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ErrataSection 6.3 describes how to build a tree of spheres that approximate a polyhedron. One step,described in Section 6.3.2, takes a tree that roughly covers a polyhedron and makes the tree coverthe polyhedron conservatively. This step should ensure that each set of children spheres at level jcovers the part of the polyhedron covered by the parent sphere at level j � 1. My implementation,however, used a di�erent criteria. It ensured that for each level j, the union of all spheres at thatlevel covers the polyhedron; the pseudocode from Figure 6.26 also uses this approach. Thus, aparent's nieces may cover what its children should cover. In theory, this oversight could producetrees that cause the collision-detection algorithm from Figure 5.4 to miss collisions. In the empiricaltests from Section 7.2, though, this problem did not occur, as the algorithm from Figure 5.4 foundevery collision found by a reference algorithm.Appendix B asserts that �nding intersections between two-dimensional shapes (under mild re-strictions) is asymptotically as e�cient as �nding intersections between the shapes bounding boxes.This conjecture still seems plausible, but the proof sketched in Appendix B does not cover all cases.Fortunately, this conjecture is merely a digression, and no results of this dissertation depend on it.





AbstractSolid objects in the real world do not pass through each other when they collide. Enforcing thisproperty of \solidness" is important in many interactive graphics applications; for example, solid-ness makes virtual reality more believable, and solidness is essential for the correctness of vehiclesimulators. These applications use a collision-detection algorithm to enforce the solidness of ob-jects. Unfortunately, previous collision-detection algorithms do not adequately address the needs ofinteractive applications. To work in these applications, a collision-detection algorithm must run atreal-time rates, even when many objects can collide, and it must tolerate objects whose motion isspeci�ed \on the 
y" by a user.This dissertation describes a new collision-detection algorithm that meets these criteria throughapproximation and graceful degradation, elements of time-critical computing. The algorithm is notonly fast but also interruptible, allowing an application to trade accuracy for speed as needed.The algorithm uses two forms of approximate geometry. The �rst is a four-dimensional structurecalled a space-time bound. This structure provides a conservative estimate of where an object maybe in the immediate future based on estimates of the object's acceleration. The algorithm usesspace-time bounds to focus its attention on objects that are likely to collide. The second form ofapproximate geometry is a sphere-tree. This structure contains a hierarchy of unions of spheres,each union approximating the three-dimensional surface of an object at a di�erent level of detail.Sphere-trees allow the algorithm to quickly �nd approximate contacts between objects, and theyallow the application to interrupt the algorithm in order to meet real-time performance goals.Automatically building sphere-trees is an interesting problem in itself, and this dissertationdescribes several approaches. The simplest approach is based on octrees, and more sophisticatedapproaches use simulated annealing and approximate medial-axis surfaces. Several of the steps inthese algorithms are themselves signi�cant. One step is a simple algorithm for checking whethera union of two-dimensional shapes covers a polygon. Another step builds Voronoi diagrams forthree-dimensional data points, and does so more robustly and accurately than previous algorithms.An implementation of the collision-detection algorithm runs signi�cantly faster than a previousalgorithm in empirical tests. In particular, this implementation allows real-time performance ina sample application (a simple 
ight simulator) that is too slow with the previous algorithm; insome cases, the performance improves by more than two orders of magnitude. Experience withthis sample application suggests that time-critical computing is not always simple to apply, but itprovides enough bene�ts that it deserves further exploration in other contexts.i
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Chapter 1IntroductionAn important goal in computer graphics is producing animations that believably reproduce thephysical world. Many factors contribute to making an animation believable. The geometric modelingof three-dimensional (3D) shapes and the rendering of these 3D shapes into two-dimensional (2D)images must be realistic, and the computer graphics community has made many advances in theseareas. An equally important factor is the behavior of objects as they move through the individualimages or frames of an animation. Creating believable behavior still poses many research challenges.One such important challenge involves collisions between objects. In most situations, an anima-tion will seem more believable if the objects do not pass through each other like ghosts when theycollide, that is, if objects exhibit \solidness." An application program that produces animationscan require that human users enforce solidness manually. For example, the program might requirethat an artist explicitly script the motion of each object at each frame; in this case, the artist isresponsible for knowing when objects will collide and what should happen after each collision.In many contexts, however, manual enforcement of solidness is impractical or impossible. Manualenforcement does not work in an application that gives users high-level controls over object motion,controls that may a�ect what happens in more than one frame. A particular example of such anapplication is a forward simulation, in which users manipulate the physical properties of objects(e.g., mass, velocity, acceleration) and the application applies physical rules to determine how theobjects move. These applications need a way of enforcing solidness automatically.An application program can rely on a collision-handling system to enforce solidness. A collision-handling system typically consists of two components. The �rst component is a collision-detectionalgorithm (also known as a detection algorithm). It checks for objects that are starting to penetratethe surfaces of each other. If the detection algorithm �nds any such objects, the collision-handlingsystem calls its second component, a collision-response algorithm (also called a response algorithm).This algorithm corrects the behavior of the objects so that they no longer penetrate. The correction,for example, might involve making the object bounce o� one another.Both collision detection and collision response pose interesting research problems, but this dis-sertation focuses on collision detection. Such a focus is reasonable because the geometric issuesinvolved in collision detection are interesting and challenging. For a thorough discussion of issues incollision response, see the work of Bara� [Bar89, Bar90, Bar91, BW92].1



1.1 The ProblemAn increasingly important class of application programs are those that produce interactive anima-tions. In an interactive application, human users directly control the course of events and receiveimmediate feedback from the application. Contrast such an application with a \batch-processing"application, which waits for users to submit sequences of commands and produces no results until acomplete sequence has been received. In many situations, users �nd the responsiveness of interactiveapplications more natural and comfortable.Interactive applications share two particular characteristics. First, the application cannot knowexactly what it will be doing in the future. This uncertainty is a result of human users determiningthe course of events of the application \on the 
y." Second, the application must respond to users'actions at real-time rates. For an application producing an animation, an important element ofreal-time performance is maintaining a high and nearly-constant frame rate. Opinions vary on theminimum acceptable frame rate. Airey et al. [ARB90] state that a rate of six frames per second(fps) is barely tolerable for building-walkthrough applications, while Funkhouser and S�equin [FS93]suggest 10 fps; in general, Brooks [Bro88] and Fuchs and Bishop [FB92] suggest that the goal shouldbe 20 to 30 fps. Another important aspect of real-time performance is low latency (also called lag).Latency is the time between when a user instigates an action and when the user sees that actionmanifested in the application. Fuchs and Bishop [FB92] state that the data on acceptable latencyis currently only anecdotal, but they suggest that latency above 100 ms makes users uncomfortableand Friedmann et al. [FSP92] concur.A variety of interactive applications need collision detection. One example is vehicle simulators,such as 
ight simulators and driving simulators [PM92]. These simulators are important becausethey train users to operate complicated vehicles without risking injury to the users or damage tothe vehicles. Since users need to learn to operate the vehicles without crashing into other objects,collision detection is important for these simulators.Another application is molecular modeling [Jan85, Bro88]. The e�ects of a drug molecule aredetermined, in part, by how it �ts geometrically into a receptor site. Computer simulations thatallow chemists to interactively test how molecules \dock" with each other are valuable tools in thedesign of new drugs. Detecting collisions between molecules is an important part of these simulations.An increasingly popular class of applications is immersive virtual reality [FB92]. In these appli-cations, the computer tries to convey to users the sense of being immersed in a new environment.Users may lose the sense of \really being there" if objects in the new environment behave in obvi-ously unnatural ways. Objects that pass through each other will seem unnatural in most situations,so virtual reality applications need collision detection.Researchers in graphics and robotics have published a variety of detection algorithms, but thesealgorithms cannot meet the demands of many interactive applications. The main problem is that thealgorithms are too slow, making real-time performance impossible. As an example, Hahn [Hah88]describes a simulation system that uses a relatively sophisticated detection algorithm, an algorithmthat people would still consider using today. Hahn reports the performance of this system bothwith and without collision detection. Adding collision detection increases the time to generate eachframe by a factor of 47 on the average. Most interactive applications cannot tolerate this extracomputational burden at each frame. 2



1.2 The Solution StrategyThis dissertation proposes a new approach to collision detection that addresses the needs of inter-active applications. The key to this approach is the observation that for interactive applications,real-time performance is often at least as important as fully-accurate collision detection.Consider the phenomenon of simulator sickness, which is also known as visually induced motionsickness or cybersickness. This feeling of discomfort, with symptoms resembling those of classicalmotion sickness, can plague users of vehicle simulators and virtual-reality applications. Simulatorsickness is a complicated phenomenon and its causes are not fully understood, but evidence suggeststhat it is aggravated by low frame rates and high latency [Bio92, HR92, KLL+92]. To alleviatethe problem of simulator sickness, it is more important that an application program update framesquickly than that it detect all collisions with utmost accuracy.Even when simulator sickness is not a problem, poor performance can limit the e�ectiveness ofinteractive applications. Forms of interaction that work well at real-time rates can be frustratingand confusing at slower speeds. Gossweiler [Gos93] observes that \if the feedback loop is too latent,control can oscillate and errors can compound (thus the paradigm shift from immersion to lockstepwait-and-see, much like trying to adjust bathtub shower temperatures)." Accurate collision detectionis meaningless in an application that users �nd too di�cult to control.Fully-accurate collision detection may not always be necessary, even if there is time to computeit. Consider a simulator for a jet airplane. This airplane moves so quickly that a human usercannot control the simulation with pinpoint precision. Maneuvers speci�ed by the user will not beaccurate at a resolution �ner than about half a meter, so it does not matter if collision detectioninvolves a similar amount of inaccuracy. As another example, consider two complicated shapes (e.g.,a trumpet and a trombone) colliding and bouncing o� of each other. Many people would havedi�culty predicting what motion should result from this collision, so they would not notice someinaccuracy in the collision detection. Users are also less likely to notice inaccuracy as animationsbecome more crowded with moving objects.These examples suggest the idea of approximate collision detection. The general idea is to detectcollisions between approximate representations of the surfaces of objects. By using approximaterepresentations that are faster to process than exact representations, the detection algorithm is ableto trade accuracy for speed.An important extension of this idea is interruptible collision detection. Computing a frame ofan animation involves multiple tasks in addition to collision detection. Scheduling these tasks tomeet performance goals is di�cult. The scheduling problem becomes simpler if the applicationcan interrupt a computation that starts to take too long. An interruptible detection algorithmcan operate in the following manner. The algorithm �rst detects collisions at a coarse level ofaccuracy. If the application program allows it continue running, the algorithm re�nes the accuracy.By supporting several levels of re�nement, the algorithm gives the application the 
exibility to getas much accuracy as time allows.The general idea of an interruptible computation that improves in quality with time appears byvarious names in other areas of graphics and computer science. Bergman et al. [BFGS86] introducedthis idea in image rendering, calling it adaptive re�nement. Cohen et al. [CCWG88] called this ideaprogressive re�nement in the context of another approach to rendering. Dean and Boddy [DB88]�rst applied this idea to planning problems, calling the implementation an anytime algorithm. VanDam [van93] uses the term negotiated graceful degradation for this class of techniques, and considersthem to be part of the broader topic of time-critical computing. These ideas are important because3



they put the application in control of its own performance, freeing it from slavery to its subroutines.Informal user studies, conducted by Meyer and Globus [MG93] for a time-critical approach to vi-sualizing scienti�c data, indicate that users appreciate being able to trade accuracy for speed. Thesuccess of these related ideas suggests that interruptible collision detection will also prove bene�cial.Approximation in collision detection and approximation in rendering can have fundamentallydi�erent e�ects. In rendering, inaccuracies due to approximation are not cumulative; if a renderingalgorithm uses approximation in one frame, it can return to using its utmost accuracy in the nextframe and the inaccuracies will disappear. Collision detection is di�erent, in that a collision betweentwo objects at one moment can in
uence the behavior of those objects from that moment forward.As an extreme example, consider a simulation of billiards. A complicated shot by an expert playermay involve a series of collisions that ultimately put a ball in a pocket; if the simulation approximatesany of these collisions the ball may end up nowhere near the pocket. This billiards simulation is anexample of an application for which utmost accuracy is essential. Interruptible collision detectionis not appropriate for these applications. A premise of this dissertation is that many applications,particularly interactive applications, cannot concentrate on accuracy alone but must balance it withperformance. It is interesting to note that the class of applications that must balance speed andaccuracy includes such demanding tasks as dynamic simulation of macromolecular systems, for whichthe popular CHARMM system [BBO+83] supports a variety of approximations even though theire�ects are also cumulative.Few time-critical graphics algorithms can avoid occasional decreases in frame rate or increases inlatency. The work in this dissertation is no exception. Fortunately, users do not seem to notice these
uctuations as long as they are small and rare. In this respect, the real-time response users requirefrom interactive graphics systems imposes \soft" deadlines. This dissertation does not consider themore di�cult topic of \hard" deadlines.1.3 ContributionsThe most direct contribution of this dissertation is a new approach to collision detection. Thisapproach is an advance because it allows real-time performance in applications that could not achievethis goal using previous detection algorithms. Empirical studies show that in some situations, thisapproach can improve the performance of an application by more than two orders of magnitude.In the course of developing the new detection algorithm, this dissertation describes several newresults in geometric algorithms. One result is a simple way of detecting whether a union of shapescover a polygon, an idea which can be extended to more general covering problems (Section 5.3.3).Another result is an improved algorithm for approximating the medial-axis surface [Blu67, NP85] ofa 3D polyhedron (Chapter 6). The medial-axis surface gives a summary of the shape of an object,and has potential applications in pattern recognition and computer vision as well as computergraphics. The algorithm for building the medial-axis surface �rst invokes a straightforward methodfor distributing sample points uniformly over the surface of a polyhedron (Section 6.2.2). Thealgorithm then uses an improved algorithm for building a Voronoi diagram [PS85] for 3D data(Section 6.2.3). A Voronoi diagram is a classic structure from computational geometry that capturesmany useful proximity properties within a set of points. Accuracy and robustness are importantissues in practical implementations of Voronoi diagrams, and the improved algorithm has advantagesover previous algorithms in these respects.A �nal contribution of this dissertation is its exploration of time-critical computation. This topicis becoming increasingly important in graphics applications, and it has the potential to become4



important throughout computer science. Since the topic is still relatively new, examples such asthose in this dissertation are valuable because they suggest the important issues and demonstratethe possible bene�ts.1.4 OverviewThe next chapter describes related work on collision detection and time-critical computing. Animportant part of this chapter is a classi�cation of three algorithmic weaknesses that can hurtperformance in collision detection. Chapter 3 discusses what time-critical computing means in thecontext of collision detection. It introduces the mechanisms which are the focus of the remainder ofthis dissertation.The �rst of those mechanisms, the space-time bound, is the subject of Chapter 4. A space-time bound uses approximate four-dimensional geometry to accelerate one phase of the detectionalgorithm. The second mechanism, the sphere-tree, is covered in Chapters 5 and 6. A sphere-treesupports the graceful degradation that is at the heart of time-critical collision detection. The latterof these chapters also discusses medial-axis surfaces and how they relate to sphere-trees. For apreview of sphere-trees, see Figures 6.27, 6.28 and 6.29, at the end of Chapter 6.Chapter 7 analyzes the performance of the detection algorithm. The focus in this chapter is onempirical studies. Chapter 8 summarizes this dissertation and presents some possible extensions.
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Chapter 2Related WorkThe research literature from computer graphics and robotics contains a wide variety of approachesto collision detection. This chapter summarizes the advantages and disadvantages of the prominentapproaches. After discussing the history of collision detection, this chapter moves to the topic oftime-critical computing. The summary of this topic focuses on the work most directly relevant tographics applications.2.1 A Basic AlgorithmOne way to understand the challenges in collision detection is to examine a basic detection algorithm,to understand why it often performs poorly in practice. Figure 2.1 presents pseudocode for a basicdetection algorithm and a simple application which calls it.The application simulates the motion of N objects, O0; : : : ; ON�1, to produce an animation.The application has its own internal sense of simulation time, which runs from t0 to t1. Dependingon the semantics of the application, this time may or may not correspond to wallclock time, thesense of time perceived by a human observer. For example, say the application is simulating thesmashing of atoms in a particle accelerator. The period between t0 and t1 is extremely short for thissimulation, much less than one second. A human audience will be able to appreciate the animationof this simulation only if its duration is signi�cantly longer. The application achieves this end bymaking a unit of simulation time correspond to many units of wallclock time.The application renders a frame of the animation every �tr simulation-time units, where �tr isthe rendering timestep. To render a frame, the application �rst gets input from the user and updatesthe behavior of each object (see lines 4 and 5 of Figure 2.1); the details of what is involved in thesesteps are not important here. Next, the application calls the detection algorithm to determine ifthe updated behavior of any objects cause them to collide (line 8). If so, the application invokes acollision-response algorithm to correct the behavior (line 10). The application must actually invokecollision detection and response repeatedly (lines 7 to 11), to ensure that it handles all the collisionsin the simulation-time period from the last frame to the current frame. Finally, the applicationrenders all the objects (line 12) and advances to the next frame.The basic detection algorithm operates in the following manner. When it is called at simulationtime tcurr, it examines what has happened since tprev, the simulation time at which it most recently7



1 application()2 f3 for t t0 to t1 in steps of �tr f4 get user input5 update behavior of each object in fO0; : : :ON�1g as of t6 update any other general bookkeeping7 do f8 result  detect(t, fO0; : : : ; ON�1g)9 if (result contains collisions)10 collision response11 g while (result contains collisions)12 render each object in fO0; : : :ON�1g as of t13 g14 g/* The variable tprev persists between calls. *//* Before �rst call, tprev is initialized to t0. */15 detect(tcurr , fO0; : : : ; ON�1g)16 f17 for t tprev to tcurr in steps of �td f18 move each object in fO0; : : : ; ON�1g to its position as of t19 for each object Oi 2 fO0; : : : ; ON�1g f20 for each object Oj 2 fOi; : : : ; ON�1g21 if (pair-processing algorithm says Oi, Oj intersect)22 add Oi, Oj to collisions23 g24 if (collisions exist) f25 tprev  t26 return (collisions; t)27 g28 g29 tprev  tcurr30 return (no collisions; tcurr)31 gFigure 2.1: A basic detection algorithm for a simple application.stopped detecting collisions (e.g., the time of the previous frame). Speci�cally, it samples the intervalbetween tprev and tcurr every �td units (see line 17). The detection timestep, �td, is distinct fromthe rendering timestep, �tr, used by the application. The code in Figure 2.1 implicitly assumesthat �tr is an integer multiple of �td. Few authors discuss the relationship between �tr and �td.Hahn [Hah88] argues that the timesteps can be the same if they are small enough, more speci�cally,if there are at least 24 to 30 timesteps per second of wallclock time. Allowing �td to be smaller than�tr is more 
exible, however, in that this policy maintains some accuracy in the motion of objectseven if the application cannot render that motion so accurately. At each sample t between tprevand tcurr, the detection algorithm �nds the position of each object as of t (line 18). The algorithmthen cycles through all pairs of objects (lines 19 and 20) and tests each pair to see if their surfaces8



intersect (line 21). The steps involved in this last test constitute the pair-processing algorithm. If thepair-processing algorithm �nds intersection, the detection algorithm adds the current pair of objectsto the list of colliding pairs, which it returns when it has tested all the pairs. If it gets throughthe simulation-time interval from tprev to tcurr without �nding intersection, the detection algorithmreturns that no collisions occurred. In either case, the algorithm sets tprev to be the simulation timeat which it stopped processing (lines 25 and 29) so it can resume processing at that time when it isnext called (tprev persists between calls to the algorithm).This basic detection algorithm does not include a few features found in some real detectionalgorithms. First, the basic algorithm has no facility for back-tracking. Back-tracking is binarysearch on the simulation-time interval from tprev to tcurr in order to more accurately determine themoment of contact between two objects. Back-tracking gets it name because it involves decrementingt to go backwards in simulation time in addition to incrementing t (as the basic algorithm does). Adetection algorithm that uses back-tracking will be more accurate, but it will also be slower. Formany interactive applications, the overhead in back-tracking is not worthwhile. A second feature notpresent in the basic algorithm is the ability to handle non-pairwise collisions. If three objects|Oa,Ob and Oc|all collide simultaneously, the algorithm will report separate collisions between Oa andOb, Oa and Oc, and Ob and Oc. For most forms of collision response this approach will not be aproblem.2.2 Weaknesses of the Basic AlgorithmThis basic detection algorithm has three weaknesses. The �rst weakness is in the outermost loopof the detection algorithm (starting at line 17). This outer loop breaks simulation time down into�xed timesteps of length �td. The disadvantage is that choosing the size of �td poses a dilemma.On the one hand, a smaller �td improves the accuracy of collision detection. Consider Figure 2.2.This �gure shows two objects, a circle and a square, moving towards each other along the x axis.The �gure also includes an explicit simulation-time axis to illustrate how the objects move overtime. The time axis is labeled with one possible choice of �xed timesteps. Notice that there areno collisions at any of the timesteps, but there is a collision that the algorithm will miss becauseit falls between timesteps. By using a smaller timestep the algorithm decreases the chance of thissort of error. On the other hand, the algorithm is more e�cient if it uses a larger timestep. Thealgorithm does work at each timestep, so fewer, larger timesteps mean less work overall. A way toescape this dilemma is to make �td be an adaptive timestep that changes according to the situation:�td should become smaller when collisions are likely and larger when they are not. A detectionalgorithm's inability to adaptively change its timestep is the �xed-timestep weakness.The second weakness of the basic algorithm is the presence of the two loops starting at line 19.These loops cycle through every pair of objects at every timestep, making the processing timespent by the algorithm increase quadratically with N , the number of objects. As users demandmore detailed applications, the typical values of N will increase, hurting the performance of thealgorithm. The algorithm will be more e�cient if it can prune the number of pairs that it mustprocess, to avoid processing pair of objects that are obviously far away from each other. Lacking suchan optimization, the need to check every pair of objects at every timestep is the all-pairs weakness.The third weakness involves the test at line 21. The subroutine that determines if the surfaces oftwo objects intersect as of a particular moment in simulation time is the pair-processing algorithm.Designing a pair-processing algorithm that is both e�cient and accurate is a di�cult problem.The di�culty of this task depends on how the algorithm represents the surface of each object. A9
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0Figure 2.2: The basic detection algorithm can miss this collision.popular representation is the polyhedron. The test for polyhedral intersection is quite complicated;all the di�erent ways vertices, edges and faces can contact one another produce many special caseswhich are di�cult to process e�ciently. Other forms of surface representation also pose problems.Curved surfaces, such as parametric bicubic surfaces [FvFH90], can be even more di�cult to process,and pair-processing algorithms for these surfaces often resort to approximating the surfaces withpolyhedra. A detection algorithm su�ers from the pair-processing weakness if its pair-processingalgorithm is not robust and e�cient.2.3 Improvements on the Basic AlgorithmAll the previous work on collision detection can be seen as e�orts to address the weaknesses of thebasic algorithm. Most of the published papers o�er clever ideas that mitigate one or two of theweaknesses. For some applications this work is appropriate, because not all weaknesses matter inall applications; applications involving only a few objects are not a�ected by the all-pairs weakness,and applications involving many objects that collide almost all the time are not a�ected by the�xed-timestep weakness. In general, however, all three weaknesses do matter, and an algorithmshould address as many of them as possible. A few algorithms do come close to meeting this goal,but all of them have disadvantages for interactive applications.2.3.1 Four-Dimensional MethodsTo address the �xed-timestep weakness, many authors use four-dimensional (4D) analysis, wherethe fourth dimension explicitly represents simulation time. One of the earliest examples of this ideais the work of Boyse [Boy79]. He derives simple equations for the motion of polyhedral edges andfaces over time; a root of any such equation corresponds to the time and location of a collision.By assuming only one stationary and one moving polyhedron, with the moving polyhedron beinglimited to periods of only linear translation and periods of only rotation around a �xed axis, Boyse'salgorithm can �nd the collisions without any iterative timestep. The assumptions of the algorithmlimit its utility in practice, however. Lubachevsky [Lub91] presents a detailed description of asimilar idea. His approach makes even more assumptions, though, limiting itself to spheres movingin straight lines on a plane (\pool balls"). 10



Canny [Can86] uses more elaborate analysis to process more general motion. He obtains quinticpolynomials whose roots, found with iterative numerical techniques, describe the collisions betweenconvex polyhedra. The motion this algorithm can handle is still not completely general, however;objects must have constant linear velocity and nearly-constant angular velocity. For interactiveapplications, the main disadvantage of Canny's algorithm is the disadvantage shared by most 4Dmethods: the motion of all objects must be completely speci�ed throughout simulation time. In-teractive applications cannot meet this requirement, because a human user controls the motion ofobjects \on the 
y."Cameron [Cam90] presents an algorithm that handles more complicated shapes than Canny'sapproach, in particular, objects speci�ed by the constructive solid geometry (CSG) paradigm. Thisalgorithm is a 4D extension of earlier work [Cam89], which addresses the pair-processing weaknessfor CSG objects by using a technique called S-bounds. Viewing CSG models as trees of operations,S-bounds provide a way to prune nodes that do not matter for a possible collision between two trees.The 4D extension to S-bounds addresses the �xed-timestep weakness, but only for piecewise-linearmotion that is fully speci�ed throughout time.To detect collisions between arbitrary time-varyingparametric surfaces, Von Herzen et al. [VBZ90]use the mathematical technique of the Lipshitz condition. A Lipshitz condition maps a change inthe parameters of a surface to an upper bound on the change in the surface itself. By applying thismapping while searching the parameter spaces of two objects, the algorithm can detect collisionsbetween the objects. This approach addresses the �xed-timestep weakness because the search of thesimulation-time parameter is analogous to binary search. This approach ignores the pair-processingweakness, however, and once again it assumes knowledge of how the surface changes throughouttime.Samet and Tamminen [ST85] describe a 4D approach based on recursive subdivision. The al-gorithm considers \cubes" of space and time, and subdivides the cubes that contain two objects.The objects in this context are represented by 4D geometry, de�ned by how pieces of the object'ssurfaces move through time. If the objects do collide, repeated subdivision rapidly locates a smallcube in which the collision occurs. This algorithm processes only two objects, so it ignores thepair-processing weakness. Samet and Tamminen also give details for only the case in which the twoobjects have piecewise-linear motion. For more general motion, the authors suggest an approachbased on interval analysis.Mudur and Koparkar [MK84] describe one of the �rst applications of interval analysis to graph-ics, but the work of Snyder [Sny92], Du� [Duf92] and Snyder et al. [SWF+93] is more relevant forcollision detection. Interval analysis involves extending mathematical functions to take intervalsas arguments and produce intervals as results. A detection algorithm uses functions whose argu-ment intervals represent regions in space and time. If any objects collide within these regions, thefunctions return intervals that contain designated values. The detection algorithm uses a form ofrecursive subdivision on the argument intervals to locate regions that contain collisions. Snyderet al. [SWF+93] describe functions that represent constraints on each pair of objects, constraintswhich are met only when the pair has just started to collide. To accelerate the recursive subdivision,the Snyder et al. algorithm applies an interval version of the Newton-Raphson method, a classictechnique for �nding roots of a function [PTVF92]. Du� [Duf92] uses simpler functions than Snyderet al., and his algorithm does not exploit the interval Newton-Raphson method. His algorithm doesnot need a distinct function for each pair of objects, though, so it avoids the all-pairs weakness.Du�'s algorithm is thus one of the few published algorithm that addresses all three weaknesses ofthe basic algorithm. Unfortunately, the algorithm shares the disadvantage of 4D analysis, that itmust know each object's exact position throughout time.11



Culley and Kempf [CK86] attack the �xed-timestep weakness by making the following observa-tion: an upper bound on the relative velocity of two objects and a lower bound on their separationdistance de�ne a lower bound on the time before they can collide. An algorithm that uses this lowerbound on collision time can adaptively vary its timestep. Note that unlike the other 4D methods,this approach does not require full knowledge of the object's motion ahead of time. Culley andKempf do not describe e�cient ways to make this approach work for nonlinear motion or more thantwo objects, but the general idea was a motivation for Chapter 4 of this dissertation.Foisy et al. [FHA90] developed ideas somewhat similar to those in Chapter 4 independently. Animportant part of both approaches is 4D analysis based on estimates of objects' maximum acceler-ations. These approaches address the �xed-timestep weakness without requiring full knowledge ofobjects' motions throughout time. The details of the approaches di�er signi�cantly, however. TheFoisy et al. algorithm uses a queueing scheme that allows it to compare only O(N logN ) objects ateach timestep. When the frequency and number of possible collisions meet certain conditions, thisscheme solves the all-pairs weakness. If these conditions are not met, however, the algorithm canfail to detect some collisions; to guarantee correctness in this case, the algorithm must call someother detection algorithm.2.3.2 Three-Dimensional Subdivision MethodsMany authors focus more on the all-pairs and pair-processing weaknesses than on the �xed-timestepweakness. A common approach is to subdivide 3D space into regions. A pair of objects mustintersect the same region in order to collide with each other, so the detection algorithm can use theregions to reduce the number of pairs it must consider.The simplest subdivision technique partitions 3D space along a uniformgrid. Zyda et al. [ZOMP93]describe an implementation of this idea. The cells of the grid are isothetic1 cubes. The axis-alignednature of isothetic cubes allows the algorithm to quickly determine whether an object belongs in acell.Turk [Tur90b] uses a similar grid, and he describes two approaches for determining which ob-jects belong in each cell. His application is a molecular-docking simulation, in which molecules arerepresented as collections of spheres. The width of each cubical grid cell is the diameter of thelargest sphere, so any sphere can intersect at most eight cells; it is straightforward to determinethese cells given the cell that contains the sphere's center. One way to implement this grid is to �ndthe box that bounds all the spheres and then divide it into cells. Turk reports that this approachworks no better than a simpler approach. The simpler approach uses spatial hashing, that is, itcreates a �xed grid of cells and then uses a hash function to map any position in R3 to a cell in thatgrid. The simplest hashing function e�ectively tiles all of R3 with the �xed grid, so objects that areactually quite far from each other can sometimes occupy the same cell. In Turk's application, thisproblem did not adversely a�ect performance. This approach does not address the �xed-timestep orpair-processing weaknesses, but it has low enough overhead and prevents the all-pairs weakness wellenough that it could be part of an e�ective detection algorithm for an interactive application. In thiscontext, it would quickly identify pairs of objects whose bounding spheres collide; a pair-processingalgorithm would then check those objects for actual collisions. Chapter 7 discusses the performanceof this approach in practice.A more sophisticated approach to space subdivision uses an octree, which acts like a hierarchy ofgrids at di�erent resolutions. The root of an octree is an isothetic box that bounds all the objects.1Isothetic means \aligned with the principal coordinate axes of the space." A square in Rn is isothetic if each of itsedges is parallel to one of the coordinate axes of Rn, and a cube is isothetic if each of its faces is an isothetic square.12



The children of the root are the eight octants de�ned by dividing each edge of the box in half.The algorithm that performs this dividing also determines which objects belong in each octant. Ifan octant contains only a few objects, the detection algorithm can e�ciently check pairs of thoseobjects for collisions. If an octant contains many objects, the algorithm recursively subdivides thatoctant into smaller octants. This approach adaptively re�nes the resolution of the grid, making thecells smaller only where necessary. Hahn [Hah88], Moore and Wilhelms [MW88] and Sha�er andHerb [SH92] describe variations on this approach for collision detection. These approaches addressthe all-pairs weakness. Octrees also address the pair-processing weakness, as Moore and Wilhelmsdescribe most clearly. The idea is to continue subdividing the space shared by two objects, keepingtrack of the parts of the objects' surfaces in each cell. If the objects have polyhedral surfaces,this approach e�ciently identi�es the polygons that can intersect each other. One of the earliestexamples of this idea was the work of M�antyl�a and Tamminen [MT83], which involves a structurethat is not precisely an octree but shares many of its properties.Octrees share the disadvantage of Turk's algorithm, that they do not address the �xed-timestepweakness. Unlike Turk's algorithm, however, octrees do not necessarily have low overhead. Mooreand Wilhelm's algorithm rebuilds the octree each time it is called, and Sha�er and Herb's algorithmmodi�es its octree to reassign objects that have moved out of their previous cells. Either approachinvolves considerable computation, particularly for applications involving many moving objects; thesimplicity of Turk's algorithm is likely to make it faster in many situations.Binary space partitioning (BSP) trees provide a di�erent form of space subdivision. Thesestructures were introduced by Fuchs et al. [FKN80] as a way to remove hidden surfaces duringpolygon rendering. Thibault and Naylor [TN87] discuss how to use BSP trees to perform Booleanset operations on two polyhedra. Their algorithm �nds intersections, so it can function as a pair-processing algorithm for collision detection. Each node of a BSP tree corresponds to the planecontaining one face of a polyhedron. For the root node, this plane partitions the other faces intothree sets: those in front of the plane, those behind it, and those intersecting it. For each of the �rsttwo sets, picking a face from the set to function as another partitioner de�nes a subtree of the root.Each face in the third set belongs in both subtrees. Repeating this process recursively de�nes theBSP tree for the polyhedron. Note that if some query polygon is fully on one side of the plane atthe root, then that polygon cannot intersect any of the faces in one subtree. This idea leads to ane�cient algorithm for �nding intersections between two polyhedra given a BSP tree for one of them.This algorithm does not address the �xed-timestep or all-pairs weaknesses, but it works well as apair-processing subroutine in a larger detection algorithm. Chapter 7 discusses the performance ofthis approach in practice, comparing it to the new algorithm from this dissertation.Van�e�cek [Van91] extends BSP trees to form multidimensional space partitioning (MSP) trees,which he also calls Brep-indices. These structures represent the volume enclosed by polyhedramore conveniently than BSP trees. Van�e�cek describes an algorithm that intersects a line segmentwith a Brep-index, identifying the parts of the segment that are inside a polyhedron. Features ofBrep-indices allow this algorithm to tolerate inaccuracy in 
oating-point operations. Bouma andVan�e�cek [BV91] use this algorithm to detect collisions between pairs of polyhedra. This approachcould provide bene�ts over a pair-processing algorithm based on BSP trees, but I chose to use BSPtrees in Chapter 7 for simplicity of implementation.2.3.3 Other MethodsTo detect collisions between two convex polyhedra, Dobkin and Kirkpatrick [DK83] present analgorithm that requires O(log2n) operations, with n being the sum of the number of vertices in the13



two polyhedra. This algorithm uses the decomposition of each polyhedron into drums, which areslabs cut from the polyhedron by parallel planes. The simple structure of drums makes them similarto two-dimensional polygons, so an extension of an algorithm for polygons can �nd intersectionsbetween two drums. For convex polyhedra, a form of binary search e�ciently determines pairs ofdrums to be tested for intersection. This approach could, in theory, detect collisions between twononconvex polyhedra given a decomposition of these polyhedra into convex pieces. The number ofpairs of these pieces could be overwhelming for objects with complicated shapes, however.Lin and Canny [LC91] describe an e�cient algorithm for �nding the closest distance between twoconvex polyhedra. The algorithm is based on the following observation: when two convex polyhedramove only a small amount relative to each other, the points on each polyhedron closest to the otherpolyhedron also move only a small amount. Since the polyhedra are convex, it is not di�cult to trackthese small movements of the closest points. Knowing the closest point between two convex objectsis su�cient for detecting collisions between the objects, so this algorithm is a detection algorithmthat solves the pair-processing weakness for convex objects.Lin, Canny and Manocha [LMC93] extend this idea to handle more than two nonconvex objects.The algorithm assumes each nonconvex object is partitioned into convex pieces, and builds a treewhose leaves are the convex pieces. The interior nodes are convex hulls of unions of the pieces.The algorithm descends the tree, applying the Lin-Canny algorithm to each of the convex hulls.To handle multiple objects, the algorithm uses as queueing scheme much like the one described byFoisy et al. [FHA90]. These two extensions can mitigate the �xed-timestep and all-pairs weaknesses.There are situations in which these extensions would perform poorly, however, and the authors donot discuss their algorithm's actual performance in practice.A di�erent extension of the Lin-Canny algorithm is presented by Dworkin [Dwo93]. He augmentsthe algorithm with four-dimensional techniques similar to Lubachevsky [Lub91] and Du� [Duf92].Given certain assumptions about the sparseness of objects and the motion they can have, thisapproach yields high performance.Sclaro� and Pentland [SP91] describe a novel solution to the pair-processing weakness. Theysuggest that polyhedral models be approximated by deformed superquadric ellipsoids [Bar81] whosesurfaces have been modulated by a displacement map. These approximate models, which they callgeneralized implicit functions, have the advantage that the algorithm to detect collisions betweenthem runs quickly. The performance �gures quoted by the authors suggest that their algorithm ise�cient for the class of models that can be represented by their technique. They do not characterizethe members of this class, but it cannot contain some interesting shapes due to details of thetechnique: the displacement map cannot match any feature that is not star-shaped [PS85] about apoint on the deformed ellipsoid, and the superquadric ellipsoid cannot match any shape with non-spherical topology. The idea of approximation is a promising one, however, and this paper is one ofthe �rst to show its practical performance bene�ts.2.4 Time-Critical ComputingTime-critical computing is related to the topic of real-time systems. Halang and Sacha [HS92]indicate that these systems are important in applications like industrial process control and aviation.These systems tend to be hard-wired to meet the performance goals of speci�c applications, however.Halang and Sacha suggest that there are few commercial operating systems that support a varietyof general real-time applications, and the support that is available is at a relatively low level.A seminal work on time-critical computing in a more general context is the paper by Dean and14



