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LSign ReorderedViswanath Ramachandran and Pascal Van HentenryckBrown University, Box 1910, Providence, RI 02912 (USA)fvr,pvhg@cs.brown.eduAbstractLSign [18] is an elegant domain for analyzing constraint logic programming languages over linearreal constraints. Its key conceptual ideas are the abstraction of linear constraints by replacingcoe�cients by their signs and the use of annotations for preserving multiplicity information on theconstraints. Unfortunately, the ordering of abstract constraint stores given in [18] does not capturethe intended meaning and makes it impossible to prove the consistency of the abstract operationsof LSign. In this paper, we reconsider the domain LSign. Our �rst contribution is to de�ne a newordering on abstract constraint stores and to give the meaning of the domain through a monotoneconcretization function from abstract stores to sets of constraint stores, where a constraint storeis a multiset of constraints. Our second contribution is to show that ordering two abstract storesreduces to a matching problem, which can be solved in polynomial time. Our last contribution is topropose a simpler and more precise algorithm for abstract projection and a schema for generatingupper bound operations and to prove their consistency.1 IntroductionConstraint logic programming (CLP) [10, 4] is a generalization of logic programming where uni-�cation is replaced by constraint solving over some computation domain. Many CLP languageshave been de�ned in the last decade on computation domains such linear real constraints (e.g.,[11, 22, 4]), integers (e.g., [21]), Booleans (e.g., [3, 4]), and nonlinear real constraints (e.g., [20])to name a few. Recently, more and more attention has been devoted to abstract interpretation ofconstraint logic programming (e.g., [16, 9]) and of CLP(<lin), an instance of CLP over linear realconstraints, in particular (e.g., [17, 18, 7]). This interest is motivated by the large potential foroptimization in CLP(<lin) programs using techniques such as re�nements, reordering, and removalof constraints [17].Reordering constraints is a particularly interesting avenue since it enables other optimizations tobe applied more e�ectively. Marriott and Stuckey [17] have shown that determining when reorderingcan be performed reduces to checking if a constraint store is always satis�able. A variety of abstractdomains can be used for this task, including the abstract domain of Cousot and Halbwachs [6] andthe LSign domain of Marriott and Stuckey [18]. LSign is a new and elegant domain whose keyconceptual ideas are the abstraction of linear constraints by replacing coe�cients by their signs andthe use of annotations for preserving multiplicity information on the constraints. This allows theprojection operation to be approximated by abstract versions of Fourier and Gauss elimination.Unfortunately, the ordering given in [18], i.e.,�1 v �2 , 8
1 2 �1 9
2 2 �2 
1 v 
2does not capture the intended meaning, since it would conclude that the set �1 = f� = �x1 +�x2;� = �x1+	x2g is smaller than �2 = f� = �x1+>x2g, where � represents a strictly positive1



coe�cient, 	 a strictly negative coe�cient, and > any coe�cient. The intended meaning of [18]is that �1 represents exactly two constraints while �2 represents exactly one constraint. Hence �2is always satis�able, while �1 may not be. We observed this problem when trying to de�ne anupper bound operation for LSign which was not given in [18]. Obviously, if two distinct clausesreturn f� = �x1 + �x2g and f� = �x1 + 	x2g, we were tempted to return f� = �x1 + >x2gas an upper bound but noticed that �1 = f� = �x1 + �x2;� = �x1 + 	x2g was smaller wrt thede�ned ordering. This ordering problem obviously makes it impossible to prove the correctness ofthe abstract operations of LSign.The purpose of this paper is to reconsider the domain LSign and its abstract operations. Ourstarting point is a slight generalization of LSign, which clearly separates multiplicity informationfrom the abstract constraints.1 Our �rst contribution is to de�ne an ordering on this domainand to capture the intended meaning of the domain through a monotone concretization functionfrom abstract constraint stores to sets of constraint stores, where a constraint store is a multisetof constraints.2 Our second contribution is to show that ordering two abstract constraint storesreduces to a matching problem, which can be solved in polynomial time. Our last contribution isto reconsider the other abstract operations of LSign, i.e., projection, upper bound, and addition ofa constraint, and to prove their consistency. In particular, we propose a simpler and more precisealgorithm for abstract projection which factorizes the case analysis in a single procedure and aschema for generating consistent upper bound operations. It is important to stress that our goalin this paper is not to improve the LSign domain but rather to show how the results of [18] can becorrected and completed, since they seem to be particularly appropriate for optimizing compilersof CLP(<lin).The rest of this paper is organized in the following way. Section 2 gives the background for thispaper. It contains an overview of CLP(<lin) programs, a brief summary of our approach to abstractinterpretation and the de�nition of the concrete objects. Section 3 contains a description of theabstract domain LSign, including the concretization function and its proof of monotonicity. Section4 contains the implementation of the abstract operations (i.e., ordering, addition of a constraint,upper bound, projection) and their consistency proofs. Section 5 contains the conclusion of thepaper.2 PreliminariesCLP(<lin) Programs As in [18], we consider the analysis of CLP programs containing onlyconstraints in <lin (i.e. no functor symbol). To de�ne the syntax of CLP(<lin) programs precisely,we assume the existence of sets Pi (i � 0) denoting sets of predicate symbols of arity i and of anin�nite set PV of program variables. Variables in PV are ordered and denoted by x1; x2; : : : ; xi; : : :.CLP(<lin) programs consists of clauses of the form p(x1; : : : ; xn) : �g1; : : : ; gl where n � 0,p 2 Pn, and l � 0. Each goal gi in a clause is an atom of the form p(xi1 ; : : : ; xik) where xi1 ; : : : ; xikare all distinct program variables and p 2 Pk or a constraint of the form c0 op Pmi=1 cixi whereci are rational numbers, op 2 f<;�;=g, and x1; : : : ; xm are all the clause variables. A typicalCLP(<lin) program is the factorial program1This was motivated by our previous work on sequences [12, 1] which separates properties of the elements of thesequences from properties of the sequence.2Note that Marriott and Stuckey use an abstraction function for constraints and an approximation relation forthe remaining semantic objects. 2



fact(x1,x2) :- x1 = 0, x2 = 1.fact(x1,x2) :- x1 > 0, x3 = x1 � 1, x2 = x4 � x1, fact(x3,x4).Overview of the Framework Our abstract interpretation is a natural extension to CLP ofour logic programming framework [14]. It is thus close to the work of Marriott and S�ndergaard[15, 16], Winsborough [23]. Also related are the frameworks of Bruynooghe [2] and Hermenegildo[19, 9]. Our framework follows the traditional approach to abstract interpretation [5].As is traditional in abstract interpretation, the starting point of the analysis is a collectingsemantics for the programming language. Our concrete semantics is a collecting �xpoint semanticswhich captures the top-down execution of constraint logic programs using a left-to-right computa-tion rule and which ignores the clause selection rule. The semantics manipulates sets of constraintstores, i.e. multisets of linear constraints. Two main operations are performed on constraint stores:addition of a constraint to a constraint store and projection of a variable from a constraint store.The semantics associates with each of the predicate symbol p in the program a set of tuples of theform (�in; p;�out) which can be interpreted as follows:\the execution of p(x1; : : : ; xn) ^ � with � 2 �in produces a set of constraint storesf�1; : : : ; �n; : : :g, all of which belongs to �out."The second step of the methodology is the abstraction of the concrete semantics. Our abstractsemantics consists in abstracting a set of constraint stores by a single abstract store, i.e. an abstractstore represents a set of constraint stores. As a consequence, the abstract semantics associates witheach predicate symbol p a set of tuples of the form (�in; p; �out) which can be read informally asfollows:\the execution of p(x1; : : : ; xn) ^ � with � satisfying the property described by �inproduces a set of constraint stores �1; : : : ; �n; : : :, all of which satisfy the property �out."In our approach, the link between the abstract and the concrete domain is given by a monotoneconcretization function. The abstract semantics assumes a number of operations on abstract stores,in particular addition of a constraint, projection, and upper bound. The �rst two operations aresimply consistent approximations of the corresponding concrete operations. The upper boundoperation is a consistent abstraction of union of sets of constraint stores. The monotonicity ofthe concretization function and the consistency of the abstract operations guarantee that any post-�xpoint of the abstract transformation is an approximation of the least �xpoint of the concretetransformation (see [14] for the details).The last step of the methodology consists in computing the least �xpoint or a post�xpointof the abstract semantics. GAIA [14] is a top-down algorithm computing a small, but su�cient,subset of least �xpoint (or of a post�xpoint) necessary to answer a user query. The algorithm usesmemoization, a dependency graph to avoid redundant computation, the abstract operations of theabstract semantics, and the ordering relation on the abstract domain. It has many similarities withPLAI [19] and can be seen either as an implementation of Bruynooghe's framework [2] or as aninstance of a general �xpoint algorithm [13].Concrete Objects The concrete objects manipulated by our concrete semantics are linear con-straints and multisets of linear constraints. Consider a set of variables D = fx1; : : : ; xng. A linear3



