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E�cient dynamic-programming updates inpartially observable Markov decision processesMichael L. LittmanAnthony R. CassandraLeslie Pack KaelblingDecember 12, 1995AbstractWe examine the problem of performing exact dynamic-programmingupdates in partially observable Markov decision processes (pomdps)from a computational complexity viewpoint. Dynamic-programmingupdates are a crucial operation in a wide range of pomdp solutionmethods and we �nd that it is intractable to perform these updateson piecewise-linear convex value functions for general pomdps. We of-fer a new algorithm, called the witness algorithm, which can computeupdated value functions e�ciently on a restricted class of pomdps inwhich the number of linear facets is not too great. We compare thewitness algorithm to existing algorithms analytically and empiricallyand �nd that it is the fastest algorithm over a wide range of pomdpsizes.1 IntroductionA partially observable Markov decision processes (pomdp) is a Markov deci-sion process in which the decisions must be based solely on noisy and incom-plete observations of the system's state. Although this model can be appliedto a wider range of problems than can the Markov decision process model,it has received much less attention, in part because solving even the smallestpomdp is computationally demanding.1



In this paper, we discuss the computational di�culty of making dynamic-programming updates in pomdps and show that, if the class of pomdps con-sidered is restricted appropriately, a new approach called the witness algo-rithm can be used to perform these updates e�ciently. We provide computa-tional analyses of several prior algorithms for dynamic-programming updatesin pomdps, which show that each of these algorithms scales poorly in at leastone critical task parameter. An empirical study of the algorithms supportsthese analyses and shows that the witness algorithm is able to solve pomdpsof a wider range of sizes; however, all exact solution methods are intractablefor most large practical problems.2 Problem FormulationThe reader is referred to the excellent surveys by Monahan [6], Lovejoy [5],and White [15] for a thorough introduction to solving pomdps algorithmi-cally. This section brie
y presents notation and background results thatenable us to de�ne the problem addressed in this work. Our notation followsthat of White.A pomdp is de�ned by a system state space S, an observation space Z,and an action space A, all �nite. A set of transition/observation matricessummarizes the dynamics of the model. We de�ne P (z; a) to be a matrixof probabilities; the i; jth component of P (z; a), written P (z; a)[i; j], is theprobability that the system will make a transition to system state j 2 S andmake observation z 2 Z given that action a 2 A was issued from systemstate i 2 S. Immediate rewards for each system state under action a aregiven by the column vector r(a).In most pomdp applications, the objective is to �nd a policy, or decisionrule, that selects actions so as to maximize the expected long-term reward.Since the system state is only partially observed, action decisions are basedupon the history of observations and actions, which can be summarized inseveral ways. In this work, we summarize past history using probability dis-tributions over system states, called information states, which are su�cientfor making optimal decisions.Let X be the set of information states and V X the set of bounded, real-valued functions over X. A value function v 2 V X assigns to each infor-mation state a measure of its overall utility. Of central importance to manypomdp algorithms is the dynamic-programming update. It can be expressed2



as an operator H that uses P (z; a) and r(a) to transform a value functionv into a new value function Hv, which incorporates one additional step ofrewards into v.We will de�ne H more carefully in the next section, but it is worth not-ing here its critical role in a host of pomdp solution methods. Dynamic-programming updates can be used for solving �nite-horizon pomdps [11],�nding approximate solutions to in�nite-horizon discounted pomdps by valueiteration [9], performing policy improvement in in�nite-horizon algorithms [13],computing optimal average-reward policies [12], and accelerating convergenceof successive approximation methods via reward revision [16]. Most of theseapproaches treat H as a primitive operation, so any improvement in thespeed with which H can be computed immediately translates into speed-upsfor a wide range of advanced pomdp algorithms.Before we can state the problem addressed in this work, we need to com-mit ourselves to a speci�c representation for value functions. It is knownthat the dynamic-programming operator H preserves piecewise linearity andconvexity and that piecewise-linear convex functions have a convenient repre-sentation as �nite sets of vectors, described in more detail below. Therefore,if we represent a value function v as a set of vectors �, then Hv can berepresented by a set of vectors �0. With this background established, we cande�ne the central problem of this work.Problem Statement Given a set of vectors � representing a value functionv 2 V X , compute a minimal set of vectors �0 representing Hv.Although many algorithms for solving this problem have been proposedover the last twenty years [11, 6, 3, 2, 15], the algorithm described in thiswork is the �rst developed with close attention to issues of computationalcomplexity and is currently the most e�cient exact algorithm for performingdynamic-programming updates over a wide range of pomdp sizes.We will now de�ne the dynamic-programming operator H. Let 0 � � � 1be a discount factor. Let Ha : V X ! V X be the dynamic-programmingoperator for action a 2 A, speci�cally, if v(x) is the value of informationstate x, then [Hav](x) is the expected immediate reward for taking action aplus the discounted expected value of the information state resulting fromtaking action a from information state x.We can de�ne the dynamic-programming operator H by[Hv](x) = maxa ([Hav](x)):3



