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Abstract

We address a problem arising in debugging paral-
lel programs, detecting race conditions in programs
using semaphores for synchronization. It is NP-
complete to detect race conditions in programs that
use many semaphores [10]. We show in this paper
that it remains NP-complete even if the programs are
allowed to use only two semaphores.

For the case of single semaphore, Luet al. [8]
give the previously only-known polynomial-time al-
gorithm that runs in timeO(n1:5p), where p is
the number of processors andn is the total num-
ber of semaphore operations executed. Their algo-
rithm, however, detects only a special class of race
conditions. In this paper we cope with the gen-
eral race-condition detection problem and give anO(np logn)-time algorithm. The output of our algo-
rithm is a compact representation from which one can
determine in constant time whether a race condition
exists between two given operations.

1 Introduction

Race-condition detection is a crucial aspect of devel-
oping and debugging shared-memory parallel pro-
grams. Explicit synchronization is usually added to
such programs to coordinate access to shared data,
andrace conditionsresult when this synchronization
does not force concurrent processes to access data
in the expected order. One way to dynamically de-
tect races in a program is to trace its execution and
analyze the traces afterward. A central part of dy-
namic race detection is to compute from the trace the
order in which shared-memory accesses wereguar-
anteedby the execution’s synchronization to have ex-
ecuted. Accesses to the same location not guaranteed
to execute in some particular order are considered a

race. When programs use semaphore operations for
synchronization,1 some operations (belonging to dif-
ferent processes) could have potentially executed in
an order different than what was traced. In this paper,
we present fast algorithms for computing the order
in which an execution’s semaphore operationscould
haveexecuted for the only case when it is tractable:
programs that use a single semaphore. Our algo-
rithms can be used to exactly detect race conditions
in executions of such programs.

Past work has shown that exactly detecting races
in programs that use multiple semaphores is NP-
complete [10], and has developed exact algorithms
for other cases where the problem is efficiently solv-
able (programs that use types of synchronization
weaker than semaphores) [6,9], and heuristics for the
multiple semaphore case [4,7]. The complexity for
the case of constant number of semaphores has been
an open question. We give the following theorem to
settle the open question.

Theorem 1 The race-condition detection prob-
lem for more than one semaphore is NP-
complete.

For the case of one semaphore we give two fast
algorithms. Our goal was to solve this problem as
efficiently as possible, since parallel programs are
typically long-running, and the resulting large traces
must be analyzed quickly by our algorithms. Our
first algorithm determines whether any two given
semaphore operations could have executed in a dif-
ferent order than during execution (and can be used

1When using a semaphore, aV -operation increments the
semaphore, and aP -operation waits until the semaphore is
greater than zero and then decrements the semaphore.P -
operations are typically used to wait (synchronize) until some
condition is true (such as a shared buffer becoming non-empty),
andV -operations typically signal that some condition is now
true.
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to detect whether a race exists between any two par-
ticular operations) and runs in time and space linear
in the total number of semaphore operations. Our
second algorithm answers this question for all pairs
of operations (and can detect all races in the execu-
tion) and runs inO(np logn) time, wheren is the
number of semaphore operations andp is the number
of processors.

1.1 Reduction to Scheduling

Computing the order in which an execution’s
semaphore operations could have executed requires
solving a scheduling problem. To determine whether
any two operations,v andw, were guaranteed to have
executed in a fixed order, we must determine if some
valid subschedule of the execution’s operations exists
in which w precedesv. A valid scheduleis an in-
terleaving of thep processes’ semaphore operations
that honors the semantics of semaphore-style syn-
chronization; i.e., a linear ordering of the operations
such that at each point in the ordering, the number
of V operations is never exceeded by the number ofP operations (meaning that the semaphore is always
nonnegative). Avalid subscheduleis a prefix of a
valid schedule. Then, if the trace indicates thatv
precededw in the actual execution, but a valid sub-
schedule exists in whichw precedesv, thenv andw could have executed in either order. We consider
subschedule because deadlocks might happen during
the execution of parallel programs.

Determining whether a valid schedule exists in
which w precedesv is equivalent to a special case
of sequencing to minimize maximum cumulative cost
(SMMCC). We first describe the SMMCC problem
and then explain the equivalence in the next two para-
graphs. Given an acyclic directed graphGwith costs
on the nodes, a schedule is a topological ordering
of the nodes; i.e. an ordering of the nodes consis-
tent with the arcs. The cumulative cost of the firsti
nodes of such a schedule is just the sum of the cost of
these nodes. Thus minimizing the maximum cumu-
lative cost is an attempt to make sure that the cumu-
lative cost stays low throughout the schedule. The
SMMCC problem is NP-complete in general even
if the node costs are restricted to�1 [1,5]. Abdel-
Wahab and Kameda present anO(n2)-time algorithm
for the special case whereG is a series-parallel graph

[2] (the time bound was later improved toO(n logn)
[3]). As part of this solution, they give anO(n logp)-
time algorithm applicable whenG is a chain graph,
a graph consisting of a union ofp disjoint directed
paths.

The existence problem of a validschedulein whichv precedesw can be reduced to the SMMCC prob-
lem in a chain graph augmented with one inter-chain
edge. We add an edge fromw to v, assign costs
to the nodes (�1 if the node is aP -operation,+1
if a V -operation), and compute the minimum max-
imum cumulative cost. Clearly the cost is zero if
and only if there is a valid schedule. The augmented
chain graph is not series-parallel, so the algorithm
of Abdel-Wahab and Kameda is not applicable. We
show that the SMMCC problem can nevertheless be
solved in polynomial time. In fact, for the special
case of interest, that in which the costs are�1, we
give a linear-time algorithm.

1.2 Single-Pair Race-Condition Detection

In order to detect race conditions betweenv andw,
however, we need to find a validsubschedulecon-
tainingv andw such that its maximum cumulative
cost is minimized. Note that every valid subschedule
of G is a valid schedule of a prefix subgraph ofG.
A graphG0 is aprefix subgraphof G if (i) there is
no arc ofG from any node ofG � G0 to any node
of G0; (ii) every arc ofG between two nodes ofG0

is also an arc ofG0. Clearly in the graph of interest,
i.e. p parallel chains with an augmented arc, every
prefix subgraph is determined by a cut comprisingp
cutpoints. Therefore the problem we address can be
reduced to finding a cut such that the valid schedule
of the prefix subgraph determined by the cut has the
minimal maximum cumulative cost. Leth be the
maximum cumulative cost of the optimal subsched-
ule that containsv andw. If h is zero, then a valid
subschedule exists (i.e. the optimal valid subsched-
ule.) If h is positive, then there is no valid partial
schedule because the maximum cumulative cost of
any valid subschedule is greater than or equal toh
and is thus positive, too. We shall show that a best
cut can be found in linear time.

Theorem 2 Suppose G is a graph consisting of p
disjoint chains comprising n nodes, where each
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node represents either a P -operation or a V -
operation. For any two nodes v and w of G, one
can determine in O(n) time whether there is a
valid subschedule in which v precedes w.

1.3 All-Pair Race-Condition Detection

In the application, parallel debugging, it is impor-
tant to exactly detect all races. Hence we need to
determine the above for all pairs of nodesv andw.
Fortunately, there is acompact representationof this
information. To represent this information, it is suf-
ficient that we indicate, for each nodev, and for each
chainC not containingv, the first nodew in C such
thatv precedesw in some valid subschedules. This
representation has sizeO(np), wheren is the number
of nodes andp is the number of chains.

The representation can be used to determine in
constant time whether there is a race between two
given operationsv andw. A race exists if either op-
eration can precede the other. To determine whetherv can precedew, we obtain the first node inw’s chain
that could be preceded byv in some valid subsched-
ules. If this first node is numbered later thanw, thenv can precedew. If not, v cannot precedew.

We therefore consider the complexity of construct-
ing such a representation. Clearly it can be con-
structed by a sequence of calls to the algorithm of
Theorem 2. We show how to do much better; in fact
the time required by our algorithm is onlyO(logn)
times the time required simply to write down the
output.

Theorem 3 Suppose G is as in Theorem 2. The
compact representation of the relation “v pre-
cedes w in some valid subschedules” can be
constructed in O(np logn) time and O(n) space.

1.4 Contribution

The previously best race-detection algorithm for one
semaphore runs in timeO(n1:5p) [8]. The positive
result of this paper improves the time complexity by
a factor ofΩ(pn= logn). Furthermore the race con-
ditions considered in this paper is more general than
that in [8], in which the race condition is considered
only for valid schedules instead of valid subsched-
ules. Specifically, in [8]v could precedew is defined

to be the existence of a validschedule(not subsched-
ule) of G in which v precedesw. Therefore some
race condition defined in this paper is not regarded as
a race condition in [8]. Hence the algorithms in this
paper are the first polynomial-time algorithms that
detect general race conditions in programs that use
semaphores.

The negative result of this paper shows that as long
as a parallel programs uses more than one semaphore,
detecting race condition, special or general, is NP-
complete.

The rest of the paper is organized as follows. Sec-
tion 2 gives some preliminary definitions and lem-
mas. The following three sections then prove Theo-
rem 2, Theorem 3, and Theorem 1, respectively.

