2 sin(�2 � �̂) =2 cos �̂ = 2a = n�c�1. Therefore it su�ces to showthat S � 1n .It is known (e.g. see (131) of x60 in [19]) thatS = �(n�12 + 1)n�n=22(n� 1)�(n�1)=2�(n2 + 1)for any n � 2. ThereforeS � �(n2 )2�(n2 + 1) = 1n:A uniformly distributed random vector x on thesurface of the n-dimensional unit sphere can be ob-tained by randomly generating n values x1; : : : ; xn in-dependently from the standard normal distribution,and then normalizing the resulting vector (e.g. seepage 130 of [11].) The standard normal distributioncan be simulated using the uniform distribution be-tween 0 and 1 (e.g. see page 117 of [11].) Let x = x(k),where k = d1� ln(2nc� )e. It follows from Lemma 5 andLemma 6 that A � (xxT ) � (1 + �)�1�1 holds withprobability at least 1 � n�c. Since each iteration ofthe power method involves a matrix-vector multipli-cation, which takes time O(m), the running time ofDirection(y; �) is O(m��1 lnn).5 VECTOR COLORINGIn this section we show how to obtain an O(�)-optimalsolution to (4), which we restate here for convenience.min �s.t. Xii = 1 for every 1 � i � nXij � � for every edge ij of GX � 0:(10)In order to put the problem into the framework ofPlotkin, Shmoys, and Tardos [18], we can reformulatethis program as follows.max 
s.t. X 0ij � 
 for every edge ij of GX 2 P 0;where P 0 = fX 0 : X 0ii = �1;�X0 � 0g. Let P = �P 0.Like P , P 0 is a convex body. The framework of [18]requires that we optimize over P 0. Equivalently, wecan optimize over P .7



5.1 De�nitionsIn this section, we say a matrixX is feasible ifX 2 P .We say (X;�) is feasible if X is feasible and everycomponent Xij of X, where ij is an edge of G, is atmost �.A matrix Y is a cost matrix for G if Y is a nonneg-ative matrix such that Yij = 0 for every ij that is notan edge of G. Let�(Y ) = minfY �X : X 2 Pg:Since I is feasible and Y �I = 0, we know that �(Y ) �0.5.2 Bounding the valuesThe following lemma bound the value of any feasiblesolution, including the value of an optimal solution.Lemma 7 Let (X;�) be a feasible solution. Then � �1.Proof By the feasibility of (X;�) we know X � 0,which implies that uTXu � 0 for any vector u. IfXij > 1 for some edge ij of G, then uTXu < 0,where u is de�ned byuk = 8<: 1 if k = i�1 if k = j0 otherwise:The lemma thus follows.5.3 The algorithmWe give an algorithm that produces an �-optimal solu-tion. The algorithm starts with �nding an initial solu-tion (X;�). It then iteratively updates (X;�) until itis �-optimal. In each iteration a procedure ImproveCis called to improve the precision of (X;�). Speci�-cally each call to ImproveC either reduces the valueof the current solution by a factor of two or yields asolution that is near-optimal with respect to the pre-cision parameter given to ImproveC. The algorithmVectorColoring(G; �) is as follows.1. Let (X;�) = InitialC(G).Let �0 = 2.2. While �0 > � do(a) Let �0 = �0=2.(b) While (X;�) is not �0-optimal doLet (X;�) = ImproveC(X;�; �04 ).

The procedure InitialC(G) obtains an initial so-lution (X;�) as follows:Xij = 8<: 1 if i = j� 1n if ij is an edge of G0 otherwise:Clearly X � 0 (e.g. see the Ger�sgorin's theorem inx10.6 of [13]), and thus the initial solution (X;� 1n ) isfeasible.At the beginningof the procedure ImproveC(X;�; �), we assume that��=� = 1+O(�). The solution (X 0; �0) output by thisprocedure satis�es ��=�0 � 1 + �, so out assumptionholds for the next call to the procedure, when �0 hasbeen halved.The procedure ImproveC uses a nonnegative ma-trix Y de�ned as a function of the current solution(X;�). The procedure proceeds iteratively to updatethe current solution. In each iteration a procedureDirectionC(Y; �) is called to obtain a matrix ~X thatwith high probability is an approximate minimizer for�(Y ) = minfY �X : X 2 Pg:(11)The current solution is moved towards ~X by a smallamount �. Namely let X = (1 � �)X + � ~X, and let� be the new maximumXij over all ij that are edgesof G. One can easily verify that the new (X;�) is stillfeasible. The procedure can stop when the followingcondition holds.hXiy � h ~Xiy � �(hXiy + �y �~1)(12)The procedure ImproveC(X;�0; �) is as follows.1. Let � = �0.Let � = 4��1��10 ln(4n2��1).Let � = �=(4�).2. Repeat(a) Let Yij = e�Xij for every edge ij of G.(b) Let ~X = DirectionC(Y; �).(c) If � � �0=2 or (12) is satis�ed thenReturn (X;�).elseLet X = (1� �)X + � ~X .Let � bemaxfXij : ij is an edge of Gg.By Lemma 7 we know the width of (10) is one. Itfollows from the framework of [18] that the number ofiterations is O(��2 logn). Suppose G is k-colorable. Itfollows from Lemma 9 that DirectionC can be im-plemented as VectorMaxCut(Y; �6k ), which takestime ~O(��3k3n logn). Therefore we obtain the fol-lowing lemma.8



Lemma 8 The running time required by the algorithmVectorColoring(G; �) is ~O(��5mn).Lemma 9 Suppose G is k-colorable, where k � 2.Suppose � � 1. Let ( ~X; ~�) an �6k -optimal solution tothe graph MAX CUT problem corresponding to the costmatrix Y . Then ~X is an �-optimal minimizer for (11).Proof Let (X;�) be an optimal solution to theVECTOR COLORING problem (10). Since G isk-colorable, it follows from the results in [9] that� � 11�k � � 1k . By the feasibility of (X;�) we knowthatY �X � �1kY � J:(13)Let X� be an optimal solution to the VEC-TOR MAXCUT problem (3) corresponding to thecost matrix Y . Clearly �(Y ) = Y � X�. Since Xis also feasible for (3), it follows from Lemma 1 that�Y �X� � �Y �X:(14)By the assumption we knowY � (J � ~X) � (1 + �3k )�1Y � (J �X�);and thus�(1 + �3k )Y � ~X � � �3kY � J � Y �X�� �(1� �3)Y �X�;using (13) and (14). Since � � 1, we know that (1 ��3 )(1+ �3k )�1 � (1+ �)�1. Therefore �Y � ~X � �(1+�)�1Y � X�. The lemma follows because Y � X� =�(Y ).References[1] F. Alizadeh. Interior point methods in semide�-nite programming with applications to combina-torial optimization. SIAM Journal on Optimiza-tion, 5(1):13{51, 1995.[2] F. Chatelin. Eigenvalues of Matrices. John Wiley& Sons, 1993.[3] R. M. Freund. Complexity of an Algorithmfor Finding an Approximate Solution of a Semi-De�nite Program with no Regularity Assump-tion. Technical Report OR-302-94, OperationsResearch Center, M.I.T., 1994.
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