Boddy [DB88]. They discuss a decision-theoretic framework for time-critical planning, useful forapplications such as robotics. They prove that this framework picks the optimal schedule of subtasks,given subtask algorithms that increase their utility with time according to speci�c patterns. Thispaper also coins the term anytime algorithms, which has seen wide currency since then. It is an openquestion whether this decision-theoretic framework is valuable for interactive graphics applications.Computer graphics has a history of dedicated systems that provide real-time performance forspeci�c applications, particularly vehicle simulation. Schacter [Sch81] indicates that 
ight simulatorshave been using time-critical rendering for years. These systems represent the shapes of obstacles onthe ground and of other planes at various levels of detail, that is, with various numbers of polygons.The rendering components of these systems choose the appropriate number of polygons to keepthe systems running at real-time rates. The shapes used by a given simulator are generally �xed,simplifying the task of building the levels of detail.Bergman et al. [BFGS86] describe one of the �rst time-critical rendering algorithms used outsideof 
ight simulators. This algorithm quickly presents a crude image while a user is changing theviewpoint, and then adaptively re�nes this image when the user pauses (to study some feature ofthe image). The crude image shows only the vertices of the visible objects. To re�ne the image,the algorithm adds polyhedral edges, 
at-shaded polygons, improved shading for the polygons thatneed it, and anti-aliasing. Funkhouser and S�equin [FS93] present a more advanced approach. Theiralgorithm uses a simple, empirical model to predict the cost of rendering objects at various levels ofdetail. The algorithm also has a heuristic model for the bene�ts of rendering at each level. Whenit renders each frame, the algorithm uses a greedy approach to maximize the bene�ts of renderingwhile meeting a cost goal, that is, keeping the frame rate high and nearly-constant.This algorithm assumes that it has access to the levels of detail for each object. Clark [Cla76]presents one of the earliest discussions of levels of detail, but gives no speci�c techniques for gen-erating the levels. More recently, authors such as Turk [Tur92] and Schroeder et al. [SZL92] havedescribed algorithms that produce these levels of detail automatically. Hoppe et al. [HDD+93] de-scribe what seems to be the most sophisticated approach to date. The algorithm generates eachlevel of detail by building an approximation to the original polyhedron. It builds the approximationby solving an energy-minimization problem. The energy has terms that increase with the numberof polygonal vertices and with the looseness with which the approximation �ts the original. Tominimize this energy, the algorithm alternates between modifying the geometry and the topologyof the approximation. Hoppe et al. report promising results from this algorithm, so it could maketime-critical rendering algorithms, like the one by Funkhouser and S�equin, more practical.Time-critical algorithms for tasks beyond polygon rendering are starting to appear. Meyer andGlobus [MG93] consider the problem of visualizing scalar �eld data, for example, data from com-putational 
uid dynamics simulations. One way to visualize such data is to display an isosurface,a surface that connects locations having a particular scalar value. Meyer and Globus describe analgorithm that quickly generates the isosurface at a location of interest to the user; the algorithmthen propagates the isosurface to adjacent locations until the user speci�es a new location of interest.This approach preserves interactive response to changes in the location of interest, and informal userstudies suggest that people �nd this approach helpful when exploring data.For the problem of time-critical collision detection, the previous work on other time-criticalalgorithms does not provide much more than inspiration. The previous work is complementary,however, in the sense that these other algorithms would work well along side a time-critical detectionalgorithm in a complete application.An application that uses multiple time-critical algorithms will be simpler to implement in asoftware framework that explicitly supports such algorithms. Rohlf and Helman [RH94] describe15



one of the �rst commercial software packages to strive for this goal. The system supports scene datastructures that explicitly represent the geometry of objects at multiple levels of detail. The systemalso provides several 
exible ways of synchronizing activities with frames that occur at regular timeintervals. Missing from the system are advanced features, such as automatic ways to generate levelsof detail and techniques of feedback or prediction to prevent activities from exceeding the timeallotted per frame, but the system provides more support for real-time performance than previoussystems. Wloka [Wlo93] proposes a more ambitious system. The design of this system emphasizespredictive scheduling to ensure real-time, low-latency response to users' commands. The availabilityof systems such as this one should make possible more widespread application of time-critical ideas.
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Chapter 3Overview of Time-CriticalCollision DetectionSection 1.2 introduced the idea behind time-critical computing, that it is sometimes valuable to tradeaccuracy for speed. Section 2.1 described how an application program and a detection algorithmcooperate, but it did not describe how this process can be time-critical. This chapter gives anoverview of a time-critical algorithm for collision detection. Chapters 4, 5 and 6 will describe indetail the mechanisms involved in the time-critical detection algorithm.Recall from Section 2.1 that before rendering each frame of an animation, the application programcalls the detection algorithm. The detection algorithm is responsible for �nding collisions in theperiod from tprev, the previous simulation time at which it stopped detecting, to tcurr, the currentsimulation time. As part of this process, the pair-processing algorithm tests pairs of object surfacesfor intersection.A modi�cation to this process involves the pair-processing algorithm testing not the actualsurfaces but conservative approximations to the surfaces. An approximate surface is conservative ifit fully covers the actual surface, leaving no parts uncovered. Note that every collision between a pairof actual surfaces will also be a collision between the conservative approximations, but the converseis not true. Thus, this new version of the pair-processing algorithm still answers the question, \Doesthis pair of objects intersect?" However, it no longer returns a \yes/no" answer; it now returns a\maybe/no" answer. Figure 3.1 gives an example of the di�erence between these two approaches.Subsequent chapters of this dissertation will discuss the issue of conservative approximationmore fully, but for now assume that the pair-processing algorithm can test approximate surfacesfor intersection more quickly than it can test actual surfaces. The new pair-processing algorithmthus allows the detection algorithm to quickly return a \maybe/no" answer when the applicationasks about collisions. If the detection algorithm returns \no" then the application can go aheadand render the current frame. If, on the other hand, the detection algorithm returns \maybe"then the application has some options. The application might determine that it cannot a�ord todevote any more processing time to collision detection. In this case, the application must make dowith the answer of \maybe." The conservative policy is to treat \maybe" as \yes" and act as ifthe detection algorithm found a collision between the actual surfaces of the objects. The collision-response algorithm will produce an approximation to the correct behavior since it is processing acollision between approximate surfaces, but in many situations, approximate behavior that meets17
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1 2 3Figure 3.1: The upper three frames show \yes/no" answers; the lower three frames show the samemotion with \maybe/no" answers.performance goals will be better than correct behavior that lags behind those goals.The application, having received \maybe" from the detection algorithm, might determine thatit does have additional processing time for collision detection. In this case, the application can tellthe detection algorithm to re�ne the details of the approximate collision. The detection algorithmcan make this re�nement if it can approximate the actual surface of each object at multiple levelsof detail. Each level of detail should improve the accuracy of the previous level, and the levelsshould be arranged so that information about a collision at one level can be reused to detect acollision at the next level. Given these levels of detail, the detection algorithm can repeatedlyre�ne the accuracy with which it detects collisions, at each repetition returning either a \no" or a\maybe" more accurate than the previous one. Figure 3.2 updates Figure 2.1 with pseudocode foran application that calls this sort of detection algorithm. The application controls the amount ofre�nement, so it has the 
exibility to balance the accuracy of collision detection against the amountof available processing time. This concept is progressive re�nement, which is a form of negotiatedgraceful degradation and an important element of time-critical computing.3.1 Choosing Appropriate DegradationNegotiated graceful degradation allows an application to interrupt the detection algorithm when itbegins to take too much processing time. The application thus needs a policy for deciding how muchtime it can devote to collision detection.The policy must consider how collision detection �ts into all the activities the application per-forms to produce a frame. The pseudocode in Figure 3.2 includes �ve typical activities: gettinguser input, updating the behavior of objects (which may be based on the user input), updating anyother application-speci�c bookkeeping, executing the loop that detects and responds to collisions(lines 7 through 15), and rendering the objects. Performance goals determine the maximum amountof processing time that the application can spend per frame to complete all these activities. Tomeet a frame rate of n frames per second, the per-frame maximum clearly must be at most 1=nseconds. The overhead of the operating system might dictate that the per-frame maximum shouldbe less than 1=n seconds, especially if the operating system cannot provide real-time guarantees;18



1 application()2 f3 for t t0 to t1 in steps of �tr f4 get user input5 update behavior of each object in fO0; : : :ON�1g as of t6 update any other general bookkeeping7 do f8 result  detect(t, fO0; : : : ; ON�1g)9 while ((result is \maybe") and10 (more processing time is available))11 /* detect(t, result) knows to re�ne result . */12 result  detect(t, result)13 if (result is \maybe")14 collision response15 g while (result is \maybe")16 render each object in fO0; : : :ON�1g as of t17 g18 gFigure 3.2: A simple application that calls a time-critical detection algorithm, detect().in practice, simple strategies to minimize the e�ects of time-sharing, such as those suggested byRohlf and Helman [RH94], should minimize this overhead. Dealing with the goal of low latency(lag) is more di�cult. If an input device could sample a user's actions immediately, and if theapplication acted on the input during the frame it was sampled, then the latency would be theprocessing time for one frame, 1=n seconds. The �rst assumption is reasonable for a simple inputdevice like a desktop mouse, but not for a more sophisticated device like a tracker for head or handmotions in three dimensions. With current technology, the only way an application can compensatefor latency in a tracking device is by predicting the values it will return in the immediate future.Liang et al. [LSG91], Friedmann et al. [FSP92], Deering [Dee92] and Azuma and Bishop [AB94]argue that techniques such as linear interpolation and Kalman �ltering give acceptable prediction insome situations. Getting prediction to work in all situations is still a research problem, but for thisdissertation I assume that prediction works and the application uses it. The latency is thus tied tothe frame rate, that is, it is 1=n seconds.The maximumper-frame processing time dictated by the target frame rate and latency is actuallya \soft" deadline. Human users do not seem to notice small 
uctuations in the frame rate or latencyas long the application meets the performance goals \almost always." There seems to be no formalevidence for this conclusion, but there is anecdotal evidence. Funkhouser and S�equin [FS93], forexample, report that their system is \interactive" when its frame times have a mean of 0:10 seconds,with a maximum of 0:13 and a standard deviation of 0:008.Given a maximum amount of per-frame processing time (to be met almost always), the applica-tion must divide this time amongst the �ve per-frame activities mentioned earlier. Determining adivision that meets some goal of optimality as the application runs is a di�cult research problem.As a simple alternative, the programmers who write the application could determine a priori anacceptable division that holds throughout a run. Either approach requires a time-critical algorithmfor each activity, that is, an algorithm that can terminate within a particular time limit (almost19



always).The subsequent chapters of this dissertation concentrate on how to limit the time spent in collisiondetection, so the current section will discuss time limits for the other activities. Of these activities,rendering has received the most attention. Section 2.4 summarizes several time-critical approachesto rendering. The technique of Funkhouser and S�equin [FS93] is the only one that can adapt toa variety of time limits. This algorithm is incomplete, though, in that it assumes it has access tovarious levels of detail for each object, that is, it needs sets of polygons of di�erent sizes to representeach object at di�erent resolutions. The literature contains some work on the problem of buildingthese levels of detail automatically. The approach of Hoppe et al. [HDD+93] looks most promising,but the problem is still far from solved. In practice, the application programmers will probablyhave to build many of the levels of detail by hand. For applications in which the visual complexityof the scene remains relatively constant, the full power of Funkhouser and S�equin's algorithm maynot be necessary. These applications will render a similar population of polygons at each frame, sothe rendering time will vary little between frames. The application programmers can empiricallydetermine the rendering time, and adjust the visual complexity to meet a particular time limit.A time limit for user input should not be a problem. Assuming that the application uses predic-tion to overcome input-device latency, new input is ready in the time it takes a new device sample toarrive and be processed by the prediction technique. The times involved in both steps are modest.Wloka [Wlo94] describes measurements of these times for one particular hardware con�guration;similar empirical tests could determine the times for other situations.Limiting the time involved in updating behavior is less straightforward. In sophisticated ap-plications, the algorithms that compute behavior can be complicated. A forward simulation, forexample, will involve solving di�erential equations numerically, and even e�cient approaches like aRunge-Kutta method with adaptive step size [PTVF92] involve nontrivial amounts of computation.The application programmers will have to rely on insight into the application's semantics to pickappropriate tradeo�s between speed and accuracy. A Runge-Kutta method, for example, takes aparameter specifying the allowable level of error, and the programmers can increase this level toimprove performance. As with user input, empirical tests will probably be the best way for theprogrammers to measure how much time they must allow for behavioral update of the appropriatequality. If these limits are conservative and behavioral update for particular frames takes less timethan expected, the extra time can be absorbed by the time-critical collision detection and renderingalgorithms. Evidence from previous animation systems, such as the work of Hahn [Hah88], suggeststhat tight limits on behavioral update times may not be so important because collision detectionand rendering are often the real performance bottlenecks.Bounding the time the application spends processing collision response is possible for simpleresponses. If the response algorithm simply destroys the colliding objects (perhaps replacing themwith a simple pile of rubble) the processing time is minimal. Moore and Wilhelms [MW88] describea response algorithm that temporarily inserts a sti� spring between colliding objects, to force themapart; this approach, often called a \penalty" method, takes little time if the application is alreadysimulating the dynamics of objects. More sophisticated forms of collision response, such as thoseBara� advocates [Bar89, Bar90, Bar91, BW92], unfortunately do not lend themselves to time limits.This section has not distinguished between single-processor and multiple-processor applications.Multiple processors can help an application perform its activities more quickly, but they complicatethe issue of latency. Wloka [Wlo94] discusses this problem and presents some pragmatic solutions.To summarize this section, it is clear that the problem of bounding per-frame computations stillo�ers many opportunities for research. Fortunately, the suggestions from this section, combinedwith the mechanisms from Chapters 4 through 6, do allow at least some interactive applications to20



run at real-time rates; Chapter 7 will describe one such example.3.2 Implementing DegradationThe policy from the previous section allows an application to choose how much processing time it candevote to collision detection. Now the important issue is how to structure the detection algorithmso that it can be interrupted after the appropriate amount of time. The beginning of this chaptermentions the central idea, that the detection algorithm uses conservative approximations to objectshapes at multiple levels of detail.The detection algorithm's processing of these approximations divides naturally into two phases.The �rst phase, the broad phase, uses the most conservative approximation to each object, its bound-ing sphere. The second phase, the narrow phase, uses all the other, more-accurate approximations.The central operation of the broad phase is �nding the next possible collision between boundingspheres. Uncertainty is present in this computation because the behavior of the objects is controlled\on the 
y" by human users. As a result, the broad phase cannot know exactly where each object willbe in the future. Chapter 4 will argue, however, that an application can provide some informationabout where each object might be for the immediate future. If the application can supply an upperbound on each object's acceleration, the broad phase can build a conservative bound on the object'sfuture position. This conservative bound is a four-dimensional structure (the fourth dimensionexplicitly representing simulation time) called a space-time bound.Because space-time bounds are conservative, the broad phase can use their intersections to �ndthe simulation time, ti, of the next possible bounding-sphere collision. The broad phase then knowsthat there can be no collisions from the current simulation time, t, up to ti. When the applicationcalls the detection algorithm for each frame between t and ti, the algorithm can return without doingany further work. The e�ect is as if the detection algorithmhas an adaptive timestep, which stretchesout because no collisions are possible. It should be intuitively clear that this approach addressesthe �xed-timestep weakness from Section 2.2. The way the broad phase �nds intersections betweenspace-time bounds also addresses the all-pairs weakness. Thus, the broad phase is an improvementover the three outer loops at lines 17, 19 and 20 of the basic algorithm in Figure 2.1. Chapter 4 willdiscuss in detail how the broad phase avoids the �xed-timestep and all-pairs weaknesses.The broad phase next does work when the simulation time, ti, of the earliest possible collisionarrives. At this time, the broad phase checks for intersection between the two bounding spheres itthought might collide, using for their positions the actual t = ti positions of the objects the spheresbound, Oa and Ob. The bounding spheres might not intersect, because the broad phase predictedthe possible collision based on an estimate of a future. (Remember, however, that the estimate wasconservative, so the algorithm will never miss a pair of bounding spheres that really do intersect.)If, on the other hand, the bounding spheres do intersect, then the broad phase has found a collisionat the coarsest level of detail. The detection algorithm returns to the application a \maybe" answer(including references to Oa, Ob and the time, ti, of collision).As the beginning of this chapter describes, the application now has the chance to ask the al-gorithm to re�ne the accuracy of the \maybe" answer. If it does, the algorithm switches to thenarrow phase. The narrow phase acts like the pair-processing algorithm in Figure 2.1. The narrowphase starts by checking for intersection between approximations to Oa and Ob at the second levelof detail. If it again �nds intersection, the narrow phase can continue to use more levels of detailas long as the application concludes that processing time is available. All the levels of detail inthe approximation to an object's surface are represented by a data structure called a sphere-tree.21
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Figure 3.3: The broad phase and the narrow phase in action.As the name suggests, this structure is a hierarchy each level of which is a union of spheres. Eachsuch union approximates the surface of the object, and the approximations become more accurateat deeper levels of the tree. The advantage of spheres is the ease with which the narrow phase cancheck them for intersection. Sphere-trees thus allow the narrow phase to address the pair-processingweakness from Section 2.2. Chapters 5 and 6 explain this advantage of sphere-trees, and also discusshow to automatically build sphere-trees for objects with complicated shapes.The narrow phase terminates when the application interrupts it, or when it exhausts the levelsof detail in its sphere-trees, or when it returns a \no" answer. At this point, the broad phase beginsagain. The broad phase computes the time, ti, of the next possible collision, and the whole processrepeats. Figure 3.3 gives a schematic example that summarizes the process.The algorithms for building sphere-trees involve considerable amounts of computation, so theapplication should not run them while it is interacting with human users. Instead, a sphere-treefor each object should be built o�-line in a preprocessing step. This approach has the advantagethat a sphere-tree built once can be used in many runs of the application. A further advantage isthat the preprocessor executes most of the complicated code before the application starts running;the algorithm that checks two already-constructed sphere-trees for intersection at runtime is quitesimple, so the chance that a user will encounter runtime errors is reduced. A disadvantage of thisapproach is that it can handle only rigid objects, that is, objects that do not deform as the applicationruns. An object that consists of several rigid components that move independently is not a problem,as it can be approximated by a set of sphere-trees, one for each component. Truly 
exible objects,like those made of rubber, however, do not lend themselves to this approach. Fortunately, rigidobjects are important, especially in engineering, and there are many useful applications that useonly rigid objects.Note that the places at which the application can interrupt the detection algorithm all fall withinthe narrow phase. This structure is disadvantageous because it reduces the application's ability tolimit the algorithm's processing time. If, for example, the N objects are densely packed then many22



pairs of bounding spheres will collide at each frame. The broad phase will report each of thesecollisions, which may take a considerable amount of processing time for large values of N . Theonly way the application could avoiding spending this time would be if it were to allow the broadphase to ignore some bounding-sphere collisions. This change would allow some objects to passthrough one another, an unacceptable result in general. In speci�c situations, however, this sort ofnonconservative collision detection might be useful; Zyda et al. [ZOMP93] argue that some missedcollisions are tolerable in large-scale vehicle simulations.The broad phase and the narrow phase form a convenient division of labor in any detectionalgorithm, whether it is time-critical or not. (Certain four-dimensional techniques, such as Du�'sinterval-analysis algorithm [Duf92], do not divide neatly into two phases, but most algorithms do.)Much of the previous work summarized by Chapter 2 �ts into this general framework; some previoustechniques function as a broad phase and some as a narrow phase. It is thus possible to \mix andmatch" broad-phase algorithms and narrow-phase algorithms to create a variety of interesting hybridalgorithms. Such a hybrid algorithm could provide the best performance for a particular situation.Chapter 7 compares the algorithmusing space-time bounds and sphere-trees to one hybrid algorithm,whose broad phase uses Turk's algorithm [Tur90b] and whose narrow phase is based on binary spacepartitioning (BSP) trees [FKN80, TN87]. Further study of hybrid algorithms is an interesting topicfor future research.
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Chapter 4Space-Time BoundsSection 3.2 introduced the broad phase of the detection algorithm. The broad phase checks the Nobjects to �nd the earliest possible collision between their bounding spheres. The key to this processis space-time bounds, four-dimensional structures whose fourth dimension represents simulation time.A space-time bound gives a conservative estimate of where an object's bounding sphere might be forthe immediate future. This estimate is based on an upper bound on the object's acceleration for theimmediate future. The de�nition of a space-time bound does not require the exact position of theobject over time, so space-time bounds can handle objects whose motion is determined interactivelyby human users. To �nd the earliest possible collision, the broad phase �nds intersections betweenspace-time bounds. By �nding these intersections, the broad phase addresses the �xed-timestepweakness, and empirical evidence suggests that the intersection algorithm also addresses the �xed-timestep weakness.This chapter begins with the derivation of space-time bounds. It then presents two algorithms for�nding intersections between space-time bounds, and compares the performance of the algorithms.It next details how these intersection algorithms �t into the broad phase. The chapter concludes bydiscussing acceleration bounds and how an application might compute them.4.1 Deriving Space-Time BoundsThis section derives the space-time bound for an object, O. The derivation presents four di�erentversions of four-dimensional bounding structures, each elaborating on the previous one. The �nalversion is what the broad phase uses for its computations.4.1.1 Parabolic HornsTo start the derivation, assume that object O is a point in three-dimensional (3D) space, R3. Theposition of O in R3 at simulation time t is described by the function x(t). The function _x(t) describesO's velocity at t, and �x(t) describes its acceleration at t. Let the current simulation time be t = 0.As of this time, the detection algorithm knows O's current position, velocity and acceleration|x(0),_x(0) and �x(0), respectively|but it does not know x(t), _x(t) or �x(t) for t > 0.25



Given this information, Taylor's Theorem [EG78] states that position of O at t > 0 isx(t) = x(0) + _x(0)t+ �x(0) t22 + O(t3);where O(t3) represents an unknown vector. This result is not precise enough to be useful, but thegeneral idea leads to a more powerful conclusion. Say the application program has provided anupper bound on the acceleration magnitude, j�x(t)j, up to some future simulation time t = 1. Inother words, the application has provided a scalar, M , such thatj�x(t)j � M; 0 � t � 1:Section 4.4 will discuss how the application might compute M . This upper bound on accelerationyields a bound on x(t), expressed in the following lemma.Lemma 4.1 If j�x(t)j �M; 0 � t � 1, thenjx(t) � [x(0) + _x(0)t]j � M2 t2; 0 � t � 1:Proof: Introducing two auxiliary functions, � and �, simpli�es the proof. First, de�ne�(t) = x(t) � x(0): (4.1)Note that �(0) = 0; _�(t) = _x(t); ��(t) = �x(t):Using this new function, the goal becomes proving thatj�(t)� _�(0)tj � M2 t2; 0 � t � 1:Second, de�ne �(t) = �(t) � _�(0)t: (4.2)Note that �(0) = 0; _�(0) = 0;and ��(t) = ��(t) = �x(t): (4.3)The goal is now to show that j�(t)j � M2 t2; 0 � t � 1: (4.4)Applying the Fundamental Theorem of Calculus twice gives�(t) = Z t0 _�(u) du = Z t0 Z u0 ��(v) dv du: (4.5)The Triangle Inequality givesj�(t)j = ����Z t0 Z u0 ��(v) dv du���� � Z t0 Z u0 �����(v)��� dv du:26
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Figure 4.3: This hypertrapezoid approximates a parabolic horn for an object moving in R2.4.1.4 Cutting PlanesThe development of hypertrapezoids so far has not used any information about the direction ofacceleration. This section shows how limits on direction remove part of a hypertrapezoid, tighteningthe bound it represents.Assume, for the moment, that O is once again a point. Say the application can determine thatat every time t 2 [ 0; 1 ], the acceleration vector �x(t) for O will lie in one half of a sphere around O.Knowing this information is equivalent to knowing a vector d 2 R3 such that�x(t) �d � 0; 0 � t � 1:How the application might compute d is the subject of Section 4.4. From this relationship between�x(t) and d a lemma follows.Lemma 4.2 If �x(t) � d � 0, for all t 2 [ 0; 1 ], then(x(t) � [x(0) + _x(0)t]) � d � 0; 0 � t � 1:Proof: This proof follows the same pattern as the proof in Section 4.1.1. Using the de�nitions of�(t) and �(t) from Equations 4.1 and 4.2, respectively, the goal becomes showing that�(t) �d � 0; 0 � t � 1: (4.6)Equation 4.5 still holds, so b(t) � d = �Z t0 Z u0 ��(v) dv du� � d:By the linearity of integration,�Z t0 Z u0 ��(v) dv du� �d = Z t0 Z u0 h��(v) � di dv du:Using Equation 4.3 and the hypothesis producesZ t0 Z u0 h��(v) � di dv du � Z t0 Z u0 0 dv du:29
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Figure 4.4: A complete space-time bound consists of a hypertrapezoid and a cutting plane.The lefthand integral evaluates to �(t) �d and the righthand integral evaluates to 0, so the proof iscomplete. 2To appreciate the signi�cance of Lemma 4.2, think of d as the normal vector for a 3D plane thatpasses through the point c(t) = x(0)+ _x(0)t. Lemma 4.2 then states that at time t, the vector fromO's position to c(t) will always be on the back side of that plane. Thus, O itself will always be onthe back side of the plane. Since O can never be in front of the plane, any part of a bound on O'sposition that lies in front of the plane can be discarded; Section 4.2 discusses how this discarding isactually implemented.The set of 3D planes de�ned by c(t) and d over the time interval [ 0; 1 ] are cross sections of a4D structure. This structure is a 4D plane because the cross sections never change orientation (dis constant) and their movement through time is linear (c(t) is linear in t). I call this 4D plane acutting plane, and a hypertrapezoid teamed with a cutting plane is a complete space-time bound.It would be possible to use more than one cutting plane with each hypertrapezoid, but using oneseems to be an appropriate compromise between tightening a hypertrapezoid and adding complexityto the processing.When O is not just a point, the cutting plane must be displaced away from the center of O soit will not cut through O itself. This displacement adds a constant term to the formula for c(t).Note that if the displacement is along the vector d, then the geometric interpretation of Lemma 4.2still holds. Figure 4.4 shows an example of a displaced cutting plane and a hypertrapezoid, togetherforming a space-time bound.4.2 Finding Intersections Between Space-Time BoundsIf two objects are going to collide at simulation time t 2 [ 0; 1 ], their space-time bounds mustintersect at some time ti � t; this conclusion follows because space-time bounds are conservativeover-estimates of where the objects might be. Say the detection algorithm has space-time boundsfor all N objects, and it has found the earliest time ti at which a pair of space-time bounds intersect.The algorithm can then conclude that no collisions are possible from time 0 until time ti. Untilti arrives, the detection algorithm has no more work to do; when the application calls it for eachintervening frame it can immediately return that no collisions occurred. Section 4.3 will describe thisapproach more precisely, but it should be clear that this idea addresses the �xed-timestep weakness.30



This section concentrates on how to �nd ti while avoiding the all-pairs weakness.The research literature contains few results on problems involving intersection of more thantwo objects in more than two dimensions. Section 2.3 explains that Samet and Tamminen's al-gorithm [ST85] can handle four-dimensional objects like space-time bounds, but it is ine�cient formore than two objects. Du�'s algorithm [Duf92] does not apply directly (because space-time boundsare not implicit functions), but the basic idea of using multidimensional subdivision is applicable.As Section 4.1.3 mentions, however, this approach is quite general, and only with particular opti-mizations is it likely to perform well for space-time bounds. This section describes an algorithmtailored to the particular features of space-time bounds. A variation on Du�'s algorithm also �tsinto this framework, and this section compares the performance of the two algorithms.4.2.1 Overall StrategyThe main complicating factor in the intersection algorithm is the cutting planes. Some of the com-plications are mitigated by the following observation: the intersection between two hypertrapezoidfaces is a necessary condition for any intersection between two space-time bounds. To understandthis fact, let B1 be a space-time bound consisting of hypertrapezoid T1 and cutting plane P1; de�neB2, T2 and P2 analogously. Remember that both B1 and B2 exist over the same t range, 0 � t � 1.Assume that B1 and B2 are disjoint at t = 0. Consider the di�erent ways B1 and B2 can intersect:� An intersection might involve a face f1 of T1 and a face f2 of T2. Obviously, the intersectionof hypertrapezoid faces is a necessary condition in this case.� An intersection might involve a face f1 of T1 and the cutting plane P2. A cutting plane canonly remove volume from a hypertrapezoid, never add it; so only the part of P2 within T2 isimportant. This part of P2 can be intersected by f1 only if f1 also intersects T2, that is, if f1intersects a face f2 from T2. The region f1 \ f2 may well be cut o� by P2, but it still mustexist. Figure 4.5(B) illustrates this situation. The same argument holds for an intersectionbetween a face f2 from T2 and P1.� An intersection might involve P1 and P2. By the argument from the previous case, only theparts of P1 and P2 within T1 and T2, respectively, matter. Thus, there must be an intersectionbetween a face f1 from T1 and a face f2 from T2. See Figure 4.5(C).There are no other ways B1 and B2 can intersect. It is convenient, therefore, to structure thesearch for intersections between space-time bounds around the search for intersections betweenhypertrapezoid faces. The relative simplicity and e�ciency of �nding intersections between faces isanother reason for checking this case before checking any other cases.Each time the intersection algorithm �nds a pair of intersecting faces, it considers the cuttingplanes from those faces' space-time bounds. It checks to see if the intersection between the facesis cut o� by one or other cutting plane (in which case the intersection does not matter), and itchecks for intersections between the faces and the cutting planes or between the cutting planesthemselves. Following the discussion of all these cases, Section 4.2.8 will present pseudocode for thefull intersection algorithm. 31
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x

y

t = 0
t =  1Figure 4.6: Each face in F� projects into a straight line segment in the �-t plane. Here, � = y.