2 Preliminaries

2.1 Definition and Notation

SupposeG is an acyclic graph with node costs. We
introduce some terminologyhaving to do with sched-
ules. Much of this terminology is adapted from that
in [2]. A scheduleof G is a sequence ofG’s nodes
which is consistent with the precedence constraints
imposed by the arcs ofG. A segmentof a schedule is
a consecutive subsequence. LetH = v1v2 � � �vm be
a sequence of nodes. Thecostof H , denotedc(H),
is the sum of the costs of its nodes. Theheight of a
nodev` in H is defined to be the sum of the costs of
the nodesv1 throughv`. Theheight ofH , denotedh(H), is the maximum height of any node inH . A
node of maximum height inH is called apeak. A
node of minimum height inH is called avalley. The
reverse heightof H , denoteh̃(H), is the height ofH minus the cost ofH . Note that height and reverse
height are nonnegative. A schedule ofG is optimal
if its height is minimum over all schedules ofG. We
useh(G) to denote the height of its optimal schedule.

A sequenceC = v1v2 � � �vm of nodes ofG is
called achainof G if the only edges inG incident
on these nodes arev0v1; v1v2; : : : ; vm�1vm; vmvm+1,
wherev0 andvm+1 are other nodes, denotedpred(C)
andsucc(C), respectively. We usestart(C) to denotev1 andend(C) to denotevm. Note thatC could be a
single node.

We use[v; w]G to denote the chain ofG starting
from v and ending atw. Let [v;�]G denote the
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Figure 1: A humpH of 12 nodes:v1; v2; : : : ; v12.
The cost of each node is in the circle. By definitionc(H) = �2, h(H) = 2, andh̃(H) = 4. Both ofv2

andv8 are peaks ofH , but onlyv2 is useful.

longest chain ofG starting fromv, and[�; v]G the
longest chain ofG ending atv. If it is clear from the
context which graph is intended, we may omit the
subscriptG. Note that the above notation might not
be well-defined for any acyclic graphG, but it is so
whenG is composed of disjoint chains, which is the
case of interest in this paper.

SupposeH is a chain ofG containing a peakv`
such that (1) every node ofH precedingv` has non-
negative height inH , and (2) every node ofH fol-
lowing v` has height inH at least the cost ofH . In
this case, we callH ahump, and we sayv` is auseful
peakof H . This definition is illustrated in Figure 1.
We say a hump is anN -humpif its cost is negative,
aP -humpif its cost is nonnegative.

We are concerned primarily with graphs consisting
of the disjoint union of chains. For convenience, we
assume in such a graph the existence of aninitial
pseudonode(?), preceding all nodes, and aterminal
pseudonode(>), following all nodes, each of cost
zero. Thuspred(v) could be? andsucc(v) could be>.

For the rest of the section we describe the proper-
ties of humps in schedules which will be used later.
Most of them are adapted from [8].

2.2 Hump Decomposition

As part of their scheduling algorithm for series-
parallel graphs, Abdel-Wahab and Kameda show that
in linear time a sequence of nodes can be decomposed
into a set of humps. The algorithm DECOMP() is
shown in Figure 2. It takes a chain as input and
outputs a set of disjoint subchains such that every
subchain is a hump. The first Repeat-loop producesN -humps; and the second Repeat-loop producesP -

Function DECOMP(C)S := fg;u := the first valley ofC;
Repeatv := the first peak of[pred(C); u];w := the first valley of[pred(C); v];S := S [ f[succ(w); u]g;u := w;
Until u = pred(C);u := the first valley ofC;
Repeatv := the last peak of[u; end(C)];w := the last valley of[v; end(C)];S := S [ f[succ(u); w]g;u := w;
Until u = end(C);
ReturnS;

Figure 2: The algorithm to decompose a chain into a
set of humps

Figure 3: A chain decomposed into twoN -humps
and threeP -humps

humps. Each loop alternates between identifying
peaks and valleys. It is not difficult to see that every
sequence of nodes between two consecutive valleys is
a hump. An example is shown in Figure 3. The chain
is decomposed by DECOMP() into twoN -humps and
threeP -humps. For a chainC, we sayH is ahump
of C if H 2 DECOMP(C). It can be proved that
DECOMP() has the following properties.

Hump-decomposition properties:

1. SupposeH1; H2 2 DECOMP(C) andH1 pre-
cedesH2 in C. If c(H1) � 0 thenc(H2) � 0
and h̃(H1) > h̃(H2). If c(H2) < 0 thenc(H1) < 0 andh(H1) < h(H2).

2. If v is the first valley of [u; w], then
DECOMP([u; v]) is a set of N -humps, and
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Figure 4: The second sequence of nodes is obtained
from the first one by clustering the numbered nodes
to node 3.

DECOMP([succ(v); w]) is a set ofP -humps.

3. Let C andC 0 be two disjoint chains, whose
humps are respectivelyH1; H2; : : : ; Hk andHk+1; Hk+2; : : : ; H` in order. Then for some
1� i � k andk � j � `, the humps ofCC 0 areH1; H2; : : : ; Hi; (Hi+1 � � �Hj); Hj+1; : : : ; H`
in order.

The third property implies thatfend(H) : H 2 DECOMP(CC 0)g �fend(H) : H 2 DECOMP(C)g [fend(H) : H 2 DECOMP(C 0)g:
It will turn out that once we decompose a chain

into humps, we need not be concerned with the inter-
nal structure of these humps. For each humpH we
need only storec(H) andh(H). Thus a chain con-
sisting of` humps can be represented by a length-`
sequence of pairs(c(H); h(H)). We call this se-
quence thehump representationof the chain. Using
the third hump-decomposition property, one could
straightforwardly derive the hump representation ofC1C2 from the hump representation ofC1 and that
ofC2. In particular, if we are given DECOMP(C) and
DECOMP(C 0), then computing DECOMP(CC 0) takes
time linear injDECOMP(C)j+ jDECOMP(C 0)j.
2.3 Hump Clustering

The following lemma concerns an operation on a
schedule calledclusteringthe nodes of a hump. Sup-
poseH is a hump ofG, and letv be a useful peak
of H . Let S be a schedule ofG. If all the nodes
of H are consecutive inS, we sayH is clustered inS. If every hump ofG is clustered inS, we say the
scheduleS is clustered. If a hump is not clustered
in a schedule, we can modify the schedule to make
it so. To cluster the nodes ofH to v is to change
the positions of nodes ofH other thanv so that all

the nodes ofH are consecutive, and the order among
nodes ofH is unchanged. An example is shown in
Figure 4.

Lemma 1 Let G be an acyclic graph with node
costs and H be a hump of G. Suppose S is
a schedule of G. If T is obtained from S by
clustering all nodes in H to a useful peak of H ,
then T is a schedule of G and h(T ) � h(S).

An example is shown in Figure 5. The height of
the schedule in (c) is smaller than that of the schedule
in (b). It follows from Lemma 1 that there is always
a clustered optimal schedule ofG. Two clustered
schedules of the graph in Figure 5-(a) are shown in
Figure 5-(d) and (e). We prove the lemma as follows.

Proof of Lemma 1 The original lemma in [2] re-
strictsG to be a chain graph. We can prove as
follows that the same properties hold even without
the restriction. SupposeH = v1 � � �vp � � �vd, wherevp is a useful peak ofH . Supposew1w2 � � �w`
is the segment ofS such thatwji = vi for all
1 � i � d and 1 = j1 < j2 < � � � < jd = `.
The only difference betweenS and T is that the
segment ofW = w1w2 � � �w` in S is replaced withW 0 = W 0

1HW 0
2 in T , whereW 0

1 = wj1+1 � � �wj2�1wj2+1 � � �wjp�1W 0
2 = wjp+1 � � �wjp+1�1wjp+1+1 � � �wjd�1:

Supposewj is not inH . By definition of chains the
precedence relations betweenvi andwj imposed byG are the same over all 1� i � d. Note thatwj
precedes some node ofH in W and succeeds some
other node ofH in W . It follows that there is no
precedence constraint betweenvi andwj . ThereforeT is a schedule ofG.

We denote the heights ofwi in S and in T
by hS(wi) and hT (wi), respectively. Note thathS(vp) = hT (vp) since the set of nodes preced-
ing vp does not change. We show that for every
1 � � � ` there exists a 1� � � ` such thathT (w�) � hS(w�).� If � = ji for some 1� i � d, thenhT (w�) =hT (vi) � hT (vp) = hS(vp) = hS(wjp).
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� If ji < � < ji+1 for some p � i < d,
then hT (w�) = c(vi+1) + c(vi+2) + � � � +c(vd) + hS(w�). Since H is a hump andi � p, c(vi+1) + c(vi+2) + � � � + c(vd) =hS(vd)�hS(vi) � 0. ThushT (w�) � hS(w�).� If ji < � < ji+1 for some 1� i < p, thenhT (w�) = �c(v1) � c(v2) � � � � � c(vi) +hS(w�). SinceH is a hump andi < p,�c(v1)�c(v2) � � � � � c(vi) = hS(v0) � hS(vi) � 0,
wherev0 is the node that precedesv1 inS. ThushT (w�) � hS(w�).

It follows thath(W 0) � h(W ). Since nodes other
than thewi’s preserve their heights inS andT , the
lemma is proved.

It follows from Lemma 1 that there is always an
optimal schedule ofG which is clustered.

2.4 Standard Order

Consider a seriesS1 : : :Sm of subsequences of
nodes. It is instandard orderif it satisfies the fol-
lowing properties:

Standard order properties:� The series consists ofSi’s with negative costs,
followed bySi’s with nonnegative costs;� TheSi’s with negative costs are in nondecreas-
ing order of height; and theSi’s with nonnega-
tive costs are in nonincreasing order of reverse
height.

