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Source to Source Optimizations of CLP(<Lin)Viswanath Ramachandran and Pascal Van HentenryckBrown University, Box 1910, Providence, RI 02912 (USA)fvr,pvhg@cs.brown.eduAbstractThis paper describes the design and implementation of an optimizing compiler for CLP(<Lin),a constraint logic programming language over linear real constraints. The compiler performs anumber of source to source optimizations which aim at replacing constraint solving, the basic oper-ation of the language, by assignments (when, at runtime, all but one variables have a �xed value)and tests (when, at runtime, all variables have a �xed value) These optimizations follow the 3R'smethodology which consists of re�ning, reordering, and removing constraints. The compiler usesabstract interpretation to decide when and how to perform the optimizations. The resulting system(40,000 lines of C, 10,000 of which concern the optimizations) has been evaluated experimentally.Our preliminary results indicate that substantial (often asymptotic) speedups can be obtained.Most of these speedups can be made arbitrary large, since they depend on the input size. This is,to our knowledge, the �rst operational compiler for CLP(<Lin) with these functionalities and the�rst implementation of reordering and constraint removal. It is also a convincing demonstrationthat abstract interpretation can be used to produce dramatic speedups for CLP(<Lin) programs.1 IntroductionConstraint logic programming (CLP) [9] is a generalization of logic programming where uni�cationis replaced by constraint solving as the basic operation of the language. Constraint solving makesit possible to preserve some traditional advantages of logic programming (e.g., the logical variableand reversibility of programs) even when arithmetic operations are involved. In addition, thecombination of constraint solving and nondeterminism (approximated by backtracking) makes theselanguages appealing for a variety of combinatorial search problems. CLP languages have been appliedto a variety of combinatorial search applications in areas.Constraint solving however is an expensive operation in general and it is natural for a compiler toaim at minimizing its use by replacing constraints by assignments and tests. An interesting method-ology to exploit this basic observation was proposed by Marriott and Stuckey [15] for CLP(<Lin),a constraint logic programming language over linear constraints. The key idea behind the method-ology consists of re�ning constraints into tests and assignments, removing redundant constraints(i.e., constraints which are implied by the constraint store), and reordering constraints to maximizere�nements and removals. Reordering is the most delicate optimization, since the compiler mustmake sure that the resulting program preserves the same search tree for the programs. This in turnguarantees the termination of the resulting program and makes sure that the \optimized" programcan never be signi�cantly slower than the unoptimized program.The purpose of this paper is to present the design and implementation of the �rst optimizingcompiler for CLP(<Lin) implementing this methodology. The compiler, which includes about 10,000lines only for the optimizations, uses abstract interpretation to collect the information necessary to1



p(X,Y,X) : �X � Z + 3,Y � Z,q(X,Y,Z). q(X,Y,Z) : �r(X,Y).q(X,Y,Z) : �Z � Y + 2. r(X,Y) : �X � Y + 2.Figure 1: A simple CLP(<Lin) program.perform the optimizations safely. In particular, it uses the generic abstract interpretation algorithmGAIA [11] instantiated to three abstract domains: Prop [13, 20] to deduce information on �xedvariables, RatOrder [1] to remove redundant constraints, and LSign [16, 19] to reorder constraintsand to determine unconstrained variables. The preliminary experimental results indicate thatsubstantial speedups can be obtained. In particular, on most of the benchmarks, the speedups areasymptotic, i.e., they depend on the size of the inputs.The main technical contribution of this paper is to present the �rst implementation of reorderingand constraint removal for CLP(<Lin) programs, to report the �rst implementation of the domainLSign, and to present the �rst implementation of a compiler integrating all these source to sourcetransformations. The main conceptual contribution of the paper is to show that sophisticated staticanalyses and source to source transformations can produce dramatic (often asymptotic) speedupsfor CLP(<Lin) programs. Much research has been devoted to abstract interpretation of CLP(<Lin)(e.g., [6, 7, 14, 16, 19]) but almost no experimental results have appeared to quantify the possiblebene�ts. The only exception we are aware of is the system described in [10] but no reordering orconstraint removal is performed in the system. As we show in this paper, reordering is probablythe