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AbstractWe give necessary and su�cient combinatorial conditions charac-terizing the tasks that can be solved by asynchronous processes, ofwhich all but one can fail, that communicate by reading and writinga shared memory. We introduce a new formalism for tasks, based onnotions from classical algebraic and combinatorial topology, in whicha task's possible input and output values are each associated withhigh-dimensional geometric structures called simplicial complexes. Wecharacterize computability in terms of the topological properties ofthese complexes. This characterization has a surprising geometric in-terpretation: a task is solvable if and only if the complex representingthe task's allowable inputs can be mapped to the complex represent-ing the task's allowable outputs by a function satisfying certain simpleregularity properties.Our formalism thus replaces the \operational" notion of a wait-freedecision task, expressed in terms of interleaved computations unfold-ing in time, by a static \combinatorial" description expressed in termsof relations among topological spaces, allowing us to exploit power-ful theorems from the classic literature on algebraic and combinatorialtopology. This approach yields the �rst impossibility results for sev-eral long-standing open problems in distributed computing, such asthe \renaming" problem of Attiya et al., and the \k-set agreement"problem of Chaudhuri.Preliminary versions of these results appeared in the 1993 and 1994Symposiums on Theory of Computing [30, 31].Keywords: Asynchronous Distributed Computation,Algebraic Topol-ogy, Homology, Wait-free Algorithms, Decision Tasks.
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1 IntroductionModern multiprocessors, whether they communicate by message-passing orthrough shared memory, are inherently asynchronous: processes can behalted or delayed without warning by cache misses, interrupts, or sched-uler pre-emption. A task in an asynchronous system is a problem whereeach process starts with a private input value, communicates with the oth-ers, and halts with a private output value. A protocol is a program thatsolves the task. In asynchronous systems, it is desirable to design protocolsthat are wait-free: any process that continues to run will halt with an out-put value in a �xed number of steps, regardless of delays or failures by otherprocesses.Under what circumstances does a task have a wait-free protocol? In thispaper, we give the �rst completely combinatorial characterization of the cir-cumstances under which tasks have wait-free protocols in shared read/writememory. We show that any task and any protocol can be associated with apair of high-dimensional geometric structures called simplicial complexes. Aprotocol solves a task if and only if their simplicial complexes can be mappedto one another by a function satisfying certain simple regularity properties.Our main theorem gives necessary and su�cient conditions for such a mapto exist.Although our characterization is quite general, it has concrete applica-tions. In particular, it yields the �rst impossibility results for several long-standing open problems in distributed computing, including the renamingproblem of Attiya et. al. [6] with a small number of names, and the setagreement problem of Chaudhuri [13]. It is also a building block in othercharacterizations such as Afek and Stupp's characterization of the e�ect ofregister size on the power of multiprocessor synchronization operations [2].Informally speaking, impossibility is demonstrated as follows. Our the-orem implies that there exists a map from the protocol complex to the taskcomplex that preserves certain topological properties. We can establish thatno map exists by showing that the complexes are topologically \incompati-ble," in much the same way that classical algebraic topology uses topologicalinvariants to prove that two spaces cannot be homeomorphic. In particular,we show that the simplicial complex associated with any wait-free protocolusing read/write memory has a remarkable topological property: it has no\holes" in any dimension. We exploit this simple property to derive ourimpossibility results.In a fundamental paper in 1985, Fischer, Lynch, and Paterson [19]showed that there exists a simple task that cannot be solved in a message-1



passing system if even one process may fail by halting (or may be in�nitelyslow). This result showed that the notion of \asynchronous computability"di�ers in important ways from conventional notions of computability (suchas sequential \Turing" computability). It led to the creation of a highlyactive research area, the full scope of which is surveyed in recent book byLynch [36].A �rst step toward a systematic characterization of asynchronous com-putability was taken in 1988, when Biran, Moran, and Zaks [8] gave a graph-theoretic characterization of the tasks that could be solved by a message-passing system in the presence of a single failure. Although the problemsubsequently received considerable attention, it proved di�cult to extendsuch graph-theoretic approaches to encompass more than a single failure.Even the problem of fully characterizing speci�c tasks like renaming [6] andset agreement [13] remained unresolved. Chor and Moscovici [16] later pro-vided a graph-theoretic characterization of tasks solvable in a system wherethe n + 1 processes can solve (n + 1)-process consensus (either determinis-tically or randomized).In 1993, three research teams|Borowsky and Gafni [10], Saks and Za-haroglou [39], and the current authors [30], independently derived lowerbounds for the k-set agreement problem of Chaudhuri. The proof of Borowskyand Gafni [10] is based on a powerful simulation method that allows N -process protocols to be executed by fewer processes in a resilient way. BothSaks and Zaharoglou [39] and the current authors [30] apply notions andtechniques from mainstream combinatorial topology. Saks and Zaharoglouintroduce an innovative and elegant formal model in which processors' col-lective knowledge of the unfolding computation is treated as a topologicalspace. They then apply a variant of the Brouwer �xed point theorem [38]to derive impossibility of wait-free set agreement.While Saks and Zaharoglou exploit notions from point-set topology, ourapproach [30, 31] is more combinatorial. We introduced a new formalismbased on simplicial complexes and homology groups, notions taken fromundergraduate-level algebraic topology. Simplicial complexes are a naturalgeneralization of graphs. They provide a notion of dimensionality, absent inearlier graph-theoretic models, that captures in a natural way the e�ects ofmultiple failures. A further advantage of this model is that it becomes pos-sible to apply standard results from mainstream mathematics to distributedcomputation.The paper is organized as follows. Section 2 provides the details ofour new topological framework for asynchronous computation. Section 3provides examples of how tasks are represented in the framework. Section 42



presents the statement of our main theorem and a collection of exampleresults derived from it, including the impossibility of wait-free set agreement .Sections 6 and 5 respectively provide the proofs of the \if" and \only if"parts of our theorem. We conclude the paper with a presentation of aversion of our main theorem for \comparison protocols," and use it to provethe impossibility of solving the renaming problem with a small number ofnames.2 ModelWe begin with an informal synopsis of our model. N = n + 1 sequentialthreads of control, called processes, communicate by reading and writingshared variables. (For lower bounds, we assume that these variables haveunbounded size.) In a decision task, each of the N = n + 1 processes startswith a private input value, communicates by reading and writing variablesin shared memory, and halts with a private output value. For example,in the well-known binary consensus task, the processes have binary inputs,and must agree on some process's input [19]. A protocol is a program thatsolves a decision task. A protocol is wait-free if it guarantees that everynon-faulty process will �nish in a bounded number of steps, no matter howmany processes fail.In this paper, we investigate protocols in which processes communicateby reading and writing variables in shared memory. The literature encom-passes a variety of shared-memory models; fortunately they are all equiv-alent. Given single-bit, single-reader, and single-writer variables, one canconstruct multi-bit, multi-reader variables (see Lynch's survey [36]). Fromthese variables, in turn, one can implement an atomic snapshot memory: anarray where each Pi updates array element i, and any process can instanta-neously scan (atomically read) the entire array (see [1, 3] for details.).In the remainder of this section, we restate this model in more formalterms, and we introduce a number of mathematical concepts we will needlater on.2.1 Decision TasksAn input vector is a sequence of n + 1 values, called components, each ofwhich is either an input value or the distinguished value ?. At least onecomponent must be distinct from ?. An output vector is de�ned similarly.If ~V is a vector, let ~V [i] denote its i-th component. A vector ~U matches ~V if3



for 0 � i � n, ~U [i] = ? if and only if ~V [i] = ?. A vector ~U is a pre�x of ~V if~V [i] = ? implies that ~U [i] = ? and for all i such that ~U [i] 6= ?, ~U [i] = ~V [i].A task speci�cation is a map �, de�ned on some non-empty subset of theinput vectors, carrying each input vector to a non-empty set of matchingoutput vectors. Informally, an input vector ~I represents a possible initialstate of the task, and �(~I) represents the set of legitimate �nal states forthat set of inputs. If the i-th component of a vector is an input or outputvalue, then that value is the input or output to process Pi. If that compo-nent is ?, then Pi does not participate (it has no input or output values).Consequently, a participating process in an input vector is one whose valueis distinct from ?. As seen, our task speci�cations are non-deterministic:there may be many allowable outputs for a given set of inputs. To beconsistent with standard notions of decision tasks, we require that all taskspeci�cations meet the following extensibility requirement.De�nition 2.1 For any input vectors ~I and ~J where ~I is a pre�x of ~J , eachvector in �(~I) is a pre�x of some vector in �( ~J).In other words, the valid outputs in any pre�x of a task execution mustbe consistent with every continuation of this execution. We note that ourmain theorem and its implications carry through also for tasks that do notmeet this requirement as the read/write shared memory model we build onis extensible by de�nition. However, extensibility is crucial for results suchas [2, 12, 26, 29] that use this framework to derive lower bounds in morepowerful computational models.The class of tasks our model describes includes all linearizable one-timeobjects, that is linearizable objects [32] that permit at most one operationper process. Our model incorporates an explicit notion of participatingprocesses because it is convenient to distinguish between tasks such as thefollowing.Unique-id Each participating process Pi chooses an output yi 2 f0; ::; ngsuch that for any pair Pi 6= Pj , yi 6= yj .Fetch-And-Increment Each participating process Pi chooses an outputyi 2 f0; ::; ng such that (1) for any pair Pi 6= Pj , yi 6= yj , and (2) eachyi is less than or equal to the number of participating processes.Informally, in an asynchronous fail-stop environment, Unique-Id allows iden-ti�ers to be assigned statically, while Fetch-And-Increment e�ectively re-quires that they be assigned dynamically in increasing order. The �rst istrivially solved in the presence of an arbitrary number of failures, while the4



second has no solution in read/write memory even if only one process canfail. Note that the model of Biran, Moran, and Zaks [8] does not include anotion of participating processes, although the same e�ect can be achievedby giving each process an additional \participate" bit as an input.To simplify the presentation, we henceforth restrict our attention todecision tasks where the number of possible input vectors is �nite. Ourresults hold also for the in�nite case, but the proofs and algorithms becomelonger and more complex. Most decision problems studied in the literaturehave a �nite set of input vectors.2.2 Objects, Processes, and ProtocolsFormally, we model objects, processes, and protocols using a simpli�ed formof the I/O automaton formalism of Lynch and Tuttle [37]. An I/O automa-ton is a non-deterministic automaton with a �nite or in�nite set of states,a set of input events, a set of output events, and a transition relation givenby a set of steps, each de�ning a state transition following a given event.An execution of an I/O automaton is an alternating sequence of states andenabled events, starting from an initial state. An automaton history is thesubsequence of events occurring in an execution. Automata can be com-posed by identifying input and output events in the natural way (detailscan be found in [37]).A process P is an automaton with output events call(P; v;X), andfinish(P; v); input events return(P; v;X) and start(P; v), where P isa process, v is a value, and X an object. An object X is an automatonwith input events call(P; v;X) and output event return(P; v;X). Anoperation is a matching pair of call and return events, that is, having thesame name and process id.A read/write memory M is an automaton with input events read(P; a)and write(P; a; v) and output event return(P; v). A history is sequentialif it is a sequence of operations. (Notice that a sequential execution permitsprocess steps to be interleaved, but at the granularity of complete opera-tions.) If we restrict our attention to sequential histories, then the behaviorof the read/write memory is straightforward: any read operation at addressa returns the value of the last preceding write to that address, or ? if no suchwrite exists. Each history H induces a partial \real-time" order �H on itsoperations: op0 �H op1 if the response for op0 precedes the invocation forop1. Operations unrelated by �H are said to be concurrent. If H is sequen-tial, �H is a total order. A concurrent protocol or object is linearizable ifits histories can be mapped to sequential ones by making each operation ap-5



