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1 IntroductionSince the advent of the digital computer, its supporting technology has been char-acterized by steady and impressive growth. Although most parameters are still beingimproved, there is an emerging consensus that physical limitations to signal propagationspeed and device size are becoming increasingly signi�cant.We have recently undertaken an analysis [BP92] of a hypothetical environment,called the \limiting technology", where { provocatively { the limits of physics are as-sumed to have been attained, and no further improvements are feasible. The limitingtechnology forces a breakdown of several traditional instantaneous models where sig-nal propagation was assumed to be instantaneous, as motivated by technologies wheredelays were substantially dominated by device switching time.The �rst casualty of such critique is the pure RAM model, which is the basis of allsequential algorithmics. The tenet that all memory cells are equidistant from the CPUis no longer defensible as memories grow arbitrarily large. It must be noted, however,that engineering practice had acknowledged this fact rather early through the adoptionof a hierarchical organization of the system's memory, a solution dictated by economicalas well as technical reasons and supported by data locality, an important property ofmany applications.Moreover, the processor-time tradeo� in the limiting technology can be di�erent fromthe classical tradeo� embodied by Brent's Principle [B74, J92], whereby a computationrunning for T steps on n processors can be emulated in at most dn=peT steps on p < nprocessors of the same type. A corollary of Brent's Principle is that the best parallelalgorithm on p processors cannot be more than p time faster than the best sequentialalgorithm (the Fundamental Principle of Parallel Computation [S86]).Informally, when communication delays are proportional to physical distances, thedeployment of p processors can lead to speed-ups in two ways. A p-fold parallelism inthe computation translates into a an O(p) speed-up due to simultaneous execution ofoperations (and the corresponding data access), as in Brent's Principle. A more subtlee�ect is that, for a given total amount of memory, the average distance of any memoryregion from the closest processor decreases with the number of deployed processors.Then, data locality (operands and result of the same operation happen to be stored inphysically close locations) can contribute a further speed-up.Consider the following classical example. Two pn�pn matrices can be multipliedin �(pn) steps by a pn � pn mesh of processors, each equipped with conventional1



arithmetic capabilities. The same computation can be carried out in �(n3=2) steps bya single processor equipped with a random access memory of size �(n). In the instan-taneous model, a mesh step and a uniprocessor step take the same time, hence thespeedup attained by the mesh is �(n), proportional to the number of processors. How-ever, assuming that our machines are laid out in a two-dimensional region of diameter�(pn) and that delays for data accesses are proportional to distances, the situationchanges as follows. The performance of the mesh is unaltered, since its near-neighborconnections have length independent of n. Instead, the performance of the uniproces-sor deteriorates by a factor �(pn), the average distance of a memory cell from theCPU. In this scenario, the speedup of the n-processor mesh is �(n3=2). The precedingestimate refers to a straightforward implementation of matrix multiplication; however,as noted in [AACS87], a careful exploitation of locality would enable to contain theaccess overhead in the uniprocessor to within a factor �(logn). This simple exampleillustrates the potential for superlinear speedups under the limiting technology. Theapparent paradox is easily resolved by observing that the speedup is now being referredto a uniprocessor whose basic step becomes slower with increased memory size. Never-theless, the increased advantages of parallel over serial computation within the limitingtechnology represent an essential feature and deserve closer investigation.The objective of this paper is to undertake a systematic analysis of processor-timetradeo�s in the limiting technology, identifying the separate contributions of degree ofparallelism (number of deployed processors) and of data locality. With reference to acomputing system where an access cost is speci�ed for each memory location, we saythat an algorithm possesses data locality if its running time depends upon the addressesat which both input and intermediate values of the computation are stored. The runningtime of algorithms with data locality can be minimized by a careful address management(indeed, such is the strategy that reduces the overhead from �(pn) to �(logn) in thematrix multiplication algorithm). Clearly, data locality plays no role in models withuniform access cost, such as the RAM and the P-RAM.The physical computing system we shall adopt (to be formally de�ned in Section 2)is what appears to be the only scalable machine in the limiting technology [BP92]: themesh, i.e., a uniform lattice (in d � 3 dimensions) of processors. In our study, a meshnode is a (CPU, hierarchical memory module) pair for which worst-case private-memoryaccess time is of the same order as the data-exchange time with a near-neighbor unit.LetMd(n; p;m), d = 1; 2, denote a d-dimensional mesh of p nodes, each of which is aCPU equipped with a hierarchical memory module of mn=p locations (see Section 2 for2



