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The Power of Local Optimization: Approximation Algorithms forMaximum-leaf Spanning Tree (DRAFT)�Hsueh-I Luhil@cs.brown.eduDepartment of Computer ScienceBrown University R. Raviravi+@andrew.cmu.eduGraduate School of Industrial AdministrationCarnegie Mellon UniversityNovember 1995AbstractGiven an undirected graph G, �nding a spanning tree of G with maximum number of leavesis NP-complete. We use the simple technique of local optimization to provide the �rst approxi-mation algorithms for this problem. Our algorithms run in polynomial time to produce locallyoptimal solutions. We prove that locally optimal solutions to this problem are globally near-optimal. In particular, we prove that two such algorithms have performance ratios of 5 and 3.The latter algorithm employs more powerful local-improvement steps than the former and hencehas higher running time. This may indicate an interesting trade-o� between the performanceratios and the running times of the series of algorithms we describe.Keywords: Approximation algorithms, NP-complete problems, Performance ratio, Local opti-mization, Communication network design, Combinatorial algorithms.1 IntroductionGiven an undirected graph G = (V;E), the Maximum Leaf Spanning Tree problem is to�nd a spanning tree of G with maximum number of leaves. This problem �nds applications incommunication networks, circuit layouts and in other graph-theoretic problems [25]. An interestingapplication is mentioned in [22]: In [4], E. W. Dijkstra studied the problem of self-stabilizing a set ofprocessors in the presence of distributed control and proposed a solution based on mutual exclusion.A variant of this solution [26] seeks a spanning tree of a graph such that the product of the degreesof all the nodes in the tree is minimum. We can use a spanning tree with maximum number ofleaves as a heuristic solution (with no guarantees) for the latter problem.Maximum Leaf Spanning Tree is NP-complete [9]. In this paper we use the simple tech-nique of local optimization to provide the �rst approximation algorithms for this problem. Thesealgorithms perform a series of local-improvement steps until a local optimum is reached and outputa locally optimal solution. This notion of applying local-improvement heuristics to hard optimiza-tion problems was around 1958 [3], long before the invention of NP-completeness [14]. It has beenapplied heuristically to solve a variety of NP-hard problems in combinatorial optimization [20]. Abreakthrough in this area was the work of F�urer and Raghavachari [6], who applied this technique�The preliminary version of this paper appeared in Proceedings, Thirtieth Annual Allerton Conference on Com-munication, Control and Computing (October 1992), pp. 533-542.1



to theMinimum-Degree Spanning Tree problem. They showed a version of a local optimizationalgorithm that runs in polynomial time to produce near-optimal solutions. Our work is inspiredby that of F�urer and Raghavachari. We demonstrate that local optimization can be used to designpolynomial-time approximation algorithms for the Maximum Leaf Spanning Tree problem.Our algorithms output spanning trees with as many leaves as at least a constant fraction of themaximum.Our algorithms perform local changes that increase the number of leaves in the resulting span-ning tree. For the problem at hand, there is a natural notion of such a local change, namely,swapping a tree edge for a non-tree edge. This notion can be extended to include swapping manytree edges for an equal number of non-tree edges in a single local change operation. Our algorithmsperform such local changes that increase the number of leaves until no improvement in the solutionis possible and output a locally optimal solution as an approximate solution.By varying the limit on the number of tree edges that can participate in a single local-changeoperation, we derive a series of approximation algorithms. Increasing this limit corresponds toallowing for more powerful local-improvement steps. Thus the higher is this limit, the higher is therunning time of the corresponding algorithm. A local-change operation involving at most k treeedges is termed a k-change. Thus k-changes are costlier to implement than (k � 1)-changes. Intu-itively we expect that an algorithm using k-changes would perform better than an algorithm usingonly (k�1)-changes. In this paper, we corroborate this intuition and prove that local-improvementalgorithms using 1-changes and 2-changes have performance ratios of 5 and 3, respectively. Thefollowing are our main results.Theorem 1 There is an O(n4) algorithm using 1-changes for �nding a spanning tree of any undirectedgraph G on n nodes such that the number of leaves of this spanning tree is at least as many as a �fthof the number of leaves of any spanning tree of G.Theorem 2 There is an O(n7) algorithm using 2-changes for �nding a spanning tree of any undirectedgraph G with n nodes such that the number of leaves of this spanning tree is at least as many as athird of the number of leaves of any spanning tree of G.We prove that the running time of the approximation algorithm using k-changes increases withk as follows.Lemma 1 The running time of the approximation algorithm using k-changes on a graph with n nodesis O(n3k+1).The pattern exhibited in Theorems 1 and 2 lead us to conjecture that there is a trade-o� betweenthe running times and the performance ratios exhibited in the series of algorithms we have de�ned.Conjecture 1 The performance of the approximation algorithm using k-changes is strictly better thanthat of the algorithm using (k � 1)-changes.In the next section we survey related work. We then describe the approximation algorithmsafter introducing relevant de�nitions. In the following section, we illustrate our proof techniqueby providing a loose bound on the performance guarantee. In the subsequent sections we proveTheorems 1 and 2. We conclude with some remarks on related problems.2



2 Related WorkThe technique of local optimization has been applied to provide heuristic solutions for a varietyof hard problems in combinatorial optimization. Chapter 19 of [20] surveys a few applications ofthis technique. Some notable examples are its applications to the graph-partitioning problem[15]and the Traveling Salesperson problems [17]. A number of complexity results relating to theparadigm of local optimality and the time complexity of computing a locally optimal solution arepresented in [12, 19, 23, 27]. In this paper we are interested in the application of the local searchtechniques to design e�cient approximation algorithms, namely, those that run in polynomial timeand provide provably good solutions with values close to that of the optimum.F�urer and Raghavachari [6] showed such an application of local search to the problem of comput-ing a spanning tree of a given graph whose maximum degree is minimum. This is termed the Min-imum Degree Spanning Tree problem and is NP-complete [9]. F�urer and Raghavachari showthat local optimization can be applied to produce spanning trees and even Steiner trees of nearlyminimum degree [7]. The maximum degree of the spanning trees obtained by their polynomial-timeapproximation algorithms is at most one plus the maximum degree of the minimum-degree span-ning trees. Unless P=NP, this performance guarantee is the best bound achievable in polynomialtime. The result is generalized to work on theMinimum Degree Steiner Tree problem with thesame performance guarantee [7]. In [24], Ravi, Raghavachari, and Klein generalized their techniqueto obtain approximation algorithms for a variety of minimum-degree-network-design problems. Inthis paper we add to the list of problems that are amenable to good approximate solutions by local-search methods. Very recently, using the technique of local optimization, Halld�orsson [11] gives theapproximation algorithms with the currently best performance ratios for a set of problems, includ-ing (a) k-Set Cover, (b) Independent Set, Vertex Cover, k-Set Packing, k-DimensionalMatching and k-Clique Packing for (k+1)-claw free graphs, (c) Induced �-Colorable Sub-graph and Vertex Arboricity, which are special cases of Hereditary Induced Subgraph,and etc.Previous work on �nding spanning trees with many leaves have focused on graphs with minimumdegree at least k for some �xed k � 3. For such graphs, good lower bounds on the number of leavesachievable in a spanning tree are derived in [10, 16, 22, 25]. These lower bounds are typicallyproved algorithmically by constructing a spanning tree with the desired number of leaves. Thusthese algorithms can be interpreted as approximation algorithms for theMaximum Leaf SpanningTree problem for special classes of graphs in which the minimum degree of a node is at least k.However, to the best of our knowledge, no previous approximation algorithms for this problemare known in the general case that we consider in this paper. The best-known lower bound forthe number of leaves achievable in a spanning tree of an n-node graph with minimum degree k is(1� b ln k=k)n where b is any constant exceeding 2.5 and k is su�ciently large [16]. The best lowerbounds for the cases k = 3 and 4 are n=4 and 2n=5, respectively [16].There has also been work on polynomial-time solutions to the problem of determining if a givengraph has a spanning tree with at least k leaves for �xed k. The �rst such algorithm was due toFellows and Langston [5]. The running time of their algorithm was improved by Bodlaender [2].Papadimitriou and Yannakakis [21] identi�ed a class of NP-hard optimization problems interre-ducible to one another using approximation-preserving reductions and thus took a step towardsclassifying NP-complete problems with respect to hardness of approximating them. They calledthis class MAX SNP. It has been shown that the problems complete for this class do not permita fully polynomial-time approximation scheme unless P=NP [1]. Galbiati, Ma�oli, and Morzentishow that Maximum Leaf Spanning Tree is MAX SNP-complete [8], which settles the openquestion raised in the preliminary version of this paper [18]. Therefore there exists some constant3



