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Abstract race. When programs use semaphore operations for
synchronizatiort, some operations (belonging to dif-
We address a problem arising in debugging pargrent processes) could have potentially executed in
lel programs, detecting race conditions in prograras order different than what was traced. In this paper,
using semaphores for synchronization. It is NRe present fast algorithms for computing the order
complete to detect race conditions in programs thatwhich an execution’s semaphore operatioosld
use many semaphores [10]. We show in this papgiveexecuted for the only case when it is tractable:
that it remains NP-complete even if the programs gseograms that use a single semaphore. Our algo-
allowed to use only two semaphores. rithms can be used to exactly detect race conditions
For the case of single semaphore, &ual. [8] in executions of such programs.
give the previously only-known polynomial-time al- past work has shown that exactly detecting races
gorithm that runs in timeO(n'°p), where p is in programs that use multiple semaphores is NP-
the number of processors andis the total num- complete [10], and has developed exact algorithms
ber of semaphore operations executed. Their alger other cases where the problem is efficiently solv-
rithm, however, detects only a special class of raggle (programs that use types of synchronization
conditions. In this paper we cope with the gefveaker than semaphores) [6,9], and heuristics for the
eral race-condition detection problem and give @nultiple semaphore case [4,7]. The complexity for
O(nplogn)-time algorithm. The output of our algothe case of constant number of semaphores has been
rithm is a compact representation from which one can open question. We give the following theorem to
determine in constant time whether a race conditigattle the open question.

exists between two given operations. N _
Theorem 1 The race-condition detection prob-

_ lem for more than one semaphore is NP-
1 Introduction complete.

Race-condition detection is a crucial aspect of devel-FOr the case of one semaphore we give two fast
oping and debugging shared-memory parallel IOI%I_g.o'rlthms. Our gpal was to solve this problem as
grams. Explicit synchronization is usually added fgfficiently as possible, since parallel programs are
such programs to coordinate access to shared dif@ic@lly long-running, and the resulting large traces
andrace conditionsesult when this synchronizatiof"uSt be analyzed quickly by our algorithms.  Our
does not force concurrent processes to access di5h @lgorithm determines whether any two given
in the expected order. One way to dynamically g&emaphore operations could have executed in a dif-

tect races in a program is to trace its execution af§ent order than during execution (and can be used

analyze the traces afterward. A central part of dy- twhen using a semaphore, 1a-operation increments the
namic race detection is to compute from the trace témnaphore, and #-operation waits until the semaphore is
order in which shared-memory accesses vggrar- greater than zero and then decrements the semaphéte.
anteedby the execution’s synchronization to have egPerations are typically used to wait (synchronize) urdine

. condition is true (such as a shared buffer becoming nonygmpt
ecuted. Accesses to the same location not guarantggfi _operations typically signal that some condition is now

to execute in some particular order are consideredua.




to detect whether a race exists between any two p@}(the time bound was later improved®» logn)

ticular operations) and runs in time and space lind8t). As part of this solution, they give an(» logp)-

in the total number of semaphore operations. Otime algorithm applicable whe' is a chain graph,

second algorithm answers this question for all pa@sgraph consisting of a union efdisjoint directed

of operations (and can detect all races in the exepaths.

tion) and runs inD(nplogn) time, wheren is the  The existence problem of a vabdhedulen which

number of semaphore operations ansthe number v precedesv can be reduced to the SMMCC prob-

of processors. lem in a chain graph augmented with one inter-chain

edge. We add an edge from to v, assign costs

to the nodes {1 if the node is aP-operation,+1

if a V-operation), and compute the minimum max-

Computing the order in which an execution’smum cumulative cost. Clearly the cost is zero if

semaphore operations could have executed requaed only if there is a valid schedule. The augmented

solving a scheduling problem. To determine whethetiain graph is not series-parallel, so the algorithm

any two operations; andw, were guaranteed to havef Abdel-Wahab and Kameda is not applicable. We

executed in a fixed order, we must determine if sorshow that the SMMCC problem can nevertheless be

valid subschedule of the execution’s operations existsved in polynomial time. In fact, for the special

in which w precedes. A valid schedulds an in- case of interest, that in which the costs arg, we

terleaving of they processes’ semaphore operationgve a linear-time algorithm.

that honors the semantics of semaphore-style syn-

chronization; i.e., a Iineqr ordering of the operatiorls:Z Single-Pair Race-Condition Detection

such that at each point in the ordering, the number

of V operations is never exceeded by the numberloforder to detect race conditions betweeand w,

P operations (meaning that the semaphore is alwdy@vever, we need to find a valglbscheduleon-

nonnegative). Avalid subschedulés a prefix of a tainingv andw such that its maximum cumulative

valid schedule. Then, if the trace indicates thatcostis minimized. Note that every valid subschedule

precededvy in the actual execution, but a valid subef G is a valid schedule of a prefix subgraph@®f

schedule exists in whicly precedess, thenv and A graphGj is aprefix subgraplof G if (i) there is

w could have executed in either order. We consideo arc ofG from any node ofz — G to any node

subschedule because deadlocks might happen duahgo; (ii) every arc ofG between two nodes @o

the execution of parallel programs. is also an arc of7o. Clearly in the graph of interest,
Determining whether a valid schedule exists ire. p parallel chains with an augmented arc, every

which w precedes is equivalent to a special cas@refix subgraph is determined by a cut compriging

of sequencing to minimize maximum cumulative casttpoints. Therefore the problem we address can be

(SMMCC) We first describe the SMMCC problenteduced to finding a cut such that the valid schedule

and then explain the equivalence in the next two pard-the prefix subgraph determined by the cut has the

graphs. Given an acyclic directed gra@hwith costs minimal maximum cumulative cost. Lét be the

on the nodes, a schedule is a topological orderingximum cumulative cost of the optimal subsched-

of the nodes; i.e. an ordering of the nodes consige that containg andw. If & is zero, then a valid

tent with the arcs. The cumulative cost of the firstsubschedule exists (i.e. the optimal valid subsched-

nodes of such a schedule is just the sum of the costtdé.) If & is positive, then there is no valid partial

these nodes. Thus minimizing the maximum cumsehedule because the maximum cumulative cost of

lative cost is an attempt to make sure that the cumany valid subschedule is greater than or equdl to

lative cost stays low throughout the schedule. Thad is thus positive, too. We shall show that a best

SMMCC problem is NP-complete in general evetut can be found in linear time.

if the node costs are restricted 46l [1,5]. Abdel-

Wahab and Kameda present@av?)-time algorithm Theorem 2 Suppose G is a graph consisting of p

for the special case wheteis a series-parallel graphdisjoint chains comprising » nodes, where each

1.1 Reductionto Scheduling
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node represents either a P-operation or a V- to be the existence of a valsthedulgnot subsched-
operation. For any two nodes v and w of G, one ule) of G in which v precedesv. Therefore some
can determine in O(n) time whether there is a race condition defined in this paper is not regarded as
valid subschedule in which v precedes w. a race condition in [8]. Hence the algorithms in this
paper are the first polynomial-time algorithms that
detect general race conditions in programs that use
semaphores.
In the application, parallel debugging, it is impor- The negative result of this paper shows that as long
tant to exactly detect all races. Hence we needdsa parallel programs uses more than one semaphore,
determine the above for all pairs of nodeandw. detecting race condition, special or general, is NP-
Fortunately, there is @ompact representatioof this complete.
information. To represent this information, it is suf- The rest of the paper is organized as follows. Sec-
ficient that we indicate, for each nodeand for each tion 2 gives some preliminary definitions and lem-
chainC' not containing, the first nodev in C' such mas. The following three sections then prove Theo-
thatv precedesy in some valid subschedules. Thisem 2, Theorem 3, and Theorem 1, respectively.
representation has siggnp), wheren is the number
of nodes ang is the number of chains. - .
The representation can be used to determine%n Preliminaries
cpnstant tlm_e whether there is a race bgtween t\é/qL Definition and Notation
given operations andw. A race exists if either op-
eration can precede the other. To determine whetl$eippose& is an acyclic graph with node costs. We
v can precede, we obtain the first node ia’s chain introduce some terminology having to do with sched-
that could be preceded yin some valid subsched-ules. Much of this terminology is adapted from that
ules. If this first node is numbered later thanthen in [2]. A scheduleof G is a sequence af’s nodes
v can precedev. If not, v cannot precede. which is consistent with the precedence constraints
We therefore consider the complexity of construatnposed by the arcs @f. A segmenbf a schedule is
ing such a representation. Clearly it can be coa-consecutive subsequence. Eet= vivy - - - v, be
structed by a sequence of calls to the algorithm afsequence of nodes. Thestof H, denoted:(H),
Theorem 2. We show how to do much better; in fatt the sum of the costs of its nodes. Theight of a
the time required by our algorithm is ony(logn) nodev, in H is defined to be the sum of the costs of
times the time required simply to write down thée nodess; throughv,. Theheight ofH, denoted
output. h(H), is the maximum height of any node Hi. A
node of maximum height i is called apeak A
Theorem 3 Suppose G is as in Theorem 2. The node of minimum height i is called avalley. The
compact representation of the relation “v pre- reverse heighof H, denoteﬁ(H ), is the height of
cedes w in some valid subschedules” can be H minusthe cost off. Note that height and reverse
constructed in O(nplogn) time and O(n) space. height are nonnegative. A schedule®@fs optimal
if its height is minimum over all schedules 6f We
1.4 Contribution useh(G) to denote the height of its optimal sche_dule.
A sequencel’ = wvivz---v, Of nodes ofG is
The previously best race-detection algorithm for omalled achainof G if the only edges irGG' incident
semaphore runs in tim@(n1~5p) [8]. The positive onthese nodes argui, v1v2, . . ., Vm—1Vm,s UmVm+1,
result of this paper improves the time complexity byherevy andv,, .1 are other nodes, denotpoed(C')
a factor ofQ(/n/ logn). Furthermore the race conandsucdC'), respectively. We usstartC') to denote
ditions considered in this paper is more general thapandend C') to denotev,,,. Note thatC' could be a
that in [8], in which the race condition is consideresingle node.
only for valid schedules instead of valid subsched-We use[v, w]s to denote the chain aF starting
ules. Specifically, in[8) could precedev is defined from v and ending atv. Let [v, —]s denote the