If v(x) is the value of x, then [Hv](x) is the expected immediate rewardplus the discounted expected value of the information state corresponding totaking the best action from information state x.Smallwood and Sondik [11] showed that Ha and H preserve piecewiselinearity and convexity and therefore that Hv can be represented in a con-venient form if v is piecewise linear and convex.Theorem 1 If v 2 V X is a piecewise-linear convex function represented asa set of vectors �, such that v(x) = max
2� (x � 
) ;then there exist �nite sets of vectors Ga and G, such that[Hav](x) = max
2Ga(x � 
)and [Hv](x) = max
2G(x � 
).Smallwood and Sondik's proof gives a very explicit form for the sets Gand Ga. Let T be the set of functions mapping observations to vectors in �.The sets Ga and G are de�ned asGa = f[r(a) + �Xz P (z; a) � g(z)]jg 2 T gand G = SaGa. We say a vector 
 2 Ga is constructed from g 2 T if
 = [r(a) + �Pz P (z; a) � g(z)].We de�ne �0 � G and �a � Ga to be the sets of minimal size thatrepresent Hv and Hav, respectively. It is the case that �0 and �a are often agreat deal smaller than G and Ga, since some of the vectors may give maximaldot products for no x 2 X (see Figure 1); for e�ciency reasons, it is theseminimal representations that the pomdp algorithms should manipulate.To de�ne �0 and �a in a way that makes them easier to compute, weneed to introduce a few additional concepts. We de�ne an arbitrary orderon the system states in S and let 
 be an jSj-vector with 
[i] denotingthe component of 
 corresponding to system state i 2 S. We say 
1 islexicographically greater than 
2 if there is some system state i 2 S such that
1[i] > 
2[i] and 
1[i0] = 
2[i0] for all i0 < i. We can also inductively de�nethe lexicographic maximum vector in a �nite set.4
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γ4Figure 1: An illustration of a slice of a value function and the vectors thatde�ne it. Note that the vectors 
4 and 
5 can be eliminated without changingthe value function.Let F be a �nite set of vectors. We say 
 dominates all vectors in F atx 2 X if x � 
 > x � 
0for all 
0 2 F � f
g. Note that 
 may or may not be in F and that thede�ning inequality is strict. Let R(
; F ) represent the set of all x 2 Xfor which the above inequality holds; that is, R(
; F ) is the region of Xover which 
 dominates all other vectors in F . For convenience, we de�neR(
; ;) = X. We call a vector 
 useful with respect to a set F if R(
; F )is non-empty, because removing 
 from F would change the piecewise-linearconvex function that F represents.The following lemma, proved in Appendix A.1, links the notions of lexico-graphic maximum vectors and domination. It is important for guaranteeingthat particular vectors in Ga are useful.Lemma 1 Given an information state x and a set of vectors F , let 
� be thelexicographic maximum vector in F such that x � 
� = max
2F (x � 
). Thenthere exists an x0 such that x0 2 R(
�; F ), that is, 
� dominates all othervectors in F at x0.We can now prove an important property of the representation of piecewise-linear convex functions by minimal sets of vectors. It shows that �a and �0have a computationally convenient characterization with respect to Ga andG.Theorem 2 Let v 2 V X be a piecewise-linear convex function over X such5



that v(x) = max
2F (x � 
) for some �nite set of vectors F . Let� = f
 : 
 2 F and R(
; F ) 6= ;g:Then the vectors in � are necessary and su�cient for representing v; thatis, for any strict subset U of � there exists an x 2 X such that v(x) 6=max
2U(x � 
), and at the same time, v(x) = max
2�(x � 
).Proof: We �rst show that every vector 
 2 � is necessary for representingv. Consider any x 2 R(
; F ). Such an x exists by construction of �. Fromthe de�nition of R, we know that no other vector in F gives as large a dotproduct with x as 
 does. Therefore, the value function represented by anyset U � F �f
g would have a strictly smaller value at x than v does. Thus,every 
 2 � is needed to represent v.Next, we show that � is a su�cient representation of v, that is, v(x) =max
2�(x � 
). To see this, consider any x 2 X. Let 
� be the lexicographicmaximum vector in F such that x � 
� = max
2F (x � 
). By Lemma 1, thereexists an x0 such that x0 2 R(
�; F ), so 
� will be included in �. Thus,v(x) = max
2F (x � 
) = x � 
� = max
2�(x � 
). Since this holds for every x,� represents the same function that F does. �The problem addressed in this work is therefore equivalent to �nding theset �0 = f
 : 
 2 G and R(
;G) 6= ;g:The next section explores what it means to compute �0 e�ciently.3 Computational ComplexityThis section discusses concepts from the theory of computational complexityas they apply to the problem of performing dynamic-programming updates inpomdps, in particular, to the problem of computing �0 from �. We show thatthe problem is likely to be intractable unless we restrict the class of pomdpsconsidered. We propose a particular class of pomdps in which Pa j�aj isrestricted, and show that problems in this class can be solved e�ciently bythe witness algorithm.Intuitively, an algorithm is e�cient if it can be used to solve reasonable-sized instances of a problem in a reasonable amount of time. In computerscience, this has been formalized as follows. An e�cient algorithm is one6



whose running time (a measure of the number of primitive operations re-quired to solve a problem instance) grows more slowly than a polynomialfunction of the input size of the problem instance (a measure of the numberof bits it would take to write down the problem instance). In the context ofdynamic-programming updates in pomdps, we have the following de�nitionof e�ciency.De�nition An algorithm for computing �0 is e�cient if its worst-case run-ning time can be bounded above by some polynomial function of jSj, jZj, jAj,and j�j.If the running time of an algorithm grows faster than any polynomialfunction of the input size, there is little hope of using it to solve large probleminstances. Unfortunately, we can show that no algorithm can compute �0from � e�ciently for general pomdps, simply because �0 can be exponentiallylarge with respect to the size of the pomdp.Theorem 3 There exists a family of pomdps such that, for every n, jSj =2n, jAj = 1, jZj = n, j�j = 2, and j�0j = 2n.A proof by construction can be found in Appendix A.2.1.To produce an e�cient algorithm for computing �0, we �rst must rule outthe possibility that �0 is exponentially large. We can dismiss this possibilityaltogether by restricting our attention to pomdps for which j�0j is polyno-mially bounded. We call a family of pomdps polynomially output bounded ifj�0j can be bounded by a polynomial in the size of the pomdp.No existing algorithm has been shown to run in polynomial time on poly-nomially output-bounded pomdps, and the next theorem suggests that theremay be a good reason for this.Theorem 4 The best algorithm for solving polynomially output-bounded pomdpsis e�cient if and only if RP = NP.The theorem is proved in Appendix A.3. Its importance is that it links theproblem of exactly solving pomdps with the question of whether RP = NP,one of the fundamental open problems in theoretical computer science. Thistheorem says that a proof that a given algorithm solves polynomially output-bounded pomdps e�ciently would constitute a proof that every combinato-rial problem in a wide and much studied class (NP) has an e�cient ran-domized algorithm. As the question of the existence of e�cient algorithms7



