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Chapter 1IntroductionComputing single-source shortest paths is a fundamental and ubiquitous problem innetwork analysis. Aside from the importance of this problem in its own right, oftenthe problem arises in the solution of other problems (e.g. network 
ow and matching).In this thesis we consider the problem of computing shortest paths in parallel,dynamic, and sequential realms. We also consider the related problem of graph-reachability in these settings.1.1 Computing shortest paths in graphs with nonnega-tive edge weightsThe single-source shortest-path problem is de�ned as follows: \Given a graph G withwith weighted edges and a distinguished source node s, determine the lowest weightpath from s to all the other nodes." The all-pairs shortest-path problem requires us todetermine the least-weight path between every pair of nodes.For the case when all the edge-weights of the graph are restricted to be nonnegative,the known sequential algorithms for the single-source problem are quite e�cient; theyrequire only slightly more than linear time [3,31,32,53]. Unfortunately, in the paralleland dynamic settings this problem is not well understood.1



1.1.1 The parallel shortest-path problemIn the parallel setting algorithms that run in polylogarithmic time and use a polynomialnumber of processors are known, but the processor bounds are large. These algorithmsuse repeated squaring of n� n matrices, and hence require about n3 processors. Thusthe work done by these algorithms (work = time � number of processors, essentially thetotal number of operations) far exceeds the work done by the sequential algorithms. Ane�cient parallel algorithm for a problem is one that does work exceeding the sequentialtime by no more than a polylog factor. This polylog factor represents the overhead ingoing from a sequential to a parallel solution.It is a longstanding open problem to �nd an e�cient polylog-time algorithm forshortest paths. Our inability to �nd e�cient parallel algorithms for this problem andrelated ones has been termed the transitive-closure bottleneck. The gap between whatwe can and cannot achieve is particularly evident when we consider sparse graphs,graphs where the number of edges is a small factor times the number of nodes. Forsuch graphs, the work required by known polylog-time algorithms is essentially thecube of the sequential time required. Put another way, using p processors yields aspeed-up of roughly p1=3 instead of p.1.1.2 The dynamic shortest path problemIn the dynamic setting our aim is to build a data structure that can answer queriesof the form: \What is the weight of the shortest path from u to v?" The goal is tobuild a data structure such that queries can be answered much more e�ciently thanperforming a single-source computation from u. At the same time we would like ourdata structure to be dynamic. Whenever the weight of some edge changes (or edgesare added or deleted), we would like to be able to modify our data structure quickly.In other words a small change to the input graph should not force us to recompute theentire data structure. Thus the challenge of constructing a dynamic data structure isto satisfy both these requirements simultaneously.Though there are many algorithms for the dynamic problem [7,27,33] (see also [24]),2



none of them can simultaneously handle both updates and queries in time that issublinear in the input size.1.1.3 Finding shortest paths in parallel and dynamic settingsIn this thesis we give e�cient exact and approximate algorithms for solving shortest-path problems in parallel and dynamic settings for graphs with nonnegative edgeweights.In the dynamic setting we focus on building a fully dynamic data structure for main-taining approximate all-pairs shortest paths. We say that a path is an �-approximateshortest-path if its length is at most 1+ � times the distance between its endpoints. InChapter 2 we show that if we are willing to settle for approximate answers then sub-stantial improvements are possible in both the query and update times for maintainingshortest paths in a planar graph. In particular, we give a fully dynamic data structurethat maintains �-approximate shortest-paths in undirected planar graphs. Both queryand update times for maintaining our data structure are sublinear in n (for moderatevalues of �).In Chapter 2 we describe a new approximation technique called path-detour. Thepath-detour technique helps in approximately representing the shortest-path informa-tion in a set of paths all of which intersect a single separating path. Using this techniquewe show how to construct an approximate representation for these shortest paths. Thisrepresentation, called the crossing substitute is much sparser than representing eachpath by a single edge (with the appropriate weight) and forms the basis of our dynamicdata structure.A variation of our technique for representing shortest paths in undirected graphs canalso be used to sparsely represent reachability information in directed planar graphs.This variant can be used to develop a fully dynamic data structure for all-pairs reach-ability in planar digraphs. Our parallel shortest-path algorithm of Chapter 4 relies ona directed version of the path-detour technique.In Chapters 3, 4, and 5 we consider the shortest-path problem in the parallel setting.3