more details). ClearlyM1 andM2 are the conventional linear array and two-dimensionalmesh, respectively. For M1 and M2 we establish upper bounds to the speed-up byexhibiting suitable simulations between machines with di�erent number of processors,but with identical total amounts of memory. The following theorem summarizes twocompanion results, respectively shown in Sections 4 and 5 for M1 and M2.Theorem 1 For Tn � n1=d and d = 1; 2, a Tn-step computation of an Md(n; n;m) canbe simulated by an Md(n; p;m), p � n, with slowdownTp=Tn = O((n=p)�(n;m; p))where the term � is de�ned as follows:� form � (n=p)1=2d, �(n;m; p) = (m=p1=d) logm+m log(2n1=d=p1=dm2),� for (n=p)1=2d � m � (np)1=2d, �(n;m; p) = (m=p) log(n=p)1=2d+ 2(n=p)1=2d,� for (np)1=2d � m � n1=d , �(n;m; p) = (m=p1=d) log(2n1=d=m) + n1=d=m,� for n1=d � m, �(n;m; p) = (n=p)1=d.In the above theorem, the factor n=p can be viewed as the parallelism slowdown(corresponding to Brent's Principle) while the factor � can be viewed as the localityslowdown. The four di�erent ranges of m where � takes a di�erent expressions corre-spond to di�erent mechanisms becoming dominant, as will be illustrated in detail inSection 4. We observe here that when parameter m is large (for m � n1=d) the localityslowdown is � = O((n=p)1=d). Such slowdown is easily achieved by a step-by-step simu-lation of the larger machine by the smaller machine. For smaller values ofm (m < n1=d),a lower slowdown is achieved by more sophisticated simulation schemes which convertthe spatial locality of the computation executed by the larger machine into temporallocality for the smaller machine. In other words, the above theorem states that some- but never all - of the locality of the larger machine computation can be recovered bythe smaller machine.The value of Theorem 1, however, goes well beyond the elucidation of the perfor-mance of the simulation scheme discussed in this paper. Its signi�cance is eminentlycomputational as we shall now illustrate. Certainly, if the larger machine computationhas low locality, the proposed simulation scheme is inappropriate (since the smallermachine would unnecessarily simulate remote accesses occurring in the larger machine3



computation). Conversely, if the larger machine computation has inherently higher lo-cality than explicitly exploited (since such exploitation is not a�orded by the structureof private memory modules), it is conceivable that a subtler simulation scheme couldexhibit lower slowdowns than those obtained by Theorem 1. The signi�cance of The-orem 1 is in relation to applications for which the larger machine computation exactlyre
ects the locality. Such computation exist, as we have shown in a companion paper[BP95] yielding matching lower bounds (for most values of n; p, and m). Therefore, noimprovement is possible beyond the results of Theorem 1, thereby showing that localityslowdown is an inherent feature of limiting technology simulations.This paper is organized as follows: In Section 2 we develop the models of machinesand computations, in Section 3 we introduce a general technique, called \topologicalseparator," capturing the dependencies within computation dags, which is then used toanalyze the simulations between linear arrays (Section 4) and between meshes (Section5). The topological separator approach is of independent interest, since it provides aframework for e�cient memory management in dag computations.2 ModelIn this section, we formally de�ne the models both for machines and for computationsstudied in this paper.Machines. We shall consider parallel machines built as interconnections of (processing-element, memory-module) pairs. Such a pair is modeled as a Hierarchical Random Ac-cess Machine, or H-RAM, a generalization of the RAM [CR73] introduced by [AACS87](under the name of Hierarchical Memory Model) to capture the higher cost of remotememory access. (See also [S95] and its bibliography.)De�nition 1 An f(x)-H-RAM is a random access machine where an access to addressx takes time f(x).According to this de�nition, a (processing-element, memory-module) pair is an f(x)-H-RAM. We take as a unit of time the execution time of a RAM instruction involvingonly the lowest address (x = 0), and as a unit of length the distance within whichmemory cells can be accessed in unit time. In d � 3 dimensions, we let m be thenumber of memory cells that �t in a d-dimensional cube of unit side. Then, the H-RAM4



will be taken to have access function f(x) = (x=m)1=d.De�nition 2 For d � 1, we denote by Md(n; p;m), a d-dimensional near-neighborinterconnection of p (x=m)1=d-H-RAMs where each H-RAM has memory size mn=pand the geometric distance between near neighbors is (n=p)1=d.Thus, n represents the d-dimensional volume of the machine, and nm its total memorysize. A processor is assumed to be laid out in at most one unit of volume. Under thishypothesis, the processors' contribution to the system volume never exceeds that of thememory, and therefore will not be explicitly accounted for in what follows.In one dimension, M1(n; p;m) is a linear array network whose interconnection isspeci�ed by the graph H = (N;E) with nodes N = f0; : : : ; p � 1g and bidirectionallinks E = f(i; i+ 1) : 0 � i < p� 1g.In two dimensions, M2(n; p;m) is a two-dimensional square mesh whose intercon-nection is speci�ed by the graph H = (N;E), with nodes N = f(i; j) : 0 � i; j < ppgand bidirectional linksE = f((i; j); (i+ a; j + b)) : (a; b) 2 f(�1; 0); (0; 1); (1; 0); (0;�1)g; (i+ a; j + b) 2 Ng.Computations. Some of the computations studied in this paper are straight-line andcan be modeled by a directed acyclic graph (dag) G = (V;A) where:� A vertex v with no incoming arc represents an input operation and has an inputvalue associated with it;� A vertex v with k incoming arcs is labeled with a k-argument operator. The valueassociated with v is the result of applying the operator to the k values associatedwith the origins of the incoming arcs (taken in some speci�c order).� The values associated with the vertices in a designated subset are regarded as theoutputs of the computation.An interesting case of dag arises when modeling an arbitrary T -step computationsof network H = (N;E) of the type de�ned above, with parameters p = n(= jN j) andm = 1.De�nition 3 Given an undirected graph H = (N;E) and an integer T � 1, we letGT (H) = (V;A) denote the directed acyclic graph where:V = f(v; t) : v 2 N; 0 � t � Tg; 5