x

y

t = 0
t =  1

x

y

t = 0
t =  1Figure 4.7: Intersecting segments are a necessary but not su�cient condition for intersecting faces.For clarity, this diagram hides the other faces of the hypertrapezoids.consequence, the projection of f into the �-t plane is a straight line segment. Figure 4.6 illustratesthis idea. Note that for every face the projected line segment will start at t = 0 and end at t = 1.For any pair of faces f1 and f2 in F�, an intersection between their projected line segments isa necessary condition for an actual intersection between the faces. It is not a su�cient condition,though, because the projection throws away some information. Figure 4.7 gives two examples thatillustrate this situation. If the projections of f1 and f2 intersect at t = t0 2 [ 0; 1 ], the actualintersection between the faces, if it exists, must also be at t0. The faces do actually intersect iftheir t = t0 cross sections intersect. Since the two cross sections are isothetic squares at the same �coordinate, checking for their intersection reduces to the simple problem of �nding the intersectionbetween two squares in the �-
 plane (letting � and 
 be the axes of R3 other than �).The algorithm that �nds this intersection needs the � and 
 coordinates of the squares' corners.Recall that each square, s, is one side of a isothetic 3D cube, that cube being the t = t0 crosssection of a hypertrapezoid, T . This s shares an edge with four other sides of the cube. It shouldbe clear that knowing a point on each of these other sides (four points total) is enough informationto compute the corner coordinates of s; this fact is a nice feature of isothetic cubes. To obtain thesefour points, the algorithm needs a formula for some point on a side of T 's cross-sectional cube att = t0, that is, some point on the t = t0 cross section of a face of T . Let T correspond to an object,O, with x(0), _x(0), r and M de�ned as in Section 4.1. Let u�, a unit vector pointing along thepositive � axis, be the outward-pointing normal vector for each cross section of the face of T . Apoint on the face at t = 0 is �p = x(0) + ru�; (4.8)33



and a point on the face at t = 1 iŝp = x(0) + _x(0) + �M2 + r�u�: (4.9)Recalling that each hypertrapezoid face is linear, a point on the face's cross section at time t isp(t) = �p+ (p̂� �p) t; 0 � t � 1: (4.10)Note that if the face's outward-pointing normal vector points down the negative � axis, then Equa-tion 4.10 still holds with only one modi�cation to Equations 4.8 and 4.9: replace u� with �u�.The intersection between a pair of face cross sections, if it exists, will be an isothetic rectangle.Once the algorithm �nds such an intersection, it still must consider whether the rectangle has beencut o� by any cutting planes (if so, the intersection does not matter). The only relevant cuttingplanes are those from the two space-time bounds that contain the intersecting faces. The intersectionrectangle is cut o� only if all four of its corners are behind the t0 cross section of one or other cuttingplane. Determining if a corner is behind this cross section involves computing the 3D vector fromthe corner to c(t0), a point on the cutting plane (see Section 4.1.4); if the dot product of this vectorwith the cutting plane's 3D normal vector is negative, then the corner is behind the cutting plane.The idea of projecting pairs of faces into the �-t plane leads to a complete algorithm for �ndingintersections in F�. The algorithm �rst projects every face into a line segment. It then steps throughthe segment intersections in increasing t order. At each segment intersection, the algorithm checksfor an actual face intersection by checking the appropriate cross-sectional squares.A key to this algorithm is e�ciently �nding intersections between 2D line segments. One solutionwould be to test every pair of segments for intersections, but this approach su�ers from the all-pairsweakness. A better alternative is to use the algorithm of Bentley and Ottmann [BO79, PS85]. Thisalgorithm not only gives nearly-optimal asymptotic performance, but its straightforward implemen-tation has low overhead in practice. In its full generality, this algorithm sweeps a line across the�-t plane from t = 0 to t = 1, updating its data structures whenever a new segment starts or ends,and reporting every intersection it �nds. For the application of �nding face intersections, a simplerversion of the algorithm su�ces. All the segments start at t = 0 and end at t = 1, so the algorithmdoes not need to worry about segments starting late or ending early. Also, the algorithm can stopas soon as it �nds a segment intersection corresponding to a valid space-time-bound intersection,that is, an actual face intersection that matches one of the cases from Section 4.2.1.The only complication in using the Bentley-Ottmann algorithm is inaccuracy in 
oating-pointcomputations. As it runs, the algorithm tracks the ordering of the segments along a vertical line.In Figure 4.8, for example, the ordering as of t = 0 is s4, s2, s1, s3. The ordering changes at eachintersection; the two intersecting segments swap and two new sets of intersections become possible.In Figure 4.8, the intersection between s1 and s2 at t = ta causes them to swap positions, makingintersections between the pairs s1-s4 and s2-s3 possible. If either pair does actually intersect, thealgorithm adds the pair to a priority queue, keyed on the intersection's t coordinate. The algorithmthen advances to the intersection at the head of the queue, the one with the lowest t coordinate.When processing this \new" intersection, the algorithm must remember if it has seen it before.The intersection at t = tb in Figure 4.8, for example, causes s1 and s2 to become adjacent inthe ordering, but they have already intersected. Surprisingly, neither published description of thealgorithm [BO79, PS85] describes how to handle this problem. The algorithm cannot merely ignorethe \new" intersection if its t coordinate is less than the t of the current intersection, because 
oating-point inaccuracy can a�ect the computation of the t coordinate. In Figure 4.8, when the algorithmprocesses the s1-s2 intersection at t = ta, it computes tb from the s1-s3 intersection; if 
oating-point34
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t a t b 10 tFigure 4.8: A set of four segment being processed by the Bentley-Ottmann algorithm.inaccuracy makes tb < ta by mistake, then the algorithm will miss the s1-s3 intersection altogether.A better solution is to explicitly store every processed intersection in a hash table. Managing a hashtable takes longer than comparing two 
oating-point numbers, but execution pro�les indicate thatthe extra time is insigni�cant.The Bentley-Ottmann algorithm runs in O([m + k] logm) time for m segments that intersect ktimes. For processing F�, m = 2N because F� contains two faces from each of the N objects. Theworst-case value of k is k = 2N (2[N � 1])2 = 2N2 � 2N;since each segment from each object can intersect all the segments from the other N � 1 objects.One can imagine pathological cases in which the algorithm processes all 2N2� 2N of these segmentintersections without �nding any actual face intersections. I did not encounter any of these patho-logical cases in the testing of the algorithm, though. In fact, for the hundreds of test runs describedin Chapter 7, the average number of segment intersections processed before a real face intersectionwas found was less than 0:07 percent of the worst-case value. This empirical evidence suggests thatthe projection method e�ectively eliminates the all-pairs weakness in practice.4.2.4 Face-Face Intersections: The Subdivision MethodSection 2.3 describes many uses of subdivision in collision detection. The work of Du� [Duf92] mostclosely matches the approach in this section. A good way to understand the underlying idea isthrough a lower-dimensional example.Consider objects moving in a one-dimensional world, the x axis. Space-time bounds for theseobjects have two dimensions, and the faces of the hypertrapezoids are 2D line segments. Figure 4.9shows a sample con�guration of these faces. To �nd the intersections between these faces, thesubdivision algorithm starts by processing isothetic square regions in x and t. If the number offaces in the current square is above the base-case threshold, nb, the algorithm subdivides the squareinto quadrants. Since the quadrants are isothetic, subdividing involves merely splitting the currentsquare along the midpoint lines for each dimension, for example, the lines x = xm and t = tm inFigure 4.9(B). For each face in the current square, the algorithm clips the face against the quadrantboundaries and assigns the resulting pieces to the quadrants that contain them. The algorithm thenadds the quadrants to a priority queue, keyed on the minimum t coordinate of the quadrant. Thequadrant at the head of the queue becomes the next square the algorithm processes. This quadranthas a minimum t coordinate lower than any other unprocessed quadrant, so the algorithm �ndsintersections with low t coordinates �rst. 35



tm

mxx

t

(A) (B) (C) (D)Figure 4.9: Four steps of the subdivision method, processing a set of 2D hypertrapezoid faces.
t

x

y

t

x

y

ymymFigure 4.10: The cross sections of the face are parallel to the midpoint plane, y = ym.The algorithmwill eventually �nd a square that contains nb or fewer face pieces. In this base case,the algorithm tests all possible pairs of face pieces for intersection. If there are no intersections, as inthe shaded quadrant from Figure 4.9(C), then the algorithm continues on to the next quadrant fromthe head of the queue. If, on the other hand, there are intersections, as circled in the shaded quadrantfrom Figure 4.9(D), then the algorithm returns the intersection with the lowest t coordinate.In theory, it is not di�cult to generalize this approach to handle 4D hypertrapezoid faces. Thealgorithm now processes 4D isothetic cubes, or cells, instead of squares. When the number of facesin a cell exceeds nb and the algorithm subdivides the cell, the result is 16 smaller subcells.In practice, however, it is tricky to implement the subdivision step, in particular, the clipping offaces and the assignment of the resulting pieces to the appropriate subcells. By analogy to Figure 4.9,subdividing involves splitting the cell by the four midpoint planes for the cell, x = xm, y = ym,z = zm and t = tm. Although the splitting is symmetric, I �nd it simpler to treat the t dimensiondi�erently. For each face to be clipped, the algorithm �nds the t intervals during which the face ison each side of the � = �m plane, � 2 fx; y; zg. These t intervals determine the face's relationshipto the t = tm plane, and which of the 16 subcells contain pieces of the face.Finding the t intervals during which a face f 2 F� is on each side of a plane is simplest if theplane is � = �m. The advantage here is that the cross sections of f are parallel to the plane, so if fever crosses the plane it does so at only one t coordinate. Figure 4.10 illustrates two cases that canoccur; the �gure shows 3D faces but the situation is analogous for 4D faces.If the plane is � = �m for � 6= �, then the the intersection between f and the plane is more36



t

x

y

ymFigure 4.11: Both edges of the face intersect the midpoint plane, y = ym.
t

x

y

ym

t

x

y

ymFigure 4.12: One edge of the face intersects the midpoint plane, y = ym.complicated. It helps to observe that f must adjoin two faces whose cross sections are parallel tothe plane. The t intervals during which these two faces are on each side of the plane determine thet intervals for f because the adjacent faces de�ne the edges of f . There are several cases, dependingon which of these edges intersect the plane. Figure 4.11 shows the case in which both edges intersectthe plane. Figure 4.12 shows two cases that occur when only one edge intersects the plane. Finally,Figure 4.13 shows the cases for no edge intersections. All these �gures show f entering the cell atthe minimum t coordinate and leaving at the maximum t. Simple variations on these cases occur iff enters late or leaves early.When the algorithm �nds a cell containing no more than nb faces (the base-case threshold), thenthe algorithm checks all pairs of these faces for intersections. The simplest way to determine if twofaces intersect is to use the projection method, from Section 4.2.3: project the two faces into 2D linesegments, and if the segments intersect at t = t0 check the face cross sections at t = t0.4.2.5 Comparing Face-Face Intersection MethodsBoth the projection method and the subdivision method can perform poorly in the worst case. AsSection 4.2.3 mentions, the projection method could process 2N2 � 2N = O(N2) segment intersec-tions without �nding any actual face intersections. Figure 4.14 shows a 3D example of the \spiral"37



t

x

y

ym

t

x

y

ymFigure 4.13: Neither edge of the face intersects the midpoint plane, y = ym.
t

x

y

Figure 4.14: The worst case for the projection method.of faces that creates the worst case; for clarity, the �gure shows only one face per hypertrapezoidinstead of two, quartering the number of intersections. Figure 4.15 illustrates a 2D version of thesubdivision method's worst case; again, the �gure shows only one face per hypertrapezoid. Thesquares in the �gure are the base cases of the subdivision, the cells containing at most nb = 3 faces.Notice that each of the N = 8 faces appears in at least N base-case cells, so the work is 
(N2)despite there being no face intersections.These worst cases are rather contrived, however. To get a better idea of how the two methodsmight actually perform in practice, I ran empirical tests. A test consists of a number of \trials";the test sets the general pattern for the N hypertrapezoids, and each trial is a random variationon that pattern. (Note that the tests do not involve cutting planes, since the emphasis is on theperformance when �nding face intersections.) Having �xed a particular set of hypertrapezoids, atrial measures how long it takes each intersection method to �nd the earliest intersection. The Unix\clock" routine makes the time measurements, with a stated resolution of 16:667 ms.Every test involves 200 trials. In all the tests, the t = 0 size of each hypertrapezoid is drawn fromthe same random distribution; more speci�cally, each hypertrapezoid has as its rotational radius,r (see Section 4.1.2), a random number uniformly distributed over the interval [ 0:5; 1:5 ]. I ran all38
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xFigure 4.15: The worst case for the subdivision method.the tests on a Sun SPARCstation 10/30. To compare the performance of the two methods, eachtrial of each test reports the speedup of the projection method over the subdivision method, whichis de�ned as follows: speedup = processing time for subdivision methodprocessing time for projection method :This speedup is a dimensionless, relative measure of performance. Note that a speedup greater than1 means the projection method is faster than the subdivision method, while a speedup less than 1means the subdivision method is faster.The �rst set of tests involve the most randomness, hopefully giving an approximation to the\average" case. The initial position, x(0), of each of N = 100 hypertrapezoid is a random pointuniformly distributed within a sphere of radius 200. Each hypertrapezoid's initial velocity, _x(0), hasa random direction uniformly distributed over the unit sphere, and a random magnitude uniformlydistributed over the interval [ 5; 15 ]. The upper bound on acceleration for a hypertrapezoid isuniformly distributed over [ 0; 4 ]. The only di�erence between the tests in this set is the value of thebase-case threshold, nb, for the subdivision method. Repeating the same trials for di�erent valuesof nb gives some indication of whether subdivision is actually helpful. Figure 4.16 shows the resultsof these tests. There is one scatter plot for each test, and each scatter plot has a circle for eachtrial; the abscissa of the circle is the simulation time of the earliest intersection in that trial, and theordinate is the speedup of the projection method for detecting that intersection. The graphs use alogarithmic scale so that speedups less than 1 are not hidden. In these results, the speedup is alwaysgreater than 1, that is, the projection method is always faster. Note also that the subdivision methodgets faster as nb gets bigger, as it uses less subdivision. This counter-intuitive result suggests thatsubdivision carries with it a signi�cant overhead, and this overhead can outweigh the advantages ofsubdivision in terms of reducing the number of face intersection tests.This set of tests uses a particular number of hypertrapezoids and a particular density of hyper-trapezoids, that is, the expected number of hypertrapezoids per unit volume. I ran similar \average"case tests using variations on these parameters, speci�cally, N = 50 and N = 200, and densities ofhalf and double the original value. In all these variations, the speedups are essentially identical tothose in the graphs from Figure 4.16, so I omit the graphs.The next set of tests creates a more structured con�guration of hypertrapezoids, one closer tothe worst case for the projection method. In each test, the hypertrapezoids are \aligned" with the xaxis. More speci�cally, the initial velocities of the N = 100 hypertrapezoids are all parallel to the xaxis. The initial positions are all within 0:1 of the y-z plane. These values cause all the faces in Fx to39
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Figure 4.16: Results of the random, \average-case" tests for N = 100 hypertrapezoids. Each circlerepresents one trial.have nearly equal x coordinates at t = 0. As a consequence, when the projection method turns thesefaces into segments in the x-t plane it �nds many intersections, even though the faces themselvesmight not intersect at all. Figure 4.17 shows the results of these tests. As with the previous setof tests, I tried various values of nb. The results indicate that the projection approach is faster forsmall values of nb. As nb increases, the performance of the two methods becomes similar, until fornb > 32 the subdivision method is faster. I ran a similar set of tests for hypertrapezoids aligned withthe y axis, and also with the z axis; the results were close enough to the tests of x-axis alignmentthat I omit the graphs.An even more structured situation aligns hypertrapezoids with the x-y plane. This form ofalignment gives the hypertrapezoids initial velocities uniformly distributed in the x-y plane, andinitial positions lined up within 0:1 of the z axis. Due to this alignment, all the faces in Fx havenearly equal x coordinates at t = 0, and likewise for the y coordinates of the faces in Fy. As with theprevious set of tests, the projection method should thus �nd many intersections between segmentsin the x-t plane, and also in the y-t plane, before �nding any actual face intersections. Figure 4.18graphs the speedups from these tests for N = 100 hypertrapezoids. The projection method is almostalways faster for all values of nb. For similar sets of tests involving alignment with the x-z planeand with the y-z plane, the speedup of the projection method was even greater; this increase is dueto the projection method's processing of the face sets in the order Fx, Fy then Fz.Note that the intersection times in Figure 4.18 are all clustered around t = 0. These earlyintersections are due to the maximum accelerations, M , making the hypertrapezoids spread quicklyinto each other. Con�gurations of aligned hypertrapezoids with M = 0 for all hypertrapezoidspose a challenge to both intersection methods, as the details of the alignment guarantee that the40
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Figure 4.17: Results of the tests involving N = 100 hypertrapezoids aligned with the x axis. Eachcircle represents one trial.
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P2 can intersect only if f1 intersects some face, f2, from T2. The intersection between f1 and P2matters only if the intersection between f1 and f2 is cut o� by P1 or P2. To see why, note that anypart of a face that is cut o� at the t = tc stays cut o� for t > tc. Thus, if the intersection betweenf1 and f2 is not cut o�, it must occur at a lower t coordinate than the intersection between f1 andP2. Since only the earliest intersection between space-time bounds matters, the lower t coordinateis the important one.Assume, then, that the intersection between f1 and f2 has been cut o�. To characterize theintersection between f1 and P2, it is convenient to start with the intersection between P2 and p1,where p1 is the 4D plane that contains f1. Let n1 and n2 be the 3D normal vectors for the 3Dconstant-t cross sections of p1 and P2, respectively. The line of intersection between p1 and P2 hasdirection m = n1 � n2:This direction remains constant throughout the simulation-time interval [0; 1] because neither planechanges its orientation. Positions along this line must be de�ned in terms of some reference point,r(t), guaranteed to lie on the line at time t. Given a point, �r, on the line at t = 0 and a point, r̂, onthe line at t = 1, a legitimate r(t) isr(t) = �r+ (r̂� �r) t; 0 � t � 1: (4.11)Linear interpolation is appropriate because both p1 and P2 move linearly through time, so theirintersection must also move linearly. To compute �r, note that it must lie on both p1 and P2 at t = 0,and it can lie on a plane normal to m that also contains the origin. These constraints yield thefollowing equations: �r �n1 = �c1�r �n2 = �c2�r �m = 0:The values �c1 and �c2 are the plane constants for cross sections of p1 and P2, respectively, at t = 0;recall that a plane's constant is the dot product of the plane's normal with any point on the plane,for instance, the point de�ned in Equation 4.10. These three equations in three unknowns (the threecoordinates of �r) can be solved for the value of �r using standard matrix techniques. Repeating thisprocess for t = 1 gives r̂. Given the formula for r(t), each point on the intersection between p1 andP2 is i(t; k) = r(t) + km; (4.12)for some t 2 [ 0; 1 ] and k 2 R.Not every point i(t; k) corresponds to a valid intersection between f1 and P2. The point couldbe on the part of p1 outside the boundaries of f1, or on the part of P2 outside the boundaries of T2,or in the space cut o� by P1; in all of these cases, the point is not a real intersection point.A solution to this problem is to derive constraints that characterize only real intersection points.The constraints come from the interpretation of a space-time bound as the intersection between sevenhalf-spaces. To understand this interpretation, notice that a cubical cross-section of a hypertrapezoidis certainly the intersection of six half-spaces, where each half-space is the volume behind the planecontaining one side of the cube. Section 4.1.3 derives a hypertrapezoid from its cross-sections insuch a way that it is also the intersection of six half-spaces, each one being bounded by the 4D planethat contains a hypertrapezoid face. The cutting plane de�nes the seventh relevant half-space.A half-space de�nes a constraint expression as follows. Consider one of the half-spaces thatde�nes a hypertrapezoid. Let nH be the outward-pointing normal vector for a 3D cross-section43



of the half-space's bounding plane. If q(t) is a point on the bounding plane (either p(t) fromEquation 4.10 or c(t) from Section 4.1.4), then the point i(t; k) is inside that half-space only if[i(t; k)� q(t)] � nH � 0:Solving for k in terms of t characterizes those points on the intersection line at time t that satisfythe constraint. Plugging in the expression for i(t; k) from Equation 4.12 yields[(r(t) + km)� q(t)] � nH � 0: (4.13)If m �nH > 0, then solving for k givesk � [q(t) � r(t)] �nHm � nH :When m � nH < 0 the result is the same with the direction of the inequality reversed. The nextparagraph discusses the case in which m � nH = 0. Since both q(t) and r(t) are linear in t, theexpression for k is also linear in t. The expression thus de�nes a half-plane in the t-k plane, that is,a line that separates the pairs (t; k) that correspond to valid intersection points i(t; k) from thosepairs that give invalid intersection points.If m � nH = 0, Equation 4.13 cannot be solved for k as a function of t. This dot product iszero, however, only when the intersection line is parallel to the half-space's bounding plane. If theintersection line moves behind (or, conversely, in front of) that plane at some time t, then all pointson the line will become (or will stop being) valid intersection points. So the correct approach is tosolve Equation 4.13 for t.For the case of q = p, plugging in the de�nition of p fromEquation 4.10 and r from Equation 4.11gives t [̂r� �r� (p̂� �p)] �nH � (�p� �r) � nH :If [r̂� �r� (p̂� �p)] �nH < 0, then dividing by it gives a lower bound on t; this t is the time at whichthe intersection line moves behind the constraint half-space. Conversely, [r̂� �r� (p̂� �p)] � nH > 0produces an upper bound on t. Either result is another half-plane in the t-k plane, one that saysany value of (t; k) gives a valid intersection point i(t; k) as long as t is above (below) a speci�c value.If [r̂� �r � (p̂ � �p)] � nH = 0 then r̂ � �r = p̂ � �p, that is, the intersection line and the half-space'sbounding plane both move through time with the same velocity. Consequently, the intersection lineis always either inside the half-space or outside it. Comparing r(0) against the bounding plane att = 0 determines if the constraint is ever satis�ed. Everything in this paragraph applies by analogywhen q = c.The result of all this work is a set of constraint half-planes in the t-k plane. The pairs (t; k) withinthe intersection of these half-planes satisfy the constraints and correspond to real intersection pointsi(t; k). The face-plane intersection algorithm must �nd the earliest such point, the one with thelowest t coordinate. Finding this point is an example of a two-variable linear-programming problem.Preparata and Shamos [PS85] describe a solution to this problem, but I chose not to implement theiralgorithm. Instead, I extended my implementation of the Bentley-Ottmann algorithm [BO79, PS85]to solve this problem. The necessary extensions are quite straightforward. Whenever the Bentley-Ottmann algorithm reports that two segments have intersected, the algorithm must consider whathappens to the two half-planes bounded by those segments. There are four cases, two in which thetwo half-planes start intersecting, and two in which they stop intersecting. For completeness, theremainder of this section describes these cases.Consider what can happen when two half-plane-bounding segments, s1 and s2, intersect at t = t0.Without loss of generality, assume s1 is above s2 just before the intersection. If s2 marks the upper44
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1 ti  12 for � 2 fx; y; zg3 while ((intersection method says f1-f2 is next intersection in F�, at t = t0) and4 (t0 < ti)) f5 for j 2 f1; 2g f6 Tj  hypertrapezoid containing fj7 Pj  cutting plane associated with Tj 's space-time bound8 g9 if (f1-f2 intersection is not cut o� by P1 or P2)10 ti  t011 else f12 intersected  false13 if (f1 intersects P2, satisfying constraints from T1, T2 and P1 at t = t00)14 intersected  true15 if (f2 intersects P1, satisfying constraints from T2, T1 and P2 at t = t000)16 intersected  true17 if (intersected)18 ti  minfti; t00; t000g19 else20 if (P1 intersects P2, satisfying constraints from T1 and T2 at t = t0000)21 ti  minfti; t0000g22 g23 gFigure 4.22: This algorithm sets ti to the time of the earliest intersection between space-time bounds.The discussion of constraint half-spaces still holds, the only change being that the algorithm mustconsider at total of twelve half-spaces: six for T1 and six for T2.4.2.8 SummaryNow that all the cases have been considered, Figure 4.22 presents the pseudocode for �nding thesimulation time, ti, of the earliest intersection between space-time bounds. A few details of thepseudocode deserve comment. The calls to the intersection method at line 3 return face intersectionsin order of increasing t. At line 4, the \while" loop terminates if it �nds an actual face intersectionat simulation time greater than the current estimate for ti; in this situation, there is no reasonto continue processing the current F� because the algorithm is looking for the earliest intersectiontime. Lines 12 through 18 use the variable \intersected" to indicate if either f1 intersects P2 or f2intersects P1; it is important for the code to check both cases so it can �nd the intersection with thelower t coordinate.Reviewing the entire discussion on intersections between space-time bounds, it is clear thatcutting planes make the algorithms more complicated. Intuitively, cutting planes seem worth thetrouble because they can signi�cantly tighten space-time bounds. When space-time bounds are nottight, the broad phase of the detection algorithm can waste time processing intersections that havelittle to do with actual collisions. It would be interesting to investigate the signi�cance of this wastedtime in empirical test, but I have not conducted these tests.46



/* Variables tprev and overlap possible persist between calls. *//* Before �rst call, tprev is initialized to t0. *//* Before �rst call, overlap possible is initialized to false . */1 broad phase(tcurr, fO0; : : : ; ON�1g)2 t tprev3 while (t � tcurr) f4 tbuild  t5 rebuild space-time bounds for fO0; : : : ; ON�1g as of tbuild6 if (space-time bounds intersect at ti) f7 t unnormalize(ti)8 if (t� tbuild < �td) f9 overlap possible  true10 if (any objects whose space-time bounds intersected11 also have intersecting bounding spheres as of t) f12 tprev  t13 add each pair of intersecting bounding spheres to result14 return result so the narrow-phase algorithm can take over15 g16 t tbuild +�td17 g18 else19 overlap possible  false20 g21 else22 t expiration time for space-time bounds23 g24 tprev  t25 return no collisionsFigure 4.23: A broad phase that uses space-time bounds.4.3 Using Space-Time Bounds in the Broad PhaseThis section describes how the algorithm from the previous section �ts into the broad phase of theoverall detection algorithm. The pseudocode for the broad phase appears in Figure 4.23.Recall from Section 3.2 that the application calls the detection algorithm at the simulation time,tcurr, of the current frame. The broad phase has to check the N objects' bounding spheres forcollisions. The previous time it stopped checking was tprev, so it has to check the time interval fromtprev to tcurr. The broad phase starts by building a space-time bound for each object as of time tprev.It uses M and d values supplied by the application, as Section 4.4 will discuss. The application willalso indicate the amount of time beyond tcurr for which these values make sense, thus specifyingthe time at which these values and the space-time bounds built from them expire. After buildingthe space-time bounds, the algorithm �nds the time, ti, of their earliest intersection, using the ideasfrom the previous section. That section worked in a normalized time scale starting at 0 and endingat 1. The broad phase, however, must work in the simulation time scale of the application, so itmust unnormalize ti to a value it calls t. Unnormalizing is a simple process, so I do not discuss its47
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in the basic algorithm of Figure 2.1 (hence the identical notation). The two algorithms will havethe same temporal accuracy, but the broad phase uses space-time bounds to get that accuracy moree�ciently. The application should choose the size of �td. It should be small enough that users willnot care if collisions of duration less than �td are missed.Note that if the broad phase steps from tbuild to tbuild +�td it can go past tcurr, the frame timeat which the system called the algorithm. In this case, the algorithm can conclude that there isno collision at tcurr within the minimum temporal resolution. The algorithm is thus free to stopprocessing. Even if there were actually a collision at tcurr|and a user could see that the system didnot detect this collision when it rendered the frame at tcurr|the algorithm would not have made anerror, strictly speaking: the algorithm would have been accurate to within the speci�ed �td, whichis all that can really be expected. The algorithm could have a provision so that if it steps over tcurr,it explicitly invokes the pair-processing algorithm at tcurr. I chose not to add this feature because Iprefer to have the algorithm's accuracy depend only on �td.If the broad phase does step ahead to tbuild + �td, it must take an extra precaution when itnext tests the space-time bounds for intersections. The algorithm from Section 4.2 assumes that theinteriors of all the space-time bounds are initially disjoint (grazing contact between their surfacesdoes not matter). Stepping ahead to tbuild + �td might violate this assumption: the two objectswhose space-time bounds just touch at tbuild could be closer together by tbuild +�td, making theirspace-time bounds penetrate at that time. The broad phase solves this problem by performing aspecial test before checking space-time bounds for intersection. This special test uses the faces inthe set Fx from Equation 4.7. The x coordinates of these faces at (normalized) time 0 de�ne aset of intervals, one for each space-time bound. If a pair of space-time bounds are to penetrateinitially, the pair of corresponding intervals must intersect. The special test steps through theinterval endpoints in ascending x-coordinate order, keeping track of those intervals that intersectand checking the corresponding space-time bounds for initial penetration. Line 9 of Figure 4.23 setsthe 
ag overlap possible to true when the test is necessary, and the intersection algorithm in line 6performs the test only when the 
ag is set. This test seems quite e�cient in practice, in part becausethe projection method already sorts the interval endpoints in preparation for the Bentley-Ottmannalgorithm [BO79, PS85]. Even so, this test could be slow in the worst case, and an alternative testthat prunes the number of space-time bounds it considers would be valuable.Line 13 of Figure 4.23 passes to the narrow phase every pair of objects whose space-time boundsintersect and whose bounding spheres intersect. It is important to realize that there can be severalsuch pairs. The probability is small that more than one pair of bounding spheres will start inter-secting at the same moment, but once a pair starts it may continue while other pairs start. Thissituation can occur if the pair do not intersect at the next level of detail; there will be no collisionand thus no collision response, so the objects may not move apart enough to stop their boundingspheres from intersecting. Figure 4.25 shows an example. Once one pair of space-time bounds startsintersecting, the broad phase will start stepping ahead by �td. Each time it does so, it will set theoverlap possible 
ag and invoke the special penetration test. This test must report all the pairs ofspace-time bounds that penetrate; it cannot stop at the �rst pair it �nds.An important part of the broad phase is the rebuilding of the space-time bounds (see line 5 ofFigure 4.23). The broad phase could ask the application for x(tbuild), _x(tbuild) and the latest Mand d for each object, and use this data to rebuild all the space-time bounds. This approach iscorrect, but it is not always the most e�cient strategy. An alternative strategy is to rebuild onlythe space-time bounds that intersected last time. The broad phase can continue using the otherspace-time bounds until they expire, with only minor modi�cations: their early portions must bechopped o� so that all the space-time bounds start at the same time coordinate, a requirement for49
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BcFigure 4.25: The bounding spheres inside space-time bounds Ba and Bb intersect, as do those insideBb and Bc, but no objects actually collide. Note that this diagram shows only the cross-sections ofBa, Bb and Bc as of the current time.the the face intersection algorithm from Section 4.2. The advantage of this strategy is the processingtime saved by not completely rebuilding those other space-time bounds. This strategy does have apotential disadvantage. A space-time bound is conservative, and at t coordinates near its expirationtime it could bound a large amount of space. As the current simulation time, tcurr, approaches theexpiration time, \false-alarm" intersections are more likely. It is valuable to minimize the numberof false alarms because any time the broad phase spends processing them is wasted. Empiricalevidence suggests that this disadvantage is not signi�cant, however; in pilot studies for the tests inSection 7.1, the time saved by not rebuilding all the space-time bounds outweighed the time wastedon false alarms.4.4 Acceleration BoundsThe development of space-time bounds in this chapter has assumed that the application can supplythe upper bounds on acceleration|M and d, and their expiration time|for each object in theanimation. It makes sense for the application to provide this information because it will have themost insight into how the objects might behave over the immediate future. This section discussessome issues related to these upper bounds, and gives some examples of how particular applicationsmight estimate the bounds.Since M and d are only upper bounds and do not need to be exact, the application can approachthem with some 
exibility. Tight bounds onM and dwill yield more accurate space-time bounds, buteven loose bounds should help the broad phase address the �xed-timestep weakness. If estimatingtight bounds is computationally expensive, the application might get better overall performancefrom looser bounds.No matter what acceleration bounds the application chooses, it has the freedom to cancel themif it realizes they are incorrect. When the application cancels the most recent set of bounds, ittells the broad phase to act as if the expiration time for the previous set of bounds has suddenlybecome the current time, tcurr. The broad phase will therefore not advance past tcurr without askingthe application for a new, corrected set of bounds. Cancellation is e�ective only if the applicationactually notices when acceleration bounds become incorrect. To this end, the application mustmonitor the acceleration of each object. This additional processing should take a negligible amountof time in most applications. 50



The broad phase might ask the application for an updated set of acceleration bounds as of anysimulation time (see line 5 of Figure 4.23). If the previous set of bounds still hold (i.e., if the objectshave not exceeded them), then the application is free to supply them once again. The new space-time bounds that the broad phase builds will be an improvement, because even though they use oldvalues for M and d, they do incorporate the objects' latest positions and velocities.The application should be careful about reusing the previous bounds, however, as doing so cansometimes reduce performance. The problem can arise because the expiration time of the whole setof space-time bounds is the earliest expiration time of any objects' acceleration bounds; this choiceis necessary because the algorithm from Section 4.2 assumes all space-time bounds cover the sametime period. Say, for example, an application knows the acceleration bounds for O0 from time 0 totime 11, and for all the other objects from time 0 to time 10. If time 10 arrives without any collisions,the broad phase will ask the application for new acceleration bounds. Assume the application couldnow determine the acceleration bounds for all objects from time 10 to time 20. The application doesnot really need to recompute the bounds for O0, since the known bounds have not yet expired. Butreusing these bounds means the earliest expiration time would be at most one time unit later, attime 11. In this situation, the acceleration bounds are unsynchronized. The application would dobetter to go ahead and recompute the bounds of O0 to get the later expiration time.This section now turns to some examples of how applications compute acceleration bounds. The�rst example is a simple spaceship 
ight simulator. (The performance of this application is thesubject of Chapter 7.) In this simulator, a spaceship has two controls, a throttle and a rudder. Thethrottle controls the thrust provided by the ship's main rocket engine. A particular setting of thethrottle gives the ship a constant acceleration forward, in the direction of the ship's main axis. Therudder controls booster rockets that dictate the ship's orientation. A rudder setting determines howmuch the ship turns, climbs or dives. More speci�cally, it speci�es an axis for the ship's rotationand an angular speed for that rotation; a more realistic model would let the rudder control angularacceleration, but that model is too di�cult for casual users to control. When the rudder is in itsneutral position, the ship retains its most recent orientation. At a neutral throttle setting the shiphas no acceleration but it continues traveling forward at its most recent velocity. This model is quitesimple, but it gives interesting e�ects reminiscent of what one expects from a spaceship.The simulator computes a ship's M from the acceleration provided by the main engine. Thesimulator can set M to the magnitude of the current acceleration plus some extra \slack" value,preventing M from immediately becoming invalid if the user is increasing the acceleration. For d,the simulator can use the current direction of the ship's main axis. This value will be valid untilthe user's subsequent rudder settings make the main axis rotate more than 90 degrees. By guessingthat the ship will continue rotating at its current rate, the application can approximate the lengthof time before d expires. If the simulation notices that any of these guesses become incorrect, itshould immediately cancel the current M and d and compute new values.Vehicles like airplanes and automobiles have a di�erent form of dynamics. As they turn, thesevehicles have centripetal acceleration, directed towards the center of the turn. If the linear velocity ofthe vehicle is momentarily constant with magnitude j _xj, the acceleration will have the instantaneousmagnitude j _xj2=R, where R is the radius of the current turn [MH82]. The application can guess Rfrom the current rudder settings of the vehicle, and as long as this guess is an underestimate thenM = j _xj2=R will be an upper bound. Since the acceleration will be directed from the vehicle tothe center of the turn, the application can use this vector for d. As with the spaceship model, theapplication can estimate the expiration time forM and d from the current rate of turning, and thesevalues can be canceled if necessary.Another important class of interactive applications allow users direct manipulation of objects.51