1.3 All-Pair Race-Condition Detection
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Function DEcompP(C')

S:={}h
u = the first valley ofC
Repeat

v = the first peak ofpredC), ul;
w = the first valley of[pred C'), v];

Figure 1. A humpH of 12 nodes:vy, v, .. ., v12. S =S U{[sucqw),ul};

The cost of each node is in the circle. By definition u = w,

¢(H) = -2, h(H) = 2, andh(H) = 4. Both of v, Until u = pred(C);

andug are peaks off, but onlyw, is useful. u = the first valley ofC;
Repeat

v := the last peak ofu, end C)];
w := the last valley ofv,end C)];
S =S uU{[sucdu), w]};

longest chain of7 starting fromv, and[—, v]¢s the
longest chain o7 ending aw. If itis clear from the
context which graph is intended, we may omit the

subscript. Note that the above notation might not Un?f[il-:iv’eno(C)'
be well-defined for any acyclic gragh, but it is so Returns: ’

whenG is composed of disjoint chains, which is the
case of interest in this paper.

SupposeH is a chain ofG containing a peak; Figure 2: The algorithm to decompose a chain into a
such that (1) every node @&f precedingv, has non- set of humps
negative height infd, and (2) every node off fol-
lowing v, has height inH at least the cost off. In

this case, we callf ahump and we sayy is auseful .\1

peakof H. This definition is illustrated in Figure 1. OP\ o/.
We say a hump is aiv -humpif its cost is negative,

a P-humpif its cost is nonnegative.

We are concerned primarily with graphs conS|st
of the disjoint union of chains. For convenience, egure 3: A chain decomposed into two-humps
assume in such a graph the existence ofrstial and threeP-humps
pseudonodél), preceding all nodes, anderminal
pseudonodé€T), following all nodes, each of costhumps. Each loop alternates between identifying
zero. Thugpred(v) could bel andsucdv) could be peaks and valleys. Itis not difficult to see that every
T. sequence of nodes between two consecutive valleys is
For the rest of the section we describe the prop&hump. An example is shown in Figure 3. The chain
ties of humps in schedules which will be used latég decomposed by BComMP() into two N -humps and
Most of them are adapted from [8]. three P-humps. For a chait’, we sayH is ahump
of C' if H € DEcoMP(C'). It can be proved that
DecoMP() has the following properties.

2.2  Hump Decomposition

As part of their scheduling algorithm for seriesslump-decomposition properties:

parallel graphs, Abdel-Wahab and Kamedashowthai Supposel1, H, € DECOMP(C) and H; pre-
inlinear time a sequence of nodes can be decomposed cedest, inLC 2” c(Hy) > 0 thenc(HS >0

into a set of humps. The algorithmeDomp() is and ii(H1) > h(Hz). If e(Hz) < O then
shown in Figure 2. It takes a chain as input and c(Hy) < 0 andh(Hy) < h(Ho).

outputs a set of disjoint subchains such that every
subchain is a hump. The first Repeat-loop produceg. If v is the first valley of [u,w], then
N-humps; and the second Repeat-loop produges DECOMP([u,v]) is a set of N-humps, and

4



®A-BO-()O-0-E®-)OG)re-®(4)()® thenodes off are consecutive, and the order among
nodes ofH is unchanged. An example is shown in
QRCRCRCRCECIO 010100 CR ROy g P

Figure 4. The second sequence of nodes is obtained

from the first one by clustering the numbered node§Mma 1 Let & be an acyclic graph with node
to node 3. costs and H be a hump of G. Suppose S is

a schedule of G. If T is obtained from S by
clustering all nodes in H to a useful peak of H,
then T is a schedule of G and 1(T") < h(S5).

3. Let C' and C’ be two disjoint chains, whose
humps are respectivelyf;, Hy, ..., H, and  An example is shown in Figure 5. The height of
Hypi1,Hyyo, ..., Hy in order. Then for somethe schedule in (c) is smaller than that of the schedule
1<i<kandk < j < ( thehumpsof'C’are in(b). It follows from Lemma 1 that there is always
Hi,Hy,...,H; (Hi41---Hj),Hj1,...,Hy a clustered optimal schedule 6f. Two clustered
in order. schedules of the graph in Figure 5-(a) are shown in
Figure 5-(d) and (e). We prove the lemma as follows.

DECOMP([sucdv), w]) is a set ofP-humps.

The third property implies that

{end H) : H € DECOMP(CC")} C Proof of Lemma 1 The original lemma in [2] re-
{end H) : H € DECOMP(C')} U stricts G' to be a chain graph. We can prove as
{end H) : H € DECOMP(C")} follows that the same properties hold even without

' ' the restriction. Supposl = v1---v, - - -vq, Where

It will turn out that once we decompose a chaify 'S @ useful peak offf. Supposewiwz---we
into humps, we need not be concerned with the int&-the segment of5" such thatw;, = v; for all
nal structure of these humps. For each huthpre L < @ S dand 1= ji < jo < - < jg = L.
need only store(H) andh(H). Thus a chain con- 1he only difference betwee_ﬂ aqd T is that the
sisting of¢ humps can be represented by a Iengtrﬁegmem/ ofV = wawz- e wedn S is replaced with
sequence of pairéc(H), h(H)). We call this se- W' = WiHW2In T, where
guence thdaump representatioaf the chain. Using
the third hump-decomposition property, one could Wi = Wjip1- Wip—1Wjpt1 -+ Wjy—1
straightforwardly derive the hump representation of Wy = W41 W), 1041 Wy, 1.
C1C> from the hump representation 6f; and that
of C,. In particular, if we are given EcompP(C') and Supposev; is not in H. By definition of chains the
DEcomMP(C"), then computing Bcomp(C'C’) takes Precedence relations betwegrandw; imposed by

time linear in| DEcoMP(C)| 4 |DECOMP(C")]. G are the same over all £ : < d. Note thatw;
precedes some node &f in W and succeeds some

other node ofH in W. It follows that there is no
precedence constraint betwegrandw ;. Therefore
The following lemma concerns an operation onRis a schedule of;.

schedule calledlusteringthe nodes of a hump. Sup- We denote the heights of; in S and in T
poseH is a hump ofG, and letv be a useful peakby hg(w;) and hr(w;), respectively. Note that
of H. Let S be a schedule o. If all the nodes 74(v,) = hr(v,) since the set of nodes preced-
of H are consecutive iy, we sayH is clustered in ing v, does not change. We show that for every
S. If every hump ofG is clustered inS, we say the 1 < o < ¢ there exists a 1< § < (¢ such that
schedulesS is clustered If a hump is not cIustereth(wQ) < hs(wg).

in a schedule, we can modify the schedule to make

it so. Tocluster the nodes off to v is to change e If a = j; for some 1< ¢ < d, thenhy(w,) =
the positions of nodes df other thanv so that all hr(vi) < hr(vp) = hs(vp) = hs(wy,).