A = f(u; t� 1); (v; t)) : u = v or (u; v) 2 E; 1� t � Tg:Informally, vertex (v; t) represents the operation performed by node v of network H atstep t. The arc set A re
ects the fact that the operands for vertex (v; t) are the valueof a (unique) memory cell of v and the values supplied by the neighbors of v at stept� 1. Vertex (v; 0) denotes the initial value of the memory cell in v 2 V and is an inputvertex. A simulation of H can be viewed as the execution of graph GT (H).3 The topological separator approachIn this section we discuss general simulation schemes within homogeneous classes ofparallel machines, as introduced in the preceding section, i.e., linear arrays and squaremeshes. Speci�cally, we shall consider the simulation of Md(n; n;m), the guest, bymeans of an Md(n; p;m), with 1 � p � n, the host. We shall study �rst the case inwhich the host has p = 1, and then generalize the results to arbitrary p.3.1 Naive simulation on H-RAMsLet the guest be described by a graph H = (N;E) where each node has m memorycells. The most straightforward simulation scheme is one where the uniprocessor host,an H-RAM with nm memory cells, mimics individual steps of the guest, that is, foreach such step, it carries out successively the activity of each individual processor of theguest in that step. In such approach, each step involves n remote accesses to the privatememories of the simulated node, and therefore carries a substantial latency overhead.We call such approach the naive simulation.Proposition 1 The naive simulation of T steps of network H = (N;E) by an f(x)-H-RAM takes time O(Tnf(nm)). In particular, Md(n; 1; m) can simulate Md(n; n;m)with slowdown O(n(1+1=d)).3.2 Divide-and-conquer on H-RAMsIntuitively, a more e�cient approach is one where blocks of data are relocated to aregion of memory closer to the CPU (thereby involving a smaller access overhead),such that a substantial amount of computation - spanning several steps of the guest{ can be executed on the basis of the transferred block alone. Below, we explore thisapproach. Our objective is to identify decompositions of the dag so that execution ofthe decomposition blocks will involve moderate data relocation overhead.6



Assuming m = 1, for a computation of T steps, GT (H) = (V;A) denotes the asso-ciated dag, as de�ned in Section 2.A vertex (v; t) of GT (H) can be executed only if the set Pred(v; t) of its immediatepredecessors has been executed. Generalizing this observation, a set U � V can beexecuted only after the execution of its preboundary �in(U), de�ned as�in(U) 4= [(v;t)2U Pred(v; t)� U:The following de�nition captures the conditions under which the execution of set U canbe decomposed into the successive executions of subsets U1; U2; :::; Uq.De�nition 4 An ordered partition (U1; U2; :::; Uq) of U � V is said to be a topologicalpartition of U if, for r = 1; 2; :::; q,�in(Ur) � �in(U) [ ([r�1i=1Ui):It can be seen that a topological partition of U can be re�ned into a topologicalsorting of U , and that sets Ui's are convex, in the following sense.De�nition 5 A set of U � V is said to be convex if, whenever u and v are in U , so isany vertex on any path from u to v.As we shall see in Sections 4 and 5, topological partitions of dags are not trivial.For example, if the dag under consideration is a cubic lattice, a partition of such daginto cubes is not a topological partition.We now formulate and analyze a simple strategy to execute the vertices of a setU � V on an f(x)-H-RAM, based on a topological partition of U .Proposition 2 Let T (W ) and S(W ) respectively denote time and space required by theexecution of convex set W � V on an f(x)-H-RAM, with �in(W ) initially stored inmemory locations from S(W )� j�in(W )j to S(W )� 1.If (U1; U2; :::; Uq) is a topological partition of U , thenS(U) � maxqi=1S(Ui) + '(U);and T (U) � qXi=1 T (Ui) + 4f(S(U))'(U);where '(U) =Pqi=1 j�in(Ui)j. 7



Proof Assume that �in(U) is initially stored in memory locations >from S(U)�j�in(U)jto S(U)� 1. To execute U , for i = 1; 2; :::; q do:1. Copy preboundary �in(Ui) into memory locations from S(Ui)�j�in(Ui)j to S(Ui)�1. (This step takes time at most 2f(S(U))j�in(Ui)j, since each preboundary valueis read from and written to a location with address lower than S(U).)2. Execute Ui, using memory locations from 0 to S(Ui) � 1 as working space, (intime T (Ui)).3. Copy the value of the vertices in Ui \ �in(Ui+1 [ ::: [ Uq) into suitable memorylocations in the range from S(U) � '(U) to S(U)� 1. (Over all q iterations, atmost Pqi=1 j�in(Ui)j values are moved (read and written) between locations withaddress lower than S(U), taking at most 2f(S(U))Pqi=1 j�in(Ui)j time.)The bounds stated for S(U) and T (U) easily follow from the bounds to the individualsteps of the above procedure. 2Our aim is to identify topological partitions of a convex set U whose components,although not necessarily \geometrically similar" to U , inherit its decomposability prop-erties. This feature is captured by the following de�nition of the key notion of topologicalseparator.De�nition 6 Let 0 < � < 1, q > 1 be an integer, and let g(x) be a real function. Aconvex set U � V has a (g(x); �)-topological separator if either jU j = 1 or� j�in(U)j � g(jU j);� U has a topological partition (U1; U2; :::; Uq) where, for each i = 1; 2; :::; q, jUij ��jU j;� for each i = 1; 2; :::; q, Ui has a (g(x); �)-topological separator.We now consider the worst case space �(k) and the worst case time �(k) to executea set U of size jU j = k when U has a topological separator. The bounds given byProposition�(jU j)� �(�jU j) + q g(�jU j); (1)and �(jU j) � qXi=1 �(jUij) + 4q f(�(U)) g(�jU j); (2)8