In this setting we show that the problem of �nding exact shortest paths can be reducedto a series of approximate computations. Using this we give e�cient randomized parallelalgorithms for shortest paths in sparse graphs.In Chapter 3 we give a parallel algorithm for the single-source shortest-path problemfor graphs with polynomially bounded edge-weights. Our algorithm uses m processorsand runs in ~O(pn) time.1 Here m and n respectively denote the number of edges andnodes in the graph. Our algorithm works by reducing the exact problem to a series ofapproximate problems (see Section 3.1) by using a scaling technique similar to the oneused by Gabow [34]. We then show how to solve the approximate problem by extendinga breadth �rst search algorithm of Ullman and Yannakakis [96].In Chapter 4 we investigate the single-source shortest-path problem in planargraphs. We give a parallel randomized algorithm that works in polylogarithmic timeand uses a linear number of processors. Thus our algorithm is nearly work-optimal. Thealgorithm for planar graphs uses the scaling idea of Chapter 3, and a parallel approxi-mation procedure that is essentially a directed version of the path-detour technique ofChapter 2.The techniques used in our algorithm for planar graphs can also be used to �ndsingle-source shortest paths in general directed graphs. The resulting algorithm, al-though not as e�cient as the one in Chapter 3, is considerably faster. It works inpolylogarithmic time and uses m2 processors (where m is the number of edges).In Chapter 5 we continue our investigation of the parallel shortest-path problem byconsidering a restricted class of planar graphs called planar layered digraphs. For thisclass of graphs we present a parallel algorithm that runs in O(logn log logn) time usingn= log logn processors. For the class of planar layered digraphs the specialized algorithmperforms much better than the algorithm for general planar digraphs presented inChapter 4. Our algorithm for planar layered digraphs generalizes a similar algorithmpresented for grid digraphs in [5].Our algorithm for planar digraphs presented in Chapter 4 does not depend upon1We use the ~O(�) notation to elide polylog factors.4



planarity and can be generalized to apply also to any minor-closed family of graphs forwhich a separator decomposition tree using ~O(pn)-node separators is given as part ofthe input. For example we can use our algorithm to �nd single-source shortest pathsin constant-genus graphs if we are given as part of the input a separator decompositiontree of the underlying graph.The best previously known polylog-time algorithm for single-source shortest pathsin planar undirected graphs is that of Pan and Reif [82,83], which does ~O(n1:5) work.Cohen [14] has given an algorithm with similar bounds for the directed case. Theprevious bounds are no better for breadth-�rst search, the special case where everyedge-length is one.Our shortest-path algorithm applied to planar graphs in particular has several fur-ther applications. It can be used to obtain an e�cient polylog-time algorithm forminimum s-t cut in planar graphs, using Johnson's parallel version of an algorithm ofReif [54,55,87]. In the case when s and t belong to the same face, we can also e�cientlyobtain a maximum s-t 
ow, using the algorithm of Hassin [48]. Best previously knownparallel algorithms for these problems relied on the algorithm of Pan and Reif, andhence required ~O(n1:5) work.Breadth-�rst search also has several applications. For example, using our algorithmin conjunction with the method of Miller [76], we obtain the �rst polylog-time, linear-processor algorithm for �nding O(pn) separators in planar graphs. The best NCalgorithm previously known was that of Gazit and Miller [40], which takes O(log2 n)time and requires O(n1+�) processors for any given constant � > 0. Their algorithm canalso be used to �nd separators of size O(pnpolylog n) using only n processors. Indeed,we use this in our algorithm. Another application of parallel breadth-�rst search is inimplementing in parallel a method due to Baker [8] for approximation schemes fora variety of problems in planar graphs. Her method involves doing a breadth-�rstsearch on a graph derived from the planar input graph. Since the graph still has smallseparators, our method applies. The second stage of her method involves solving theproblem exactly on k-outerplanar graphs. This stage can be done e�ciently in parallel5