most fundamental optimization.The rest of the paper is organized as follows. Section 2 gives a brief overview of CLP(<Lin).Section 3 gives an overview of the optimizations by means of a complete example. Section 4 presentsthe analyses used by the system, Section 5 describes the transformations, and Section 6 describessome additional functionality. Section 7 reports our preliminary experimental results, while Section8 concludes the paper.2 Overview of CLP(<Lin)In this section, we give an informal overview of CLP(<Lin). The reader interested in more detailscan refer to [8, 21]. CLP(<Lin) programs have essentially the same syntax as Prolog, the maindi�erence being that CLP(<Lin) programs also allow linear constraints over real numbers to appearin the bodies of clauses.1 In this article, variables are denoted by uppercase letters, constraints bythe letter c and conjunctions of constraints by the letter �.The operational semantics of the CLP scheme is a simple generalization of the semantics oflogic programming, at least from a conceptual standpoint. It can be described as a goal-directedderivation procedure from the initial goal using the program clauses. A computation state is bestdescribed by a goal part (i.e., the conjunction of goals to be solved) and a constraint store (i.e., theset of constraints accumulated so far). Initially the constraint store is empty, and the goal part is1The statements of the program may include nonlinear constraints but these constraints are assumed to becomelinear at runtime. We assume for simplicity that an error occurs otherwise.2



the initial goal. In the following, we denote computation states by pairs h G 2 � i, where G is thegoal part and � the constraint store. We use � to denote an empty goal part or constraint store. Toillustrate the operational semantics of CLP(<Lin), we use the simple program depicted in Figure 1.An example computation state occurring in this program ish q(X,Y,Z) 2 X�Z+3 & Y�Z i.A computation step (i.e., the transition from one computation state to another) can be of two typesdepending upon the selection of an atom or of a constraint in the goal part. In the �rst case,a computation step amounts to (1) selecting an atom in the goal part; (2) �nding a clause thatcan be used to resolve the atom; this clause must have the same predicate symbol as the atom,and the equality constraints between the goal and head arguments must be consistent with theconstraint store; (3) de�ning the new computation state as the old one where (a) the selected atomhas been replaced by the body of the clause and (b) the equality constraints have been added tothe constraint store. In the second case, a computation step amounts to (1) selecting a constraintin the goal part that can be satis�ed with the constraint store; (2) de�ning the new computationstate as the old one where the selected constraint has been removed from the goal part and addedto the constraint store. For instance, given a computation stateh q(X,Y,Z) 2 X�Z+3 & Y�Z ia computation step can be performed using clause (2) of q to obtain a new computation stateh Z�Y+2 2 X�Z+3 & Y�Z i.Another computation step leads to the con�gurationh � 2 X�Z+3 & Y�Z & Z�Y+2 i;since the resulting constraint store is satis�able.A computation state is terminal if the goal part is empty or no clause can be applied to theselected atom to produce a new computation state or if the selected constraint cannot be satis�edwith the constraint store. A computation is simply a sequence of computation steps that eitherends in a terminal computation state or diverges. A �nite computation is successful if the �nalcomputation state has an empty goal, and fails otherwise.Note that the results of the computation are the constraint stores of the successful computations.Also, nothing has been said so far on the strategy used to explore the space of computations. MostCLP languages use a computation model similar to Prolog: atoms are selected from left to rightin the clauses; clauses are tried in textual order; and the search space is explored in a depth-�rstmanner with chronological backtracking in case of failures. For instance, on the simple program,a CLP language typically uses clause (1) for p, then clause (1) for q, and �nally encounters afailure when trying to solve r. Execution then backtracks to clause (2) of q, giving a successfulcomputation.3 Overview of the Compiler OptimizationsOur compiler performs high-level optimizations, transforming the source program into anothersource program which may contain, not only constraints, but also assignments and tests as basic3