where, in bounding ', we have assumed that g(x) is monotone non-decreasing. Ofinterest for later developments are dags with topological separators of size O(xd=(d+1))to be executed by an O(x1=d)-H-RAM. In such cases, the following proposition applies,with � = 1=d and 
 = d=(d+ 1).Proposition 3 Let U have a (cx
; �)-topological separator, for some constants c > 0,1=2 � 
 < 1, and 0 < � < 1. Then, time and space to execute U on an (ax�)-H-RAM,with a > 0 and 0 < � 4= (1� 
)=
 � 1, satisfy�(jU j)� �0jU j
 (3)and �(jU j) � �0jU j log jU j; (4)where �0 4= qc�
=(1� �
) and �0 4= 4qa��0 �
= log(1=�).Proof We proceed by induction, and assume that Equation (3) holds for sets of sizesmaller than jU j. Then, Equation (1) yields:�(jU j) � �(�jU j) + qg(�jU j)� �0�
 jU j
 + qc�
 jU j
= �
(�0 + qc)jU j
= �0jU j
:Similarly, using Equation (4) for the inductive hypothesis, Equation (2) yields:�(jU j) � qXi=1 �0jUij log jUij+ 4qa(�0jU j
)�(�jU j)
� �0 qXi=1 jUij log(�jU j) + (4qa��0 �
)jU j
�+
= �0jU j log jU j � (�0 log(1=�)� 4qa��0 �
)jU j= �0jU j log jU j: 2In the following subsections, we shall apply the preceding techniques by exhibitingappropriate topological separators for the computation graphs of the linear array and ofthe mesh. This simulation approach can be extended to arbitrary values of m, although9



it becomes increasingly onerous so that, for large values of m, the naive simulationremains as the only alternative.The vertex sets of dags corresponding to linear arrays or to square meshes are two- orthree-dimensional lattices, respectively. We shall �nd it convenient to specify a convexsubset X of the vertex set V by means of a semi-closed convex geometric domain D inthe same space as the lattice. Speci�cally, D does not contain those points of its frontiercorresponding to minimum values of t (for any �xed values of the other coordinates). SetX consists of all lattice points in D. Since such domain D is a very close approximationto the domain D0 obtained as the union of unit cubes centered at the points of X , forthe sake of simplicity we shall approximate jX j with the measure (area or volume, asappropriate) of D.We �rst describe the instance of a one-dimensional parallel machine (a linear ar-ray), which, while simple, contains all the essential features of the more complex two-dimensional case.4 Simulation between linear arrays4.1 Simulation by uniprocessorsWe begin by illustrating the simpler case of m = 1, which encompasses the cases wherethe guest system is either a systolic network or a cellular automaton. The guest is anM1(n; n; 1), a Tn-step computation of which is modeled by dag GTn(M1(n; n; 1)) (seeDe�nition 3). By the topological-separator technique, we can establish the followingresult.Theorem 2 For Tn � n, a Tn-step computation of an M1(n; n; 1) can be simulated byan M1(n; 1; 1) with slowdown T1=Tn = O(n logn).Proof We describe the simulation scheme for Tn = n. For larger values of Tn, it issu�cient to repeat the n-step simulation dTn=ne times. Thus, the computation to besimulated is modeled by dag Ln�1 4= Gn�1(M1(n; n; 1)) = (V;A) where V is speci�ed bythe rectangle [0; n�1]� [0; n�1]. We shall make use of a diamond-shaped domain D(r)de�ned as the intersection of the following four half-planes of the (x; y)-plane: y � x ��r=2 and y � x � r=2. Note that jD(r)j = r2=2 and that �in(D(r)) � 2r = 2p2jD(r)jand that D(r) has an ordered partition into four domains of type D(r=2). We concludethat convex set D(r) has a (2p2x; 1=4)-topological separator.10



Referring to Figure 1, we also recognize that V has an ordered partition (U1; U2; U3; U4;U5) into �ve domains, of which U3 is of type D(n) and the others are truncated versionsof D(n). It is therefore su�cient to consider D(n), which { as noted above { has a(2p2x; 1=4)-topological separator. We wish to execute D(n) on an (x)-H-RAM. There-fore, with the terminology of Proposition 3, we have 
 = 1=2; c = 2p2; � = 1=4; q =4; � = 1, whence (with �0 = 2p2 and �0 = 8p2):�(jD(n)j) = �0jD(n)j1=2 = O(n)and �(jD(n)j) = �0n22 log n22 = O(n2 logn):Since the simulation is to be repeated dTn=ne times, we obtain that the overall simulationtime is O(Tnn logn). 2 In the O(n logn) slowdown, the factor n accounts for thereduction of parallelism and the factor logn is due to the loss of locality.We now consider m > 1 so that M1(n; n;m) and M1(n; 1; m) are respectively theguest and the host.As seen in Subsection 3.1, the \naive" simulation scheme takes time T1 = O(Tnn2).Alternative to this approach is an adaptation of the divide-and-conquer strategy of Sub-section by the access to the entire private memory of an individual processor (i.e., by theaccess to a block of m data items). With this approach, we obtain T1 = O(Tnnm logn),which is smaller than the time of the naive simulation for m < n= logn.The two approaches can be combined by applying the topological-separator tech-nique to diamonds D(r) with r > m and executing diamonds with r � m by the naivemethod. When n > m, the simulation is recursive and its initial levels are data transfersdesigned to bring in proximity of the processors the diamonds to be directly executedby naive simulation (referred to as \executable diamonds"). In other words, the re-cursive simulation consists of log(n=m) levels, each of which exclusively involves datarelocation. The bottom of the recursion is the execution - by naive simulation - of anexecutable diamond.Since an executable diamond is of type D(m), there are log(n=m) data transferlevels, where level k involves the transfer of �(nm2k) data items at distance O(n2�k),taking in all O(nm2k:n2�k : log(n=m))= O(n2m log(n=m)) time. In the ensuing naive-simulation phase, �((n=m)2) diamonds of type D(m) are to be executed, each in timeO(m3), taking in all O(n2m) time. Thus, T1 = O(Tnnm log(n=m)). When n � m, onlythe naive simulation applies. In summary, we have:11