pear to take e�ect instantaneously at some point between its invocation andits response (see Herlihy and Wing [32] for details). An atomic read/writememory automaton is one that is linearizable to the sequential automatonspeci�ed above.A protocol fP0; : : : ; Pn;Mg is the automaton composed by identifyingin the obvious way the events for processes P0; : : : ; Pn and the memory M .To capture the notion that a process represents a single thread of control,a protocol execution is well-formed if every process history (the projectionof the history onto the actions of Pi) has a unique start event (generatedexternally to the protocol), which precedes any call or return events, italternates matching call and return events, and has at most one finishevent. We restrict our attention to well-formed executions.Operations p and q of object X commute if, for all sequential historiesH and G, H � p � q �G is a valid history of X if and only if H � q � p � G is avalid history of X (where \�" is the concatenation operator). For example,memory read operations commute with one another, as do memory writeoperations, a property which will be shown as fundamental in determiningthe computational power of read/write memory.For brevity, we express protocols using pseudo-code, although it is straight-forward to translate this notation into automaton de�nitions. Also, as notedabove, our protocols use an atomic snapshot memory [1, 3], which can beimplemented from the atomic read/write memory described here.2.3 SolvabilityWe are interested in solvability of tasks by processes that are computa-tionally equivalent to Turing machines [34] and communicate via atomicread/write memory.A process is active at some point in a history if it does not yet have afinish event. An active process is faulty at that point if it has no outputevents later in that history. A history H is t-faulty if up to t processesbecome faulty.A protocol solves a decision task in an execution if the following conditionholds. Let fPiji 2 Ug be the processes that have start events, and letfuiji 2 Ug be their arguments. Let fPj jj 2 V g, V � U , be the processesthat execute finish events, and let fvj jj 2 V g be their output values. Let ~Ibe the input vector with ui in component i, and ? elsewhere, and let ~O bethe corresponding output vector for the vj . We require that (1) no processtakes an in�nite number of steps without a finish event, and (2) ~O is a pre�xof some vector in �(~I). (Informally, the second condition implies that if a6



protocol solves a task in an execution, its partial outputs in any pre�x of theexecution are consistent with the allowable outputs of the possibly larger setof inputs to the execution as a whole.) A protocol solves a decision task ifit solves it in every execution where up to n processes can fail.It is convenient to assume that any wait-free protocol is expressed inthe following normal form. The processes share an array V whose n + 1elements are all initially ?. Each process has a local state, consisting ofits input value and the history of values it has so far read from the sharedvariables. Computation proceeds in a sequence of asynchronous rounds, from0 to some �xed r. In round 0, each process writes its input value to its localvariable. In round r > 0, each Pi executes a sequence of steps: (1) it updatesV [i] to its current local state, and (2) it atomically scans the elements of V ,appending them to its local state. After r rounds, Pi computes its outputvalue by applying a task-speci�c decision map � to its �nal local state.Figure 2.3 shows a generic protocol in normal form. Because there are onlya �nite number of input vectors, any kind of wait-free read/write protocolcan be expressed in normal form.1 The memory locations V [i] need onlybe of bounded size, though for our lower bound proofs we allow them to beunbounded.% Code for process iupdate(V[i] := input_value)for round in 1 .. r dolocal_state := scan(V)update(V[i] := local_state)return �(local_state)Figure 1: A Wait-Free Protocol in Normal Form2.4 Simplicial ComplexesWe start with a number of standard technical de�nitions [40].A vertex ~v is a point in a high-dimensional Euclidian space. An n-dimensional simplex (or n-simplex) is a set of n + 1 a�nely-independent21If the number of input vectors were unbounded, then the protocol would need anexplicit termination test.2~v0; : : : ; ~vn are a�nely independent if ~v1 � ~v0; : : : ; ~vn � ~v0 are linearly independent.7



vertexes. For example, a 0-simplex is a vertex, a 1-simplex a line segment, a2-simplex a solid triangle, and a 3-simplex a solid tetrahedron. We often usesuperscripts to indicate the dimension of a simplex, and we sometimes listthe vertexes in parentheses: Sn = (~s0; : : : ; ~sn). The convex hull of a simplexSn is called its polyhedron, and is denoted by jSnj. Sm is a (proper) face ofSn, written Sm � Sn, if the former's set of vertexes is a (proper) subset ofthe latter's.A simplicial complex (or complex) is a set of simplexes closed underintersection and containment. The dimension of a complex is the highestdimension of any of its simplexes, and is also usually indicated by a subscript.An n-dimensional complex (or n-complex) is pure if every simplex is a faceof some n-simplex. All complexes considered in this paper are pure. Theunion of the convex hulls of the simplexes in Cn is called its polyhedron,denoted by jCnj.If Sn is an n-simplex, let Sn denote the complex consisting of all facesof Sn (including Sn itself), and _Sn�1 the complex consisting of all properfaces of Sn. We say a complex Cn is an n-disk if jCnj is homeomorphic3 tojSnj, and it is an (n� 1)-sphere if jCnj is homeomorphic to j _Sn�1j.A simplicial map � : An ! Bn carries vertexes of An to vertexes of Bnso that every simplex of An maps to a simplex of Bn. Any simplicial mapde�nes a piece-wise linear map j�j : jAnj ! jBnj. A simplicial map � is non-collapsing if it preserves dimension: dim(�(S)) = dim(S). Two complexesAn and Bn are isomorphic if there exist simplicial maps � : An ! Bn and : Bn ! An, called isomorphisms, such that � �  are  � � are identitymaps. Henceforth, unless stated otherwise, all maps between complexes areassumed to be simplicial.A coloring of a complex Cn is a non-collapsing map � : Cn ! Sn, whereSn is an n-simplex. A chromatic complex is a complex together with acoloring. If (C0; �0) and (C1; �1) are chromatic complexes, then a map � :C0 ! C1 is chromatic if for every vertex ~v 2 C0, �0(~v) = �1(�(~v)). Most,but not all the maps we consider are chromatic.A subdivision of a complex An is a complex Bn such that (1) the vertexesof Bn are points of jAnj, (2) if Sn is a simplex of Bn there is some simplexTn 2 An such that Sn � jTnj, and (3) the piece-wise linear map jBnj !jAnj mapping each vertex of Bn to the corresponding point of jAnj is ahomeomorphism. (See Figure 19.) If Sm is a simplex of Bn, the carrier ofSn, denoted carrier(Sn) is the unique smallest T ` 2 An such that Sm � jT `j.3Spaces X and Y are homeomorphic if there exists a one-to-one continuous map f :X ! Y with a continuous inverse. 8



Simplex S Carrier(S)Figure 2: The Carrier of a Simplex(See Figure 2.)A chromatic subdivision of (An0 ; �0) is a chromatic simplex (An1 ; �1)such that An1 is a subdivision of An0 , and for all Sm in An1 , �1(Sm) ��0(carrier(Sm)). A simplicial map � : Bn ! Cn between subdivisions ofAn is carrier preserving if for all Sm 2 Bn, carrier(Sm) = carrier(�(Sm)).The k-th skeleton of a complex, skelk(Cn), is the subcomplex consisting ofall simplexes of dimension k or less.2.5 Simplicial Complexes and Tasks
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Earlier in this section, we de�ned the notion of a decision task in terms ofinput and output vectors. That de�nition was intended to help the readerunderstand what a decision task is, but it lacks the mathematical structurenecessary to prove interesting results. We now reformulate this de�nition interms of simplicial complexes.To illustrate our constructions, we will use a well-known decision taskfrom the literature:Renaming The input to each process is a unique input name taken froma range 0; : : : ; N . Each participating process chooses a unique outputname taken from a strictly smaller range 0; : : : ; K.This task was �rst studied by Attiya et. al [6].We represent an initial (or �nal) state of a process as a vertex ~v labeledwith a process id and a value: hPi; vii. The process id labeling ~v is denotedby id(~v), and the value by val(~v). We represent the initial or �nal statesof a set of n + 1 distinct processes as the n-simplex encompassing thosevertexes. We use ids(Sn) to denote the simplex's set of process ids, andvals(Sn) the multiset of values. Figure 3 shows two triangles (2-simplexes)corresponding to two distinct �nal states for the 3-process renaming task,one in which process P chooses 0, Q chooses 1, and R chooses 2, and anotherin which P chooses 3, and Q and R choose the same values. Notice that thevertexes of each simplex are colored by the process ids.This simplicial representation gives a geometric interpretation to thenotion of \similar" system states. The vertexes on the common boundary ofthe two simplexes are local process states that cannot distinguish betweenthe two global states. Unlike graph-theoretic models (e.g., [8]), simplicialcomplexes capture in a natural way the notion of the degree of similaritybetween two states: it is the dimension of the intersection of the two n-simplexes.We represent the set of all initial or �nal states for a decision task asa chromatic complex colored by process ids. For example, Figure 4 showsthe output complex for the three-process renaming task using four names.Note that the output complex's polyhedron is homeomorphic (topologicallyequivalent) to a torus. To see why, notice that the vertexes on edges of thecomplex are the same, so the edges can be \glued together" in the directionof the arrows.We are now ready to reformulate our formal de�nition of a decision task.An (n + 1)-process decision task hIn;On;�i is given by an input complexIn, an output complex On, and a relation � matching each simplex of In toa non-empty set of simplexes of On. � preserves process ids: for all Sm in10
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In, and all Tm in �(Sm), ids(Sm) = ids(Tm) (see Figure 5). Simplexes inIn and On are respectively called input and output simplexes.
Input Complex Output Complex

Input
Simplex

Set of legal
output simplexes

∆

Figure 5: A Decision TaskInformally, each input simplex corresponds to a possible initial state ofthe protocol. An input m-simplex, where m � n, speci�es the initial statesfor a subset of (m + 1) participating processes. The input complex is thecollection of all legal sets of inputs. �(Sn) is the collection of all legal �nalstates when the protocol is started in initial state Sn. A solo execution bya set of processes U is one where all processes in U complete the protocolbefore any other process takes a step. �(Sm) form < n is the set of possibleoutputs of solo executions by the processes in ids(Sm).
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2.6 Tools From Algebraic TopologyThe de�nitions given so far should su�ce to understand the statement (andimplications) of our main theorem. The remainder of this section consistsof de�nitions needed to understand the proofs of our theorems, and some ofthe theorem's applications.The star of Sm 2 Cn, written st(Sm; Cn), is the union of all jTnj suchthat Sm � Tn (see Figure 7). The open star, written st�(Sm; Cn), is theinterior of the star, and the link is the boundary of the star. Although wehave de�ned stars and links to be polyhedra (point-sets), we will sometimestreat them as simplicial complexes, relying on context to clarify the precisemeaning. If Sm = (~s0; : : : ; ~sm) and T ` = (~t0; : : : ;~t`) are simplexes whosevertexes are a�nely independent, their join, Sm � T `, is the (m + ` + 1)-simplex (~s0; : : : ; ~sm;~t0; : : : ;~t`). If A and B are complexes such that everysimplex of one is a�nely independent of every simplex of the other, thentheir join A � B is the set of simplexes of the form A �B, where A 2 A andB 2 B, together with their faces. A cone over A is ~v � A for some vertex ~va�nely independent of A.A complex An is an n-manifold with boundary if (1) for every pair ofn-simplexes Tn0 , Tn1 in An, there exists a sequence of simplexes Sn0 ; : : : ; Sǹsuch that Tn0 = Sn0 , Tn1 = Sǹ, and Sni \ Sni+1 is an (n� 1)-simplex, and (2)and every (n� 1)-simplex is contained in either one or two n-simplexes. An(n� 1) simplex is internal if it is contained in two n-simplexes, and externalotherwise. The boundary complex of An, written _An�1, is the subcomplexof all external (n� 1)-simplexes (which is itself an (n� 1)-manifold). Some,but not all, the complexes we consider are manifolds. Manifolds satisfy thefollowing property [22, Theorem II.2]:Lemma 2.1 If M is an n-manifold with boundary, and Tm an interiorsimplex, then lk(Tm;M) is an (n�m� 1)-sphere.Many complexes of interest have a simple but important topologicalproperty: they have no \holes" in certain dimensions. There are severalways to formalize this notion, but the following is the most convenient forour purposes.De�nition 2.2 A complex C is n-connected ([40, p.51]) if, for m � n, anycontinuous map of the m-sphere into jAj can be extended to a continuousmap over the (m+ 1)-disk.A 0-connected complex is usually called connected: there is a path linkingevery pair of vertices. A 1-connected complex is usually called simply con-nected: any loop (closed path) can be continuously deformed to a point.13