constraint over D is an expression of the form c0 op Pni=1 cixi where ci are rational numbers andop 2 f<;�;=g. The set of linear constraints over D is denoted by CD. A constraint store overD is simply a multiset of linear constraints over D. The set of constraint stores over D is denotedby CSD and is ordered by standard multiset inclusion. We denote multiset union by [. In thefollowing, we denote linear constraints by the letter � and constraint stores by the letter �, bothpossibly subscripted. If � is a linear constraint c0 op Pni=1 cixi; �[i] denotes the coe�cient ci andop(�) denotes the operator op. If � is a constraint store over D = fx1; : : : ; xng and x 2 D, �+x , ��x ,�0x, represents all constraints � in � whose coe�cient for variable x is respectively strictly positive,strictly negative, and zero.3 The Abstract Domain LSignIn this section, we introduce the domain LSign. Although the presentation di�ers considerably from[18], the domain is in fact a slight generalization of the original domain. The new presentation ismotivated by the fact that it makes it easy to de�ne the concretization function compositionally byidentifying the semantic objects clearly. In contrast, [18] uses an approach based on an abstractionfunction and approximation relations. The �rst key idea is the notion of an abstract constraintwhich abstracts a concrete constraint by replacing each coe�cient by its sign. Our de�nitionsassume D = fx1; : : : ; xng.De�nition 1 [Signs] A sign is an element of Sign = f0;�;	;>g. Sign is ordered bys1 v s2 , (s1 = s2) _ (s2 = >)The monotone concretization function Cc : Sign! 2< is de�ned asCc(0) = f0g; Cc(�) = fc j c 2 < ^ c > 0g; Cc(	) = fc j c 2 <^ c < 0g; Cc(>) = <:It is clear that the Sign domain can be extended easily to cover < n f0g, <+, and <�.De�nition 2 [Operators] An operator is an element of Op = f<;�;=g. Op is ordered byop1 v op2 , (op1 = op2)De�nition 3 [Abstract Constraints] An abstract constraint over D is an expression of the forms0 op Pni=1 sixi where si is a sign and op is an operator. The set of abstract constraints over D isdenoted by AD and is ordered bys0 op nXi=1 sixi v s00 op0 nXi=1 s0ix0i , (op v op0) ^ n̂i=0(si v s0i):The concretization function Cc : AD ! CD is de�ned asCc(s0 op Pni=1 sixi) = f c0 op Pni=1 cixi j ci 2 Cc(si) (1 � i � n) g:Abstract constraints are denoted by the letter �, possibly subscripted.Example 4 The abstract constraint � = 	x1 +>x2 represents both the constraint 3 = �x1 + x2and 3 = �x1 � x2 but not the constraint 3 = x1 � x2.4



Lemma 5 If �1 and �2 are abstract constraints then �1 v �2 ) Cc(�1) � Cc(�2).The second key concept is the notion of an abstract constraint with multiplicity which represents amultiset of constraints. The multiplicity information speci�es the size of the multiset. We considerthree multiplicities, One, ZeroOrOne, and Any, which are used respectively to represent a multisetof size 1, a multiset of size 0 or 1, or a multiset of arbitrary size.3De�nition 6 [Multiplicities] A multiplicity is an element of Mult = fOne;ZeroOrOne;Anyg. Multis ordered by One v ZeroOrOne v Any: Multiplicities are denoted by the letter �, possiblysubscripted.We now turn to abstract constraint with multiplicities. Recall that elements of CSD are multisetsof linear constraints.De�nition 7 [Abstract Constraints with Multiplicity] An abstract constraint with multiplicity overD is an expression of the form h�; �i, where � is an abstract constraint overD and � is a multiplicity.The set of abstract constraints with multiplicity over D is denoted by AMD and is ordered byh�1; �1i v h�2; �2i , �1 v �2 ^ �1 v �2:The concretization function Cc : AMD ! CSD is de�ned asCc(h�;Onei) = f f�g j � 2 Cc(�) gCc(h�;ZeroOrOnei) = f;g [ f f�g j � 2 Cc(�) gCc(h�;Anyi) = f;g [ f f�1; : : : ; �mg jm � 1 ^ �i 2 Cc(�) (1 � i � m) g:Abstract constraints with multiplicities are denoted by the letter 
, possibly subscripted. Moreover,if 
 is h�; �i, cons(
) denotes � and mult(
) denotes �.Example 8 The abstract constraint with multiplicity h� = 	x1 + >x2;Onei represents onlymultisets of size 1, e.g., f3 = �x1 + x2g. h� = 	x1 + >x2;Anyi represents multisets of any size,e.g., ;, f3 = �x1 + x2g and f3 = �x1 + x2; 3 = �x1 � x2g.Lemma 9 If 
1 and 
2 are abstract constraints with multiplicity then 
1 v 
2 ) Cc(
1) � Cc(
2).We are now in position to de�ne the abstract stores of the domain.De�nition 10 [Abstract Stores] An abstract store over D is a set � of abstract constraints withmultiplicities such that8
1; 
2 2 � : mult(
1) 2 fZeroOrOne;Anyg ^mult(
2) = Any ^ 
1 v 
2 ) 
1 = 
2:The set of abstract stores is denoted by ASD. The concretization function Cc : ASD ! CSD isde�ned as Cc(;) = f;gCc(f
g [ �) = f �1 [ �2 j �1 2 Cc(
)^ �2 2 Cc(�) g 
 62 �:Abstract stores are denoted by the letter �, possibly subscripted.3[18] contains one other multiplicity OneOrMore which is obtained easily in our domain by including one constraintwith multiplicity One and one constraint with multiplicity Any. Note also that all inequalities are de�ned with amultiplicity Any in [18]. 5