If the humps of a chain areH1; H2; : : : ; Hm in
order, then the seriesH1H2 � � �Hm is in standard
order by the first hump-decomposition property.

Lemma 2 Let A, B, S1 and S2 be subsequences
of nodes. Suppose S = S1ABS2 and T =S1BAS2. If the series BA is in standard order
then h(S) � h(T ).

For example, the sequence in Figure 5-(d) is a
clustered schedule of the graph in Figure 5-(a). Note
that the series of the last two humps in the schedule
is not in standard order: the reverse height of the
first hump (zero) is less than that of the second hump
(one). The schedule in Figure 5-(e) obtained by ex-
changing those two clustered humps has height one
less than that of the schedule in Figure 5-(d).

Proof of Lemma 2 The original version of this
lemma in [2] restrictsA;B to be humpsG. We can
prove as follows that the same property holds even
without these restrictions. Since the heights of nodes
in S1 andS2 are not changed inS andT , it suffices
to ensure thath(AB) = maxfh(A); c(A) + h(B)g� maxfh(B); c(B) + h(A)g= h(BA):� If c(A) < 0 and c(B) < 0, since the seriesBA is in standard order,h(A) � h(B). Sincec(B) < 0, it follows thath(A) > c(B)+h(B).� If c(A) � 0 andc(B) � 0, since the seriesBA

is in standard order,h(B) � c(B) = h̃(B) �h̃(A) = h(A) � c(A). Thusc(A) + h(B) �c(B) + h(A). Sincec(A) � 0, c(A) + h(B) �h(B).� If c(A) � 0 andc(B) < 0, thenh(A) > c(B)+h(A) andc(A) + h(B) � h(B).
Since in all cases each ofh(B) andc(B) + h(A) is
less than or equal to one ofh(A) andc(A) + h(B),
the lemma is proved.

2.5 Hump Merging

A schedule ofG is in standard formif it is clustered
and its series of humps ofG is in standard order. LetT be any schedule ofG in standard form. Recall
that by Lemma 1 there is always an optimal scheduleS of G which is clustered. The humps ofG, while
clustered in bothT andS, may not be in the same
order. However, any two humps of the same chain
of G must be in the same order inT and inS, else
eitherT orS is not a schedule. Take two consecutive
humps inS that are from different chains and that
are not in the same order as inT , and exchange their
positions. By Lemma 2 the resulting ordering has
height no more thanS. By a series of such exchanges,
we eventually obtainT from S. It follows that the
height ofT is no more than that ofS, and hence
thatT is optimal. This argument shows that every
schedule in standard form is an optimal schedule ofG.

Let I = fH1; H2; : : : ; Hmg, where the se-
ries H1H2 � � �Hm is in standard order. Suppose
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(a)

(b) (c)

(d) (e)

Figure 5: (a) The graphG is composed of two chains. The first chain is composed of anN -hump followed
by aP -hump. The second chain is composed twoP -humps. (b) A schedule forG of height four. (c)
The schedule obtained from the previous one by clustering theN -hump to its useful peak. (d) A clustered
schedule ofG of height two. This one is obtained from the previous schedule by clustering every hump. (e)
A clustered schedule ofG of minimum height.

MERGE(I) returns a sequence of nodes obtained by
concatenating all humps inI into standard order.
Namely, MERGE(I) = H1H2 � � �Hm. Assume for
uniqueness that MERGE() breaks ties in some arbi-
trary but fixed way. By the above argument we have
the following lemma.

Lemma 3 If G is composed of disjoint chains,C1; C2; : : : ; Cp, then MERGE(S1�i�p DECOMP(Ci))
is an optimal schedule of G.

An example is shown in Figure 5. Since the
schedule in Figure 5-(e) is clustered and its series
of humps is in standard order, it is an optimal sched-
ule of the graph in Figure 5-(a). Abdel-Wahab and
Kameda show that MERGE(S1�i�p DECOMP(Ci))
can be obtained inO(n logp) time. Note that the
output of function MERGE() may not be unique.
Without loss of generality, however, we may de-
fine MERGE() more restrictively as follows to make
its output unique for the sameG. SupposeG is
composed of disjoint chains,C1; C2; : : : ; Cp andI = S

1�i�p DECOMP(Ci). Define MERGE(I) =H1H2 � � �Hm, wherefH1; H2; : : : ; Hmg = I and
the seriesH1H2 � � �Hm is in standard order. Fur-
thermore, ifHiHj andHjHi are both in standard
order, whereCi0 containsHi, Cj0 containsHj , andi0 < j 0, thenHi precedesHj in MERGE(I).

3 Algorithm for Single Pair

Let G be a graph composed of disjoint chains,C1; C2; : : : ; Cp. Recall that there are two pseudon-
odes,? and>. The cost of each node ofG is either+1 or�1. A subscheduleS ofG isvalid if h(S) = 0.
Let v andw be two nodes ofG. In this section we
show how to determine in linear time whetherv could
precedew in some valid subschedule ofG.

3.1 Notation

A vectorΓ = (x1; x2; : : : ; xp) of p nodes is called a
cutofG if eachxi is either? or a node inCi. We callxi the ith cutpointof Γ. The prefix subgraphG[Γ]
of G is the subgraph[1�i�p[�; xi]. Since we will
frequently encounter two cuts that differ at only one
cutpoint, let NEWCUT(Γ; i; u)denote a cutΓ0 defined
by

Γ0(`) = ( Γ(`) if ` 6= iu if ` = i:
A j-scheduleof G[Γ] is a schedule ofG[Γ] whose

last node isΓ(j). We usehj(G[Γ]) to denote the
height of an optimalj-schedule ofG[Γ]. Suppose
Γ(j) is not?. One can computehj(G[Γ]) for a given
Γ follows. Let Γ0 = NEWCUT(Γ; j; pred(Γ(j))).
Clearly SΓ(j) is an optimalj-schedule ofG[Γ] ifS is an optimal schedule ofG[Γ0]. (However, the
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other direction is not true.) It follows thathj(G[Γ]) = maxfh(G[Γ0]); c(G[Γ0]) + h(Γ(j))g:
Note thath(G[Γ]) andhj(G[Γ]) are both nonnega-
tive.

We usev ! w to signify that there is a valid
subschedule ofG in whichv precedesw. Letv 6! w
signify thatv ! w is not true. Note that! is not a
partial order, and neither is6!.

3.2 Basic Idea

Every valid subschedule ofG is a valid schedule of
a prefix subgraphG[Γ] for some cutΓ of G. There-
fore v ! w if and only if there is a cutΓ of G
such thatG[Γ] has a valid schedule in whichv pre-
cedesw. Leth� be the minimum ofh(G[Γ][ fvwg)
over allG[Γ]’s that containv andw. It follows thatw ! w if and only if h� = 0. Hence the problem
of determining whetherv ! w is reduced to com-
puting the minimum height of a set of chain graphs
each augmented with an interchain arc. Clearly two
immediate questions arise. 1) How do we compute
the height ofG[Γ] [ fvwg, which is not even serial-
parallel? 2) How do we cope with the fact that there
could be exponential number of prefix subgraphs that
containv andw?

Let v andw be contained in two disjoint chainsCi andCj , respectively. The following observation
will ease the situation. SupposeS is a subschedule
of G containingw. Let S0 be the subschedule ofG
obtained fromS by discarding all nodes succeedingw in S. Clearlyh(S0) � h(S). Therefore without
loss of generality the minimum ofh(G[Γ][ fvwg)
can be computed over only cutsΓ such thatΓ(j) = w.
Moreover we can letw always be the last node of
a subschedule by considering only the minimum-
heightj-schedule of eachG[Γ] that containsv. The
first question above is no longer an issue.

It turns out that the second question is not an is-
sue, either. We will show that in order to obtain the
minimum-height of all thosej-schedules, it suffices
to consider onlyO(pn) cuts. In particular each of
thoseO(pn) cuts is uniquely determined by itsjth
cutpoint.

3.3 The Algorithm

The algorithm takesv andw as inputs. LetCi con-
tain v andCj containw. The algorithm proceeds
iteratively with different cutpointΓ(i) such thatΓ(i)
does not precedev. In each iteration the algorithm
calls the function BEST() to obtain a minimum-heightj-schedule forG[Γ] over all cutsΓ with the desig-
nated cutpoints inCi andCj. By comparing the
heights of thesej-schedules with respect to different
Γ(i)’s, the algorithm outputs the minimum height ofj-schedules forG[Γ] over allΓ such thatΓ(j) = w
andΓ(i) does not precedev. In Figure 6 we give the
algorithm to computeh(G[Γ�] [ fvwg), whereΓ� is
a best cut ofG corresponding tovw.

Function BEST() is the essential part of the algo-
rithm. Based on the given subsetF of f1; 2; : : : ; pg
and the given cutΓ, it looks for a best cutΓ� cor-
responding tovw such thatΓ�(k) = Γ(k) for ev-
ery k 2 F . (In the case that we are interested,F = fi; jg.) An optimal j-schedule ofG[Γ�] is
then returned. Note that for everyk 62 F , Γ�(k)
depends on a values, which is the maximum ofs1

ands2. Each ofs1 ands2 is determined simply by
chains with indices inF and their designated cut-
points. Namely the choices ofΓ�(k)’s for differentk 62 F are mutually independent. This is the key to
our efficient algorithm.