operations. An assignment is of the form Var := Exp which, when executed, assumes that Var isan unconstrained variable while Exp is a �xed expression (i.e., an expression whose variables are�xed to a value). A test is of the form Exp1 ?> Exp2, Exp1 ?� Exp2, Exp1 ?= Exp2, Exp1 ?<Exp2, and Exp1 ?� Exp2, where Exp1 and Exp2 are �xed expressions. The compiler is organizedin four main phases: normalizing, reordering, removal, and re�nement.To illustrate the various phases, consider the mortgage program mg(P,T,R,B) relating a loan'sprincipal (P) and a time period (T) with the monthly repayment (R) and the �nal balance (B) asfollows:2mg(P,0,R,P*1.01-R).mg(P,T,R,B) :- T > 0, P � 0, mg(P*1.01 - R,T-1,R,B).We illustrate the optimizations when mg is used with P and R �xed (i.e., they are constrained totake a value) and T and B are unconstrained. Note that the various uses of a predicate in a programcan be obtained automatically by abstract interpretation3 and that several versions of the programcan be generated when the predicate is used in multiple ways.The �rst phase of our compiler consists of normalizing the program to make constraints explicitin order to ease analysis and optimization. On our running example, this phase produces theprogrammg(P,T,R,B) :- T = 0, B = P*1.01 - R.mg(P,T,R,B) :- T > 0, P � 0, P1 = P*1.01 - R, T1 = T - 1, mg(P1,T1,R,B).The second phase of our compiler tries to move constraints to a place in the clause where, roughlyspeaking, they can be specialized into tests or into assignments. More precisely, an inequality ismoved to a place where all its variables are �xed at runtime, while an equation is moved to a placewhere all its variables or all its variables but one are �xed at runtime. In reordering goals in a clause,the compiler should make sure that the search space explored by the program is preserved in order toguarantee termination and to avoid signi�cant slowdowns.4 On our running example, our compilerpostpones T > 0 in the second clause until after the recursive call. Informally speaking, this ispossible due to the fact that T > 0 is always consistent with the input constraint store for mg andthat T1 is necessarily positive on return of the recursive call. Hence, T > 0 cannot prune the searchspace. Our compiler proves this formally by the LSign analysis. Note also that, when postponeduntil after the recursive call, T > 0 may be specialized into a test, since T is �xed. Similarly, T1 =T - 1 can be moved until after the recursive call, since T is now unconstrained before the recursivecall and hence it cannot prune the search space. The resulting program becomes:mg(P,T,R,B) :- T = 0, B = P*1.01 - R.mg(P,T,R,B) :- P � 0, P1 = P*1.01 - R, mg(P1,T1,R,B), T = T1 + 1, T > 0.2The program does not contain the interest rate as a parameter in order to keep the presentation of the paperas simple as possible. Including it as a parameter would complicate the analysis results presented later due to thepresence of the nonlinear constraint. Our experimental results are expressed in terms of the general program.3This assumes of course that users specify the top-level goal of the program and an input pattern which, roughlyspeaking, speci�es which arguments are results and which are data.4It is extremely di�cult to guarantee that the \optimized" program is at least as e�cient as the unoptimized pro-gram, since the constraint solver (based on the simplex algorithm) may be sensitive to the ordering of the constraints.No case of slowdowns was observed on our benchmarks however.4



It is important to note that there may be several places where a constraint can be moved. Ourcompiler uses simple heuristics at this point: it chooses the �rst place where the constraints can bespecialized. Future work will investigate various other options.The third phase of the compiler consists of detecting redundant constraints (i.e., constraintsimplied by the constraint store each time they are selected). These constraints can be removed,since they do not add information to the constraint store. In our running example, this is the caseof T > 0 after reordering, since, informally speaking, the second argument is assigned to zero inthe �rst clause and incremented by one in the recursive clause.5 Once again, this fact can be provenformally through abstract interpretation. The resulting program is as follows:mg(P,T,R,B) :- T = 0, B = P*1.01 - R.mg(P,T,R,B) :- P � 0, P1 = P*1.01 - R, mg(P1,T1,R,B), T = T1 + 1.The fourth phase of the compiler specializes constraints into tests and assignments wheneverpossible. A constraint can be specialized into a test if the compiler shows that, at runtime, all itsvariables are �xed. An equation V = Exp can be transformed into an assignment if the compilershows that, at runtime, V is unconstrained and Exp is a �xed expression. In our running example,it can be shown that, after reordering and removal, T and B are unconstrained in all calls to mg. Asa consequence, the constraints in the �rst clause becomes assignments, while the second clause hastwo assignments and a test.mg(P,T,R,B) :- T := 0, B := P*1.01 - R.mg(P,T,R,B) :- P ?