The additional condition in the above de�nition is a simple subsumption condition stating that aconstraint with multiplicity ZeroOrOne is not subsumed by a constraint with multiplicity Any andthat a constraint with multiplicity Any is not subsumed by another constraint with multiplicityAny. This condition is necessary to obtain a partial order. It should be clear however that removingthese constraints does not change the concretization of the abstract store.Example 11 The abstract store fh� = 	x1 + >x2;Onei ; h� = 	x1 + �x2;Anyig representsconstraint stores with at least one constraint, e.g., f3 = �x1 + x2 ; 2 = �x1 + 3x2g.It remains to de�ne the ordering on abstract stores. Our goal is to make sure that �1 � �2 impliesthat Cc(�1) � Cc(�2) to obtain a monotone concretization function. The ordering relation isnon-trivial and requires the following concepts.De�nition 12 [De�nite, Possible, and Inde�nite Constraints] Let 
 be an abstract constraint withmultiplicity. 
 is a de�nite abstract constraint i� mult(
) = One. 
 is a possible abstract constrainti� mult(
) = ZeroOrOne. It is an inde�nite abstract constraint otherwise. The de�nite portion of�, denoted by Def(�), is the set of de�nite constraints of �. The possible portion of �, denoted byPos(�), is the set of possible constraints of �. The inde�nite portion of �, denoted by Indef(�), isthe set of inde�nite constraints of �.De�nition 13 [Ordering Function] Let �1 and �2 be two abstract stores. An ordering function of�1 to �2 is a function f : �1 ! �2 satisfying1. 8 
 2 �1: 
 v f(
).2. 8 
1; 
2 2 �1: 
1 6= 
2 ) f(
1) 6= f(
2) _ f(
1) 2 Indef(�2).3. Def(�2) � codomain(f).De�nition 14 [Ordering on Abstract Stores] Let �1 and �2 be two abstract stores. �1 v �2 if andonly if there exists an ordering function f of �1 to �2.The �rst condition simply states that, for each abstract constraint with multiplicity in �1, say 
,there exists an abstract constraint with multiplicity in �2, i.e., f(
), that approximates it. Thenext two conditions concern the number of constraints. The second condition requires that eachde�nite constraint and each possible constraint in �2 be used at most once. The third conditionrequires that each de�nite constraint in �2 be used at least once.Example 15 Consider the following abstract constraints with multiplicity.
1 = h� = �x1 +�x2;Onei
2 = h� = 	x1 +�x2;Onei
3 = h� = 	x1 +�x2;Anyi
4 = h� = �x1 +�x2;Onei
5 = h� = 	x1 +>x2;Anyi
6 = h� = �x1 +>x2;Oneif
1; 
2g v f
4; 
5g and the ordering function is de�ned by f(
1) = 
4 and f(
2) = 
5.f
1; 
2; 
3g v f
4; 
5g and the function is de�ned by f(
1) = 
4, f(
2) = 
5, and f(
3) = 
5.It is not true that f
3; 
4g v f
1; 
5; 
6g, since there is no function that can cover both 
1 and 
6with only f
3; 
4g. 6



We show that v on abstract stores is a partial order.Theorem 16 [Ordering Relation] v: ASD � ASD is a partial order.Proof See Appendix A. 2We now turn to the �rst main result of this paper: the monotonicity of the concretization function.The proof uses several lemmas, one of them (i.e., the lifting function lemma) being fundamental inall consistency proofs. Note that we sometimes abuse notation by writing expressions like �1 6= �2to mean that �1 and �2 are two di�erent constraints or two di�erent occurrences of the sameconstraint in a multiset. These abuses should be clear from the context. We also write jSj todenote the cardinality of a set or of a multiset.Lemma 17 Let 
 be an abstract constraint with multiplicity and � a concrete constraint store.� 2 Cc(
)) 8� 2 � : � 2 Cc(cons(
)).Proof Immediate consequence of De�nition 7 2We de�ne to the notion of lifting function which is the counterpart of the ordering function for apair (concrete store, abstract store).De�nition 18 [Lifting Function] Let � be an abstract store and � a concrete constraint store. Alifting function of � to � is a function f : � ! � satisfying1. 8� 2 �: � 2 Cc(cons(f(�))).2. 8�1; �2 2 �: �1 6= �2 ) f(�1) 6= f(�2) _ f(�1) 2 Indef(�).3. Def(�) � codomain(f).As mentioned, the following lemma is the cornerstone of most proofs in this paper.Lemma 19 [Lifting Function Lemma] Let � be an abstract store and � a concrete constraint store.� 2 Cc(�) if and only if there exists a lifting function f of � to �.Proof See Appendix A. 2The following result is a simple consequence of the de�nition of the orderings.Lemma 20 Let 
1 and 
2 be two abstract constraints with multiplicity and let 
1 v 
2. If 
2 is ade�nite constraint, then 
1 is also a de�nite constraint. If 
1 is an inde�nite constraint, then 
2 isalso an inde�nite constraint.We are now in position to prove the �rst main result of this paper.Theorem 21 [Monotonicity of Concretization Function w.r.t. Ordering Relation] If �1 and �2 aretwo abstract stores then �1 v �2 ) Cc(�1) � Cc(�2).Proof Let �1 v �2 and � 2 Cc(�1). We show that � 2 Cc(�2). By Lemma 19, there exists a liftingfunction f of � to �1. By De�nition 14 there exists an ordering function g of �1 to �2. Considerthe function g � f . We show that g � f is a lifting function of � to �2.7



1. 8� 2 � : � 2 Cc(cons(f(�))) by De�nition 188f(�) 2 �1 : f(�) v g(f(�)) by De�nition 138f(�) 2 �1 : cons(f(�)) v cons(g(f(�))) by ordering on AMD8� 2 � : � 2 Cc(cons(g(f(�)))) by Lemma 5.2. 8�1; �2 2 � : �1 6= �2) f(�1) 6= f(�2) _ f(�1) 2 Indef(�1) by De�nition 18) f(�1) 6= f(�2) _ g(f(�1)) 2 Indef(�2) by f(�1) v g(f(�1)) and Lemma 20) g(f(�1)) 6= g(f(�2) _ g(f(�1)) 2 Indef(�2))_ g(f(�1)) 2 Indef(�2) by De�nition 13) g(f(�1)) 6= g(f(�2))_ g(f(�1)) 2 Indef(�2)3. Def(�2) � codomain(g) by De�nition 13) 8
2 2 Def(�2) 9
1 2 �1 : g(
1) = 
2) 8
2 2 Def(�2) 9
1 2 Def(�1) : g(
1) = 
2 
1 v g(
1) = 
2 and Lemma 208
1 2 Def(�1) 9� 2 � : f(�) = 
1 by De�nition 18) 8
2 2 Def(�2) 9� 2 � : g(f(�)) = 
2 combining the above two statements) Def(�2) � codomain(g � f)� 2 Cc(�2) follows by Lemma 19. 24 Implementation of the Abstract OperationsWe now study the implementation of the abstract operations of LSign. We start by the imple-mentation of the ordering relation, continue with the addition of a constraint and the upper boundoperation and conclude with projection. Note that, in the implementations, we do not remove thesubsumed constraints (required by the de�nition of abstract store) for simplicity. It is easy to applya postprocessing step to remove them and the correctness obviously follows from the fact that theconcretization is not changed by the removal of these constraints.4.1 OrderingThe problem of ordering abstract stores, i.e. of deciding whether �1 v �2 could be solved simply byenumerating all functions from �1 to �2 to determine whether one of them is an ordering function.However, this would lead to an exponential algorithm in the size of the stores. In this section,we show that we can do much better by reducing the ordering problem to a maximum weightedbipartite graph matching problem.De�nition 22 [Bipartite Graph] A graph G = (V;E) is bipartite if V can be partitioned into twosets V1 and V2 such that (u; v) 2 E implies either u 2 V1 ^ v 2 V2 or u 2 V2 ^ v 2 V1.De�nition 23 [Maximum Weighted Bipartite Graph Matching Problem] Let G = (V;E) be aweighted bipartite graph. A matching M on G is a set of edges no two of which have a commonvertex. The weight of M is the sum of its edge weights. The maximum weighted bipartite graphmatching problem is that of �nding a matching of maximum weight.8