�0 > 0 such that there is no (1 + �0)-approximation for Maximum Leaf Spanning Tree unlessP=NP. What the �0 is for the Maximum Leaf Spanning Tree problem remains open.3 PreliminariesLet G be an undirected graph. Let G0 be a subgraph of G. We use E(G0) to denote the set ofedges in G0, and use V(G0) to denote the set of nodes in G0. A node v is in G0 if v 2 V(G0); an edgee is in G0 if e 2 E(G0). We shall sometimes refers to an edge uw of G as the edge incident to uand w. We say e is incident to G0 if an endpoint of e is in G0. The degree of a node v in G0 is thenumber of edges of G0 that are incident to v. We use Vi(G0) to denote the set of nodes that havedegree i in G, and use �Vi(G0) to denote the set of nodes that have degree at least i in G0. Clearly�V1(G) = V(G) if G0 is connected and has at least two nodes.Suppose G has more than one node. Let T be a spanning tree of G. A leaf of T is a node inV1(T ). An internal node of T is a node in �V2(T ). A high-degree node of T is a node in �V3(T ). Aleaf of T is special if it is adjacent in T to a high-degree node of T . A leaf of T is normal if it isnot special. Therefore a normal leaf of T is adjacent in T to a node in V2(T ) unless G has only twonodes. We use V1S(T ) to denote the set of special leaves of T , and use V1N(T ) to denote the set ofnormal leaves of T .We use pathT (u; w) to denote the path that connects u and w in T . Note that u and w are notnecessarily distinct. We de�ne pathT (u; u) to be u itself. A 2-path of T is a maximal path in Tthat contains only nodes in V2(T ). Namely pathT (u; w) is a 2-path of T if all nodes in pathT (u; w)are in V2(T ) and all nodes in V2(T )� V(pathT (u; w)) are not adjacent to u or w in T . A 2-path Pof T is short if jV(P )j = 1; otherwise it is long. We use PS(T ) to denote the set of short 2-paths ofT , and user PL(T ) to denote the set of long 2-paths of T . We say a node v is enclosed by an edgeuw in G� T if v 6= u, v 6= w, and v is in pathT (u; w).A region of T is a connected component of the subgraph of T obtained from T by removingall nodes in PL(T ) and all edges of T that have endpoints in PL(T ). A region of T is special if itcontains special leaves of T . A region of T is normal if it is not special. Suppose R and R0 are twodistinct regions of T . The long 2-path of T that connects R and R0 in T is called the long 2-pathincident to R and R0. The number of long 2-paths incident to a region of T is the degree of theregion. A region is internal if it has degree at least two. A region is external if it is not internal. Weuse RiS(T ) to denote the set of special regions of T that have degree i, and use RiN(T ) to denotethe set of normal regions of T that have degree i. Let RS(T ) and RN (T ) be the sets of special andnormal regions of T , respectively.There are some straightforward relations among these notations. Contracting every 2-path in atree to a single edge and bounding the number of internal nodes (each resulting internal node hasdegree at least 3) in this contracted tree by the number of leaves, we have the following inequality.j �V3(T )j � jV1(T )j � 2 (1)By discarding special leaves along with their incidental edges from a tree, contracting all 2-pathsto single edges, and bounding the number of contracted edges in the resulting tree by the numberof nodes, we have the following inequality.jPL(T )j+ jPS(T )j � j �V3(T )j+ jV1N(T )j � 1 (2)Suppose we regard T as a tree of regions by contracting every long 2-path of T to a single edge.The number of nodes (i.e. regions of T ) is exactly one plus the number of edges (i.e. long 2-paths4
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(a) T (c) T2Figure 1: Examples of local improvements. In (a), the tree T is shown in dark lines and the non-tree edges are dashed. The 1-change (fe0g; feg) is a 1-improvement for T resulting in T1 with onemore leaf as shown in (b). T1 does not admit any 1-improvement but admits the 2-improvement(fe01; e02g; fe1; e2g) to give T2 shown in (c).of T ). Also the sum of the degrees of nodes is exactly two times the number of edges.jPL(T )j = jRS(T )j+ jRN(T )j � 1 (3)2jPL(T )j = Xi�0 i � (jRiS(T )j+ jRiN(T )j) : (4)Since each special region of T contains at least one special special leaf of T . Therefore we havejRS(T )j � jV1S(T )j: (5)One can easily verify the following lemmas.Lemma 2 Let T be a spanning tree of G. Let u, v and w be three distinct nodes of G. If v is inpathT (u; w), then v is not a leaf of T .4 The AlgorithmIn this section we formally de�ne k-changes and describe the approximation algorithms.4.1 Edge Changes, Improvements, and Locally Optimal TreesSuppose T is a spanning tree of G. Let E be a subset of edges in T and E0 a subset of edges inG�T , where jEj = jE 0j � k for some k � 1. If T +E0�E is still a spanning tree of G, then we callmaking edges in E 0 tree edges and making edges in E non-tree edges a k-change, denoted (E 0; E),for T . We use T (E 0; E) to denote T + E0 � E. A k-change (E 0; E) for T is a k-improvement ifjV1(T (E 0; E))j> jV1(T )j.A k-change can be regarded as a batched version of a sequence of k 1-changes, A k-changeis more powerful than k 1-changes. In Figure 1 we illustrate a spanning tree T that admits a1-improvement. On applying the 1-improvement we get a spanning tree T1 that does not admitany 1-improvement but has a 2-improvement.A k-locally optimal tree (k-LOT) of a given graph G is a spanning tree of G that does not admitany k-improvement. By de�nition an k-LOT is also a j-LOT for any 1 � j � k. Since a spanningtree has exactly n� 1 edges, a maximum-leaf spanning tree is just an (n� 1)-LOT.4.2 The Algorithm and TerminationThe idea is simply using k-LOTs to approximate the maximum-leaf spanning trees for small valuesof k. The approximation algorithm is as follows.5
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violateP1 violateP3violateP2Figure 2: The dark edges represent tree edges. Each dashed edge is a non-tree edge violating one ofthe properties P1, P2, and P3. Note that the 1-change (fe0g; feg) in each graph is a 1-improvement.Procedure LocallyOptimalTree(G, k)Let T be a spanning tree of G.While there exists a k-improvement (E 0; E) for T doLet T := T (E 0; E).Output T as a k-LOT of G.The algorithm starts with an arbitrary spanning tree, which can be found in time O(n2), wheren is the number of nodes in G. It then keeps applying k-improvements to the current spanningtree until it becomes a k-LOT. Clearly the second step dominates the time complexity. One candetermine in polynomial time whether a tree is a k-LOT, since the number of distinct k-changesallowed for a spanning tree is at most �(n2)�n+1k �� �n�1k �, which is O(n3k). The number of iterationsrequired by the while-loop is at most n, since each iteration increases the number of leaves of thecurrent T by at least one, and T has at most n leaves. Therefore it takes time O(n3k+1) to obtaina k-LOT. This proves Lemma 1.Our major concern is the performance guarantee of this approximation algorithm. In otherwords, how much less can the number of leaves of a k-LOT be than that of the optimum? Inthe following sections we prove that the performance ratios of 1-LOTs and 2-LOTs are 5 and 3,respectively. However, we conjecture that 2-LOTs have a better performance ratio than what weprove.4.3 Properties of Locally Optimal TreesInstead of jumping into proving the performance guarantees of 1-LOTs and 2-LOTs, we start withshowing some straightforward properties of locally optimal trees. At the end of the section weillustrate our proof strategy by proving a loose bound on the performance ratio of 1-LOTs.Let G be an undirected graph. Let T be a 1-LOT of G. By de�nition a 1-LOT has the followingproperties. They are illustrated in Figure 2.P1 Let uw be an edge in G � T , where u is an internal node of T . Then pathT (u; w) does notcontain two consecutive nodes in V2(T ).P2 Let u be a normal leaf of T and let w be an internal node of T . Then there is no edge uw inG� T .P3 Let uw be an edge in G � T , where u and w are both internal in T . Then pathT (u; w) doesnot contain any node in V2(T ).The following is critical to showing a constant performance ratio of 1-LOTs.6
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vFigure 3:Lemma 3 Let T be a 1-LOT of an undirected graph G. Let T 0 be a spanning tree of G. Then every2-path of T contains at most four leaves of T 0.Proof Assume for a contradiction that a 2-path P of T contains more than four leaves of T 0. Letv1, v2, v, v01, and v02 be �ve of them in order along P . Let v0 be a node not in P . Let u be the nodeclosest to v in pathT 0(v; v0) such that u is not in P . Let w be the node closest to w in pathT 0(v; u).(See Figure 3.) Clearly uw is an edge of T 0�T and w is in P . By P3 we know that T 0�T does nothave any edge incident to distinct nodes in P . It follows that w must be in pathT (v2; v01). Thereforeuw encloses either v1 and v2 or v01 and v02. This contradicts the 1-optimality of T by P1.With the help of the above lemma, we show that jV1(T 0)j � 10jV1(T )j for any 1-LOT T of Gand any spanning tree T 0 of G. Note that this relation holds even if T 0 is a maximum-leaf spanningtree of G.jV1(T 0)j = jV1(T 0) \ V1(T )j+ jV1(T 0) \ V2(T )j+ jV1(T 0) \ �V3(T )j� jV1(T )j+ jV1(T 0) \ V2(T )j+ j �V3(T )j� jV1(T )j+ 4(jPS(T )j+ jPL(T )j) + j �V3(T )j by Lemma 3� jV1(T )j+ 4(jV1N(T )j+ j �V3(T )j) + j �V3(T )j by (2)� 10jV1(T )j by (1).5 Performance Guarantee of 1-LOTsIn this section we prove the following restatement of Theorem 1.Theorem 3 Let T0 be a 1-LOT of an undirected graph G0. Let T0 be a 1-LOT of G0 and T 00 aspanning tree of G0. Then jV1(T 00)j � 5jV1(T0)j.5.1 AugmentationIn order to simplify the proof of Theorem 3, we augment G0 together with T0 as follows. For everynormal leaf of T0 adjacent to a short 2-path, we subdivide the tree edge incident to the normal leafby inserting a pseudo-node of degree 2 in this edge.Lemma 4 Suppose G0 is an directed graph and T0 a 1-LOT of G0. Let G and T be the augmentedversions of G0 and T0, respectively. Then T is a 1-LOT of G.7