� 0, P1 := P*1.01 - R, mg(P1,T1,R,B), T := T1 + 1.It is interesting to observe at this point that the resulting program does not invoke the constraintsolver. It is essentially a Prolog program enhanced with a rational arithmetic component. Asa consequence, traditional Prolog transformations and optimizations can now be applied. Forinstance, in our running example, the techniques of [5] can be used to transform our �nal programinto a tail-recursive program. Similarly, e�cient instructions can be generated for the tests andassignments. These additional optimizations are orthogonal to the contents of this paper and arenot discussed here.4 Program AnalysisOur compiler performs a series of analyses to infer the runtime properties necessary to carry out theoptimizations. It uses abstract interpretation [3], a systematic method to develop static analyses. Inparticular, the compiler uses the abstract interpretation system GAIA [11] on three di�erent domains:LSign, RatOrder, and Prop. This section contains an informal review of these components.4.1 The Abstract Interpretation FrameworkThe abstract interpretation framework used by the compiler is a natural extension to CLP of ourlogic programming framework [11]. It follows the traditional approach to abstract interpretation[3].5Note that this constraint is useful for other uses of the program.5



As is traditional in abstract interpretation, the starting point of the analysis is a collectingsemantics for the programming language. Our concrete semantics is a collecting �xpoint semanticswhich captures the top-down execution of constraint logic programs using a left-to-right computa-tion rule and which ignores the clause selection rule. The semantics manipulates sets of constraintstores, i.e. multisets of linear constraints. Two main operations are performed on constraint stores:addition of a constraint to a constraint store and variable elimination. The semantics associateswith each predicate symbol p in the program a set of tuples of the form (�in; p;�out) which can beinterpreted as follows:\the execution of p(x1; : : : ; xn) ^ � with � 2 �in produces a set of constraint storesf�1; : : : ; �n; : : :g, all of which belong to �out."The second step of the methodology is the abstraction of the concrete semantics. Our abstractsemantics consists in abstracting a set of constraint stores by a single abstract store, i.e. an abstractstore represents a set of constraint stores. As a consequence, the abstract semantics associates witheach predicate symbol p a set of tuples of the form (�in; p; �out) which can be read informally asfollows:\the execution of p(x1; : : : ; xn) ^ � with � satisfying the property described by �inproduces a set of constraint stores �1; : : : ; �n; : : :, all of which satisfy the property �out."�in is called an input store of p while �out is called an output store. In our approach, the linkbetween the abstract and the concrete domain is given by a monotone concretization function. Theabstract semantics assumes a number of operations on abstract stores, in particular addition of aconstraint, projection, and upper bound. The �rst two operations are consistent approximationsof the corresponding concrete operations. The upper bound operation is a consistent abstractionof union of sets of constraint stores.The last step of the methodology consists of computing the least �xpoint or a post�xpoint of theabstract semantics using an algorithm such as GAIA [12] or PLAI [18]. Both of these are top-downalgorithms computing a small, but su�cient, subset of least �xpoint (or of a post�xpoint) necessaryto answer a user query.>From the abstract interpretation results, our current optimizing compiler uses basically twopieces of information for each predicate p in the program. First, it uses the output store �outdescribing the constraint stores obtained by running p on an empty constraint store. This outputstore is called the output description of p. Second, it collects all the input abstract stores �inencountered when analyzing the program for the query. These abstract stores, which describe allpossible constraint stores than can be encountered when p is called, are summarized into a singleabstract store that we call the input description of p. This input description of course characterizesall input stores for p encountered at runtime. The fact that these two descriptions su�ce to producegood results comes from the nature of the abstract domains.4.2 The Domain LSignThe domain LSign [16, 19] is fundamental for the reordering phase and for detecting unconstrainedvariables in the re�nement phase. Its two critical ideas are the replacement of coe�cients bytheir signs and the association of multiplicity information with constraints. A sign is an elementof f0;�;	;>g, where � denotes the (strictly) positive real numbers, 	 denotes the (strictly)6