The key ideas behind the reduction are as follows. The �rst set of vertices corresponds tothe constraints of �1. The second set of vertices contains a vertex for each constraint in Def(�2),a vertex for each constraint in Pos(�2), and j�1j vertices for each constraint in Indef(�2), sincethese constraints can be used several times and the matching problem requires that each vertexappears atmost once in a solution. The edges connect vertices from the �rst set to vertices of thesecond set only if the constraint in the �rst set is smaller or equal to the constraint in the secondset. This requirement makes sure that the �rst property of ordering is guaranteed. To ensure thethird property, we specify the weights in a special way to encourage the covering of the de�niteconstraints in �2. The second property will follow from the de�nition of a matching.De�nition 24 Let �1 and �2 be two abstract stores. The matching graph of �1 to �2 is a (weightedbipartite) graph G = (V;E) such thatV = V1 [ V2 [ V3 [ V4V1 = f
1 j 
1 2 �1gV2 = f
2 j 
2 2 Def(�2)gV3 = f
2 j 
2 2 Pos(�2)gV4 = f
2
 j 
2 2 Indef(�2) ^ 
 2 �1gE = E2 [ E3 [ E4E2 = f(
1; 
2) j 
1 2 V1 ^ 
2 2 V2 ^ 
1 v 
2gE3 = f(
1; 
2) j 
1 2 V1 ^ 
2 2 V3 ^ 
1 v 
2gE4 = f(
1; 
2
1) j 
1 2 V1 ^ 
2
1 2 V4 ^ 
1 v 
2gweight(e) = ( 2 if e 2 E21 if e 2 E3 [E4 8e 2 EImplementation 25 [Ordering] Let �1 and �2 be two abstract stores. Let G be the matchinggraph �1 to �2. �1 v �2 returns true i� the maximum matching of G has weight j�1j+ jDef(�2)j.We now prove the correctness of the implementation.Lemma 26 [Reduction of Ordering over ASD to Weighted Bipartite Graph Matching] Let �1 and�2 be two abstract stores and G be a matching graph of �1 to �2. �1 v �2 if and only if G has amatching of weight j�1j+ jDef(�2)j.Proof See Appendix A 2Theorem 27 The implementation of ordering satis�es its de�nition.Proof This follows from Lemma 26 and the fact that there cannot exist a matching of cost greaterthan j�1j+ jDef(�2)j, when testing �1 v �2. 2The following result gives the complexity of the ordering implementation.Theorem 28 Let �1 and �2 be two abstract stores. The complexity of checking if �1 v �2 is notmore than O(j�1j2j�2j2 log j�1jj�2j).Proof This follows from [8] which proved that the weighted bipartite matching problem can besolved in time O(jV j2 log jV j+jV jjEj) i.e O(j�1j2j�2j2 log j�1jj�2j) and the de�nition of the matchinggraph. 2 9



4.2 AdditionWe now turn to the basic operation of CLP languages: adding a constraint to the store. We makethe operation slightly more general than needed to simplify the rest of the paper. The operation isspeci�ed as follows.Speci�cation 29 [Adding An Abstract Constraint With Multiplicity] ] : ASD � AMD ! ASDshould satisfy the following consistency condition.8�1; �2 2 CSD; 8� 2 ASD; 8
 2 AMD : �1 2 Cc(�) ^ �2 2 Cc(
)) �1 [ �2 2 Cc(� ] 
):De�nition 30 Let � be an abstract store and 
 be an abstract constraint with multiplicity. Theoperation to add an abstract constraint to an abstract store is de�ned by� ] 
 = ( � [ f
g if 
 62 �� [ fh�;Anyig if 
 = h�; �i 2 �:Informally speaking, the operation adds 
 to � if 
 is not in �. Otherwise, the multiplicity needsto be adjusted to take into account the new constraint. This is done by setting the multiplicityto Any. Although the operation is very simple, the proof is non-trivial and indicates why it isconvenient to consider multisets (and not sets) of constraints in the concrete semantics.4Theorem 31 Let � be an abstract store and 
 be an abstract constraint with multiplicity. If�1 2 Cc(�) and �2 2 Cc(
), then �1 [ �2 2 Cc(� ] 
).Proof See Appendix A. 2Operation ] is useful for the implementation of other operations. In fact, it is convenient togeneralize it further.De�nition 32 Let � and �0 be abstract stores.�] �0 = ( � if �0 = ;(� ] 
)U�00 if �0 = f
g [ �00; 
 62 �00:Lemma 33 Let � and �0 be abstract stores. If � 2 Cc(�) and �0 2 Cc(�0) then � [ �0 2 Cc(�U�0).4.3 Upper BoundWe now turn to the upper bound operation UNION: ASD �ASD ! ASD.Speci�cation 34 UNION: ASD�ASD ! ASD should satisfy the following consistency condition.8� 2 CSD; 8�1 2 ASD; 8�2 2 ASD : � 2 Cc(�1) _ � 2 Cc(�2)) � 2 Cc(UNION(�1; �2)):We �rst de�ne UNION of signs and multiplicities.4It is in fact possible to be more precise in certain cases by using multiplicity ZeroOrOne when h�;ZeroOrOneiand h�;Anyi are not in �. We kept the above de�nition for simplicity.10



De�nition 35 [Upper Bound on Signs] The upper bound operation on signs t: Sign� Sign!Sign is de�ned as s1 t s2 = ( s1 if s1 = s2> otherwise:De�nition 36 [Upper Bound on Multiplicities] The upper bound operation on multiplicities t:Mult� Mult! Mult is de�ned as �1 t �2 = max (�1; �2).We now turn to the upper bound operation on abstract stores. Note �rst that LSign has no leastupper bound operation. If �1 is fh� = �x1+�x2;Oneig and �2 is fh� = �x1+	x2;Oneig, both�3 = fh� = �x1 +�x2;ZeroOrOnei; h� = �x1 +	x2;ZeroOrOneigand �4 = fh� = �x1 +>x2;Oneigare upper bounds of �1 and �2 but they are incomparable. This problem cannot be avoided andindicates the inherent tradeo� between the accuracy of the signs and the accuracy of the multiplicity.In practice, one should choose an ordering appropriate to the application at hand. For this reason,we design a general scheme to generate upper bound operations. Any operation built along thescheme is an upper bound.Implementation 37 [Upper Bound on Abstract Stores] An upper bound operation on abstractstores UNION: ASD � ASD ! ASD is any operation obtained by applying in a nondeterministicway the following set of rules.1 UNION(;; ;) = ;2 i UNION(fh�;Oneig [ �01; �2) = UNION(�01; �2) ] fh�;ZeroOrOneig if h�;Onei =2 �01ii UNION(�1; fh�;Oneig [ �02) = UNION(�1; �02) ] fh�;ZeroOrOneig if h�;Onei =2 �023 i UNION(fh�; �ig [ �01; �2) = UNION(�01; �2) ] fh�; �ig if h�; �i =2 �01 ^ � 6= Oneii UNION(�1; fh�; �ig [ �02) = UNION(�1; �02) ] fh�; �ig if h�; �i =2 �02 ^ � 6= One4 UNION(fhs0 op nXi=1 sixi; �ig [ �01; fhs00 op nXi=1 s0ixi; �0ig [ �02) =UNION(�01; �02) ] fh(s0 t s00) op nXi=1(si t s0i)xi; � t �0)igif hs0 op nXi=1 sixi; �i =2 �01 and hs00 op nXi=1 s0ixi; �0i =2 �02Rules 2i and 2ii trade the precision of the multiplicity information for the precision of the coe�-cients, since the constraint is no longer required but its coe�cients remain the same. Rules 3i and3ii do not lose information. Rule 4 trades the precision of the coe�cients for the precision of themultiplicity. It is appropriate whenever � and �0 are not Any, since they preserve the informationthat at most one constraint (or possibly exactly one) is represented.11