2.3  Hump Clustering
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o If j; < a < jj4y1 for somep < ¢ < d, Proof of Lemma 2 The original version of this
then hr(w,) = c(vig1) + c(vig2) + -+ + lemmain [2] restricts4, B to be humpsZ. We can
c(vq) + hs(ws). Since H is a hump and prove as follows that the same property holds even
i > p, c(vig1) + c(vig2) + -+ + ¢(vg) = withoutthese restrictions. Since the heights of nodes
hs(va)—hs(vi) < 0. Thushr(wa) < hg(ws). in S andS, are not changed if andT, it suffices

. . . to ensure that
o If j, < a < j;41 for some 1< ¢ < p, then

hr(wa) = —c(v1) — e(v2) — -+ — ¢(v;) + h(AB) = maxh(A),c(A)+ h(B)}
hs(wq). SinceH isahumpand < p, —c(v1) — > max{i(B), c(B) + h(A)}

c(vg) — -+ = c(vi) = hs(vo) — hs(v;) <0, — K(BA)

whereuyg is the node that precedesin S. Thus '

hr(wa) < hs(wy). e If ¢c(A) < 0 ande¢(B) < 0, since the series

It follows that 7 (W") < h(W). Since nodes other ~ BA is in standard order;(4) > (B). Since
than thew;’s preserve their heights ifi and T, the c(B) <0, itfollows thath(A) > ¢(B) + h(B).

lemmais proved, ] . o If ¢(4) > 0 andc(B) > 0, since the serieB A
It follows from Lemma 1 that there is always an g in standard ordety(B) — ¢(B) = 71(B) >
optimal schedule o7 which is clustered. 71(A) = h(A) — ¢(A). Thusc(A) + h(B) >
¢(B) + h(A). Sincec(A4) > 0,c¢(A) 4+ h(B) >

2.4 Standard Order h(B).

Consider a seriesS;...S,, of subsequences of 4 |f ¢(A) > 0ande(B) < 0, thenh(A) > ¢(B)+
nodes. It is instandard orderif it satisfies the fol- h(A) ande(A) + h(B) > h(B).

lowing properties: _ _ _
Since in all cases each 6fB) andc¢(B) + h(A) is

less than or equal to one 6f A) andc(A) + h(B),

Standard order properties: .
prop the lemma is proved. ]

e The series consists &f;'s with negative costs,

followed by S;’s with nonnegative costs; 2.5 Hump Merging

e TheS;’s with negative costs are in nondecreag schedule of7 is in standard fornif it is clustered
ing order of height; and thé;’s with nonnega- 4 jts series of humps 6 is in standard order. Let
tive costs are in nonincreasing order of reverge any schedule of in standard form. Recall
height. that by Lemma 1 there is always an optimal schedule
If the humps of a chain aréfy, H», ..., H,, in S of G which is clustered. The humps 6f, while
order, then the seriefl1H>--- H,, is in standard clustered in botl¥" and S, may not be in the same
order by the first hump-decomposition property. order. However, any two humps of the same chain
of G must be in the same order ihand inS, else
eitherT or S is not a schedule. Take two consecutive
S1BAS,. If the series BA is in standard order humps ?nS that are from different chains and th_at
then K(S) > A(T). are p_ot in the same order asinand _exchangg their
positions. By Lemma 2 the resulting ordering has
For example, the sequence in Figure 5-(d) ish@ightno more thaf. By a series of such exchanges,
clustered schedule of the graph in Figure 5-(a). Note eventually obtairf” from S. It follows that the
that the series of the last two humps in the schedtleight of T is no more than that of, and hence
is not in standard order: the reverse height of thieat 7" is optimal. This argument shows that every
first hump (zero) is less than that of the second hureghedule in standard form is an optimal schedule of
(one). The schedule in Figure 5-(e) obtained by e%-
changing those two clustered humps has height ondet I = {Hy, Hy,...,H,}, where the se-
less than that of the schedule in Figure 5-(d). ries H1Hy---H,, is in standard order. Suppose

Lemma 2 Let A, B, S1 and S» be subsequences
of nodes. Suppose S = S14BS; and T =



d\ T f \4\,"\ ] df\*ﬁﬁ ’

[®) [©)

oA di

@) (d) (e)

Figure 5: (a) The grap&' is composed of two chains. The first chain is composed a¥ émump followed
by a P-hump. The second chain is composed tR«dnumps. (b) A schedule fa& of height four. (c)
The schedule obtained from the previous one by clusteriagvtthump to its useful peak. (d) A clustered
schedule of> of height two. This one is obtained from the previous schedylclustering every hump. (e)
A clustered schedule @ of minimum height.

MERGE(I) returns a sequence of nodes obtained By Algorithm for Single Pair

concatenating all humps if into standard order.

Namely, MERGE(I) = H1H,---H,. Assume for Let G be a graph composed of disjoint chains,

uniqueness that BRGE() breaks ties in some arbi-C1,C>, ..., C,. Recall that there are two pseudon-

trary but fixed way. By the above argument we hawgles, L andT. The cost of each node 6f is either

the following lemma. +1or—1. Asubschedul§ of G isvalidif (S) = 0.
Let v andw be two nodes of. In this section we
show how to determine in linear time whethezould

Lemma 3 If G is composed of disjoint chains, precedew in some valid subschedule 6f

C1,C, ..., Cp, then MERGEJ; <, DECOMP(C))
is an optimal schedule of G.
3.1 Notation

An example is shown in Figure 5. Since th@ vectorl = (w1, 22,...,7,) of p nodes is called a
schedule in Figure 5-(e) is clustered and its serigstof G if eachz; is eitherL or anode irC;. We call
of humps is in standard order, it is an optimal sched; the i** cutpointof I'. The prefix subgrapli[I]
ule of the graph in Figure 5-(a). Abdel-Wahab angf G is the subgraphi<;<,[—, z;]. Since we will
Kameda show that ERGE(UlSisp DecomP(C;)) frequently encounter two cuts that differ at only one
can be obtained i) (n logp) time. Note that the cutpoint, let NewcuT(I", i, u) denote a cut’ defined
output of function MERGE() may not be unique. by
Without loss of generality, however, we may de- . F(0) if¢+q
fine MERGE() more restrictively as follows to make M) = { u | ifl—i
its output unique for the sam@. SupposeG is
composed of disjoint chaing(y,C5,...,C, and A j-schedulef G[I'] is a schedule of[I'] whose
I = Uici<, DECOMP(C;). Define MERGE(I) = last node isl"(j). We useh;(G[]) to denote the
H1H,---H,,, where{H1,H,,...,H,,} = I and height of an optimalj-schedule ofG[']. Suppose
the seriesH1H; - - - H,,, is in standard order. Fur-I'(j)isnotL. One can computk;(G[I']) for a given
thermore, ifH;H; and H;H; are both in standardl" follows. Let " = NewcuT(l, j, predT (j))).
order, whereC;; containsH;, C';» containsH;, and Clearly ST (j) is an optimalj-schedule ofG[I'] if
i’ < j', thenH, precededd,; in MERGE(I). S is an optimal schedule af['']. (However, the



other direction is not true.) It follows that 3.3 The Algorithm

The algorithm takes andw as inputs. Let’; con-
tain v and C'; containw. The algorithm proceeds
iteratively with different cutpoink (¢) such thaf ()
Note thath(G[I']) andk,;(G[I']) are both nonnega-does not precede. In each iteration the algorithm
tive. calls the function BsT() to obtain a minimum-height
We usev — w to signify that there is a valid j-schedule foiG[I'] over all cutsl" with the desig-
subschedule a in whichv precedesv. Letv 4 w nated cutpoints irC; and C;. By comparing the
signify thatv — w is not true. Note thats is not a heights of thesg-schedules with respect to different
partial order, and neither i%. I (¢)’s, the algorithm outputs the minimum height of
j-schedules fot7[I'] over alll” such that (j) = w
andr (¢) does not precede In Figure 6 we give the
3.2 Basic Idea algorithm to computé (G[I*] U {vw}), wherel™ is
a best cut of5 corresponding tow.
Every valid subschedule @ is a valid schedule of Function BsT() is the essential part of the algo-
a prefix subgrapli[I'] for some cut” of G. There- rithm. Based on the given subsgtof {1, 2, ..., p}
fore v — w if and only if there is a cuf” of G and the given cuf, it looks for a best cuf * cor-
such that7['] has a valid schedule in whichpre- responding tavw such that™* (k) = (k) for ev-
cedesw. Leth* be the minimumof(G[I U {vw}) ery k € F. (In the case that we are interested,
over allG[I']'s that containv andw. It follows that F = {i,;}.) An optimal j-schedule ofG[*] is
w — w if and only if »* = 0. Hence the problemthen returned. Note that for eveky ¢ F, '*(k)
of determining whether — w is reduced to com- depends on a valug which is the maximum of;
puting the minimum height of a set of chain graplends,. Each ofs; ands; is determined simply by
each augmented with an interchain arc. Clearly twbains with indices inF and their designated cut-
immediate questions arise. 1) How do we compyteints. Namely the choices of (k)’s for different
the height ofG[I'] U {vw}, which is not even serial-k ¢ F are mutually independent. This is the key to
parallel? 2) How do we cope with the fact that theksur efficient algorithm.
could be exponential number of prefix subgraphs thatin BEsT(), we do not explicitly specify cutpoints
containv andw? of I'*. Instead, we work on hump representation of
Let v andw be contained in two disjoint chainsubchains and every cutpoint is implicitly specified
C; andC}, respectively. The following observatiorby anend H ) for some humg . Specifically, Step 1
will ease the situation. Supposeis a subscheduleimplies thatl (k) is I' (k) for everyk € F,k # j.
of G containingw. Let.S’ be the subschedule 6f Step 3 and Step 8 imply that (k) isend H), where
obtained fromS by discarding all nodes succeedindl is the highestV-hump ofC}, that has height less
win S. Clearlyh(S’) < h(S). Therefore without thans, for everyk ¢ F. Because we are considering
loss of generality the minimum df(G[[ U {vw}) j-schedules]*(j) is specified slightly differently.
can be computed over only citsuchthaf (j) = w. Although in Step 2 the subchain @f; is only up
Moreover we can letr always be the last node ofto pred(I'(j)), ['*(j) is still ['(5), sincej-schedule
a subschedule by considering only the minimund=T (j) is returned in Step 10.
height;j-schedule of eacty[I'] that contains.. The
first question above is no longer an |§su§. 3.4 Correctness
It turns out that the second question is not an is-
sue, either. We will show that in order to obtain the/e answer the following two questions in this sub-
minimum-height of all thosg-schedules, it sufficessection:
to consider onlyO(y/n) cuts. In particular each of
thoseO (y/n) cuts is uniquely determined by i§&* 1. Why is it sufficient to try forl (i) only those
cutpoint. nodes that arend H ) for H € 1y?