negative real numbers, 0 denotes zero, and > denotes all real numbers. An abstract constraint isan expression of the form s0 op Pni=1 sixi where si is a sign and op is a relational operator (e.g., �).An abstract constraint denotes the set of constraints obtained by replacing the signs by coe�cientsin their denotations.Example 1 The abstract constraint � = 	x1 +>x2 represents both the constraint 3 = �x1 + x2and 3 = �x1 � x2 but not the constraint 3 = x1 � x2.The second key concept is the notion of an abstract constraint with multiplicity which representsa multiset of constraints. The multiplicity information speci�es the size of the multiset. Weconsider three multiplicities, One, ZeroOrOne, and Any, which are used respectively to representa multiset of size 1, a multiset of size 0 or 1, or a multiset of arbitrary size. An abstract constraintwith multiplicity is the association of an abstract constraint and a multiplicity. It denotes sets ofabstract stores (i.e., multiset of constraints).Example 2 The abstract constraint with multiplicity h� = 	x1 + >x2;Onei represents onlymultisets of size 1, e.g., f3 = �x1 + x2g. h� = 	x1 + >x2;Anyi represents multisets of any size,e.g., ;, f3 = �x1 + x2g and f3 = �x1 + x2; 3 = �x1 � x2g.An abstract store is a set of abstract constraints with multiplicities. An abstract store obviouslydenotes a set of constraint stores. An LSign description is a �nite set of abstract stores. Note thatit would be su�cient to use abstract stores as LSign descriptions but the use of their powerset asabstract domain enhances precision signi�cantly in many examples.Example 3 The abstract store fh� = 	x1 + >x2;Onei ; h� = 	x1 + �x2;Anyig representsconstraint stores with at least one constraint, e.g., f3 = �x1 + x2 ; 2 = �x1 + 3x2g.Note that abstract operations on this domain are non-trivial and use abstract versions of Fourierand Gaussian elimination. See [16, 19] for the details. We now illustrate the domain LSign on ourrunning example. The top-level query, where P and R are �xed, is associated with the abstractstorefh > = �P , One i,h > = �R , One igstating that P and R are �xed to a real number. The output description for program mg is as follows:f fh 0 = �T , One i,h 0 = �P + 	R + 	B , One ig,fh 0 < �T , One i,h 0 � �P , One i,h � = �T , One i,h 0 = �P + 	R + 	B , One ig,fh 0 < �T , One i,h 0 � �P , One i,h � = �T , One i,h 0 � �P + 	R , One i,h 0 � �P + 	R , Any i,h 0 = �P + 	R + 	B , One iggThe �rst abstract store represents the results of the �rst clause. It requires the time period to bezero and it imposes the constraint linking the remaining variables. The second abstract store is theresult of the second clause, when the recursive call uses the �rst clause once. The third abstractstore is the result of the second clause when the recursive call uses the second clause at least once(and �nitely often) and the �rst clause once. The input description for mg, which captures allconstraint stores used as input for mg, is as follows:7



f fh > = �P , One i,h > = �R , One ig,fh > = �R , One i,h 	 < �T , One i,h > = �P + �R , One ig,fh > = �R , One i,h 	 < �T , One i,h > � 	R , One i,h 	 < �T , Any i,h > � 	R , Any i,h > = �P + �R , One iggIt contains of course the query but also many other abstract stores which characterize constraintstore occurring at runtime as input to mg. For instance, the second abstract store captures thestores encountered for the �rst recursive call to mg.4.3 The Domain PropThe domain Prop [14, 20] is an e�ective domain to compute groundness information for Prolog.It can be extended easily to infer �xed variables in CLP (e.g. [7]). Its key idea is to representthe information through a Boolean formula. Informally speaking, a formula x $ y means that,whenever x is �xed, y is �xed and vice-versa. A formula x ^ y ! z means that, whenever x and yare �xed, z is �xed as well. An equation x = y is abstracted by a formula x$ y, while an equationa0 = a1x1 + : : :+ anxn is abstracted by a set of formulax1 ^ : : :^ xn�1 ! xn;x1 ^ : : :^ xn�2 ^ xn ! xn�1;: : :x2 ^ : : :^ xn ! x1:Inequalities are abstracted by 1, i.e., they are not used to infer �xed variables. We now illustratethe domain Prop on our running example. The output description for mg is the Boolean formulaT ^ (R P ^ B) ^ (P R ^ B) ^ (B P ^ R)It states that T has a �xed value and speci�es the relationship between the other variables. Theinput description for mg is the Boolean formulaP ^ Rstating that all calls to mg have �xed values for P and R.4.4 The Domain RatOrderThe domain RatOrder is used for the detection of redundant constraints. It approximates infor-mation about arithmetic relationships by rational order constraints, i.e. binary constraints of theform x � y and unary constraints of the form x � c, where x; y are variables, � 2 f>;�;=;�; <g,and c is a real number. For instance, a constraint x � y + 2 is approximated by a constraint x > yin this domain. Consider the programmg(P,T,R,B) :- T = 0, B = P*1.01 - R.mg(P,T,R,B) :- P � 0, P1 = P*1.01 - R, mg(P1,T1,R,B), T = T1 + 1, T > 0.GAIA on this domain produces the output description fT1 � 0 & T > T1g for the program point justbefore constraint T > 0. From this information, it is easy to conclude that T > 0 is redundant.8