Theorem 3 For Tn � n, a Tn-step computation of an M1(n; n;m) can be simulated byan M1(n; 1; m) with slowdown T1=Tn = O(n min(n;m `og(n=m)). �We see that the locality slowdown is O(m log(n=m)) for m < n, and O(n) otherwise.4.2 Simulation by multiprocessors: a modi�ed Brent principleWe now consider the simulation of guest M1(n; n;m) by host M1(n; p;m). As above,we focus on a computation of the guest running for Tn = n steps.We begin by considering a parallel version of the naive simulation, whereby pro-cessor PEi of M1(n; p;m) (located at abscissa bn=pci) performs the actions of pro-cessors PEi, PEi+1,...,PEi+n=p�1 of M1(n; n;m). It is simple to see that a slowdownTp=Tn = O((n=p)2) is achieved.Form < n=p, an improvement can be achieved by a straightforward generalization ofthe simulation byM1(n; 1; m) (Subsection 4.1). A zig-zag band of width (n=p), as shownin Figure 2, is assigned to each processor. Di�erent bands are executed in parallel (withspecial handling of the vertical boundaries of Ln�1). Each band is decomposed into� 2p diamond-shaped domains of type D(n=p), to be executed in sequence. Executionof any such domain (in time O((n=p)2 min (n=p;m `og(n=pm))) must be preceded bythe access to the domain's preboundary (in time O((nm=p) � (n=p)) = O((n=p)2m),since (n=p)m data items are to be accessed at distance n=p. This results in an overallexecution time O((n2=p) min (n=p;m `og(n=pm)). In terms of slowdown, Tp=Tn =O((n=p) min (n=p;m `og(n=pm)).However, the availability of p > 1 processors a�ords a strategy infeasible with justone processor. Indeed, imagine to split vertically a diamond-shaped domain D(s) alongits diagonal and to store the left and right halves of its preboundary in non-contiguousregions of memory. Referring to two processors PEi and PEj , we have two alternativestrategies for the execution of D(s): (i) to let one processor, say PEi, access the pre-boundary (of size sm) and alone execute D(s) , or (ii) to let PEi and PEj access theleft and right halves of the preboundary, respectively, and execute the correspondingsemidiamonds, while exchanging the O(s) data items supposed to 
ow across the diag-onal. We denote the latter \execution in the cooperating mode". Clearly, dependingupon the relative positions of PEi;PEj , left preboundary, and right preboundary, onealternative may be preferable over the other.�Hereafter, we let `og(x) denote log 2(x+ 2). Note that `og(x) � 1 for any nonnegative x.12



We seek a rearrangement of data that conveniently bounds the distance at whichdata communication occurs during the simulation, both for preboundary access and forinterprocessor communication in the execution of shared diamonds.For some parameter s (to be later selected), let n = sq and pjq. We imagine thedomain Ln�1 partitioned into vertical strips of width s indexed 0; 1; : : : ; q � 1.Let �j denote the initial memory data pertaining to the vertical strip with leftabscissa at js. We now rearrange this data, by transferring �j to the original positionof ��(j), where � is the composition � = �2�1 of the following two permutations:1. The index array I = (0; : : : ; q�1) is subdivided into q=p segments S0; S1; : : : ; Sq=p�1,where Si = (ip; ip+ 1; : : : ; (i+ 1)p� 1). Permutation �1 reverses the order in theodd-indexed segments S1; S3; : : : ; producing array �1(I).2. Permutation �2 is a (q=p)-way shu�e on array �1(I), producing array �2�1(I)(consisting of p segments of length q=p).Notice that, under �1, adjacent indices within the same segment of I remain adjacentin �1(I), and that adjacent indices in di�erent segments of I become homologous (i.e.,equally placed) within adjacent segments of �1(I). Moreover, adjacent indices withinthe same segment of �1(I) are mapped at distance (q=p) in �2�1(I), whereas homologousindices in adjacent segments of �1(I) become adjacent in �2�1(I). This proves that� initially consecutive indices are either consecutive or at distance q=p in the rear-ranged array.Finally, while �1 does not alter the composition of a segment of I (of length p), �2distributes any segment of �1(I) uniformly among the segments of �2�1(I) (of lengthp). This assures that (if processor PEj is placed at abscissa j(q=p) in I)� for any j, there is an index of every segment of I at distance q=p from PEj .The simulation described below is based on the memory rearrangement de�nedabove. When a di�erent initial layout is given, the necessary memory rearrangementcan be accomplished in a preprocessing phase of duration O(n2m=p). (Indeed, nm vari-ables are transferred at distance �(n), with full parallelism p.) As this preprocessing isexecuted only once, its cost gives a contribution to the slowdown that vanishes as thenumber of simulated steps increases. 13