For example, a modeling programmight allow a user to select objects with a mouse cursor and \drag"them into positions that are not prohibited by collisions. It is di�cult for an application to computeacceleration bounds for a directly manipulated object because the application does not have anyexplicit, di�erentiable formula for object's motion; the motion is dictated by the whims of the user.One solution is for the application to use a numerical approximation to the current acceleration;the �nite di�erence method [PTVF92] follows from the de�nition of the derivative, and allows theapplication to estimate acceleration based on recent values of position. As an alternative solution,the application could slightly modify the meaning of direct manipulation so that an function doesdetermine the object's acceleration. Instead of equating the position of the object to the positionof the mouse cursor, the application could introduce a simulated spring between the cursor andthe object. A user's cursor movements now apply forces (accelerations) to the object, with therelationship between cursor position and force being determined by Hooke's law [MH82]. Thisspring adds a little \lag" and \looseness" to the direct manipulation, but these e�ects smooth outthe \jerkiness" in the object's motion, a result which is sometimes desirable.The task of predicting acceleration bounds might be easier if the application uses a statisticalprediction technique such as a Kalman �lter. As Chapter 3 describes, several researchers have usedKalman �lters to predict motion for the purpose of reducing input-device latency [LSG91, FSP92,AB94]. An interesting topic for future research is determining whether similar �lters can makeshort-term predictions of acceleration magnitude and direction.
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Chapter 5Sphere-TreesThe previous chapter discussed how the broad phase e�ciently handles the temporal aspect ofcollision detection. Space-time bounds allow the broad phase to avoid the �xed-timestep and all-pairsweaknesses while �nding the simulation times of approximate collisions. These approximate collisionsinvolve the most conservative approximations to the three-dimensional (3D) surfaces of the objects.Improving the spatial aspect of collision detection|determining if more accurate approximationsalso collide at the speci�ed instant in time while avoiding the pair-processing weakness|is the taskof the narrow phase.This chapter introduces the key data structure of the narrow phase, the sphere-tree. As Sec-tion 3.2 mentions, the narrow phase allows an application to meet performance goals by tradingaccuracy for speed. The key to this process of negotiated graceful degradation is approximating thesurface of each object at multiple levels of detail. This chapter begins by describing how sphere-treesprovide this capability by organizing sets of 3D spheres into a hierarchy. The chapter next showshow the narrow phase uses sphere-trees. The remainder of the chapter discusses algorithms thatbuild sphere-trees automatically. These algorithms strive to make each level of detail in a sphere-treeresemble the object as closely as possible, to allow the narrow phase to approximate collisions asaccurately as possible. The �rst algorithm is based on the octree data structure, which represents aform of recursive subdivision. The next algorithm uses the more sophisticated technique of simulatedannealing, a general approach to solving constrained optimization problems. This algorithm usessolutions to some interesting subproblems, such as determining whether a union of shapes completelycover a two-dimensional (2D) region, and measuring the distance from the surface of a sphere to thesurface of a polyhedron. Chapter 6 will discuss another even more advanced (and more successful)algorithm for building sphere-trees, one based on medial-axis surfaces.5.1 Approximating Objects with SpheresThe goal of approximate collision detection is to detect intersections between simpli�ed represen-tations of objects' surfaces. One of the simplest shapes to check for intersection is the sphere. Apair of spheres intersect if the distance between their centers is less than the sum of their radii.Figure 5.1 illustrates this fact for circles, which are 2D \spheres." For spheres centered at c1 andc2 with radii r1 and r2, one way to implement this test is to check for jc1� c2j < r1+ r2. However,jc1� c2j =p(c1 � c2) � (c1 � c2), so a more e�cient approach is to check for (c1 � c2) � (c1� c2) <53



r1 r2 r1 r2Figure 5.1: Spheres intersect if and only if the distance between their centers is less than the sumof their radii.
Figure 5.2: The union of six circles on the right gives a better approximation than the single circleon the left.(r1 + r2)2, a very fast computation.A single sphere does not accurately approximate the shape of many objects. A union of partiallyoverlapping spheres, however, can give a more accurate approximation. Figure 5.2 demonstrates thisidea with a simple 2D example. If each object is covered by a union of spheres, a straightforwardalgorithm to detect approximate intersections between a pair of objects operates as follows: checkfor intersection between each pair of a sphere from one union and a sphere from the other union,and report any intersections found.In general, a union involving many spheres can �t the contours of an object more closely thana union involving few spheres; the subsequent sections of this chapter and the following chapterexplore ways to generate a close �t. The straightforward algorithm from the previous paragraph willthus give more accuracy if it processes unions of many spheres. On the other hand, the algorithmdoes more work when the unions contain more spheres. The number of spheres in the union thusdetermines the balance between speed and accuracy. Associating each object with multiple unions,some with fewer spheres and some with more, is thus a way to provide the multiple levels of detailneeded for graceful degradation in the narrow phase.To make graceful degradation most e�ective, the levels of detail must be related. More speci�cally,when the narrow phase detects collisions using one level of detail, it needs to be able to reuse thatwork to more quickly detect collisions at the next level of detail. The narrow phase can achieve thisgoal if it uses a hierarchy of sphere unions. Figure 5.3 shows an example of a three-level hierarchy.The root of the hierarchy|by convention, level zero|is the bounding sphere for the object, sphere 0in the �gure. The �rst level of the hierarchy is the union containing the smallest number of spheres.The subsequent levels are the other unions in order of increasing size. Each sphere from the union atlevel j has as its children a subset of the spheres in the union at level j + 1. There is no reason whyevery parent must necessarily have the same number of children, although an upper limit makes thedata structure for a sphere-tree node simpler. 54
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Figure 5.3: A three-level hierarchy. For each level, the previous level is superimposed with dashedlines.It is important, though, that the children of each parent cover all parts of the object that theparent covered. Figure 5.3 shows this feature by superimposing (in dotted lines) the parents ofeach set of children. This feature is what makes the hierarchy useful to the narrow phase. Saythe narrow phase is checking two objects' hierarchies for intersection. If the actual surfaces of twoobjects intersect at a region, �, and � is contained in a pair of intersecting spheres from level j ofthe hierarchies, then the children of these spheres will completely contain �. The narrow phase thusneeds to check only these children for intersection. This policy guarantees that the narrow phase�nds intersecting pairs of spheres at level j + 1 that contain all of �, keeping the narrow phaseconservative. By avoiding any spheres at level j + 1 whose parents did not intersect, the narrowphase prunes the number of sphere pairs it must test, making it more e�cient.As long as the children of a sphere cover all parts of the object that it covers, the childrenare allowed to cover more of the object. In Figure 5.3, for example, sphere 5 covers part of theobject that is outside its parent, sphere 1. This coverage is redundant, however, because the areaoutside the parent will already be covered by one of the parent's siblings and thus by that sibling'schildren. The hierarchy will therefore be more e�cient if children cover as little outside their parentsas possible. On the other hand, it is possible that the children can more tightly �t the parts of theobject their parent covers if they also cover a little area outside the parent; in this situation, theextra coverage is worthwhile.This hierarchy of sphere unions is a sphere-tree. The idea of hierarchy has a long history incomputer graphics; Samet and Webber [SW88a, SW88b] give an overview of some hierarchical datastructures and algorithms. Sphere-trees have some novel features, however, which will be developedin this chapter and the next.Figure 5.4 presents the pseudocode for a narrow phase that uses sphere-trees. This routine takesa parameter, S, which is the set of sphere pairs that intersected at the previous level of detail.Passing an empty S causes the routine to detect intersection at the �rst level of detail, the boundingspheres. As Chapters 3 and 4 explain, the broad phase already detects collisions between boundingspheres; the pseudocode in Figure 5.4 retains the case for bounding spheres to make it more general,55



/* Call with S = ; for �rst level of detail. *//* Call with S = previous result to re�ne. */1 narrow phase(S)2 f3 result  ;4 if (S = ;)5 if (root of sphere-tree 1 intersects root of sphere-tree 2)6 put (root of sphere-tree 1; root of sphere-tree 2) into result7 else8 for (s1; s2) 2 S f9 if (s1 and s2 have children)10 for each child s01 of s111 for each child s02 of s212 if (s01 intersects s02)13 put (s01; s02) into result14 else15 put (s1; s2) into result16 g17 return result18 g Figure 5.4: A narrow phase that uses sphere-trees.for example, to support applications that feature only two objects. The pseudocode in Figure 5.4uses the children of the pairs in S to �nd and return the intersecting pairs at the next level ofdetail. The application can thus invoke this algorithm repeatedly to re�ne the accuracy of collisiondetection. When the application can devote no more time to collision detection, it stops calling thealgorithm and moves on to the next task. Note that algorithm returns only when it has completelyre�ned the current level of detail. As a variation, this algorithm could return when it re�ned partof the level, essentially breaking down the \for" loop at line 8 of Figure 5.4. This variation wouldgive the algorithm more control over the time spent on collision detection.The narrow phase in Figure 5.4 does not build the sphere-trees that it uses. Instead, it assumesthat the sphere-trees have been built in a preprocessing algorithm that runs before the applicationstarts. This separation of labor is important for the e�ciency of the narrow phase. The narrow phaseis faster if it uses sphere-trees that �t objects tightly, but automatically generating tight-�ghtingsphere-trees can be expensive, so the generation should not be part of the narrow phase itself.Algorithms to automatically generate sphere-trees are the topic of following sections of this chapterand the next chapter. As Section 3.2 mentions, building sphere-trees in advance works only for rigidobjects or objects consisting of articulated rigid components. A running application changes a rigidobject by applying rotations and translations to it. If the application applies the same rotations andtranslations to its sphere-tree (or, more e�ciently, to only the children of those spheres involved inintersection at the previous level), then the sphere-tree will always match the object and cover itconservatively. This idea applies to objects with articulated rigid components if each component hasits own sphere-tree. The narrow phase in Figure 5.4 can process rotated and translated sphere-treese�ciently because spheres are rotationally invariant. Hierarchies composed of shapes other thanspheres do not necessarily have this property. An octree, for example, is a hierarchy composed ofisothetic 3D cuboids (which relate to cubes as rectangles to squares). Checking a pair of isothetic56



cuboids for intersection is essentially as e�cient as checking a pair of spheres. Once the cuboidshave been rotated, however, they are no longer isothetic and checking them for intersection becomessigni�cantly more di�cult and expensive. A narrow phase that approximates objects with octreesthus would not be nearly as e�cient as one that uses sphere-trees.A small modi�cation allows the narrow phase in Figure 5.4 to use full accuracy as its �nal levelof detail. The ideas is that the algorithm that builds a sphere-tree also stores, in each leaf sphere(i.e., each sphere at the deepest level), the part of the object's surface that is contained in thatsphere. If, for instance, the object is a represented visually by a polyhedron, the leaf spheres storepolygons. When the algorithm in Figure 5.4 �nds a leaf sphere that intersects a leaf sphere fromanother sphere-tree (see line 15), the algorithm could compare all the polygons in one sphere with allthe polygons in the other sphere, reporting any intersecting pairs of polygons. This approach shouldbe e�cient if leaf spheres are relatively small, because on the average there should be few polygonsin each leaf sphere. If leaves contain more than a few polygons, the algorithm could use a moresophisticated variation that does not always compare all pairs of polygons; an approach analogousto the subdivision method from Section 4.2.4 is one possibility. Interactive applications may neverneed the full accuracy this modi�cation can provide, but it is valuable to have it available if needed.This chapter now turns to the problem of the preprocessing algorithm that automatically buildssphere-trees. The literature contains little in the way of relevant previous work. Youn andWohn [YW93]discuss how hierarchies of simple shapes like spheres can approximate the surfaces of objects, but theydo not describe how to build these hierarchies for arbitrary objects. Goldsmith and Salmon [GS87]describe how to build a hierarchy of bounding volumes given a set of leaf volumes. Their approach isinteresting because it involves heuristics that optimize the quality of the hierarchy for their particularapplication, intersecting light rays with objects to simulate realistic images. The lack of a method forspecifying leaf volumes means that this method is not directly applicable for building sphere-trees,however. Liu et al. [LNA88] present a way to build a hierarchy like a sphere-tree by �tting childrento regular polyhedra inscribed in the parent sphere. The next section of this chapter explores arelated idea in more detail. The most interesting previous work is that of Badler, O'Rourke andToltzis [BOT79, OB79]. They describe a greedy approach to making a union of spheres �ll the vol-ume inside an object. One application of this approach is collision detection for models of the humanbody, although in this application they authors report needing some human intervention to obtaina desirable con�guration of spheres. The authors do not consider the idea of arranging the unionsinto a hierarchy to support graceful degradation, but they pay more attention than other authorsto the issue of making the spheres �t the object tightly. Chapter 6 discusses at length an algorithmthat shares some concepts with their approach but that provides several signi�cant advantages. Thelast section of that chapter compares the two approaches in detail.5.2 Building Sphere-Trees from OctreesAn octree is a data structure that represents a recursive subdivision of 3D space. Octrees are based onthe same principle as the subdivision method for �nding intersections between hypertrapezoid faces,from Section 4.2.4. Section 2.3.2 explained how some algorithms use octrees to detect collisionsbetween polyhedral objects. The current section describes how an octree subdivides the spaceoccupied by an object, and how the resulting subdivisions can dictate the positions of spheres in asphere-tree. The speci�c details of this section pertain only to objects whose surfaces are polyhedra.It would be possible to extend the general ideas to objects with other types of surfaces, but theseextensions are beyond the scope of this dissertation.57
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yFigure 5.5: Four levels of an octree for a 2D object. The shaded squares are the nodes. The lines ateach level show the subdivision of the previous level.The literature on octrees is extensive. As the summaries by Samet and Webber [SW88a, SW88b]indicate, there are several di�erent versions of octrees. For this section, the nodes of an octree areisothetic cuboids. Each cuboid stores the pieces of the object's surface that intersect it. If the objectis represented by a polyhedron, the pieces of its surface are polygons. The algorithm to build anoctree for a polyhedral object operates as follows. It �rst sets the root of the octree|by convention,level zero|to be the smallest isothetic rectangle that bounds all the polyhedron. To build thechildren of the root, level one of the octree, the algorithm subdivides the cuboid into eight isotheticoctants. The algorithm associates with each octant the polygons that intersect the octant. If anoctant contains any pieces of polygons, then it becomes a child of the root node; if it is empty ofpolygons, then it is not needed and the root has one less child. To build the next level of the tree,the algorithm recurs on each child of the root. The algorithm can continue this process inde�nitely,so an octree can have an arbitrary depth. Figure 5.5 illustrates this process in two dimensions, withan object consisting of line segments instead of polygons.The di�cult part of this algorithm is the step that determines what polygons lie in each child oc-tant. This step involves clipping polygons against the isothetic midpoint planes that de�ne the childoctants. The subdivision method for �nding hypertrapezoid face intersections, from Section 4.2.4,has a similar step. In one sense, this step of the octree algorithm is simpler, because it does notneed to deal with the fourth dimension. Unlike hypertrapezoid faces, however, the 3D polygonsthat de�ne an object's surface do not necessarily have cross sections that are isothetic, so the octreealgorithm must deal with more cases. Laidlaw et al. [LTH86] describe in detail how to �nd theintersection between two arbitrarily aligned polygons. Clipping a polygon against a midpoint planeinvolves almost the same steps, with a few simpli�cations because the plane is not arbitrarily alignedbut isothetic. If the polygons are triangles, a few more simpli�cations are possible [Hub90].Given an octree for an object, a straightforward way to build a sphere-tree is to put a spherearound each node of the octree. Finding these circumscribing spheres is simple since each octreenode is an isothetic cuboid. The sphere-tree maintains the same parent-child relationships as theoctree. A set of children are guaranteed to cover everything their parent covers because the spherescircumscribe the cuboids. The root sphere is actually a special case, because its children will coverwhat it covers as long as it bounds the whole object. Thus, it need not be as large as the spherethat circumscribes the root cuboid of the octree; Ritter [Rit90] describes a simple algorithm that�nds a tighter bounding sphere. Figure 5.6 shows the sphere-tree corresponding to the octree fromFigure 5.5. Note that two regions inside the object are not covered by spheres. The octree does nothave nodes in these regions because its nodes must contain part of the object's surface, not its volume.For another object to reach one of these uncovered interior regions, it would have to pass throughthis object's surface, which is covered. The conservative nature of space-time bounds (Chapter 4)prohibit the other object from \jumping" through this object's surface into the uncovered region.58



Figure 5.6: The octree from Figure 5.5 de�nes the sphere-tree whose four levels are shown here.
Figure 5.7: A desk lamp, and three levels of its octree-based sphere-tree.In a sphere-tree based on an octree, the spheres at level j + 1 have half the radius of the spheresat level j, and one-eighth the volume. (Treating the root with the special case from the previousparagraph violates this rule for level zero.) Thus, the \resolution" of the sphere-tree increases witheach level. It is clear from Figure 5.6, however, that the spheres determined by an octree can �t theobject quite loosely; this conclusion should be intuitively evident even without a precise de�nitionof a sphere-tree's accuracy, which will appear in Section 5.3.Figure 5.7 shows this \looseness" for a real 3D model. At the left of the �gure is a desk lamp.This model is moderately complex, involving 626 triangular faces. Next to it are three levels of itssphere-tree, levels one through three (where the root is level zero). The spheres clearly re
ect theregular subdivision of the octants on which they are based. The spheres do appear to �t the lampmore tightly at deeper levels of the tree, but the �t is still quite loose.Building sphere-trees from octrees does have certain advantages. The octree algorithm builds thissphere-tree quickly, taking about two seconds on a Hewlett Packard 9000 Model 735. The algorithmalso is relatively simple to implement. Intuitively, however, its seems that a di�erent approach oughtto yield tighter sphere-trees. The rest of this chapter and the following chapter explore approachesthat do provide this advantage.5.3 Building Sphere-Trees with Simulated AnnealingThis section presents a second algorithm for building sphere-trees. This algorithm use simulatedannealing, a general technique for solving constrained optimization problems [LA87, PTVF92]. The59



sphere-trees this algorithm produces can �t objects more tightly than sphere-trees produced by theoctree method from the previous section. Building sphere-trees with simulated annealing does havedisadvantages: it can be slow and unreliable. The algorithm from this section is important, though,because at its heart are techniques for perturbing an existing sphere-tree and checking whetherthis new sphere-tree covers the object and �ts it more tightly. These techniques are useful inother algorithms for building sphere-trees, most notably the one from Chapter 6, which consistentlyproduces good results in a reasonable amount of time. The current section, like Section 5.2, focuseson polyhedral objects, but the general ideas should extend to other classes of objects.5.3.1 Basic IdeasThe motivation for simulated annealing comes from the thermodynamics of liquids [LA87, PTVF92].The internal energy is lower in a liquid that cools slowly than in a liquid that cools quickly. Internalenergy causes brittleness in a liquid that cools to a solid state. Noting this problem, metal workersincrease the strength of a part cast from molten metal by cooling it slowly. This process of slowcooling is called annealing.Annealing works because of what happens to the molecules in a liquid as it cools. At highertemperatures, the molecules rearrange themselves more than at lower temperatures. The rearrange-ment may temporarily increase the energy in the liquid, but it tends to prevent the liquid fromgetting stuck in local energy minima, allowing a lower energy in the long term. A liquid that coolsslowly has more time for this rearrangement and so it is more likely to reach a low-energy state.A statistical model for this behavior is the Boltzmann distribution, which gives the probability of aparticular energy as of a particular temperature. Under this inverse-exponential distribution, higherenergies are more likely at higher temperatures, but there is always a chance of an energy increaseat any temperature.Simulated annealing is the application of the Boltzmann distribution in algorithms that solveminimization problems. An algorithm that uses simulated annealing creates an analogy between theproblem it is trying to solve and a liquid being cooled: the quantity to be minimized corresponds tothe internal energy of the liquid, and the variables that make up a solution to the problem correspondto the con�guration of the liquid's molecules. To model the temperature of the liquid, the algorithmintroduces a new control parameter, � , which it gradually decreases as it searches for the minimumenergy. Press et al. [PTVF92] calls the policy for decreasing � the annealing schedule. The basicstep of the algorithm involves randomly rearranging the current con�guration, that is, the currentestimate of the problem solution. The algorithm measures the energy of the new con�guration, andchooses whether to accept it as the current solution or reject it with a probability determined bythe Boltzmann distribution as of the current temperature, � . More speci�cally, most algorithms usethe Metropolis criterion, which says that the probability of accepting an energy change of �E attemperature � is Prob(�E; � ) = exp���EkB� � ; (5.1)where kB is a constant called the Boltzmann constant. The Metropolis criterion makes the algorithmmore likely to accept energy-increasing rearrangements early on, when the temperature is high. Byrepeating this basic step a large number of times as � gradually decreases, the algorithm should arriveat a solution close to the global minimum for the problem. This general approach seems to work wellfor many practical problems; Laarhoven and Aarts [LA87], for example, discuss several applicationsof simulated annealing to layout problems in VLSI design, and Press et al. [PTVF92] describe howsimulated annealing generates an approximate solution to the traveling-salesman problem.60



uncovered

(A) (B)Figure 5.8: (A) These children leave uncovered part of what their parent covers. (B) The modi�edoctree method overcomes this problem.An algorithm for building a sphere-tree for an object can use simulated annealing to extendeach node, that is, to con�gure a set of children so they tightly cover the part of object coveredby the parent. The root has no parent, so it is just the object's bounding sphere, which can becomputed using Ritter's algorithm [Rit90]. The children of the root are the �rst spheres to whichthe algorithm applies simulated annealing. The positions and radii of these spheres correspond tothe con�guration of molecules in the cooling liquid. To model the liquid's energy, the algorithmneeds a quantity that gets smaller as the spheres more closely �t the part of the object they mustcover. An appropriate quantity is the \looseness" of the spheres, that is, a measurement of how muchof the spheres protrude outside the object; Section 5.3.2 will discuss measurements of \looseness"in detail. Minimizing this quantity is desirable because \loose" sphere-trees make the narrow phaseless accurate. The algorithm begins by picking some initial con�guration for the children of theroot; a convenient choice is the eight spheres that the octree method from Section 5.2 creates. Thealgorithm then starts the annealing schedule and the repeated random changes to the con�gurationof children. When the annealing schedule is complete, the algorithm has determined positions andradii for each of the root's children. The algorithm can now recursively extend each of these children.When extending a sphere that is not the root, the algorithmmust be more careful about choosingthe initial con�guration of the children spheres. In particular, it cannot directly use the eight spheresthat the octree method from Section 5.2 creates. The octree method assumes that the parent spherecircumscribes a cuboid, and that the parent is responsible for covering only the parts of the objectwithin that cuboid; the children therefore need only cover that cuboid as well. Simulated annealing,however, can tighten the parent sphere around the object, so it can be responsible for parts of theobject outside the cuboid it circumscribes; the children therefore may need to cover more than whatthe cuboid covers. Figure 5.8(A) illustrates this problem. A solution is to use a modi�ed approach inwhich the children cover the cuboid that circumscribes the sphere, not vice versa. As Figure 5.8(B)shows, the resulting children are closer in size to their parent. The children thus do not initiallyprovide as much of an improvement in resolution, but they are ready to be tightened by simulatedannealing.During the course of the annealing schedule, the algorithm repeatedly makes random changesto the con�guration of the children. A con�guration change consists of the algorithm picking onechild and translating and scaling the child by small random amounts. After making such a change,the algorithm must check that the children still cover what their parent covers; this operation is thesubject of Section 5.3.3. If the children do not maintain coverage, the algorithm undoes the currentchange, picks another child and tries another random change. The algorithm continues this process61



until it can make a change that satis�es the coverage constraint.The annealing schedule itself is a nontrivial issue. The basic idea of what it does is straight-forward: it picks an initial value for the temperature parameter, � , and then gradually decreases �until the minimization is complete. There are many ways to actually implement this idea, though.Laarhoven and Aarts [LA87] describe a large number of variations that are used in practice. Forbuilding sphere-trees, I chose a simple implementation. The initial value for � should be high enoughthat most con�guration changes will be accepted by the Metropolis criterion, Equation 5.1. Oneway to meet this goal is to compute the average change in energy over a number of initial trials,and then solve Equation 5.1 for the value of � that makes this average change have a speci�c, highprobability. In my experience, I found that 40 initial trials seem to be enough. Given an initial � , theannealing schedule stays at that temperature for a certain number of changes to the con�gurationof children spheres. More speci�cally, it stays until it meets either an upper limit on the number ofaccepted changes or an upper limit on rejected changes. For both upper limits, it uses a value of200. To actually change a sphere, my implementation translates the sphere in a random direction,with a magnitude of up to 3:5 percent of the sphere's parent's radius. It also scales the sphere bya random factor of between 0:95 and 1:053. When the number of changes reaches one of the upperlimits, the annealing schedule decreases the temperature to a fraction of its current value, 90 percentin my implementation. The annealing schedule continues this pattern until it has iterated a speci�cnumber of times. Levels of the sphere-tree near the root seem to require more iterations to convergeto an acceptable �t. I use 100 iterations for the �rst level (the children of the root), and 50 forsubsequent levels. Other values for all these parameters are possible, and one weakness of simulatedannealing in general is the amount of parameter-tweaking it requires. I have not found another setof parameters that gives better results for sphere-trees, though. Section 5.3.6 describes the resultsof the algorithm with this set of parameters.5.3.2 Measuring Energy (\Looseness")An important part of simulated annealing is the analogy to the cooling liquid's internal energy.This quantity is what simulated annealing minimizes. A simulated-annealing algorithm that buildsa sphere-tree needs to minimize the \looseness" with which the sphere-tree �ts an object, because\loose" sphere-trees make the narrow phase less accurate. This section describes an algorithm formeasuring \looseness."There are at least two ways the algorithm can quantify what \looseness" means for an individualsphere in sphere-tree. First, the algorithm can measure the volume inside the sphere that is outsidethe object being covered. Figure 5.9 gives an example. Second, the algorithm can measure thedistance from the surface of the sphere to the object. To precisely de�ne this distance, considerevery point on the surface of the sphere outside the object; the distance from that point to theobject is the minimum distance from the point to the surface of the object, and the maximum ofthese distances over all points is the distance from the sphere to the object. Figure 5.10 shows anexample of this distance.The de�nition of \looseness" for a set of spheres from a sphere-tree (e.g., the children of aparent) must be some aggregate quantity that involves each sphere in the set. The �rst de�nition of\looseness" for a single sphere, based on volume outside the object, does not lend itself to aggregationbecause the volume outside the object may be common to more than one sphere. It is simpler touse the de�nition based on distance. One idea is to sum the distances from each sphere in the setto the object, or average them. Another idea is to use the maximum of these distances. There areother possible choices, and reasons to believe that each might be the best quantity to minimize. In62



volume outsideFigure 5.9: One measure of \looseness" is volume bound by the sphere that is outside the object.Figure 5.10: Another measure of \looseness" is the distance from the sphere to the object, asindicated by the heavy line.my empirical tests, however, the maximum seems to give the best results; Section 5.3.6 will discussthis conclusion further.To use any of the aggregate quantities, the algorithm needs a way to compute the distance from asphere to an object. The de�nition of this distance does not directly lead to a tractable computation,since it involves iterating over an in�nite number of points on the surface of the sphere. The distancefrom a sphere to an object is related to the distance from a point to the object. An algorithm forcomputing this latter distance can compute the distance from a sphere to the object exactly if theobject is convex. The problem of computing the distance from a sphere to a nonconvex object issigni�cantly more di�cult. There appears to be no way to compute this distance exactly, but twoapproximations follow from an algorithm to compute the distance from a point to the object.Distance from a Point to a PolyhedronThe �rst goal, thus, is an algorithm that computes the distance from a point p 2 R3 to an objectwhose surface is a triangulated polyhedron, convex or nonconvex. The simplest approach is asfollows: for each face of the polyhedron, �nd the shortest distance from p to the face, and returnthe minimum over all faces. This algorithm takes time linear in number of faces, so it may not bethe most e�cient approach, but it is simple to implement.The key to this approach is an algorithm that computes the minimum distance from p to atriangular face, f , of the object. Throughout this discussion, let d(x;y) be the Euclidean distancebetween any points x 2 R3 and y 2 R3. The algorithm must consider three cases. In the �rst case,p projects onto f . More speci�cally, the line through p parallel to f 's normal vector intersects f atthe point p0. In this case, no other point on f is closer to p than the projected point, p0. The prooffollows from the Pythagorean theorem, as Figure 5.11 illustrates. Any other point, q, on f formsa right triangle with p and p0, and the leg from p to q must be longer than the leg from p to p0.Thus, if the algorithm �nds that p0 lies inside f , it returns d(p;p0).In the second case, p does not project onto f but it does project onto an edge, e, of f . More63
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eFigure 5.12: When p projects onto the edge, e, d(p;p00) < d(p;q).speci�cally, let p0 be the projection of p onto the plane of f , that is, the point where the linethrough p parallel to the plane's normal intersects the plane. The line in that plane through p0 andperpendicular to e intersects e at p00, as Figure 5.12 shows. Note that p0 can project in this wayonto only one edge of f . In this case, no other point on f is closer to p than point p00. As proof,consider p�p00, the vector from p00 to p, and q�p00, the vector from p00 to any other point q in f .Since the vector from p0 to p00 is perpendicular e, it follows that (p� p00) � (q � p00) � 0. The lawof cosines states that d(p;q)2 = d(p;p00)2 + d(p00;q)2 � 2(p� p00) � (q � p00), so d(p;q) � d(p;p00).Thus, the algorithm returns d(p;p00) in this case.The third case occurs when p projects onto neither f nor any edge of f . In this case, p is closerto a vertex, v, of f than to any other point q in f . Say p is closer to v than to the other verticesof f , and let v be the position of v. The proof that d(p;v) < d(p;q) for any other point q in fis similar to the proof of the previous case, as Figure 5.13 illustrates. Because p0 does not projectonto any edge of f , (p� v) � (q� v) � 0. The rest of the proof follows from the law of cosines. Thealgorithm thus returns d(p;v), and it has covered all cases.The overall algorithm, which computes the distance from p to the whole polyhedron, need notnecessarily compute the distance from p to every face. Optimizations can cut down on the numberof faces the algorithm must consider. The simplest optimizations use space subdivision. Say thealgorithm has access to a 3D grid of isothetic cubes, with each cube referencing the faces thatintersect its volume. Because the cubes are isothetic, the algorithm can quickly �nd the point, pc,closest to p on any such cube. If, for any cube, d(p;pc) is greater than the distance between pand a face the algorithm has already processed, then no part of any face inside the cube can beclosest to p. The algorithm can thus prune the faces it considers if it uses the cubes to organizeits processing. More speci�cally, the algorithm starts in one cube and �nds the closest face in thatcube. The algorithm then advances to another cube to consider its faces, but the algorithm ignoresthe cube if it is farther away than the currently-closest face. This approach is analogous to minimax64
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p´vFigure 5.13: When p projects onto the vertex at v, d(p;v) < d(p;q).search, which is popular in arti�cial intelligence [CM86].The order in which the algorithm visits the cubes a�ects the number of faces the optimizationprunes. The algorithm should start in the cube containing p, or the cube closest to p. It should thenprocess cubes in order of increasing distance from p. This order allows the algorithm to terminateas soon as it �nds one cube that is farther away than the currently-closest face. My implementationuses leaves of an octree as the set of cubes, and sorts the set by increasing distance from p. Abetter implementation would avoid the full sort. It would conduct a breadth-�rst search of the grid,stopping as soon as the cubes at the search boundary are all farther away than the currently-closestface. Note that in all these approaches, a face can be in more than one cube. The algorithm shouldthus mark each face that it processes so it can avoid reprocessing. Even so, the time the algorithmspends just checking for the mark can accumulate and reduce the signi�cance of the optimization.In practice, however, this accumulation does not seem to be a problem and the optimization isworthwhile.Distance from a Sphere to a Convex PolyhedronThe algorithm to compute the distance from a point to the polyhedral surface of an object isimportant for computing the distance from a sphere to the object. For the case in which thepolyhedral surface is convex, the following lemma expresses the key relationship.Lemma 5.1 Consider a sphere with center c and radius r that intersects the surface of a convexpolyhedron. If c0 is a point on the surface of the polyhedron closest to c, then the distance from thesphere to the polyhedron is r + d(c; c0) if c is outside the polyhedron, and r � d(c; c0) if c is insidethe polyhedron.Proof: A rigorous proof is surprisingly long and involved. Appendix A presents the details for thesake of completeness. 2.This lemma leads immediately to an algorithm that computes the distance from the sphere to theobject. After computing the distance d(c; c0), all the algorithm must do is determine if the sphere'scenter, c, is inside or outside the polyhedron. Since the polyhedron is convex, c is inside only if itis behind the planes of all the polyhedral faces, that is, if the dot product of each face normal witha vector from c to a point on the face is negative.65
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The push-o� surface is helpful for visualizing the distance from a sphere to a nonconvex polyhe-dron, but it is not a practical computational technique. Unfortunately, there do not seem to be anyalternative approaches for computing the distance exactly. The only solution I can �nd is to use anapproximation to the distance.The simplest approximation is to go ahead and use the distance provided by Lemma 5.1. InFigure 5.14, this distance is not much di�erent from the correct distance. Note also that it is anoverestimate of the correct distance. This property seems to hold in general, although a proof seemsdi�cult. For building sphere-trees by simulated annealing, overestimating the distance can fool thealgorithm into thinking it is improving the �t of the spheres when it is really doing the opposite.As an example, say the simulated-annealing algorithm measures the \looseness" of a set of spheresas the maximum distance to the polyhedron for a sphere in the set. Let s be the sphere with thecurrent maximumdistance, but assume that distance is too large because the algorithmmeasured itwith Lemma 5.1. At the current instant in the annealing schedule, the algorithm randomly choosesto change some other sphere, s0. The algorithm could move s0 so that it is actually further from thepolyhedron than s, but the error due to Lemma 5.1 might let the algorithm think s still has themaximum distance.To avoid this problem, the algorithm could use a more accurate distance approximation. Oneapproach is to compute the exact distance to the polyhedron from a set of sample points on thesurface of the sphere; the maximum of these sample distances approximates the distance from thesphere to the polyhedron. Note that this approach is a discrete approximation to the originalde�nition of the distance. To make this approximation as accurate as possible on the average, thealgorithm should distribute the sample points evenly across the sphere's surface. The vertices of adodecahedron inscribed in the sphere meet this criteria. Paeth [Pae91] tabulates the positions ofthese twenty vertices for a unit sphere, so the algorithm need only scale these positions at runtime.A distance approximation based on samples can be an underestimate, because the location on thesphere that has the true maximumdistance to the polyhedron may lie between the sample points. Tocompensate, the algorithm can add a correction to the maximum sample distance. This correctionis the maximum distance from any point on the sphere to a sample point. The algorithm canprecompute this correction distance for a unit sphere and scale it at runtime.Approximating the distance from sample points generally gives higher accuracy than usingLemma 5.1. Unfortunately, using sample points is also slower, by a factor of the number of samplepoints. A few optimizations can make the approach faster in some situations. As one optimization,the algorithm can use a minimax search strategy. At each sample point, the algorithm measures theminimumdistance to the faces of the polyhedron. If at any face the current minimum falls below theoverall minimum for a previous sample point, the algorithm need not compute the distance from thesample point to the remaining faces; this policy works because the algorithm needs the maximumdistance over the sample points. A second optimization exploits coherency inherent in simulatedannealing. The simulated-annealing algorithm changes spheres by small amounts only. Thus, thesample point that had the maximum distance before a change is likely to still have the maximumdistance after the change. It thus makes sense to process this sample point �rst. By using thisstrategy in conjunction with minimax search, the algorithm can often reduce the number of samplepoints it processes.The extra processing required for multiple sample points makes this approximation appropriateonly in situations that demand more accuracy than Lemma 5.1 can provide. One such situationis measuring the accuracy of a fully constructed sphere-tree, a topic which Section 5.3.5 discussesfurther. For measuring \looseness" during the course of the annealing schedule, however, the extraaccuracy does not seem to make much di�erence. In my tests, the simulated-annealing algorithm did67



not produce signi�cantly better sphere-trees when it used the sample-based approximation insteadof Lemma 5.1, and the latter was de�nitely faster.5.3.3 Ensuring Conservative CoverageA sphere-tree is conservative if it completely covers the surface of an object. As Chapter 3 dis-cusses, the narrow phase needs conservative sphere-trees so that it will never miss a collision that itwould have detected between the actual surfaces of objects. To build conservative sphere-trees, thesimulated-annealing algorithm from Section 5.3.1 must test the random changes it makes at eachstep of the annealing schedule. More speci�cally, each time it translates and scales a child sphere itmust determine if that change caused any part of the object that is covered by the parent sphere tobecome uncovered. If so, the algorithm must reject the change and try another one. This sectiondiscusses how the algorithm checks for conservative coverage of a triangulated polyhedral object.A triangulated polyhedron is covered if each of its triangular faces is covered. Each such trianglelies in a plane in R3, and the intersection of this plane with a set of spheres is a set of �lled circles, ordisks. The set of spheres covers the triangle if the union of these disks covers the triangle. Note thatchecking coverage is thus a collection of 2D subproblems. For the algorithm that builds sphere-trees,the set of spheres will be the children of a parent sphere. The children only need to cover what theirparent covers, so the problem becomes determining if the intersection of a triangle with one disk iscovered by a union of disks.This problem is simpli�ed by the following lemma. The lemma applies to any closed region; forthe sphere-tree algorithm, the region is the intersection of a triangle with the parent's disk.Lemma 5.2 (the boundary lemma) A closed region is covered by a union of disks if and only ifat least one disk from the union touches the region, and for each disk the part of its boundary insidethe region is covered by the other disks.Proof: This proof is somewhat informal; a more rigorous proof is possible but it adds little tothe understanding of the lemma. First, the \if" half follows by contradiction. Assume that a disktouches the region and the disks' boundaries are covered, and assume that the region is not covered.Some subset, U , of the region must thus be uncovered. This U must be adjacent to at least one ofthe disks, as illustrated in Figure 5.16. A portion of the boundary of this disk must touch U , andthis portion cannot be covered by any other disk since U is uncovered. This conclusion contradictsthe assumption that all the disk boundaries are covered, so the \if" half must be true. Second, the\only if" half follows by a similar contradiction. Assume that the region is covered by the disks.Clearly, at least one disk must thus touch the region. Now, assume that for some disk, the portionof its boundary inside the region is not covered. This portion of the boundary must thus de�ne theborder of subset, U , of the region which is uncovered. The existence of U violates the assumptionthat the region is covered, so the lemma must be true. 2The advantage of the boundary lemma is the way it converts the problem of checking a triangle'scoverage from a 2D problem to a set of 1D problems. The boundary of a disk can be parameterizedby the interval [ 0; 2� ]. The portion of the boundary that is inside both the triangle and the parentis a (possible disjoint) subinterval of this interval. The part of this boundary that the other diskscover is another (possibly disjoint) subinterval. If the latter subinterval contains the former, thenthe appropriate part of the disk's boundary is covered by the other disks. If each child's disk passesthis test, then the triangle is covered.Figure 5.17 gives pseudocode for this algorithm. Line 4 �nds the interval from a disk's boundary68