5 Program TransformationsIn this section, we discuss in more detail how the compiler performs the optimizations giventhe result of the analysis. Figure 2 depicts the overall organization of the compiler.5.1 ReorderingReordering is the most complicated phase of the compiler. This phase �rst performs LSign andProp analyses on the normalized program. The Prop analysis is necessary to identify where tomove constraints, while the LSign analysis is needed to determine if the move is acceptable.6 Tounderstand when a reordering is possible, it is interesting to reconsider the operational semantics.Consider a clausep :- g1; : : : ; gi; c; gi+1; : : :and assume that the compiler is interested in moving constraint c after goal gi+1. When p is calledwith a constraint store �, this move is acceptable if (1) all solutions to hg1; : : : ; gi 2 �i are alsosolutions of c; and (2) all solutions to hg1; : : : ; gi+1 2 �i are also solutions of c. This guaranteesthat c does not prune the search space in this pre�x and can be moved past gi+1. Note also thatcondition (2) alone is not su�cient, since c may prune the search space before gi+1 and the programpostponing c may be much less e�cient than the original program or may even diverge. Finally,observe that it is necessary to make sure that these conditions are veri�ed for all constraint storesoccurring at runtime.The LSign analysis produces a representation of these constraints stores: this is the input storefor p. In addition, this information can be used to produce a representation of the constraint storesoccurring at the program point just before constraint c. Denote this representation �. The �rstproof obligation consists of showing that every satis�able store � in the denotation of � is consistentwith c.To explain the way this can be proven using LSign, the following reasoning is helpful. Thesatis�ability of � ^ c is equivalent to the satis�ability of 9V � ^ c, where V are the variables of �which do not appear in c. In addition, 9V � ^ c is equivalent to (9V �) ^ c, by de�nition of V . Thesatis�ability of (9V �)^c can be tested by computing 9W (9V �)^c, where W are all the variablesof c.The same reasoning can be applied using LSign descriptions because of the consistency of theabstract operations. The consistency check becomes as follows:1. Project � on the variables of c to obtain �c;2. Add the abstraction of c (i.e., the constraint where the coe�cients have been replaced bysigns) to �c in order to obtain �s;3. Eliminate all variables from �s to produce �r;4. Test if �r is always satis�able, i.e., if it contains only constraints of the form 	 � 0, 	 � �,0 � 0, 0 � �, 	 < 0, 	 < �, 0 < �, and 0 = 0.6The astute reader has probably realized that this means that the Prop information needs to be recomputed.Fortunately, the recomputation is only local to the clause being optimized.9
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Note that it is only necessary to consider the satis�able stores in �. As a consequence, it is usefulto eliminate obvious sources of inconsistencies from �c (e.g., all constraints without variables) toincrease the precision of the abstract test.The second proof obligation mentioned previously follows the same lines. The compiler considersthe clausep :- g1; : : : ; gi; gi+1; c; : : :and must show that constraint c does not prune the search space. The same techniques as for the�rst proof obligation can be used. We now illustrate this on our running example. Consider thenormalized programmg(P,T,R,B) :- T = 0, B = P*1.01 - R.mg(P,T,R,B) :- T > 0, P � 0, P1 = P*1.01 - R, T1 = T - 1, mg(P1,T1,R,B).and assume that the compiler tries to move constraint T > 0 after the recursive call. The �rstproof obligation consists of checking whether T > 0 is always consistent with the input store of mgwhich were depicted previously. When projected on T, the input store becomesffh 	 < �T , One ig, fh 	 < �T , One i,h 	 < �T , Any ig g.Adding the abstraction of the constraint producesf fh 	 < �T , One i, h 0 < �T , One ig,fh 	 < �T , One i,h 	 < �T , Any i, h 0 < �T , One igg.All the stores in the denotation are obviously satis�able, since the projection gives us the emptyset of constraints. The second proof obligation must show that T > 0 can be moved after P � 0,after P1 = P*1.01 - R, after T1 = T - 1, and after the recursive call. Consider the last step ofthis proof. The compiler considers the clausemg(P,T,R,B) :- P � 0, P1 = P*1.01 - R, T1 = T - 1, mg(P1,T1,R,B), T > 0.and the LSign description after the recursive call. This (complicated) description, when projectedon T, produces the descriptionf fh � = �T , One ig gwhich is obviously consistent with T > 0.5.2 Constraint RemovalThis phase receives the reordered program and performs the RatOrder analysis on the reorderedprogram. Each constraint in each clause is then considered for constraint removal. Consider therunning example again. The program at this stage is as follows:mg(P,T,R,B) :- T = 0, B = P*1.01 - R.mg(P,T,R,B) :- P � 0, P1 = P*1.01 - R, mg(P1,T1,R,B), T = T1 + 1.The RatOrder analysis produces the description fT1 � 0; T > T1g for the program point just beforeconstraint T > 0, showing that the constraint is redundant.11