hi(GI]) = max{h(GII), ¢(G[]) + A (T (5))}-



unction MNHEIGHT (v, w) unction BesT(j, F, ")
C; :=the chain containing; I = Ukerpz; DECOMP([—, T (K)]);
C; :=the chain containing, J = DEcomMP([—, predl (j))]);
M(j):=w; K = Uggr DECOMP(CY);
= oo s1 :=max{h(H):HelUlJcH)<O0};

For evenyl (i) € {end H) : H € Iy} do sy = h(STC(5));
S*:= BEST(4, {¢, 7}, T); s =max{sy, s2};
* = min{h*, h(S*)}; K, ={He K:h(H)<s,c(H) <0},
Returnh*; Ss = MERGE(I U J U Kj);
0 ReturnS,I"(j);

F F
1 1
2 2
3 3
4 4
5 Iy :={v}UDEcomP([sucgv),—]); 5 S*T:=MEerRGE{H € IUJ :c(H) > 0});
6 6
7 7
8 8
9 9
1

Figure 6: The algorithm to computé G[I"*] U {vw}) for a best cul * of G corresponding tow.

2. Why does BsT(j, F, ") return an optimalj- Lemma6 Let ' be a cut of G. Suppose z is a
schedule of7[I'*] such that *(k) = (k) for node in C; preceding I (z). Define I'1 by
everyk € F?

Lemma 4 Let I be a cut of G. Suppose [z,z]is (k) = {
a subchain of G containing I'(¢). Let H be the
hump of [z, z] containing I (7). Let y be the first Then h;(GIT 1)) < hy(GT)).
valley of [pred(H), I (¢)]. Define I'1 by
(k) if k£ Proof By the second hump decomposition prop-
Fi(k) =< predH) ifk=1iandy = predH) erty, there exists a series of nodesGp N1(¢) =
endH) ifk=iandy#predH). Y142 Ym = (¢), such that every subchain
sucqyx), yr+1) IS a P-hump. Supposé is an op-
Then hj(GM]) < h;(GIT). Eimaﬁj-s)cheJaL]Jle of7[]. Let S’ be obtained from
Note that thepred(H) in the above lemma is al-S by clustering everyP-hump [sucqyx), yx+1] to
ways anend H') for some humpH’ in I, which its useful peak. By Lemma 15’ is an optimalj-
is defined in Step 5 of MIHEIGHT(). Therefore schedule ofG[I']. Let S1 be obtained fromS’ by
Lemma 4 answers the first question. removing everyP-hump [sucdyx ), yk+1]- Clearly
By definitions ofI, .J, and K, it is not difficult %(S1) < h(S’). SinceS; is aj-schedule of7[I"q],
to see that the sequence returned BgBj, F, ") is ;(G[[1]) < h(S1) < (S") = h;(G[]). [ ]
an optimalj-schedule of7[I"*] for some cuf * such
thatr* (k) = I' (k) for everyk € F. The correctness Lemma 4 can be proved as follows.
of MINHEIGHT() thus relies on the following lemma,
which answers the second question. Proof of Lemma 4 Wheny = pred H ), by choice
of y, h;(G[l1]) < h;(G[I]) is immediate from
Lemma 6.
If H is a P-hump, by definition of Bcowmp(),
pred(H) is the first valley offpred H), end H)], so
For the rest of the subsection, we prove Lemmayd= pred H). Therefore whery # pred H), H
and Lemma 5. must be anV-hump. We claim thafstart H), y] is
We need the following lemma to prove Lemma 4 hump. Since is the first valley ofpred H), I (¢)]

(k) if k£ 4
the first valley of [z, (:)] if £ =1.

Lemmab5 Let I be a cut. Let F be a subset of
{1,2,...,p}containing j. LetS* = BEST(j, F,I).
Then r(S*) < h;(GI]).
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andy # pred H), y is also the first valley of By definition of BEsT(), ' andl"; could differ only
[start{ /), (7)]. By definition of humpsy cannot at the/** components. We show

precede any useful peak &f. It follows that a use- .

ful peak of H is also a useful peak détart(H), y]. hi(GIT]) < hy(GIM)). (6)
Thus(start( H ), y]isahump. Let us usé’ to denote B . B

[start H), y]. Clearlyh(H') = h(H). SinceH is an Letw = T4(j). LetL = DECOMM([—, Fa(k)]).

Define
N-hump,c(H') > c¢(H).
Let us dfefin)d" b3(/ ) §=MERGHIUJU L),
_ . where I and J are defined in Step 1 and Step 2
(k) = { r(k) !f k# t of BEsT(). Clearly Sw is an optimalj-schedule of
y ifk=i G[F1). Thush(Sw) = h;(G[1]). By choice of

1(¢), L contains naP-hump. Hence by the unique-

By | 6,h;(G[I'"]) < h;(G[T]). S
y lemma 6,7;(G[I"]) < h;(GIT]). Supposes ness assumption of BRGE(), we could write

is an optimalj-schedule ofG[I''] in which H' is
clustered. We writeS = S1H’S,. Inserting the Sw = $15Fw,
sequencgsucdy), end H)] immediately afterd’,

we obtain g-schedules™ = S1H S, for G[I'1]. We whereST is defined in Step 5 of BsT(). We prove

showh (S™) < h(S). (6) by showing the following two claims.
Now £ (S5*) is equal to the maximum of(Sy), _ § §
c(S1) + h(H), ande(S1H) + h(S2). Clearly g('g'm) 1 1 T7(¢) succeeds (¢), thenh; (G[™]) <
w).
h(S1) < h(S). (1)

Since L contains noP-hump, each hump of
Sinceh(H) = h(H'), [—,1(¢)] appears inS;. Therefore we obtain g
schedule of7[I"*] from Sw by inserting the sequence

¢(51) + h(H) < 2(S). @ o — [sucdl1(€)), M*(¢)] immediately befores+,
Sincec(H) < ¢(H'), ¢(S1H) < ¢(S1H'). Hence  obtaining
S518'Stw.
c(SyH) + h(S2) < h(S). @3)

We showh (515”5 +w) < h(S15+w).
Combining (1), (2), and (3), we obtaih(S*) < Now £/ (S15’STw) is equal to the maximum of

h(S).[ ] h(S1), ¢(S1) + h(S"), and ¢(S15") + h(STw).
Let F; denote the sefl,...,(—1,(4+1,...,p}. Clearly
The following lemma is a special case of Lemma 5, R(S1) < h(S1Stw). (7)

In which £ is composed op — 1 numbers. By definition of F, the K, defined in Step 8 of BST()

Lemma 7 Let I be a cut. for some ¢ # j. Let is composed of th&/-humps ofC/, that have heights

S* = BEST(j, Fy, ). Then h(S*) < h;(G[]). less thary. Therefore by choice df*(¢) every hump
of [—,*(¢)] has height less thas It follows from

Proof Definel; by the standard order of humps 81 that(S’) < s.
By Step 7 of BST(), s = max{sy,s2}. If s =

Fa(k) = (k) ifk#0 s =h(Stw), as defined in Step 6 of@T(), then
BT thefirstvalley o —, F(0)] if k= (. ¢(S1) + h(S") < c(S1) + h(S*w). If s = 51 =
h(H*), whereH* is a highesiV-humpinIU.J, then

Then by Lemma 6, we could writeS; = SoH*S3. It follows that

Let ' be the cut such tha$* is a j-schedule of < ¢(S2) + h(H")
G[I*]. Thus < W(S.H")
h(S7) = i (G[T]). (5) < h(S1).
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Therefore in either case Proof of Lemma 5 Recall thatS* is equal to
BEST(j, F,I"). Supposd * is the cut such that™
c(S1) + h(S') < h(S15Tw). (8) is an optimalj-schedule ofz[I'*]. We use the al-
gorithm in Figure 7 to prove the lemma. Procedure
CUTTRANS() proceeds with iterations, in which the
+ value of¢ varies amond1,...,p}. If £ & F, then
¢(5) + h(STw) the value off (¢) is upgated. S}incé iS an opti-
©) mal j-schedule oiG["], it follows from Lemma 7
Combining (7), (8), and (9), we Obtai&hgthj(G[r’]) < h;(G[I]) always holds during the
h(S15"S*w) < h(Sw). Claim 1 is thus proved. whlle-loop: If we could show that.L(D'TRANS() al-
ways terminates, then the lemma is proved.