Figure 4:Proof Assume for a contradiction that T is not a 1-LOT of G. It follows that there exists a1-improvement for T involving addition of an edge e 2 G � T . Since T0 is a 1-LOT of G0, apseudo-node v must be enclosed by e in T . Note that no edge in G�T is incident to v. To enclosev, e must be incident to the normal leaf of T0 adjacent to v. Since T0 is a 1-LOT and one of theendpoints of e is a normal leaf of T0, by P2 the other endpoint of e should be a leaf of T0 as well.By the de�nition of augmentation, e is incident to two leaves of T , too. However, no non-tree edgeincident to two leaves can participate in a 1-improvement. This contradicts the fact that edge eyields a 1-improvement for T . Thus T is a 1-LOT.An example is shown in Figure 4. The tree edges are in solid lines and the non-tree edgesare in dashed lines. The tree at left is a 1-LOT with two external short 2-paths. The picture atright is the augmented graph and tree, where the gray nodes are the inserted pseudo-nodes. Onecan easily verify that the augmented tree is still a 1-LOT. Moreover this example shows that theaugmentation might destroy the 2-optimality of a 2-LOT. It is not hard to see that the tree at leftis a 2-LOT, and the tree at right is not a 2-LOT.We say T is an augmented 1-LOT of G if T and G is augmented from T0 and G0, where T0 isa 1-LOT of G0. By de�nition of augmentation, an augmented 1-LOT does not have any externalshort 2-path. Therefore every normal of leaf of an augmented 1-LOT is a single-node externalregion. Therefore every augmented 1-LOT T has the following property.jV1N(T )j = jR1N(T )j � jRN(T )j (6)The following lemma ensures that if we can prove that the performance ratio of augmented1-LOTs is at most �ve, then Theorem 3 is proved.Lemma 5 Let T0 be a 1-LOT ofG0. LetG and T be the augmented versions ofG0 and T0, respectively.Then jV1(T )j = jV1(T0)j � jV1(T �0 )j � jV1(T �)j where T �0 is a maximum-leaf spanning tree of G0 andT � is a maximum-leaf spanning tree of G.Proof The equality is trivial since the augmentation does not change the number of leaves inT0. The �rst inequality follows from the de�nition of T �0 . The last inequality can be proved byconstructing a spanning tree of G that has at least jV1(T �0 )j leaves. We start with T �0 . For eachpseudo-node v to be inserted, if the unique edge whose subdivision resulted in v is in T �0 , wesubdivide this edge and insert the pseudo-node v in T �0 . Otherwise, let the neighbors of v in Gbe v1 and v2. To augment T �0 to include v, we simply attach v to v1. In either case, we obtain aspanning tree of G that has at least jV1(T �0 )j leaves. The lemma is thus proved.It follows from the above lemma thatjV1(T �0 )jjV1(T0)j � jV1(T �)jjV1(T )j :8



Therefore in order to prove Theorem 3, it su�ces to prove the following theorem.Theorem 4 Let T be an augmented 1-LOT of G, where G is an undirected graph. Then jV1(T 0)j �5jV1(T )j holds for any spanning tree T 0 of G.For the rest of the section we assume that T is an augmented 1-LOT ofG, as given in Theorem 4.5.2 Invalid RegionsLet T 0 be a spanning tree of G. A region R of T is invalid in T 0 if either (1) R is a special regionof T and each special leaf of T in R is a leaf of T 0, or (2) R is an internal normal region of T . Aregion of T is valid in T 0 if it is not invalid in T 0. Theorem 4 can be proved using the followinglemma.Lemma 6 Let T be an augmented 1-LOT of G. Let T 0 be a spanning tree of G. Then the number ofleaves of T 0 that are in long 2-paths of T is at most4jRS(T )j � 2r+ 3jV1N(T )j � jV1N(T ) \ V1(T 0)j;where r is the number of special regions of T that are invalid in T 0.Proof of Theorem 4 Since r is the number of special regions of T that are invalid in T 0, thereare exactly jRS(T )j � r special regions of T that are valid in T 0. By de�nition of invalid specialregions, each special region of T that is valid in T 0 contains at least one special leaf of T that isnot a leaf of T 0. It follows that there are at least jRS(T )j� r special leaves of T that are not leavesof T 0. Therefore jV1(T 0) \ V1S(T )j � jV1S(T )j � (jRS(T )j � r): (7)It follows thatjV1(T 0)j = jV1(T 0) \ V1S(T )j+ jV1(T 0) \ V1N(T )j+ jV1(T 0) \ V(PS(T ))j+jV1(T 0) \ V(PL(T ))j+ jV1(T 0) \ �V3(T )j� jV1(T 0) \ V1S(T )j+ jV1(T 0) \ V1N(T )j+ jPS(T )j+jV1(T 0) \ V(PL(T ))j+ j �V3(T )j� jV1(T 0) \ V1S(T )j+ jV1(T 0) \ V1N(T )j+ jPS(T )j+(4jRS(T )j � r + 3jV1N(T )j � jV1N(T ) \ V1(T 0)j) + j �V3(T )j by Lemma 6= jV1(T 0) \ V1S(T )j+ jPS(T )j+4jRS(T )j � r + 3jV1N(T )j+ j �V3(T )j� jV1S(T )j � (jRS(T )j � r) + jPS(T )j+4jRS(T )j � r + 3jV1N(T )j+ j �V3(T )j by (7)= jV1S(T )j+ jPS(T )j+ 3jRS(T )j+ 3jV1N(T )j+ j �V3(T )j� 3jV1S(T )j+ jPS(T )j+ jRS(T )j+ 3jV1N(T )j+ j �V3(T )j by (5)= jPS(T )j+ jRS(T )j+ 3jV1(T )j+ j �V3(T )j� jPS(T )j+ jPL(T )j � jRN(T )j+ 3jV1(T )j+ j �V3(T )j by (3)� j �V3(T )j+ jV1N(T )j � jRN(T )j+ 3jV1(T )j+ j �V3(T )j by (2)� 2j �V3(T )j+ 3jV1(T )j by (6)� 5jV1(T )j by (1).For the rest of the section we prove Lemma 6.9