using the algorithm of Lagergren [67]Our shortest-path algorithm can be generalized to handle negative lengths as longas no negative-length edge appears in a directed cycle. Using this algorithm, we cansolve the longest-path problem in a dag. By using the technique of Hassin and Johnson[49] we can �nd the maximum 
ow in an undirected network where s and t are notnecessarily on the same face, in polylog time using a linear number of processors.1.2 Computing shortest paths in graphs with negativeedge weightsIn Chapter 6 we investigate the problem of computing shortest paths when the edge-weights are allowed to have negative values. In this chapter we give e�cient sequential,parallel, and dynamic algorithms for computing single-source shortest paths in planardigraphs. We also give improved algorithms for several related problems like maximum
ow, perfect matching etc.In the sequential setting we obtain an algorithm that takes time O(n4=3 log(nL)),where the lengths are integers greater than �L. For general graphs, the best boundknown is O(n1=2m logL) time, due to Goldberg [44] which yields O(n3=2 logL) timeon sparse (e.g. planar) graphs. For undirected planar graphs, Pan and Reif [82,83]showed how to achieve O(n3=2) time using separators. Cohen [14] showed how toachieve the same bound for directed planar graphs. Previously no algorithm handlingnegative lengths was known that ran faster than O(n3=2). Our algorithm overcomesthis apparent barrier, improving the time by a (fractional) polynomial factor when thenegative lengths are not too large in magnitude.For planar graphs, shortest-path computation is closely related to network 
ow.Given a planar digraph and source and sink nodes s and t respectively on di�erentfaces of the graph, Miller and Naor [77] (see also Johnson and Venkatesan [56]) showhow to solve the max-
ow problem by performing a single-source shortest-path com-putation in a graph with negative lengths. They also use the same approach in solving6



the following problem: Given multiple sources and multiple sinks, each with a speci�edsupply or demand, �nd a feasible 
ow in the network. Bipartite perfect matching in aplanar graph, for example, can be formulated this way. The previous best algorithmsfor all of these problems required 
(n3=2) time. Our shortest-path algorithm thusyields polynomial-factor improvements for these problems. In particular, we obtainan O(n4=3 log n)-time algorithm for planar bipartite perfect matching. We obtain anO(n4=3 log n logC)-time algorithm for maximum 
ow, where C is the sum of (integral)capacities. Recently Weihe [100] has given an O(n logn)-time algorithm for computingmax-
ow in a directed planar graph. His bounds improve upon our bounds for com-puting the max-
ow and the related problem of bipartite perfect matching. However,his algorithm relies on the use of dynamic trees [89] while our algorithm does not useany complicated data structures. Thus, our algorithm may perform better in practice.The approach used in obtaining the shortest-path algorithm for arbitrary lengthsalso enables us to obtain parallel and dynamic algorithms for this problem and for therelated problems of max-
ow and matching.1.3 Background and overviewA word about terminology in order to forestall confusion. For a graph G, we use V (G)to denote the node-set of G and E(G) to denote the edge-set of G. For any set X weuse jX j to denote the number of elements in X . We use jGj as a shortahand for jE(G)j.Unless otherwise stated, when we speak of the length of a path, we mean the sumof the lengths of its edges (rather than the number of its edges). Similarly, distanceis measured according to edge-lengths. The size of a path, on the other hand, shallsignify the number of edges in the path, and the minimum path-size is the shortestdistance measured in number of edges traversed. An r-edge path is one with at most redges. Unless otherwise stated, n and m denote, respectively the number of nodes andthe number of edges in the graph under consideration.7