Claim 2 If I=(¢) precedes 1({), thenh;(G[I*]) <  Let s, s3, ands™ be thes;, sz, ands in the
h(Sw). execution of BST(j, F,I"). Letsy, sz, ands be those
in the execution of BsT(j, F;, ). The values of;,
LetS’ = [sucdl™(¢)), 1(¢)]. By choiceof *(¢), sz, ands change as the while-loop ofl@TRANS()

By choice ofl™*(¢), ¢(S’) < 0. Hence

c(S1S8") + h(STw) <
< h(S1STw).

it is not difficult to see that proceeds. We show eventually become§™ by
arguing thats eventually becomes'.
DecoMP([—, M1({)]) = SinceF C F, s1 > s; always holds. By defi-
DecomP([—, *(k)]) U DECOMP(S"). nition of BEST(), whenever Step 7 of @ TRANS()

_ _ is finished,[—, I (¢)] contains onlyN-humps. Thus
By choice of1(¢), DECOMP(S’) contains only after the firsty iterations of the while-loog—, I (¢)]
N-humps of heights no less than Note that every contains noP-hump for every¢! ¢ F. Hence-
N-hump inI U J has height no less than By forth s, = s3 and therefores = max{si, s2} >
standard form of5, S’ is a suffix of S;. Therefore max{s;, s3} = 7. If s > 5%, thens = 51 > s~
we could writeSw = S»S'S*w. RemovingS’ from  Sinces; > s*, there must be aV-hump H in
Sw, we obtain aj-scheduleS,S*w of G[I'*]. We Usgr DECOMP([—, [ (k)]) such thath(H) = si.

shown (S25* w) < h(Sw). _ Sinces = sy, in the next iteration wheit;, con-
Nowh(S25 w) is equal to the maximum éf(Sz) - tains &, I (¢) will be moved beforeH by definition
andc(Sz) + h(S*w). Clearly of BEST(). It follows that the value of is nonin-

creasing and will becomes*. Onces = s*, in the
following p iterations,I (k) will be moved tol* (k)
for everyk ¢ F. The algorithm then terminatefs ]

h(S2) < h(S25'STw) = h(Sw).  (10)

Since each hump of’ has height no less than
h(S’) > s. Hence

h(S'Stw) > h(S') > 5 > s = h(STw). 3.5 Implementation
It follows that Recall that EcoMP(C') runs in time linear ifC', the
length of chairC'. It follows that the time complexity
c(S1) + h(STw) < ¢(S1) + h(S"STw) of Step 1-5 and Step 9 of IMHEIGHT() is O(n).
< h(Sw). (11) Suppose the order of nodes assigned (g in the

for-loop is the same as their order @. In the
Combining (10) and (11), we obtain(S1.STw) < subsection we focus on implementing$() such
h(Sw). Claim 2 is thus proved. that the for-loop runs in timé@ (n).
Therefore (6) is followed from the above two
claims. Combining (4), (5) and (6), we prove the

|emma-D Number of Iterations The following lemma en-
sures that the size df is O(+/|C}]). It follows that
Now we are ready to prove Lemma 5. the number of iterations 9 (v/n).
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decomposition properties in Subsection 2.2 ttte

Procedure GTTRANS(I", ) execution of Step 1 take3(|I;_1|) time. It follows

1/0:=0; from Lemma 8 that the time complexity of all execu-

2 Whilel’* #T do tions of Step 119 (n + /n x /n) = O(n).

3 (:=(¢{modp)+1;

4 Ifl¢gF Priority Tree  To computes; efficiently, we need a

5 S := BEST(j, Fy, T); priority tree, a complete binary tree with+ 1 leaves.

6 " := the cut such thaf is an Each leaf keeps two valuespuntand maxheight
optimal j-schedule ofz[I""]; The cost of: + 1¢¢ leaf is the number ofV-humps

7 r=r of height’ in T U J. The maxheight of thé + 1°¢

leaf is 0 andh, if its count is zero and nonzero,

, _ respectively. The maxheight of an internal node is
Figure 7: The algorithm 'transform'g to F*.' We the maximum maxheight of its children. It follows
prove Lemma 5 by showing that this algorithm ajg, i the maxheight of the root of priority tree is the
ways terminates. correct value ofs. The priority tree can be built

in time O(n). Whenever a hump is added to or

Lemma 8 Suppose C is a chain with node costs deleted from/ U .J, the priority tree can be updated
+1. The number of humps in DECOMP(C) is in time O(logn). Since.J is fixed, to computes;
O/IC)). in t** iteration for everyt > 2, we add humps in
I, — I, 1toTU J, remove humps id;_; — I; from
I'uJ, and update the priority tree. By the third hump

Proof Since the costs of nodes are eithet or N
decomposition property

—1, a hump of height contains at leagtnodes. For
the same reason a hump of reverse hefgiuntains
at least¢ nodes. By the first hump decomposition 22; [Ie = L-a| + [la = I = O(\/@)‘ (12)
property, the heights of th¥-humps in ZEcompP(C') =P

are different, and so are the reverse heights of tHence the time complexity of all executions of Step 4
P-humps in EcomP(C). If there areny N-humps isO(n + /n x logn) = O(n).

andny P-humps in BEcomP(C), then|C| = Q(n?+

2 2 :
ng) = ©((n1+ n2)%). This proves the lemma. | Hump Tree To obtain the value of;, it is not

necessary to know the value 6f*. We need only

Compact Representation of Humps For the sake to obtain the height o5+l (j). Similarly the ac-
of efficiency we do not deal with the internal structurteal value ofS; is irrelevant. What we compare in
of humps in BsT(). It suffices to represent eaclstep 8 of MNHEIGHT() is the height ofS, I (j). We
hump H by a pair(c¢(H),h(H)) and work on the need a data structure to compute these two heights
compact representation of humps. Therefore eacletficiently.
thel, J, and K computed in the first three stepsis a Let L be a set of humps such thatH) < n»
set of pairs. Clearly each of these three steps takes| ﬁ(H) < n foreveryH € L. A hump tree
O(n) time. However, the contents of and X’ do T for L is a binary tree composed of two complete
not change in different iterations. Thus Step 2 atdhary subtrees. Each subtree has 1 leaves. Let
Step 3 need only be executed once. T be the left subtree anfir be the right subtree.

SinceF = {i,j}, I = DECOMP([—, T (¢)]). Sup- The & + 1% leaf of Ty associates with the set of
posel, andr, are thel andr in thet*" iteration for N-humps of heighth in L. The h + 1% leaf of
somet > 2. By the order of nodes assignedt@), Tp» associates with the set df-humps of reverse
we need not recomputeHOOMP([—, I,(¢)]) from heightn — h in L. Let T, be the subtree df rooted
scratch. In the!" execution of Step 1, ,(i)] is atz. Let L, be the set of humps associated with
obtained by appending a hurfgucdrr,_1(¢)),¢(¢)] leaves ofT,. Defineh(T,) = h(MERGEL,)) and
to[—, ¢—1(7)]. By the argument following the humpc(7T,) = ¢(MERGHL,)). Clearly whenL = I U J,
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h(Tp) = h(ST) and¢(Tp) = ¢(ST). WhenL =

IT'UJUK,, W(T) = h(Ss) ande(T) = ¢(S,). The Procedure RMOVERANGE(T, s)
heights ofS*T (j) andS, I (j) can then be computed 1 y := thes'" leaf of Ty;
by 2 Whiley is not the root ofl'y do
e N N . 3  z:=the parent of;
R(STT() = maxh(ST),c(ST)+r(F(1))} 4 If yis the left child ofz then
h(S.F(G) = max{h(S.), e(S.) +h(F(j)}- 5 (h(Ty), c(Ty) = (h(T,), e(T);
6 else

Let us keep(T;) ande(T,) in « for every node: 7 Recomputé:(T,) ande (T, );
of T'. Therefore the hump treE takesO (n) space. 8 yi=ua
We show how to computie(T;,) ande(T,) for every 9 Recomputé:(T) andc(T);

nodez from leaves to root. Whenis a leaf ofT’, the
humps inL, have the same heightifis in T, and
the same reverse heightifs in Tp. Itis notdifficult Figure 8: LetT be the hump tree fof U J U K.
toseethat(T,) = >y, c(H);andh(T,)isequal This procedure acts as if thé-humps of heights no
to less thars are removed from the hump tree.

0 ifL,=10

h if 2 is theh + 1 Ie?tf of Ty K~. Since there is n@-hump inK —, it is still true

o(Ty) —h ifwisthen —h+1%leaf of Tp.  thatp(7,) = h(S+) ande(T,) = c(S*). Although

the hump tree is not fof U J U K, the values of

Whenz is an internal node df’, »(T) andc(T;) . ,
can be computed by the information kept in the chllf-(ss) ande(S,) can be efficiently obtained by the

dren ofz. Supposey and:z are the left and right z(r:(;;:essuri? tlﬂelj\lgﬁL(ern&sp(;?(;]z?ulr\imﬁfligziign
children ofz, respectively. For anyf in L, andH’ P g

in L., by the way we associate humps with Ieavea'%re removed from the hump tree forJ J U A~
the seried? H' is in standard order. Hence herefore the resulting(T’) andc(T) areh(s,) and

c(S,), respectively. Clearly RMOVERANGE() takes
W) = maxh(T,),c(T,) +h(T.)} O(logn) time. Since we maintain the hump tree
for I U J U K~ in every iteration, we us@(logn)
o(T) = o(Ty) +e(T2). space to keep those modified informatiorfofAfter
It follows that the hump tre@ for L can be built in ©Ptaining the informa'Eior_1 we need, we restore the
time O (n + |L|). hump tree fof U.J U K~ intimeO(logn).