Informally, a complex is n-connected if it has no \holes" of dimension n orless: any continuous image of a sphere can be \�lled in" (extended to a mapof a disk).We will be interested in proving that certain complexes are n-connected.Unfortunately, connectivity is hard to prove directly, so we must use anindirect approach. The key notion underlying our proof strategy is the se-quence of homology groups associated with a complex. (Readers completelyunfamiliar with the notion may wish to consult any one of a number ofstandard textbooks [21, 24, 25, 33, 40].) For our purposes, it su�ces to notethat an n-dimensional complex Cn is associated with n+ 1 Abelian groups,H0(Cn); : : : ; Hn(Cn), one for each dimension4 By convention, H�1(C) is thetrivial single-element group. If H0(C); : : : ; Hq(C) are trivial, then we say Cis q-acyclic. If all groups are trivial, we simply say that C is acyclic.A useful connection between being homology and connectivity is givenby the Hurewicz Isomorphism Theorem ([40, 7.5.5]):Theorem 2.2 (Hurewicz) A complex is q-connected if and only if it issimply connected and q-acyclic.Thus, we can prove a complex is q-connected by showing that it is (1) simplyconnected, and (2) q-acyclic.To prove that a complex is simply connected, we use the following specialcase of the Siefert/Van Kampen Theorem [24, 4.12].Theorem 2.3 (Siefert/Van Kampen) If A and B are simply connected,and A \ B is connected, then A [ B is simply connected.To prove that a complex is q-acyclic, we use the following special case of theMayer-Vietoris sequence [40, p.186].Theorem 2.4 (Mayer-Vietoris) If A and B are complexes such that A \ B 6=;, then if Hq(A), Hq(B), and Hq�1(A \ B) are all trivial, so is Hq(A [ B).Theorems 2.3 and 2.4 are used inductively to break complexes into compo-nent pieces. For the base case, we note some useful examples of n-connectedcomplexes.Lemma 2.5 The following complexes are n-connected: (1) the complex Snconsisting of an n-simplex and its faces, and (2) any cone over an arbitrarycomplex C.These theorems encompass all the topological machinery we need to proveour main theorem. The impossibility proof for renaming presented in Section7 will require some additional notions, presented later.4Strictly speaking, we use reduced homology groups in this paper [38, p.71].14



3 ExamplesThis section is intended to strengthen the reader's intuition by presenting anumber of examples of complexes and tasks.3.1 ConsensusPerhaps the simplest decision task is binary consensus [19]. As speci�ed inFigure 6, each process starts with a binary input value and chooses a binaryoutput value. All output values must agree, and each output value must besome process's input value.~I �(~I) ~I �(~I)(0;?) (0;?) (1;?) (1;?)(?; 0) (?; 0) (?; 1) (?; 1)(0; 0) (0; 0) (1; 1) (1; 1)(0; 1) (0; 0); (1; 1) (1; 0) (0; 0); (1; 1)Figure 6: The Consensus task
vv vFigure 7: st�(~v), st(~v), and lk(~v).The input complex for this task is the complex Bn constructed by assign-ing independent binary values to n+ 1 processes. We call this complex thebinary n-sphere (Figure 8). (To see why this is an n-sphere, note that then-dimensional complex consists of two parts: En0 is the set of n-simplexescontaining hPn; 0i, and En1 the set containing hPn; 1i. Each of these is ann-disk, a cone over the binary (n � 1)-sphere Bn�1. These two n-disks arejoined at their boundaries, forming an n-sphere.)The output complex consists of two disjoint n-simplexes, correspondingto decision values 0 and 1. Figure 9 shows the input and output complexes15
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for 2-process binary consensus. In general, the input complex is (n � 1)-acyclic, while the output complex is disconnected. It is known [15, 17,27, 35], that (n + 1)-process binary consensus has no wait-free protocol inread/write memory. Consensus is the generalization of binary consensus toallow input values from an arbitrary range, not only f0; 1g.3.2 Set AgreementA natural generalization of consensus is the k-set agreement task [13].k-Set Agreement Like consensus, each process starts with an arbitraryinput value, and must choose some process's input. Unlike consensus,which requires that all processes agree, set agreement requires that nomore than k distinct output values be chosen.For example, when n = 2 and k = 2, three processes must choose at mosttwo distinct values. It is not hard to see that the output complex for thisproblem consists of three binary 2-spheres \linked" in a ring (Figure 3.2).This complex is connected (trivial homology in dimension zero), but hasnon-trivial homology in dimension one (each sphere is a \hole").The set agreement problem was �rst proposed by Soma Chaudhuri [13]in 1989, along with a conjecture that it could not be solved in certain asyn-chronous systems. This problem remained open until 1993, when threeindependent research teams, Borowsky and Gafni [10], Herlihy and Shavit[30], and Saks and Zaharoglou [39] proved this conjecture correct.3.3 Fetch-And-AddIn the fetch-and-add task [23], a generalization of the Fetch-And-Inc taskde�ned earlier, each of n + 1 processes atomically adds an integer input(from a �xed range) to a shared register, initially zero, and returns theregister's previous contents. Figure 11 shows two input simplexes and theircorresponding output complexes. Note that vertexes with the same labelsare the same and should be mentally \glued together." They are drawn asdistinct only for legibility. It is known [27] that fetch-and-add is not even1-solvable in read/write memory.4 The Main TheoremWe are now ready to state our main theorem in its entirety. We give twoversions of this theorem, one for arbitrary wait-free read/write protocols,17
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Q 3 Q 5Q 3Figure 11: The fetch-and-add task.and one for comparison protocols, which are allowed to compare process idsfor equality and order, but are not allowed to apply any other operations. Westart with the general theorem, and defer the presentation of the comparison-based variant to Section 7.Theorem 4.1 (Asynchronous Computability Theorem) A decision taskhIn;On;�i has a wait-free protocol using read-write memory if and only ifthere exists a chromatic subdivision �(In) and a chromatic simplicial map� : �(In)! Onsuch that for each simplex Sm in �(In), �(Sm) 2 �(carrier(Sm)).This theorem is illustrated in Figure 12. The proof appears in Sections5 and 6. In this section, we explore the theorem's consequences.The simplicial map � induces a continuous (piece-wise linear) map j�j onthe complexes' polyhedra such that for each input simplex Sm, j�j(jSmj) �j�(Sm)j. A task is therefore solvable if and only if the input complex can becontinuously \stretched" and \folded" so that each input simplex is carriedinto its corresponding set of output simplexes. This theorem has intriguingparallels to the classical simplicial approximation theorem [40][5.4.8], whichstates that any continuous map jAnj ! jBnj can be approximated by asimplicial map from some subdivision of An to Bn.We refer to the subdivision �(Sm) as the span of Sm. Spans are notnecessarily unique, but we will see that they can be chosen to have a highlysymmetric structure. 19



In the remainder of this section, we explore some applications of thetheorem.
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Figure 12: Asynchronous Computability Theorem4.1 Binary ConsensusWe now return to the binary consensus problem mentioned in Section 2.Although it is well known that this problem has no wait-free read-writeprotocol [15, 17, 35], we believe the reader's intuition will bene�t from abrief discussion of how this result follows from the main theorem. To keepour presentation as simple as possible, we focus on the two-process task.Processes P and Q are given private binary inputs, and they must agreeon one of their inputs. In a solo execution, where P runs alone, it observesonly its own input, say 0. Since P cannot wait inde�nitely for Q to take a20



step, it must eventually decide 0. The same is true for Q running solo withinput 1. However, if P and Q run together, then one of them, say P , mustchange its tentative decision, while preventing Q from doing the same. Atthe heart of the published impossibility results for this task is a case analysisshowing that the commuting and overwriting properties of read and writeoperations make this kind of synchronization impossible.The asynchronous computability theorem captures this impossibility ina geometric way. Figure 9 shows the input and output complexes for thetwo-process consensus task. Assume by way of contradiction that a proto-col exists. The input complex I2 is connected, and so is the subdivision�(I2). Simplicial maps preserve connectivity, so �(�(I2)) is also connected.Let Iij and Oij denote the input and output simplexes where P has valuei and Q has value j. Because �(I11) = O11, � carries input vertex hP; 1ito output vertex hP; 1i. Symmetrically, it carries input hQ; 0i to outputhQ; 0i. However, these output vertexes lie in distinct connected componentsof the output complex, so � cannot be a simplicial map, and by Theorem 4.12-process consensus is not solvable. (Generalizing this argument to n pro-cesses yields a simple geometric restatement of the impossibility of wait-freeconsensus in read/write memory [15, 17, 35].)4.2 Quasi-ConsensusWe now use another \toy" problem to illustrate the implications of thetheorem. Let us relax the conditions of the consensus task as follows:Quasi-Consensus Each of P and Q is given a binary input. If both haveinput v, then both must decide v. If they have mixed inputs, theneither they must agree, or Q may decide 0 and P may decide 1 (butnot vice-versa).Figure 14 shows the input and output complexes for the quasi-consensustask.Is quasi-consensus solvable? It is easily seen that there is no simplicialmap directly from the input complex to the output complex. Just as forconsensus, the vertexes of input simplex I01 must map to output vertexeshP; 0i and hQ; 1i, but there is no single output simplex containing both ver-texes. Nevertheless, there is a map satisfying the conditions of the theoremfrom a subdivision of the input complex. If input simplex I01 is subdividedas shown in Figure 15, then it can be \folded" around the output complex,allowing input vertexes hP; 0i and hQ; 1i to be mapped to their counterpartsin the output complex. 21