5.3 Charge of Regions and De�cient Long 2-pathsThe key for proving Lemma 6 is a tighter bound on jV1(T 0)\V(PL(T ))j than the bound of 4jPL(T )jgiven in Lemma 3. Let R be a region of T . Let the charge of R in T 0, denoted chargeT 0(R), bede�ned by chargeT 0(R) = 8><>: 2 if R is a special region of T0 if R is a normal leaf of T and a leaf of T 01 otherwise.We have the following re�ned version of Lemma 3.Lemma 7 Let T be an augmented 1-LOT of G. Let T 0 be a spanning tree of G. Let R and R0 betwo distinct regions of T . Let P be the long 2-path of T incident to R and R0. Then P contains atmost chargeT 0(R) + chargeT 0(R0) leaves of T 0.Let G, T , T 0, P , R, and R0 be as in Lemma 7. The long 2-path P is de�cient in T 0 if� chargeT 0(R) + chargeT 0(R0) � 2, and� P contains at most chargeT 0(R) + chargeT 0(R0)� 2 leaves of T 0.The following lemma relates the number of invalid regions and that of de�cient long 2-paths.Lemma 8 Let T be an augmented 1-LOT of G. Let T 0 be a spanning tree of G. Let k be the numberof regions of T that are invalid in T 0. Then there are at least k � 1 distinct long 2-paths of T that arede�cient in T 0.Lemma 6 can therefore be proved as follows.Proof of Lemma 6 Let d(R) be the degree of the region R of T . Then` = XR2RS(T )[RN(T ) chargeT 0(R)d(R)k = the number of regions of T that are invalid in T 0.It follows from Lemma 7 and Lemma 8 that the number of leaves of T 0 that are in the long 2-pathsof T is at most ` � 2(k � 1). We show that ` � 2(k � 1) is at most 4jRS(T )j � 2r + 3jV1N(T )j �jV1N(T ) \ V1(T 0)j.Note that chargeT 0(R) = 0 for every R 2 R1N(T ) \ V1(T 0). Therefore` = XR2RS(T )chargeT 0(R)d(R) + XR2RN(T )�(R1N(T )\V1(T 0)) chargeT 0(R)d(R)= XR2RS(T )2d(R) + XR2RN(T )d(R)� XR2R1N(T )\V1(T 0)d(R)= 2Xi�1 i � jRiS(T )j+Xi�1 i � jRiN(T )j � jV1N(T ) \ V1(T 0)j:It follows from (4) and (3) that` � 4jPL(T )j �Xi�1 i � jRiN(T )j � jV1N(T ) \ V1(T 0)j� 4jRS(T )j+ 4jRN(T )j � 4�Xi�1 i � jRiN(T )j � jV1N(T ) \ V1(T 0)j: (8)10



By de�nition a region R of T is invalid in T 0 if (i) R is an internal normal region of T (i.e.R 2 RN (T )�R1N(T )�R0N(T )) or (ii) R is a special region of T that is in valid in T 0. Therefore2(k� 1) = 2(jRN(T )j � jR1N(T )j � jR0N(T )j+ r � 1)� 2(jRN(T )j � jR1N(T )j+ r � 2)= 2jRN(T )j � 2jR1N(T )j+ 2r� 4; (9)where the inequality above is by jR0N(T ) � 1j. Combining (8), (9), and (6), we have`� 2(k � 1) � 4jRS(T )j+ 2jRN(T )j �Xi�1 i � jRiN(T )j � jV1N(T ) \ V1(T 0)j+ 2jR1N(T )j � 2r� 4jRS(T )j+ jR1N(T )j � jV1N(T ) \ V1(T 0)j+ 2jR1N(T )j � 2r= 4jRS(T )j � 2r+ 3jV1N(T )j � jV1N(T ) \ V1(T 0)j:The lemma is proved.We prove Lemma 7 and Lemma 8 respectively in the following two subsections.5.4 Proof of Lemma 7Let i = chargeT 0(R) and j = chargeT 0(R0). Assume for a contradiction that P contains more thani+ j leaves of T 0. Let v1; : : : ; vi; v; v01; : : : ; v0j be i+ j + 1 of them in order along P from the side ofR to that of R0.1. i = j = 0Since chargeT 0(R) = chargeT 0(R0) = 0, we know R and R0 are both leaves of T 0 and normalleaves of T . It follows that T is a path. Since v is a leaf of T 0 but internal in T , we knowthere must be some edges in T 0 � T . By P2 and P3 we know that the only possible edge inT 0 � T is the edge incident to R and R0. Since R and R0 are both leaves of T 0, there is noway for v to be connected to R or R0 in T 0. This contradicts the fact that T 0 is a spanningtree of G.2. j � 1Let v0 be a node in R0. Let P 0 = pathT 0(v; v0). Let u be the node closest to v in P 0 such thatu is not in P . Let w be the node in pathT 0(u; v) such that uw is an edge in P 0. Clearly uw isan edge of T 0 � T and w is in P . It follows from Lemma 2 that none of v1; : : : ; vi; v01; : : : ; v0jis in P 0. By P3 we know that there cannot be any edges in T 0 � T that is incident to twodistinct nodes in P . It follows that w must be in pathT (vj ; v01).We �rst show that u is not in R0. Assume for a contradiction that u is in R0. Since w is inpathT (vj ; v01), we know that uw encloses v01. By P1 and P2 we know that u must be a specialleaf of T . Thus R0 is a special region of T , which implies that j = 2. Since uw encloses v01and v02, the 1-optimality of T is contradicted by P1.It can be shown that u is not in R. Assume for a contradiction that u is in R. For exactlythe same reason as above, we know that i 6� 1. Therefore we have i = 0. It follows from thede�nition of chargeT 0(R) that R, which is exactly u, is a leaf of T 0. This contradicts the factthat u is in P 0 by Lemma 2, since u 6= v and u 6= v0.Clearly u is not in any region of T that is not R or R0, since otherwise uw would enclose allthe nodes of some long 2-path of T , and thus the 1-optimality of T is violated by P1. Byde�nition of u we know that u is not in P .11