5.3 Re�nement PhaseAfter constraint removal, the re�nement phase considers all constraints in all clauses and specializesthem whenever possible. It perform both a Prop analysis and an LSign analysis on the programobtained after reordering and removal. The specialization of inequalities only uses the results ofProp and produces a test whenever all variables are �xed. The specialization of equations also usesthe results of LSign to determine unconstrained variables. Consider the running example duringthis phase:mg(P,T,R,B) :- T = 0, B = P*1.01 - R.mg(P,T,R,B) :- P � 0, P1 = P*1.01 - R, mg(P1,T1,R,B), T = T1 + 1.In the second clause, the �rst inequality is transformed into a test, since P is �xed in the inputdescription of mg. Since R is also �xed and since P1 is unconstrained, the second constraint can betransformed into an assignment. Similar reasoning can be applied for the remaining constraints toobtain the �nal program.6 Additional FunctionalitiesThe compiler has a number of additional functionalities that have not been discussed so far. Wemention brie
y some of them in this section. Many programs contain constraints that are nonlinearin the original programs but are linear at runtime due to the initial constraint store. Our compileranalyzes these programs as well. The main problem occurs in the domain LSign. The domain Propcan be used to determine which variables become ground at runtime so that they can be replacedby a sign. Finally, our compiler specializes constraints even if they cannot be fully transformed intotests and assignments. These optimizations are at the level of the abstract machine and cannot bedescribed in this paper for space reasons.7 Experimental ResultsThe purpose of this section is to evaluate the e�ect of the optimizations on a number of typicalbenchmarks. The benchmarks are relatively small, since most large CLP(<Lin) programs use Prologterms in addition to linear constraints and our analyzer has a very naive handling of functors atthis stage. Nevertheless, the benchmarks indicate clearly the potential of the optimizations. Mostof the programs are also multi-directional and they are run with various modes: u stands for anunconstrained variable while f stands for a �xed variable. Program, Integer can be used eitherto check if its argument is a non-negative integer or to generate the non-negative integers. Inthe results, it is used to generate the �rst 250 integers. The next three programs, Exp2(N,R),Sum(N,R) and Factorial(N,R) are programs that compute 2N , the sum of the �rst N integers,and N ! respectively. Fibonacci(N,S) is the well known recursive program to compute the N thFibonacci number. Length is the program to compute the length of a list. Mortgage is our runningexample, except that the interest rate is a argument. In our benchmarks, we have used an interestrate of 1% per month and a monthly repayment of 2 units; the �nal balance is unconstrained.The value of the principal and time period vary to illustrate various tradeo�s in the optimizations.Ode-euler [17] is a program solving the ordinary di�erential equation y0 = t numerically usingEuler method. Some of the programs (Factorial, Mortgage and Ode-euler) are syntactically12



Program Mode Description UnOpt Opt Speedup AnnotationInteger f Is 25000 an integer? 1350 1200 1.12 REFu Generate 0 : : : 250 5340 320 16.69 REO,REF,REMExp2 fu 225 20 10 2.00 REO,REF,uf lg 225 90 10 9.00 REO,REF,REMuu Generate (0; 1) : : : (25; 225) 150 10 15.00 REO,REF,REMSum fu 0 + 1 + : : : + 500 270 30 9.00 REO,REF,uf N s.t. 0 + 1 + : : :+N = 125250 24020 20440 1.18 REO, REMuu Generate (0; 0) : : : (500; 125250) 36379 2520 14.44 REO,REF,REMFactorial fu 40! 