1.3.1 Models of computationIn sequential and dynamic settings we use a standard random-access-memory (RAM)model of computation [2]. In the parallel setting we use the PRAM [60] or the par-allel random-access-memory model of computation. Di�erent algorithms use di�erentPRAM models. However, unless otherwise stated the parallel algorithms presented as-sume an ARBITRARY CRCW PRAM as the underlying model of computation. In anARBITRARY CRCW PRAM multiple processors are allowed to read-from or write-tothe same location in one step. When multiple processors attempt to write in the samelocation an arbitrarily chosen processor succeeds.For the algorithm presented in Chapter 3 we assume a model of parallel computationcalled the OR CRCW PRAM [9] in which multiple processors can simultaneously readand write to a shared memory. If multiple processors attempt to write multiple valuesto a single location, the value written is the bitwise OR of the values. This modelenables us to do processor allocation using a randomized constant-time algorithm dueto Hagerup and Raman [47] for approximate pre�x summation. Their algorithm runsin constant time with probability 1� 2�n� for some positive constant �.Assuming the slightly weaker ARBITRARY CRCW PRAM, in which an arbitraryprocessor succeeds in writing, would entail using an O(log� n)-time algorithm [42]for processor allocation. This change multiplies our time bounds of Theorem 6 byO(log� n).In the rest of the chapter we give a brief overview of some of the techniques thathave proved useful in addressing the shortest-path problem in di�erent settings. Someof the techniques are well known while others are new. First we review some basicwork on separators for planar graphs and discuss two types of decompositions thathave proved useful both for our work and for solving a number of other problems. Wethen discuss a random-sampling technique due to Ullman and Yannakakis [96] thatis at the core of the parallel shortest-path algorithms in Chapters 3 and 4. Finallywe give a preview of the path-detour technique: a method for approximating shortestpaths that cross a given separating path. This technique, in di�erent guises, forms the8



foundation for our results on parallel and dynamic computation of shortest paths inChapters 2 and 4.1.4 Planar separators, cluster decompositions, and thedecomposition tree1.4.1 SeparatorsA separating set, as the name indicates, is a set of nodes whose removal disconnectsthe graph.De�nition 1 Given a graph G = (V;E) with n vertices we call a set X � V an f(n)-separator that �-splits G if jX j � f(n) and the vertices in V � X can be partitionedinto sets fA1; : : :Akg such that there are no edges between any two sets Ai and Aj andfor all Ai we have jAij � �n.Separators can also be used to separate a subset of the nodes of G.De�nition 2 For a graph G and a node-subset S, an S-balanced node-separator is aset of nodes whose removal breaks G into two pieces such that each piece contains atmost an � fraction of the nodes of S (for some suitable constant 1=2 � � < 1).Several families of graphs have such separators of size O(pn) where n is the numberof nodes in the graph. Examples include planar graphs [74], bounded-genus graphs [43],two-dimensional overlap graphs [78], and graphs excluding a �xed graph as a minor[4]. Of these families, for all but the last there are polylog-time parallel algorithms for�nding such separators. If one is willing to settle for separators of size O(pn polylog n),the algorithm of Gazit and Miller [40] for planar graphs requires only a linear number ofprocessors. Separators of size O(pn) can be found for overlap graphs by an algorithmusing only a linear number of processors [78].The concept of a separator has played an important role in the development ofalgorithms; and starting with the planar separator theorem of Lipton and Tarjan [74] it9



has led to a number of applications in VLSI [68,69,73,95,98] and numerical analysis [72,82].Lipton and Tarjan [74] �rst proved that all planar graphs have 2p2pn separa-tors that 2=3-split the graph. Djidev [21,22,23] reduced the size of the separator (re-quired to 2=3-split the graph) to p6n. This result and other extensions to it havepaved the way to divide and conquer solutions for many problems in planar graphs.A parallel algorithm for �nding a cycle separator for biconnected graphs was given byMiller [76] which uses n processors if the breadth �rst search tree of the graph is alreadyknown. An improved version of the algorithm was given by Gazit and Miller [40], whichuses randomization to �nd a cycle separator with n1+� processors. A version of theiralgorithm can be used to �nd O(pn polylog n) separators using n processors. Gazitand Miller [38,39] have also given slower but more work-e�cient parallel algorithms for�nding O(pn) planar separators. Recently Klein [66] has given a more work-e�cient(but not polylog-time) algorithm for �nding planar separators. Algorithms for �ndingsmall separators in more general graphs are given in [4,78,79,80,99].1.4.2 One-way separatorsThe separators we have examined so far separate the underlying undirected graph. Allthey guarantee is that any path from one side to the other must pass through theseparator. They do not preclude a path from going back-and-forth many times acrossthe separator. We now describe a new kind of separator called a one-way separator thatis especially useful in implementing divide-and-conquer solutions to the shortest-pathproblem. A one-way separator is a separator that cuts the graph in such a manner thatany simple directed path in the graph crosses it at most once. In particular, shortestpaths cannot go back-and-forth across the separator. Such a separator (as we willsee in Chapter 5) makes it much easier to combine the shortest-path solutions in twosubgraphs to get the answer in the union.De�nition 3 Let X be a separator of a digraph G = (V;E) that divides V �X intosets A1; : : :Ak, and let p be a simple directed path in G. We say that p crosses X r10