It follows from the above discussion that u must be in a long 2-path of T that is not P .Therefore u and w are both internal nodes of T . This implies that i = 0, since otherwise uwmust enclose either v1 or v01, and thus the 1-optimality of T is contradicted by P3. Howeveri = 0 means that R is an external normal region which contains only a single normal leaf ofT . Therefore uw is forced to enclose v01. Therefore the 1-optimality of T is contradicted byP3.3. i � 1The contradiction for this case can be obtained in a way similar to case 2.The lemma is thus proved.5.5 Proof of Lemma 8If k � 1 , the lemma trivially holds. Therefore we assume that k � 2. Let R1; : : : ; Rk be the kregions of T that are invalid in T 0. We identify k � 1 distinct long 2-paths, denoted P1; : : : ; Pk�1,of T that are de�cient in T 0.Let R be a region of T (not necessarily invalid in T 0). Let adj(R) be the maximum subset ofV(PL(T )) such that each node in adj(R) is an endpoint of an edge of T that is incident to a nodeof R.Claim 1 Let R be a region of T that is invalid in T 0. Suppose u is a high-degree node in R, and wis a node not in adj(R) [ R. Then pathT 0(u; w) contains an edge of T 0 that is incident to a node inadj(R) and a node not in adj(R) [ R.Proof Let P 0 = pathT 0(u; w). Clearly P 0 contains an edge u0w0 such that u0 2 adj(R) [ R andw0 62 adj(R) [ R. We show u0 must be in adj(R).By de�nition of invalid regions, R is either an internal normal region of T or a special regionof T that is invalid in T 0. Since T is augmented, R does not contain any normal leaf of T . Byde�nition adj(R) contains only internal nodes of T . Therefore u0 is not a normal leaf of T .Since R is invalid in T 0, a special leaf of T in R, if any, must be a leaf of T 0. It follows fromLemma 2 that P 0, i.e. pathT 0(u; w), does not contain any special leaf of T in R, since u is not aleaf of T and w is not in R. Thus u0 is not a special leaf of T . Therefore u0 is internal in T , sinceu0 is in P 0.Assume for a contradiction that u0 is in R. It follows that u0w0 must enclose a node in adj(R).By P3 we know that w0 is a leaf of T . Thus w0 is in a region of T other than R. This contradictsthe 1-optimality of T by P1, since u0w0 encloses all then nodes of some long 2-paths of T . We thenknow that u0 is not in R. Therefore u0 is in adj(R).By de�nition of invalid regions, it can be easily veri�ed that each Ri contains at least oneinternal node of T . Let vi be an arbitrary internal node of T in Ri for every 1 � i � k. LetP 0i = pathT 0(vi; vk), for every 1 � i � k�1. Clearly vk is not in adj(Ri)[Ri for every 1 � i � k�1.By Claim 1 we know that P 0i contains an edge incident to a node in adj(Ri) and a node not inadj(Ri) [ Ri. Let uiwi, where ui 2 adj(Ri) and wi 62 adj(Ri) [ Ri, be the edge in P 0i such that uiis closest to vi in P 0i . Let Pi be the long 2-path of T that contains ui. We show by proving thefollowing claim that P1; : : : ; Pk�1 are k � 1 distinct long 2-paths of T that are de�cient in T 0.Claim 2 For every 1 � i � k� 1, Pi is de�cient in T 0. Moreover Pj 6= Pi for every 1 � j 6= i � k� 1.12
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PiFigure 5: The dark lines are the edges of T . The gray path is P 0i , i.e. pathT 0(vi; vk). We show inthe proof that w must be in adj(R) [ R.Proof Since ui 6= vi, ui 6= vk, and ui is in pathT 0(vi; vk), it follows from Lemma 2 that ui is nota leaf of T 0. Let R be the other region of T that Pi is incident to. Let w be the node closest to uiin pathT 0(ui; vk) such that w is not in Pi. Let uw be the edge in pathT 0(ui; w). Clearly u is in Pi,and thus each node in pathT (ui; u) are not leaves of T 0. (See Figure 5).We know that w cannot be in a region of T that is not Ri or R, since otherwise uw wouldenclose the nodes of some long 2-path of T , and thus the 1-optimality of T would be contradictedby P1.We show that w is in adj(R) [R. Assume for a contradiction that w is not in adj(R) [R.� u = uiClearly w = wi. Since w is not in Pi by de�nition of w and wi is not in adj(Ri) [ Ri byde�nition of wi, we know that w is not in adj(Ri) [ Ri [ Pi. By assumption w is not in R.It follows that w must be in some long 2-path of T that is not Pi. Since w is not in adj(Ri)by assumption and u is in adj(Ri) by de�nition of ui, we know that uw must enclose eithera node in adj(Ri) or a node in Pi. This contradicts the 1-optimality of T by P3, since u andw are both internal nodes of T .� u 6= uiSince u 6= ui, we know that u is not in adj(Ri) [ Ri. Note that w is not in adj(R) byassumption. It follows that w cannot be in a long 2-path of T that is not Pi, since otherwiseuw would enclose either a node in Pi or a node in adj(R), which contradicts the 1-optimalityof T by P3. Since w is not in Pi by de�nition of w, we know that w must be in some regionsof T . However, we already know that w cannot be in any region of T that is not Ri or R.Therefore w must be in Ri by the assumption that w is not in adj(R) [R.Since w is in Ri, uw has to enclose ui. By P1 and P2 we know that w is a special leaf ofT , and thus Ri is a special region of T . Since Ri is invalid in T 0, w is a leaf of T 0. Thiscontradicts the fact that w is in pathT 0(vi; vk) by Lemma 2, since w 6= vi and w 6= vk.By de�nition of invalid regions we know that chargeT 0(Ri) � 1. We prove the de�ciency of Piby showing that chargeT 0(R) � 1 and the number of leaves of T 0 in Pi is at most chargeT 0(R)� 1for the following two cases.� w 2 adj(R)Since w 62 Pi, w must be in some long 2-path of T that is not Pi. By P3 we know that u is inadj(R), since otherwise the node in Pi\adj(R) would be enclosed by uw. Since u is in adj(R)and u is in Pi, Pi does not contain any leaf of T 0. It su�ces to show that chargeT 0(R) � 1.13



(a)

(b)Figure 6: (a) An example of 1-LOT. (b) The maximum-leaf spanning tree of the graph in (a).Since w is in adj(R) and w is not in Pi, we know that the degree of R is at least two. ThereforechargeT 0(R) � 1, since R cannot be an external normal region.� w 2 RSince w 6= vi and w 6= vk, it follows from Lemma 2 that w is not a leaf of T 0. We thereforeknow that chargeT 0(R) � 1.If u is in adj(R), then Pi does not contain any leaf of T 0, and thus Pi is de�cient in T 0. Ifu is not in adj(R), then uw encloses a node in adj(R). It follows from P1 and P2 that w isa special leaf of T . Therefore R is special region of T , and thus chargeT 0(R) = 2. It su�cesto show that Pi contains at most one leaf of T 0. Assume for a contradiction that Pi containstwo leaves of T 0. Since we know that every node in pathT (ui; u) is not a leaf of T 0, it followsthat both leaves of T 0 in Pi are enclosed by uw. The 1-optimality of T is contradicted by P1,since u is internal in T .Now we prove the second statement of the lemma. Assume for a contradiction that Pj = Pi forsome 1 � j 6= i � k�1. We know that Pi is incident to Ri and Pj is incident to Rj. Since Ri 6= Rj,we know that Pi must be incident to Ri and Rj . Therefore R is invalid in T 0, since R = Rj . It hasbeen shown above that w is in adj(R) [R. Therefore w 6= ui, w 6= vk. Since w is in pathT 0(ui; vk),it follows from Lemma 2 that w is internal in T 0. We know that R does not contain any normalleaf of T and every special leaf of T in R, if any, is also a leaf in T 0. It follows that w must be aninternal node in T . Thus uj , the only node in Pi \ adj(R), must be u, since otherwise uw wouldenclose uj , and the 1-optimality of T would be contradicted by P3. It follows that uj is in Pi, andthus uj is in pathT 0(ui; vk). If we switch the role of Ri and Rj, know that ui is in pathT 0(uj ; vk) forexactly the same reason as above. However this contradicts the fact that T 0 is a spanning tree ofG. It follows from Claim 2 that we have identi�ed k�1 distinct long 2-paths of T that are de�cientin T 0. This completes the proof of Lemma 8.5.6 Tightness of the Performance RatioWe conclude this section by presenting an example of 1-LOT such that the bound of 5 in Theorem1 is approachable arbitrarily closely. It is easy to verify that the tree in Figure 6-(a) is a 1-LOT.Since the structure is symmetric and repetitive, we only need to verify four di�erent kinds of non-tree edges as candidates for 1-improvements. Since none of these three types of non-tree edges canbe involved in any 1-improvement, the tree is a 1-LOT. The maximum-leaf spanning tree for thisgraph is shown in Figure 6-(b). Clearly the longer this 1-LOT is, the closer to �ve the ratio is.14



6 Performance Guarantee of 2-LOTsIn this section we prove the following restatement of Theorem 2.Theorem 5 Let T be a 2-LOT of G. Then jV1(T 0)j � 3jV1(T )j for any spanning tree T 0 of G.If T is a path, Theorem 5 is immediate from Lemma 3. Therefore without loss of generality, weassume that T is not a path for the rest of the section.Note that we do not use augmentation as we did in the previous section, because the augmen-tation shown in the previous section might turn a 2-LOT into a tree that is not a 2-LOT, as shownin Figure 4.We call a short 2-path of T external if it is adjacent to a (normal) leaf of T ; otherwise we callit internal. Let V2E(T ) be the set of the external short 2-paths of T . Let V2I(T ) be the set of theinternal short 2-paths of T . One can easily verify thatjV2I(T )j < j �V3(T )j; (10)since every internal short 2-path of T is adjacent in T to two nodes in �V3(T ).6.1 Basic StrategyIn order to prove Theorem 2, it su�ces to show the following lemma.Lemma 9 Let T be a 2-LOT of G. Then jV1(T 0) \ (V2L(T ) + V2E(T ))j � jV1(T )� V1(T 0)j for anyspanning tree T 0 of G.Since V2(T ) = V2L(T ) + V2E(T ) + V2I(T ), it follows from Lemma 9 thatjV1(T 0) \ V2(T )j = jV1(T 0) \ (V2L(T ) + V2E(T ))j+ jV1(T 0) \ V2I(T )j� jV1(T )� V1(T 0)j+ jV1(T 0) \ V2I(T )j� jV1(T )� V1(T 0)j+ jV2I(T )j: (11)Since V(G) = V(T ) = V1(T ) + V2(T ) + �V3(T ), we havejV1(T 0)j = jV1(T 0) \ V1(T )j+ jV1(T 0) \ V2(T )j+ jV1(T 0) \ �V3(T )j� jV1(T 0) \ V1(T )j+ jV1(T 0) \ V2(T )j+ j �V3(T )j� jV1(T 0) \ V1(T )j+ jV1(T )� V1(T 0)j+ jV2I(T )j+ j �V3(T )j by (11)= jV1(T )j+ jV2I(T )j+ j �V3(T )j� 3jV1(T )j by (10) and (1):Therefore it remains to prove Lemma 9.6.2 Second Connections, Cross Connections, and Normal ConnectionsThere are three kinds of edges in G� T that could enclose the nodes in V2L(T ) + V2E(T ).� An edge uw in G � T is a second connection of T if w is in a long 2-path P of T and uwencloses exactly one node of P . It follows from P2 and P3 that u must be a special leaf of T .Moreover P must be incident to the special region of T that contains u. Let KS(T ) denotethe set of the second connections of T . 15