The simulation of a domain of type D(n) consists of two cascaded regimes, bothcomplying with the domain decomposition speci�ed by the topological separator tech-nique. The di�erence between the two regimes is as follows. In the �rst regime, calledRegime 1, D(n) is decomposed into domains of type D(ps), and relocation occurs sothat the domain preboundary is spread out in p (vertical) strips of width s, each inproximity of a processor. At this point the cooperating mode is activated (Regime 2),i.e., each vertical strip is executed either by one processor or by two adjacent processors.Quantitatively, Regime 1 of the simulation involves data relocations, each stage ofwhich halves the width of the domain to be executed, for a total of log(n=ps)�1 stages.Due to the adopted memory rearrangement, the distances at which transfers occur arereduced by a factor p with respect to the initial con�guration (for a (data � distance)cost of O(n2m=p) per stage), yielding overall time�1 = O 1p n2mp log(n=ps)! = O n2mp2 log(n=ps)! ;the factor (1=p) being due to p-fold parallelism.In Regime 2, considering D(ps) partitioned vertically into p strips of width s,each processor executes individually the diamond-shaped domains of type D(s) entirelywithin one such strip, and cooperates with two adjacent processors at distance (n=p)when executing a shared diamond. It follows that a D(ps) is executed in 2p� 1 stages�0; �1; : : : ; �2p�2, where during (�1; �3; : : : ; �2p�3) each processor executes a diamond oftype D(s), and during (�0; �2; : : : ; �2p�2) each processor executes two semi-diamondsof type D(s) and exchanges s data items with each of its two neighbors, whereverapplicable (in time O(sn=p)). The execution of diamonds or semidiamonds by individ-ual processors is done according to the recursive strategy of Subsection 4.1 (in timeO(s2 min(s;m `og(n=m))) {Theorem 3), for a total time � 02� 02 = O(p(s2 min(s;m `og(s=m)) + sn=p)):Since there are �((n=ps)2) domains of type D(ps) in D(n), to be executed sequentially,the overall execution time �2 of Regime 2 is�2 = O n2mp � min� sm;��!The sum �1 + �2 equals the total simulation time � , which can be rewritten as� = O(n(n=p)�(s)) 14



where we have introduced the locality slowdown factor�(s) = (m=p) log(n=ps) + min(s;m `og(s=m)) + n=ps:The optimization of the function �(s) involves some elementary but rather laboriousanalytical developments. The details are described in an appendix to this paper, andbelow we report the optimizing selections s� of the parameter s:1. s� = (p=(p� 1))(n=mp)' n=mp, for 1 � m � pn=p, (range 1);2. s� = pn=p, for pn=p < m � pnp, (range 2);3. s� = m=p, for pnp < m � n, (range 3);4. s� = n=p, for n � m, (range 4).This establishes the case d = 1 of Theorem 1:Theorem 4 For Tn � n, a Tn-step computation of an M1(n; n;m) can be simulated byan M1(n; p;m) with slowdownTp=Tn = O((n=p)�(n;m; p))where the term � is de�ned as follows:� for m � pn=p, �(n;m; p) = (m=p) logm+m log(2n=pm2),� for pn=p � m � pnp, �(n;m; p) = (m=2p) log(n=p) + 2pn=p,� for pnp � m � n , �(n;m; p) = (m=p) log(2n=m) + n=m,� for n � m, �(n;m; p) = n=p.More interesting than the analytical details is the interpretation of the results, whichprovides a physical explanation of the simulation. We shall examine the process as theparameter m is assumed to grow >from the value m = 1. The four di�erent rangesof m where � takes di�erent expressions correspond to di�erent mechanisms becomingdominant.Initially (range 1), for m ' 1, due to the postulated memory-rearrangement, thedomain to be executed by an individual processor, i.e., D(s), is of type D(n=p). Thissuggests that the memory rearrangement by itself provides a domain size (of width(n=p)) to be handled in the cooperating mode (Regime 2). Therefore Regime 1 is15



vacuous, as vacuous is the naive-simulation at the bottom of recursion for Regime 2.As m grows, however, Regime 1 becomes signi�cant, as signi�cant becomes the naive-simulation part of Regime 2. Indeed, for m = pn=p, the recursive part of Regime 2disappears altogether, since D(s) = D(pn=p) = D(m): At this point, (1=2) log(n=p)levels of Regime 1 are followed by naive-simulation execution. This behavior, where theoptimal size s decreases from (n=p) to pn=p, results from a tradeo� between the costof local accesses and the cost of interprocessor communication.As m grows further, Regime 1 recedes and the naive simulation portion of Regime 2becomes predominant, since the relocation of data becomes uneconomical with respectto the cost of the naive simulation. This recession of Regime 1 is negligible form � pnp(range 2), but becomes substantial for larger values of m (range 3), and is complete form = n . As m grows further, only the naive simulation is pro�table, with constantlocality slowdown n=p. Notice that this slowdown is attainable by the most unsophis-ticated simulation strategy: naive simulation of the original memory assignment in theguest (i.e., without the initial rearrangement).5 Simulations between meshesWith the intuition gained in the analysis of simulations between linear arrays, we shallnow obtain analogous results for simulations between meshes. The developments areclosely patterned after those of the preceding subsections. Therefore, a more succinctstyle is adopted. We assume that n is a perfect square.Theorem 5 For Tn � pn, a Tn-step computation of a M2(n; n; 1) can be simulated bya M2(n; 1; 1) with slowdown T1=Tn = O(n logn).Proof We simulate pn steps of M2(n; n; 1) and carry out dTn=pne such simulationcycles. The dag to be executed is Fpn�1 4= Gpn�1(M2(n; n; 1)) = (V;A), whose vertexset is a cube V = [0;pn� 1]� [0;pn� 1]� [0;pn� 1]: We shall make use of two typesof domains of the (x; y; z)-space:(i) an octahedron P (pr), de�ned as the intersection of the following eight half-spaces:z�x � �pr=2; z�x � pr=2; z�y � �pr=2; z�y � pr=2: Note that jP (pr)j =r3=2=3 and �in(P (pr)) = 2r = 2 3p9jP (pr)j2=3;(ii) a tetrahedron W (pr), de�ned as the intersection of the following four half-spaces:z � y � 0; z � x = pr=2. Note that jW (pr)j = r3=2=12 and �in(W (pr)) = r =(12)2=3jW (pr)j2=3. 16



