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Abstract

Given an undirected graph G, finding a spanning tree of G’ with maximum number of leaves
is not only NP-complete [11] but also MAX SNP-complete [10]. The approximation ratio of the
previously best known approximation algorithm for maximum leaf spanning tree is three [19].
However, the high-order running time required by the previous algorithm makes it impractical.
In this paper we give a new factor-three approximation algorithm for the same problem. The
running time required by our algorithm is almost linear in the size of . This improves the
previous algorithm by a factor of Q(mng), where n is the number of nodes and m is the number
of edges.

Keywords: Approximation algorithms, NP-complete problems, Spanning trees, Performance
ratio, Communication network design, Combinatorial algorithms.

1 Introduction

The NP-complete MAXIMUM LEAF SPANNING TREE problem has been extensively studied [12, 17,
23, 25, 7, 3, 19]. It has applications in circuit layouts and communication networks [5, 27]. In [19] a
series of approximation algorithms are given. The approximation ratios of the first two algorithms
in the series are shown to be five and three. The observation leads to an open question: “is the
series of algorithms a polynomial-time approzimation scheme (PTAS) [14]7” The open question is
answered negatively in [10], which shows that MaxiMuM LEAF SPANNING TREE is MAX SNP-
complete [22]. Therefore there exists some constant € > 0 such that there is no (1+¢€)-approximation
for MAXIMUM LEAF SPANNING TREE unless P=NP [1, 2].

The series of approximation algorithms given in [19] is based on the technique of local optimiza-
tion [4, 16, 18, 21, 28, 8, 24, 9, 13, 6]. The k'" algorithm in the series uses k-changes to achieve
local optimality. The time complexity, O(?Tcknk‘"l)7 is intolerably high even if k is small. In this
paper we give an efficient approximation algorithm for MAXIMUM LEAF SPANNING TREE with the
best currently achievable approximation ratio for the problem.

2 Preliminaries

Let G be an undirected graph. We use V(G) to denote the set of nodes in G. We refer to an edge
uww of G as the edge incident to u and w. Let G’ be a subgraph of G. A node v is in G’ if v € V(G').



An edge uw is incident to G’ if exactly one of uw and w is in V(G’). The degree of v in G' is the
number of edges of G’ incident to v. Let V;(G’) denote the set of nodes that have degree 7 in G'.
Let V;(G') denote the set of nodes that have degree at least ¢ in G’. Clearly Vo(G') = V(G).

Let T be a subtree of G. One can easily verify that

Va(T)| < [Vi(T)] - 2. (1)
The following lemma is also straightforward.

Lemma 1 Let T be a subtree of G. Let u, v, and w be three distinct nodes of G. If v is in path(u, w),
then v is not a leaf of T'.

3 Leafy Subtrees and Leafy Forests

Let T be a subtree of G. We say T is leafy if V3(T) is not empty, and every node in V,(T) is
adjacent to exactly two nodes in V3(T). A forest F of G is leafy if F is composed of disjoint leafy
subtrees of G. We say F is mazimally leafy if F is not a subgraph of any other leafy forest of G.
In this section we show the following theorem.

Theorem 1 Let F' be a maximally leafy forest of G. Let T' be a spanning tree of GG such that F'is a
subgraph of T'. Then )
Vi(T)| = Vi(T)]/3

for any spanning tree T of G.

The following lemma ensures that at least one-third of the nodes in a leafy subtree T are leaves

of T.

Lemma 2 Let T be a leafy subtree of G. Then |V(T)| < 3|Vy(T)| — 5.

Proof Since T is leafy, each node in V5(T) must be adjacent in T to exactly two nodes in V3(T').
Therefore |Vo(T')| < |V3(T)| — 1. It follows from (1) that

V(D) = [Vi(D)] + [Va(T)| + [V5(T)]
< V(D) +2[V5(T)| - 1
< 3Vi(T)] - 5.

[l

Let F be a maximally leafy forest of G. Let 11, ..., T} be the disjoint leafy subtrees of G in F.
One can easily verify that F' has the following properties.

The properties for maximally leafy forests
1. Let w be a node in VZ(T,'). Then w cannot be adjacent in G to any node not in 7;.

2. Let w be a node in T;. Let wy and ws be two distinct nodes adjacent to w in G. If wy is not
in F, then wy must be in 7.

3. Let w be a node not in F. If w is adjacent to two distinct nodes not in F', then the degree of
w in G is two.



4. Let w be a node not in F. Let wy, wy, and w3 be three distinct nodes adjacent to w in G. If
wy € F, then wy and w3z must be in the same leafy subtree T; for some i € {1,..., k}.

The following two lemmas are essential to proving the theorem.

Lemma 3 Let F' be a maximally leafy forest of G that is composed of k disjoint leafy subtrees
Ty,...,Ty of G. Then )
V(D) < V(E)| =k + 1,

for any spanning tree T of G.

Proof Let v; be a node in V5(T;) for every ¢ = 1,...,k. Forevery i = 1,...,k — 1, let u; be

the node in T; that is farthest from v; in pathT(vi,vk). Let ©1,...,0¢ be the distinct nodes in
i (T) \ V(F). Namely each 0; is a leaf of T not in F. For every j = 1,...,(, let @; be the node
in F that is closest to ©; in path;(0;,v). We show wuy, ..., ug_y, 1, ..., % are { + k — 1 distinct

nodes in V(F) \ Vi(T), which implies the lemma.