for problems in NP has been open for some time, Theorem 4 can be takenas strong evidence that the problem of solving general polynomially output-bounded pomdps is intractable.We conclude from these results that we must further restrict the class ofpomdps under consideration if we hope to develop an e�cient algorithm. Wesay a family of pomdps is polynomially action-output bounded if Pa2A j�aj isbounded by a polynomial in the size of the pomdp.The quantityPa2A j�aj is an upper bound on j�0j, though the bound maybe arbitrarily loose. By focusing on polynomially action-output-boundedpomdps, we can solve for �0 in polynomial time as long as we can �nd �ain polynomial time for each a 2 A. We therefore restrict our attentionto polynomially action-output-bounded pomdps, although other restrictionsmight also be useful.Even in this restricted class of pomdps, existing algorithms for computing�0 are not e�cient. Theorem 5 addresses the worst-case running times forthe two algorithms studied in Section 5 and shows that they are not e�cient.In Section 4, we will show that the witness algorithm can solve polynomiallyaction-output-bounded pomdps in polynomial time.Theorem 5 Any algorithm for solving polynomially action-output-boundedpomdps that enumerates the vectors in G or the vertices of the linear regionsin Hv takes exponential time in the worst case.Proof: Several algorithms for �nding �0 work by enumerating the vectorsin G and then identifying which of these vectors is useful: Monahan's algo-rithm [6] was the �rst and later Eagle [3] and Lark [15] provided improve-ments. However, all these algorithms, regardless of their details, build G, thesize of which is jAjj�jjZj. Thus, even if a vector could be identi�ed as useful inconstant time, the running times of these algorithms are at least exponentialin jZj, making them of little use for solving pomdps with anything but thesmallest observation sets.Cheng's linear support and relaxed region algorithms [2] make use ofspecial-purpose routines that enumerate the vertices of each linear regionof the value function. For polynomially action-output-bounded pomdps,the number of linear regions is guaranteed to be small, but the number ofvertices of each region can be quite large. Bounding the number of verticesin a polyhedron is a well-studied problem and it is known that there can bean exponential number. In fact, there is a family of pomdps such that, for8



every n, jSj = n + 1, jAj = 2n + 1, jZj = 1, j�j = 1, j�0j � 2n + 1, and thenumber of vertices in one of the regions is 2n. The construction is given inAppendix A.2.2. Since visiting each vertex is just one of the operations thealgorithms perform, we can expect the worst-case running time to grow atleast exponentially in n. �In Section 5, we measure the running time for several of these algorithmson randomly-generated pomdps and �nd that the worst-case analyses qual-itatively match the average-case running times.4 The Witness AlgorithmThis section describes the witness algorithm for dynamic-programming up-dates in pomdps, justi�es it theoretically, and analyzes its computationalcomplexity. The discussion proceeds top down.At the highest level, the witness algorithm implementsHv by computing�a for each a 2 A and creating the set�0 = (
j
 2 [a �a and R(
;[a �a) 6= ;) :It follows from Theorem 2 that �0 is properly de�ned. The algorithm is givenin Table 1.Two subroutines still need to be de�ned. The subroutine inR(
; F ) re-turns an information state x 2 R(
; F ), that is, an x such that 
 dominatesall other vectors in F at x. If R(
; F ) is empty, inR returns the token\false." The subroutine Ha(�) computes �a from �.Table 2 provides a simple routine that uses linear programming to im-plement inR e�ciently. The linear program seeks an x 2 X such that theminimum increment of 
 over the other vectors in F is as large as possible.If this increment is strictly greater than zero, then 
 is useful with respectto F and x is in R(
; F ). Note that if we assume that all the componentsof 
 and the vectors in F are speci�ed using rational numbers, the linearprogram can be implemented in such a way that the comparison to zero iswell de�ned.The witness approach to computing �a bears a resemblance to Cheng'slinear support algorithm [2] and Lark's algorithm [15]. The fundamentaldi�erence is that it does not exhaustively enumerate vectors or vertices. It9



H(�) := fforeach a 2 A�a := Ha(�)return reduce(Sa2A �a)greduce(F ) := fU := ;foreach 
 2 Fif (inR(
; F ) 6= false) then add 
 to Ureturn Ug Table 1: The witness approach to computing H.inR(
; F ) := fif (F = ;) then return any x 2 XSolve the following linear program:maximize: ds.t.: x � 
 � x � 
0 � d, for all 
0 2 F � f
gand: Pi x[i] = 1variables: x[i], d (nonnegative)if (d > 0) then return xelse return falseg Table 2: Subroutine for �nding an information state in R(
; F ).10



starts with a set U , initially empty, and brings the vectors of �a, one by one,into U , until U = �a. The steps are as follows:1. If we can verify that U = �a, stop and return U .2. Choose a vector 
+ 2 Ga � U . If 
+ is useful with respect to U , wecan use it to identify a vector in �a � U .3. If R(
+; U) = ;, return to step 1. Otherwise let x 2 R(
+; U).4. Let 
� be the lexicographically maximumvector in Ga such that x�
� =max
02Ga(x � 
0). Add 
� to U . Return to step 1.The justi�cation for step 4 comes from Lemma 1, which shows that 
� 2�a. Step 3 can be implemented using the inR subroutine. Care must betaken in steps 1 and 2, described below, to make sure that the number of
+ vectors tested grows with �a, not Ga. Implementing step 4 directly issimilarly worrisome since it appears to require an enumeration of Ga. Thefollowing theorem shows that this is not necessary.Theorem 6 Let x 2 X be an information state and a 2 A an action. Letg 2 T and de�ne g(z) = arg max
2�(x�P (z; a)�
) where ties in the \argmax"are broken in favor of the 
 such that P (z; a) � 
 is lexicographically largest.The vector 
� = [r(a) + �Pz P (z; a) � g(z)] is useful in the representation ofHav and thus 
� 2 �a.Proof: Starting with Theorem 1 we have[Hav](x) = max
2Ga(x � 
)= maxg02T  x � [r(a) + �Xz P (z; a) � g0(z)]!= x � r(a) + �Xz max
2� (x � P (z; a) � 
)= x � [r(a) + �Xz P (z; a) � g(z)]= x � 
�:Since g is chosen so that P (z; a) � g(z) is lexicographically maximized forall z, no other element of T can be used to construct a lexicographically11



useful-g-from-state(a; x;�) := fforeach z 2 Z fmaxval := �1foreach 
 2 � fif ((x � P (z; a) � 
 > maxval) or((x � P (z; a) � 
 = maxval)and (lexgt(P (z; a) � 
; P (z; a) � g(z)))) then fmaxval := x � P (z; a) � 
g(z) := 
gggreturn ggTable 3: Subroutine for �nding a g 2 T that can be used to construct auseful vector at x.larger vector while still satisfying the above constraint. By Lemma 1 andTheorem 2, such a vector is guaranteed to be useful. �Table 3 provides an implementation of this idea. It uses the subroutinelexgt(�; 
), which returns true if � is lexicographically greater than 
.Finally, we describe a method for limiting the set of vectors that areselected in step 2 in such a way that the test in step 1 can be carried oute�ciently.To do this, we �rst need to introduce a few additional concepts. We callthe elements of T tables and say that table g1 2 T is a neighbor of tableg2 2 T if g1(z) = g2(z) for all but one z 2 Z. Each table has jZj(j�j � 1)neighbors, which can be enumerated easily.The next theorem says we only need to examine the neighbors of thetables that were used to construct the vectors in U to determine whetherU = �a. Further, if U 6= �a, we can use one of the neighboring tables to �nda vector 
+ 62 U such that R(
+; U) is non-empty, as required in step 3.Theorem 7 Let U � �a be a non-empty set of vectors and assume each
 2 U was constructed from g
 2 T , that is, 
 = r(a) + �Pz P (z; a) � g
(z).12