UFigure 5.16: The area U is an uncovered subset of the region. For simplicity, the region is the wholetriangle, that is, the triangle is fully inside the parent (not shown).1 covers(parent, children, triangle)2 f3 for each sphere sj in children f4 Ij  boundary of sj 's disk inside triangle5 Ij  Ij clipped to parent6 g7 for each pair of spheres (sj ; sk) in children whose disks intersect f8 subtract from Ij what is covered by sk's disk9 subtract from Ik what is covered by sj 's disk10 g11 for each sphere sj in children12 if (Ij 6= ;)13 return false14 return true15 gFigure 5.17: This algorithm uses the boundary lemma to check if the parent's children cover thepart of the triangle inside the parent.that is inside the triangle. The main operation in this step is �nding the intersections between thedisk and the triangle's edges. Line 5 clips this interval against the parent sphere. Doing so requiresintersecting this interval with the part of the disk's boundary that is inside the parent's disk. Thisinterval operation involves several cases, but getting it to work is not di�cult. Inside the loopstarting at line 7 the algorithm subtracts one boundary interval from another. Interval subtractionis comparable in di�culty to interval intersection. The loop starting at line 7 reports all pairs ofchildren spheres whose disks intersect. The simplest way to implement this step is to compare everydisk against every other disk. This approach is e�cient enough because a sphere-tree node has asmall number of children (e.g., eight if the initial con�guration comes from an octree subdivision)so there are never many disks to compare.When the simulated-annealing algorithm changes one child of a parent, it need not call thecoverage algorithm in Figure 5.17 for every triangular face in the object's surface. The only facesthat can become uncovered are those that intersected the child before it was changed, so the coveragealgorithm should check only these faces. The simulated-annealing algorithm must thus store witheach child a list of every face it intersects, and the algorithm must update this list when it changesa child. The algorithm must �nd any new faces that the changed child did not intersect previously.69



The only such new faces that matter, however, are those that also intersect the parent, since the childand its siblings are responsible for covering only those faces. So the simulated-annealing algorithmchecks only those faces associated with the parent for intersections with the child.As another e�ciency measure, the algorithm should execute lines 4 and 5 of Figure 5.17 onlyfor the child that it changed. To implement this optimization, the algorithm needs to cache theboundary intervals for each pair of a sphere and a face that sphere intersects, to allow reuse of thisinformation for unchanged spheres. The algorithm can store these caches with the list of intersectedfaces that it keeps for each sphere.The boundary lemma applies to situations that are more general than the coverage of a triangleby disks. Appendix B discuss these situations in more detail.5.3.4 Eliminating Redundant SpheresThe algorithm that uses simulated annealing to tighten a set of children spheres repeatedly translatesand scales these spheres. By doing so, the algorithm might cause a sphere to become redundant,that is, cause it to cover parts of the object that are completely covered by other spheres. Redun-dant spheres make the narrow phase less e�cient, because the detection algorithm from Figure 5.4spends time checking for intersections with these spheres but gains no additional accuracy from thisprocessing. In theory, it might be possible to discourage the algorithm from moving spheres intoredundant positions by adding to the energy measurement a term that increases with the amountof sphere overlap. In practice, however, this term would have detrimental e�ects, because partially-overlapping spheres often �t the object most tightly.As an alternative, the algorithm can change the children freely and then check to see if anychildren are redundant. There is no reason to check for redundancy during the course of the annealingschedule, because a sphere that is temporarily redundant may subsequently become an unique andimportant component in the overall �t. When the annealing schedule is complete and the �nalcon�guration of a parent's children is set, then the algorithm should initiate a postprocess that �ndsand eliminates redundant children.The simplest form of redundancy occurs when a child sphere is made redundant by its siblings.Figure 5.18 shows an example of this situation. Clearly, the sphere-tree will be no less accurate orconservative if this child is eliminated. A more subtle form of redundancy involves aunt spheres(siblings of the parent). In Figure 5.19(A), spheres s1 and s2 are siblings. Figure 5.19(B) showss1's children, to whom s2 is an aunt. The two darkened children of s1 are completely covered bys2. As a result, any part of the object they cover will also be completely covered by s2's children,their cousins. Any parts of other sphere-trees that intersect s1 and, in turn, these darkened childrenwill also intersect s2 and, in turn, the cousins of the darkened children. The two darkened childrenare thus redundant, and removing them from the sphere-tree will not a�ect the narrow phase'scorrectness.The postprocess that eliminates these redundant children borrows heavily from the ideas of theprevious section, on checking for conservative coverage. Consider �rst the case of �nding childrenmade redundant by their siblings. A child sphere, s, is redundant if its siblings cover everythingthat it covers. More speci�cally, s, is redundant if for each triangular face of the object it intersects,the part of that face it covers is also covered by its siblings. The algorithm from Figure 5.17 willcheck for this condition if it takes s as the parent parameter and s's siblings (excluding s itself)as the children parameter. The situation is similar for a child made redundant by its aunts. Thischild is redundant if the part of each face it covers is also covered by its aunts. The algorithm from70



(A) (B)Figure 5.18: (A) A parent sphere. (B) The parent's children. The darkened child is redundantbecause of its siblings.
s1

s2 s2

(A) (B)Figure 5.19: (A) Two parent spheres which are siblings. (B) The children of s1. The darkenedchildren are redundant because of their aunt, s2.71



Figure 5.17 will check for this condition if it takes s as the parent parameter and s's aunts (excludings's parent) as the children parameter.A redundant sphere, s, is dependent on the set of spheres, S, that cover what it covers. Thisdependency means that the postprocess may legally remove s only if either it removes no spheres fromS or it makes certain that any spheres it removes from S are covered by other spheres. Conceptually,the simplest policy is to not remove any sphere in S. A convenient way for the postprocess tokeep track of these constraints is with an undirected graph. The graph contains a node for eachredundant sphere. The node represents that sphere and the set of spheres on which it is dependent;these two pieces of data are, respectively, the \covered" sphere and \coverers" set of the node. Thegraph contains an edge between two nodes if the \covered" sphere of one node is a member of the\coverers" set of the other node. The postprocess thus cannot remove both the \covered" spherefrom one node and the \covered" sphere from a second node connected by an edge; removing bothwould be deleting a redundant sphere and sphere that made it redundant. So the postprocess canremove only spheres corresponding to an independent set of graph: a subset of nodes such that forany edge, only one node on that edge is in the subset.The postprocess should �nd as large an independent set as it can, corresponding to removingas much redundancy as possible. Unfortunately, Garey and Johnson [GJ79] show that �nding thelargest independent set of a graph is an NP-complete problem. A tractable alternative is to �nd anapproximation to the largest independent set. The simplest approach is for the postprocess to usea greedy algorithm. For each node in the graph, the algorithm adds the node to the independentset if none of its neighbors are already in the set. The algorithm is likely to �nd larger independentsets if it goes through the nodes in order of increasing degree; this heuristic favors adding to theindependent set nodes that will prevent few other nodes from joining the set. I have implementedthis approach and it does seem to �nd sizable independent sets in practice.The policy of not removing any sphere that makes another sphere redundant is overly conserva-tive. Say sphere s is made redundant by spheres s1 and s2. If s1 is, in turn, made redundant byspheres s11 and s12 then s11 and s12 must cover the part of s that s1 covers. Thus, if s11 and s12remain in the sphere-tree the postprocess may legally remove both s and s1. The only problem iscyclic dependencies. If s1 depends on s2, which depends on s3, which depends on s1, the postpro-cess cannot remove all three spheres without leaving part of the object uncovered. The solution isto detect and break cycles. Depth-�rst search is a convenient way to �nd cycles in an undirectedgraph [Sed88]. Speci�cally, the algorithmworks as follows. It starts a depth-�rst search and stops atthe �rst node that is part of a cycle. By taking this node out of the graph, the algorithm breaks thecycle. It starts a new depth-�rst search of the resulting graph, and continues breaking cycles andstarting new searches until the graph contains no cycles. The postprocess may then legally to removeall \covered" spheres for nodes remaining in the graph. The one case on which this approach failsis a two-node cycle. A two-node cycle is an unusual situation, however. It corresponds to a pair ofspheres that by themselves cover an isolated \island" of the object, touching no other spheres. Thepostprocess can detect such cycles and deal with them as a special case, removing only one spherefrom the pair. Although this overall approach of detecting cyclic dependencies sounds promising, Ihave not actually implemented it. Doing so is an interesting topic for future work.5.3.5 AccuracyWhen an application uses approximation, it is important for the application to know how muchaccuracy it is losing. The conservative nature of spacetime bounds and sphere-trees limits the formof inaccuracy that these structures permit. As Chapter 3 discusses, a detection algorithm using these72



Figure 5.20: The sum of the distances from the spheres to the object is an upper bound on thedistance between the objects.structures never allows objects to start penetrating before it detects a collision. It can, however,detect a collision between objects which are close but not actually touching. A reasonable measureof the inaccuracy in this case is the shortest distance between the objects at the moment when thealgorithm decides they collide.The results of Section 5.3.2 allow the algorithm to quickly estimate this inaccuracy. Say thenarrow phase �nds a pair of intersecting spheres from di�erent objects' sphere-trees. The sum ofthe maximum distances from these spheres to their respective objects is an upper bound on thedistance between the objects, as Figure 5.20 illustrates. A tighter upper bound is this sum minusthe amount the spheres overlap. If the narrow phase �nds more than one pair of intersecting spheres,the tightest upper bound on separation distance is the minimum of the estimates over all the pairs.Using the approach from Section 5.3.2, the algorithm that builds these sphere-trees can store witheach sphere an upper bound on its maximum distance. The narrow phase thus does no work toobtain these distances, and it can estimate the inaccuracy of any collision with just a few arithmeticoperations. This estimate is an overestimate, but such a value is more useful to an application thanan underestimate.Since the distance from each sphere to the object can be computed by the preprocess thatbuilds the sphere-tree, users can know roughly what inaccuracy to expect before they start runningan application. To summarize the distances for all spheres in the sphere-tree, various statistics areuseful. Histograms of distances, one for each level of the sphere-tree, give the most complete picture.These histograms convey a qualitative impression of how inaccuracy is distributed through thesphere-tree, suggesting the probability of various amounts of inaccuracy. A more concise summaryis the maximum distance of any sphere at each level, which indicates the worst-case inaccuracy foran application that uses sphere-trees. The average distance over each level is perhaps a more usefulstatistic. It approximates the expected inaccuracy over all possible situations, a measurement thatcan be more realistic than the worst-case inaccuracy.In order for the detection algorithm to truly implement graceful degradation, its inaccuracymust decrease as it uses more processing time. A sphere-tree supports this goal if the distances fromits spheres to the object decrease for spheres at deeper levels. The next section describes speci�cexamples of this property in sphere-trees generated by simulated annealing.73



processing number of fraction of octree's�gure level time (mins) nodes average inaccuracy maximum inaccuracy5.22 1 10.9 7 0.317 0.2952 43.5 46 0.252 0.3655.23 1 9.5 5 0.430 0.3952 30.5 27 0.295 0.5105.24 1 10.8 6 0.210 0.3262 30.7 29 0.146 0.6035.25 1 8.8 5 0.271 0.5642 21.1 26 0.153 0.634Figure 5.21: A summary of the simulated-annealing results on the model of the desk lamp.It would be useful to have a function that predicts the inaccuracy of the detection algorithm for agiven amount of processing time. There is no simple way to derive such a function, though. Acrossdi�erent applications and di�erent situations within one application, there is too much variancein the patterns of spheres which intersect when sphere-trees approach each other. This varianceprecludes accurate prediction of the processing time the algorithm will need. A worst-case analysismight be possible, but it is likely to be contrived. A better possibility is an average-case analysisbased on empirical trials. The point behind sphere-trees and interruptible collision detection ingeneral, though, is to make a predicting function less important. The application controls the timespent by the detection algorithm by telling it to stop when it reaches the limit of its allotted time.5.3.6 ResultsFigure 5.7 showed a model of a desk lamp, and the sphere-tree that the octree algorithm generatesfor this model. This section describes the results of the simulated-annealing algorithm on the samemodel. Figure 5.21 summarizes some statistics from these results, and Figures 5.22 through 5.25show the sphere-trees themselves.The main advantage of these sphere-trees over the octree-based sphere-tree is the improvedtightness of the �t. The last two columns of the table in Figure 5.21 quantify this improvement.These columns compare the inaccuracy in the sphere-trees generated by the two methods, whereinaccuracy is the distance from a sphere to the object, as the previous section discusses. In particular,one column compares the average inaccuracy for spheres at a given level, and the other columncompares the maximum inaccuracy for those spheres. Note that the simulated-annealing algorithmproduces sphere-trees with only a fraction of the inaccuracy, by either of these statistics. It is notclear which of these statistics provides the better summary of the \overall" inaccuracy of the sphere-tree. The average has the advantage that it approximates the expected inaccuracy over all possiblecollision involving the sphere-tree. The disadvantage of the average is the way it can be fooled byspheres of extreme size; one big sphere and many tiny spheres may have a low average inaccuracybut may not actually provide a good �t.Figure 5.21 also shows a disadvantage of simulated annealing, its slowness. Generating thesesphere-trees took between 29:9 and 54:4 minutes each on a Hewlett Packard 9000 Model 735. Thetechnique from Section 5.3.4, to remove redundant spheres, does alleviate the problem somewhat;the simulated-annealing algorithm builds a sphere-tree from the top down, so reducing the numberof parent spheres reduces the time spent on children spheres. The number of redundant spheres the74



Figure 5.22: Results of simulated annealing, with the energy for a set being the maximum over itsmembers, and the random seed being 2.
Figure 5.23: Results of simulated annealing, with the energy for a set being the maximum over itsmembers, and the random seed being 3.algorithm removed is indicated by the fourth column of Figure 5.21; if the algorithm did not removeany spheres, these numbers would be powers of eight, the default number of children for each sphere.Even with this optimization, the algorithm would take a long time to add a level onto one of thesesphere-trees. For the example of the sphere-tree in Figure 5.22, the algorithm spent about 6 minuteson the children of each sphere at level one. If it were to spend an equivalent amount of time on eachof the 46 spheres at level two, the additional time would be 4:6 hours!Figures 5.22 through 5.25 show a �nal problem with simulated annealing, its unpredictability.Section 5.3.1 explains that the annealing schedule makes random changes to spheres, so the algorithmneeds a random-number generator and a seed value. The algorithm also must measure the energy(i.e., \looseness") of a set of spheres, and Section 5.3.2 indicates there are several ways to compute theenergy of the set from the energies of its members. The choice of random seed and energy functioncan have a signi�cant impact on the results of the algorithm. For both Figures 5.22 and 5.23, thealgorithm computed the energy of the set as the maximum energy of its members (it used Lemma 5.1to approximate the energy for each member sphere). The algorithm used di�erent random seedsfor the two runs, though. The results of the two runs are quite di�erent, with the second result,75



Figure 5.24: Results of simulated annealing, with the energy for a set being the sum of its members,and the random seed being 2.
Figure 5.25: Results of simulated annealing, with the energy for a set being the sum of its members,and the random seed being 3.Figure 5.23, being less tight and less symmetrical. Figures 5.24 and 5.25 use a di�erent energyfunction, the sum of the energies of the set's members. In Figure 5.24, this energy function givesa better �rst-level �t than the previous energy function. Its second-level �t has problems, however;the �t around the shade of the lamp, in particular, is no better than the �rst-level �t. Figure 5.25shows the considerable impact of a di�erent random seed with the same energy function. Ideally,the algorithm that builds an object's sphere-tree should be able to run reliably without any humanintervention. Users should not have to experiment with the algorithm's parameters, especially foran algorithm as slow as simulated annealing. These examples suggest simulated annealing, althoughan improvement over the octree algorithm in some ways, cannot meet this goal.76



Chapter 6Sphere-Trees and Medial-AxisSurfacesThis chapter continues the development of sphere-trees, which began in the previous chapter. Inparticular, this chapter focuses on an advanced method for the automatic construction of sphere-trees. At the heart of this method is the concept of the medial-axis surface. A medial-axis surfaceof an object corresponds intuitively to the \stick-�gure" representation or \skeleton" of the object.The symmetries of an object around its skeleton suggest con�gurations of spheres that approximatethe object's shape, leading to an algorithm for building a sphere-tree. This algorithm has several ad-vantages over the simulated-annealing algorithm from Chapter 5: it is more e�cient and it producesaccurate sphere-trees more reliably.The �rst section of this chapter provides some background on medial-axis surfaces and theirrelationship to sphere-trees. The next section discusses an algorithm for approximating the medial-axis surface of a polyhedral object. This algorithm generates the medial-axis surface from a Voronoidiagram, a structure that represents proximity relationships between sample points on the object'ssurface1. Key features of this algorithm are a method for distributing sample points uniformly overan object's polyhedral surface, a way of avoiding numerical errors in the Voronoi diagram, and amethod for adding new sample points if the Voronoi diagram does not provide the detail neededfor a medial-axis surface. The last part of this chapter shows how to generate a sphere-tree from amedial-axis surface. The algorithm uses the medial-axis surface to determine a union of spheres at ahigh level of detail, and also to simplify this union to produce lower levels of detail. This algorithmalso reuses elements of the simulated-annealing algorithm from Section 5.3, such as the method forchecking whether a set of spheres conservatively cover the object.6.1 Medial-Axis SurfacesThe medial axis was introduced by Blum [Blu67] to describe the shapes of biological objects. Hede�nes the medial axis of a two-dimensional (2D) shape by various physical analogies, includingthe \grass�re analogy": consider igniting simultaneously all the points on the boundary of a �gurein a �eld of grass; the places where the the 
ames meet and die out de�ne the medial axis of the1Throughout this chapter, the term \surface" means \medial-axis surface" only when it is explicitly designated assuch. The term \object's surface," for example, refers to the outer boundary of the object.77



Figure 6.1: A medial axis for a simple 2D �gure.
(A) (B)Figure 6.2: (A) A simple 3D object. (B) Its medial-axis surface, with only the central part of thesurface darkened.�gure. Points on the medial axis are equidistant from two sides of the boundary, so they represent asymmetrical axis or \skeleton." Figure 6.1 shows an example of a medial axis. In later work, Blumand Nagel [BN78] state another de�nition of the medial axis, which they also call the \symmetricaxis": the locus of the centers of maximal circles that �t inside the �gure, with no circle containinganother. They also describe how quantitative properties of a medial axis relate to properties of the�gure's shape.Nackman and Pizer [NP85] discuss similar properties formedial-axis surfaces of three-dimensional(3D) objects. The de�nition of a 3D medial-axis surface is simple extension of the 2D de�nition:the locus of centers of maximal spheres that �t inside the object, with no sphere containing another.Note that these centers lie on surfaces rather than lines, as Figure 6.2 shows. Nackman and Pizerargue that a medial-axis surface naturally combines two shape-description paradigms, in the sensethat it both discards inessential details of a shape and also decomposes a shape into simpler ele-ments. These properties make medial-axis surfaces a promising starting point for the problem thatinterests Nackman and Pizer, automatically analyzing the shapes of human organs from computedtomography data.The de�nition of a medial-axis surface, in terms of spheres �tting inside an object, suggests thatthe medial-axis surface for an object is related to its sphere-tree. Picking a representative set ofthe spheres centered on the medial axis and expanding them so they conservatively cover the objectproduces one level of the sphere-tree. Varying the number of spheres in the set leads to di�erentlevels of detail. Section 6.3 will make this notion more explicit. Using a medial-axis surface to guidethe placement of spheres has intuitive appeal, in the sense that it corresponds to \
eshing out askeleton." O'Rourke and Badler [OB79] note the connection between spheres that approximate anobject and its medial-axis surface, but in a complementary way; their algorithm shrinks spheresuntil they �t inside an object, and thus produces points on the medial-axis surface as a byproduct.78



6.2 Building Medial-Axis SurfacesAn algorithm that builds a sphere-tree from a medial-axis surface must �rst build the medial-axissurface. This problem is not a simple one, and the literature contains few algorithms that solve it.Ho�mann [Hof92] states that the only exact algorithm for the medial-axis surface of a 3D objectis his algorithm, for constructive solid geometry (CSG) objects [Hof90]. This algorithm processeseach pair of distinct elements from an object's surface to �nd points equidistant from the elementsand interior to the object. It then analyzes these points to determine the structure of the object'sskeleton. The steps in this algorithm are quite intricate and involve many cases, so getting thealgorithm to work in practice would be a challenge. It is also unclear how e�cient the algorithmwould be, since it solves many systems of equations in the process of �nding the equidistant points.The application of building a sphere-tree does not require an exact medial-axis surface. Anapproximate medial-axis surface guides the positions of the spheres su�ciently well in most situa-tions. There are a variety of algorithms that compute approximate medial axes of 2D �gures. Oneexample is Kwok's algorithm [Kwo88], which thins a �gure in a binary image to �nd the pixels thatapproximate its skeleton. This algorithm traces the contour of the �gure and slices o� those pixelswhich cannot be part of skeleton, producing a new contour closer to the skeleton. Repeating thisprocess ultimately identi�es the pixels of the skeleton. A variation on this approach could work inthree dimensions. Instead of processing a set of square pixels, the algorithm would process a set ofcubical voxels that approximate the shape of the 3D object. Ho�man [Hof92] mentions this idea,but there seems to be no paper which presents an actual algorithm based on it.6.2.1 Approximate Medial-Axis Surfaces and Voronoi DiagramsAnother approach to approximatemedial-axis surfaces uses Voronoi diagrams, also known as Dirich-let tessellations [PS85]. A Voronoi diagram for a set of points identi�es, for each point, the regionof space which is closer to that point than to any of the other points. Figure 6.3 shows a Voronoidiagram for 2D data, but note that the de�nition of a Voronoi diagram applies to any dimension.The region associated with a point is a convex polyhedron that surrounds the point, and it is calledthe Voronoi cell for the point. The cell's vertices are the vertices of the diagram, or Voronoi vertices.There is one face of the cell between the point and each nearby point, and this face is equidistantbetween the points; Figure 6.3 shows this property for 2D cells, whose \faces" are line segments.The equidistance of faces between point pairs is what relates a Voronoi diagram to a medial-axissurface. Consider a set of points distributed over the polyhedral surface of an object. For a pairof points separated by the object's interior, the intervening cell face will lie close to the middle ofthe object. The cell face thus approximates a portion of the object's medial-axis surface. Figure 6.4illustrates this idea in two dimensions. This idea should work for objects whose surfaces are notpolyhedra, but this section focuses on the polyhedral case.Ho�mann [Hof90] mentions the connection between Voronoi diagrams and medial-axis surfacesin passing, and Goldak et al. [GYKD91] develop the idea further for polyhedral objects. They phrasetheir algorithm in terms Delaunay regions, which are duals to the Voronoi cells, but it is simpler tothink in terms of the Voronoi cells directly. The algorithm identi�es the Voronoi vertices from cellfaces that approximate the medial-axis surface; these vertices are the ones interior to the object.It then groups nearby vertices into segments, which are uninterrupted sections of the medial-axissurface between places where it branches. There are two kinds of segments: branch segments, whichtouch (or nearly touch) the object's surface, and trunk segments, which do not. Figure 6.5 showsthe 2D versions of trunk segments with solid lines and branch segments with dashed lines. The79



Figure 6.3: A Voronoi diagram for 2D points.
Figure 6.4: A Voronoi diagram for points on the boundary of a 2D �gure, resulting in an approxi-mation to the �gure's medial axis.algorithm di�erentiates between branch and trunk segments by the properties of their vertices.For building sphere-trees, the grouping of vertices into segments is not necessary. The importantparts of the algorithm are the earlier steps, which deal with the vertices themselves. The theorybehind these steps seems correct, but Goldak et al. do not describe many of the implementationdetails. To get these steps to work in practice, I had to make a number of signi�cant additions tothe algorithm.The �rst step of the algorithmdistributes points over the polyhedral surface of the object. Goldaket al. acknowledge that the density of the distribution a�ects the results of the algorithm. They provethat the results converge to the exact medial-axis surface as the number of points increases to in�nity.They state that choosing a su�ciently dense set of points is \relatively easy" in practice, but theygive few guidelines on actually placing the points. Unfortunately, the algorithm is sensitive enoughto the point placement that many intuitively reasonable placements do not work. My experiencesuggests that the best solution is to start by distributing the points as uniformly as possible, and
Figure 6.5: The solid segments of the medial axis are trunks, and the dashed segments are branches.80



Figure 6.6: Two examples of how a Voronoi vertex is the circumcenter of its forming points.then add more points to correct speci�c problems in the resulting medial-axis surface. Section 6.2.2discusses uniform distributions of points on objects with complicated shapes. Section 6.2.4 explainsthe most common problems that result from point placement. These problems involve segments ofthe medial-axis surface \leaking" out of one part of the object, crossing a \gap" outside the objectand entering the object at distant location. It is di�cult to prevent these problems from occurring,but it is possible to correct them once they have occurred. The correction involves adding newpoints at the locations of the problems and updating the Voronoi diagram.The second step of the algorithm builds a Voronoi diagram from the surface points. EachVoronoi vertex is at the center of a sphere that touches four of the points, that is, the vertex is thecircumcenter of the four points. The four points are those which lie in the four Voronoi cells thatadjoin the vertex, and these points are the vertex's forming points. Preparata and Shamos [PS85]prove the corresponding property for two-dimensional Voronoi diagrams, in which each vertex is thecircumcenter of three points. Figure 6.6 shows an example of the 2D case. The sphere centered ateach Voronoi vertex and the forming points lying on that sphere are the foundation of the algorithmthat converts a medial-axis surface into a sphere-tree, as Section 6.3 will explain.Actually building the Voronoi diagram can cause problems. A basic algorithm to build a 3DVoronoi diagram is not complicated, but it cannot tolerate imprecise numerical computations. Un-fortunately, the arrangements of surface points that suit the needs of medial-axis surfaces tend topromote this imprecision. The risk that the basic algorithm will fail is high enough that a morerobust algorithm is necessary. Section 6.2.3 discusses the di�culties of making a Voronoi-diagramalgorithm more robust without sacri�cing accuracy.Not all the Voronoi vertices are part of the medial-axis surface. In particular, only the verticesinterior to the object can lie on the medial-axis surface, so the next step of the algorithm identi�esthese vertices. There are a variety of ways to determine if a vertex, v, is inside a polyhedron.One approach is as follows. Find the position, w, on the polyhedron closest to the position of v.Then determine if v lies behind the polyhedral faces in the local neighborhood of w; if so v mustbe inside the polyhedron because no other parts of the polyhedron can intervene and change theclassi�cation. For the �rst step, �nding w, the methods of Section 5.3.2 apply, and the octreeoptimization is particularly helpful. For the second step, the analysis depends on the whether wlies on a polyhedral face, edge or vertex. Let � be the vector from w to the position of v. If w lieson a face, then v is inside if the dot product of � and the face's outward-pointing normal vector isnegative. When w lies on an edge, the classi�cation depends on whether the two faces adjoiningthe edge are convex or concave. The vertex v is behind a pair of convex faces if both faces' dot81



(A) (B) (C)Figure 6.7: (A) The vertex in the dashed circle appears to adjoin four cells. (B)(C) Perturbingthe darkened point, however, reveals that the vertex is really two coincident vertices separated by adegenerate cell boundary.products with � are negative; v is behind concave faces if either dot product is negative. If w lieson a polyhedral vertex, then v cannot project onto any of the edges or faces adjoining that vertex.In this case, v is behind the faces only if the dot product of each face normal with � is negative.Further processing of the Voronoi vertices on the medial-axis surface, such as building a sphere-tree, requires knowing which vertices are adjacent to each other on the medial-axis surface. Thisadjacency information is an inherent feature of the Voronoi diagram. For faces of the Voronoi cellsthat lie on the medial-axis surface, the edges of these faces indicate which Voronoi vertices areadjacent along the medial-axis surface. In the general case, each Voronoi vertex lies on exactly fourcells and thus adjoins four edges. If �ve nearby points lie on a sphere, however, the Voronoi diagramwill contain a location at which �ve cells meet. Such a location looks like a Voronoi vertex thatadjoins more than four edges, but it is really two coincident Voronoi vertices and a degenerate cellface. Figure 6.7 illustrates this situation in two dimensions; at this lower dimension, four cocircularpoints create a degeneracy. The �gure shows what happens when one of the cocircular points movesslightly: the degenerate cell face appears again and the coincident vertices separate. Coincidentvertices complicate any further processing of the medial-axis surface. The best solution is to coalesceall coincident vertices into a single vertex. This new vertex adjoins the union of the edges from thecoincident vertices. One way to �nd the coincident vertices is to treat each vertex as a sphere ofradius �, where � is the minimum accuracy of 
oating-point arithmetic. The problem then becomesone of �nding all the spheres that intersect. To solve this problem e�ciently, I use Turk's spatialhashing scheme [Tur90b], summarized in Section 2.3.2, since I already need this algorithm for theperformance tests in Chapter 7.Once the algorithm has coalesced all the coincident vertices, it has established enough of themedial-axis surface that the algorithm to build a sphere-tree can take over. Other applications ofmedial-axis surfaces, however, need the latter steps of the Goldak et al. algorithm, which group theVoronoi vertices into segments. Certain aspects of these latter steps are problematic. I identi�edsome improvements for these steps, but these improvements are still preliminary so this dissertationdoes not discuss them. 82