Figure 16 shows a simple protocol for quasi-consensus. Notice that ifP has input 0 and Q has input 1, then this protocol admits three distinctexecutions: one in which both decide 0, one in which both decide 1, and onein which Q decides 0 and P decides 1. These three executions correspond tothe three simplexes in the subdivision of I01, which are carried to O00, O10,and O11. In Section 5, where we prove that the conditions of the theorem arenecessary, we will show that each simplex in the subdivision �(Sn) indeedcorresponds to some execution of the protocol when started in the initialstate Sn. ~I �(~I) ~I �(~I)(0;?) (0;?) (1;?) (1;?)(?; 0) (?; 0) (?; 1) (?; 1)(0; 0) (0; 0) (1; 1) (1; 1)(0; 1) (0; 0); (1; 1); (1; 0) (1; 0) (0; 0); (1; 1); (1; 0)Figure 13: The Quasi-Consensus task4.3 Set AgreementThe same intuition can be extended to n-dimensional task speci�cations.Recall that in the two-process (one-dimensional) case, the impossibility ofconsensus follows from the observation that a simplicial map cannot carrya connected component of the subdivided input complex to disconnectedcomponents of the output complex. In the (n+ 1)-process (n-dimensional)case, the impossibility of set agreement follows from an analogous observa-tion: a simplicial map cannot carry the boundary of a \solid" disk to theboundary of a \hole". We now show that the k-set agreement task has nowait-free read-write protocol when k � n. Our proof uses Sperner's Lemma[33, Lemma 5.5]:Lemma 4.2 (Sperner's Lemma) Let �(Sn) be a subdivision of simplexSn. If F : �(Sn)! Sn is a map sending each vertex of �(Sn) to a vertex inits carrier, then there is at least one n-simplex Tn = (~t0; : : : ;~tn) in �(Sn)such that the F (~ti) are all distinct.Lemma 4.3 The k-set agreement task has no wait-free read-write protocolfor k � n. 22
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Proof: It su�ces to prove that there is no protocol for k = n. Assumeotherwise. Let Tn be an input simplex where each Pi has a distinct inputvalue vi. For eachM � vals(Tn), where jM j = m+1, Tn has a face TmM suchthat vals(TmM) =M . Moreover, there is an input simplex SnM containing TmMsuch that vals(SnM) =M . (For example, if TmM is a single vertex hP; 0i, thenSnM is the input simplex where every process has input 0.)By Theorem 4.1 there is a chromatic subdivsion � and a color-preservingsimplicial map � : �(In) ! On, carrying each �(SnM) to �(SnM). Theset agreement task speci�cation states that vals(�(SnM)) = vals(SnM) =M .Because �(TmM) � �(SnM), � also carries each �(TmM) to �(SnM), so eachvertex in �(�(TmM)) is labeled with a value from M .De�ne the map F : �(Tn) ! Tn to be F (~s) = hPj ; vji, whereval(�(~s)) = vj . F carries each vertex in �(TmM) to a vertex in its carrierTmM . By Lemma 4.2 (Sperner's Lemma), F carries some n-simplex Sn in�(Tn) to Tn itself, implying that �(Sn) is labeled with n+1 distinct values,which is a contradiction because every output simplex is labeled with atmost n distinct values.Informally, this proof shows that the task de�nition requires mapping thesubdivided faces of a simplex Tn around the \hole" in the output complex(created by the missing n+ 1-valued simplexes). Because � is simplicial, itmust map some simplex onto the hole itself, a contradiction.5 NecessityIn this section, we show that the conditions of our theorem are necessary.5.1 Protocol ComplexesRecall that at each step in a protocol, a process's local state is its input valuefollowed by the sequence of values it has scanned. The global state of theprotocol at any point is just the set of local states together with the statesof the shared memory variables.We can treat any protocol as an \uninterpreted" protocol simply bytreating each processor's �nal local state as its decision value (i.e., omittingthe task-speci�c decision map �). This uninterpreted protocol itself de�nes aprotocol complex Pn as follows: each vertex ~v 2 Pn is labeled with a processid and a local state such that there is some execution of the protocol in whichprocess id(~v) �nishes the protocol with local state val(~v). A simplex Tm =(~t0; : : : ;~tm) is in Pn if there is an execution of the protocol in which each24



process id(~ti) �nishes with local state val(~ti). Note that such an executionneed not be a solo execution by the processes in ids(Tm). For any inputsimplex Sm, let P(Sm) be the subcomplex of Pn generated by solo executionsof the processes in ids(Sm) with input values vals(Sm). If C � In, then P(C)is de�ned analogously.The protocol complex satis�es some useful functorial properties, whichfollow immediately from the de�nitions.Lemma 5.1 P(Tmi=0 Si) = Tmi=0 P(Si).Lemma 5.2 P(Smi=0 Si) = Smi=0 P(Si).What does it mean for a protocol to solve a decision task? Recall that a pro-cess chooses a decision value by applying a decision map � to its local statewhen the protocol is complete. A protocol solves a decision task hIn;O;�iif and only if there exists a simplicial decision map� : Pn ! On;such that for all Sm 2 In, and all Tm 2 P(Sm), �(Tm) 2 �(Sm). Thisde�nition is just a formal way of stating that every execution of the protocolmust yield an output value assignment permitted by the decision problemspeci�cation. This might seem like a roundabout formulation, but it hasan important and useful advantage. We have moved from an operationalnotion of a decision task, expressed in terms of computations unfolding intime, to a purely combinatorial description expressed in terms of relationsamong topological spaces. This formulation allows us to exploit classicalresults from the rich literature on algebraic and combinatorial topology.5.2 Example: A One-Round Protocol ComplexFigure 5.2 shows the protocol complex for a simple one-round wait-freenormal-form protocol. The processes share a three-element array with eachentry initialized to ?. Each process P , Q, and R writes its input value(respectively 0, 1, and 2) to its entry, scans the array's values, and halts.This complex has an inductive structure. The vertex at the top \corner"represent a solo execution by P : it writes 0, scans the array, and observesonly its own value. The vertexes along the left-hand edge represent soloexecutions by P and Q: at the two vertexes in the middle of the edge, Pand Q each writes its value, scans the array, and observes the other's value.The three vertexes in the interior of the complex represent executions in25
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R runs aloneFigure 17: A One-Round Protocol Complexwhich all processes' steps are interleaved: each process observes each of theother's values.Our proof strategy is as follows. For each input simplex Sn, we identifythe subdivision �(Sn) with a subcomplex of P(Sn), and construct the sim-plicial map � in terms of the decision map �. Section 5.4 provides the �rststep, showing that P(Sm) is n-connected (it has no holes). In Section 5.5we show that the link of any k-simplex in P(Sm) is (m� k � 2)-connected,and we complete the proof in Section 5.6.5.3 Basic LemmasWe begin with some general lemmas about simplicial complexes.De�nition 5.1 Complexes C0; : : : ; Cn cover C if C = [ni=0Ci. For any indexset U , de�ne CU = \i2UCi.Lemma 5.3 If C0; � � � ; Cn cover C, then for any index sets U and V ,CU \ CV = CU[V :Proof: CU \ CV = (Ti2U Ci)T(Ti2V Ci) = Ti2U[V Ci = CU[V :In the following lemmas, let U0; : : : ; Um be index sets of size u, such that foreach distinct Ui and Uj , fPig = Ui � Uj , and let V0; : : : ; V`�1 be index sets26



such that Vi = U` [ Ui. Notice that each jVij = u + 1, for each distinct Viand Vj, fig = Vi � Vj . Moreover,CU` \ (`�1[i=0 CUi) = (`�1[i=0 CU` \ CUi) = `�1[i=0 CVi : (1)Lemma 5.4 If C0; : : : ; Cn cover C, and there exists k > 0 such thatfor all Usuch that u � k; CU 6= ;; (2)and for all Usuch that u < k; CU is (k � u � 1)-acyclic; (3)then for all `, [̀i=0CUi is (k � u� 1)-acyclic:Proof: It follows immediately from Hypothesis 2 that for u � k,[̀i=0 CUi 6= ; (4)We proceed by reverse induction on u, starting with u = k � 1, and thenby induction on `. When ` = 0, the claim follows immediately from Hy-pothesis 3, so assume the claim for ` � 1. For brevity, let A = CU` andB = [`�1i=0CUi . By Equation 1, A\B = [`�1i=0CVi , which is non-empty by Equa-tion 4. We may therefore apply Theorem 2.4 (Mayer-Vietoris) for q = 0. ByHypothesis 2, H0(A) = H0(CU`) = 0, and by the induction hypothesis for `,H0(B) = H0([`�1i=0CUi) = 0. H�1(A \ B) = 0 by de�nition, so by Theorem2.4, H0(A [ B) = H0(Sì=0 CUi) = 0.For the induction step, assume the claim for index sets of size u + 1.As before, we proceed by induction on `. When ` = 0, the claim followsimmediately from Hypothesis 3, so assume the claim for ` � 1. We applythe Mayer-Vietoris theorem for A and B. By Equation 3, for q � k� u� 1,Hq(A) = Hq(CU`) = 0, and by the induction hypothesis for `,Hq(B) = Hq(`�1[i=0 CUi) = 0:By Equation 1 and the induction hypothesis for u:Hq�1(A \ B) = Hq�1(CU` \ (`�1[i=0 CUi)) = Hq�1(`�1[i=0 CVi) = 0 for q � k � u:The claim then follows from the Mayer-Vietoris theorem.27



When u = 1 and ` = n, we have the following corollary.Corollary 5.5 If C is covered by C0; : : : ; Cn satisfying the conditions ofLemma 5.4, then C is (k � 2)-acyclic.We now prove some basic lemmas about simple connectivity. The nextlemma is left as an exercise for the reader.Lemma 5.6 If A and B are connected, and A\B is non-empty, then A[Bis connected.Lemma 5.7 Let C be covered by C0; : : : ; Cn. De�ne Cij = Ci \ Cj , andCijk = Ci \ Cj \ Ck. If (1) each Ci is simply connected, (2) each Cij isconnected, and (3) each Cijk is non-empty, then C is simply connected.Proof: Hypothesis (3) implies that for u = 3,[̀i=0CUi 6= ;: (5)We now claim that for u = 2,̀[i=0 CUi is connected. (6)We proceed by induction on `. When ` = 0, connectivity follows immediatelyfrom Hypothesis (2), so assume connectivity for ` � 1. By Equation 1 andEquation 5, CU` \ ([`�1i=0CUi) is non-empty. Hence by Lemma 5.6, [ì=0CUi isconnected. Finally, we claim that[̀i=0 Ci is simply connected. (7)We proceed by induction on `. When ` = 0, simple connectivity followsfrom Hypothesis (1), so assume simple connectivity for `�1. By Equation 1and Equation 6, CU` \ ([`�1i=0CUi) is connected, and Equation 7 follows fromTheorem 2.3 (Siefert/Van Kampen). The claim follows by setting u = 1 and` = n in Equation 7. 28



5.4 Properties of Input SimplexesWe now prove an important global property of protocol complexes: forany input simplex Sm, the corresponding protocol complex P(Sm) is m-connected.The set of executions starting in any global state de�ne a reachable com-plex as follows.De�nition 5.2 A simplex Rm of the protocol complex P(Sm) is reachablefrom global state s if there is some execution starting from s in which eachprocess in ids(Rm) completes the protocol with the local state speci�ed inRm. The reachable complex from state s, written R(s), is the complex ofreachable simplexes from s. Notice that the reachable complex from initialstate Sn is just P(Sn).If s is a global state in which not all processes have decided, then pro-cesses fall into two categories: (1) a pending process is about to execute anoperation, and (2) a decided process has completed its protocol and halted.For a pending process Pi, de�ne Ri(s) to be the reachable complex afterPi executes its pending operation. As i ranges over the pending processes,the Ri(s) cover R(s). A pending index set is a set of indexes of pendingprocesses. If U is a pending index set, de�ne RU(s) = \i2URi(s). Lemma5.3 applies. Informally, each simplex in RU(s) corresponds to an executionstarting in s in which no process can tell which process in U went �rst.A global state s is critical for a property } if } does not hold in s, anda step by any pending process will bring the protocol to a state where }henceforth holds.Lemma 5.8 If } is a property that does not hold in some state s and holdsin every �nal state of a protocol, then } has a critical state.Proof: A process is non-critical if its next step will not make } henceforthhold. Starting from state s, pick a non-critical pending process and run ituntil a critical state is reached. Repeat this process until a critical stateis reached in which there are no non-critical pending processes, that is, allprocesses are either decided or about to make } henceforth true in theirnext step. Since a process that has completed the protocol will never make} true, and since } must become true within a �nite number of steps, theprotocol must reach such a critical state.We will now show that P(Sm) satis�es the conditions of Lemma 5.4.Informally stated, our proof strategy is the following argument by contra-diction. Assume that initially the claim does not hold. Since the reachable29