Then U 6= �a if and only if there is some g 2 T that is a neighbor of g
for some 
 2 U such that for 
+ = [r(a) + �Pz P (z; a) � g(z)], R(
+; U) isnon-empty.Proof: The \if" direction is easy since the g can be used to identify a vectormissing from U .The \only if" direction can be rephrased as: If U 6= �a then there is aninformation state x 2 X, a 
 2 U constructed from g
, and a neighbor g ofg
 such that the vector constructed from g dominates all vectors in U at x.Figure 2 illustrates some of the relevant quantities used to show this.Start by picking 
� 2 �a � U and choose any x 2 R(
�; U). Let
 = arg max
02U (x � 
0):As illustrated in the �gure, 
� is the vector in �a�U that gives the largest dotproduct with x, and 
 is the vector in U that gives the largest dot productwith x. By construction, x � 
� > x � 
.Now choose g� 2 T such that 
� = [r(a) + �Pz P (z; a) � g�(z)]. As indi-cated in the �gure, 
� could be constructed from g�, and 
 was constructedfrom g
. If g� and g
 are neighbors, we are done, since we are searching fora neighbor of g
 that can be used to construct a vector that dominates theother vectors in U at x, and g� meets these requirements.If g� and g
 are not neighbors, we will identify a g 2 T that does satisfythese requirements. Choose an observation z� 2 Z such thatx � P (z�; a) � g�(z�) > x � P (z�; a) � g
(z�) :There must be a z� satisfying this inequality since otherwise we get thecontradictionx � 
� = x � [r(a) + �Xz P (z; a) � g�(z)]� x � [r(a) + �Xz P (z; a) � g
(z)] = x � 
 :De�ne g(z�) = g�(z�) and g(z) = g
(z) for z 6= z�. Let 
+ be the vectorconstructed from g, 
+ = [r(a) + �Xz P (z; a) � g(z)]:13
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xFigure 2: An illustration of some of the quantities used in Theorem 7.Because g(z) = g
(z) for all but one value of z, g is a neighbor of g
. Inaddition,x � 
+ = x � [r(a) + �Xz P (z; a) � g(z)]= x � 24r(a) + � 0@Xz 6=z� P (z; a) � g
(z) + P (z�; a) � g�(z�)1A35> x � [r(a) + �Xz P (z; a) � g
(z)] = x � 
 = max
02U (x � 
0):Therefore the vector 
+ constructed from g dominates all other vectors in Uat x. �Once 
+ is identi�ed, it serves as proof that U can be improved upon atthe information state x. We can then use useful-g-from-state to constructa vector 
� 2 �a to include in U .Table 4 provides a procedure that uses the insights discussed above tocompute �a from �; its fundamental steps are� maintain a set unchecked of tables that might lead to useful vectors,� construct the vector 
+ for some table g from unchecked,� �nd an information state x, if any, where 
+ dominates all the vectorsin U ,� �nd the best table, g�, for x,� construct the vector 
� for g�, 14



Ha(�) := fU := ;unchecked := fany g 2 T gwhile (unchecked 6= ;) fg := any element of unchecked
+ := [r(a) + �Pz P (z; a) � g(z)]x := inR(
+; U)if (x 6= false) then fg� := useful-g-from-state(a; x;�)
� := [r(a) + �Pz P (z; a) � g�(z)]add 
� to Uadd neighbors of g� to uncheckedgelse remove g from uncheckedgreturn Ug Table 4: The witness approach to computing �a.� add 
� to U and the neighbors of g� to unchecked and repeat.Because of Theorem 7, the set unchecked need hold only the neighbors ofthe useful tables discovered thus far. The following theorem shows that theresulting algorithm is e�cient.Theorem 8 The witness algorithm runs in polynomial time on polynomiallyaction-output-bounded pomdps.Proof: In computing �a, the total number of tables added to unchecked isequal to the number of neighbors of the tables used to construct the vectorsin �a plus the arbitrarily chosen starting table, speci�cally, 1 + jZj(j�j �1)j�aj. Each pass through the \while" loop either consumes an element fromunchecked (1 + jZj(j�j � 1)j�aj times) or adds a vector to U (j�aj times).Thus, the total number of iterations in Ha is1 + jZj(j�j � 1)j�aj+ j�aj:15



The statements in the loop in Ha can all be implemented to run in poly-nomial time; this includes inR, since polynomial-time algorithms for linearprogramming with polynomial-precision rational numbers exist [10]. The to-tal running time of Ha is therefore bounded by a polynomial in jSj, jZj, jAj,j�j and j�aj.The H routine calls Ha for each a 2 A and then calls inR once for eachvector found. For polynomially action-output-bounded pomdps, this impliesthat the total running time is polynomial. �5 Empirical ResultsThe theoretical analyses leave open the issue of average-case performanceand, for the witness algorithm, this includes the relationship betweenPa j�ajand j�0j. In particular, are typical pomdps polynomially action-output bounded?Also, the analyses ignore low-order terms, which might dominate the runningtime for small pomdps.In this section we empirically compare the witness algorithm to Cheng'slinear support algorithm [2, 5] and Lark's enumeration algorithm [15]. Wechose the linear support algorithm because it has been shown to outperformSondik's one-pass algorithm and Cheng's relaxed region algorithm on a vari-ety of pomdps [2] and appears to be the leading exact algorithm. We choseLark's enumeration algorithm because it seems to be the leading enumerationalgorithm; in principle it should always outperform Monahan's algorithm,and did so in all our early experimental trials.Our comparisons use CPU time as the measure of performance. Computerarchitectures, languages, operating systems, programming skill and other fac-tors can combine to mask important algorithmic di�erences between di�erentimplementations. In an e�ort to minimize these e�ects, we used identical im-plementations for common subroutines wherever possible, ran all experimentson the same computer system, and took care to ensure there were no obvi-ous ine�ciencies in the programs. All experiments were performed on SunSparcstation 10 workstations running code written in the C language for theSolaris operating system. The code was compiled using the GNU C com-piler (no optimization) with library calls to the CPLEX linear programmingpackage.11We include implementation details for the sake of completeness and replicability.No recommendation of a particular software package or computer system is implied or16