40 times 2260 80 28.25 REO,REF,Fibonacci fu 15th Fibonacci number 630 90 7.00 REO,REFuf N s.t. 987 is N th Fibonacci number 8820 2540 3.47 REFuu Generate (0; 1) : : : (15; 987) 8840 780 11.33 REO,REFLength fu Length of a list of length 500 10520 10 1052.00 REO,REF,REMMortgage ��u Principal = 100; T ime = 50 2060 1740 1.18 REF��u Principal = 200; T ime = 100 30 20 1.50 REFfu�u Principal = 100; T ime = 0 : : : 50 3970 2990 1.33 REO,REF,REMfu�u Principal = 200; T ime = 0 : : : 100 1070 80 13.37 REO,REF,REMOde-Euler ��u Compute �nal y value 1250 1129 1.11 REFfu�f Compute initial y value 1610 1130 1.42 REO,REF,fu�u Relate inital and �nal y values 1390 1310 1.06 REFTable 1: Experimental Results: Comparaison of the Running Timesnon-linear, but the queries make them linear at runtime. The benchmarks compare the optimizingcompiler with the standard compiler. They both generate code for the same runtime system whichis a WAM-based compiler with special intructions for tests and assignments. The runtime systemuses in�nite precision integers to guarantee numerical stability.Table 1 reports the computation times of the two systems and their ratios. It also speci�es whichoptimizations have been performed. REO indicates that constraints were reordered, REF indicatesthat constraints were re�ned to tests or assignments and REM indicates that (redundant) constraintswere removed from the program. The speedups vary from 1.06 on one of the Ode-euler query to1052 on the Length program. Eight programs exhibit speedups greater than 10 and only eightprograms exhibit speedups lower than 2. The speedup on Length illustrates that the optimizationscan produce more than constant factors of improvement. In Length, the speedup depends on thelength of the input list. Reordering and re�nement make it possible to bypass calls to the constraintsolver completely, avoiding the costly Gaussian elimination in the solver which takes place in theoriginal program. Reordering has a similar e�ect on most of the other benchmarks for certainqueries and the speedup depends on the size of numbers in these problems. These speedups alsoindicate the importance of reordering, which is the most fundamental optimization of the three.When no reordering takes place, re�nement still produces interesting speedups (up to 3.47) butthey are not as dramatic. Mortgage also illustrates a side-e�ect of reordering that we did notexpect. As mentioned previously, the system uses in�nite-precision numbers but it makes an e�ort(especially in the interface between the engine and the solver) to keep numbers in standard integertechnology as long as no over
ow occurs. When a program is reordered, it is possible that it canbe run without in�nite precision numbers at all. When this happens, the speedups are magni�edand this explains the discrepancy between the speedups of Mortgage with a value 200 and with avalue 100 for the principal. 13



Program Mode 1st phase 2nd phase 3rd phase TotalInteger f 170 40 180 390u 200 30 110 340Exp2 fu 260 60 220 540uf 330 40 220 590uu 290 50 170 510Sum fu 340 70 140 550uf 340 40 180 560uu 490 40 220 750Factorial fu 240 60 170 470Fibonacci fu 480 70 340 890uf 1330 70 810 2210uu 940 50 780 1770Length fu 370 60 150 580Mortgage ��u 950 50 160 1160fu�u 960 70 140 1170Ode-Euler ��u 710 60 190 960fu�f 670 110 120 900Table 2: Compilation Times of the Optimizing CompilerTable 2 describes the compilation time for the same benchmarks, although no e�ort has beenspent making the compiler fast at this point. The table depicts the time of the three optimizationphases (the �rst phase containing the parsing and the normalization as well). As can be seen, thecompilation times are reasonable for our benchmark programs.8 ConclusionThis paper has described an optimizing compiler for CLP(<Lin), a constraint logic programminglanguage over linear real constraints. The compiler performs a series of optimizations (reordering,removal, re�nement) and it uses abstract interpretation on three domains (LSign, RatOrder andProp) to decide when and how to perform the optimizations. The resulting system exhibits signif-icant speedups compared to the standard compiler. In many cases, these speedups can be madearbitrarily large, since they depend on the input size.The main technical contribution of this paper is to present the �rst implementation of reorderingand constraint removal for CLP(<Lin) programs, to report the �rst implementation of the domainLSign, and to present the �rst implementation of a compiler integrating all these source to sourcetransformations. The main conceptual contribution of the paper is to show that sophisticated staticanalyses and source to source transformations can produce dramatic (often asymptotic) speedupsfor CLP(<Lin) programs and that reordering is the most fundamental optimization.There are many ways to extend this work. First, the domains used in our compiler can beimproved to increase precision. In particular, signs in LSign should be replaced by intervals andthe domain RatOrder may be replaced by the domain Hull of [4]. Second, it is necessary to keeptrack of structural information to extend the scope of this work. The basic idea is to instantiate thegeneric domain Pat(<) [2] with the domains handling linear constraints. Pat(<) automaticallyupgrades a domain with structural information. Third, the present source to source optimizations14
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