complex eventually shrinks to a single simplex, it eventually satis�es thedesired properties, so we can by Lemma 5.8 run the protocol to a criticalstate. We then analyze the possible interactions of the pending operationsto show that the reachable complex must have satis�ed the conditions tobegin with, yielding a contradiction.Lemma 5.9 For all pending index sets U , RU(s) is non-empty.Proof: If all pending operations in state s are scans, RU(s) includes thesimplex corresponding to one process executing solo from s. If there areprocesses with pending update operations, RU(s) includes the simplex cor-responding to the execution in which these processes execute the updates insome order and then one updating process executes solo until it decides. Ei-ther way, the resulting state is the same regardless of the order in which thepending update operations are executed, since updates to disjoint variablescommute and the state does not re
ect the results of the pending scans.Lemma 5.10 For every global state s and pending index set U , RU(s) isnon-empty and acyclic.Proof: By way of contradiction, assume the claim does not hold in somestate and pick an (m + 1)-process protocol � such that in some criticalstate s RU(s) is not acyclic. Such a critical state s exists because thereachable complex is eventually a single simplex, which is non-empty andacyclic (Lemma 2.5). Choose � so that m is minimal. If any process isdecided in s, then every simplex in every RU(s) includes that process'svertex, implying that RU(s) is a cone, which is acyclic by Lemma 2.5, acontradiction.Each simplex in RU(s) is reachable by an execution in which all pendingoperations in U occur before any other operation. Pick a canonical order forthe pending operations in U , and let s0 be the state reached by executingthe pending operations in that order.If the pending operations all commute, then any execution leading toa simplex in RU(s0) is equivalent to one in which the pending operationsexecute in the canonical order, thus RU(s0) = R(s), the reachable complexfor � from s. Since s is critical, the �rst pending operation executed ensuresthat all reachable complexes are henceforth acyclic. So RU(s) is acyclic.Otherwise, if operations fail to commute, both scans and updates mustbe pending. Let R be the index set of scanning processes. Clearly, RU(s)contains no vertexes of processes in R, since any such process observes (and30



thus writes into its �nal local state) whether its scan preceded pendingupdates. RU(s) is thus the reachable complex from s for the (m + 1 �jRj)-process protocol identical to � except that the processes in R do notparticipate. Because jRj > 0 and m is minimal, RU(s) is acyclic.Lemma 5.11 In any global state, the reachable complex is acyclic.Proof: In any global state s, RU(s) satis�es the conditions of Lemma 5.4for k = n + 2. Equation 2 is satis�ed vacuously for k = n + 2 (since thereare no index sets of size n + 2), and is satis�ed for smaller values of k byLemma 5.9. Equation 3 is satis�ed by Lemma 5.10. The claim follows bysetting u = 1.Corollary 5.12 For all Sm 2 In, P(Sm) is acyclic.Lemma 5.13 For all input simplexes Sm, P(Sm) is simply connected.Proof: It su�ces to prove that in every global state, the reachable complexis simply connected. Suppose not. Since the �nal state is simply connected,there exists a critical state s. By Lemma 5.10, each Hq(Rij) = 0, meaningthat each Rij is connected. By Lemma 5.9, each Rijk is non-empty. Theclaim follows from Lemma 5.4.Lemma 5.14 For any input simplex Sm, P(Sm) is m-connected.Proof: P(Sm) is simply connected (Lemma 5.13) acyclic (Corollary 5.12),so the claim follows immediately from Theorem 2.2 (Hurewicz).5.5 Properties of Protocol ComplexesThe previous section's results su�ce to show that if a protocol solves a task,then there exists a subdivision �(In) and a simplicial map � : �(In) ! Pn,but we need to prove some additional properties of Pn before we can showthat this map is chromatic.Our approach will be to build up � and � by induction on the skeleton ofIn, each time building the next dimension of the subdivision and map basedon the � and � de�ned for all lower dimensions. We need to show that thesimplicial map � can be extended to higher dimensions in a way that doesnot cause it to \collapse" simplexes, that is, send higher-dimensional inputsimplexes to lower-dimensional output simplexes. This property su�ces tomake the simplicial map chromatic because each vertex in the subdividedinput complex can just be colored with the id of its image.31



The �rst step in showing this \non-collapsing" property is to show thatin addition to being n-connected (Lemma 5.14), we must show that it islink-connected .De�nition 5.3 An n-complex Cn is link-connected if for all simplexes Tm 2Cn, lk(Tm; Cn) is (n�m� 2)-connected.Lemma 5.15 If Cn is link-connected, so is lk(Tm; Cn) for all Tm 2 Cn.Proof: lk(T p; lk(Tm; Cn)) = lk(T p � Tm; Cn):Lemma 5.16 For every input simplex Sn, and output simplex Tm 2 P(Sn),lk(Tm;P(Sn)) is (n�m� 2)-acyclic.Proof: The proof is nearly the same as the proof of Lemma 5.10, exceptthat we restrict attention to executions leading to output simplexes con-taining Tm. In any state where Tm is in the reachable complex, a processis enabled if executing its pending operation leaves Tm within the reach-able complex, and disabled otherwise. An execution is enabled if it consistsentirely of enabled operations.Following Lemma 5.8, any } that does not hold in some state but holdsin every �nal state reachable by an enabled execution has a critical state inwhich } does not hold, but any enabled operation will make } henceforthtrue for enabled executions.Let s be a state reached by an enabled execution, Pi an enabled pro-cess in s, and U a set of enabled processes. De�ne Q(s) = lk(Tm;R(s)),Qi(s) = lk(Tm;Ri(s)), and QU(s) = lk(Tm;RU(s)), where R, Ri, and RUare complexes from the proof of Lemma 5.10. The Qi(s) cover Q(s), andLemma 5.3 applies.Let s be a critical state for the property \Q(s) is (n�m � 2)-acyclic".As in the proof of Lemma 5.10, if the enabled operations are all scans orall updates, then they commute, and Q(s) is already (n � m � 2)-acyclic.So both scans and updates must be pending. Let R be the set of processids with pending scans in s. R and ids(Tm) are disjoint, because the �nalstate of any process in R depends on when its scan occurred with respectto enabled updates, but that state is �xed for processes in ids(Tm). SoR � ids(Tm), the complement of ids(Tm). For the same reason, ids(QU(s))and R are also disjoint,The commit point of an enabled execution occurs immediately after thelast scan by any process in ids(Tm). If Pj is in R, then its next updatewill not be enabled until after the commit point, because otherwise it would32



a�ect the scans of ids(Tm). Following a commit point, the �nal local statesof ids(Tm) are �xed, so all pending operations are henceforth enabled.We claim that if jU j � n�m, then QU (s) is non-empty. If jU j � n�m,then jRj � n � m � 1, so there exists a Pi in ids(Tm) but not in R. Wenow construct an enabled execution in which no process in R takes anysteps, but Pi eventually halts with a decision value. As noted above, anyenabled execution from s leaves processes in R disabled until the commitpoint. After the commit point Pi becomes enabled, and we can run it solountil it halts with an output value.We claim that QU (s) is (n �m � u � 1)-acyclic. QU (s) is Q(s) for the(n+ 1� jRj)-process protocol identical to � except that the processes in Rdo not participate. The values of n and u are both reduced by jRj > 0 andn is minimal, so RU(s) is (n�m� u� 1)-acyclic.Finally, we observe that the QU (s) satisfy the conditions of Lemma 5.4for k = n �m. The claim follows from Corollary 5.5.Lemma 5.17 For every input simplex Sn, and output simplex Tm 2 P(Sn),if n �m > 1, lk(Tm;P(Sn)) is simply connected.Proof: The proof is nearly identical to the proof of Lemma 5.16, exceptsubstituting simple connectivity for acyclicity, and Lemma 5.7 for Lemma5.4.From Lemmas 5.16 and 5.17 and Theorem 2.2 (Hurewicz), it follows that:Corollary 5.18 P(Sm) is link-connected.5.6 SpansDe�nition 5.4 Let A � B, and � : A ! C. A simplicial map  : B ! Cextends � if they agree on A.The following lemma appears in Glaser [22, Theorem IV.2].Lemma 5.19 Let A, B, and C be complexes such that A � B, and f :jBj ! jCj is a continuous map such that f restricted to jAj is simplicial.There exists a subdivision � of B such that �(A) = A, and a simplicial map� : �(B) ! cC extending the restriction of f to jAj.Lemma 5.20 Let A be an (m� 1)-sphere and � : A ! C a simplicial mapwhere C is (m � 1)-connected. A is the boundary complex of an m-disk Bwith a simplicial map  : B ! C extending �.33



Proof: Pick a vertex ~v a�nely independent of any vertex in A, and let A0be the complex ~v � A. Because A0 is a disk, and C is (m � 1)-connected, �can be extended to a continuous f : jA0j ! jCj simplicial on A. The claimthen follows from Lemma 5.19.De�nition 5.5 A simplicial map � : B ! C collapses a simplex Tm, m > 0,if dim(�(Tm)) = 0.Lemma 5.21 Let Am�1 be an (m � 1)-sphere, and � : Am�1 ! Cn asimplicial map where Cn is (m� 1)-connected and link-connected. Am�1 isthe boundary complex of an m-disk Bm with a simplicial map  : Bm ! Cnextending � such that  collapses no internal simplexes of B.Proof: Because Cn is (m� 1)-connected, Lemma 5.20 implies that thereexists an m-disk Bm with boundary complex Am�1 and a simplicial map : Bm ! Cn extending �. Let n be the least dimension for which the claimfails, and let  : Bm ! Ck be the map that collapses the fewest internalsimplexes of maximum dimension. We will argue by contradiction that thisnumber must be zero.Suppose  collapses an internal Tm 2 Bm to ~v. Let ~t be the barycenter ofTm, T m the complex of faces of Tm, and _T m�1 the complex of proper facesof Tm. De�ne �(T m) to be ~t � _T m�1, the complex constructed by joining ~twith the proper faces of Tm. This complex is a subdivision of T m [40, 3.3.8]that leaves the boundary complex unchanged, so replacing Tm in Bm with�(T m) yields a subdivision �(Bm). Pick ~u such that (~v; ~u) is a 1-simplex inCn. De�ne  0 : �(Bm)! Cn such that  0(~t) = ~u, and elsewhere  0 =  . Thecomplex �(Bm) and map  0 satisfy our conditions, but collapse one fewerm-simplex, a contradiction.Suppose  collapses an internal T p 2 Bm, p < m, to ~v, but collapsesno internal simplexes of higher dimension. Let ~t be the barycenter of T p,T p the complex of faces of T p, and _T p�1 the complex of proper faces ofT p. The vertexes of any Rm�p�1 2 lk(T p;Bm) are a�nely independent ofthe vertexes of T p, so ~t is a�nely independent of each Rm�p�1. Moreover,each ~t � Rm�p�1 is a simplex, and ~t � lk(T p;Bm) is a complex. BecauseBm is a manifold with boundary, Lemma 2.1 implies that lk(T p;Bm) is a(m � p � 1)-sphere, and hence ~t � lk(T p;Bm) is an (m � p)-disk. Because does not collapse any (p + 1)-simplexes,  does not send any vertex oflk(T p;Bm) to ~v, so  : lk(T p;Bm) ! lk(~v; Cn). Notice that lk(~v; Cn) is an(n�1)-complex that is (m�2)-connected because Cn (for our least dimensionn) is link-connected by Lemma 5.15.34



Because n is minimal by hypothesis, the conditions of the lemma ap-ply, and there exists an (m� p)-disk Em�p having lk(T p;Bm) as boundarycomplex, and a map  0 : Em�p ! lk(~v; Cn) that extends  and collapses nointernal simplex of Em�p. De�ne �(T p) to be Em�p � _T p�1. This subdivi-sion of T p leaves the boundary complex unchanged, so replacing T p in Bmwith �(T p) yields a subdivision �(Bm). De�ne  0 : �(Bm) ! Cn such that 0(~t) = ~u, and elsewhere  0 =  . De�ne  0 : �(Bm)! lk(~v; Cn) by 0(~x) = (  0(~x) ~x 2 �(T p) (~x) otherwiseThe complex �(Bm) and map  0 satisfy our conditions, but collapse onefewer p-simplex, a contradiction.De�nition 5.6 A span for In is a subdivision �(In) and a color-preservingsimplicial map � : �(In)! P(In), such that for every S` 2 In, � : �(S`)!P(S`).Theorem 5.22 Every wait-free protocol has a span.Proof: We will build up � and � by induction on the skeleton of In, asillustrated in Figure 18.For each ~v 2 In, de�ne �0(~v) = P(~v), the unique vertex in the protocolcomplex corresponding to a solo execution of process id(~v) with input val(~v).This map collapses no simplexes, and is carrier preserving.Assume inductively that we have a subdivision �k�1 and a carrier-preservingsimplicial map �k�1 : �k�1(skelk�1(In))! P(In)that collapses no simplexes. Let Sk be a simplex in skelk(In), Sk thecomplex of its faces, and _Sk�1 the complex of its proper faces. BecauseP(Sk) is k-connected (Lemma 5.14) and link-connected (Corollary 5.18),Lemma 5.21 implies that �k�1 : �k�1( _Sk�1) ! P( _Sk�1) can be extendedto �k : �k(Sk) ! P(Sk) so that on _Sk�1, �k and �k�1 agree, and so do�k and �k�1. The maps and subdivisions de�ned in this way agree on theintersections of their domains, so together they de�ne a subdivision �k+1and a carrier-preserving simplicial map�k : �(skelk(In))! P(skelk(In))that collapses no simplexes. 35