Theorem 38 Let �1 and �2 be abstract stores and � be a constraint store.� 2 Cc(�1) _ � 2 Cc(�2) ) � 2 Cc(UNION(�1; �2)):Proof See Appendix A. 24.4 ProjectionWe now turn to the projection operation. Figure 1 describes a simple projection algorithmbased on the traditional Gaussian and Fourier eliminations which are standard in this area. Figure2 presents the abstract algorithm. The algorithms are close to those in [18] but they are simpli�edthanks to the introduction of operations Csplit and Asplit which avoids much of the tedious caseanalysis. Fourier elimination is also more precise.The intuition behind the concrete version is as follows. Cproject nondeterministically choosesa constraint in the store. If the constraint is an equation whose coe�cient for xv is non-zero,Gaussian elimination is performed. Otherwise, Fourier elimination is used. Gaussian eliminationstarts by partitioning the store in three sets �0; �+ and �� which respectively contain constraintswhose coe�cient for xv is 0, strictly positive, or strictly negative. It then eliminates xv by using theconstraint or its negation on �+ and �� using operation Ccombine on a pair of constraints. Fourierelimination considers each constraint in turn, partitions the store once again, and uses Fourierelimination on the compatible pairs. The presentation is slightly more complicated than requiredin order to make the abstract version simpler.The abstract version mimics almost line by line the concrete version showing the bene�ts of usingoperations Csplit and Asplit. The only place where we deal with > is precisely in Asplit. Ofcourse, in the abstract algorithm, operations and relations on signs replace operations and relationson coe�cients. The correctness of the abstract version can be proven by showing the consistency ofthe various operations. Operation Acombine mimics Ccombine by performing operations on signsinstead of on coe�cients. It satis�es the following consistency condition.Lemma 39 [Combine] Let �1; �2 be abstract constraints, �1; �2 be constraints and v 2 N .8�1 2 Cc(�1); �2 2 Cc(�2) : Ccombine(�1; �2; v) 2 Cc(Acombine(�1; �2; v)):Proof Direct consequence of the consistency of sign arithmetic. 2Operation Csplit partitions the store into three sets depending upon the coe�cient of cv. Itsabstract version needs to deal with the case where the coe�cient of the abstract constraint is >. Inthis case, specializations of the abstract constraint are inserted in all three sets and its multiplicityis adjusted to re
ect that the information is not sure. Its consistency condition is as follows.Lemma 40 [Split] Let � be a constraint store, let � be an abstract store, and v 2 N . We haveCsplit(�; v) = h�0; �+; ��i� 2 Cc(�)Asplit(�; v) = h�0; �+; ��i 9>=>;) �0 2 Cc(�0) ^ �+ 2 Cc(�+) ^ �� 2 Cc(��):Proof See Appendix A. 2 12



Cproject(�,v) flet � = �0 [ f�g incase op(�) is `=' ^ �[v] > 0 :return Cgauss(� n f�g,�,v);case op(�) is `=' ^ �[v] < 0 :return Cgauss(� n f�g,Cnegate(�),v);otherwise:return Cfourier(�,v);gCgauss(�,�,v) fh�0; �+; ��i := Csplit(�,v);return �0 [ Cgauss step(�+,Cnegate(�),v)[ Cgauss step(��,�,v);gCgauss step(�,�,v) fif � = ; return ;;else let � = f�0g [ �0 inreturn Cgauss step(�0,�,v) [fCcombine(�0,�,v)g;gCfourier(�,v) fif � = ; then return ;else let � = f�0g[�0 inh�01; �+1 ; ��1 i := Csplit(f�0g; v);h�02; �+2 ; ��2 i := Csplit(�0,v);return �01 [ Cfourier step(�+1 ,��2 ,v)[ Cfourier step(�+2 ,��1 ,v)[ Cfourier(�0,v);gCfourier step(�+,��,v) f� := ;;

for each �+ 2 �+ and �� 2 ��� := � [ fCcombine(��,�+,v)g;return �;gCcombine(�1,�2,v) ffor i := 0; : : : ; n�[i] := (��2[v])� �1[i] + �1[v]� �2[i];�[v] := 0;op(�) := op(�1) ./ op(�2);return �;gCnegate(�) ffor i = 0; : : : ; n�0[i] := - �[i];op(�0) := op(�);return �0;g./ < � =< < < <� < � �= < � =Csplit(�,v) fif � = ; return h;; ;; ;i;else let � = f�g [ �0h�0; �+; ��i = Csplit(�0,v) incase �[v] = 0: return h�0 [ f�g; �+; ��i;case �[v] > 0: return h�0; �+ [ f�g; ��i;case �[v] < 0: return h�0; �+; �� [ f�gi;gFigure 1: Concrete Projection Algorithms13



Aproject(�,v) flet � = f
g [ �0 ^ 
 =2 � ^ 
 = h�; �i incase � = One ^ op(�) is `=' ^ �[v] = �:return Agauss(� n f
g,�,v);case � = One ^ op(�) is `=' ^ �[v] = 	:return Agauss(� n f
g,Anegate(�),v);otherwise:return Afourier(�,v);gAgauss(�,�,v) fh�0; �+; ��i := Asplit(�,v);return �0 U Agauss step(�+,Anegate(�),v)U Agauss step(��,�,v);gAgauss step(�,�,v) fif � = ; return ;;else let � = f
 0g [ �0; 
 0 = h�0; �0i 62 �0 inreturn Agauss step(�0,�,v) Ufh Acombine(�0,�,v), �0ig;gAfourier(�,v) fif � = ; then return ;else let � = f
 0g [ �0; 
 0 = h�0; �0i 62 �0 inh�01 ; �+1 ; ��1 i := Asplit(f
 0g; v);h�02 ; �+2 ; ��2 i := Asplit(�0,v);if �0 = Any then return�01 U Afourier step(�+1 ,��2 U ��1 ,v)U Afourier step(�+2 U �+1 ,��1 ,v)U Afourier(�0,v)else return�01 U Afourier step(�+1 ,��2 ,v)U Afourier step(�+2 ,��1 ,v)U Afourier(�0,v)gAfourier step(�+,��,v) f� := ;;

for each h�+; �+i 2 �+ and h��; ��i 2 ��� := �U fh Acombine(�+; ��,v), �+ t �� ig;return �;gAcombine(�1,�2,v) ffor i := 0; : : : ; n�[i] := (��2[v])� �1[i] + �1[v]� �2[i];�[v] := 0;op(�) := op(�1) ./ op(�2);return �;gAnegate(�) ffor i = 0; : : : ; n�0[i] := - �[i];op(�0) := op(�);return �0;gAsplit(�,v) fif � = ; return h;; ;; ;i;else let � = f
g [ �0 ^ 
 =2 �0 ^ 
 = h�; �i
0 = h�0; �t ZeroOrOnei
+ = h�+; � t ZeroOrOnei
� = h��; � t ZeroOrOnei�0 = � except that �0[v] = 0�+ = � except that �+[v] = ��� = � except that ��[v] = 	h�0; �+; ��i = Asplit(�0,v) incase �[v] = 0:return h�0 ] 
; �+; ��i;case �[v] = �:return h�0; �+ ] 
; ��i;case �[v] = 	:return h�0; �+; �� ] 
i;case �[v] = >:return h�0 ] 
0; �+ ] 
+; �� ] 
�i;gFigure 2: Abstract Projection Algorithms14