Referring to Figure 3(a) we recognize that P (pr) has an ordered partition (P1;W1;W2;W3;W4; P2; P3; P4; P5;W5;W6;W7;W8; P6), into 14 subdomains, in which the Pj 'sare of type P (pr=2) and the Wi's are of type W (pr=2) with jP (pr=2)j = 1=8jP (pr)jand jW (pr=2)j = 1=32jP (pr)j. Analogously (Figure 3(b)), W (pr) has an orderedpartition (W1;W2; P1;W3;W4) of which P1 is of type P (pr=2) and the Wi's are of typeW (pr=2), with jP (pr=2)j = 1=2jW (pr)j and jW (pr=2)j = 1=8jW (pr)j. According toDe�nition 6 we conclude that both P (pr) andW (pr) have a (2 3p9x2=3; 1=2){topologicalseparator.We now consider domain V (Figure 4), which has an ordered partition (P1; P2; P3; P4;W1;W2;W3;W4; P5;W5;W6;W7;W8; P6; P7; P8; P9), such that the Wi's are truncatedversions ofW (pn=2), P5 is a full-
edged octahedron of type P (pn=2) and the remainingPj 's are truncated version of P (pn=2). It is therefore su�cient to consider P (pn) andW (pn). For P (pn), using Proposition 3, we have c = 2 3p9; 
 = 2=3; � = 1=2; a =1; � = 1=2, whence�(jP (pn)j) = �0n;�(jP (pn)j) = �0n3=2 logn3=2;where �0 and �0 are appropriate constants. An analogous result holds for W (pn).Since the simulation is to be repeated dTn=pne times, the overall simulation time isT1 = O(Tnn logn): 2For m > 1, again we adopt a simulation of a recursive nature complying with thetopological-separator decomposition, such that the recursion bottom corresponds to theexecution of naive simulation (once the area of the base of the domain to be executedattains an appropriate value m�, for some real �). By choosing � = 2, the time usedby the second phase becomes (number of subdomains) � (amount of data) � (latency)= O((n=m�)3=2 � (m�)3=2 � (m�)1=2) = O(n3=2m�=2) = O(n3=2m), which is smaller thanthe time of the �rst phase. Obviously, this policy applies for m < pn. Arguing as inSubsection 4.1, we have:Theorem 6 For Tn > pn, a Tn-step computation of an M2(n; n;m) can be simulatedby an M2(n; 1; m) with slowdown T1=Tn = O(nmin(pn;m `og(n=m2))).Finally, we consider the simulation of M2(n; n;m) by M2(n; p;m) with 1 < p � n,and extend to this case the technique of the cooperating processors. For simplicity ofpresentation, we assume that, beside n, each of the integer parameters fp; q; sg used17



below is a square. Here s denotes the area of the horizontal central section of P (ps).We consider a uniform tessellation which partitions the pn � pn memory square intopn=p�pn=p square cells of size pp�pp.We now rearrange the memory by a cross product of two one-dimensional rearrange-ments. Speci�cally, letting n = qs and pjq, we apply the rearrangement described inSubsection 4.2 with parameters ps;pp;pq, to both row and column indices. Since ad-jacency in a mesh is due to row or column adjacency, the applied rearrangement boundsthe distance between cooperating processors in the simulation of shared octahedra byO(pn=p).The simulation runs basically as in the one-dimensional case, and again we distin-guish two regimes: The data relocation, and the activation of the cooperating mode(whose last portion reduces to naive simulation). Depending upon the values of theparameters n;m; and p, the topological-separator phase of the cooperating strategyregime may disappear altogether.As before, the �rst regime moves data until the preboundary size is �(ps), at whichpoint the second regime is activated and each processor is assigned to the execution of adomain which is a right parallelepiped with square base of area s. The periodic \block"of this execution is shown in Figure 5.An analysis, patterned after the more detailed one developed in Subsection 4.2, givesthe following results for parameters �1 and �2;:�1 = O �np�3=2m log nps! ;�2 = O n3=2p �min�ps;m `og sm2�+r nps �! :Since the total simulation time � is given by � = �1 + �2, we have in general :�= n3=2p ! = O m log(n=ps)pp + min(ps;m `og sm2 ) +r nps! :Within the multiplicative constants allowed by the big-Oh notation, the objective func-tion locality slowdown is conveniently chosen as:�(s) = m log(n=ps)2 pp +min(ps; m2 `og sm2 ) +r nps:If in the above expressions for �(s) we perform the substitutions s0 = ps, n0 = pn, andp0 = pp, then �0(s0) = �(s) takes on the same structure as �(s) for the linear array18