P (S 12)

P (S 01)

P (S 012)

σ (S 01)

σ (S 12)

σ (S 02)

σ (S 012)

P (S 02)
µ

µFigure 18: Inductive Span ConstructionThe desired subdivision � is �n, and the desired map � is �n. Because� : �(In) ! P(In) collapses no vertexes, each ~v 2 �(In) can be coloredwith id(�(~v)), implying that � is a chromatic subdivision.Theorem 5.23 If a decision task hIn;On;�i has a wait-free solution usingread-write memory, then there exists a chromatic subdivision �(In) and acolor-preserving simplicial map � : �(In) ! On such that for each simplexSm in �(In), �(Sm) 2 �(carrier(Sm)).Proof: Suppose a protocol exists. By Theorem 5.22, the protocol has aspan. Let � be the chromatic subdivision of In induced by the span, andlet �(~v) = �(�(~v)), the composition of the span map and the decision map.36



6 Su�ciencyIn this section, we show how to use the conditions of the AsynchronousComputability Theorem to construct a protocol.The basic intuition is that solving a decision task is really a form ofapproximate agreement [4, 18], in which processes start out preferring ver-texes \far apart" on the output complex, but after a process of negotiationeventually converge to the vertexes of a single output simplex. Formally:De�nition 6.1 The simplex agreement task hI;O;�i has an arbitrary in-put complex I, output complex O = �(I), a chromatic subdivision of I,and for all input simplexes Sm, �(Sm) is the set of m-simplexes in �(Sm).The conditions of Theorem 4.1 imply that any protocol that solves simplexagreement for an arbitrary chromatic subdivision of I is a universal protocol.Our construction has the following structure.� We introduce the standard chromatic subdivision of a complex I, de-noted �(I), and the iterated standard chromatic subdivision �k(I).This subdivision is a color-preserving analogue of the classical barycen-tric subdivision.� Simplex agreement on �(I) is solved by the \participating set" proto-col of Borowsky and Gafni [11]. Simplex agreement on �k(I) is solvedby iterating that protocol k times.� If �(I) is an arbitrary chromatic subdivision of I, then there exists aninteger k such that if K > k, there is a carrier-preserving simplicialmap � : �K(I)! �(I).Putting these results together, we have a universal protocol. If the subdivi-sion � and simplicial map � are given, then the value of K and the simplicialmap � may be computed o�-line. The processes �rst solve simplex agree-ment on �K(I). A process that chooses vertex ~v 2 �K(I) then chooses asits output value val(�(�(~v))).6.1 The Standard Chromatic SubdivisionWe start with a purely combinatorial de�nition of the standard chromaticsubdivision. (For an analogous combinatorial de�nition of the standardbarycentric subdivision, see [38, Lemma 15.3].) Let Sn = (~s0; : : : ; ~sn), whereid(~si) = Pi. 37
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Figure 19: Standard Chromatic SubdivisionDe�nition 6.2 In the standard chromatic subdivision of Sn, denoted �(Sn),each n-simplex has the form (hP0; S0i; : : : ; hPn; Sni), where Si is a face ofSn, such that (1) Pi 2 ids(Si), (2) for all Si and Sj , one is a face of theother, and (3) if Pj 2 ids(Si), then Sj � Si.We refer to the ~xi = hPi; Sni as the central vertexes of the subdivision. Thestandard chromatic subdivision of S2 is illustrated in Figure 19. Applyingthe standard chromatic subdivision repeatedly yields a subdivision �k(Sn).Applying it to every simplex in a complex Cn yields the complex �k(Cn).�(Sn) is a subdivision by the following homeomorphism� : j�(Sn)j ! jSnj:Assume inductively that there exist homeomorphisms�i : j�(facei(Sn))j ! jfacei(Sn)j:Let ~b =Pni=0(~si=(n+1)) be the barycenter of Sn, and � any value such that0 < � < 1=n. De�ne�hPi; Ski = ( �ihPi; Ski If Sk � facei(Sn):(1 + �)~b� �~si If Sk = Sn:The mesh of a complex is the maximum diameter of any simplex.Lemma 6.1 mesh(�(Sn)) � nn+1diam(Sn).38



Proof: We argue by induction on n. When n is zero, the claim is trivial.Let _Sn�1 be the boundary complex of Sn, �(Sn) the barycentric subdivi-sion, and ~b and ~bi the respective barycenters of Sn and face i(Sn). Assumeinductively that the claim holds for simplexes in �( _Sn�1). Each remainingcentral vertex ~xi has the form ~xi = (1 + �)~b � �~si, which lies on the linejoining ~b to ~bi. If ~x 2 �(facei(Sn)), then the edge (~x; ~xi) lies inside thetriangle (~x;~b;~bi), which lies inside a simplex in �(Sn). Since mesh(�(Sn)) �(n=(n + 1))diam(Sn) [38, Theorem 15.4], j~x � ~xij � (n=(n + 1))diam(Sn).Finally, j~xi � ~xj j = �j~si � ~sj j, and the claim follows because � < 1=n.Lemma 6.1 implies that by taking su�ciently large k, mesh(�k(I)) canbe made arbitrarily small.Initially: f[i] = n+2; view_f[j] = null for j in {1..n+1};S = empty;procedure participating-set(i: process id; f: shared array);repeatf[i] := f[i]-1;for j := 1 to n+1 do view_f[j] := f[j] od;S := {j | view_f[j] <= f[i]};until |S| >= f[i];return S;end participating-set;Figure 20: The Participating Set Protocol.6.2 Simplex AgreementLemma 6.2 There exists a wait-free solution to simplex agreement with in-put complex I and output complex �(I), the standard chromatic subdivision.Proof: Each process Pi must choose a face of Si of Sn such that (1) Pi 2ids(Si), (2) for all Si and Sj , one is a subset of the other, and (3) if Pj 2ids(Si), then Sj � Si. This is exactly the participating set problem ofBorowsky and Gafni [11], developed as part of their \immediate snapshot"algorithm. Their elegant wait-free solution appears in Figure 20. Borowsky[9] gives a proof of this algorithm.The following lemma is immediate.39



f[1..k][0..n], S[1..k][0..n], input[0..n]: shared array;Initially for all r in {1..k} f[r][i] = n+2;S[r][i] = empty;procedure simplex-agree(i: process_id;my_vertex: vertex value;k: refinement);input[i] := my_vertex;for r := 1 to k doS[r][i] := participating-set(i,f[r]);if r = 1then vertex[j,1] := <i,{input[k] | k in S[j,1]}>else vertex[j,r] := <i,{vertex[k,r-1] | k in S[j,r]}>return(�(�(vertex(i,k))));end simplex-agree;Figure 21: The Iterated Participating Set Protocol.Lemma 6.3 The iterated version of the participating set algorithm (Fig-ure 21) is a wait-free solution to simplex agreement with input complex Iand output complex �k(I), the iterated standard chromatic subdivision forany k > 0.6.3 Approximating Chromatic SubdivisionsWe start with some conventional de�nitions.De�nition 6.3 An open cover of a compact metric space C is a �nite col-lection U0; : : : ; Uk of open sets such that C � [ki=0Ui. A Lebesgue numberfor the covering is a � > 0 such that any closed set of diameter less than orequal to � lies entirely in one of the Ui.Lemma 6.4 ([38, p.89]) Every open cover of a compact metric space hasa Lebesgue number.De�nition 6.4 Given two chromatic subdivisions �(Sn) and �(Sn), a sim-plicial map � : �(Sn) ! �(Sn) is conservative if it is color and carrierpreserving. 40



Our main combinatorial result is to show that if �(Sn) is an arbitrarychromatic subdivision of Sn, then there exists a K such that for all k � K,there is a conservative simplicial map:� : �k(Sn)! �(Sn):As a �rst step, we show that given a subdivision of a simplex, the resultof \perturbing" a vertex within its carrier by a su�ciently small distance isstill a subdivision.De�nition 6.5 Let �(Sn) be a subdivision of Sn. An �-perturbation of�(Sn) is a complex �0(Sn) with a conservative map � : �(Sn) ! �0(Sn),bijective on vertexes, such that for all ~v, j~v � �(~v)j < �.To avoid cumbersome notation and diction, we will usually say \�(Sn)can be perturbed . . . " in place of explicit references to � 0 and �.Any simplex Sk determines a unique k-dimensional hyperplane, denotedhyper(Sk).Lemma 6.5 Let ~s and ~t0; : : : ;~tn�1 be points in jSnj. If ~s is a�nely in-dependent of the ~t0; : : : ;~tn�1, then so is every point within some � > 0 of~s.Proof: Suppose not. If every neighborhood of ~s 2 carrier(~s; Sn) containsa point a�nely dependent on the ~ti, then by examining successively smallerneighborhoods, one can construct a Cauchy sequence ~si, converging to ~s, sothat each ~si is a�nely dependent on the ~ti. The ~si lie in the hyperplanehyper(~t0; : : : ;~tn�1). Since this hyperplane is closed, it contains the limitpoint ~s, hence ~s itself is a�nely dependent on the ~ti, a contradiction.Lemma 6.6 If �(Sn) is a subdivision of Sn, then there exists � > 0, suchthat any �-perturbation of �(Sn) is also a subdivision of Sn.Proof: Because �(Sn) encompasses a �nite number of vertexes, it is enoughto show that any vertex ~s of �(Sn) can be perturbed by � > 0 within itscarrier. Let Ln�1i be a simplex in lk(~s; �(Sn)). Because ~s � Ln�1i is a sim-plex of st(~s; �(Sn)), ~s is a�nely independent of the vertexes of Ln�1i . ByLemma 6.5, every point within some �i > 0 of ~s is also a�nely independentof Ln�1i . Since the link contains only a �nite number of simplexes, we canlet � = min(�i). For any ~r within � of ~s, j~r � lk(~s; �(Sn))j = jstar(~s; �(Sn))jso the result of perturbing ~s within � remains a subdivision of Sn.41



Henceforth, all perturbations are assumed to be subdivisions. Note thatmesh(�0(Sn)) � mesh(�(Sn)) + 2�.De�nition 6.6 �(Sn) and �(Sn) are chromatically independent if for every~t 2 �(Sn) and Sk 2 �(Sn) such that id(~t) 62 ids(Sk), ~t and Sk are a�nelyindependent.Lemma 6.7 �(Sn) has an �-perturbation chromatically independent of any�(Sn).Proof: Given ~t 2 �(Sn) and Sk 2 �(Sn) such that id(~t) 62 ids(Sk),we show that ~t can be perturbed to be a�nely independent of Sk. Letcarrier(~t; Sn) have dimension c, and let C be the hyperplane determined bycarrier(~t; Sn). If the hyperplane H determined by Sk contains carrier(~t; Sn),then ids(carrier(~t; Sn)) � ids(Sk), which is impossible because id(~t) 62ids(Sk). The intersection of H and C is a hyperplane of dimension lessthan c, so any �-neighborhood of ~t in carrier(~t; Sn) contains points not onH . Moreover, the same property holds for any �nite collection of hyper-planes.Lemma 6.8 If �(Sn) and �(Sn) are chromatically independent, then forany Sk 2 �(Sn) and T ` 2 �(Sn), if ids(Sk) and ids(T `) are disjoint, thenso are jSkj and jT `j.Proof: Because ids(Sk) and ids(T `) are disjoint, k + ` < n, and because�(Sn) and �(Sn) are chromatically independent, jSkj and jT `j lie on non-intersecting hyperplanes.Lemma 6.9 If �(Sn) and �(Sn) are chromatically independent, then forany T 2 �(Sn), the setfst�(~s; �(Sn))jid(~s) 2 ids(T )gis an open cover of jT j.Proof: Any point not in the open cover lies in jSj; S 2 �(Sn), such thatids(S) and ids(T ) are disjoint. By Lemma 6.8, jSj and jT j are also disjoint.De�nition 6.7 Consider complexes B � C, and let �(B) be a subdivision.The relative subdivision �(B; C) is de�ned as follows. For all B 2 �(B), ifcarrier(B;B) � C 2 C, then B �C 2 �(B; C).42