Operation Agauss mimics operation Cgauss line by line and its consistency condition is as follows.Lemma 41 [Gauss] Let v 2 N , � be an abstract constraint such that op(�) is '=' and �[v] = �,and � be an abstract store. We have� 2 Cc(�) ^ � 2 Cc(�)) Cgauss(�; �; v) 2 Cc(Agauss(�; �; v)):Proof See Appendix A. 2Similarly, operation Afourier closely mimics operation Cfourier. The main di�erence comes fromthe fact that we avoid combining a constraint with multiplicity One or ZeroOrOne with itself,contrary to the algorithm in [18]. This is achieved by testing the multiplicity of the constraint.Lemma 42 [Fourier] Let v 2 N , � be a store, and � be an abstract store. We have� 2 Cc(�)) Cfourier(�; v) 2 Cc(Afourier(�; v)):Proof See Appendix A. 2We now prove the main result of this section: the consistency of projection. It is su�cient toprove that there exists a projection algorithm whose result is approximated by Aproject, sincethe projection algorithm can be arbitrary (and in fact is only used in an actual implementation topresent the results).Theorem 43 [Project] Let v 2 N , � be a store and � be an abstract store.� 2 Cc(�) ) there exists �0 such that �0 $ Cproject(�; v) ^ �0 2 Cc(Aproject(�; v)):Proof See Appendix A. 25 ConclusionThis paper reconsidered the LSign domain of [18] and was motivated by the fact that the orderingrelation given in [18] does not capture the intended meaning. Our �rst contribution was to de�nea new ordering on LSign, whose meaning is now de�ned by a monotone concretization functionfrom abstract constraint stores to sets of constraint stores (which are multisets of constraints).The ordering and the concretization function capture the intended meaning of [18]. Our secondcontribution is to show that ordering in LSign reduces to a polynomial matching problem. Ourthird contribution is to de�ne implementations of the abstract operations, i.e. abstract addition ofa constraint, abstract projection and a schema to generate upper bound operations, and to provetheir consistency.AcknowledgmentsWe would like to thank K. Marriott for responding quickly to our query about the correctness of theordering in LSign and B. Le Charlier for being a constant source of inspiration and for his numeroushelpful comments on a draft of this paper. This research was supported in part by the O�ce ofNaval Research under grant ONR Grant N00014-94-1-1153, the National Science Foundation undergrant numbers CCR-9357704, a NSF National Young Investigator Award with matching funds ofHewlett-Packard. 15
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A Proofs of the Main ResultsLemma 44 [Composition of Ordering Functions] Let �1; �2; �3 be abstract stores, let f be anordering function of �1 to �2, and let g be an ordering function of �2 to �3. The composition g � fis an ordering function of �1 to �3.Proof The three properties of ordering functions hold.1. 8
 2 �1 : 
 v f(
) v g(f(
)).2. By hypothesis, we have 8
1; 
2 2 �1 : 
1 6= 
2 ) f(
1) 6= f(
2) _ f(
1) 2 Indef(�2) and8
1; 
2 2 �2 : 
1 6= 
2 ) g(
1) 6= g(
2) _ g(
1) 2 Indef(�3). By combination of the twostatements and f(
1) v (g � f)(
1), we obtain 8
1; 
2 2 �1 : 
1 6= 
2 ) (g � f)(
1) 6=(g � f)(
2) _ (g � f)(
1) 2 Indef(�3).3. By hypothesis, we have Def(�3) � codomain(g). By property 1 of De�nition 13, there exist
1; : : : ; 
n in Def(�2) such that ff(
1); : : : ; f(
n)g = Def(�3). The result follows from thehypothesis that Def(�2) � codomain(f).2Theorem 16 v: ASD �ASD is a partial order.Proof Re
exivity follows by choosing the identity function as ordering function. Transitivityfollows by Lemma 44. To show anti-symmetry, i.e.�1 � �2 ^ �2 � �1 ) �1 = �2;let f : �1 ! �2 and g : �2 ! �1 be ordering functions of �1 to �2 and of �2 to �1 respectively. ByLemma 44, h = g � f : �1 ! �1 is an ordering function of �1 to �1.Consider now an element 
 = h�;Anyi in �1. h(
) = 
, since otherwise we would have 
 v h(
)and h(
) 6= 
, which contradicts the de�nition of abstract store.Consider now an element 
 = h�;Onei in �1. We prove that h(
) = 
. First note that, for all
 2 Def(�1), h(
) must be of the form h�0;Onei, since h is injective and only elements of Def(�1)can map into elements of Def(�1) by De�nition 13. Hence, when restricted to Def(�1), h is abijection. Assume now that there exists 
 in Def(�1) such that h(
) 6= 
. We can thus constructa sequence 
0 = 

i = h(
i�1) i > 0:Since h is a bijection, there exists a k > 1 such that 
k = 
0. By De�nition 13, we have that
0 v 
1 v : : : v 
0which implies that 
0 = 
1 contradicting our assumption.Consider now an element 
 = h�;ZeroOrOnei in �1. We prove that h(
) = 
. Since h isa bijection when restricted to Def(�1), only elements Pos(�1) can map into elements of Pos(�1)by De�nition 13. Moreover, elements of Pos(�1) cannot map into elements of Indef(�1) by thede�nition of abstract stores (subsumption condition). h is thus a bijection on Pos(�1) by De�nition13 since h is injective on Pos(�1). Hence we can apply the same reasoning as for the de�nite case. 218



Lemma 19 Let � be an abstract store and � a concrete constraint store. � 2 Cc(�) if and only ifthere exists a lifting function f of � to �.Proof By induction on j�j.Basis: � = ;. If � 2 Cc(�) then � = ; by De�nition 10 and we choose the empty function as alifting function. Conversely, if there exists a function f : � ! �, then � = ; since � = ; and f mustbe the empty function. The result follows from De�nition 10.Induction Step: Assume that the hypothesis holds for all abstract stores whose cardinality isnot greater than n. We show that it holds for abstract stores of cardinality n + 1.Consider an abstract store � satisfying j�j = n+1 and let � be f
g[�0, where 
 62 �0 and j�0j = n.By De�nition 10, Cc(�) = Cc(f
g [ �0) = f �1 [ �0 j �1 2 Cc(
) ^ �0 2 Cc(�0) g:()) Let � 2 Cc(�). Hence, � = �1 [ �0, where �1 2 Cc(
) ^ �0 2 Cc(�0). By hypothesis, thereexists a lifting function f 0 of �0 to �0. De�ne a function f : � ! � asf(�) = ( f 0(�) if � 2 �0
 if � 2 �1:We show that f is a lifting function of � to �.1. 8� 2 �0 : � 2 Cc(cons(f 0(�))) by De�nition 188� 2 �1 : � 2 Cc(cons(
)) by Lemma 17) 8� 2 � : � 2 Cc(cons(f(�))).2. 8�1; �2 2 �0 : �1 6= �2 ) f 0(�1) 6= f 0(�2) _ f 0(�1) 2 Indef(�0) by De�nition 18) 8�1; �2 2 �0 : �1 6= �2 ) f(�1) 6= f(�2) _ f(�1) 2 Indef(�) since Indef(�0) � Indef(�)8�1 2 �1; �2 2 �0; �1 6= �2 ) f(�1) 6= f(�2) since f(�1) = 
 62 �0 and f(�2) 2 �08�1; �2 2 �1 : �1 6= �2 ) 
 is inde�nite by De�nition 7) 8�1; �2 2 �1 : �1 6= �2 ) f(�1) 2 Indef(�) since 
 = f(�1)3. Def(�0) � codomain(f 0) by De�nition 18
 is not de�nite ) Def(�) = Def(�0) ^ codomain(f 0) � codomain(f)) Def(�) � codomain(f)
 is de�nite ) Def(�) = f
g [ Def(�0) ^ f
g [ codomain(f 0) = codomain(f)) Def(�) � codomain(f):(() Let f be an lifting function of � to � = f
g [ �0. We show that � 2 Cc(�).Case 
 is not de�nite. Let �1; : : : ; �m be all elements in � such that f(�i) = 
 (1 � i � m).�i 2 Cc(cons(
)) (1 � i � m) by De�nition 18 and f�1; : : : ; �mg 2 Cc(
) by De�nition 7. Let� = f�1; : : : ; �mg [ �0 and consider the function f 0 : �0 ! �0 de�ned by f 0(�) = f(�) for all � 2 �0.We show that f 0 is a lifting function of �0 to �0.19