times if there are disjoint subpaths p1; : : : ; pr of p such that the end points of each piare in di�erent sets Aj and Al. We call X a one-way separator if any directed path pbetween two vertices in G crosses X at most once. A division of G into one or morepieces is a one-way division if the separator X used to divide G is a one-way separator.Grid digraphs, for instance, have one-way separators of size O(pn) that 1=2-splitthe graph. In fact the shortest-path algorithm in [5] uses such separators to constructa divide-and-conquer solution. In Chapter 5 our main result is that planar layereddigraphs also admit small one-way separators. We use these separators to implement afast and e�cient divide-and-conquer solution to the single-source shortest-path problemon planar layered digraphs.1.4.3 Cluster partitionsFrederickson [29] �rst used planar separators to construct what we call a cluster par-tition (our terminology is similar to the one used by Galil, Italiano, and Sarnak [37]).Using such a partition he gave a more e�cient sequential algorithm for �nding single-source shortest paths in planar digraphs.De�nition 4 An k-cluster partition of an n-node planar graph G is a partitioning ofG into edge-induced subgraphs G1; G2; � � � ; Gj such that the following properties hold.1. Each subgraph Gi contains no more than k edges.2. For any i, the number of boundary nodes in Gi is O(pk), where a node is aboundary node if it is in more than one subgraph. A node u is a boundary nodeif and only if edges of more than one cluster are incident on it. Note that u canbe a boundary node in Gi only if it is an end point of some edge in Gi.3. The total number of pieces j is O(n=k).Given a cluster partition the parent region Gu of a node u is the subgraph Githat contains u. If u is a boundary node then we arbitrarily set Gu to be one of thesubgraphs Gi that contains edges incident to u.11



Lemma 1 (Frederickson [29]) Given an n-node planar graph G a k-cluster partitioncan be obtained in O(n logn) time.Frederickson [29] introduced the idea of such a partition and showed how to obtain onein O(n logn) time. A cluster partition is obtained by starting with G and repeatedlydividing it using a planar separator [74] until all the pieces have at most k edges. Hisalgorithm also makes sure that none of the pieces contain too many boundary nodesby redividing pieces when the ratio of boundary nodes to non boundary nodes crossesa threshold.De�nition 5 A face-restricted k-cluster partition is a partition in which all of theabove properties hold. In addition for each subgraph Gi the boundary nodes are presenton a constant number of faces (for a suitable constant f).In order to construct a face-restricted cluster partition we make use of di�erent sep-arator algorithm by Miller [76]; one that constructs cycle separators. A cycle separatorX is a separator such that all the nodes of X lie on a simple undirected cycle in theunderlying planar graph G. The size of a separator in Miller's algorithm depends thenumber of edges on the maximum sized face. Therefore we need to keep the size of thefaces small.To build the cluster partition we �rst two-connect and triangulate G by addingdummy nodes and edges. This is done by placing a zero-weight dummy node in eachface and connecting it by dummy edges to all the nodes on the boundary of the face.By applying Miller's algorithm to this graph, we obtain a cycle separator. The set Xof non-dummy nodes of the separator need not form a cycle in the original graph.However, it does divide the graph into two pieces such that, in the subgraph G0 inducedon one piece together with the nodes of X , the nodes of X all lie on the boundary ofa single face. As in the previous case we repeatedly use cycle separators to divide thesubgraphs until we get pieces of size k. We retriangulate subgraphs when faces get toobig so that the pieces are guaranteed to have small cycle separators. Using techniquesdue to Frederickson [29] we can also make sure that none of the pieces have too many12