e1
e2

e3

e4Figure 7: The tree in dark lines is a 2-LOT T . The dashed lines are the non-tree edges, wheree1 2 KX(T )�KN(T ), e2 2 KS(T ), e3 2 KN(T )�KX(T ), and e4 2 KX(T ) \KN(T ).� An edge in G� T is a cross connection of T if its endpoints are in di�erent regions of T . Itfollows from P1 and P3 that both endpoints of a cross connection of T must be leaves of T .Let KX(T ) denote the set of the cross connections of T .� An edge in G� T is a normal connection of T if one of its endpoints is in V1N(T ). It followsfrom P2 that the other endpoint of a normal connection of T must be a leaf of T . Note thata normal connection of T could be a cross connection of T . Let KN(T ) denote the set of thenormal connections of T .Let K(T ) denote the set of the connections of T , which is de�ned as KS(T )[KX(T )[KN(T ). Anexample is shown in Figure 7.We claim that even if we consider only the endpoints of the edges in K(T )\E(T 0), the numberof those endpoints that are in V1(T ) � V1(T 0) is already no less than that required in Lemma 9.For the rest of the section we prove the following lemma, from which Lemma 9 is immediate.Lemma 10 Let T be a 2-LOT of G. Suppose T 0 is a spanning tree of G. Then jV1(T 0) \ (V2L(T ) +V2E(T ))j � jV(K(T )\E(T 0))\ (V1(T )� V1(T 0))j.A node is green if it is in V1(T 0) \ (V2L(T ) + V2E(T )). A node is yellow if it is in V(K(T ) \E(T 0)) \ (V1(T )� V1(T 0)). In other words, a green node is a leaf of T 0 that is in a long 2-path ofT or a external short 2-path of T . A yellow node v is an endpoint of an edge of T 0 that is also aconnection of T such that v is a leaf of T 0 but not a leaf of T . Clearly a green node is not yellowand vice versa, since every green node is a leaf of T 0, and every yellow node is not a leaf of T 0. Weprove Lemma 10 by showing that the number of green nodes is no more than the number of yellownodes.A connection of T is yellow if it has a yellow endpoint. One can easily verify that the (only)yellow endpoint of a yellow second connection of T must be a special leaf of T , since the otherendpoint is not a leaf of T .6.3 Proof of Lemma 10The proof has the following steps.Step 1 For every green node v in V2E(T ), we show that there exists a yellow normal connectionuw of T that encloses v such that (1) u is a normal leaf of T adjacent to v in T and (2) w isyellow. Let y-edge(v) = uw and y-node(v) = w. We mark v and w.Step 2 For every green node v in V2L(T ) we do the following. If v is not enclosed by any yellowsecond connection of T , then we leave v alone. Otherwise let uw be a yellow second connectionof T that encloses v, where w is yellow. Let y-edge(v) = uw and y-node(v) = w. We mark vand w. 16



Step 3 For any two distinct unmarked green nodes v and v0, we show that y-node(v) 6= y-node(v0).Step 4 We show that the number of unmarked green nodes is no more than that of the unmarkedyellow nodes.By the �rst two steps we know every marked green node has a corresponding marked yellow node.The third step ensures that the number of the marked green nodes is equal to that of the markedyellow nodes. Lemma 10 then follows from the last step. We elaborate these steps in the followingsubsections.6.4 Step 1Let v be a green node in V2E(T ). By de�nition of V2E(T ), we know v are adjacent to exactly twonodes, say u and u0, in T . Moreover one of u and u0, say u, must be a normal leaf of T . Let w bethe node such that uw is an edge in pathT 0(u; u0). Let y-node(v) = w. We show w is yellow.Lemma 11 Let v be a green node in V2E(T ). Let y-node(v) be chosen as described above. Theny-node(v) is yellow.Proof We prove the lemma by showing w 2 V1(T ) and w 62 V1(T 0).Assume for a contradiction that uw is an edge of T . It follows that w = v, since uv is the onlyedge of T that is incident to u. Clearly u, v and u0 are distinct by the choice of u and u0. It followsfrom Lemma 2 that w cannot be a leaf of T 0. This contradicts the fact that v is green.Since uw is not an edge of T and u is a normal leaf of T , we know that uw is in E(T 0)\KN (T ).It follows from the property of normal connections that w must be a leaf of T . It su�ces to showthat w is not a leaf of T 0.Assume for a contradiction that w is a leaf of T 0. Since w is in pathT 0(u; u0), it follows fromLemma 2 that w = u0. Since each endpoint of a normal connection of T is a leaf of T , we know u0is a leaf of T . Since v is adjacent in T to only u and u0, and u and u0 are both leaves of T , it followsthat T is equal to the path uvu0. This contradicts the assumption that T is not a path.6.5 Step 2We do not have to prove anything about this step, since it is just an instruction. However weshow a lemma about the number of unmarked green nodes in a long 2-path of T when this step is�nished.A long 2-path of T is green if it contains unmarked green nodes. A green long 2-path of T isdarkgreen if it contains more than one green node. It follows from the following lemma that everylong 2-path of T contains at most two unmarked green nodes.Lemma 12 Let v1 and v2 be two distinct unmarked green nodes in the same long 2-path of T . Thenv1v2 is an edge of T .Proof Let P = pathT (v1; v2). Assume for a contraction that v is a node in P where v 6= v1 andv 6= v2. We show that there exists a yellow second connection of T that encloses one of v1 and v2.This contradicts the fact that v1 and v2 are both unmarked.Since T is not a path by assumption, we know �V3(T ) is not empty. Let v0 be a node in �V3(T ).Let P 0 = pathT 0(v; v0). By de�nition of green nodes, v1 and v2 are both leaves of T 0. Since v, v0,17



w w'=

u

v

v'

u'

w w'=

u

v

v'

u'

w w'=

u

v

v'

u'

(a) (b) (c)Figure 8:v1 and v2 are all distinct, it follows from Lemma 2 that neither v1 nor v2 is in P 0. Let w be thenode closest to v in P 0 such that w is not in P . Let u be the node such that uw is an edge inpathT 0(v; w). Clearly u is in P and uw is an edge in T 0�T . Note that v1, v2, v, and v0 are distinct.Since v1 and v2 are leaves of T 0, it follows from Lemma 2 that P 0 does not contain v1 or v2. By P3we know that u must be in pathT (v1; v2). Therefore uw encloses either v1 or v2. It follows from P1that uw is a second connection of T . We show that uw is yellow.Since uw is a second connection of T and u 2 P , w is a leaf of T by the property of secondconnections. Since w 62 �V3(T ), we know w 6= v0. Since v, w and v0 are distinct and w is in P 0, itfollows from Lemma 2 that w is not a leaf of T 0. Therefore w is yellow and so is uw.6.6 Step 3Lemma 13 Let v and v0 be two distinct marked green nodes. Then y-node(v) 6= y-node(v0).Proof Let w = y-node(v) and w0 = y-node(v0). Let uw = y-edge(v) and u0w0 = y-edge(v0). Weprove the lemma for the following four cases. Note that KN (T ) and KS(T ) are disjoint. Thereforeuw 2 KN(T ) if and only if v 2 V2N(T ), and uw 2 KS(T ) if and only if v 2 V2L(T ). Similarrelations between u0w0 and v0 also holds.1. uw; u0w0 2 KN(T )We know v and v0 are both in V2N(T ). If uw = u0w0, then u = w0 and u0 = w by the wayy-node(v) and y-node(v0) are chosen in Step 1. Therefore w 6= w0. If uw 6= u0w0, assumefor a contradiction that w = w0. One can easily verify that (fuw; u0w0g; fuv; u0v0g) is a2-improvement for T , as shown in Figure 8-(a). This contradicts the fact that T is a 2-LOT.2. uw; u0w0 2 KS(T )By de�nition every second connection of T encloses exactly one node in V2L(T ). Sincev 6= v0, we know uw 6= u0w0. Assume for a contradiction that w = w0. It follows that(fuw; u0w0g; fuv; u0v0g) is a 2-improvement for T , as shown in Figure 8-(b). This contradictsthe fact that T is a 2-LOT.3. uw 2 KN(T ) and u0w0 2 KS(T )Since KN (T ) and KS(T ) are disjoint, we know uw 6= u0w0. Assume for a contradiction thatw = w0. One can easily verify that (fuw; u0w0g; fuv; u0v0g) is a 2-improvement for T , as shownin Figure 8-(c). This contradicts the fact that T is a 2-LOT.18