1. 8� 2 �0: � 2 Cc(cons(f 0(�))) by De�nition 18.2. 8�1; �2 2 �0 : �1 6= �2 ) f(�1) 6= f(�2) _ f(�1) 2 Indef(�) by De�nition 188�1; �2 2 �0 : �1 6= �2 ) f 0(�1) 6= f 0(�2) _ f 0(�1) 2 Indef(�0)since Indef(�0) = Indef(�) n f
g and f(�1) 6= 
.3. Def(�) � codomain(f) by De�nition 18codomain(f 0) = codomain(f) n f
gDef(�0) = Def(�) ) Def(�0) � codomain(f) since 
 is not de�nite) Def(�0) � codomain(f 0) since 
 62 Def(�0).By hypothesis, �0 2 Cc(�0). By De�nition 10, f�1; : : : ; �mg [ �0 2 Cc(f
g [ �0).Case 
 is de�nite. By De�nition 18, there exists a unique �1 2 �, such that f(�1) = 
. �1 2Cc(cons(
)) by De�nition 18 and f�1g 2 Cc(
) by De�nition 7. Let � = f�1g [ �0 and considerthe function f 0 : �0 ! �0 de�ned by f 0(�) = f(�) for all � 2 �0. We show that f 0 is a lifting functionof �0 to �0.1. 8� 2 �0, � 2 Cc(cons(f 0(�))) by De�nition 18.2. 8�1; �2 2 �0; �1 6= �2 ) f(�1) 6= f(�2) _ f(�1) 2 Indef(�) by De�nition 188�1; �2 2 �0; �1 6= �2 ) f 0(�1) 6= f 0(�2) _ f 0(�1) 2 Indef(�0) since Indef(�) = Indef(�0).3. Def(�) � codomain(f) by De�nition 18codomain(f) = f
g [ codomain(f 0)f
g [ Def(�0) = Def(�) ) Def(�0) � codomain(f 0) since 
 is de�nite.By hypothesis, �0 2 Cc(�0). By De�nition 10, f�1g [ �0 2 Cc(f
g [ �0). 2Lemma 26 Let �1 and �2 be two abstract stores and G be a matching graph of �1 to �2. �1 v �2if and only if G has a matching of weight j�1j+ jDef(�2)j.Proof()) Let �1 v �2. By De�nition 14, there exists an order mapping f of �1 to �2. Consider theset given by M = M2 [M3 [M4 where,M2 = f(
1; 
2) j 
1 2 V1 ^ 
2 2 V2 ^ 
2 = f(
1)gM3 = f(
1; 
2) j 
1 2 V1 ^ 
2 2 V3 ^ 
2 = f(
1)gM4 = f(
1; 

12 ) j 
1 2 V1 ^ 
2
1 2 V4 ^ 
2 = f(
1)gWe �rst prove thatM is a matching. By De�nition 13, for each edge inM , we have 
1 v f(
1) = 
2.Therefore, Mi � Ei (2 � i � 4), i.e., M is a set of edges of G. In addition,1. each vertex 
1 in V1 appears in exactly one edge inM , since f is an ordering function (property1);2. each vertex 
2 in V2 appears in exactly one edge in M2 by De�nition 13 (properties 2 and 3);3. each vertex 
2 in V3 appears in at most one edge in M3 by De�nition 13 (property 2);20



4. each vertex 
2
1 in V4 appears in at most one edge in M4, by de�nition of M4 since f is afunction.Hence, M is a matching of G.We now prove that M has the appropriate weight. By point 1 above, M has exactly jV1j edges.By point 2, M2 has exactly jV2j edges. Therefore M has jV2j edges in M2 and jV1j � jV2j edgesinM3 [M4. HenceM is a matching of weight 2jV2j+(jV1j�jV2j), i.e. jV1j+jV2j, i.e. j�1j+jDef(�2)j.((). Let G have a matching M of weight j�1j+ jDef(�2)j. Then M = M2 [M3 [M4 whereM2 = f(
1; 
2)j
1 2 V1 ^ 
2 2 V2gM3 = f(
1; 
2)j
1 2 V1 ^ 
2 2 V3gM4 = f(
1; 

12 )j
1 2 V1 ^ 
2
1 2 V4gWe de�ne f by f(
1) = 
2 if (
1; 
2) 2 M2, or (
1; 
2) 2 M3, or (
1; 
2
1) 2 M4 and f(
1) =unde�ned otherwise. We �rst show that f is a total function from �1 to �2, i.e., there is nounde�ned value. It su�ces to show that each vertex in V1 appears in at least one edge of M . Ifit is not the case, then there will be n vertices not in M and jV1j � n in M (n > 0). Since eachvertex appears at most once in M and only jV2j of them can be given a weight of 2, the weight ofthe matching is only 2jV2j + jV1j � n � jV2j which is jV2j + jV1j � n contradicting our hypothesis.We now show that f is an ordering function of �1 to �2.1. Property 1 follows from the de�nition of the edges in the matching graph G;2. Property 2 follows from the de�nition of a matching;3. To show Property 3, assume that there exists 
2 2 Def(�2) such that 
2 =2 codomain(f). Thismeans that there is no 
1 2 �1 such that (
1; 
2) is an edge of G. This implies that the weightof the matching is at best jV2j+ jV1j � 1 which contradicts the hypothesis.2Theorem 31 Let � be an abstract store and 
 be an abstract constraint with multiplicity. If�1 2 Cc(�) and �2 2 Cc(
), then �1 [ �2 2 Cc(� ] 
).Proof Let 
 = h�; �i. If �1 2 Cc(�), there exists a lifting function f of �1 to � by Lemma 19.Consider the function f 0 : �1 [ �2 ! � ] 
 asf 0(�) = f(�) for all � 2 �1:f 0(�) = ( 
 if 
 62 �h�;Anyi if 
 = h�; �i 2 �: for all � 2 �2:We show that f 0 is a lifting function of �1 [ �2 to � ] 
.1. 8�1 2 �1 : �1 2 Cc(cons(f 0(�1))) by De�nition 18 and f 0(�1) = f(�1)8�2 2 �2 : �2 2 Cc(cons(f 0(�))) by Lemma 17, 
 v f 0(�2) and Lemma 5) 8� 2 �1[�2 : � 2 Cc(cons(f 0(�))):2. 8�1; �2 2 �1 : �1 6= �2 ) 21



f(�1) 6= f(�2) _ f(�1) 2 Indef(�) by De�nition 18f 0(�1) 6= f 0(�2) _ f 0(�1) 2 Indef(� ] 
) since f 0(�1) = f(�1); f 0(�2) = f(�2); � � � ] 