By definition of u; we know the first edge from w; in pathg(u;, vg) is in I'(T;). By Property 1
we know u; € Vi(T;). Therefore u; # v; and u; # v. It follows from Lemma 1 that u; ¢ V3 (T)7
since u; € paths(v;, vx). Hence u; € V(F)\ V) (T) Since T4,...,T} are disjoint and w,; € T for
every i = 1,...,k — 1, we know uq,...,ug_1 are k — 1 distinct nodes in V(F)\ Vl(T).

Let j be one of 1,..., (. By definition of #; we know that the first edge from 4; in path (i, ;)
is in I'(Tj«) for some Tj« that contains 4;. By Property 1 we know @ € Vi(Tj«). Therefore
i # 0; and @; # vy. It follows from Lemma 1 that i; ¢ V;i(T), since @; € pathy (i, ve). Hence
i € V(F)\ V(T) We show that @, ..., 4 are distinct, and @; & {uq,..., up_1}.

Assume for a contradiction that @; = i for some j' # j. Let P = path; (i, ;) and P’ =
pathz (@, 0j). let w be the node in V(P) N V(P') that is closest to ©; in P. Since ¢; ¢ P', there
exists a node wy in path;(w, v;) such that ww; is an edge of P. Since v;; ¢ P, there exists a node
wsy 1N pathT(w, vj) such that wwy is an edge of P'. Clearly wy # wy and wy, wy ¢ F. It follows
from Property 2 that w # 4;, implying that w ¢ F. Therefore there exists an edge wws in P where
ws # wy and ws # wq. This contradicts the fact that F is maximally leafy by Property 3.

Assume for a contradiction that 4; = u,; for some ¢ € {1,...,k — 1}. Let P = paths(a;, 0;) and
P' = path(u;, vr). Let w be the node in V(P) N V(P') that is closest to o; in P. Since 0; ¢ P,
there exists a node w; in pathz(w, v;) such that ww; is an edge of P. Since vy ¢ P, there exists
a node wy in pathT(w,vk) such that wwy is an edge of P’. Clearly wy; # wy and wy ¢ F. By
definition of u; we know wy ¢ T;. It follows from Property 2 that w ¢ T;. Therefore there exists an
edge wws in P where ws # wy and ws # wy. By Property 3 we know ws € F, implying w3 € T;.
This contradicts the fact that F is maximally leafy by Property 4, since wy € F, wy ¢ T;, and
ws € T;. D

Lemma 4 Let F be a forest of G that has & disjoint nonsingleton subtrees. Let T' be a spanning tree
of G such that F is a subgraph of T. Then |Vi(T)| > |V1(F)| — 2(k — 1).

Proof Let F' be the forest of G obtained from F by adding an edge e in T\ F to F. Let k" be
the number of disjoint nonsingleton subtrees of F’. We show

VA(E)] = 2( = 1) 2 Vi(F)] - 2(k — 1), (2)

The lemma thus follows inductively, since the number of disjoint nonsingleton subtrees in T is one.



e If e is not incident to any nonsingleton subtree of F, then &' = k+1 and |V;(F')| = |[V1(F)|+2.
Thus (2) holds.

e If e is incident to exactly one nonsingleton subtree of F, then k' = k and |Vi(F")| > |V1(F)|.
Thus (2) holds.

e If e is incident to two nonsingleton subtrees of F', then &' = k —1 and |V4(F’)| > |[V1(F)| —2.
Thus (2) holds.

[l

We are now ready to prove the theorem as follows.

Proof for Theorem 1 Suppose F has k disjoint leafy subtrees T1, ..., T;. By Lemma 2 we know

k
V(F)l = > V(T
=1
< 3[Vi(F)| - 5k.
It follows from Lemma 3, the above inequality, and Lemma 4 that
@) < VF)|-k+1

3IVi(F)| —6k+1
3(VilT)| +2(k—1)) — 6k +1
3Vi(T)]. [
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4 The Algorithm

We give an approximation algorithm for MAXIMUM LEAF SPANNING TREE in this section. Given
a graph G, our algorithm computes a spanning tree T for G by the following two steps.

1. Obtain a maximally leafy forest F' for G.
2. Add edges to F to make it a spanning tree T for G.

It follows from Theorem 1 that the approximation ratio of the above algorithm is three, which the
same as the algorithm in [19]. We show that our algorithm can be implemented to run in time
O((m+ m)a(m, n)).

We implement the first step of our algorithm as follows.

For every node v in G do
Create a set S(v) that contains only v.
Let d(v) be zero.
For every node v in G do
Let S’ be an empty set.
Let d' be zero.
For every node u that is adjacent to v in G do
If wug S(v) and S(u) € S’ then
Increase d’ by one.
Insert S(u) into S’



If d(v) +d' > 3 then
For every S(u) in S’ do
Add edge uv to F.
Union S(v) and S(u).
Increase d(v) by d'.

One can easily verify that the resulting F is a maximally leafy forest for G. Using the data structure
n [26], the first step runs in time O((m 4+ n)a(m,n)).

The second step can be done by shrinking each leafy subtree in F into a single node, and then
finding a spanning tree for the corresponding shrinked graph. This can certainly be done in time
O(m + n). It follows that the time complexity of our algorithm is O((m + n)a(m,n)), which is
almost linear in the size of the graph.
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