Figure 6.8: The middle of this object does not have enough Voronoi vertices to produce a good setof spheres.6.2.2 Placing Surface PointsAn algorithm that builds an object's medial-axis surface from a Voronoi diagram must �rst placepoints on the surface of the object. The arrangement of these points determines the accuracy withwhich the Voronoi vertices approximate the medial-axis surface. If the algorithm incorporates all thesteps described by Goldak et al. [GYKD91] to group vertices into segments, an improper distributionof points will yield vertices that imply an erroneous set of segments.If the algorithm is building a sphere-tree, it need not construct the segments, but the distributionof the points is still important. Recall from Section 6.1 that the Voronoi vertices de�ne the positionsof spheres that can be in the sphere-tree. Without making explicit the algorithm that builds thesespheres, it should be clear that the density of spheres is limited by the density of the vertices. Thedensity of the vertices is in
uenced, in turn, by the positions of the points. Figure 6.8 shows that anuneven distribution of points can create a spotty distribution of vertices, which will prevent partsof the object from having adequate coverage by spheres.It is not di�cult to distribute points evenly on the surface of broad, regular shape like a square.The problem is more di�cult for a complicated polyhedron with many faces, however. Turk [Tur91]confronts this problem in a di�erent context, generating a mesh of points to support texturing ofa polyhedral surface. His solution is to use a relaxation algorithm that gradually forces the pointsinto an even distribution. The relaxation algorithm starts by distributing points randomly acrossthe polyhedron's surface. It then applies forces to each point, forces that push the point away fromnearby points. After updating the position of each point in response to the forces, the algorithmcomputes a new set of forces. The algorithm terminates after a set number of these iterations. Fora su�cient number of iterations, the result is an even distribution of points. Turk recommends 40iterations, and that number works well in my tests.The �rst step of Turk's algorithm is straightforward. The random distribution of initial pointsmust ensure that every location on the polyhedral surface is equally likely to receive a point. Theprobability that a polyhedral face receives a point should thus be proportional to the face's area.The algorithm orders the faces and tabulates a list of partial area sums (i.e., for each face, the sumof the face's area and the areas of the faces before it in the order). To place a point, the algorithmpicks a fraction between 0 and 1, �nds that fraction of the total area in the list of partial area sums,and assigns the point to the corresponding face. This strategy avoids a bias against faces with smallareas. Having assigned a point to a face, the algorithm gives the point a random location withinthe face [Tur90a].Computing the forces on each point is more complicated. The repulsive forces a point, p, receivesfrom other points should decrease with distance; Turk recommends a linear decrease and no forcefor all distances greater than a maximum repulsive radius. For a point, p0, on the same face as p,it is simple to measure the distance. The direction of the force on p is the vector from p0 to p. If p83



is not on the same face as p0, the situation is less clear. The force should be based on the geodesicpath from p0 to p, that is, the shortest path from p0 to p along the polyhedral surface. Finding thegeodesic path is di�cult, however, so Turk uses a heuristic approximation. If p0 is on a face thatshares an edge with p's face, then the algorithm rotates p0 around the shared edge to put it on thesame plane as p. Otherwise, the algorithm projects p0 onto the plane of p's face. For a p0 more thanone or two faces removed from p, this approximation introduces error.A di�erent heuristic o�ers a simple way to avoid the error in most situations. Under this heuristic,the algorithm processes independently each cluster of faces. A cluster is a set of adjacent coplanarfaces; each square side of triangulated cube, for example, is a cluster of two triangular faces sharinga diagonal. Some edges of faces in the cluster are boundary edges, which adjoin faces from otherclusters; the other edges are interior edges, which adjoin faces from the same cluster. The motivationfor the heuristic is as follows. When the algorithm processes one cluster, it assumes that the pointsin all other clusters are (or will become) uniformly distributed. The algorithm thus assumes thatthe points in other clusters exert a uniform force across each boundary edge onto points in thecurrent cluster. As a consequence, the algorithm can ignore points outside the current cluster andinstead compute the force \exerted by" each boundary edge. This force points into the cluster witha direction perpendicular to edge, and it is constant along the length of the edge. A point, p, on thecluster is a�ected by this force if p projects onto the edge; the direction and magnitude of the forceare proportional to the vector of projection.For points within the current cluster, the algorithm computes repulsive forces with Turk's ap-proach. Two points on the same cluster lie on the same plane, so the vector between the pointsapproximates the geodesic path. This approximation is incorrect if the cluster is nonconvex and thevector goes outside the cluster, but this mistake does not seem to cause problems in either Turk'simplementation or mine.The forces on a point can push the point o� the surface of the polyhedron. This problem occursin any version of the relaxation algorithm, regardless of how it handles geodesic paths. As a solution,the algorithmmust check each point after each iteration and push the points back onto the polyhedralsurface. When using the cluster heuristic, the algorithm knows that each point must be on the planeof the cluster, so it �rst projects each point onto that plane. It then must detect points outside theboundary edges of the cluster, and snap them back onto these edges. The simplest solution is tobuild the line segment from the new position of a point to its previous position (as of the previousiteration). Assuming that the previous position was actually inside the cluster, the new position isoutside the cluster only if the line segment intersects a boundary edge; in this case, the intersectionclosest to the previous position is the corrected new position. This corrected position must really beinside the cluster to avoid future problems. If numerical imprecision causes it to be slightly outsidethe cluster, the next iteration will fail to detect the need for snapping. This problem occurred onlyonce in my tests, so I did not implement a solution.When boundary edges exert uniform forces, it will be rare for any point to stay on a boundaryedge. The Goldak et al. algorithm seems to work better when there are points on boundary edges,so the point-placement algorithm adds them in a separate step. This step assigns points to boundaryedges by using a list of partial edge-length sums (analogous to the list of partial area sums at thebeginning of this section). Knowing the total number of points per edge, it can directly determinean even spacing without resorting to relaxation.Turk mentions that uniform space subdivision can optimize the search for points which a�ect aparticular point, p. Recall that only points within the repulsive radius, r, around p exert any force onp. If the algorithm stores all the points in a 3D grid whose cubes have width 2r, then the only pointsthat can a�ect p are those in an eight-cube block around p. Turk's spatial hashing scheme [Tur90b],84



summarized in Section 2.3.2, �nds these cubes quickly. A version of the algorithm based on thecluster heuristic can use a simpler version of this optimization. The forces on p come from pointsand edges on the same cluster as p. A cluster is planar so it de�nes a 2D space. The algorithmthus needs only a 2D subdivision grid, which is more e�cient than a 3D grid. In my experience, thedistribution of surface points is not the performance bottleneck in building a medial-axis surface, soI have not implemented this optimization.Figure 6.9 shows some results of the algorithm with the cluster heuristic. The distribution ofpoints on this model, a bathroom faucet, is quite even overall. Figure 6.10 shows the results for asecond model, a spaceship. For this model, I speci�ed a disproportionately high density of pointsalong the cluster-boundary edges. The spherical regions near the front of the ship have a largenumber of these edges, so they receive a large number of points. Being able to control the density ofpoints on edges and faces independently adds 
exibility, but balancing the two densities can requiresome care. The front tip of the spaceship shows another disadvantage of the cluster heuristic. Thepoints here form several concentric rings, an artifact which is not always desirable. Rings occurbecause a set of narrow clusters converge at the tip. On each edge between these clusters, thespacing of points is the same; this regularity produces the ring patterns. To avoid this problem, thealgorithm could vary the spacing of the points along the edges. This solution does not seem necessaryfor medial-axis surfaces. In this context, the rings do not cause problems, and the overall distributionof points is even enough to meet the basic requirements of the medial-axis-surface algorithm. Thealgorithm cannot specify more subtle requirements until after it has built the Voronoi diagram;Section 6.2.4 will discuss how the algorithm adds new points to satisfy these requirements.6.2.3 Robust and Accurate Voronoi Diagrams in Three DimensionsGiven a distribution of points on the object's surface, the Goldak et al. algorithm [GYKD91] nextbuilds a Voronoi diagram from these points. Bowyer [Bow81] describes a relatively straightforwardalgorithm for the Voronoi diagram of 3D points. This algorithm implicitly assumes in�nite-precisionarithmetic, however. Finite-precision arithmetic causes the algorithm to enter inconsistent statesfrom which it cannot recover. Inagaki et al. [ISS92] discuss modi�cations to the algorithm thatprevent inconsistencies. These modi�cations make the algorithm more robust, but they also reducethe accuracy of the Voronoi diagram it produces. One might think that some inaccuracy would betolerable because the Voronoi diagram and the medial-axis surface based on it need not be exact toproduce a tight-�tting sphere-tree. Inaccuracy in the Voronoi diagram can cause subtle problemsin the medial-axis surface, however, as Section 6.2.4 explains. An algorithm that builds robustand accurate Voronoi diagrams is thus an important goal. The end of this section describes a newalgorithm that approaches that goal.A Basic AlgorithmBowyer's algorithm builds the Voronoi diagram incrementally. It starts with the Voronoi diagramfor a tetrahedron of \dummy" points that bounds all the \real" points. The Voronoi diagram for thistetrahedron is trivial: the Voronoi cells for the four dummy points meet at a single Voronoi vertexin the center of the tetrahedron, and four other \dummy" vertices located at \in�nity" complete thecells. The algorithm adds each of the real points one at a time, extending the diagram. By startingwith the tetrahedron of dummy points, the algorithm ensures that each real point will be inside theconvex hull of points already in the diagram, reducing the number of special cases. Each new pointadds to the diagram one new cell, the region of space closer to that point than to all the existingpoints. This space was formerly divided amongst cells associated with existing points, so adding the85



Figure 6.9: 3325 points on a bathroom faucet, placed by the algorithm using the cluster heuristic.
Figure 6.10: 6792 points on a spaceship, placed by the algorithm using the cluster heuristic.86



new cell must cause existing cells to shrink. To shrink a cell, the algorithm deletes some vertices ofthe cell and replaces them with new ones. Bowyer describes the deletion and replacement in termsof 2D examples. Since the generalization to 3D situations is not always clear, I provide some detailshere.Bowyer's algorithm chooses the vertices to delete as follows. Recall from Section 6.2.1 that eachvertex is at the circumcenter of four points, its forming points. In theory, the algorithm shoulddelete every vertex that is closer to the new point than to any of its forming points (from which it isequidistant). This conclusion follows because the vertex represents, for each forming point, one limitof the space closer to that point than to any other points; this limit clearly needs to be revised ifthe vertex is actually closer to the new point. In practice, issues of arithmetic accuracy may dictatethat the algorithm should not delete some of these vertices, but such issues are beyond the scope ofBowyer's algorithm. The algorithm initializes the set of deletable vertices with any vertex that iscloser to the new point than to its forming points; the simplest-possible linear scan of the verticessu�ces to �nd such a vertex, because this step is not the performance bottleneck in practice. It thenadds to the deletable set any neighboring vertex (connected to the vertex by an edge of a cell) thatis also closer to the new point. It continues this search transitively until it �nds no more deletablevertices.Having identi�ed the deletable vertices, Bowyer's algorithm builds the new vertices that replacethem, the vertices that de�ne the cell around the new point. There will be one new vertex foreach pair of a deletable vertex, vd, and a neighbor, vu, of vd which is not itself deletable. Thevertices vd and vu have in common three of their four forming points. These three points plusthe new point de�ne the position of the new vertex: its position is the circumcenter of the fourpoints. These four points de�ne a tetrahedron, and the circumcenter is the center of the spherethat circumscribes this tetrahedron. Schultze and Sevenoak [SS23] describe how to �nd the centerof this sphere: for any three edges of the tetrahedron that meet at the same tetrahedral corner,build the perpendicular-bisector plane for each edge, and the intersection of these three planes isthe circumcenter. Goldman [Gol90] gives a fast algorithm that computes the intersection of threeplanes from properties of the determinant. To illustrate the replacement of deletable vertices withnew vertices, Figure 6.11 shows a 2D example. In two dimensions, vd and vu share two of threeforming points, and the new vertex is the center of circle containing these points and the new point.To complete the replacement of vertices, the algorithm updates some bookkeeping information.The data structure for a point stores a list of all the vertices that the point \forms," that is, thevertices for which it is a forming point. The algorithm removes each deletable vertex from the listassociated with its forming points. This operation is possible because each vertex references its fourforming points. A vertex also references its four neighboring vertices. For each deletable vertex, vd,the algorithm removes the reference in each undeletable neighbor, vu. As a replacement, vu gets areference to the new vertex built from vu and vd's shared forming points. The new vertex stores vuas one of its neighbors. Its other three neighbors are new vertices, those with which it shares threeforming points. The simplest way to �nd the neighboring new vertices is to use brute force: for eachpair of new vertices, check all their forming points for three in common.Bowyer's algorithm assumes that all the points it processes are unique. To make sure thisassumption is not violated, the algorithm checks for any coincident points before starting to buildthe diagram. The end of Section 6.2.1 mentions that Turk's spatial hashing scheme [Tur90b] �ndscoincident vertices within a speci�ed tolerance (to account for 
oating-point inaccuracy). The sameapproach applies to �nding coincident points.For randomly distributed points, Bowyer's algorithm performs well. Points on the surface of anobject have more structure, however, and this structure can cause problems for the algorithm. The87
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(A) (B)Figure 6.11: (A) Adding the darkened point necessitates deleting the Voronoi vertices 1 through 4.(B) The new diagram. The number by a new vertex indicates the deleted vertex to which it corre-sponds.�rst problem occurs during the search for deletable vertices. Recall that in theory, the algorithmshould delete any vertex that is closer to the new point than it is to its forming points. At issue iswhat the algorithm should do for a vertex that is almost the same distance from the new point andits forming points, that is, for a marginally-deletable vertex. If the algorithm chooses not to deletea marginally-deletable vertex, then there may be no deletable vertices at all. In this situation, thealgorithm will be unable to change any cells to accommodate the new point, which is clearly anerror. If, on the other hand, the algorithm chooses to delete a marginally-deletable vertex, then thealgorithm may delete too many vertices. When the algorithm creates a new vertex for each deletedvertex, it will �nd that some new vertices share three forming points with more than four vertices;these new vertices need to have more than four neighbors, which is an error. Figure 6.12 shows anexample of this problem in two dimensions. The �gure shows the Voronoi diagram before the newpoint, p8, is added. The vertex v1 is signi�cantly closer to p8 than to its forming points, so it isdeletable. Vertices v5, v6 and v7 are all marginally-deletable (assuming that the scale of this �gureis close to the minimum resolution of 
oating-point arithmetic). If the algorithm deletes only v1and v5, then there are no problems. If, however, it also deletes v7, then some new vertices will havetoo many neighbors. A detailed analysis of this situation is tedious, but Figure 6.12 summarizesthe details for readers interested in hand-simulating what happens. When the algorithm comparesa vertex's distances to the new points and to its forming points, the algorithm should consider thedistances equal if they are with in a small tolerance; such use of tolerances is common practice for
oating-point computation. No single value of this tolerance solves the problem in all cases, however.A second robustness problem for Bowyer's algorithm occurs when it computes the position of anew vertex. Recall that this position is the circumcenter of the vertex's forming points. If the newvertex results from a mistaken choice of deletable vertices, the forming points may be coplanar. Inthis case, the circumcenter computation will fail because it will try to �nd the intersection of threedisjoint, parallel planes. Figure 6.13 shows a 2D analog. The �gure shows a Voronoi diagram beforethe new point, p2, is added. The vertex v0 is closer to p2 than to its forming points, so it is deletable.Vertex v1 is marginally-deletable, as the dashed circle illustrates. If the algorithm chooses not todelete v1, then it will create a new vertex whose forming points are p2 and the two forming pointsshared by v0 and v1: p0 and p1. But p0, p1 and p2 are approximately colinear (the 2D analog tocoplanar), so the algorithm cannot compute their circumcenter.88
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A Robust AlgorithmInagaki et al. [ISS92] describe a technique designed to improve the robustness of an algorithm, likeBowyer's, which builds a Voronoi diagram incrementally. The technique is based on the observationthat a Voronoi diagram has three topological properties:1. the diagram has as many cells as points;2. each cell is simply connected (i.e., it is not the union of several disjoint volumes, nor is onevolume that is \pinched" down to a neck consisting of a single point); and3. two cells cannot share two or more faces.Inagaki et al. state that when the algorithm adds a new point, it preserves these topological prop-erties only if the deletable vertices satisfy �ve constraints:1. the set of deletable vertices is nonempty;2. the deletable vertices form a connected subgraph;3. at least one vertex from each cell is not deletable;4. the deletable vertices on each cell form a connected subgraph; and5. the undeletable vertices on each cell form a connected subgraph.These constraints are combinatorial rather than numerical in nature, so they are not a�ected by
oating-point inaccuracy. An algorithm can thus remain robust in the presence of inaccuracy if itchooses deletable vertices that satisfy the �ve constraints. A vertex whose addition to the currentset of deletable vertices does not violate the constraints is legally deletable.In passing, Inagaki et al. also note that for each pair of a deletable vertex, vd, and an undeletablevertex, vu, the new vertex must lie on the edge between them. Although Inagaki et al. do not mentionit, this observation allows the algorithm to approximate the circumcenter of coplanar forming points.The idea is to use the position of vu as the circumcenter. As justi�cation, note that the \true"circumcenter of four coplanar points is in�nitely far away from the points. To approximate goingin�nitely far away while staying on the edge the algorithm must stop at vd or vu; vu is preferablebecause it is not closer to the new point than to its forming points.Inagaki et al. suggest a greedy search to �nd the deletable vertices that meet the �ve constraints.The search starts at the vertex closest to the new point being added; this vertex meets the constraintsand so is deletable. From this vertex the search branches out to neighboring vertices, adding to thedeletable set any which do not violate the constraints. The search continues until all neighborsviolate the constraints.This greedy search is a straightforward addition to Bowyer's basic algorithm, replacing its searchfor all theoretically-deletable vertices. Each time the search advances to another vertex, v, it deter-mines whether deleting v would violate the constraints on any cell containing v. There is one suchcell for each of v's four forming points. A simple traversal of a cell's undeletable vertices, skippingv, reveals whether they would remain connected with a deleted v. A similar traversal of the cell'sdeletable vertices, this time including v, veri�es their connectivity.90



Adding this search to Bowyer's algorithm, and adding the circumcenter approximation for copla-nar points, does make the algorithm more robust. In my experience, this modi�ed algorithm doesnot fail on any of the sets of points that make Bowyer's algorithm fail.The disadvantage of this algorithm is its loss of accuracy. The constraints on the deletablevertices ensure that the diagram has the topological properties of a Voronoi diagram, but theseconstraints ignore the geometric properties, that each cell represent the space closer to one pointthat to any other point. When choosing vertices to designate deletable, the greedy search doesnot consider the impact of its decisions on the accuracy with which the diagram approximates thegeometric properties. As an example, the search may choose a vertex which is marginally closer tothe new point than to its forming points, and by making this vertex deletable the search may preventitself from later choosing another vertex which is much closer to the new point. Such problems doseem to occur in practice, because the Inagaki et al. algorithm is signi�cantly less accurate thanBowyer's algorithm on points that do not make the latter fail.A Robust and Accurate AlgorithmA robust and accurate algorithmmust do more than just meet the Inagaki et al. constraints. It mustreplace the greedy search with a more elaborate search, one that identi�es vertices whose deletionwill compromise the geometric properties of the Voronoi diagram as little as possible. One approachis to de�ne a \value" for the deletion of a vertex, where the value increases with the likelihood thatdeleting the vertex will produce an accurate diagram. The search for deletable vertices thus becomesa constrained maximization problem: �nd the set of vertices with the highest value that also meetthe Inagaki et al. constraints.One de�nition of a vertex's value is its distance to its forming points minus its distance to thenew point. This value is positive if the vertex is theoretically deletable, in the sense used by Bowyer'salgorithm. The value increases with the extent to which the vertex intrudes on the cell which willbe associated with the new point; a high value means the vertex is substantially closer to the newpoint than to its forming points, so it clearly belongs in the new point's cell and should not be partof its forming points' cells. Thus, whenever the algorithm does not delete a vertex with high valueit makes the diagram less of a true Voronoi diagram.Finding the set of legally deletable vertices with the maximumpossible value is a di�cult problem.A simpler problem is �nding a set with maximal value, meaning a set to which it is impossible toadd another vertex that increases the overall value. A set with maximal value is not as useful as aset with maximum value, but it is preferable to the set found by the Inagaki et al. approach, whichignores value altogether.The simplest algorithm for �nding a set of legally deletable vertices with maximal value is touse a greedy algorithm. This algorithm is greedy in the sense that when choosing vertices to addto the deletable set, it always takes the highest-valued vertex that it can �nd. I call this strategy ahighest-�rst approach to distinguish it from the greedy approach of Inagaki et al., which does notconsider value at all.The highest-�rst algorithm's main data structure is a priority queue of vertices, which releaseshigh-valued vertices �rst. The algorithm initializes this queue to the vertex with highest value,found by a simple linear search since this step is not the performance bottleneck. The main loop ofthe algorithm starts by taking the �rst vertex from the priority queue. If this vertex is not legallydeletable, the algorithm adds it to a set of \illegal" vertices and takes the next vertex from the queueuntil it �nds a legally deletable vertex. (Determining if a vertex is legally deletable is the same as in91



the Inagaki et al. algorithm.) The algorithm adds this vertex to the deletable set. It then adds tothe queue the vertex's positive-valued neighbors. The last step of the main loop adds back onto thequeue the set of illegal vertices found at the beginning of the loop; the algorithm should reconsiderthese vertices because they have high value, and it is possible some of them will no longer violate theconstraints once other vertices have been added to the deletable set. The algorithm then repeats itsmain loop. The loop terminates when the algorithm �nds no legally deletable vertex on the queue.To compare the accuracy of the highest-�rst and Inagaki et al. approaches, I ran empirical tests.The key part of each test is a routine that estimates the inaccuracy of a �nished Voronoi diagram.There are many possible ways to make this estimate; I chose one which is simple to implement. Thetest begins with the premise that a Voronoi cell should be a convex polyhedron which contains oneof the original data points. For a line segment from that data point to a corner of the cell, everyposition on the segment should be closer to the data point than to any other data point. The testconstructs this segment for each corner of each cell, and samples positions along the segment; thecurrent implementation uses three evenly-spaced samples. At each sample, the test measures thedistance, d, from the sample to the cell's data point. It also measures the distance from the sampleto every other data point in the diagram, and �nds the minimum of these distances, d0. If d0 < d,then the diagram is inaccurate. A measure of the inaccuracy at this sample is d � d0, for whicha higher value means more inaccuracy. The test maintains the sum of these inaccuracy measures,and reports as its results the average inaccuracy per sample. This result is not the �nal word onaccuracy, but it does convey some useful information about the error in a Voronoi diagram.The tests themselves involved two di�erent sets of data. Bowyer's algorithm fails on these datasets, both when it deletes marginally-deletable vertices and when it does not. All the algorithms inthese tests use double-precision arithmetic. Figure 6.9, from Section 6.2.2, shows the data pointsfor the �rst accuracy test, 3325 points distributed over the surface of a bathroom faucet. For thisdata, the Inagaki et al. algorithm produces a diagram with 35205 vertices. The average inaccuracyis 0:71519 units per sample, where the dimensions of the model are 5:78 by 4:09 by 10:0 units. Thehighest-�rst algorithmproduces a 20694-vertex diagram for this data, and the average inaccuracy persample is 6:02201�10�5. The inaccuracy of the highest-�rst algorithm is thus more than four ordersof magnitude lower. The second test involved 6792 points distributed over the surface of a spaceship,as shown in Figure 6.10 from Section 6.2.2. The Inagaki et al. algorithm produces a diagramwith 66934 vertices for this data. The average inaccuracy is 0:322203 units per sample, where thedimensions of the model are 3:10 by 2:80 by 3:50 units. The highest-�rst algorithm produces 46893Voronoi vertices for this data, with an average inaccuracy per sample of 2:90961� 10�9 units. Theinaccuracy of the highest-�rst algorithm is thus more than eight orders of magnitude lower.From these tests, it is clear that the highest-�rst algorithm is signi�cantly more accurate. Furtherevidence for this conclusion comes from the number of times the algorithm has to approximate thecircumcenter of coplanar forming points: it makes this approximation 52 times for the �rst testand 5 times for the second, whereas the Inagaki et al. algorithm makes it 4066 and 6452 times,respectively. The diagrams the highest-�rst algorithm produces are not only more accurate but alsomore compact; in the �rst test, the number of vertices it produces is 59 percent of the numberproduced by the Inagaki et al. algorithm, and in the second test it is 70 percent. For the question ofperformance, the two tests are not conclusive. In the �rst test, the highest-�rst algorithm is faster,taking 154 seconds on an Hewlett Packard 9000 Model 735 compared to the 240 seconds requiredby the Inagaki et al. algorithm. The highest-�rst algorithm is slower in the second test, however,taking 963 seconds compared to the Inagaki et al. algorithm's 859 seconds.92
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p3Figure 6.14: A break in the connected component of adjacency.6.2.4 Gap-Crossing CellsThe previous section explains how to build a Voronoi diagram that accurately re
ects the points onthe surface of an object. Even when it is accurate in this sense, the Voronoi diagram may causethe medial-axis surface to be inaccurate. The problem stems from the surface points themselves.The algorithm from Section 6.2.2 distributes those points as evenly as possible in preparation forthe Voronoi diagram, but certain problems with the distribution become apparent only after thediagram has been built. These problems and their solutions are esoteric, but I found these solutionsimportant in practice, especially for objects with complicated shapes.These problems involve the adjacency between Voronoi vertices. Each vertex is adjacent to itsfour neighbors, the vertices connected to it by an edge of a cell face. For an object in one piece (withno disconnected \islands") the adjacency between vertices should de�ne one connected componentof vertices; multiple independent components should not occur. Even though it is acceptable for thiscomponent to only approximate the contours of the object's true medial axis, the component shouldnot deviate in a qualitative way; for example, if the object is a human �gure the component shouldnot exit the body at one knee, cross the \gap" between the legs and re-enter the body at the otherknee. Section 6.3 explains why these properties of adjacency are important for sphere-trees, but itshould not be di�cult to appreciate that defects in adjacency are abnormal in an intuitive sense.Figure 6.14 shows a 2D example of the �rst problem, a break in connectivity. Voronoi verticesv0 to v2 should be connected through v1, but v1 is outside the object so the algorithm removes it.The source of the problem is the cell around p1. Notice that p1 lies on one side of the object, butthe cell intersects a di�erent side (i.e., the edge between v0 and v1 intersects the side containing p0,and the same for the edge between v1 and v2). No other cells have this property. The only cells thatintersect more than one side of the object are associated with corner points, like p3, and each suchpoint lies on both sides that its cell intersects.The second problem occurs when the medial-axis surface crosses a \gap" outside the object, andFigure 6.15 shows a 2D example. Voronoi vertices v0 and v1 are adjacent, but this adjacency jumpsfrom one knee of the object to the other. Notice that both vertices are inside the object, so thealgorithm does not break the adjacency. The problem is once again related to how cells intersectthe object. In particular, the cell for p0 intersects a side of the object on which p0 does not lie. Thesame holds for p1's cell. As in Figure 6.14, no other cells have this property.The cells that cause both these problems are examples of gap-crossing cells. These cells aredistinguished by the clusters they intersect. Recall from Section 6.2.2 that a cluster is a set ofadjacent coplanar triangles from a triangulated polyhedron; the two triangles composing a side of93
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p1Figure 6.15: The medial axis crosses a gap.a cube, for example, are one cluster. Say the cells around pj and pk are adjacent, that is, the cellsshare a face. By the strictest de�nition, these cells are gap-crossing if the face intersects a clusterthat does not contain both pj and pk. Notice that in both Figure 6.14 and Figure 6.15 the onlycells that are gap-crossing by this de�nition are those which cause the adjacency problems. A looserde�nition of gap-crossing is sometimes useful in practice. Consider once again the cells around pjand pk, and the clusters intersected by the face they share. The cells are loosely gap-crossing if anyintersected cluster does not either contain both pj and pk or adjoin the clusters that do containthem. The end of this section will explain why this looser de�nition has e�ciency advantages inpractice.Gap-crossing cells are related to the distribution of surface points. The relationship is not obvious,however. For the 2D objects in Figure 6.14 and Figure 6.15, the gap-crossing cells appear to occurnear places where the points are \uneven." In three dimensions, however, it is much less clear whatmakes points \uneven" enough to cause gap-crossing cells. A distribution of points that is extremelydense all over the object might solve the problem, but this solution is overkill; computing a Voronoidiagram for this many points would be intractable in practice. I believe the only solution is to adda postprocess to the medial-axis-surface algorithm, one which identi�es and eliminates gap-crossingcells after the Voronoi diagram has been built.The �rst part of this postprocess is an algorithm that locates the gap-crossing cells. The mostreliable approach is the obvious one: triangulate each face of each cell in the Voronoi diagram, �ndall intersections between each such face and the surface of the object, and note any intersectionswith clusters that make the cell gap-crossing. Triangulating a cell face is simple because it isa convex polygon. Testing whether one of these triangles intersects a triangle from the object'ssurface involves a modest number of steps; Laidlaw et al. [LTH86] describe the process for the moregeneral case of two polygons, and a few of these steps are simpler for triangles [Hub90]. It is clearlyine�cient for the algorithm to test every triangle from a cell face against every triangle from theobject. To improve e�ciency, the algorithm uses an octree which stores the object's triangles. Themedial-axis-surface algorithm already builds an octree, which it uses to �nd the vertices inside the94



p1

1p’Figure 6.16: Adding a surface point �xes the break in the connected component.object, as Section 6.2.1 explains. In the current context, the algorithm passes each cell-face triangledown through the octree as if adding the triangle to the octree. This process identi�es leaf octantswhich contain the triangle. The algorithm then tests the triangle against only the object trianglesassociated with these leaves. This approach is similar to what Sha�er and Herb [SH92] do forcollision detection. Another optimization follows from the sharing of a face between two adjacentcells. The algorithm need not process the triangles of this face twice. It is important to note, though,that the algorithm must consider the points in both cells to determine if either cell is gap-crossing.Figure 6.14 shows an example. The face between v0 and v1 separates the cells around points p0 andp1. This face is part of a gap-crossing cell, but the algorithm would not notice the problem if itconsidered only p0.Having found a face of a gap-crossing cell, the algorithm selectively adds new surface points andupdates the Voronoi diagram. Figure 6.16 shows how adding one point, p01, mends the break inconnectivity from Figure 6.14. The position of p01 is related to the position of the point, p1 insidethe gap-crossing cell. Speci�cally, p01 is the normal projection of p1 onto the cluster, c, that the cellintersected (i.e., the direction of the projection is normal to c). Similarly, Figure 6.17 shows howprojecting p0 and p1 into p00 and p01, respectively, eliminates the gap-crossing cells from Figure 6.15.There is a speci�c reason for using the normal projection of the gap-crossing cell's point, p, todetermine the new point to add, p0. Adding p0 to the diagram changes the gap-crossing cell so thatit has a face between p and p0. The new cell face will be normal to line between p and p0. If this lineis normal to the cluster that the cell had intersected, then the new cell face will be parallel to thiscluster and will not intersect it. Since the cell must be convex, the rest of it must be on the otherside of the new cell face; thus, the cell can no longer intersect the cluster.A face of a gap-crossing cell may intersect more than one cluster that it should not intersect.The algorithm projects the point inside this cell, p, onto each intersected cluster. Thus, after thealgorithm has processed every face of the cell and updated the Voronoi diagram, the cell can nolonger be a gap-crossing cell.Each new point, p0, will create its own cell in the updated Voronoi diagram. This new cell sharesa face with the cell that algorithm just corrected, so that face cannot cause the new cell to be gap-crossing. Its other faces can cause problems, however. Of particular concern are the faces the newcell shares with other new cells. The algorithm must be certain not to miss these faces just becausethey are associated with new points. To avoid this problem, the algorithm maintains a list of allthe new points it adds. When it has �nished processing the existing points, the algorithm processesthe new points, checking any face shared by two new points' cells. Thus the algorithm has multiplepasses, and it keeps going until none of the new points it adds are in gap-crossing cells.95
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1p’Figure 6.17: Adding a surface point �xes the gap-crossing cells.The algorithm produces a new point by projecting an existing point onto plane of a cluster. Thisnew point may not actually lie within the cluster, though. Instead, the point may be a free-
oatingpoint that nowhere touches the surface of the object. For a highly nonconvex object, a free-
oatingpoint may be quite far away from the object. Such a point will introduce errors into the medial-axissurface, so the algorithm needs a way in avoiding free-
oating points. The algorithm does havesome leeway in avoiding free-
oating points. Recall that a face that intersects the wrong cluster andmakes a cell gap-crossing is shared with another cell. The projection of one cell's point need notbe free-
oating even if the other is, as Figure 6.18 illustrates. The algorithm should thus try bothprojections in the hopes that one will not produce a free-
oating point.If both projected points are free-
oating, then the algorithm must choose one and snap it tothe surface of the object. There is a fundamental disadvantage to snapping, though. Recall thatpositioning a new point by normal projection onto a cluster gives the updated Voronoi diagrama desirable property, that the new cell face will not intersect the cluster. Snapping the projectedpoint changes the orientation of the new cell face, however, and may cause it to intersect thecluster. Figure 6.19 shows an extreme example of this problem. Here, the face between point p0and p1 intersects cluster c. Projecting p0 and snapping it to the closest point on c produces a pointcoincident with the existing point, p2. Updating the Voronoi diagram will thus produce no changewhatsoever, and the gap-crossing cell will persist.To solve this problem, the algorithm snaps the projected point to multiple locations. Instead ofsnapping the point to the closest location on the cluster, it snaps the point to the closest locationon several individual triangles from the cluster. The particular triangles are those that were inter-sected by the gap-crossing cell's face. Figure 6.20 illustrates this strategy. Snapping to trianglesis advantageous because triangles are convex. When the algorithm adds the snapped point to theVoronoi diagram, the gap-crossing cell will receive a new face, but the triangle will be entirely onone side of this face. The snapped point thus eliminates an intersection between the gap-crossingcell and one triangle of the cluster. Collectively, the snapped points for all the triangles eliminateall such intersections. 96
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cFigure 6.20: Snapping p0 to intersected triangles of c.To implement this strategy, the algorithm �rst tests whether the projected point is inside thecluster. The simplest version of this test compares the point with each triangle in the cluster; thepoint must be inside one such triangle to be inside the cluster. Determining if a point is inside atriangle is straightforward. If the projected point is outside the cluster, the algorithm proceeds withthe snapping. Snapping a point to the closest location on a triangle is also a simple process. Theessential step is �nding the closest location. Section 5.3.2 has already discussed this step, in thecontext of energy functions for simulated annealing.Regardless of whether or not the algorithm had to snap the new point, the point may be nearlycoincident with a point already in the Voronoi diagram. There are several reasons for not addingthe new point in this case. If the new point is exactly coincident, its addition will not chancethe diagram at all. If the distance from the new point to the existing point is small, close to thecomputer's minimum resolution for arithmetic, then adding the new point can cause problems in thediagram; the robust techniques from Section 6.2.3 will not fail in this situation, but they are likelyto produce inaccurate Voronoi cells. On the other hand, the algorithm chose to add the new pointfor a reason|to �x a gap-crossing cell|and this problem may remain unsolved if the algorithmdoes not add the point. Other points the algorithm adds later may also �x this gap-crossing cell asa fortunate side e�ect, in which case the point is not strictly necessary, but there are no guarantees.I found no real solutions to this dilemma. In my experience, nearly-coincident points are rare butthey do occur. Their occurrence is probably related to inaccuracy in the Voronoi diagram. If thediagram contains a gap-crossing cell, and the algorithm deduces that a point coincident with anexisting point should solve the problem, then some aspect of the cell must be incorrect (e.g., itmight be nonconvex). My implementation does not add nearly-coincident points. Fortunately, theother points it adds do seem to correct all the gap-crossing cells. A better solution to the dilemmais a good topic for future research.The current approach has another weakness. There are situations in which building p0 by normalprojection will cause an inordinate number of extra passes. Figure 6.21 shows a 2D example. InFigure 6.21(A), the point p0 is inside a gap-crossing cell, which intersects the cluster adjacent top0's cluster. The normal projection of p0 is p00. As Figure 6.21(B) shows, the cell around p00 isalso gap-crossing, intersecting the cluster that contains p0. The normal projection of p00 is p000 .But as Figure 6.21(C) shows, the cell around p000 is still gap-crossing, and has e�ectively recreatedthe situation from Figure 6.21(A). This process can continue inde�nitely, as the projected pointsapproach the place where adjacent clusters touch.98
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(A) (B) (C)Figure 6.21: A problem with normal projection.
p0 p1Figure 6.22: Another problem with normal projection.Note that under the looser de�nition of gap-crossing, the cell around p0 in Figure 6.21(A) isnot gap-crossing because p0 and p1 are on adjacent clusters. The looser de�nition is intuitivelyreasonable for objects with complicated shapes. In such objects, gaps of signi�cant scale are likelyto involve more than just one pair of adjacent clusters. Allowing cells to cross smaller gaps like theone in Figure 6.21(A) should not cause problems. In general, the algorithm processes fewer cellswhen it uses the looser de�nition. Since the algorithm is time-consuming in practice, reducing thework it performs is important. My implementation uses the looser de�nition of gap-crossing cells togain this e�ciency advantage.The looser de�nition does not fully eliminate the problem, though. Figure 6.22 shows a situationsimilar to Figure 6.21(A). In this case, however, the clusters are not adjacent, being the the sidesof a \U" instead of a \V." The bottom of the \U" must be small for this problem to be signi�cant,and such situations are probably rare, but it is still a concern.If the algorithm could detect these situations, there are two steps it could take. First, it couldavoid the normal projection when placing the new point. In Figures 6.21 and 6.22, for example, theposition p00 by algorithm could project p0 straight across the \V" or \U". This projection puts thenew cell face between p0 and p00 on the bisector of the \V" or \U". This new face cannot intersect thesides of the \V" or \U". It can intersect the bottom, though. The algorithm could explicitly checkfor this intersection, and if it exists the algorithm could introduce a second new point, positionedon the bottom, to prevent it. These two steps would be helpful, but it is di�cult for the algorithmto detect when they are necessary. As a consequence, they are not part of my implementation.All the ideas in this section assumes that the Voronoi diagram is fully accurate. Even theimproved algorithm of Section 6.2.3 cannot always satisfy this assumption. For example, the Voronoivertices that lie on a cell face do not always de�ne a 
at, convex polygon. In extreme situations, thepolygon can twist back on itself. The algorithm which detects gap-crossing cells currently assumesthis twisting cannot happen, and the algorithm can make mistakes if its assumption is incorrect.Inaccuracy may also cause new points to coincide with existing points, as mentioned earlier. I have99