De�nition 6.8 De�ne the extended star of a simplex T in C to best�(T; C) = [~t2T st(~t; C):The proof of the next lemma is left as an exercise for the reader.Lemma 6.10 If � is a subdivision of Sn, then diam(st�(Tn; �(Sn))) �3 � mesh(�(Sn)).De�nition 6.9 Let T be a complex whose polyhedron is contained in jSnj.A vertex ~t 2 T is covered in T by ~s if there exists ~s 2 �(Sn) such thatcarrier(~t; Sn) = carrier(~s; Sn), id(~s ) = id(~t ), and st(~t; T ) � st�(~s; �(Sn)).We now inductively construct a sequence of complexes Tn; : : : ; T0 (notethe decreasing index) with matching subdivisions �n; : : : ; �0, such that1. Tn = Sn.2. Tk has dimension at most k.3. Tk � �k+1(Tk+1).4. Every simplex T k 2 Tk has at least one vertex covered in Tk.By Lemma 6.9, the open stars of the vertexes of �(Sn) form an open coverof jSnj with Lebesgue number �n (Lemma 6.4), By Lemma 6.1, we can pickKn large enough that mesh(�Kn(Sn)) < �n=9. By Lemma 6.7, �Kn(Sn)has an �-perturbation �n chromatically independent of �(Sn). Perturbationadds at most 2�n=9 to the diameter of any simplex in the subdivision, somesh(�n(Sn)) � �n=3. By Lemma 6.10, every Tn 2 �n(Sn),diam(st�(Tn; �n(Sn))) � 3 �mesh(�n(Sn)) < �n;so st�(Tn; �n(Sn)) � st�(~s; �(Sn)) for some ~s 2 �(Sn). Since ids(Tn) in-cludes all n+ 1 processes, Tn has at least one vertex ~t covered in �n(Sn) bysome ~s 2 �(Sn). For all such ~t 2 Tn and ~s 2 �n(Sn) de�ne �(~t ) = ~s. LetTn�1 be the largest subcomplex of �n(Sn) containing all uncovered vertexes.As noted, Tn�1 has dimension at most n� 1.Inductively assume we have constructed �k+1 and Tk. Because �k+1 ischromatically independent of �, Lemma 6.9 implies thatnst�(~s; �(Sn))jcarrier(~s; Sn) = carrier(~t; Sn) ^ id(~s ) 2 ids(T k)o43



is an open cover of each T k. Because Tk is �nite, we can take �k to be theminimum of the Lebesgue numbers for all such coverings.By Lemma 6.1, we can pick Kk large enough that mesh(�Kk(Tk)) <�k=9. By Lemma 6.7, �Kk(Tk) has an �-perturbation �k(Sn) chromaticallyindependent of �(Sn). Perturbation adds at most 2�k=9 to the diameter ofany simplex, so mesh(�k(Tk)) � �k=3. For each T k 2 �k(Tk),diam(st�(T k; �k(Tk))) � 3 �mesh(�k(Tk)) < �k;so st�(T k; �k(Tk)) � st�(~s; �(Sn)), for some ~s such that id(~s ) 2 ids(T k).Every T k thus contains at least one vertex ~t covered in �k(Tk) by some~s 2 �(Sn). For all such ~t and ~s, de�ne �(~t ) = ~s, and let Tk�1 be the largestsubcomplex of �k(Tk) containing all uncovered vertexes.Inductively de�ne �k(Sn) = �k(Ti; �k+1(Sn));and let �(Sn) = �0(Sn).Lemma 6.11 ([40, 2.1.25]) A set of vertexes ~v0; : : : ; ~vm belong to a com-mon m-simplex of C if and only ifm\i=0 st�(~vi; C) 6= ;:Lemma 6.12 The vertex-to-vertex map � : �(Sn) ! �(Sn) is a conserva-tive simplicial map.Proof: It follows directly from the construction that � is color and carrier-preserving. It remains to check that � is simplicial. For any Tn = (~t0; : : : ;~tn)in �(Sn), the construction ensures that one can assign each ~ti 2 Tn a rank:the largest k such that ~t is covered in �k(Tk). If ~ti has rank less than orequal to ~tj , then ~ti 2 st�(�(~tj); �(Sn)). Any vertex of minimal rank is in theintersection of all st�(�(~ti); �(Sn)), so � is a simplicial map by Lemma 6.11.To show that �(Sn) is the image of an iterated standard chromatic sub-division, we need the following technical lemma.Lemma 6.13 Given colored complexes A;B, and C, B � C, and a conserva-tive map � : A ! C, there exists a conservative map  : �`(A) ! �`(B; C),that agrees with � on vertexes of A. 44



Proof: We claim that there exists a conservative map �1 : �(A) ! �(C)that agrees with � on vertexes of A. If ~v is a central vertex of �(An), de�ne�1(~v) to be the central vertex of �(�(An)) labeled with the same color.Iterating this construction yields a conservative map �` : �`(A) ! �`(C).We next de�ne a conservative map � : �`(C)! �`(B; C) by�(~v) = ( ~v if ~v 2 B~u 2 carrier(~v; C) such that id(~u) = id(~v) otherwise.The map  is the composition of �` and �.Lemma 6.14 There is a conservative simplicial map� : �Pni=0 Ki(Sn)! �(Sn):Proof: We inductively build up a family�k : �Pni=k Ki(Sn)! �(Sn):For the base case,  n : �Kn(Sn)! �n(Sn) is the identity map on �Kn(Sn),induced by the perturbation of �Kn(Sn) used to de�ne �n.For the induction step, Lemma 6.13 states that there exists a conservativemap � : �Pni=k Ki(Sn) ! �Kk (�k+1(Sn)). The map  k is the perturbationof � induced by the perturbation used to de�ne �k.Theorem 6.15 A decision task hI;O;�i has a wait-free protocol usingread-write memory if there exists a chromatic subdivision �(I) and a chro-matic simplicial map � : �(I)! Osuch that for each simplex Sm in �(I), �(S) 2 �(carrier(S)).Proof: Lemma 6.14 implies that for each Sni 2 I, we can �nd a Ki suchthat for all k > Ki, there exists a conservative map � : �k(Sn)! �(Sn). LetK = maxi(Ki), which is well-de�ned because I is �nite. On input simplexSn, the protocol has the following steps:1. Using the iterated participating set protocol, the processes agree on asimplex in �K(Sn).2. A process that chooses vertex ~x 2 �K(Sn) then chooses as its outputval(�(�(~x))).This completes the proof of the Asynchronous Computability Theorem.45



7 Renaming with a Small Number of NamesIn this section we use the Asynchronous Computability Theorem to provethe impossibility of solving the renaming task with a small number of names.7.1 Comparison ProtocolsA protocol is comparison-based if the only operations a process can performon process ids is to test for equality and order; that is, given two processids P and Q, a process can test for P = Q, P � Q, and P � Q, but cannotexamine the structure of the identi�ers in any more detail (e.g., it cannottest whether P is prime).Let A and B be complexes where each vertex is labeled with a processid, and possibly with a value. B is a recoloring of A if there exists a bijectivesimplicial map (not color-preserving)� : A ! Bthat is (1) order-preserving on process ids: if id(~u) < id(~v) then id(�(~u)) <id(�(~v)), and (2) value-preserving: if val(~v) is de�ned then val(~v) = val(�(~v)).Theorem 7.1 (ACT for Comparison-Based Protocols) A decision taskhIn;On;�i has a wait-free solution using read-write memory if and only ifthere exists a chromatic subdivision �(In) and a chromatic simplicial map� : �(In)! Onsuch that (1) for each simplex Sm in �(In), �(Sm) 2 �(carrier(Sm)), (2)any recoloring � : Sm0 ! Sm1 induces a recoloring �0 : �(�(Sm0 ))! �(�(Sm1 ))such that for every face S` of Sm0 , �0(�(�(S`))) = �(�(�(S`))).The second condition captures the notion that the behavior of comparison-based protocols does not change if processes are renamed in an order-preserving way. The proof of this theorem is almost identical to the proofof Theorem 4.1, except that it is necessary to check at each step of thespan construction that the equivalence-under-recoloring property continuesto hold.7.2 The Renaming ProblemIn the renaming task of Attiya et al. [6], processes are given unique inputnames from a large name space, and must choose unique output names taken46



from a smaller name space. More precisely, we are given a set of N� > 2n+1processes. In any execution, however, at most n + 1 of them participate.(Formally, the relation � is de�ned only on simplexes of dimension at mostn.) These participating processes are required to choose unique names inthe range 0; : : : ; K. In the message-passing model, Attiya et al. [6] showedthat renaming has a wait-free solution for when K � 2n+1, and none whenK � n+ 2. Bar-Noy and Dolev [7] extended their upper bound solution tothe shared read-write memory model. The protocols of Attiya et al. and ofBar-Noy and Dolev are both comparison-based. Whether a protocol existsfor n + 2 < K � 2n names remained open until 1993, when Herlihy andShavit [30] showed that no such protocol exists. Henceforth, by renaming,we mean the renaming task where K � 2n.Lemma 7.2 If a renaming protocol exists, then a comparison-based protocolexists.Proof: Assume we are given a wait-free renaming protocol �. We use thecomparison-based renaming protocol of Bar-Noy and Dolev as a �lter proto-col �. The participating processes �rst execute � to choose an intermediatename, and then they run �, where each process uses its intermediate nameas its process id. Note that intermediate names are unique, and lie in therange 0; : : : ; 2n. The composite protocol is clearly comparison-based, be-cause the original process ids are used only the comparison-based �, not in�.We use the converse of this lemma: if no wait-free comparison-based protocolexists, then no wait-free protocol exists. We exploit the additional symmetryproperties of Theorem 7.1 to show that no comparison-based protocol exists.It is also convenient to simplify the task by reducing the size of theoutput complex. Consider the following reduced renaming task.Reduced Renaming At most n+1 out ofN� processes participate in eachexecution. Each participating process chooses a binary value, and inevery execution where all n+ 1 processes choose a value, at least onechooses 0, and at least one chooses 1.Lemma 7.3 If a comparison-based renaming protocol exists, then so does acomparison-based reduced renaming protocol.Proof: Any comparison-based renaming protocol can be transformed intoa comparison-based reduced renaming protocol simply by taking the parityof the names chosen. 47



We now demonstrate the impossibility of comparison-based reduced renam-ing.Here is an informal summary of our proof strategy for three processes.Assume we have a comparison-based protocol for three-process reduced re-naming. Let S2 be an input simplex labeled with process ids P , Q, and R.The matching output complex O2 appears in Figure 22. This complex isconstructed by taking a binary 2-sphere over P , Q, and R, and removing theall-zero and all-one simplexes. The result can be viewed as a cylinder or anannulus: a ring with a hole in the middle. We will show that the simplicialmap � \wraps" the boundary of �(S2) around the hole in the output com-plex a non-zero number of times. This observation yields a contradiction,because a simplicial map is carrying the boundary of a \solid" region to theboundary of a \hole".
P 0