In BEST(), we do not explicitly specify cutpoints
of Γ�. Instead, we work on hump representation of
subchains and every cutpoint is implicitly specified
by anend(H) for some humpH . Specifically, Step 1
implies thatΓ�(k) is Γ(k) for everyk 2 F; k 6= j.
Step 3 and Step 8 imply thatΓ�(k) is end(H), whereH is the highestN -hump ofCk that has height less
thans, for everyk 62 F . Because we are consideringj-schedules,Γ�(j) is specified slightly differently.
Although in Step 2 the subchain ofCj is only up
to pred(Γ(j)), Γ�(j) is still Γ(j), sincej-scheduleS�Γ(j) is returned in Step 10.

3.4 Correctness

We answer the following two questions in this sub-
section:

1. Why is it sufficient to try forΓ(i) only those
nodes that areend(H) for H 2 I0?
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Function MINHEIGHT(v; w)
1 Ci := the chain containingv;
2 Cj := the chain containingw;
3 Γ(j) := w;
4 h� :=1;
5 I0 := fvg [ DECOMP([succ(v);�]);
6 For everyΓ(i) 2 fend(H) : H 2 I0g do
7 S�:= BEST(j; fi; jg;Γ);
8 h� := minfh�; h(S�)g;
9 Returnh�;

Function BEST(j; F;Γ)
1 I := Sk2F;k 6=j DECOMP([�;Γ(k)]);
2 J := DECOMP([�; pred(Γ(j))]);
3 K := Sk 62F DECOMP(Ck);
4 s1 := maxfh(H) : H 2 I [ J; c(H) < 0g;
5 S+ := MERGE(fH 2 I [ J : c(H) � 0g);
6 s2 := h(S+Γ(j));
7 s := maxfs1; s2g;
8 Ks := fH 2 K : h(H) < s; c(H) < 0g;
9 Ss := MERGE(I [ J [Ks);
10 ReturnSsΓ(j);

Figure 6: The algorithm to computeh(G[Γ�] [ fvwg) for a best cutΓ� of G corresponding tovw.

2. Why does BEST(j; F;Γ) return an optimalj-
schedule ofG[Γ�] such thatΓ�(k) = Γ(k) for
everyk 2 F?

Lemma 4 Let Γ be a cut of G. Suppose [x; z] is
a subchain of G containing Γ(i). Let H be the
hump of [x; z] containing Γ(i). Let y be the first
valley of [pred(H);Γ(i)]. Define Γ1 by

Γ1(k) = 8><>: Γ(k) if k 6= i
pred(H) if k = i and y = pred(H)
end(H) if k = i and y 6= pred(H):

Then hj(G[Γ1]) � hj(G[Γ]).
Note that thepred(H) in the above lemma is al-

ways anend(H 0) for some humpH 0 in I0, which
is defined in Step 5 of MINHEIGHT(). Therefore
Lemma 4 answers the first question.

By definitions ofI , J , andKs it is not difficult
to see that the sequence returned by BEST(j; F;Γ) is
an optimalj-schedule ofG[Γ�] for some cutΓ� such
thatΓ�(k) = Γ(k) for everyk 2 F . The correctness
of MINHEIGHT() thus relies on the following lemma,
which answers the second question.

Lemma 5 Let Γ be a cut. Let F be a subset off1; 2; : : : ; pg containing j. LetS� = BEST(j; F;Γ).
Then h(S�) � hj(G[Γ]).

For the rest of the subsection, we prove Lemma 4
and Lemma 5.

We need the following lemma to prove Lemma 4.

Lemma 6 Let Γ be a cut of G. Suppose x is a
node in Ci preceding Γ(i). Define Γ1 by

Γ1(k) = ( Γ(k) if k 6= i
the first valley of [x;Γ(i)] if k = i:

Then hj(G[Γ1]) � hj(G[Γ]).
Proof By the second hump decomposition prop-
erty, there exists a series of nodes inCi, Γ1(i) =y1; y2; : : : ; ym = Γ(i), such that every subchain[succ(yk); yk+1] is aP -hump. SupposeS is an op-
timal j-schedule ofG[Γ]. Let S 0 be obtained fromS by clustering everyP -hump [succ(yk); yk+1] to
its useful peak. By Lemma 1,S0 is an optimalj-
schedule ofG[Γ]. Let S1 be obtained fromS0 by
removing everyP -hump [succ(yk); yk+1]. Clearlyh(S1) � h(S 0). SinceS1 is a j-schedule ofG[Γ1],hj(G[Γ1]) � h(S1) � h(S 0) = hj(G[Γ]).

Lemma 4 can be proved as follows.

Proof of Lemma 4 Wheny = pred(H), by choice
of y, hj(G[Γ1]) � hj(G[Γ]) is immediate from
Lemma 6.

If H is a P -hump, by definition of DECOMP(),
pred(H) is the first valley of[pred(H); end(H)], soy = pred(H). Therefore wheny 6= pred(H), H
must be anN -hump. We claim that[start(H); y] is
a hump. Sincey is the first valley of[pred(H);Γ(i)]
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and y 6= pred(H), y is also the first valley of[start(H);Γ(i)]. By definition of humps,y cannot
precede any useful peak ofH . It follows that a use-
ful peak ofH is also a useful peak of[start(H); y].
Thus[start(H); y] is a hump. Let us useH 0 to denote[start(H); y]. Clearlyh(H 0) = h(H). SinceH is anN -hump,c(H 0) � c(H).

Let us defineΓ0 by

Γ0(k) = ( Γ(k) if k 6= iy if k = i:
By lemma 6,hj(G[Γ0]) � hj(G[Γ]). SupposeS
is an optimalj-schedule ofG[Γ0] in which H 0 is
clustered. We writeS = S1H 0S2. Inserting the
sequence[succ(y); end(H)] immediately afterH 0,
we obtain aj-scheduleS� = S1HS2 for G[Γ1]. We
showh(S�) � h(S).

Now h(S�) is equal to the maximum ofh(S1),c(S1) + h(H), andc(S1H) + h(S2). Clearlyh(S1) � h(S): (1)

Sinceh(H) = h(H 0),c(S1) + h(H) � h(S): (2)

Sincec(H) � c(H 0), c(S1H) � c(S1H 0). Hencec(S1H) + h(S2) � h(S): (3)

Combining (1), (2), and (3), we obtainh(S�) �h(S).
LetF` denote the setf1; : : : ; `� 1; `+ 1; : : : ; pg.

The following lemma is a special case of Lemma 5,
in whichF is composed ofp� 1 numbers.

Lemma 7 Let Γ be a cut. for some ` 6= j. LetS� = BEST(j; F`;Γ). Then h(S�) � hj(G[Γ]).
Proof DefineΓ1 by

Γ1(k) = ( Γ(k) if k 6= `
the first valley of[�;Γ(`)] if k = `:

Then by Lemma 6,hj(G[Γ1]) � hj(G[Γ]): (4)

Let Γ� be the cut such thatS� is a j-schedule ofG[Γ�]. Thus h(S�) = hj(G[Γ�]): (5)

By definition of BEST(), Γ� andΓ1 could differ only
at the`th components. We showhj(G[Γ�]) � hj(G[Γ1]): (6)

Let w = Γ1(j). Let L = DECOMP([�;Γ1(k)]).
Define S = MERGE(I [ J [ L);
where I and J are defined in Step 1 and Step 2
of BEST(). ClearlySw is an optimalj-schedule ofG[Γ1]. Thush(Sw) = hj(G[Γ1]). By choice of
Γ1(`),L contains noP -hump. Hence by the unique-
ness assumption of MERGE(), we could writeSw = S1S+w;
whereS+ is defined in Step 5 of BEST(). We prove
(6) by showing the following two claims.

Claim 1 If Γ�(`) succeedsΓ(`), thenhj(G[Γ�]) �h(Sw).
Since L contains noP -hump, each hump of[�;Γ1(`)] appears inS1. Therefore we obtain aj-

schedule ofG[Γ�] fromSw by inserting the sequenceS 0 = [succ(Γ1(`));Γ�(`)] immediately beforeS+,
obtaining S1S0S+w:
We showh(S1S0S+w) � h(S1S+w).

Now h(S1S 0S+w) is equal to the maximum ofh(S1), c(S1) + h(S 0), and c(S1S0) + h(S+w).
Clearly h(S1) � h(S1S+w): (7)

By definitionofF , theKs defined in Step 8 of BEST()
is composed of theN -humps ofC` that have heights
less thans. Therefore by choice ofΓ�(`) every hump
of [�;Γ�(`)] has height less thans. It follows from
the standard order of humps inS 0 thath(S 0) < s.
By Step 7 of BEST(), s = maxfs1; s2g. If s =s2 = h(S+w), as defined in Step 6 of BEST(), thenc(S1) + h(S 0) < c(S1) + h(S+w). If s = s1 =h(H�), whereH� is a highestN -hump inI [J , then
we could writeS1 = S2H�S3. It follows thatc(S1) + h(S 0) = c(S2H�S3) + h(S 0)< c(S2) + h(H�)� h(S2H�)� h(S1):
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Therefore in either casec(S1) + h(S 0) < h(S1S+w): (8)

By choice ofΓ�(`), c(S0) < 0. Hencec(S1S 0) + h(S+w) < c(S1) + h(S+w)� h(S1S+w): (9)

Combining (7), (8), and (9), we obtainh(S1S0S+w) � h(Sw). Claim 1 is thus proved.