Another practical concern is the precision of the machine arithmetic. Inall programs, we use the same tolerance of �10�9 for equality comparisons,such as the comparison with zero in inR. Though this does not guarantee thateach algorithm will produce answers with exactly the same precision, none ofthe algorithms seemed to su�er from precision problems in the experimentsreported here.We will show how the three algorithms perform as we vary the num-ber of system states and observations. Our preliminary experiments showedthat, for the sizes of pomdps we examined, the number of actions and previ-ous vectors do not in
uence the running times of these algorithms nearly asmuch as do the number of system states and observations. The size of �0 isnot directly controllable, because it depends upon all of the input parame-ters. Instead of restricting our experiments to polynomially output-boundedpomdps, we chose to view the size of �0 as part of the pomdp instance itself;the results reported are averages over experiments with varying sizes of �0.We tested the algorithms on randomly generated pomdps because thereare very few standard pomdps in the literature and because we wanted toexplore how the running time of the algorithms scaled with pomdp size.Additionally, using randomly generated pomdps allowed us to run the al-gorithms on many di�erent pomdps of the same size, which helped smoothout the e�ect of the varying size of �0. It is certainly possible that thekinds of pomdps that are of practical interest will exhibit di�erent empiricalcomplexity than these randomly-generated ones, perhaps due to structure inthe transition matrices or properties of the immediate rewards. This topicdeserves more attention.Random pomdps were constructed by independently generating randomprobability distributions for each row of the transition and observation ma-trices. A random distribution was generated by selecting a point uniformlyat random from the (jSj � 1)-dimensional simplex.2 The immediate rewardsfor each action-state pair were set uniformly at random to values between0:0 and 10:0.In our experiments we kept the number of actions and the number ofinitial vectors �xed, jAj = 4, and j�j = 10. The latter were constructedby adding randomly generated vectors to the set until there were ten use-ful vectors. Our experiments consisted of performing a single dynamic-intended.2We thank John Hughes for pointing out how to do this.17



programming update on each pomdp.Our data are presented as a three-dimensional surface, where the heightof the surface is the average computation time of the algorithm, in seconds.Figure 3 shows the results; running time is plotted against the number ofsystem states and the number of observations. Each data point for a pomdpsize is the average running time of the algorithm on 20 independent randompomdps of that size. An experiment was terminated if it took more than7200 seconds (2 hours) and that value was used as the computation timewhen computing an average.These average-case empirical results match the theoretical worst-caseanalysis extremely well at a qualitative level. The performance of the linearsupport algorithm deteriorates rapidly as the number of system states in-creases, nearly independent of the number of observations. The enumerationalgorithm su�ers the same problem, except the deterioration increases dra-matically with observations instead of the system states. Only the witnessalgorithm consistently found solutions over the entire range of pomdp sizeswe tested.It is important to note that this data does not support the use of thewitness algorithm for all pomdp instances. When there are fewer than foursystem states, the linear support algorithm appears to be the superior tech-nique and when there are fewer than six observations, Lark's enumerationalgorithm appears fastest. However, outside these ranges, our experimentsindicate that the witness algorithm is likely to give the best performance.The scale of the graph in Figure 3(c) does not provide a comprehensiveview of the shape of the performance graph for the witness algorithm, sincethe saturation point of 7200 seconds has not yet been reached. Figure 4shows the average running times over a larger range of system states andobservations, where each data point is the average of 9 independent exper-iments. The results indicate that, as long as jSj + jZj < 22, the witnessalgorithm is able to provide results within the allotted time.The theoretical analyses show that the the witness algorithm is e�cientfor computing the �a sets, but can be ine�cient for computing �0. Therefore,it is of interest to explore the relationship between Pa j�aj and j�0j. Usingthe same experiments as were used for the data of Figure 3, we collectedstatistics on the ratio between Pa j�aj and j�0j. We found the mean to be2:65 with a variance of 3:74, giving some support to the idea that randomlygenerated pomdps are polynomially action-output bounded. An importantopen question is whether this is true of typical pomdps.18
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Nevertheless, these exact algorithms do not appear to be practical formoderately large problems, and even small problems can exhibit explosivegrowth of the number of vectors in successive iterations. Our current worktries to overcome these di�culties using approximate representations of thein�nite-horizon value function [4, 8].A AppendixA.1 Proof of Lemma 1Given an information state x and a set of vectors F , let 
� be the lexico-graphic maximum vector in F such that x � 
� = max
2F (x � 
). Lemma 1asserts the existence of an x0 such that x0 2 R(
�; F ); that is, 
� dominatesall other vectors in F at x0.To show this formally, we need some additional notation. Informationstate x is a �-step from x1 towards x2 if x = �(x2 � x1) + x1, 0 � � � 1. Letei be the vector corresponding to the \corner" of X where all the probabilitymass is on system state i 2 S.Lemma 2 Let W = f
 2 F jx � 
 � x � 
0 for all 
0 2 Fg; that is, W is theset of vectors in F that dominate those in F �W at x. For all i 2 S, ifx 6= ei, there is a value � > 0 such that for the information state x0 that is a�-step from x towards ei, the vectors in W still dominate those in F �W .Proof: For any 
 2 W and any 
 0 2 F �W , de�ne � = x � 
 � x � 
 0 > 0.Let x0 = �(ei � x) + x. We can �nd a value for � > 0 such that 
 is biggerthan 
0 at x0. The following statements are equivalent:x0 � 
 > x0 � 
0(�(ei � x) + x) � 
 � (�(ei � x) + x) � 
0 > 0(1� �)(x � 
 � x � 
0) + �(ei � 
 � ei � 
0) > 0(1� �)� + �(
[i]� 
0[i]) > 0�(� + 
0[i]� 
[i]) < �Since � > 0, we can divide by it without changing the inequality. Let� = 1 + (
0[i]� 
[i])=�. Then the above expression is equivalent to �� < 1.If � � 0, the inequality holds with � � 1. Otherwise, we can set � � 1=(2�)to satisfy the inequality. 21