Q 0 R 0

Q 1R 1

P 1Figure 22: Reduced Renaming Output Complex O27.3 Orientation, Cycles, and BoundariesThis section presents some additional de�nitions needed for our proof. Ourdiscussion closely follows that of Munkres [38, Section 1.13], which the readeris encouraged to consult for more details.Let Sn = (~s0; : : : ; ~sn) be an n-simplex. An orientation for Sn is an equiv-alence class of orderings on ~s0; : : : ; ~sn, consisting of one particular orderingand all even permutations of it. For example, an orientation of a 1-simplex(~u;~v) is just a direction, either from ~u to ~v, or vice-versa. An orientation ofa 2-simplex (~u;~v; ~w) can either be clockwise, as in (~u;~v; ~w), or counterclock-wise (~u; ~w;~v). Any orientation of a simplex induces orientations on its faces.An n-manifold with boundary is oriented if each n-simplex is oriented in a48



way that each internal (n � 1)-simplex inherits opposite orientations fromits two containing n-simplexes. Any n-sphere can be oriented in this way.Given a simplex whose vertexes are colored by process ids, the standardorientation orders them by increasing process id.A d-chain is a formal sum of oriented d-simplexes: Pì=0 �i �Sdi , where �iis an integer. When writing chains, we typically omit d-simplexes with zerocoe�cients, unless they are all zero, when we simply write 0. We write 1 �Sdas Sd, �1 �Sd as �Sd, and Sd+ : : :+Sd (k times) as k �Sd. It is convenientto identify �Sd with Sd having the opposite orientation. The q-chains of Kform a free Abelian group Cq(K), called the q-th chain group of K.Let Sd = (v0; : : :vd) be an oriented d-simplex. De�ne facei(Sd), the ithface of Sd, to be the (d�1)-simplex (v0; : : : ; v̂i; : : : ; vd), where the circum
exdenotes omission. The boundary operator @q : Cq(K)! Cq�1(K), q > 0, isde�ned on simplexes: @qSq = qXi=0(�1)i � facei(Sq);and extends additively to chains: @q(�0+�1) = @q�0+@q�1. The boundaryoperator has the important property that applying it twice causes chains tovanish: @q�1@q� = 0: (8)(Henceforth, we sometimes omit subscripts from boundary operators.) Aq-chain � is a boundary if � = @� for some (q+ 1)-chain �, and it is a cycleif @� = 0. Equation 8 implies that that every boundary is a cycle. Twod-cycles � and � are homologous, written � � �, if �� � is a boundary.The chain complex C(K) is the sequence of groups and homomorphismsfCq(K); @g. Let C(K) = fCq(K); @g and C(L) = fCq(L); @ 0g be chain com-plexes for simplicial complexes K and L. A chain map � is a family ofhomomorphisms. �q : Cq(K)! Cq(L);that preserve cycles and boundaries: @ 0 � �q = �q�1 � @. Subdivision andsimplicial maps induce chain maps in the obvious way.We use the following facts ([38, Th.8.3]) about chain groups of spheres.Let the complex Bn�1 be an (n�1)-sphere, and let B be the cycle constructedby orienting the simplexes of Bn�1.Lemma 7.4 For q < n� 1, every q-cycle of Bn�1 is a boundary, and every(n� 1)-cycle is homologous to k �B, for some integer k.49



We refer to B as a generator for Bn�1.Let A � K be complexes. A deformation retraction of K onto A isa continuous map F : jKj � I ! jKj such that F (x; 0) = x for x 2 jKj,F (x; 1) 2 A for x 2 jKj, and F (a; t) = a for a 2 jAj. If such an F exists, wesay that A is a deformation retract of K. Every cycle of K is homologous toa cycle of A.Lemma 7.5 If the (n � 1)-sphere B is a deformation retract of K, thenevery q-cycle of K is a boundary, and every (n�1)-cycle of K is homologousto k �B, for some integer k.We also refer to B as a generator of K. If B and B0 are both generators ofK, then B � �B0.This paragraph is an aside for readers already somewhat familiar withstandard algebraic topology. The simplicial homology groups Hq(K) fora complex K are typically de�ned to be the quotient groups of the q-dimensional group of cycles by the q-dimensional group of boundaries. The-orem 7.4 reformulates the well-known result that the homology groups ofthe (n � 1)-sphere Bn�1 are trivial below (n � 1), and in�nite cyclic in di-mension n, generated by B. Lemma 7.5 is a special case of the well-knownclassical theorem [38, P.108] that any complex has the same homology as itsdeformation retracts.7.4 The Impossibility of RenamingLet Sn be an input simplex. The subdivision � induces a chain maps : C(Sn)! C(�(Sn));and the simplicial map � induces a chain mapm : C(�(Sn))! C(On):Let the chain map a : C(Sn)! C(O) denote the composition of s and m.Let �i : facen(Sn)! facei(Sn) be a recoloring, and �00i : �(�(facen(Sn)))!�(�(facei(Sn))) the matching recoloring guaranteed by Theorem 7.1. Theserecolorings induce chain mapsri : C(facen(Sn)) ! C(facei(Sn))and r0i : C(�(�(facen(Sn)))) ! C(�(�(facei(Sn))))50



that commute for all chains C,ri(a(C)) = a(r0i(C)): (9)It is also convenient to de�ne the chain map z : C(Sn) ! C(On) inducedby the vertex map that sends each ~si to hPi; 0i. This map also commuteswith r and r0i: ri(z(�)) = z(r0i(�)): (10)We now consider the e�ects of recoloring on the output complex homol-ogy. Let 0n 2 Bn be the all-zero n-simplex with standard orientation, and_0n�1 its boundary complex. Because the (n�1)-sphere _0n�1 is a deformationretract of On, @0n is a generator for On. Note that @0n = z(@Sn).LetOn�1i denote the subcomplex ofOn colored with process ids P0; : : : ; bPi; : : : ; Pn.On�1i is a binary (n � 1)-sphere. Let Bi denote the chain constructed byorienting each (n�1)-simplex of On�1i so that the all-zero simplex has stan-dard orientation (Figure 23). Because each On�1i is a deformation retractof On, each Bi is a generator for On. Note that r0i(Bn) = Bi. Algebraically,the generators Bi are related as follows:Lemma 7.6 Bi � (�1)i@0n.Proof: Since Bi and @0n are both generators for On, Bi � �@0n. Thesimplex facei(0n) is common to both Bi and @0n. It has the standard ori-entation in Bi, and (�1)i times the standard orientation in @0n.
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Lemma 7.7 For 0 � i < n, there is a chain mapd : Ci(Sn)! Ci+1(On)such that a(Sm)� z(Sm)� d(@Sm)is an m-cycle of On. Moreover, if r0i : C(Smm+1)! C(Smi ) is a recoloring,r0i(d(Sm�1)) = d(ri(Sm�1))for 0 � m < n.Proof: We argue by induction on m. When m = 1, ids(S1) = fi; jg.a(S1) and z(S1) are 1-chains with a common boundary hPi; 0i � hPj ; 0i, soa(S1)� z(S1) is a cycle, and d(hPi; 0i) = 0.Assume the claim for m, 1 � m < n � 1. By Lemma 7.5, every m-cycleis a boundary (for m < n� 1), so there exists an (m+ 1)-chain d(Sm) suchthat @d(Sm) = a(Sm)� z(Sm)� d(@Sm)Assume inductively that r0i(d(Sm�1m )) = d(ri(Sm�1)).@r0i(d(Smm+1)) = r0i �a(Smm+1)� z(Smm+1)� d(@Smm+1)�= a(ri(Smm+1))� z(ri(Smm+1))� d(@(ri(Smm+1)))= @d(ri(Smm+1))Taking the alternating sum over the faces of Sm+1 yields@d(@Sm+1) = a(@Sm+1)� z(@Sm+1)� d(@@Sm+1)= a(@Sm+1)� z(@Sm+1):Rearranging terms yields0 = @ �a(Sm+1)� z(Sm+1)� d(@Sm+1)� ;implying that C = a(Sm+1)� z(Sm+1)� d(@Sm+1)is an (m+ 1)-cycle.Theorem 7.8 There is no wait-free reduced renaming protocol.52



Proof: By Lemma 7.7,a(Sn�1n )� z(Sn�1n )� d(@(Sn�1n ))is an (n� 1)-cycle of On. Lemma 7.5 implies that this cycle is homologousto k � @Bn, for some integer k. Recall that r00i (Bn) = Bi.r00i �a(Sn�1n )� z(Sn�1n )� d(@(Sn�1n ))� = k � r0(Bn) = k �Bi:Recall that ri(Sn�1n ) = facei(Sn). Taking the alternating sum over the(n� 1)-dimensional faces of Sn yields:a(@Sn)� z(@Sn)� d(@@Sn) = nXi�0(�1)iBiBecause @@Sn = 0, z(@Sn) = 0n, and Bi � (�1)i@0n, (Lemma 7.6),a(@Sn) � (1 + (n+ 1)k) � @0n:Since there is no value of k for which (1+ (n+1)k) is zero, the cycle a(@Sn)is not a boundary, yielding the desired contradiction.Corollary 7.9 There is no wait-free read/write renaming protocol with 2nor fewer names.8 DiscussionSince the preliminary version of this paper was published, our simplicialmodel has yielded a variety of additional results. The analysis of the topo-logical properties of protocol complexes for protocols using more powerfulprimitives appears in a recent paper by Herlihy and Rajsbaum [29], and �rsttight topology-based lower bounds on certain tasks in the synchronous fail-stop model were presented by Chaudhuri, Herlihy, Lynch, and Tuttle [14].Attiya and Rajsbaum cast our topological model in a related \combinato-rial" representation [5]. Borowsky and Gafni [9, 11] have based a key partof the proof of their simulation method our proof and construction of spans.More recently, Herlihy and Rajsbaum used homology theory to derive fur-ther impossibility results for set agreement [29], and to unify a variety ofknown impossibility results in terms of the algebraic theory of chain mapsand chain complexes [26]. 53



The graph theoretic characterization of [8] does more than provide im-possibility results, it also provides an e�ective procedure for deciding if a taskhas a 1-resilient message passing protocol. It is natural to ask whether a sim-ilar decision procedure exists for our topological representation of wait-freeread/write protocols. In a recent announcement [20], Gafni and Koutsoupiasassert that the classical contractibility problem of algebraic topology can beused to show that it is undecidable whether 3-process tasks have wait-freeread-write protocols. Based on this idea, Herlihy and Rajsbaum [28] provethe stronger claim that for N processes it is in fact undecidable whether atask has a t-resilient protocol for all 1 < t < N .There are many directions in which the topological approach could beextended. Our current characterizations apply only to the class of decisiontasks, short-lived synchronization problems where each process chooses asingle output and halts. Most distributed and concurrent programs, how-ever, make use of long-lived data objects, which are repeatedly accessed byprocesses. Extending our characterizations to such ongoing computations isan interesting research direction.Our topological approach can give insight into complexity as well ascomputability. The unwritten thesis underlying our main computabilitytheorem is that solvable decision problems are those for which one can runan \approximate agreement" algorithm (in the style of [4]) on the underlyingsubdivided simplicial complex to converge to a single decision simplex. Inthe example shown in Figure 14, one level of subdivision su�ces to allow asimplicial map from input to output. In the corresponding algorithm, oneprocess had to perform two reads to allow convergence to a �nal output.The example suggests that there is an inherent relation between the level ofsubdivision necessary to allow a simplicial map, and the complexity of thematching \approximate agreement" style algorithm (e.g. [4, 18]) de�ned byit. We believe the topological approach has a great deal of promise for thetheory of distributed and concurrent computation, and that it merits furtherinvestigation.AcknowledgmentsWe wish to thank the many people whose comments have helped to improvethis paper over the past four years: Yehuda Afek, Hagit Attiya, ElizabethBorowsky, Alan Fekete, Eli Gafni, Nancy Lynch and her students, ShlomoMoran, Lyle Ramshaw, Mark Tuttle, and most of all to Sergio Rajsbaum.54
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