Claim 2 If Γ�(`) precedesΓ1(`), thenhj(G[Γ�]) �h(Sw).
LetS0 = [succ(Γ�(`));Γ1(`)]. By choice ofΓ�(`),

it is not difficult to see that

DECOMP([�;Γ1(`)]) =
DECOMP([�;Γ�(k)])[ DECOMP(S 0):

By choice ofΓ1(`), DECOMP(S 0) contains onlyN -humps of heights no less thans. Note that everyN -hump in I [ J has height no less thans. By
standard form ofS, S 0 is a suffix ofS1. Therefore
we could writeSw = S2S0S+w. RemovingS 0 fromSw, we obtain aj-scheduleS2S+w of G[Γ�]. We
showh(S2S+w) � h(Sw).

Nowh(S2S+w) is equal to the maximum ofh(S2)
andc(S2) + h(S+w). Clearlyh(S2) � h(S2S0S+w) = h(Sw): (10)

Since each hump ofS0 has height no less thans,h(S 0) � s. Henceh(S 0S+w) � h(S 0) � s � s2 = h(S+w):
It follows thatc(S1) + h(S+w) � c(S1) + h(S 0S+w)� h(Sw): (11)

Combining (10) and (11), we obtainh(S1S+w) �h(Sw). Claim 2 is thus proved.
Therefore (6) is followed from the above two

claims. Combining (4), (5) and (6), we prove the
lemma.

Now we are ready to prove Lemma 5.

Proof of Lemma 5 Recall thatS� is equal to
BEST(j; F;Γ). SupposeΓ� is the cut such thatS�
is an optimalj-schedule ofG[Γ�]. We use the al-
gorithm in Figure 7 to prove the lemma. Procedure
CUTTRANS() proceeds with iterations, in which the
value of` varies amongf1; : : : ; pg. If ` 62 F , then
the value ofΓ(`) is updated. SinceS is an opti-
mal j-schedule ofG[Γ0], it follows from Lemma 7
thathj(G[Γ0]) � hj(G[Γ]) always holds during the
while-loop. If we could show that CUTTRANS() al-
ways terminates, then the lemma is proved.

Let s�1, s�2, and s� be thes1, s2, and s in the
execution of BEST(j; F;Γ). Lets1, s2, ands be those
in the execution of BEST(j; F`;Γ). The values ofs1,s2, ands change as the while-loop of CUTTRANS()
proceeds. We showΓ eventually becomesΓ� by
arguing thats eventually becomess�.

SinceF � F`, s1 � s�1 always holds. By defi-
nition of BEST(), whenever Step 7 of CUTTRANS()
is finished,[�;Γ(`)] contains onlyN -humps. Thus
after the firstp iterations of the while-loop,[�;Γ(`)]
contains noP -hump for every` 62 F . Hence-
forth s2 = s�2 and therefores = maxfs1; s2g �
maxfs�1; s�2g = s�. If s > s�, thens = s1 > s�.
Since s1 > s�, there must be anN -humpH inSk 62F DECOMP([�;Γ(k)]) such thath(H) = s1.
Sinces = s1, in the next iteration whenC` con-
tainsH , Γ(`) will be moved beforeH by definition
of BEST(). It follows that the value ofs is nonin-
creasing ands will becomes�. Onces = s�, in the
following p iterations,Γ(k) will be moved toΓ�(k)
for everyk 62 F . The algorithm then terminates.

3.5 Implementation

Recall that DECOMP(C) runs in time linear injCj, the
length of chainC. It follows that the time complexity
of Step 1–5 and Step 9 of MINHEIGHT() is O(n).
Suppose the order of nodes assigned toΓ(i) in the
for-loop is the same as their order inCi. In the
subsection we focus on implementing BEST() such
that the for-loop runs in timeO(n).
Number of Iterations The following lemma en-
sures that the size ofI0 isO(pjCij). It follows that
the number of iterations isO(pn).
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Procedure CUTTRANS(Γ;Γ�)
1 ` := 0;
2 WhileΓ� 6= Γ do
3 ` := (` modp) + 1;
4 If ` 62 F
5 S := BEST(j; F`;Γ);
6 Γ0 := the cut such thatS is an

optimalj-schedule ofG[Γ0];
7 Γ := Γ0;

Figure 7: The algorithm transformsΓ to Γ�. We
prove Lemma 5 by showing that this algorithm al-
ways terminates.

Lemma 8 Suppose C is a chain with node costs�1. The number of humps in DECOMP(C) isO(pjCj).
Proof Since the costs of nodes are either+1 or�1, a hump of height̀ contains at least̀nodes. For
the same reason a hump of reverse height` contains
at least` nodes. By the first hump decomposition
property, the heights of theN -humps in DECOMP(C)
are different, and so are the reverse heights of theP -humps in DECOMP(C). If there aren1 N -humps
andn2 P -humps in DECOMP(C), thenjCj = Ω(n2

1+n2
2) = Θ((n1 + n2)2). This proves the lemma.

Compact Representation of Humps For the sake
of efficiency we do not deal with the internal structure
of humps in BEST(). It suffices to represent each
humpH by a pair(c(H); h(H)) and work on the
compact representation of humps. Therefore each of
theI , J , andK computed in the first three steps is a
set of pairs. Clearly each of these three steps takesO(n) time. However, the contents ofJ andK do
not change in different iterations. Thus Step 2 and
Step 3 need only be executed once.

SinceF = fi; jg, I = DECOMP([�;Γ(i)]). Sup-
poseIt andΓt are theI andΓ in thetth iteration for
somet � 2. By the order of nodes assigned toΓ(i),
we need not recompute DECOMP([�;Γt(i)]) from
scratch. In thetth execution of Step 1,[�;Γt(i)] is
obtained by appending a hump[succ(Γt�1(i));Γt(i)]
to [�;Γt�1(i)]. By the argument following the hump

decomposition properties in Subsection 2.2 thetth
execution of Step 1 takesO(jIt�1j) time. It follows
from Lemma 8 that the time complexity of all execu-
tions of Step 1 isO(n+pn �pn) = O(n).
Priority Tree To computes1 efficiently, we need a
priority tree, a complete binary tree withn+1 leaves.
Each leaf keeps two values,count and maxheight.
The cost ofh + 1st leaf is the number ofN -humps
of heighth in I [ J . The maxheight of theh + 1st
leaf is 0 andh, if its count is zero and nonzero,
respectively. The maxheight of an internal node is
the maximum maxheight of its children. It follows
that the maxheight of the root of priority tree is the
correct value ofs. The priority tree can be built
in time O(n). Whenever a hump is added to or
deleted fromI [ J , the priority tree can be updated
in time O(logn). SinceJ is fixed, to computes1

in tth iteration for everyt � 2, we add humps inIt � It�1 to I [ J , remove humps inIt�1 � It fromI[J , and update the priority tree. By the third hump
decomposition propertyX

2�t�p jIt � It�1j+ jIt�1 � Itj = O(qjCij): (12)

Hence the time complexity of all executions of Step 4
isO(n+pn� logn) = O(n).
Hump Tree To obtain the value ofs1, it is not
necessary to know the value ofS+. We need only
to obtain the height ofS+Γ(j). Similarly the ac-
tual value ofSs is irrelevant. What we compare in
Step 8 of MINHEIGHT() is the height ofSsΓ(j). We
need a data structure to compute these two heights
efficiently.

Let L be a set of humps such thath(H) � n
and h̃(H) � n for everyH 2 L. A hump treeT for L is a binary tree composed of two complete
binary subtrees. Each subtree hasn + 1 leaves. LetTN be the left subtree andTP be the right subtree.
The h + 1st leaf of TN associates with the set ofN -humps of heighth in L. The h + 1st leaf ofTP associates with the set ofP -humps of reverse
heightn� h in L. LetTx be the subtree ofT rooted
at x. Let Lx be the set of humps associated with
leaves ofTx. Defineh(Tx) = h(MERGE(Lx)) andc(Tx) = c(MERGE(Lx)). Clearly whenL = I [ J ,
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h(TP ) = h(S+) andc(TP ) = c(S+). WhenL =I [ J [Ks, h(T ) = h(Ss) andc(T ) = c(Ss). The
heights ofS+Γ(j) andSsΓ(j) can then be computed
byh(S+Γ(j)) = maxfh(S+); c(S+) + h(Γ(j))gh(SsΓ(j)) = maxfh(Ss); c(Ss) + h(Γ(j))g:

Let us keeph(Tx) andc(Tx) in x for every nodex
of T . Therefore the hump treeT takesO(n) space.
We show how to computeh(Tx) andc(Tx) for every
nodex from leaves to root. Whenx is a leaf ofT , the
humps inLx have the same height ifx is in TN , and
the same reverse height ifx is inTP . It is not difficult
to see thatc(Tx) =PH2Lx c(H); andh(Tx) is equal
to8><>: 0 if Lx = ;h if x is theh + 1st leaf ofTNc(Tx)� h if x is then � h + 1st leaf ofTP :

Whenx is an internal node ofT , h(Tx) andc(Tx)
can be computed by the information kept in the chil-
dren ofx. Supposey and z are the left and right
children ofx, respectively. For anyH in Ly andH 0
in Lz , by the way we associate humps with leaves,
the seriesHH 0 is in standard order. Henceh(Tx) = maxfh(Ty); c(Ty) + h(Tz)gc(Tx) = c(Ty) + c(Tz):
It follows that the hump treeT for L can be built in
timeO(n+ jLj).