boundary nodes, and in each Gi the boundary nodes are on a constant number of faces.This process takes O(n logn) time. These dummy nodes and edges are transient anddo not play any role in the data structures of Chapter 2. They are only required to�nd small cycle separators using Miller's algorithm. We therefore have the followinglemma.Lemma 2 Given an n-node planar graph G, a face-restricted k-cluster partition canbe obtained in O(n logn) time.Frederickson [28,30] used the idea of partitioning a graph into clusters to developdynamic data structures for maintaining minimum spanning trees, connected compo-nents, and two-edge connected components. Galil and Italiano [36] used a k-clusterpartition to develop a fully dynamic data structure for two- and three-connectivity inplanar graphs. Later Galil, Italiano, and Sarnak [37] used such a decomposition fordesigning a dynamic planarity-testing algorithm.The basic idea behind these dynamic data structures is the following.We �rst divide the underlying graph into suitably sized pieces. We then precom-pute partial solutions to the problem on each of the pieces. Whenever a query isasked the partial solutions are quickly combined to give the answer to the query,resulting in a fast query-response time. When the underlying graph changes, onlysome of the clusters are a�ected. We therefore need only recompute our partialsolution in a constant number of subgraphs (instead of recomputing everything).Thus our update time for the data structure remains small.In Chapter 2 we use the face-restricted k-cluster partition to develop a fully dynamicdata structure for maintaining approximate all-pairs shortest paths in undirected planargraphs with nonnegative edge weights. We also show how to use such a partition tobuild a dynamic data structure for all-pairs reachability in planar digraphs.In Chapter 6 we will show how to use a k-cluster partition to develop faster sequen-tial, parallel, and dynamic algorithms for shortest paths in planar digraphs that haveboth negative and nonnegative edges. 13



1.4.4 The decomposition treeA cluster partition is a two level decomposition of the graph wherein the graph isdecomposed into O(n=k) pieces. We now describe a recursive version of this decompo-sition where we repeatedly decompose the graph using separators until we reach piecesof constant size. Such a recursive decomposition has proved useful in constructing adivide-and-conquer solution to many problems on planar graphs [14,72,82].Let G be a constant-degree graph all of whose subgraphs have O(pn) separators.By repeatedly �nding separators, one obtains a decomposition of G. Following tra-dition, we �nd it useful to represent the structure of the decomposition by means ofa rooted tree, the decomposition tree. We refer to vertices of the decomposition treeinstead of nodes in order to avoid confusion with the nodes of G. Each vertex v ofthe decomposition tree is labeled with a node-induced subgraph G(v) of G, called thepertinent graph of v, and a subset S(v) of the nodes of G(v), called the splitting setof v. Essentially S(v) consists of the nodes used to separate G(v), together with thenodes of G(v) used in separators belonging to ancestors of v.We de�ne the decomposition tree recursively as follows. Let S be a subset of G'snodes such that jSj = ~O(pn). If G contains only one node, then the decompositiontree for G and S consists of a single vertex v labeled with pertinent graph G andsplitting set S. Otherwise, let X be a separator for G that breaks G into up to threepieces such that each piece contains at most an � fraction of the nodes of G and S.Such a separator can be obtained by �rst �nding a V (G)-balanced separator and then�nding an S-balanced separator in the piece that contains more than half the nodesof S. Let G1; G2; G3 be the pieces with the separator nodes X added to each. Fori = 1; 2; 3, let Si = (X [ S) \ V (Gi). Let Ti be the decomposition tree for Gi and Si.The decomposition tree for G and S is obtained from T1 [ T2 [ T3 by adding a newvertex v labeled with G and with splitting set S [X , and having as its three childrenthe roots of T1, T2, and T3.The point of the splitting sets is as follows. Let G0 be the pertinent graph ofthe root. A path in G0 cannot \escape" a pertinent graph G(v) without �rst passing14