This shows that for every i, we can �nd a � > 0 for each pairing of 
 2 Wand 
0 2 F �W such that a �-step from x towards ei gives an x0 such thatx0 � 
 > x0 � 
0. Since there are a �nite number of ways of pairing elements inW with those in F �W , there is a � > 0 that works for all pairs (namely,the minimum � for any pair). �We can now use Lemma 2 to prove Lemma 1. The plan is to take suc-cessive �-steps from x towards each corner ei. Each step is small enough sothat the lexicographic maximum vector in W still dominates the vectors inF �W , but large enough so that some ties within W are broken.Let W0 = W be the set of vectors maximal at x0 = x. By Lemma 2,there is an information state, x1, strictly di�erent from x0 if x0 6= e0 and inthe direction of e0 at which the vectors inW0 are still bigger than the others.Let W1 be a subset of W0 consisting of the vectors maximal at x1. If x0 = e0,let W1 = W0.It should be clear that the vectors in W1 are precisely those 
 2 W0 forwhich 
[0] = 
�[0], that is, those tied with the lexicographically maximalvector in the �rst component.If we apply this argument inductively for each component, Wi becomesthe set of all vectors in W that agree with 
� in the �rst i components. Thevectors in Wi dominate the vectors in F �Wi at xi. After every componenthas been considered, we are left with WjSj = f
�g with 
� as the uniquevector dominating all others in F at xjSj.A.2 Constructed pomdpsThis section provides pomdp constructions that illustrate various importantpomdp issues. We �rst de�ne an alternate representation for piecewise-linear convex functions, prove that any function represented in this way isalso the solution to a pomdp of similar size, and �nally use the alternaterepresentation to show the existence of pomdps with particular properties.Recall that to specify a pomdp dynamic-programming-update problem,it is necessary to de�ne sets S, Z, and A; matrices P (z; a) for z 2 Z anda 2 A; vectors r(a) for a 2 A; a scalar �; and a set � of jSj-vectors. The set�0 is the minimum set of vectors such thatmax
2�0 (x � 
) = maxa2A maxg2T (x � [r(a) + �Xz P (z; a) � g(z)]); (1)for all x 2 X, where T is the set of all functions mapping Z to �. We write22



v(x) = max
2�(x � 
) and [Hv](x) = max
2�0(x � 
). The Z, A, P , r, �, and� quantities de�ne the set �0, and so can be viewed as a speci�cation of apiecewise-linear convex function over the (jSj � 1)-dimensional simplex.We would like to be able to show that there are values for Z, A, P , r,�, and � such that piecewise-linear convex functions with particular qual-ities exist. Because pomdp speci�cations can be cumbersome, we restrictourselves to a subset of the piecewise-linear convex functions resulting fromdynamic-programming updates in pomdps. We show that by specifying a�nite set of jSj-vectors K, and a �nite set of pairs of jSj-vectors � withcomponents between zero and one, we can specify a piecewise-linear convexfunction that is the solution to a pomdp update, without needing to identifyZ, A, P , r, �, and � directly.Let K be a set of jSj-vectors. Let V be a �nite set of variables, and Bbe the set of all bindings mapping the elements of V to f1; 2g. Let � be aset of jSj-vectors, � = f�zkjz 2 V; k 2 f1; 2gg. The sets K and � specify apiecewise-linear convex function over X byf(x) = maxfmax�2K (x � �);maxb2B (x � �b)g;where we de�ne �b =Pz2V �zb(z) for b 2 B.The next theorem shows that any piecewise-linear convex function thatcan be speci�ed this way can also be speci�ed as the solution to a dynamic-programming update on some pomdp.Theorem 9 Given two sets of jSj-vectors (jSj � 3), K and � = f�zkjz 2V; k 2 f1; 2gg (0 � �zk[i] � 1;8i 2 S), there is a pomdp dynamic-programming-update problem such thatmax
2�0 (x � 
) = maxfmax�2K (x � �);maxb (x � �b)g:The pomdp has jZj = jV j, jAj = jKj+ 1, and j�j = 2.Proof: The high-level idea is that there will be one action for each vectorin K, with immediate rewards equal to the individual vectors in K. The �bvectors will be formed by combinations of the vectors in �; a binding b 2 Bis analogous to a table � 2 T .We now de�ne the pomdp in detail. The set of observations is the setof variables Z = V ; there is one action for each vector in K and one cor-responding to the � set, so A = fa�j� 2 Kg [ fa0g: Let � be a set of two23



jSj-vectors, 
1 and 
2, and let � = 1. De�ne 
i[i] = 2jV j, for i 2 f1; 2g, and0 otherwise.For each � 2 K, the a� action results in an immediate reward of � anda transition to system state 3 (which has zero value under �): for all i 2 S,r(a�)[i] = �[i] and P (z; a�)[i; j] = 1 if j = 3 and zero otherwise. Since
k[3] = 0, for all g 2 T ,x � [r(a�) + �Xz P (z; a�) � g(z)] = x � �: (2)The a0 action yields an immediate reward of zero and then causes atransition to system state 1, 2, or 3, under observation z, weighted accord-ing to the appropriate � vector. Speci�cally, r(a0)[i] = 0, for all i 2 Sand P (z; a0)[i; j] = �zj [i]=(2jV j) for j 2 f1; 2g, P (z; a0)[i; 3] = (1=jV j ��z1[i]=(2jV j)� �z2[i]=(2jV j)), and 0 otherwise. The P matrices are valid sinceeach component is non-negative and for each i and a, PzPj P (z; a)[i; j] =Pz 1=jV j = 1.The linear facets for action a0 correspond to the �b vectors in thatmaxg2T (x � [r(a0) + �Xz P (z; a0) � g(z)])= maxb2B (x � [Xz P (z; a0) � 
b(z)])= maxb2B (Xi (x[i]Xz Xj P (z; a0)[i; j]
b(z)[j]))= maxb2B (Xi (x[i]Xz (P (z; a0)[i; 1]
b(z)[1] + P (z; a0)[i; 2]
b(z)[2] + P (z; a0)[i; 3]
b(z)[3])))= maxb2B (Xi (x[i]Xz �zb(z)[i]))= maxb2B (x � �b) : (3)Combining Equations 1, 2, and 3, we havemax
2�0 (x � 
) = maxa2A maxg2T (x � [r(a) + �Xz P (z; a) � g(z)])= maxfmax�2K (x � �);maxb2B (x � �b)g ;therefore the supplied vectors correspond exactly to the set of vectors ob-tained by performing a dynamic-programming on the given pomdp. �24