OnceT is built, inserting a hump toL can be
done efficiently. Suppose we insertH to L. If H is
anN -hump then we addc(H) to c(Tx) wherex is
theh(H) + 1st leaf of TN . If H is aP -hump then
we addc(H) to bothc(Tx) andh(Tx), wherex is
the n � h̃(H) + 1st leaf of TP . To updateT , we
simply update the internal nodes on the path fromx to the root ofT . Deleting a hump fromL can
be done similarly by replacing every addition with a
subtraction. Clearly both insertion and deletion take
timeO(logn).

To compute the heights ofS+Γ(j)andSsΓ(j), we
need not maintain a hump tree forI [ J and another
hump tree forI [ J [Ks. SupposeK� is the set ofN -humps inK, i.e. K� = fH 2 K : c(H) < 0g.
It suffices to maintain a hump treeT for I [ J [

Procedure REMOVERANGE(T; s)
1 y := thesth leaf ofTN ;
2 Whiley is not the root ofTN do
3 x := the parent ofy;
4 If y is the left child ofx then
5 (h(Tx); c(Tx)) := (h(Ty); c(Ty));
6 else
7 Recomputeh(Tx) andc(Tx);
8 y := x;
9 Recomputeh(T ) andc(T );

Figure 8: LetT be the hump tree forI [ J [ K�.
This procedure acts as if theN -humps of heights no
less thans are removed from the hump tree.K�. Since there is noP -hump inK�, it is still true
thath(Tp) = h(S+) andc(Tp) = c(S+). Although
the hump tree is not forI [ J [ Ks, the values ofh(Ss) andc(Ss) can be efficiently obtained by the
procedure in Figure 8. Procedure REMOVERANGE()
acts as if theN -humps of heights no less thans
are removed from the hump tree forI [ J [ K�.
Therefore the resultingh(T ) andc(T ) areh(Ss) andc(Ss), respectively. Clearly REMOVERANGE() takesO(logn) time. Since we maintain the hump tree
for I [ J [ K� in every iteration, we useO(logn)
space to keep those modified information ofT . After
obtaining the information we need, we restore the
hump tree forI [ J [K� in timeO(logn).

Let It be theI in the tth iteration for anyt �
1. To obtain the hump tree forIt [ J [ K� fromIt�1[J[K� , we need to insert the humps inIt�It�1

toT and remove the humps inIt�1�It fromT . Since
each insertion and deletion takesO(logn) time, it
follows from (12) that the overall time complexity
for obtaining the hump tree from that of previous
iteration isO(pn � logn). Recall that building a
hump tree forL takesO(n + jLj) time. Since there
aren nodes inG, jI1 [ J [K�j = O(n). It follows
that the time complexity for building a hump tree forI1 [ J [K� isO(n).

By the above arguments we implement BEST()
such that the overall time complexity of the while-
loop in MINHEIGHT() is O(n). Theorem 2 is thus
proved.
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4 Algorithm for All Pairs

Recall thatG is composed ofp disjoint chains,C1; C2; : : : ; Cp, of n nodes. In this section we show
how to determine the! relations for all pairs of
nodes inG. The linear-time algorithm for a single
pair of nodes, applied to allO(n2) pairs, takes timeO(n3). We present a faster algorithm, one that runs
in timeO(np logn).
4.1 The Algorithm

Let firstj(v) denote the first node inCj that could be
preceded byv in some valid subschedule ofG. The
output of the all-pair algorithm is thus the value of
firstj(v) for every nodev and 1� j � p. Note that
firstj(v) could be>, which means that none of nodes
in Cj can be preceded byv in any valid subschedule
of G.

Let us describe first the procedure CHAINPAIR(i; j)
which computesfirstj(v) for every v 2 Ci. The
all-pair algorithm is simply calling CHAINPAIR(i; j)
for every 1 � i; j � p. For convenience, let
succj(w) = succ(w) for every w 2 Cj and let
succj(?) = start(Cj). Procedure CHAINPAIR(i; j)
is shown in Figure 9. The algorithm starts with let-
ting v be end(Ci) and lettingw be end(Cj). The
repeat-loop proceeds by replacingw with pred(w).
Once MINHEIGHT(v; w) is not zero, the algorithm
reportssuccj(w) asfirstj(v). After replacingv with
pred(v), the repeat-loop continues the same proce-
dure to search for newfirstj(w).
4.2 Correctness

By induction onv we show that CHAINPAIR(i; j)
correctly computesfirstj(v) for everyv 2 Ci.

When v = end(Ci), procedure CHAINPAIR(i; j)
keeps replacingw with predj(w) until w = ?
or MINHEIGHT(v; w) > 0. If w = ? thenh(G [ fvw0g) = 0 for every w0 2 Cj . Thus
firstj(v) = succj(?) = succj(w) = start(Cj) is
correct. If MINHEIGHT(v; w) > 0 then v 6! w.
It follows that v 6! w0 for every w0 precedesw in Cj . Since MINHEIGHT(v; succj(w)) = 0,v ! succj(w). Thereforesuccj(w) is the correct
value offirstj(v). This confirms the induction basis.

Procedure CHAINPAIR(i; j)(v; w) := (end(Ci); end(Cj));
Repeat

If w = ? thenh := 1;
elseh := MINHEIGHT(v; w);

If h > 0 thenfirstj(v) := succj(w);v := pred(v);
elsew := pred(w);

Until v = ?;

Figure 9: The algorithm to computefirstj(v) for
everyv 2 Ci

Suppose the procedure CHAINPAIR(i; j) correctly
reportssuccj(w) as the value offirstj(succi(v)) in a
certain iteration of the repeat-loop. We need to show
that in the remaining iterationsfirstj(v) will also be
correctly computed. Sincesucci(v) ! succj(w),v ! succj(w). It follows that v ! w0 (and
thus MINHEIGHT(v; w0) = 0) for everyw0 succeed-
ing w in Cj . In other words, to locate the first
node inCj that could be preceded byv, it suf-
fices to start testing fromw. For the same reason
as above, CHAINPAIR(i; j) reports the correct value
of firstj(w). The correctness is therefore ensured.

4.3 Implementation

We show in this subsection how to implement
CHAINPAIR(i; j) to run in timeO((jCij+jCj j) logn).
It then follows that the time complexity of the all-pair
algorithm isO(np logn).

Suppose each time before we call CHAINPAIR(i; j),
we have the hump tree forI [ J [K�, whereI = DECOMP(Ci)J = DECOMP([�; pred(end(Cj))])K� = fH 2 [

1�k�pk 6=i;j DECOMP(Ck) : c(H) < 0g:
It follows from Subsection 3.5 that the first call
to MINHEIGHT(v; w) can be computed in timeO(logn), since only oneΓ(i) need be considered.
In each of the remaining iterations of the repeat-
loop, we either replacev with pred(v) or replacew
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with pred(w). The remaining lemma guarantees that
to compute each of the following MINHEIGHT(v; w),
we need only tryv as the cutpoint ofCi.
Lemma 9 Consider any iteration of the repeat-
loop in CHAINPAIR(i; j). When the algorithm
computes h = MINHEIGHT(v; w), v is the only
cutpoint of Ci that could make h zero.

Proof By definition of CHAINPAIR(), when com-
puting MINHEIGHT(v; w), firstj(succi(v)) always
succeedsw in Cj. Assume for a contradiction thatu
is a node succeedingv in Ci such that there is a cutΓ
of G whereΓ(i) = u, Γ(j) = w, andhj(G[Γ]) = 0.
It follows thatu ! w and thussucci(v)! w. This
contradicts the fact thatfirstj(succi(v)) succeedsw
in Cj .

Note that in each iteration of the repeat-loop, eitherv or w is moved by one position. Since the costs ofv andw are�1, by the first hump decomposition
property the number of humps updated inI [ J [K� between two consecutive iterations is a constant.
Thus each execution of MINHEIGHT(v; w) takes only
time O(logn). Since the number of iterations of
the repeat-loop isO(jCij + jCjj), each execution of
CHAINPAIR(i; j) takes timeO((jCij+ jCjj)� logn): (13)

The remaining thing is how to efficiently build the
hump tree for each execution of CHAINPAIR(i; j).

The very first hump tree can be constructed in timeO(n): (14)

Consider the moment when CHAINPAIR(i; j) is just
finished and the all-pair algorithm is about to call
CHAINPAIR(i1; j1). The currentT is the hump tree
for fH 2 [

1�k�pk 6=i;j DECOMP(Ck) : c(H) < 0g;
since all humps inI [J have been deleted during the
execution of CHAINPAIR(i; j). To obtain the hump
tree for CHAINPAIR(i1; j1), we have to add the humps
infH 2 DECOMP(Ci) [ DECOMP(Cj) : c(H) < 0g

to T , delete the humps infH 2 DECOMP(Cj1) : c(H) < 0g
from T , and then insert the humps infH 2 DECOMP(Ci1) : c(H) � 0g[

DECOMP([�; pred(end(Cj1))])
to T . The hump decomposition can be done in timeO(jCij+ jCj j+ jCi1j+ jCj1j): (15)

The insertion and deletion of humps can be done in
timeO((qjCij+qjCjj+qjCi1j+qjCj1j)� logn):

(16)
Combining (13), (14), (15), and (16), we obtain that
the overall time complexity of the all-pair algorithm
is O(n) + X

1�i;j�pO(jCij+ jCjj)+X
1�i;j�pO(qjCij+qjCjj)� logn+X
1�i;j�pO(jCij+ jCjj)� logn;

which isO(np logn). Theorem 3 is proved.