OnceT is built, inserting a hump td, can be Let I, be theI in thet'" iteration for anyt >
done efficiently. Suppose we inséftto L. If His 1. To obtain the hump tree fa; U J U K~ from
an N-hump then we add(H) to ¢(T,) wherez is I:-1UJUK ™, weneedtoinsertthe humpsiin-7;_1
the h(H) + 1% leaf of Ty. If H is a P-hump then toT and remove the humpsiip,—I; fromT'. Since
we addc(H) to bothe(T,) andh(T,), wherez is €ach insertion and deletion také4logn) time, it
the n — ﬁ(H) + 1¢ leaf of Tp. To updateT’, we follows from (12) that the overall time complexity
simply update the internal nodes on the path frol@r obtaining the hump tree from that of previous
z to the root of 7. Deleting a hump fromL can iteration isO(y/n x logn). Recall that building a
be done similarly by replacing every addition with BUmp tree forL takesO(n + |L|) time. Since there
subtraction. Clearly both insertion and deletion takéen nodes in, |3 U J U K~| = O(n). It follows
time O (logn). that the time complexity for building a hump tree for

To compute the heights 6f T (j) andS,I(j),we [1UJUK™ isO(n).
need not maintain a hump tree fbu .J and another By the above arguments we implemerts()
hump tree fo U J U K. Supposey ~ is the set of such that the overall time complexity of the while-
N-humps ink, i.e. K- = {H € K :¢(H) < 0}. loop in MINHEIGHT() is O(n). Theorem 2 is thus
It suffices to maintain a hump treg for I U J U proved.
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4  Algorithm for All Pairs

Procedure BAINPAIR (¢, j)
Recall thatG is composed ofp disjoint chains, (v,w) := (endC;),endC}));
C1,Co,...,C,, of n nodes. In this section we show Repeat
how to determine the— relations for all pairs of If w= 1 thenh :=1;
nodes inG. The linear-time algorithm for a single elseh := MINHEIGHT (v, w);
pair of nodes, applied to ab(n?) pairs, takes time
O(n3%). We present a faster algorithm, one that runs If o >0 thenfirst;(v) := sucg(w);
intimeO(nplogn). v = pred(v);

else w := pred(w);
) Until v = 1;

4.1 The Algorithm

Letfirst;(v) denote the first node i@y that could be

preceded by in some valid subschedule 6f. The

output of the all-pair algorithm is thus the value o‘?

first;(v) for every nodev and 1< j < p. Note that o

first; (v) could beT, which means that none of nodes SuPPose the procedure@NPAIR (i, j) correctly

in C'; can be preceded hyin any valid subschedule®POrtssucG(w) as the value ofirst;(sucg(v)) in a

of G. certain iteration of the repeat-loop. We need to show
Let us describe first the procedursANPAIR (i, j) that in the remaining ite_ratiorﬁ;stj(v) will also be

which computedirst;(v) for everyv € C;. The correctly computed. Sincsucg(v) — SUC/‘S‘(“’%

all-pair algorithm is simply calling BANPaIR (i, j) ¢ — SUCG(w). It follows thatv — w' (and

for every 1 < i,j < p. For convenience, |et_thus M_NHElGHT(v,w’) = 0) for everyw’ succeeq-

sucg(w) = sucqw) for everyw € C; and let NG w I C;j. In other words, to locate .the first

sucG(L) = start{C;). Procedure GAINPAIR (i, ;) r_lode inC; that gould be preceded by, it suf-

is shown in Figure 9. The algorithm starts with lefiCeS t0 start testing fromw. For the same reason

ting v be endC;) and lettingw be endC;). The @S _above, GAaINPAIR (7, 7) repgrts the correct value

repeat-loop proceeds by replacingwith pred(w). of first;(w). The correctness is therefore ensured.

Once MNHEIGHT(v, w) is not zero, the algorithm

reportssucg (w) asfirst;(v). After replacinge with 4.3 Implementation

pred(v), the repeat-loop continues the same pro

dure to search for nefirst; (w).

Figure 9: The algorithm to computi@st;(v) for
veryv € C;

e show in this subsection how to implement
CHAINPAIR (2, j) to runintimeO ((|C;|+|C|) logn).
Itthen follows that the time complexity of the all-pair

4.2 Correctness algorithm isO(np logn).

Suppose each time before we callKINPAIR (4, 7 ),
By induction onv we show that GAINPAIR(7, j) we have the hump tree fdru J U K —, where
correctly computefirst, (v) for everyv € C;.
Whenv = eno(C,»),]procedure BAINPAIR (7, j) [ = DECOMAC)
keeps replacings with pred;(w) until w = 1 J = DECOMM[— predendC;))])

or MINHEIGHT(v,w) > 0. If w = L then K~ = {He |J DEcOMP(C}):c(H) < 0}.
h(GU{vw'}) = 0 for everyw’ € C;. Thus 1<k<p
first;(v) = sucG(L) = sucg(w) = starf(C;) is el

correct. If MINHEIGHT(v, w) > O thenv 4 w. It follows from Subsection 3.5 that the first call

It follows that v A w’ for every w' precedesto MINHEIGHT(v,w) can be computed in time

w in C;.  Since MNHEIGHT(v,sucG(w)) = 0, Of(logn), since only ond (i) need be considered.

v — sucG(w). Thereforesucg(w) is the correct In each of the remaining iterations of the repeat-
value offirst;(v). This confirms the induction basisloop, we either replace with pred(v) or replacew
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with pred(w). The remaining lemma guarantees thea 7', delete the humpsin
to compute each of the following MHEIGHT (v, w),
we need only try as the cutpoint of;. {H € DECOMP(C};,) @ c(H) < 0}

Lemma 9 Consider any iteration of the repeat- T0m 7', and then insert the humps in
loop in CHAINPAIR(7, 7). When the algorithm

: E >
computes & = MINHEIGHT(v, w), v is the only {H € DECOMACy) : e(H) 2 O}U
cutpoint of C; that could make % zero. DEcomP([—, predend C},))])

o to T. The hump decomposition can be done in time
Proof By definition of GHAINPAIR (), when com-

puting MINHEIGHT (v, w), first;(sucg(v)) always O(|Ci| + |Cy] + |Ciy] + |1C ) (15)
succeeds in C';. Assume for a contradiction that

is a node succeedingin C; such that there is a cit The insertion and deletion of humps can be done in
of G wherel (i) = u, [(j) = w, andh;(G[l']) = 0. time

It follows thatw — w and thussucg(v) — w. This
contradicts the fact thdirst, (sucg(v)) succeedss O ((V/ICil + VIcil+ VICal + VI x |09211)é)
in C]‘. D L. .
Note thatin each iteration of the repeat-loop, eith&°mPining (13), (14), (15), and (16), we obtain that

v or w is moved by one position. Since the costs H?e overall time complexity of the all-pair algorithm

v andw are+1, by the first hump decompositiodS
property the number of humps updated/iv J U
K~ between two consecutive iterations is a constant.

On)+ >, O(Cil+1IC))+

Thus each execution of MHEIGHT (v, w) takes only s

time O(logn). Since the number of iterations of > O(\/@-l' C5]) x logn +

the repeat-loop i® (|C;| + |C;|), each execution of 1<ij<p

CHAINPAIR (i, j) takes time Z O(|Ci| + 1C}|) x logn,
1<ig<p

O((|Ci| + 1G;]) x logn). as .- .
which isO(nplogn). Theorem 3 is proved.

The remaining thing is how to efficiently build the
hump tree for each execution oH@NPAIR (¢, j). 5

The very first hump tree can be constructed in time NP-compIeteness

In this section we show that determining whether
v — w for chain graphs of operations on more

Consider the moment wherHEINPAIR (i, ) is just than one semaphore. The proof is by reduction
finished and the all-pair algorithm is about to calfom the NP-complete uniform-cost SMMCC prob-

CHAINPAIR (i1, j1). The currentT is the hump tree lem, where the node costs are restricted:tb [5].

O(n). (14)

for The reduction has three steps. Given a SMMCC
problem for a uniform-cost graptp of » nodes,
{He |J DECOMP(Cy):c(H) < 0}, we constructO(logn) chain graphs withn + 2
1<k<p semaphores. The first step of the reduction shows
el that the SMMCC problem fofo can be reduced to

since all humps id U .J have been deleted during théetermining whether each of thog¥logn) chain
execution of GAINPAIR (i, j). To obtain the hump graphs has a valid schedule. The second step shows

tree for GIAINPAIR (i1, j1), we have to add the humpghat each of thos@ (log ) chain graphs can k&m-
in ulatedby a chain graph with only two semaphores.