through a node of the splitting set of v's parent p(v). More formally, S(p(v)) sepa-rates G(v) � S(p(v)) from the rest of G0. We call this the splitting property of thedecomposition tree with respect to the graphs G(�).A vertex v in the tree is said to be in level i if the distance of v from the root of thetree is i. Let T (G) be the decomposition tree for G and the empty set. Let n = jV (G)j.It is not hard to show that T (G) has the following properties:1. The number of levels in the decomposition tree is O(logn), and2. For each level i, the sum of the sizes of the pertinent graphs at that level is O(n),and the sum of the squares of the sizes of the splitting sets is ~O(n).Recently in joint work with Klein, Rao, and Rauch [62] we have given a linear-timealgorithm for �nding single-source shortest paths in planar digraphs. Our algorithmuses a recursive decomposition tree similar to the one described above.Our parallel algorithm for single-source shortest paths in Chapter 4 uses the decom-position tree described here. It starts by �nding approximate shortest paths (withineach piece) between boundary nodes at the bottommost level of the decomposition tree.The algorithm then works its way up the decomposition tree. At the level i vertex viin the decomposition tree we use the approximate shortest-path information from thelevel i�1 children of vi to �nd approximate shortest paths in G(vi) the pertinent graphof vi. The exact problem is solved by repeatedly �nding approximations and using ascaling technique similar to the one by Gabow [34] (see Section 3.1).1.5 The Ullman-Yannakakis random-sampling techniqueWe now describe a random-sampling technique due to Ullman and Yannakakis [96] thatis at the core of our parallel algorithms for shortest paths (see Chapters 3 and 4).De�nition 6 Let G be an n-node graph and let S be a subset of the nodes in G thatare marked as distinguished. Given an integer 0 < k � n, a path � 2 G is said tohave a k-gap with respect to S if it contains a subpath of size at least k without any15



distinguished nodes. We will not speci�cally mention the set S whenever there is noambiguity.Theorem 1 (The sampling theorem of Ullman and Yannakakis) Let G be ann-node graph and let � be a collection of paths in G such that j�j = O(n�) for someconstant �. Given a nonnegative integer 0 < k � n and an accuracy parameter c > 0,if we select a set S of �nk logn nodes uniformly at random from G then with probability1� n�c, no path in � has a k-gap with respect to S. The value of � depends only on cand �, and is independent of n.Ullman and Yannakakis [96] used this idea to devise an elegant parallel algorithmfor computing single-source reachability and breadth-�rst search. The basic idea is thefollowing.Let us �x in advance the set � of paths from the source s to all the othernodes contained in some breadth-�rst-search tree. A sequential search from thesource node to �nd these paths would require a long time because we mighthave to traverse long paths. Thus such a search could require 
(n) time. Toget a faster algorithm we instead, randomly select O(nk logn) nodes and markthem as distinguished. We also mark the source node s as distinguished. Wethen simultaneously search from all the distinguished nodes for k-stages; i.e. weonly look for paths with at most k edges. Such a search is called k-limited (seeChapter 3). We use the information gathered from these searches to compute theBFS-tree from s. Since we look for k-limited paths from the distinguished nodes,our search time is roughly proportional to k instead of n. By suitably selectingk we can design a fast parallel algorithm that is much more work-e�cient thanusing parallel matrix multiplication.By Theorem 1 with high probability (probability exceeding 1 � n�c for some constantc) none of the paths in � contains a k-gap with respect to the distinguished nodes.Therefore, with high probability the information contained in the k-limited search treesof the selected nodes is enough to derive the search tree of s. Thus the algorithm will16