 62 � ) 8�1 2 �1; �2 2 �2 : f 0(�1) 6= f 0(�2) since f 0(�1) 2 �; f 0(�2) = 
 and 
 =2 �
 2 � ) 8�2 2 �2 : f 0(�2) 2 Indef(� ] 
) since h�;Anyi is inde�nite8�1; �2 2 �2 : �1 6= �2 ) 
 is inde�nite by De�nition 7:3. Def(�) � codomain(f) By De�nition 18
 62 � ) [Def(� ] 
) � f
g [ Def(�) � f
g [ codomain(f) = codomain(f 0)]
 2 � ) [Def(� ] 
) = Def(�) � codomain(f) � codomain(f 0)]:2Theorem 38 Let �1 and �2 are abstract stores and � be a store.� 2 Cc(�1) _ � 2 Cc(�2) ) � 2 Cc(UNION(�1; �2)):Proof We only show that � 2 Cc(�1) ) � 2 Cc(UNION(�1; �2)). The case � 2 Cc(�2) ) � 2Cc(UNION(�1; �2)) is similar. The proof is by induction on j�1j + j�2j. The basic case is trivial.Assume that the result holds for j�1j+ j�2j � n. We show that it holds for n + 1. Let � 2 Cc(�1)and consider the various cases.� case 2i: We have that �1 = f
g[�01 (
 =2 �01) and 
 = h�;Onei. By de�nition of the concretiza-tion function, we have that � = �1 [ �2, �1 2 Cc(
), and �2 2 Cc(�01). By hypothesis, we havethat �2 2 Cc(UNION(�01; �2)). We also have that �1 2 Cc(fh�;ZeroOrOneig) by monotonicityof Cc. Hence, by Lemma 33, we have �1 [ �2 2 Cc(UNION(�01; �2)) U fh�;ZeroOrOneig.� case 2ii: By hypothesis, we have that � 2 Cc(UNION(�1; �02)). By de�nition of the concretiza-tion function, we have that ; 2 Cc(fh�;ZeroOrOneig). Hence, by Lemma 33,� 2 Cc(UNION(�1; �02)) ] fh�;ZeroOrOneig:� case 3i: Similar to case 2i.� case 3ii: Similar to case 2ii.� case 4i: We have that �1 = f
g [ �01 (
 =2 �01) and 
 = hs0 op Pni=1 sixi; �i. By de�nitionof the concretization function, we have that � = �1 [ �2, �1 2 Cc(
), and �2 2 Cc(�01).By hypothesis, we have that �2 2 Cc(UNION(�01; �02)). By monotonicity of Cc, we have that�1 2 Cc(fhs0 t s00 op Pni=1 si t s0ixi; �t �0ig). The result follows from Lemma 33.2Lemma 40 Let � be a constraint store, let � be an abstract store, and v 2 N . We haveCsplit(�; v) = h�0; �+; ��i� 2 Cc(�)Asplit(�; v) = h�0; �+; ��i 9>=>;) �0 2 Cc(�0) ^ �+ 2 Cc(�+) ^ �� 2 Cc(��):22



Proof By induction on j�j. The basic case is obvious. Assume that the result holds for j�j � n.We show that it holds for j�j = n + 1. Let � = f
g [ �2 (
 =2 �2) and j�2j = n. Let � 2 Cc(�).Then, � = �1 [ �2 with �1 2 Cc(
) & �2 2 Cc(�2). By the induction hypothesis, we know that�02 2 Cc(�02) ^ �+2 2 Cc(�+2 ) ^ ��2 2 Cc(��2 )where Csplit(�2; v) = h�02; �+2 ; ��2 i and Asplit(�2; v) = h�02 ; �+2 ; ��2 i:We show that �0 2 Cc(�0). The other cases are similar. Consider 
 = h�; �i. If �[v] 2 f�;	g,then �1 does not contain any constraint � such that �[v] = 0 by de�nition of the concretization.Hence, �0 = �02 and the result follows from the fact that �0 = �02 .If �[v] = 0, then �1 contains only constraints such that �[v] = 0, �0 = �02[ �1 and �0 = �02 ] 
.The result follows by Theorem 31.If �[v] = >, then �1 contains a subset of constraints �01 which contains only constraints suchthat �[v] = 0, �0 = �02 [ �12 and �0 = �02 ] 
. We have that �01 2 Cc(
0) since all elements of �01have a zero coe�cient for xv and since � v � t ZeroOrOne. The result follows by Theorem 31. 2Lemma 45 [Gauss Step] Let v 2 N , � be an abstract constraint such that �[v] 2 f�;	g andop(�) is '=' and � be an abstract store such that, for all h�0; �0i 2 �, �0[v] 2 f�;	g ^ �0[v] 6= �[v].We have � 2 Cc(�)� 2 Cc(�) )) Cgauss step(�; �; v) 2 Cc(Agauss step(�; �; v)):Proof By induction on j�j. The basic case is obvious. Assume that the result holds for j�j = n.We show that it holds for n+ 1. Let � = f
 0g [ �0 (
 0 =2 �0) and j�0j = n. Let � 2 Cc(�). Then,� = �i1 [ �i2 with �i1 2 Cc(
 0) & �i2 2 Cc(�0). We have� 2 Cc(�)�i1 2 Cc(
 0)�i2 2 Cc(�0)�1 = Cgauss step(�i1; �; v)�2 = Cgauss step(�i2; �; v)�1 = fhAcombine(�0; �; v); �0ig�2 = Agauss step(�0; �; �)By hypothesis, we have �2 2 Cc(�2):By Lemma 39, the de�nition of the concretization function for abstract constraints with multiplicity,and the fact that there are as many constraints in �1 as in �i1, we have�1 2 Cc(�1):The result follows from Lemma 33. 2 23



Lemma 41 Let v 2 N , � be an abstract constraint such that op(�) is '=' and �[v] = �, and � bean abstract store. We have� 2 Cc(�) ^ � 2 Cc(�)) Cgauss(�; �; v) 2 Cc(Agauss(�; �; v)):Proof This is a direct consequence of the consistency of Asplit (Lemma 40) and of Agauss step(Lemma 45). 2Lemma 46 [Fourier Step] Let v 2 N , let �+ be an abstract store such that for all 
 2 �+,
 = h�; �i and �[v] = �, let �� be an abstract store such that for all 
 2 ��, 
 = h�; �i and�[v] = 	. We have�+ 2 Cc(�+)�� 2 Cc(��) )) Cfourier step(�+; ��; v) 2 Cc(Afourier step(�+; ��; v)):Proof Let �+ be f
+1 ; : : : ; 
+n g and �� be f
�1 ; : : : ; 
�mg. Let f(
+1 ; 
�1 ); : : : ; (
+n ; 
�m)g be the pairsconsidered in the algorithm. Consider the pair (
+i ; 
�j ) (1 � i � n & 1 � j � m) such that
+i = h�+i ; �+i i and 
�j = h��j ; ��j i and consider �+ 2 Cc(
+i ) and �� 2 Cc(
�j ). By Lemma 39,we have that any pair of constraints (�+; ��) from (
+i ; 
+j ) satisfyCcombine(�+; ��; v) 2 Cc(Acombine(�+i ; ��j ; v)):Moreover, the number of constraints in Cfourier step(�+; ��) is j�+j � j��j. The upper boundoperation on multiplicities approximates this product, since �+i t��j is Any as soon as one of themis Any, is ZeroOrOne as soon as none of them is Any and one of them is ZeroOrOne, and is Oneotherwise. As a consequence,�+ 2 Cc(
+i ) & �� 2 Cc(
�j ) ) Cfourier step(�+; ��) 2 Cc(hAcombine(�+i ; ��j ; v); �+i t ��j i)The result follows from Lemma 33. 2Lemma 42 Let v 2 N , � be a store, and � be an abstract store. We have� 2 Cc(�)) Cfourier(�; v) 2 Cc(Afourier(�; v)):Proof This follows from the consistency of Asplit (Lemma 40) and of Afourier step (Lemma46) and from the de�nition of the concretization which speci�es that, when 
 is of the form h�; �iwith � 2 fOne;ZeroOrOneg, any � 2 Cc(
) is of cardinality at most one. 2Theorem 43 Let v 2 N , � be a store and � be an abstract store.� 2 Cc(�) ) there exists �0 such that �0 $ 9v� ^ �0 2 Cc(Aproject(�; v)):Proof Let � be f
g [ �0 (
 =2 �0) with 
 = h�; �i and � 2 Cc(�). If � = One and op(�) is `='and �[v] = �, then � = f�g [ �0, � 2 Cc(
) and �0 2 Cc(�0). By de�nition, of the concretization,�[v] � 0 and a concrete projection algorithm can use Gaussian elimination on �. By Lemma 41,we have Cgauss(�0; �; v) 2 Cc(Agauss(�0; �; v))and the result follows. The case � = One ^ op(�) is `=' ^ �[v] = 	 is similar. Finally, a concreteprojection algorithm can always use Fourier elimination and the result follows from Lemma 42. 224