(Subsection 4.2). The analogy provides the following optimizing selections s� for theparameter s:1. ps� = pn=pm2, for 1 � m � 4pn=p;2. ps� = 4pn=p, for 4pn=p � m � 4pnp;3. ps� = m=pp, for 4pnp � m � pn;4. ps� = pn=p, for m � pn.Using these results we establish the case d = 2 of Theorem 1:Theorem 7 For Tn � pn, a Tn-step computation of an M2(n; n;m) can be simulatedby an M2(n; p;m) with slowdownTp=Tn = O((n=p)�(n;m; p))where the term � is de�ned as follows:� for m � 4pn=p, �(n;m; p) = (m=pp) logm+m log(2pn=pm4),� for 4pn=p � m � 4pnp, �(n;m; p) = (m=pp) log(n=p) + 2 4pn=p,� for 4pnp � m � pn , �(n;m; p) = (m=pp) log(2pn=m) +pn=m,� for pn � m, �(n;m; p) = pn=p.6 ConclusionsIn this paper, we have assumed a technological scenario in which the time to send amessage is proportional to the distance between source and destination of the messageitself. In other words, set-up time is negligible with respect to transmission time. Inthis scenario, we have shown that the potential speed up of a machine with n processorswith respect to one with p processors is O((n=p)�(n; p;m)) when both machines havetotal memory mn. Of course, this potential can be realized only if n-fold parallelismwith full locality is achievable for the application at hand. This is indeed the case for awide class of important applications. The presence of the locality term � indicates thatthe advantages of parallelism under bounded-speed transmission can be greater thanthose achievable under instantaneous transmission, which are limited to n=p.19



Therefore, our analysis indicates that an e�cient architecture ought to exhibit adegree of parallelism proportional to the total memory size. This can be achieved bymaking p = n, in the type of machines considered in this paper. An intermediatealternative consists in the deployment of p < n processors whose memory is enhancedwith pipelining capabilities that would permit issuing a memory request before all theprevious ones have been satis�ed. For such a machine, it is not di�cult to devisesimulation schemes that incur no locality slowdown. On the other hand, the hardwarenecessary to make the memory pipelinable would be proportional to n, making the costof such machine closer to the one with n fully-
edged processors.An obvious question left open by this paper is whether the locality slowdown wouldbe present in three-dimensional machines. A natural conjecture is that Theorem 1could be extended to d = 3 by the techniques developed in this paper, the critical stepbeing the development of a suitable topological separator for four-dimensional domains.Another direction for further exploration is the simulation between machines withdi�erent values of the parameter m. In fact, if an algorithm for n processors actuallyrequires m0 memory cells per processor, with m0 < m (recall that m is the number ofcells per unit space), more locality will result in implementations with p processors.References[AACS87] A. Aggarwal, B. Alpern, A.K. Chandra and M. Snir. AModel for HierarchicalMemory. In Proc. of the 19th ACM Symposium on Theory of Computing,(1987), 305{314.[BP92] G. Bilardi and F.P. Preparata. Horizons of Parallel Computing. In Proc. ofINRIA 25th Anniversary Symposium, invited paper, 1992, LNCS Springer-Verlag. To appear in Journal on Parallel and Distributed Computing.[BP95] G. Bilardi and F.P. Preparata. Processor-Time Tradeo�s under Bounded-Speed Message Propagation: Part II, Lower Bounds. Manuscript, 1995.[B74] R.P. Brent. The Parallel Evaluation of General Arithmetic Expressions.Journal of the ACM, (21)2:201{206, 1974.[CR73] S.A. Cook and R.A. Reckhow. Time Bounded Random Access Machines.Journal of Comput. System Science, 7:354{375, 1973.20
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AppendixAnalysis of �(s) for linear arrays.We wish to select the parameter s so that the following function is minimized:�(s) = (m=p) log(n=ps) + min(s;m `og(s=m)) + n=ps:Clearly, for s < m the termm log(s=m) is meaningless, since diamonds of type D(s) areexecuted with the naive simulation. Therefore, considering m as a parameter increasingfrom value 1, for su�ciently small values ofm and for a �xed s, we havem log(s=m) < s,so that the objective function becomes:�(s) = (m=p) log(n=ps) +m log(s=m) + n=ps:Taking the derivative with respect to s, we �nd for s the extremizing values� = (p=(p� 1))(n=mp)' n=mp;so that for small values of m:�(s�) = (m=p) logm+m log(2n=pm2):The selection s = (n=pm) holds as long as m < pn=p. When m = pn=p, we haveD(s) = D(pn=p) = D(m), i.e., the topological-separator simulation reduces to the\naive" simulation. For m � pn=p, the objective function becomes�(s) = (m=p) log(n=ps) + s+ n=ps:Taking again the derivative with respect to s, the extremizing value iss� = m2p +sm24p2 + np :The plot of s�(m) has an asymptote s1 = m=p. Form = pnp we have s1(pnp) = pn=pand s�(pnp) = (1+p5=4)pn=p; since the two values are only minutely di�erent and form � pn=p we have s�(m) > pn=p, we choose a straight-line approximation of s�(m)consisting of s� =pn=p for m 2 [pn=p;pnp] and of s� = m=p for m > pnp , i.e.,1. s� = pn=p for pn=p � m � pnp yielding �(s�) = (m=2p) log(n=p) + 2pn=p,2. s� = m=p for m � pnp yielding �(s�) = (m=p) log(2n=m) + n=m.When m reaches the value n, �(s�) attains the value n=p and grows no further.22
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Figure 1: Partition of domain V into full or truncated instances of diamonds used bythe topological-separator technique for d = 1.
Figure 2: Zig-zag band of diamonds forming the subdomain assigned to an individualprocessor for d = 1 23
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Figure 5: Periodic block executed in the cooperating mode for d = 2
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