In other words, the simulated chain graph has a valid
{H € DECOMP(C};) UDECOMP(C}) : ¢(H) < 0}  schedule if and only if the simulating chain graph
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has a valid schedule. The last step shows that the

simulating chain graph has a valid schedule if andCoONSTRUCT(G))

only if v — w, for somev andw, in the same chain For::=1ton do

graph. We will show the same proof works even |f Forj :=1ton do

the— is defined for schedule as in [8] If v;v; is an arc ofGg then
Append a+S; to C;.

If the cost ofv, is +1 then

Append a+S,, to C;.

5.1 Definition and Notation

Let G be a chain graph. Each node@®fis an oper- else (i.e. the cost af; is —1)

ation on a semaphore. An operation on semaphore Append a-S, to C;.

S is either+.S, incrementing the value &f by one, Append a+S, and—S, to C'.

or —S, decrementing the value 6fby one. A sub- Appendd; copies of—S; to C;.

schedule of7 is validif the value of each semaphore Append a-S3 to C;.

is always nonpositive during the execution of the sup- Appendn copies of+S53 to Cy,11.

schedule. Let andw be two nodes of7. If there Append! — n + n~ copies of+S, toC\,y1.
exists a partial schedule 6fin whichv precedesy, Append/ copies of-S,, to C], ;.

then we say — w. Clearly determining whether
v — wis in NP. If G is allowed to use more than
one semaphore, then we prove the NP-hardness Hygtre 10: The procedure constructs a chain graph
three-step reduction from the uniform-cost SMMCE1 such thatz; has a valid schedule if and only if
problem. h(Go) < L.

5.2 First Step An example is shown in Figure 11. The intuition

Let Go be an acyclic directed graph of nodes, is as follows. The (only) operation fo$, in C;
1.0z, . ... v,. The cost of each node is eitherl corresponds to;, where the “sign” of5,, reflects the
or —1. Suppose we would like to know whethef©St Ofvi. We use the first semaphoresyy, . ..., Sy,
h(Go) < (. We constructa chain gragh composed to enforce the execution of theseperations forS,,
of 2n _|__2 chains of operations an+- 2 semaphores,to obey the precedence constraints imposed-py

and argue that has a valid schedule if and onlyn Figure 11, forinstance, in order to reach thg,
if h(Go) < (. Note that 0< h(Go) < n. There- in C4, we have to unlock the S, (and+S3, +Ss) in

fore h(Glo) can be obtained b (logn) queries of the same chain first. Since_the onhbs is after the
whether a chain graph of + 2 semaphores has a2« IN C2, we knowther-5, in C> mustbe executed

valid schedule. before the-S, in Ca.

Letn* be the number of nodes with positive costs. The —5g’s at the end o€, ..., C), are to ensure
Let »~ be the number of nodes with negative cosf#lat as long as the lastSs in C,41 is executed,
Clearlyn™ — n~ is the sum of node costs 6. Let all operations inC1,...,C,, are already executed.
d; be the number of outgoing arcs@f from v;. The The function of thosé copies of-S, in C},, is
n + 2 semaphores fafy are Sy, Sa, .. ., Spy2. TO clear: The largef, the easier fot7; to have a valid
distinguish the last two semaphores, we also wrfighedule. The purpose of theS., —S. pairs in
Sa = Spp1andSs = S,40. Letthe 2+ 2 chains of C1, - - -, C;, and those — n™ + n~ copies of+S,'s
GibeCy,...,Chy1, andCy, ..., C! 4, all initially at the end ot’,, ;.1 will become clear as we proceed.
empty. We construat; from G by the procedure Basically they are used to ensure tathas some
CoNnsTRUCT() in Figure 10, which runs in polynomialkind of “pairwise” schedule, as long &S, has a
time. Without loss of generality we can assume thédlid schedule. One can verify that there are the
¢ —n* 4+ n~, the number in the second-to-last statéame number of-S;’s and —S;’s in G, for each
ment of the procedure @ISTRUCT, is nonnegative, 1 <@ < n + 2.
since otherwisé (Gg) > (. For the rest of the subsection we prove that

16



Ci| | G| | cs| Csl | cLl ¢
‘|‘SZ ‘|‘Sﬁ ‘|’Sa ‘|’Soz _Sa
‘|‘53 ‘|’Sﬁ _Sa _Sa _Sa
@ +51 | +S1| +S55 | +S53 || +S3
+5
Coi41) (ool |45, | 480 | 480 | =50 | S | 4S5
-S51 —S3
—Sﬁ —Sﬁ —Sﬁ —Sﬁ —Sﬁ +S,

Figure 11: An example for the first step of the reduction. Siggpwe would like to determine whether
h(Go) < 2, whereG is the graph at left. We then construct, bpi&TRUCT, the chain grapld71 at right.
Note that there are onesS,, at the end o€ and two— S, in C§, as by the last two statements adKBSTRUCT.

It follows from Lemma 10 and Lemma 12 that that exists a vatitesiule of the chains at right if and only
if the height of the graph at left is at most two.

h(Go) < Cif and only if G1 has a valid schedule.however, we know:~ of those—S,’s have to be

An implication of the following proofs is thak; has preceded inX by »n other+S,’s. It follows that

a valid schedule if and only if it has a valid schedulkeven if we count all operations fdf,, together, the

executable by some procedurgm®visge, which will maximum value ofS,, would be greater than zero

be given in the proofs. during the execution oK. This contradicts the fact
thatX is a valid schedule aff1. [ ]

Lemma 10 If G; has a valid subschedule which

contains the last +-S, of C,11, then A(Go) < (. The following lemma is immediate from
Lemma 10.

Proof Let X be a valid subschedule 6f; as de- _

scribed in the lemma, we show tHa(Go) < (. Let Lemma 11 If G has avalid schedule, 1.(Go) < .

O; be the operation of,, in C;. SinceX is valid and

contains the last-S, of C,,,1, X must contain all Lemma 12 If2(Go) < (, G has avalid schedule.

the operations iy, ..., C,. Therefore evenp;,

1<i<n,isinX. Proof LetY = vy, vy, ---vr, be aschedule af
Suppose the order of thos&;’s in X is such thath(Y) < (. Letm; be the sum of costs
Oky, Oky, - - - Ok, - By the definition of ©ONSTRUCT, - of vy, ..., vy,. Clearlym, = nt — n~, which is

if v, is reachable fromv; in Go, then O; does the sum of node costs &f,. Sinceh(Y) < ¢, we
not precede); in X. It follows that the sequenceknow thatm,; < ¢ for every 1< i < n. We claim
Y = vg vk, -+ - vk, is a schedule offo. Therefore it thatG; can be executed by the procedureridISe
suffices to show that(Y") < ¢. in Figure 12.

Assume for a contradiction thatY’) is more than  Note that in the schedule 6f; executed by RR-
(. If we count only thos®);’s as the operations forwisg, each operation S; isimmediately followed by
S In X, the maximum value of,, would be greater an operationtS;. Not every chain graph has such a
than ¢ during the execution oX. Note that there “pairwise” schedule, however, we show tigatdoes.
arel 4+ n~ other—S,'sin C1,...,C} 1, which are We first show that the first for-loop offRWISE can
the only hope for bringing the maximum value®¥ be finished foiG;.
down to zero. By the construction @fy,...,C/,
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Procedure RRWISE
Fork := ki, ko,..., k,do
Forj:=1ton do
If v;vg is an arc ofGp then
Execute a- Sy in Cj.
Execute thet Sy, in Cj,.
If O, = +S, then
Execute one of the-S,,’s
inC1,Cy,...,C 4.
Execute thet S, in Cy.
else (i.e.0r = —5,)
Execute the-S,, in Cy.
Execute thet-S, in C}.
Fori::=1ton do
Execute the-S3 in C;.
Execute atSg in Cyy1.
For::=1tof — m, do
Execute a-S, inC1, ..
Execute a5, in C\41.

/
o Cntas

Figure 12: ProcedureaRwISE

Lemma 13 For each 1 < i < n, the i iteration
of the first for-loop of PAIRWISE can be executed
for G1. Furthermore, after executing the ith iter-
ation,

e the remaining operations in Cj, are di,
copies of —S,’s followed by a +S3; and

e there are ¢ — m,; copies of —S,’s available

i ! !
inCy,...,Cl .

It is then not hard to see that after the executi
of the first for-loop of RIRWISE, the remaining op- b
eration in eaclC; is a —Sg. Therefore the second
for-loop of FARIRWISE can be finished, since there arﬁ1

n copies of+S3’s available inC), 4 1.

Proof of Lemma 13 We prove the lemma by in-
duction on:. For convenience we abbrevidigto &
for the entire proof.