A.2.1 Proof of Theorem 3We want to show that there exists a family of pomdps such that, for everyn, jSj = 2n, jAj = 1, jZj = n, j�j = 2, and j�0j = 2n.We use the speci�cation described in Theorem 9. Let S = f1; : : : ; 2ng,and V = f1; : : : ; ng. For z 2 V , and k 2 f1; 2g, let �zk[2z + k � 2] = 1, and0 otherwise. Let K = ;. By Theorem 9, there is a pomdp with jAj = 1,jZj = n, and j�j = 2 such that G = Sb2BfPz �zb(z)g. Note that jGj = jBj =2jV j = 2n. We know that the set �0 is a subset of G. We can show that, infact, these sets are equal since every vector in G dominates all other vectorsin G at at least one x 2 X.Lemma 3 In the construction just described, for every b 2 B there is anx 2 X such that x � �b > x � �b0 for all b0 6= b.Proof: For a binding b, for each z 2 V , let x[2z + b(z) � 2] = 1=n and 0otherwise. Note that x 2 X. Now, for any b0 2 B,x � �b0 = x �Xz �zb0(z)= Xi (x[i]Xz �zb0(z)[i])= Xz Xi (x[i]�zb0(z)[i])= Xz x[2z + b0(z)� 2]= Xz:b0(z)=b(z) 1=n ;which is uniquely maximized for b0 = b. �Theorem 3 follows easily.A.2.2 Example with an exponential number of verticesWe want to show that there is a family of pomdps such that, for every n,jSj = n+ 1, jAj = 2n+ 1, jZj = 1, j�j = 1, j�0j � 2n+ 1, and the number ofvertices in one of the linear regions of Hv is 2n.Once again, we will use the speci�cation described in Theorem 9, induc-tively creating a separate piecewise-linear convex function for each n. Foreach n, we de�ne a set Kn containing 2n + 1 vectors, and we construct a25



vector �n such that the vectors in Kn form the walls of an n-dimensionalhypercube bounding the region R(�n;Kn). We de�ne the family of pomdpsrecursively, starting with n = 1. Let S1 = f1; 2g, and V = f1g. Let �zk[i] = 0for all z 2 V , k 2 f1; 2g, and i 2 S (the set � is not needed in this construc-tion). We use the notation hx; yi to concatenate two vectors (or a vector andscalar) into a single vector.Let K1 = fh1;�1=2i; h0; 0i; h�1; 0ig and �1 = h0; 0i. Let 
n be the setof extreme points of the regionfxjx � �n � x � �; � 2 Kng:The extreme points are the information states where one of the other vectorsin K1 gives the same value as �1. It is easy to verify that
1 = fh0; 1i; h1=3; 2=3ig:Inductively de�ne �n+1 = h�n; 0i,Kn+1 = fh�; 0i : � 2 Kng [ fh0; : : : ; 0;�1i; h1; : : : ; 1;�1igand Sn+1 = Sn [ fn+ 2g.Note that �n+1 = h0; : : : ; 0i 2 Kn+1. The extreme points of �n+1's regionare the information states where n+ 1 of the vectors in Kn+1 give the samevalue as �n+1. Let x 2 
n. Inductively, n vectors in Kn give the same valueas �n at x. Let � be any one of these vectors. It follows from the constructionof � that hx; 0i � h�; 0i = x � � = 0 = x � �n = hx; 0i � �n+1and hx; 0i � h0; : : : ; 0;�1i = 0 = hx; 0i � �n+1;so hx; 0i 2 X is an extreme point of �n+1's region. Similarly,h1=2 x; 1=2i � h�; 0i = 1=2 x � � + 0 = 0 = h1=2 x; 1=2i � �n+1and h1=2 x; 1=2i � h1; : : : ; 1;�1i = 1=2 � 1=2 = 0 = h1=2 x; 1=2i � �n+1;so h1=2 x; 1=2i 2 X is an extreme point of �n+1's region also. This meanswe can write
n+1 = fhx; 0i : x 2 
ng [ fh1=2 x; 1=2i : x 2 
ng:26



Since all the vectors in Kn+1 and 
n+1 are unique, jKnj = 2n + 1 andj
nj = 2n. Applying Theorem 9, there is a pomdp for each n with jSj = n+1,jAj = 2n+1, jZj = 1, j�j = 1, j�0j = n+1, such that the number of verticesin one of the linear regions of Hv is 2n.A.3 Proof of Theorem 4We want to show that the best algorithm for solving polynomially output-bounded pomdps is e�cient if only if RP = NP. To do this, we show adeep connection between this problem and the unique-satisfying-assignmentproblem, de�ned below.A boolean formula in conjunctive normal form (CNF) is an \and" of a setof clauses where each clause is a set of \ors" of variables and negated vari-ables. A satisfying assignment maps each of the variables to either \true" or\false" so the entire formula evaluates to \true." There is a corollary, provedby Valiant and Vazirani [14], that implies that there exists a polynomial-timealgorithm for �nding a satisfying assignment for a formula that is guaranteedto have at most one satisfying assignment only if RP = NP, a long-openproblem.3 We can show that a polynomial-time algorithm for solving polyno-mially output-bounded pomdps could be used to solve the unique-satisfying-assignment problem in polynomial time (and vice versa), and therefore thatsuch an algorithm exists if only if RP = NP.We make use of the speci�cation de�ned in Theorem 9 and de�ne S, V ,K, and �. Take a CNF formula consisting of a set of M > 1 clauses C,and variables V . The set of variables corresponds both to the variables inTheorem 9 and the boolean variables in the formula. Let S = C � V . Wewrite a system state as (c; z) 2 C � V . There is a pair of � vectors for eachvariable z 2 V , which will encode the formula. Vector �z1 indicates in whichclauses variable z is unnegated and �z2 indicates in which clauses variable zis negated. More speci�cally, for each z 2 V and k 2 f1; 2g, �zk is a jC � V j-vector with �z1[(c; z)] = 1 if variable z appears unnegated in clause c and�z2[(c; z)] = 1 if variable z appears negated in clause c. All other componentsof the � vectors are zero.For a binding b 2 B, b(z) = 1 if variable z is true in the assignmentand b(z) = 2 otherwise. Thus, if �zb(z)[(c; z)] = 1, then clause c evaluates to\true" under binding b because of the binding of variable z in that clause.3We thank Avrim Blum for pointing this out to us.27