4. uw 2 KS(T ) and u0w0 2 KN (T )The lemma can be proved in a way similar to case 3.6.7 Step 4In this subsection we prove the following lemma.Lemma 14 The number of unmarked green nodes of T is at most the number of unmarked yellownodes of T .Clearly Lemma 14 holds trivially if T does not have any green long 2-path. Suppose P1; : : : ; Pmare the green long 2-paths of T for some m > 0. We prove Lemma 14 by identifying a yellow crossconnection e0i of T for every 1 � i � m such that:E1 If Pi is darkgreen, then both endpoints of e0i are yellow and unmarked; Otherwise at least oneendpoint of e0i is yellow and unmarked.E2 If 1 � i 6= j � m, then e0i and e0j do not share any common endpoint.In order to identify those yellow cross connections of T , we are going to �nd m spanning treesof G, denoted T1; T2; : : : ; Tm, that satisfy the following property.T1 T1 = T 0.T2 Ti+1 = Ti(feig; fuiwig) for every 1 � i � m � 1, where (i) ei is an edge of T such that Picontains at least one endpoint of ei, (ii) uiwi is a yellows cross connection of T that enclosesall nodes in Pi, and (iii) ei is in pathT (uiwi).We need the following lemmas to describe the procedure for identifying those m spanning treesand m yellow cross connections of T .Lemma 15 Suppose Pi is darkgreen for some 1 � i � m. Suppose T1; : : : ; Ti are spanning trees of Gthat satisfy T1 and T2. Let v and v0 be the unmarked green nodes in Pi. Then pathTi(v; v0) containsa yellow cross connection e0i of T that encloses v and v0. Moreover both endpoints of e0i are yellow andunmarked.Lemma 16 Suppose Pi is green for some 1 � i � m. Suppose T1; : : : ; Ti are spanning trees of G thatsatisfy T1 and T2. Let v be an unmarked green node in Pi. Suppose v0 and v00 are the nodes adjacentto v in T . Then either pathTi(v; v0) or pathTi(v; v00) contains a cross connection e0i of T that enclosesv. Moreover at least one endpoint of e0i is yellow and unmarked.Here is the procedure for identifying those m spanning trees and m yellow cross connections ofT : Let T1 := T 0.For i := 1 to m doIf Pi is darkgreen thenLet v and v0 be the unmarked green nodes in Pi.Let e0i be a cross connection of T in pathTi(v; v0) that encloses v and v0.19
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(a) T

(b) T1

(c) T2 Figure 9:Let ei := vv0.else (i.e. Pi is green but not darkgreen)Let v be the unmarked green node in Pi.Let v0 and v00 be the nodes adjacent to v in T .Let e0i be a cross connection of T in pathTi(v; v0) [ pathTi(v; v00) that encloses v.If e0i is in pathTi(v; v0) thenLet ei := vv0.else (i.e. e0i is in pathTi(v; v00))Let ei := vv00.If i < m thenLet Ti+1 := Ti(feig; fe0ig).An example is shown in Figure 9. The dark lines in (a) forms a 2-LOT T , where the dashedlines are the connections of T . Let the picture in (b) be T 0, which is also known as T1 in the theprocedure. Note that v002 is leaf of T 0, but it is not green, since it is not in a long 2-path of T .Also note that v02 is a marked green node of T , where y-node(v02) = w2 and y-edge(v02) = v2w2.Therefore v1, v01, and v2 are the unmarked green nodes of T . By de�nition of green long 2-paths,v1v01 is darkgreen and v2v02 is green. Since u1w1 is the only cross connection of T in pathT 0(v1; v01)that encloses v1 and v01, we have that e01 = u1w1 and e1 = v1v01. It follows that T2 is the tree in(c). Since u2w2 is the only cross connection of T in pathT2(v02; v002) that encloses v, we have thate02 = u2w2. Since e02 is in pathT2(v2; v002) but not in pathT2(v; v02), it follows that e2 = v2v002 . Clearlyboth endpoints of e01 are yellow and unmarked, and P1 is darkgreen; one endpoint of e02 is yellowand unmarked, and P2 is green but not darkgreen.Proof of Lemma 14 20
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e'iFigure 10:A. We �rst prove that the e01; : : : ; e0m described in the procedure do exist and satisfy E1. Thiscan be shown by proving the following claim for every 1 � i � n.� The e0i described in the ith iteration exists and satis�es E1.� The T1; : : : ; Ti+1 described in the �rst i iterations are spanning trees of G that satisfy T1 andT2.We prove the claim by induction on i. When i = 1, Ti = T 0. Clearly T1 satis�es T1 (and T2). Itfollows from Lemma 15 and Lemma 16 that the e01 described in the �rst iteration of the proceduredoes exist. Clearly e1 satis�es (i) of T2, since v, which is in P1 in the �rst iteration, is an endpointof e1. By Lemma 15 and Lemma 16 we know that e01 satis�es (ii) of T2. One can verify that e01and e1 satisfy (iii) of T2, since e01 is a cross connection of T that encloses all nodes in P1. It followsfrom (iii) of T2 that T2 is a spanning tree of G. Therefore T1 and T2 are spanning trees of G thatsatisfy T1 and T2.Assume the claim holds for every 1 � i < k for some k > 1. We show that the claim holds fori = k. By the inductive hypothesis we know that T1; : : : ; Tk are spanning trees of G that satisfyT1 and T2. By Lemma 15 and Lemma 16 we know that the e0k described in the kth iteration ofthe procedure does exist. Clearly ek satis�es (i) of T2, since v, which is in Pk in the kth iteration,is an endpoint of ek . By Lemma 15 and Lemma 16 we know that e0k satis�es (ii) of T2. One canverify that e0k and ek satis�es (iii) of T2, since e0k is a cross connection of T that encloses all nodesin Pk . It follows from (iii) of T2 that Tk+1, which is Tk(ek; e0k), is a spanning tree of G. ThereforeT1; : : : ; Tk+1 are spanning trees of G that satisfy T1 and T2.B. We show e01; : : : ; e0m satisfy E2. Let i and j be two distinct indices, where 1 � i < j � m.We �rst show that e0i 6= e0j . By de�nition of the procedure we know that e0i is not an edge of Ti+1.Since each of ei+1; : : : ; ej�1 is an edge of T , and e0i is not an edge of T , it follows that e0i is still notan edge of Tj . Note that e0j is an edge of Tj . Therefore e0i 6= e0j .Assume for a contradiction that e0i and e0j share a common endpoint. Let e00i be an edge in Piand let e00j be an edge in Pj . One can easily verify that (fe0i; e0jg; fe00i ; e00j g) is a 2-improvement for T ,since Pi 6= Pj . The 2-optimality of T is contradicted. Therefore E2 is satis�ed by e01; : : : ; e0m. Thelemma is proved.The following lemma, which is illustrated in Figure 10, is useful to proving Lemma 15 andLemma 16.Lemma 17 Let e0i be a cross connection of T that encloses the nodes of a green long 2-path Pi of T .Suppose w is a marked yellow endpoint of e0i. Let u and v be the nodes such that w = y-node(v) anduw = y-edge(v). Then uw is a second connection of T that encloses v, and both u and v are in Pi.Moreover u and v are the only two nodes in Pi. 21