When: = 1, we knowwv; does not have any in-
coming arcs from other nodes. Therefore the for-loop
with indexj in the first iteration does not execute any
operation. We then consider the if-statement.

e If O = —S,, thenc(v,) = —1, and thusn; =
—1. There is at+S, in Cj, by the definition
of CONSTRUCT We can execute the else-part
of the if-statement without problem. Since the
second operation i€}, is a —S,, these two
steps increase the number-ef,,’s available in
Ci,-..,C) 1 byone.

e If O = +S,, thenc(v;) = 1, and thusn, =
1. Sincevy is the first node inY’, A(Y) is
at least one, and thus> 1. We can therefore
execute the then-part of the if-statement without
problem. The number ofS,’s available in
C1...,C) 1 is decreased by one.

Clearly after executing the firstiteration, in which the
only executed operation i@ is Oy, the remaining
operations inCy, is exactly as that described in the
lemma. Note that before executing the first iteration,
the number of available S,’s is ¢ by the definition
of CONSTRUCT. Therefore after executing the first
iteration, the number of availableS,’s is exactly
¢ — my. This confirms the inductive basis.

Let ' be an integer such thatd ' < n. Assume
that the lemma holds for everyd i < i’. We show
it holds fori = /. Consider the'” iteration. Note
that for everyj such that; vy, is an arc ofxo, O; must
have been executed. By the inductive hypothesis we
how thosed; copies of—S;’s is already available
efore executing thé" iteration. Therefore the for-
loop with index; will proceed without problem, since
ere are exactlyl; copies of+5;’s in G1 by the
definition of GNSTRUCT. We then consider the if-

By Lemma 13 we know that after executing thg, ;o ent

first For-loop, the number of S,'sinCy, ..., C] 4
is £ — my,, which is equal to the number efS,’s

at the end ofC,,.1. Therefore the last for-loop of

PAIRWISE can be finished. The lemma is proved,

It remains to prove Lemma 13

o If O, =—-5,, m; = m;_1 — 1. We know there
is a+S, in C}.. Thus the else-part can proceed
without problem. Since the second operationin
C}. is—S,, these two steps increase the number
of available-S,'sinC1,...,C]_4 by one.
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o If Op = +S,, m; = m;_1+ 1. The induc-
tive hypothesis says that the number-o$,,’s

available inC1,...,C} ., is { — m;_1 before  +11 +11
executing the*” iteration. That number is at +72 +17
least one sincé — m;_1 — 1= (— m; > 0. -1 +T
Therefore the then-part of the if-statement can +712 =17
be executed without problem. The number of  : i+ 1 pairs : i+ 1 pairs
available—5,'s in C1,...,C7 4 is decreased  _py 1Ty
by one. 4T, —T5
Therefore the!” iteration can be executed, and thus e +12
the remaining operations i, is as required. —T2 112
It follows from the inductive hypothesis that —T7 -I
the number of available-S, in C%,...,C]_; is ik —h

{ — m;_1. By the above case analysis we see that

the number is exactly — m; after executing thé"  Figure 13: The sequence of operations for&; is

iteration. The lemma s prove.] at left and that for a+U; is at right, for any 1< i <
If Gy has a valid schedule, by Lemma 11 wg 1 2.

know h(Go) < (. It then follows from the proof of
Lemma 12 thaf7; has a valid schedule executable by

PAIRWISE. Therefore we have the following lemmay, o oiher direction. We do not emphasize it, however,

Lemma 14 G4 has a valid schedule if and only if Pecause itis not that relevant to our proof.) Moreover

G4 has a valid schedule executable by Pairwise.  after executing all the operationsif;, the values of
T1 andT, go back to-2.

We claim that71 has a valid schedule if and only if

5.3 Second Step G has a valid schedule. The only-if part is straight-
In this subsection we show that tbg constructed in forward. Supposé&~; has a valid schedule. By
the first step can be simulated by another chain grdpgmma 14 we know?; has a valid schedule exe-
G, which uses only two semaphorég,andT,. G, cutable by RIRwISE. Note that we can execute the
has 2. + 3 chains. The first chain, denoté®, is four operations o’y first, which decrease the value
composed of twe-73's and two—7%’s. The remain- of both semaphores down to -2. Clearly the remain-
ing 2n 4+ 2 chains are obtained from those®f as ing 2n + 2 chains of units can be completely pair-
follows. We replace every operationS; (and+5;) wisely executed by following the sequence of cor-
by aunit —U; (and+U;) for each 1< ¢« < n + 2. responding operations ifi; executed by RRWISE.
Each unit,—U; or +U;, is a sequence of operation3hereforeZ, has a valid schedule.
on Ty andT», as shown in Figure 13. We also de- It takes some added work to prove the other direc-
note those 2 + 2 chains ofGy by Cy,...,C,4+1 tion of the above claim. A unit isctiveif its third
andC1, . ..,C; . ClearlyG, can be constructed inoperation is executed. An unit felished(and thus
polynomial time. inactive) if its fifth-to-last operation is executed. Sup-

Note that the sequence of operations in each updseG, has a valid schedule. Consider the sequence
is arranged such that only al; and a+U; can of the units ofG>, that become active in the valid
“unlock” each other. To be more specific, supposehedule. It follows from the following lemma that
each ofI; and7> has initial value -2, which will be the corresponding sequence of operation& pfs a
the case if the four operations {y are executed. valid schedule of7;. In factitis “pairwise”, since in
Consider a graplt/;; for some 1< +,5 < n + 2 the schedule eachsS; is immediately followed by a
composed of two unitsi-U; and+-U;, each forms +S,.
a single chain. One can easily verify tHat; has
a valid schedule if = j. (In fact it also holds for Lemma 15 Consider the execution of a valid
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subschedule. 1) When there is no active unit, —75's available, which are again our only hope for
the next unit that becomes active must be a —U; activating any other units. Therefore all the above
for some 1 < ¢ < n 4+ 2. 2) Before that active argument follows inductively. The lemma is proved.
—U; is finished, a +U; must become active. 3) [ ]

No unit will become active unless these two ac-

tive units are finished.

5.4 Third Step

Proof - At the beginning of the valid schedule, NP et v be the first operation of th€&p in G2. Letw be

unit is active. We show the first statement of tt}ﬂe last operation of th, .1 in Go. We claim that
. , n+ .
lemma holds. At this moment there are twd’s v — w if and only if G, has a valid schedule. Note

and two ~T>'s available (inCo). They are our that if — is considered for valid schedules, as in [8],

me thz E)or activa’ting jny unit,’ sir}l\ce eacr} UYhen the claim holds trivially, since is always the
Is guarded by twer Ty's and two+T5'S. Assumefor g 46 jn any valid (sub)schedule 65. As for

a contradiction that the first unit becoming active Be generak+, as defined in this paper, the if part is

a—l_t[I’]]i f]?_r ?ogeblg LS +t'2. N?tle th:;lttas Sf)onstill straightforward for the same reason. It remains
as the first+U; becomes active, at least twal1's prove the other direction of the claim.

are already executed. Since at most twih;'s are Let X be a valid subschedule @, in which v

executed so far, there is no way to activate any Oﬂb%cedesu. Consider the sequence of the units of

un\ll'i}hThe ﬁxeft_:utlon 'thus (E)annot procegd. G that become active while executitig It follows
en the first unit-U; becomes active, one caf; | emma 15 that the corresponding sequence of
see that the second statement of the lemma hOIdSoB\érations o5, is a valid subschedule 6f, which
verifying the following. definitely contains the lastS, of theC,,;1 in G.
o The active—U; will not be finished unless an-ThereforeGy has a valid schedule by Lemma 11
other unit becomes active, since otherwise tR8d Lemma 12. Finally it f°||°YVS from the claim in
execution will be blocked by someTy’s. Subsection 5.3 thaf, has a valid schedule.

e The next active unit must be -al; for some
1 < j < n+ 2, since otherwise the executio

will be blocked by some-T's. [1] Abdel-Wahab, H. M., “Scheduling with Appli-
e if i < j, the execution will be blocked by some Cation to Register Allocation and Deadlock Prob-
+Ty's. If i > j, the execution will be blocked ~ems,” University of Waterloo, PhD Thesis, 1976.

by some+7%’s. Therefore the next active uni2] Abdel-Wahab, H. M. & Kameda, T., “Scheduling
must be at+U;. to Minimize Maximum Cumulative Cost Subject

_ o _ to Series-parallel Precedence Constrair@pér-
When those two units are active, in order to activate ations ResearcP6 (1978), 141-158.

e e oo 5 Ate-Waab,H.11.& Kamec, T, “On Sty
g 1= Optimal Schedules for the Cumulative Cost-

the preceding consecu"[Mél”zs must be penetratgd. Optimal Scheduling Problem, Computing24
Hence at least twe-1%'s at the end of the active (1980), 6186

—U, must be executed first. Therefore those two

active units—U; and +U; must be finished beforé4] Emrath, P. A, Ghosh, S. & Padua, D. A., "Event

any other unit becomes active. This confirms the Synchronization Analysis for Debugging Paral-

third statement of the lemma. lel Programs,"Supercomputing '8§November
Note that as soon as the activ&’; is finished (and 1989), 580-588.

so must be the active U;), the situation is exactly

the same as the situation at the very beginning of

the execution. Namely we have twdl’;’s and two
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