5 NP-completeness

In this section we show that determining whetherv ! w for chain graphs of operations on more
than one semaphore. The proof is by reduction
from the NP-complete uniform-cost SMMCC prob-
lem, where the node costs are restricted to�1 [5].
The reduction has three steps. Given a SMMCC
problem for a uniform-cost graphG0 of n nodes,
we constructO(logn) chain graphs withn + 2
semaphores. The first step of the reduction shows
that the SMMCC problem forG0 can be reduced to
determining whether each of thoseO(logn) chain
graphs has a valid schedule. The second step shows
that each of thoseO(logn) chain graphs can besim-
ulatedby a chain graph with only two semaphores.
In other words, the simulated chain graph has a valid
schedule if and only if the simulating chain graph
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has a valid schedule. The last step shows that the
simulating chain graph has a valid schedule if and
only if v ! w, for somev andw, in the same chain
graph. We will show the same proof works even if
the! is defined for schedule as in [8]

5.1 Definition and Notation

LetG be a chain graph. Each node ofG is an oper-
ation on a semaphore. An operation on semaphoreS is either+S, incrementing the value ofS by one,
or�S, decrementing the value ofS by one. A sub-
schedule ofG is valid if the value of each semaphore
is always nonpositiveduring the execution of the sub-
schedule. Letv andw be two nodes ofG. If there
exists a partial schedule ofG in whichv precedesw,
then we sayv ! w. Clearly determining whetherv ! w is in NP. If G is allowed to use more than
one semaphore, then we prove the NP-hardness by a
three-step reduction from the uniform-cost SMMCC
problem.

5.2 First Step

Let G0 be an acyclic directed graph ofn nodes,v1; v2; : : : ; vn. The cost of each node is either+1
or �1. Suppose we would like to know whetherh(G0) � `. We construct a chain graphG1 composed
of 2n+ 2 chains of operations onn+ 2 semaphores,
and argue thatG1 has a valid schedule if and only
if h(G0) � `. Note that 0� h(G0) � n. There-
fore h(G0) can be obtained byO(logn) queries of
whether a chain graph ofn + 2 semaphores has a
valid schedule.

Letn+ be the number of nodes with positive costs.
Let n� be the number of nodes with negative costs.
Clearlyn+ �n� is the sum of node costs ofG0. Letdi be the number of outgoing arcs ofG0 from vi. Then + 2 semaphores forG1 areS1; S2; : : : ; Sn+2. To
distinguish the last two semaphores, we also writeS� = Sn+1 andS� = Sn+2. Let the 2n+2 chains ofG1 beC1; : : : ; Cn+1, andC0

1; : : : ; C 0n+1, all initially
empty. We constructG1 from G0 by the procedure
CONSTRUCT() in Figure 10, which runs in polynomial
time. Without loss of generality we can assume that`� n+ + n�, the number in the second-to-last state-
ment of the procedure CONSTRUCT, is nonnegative,
since otherwiseh(G0) > `.

CONSTRUCT(G0)
For i := 1 ton do

For j := 1 ton do
If vjvi is an arc ofG0 then

Append a+Sj toCi.
If the cost ofvi is+1 then

Append a+S� toCi.
else (i.e. the cost ofvi is�1)

Append a�S� toCi.
Append a+S� and�S� toC0i.

Appenddi copies of�Si toCi.
Append a�S� toCi.

Appendn copies of+S� toCn+1.
Append`� n+ + n� copies of+S� toCn+1.
Append` copies of�S� toC 0n+1.

Figure 10: The procedure constructs a chain graphG1 such thatG1 has a valid schedule if and only ifh(G0) � `.
An example is shown in Figure 11. The intuition

is as follows. The (only) operation forS� in Ci
corresponds tovi, where the “sign” ofS� reflects the
cost ofvi. We use the firstn semaphores,S1; : : : ; Sn,
to enforce the execution of thesen operations forS�
to obey the precedence constraints imposed byG0.
In Figure 11, for instance, in order to reach the�S�
in C4, we have to unlock the+S2 (and+S3, +S5) in
the same chain first. Since the only�S2 is after the+S� inC2, we know the+S� inC2 must be executed
before the�S� in C4.

The�S� ’s at the end ofC1; : : : ; Cn are to ensure
that as long as the last+S� in Cn+1 is executed,
all operations inC1; : : : ; Cn are already executed.
The function of thosè copies of�S� in C 0n+1 is
clear: The larger̀, the easier forG1 to have a valid
schedule. The purpose of the+S�;�S� pairs inC 0

1; : : : ; C 0n and thosè � n+ + n� copies of+S�’s
at the end ofCn+1 will become clear as we proceed.
Basically they are used to ensure thatG1 has some
kind of “pairwise” schedule, as long asG1 has a
valid schedule. One can verify that there are the
same number of+Si’s and�Si’s in G1, for each
1� i � n + 2.

For the rest of the subsection we prove that
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v1 : +1v2 : +1 v3 : +1v4 : �1 v5 : �1

C1 C2 C3 C4 C5 C6 C0
4 C0

5 C 0
6+S2 +S� +S� +S� �S�+S3 +S� �S� �S� �S�+S1 +S1 +S5 +S3 +S�+S�+S� +S� +S� �S� �S� +S��S1 �S2 �S3 �S5�S1 �S3�S� �S� �S� �S� �S� +S�

Figure 11: An example for the first step of the reduction. Suppose we would like to determine whetherh(G0) � 2, whereG0 is the graph at left. We then construct, by CONSTRUCT, the chain graphG1 at right.
Note that there are one+S� at the end ofC6 and two�S� inC0

6, as by the last two statements of CONSTRUCT.
It follows from Lemma 10 and Lemma 12 that that exists a valid schedule of the chains at right if and only
if the height of the graph at left is at most two.h(G0) � ` if and only if G1 has a valid schedule.
An implication of the following proofs is thatG1 has
a valid schedule if and only if it has a valid schedule
executable by some procedure PAIRWISE, which will
be given in the proofs.

Lemma 10 If G1 has a valid subschedule which
contains the last +S� of Cn+1, then h(G0) � `.
Proof Let X be a valid subschedule ofG1 as de-
scribed in the lemma, we show thath(G0) � `. LetOi be the operation ofS� inCi. SinceX is valid and
contains the last+S� of Cn+1, X must contain all
the operations inC1; : : : ; Cn. Therefore everyOi,
1� i � n, is inX .

Suppose the order of thoseOi’s in X isOk1; Ok2; : : : ; Okn . By the definition of CONSTRUCT,
if vj is reachable fromvi in G0, then Oj does
not precedeOi in X . It follows that the sequenceY = vk1vk2 � � �vkn is a schedule ofG0. Therefore it
suffices to show thath(Y ) � `.

Assume for a contradiction thath(Y ) is more than`. If we count only thoseOi’s as the operations forS� inX , the maximum value ofS� would be greater
than ` during the execution ofX . Note that there
are` + n� other�S�’s in C 0

1; : : : ; C 0n+1, which are
the only hope for bringing the maximum value ofS�
down to zero. By the construction ofC 0

1; : : : ; C 0n,

however, we known� of those�S�’s have to be
preceded inX by n other+S�’s. It follows that
even if we count all operations forS� together, the
maximum value ofS� would be greater than zero
during the execution ofX . This contradicts the fact
thatX is a valid schedule ofG1.

The following lemma is immediate from
Lemma 10.

Lemma 11 IfG1 has a valid schedule, h(G0) � `.
Lemma 12 If h(G0) � `,G1 has a valid schedule.

Proof Let Y = vk1vk2 � � �vkn be a schedule ofG0

such thath(Y ) � `. Let mi be the sum of costs
of vk1; : : : ; vki . Clearlymn = n+ � n�, which is
the sum of node costs ofG0. Sinceh(Y ) � `, we
know thatmi � ` for every 1� i � n. We claim
thatG1 can be executed by the procedure PAIRWISE

in Figure 12.
Note that in the schedule ofG1 executed by PAIR-

WISE, each operation�Si is immediately followed by
an operation+Si. Not every chain graph has such a
“pairwise” schedule, however, we show thatG1 does.
We first show that the first for-loop of PAIRWISE can
be finished forG1.
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Procedure PAIRWISE

For k := k1; k2; : : : ; kn do
For j := 1 ton do

If vjvk is an arc ofG0 then
Execute a�Sk in Cj .
Execute the+Sk in Ck.

If Ok = +S� then
Execute one of the�S�’s

in C0
1; C 0

2; : : : ; C 0n+1.
Execute the+S� in Ck.

else (i.e.Ok = �S�)
Execute the�S� in Ck.
Execute the+S� in C0k.

For i := 1 ton do
Execute the�S� in Ci.
Execute a+S� in Cn+1.

For i := 1 to `�mn do
Execute a�S� in C0

1; : : : ; C 0n+1.
Execute a+S� in Cn+1.

Figure 12: Procedure PAIRWISE

Lemma 13 For each 1 � i � n, the ith iteration
of the first for-loop of PAIRWISE can be executed
for G1. Furthermore, after executing the ith iter-
ation,� the remaining operations in Cki are dki

copies of �Ski ’s followed by a +S� ; and� there are ` � mi copies of �S�’s available
in C 0

1; : : : ; C 0n+1.