1 medial axis vertices(O)2 f3 /* See Section 6.2.2. */4 randomly distribute points on O's surface5 for each iteration of relaxation6 for each cluster on O f7 accumulate forces on cluster's points8 apply forces to update positions of cluster's points9 g10 /* See Section 6.2.3. */11 P  points with coincidents removed12 D  Voronoi diagram for P13 /* See Section 6.2.4. */14 do f15 P 0 ;16 for each point p 2 P17 for each cell-face f of p not already processed18 if (f intersects inappropriate clusters)19 add to D and to P 0 new points that correct gap crossing20 P  P 021 g while (P 6= ;)22 /* See Section 6.2.1. */23 coalesce coincident vertices of D24 return vertices of D25 gFigure 6.23: Pseudocode for building Voronoi vertices on object O's medial-axis surface.encountered these problems occasionally in practice, but they have not been severe enough to stopthe algorithm from working.Gap-crossing cells are a di�cult problem to handle. The ideas from this section are not perfect,but they do seem to work well enough in practice. In all my tests, the algorithm to eliminate gap-crossing cells has corrected the problems with Voronoi vertex adjacency, allowing the sphere-treealgorithm to proceed in situations that it could not otherwise process.6.2.5 SummaryFigure 6.23 presents pseudocode for building vertices on an object's medial-axis surface. Details ofthis code's performance on speci�c examples will appear in Section 6.3.5, which discusses the overallperformance of building sphere-trees from medial-axis surfaces.100



6.3 Building Sphere-Trees from Medial-Axis SurfacesThe algorithm from the previous section identi�es Voronoi vertices on an object's medial-axis surface.Recall from Section 6.2.1 that a Voronoi vertex is the center of a sphere. This section describes analgorithm that turns these spheres into a sphere-tree.The algorithm adds nodes to the sphere-tree from the top down. The root is the bounding spherefor the object, which the algorithm computes using Ritter's approach [Rit90]. The algorithm buildsthe children of the root by merging spheres associated with the Voronoi vertices. To merge a pairof adjacent spheres, the algorithm replaces them with one bigger sphere that covers that parts ofthe object that they cover. The algorithm chooses spheres to merge by applying a cost function,one that encourages spheres that �t the object tightly. By repeatedly merging pairs of spheres, thealgorithm gradually arrives at a small set of spheres whose union approximates the shape of theobject. The algorithm stops merging when the set contains the number of spheres that the rootneeds for children; my implementation gives each sphere eight children, to match the octree-basedsphere-trees. To give one of these spheres, s, its own children, the algorithm uses almost the sameprocess. The algorithm again merges spheres associated with Voronoi vertices, but this time it startswith a subset of all the vertices: those vertices whose spheres ultimately became merged to form s.Thus, the algorithm adds nodes to the tree from the top down, but it builds each node from thebottom up.Section 6.3.1 describes the merging and its cost function in more detail. The spheres which resultfrommerging approximate the shape of the object, but they do not necessarily cover it conservatively;Section 6.3.2 discusses how to grow the spheres until they do provide conservative coverage. Thepossibility that merging will produce redundant spheres is the topic of Section 6.3.3. Section 6.3.4discusses the important issue of measuring how tightly the merged spheres �t. These last threesections all draw heavily on the concepts of simulated annealing from Section 5.3. Section 6.3.5concludes the discussion of building sphere-trees frommedial-axis surfaces by presenting some resultsand comparing the approach to the related ideas of Badler, O'Rourke and Toltzis [BOT79, OB79].6.3.1 Merging SpheresTypically, the algorithm from Section 6.2 generates a large number of Voronoi vertices on an object'smedial-axis surface. The spheres centered at these vertices approximate the shape of the object ata high level of detail. The goal of merging is to reduce the number of spheres while maintaining asmuch of the detail as possible.To merge one pair of spheres, s1 and s2, the algorithm replaces them with a new sphere, s12.This s12 must cover the same part of the object's surface that s1 and s2 cover. For e�ciency, thealgorithm approximates coverage in terms of discrete points on the object's surface. Recall fromSection 6.2.1 that for each Voronoi vertex on the medial-axis surface, the sphere centered at thatvertex touches the object's outer surface at four places, the forming points of the vertex. Say s1 ands2 are two such spheres. If s12 bounds the forming points for s1 and s2, then s12 covers approximatelythe same part of the object that s1 and s2 cover. Figure 6.24 shows a 2D example. The algorithmuses Ritter's approach [Rit90] to make s12 bound the forming points. If the algorithm chooses toreplace s1 and s2 with s12, it stores with s12 the union of the forming points from s1 and s2. Anyfuture merges involving s12 must cover this union of forming points. Using this policy, the algorithmguarantees that the �nal set of merged spheres cover all the forming points on the object's surface.The spheres may not cover some spots on the surface between the points. These spots are usuallysmall, however, and Section 6.3.2 describes a postprocess that quickly covers these spots.101



s1

s2
s12Figure 6.24: Merging s1 and s2 produces s12, which bounds their forming points. Note that in twodimensions each vertex has three forming points.The algorithm repeatedly merges pairs of spheres until the overall number of spheres is downto a target number. At each iteration, the algorithm solves an optimization problem: among themany pairs of spheres that could be merged, �nd the pair whose merger preserves the most detail.To solve this problem, the algorithm needs a set of candidate pairs to consider and a cost functionto evaluate the candidates.The algorithm uses the Voronoi diagram to identify candidate pairs for merging. Initially, eachsphere is centered at a Voronoi vertex. Each such vertex is adjacent to a subset of the other vertices.Recall from Section 6.2.1 that two Voronoi vertices are adjacent if they are connected by an edgeof a cell face. When the algorithm merges s1 and s2 to form s12, it also merges adjacencies, thatis, it makes s12 adjacent to the union of spheres adjacent to s1 and s2. The algorithm thus canuse the heuristic of considering only adjacent pairs of spheres as candidates for merging. Such pairsare good candidates for two reasons. First, adjacent Voronoi vertices are generally closer to eachother than nonadjacent vertices, and the same is true after the algorithm merges adjacencies. Thisproperty does not hold in all situations, but for a dense set of vertices on the medial-axis surfaceit holds frequently. The heuristic thus helps the algorithm ignore distant pairs of spheres. Ignoringthese pairs makes sense intuitively because a new sphere that bounds their forming points will bequite large. The second reason for using the heuristic is that adjacent spheres respect the contoursof the object more than nonadjacent spheres. If the medial-axis surface contains no gap-crossingcells, adjacency de�nes a single connected component of vertices that does not bypass parts of theobject in unexpected ways. By merging only adjacent spheres, the algorithm follows the guidanceof the connected component and avoids many undesirable merges. The techniques of Section 6.2.4that eliminate gap-crossing cells are thus important to make merging successful.To apply the heuristic of considering only adjacent pairs of spheres, the algorithm maintains apriority queue of sphere pairs. The queue associates each pair with the cost of merging it, and thequeue is keyed so that low-cost pairs are at the head. The next paragraph discusses the cost functionin detail; for now, all that is important is that low-cost mergers are desirable. Initially, the algorithmputs into the queue every pair of adjacent vertices. There are many such pairs, so this initializationis takes some time. Once these pairs are in the queue, however, the algorithm can choose spheresto merge very quickly. The pair at the head of the queue is always the best pair to merge, since thecost of merging that pair is lowest. Each time the algorithm merges the head pair, it updates someof the pairs still in the queue. If the head pair consists of s1 and s2 and the merge produces s12,the algorithm must update any other pair involving either s1 or s2; such a pair must now includes12, and its queue element must be keyed by the cost of merging with s12. Each sphere stores a102
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(A) (B)Figure 6.25: Two cases of the distance from a forming point to a sphere.list of all queue elements for pairs containing it, so the algorithm can quickly �nd these pairs. Eachqueue element stores a pointer to its position in the queue, so the algorithm can quickly initiate theprocess of putting an updated pair into its new queue position. Sedgewick [Sed88] describes e�cientalgorithms for putting the pairs into their new positions.The queue is keyed on the cost of merging two spheres, s1 and s2. A low cost means thats12, the merger of s1 and s2, makes the sphere-tree nearly as accurate as if s1 and s2 were leftunmerged. There are many ways that the algorithm could measure cost. One approach would be tomeasure the \looseness" of s12 around the object's surface, as described in Section 5.3.2. Instead, themerging algorithm uses a simpler and more e�cient measurement. Recall that each sphere boundsa set of forming points on the object's surface. The merging algorithm uses these points as anapproximation to the object's surface when computing the cost. More speci�cally, it measures costas the approximate \looseness" of the sphere around these points. For each point, it computes thedistance from that point to the sphere. Figure 6.25 shows how the algorithm computes the distancefor a point at position p. The algorithm �rst projects the sphere's center, c, onto the plane of theobject's surface at p. It projects along the surface normal at p, or if p is on an edge or vertex, alongthe average normal. Let c0 be the projection of c, d1 be the distance from c to c0, d2 be the distancefrom c0 to p, and r be the radius of the sphere. The distance from p to the sphere isqr2 � d22 + d1if c is in front of the object's surface at p, as in Figure 6.25(A), orqr2 � d22 � d1if c is behind it, as in Figure 6.25(B).Given this distance for each forming point in the set, the algorithm uses the maximum distanceas an approximation to the distance from the sphere to the object in the neighborhood of the points.Using this approximation has two main advantages. First, it is simple to implement. Second, itis e�cient; computing it takes signi�cantly less time than applying the more accurate techniquesof Section 5.3.2. This approximation is only a heuristic, but it is interesting to note that theapproximation can equal the true distance in some situations. Recall from Section 5.3.2 that thetrue distance is the maximum over all positions on the sphere of the minimum distance from theposition to the object. Let q be a position on the sphere whose minimum distance is maximal. If103



one of the forming points happens to be the point on the object closest to q, then the approximatedistance will equal the true distance. The chance that this situation will occur is not large in practice,but the approximate distance is accurate enough to be useful as a cost function.To measure the cost of merging spheres s1 and s2, the algorithm must build the sphere, s12,that would be the result of the merger. Building s12 involves �nding the union of s1 and s2'sforming points, and the bounding sphere for this union of points. These operations are not extremelyexpensive, but there is no reason for the algorithm to repeat themmore than necessary. In particular,the algorithm should not perform them once to compute the cost of the merger, and then again ifthe cost is low enough that the algorithm chooses to make the merger. To avoid this unnecessarywork, the algorithm caches the sphere s12 with the pair s1 and s2 when it computes their cost. Notethat the algorithm only computes this cost once, when adding s1 and s2 to the priority queue, so itstores the cache in their queue element.6.3.2 Ensuring Conservative CoveringThe merging algorithm from the previous section builds spheres that cover the forming points ofthe Voronoi vertices. Since the technique from Section 6.2.2 places these points uniformly acrossthe object's surface, the merged spheres approximately cover that surface as well. There can beuncovered spots between the points, however. For the sphere-tree to be part of a conservative narrowphase, the merging algorithm needs a postprocess that makes certain these spots are covered.There are two reasons for correcting the uncovered spots in a postprocess, rather than ensuringthat they never occur at all. First, the merging algorithm is simpler and more e�cient if it canprocess points on the object's surface instead of the surface itself. Second, the bounding spheresproduced by the merging algorithm tend to have a little \slack," so uncovered spots are rather rare.The �rst step in the postprocess detects the uncovered spots. Recall Section 5.3.3 and its ap-proach to checking for a conservative covering. This approach uses the boundary lemma to detectany triangles on the object's surface that are not fully covered. The postprocess can use the sameapproach. The only di�erence is that the postprocess needs, for each uncovered triangle, a list ofthe spheres corresponding to uncovered boundaries.The postprocess uses this list in its second step. This step slightly grows the spheres in eachlist, and rechecks the corresponding triangle for coverage. If this triangle is still uncovered, thepostprocess grows the spheres again. It continues until the triangle is fully covered. When all thetriangles are covered, the postprocess is complete. The amount each sphere grows at each iterationis a user-speci�ed parameter. I have found that ten percent growth (i.e., scaling the radius by thefactor 1:1) works well in practice, allowing the postprocess to complete in one or two iterations inmost cases.6.3.3 Eliminating Redundant SpheresSection 5.3.4 describes how a sphere-tree built by simulated annealing can have redundant spheres,that is, spheres that cover only parts of the object that other spheres already cover. That sectionpresents an algorithm that identi�es redundant spheres and removes them from the sphere-tree,preventing them from becoming the roots of unnecessary subtrees. All the ideas from that sectionapply to sphere-trees built from medial-axis surfaces as well. Redundant spheres are less likely inthis context, however. The merging algorithm from Section 6.3.1 assigns spheres to cover speci�cparts of the object's surface, that is, speci�c sets of forming points for Voronoi vertices. Voronoi104



vertices do share forming points, so the spheres do overlap to a certain degree. Enough overlap tomake a sphere redundant is unlikely, though, because the process of merging tends to make onesphere cover the majority of points in a given area. Thus, I did not actually add the technique fromSection 5.3.4 to the algorithm that builds sphere-trees from medial-axis surfaces.6.3.4 AccuracySection 5.3.5 discusses the idea of computing the accuracy of a sphere-tree built by a simulated-annealing algorithm. Once it has �nished positioning each sphere in the sphere-tree, the algorithmmeasures the �nal \looseness" of the sphere by the techniques of Section 5.3.2 and stores thismeasurement with the sphere. An application that uses this sphere-tree can thus compute theaccuracy with which sphere-trees approximate collisions. The algorithm that builds sphere-treesfrom medial-axis surfaces can use exactly the same approach to compute accuracy. Note that thisalgorithm thus uses two di�erent measurements of \looseness." When building the sphere-tree bymerging spheres, the algorithm use the heuristic from Section 6.3.1, which quickly approximates\looseness" for the object from points on the object. Once the algorithm has �nished buildingthe sphere-tree, it goes back and recomputes \looseness" more accurately with the techniques fromSection 5.3.2. This �nal step is time consuming for a deep sphere-tree, but it is worth taking thistime once when the sphere-tree is built so the accuracy information will be available each time anapplication uses the sphere-tree. The next section discusses the accuracy of sphere-trees for severalsample objects.6.3.5 ResultsThe pseudocode in Figure 6.26 summarizes the algorithm that builds sphere-trees from medial-axissurfaces. Figures 6.27 through 6.29 show the results of the algorithm on three sample models.Figures 6.30 through 6.33 present some statistics for the algorithm's performance when generatingthese sphere-trees on a Hewlett Packard 9000 Model 735.The medial-axis-surface algorithm produces more accurate sphere-trees than the octree algo-rithm, from Section 5.2. Figure 6.30 compares the inaccuracy each algorithm produces at corre-sponding levels of the sphere-trees. As in Section 5.3.5, the accuracy of each sphere is its distanceto the object, and both the average and maximum inaccuracy over the spheres at each level givesome indication of the sphere-tree's �t. Figure 6.30 shows that each level of the medial-axis-surfacesphere-trees improve on the same level of the octree sphere-trees by both statistics, although theimprovements in average inaccuracy are more signi�cant. The average inaccuracy approximateshow much error the sphere-tree is likely to give for a random collision. By this statistic, sphere-trees generated from medial-axis surfaces lead to more accurate collision detection than sphere-treesgenerated from octrees. This increased accuracy comes at the cost of increased preprocessing time(to build the sphere-trees) but not increased detection time while the application is running. Inpractice, the narrow phase is likely to do less work when using medial-axis-surface sphere-trees. Thesavings come from objects that do not actually collide but whose bounding spheres intersect. Theupper levels of sphere-trees built from medial-axis surfaces �t these objects more tightly, so thenarrow phase will descend fewer levels before discovering there is no collision.The medial-axis-surface algorithm compares favorably with the simulated-annealing algorithm,from Section 5.3. The �rst advantage is reduced processing time. Figure 6.31 breaks down the timeinvolved in building the medial-axis surfaces. The algorithm spends a signi�cant portion of that timedetecting gap-crossing cells and adding points to eliminate them. Figure 6.32 compares the number105



1 sphere tree(O, d, n)2 f3 /* See Section 6.2. */4 M  medial-axis surface for O5 V  Voronoi vertices from M6 root is bounding sphere for O7 for j  0 to d f8 /* See Section 6.3.1. */9 for s each leaf at level j f10 S  spheres centered at v 2 V inside s11 S0  pairs of adjacent spheres from S12 Q  priority queue for S0, keyed on merge cost13 while (jSj > n) f14 (s1; s2) head of Q15 s12  merger of (s1; s2)16 update Q and S so s12 replaces s1 and s217 g18 children of s are spheres from S19 g20 /* See Section 6.3.2. */21 do f22 if (any faces of O's surface are uncovered)23 grow spheres touching those faces24 g while (any faces remain uncovered)25 /* See Section 6.3.3. */26 eliminate redundant spheres at level j27 g28 gFigure 6.26: This algorithmbuilds a sphere-tree from object O's medial-axis surface. The sphere-treehas depth d and fanout (number of children at each node) n.of added points to the number of original points. Once it has vertices on the medial-axis surface,the algorithm proceeds to build the sphere-tree. Figure 6.33 summarizes the time involved in themajor steps of this process. The total time spent by the algorithm is not unreasonable, rangingfrom 12 to 21 minutes to build three-level sphere-trees for the various models. This processing timeis signi�cantly less than what simulated annealing requires. In particular, the medial-axis-surfacealgorithm builds a three-level sphere-tree for the lamp model, Figure 6.28, in less than half the timesimulated annealing requires to build a two-level sphere-tree.Building sphere-trees from medial-axis surfaces also seems more predictable and reliable thanusing simulated annealing. The sphere-trees in Figures 6.27 through 6.29 show none of the oddly-placed or oddly-sized spheres visible in the results of simulated annealing, Figures 5.22 through 5.25.Simulated annealing is strongly a�ected by the seed of the random-number generator, but it doesnot have much a�ect on medial-axis surfaces. Only the algorithm that places points on the object's106



Figure 6.27: A bathroom faucet (1288 triangles), and three levels of its sphere-tree, generated fromthe medial-axis surface.
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Figure 6.28: A desk lamp (626 triangles), and three levels of its sphere-tree, generated from themedial-axis surface.surface uses randomness. It determines the initial positions of the points randomly, and then usesrelaxation to spread the points more evenly. Most e�ects of the initial randomness disappear afterthe relaxation iterates a su�cient number of times, 40 in my tests.The only other work on �tting spheres to 3D objects, other than simple approaches comparable tothe octree approach from Section 5.2, is the work of Badler, O'Rourke and Toltzis [BOT79, OB79].Their algorithm builds a set of spheres that �t just inside an object's surface. The spheres areanchored to points on the object's surface. O'Rourke and Badler [OB79] describe how to create theset of points by interpolating between cross sections of the object, but any other way of producingpoints, such as the technique from Section 6.2.2, would also be appropriate. Given a set of points,the algorithm repeatedly chooses a point, p, constrains a big sphere to touch p and then iterativelyshrinks the sphere. At each iteration, the algorithm checks for other surface points that are inside thesphere; when it �nds one, it shrinks the sphere so that it is just inside that point (and still attachedto p). The iteration terminates when the sphere bounds none of the surface points. Since the pointsapproximate the object's surface, the resulting sphere is roughly the largest sphere touching p that�ts inside the object.This approach seems like the basis for an algorithm that builds sphere-trees, but completing thatalgorithm would require a signi�cant number of extensions. First, the algorithm would need a wayto transform spheres that �t inside an object into spheres that conservatively cover the object. Anappropriate approach is the technique from Section 6.3.2. Next, the algorithm would need a way togenerate di�erent levels of the sphere-tree, that is, sets containing various numbers of spheres thatapproximate the object's shape. Generating small and medium-sized sets is the most challengingproblem. In this case, the algorithm must still use a large number of points on the object's surface;these points tell the algorithm how the sphere �ts the surface, and an insu�cient number of pointscan lead to large uncovered regions of the surface. The algorithm could anchor spheres to only asubset of these points, but choosing an appropriate subset is a di�cult problem. The only alternativeseems to be generating a large number of spheres and merging them to make fewer spheres, as in108



Figure 6.29: A spaceship (1420 triangles), and three levels of its sphere-tree, generated from themedial-axis surface. See Figure 6.10 for a view of the ship from a di�erent angle.Section 6.3.1. The technique from Section 6.3.1 relies on adjacency information, however, and theO'Rourke-Badler algorithm does not maintain such information. To obtain adjacency informatione�ciently, the algorithmwould have to build a structure that represents proximity relationships, andone of the best choices would be a Voronoi diagram. Even with a Voronoi diagram, the algorithmwould not be able to detect spheres which are adjacent across a \gap" outside the object. Toavoid the errors created by merging such spheres the algorithm would need some way to perform theanalysis from Section 6.2.4. Finally, the algorithm would need to measure the accuracy of its results,using ideas like those in Section 6.3.4. Thus, getting the O'Rourke-Badler algorithm to actuallygenerate sphere-trees would require adding essentially all the techniques from this chapter. Thealgorithm from this chapter therefore seems like the most appropriate approach currently availablefor generating sphere-trees. 109



fraction of octree'smodel level average inaccuracy maximum inaccuracyfaucet 1 0.492 0.5522 0.358 0.4393 0.377 0.687lamp 1 0.442 0.4942 0.220 0.4853 0.164 0.433ship 1 0.654 0.7282 0.546 0.6903 0.379 0.979Figure 6.30: Accuracy of medial-axis sphere-trees compared to octree sphere-trees.processing time (mins)model distributing building eliminating �nding interior totalpoints Voronoi diagram gap-crossing cells verticesfaucet 0.6 2.6 1.9 0.9 6.0lamp 0.6 3.9 4.0 0.7 9.2ship 0.5 8.1 3.3 1.0 12.9Figure 6.31: Timing results for building medial-axis surfaces.number of surface pointsmodel original added (gap-crossing)faucet 3285 12lamp 3482 808ship 5181 163Figure 6.32: A count of the points involved in the medial-axis surfaces.processing time (mins)model merging spheres making conservative measuring accuracy totalfaucet 5.1 0.1 3.0 8.2lamp 2.0 0.1 1.1 3.2ship 5.5 0.1 3.3 8.9Figure 6.33: Timing results for building sphere-trees from medial-axis surfaces.110



Chapter 7PerformanceTo be truly valuable, space-time bounds and sphere-trees must improve the performance of collisiondetection for interactive applications. This chapter argues that the two techniques do meet thisgoal. The supporting evidence comes from empirical studies. Another valuable form of evidencewould be a predictive model of the techniques' performance over a wide variety of situations, andan analysis of this model that proves conclusively the advantages of the techniques. Unfortunately,collision detection in real applications does not lend itself to such models or analysis. Findingcommon features of objects' shapes and behaviors across di�erent applications is very di�cult.Even within a single application, the patterns of possible collisions vary enough to make analysis adaunting prospect. A worst-case analysis is more feasible, but it is likely to be arti�cially pessimistic.Figure 7.1, for instance, shows a set of N objects that touch each other N2=4 = O(N2) times. Suchan example proves that the worst-case complexity of collision detection is 
(N2), but most realisticsituations are not likely to be this bad.My empirical studies evaluate space-time bounds and sphere-trees together, as a complete detec-tion algorithm, but also as independent techniques. These studies are valuable because a detectionalgorithm could use space-time bounds in its broad phase and a technique other than sphere-treesin its narrow phase, or vice versa. Tests of the techniques in isolation give some indication of whensuch a \mix and match" approach might prove bene�cial.All these tests are more meaningful when they measure performance relative to previous algo-rithms. One of the best algorithm for the broad phase is Turk's spatial hashing scheme [Tur90b].Section 7.1 shows that space-time bounds perform better than Turk's algorithm in a large numberof randomly-generated situations. For the narrow phase, an e�cient approach is to use binary spacepartitioning (BSP) trees. Thibault and Naylor [TN87] demonstrated that BSP trees are an e�cientway to �nd exact intersections between polyhedra. Section 7.2 shows that sphere-trees dramaticallyoutperform BSP trees in situations drawn from a sample application. Section 7.3 uses this sampleapplication as a test case for complete detection algorithms. Space-time bounds and sphere-treesworking together allow this application to run at a high and nearly-constant frame rate, a rate whichcan be more than 200 times higher than what Turk's algorithm and BSP trees can provide. Thisreal-time performance would not be possible without the interruptible structure of sphere-trees. Ex-perience with this application suggests, however, that time-critical computing will be more successfulwhen an application has support from more than just one time-critical algorithm.111



Figure 7.1: These N = 6 objects touch N2=4 = O(N2) times.7.1 Broad PhaseThe broad phase detects collisions at the coarsest level of accuracy. It focuses more on the motion ofobjects over time than on the details of the objects' shapes. For this reason, the tests of the broadphase feature objects whose motions are more complicated than their shapes. The objects in thetests are isothetic (axis-aligned) cubes. Each cube's motion is determined by forces applied to itscenter of mass; there are no torques, so the cubes stay isothetic as they move. A test consists of aset of related \trials," each of which creates a population of cubes and lets them move until a pair ofcubes collides; the result of a trial is a comparison of the time it takes space-time bounds and Turk'salgorithm [Tur90b] to �nd this collision. As Section 2.3.2 explains, Turk's algorithmdetects collisionsbetween spheres; a simple modi�cation allows it to detect collisions between isothetic cubes. Notethat neither algorithm needs a narrow phase for objects as simple as isothetic cubes.A performance comparison with Turk's algorithm is a challenge because Turk's algorithm suitsinteractive applications better than most previous algorithms. Recall from Section 2.3.2 that thealgorithm uses a spatial hashing scheme to addresses the all-pairs weakness, which plagues manydetection algorithms. The algorithm does not address the �xed-timestep weakness, but unlike mostalgorithms that do address that weakness, Turk's algorithm can handle objects whose future motionis not fully speci�ed in advance. It can thus handle interactively-guided objects which they cannothandle. Turk's algorithm is also streamlined enough that it is not di�cult to make it run e�cientlyin practice.A test �xes certain parameters of the objects and their motion, and each trial within a test variesthe other parameters randomly. The number of objects remains constant for all trials in a test. Eachtrial assigns initial positions to objects randomly, but the choice of positions is bounded by a spherethat remains �xed for all trials in a test. A test thus �xes the expected density of objects at theirinitial positions.To move each object away from its initial position, a trial gives it a random initial velocity.The trial also picks a sequence of forces it applies to the object over the course of simulation time.Each force belongs to a subsequence of the overall sequence. The forces in a subsequence all havedirections within one randomly-oriented hemisphere and magnitudes less than one randomly-chosenupper bound. A subsequence thus corresponds to one set of space-time bound parameters, d andM .At a particular moment in simulation time, the trial makes the M and d for the current subsequence(and their expiration time, the subsequence's duration) available to the algorithm that builds space-time bounds for the objects and �nds their intersections. Each object has its own sequence of forces,but the subsequences all start and end at the same time across all objects. This constraint means the112



M and d values are never unsynchronized, making space-time bounds more e�cient as Section 4.4explains. A real application would try to enforce the same constraint, so it seems reasonable to use itin these tests. Note that other than the M and d values for the current subsequence, the detectionalgorithm gets no information about the \future" of simulation time; each trial thus accuratelyre
ects an important feature of interactive applications.Although the forces within a subsequence are related by M and d, these parameters vary ran-domly across the subsequences. Over many trials, this random variation approximates the \average"case, in a sense. Averages can be deceiving, though, so an interesting topic for future research wouldbe tests in which the subsequences are related in various ways.Once it has set the sequences of forces for each object, the trial proceeds as follows. It �rstmeasures the performance of the algorithm that uses space-time bounds. It calls this algorithmevery �tr = 0:02 units of simulation time, as if it were generating frames of an animation witha rendering timestep �tr. As in the pseudocode of Figure 4.23, the algorithm uses a minimumtemporal resolution of �td = �tr=2 simulation units; collision detection thus has higher accuracythan rendering. Any time the algorithm asks an object for its position, the object computes itsposition from its forces with a numerical ordinary di�erential equation (ODE) solver, a fourth-orderRunge Kutta method with adaptive stepsize [PTVF92]. To ensure that the adaptive stepsize doesnot become larger than it could in a real application, the trial inquires every object's position ateach rendering timestep, as it would if it were actually rendering the objects. The trial ends wheneither the algorithm detects a collision or the current simulation time reaches an upper bound of 3.The trial then records the elapsed processing time, and repeats the process to time Turk's algorithm.During this second run, the trial calls Turk's algorithm every �td|not �tr|units of simulationtime, to ensure that it provides the same accuracy as space-time bounds. The performance of Turk'salgorithm is likely to improve with the amount of memory it uses for its spatial hashing table. Forfairness, Turk's algorithm uses as much memory as space-time bounds used during the �rst run.The timings for the two runs measure the \overall" processing time, in the sense that they includethe time spent by the ODE solver. It is also useful to know the amount of time that was devotedsolely to detecting collisions. To this end, the trial also measures the ODE solver's processing time.Subtracting this time from the overall time gives the \detection-only" time. The trial uses the Unix\clock" routine for all timing measurements. Measuring the ODE solver's time requires two callsto \clock" for each inquiry of an object's position. Since \clock" does take some time itself, it ispossible that these extra calls in
uence the detection-only time, but it is di�cult to know for certain.To compare space-time bounds and Turk's algorithm, I ran three tests. The �rst test involved100 trials with 30 objects per trial, the second test 200 trials with 100 objects each, and the thirdtest 100 trials with 300 objects each. Figures 7.2 through 7.4 show the results of these tests. These�gures show the speedup of space-time bounds, which is de�ned as follows:speedup = processing time for Turk's algorithmprocessing time for space-time bounds :A speedup greater than 1 thus indicates that space-time bounds are faster. To avoid hiding \slow-downs" (speedups less than 1) the �gures use a logarithmic scale. All tests ran on a Digital Equip-ment Corporation DECstation 5000/200 PGX Turbo.In these tests, space-time bounds are almost always faster than Turk's algorithm. The reducedspeedups in the overall graphs suggest that the overhead of the ODE solver is signi�cant for bothalgorithms. Notice that the detection-only speedup tends to increase with the length of time beforea collision occurs. This trend makes sense, because space-time bounds recognize situations in whichcollisions cannot soon happen, and avoid further processing until collisions are more imminent. Note113
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Figure 7.2: The speedup of space-time bounds over Turk's algorithm, for 100 trials with 30 objectsper trial. Each circle represents one trial.
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Figure 7.3: The speedup of space-time bounds over Turk's algorithm, for 200 trials with 100 objectsper trial. Each circle represents one trial.
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Figure 7.4: The speedup of space-time bounds over Turk's algorithm, for 100 trials with 300 objectsper trial. Each circle represents one trial. 114



also that the detection-only speedup is not as large for the tests involving 300 agents as for the testsinvolving 30 agents. This di�erence could be evidence that space-time bounds do not scale, butit is more likely due to the di�erence in object density between the tests. The initial position ofeach object lies within a sphere whose radius is �xed for all trials in a test. The relationship ofthe spheres for the 30-object and 300-object tests was such that the average number of objects perunit volume was 42 times higher for the 30-object test. Turk's algorithm tends to perform betterwhen the objects are less dense, because the expected number of objects per hash cell decreases withdensity. Thus, the 300-object test favored Turk's algorithm more than the 30-object test.The speedups from Figures 7.2 through 7.4 re
ect performance over a series of frames. Forinteractive applications, it is also important that each individual frame be fast. To study the per-frame performance of space-time bounds, I repeated the three tests with a di�erent timing scheme.This scheme records the maximum time spent at any frame over the course of a trial. Figures 7.5through 7.7 show the speedup of space-time bounds for this timing scheme. These graphs indicatethat in most trials, the worst-case per-frame performance of Turk's algorithm was better than space-time bounds.Further tests indicate, however, that frames nearly as slow as the slowest frame are less commonwith space-time bounds. Figures 7.8 through 7.10 give the results of these tests. These �gures showhistograms of the time each algorithm spends at each frame, with a histogram for each algorithmon each test. These histograms show that space-time bounds produces many more fast frames thanTurk's algorithm, with the majority of space-time bounds' frames taking essentially no time. In thecase of the 100-object test, the histogram shows that the worst of space-time bounds' worst casesis almost twice as fast as the worst of Turk's worst cases. This pattern is reversed for the 300-object test (the histogram in Figure 7.10 for space-time bounds contains a few barely-perceptiblenon-empty bins between 0:3 and 0:4), but the density of objects in this test favors Turk's algorithm,as mentioned earlier. These histograms suggest that any slow frames space-time bounds produce arequite rare. Many fast frames and occasional slow frames meet the requirements of \soft" real-timesystems like interactive graphics applications.7.2 Narrow PhaseThe key component of the narrow phase is a pair-processing algorithm. This algorithm checks apair of objects for intersection as of a particular moment in simulation time. Since it need not dealwith multiple objects or periods of time, a performance test for a pair-processing algorithm seemssimpler than the broad-phase test from the previous section. It is important, however, not to makethe test overly simplistic. For example, it might seem that the test could be as simple as follows:generate a random position and orientation for each of the two objects, time the pair-processingalgorithm as it checks for intersection, and then repeat the process many times for a statisticalsummary. This approach can give misleading information, however. In a real application, thenarrow phase does not process objects with random positions and orientations. Instead, it processesobjects that are drawing close to each other or just barely intersecting. Objects that penetrate eachother deeply can occur randomly but do not occur in practice, because collision response would stopthe penetration before it become very deep. The depth of penetration can a�ect the performance ofthe pair-processing algorithm, so it is important to avoid these unrealistic situations.The best way to avoid unrealistic situations is to measure the performance of the narrow phasein the context of a real application. For my test, I implemented a simple spaceship 
ight simulator.In this simulator, a user controls one spaceship interactively and the system controls a set of \drone"115



100

10

1

0.1
0 1.5 3

simulation time of first collision

de
te

ct
io

n−
on

ly
 s

pe
ed

up

simulation time of first collision

100

10

1

0.1
0 1.5 3

ov
er

al
l s

pe
ed

upFigure 7.5: The speedup of space-time bounds' slowest frame over Turk's slowest frame, for 100trials with 30 objects per trial. Each circle represents one trial.
100

10

1

0.1
0 1.5 3

simulation time of first collision

de
te

ct
io

n−
on

ly
 s

pe
ed

up

simulation time of first collision

100

10

1

0.1
0 1.5 3

ov
er

al
l s

pe
ed

upFigure 7.6: The speedup of space-time bounds' slowest frame over Turk's slowest frame, for 200trials with 100 objects per trial. Each circle represents one trial.
100