Proof Assume for a contradiction that u is not in Pi. Then v is not in Pi by the way thaty-node(v) and y-edge(v) are chosen in Step 1 and Step 2. It follows that (fe0i; uwg; fe; uvg) is a2-improvement for T , where e could be any edge in Pi. The 2-optimality of T is thus contradicted.Therefore we know that u is in Pi, which implies that v is also in Pi, and uw is a second connectionof T that encloses v.By de�nition of second connections we know that uv is an edge of Pi. Let v0 be the node otherthan v that is adjacent to u in T . Let u0 be the node other than u that is adjacent to v. In otherwords, v0uvu0 is a path of T . We know that v0 is not in Pi, since otherwise (fe0i; uwg; fuv; uv0g)would be a 2-improvement for T , and the 2-optimality of T would be contradicted. By de�nitionof of second connections we know that u0 is not in Pi, since otherwise uw would enclose two nodes,i.e. v and u0, of Pi. Since Pi does not contain u0 and v0, it follows that u and v are the only twonodes in Pi.It remains to prove Lemma 15 and Lemma 16.Proof of Lemma 15 By de�nition of green nodes, v and v0 are both leaves of T 0. One can easilyverify that Pi does not contain the endpoints of ej and e0j , for every j = 1; : : : ; i� 1. Therefore vand v0 are both leaves of Ti.Let P 0 = pathT 0(v; v0). Clearly v and v0 are not adjacent in Ti, since otherwise they have to bethe only two nodes of G, which contradicts the assumption that T is not a path. By Lemma 12 weknow that v and v0 are adjacent in T . In order to connect v and v0 in Ti, P 0 must contain either asecond connection of T that encloses one of v and v0, or a cross connection of T that encloses bothv and v0.Assume for a contradiction that P 0 contains a second connection uw of T that encloses one ofv and v0, say v. By de�nition of second connections, one endpoint of uw, say u, is a special leafof T . Since u is in P 0, u is not a leaf of Ti. One can easily verify that the degree of u in Ti is nomore than that in T 0, since u is not an endpoint of e1; : : : ; ei�1. It follows that u is not a leaf of T 0.Therefore uw is a yellow second connection of T that encloses v. This contradicts the fact that vis an unmarked green nodes. Therefore P 0 has to contain a cross connection e0i of T that enclosesv and v0.We show that each endpoint of e0i is not a leaf of T 0. Assume for a contradiction that an endpointu of e0i is a leaf of T 0. If u is not an endpoint of e1, then u is a leaf of T2. If u is an endpoint ofe1, we know u must be a normal leaf of T , since e1 is an edge of T and the other endpoint of e1 isin P1, a long 2-path of T . Hence u must be an endpoint of e01, and thus u is still a leaf of T2. Forexactly the same reason, we know that u is a leaf of T3; : : : ; Ti. This contradicts the fact that u isin P 0 by Lemma 2, since u 6= v, u 6= v0, and P 0 = pathT 0(v; v0). Therefore both endpoints of e0i areyellow.We show that both endpoints of e0i are unmarked. Assume for a contradiction that an endpointw of e0i is marked. It follows from Lemma 17 that Pi contains only two nodes, and one of them (i.e.the v in Lemma 17) is green and marked. This contradicts the fact that Pi is darkgreen.Proof of Lemma 16 Let P 0 = pathTi(v0; v00). Clearly E(P 0) � E(pathTi(v; v0) [ pathTi(v; v00)).We show that P 0 contains a cross connection e0i of T such that e0i encloses v and at least one endpointof e0i is yellow and unmarked.By de�nition of green nodes, v is a leaf of T 0. One can easily verify that Pi does not containany endpoints of ej and e0j , for every 1 � j � i� 1. Therefore v is also a leaf of Ti. It follows that22



(a)

(b)Figure 11:v is not in P 0 by Lemma 2, since v 6= v0 and v 6= v00. In order to connect v0 and v00 in Ti, P 0 mustcontain either a second connection of T that encloses v, or a cross connection of T that encloses v.Assume for a contradiction that P 0 contains a second connection uw of T that encloses v. Bythe property of second connections, one endpoint of uw, say u, is a special leaf of T . Therefore v0,u, and v00 are distinct, and thus u is not a leaf of Ti by Lemma 2. Since u is a special leaf of T ,we know that u is not an endpoint of e1; : : : ; ei�1. Therefore the degree of u in Ti is no more thanthat in T 0. It follows that u is not a leaf of T 0. Therefore uw is a yellow second connection of Tthat encloses v. This contradicts the fact that v is an unmarked green node. Therefore P 0 mustcontain a cross connection e0i of T that encloses v.We show that an endpoint of e0i is not a leaf of T 0. Since Pi is a long 2-path of T and v is inPi, at least one of v0 and v00, say v0, is in Pi. It follows that v0 is not an endpoint of e0i. Since e0iis in pathT 0(v0; v00), it follows from Lemma 2 that at least one endpoint w of e0i is not a leaf of Ti.We show that w is not a leaf of T 0 as follows. Let us consider Ti�1 �rst. If w is not an endpoint ofei�1, then w is not a leaf of Ti�1. If w is an endpoint of ei�1, we know that w must be a normalleaf of T , since ei�1 is an edge of T and the other endpoint of ei�1 is in Pi�1, a long 2-path of T . Itfollows that w is also an endpoint of e0i�1. Therefore w is not a leaf of Ti�1. For exactly the samereason we know that w is not a leaf of Ti�1; Ti�2; : : : ; T1. Therefore w is yellow.If w is unmarked, then the lemma is proved. Suppose w is marked. We show that u is yellowand unmarked, where u is the endpoint of e0i other than w. Since w is yellow and unmarked, itfollows from Lemma 17 that Pi contains only two nodes, which must be v and v0, where vw isa second connection of T that encloses v0. Therefore v is the only node in Pi that is green andunmarked.Assume for a contradiction that u is not yellow. Since u is a leaf of T 0, it follows from Lemma 2that u = v00. Therefore e0i, which is v00w, is a normal connection of T , since u has to be a normal leafof T . One can easily verify that (fe0i; vwg; fvv0; vv00g) is a 2-improvement for T , which contradictsthe 2-optimality of T . Therefore u is yellow.Assume for a contradiction that u is marked. It follows from Lemma 17 that y-node(v) = u.This contradicts the fact that v is green and unmarked.6.8 Tightness of the Performance RatioFigure 11 shows the 2-LOT that we believe to have the worst performance ratio, which is only 2.5.Therefore we conjecture the following.Conjecture 2 The performance guarantee of 2-LOTs is 2.5.23
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(a)

(b)Figure 12: The tree in (a) is an example of k-LOT with performance ratio k+1k�1 . This tree is not a(k + 1)-LOT since the tree in (b) can be obtained by applying a (k + 1)-improvement.7 Concluding RemarksWe have discovered a series of examples of graphs in which the performance ratio of a k-LOT canbe as bad as k+1k�1 for each k � 3. We present a typical such graph in Figure 12. However, we haveno proof that this is the worst possible performance of k-LOTs on any graph. Since MaximumLeaf Spanning Tree is MAX SNP-complete [8], there must be a constant �0 > 0 such that thereis no (1 + �0)-approximation for Maximum Leaf Spanning Tree, unless P=NP. It follows thatthe graph shown in Figure 12 is certainly not the worst example of k-LOTs for some k � 3. Itremains open to determine what the �0 is and construct examples of k-LOTs whose performanceratio is worse than k+1k�1 for some k � 3.We mention in passing that the directed version of the problem we considered in which wherewe seek an arborescence rooted at some �xed node with the maximum number of leaves is alsoNP-complete. This can be easily deduced using a reduction from the undirected problem. We notethat locally optimal algorithms like those we presented for the undirected case perform badly inthe directed case.Consider the closely related Minimum Leaf Spanning Tree problem where we seek a span-ning tree with the minimum number of leaves. It is easy to see that this problem is NP-complete bya simple reduction from the Hamiltonian path problem. It is natural to ask whether the techniquessimilar to ours can be used to approximate this problem as well. We can use recent results on hard-ness of approximating the longest path problem [13] to infer that the Minimum Leaf SpanningTree problem is hard to approximate. The key observation is that a spanning tree on n nodeswith at most ` leaves contains a path with at least 2n=` edges. This can be shown by consideringan E�uler tour of the tree and estimating the longest length of a path between any two consecu-tive leaves in the tour. A Hamiltonian graph has a spanning tree with at most two leaves. Anypolynomial-time approximation algorithm with a multiplicative performance guarantee of f can beused to obtain a spanning tree of a Hamiltonian graph with at most 2f leaves. By our observationabove, this yields a path in the graph of size at least n=f . The results of Karger, Motwani andRamkumar [13] imply that f is at least 2
(log1�� n) for any � > 1 unless ~P=NP, where ~P stands forthe complexity class Deterministic Quasi-polynomial time, or DTIME[npolylog n].AcknowledgmentsWe gratefully acknowledge the support, guidance and encouragement of our advisor, Prof. PhilipKlein. 24
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