It is then not hard to see that after the execution
of the first for-loop of PAIRWISE, the remaining op-
eration in eachCi is a�S� . Therefore the second
for-loop of PAIRWISE can be finished, since there aren copies of+S� ’s available inCn+1.

By Lemma 13 we know that after executing the
first For-loop, the number of�S�’s in C0

1; : : : ; C 0n+1
is ` � mn, which is equal to the number of+S�’s
at the end ofCn+1. Therefore the last for-loop of
PAIRWISE can be finished. The lemma is proved.

It remains to prove Lemma 13

Proof of Lemma 13 We prove the lemma by in-
duction oni. For convenience we abbreviateki to k
for the entire proof.

When i = 1, we knowvk does not have any in-
coming arcs from other nodes. Therefore the for-loop
with indexj in the first iteration does not execute any
operation. We then consider the if-statement.� If Ok = �S�, thenc(vk) = �1, and thusm1 =�1. There is a+S� in C0k by the definition

of CONSTRUCT. We can execute the else-part
of the if-statement without problem. Since the
second operation inC0k is a �S�, these two
steps increase the number of�S�’s available inC0

1; : : : ; C 0n+1 by one.� If Ok = +S�, thenc(vk) = 1, and thusm1 =
1. Sincevk is the first node inY , h(Y ) is
at least one, and thus̀� 1. We can therefore
execute the then-part of the if-statement without
problem. The number of�S�’s available inC0

1; : : : ; C 0n+1 is decreased by one.

Clearly after executing the first iteration, in which the
only executed operation inCk is Ok, the remaining
operations inCk is exactly as that described in the
lemma. Note that before executing the first iteration,
the number of available�S�’s is ` by the definition
of CONSTRUCT. Therefore after executing the first
iteration, the number of available�S�’s is exactly`�m1. This confirms the inductive basis.

Let i0 be an integer such that 1< i0 � n. Assume
that the lemma holds for every 1� i < i0. We show
it holds for i = i0. Consider theith iteration. Note
that for everyj such thatvjvk is an arc ofG0,Oj must
have been executed. By the inductive hypothesis we
know thosedj copies of�Sj ’s is already available
before executing theith iteration. Therefore the for-
loop with indexjwill proceed without problem,since
there are exactlydj copies of+Sj ’s in G1 by the
definition of CONSTRUCT. We then consider the if-
statement.� If Ok = �S�, mi = mi�1 � 1. We know there

is a+S� in C 0k. Thus the else-part can proceed
without problem. Since the second operation inC0k is�S�, these two steps increase the number
of available�S�’s in C0

1; : : : ; C 0n+1 by one.
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� If Ok = +S�, mi = mi�1 + 1. The induc-
tive hypothesis says that the number of�S�’s
available inC0

1; : : : ; C 0n+1 is ` � mi�1 before
executing theith iteration. That number is at
least one sincè � mi�1 � 1 = ` � mi � 0.
Therefore the then-part of the if-statement can
be executed without problem. The number of
available�S�’s in C 0

1; : : : ; C 0n+1 is decreased
by one.

Therefore theith iteration can be executed, and thus
the remaining operations inCk is as required.

It follows from the inductive hypothesis that
the number of available�S� in C0

1; : : : ; C 0n+1 is` � mi�1. By the above case analysis we see that
the number is exactlỳ�mi after executing theith
iteration. The lemma is proved.

If G1 has a valid schedule, by Lemma 11 we
knowh(G0) � `. It then follows from the proof of
Lemma 12 thatG1 has a valid schedule executable by
PAIRWISE. Therefore we have the following lemma.

Lemma 14 G1 has a valid schedule if and only ifG1 has a valid schedule executable by PAIRWISE.

5.3 Second Step

In this subsection we show that theG1 constructed in
the first step can be simulated by another chain graphG2, which uses only two semaphores,T1 andT2. G2

has 2n + 3 chains. The first chain, denotedC0, is
composed of two�T1’s and two�T2’s. The remain-
ing 2n + 2 chains are obtained from those ofG1 as
follows. We replace every operation�Si (and+Si)
by a unit �Ui (and+Ui) for each 1� i � n + 2.
Each unit,�Ui or +Ui, is a sequence of operations
on T1 andT2, as shown in Figure 13. We also de-
note those 2n + 2 chains ofG2 by C1; : : : ; Cn+1

andC0
1; : : : ; C 0n+1. ClearlyG2 can be constructed in

polynomial time.
Note that the sequence of operations in each unit

is arranged such that only a�Ui and a+Ui can
“unlock” each other. To be more specific, suppose
each ofT1 andT2 has initial value -2, which will be
the case if the four operations inC0 are executed.
Consider a graphUij for some 1� i; j � n + 2
composed of two units,�Ui and+Uj , each forms
a single chain. One can easily verify thatUij has
a valid schedule ifi = j. (In fact it also holds for

+T1+T2�T1+T2
...�T1+T2

9>>>>>>=>>>>>>; i+ 1 pairs�T2�T2�T2�T2

+T1+T2+T1�T2
...+T1�T2

9>>>>>>=>>>>>>; i+ 1 pairs+T2+T2�T1�T1

Figure 13: The sequence of operations for a�Ui is
at left and that for a+Ui is at right, for any 1� i �n+ 2.

the other direction. We do not emphasize it, however,
because it is not that relevant to our proof.) Moreover
after executing all the operations ofUii, the values ofT1 andT2 go back to�2.

We claim thatG1 has a valid schedule if and only ifG2 has a valid schedule. The only-if part is straight-
forward. SupposeG1 has a valid schedule. By
Lemma 14 we knowG1 has a valid schedule exe-
cutable by PAIRWISE. Note that we can execute the
four operations ofC0 first, which decrease the value
of both semaphores down to -2. Clearly the remain-
ing 2n + 2 chains of units can be completely pair-
wisely executed by following the sequence of cor-
responding operations inG1 executed by PAIRWISE.
ThereforeG2 has a valid schedule.

It takes some added work to prove the other direc-
tion of the above claim. A unit isactive if its third
operation is executed. An unit isfinished(and thus
inactive) if its fifth-to-last operation is executed. Sup-
poseG2 has a valid schedule. Consider the sequence
of the units ofG2 that become active in the valid
schedule. It follows from the following lemma that
the corresponding sequence of operations ofG1 is a
valid schedule ofG1. In fact it is “pairwise”, since in
the schedule each�Si is immediately followed by a+Si.
Lemma 15 Consider the execution of a valid
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subschedule. 1) When there is no active unit,
the next unit that becomes active must be a�Ui
for some 1 � i � n + 2. 2) Before that active�Ui is finished, a +Ui must become active. 3)
No unit will become active unless these two ac-
tive units are finished.

Proof At the beginning of the valid schedule, no
unit is active. We show the first statement of the
lemma holds. At this moment there are two�T1’s
and two�T2’s available (inC0). They are our
only hope for activating any unit, since each unit
is guarded by two+T1’s and two+T2’s. Assume for
a contradiction that the first unit becoming active is
a +Ui for some 1� i � n + 2. Note that as soon
as the first+Ui becomes active, at least two+T1’s
are already executed. Since at most two�T1’s are
executed so far, there is no way to activate any other
unit. The execution thus cannot proceed.

When the first unit�Ui becomes active, one can
see that the second statement of the lemma holds by
verifying the following.� The active�Ui will not be finished unless an-

other unit becomes active, since otherwise the
execution will be blocked by some+T2’s.� The next active unit must be a+Uj for some
1 � j � n + 2, since otherwise the execution
will be blocked by some+T2’s.� if i < j, the execution will be blocked by some+T1’s. If i > j, the execution will be blocked
by some+T2’s. Therefore the next active unit
must be a+Ui.

When those two units are active, in order to activate
other units, we can only hope for the�T1’s at the
end of the active+Ui. In order to reach those�T1’s,
the preceding consecutive+T2’s must be penetrated.
Hence at least two�T2’s at the end of the active�Ui must be executed first. Therefore those two
active units�Ui and+Ui must be finished before
any other unit becomes active. This confirms the
third statement of the lemma.

Note that as soon as the active+Ui is finished (and
so must be the active�Ui), the situation is exactly
the same as the situation at the very beginning of
the execution. Namely we have two�T1’s and two

�T2’s available, which are again our only hope for
activating any other units. Therefore all the above
argument follows inductively. The lemma is proved.

5.4 Third Step

Let v be the first operation of theC0 in G2. Letw be
the last operation of theCn+1 in G2. We claim thatv ! w if and only ifG2 has a valid schedule. Note
that if! is considered for valid schedules, as in [8],
then the claim holds trivially, sincev is always the
first node in any valid (sub)schedule ofG2. As for
the general!, as defined in this paper, the if part is
still straightforward for the same reason. It remains
to prove the other direction of the claim.

Let X be a valid subschedule ofG2 in which v
precedesw. Consider the sequence of the units ofG2 that become active while executingX . It follows
from Lemma 15 that the corresponding sequence of
operations ofG1 is a valid subschedule ofG1, which
definitely contains the last+S� of theCn+1 in G1.
ThereforeG1 has a valid schedule by Lemma 11
and Lemma 12. Finally it follows from the claim in
Subsection 5.3 thatG2 has a valid schedule.
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