10

1

0.1
0 1.5 3

simulation time of first collision

de
te

ct
io

n−
on

ly
 s

pe
ed

up

simulation time of first collision

100

10

1

0.1
0 1.5 3

ov
er

al
l s

pe
ed

up

Figure 7.7: The speedup of space-time bounds' slowest frame over Turk's slowest frame, for 100trials with 300 objects per trial. Each circle represents one trial.116
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Figure 7.8: Histograms of frame times for Turk's algorithm and space-time bounds, for 100 trialswith 30 objects per trial. Note that the leftmost bin for space-time bounds is very full.
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Figure 7.9: Histograms of frame times for Turk's algorithm and space-time bounds, for 200 trialswith 100 objects per trial. Note that the leftmost bin for space-time bounds is very full.
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Figure 7.10: Histograms of frame times for Turk's algorithm and space-time bounds, for 100 trialswith 300 objects per trial. Note that the leftmost bin for space-time bounds is very full.117



ships. Section 4.4 explains the controls and simpli�ed dynamics of the ships. For the drone ships,the system picks control values at random every few seconds. The collision response in this systemis rudimentary. When a drone ship collides with anything it jumps back to its initial positionand continues 
ying from there; the user-controlled ship is juggernaut that is not a�ected by anycollisions. This system is not particularly easy to use, nor does it have any \purpose," but it su�cesas a testbed for collision detection.Under normal operation, this system uses sphere-trees for the pair-processing algorithm of itsnarrow phase. To compare sphere-trees against another pair-processing algorithm, the system per-forms the narrow phase twice at the same instant of simulation time, once for each algorithm. Itmeasures the processing time for each algorithm and stores the results for later analysis. If the sys-tem instructs drone ships to stay in a small neighborhood of space, even a short run of the systemgenerates a considerable amount of timing data.As a comparison for sphere-trees, I implemented a pair-processing algorithm based on BSPtrees. The algorithm is based on Thibault and Naylor's approach [TN87], as summarized in Sec-tion 2.3. Another interesting competitor would be an octree algorithm, as described by Moore andWilhelms [MW88] or Sha�er and Herb [SH92]. Section 2.3 discusses the disadvantage of octreealgorithms, that to retain their isothetic orientation they must be rebuilt for each new collision; thisdisadvantage probably makes octree algorithms slower than BSP-tree algorithms in practice, so Ichose the latter.The structure of a spaceship's BSP tree does not change during the course of the simulation, sothe simulator uses BSP trees built in a preprocessing phase. To make the pair-processing algorithmas e�cient as possible, the preprocessing phase uses a tree-building algorithm which optimizes theBSP trees. The goal of the optimizations is to minimize the number of BSP-tree nodes that thepair-processing algorithm must search. One heuristic is to make the tree as balanced as possible:when picking the partitioning face for a node, the tree-building algorithm chooses the face thatmost nearly balances the number of faces in front of it and behind it. This heuristic ignores thenumber of faces split by the partitioner, however. Split faces needlessly increase the overall size ofthe tree, increasing the work the pair-processing algorithm performs. A second heuristic is to pickthe partitioning face which minimizes the number of split faces. In pilot studies, this heuristic seemsto improve the pair-processing algorithm's performance more than the �rst heuristic. The BSP treesused by the simulator incorporate this second heuristic.A comparison of BSP trees and sphere-trees is complicated by the di�erences in the results thetwo techniques return. BSP trees always detect polyhedral intersections with full accuracy. Sphere-trees, on the other hand, support detection at various levels of accuracy. The highest level is fullaccuracy; Section 5.1 explains how the leaf spheres of a sphere-tree can store pieces of the object'sactual surface, thus permitting exact detection. For this level of accuracy, a direct comparisonof the time spent by the two algorithms makes sense without question. Sphere-trees also detectintersections at lower levels of accuracy, however. In one sense, it is not fair to compare the timespent by the algorithms to obtain results of di�ering accuracy. From a broader perspective, however,such a comparison is reasonable. For an interactive graphics application, the time an algorithmspends computing its results is often as important as the accuracy of the results, so both factorsare part of an overall sense of the result's correctness. A comparison of the performance of BSPtrees with sphere-trees at all levels of accuracy indicates how much time an application can save bycompromising on accuracy.For the test this section describes, each \spaceship" in the simulator had the shape of the desklamp, from Figure 6.28 of Section 6.3.5. I chose this whimsical shape over the spaceship model ofFigure 6.29 for pragmatic reasons. The lamp model contains 626 triangular polygons, while the118



spaceship model contains 1420. Rendering the spaceship thus takes more processing time, makingthe e�ects of collision detection on performance less apparent. A pair-processing algorithm usingBSP trees is also likely to do less work for fewer polygons, so the lamp model should make BSPtrees more of a challenge for sphere-trees.The test ran on a Sun Microsystems Sparcstation 10/512 ZX. To measure processing time, thesystem used the Unix \gethrtime" routine. This routine returns times in nanoseconds, but myempirical studies reveal that its minimum resolution is closer to 4:5 microseconds. The test involvedone user-controlled lamp and 10 drone lamps. The sphere-tree for each lamp contained levels 1through 3 depicted in Figure 6.28, plus an additional level 4. The spheres at level 4 also contain thetriangles of the lamp's surface to support exact detection, which I call level 5.During the course of the test run the narrow phase called each pair-processing algorithm 50042times. Figures 7.11 through 7.15 show the speedup of sphere-trees over BSP trees for all these calls.Remember that speedup is de�ned as follows:speedup = processing time for BSP treesprocessing time for sphere-trees :These �gures show histograms of the speedups for each level of accuracy supported by the sphere-trees. More speci�cally, the histogram for level j counts the speedup for each occasion in whichthe sphere-tree algorithm reached level j. The algorithm may reach level j and stop there, becauseit is the �rst level at which there is no collision between the sphere-trees. On other occasions, thealgorithm may reach level j and discover that the sphere-trees still intersect at that level; to theaccuracy of level j the algorithm does not know if this situation is a real collision or not, so it is a\maybe" collision, using the terminology of Chapter 3. The histograms in Figures 7.11 through 7.15do not di�erentiate between these occasions. The �gure for each level shows three di�erent viewsof that level's histogram. The leftmost view shows the entire histogram, with bins of width 100.The middle view shows in more detail the �rst bin, for speedups from 0 to 100; the bins in thishistogram have width 5. The rightmost view shows the bin from 0 to 5 in even more detail. Thesedetailed views are important because speedups less than 1 indicate that the BSP-tree algorithm isfaster than sphere-trees.These histograms show that sphere-trees are signi�cantly faster than BSP trees in almost everysituation. Only at level 5 (full accuracy) are BSP trees faster for more than 10 of the 50042 calls.Some of the situations in which BSP trees appear to be faster or nearly as fast for levels 2 through 4may actually be due to timing anomalies. At about 0:3 percent of the calls, the timing data showedunusual jumps in the processing time between level 1 and level 2 of the sphere-trees. In particular,the processing time increased by a factor of 100 to 1000 even though all the algorithm did wastest a few more pairs of spheres for intersection. It is possible that these jumps were the result ofbackground processes running on the machine, or some other operating-system issue that is di�cultto control. Similar anomalies might also have arti�cially increased the processing time for the BSP-tree algorithm in some cases. In future tests it would be valuable to eliminate these anomaliessomehow. These problems are relatively rare in the current tests, though, and the overall trends ofthe data clearly indicate that sphere-trees are dramatically faster than BSP trees.Remember that when the sphere-tree algorithm reaches level j, it sometimes discovers that thereis no longer a collision. Figure 7.16 shows the speedup of sphere-trees in only these cases. This �gurecontains three views of the data, as in the previous �gures. This �gure does not di�erentiate thelevels at which the sphere-tree algorithm stopped. In other words, this �gure indicates the speedupobtained when the sphere-tree algorithm processes as many levels as it must to determine that thereis not, in fact, any collision. Once again, this �gure shows that sphere-trees are much faster thanBSP trees. 119
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Figure 7.11: Speedups of sphere-trees over BSP trees for every narrow-phase call that reaches level 1.
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Figure 7.12: Speedups of sphere-trees over BSP trees for every narrow-phase call that reaches level 2.
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Figure 7.13: Speedups of sphere-trees over BSP trees for every narrow-phase call that reaches level 3.120
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Figure 7.14: Speedups of sphere-trees over BSP trees for every narrow-phase call that reaches level 4.
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Figure 7.15: Speedups of sphere-trees over BSP trees for every narrow-phase call that reaches level 5(exact detection).
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Figure 7.16: Speedups of sphere-trees over BSP trees for every narrow-phase call that found nocollision as of some level. 121



If the sphere-tree algorithm reaches level j and discovers that some spheres still intersect, theapplication must decide if it should stop detection at that point and declare that there is an ap-proximate collision. Figures 7.17 through 7.21 show speedups for only these \maybe" cases. Morespeci�cally, these histograms show the speedup the spaceship simulator could have obtained by stop-ping at each possible level. As in the previous analysis, sphere-trees provide dramatic speedups overBSP trees.When the application decides to stop detection for a \maybe" collision at level j, the applicationaccepts a certain amount of inaccuracy. Figure 7.22 shows histograms of the inaccuracy that occurredduring the test run. The measure of inaccuracy is an upper bound on the separation distance betweenthe pair of lamps, reported as a fraction of the radius of a lamp's bounding sphere. As Section 6.3.4explains, each pair of intersecting level-j spheres provide an upper bound on the distance between theparts of the objects these spheres contain. Note that there can be more than one such intersectingpair. In this situation, the tightest upper bound on separation distance is the minimum of theestimates for each intersecting pair. The histograms in Figure 7.22 tabulate values of this minimumfor each level. These histograms show that accuracy improved with depth in the sphere-tree. Forthe collisions that were still possible by level 4, the accuracy was quite high. Remember also thatthe values in these histograms are conservative, because the upper bound on separation distancecan be loose; the true accuracy is likely to be signi�cantly higher. These results suggest that anapplication does not sacri�ce much accuracy when it accepts the speedup provided by sphere-trees.7.3 Both Phases TogetherThe previous sections indicate that both space-time bounds and sphere-trees compare favorablyto previous techniques when tested independently. This section discusses their performance whenoperating together. For testing the combined performance, I again used the spaceship simulator fromthe previous section. Figure 7.23 shows the time this simulator spends on collision detection when ituses Turk's algorithm [Tur90b] and BSP-trees [TN87] together. This �gure traces the processing timefor the detection algorithm through one run of the simulator. This run involved the user-controlledlamp and 10 drone lamps. Simulation time ran from 0 to 40, with the simulator rendering a frameevery �tr = 0:1 simulation time units and calling Turk's algorithm every �td = 0:05 units. Ideally,the simulator would run quickly enough that a unit of simulation time would correspond directlyto a unit of real wallclock time. To meet this goal, the simulator must compute each frame in 0:1seconds, but Figure 7.23 shows that the detection algorithm makes the simulator take substantiallylonger.To test space-time bounds and sphere-trees in this context, I added one extension to the simulator.The extension is a simple policy for graceful degradation, one that tries to exploit the interruptibilityof sphere-trees to make the simulator run at a high and nearly-constant frame rate. This extensiondoes meet this goal in at least some simulator runs, but getting it to work was more di�cult than Ihad expected.Most of the di�culties arose because the application performs several activities at each frame,but it has access to a time-critical algorithm for only one of them, collision detection. The mostsigni�cant of the other activities is rendering. Funkhouser and S�equin [FS93] describe a time-critical rendering algorithm, but I do not have an implementation of this algorithm. Even givenan implementation, actually using the algorithm is complicated by the assumptions it makes. Inparticular, it assumes that the polygonal representation of each object is modeled at several levelsof detail. Hoppe et al. [HDD+93] describe an algorithm that can automatically generate levels of122
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Figure 7.17: Speedups of sphere-trees over BSP trees for every narrow-phase call that stopped for acollision at level 1.
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speedup (BSP−tree time / sphere−tree time)Figure 7.18: Speedups of sphere-trees over BSP trees for every narrow-phase call that stopped for acollision at level 2.
0 1000 3000 5000

0

100

200

300

400

0 1 2 3 4 5
0
5

10
15
20
25
30
35

0 20 40 60 80 100
0

20
40
60
80

100
120
140

nu
m

be
r 

of
 c

ol
lis

io
ns

speedup (BSP−tree time / sphere−tree time)Figure 7.19: Speedups of sphere-trees over BSP trees for every narrow-phase call that stopped for acollision at level 3. 123
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speedup (BSP−tree time / sphere−tree time)Figure 7.20: Speedups of sphere-trees over BSP trees for every narrow-phase call that stopped for acollision at level 4.
0 1000 3000 5000

0

100

200

300

400

0 20 40 60 80 100
0

20
40
60
80

100
120
140

0 1 2 3 4 5
0
5

10
15
20
25
30
35

nu
m

be
r 

of
 c

ol
lis

io
ns

speedup (BSP−tree time / sphere−tree time)Figure 7.21: Speedups of sphere-trees over BSP trees for every narrow-phase call that stopped for acollision at level 5 (exact detection). 124
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separation distance (fraction of bounding−sphere radius)Figure 7.22: Accuracy of each narrow-phase call that stopped for a collision at some level of thesphere-trees.
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detail for some objects, but implementing this algorithm would require considerable e�ort. Thealternative, generating levels of detail by hand, would also be a laborious process.As a simpler solution, the simulator just uses the workstation's standard rendering hardware,which makes no attempt to be time-critical. There is no doubt that this hardware takes di�erentamounts of time for scenes of di�erent complexity. The spaceship simulator, though, renders thesame set of objects at every frame, so it is possible that the rendering time might not vary muchbetween frames. The simulator assumes there is little variation, and it predicts that the renderingtime at the current frame will be the same as for the previous frame. This prediction is important,because it tells the simulator how much time it can spend on collision detection, which precedesrendering in the computation of a frame.This form of prediction assumes that the simulator can actually measure the rendering timefrom the previous frame. The simulator measures times with the Unix \gethrtime" routine, butthis routine takes some time itself. To minimize measurement overhead, the simulator makes as fewmeasurements as possible. In particular, it measures only the time it spends on collision detectionand the time it spends for the whole frame. The di�erence of these times is the nondetection time forthe frame. The simulator predicts that the nondetection time of the current frame will be the sameas for the previous frame, and uses this prediction to determine the time it can spend on collisiondetection. The detection algorithm performs the broad phase, and lets the simulator control thelevel of re�nement in the narrow phase. The simulator measures the elapsed time, and stops re�ningwhen it exceeds the time allotted to collision detection. The broad phase might detect several pairsof colliding objects. To treat all the pairs fairly, the simulator re�nes these collisions in a round-robinfashion, re�ning each by one level before it re�nes any by another level.It is possible that the simulator can �nish all the activities for the current frame ahead of schedule.In this situation, the simulator enters a busy loop that repeatedly calls \gethrtime" until the timefor the next frame arrives. The time spent in this busy loop is the slack time for the frame.Figure 7.24 shows the performance of the simulator with its simple policy for degrading collisiondetection. The graph tracks the processing time for a run very similar to the run from Figure 7.23.This graph shows the overall time spent on each frame, and also breaks that time down into thedetection time, the nondetection time and the slack time. The sphere-trees for this run have levels 0through 4 like those from the previous section, but the simulator never re�nes to level 5 (full accuracy)during this run.The performance goal for this run is making simulation time match wallclock time, so framesmust take 0:1 seconds. Space-time bounds and sphere-trees do allow the simulator to meet this goalat almost every frame. Occasional frames do take longer, but they are rare and they miss the goalby only a small amount. The performance for this run is certainly superior to the performance ofthe other detection algorithm, in Figure 7.23. Note that at some frames, space-time bounds andsphere-trees are more than 200 times faster than the other algorithm.Note that the nondetection time varies considerably over the course of the run. Its minimumvalue is roughly two-thirds of its maximum value, and it changes value at every frame. These
uctuations are due to the rendering hardware, and probably also to the Unix operating system,which provides no real-time guarantees. The detection algorithmmust compensate for this variabilityto keep the frame rate constant. The detection algorithm might be able to perform better if it couldconcentrate more fully on keeping its own processing time stable. Note also that the slack time isnonzero for many frames. This observation indicates that the system is sacri�cing throughput inorder to maintain a nearly-constant frame rate. It would be interesting to study whether a time-critical rendering system and operating system would allow the simulator to reduce the slack timeand thus increase throughput. 126
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Figure 7.25: The number of times the application accepted a collision at each level of the sphere-trees.Figure 7.25 indicates how well the simulator exploited the interruptible character of sphere-treesduring the run. This histogram records all the situations in which the simulator stopped re�nementwhen the sphere-trees still intersected, treating a \maybe" collision as a real collision; the bins countthe number of times this situation occurred for each sphere-tree level. The simulator did use all thelevels, but it relied most heavily on the lowest and highest levels. A more even distribution acrossthe levels would indicate that the simulator was taking more advantage of graceful degradation. Insome other runs, the simulator used the lowest and highest levels exclusively, suggesting that morelevels of degradation do not always provide additional bene�ts. One possible explanation is thatthe variability in the nondetection time prevented graceful degradation from working e�ectively.Another possible explanation is that certain features of the spaceship simulator prevent it fromfully exploiting graceful degradation. Recall that the simulator uses a very simple collision-responsealgorithm, which makes objects 
y far apart as soon as they touch. This form of response reducesthe overall number of collisions that the system must handle. With other forms of collision response,colliding objects collide repeatedly for several frames; consider, for example, objects which collideand roll o� each other. This pattern of collisions would increase the amount of time spent in collisiondetection, and might well make the value of graceful degradation more apparent.Another way to look at the situation is to notice that space-time bounds and sphere-trees arefast enough that collision detection is no longer the simulator's bottleneck. In Figure 7.24, the127



nondetection time is often more than twice the detection time. For di�erent applications thatinvolve more collisions, space-time bounds and sphere-trees at their deepest level will once againbecome a bottleneck. These applications will thus need to use more of the graceful degradationsupported by sphere-trees to meet their performance goals.
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Chapter 8ConclusionsThe popularity and success of computer graphics and animation sets high standards for the futureof the technology. Users are no longer easily impressed, and they demand more realistic e�ects thatthey can control more naturally and directly. For many applications that depict moving objects,the absence of some form of collision detection and response will make users uncomfortable. Formany applications that present information visually, the inability to manipulate that informationinteractively at real-time rates will limit what users can accomplish. This dissertation has exploredsome ways to address these problems. This section summarizes the contributions of this work, anddiscusses some of the many possible improvements and extensions.8.1 ContributionsThis dissertation presents two new techniques for collision detection, space-time bounds and sphere-trees. A key feature of these techniques is their support for approximation. Empirical evidencesuggests that these techniques improve on the performance of some of the best previous algorithms;sphere-trees, in particular, o�er dramatic speedups|often two or three orders of magnitude|toapplications that can tolerate some loss of accuracy. A detection algorithm using these techniquesis not only fast but also interruptible, using graceful degradation to implement an approach totime-critical computing. Tests with a sample application indicate that exploiting degradation isnot always simple, but it can allow an application to meet real-time performance goals that wouldotherwise be impossible.An important task is building sphere-trees automatically. As part of two solutions to this prob-lem, this dissertation develops some interesting new geometric algorithms. One algorithm is a simpleway to detect whether a union of two-dimensional shapes cover a polygon. A second algorithm im-proves on previous techniques for approximating medial-axis surfaces of three-dimensional (3D)polyhedra. A third algorithm addresses the important problem of building Voronoi diagrams from3D data; empirical evidence indicates this algorithm is both more robust and more accurate thanprevious approaches.In a broader context, this dissertation contributes more information about the general topic oftime-critical computing. My experiences with graceful degradation in collision detection indicate thattime-critical computing involves both problems and promise. Designers of time-critical algorithmsand applications must confront some subtle issues. Most applications involve multiple tasks, and129



it can be di�cult to get a time-critical algorithm for one task to compensate for \time-oblivious"algorithms for the other tasks. A single time-critical algorithm can allow an application to meetperformance goals in some situations, though, and this positive result should provide encouragementfor future research. Many applications could pro�t from interactive performance, and time-criticalcomputing may be the best way to achieve that goal. Computer science as a whole will bene�twhen researchers extend preliminary results in time-critical computing to more general principlesand guidelines.8.2 Future WorkThis dissertation leaves many topics underexplored. Chapter 4 describes space-time bounds asone way to avoid processing objects that cannot possibly collide, but variations on this approachare possible. Section 4.2 describes two ways to �nd intersections between space-time bounds, theprojection method and the subdivision method. A hybrid approach drawing on both methods mightbe the most e�cient algorithm. This hybrid would start with a few iterations of subdivision to grouphypertrapezoid faces by their general location, and then it would apply the projection method toeach of those groups. This approach might also work well on a multiprocessor system. The key to amultiprocessor implementationwould be balancing the load between processors; the four-dimensionalproperties of space-time bounds might allow the algorithm to predict load in advance, allowing it toavoid unbalanced situations.The current approach of approximating parabolic horns with hypertrapezoids and cutting planesis not the only possibility. A hypertrapezoid puts isothetic cubes around the t = 0 and t = 1 crosssections of a parabolic horn and interpolates linearly between these cubes. An alternative would bea structure that puts a cube around every cross section for t 2 [ 0; 1 ]. This approach gives a tighterapproximation to the original parabolic horn, thus reducing the number of spurious intersections.The \faces" of such a structure would no longer be planar in four dimensions. Their projections intothe �-t plane would be quadratic curves, but a simple modi�cation to the Bentley-Ottmann algo-rithm [BO79, PS85] allows it to �nd intersections between curves of this form. A new version of theprojection method from Section 4.2.3 using this idea would do more work for each intersection, butthe reduction in spurious intersections might improve the performance overall. Another alternativeis to avoid polygonal approximation altogether, working instead with the parabolic horns directly.At a basic level, space-time bounds could be based on maximum velocity or position instead ofmaximum acceleration. This reformulation might be advantageous in some cases, for applicationsthat can estimate maximum velocity or position more easily than acceleration.Sphere-trees also o�er many opportunities for improvement. The algorithm from Chapter 6 tobuild sphere-trees from medial-axis surfaces performs well in its current form. An improved versioncould invoke a postprocess that tightens the spheres around the object. This postprocess couldbe similar to the simulated-annealing algorithm from Chapter 5, or it could be a random-descentalgorithm, which shares many features with simulated annealing but never increases the \looseness"of the spheres.This dissertation discusses only sphere-trees for rigid, polyhedral objects. Many of the techniquesfor building sphere-trees might extend to nonpolyhedral objects (e.g., objects with parametric bicubicsurfaces [FvFH90]), although the algorithm for building medial-axis surfaces may not work for theseobjects. Flexible objects are more of a challenge. Building a sphere-tree for a 
exible object couldinvolve precomputing a sphere-tree for some \rest position" of the object and then perturbing thesphere-tree at runtime to follow the deformations of the object.130



The current algorithms build sphere-trees that have the same depth everywhere. Some applica-tions might need sphere-trees that are particularly deep (and thus accurate) in certain areas; thedesk lamp of Figure 6.28, for example, has a 
at base, and an application that needs this base torest on a desk requires a particularly tight �t for the spheres on the base. It would be interesting toinvestigate the implications of di�erent depths in the same sphere-tree.An original goal of this work was a simpler approach to collision detection, one that would beeasier to implement and less prone to runtime bugs. The approach in this dissertation is hardly sim-ple. It is true that for sphere-trees, at least, the complicated aspects occur only in the preprocessingphase that builds the sphere-trees. Implementing this phase still takes considerable e�ort, though.A valuable contribution would be an approach to building sphere-trees which is simpler overall.The detection algorithm that uses space-time bounds and sphere-trees is conservative. Thisfeature is important for many applications. Some applications might tolerate less-conservative de-tection, however. In this case, the broad phase could become interruptible, a feature it does notcurrently support. In particular, the application could designate certain objects as less \important"than other objects. The broad phase could process space-time bounds for important objects �rst,getting back to less important objects only if time allows. With this organization the broad phasewill miss some collisions involving less important objects, but the performance improvement thataccompanies this decrease in accuracy may sometimes be valuable. In particular, an applicationmight want the ability to interrupt after an arbitrarily small length of time; a less-conservativebroad phase might allow the detection algorithm to come closer to meeting this goal.Collision detection is far from being a solved problem. Space-time bounds and sphere-trees are anadvance, but there are situations in which they are not the most e�cient way to detect collisions. Forexample, to prevent a single moving object from passing through the walls of a maze, a more e�cientapproach is an algorithm that exploits the particular structure of the situation. It is unlikely that asingle algorithm will ever be the most e�cient approach for all applications. For this reason, a usefulstudy would investigate the characteristics of di�erent applications and algorithms to determine thebest match in various situations.Finally, one of the most important topics for future research is the practical implications oftime-critical computing. It would be useful to have a better understanding of what applications canexploit graceful degradation, and what forms of degradation prove most e�ective. Implementationsof fully time-critical systems, which use time-critical algorithms for all their components, wouldprovide considerable insight. Controlled user studies are also essential, to determine what forms ofinaccuracy are most acceptable to users, and to determine appropriate balances between speed andaccuracy.
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Appendix AProof of Lemma 5.1This appendix proves Lemma 5.1 from Section 5.3.2. Throughout this appendix, let d(x;y) be theEuclidean distance between any points x;y 2 R3. Recall that the lemma is as follows.Lemma 5.1 Consider a sphere, s, with center c and radius r that intersects the surface of a convexpolyhedron, P , in R3. If c0 is a point on the surface of P closest to c, then the distance from s to Pis r + d(c; c0) if c is outside P , and r � d(c; c0) if c is inside P .A.1 PreliminariesTo prove this lemma, several other lemmas are helpful. For any x 2 R3, let d(x; P ) be the minimumdistance from x to P . De�ne the distance function D : R3 ! R such that D(x) = d(x; P ). Note thatin these de�nitions and elsewhere, P is treated as a solid, the union of the polyhedral boundary andthe volume it encloses; any references to the surface of P will be explicit.Lemma A.1 For any x 2 R3 outside P there exists a unique y 2 P such that d(x;y) = D(x).Proof: The polyhedron P is closed and bounded, and d(x;p) is a continuous function of p 2 P .(The proof of the continuity would use the standard �-� argument; this argument is based on distance,so the proof is straightforward for a distance function.) Thus, there exists y 2 P such that d(x;y)is minimal. Now, suppose that y were not unique, that is, suppose d(x;y) = d(x;y0) for some othery0 2 P . The line segment between y and y0 must be inside P because P is convex. Thus anypoint y00 on the line segment is within P . Figure A.1 shows that d(x;y00) < d(x;y), violating theassumption that d(x;y) is minimal. The lemma thus must be true by contradiction. 2Lemma A.2 The gradient of D, rD, exists outside P ; for any x 2 R3 outside P with correspondingy as in Lemma A.1, rD(x) is parallel to y � x, and jrD(x)j = 1.Proof: A rigorous proof that rD exists outside P is tedious. Informally, however, the existence ofrD follows by analogy to the situation for a polygon. If P were a polygon in R2, then its distancefunction would have a graph in R3. This graph would be a smooth union of planes and cones; each133
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y y´y´´Figure A.1: Since d(x;y) = d(x;y0) it follows that d(x;y00) < d(x;y).slice of it is a \push-o� surface," as in Figure 5.15. By analogy, when P is a polyhedron, the graphof D is a smooth hypersurface in R4, and thus rD exists.Now, let u be a unit vector in the direction x � y. The directional derivative of D along u at xis limh!0 D(x + hu)�D(x)h = limh!0 d(y;x) + h� d(y;x)h = 1:For any other unit vector v, the directional derivative of D along v at x islimh!0 D(x + hv)�D(x)h � limh!0 d(y;x+ hv)�D(x)hby the de�nition of D. Thuslimh!0 D(x + hv)�D(x)h < limh!0 d(y;x) + h � d(y;x)h = 1:So the directional derivative in any direction v 6= u is � 1. The gradient must have the directionand magnitude of greatest change, so rD(x) is parallel to y � x, and jrD(x)j = 1. 2Lemma A.3 For x 2 R3 outside P with corresponding y as in Lemma A.1, if x0 is on the ray fromy through x then rD(x0) = rD(x).Proof: First, say D(x0) < D(x). In this case, y must be the point on P closest to x0. The proofis by the triangle inequality, as illustrated in Figure A.2. More speci�cally, consider any point y0on P . By the triangle inequality, d(y0;x) � d(y0;x0) + d(x0;x). Say y0 is the point on P closest tox0. Then d(y0;x0) + d(x0;x) � d(y;x0) + d(x0;x) = d(y;x) by the collinearity of y, x0 and x. Thusd(y0;x) � d(y;x). But y satis�es Lemma A.1, so d(y;x) is minimal and thus d(y0;x) = d(y;x).Thus y = y0 by the uniqueness result of Lemma A.1.Now, say D(x0) > D(x). In this case, the previous argument holds with the roles of x and x0reversed. Thus, y must be the point on P closest to x0 in all cases.Hence, LemmaA.2 states thatrD(x0) is parallel to y�x0, and jrD(x0)j = 1. Similarly,rD(x) isparallel to y�x, and jrD(x)j = 1. Since x�y is parallel to x0�y, it follows that rD(x) = rD(x0).2Lemma A.4 For w on the surface of the sphere, s, let n be the outward-pointing normal vector ofs at w. If for all w0 2 s D(w) � D(w0), then rD(w) is parallel to n.134



x

y y´

x´

PFigure A.2: The triangle inequality.Proof: Let 
(t) be an arbitrary smooth path on the sphere, s, with 
(0) = w. Let g(t) = D(
(t)).By hypothesis, t = 0 is a maximum for g, so g0(0) = 0. By the chain rule, g0(0) = rD(
(0)) �
0(0) =rD(w) � 
0(0). But 
(t) is an arbitrary path on s, so rD(w) must be perpendicular to the tangentplane of s at w. Thus rD(w) is parallel to n. 2A.2 c is outside PGiven these preliminary lemmas, the proof of Lemma 5.1 has two cases. The �rst involves c beingoutside P . In this case, the goal is to prove that the distance from s to P is r + d(c; c0).Let z be the point on s furthest from P . By Lemma A.4, rD(z) is parallel to n, the outward-pointing normal to s at z. Let y be the point on P closest to z. By Lemma A.2, z � y is parallelto rD(z). Thus, z� y is parallel to n. The center, c, of s clearly lies on the line through z havingdirection n, so c lies on the ray from y through z. Thus rD(c) = rD(z) by Lemma A.3. Recallthat c0 is a point on the surface of P closest to c. By Lemma A.2, c� c0 is parallel to rD(c). Thusc� c0 is parallel to rD(z). Since rD(z) is parallel to z � y, c� c0 is parallel to z � y.Thus c lies on the ray from y through z, and it is simple to show that d(z;y) = r + d(c; c0),where r is the radius of s. Thus the proof of the �rst case, for c is outside P , is complete.A.3 c is inside PThe second case involves c being inside P . In this case, the goal is to prove that the distance froms to P is r � d(c; c0).By hypothesis, c0 is a point on the surface of P such that d(c; c0) � d(c; c00), for all other c00 onthe surface of P . (Since c is inside P , c0 may not be unique.) The point c0 must be inside s, becausepoints inside s are closer to c than points outside s; also, there will be at least one point of P insides because s intersects P .Lemma A.5 The point c0 is interior to a face of P .Proof: Suppose c0 is on an edge between two faces of P , f1 and f2. Let s0 be a sphere centered atc with radius d(c; c0). Since c0 is a closest point to c on the surface of P , it follows that s0 � P .Let p1 be the plane containing f1. Since P is convex, it is the intersection of the halfspace behindp1 and the halfspaces behind the planes for all its other faces. Thus s0 touches p1 at c0 and lies on135



one side of p1, so p1 must be tangent to s0 at c0. The same holds for p2, the plane of f2. Thus, p1and p2 are coplanar, so f1 and f2 must be the same face. Note that the same argument shows thatc0 cannot be on a vertex of P . 2A corollary of this lemma is the fact that a ray from c through c0 is normal to a face of P .Now, construct the point, z0, where this ray intersects the surface of s. Since P is convex, z0 mustbe outside P . From the Lemma A.5 and its corollary, d(z0; P ) = r � d(c; c0). Lemma A.4 andLemma A.2 prove that c is on the line between z and y, where z is the point on s furthest from Pand y 2 P is the unique point with d(z;y) = D(z) (as in Lemma A.1). Thus d(z; P ) = r � d(c;y).By hypothesis, d(z; P ) � d(z0; P ). Thus d(c;y) � d(c; c0). Since d(c; c0) is minimal by hypothesis,d(c; c0) = d(c;y).The distance from s to P is d(z; P ) = r � d(c;y). But d(c; c0) = d(c;y), so the distance from sto P is d(z; P ) = r � d(c; c0). The proof of Lemma 5.1 is thus complete.
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Appendix BThe Boundary Lemma andGeneral Covering ProblemsThe boundary lemma, Lemma 5.2 from Section 5.3.3, applies to situations that are more generalthan the coverage of a triangle by disks. Any two-dimensional (2D) region is covered by a set ofarbitrary 2D shapes if and only if the portion of each shape's boundary inside the region is coveredby the other shapes. A variation of the algorithm in Figure 5.17 will work for any such situation.All that is required is a way to �nd the part of a shape's boundary which is inside the region, anda way to �nd what part of that boundary is covered by another shape. The rest of the algorithm inFigure 5.17 manipulates 1D intervals, and these parts need no changes.The running time of this algorithm will depend on how e�cient it is to �nd intersections betweena shape and the region, and intersections between two shapes. For situations involving many shapes,the loop starting at line 7 will also become an important factor. Checking every pair of shapes forintersection will no longer be e�cient. A heuristic that reduces the number of shape comparisonsis as follows: bound each shape with an isothetic rectangle and compare only pairs of shapes whosebounding rectangles intersect. Finding the bounding rectangles that intersect is an e�cient opera-tion; Preparata and Shamos [PS85] present a plane-sweep algorithm that uses the interval tree datastructure to report the kr intersecting rectangles in optimal �(n logn+ kr) time.The potential disadvantage of this heuristic is the time it spends �nding bounding rectanglesthat intersect but whose inscribed shapes do not intersect. If k0r is the number of these intersectingrectangles, the overall performance of the algorithm is 
(n logn + kr + k0r). The factor k0r is not aproblem, however, if the shapes have a bounded aspect ratio, that is, if the ratio of the sizes of twoshapes never exceeds A. In this case, k0r = O(n), which means that the performance is asymptoticallyno di�erent from the case of �nding only rectangle intersections (assuming the time to check twoshapes for intersection depends only loosely on the number of shapes, that is, it is O(logn)).The proof that k0r = O(n) is as follows. The key is showing that even in the worst case, anybounding rectangle can intersect only a constant number of other rectangles without any inscribedshapes intersecting, that is, the rectangle can be involved in only a constant number of \spuriousintersections." The worst case occurs when a rectangle, x, is of maximum size and every rectangle,x0, that it intersects is of minimum size. In this situation, without loss of generality, x has sides oflength A and x0 has sides of length 1. Let X be the smallest square that bounds every x0 that xintersects. The sides of X must have length A + 2. If y is the shape inscribed in x, then the area137



of X � y divided by the area of x0 gives an upper bound on the number of spurious intersectionsinvolving x. It is reasonable to assume that the area of a bounding rectangle will be constant factor,z, of the area of the shape it bounds. The area of X � y is thus (A+ 2)2 �A2=z, and the area of x0is 1, so the number of spurious intersections is independent of n. Thus, the proof that k0r = O(n) iscomplete.An algorithm based on the boundary lemmamay not be the most e�cient way to detect coveragein some situations. If the boundaries of the shapes consist of a small number of curves that havemonotonically increasing y coordinates, then a variation of the Bentley-Ottmann algorithm [BO79,PS85] can �nd the intersections between these shapes e�ciently. If, additionally, the region tobe covered is a polygon, then the plane-sweep of the Bentley-Ottmann algorithm could work inconjunction with a structure like an interval tree to detect any gaps in the coverage by the shapes.Further development of this idea is beyond the scope of this dissertation.
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