Let � be a jC � V j-vector with each component equal to (M � 1=2)=M . Foreach c 2 C, we de�ne a jC � V j-vector �c, as follows. For all z 2 V , let�c[(c; z)] = 1 + (M � 1=2)=M �M and �c[(c0; z)] = 1 + (M � 1=2)=M forc0 6= c. As described earlier, let �b = Pz �zb(z). From the de�nition of �, everycomponent of �b is either a one or a zero.Each �b vector corresponds to an assignment and the �c and � vectorsare designed to jointly dominate all possible �b vectors, except those corre-ponding to satisfying assignments.Lemma 4 Let K = f�g [ f�cjc 2 Cg. There is an x 2 X such that x ��b >max�2K(x � �) if and only if b is a satisfying assignment.Proof: First, assume b is a satisfying assignment. We can construct an x�such that x� � �b = 1, but x� � � < 1 and x� � �c < 1 for all c 2 C as follows.For each clause c 2 C, pick a single variable zc such that the binding ofthat variable in b causes clause c to be satis�ed. Let x�[(c; zc)] = 1=M foreach c 2 C and 0 otherwise. Note that x� 2 X because M components areset to 1=M . Because of the zeros in x� and the � vectors,x� � �b = Xc Xz x�[(c; z)]Xz0 �z0b(z0)[(c; z)]= Xc Xz x�[(c; z)]�zb(z)[(c; z)]= Xc x�[(c; zc)]�zcb(zc)[(c; zc)] =Xc 1M = 1:Using the same x� we see that x� � � = (M � 1=2)=M < 1, and for eachclause c 2 C,x� � �c = Xz Xc0 x�[(c0; z)]�c[(c0; z)]= Xz 0@x�[(c; z)] 1 + M � 12M �M! +Xc0 6=c x�[(c0; z)] 1 + M � 12M !1A= Xz  �Mx�[(c; z)] +Xc0 x�[(c0; z)] 1 + M � 12M !!= �M 1M +  1 + M � 12M !Xz Xc0 x�[(c0; z)]= �1 + 1 + M � 12M = M � 12M < 1:28



Thus, x� � �b = 1 > max�2K(x� � �), for satisfying assignment b.Now we can show that, for a non-satisfying b, x � �b < max�2K(x � �) forall x 2 X. We proceed by contradiction. Assume we have an x 2 X suchthat max�2K(x � �) � x � �b for a non-satisfying b. Then, x � � � x � �b andx � �c � x � �b for all c 2 C. De�ne wc = Pz x[(c; z)]. We call wc the weightof clause c, and note that Pc wc = 1 if x 2 X. Let c� = arg mincwc; c� is aminimum weight clause.If x �� � x ��b, then (M �1=2)=M � x ��b = x � [Pz �zb(z)] � 1�wc� . Thelast inequality is justi�ed by the fact that b is not satisfying so at least oneclause contributes zero to the dot product and assuming it is the smallestweight clause gives us the largest possible value. This restricts wc� so thatwc� � 12M < 12M + 12(M � 1) = M � 12M(M � 1) : (4)At the same time, it must be the case that x � �c� � x � �b which implies1+(M �1=2)=M �Mwc� � 1�wc� and therefore wc� � (M�1=2)=(M(M �1)). This directly contradicts Inequality 4, and therefore we can concludethat, for a non-satisfying b, x � �b < max�2K(x � �) for all x 2 X. �By Theorem 9, there is a pomdp such thatmax
2�0 (x � 
) = max�max�2K (x � �);maxb (x � �b)� :This pomdp is derived from the unique-satisfying-assignment-problem in-stance and has the property that �0 6� K if and only if the boolean formulainstance is satis�able. Because we assumed the boolean formula has no morethan 1 satisfying assignment, j�0j �M +2; thus, the pomdp is polynomiallyoutput bounded.Because the pomdp can be created in polynomial time, and the condition�0 6� K can be checked in polynomial time, a polynomial-time algorithm forsolving polynomially output-bounded pomdps could be used to �nd uniquesatisfying assignments in polynomial time. As mentioned at the start of thissection, this would imply RP = NP.To complete the proof of Theorem 4, we need to argue that if RP = NPthen there is a randomized polynomial-time algorithm for solving polyno-mially output-bounded pomdps. We can build up a set of vectors U � �0one at a time by answering the question \Is there an information state xsuch that max
2U x � 
 6= [Hv](x)?" and adding the dominating vector at29



x into U . For polynomially output-bounded pomdps, if the answer to thisquestion is yes, then there is an x that can be written using polynomiallymany bits. Such an x can be identi�ed in non-deterministic polynomial timeusing standard techniques, and therefore in randomized polynomial time ifRP = NP. Because there are at most a polynomial number of vectors thatcan be added to U , the process terminates with U = �0 in polynomial time.AcknowledgementsThis work was supported in part by NSF grants IRI-9453383 and IRI-9312395and Bellcore. The authors would like to thank John Hughes, Avrim Blum,and Philip Klein for their contributions to this work.References[1] Anthony R. Cassandra, Leslie Pack Kaelbling, and Michael L. Littman.Acting optimally in partially observable stochastic domains. In Pro-ceedings of the Twelfth National Conference on Arti�cial Intelligence,Seattle, WA, 1994.[2] Hsien-Te Cheng. Algorithms for Partially Observable Markov Deci-sion Processes. PhD thesis, University of British Columbia, BritishColumbia, Canada, 1988.[3] James N. Eagle. The optimal search for a moving target when the searchpath is constrained. Operations Research, 32(5):1107{1115, 1984.[4] Michael Littman, Anthony Cassandra, and Leslie Pack Kaelbling. Learn-ing policies for partially observable environments: Scaling up. In Ar-mand Prieditis and Stuart Russell, editors, Proceedings of the TwelfthInternational Conference on Machine Learning, pages 362{370, SanFrancisco, CA, 1995. Morgan Kaufmann.[5] William S. Lovejoy. A survey of algorithmic methods for partially ob-servable Markov decision processes. Annals of Operations Research,28:47{66, 1991. 30
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