output the correct answer.For more details on the Ullman-Yannakakis algorithm see Section 3.2. Our parallelshortest-path algorithms of Chapters 3 and 4 use this random-sampling technique atvarious stages so that long paths can be found quickly in parallel by simultaneouslysearching from some randomly selected nodes. The algorithm in Chapter 3 uses therandom-sampling technique exactly as used by the Ullman-Yannkakis algorithm. InChapter 3 we �rst show how to extend their algorithm for computing approximateshortest-paths. We then use this in conjunction with a scaling technique to �nd ex-act shortest paths. In Chapter 4 we use this random-sampling technique to constructgraphs that approximate the shortest-path distances by paths containing a polyloga-rithmic number of edges. Cohen [13,16] has also used this random-sampling techniqueto �nd approximate shortest paths in undirected graphs.1.6 Path-detour: A new technique for �nding and rep-resenting paths that cross a separating pathIn this section we describe a new technique called path-detour that is the basis for ourdynamic and parallel shortest-path algorithms of Chapters 2 and 4. A simpler versionof this technique is also used in building a fully dynamic data structure for all-pairsreachability in planar digraphs. The basic idea is as follows.Let G be an undirected graph with nonnegative edge weights. Let d > 0 be adistance parameter and � > 0 an error parameter. Let � be a collection of paths inG such that all of them have length at least d. Also, let P be a path of length atmost �2d that intersects all the paths in �. The aim of the path-detour technique isto �nd a sparse representation for the paths in � such that given any path � 2 � therepresentation should have a path between the same endpoints with length at most 1+�times `(�). In other words we are interested in a sparse (1 + �)-factor approximationof the paths in �.One way to represent the paths in � is to represent each path � by an edge between17
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Figure 1.1: Approximating a path that passes through Pthe same endpoints with length equal to `(�). This preserves all the distance informa-tion in � but is very dense since there is one edge for every path in �. In order to �nda sparser representation we construct a substitute graph that approximately preservesthe distance information in �.Let x be one of the end-nodes of P . We call x the detour node of P . Let � 2 �be a path that crosses P at a point z (see Figure 1.1). In order to sparsely represent� we consider the alternate path �0 that goes via the detour node x on P (see Figure1.1). The length of the alternate path is at most `(�) + 2`(P ) = `(�) + �d. Sinceall the paths in � have length � d we see that `(�0) � (1 + �)d. Let u and v be theendpoints of �. In the substitute graph we represent � by two edges ux and vy suchthat `(ux) + `(xy) � `(�0).In order to approximate all the paths in � we �nd the shortest paths from x to allthe endpoints u in �. We then construct a substitute which contains x as a center of astar and edges xu with lengths corresponding to the shortest path from x to u.2 If thenumber of endpoints in � is k then the size of the substitute graph is k, even thoughthere could be as many as k2 paths in �.We can use a similar technique to represent the reachability information in a col-lection � of directed paths all of which intersect a separating path P . Our substituteconsists of a modi�ed copy of P along with edges to and from the endpoints of � to P .2A star centered at x is simply a depth-one tree with x at its root.18
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Figure 1.2: Approximating a path that passes through PLet � 2 � be a path from u to v that intersects P at z. See Figure 1.2 for an example.The substitute contains edges ux and yv such that z occurs between x and y on P .Thus the alternate path goes from u to v via the x-to-y subpath of P and represents thesame reachability information as �. The edges ux and vy are constructed by �ndingthe lowest point x on P that can be reached by u and the highest point y on P that canreach v. In Section 2.2 we show that the substitute constructed in this fashion has atmost 2k edges thus resulting in a sparse representation for the reachability informationin �.The path-detour technique helps us in constructing sparse substitutes for reacha-bility and approximate shortest paths and thus forms the basis for the dynamic datastructures in Chapter 2.We can also use the path-detour technique for quickly computing, in parallel, pathsof length roughly d that intersect a separating path P . As earlier, suppose we have acollection � of paths (with lengths � d) that intersect a separating path P of length� �d=2. Further, suppose that all the paths in � have � k edges.If we are dealing with an undirected graph we can quickly �nd a representationthat approximates the paths of � accurately. This is done by running the Bellman-Ford shortest-path algorithm from the detour node x of P for k stages. As observed byCohen [14], running the Bellman-Ford algorithm for k stages is su�cient to �nd pathsthat contain � k edges. 19



In a directed setting the approximation technique outlined in Figure 1.1 is invalidbecause the edges of P go only in one direction. In Chapter 4 we show that path-detouris possible even in a directed setting. We also show how to do such an approximationquickly in parallel. In particular, Lemmas 9 and 11 of Section 4.1 show how to �nda good representation for intersecting paths quickly in parallel. The parallel shortest-path algorithm of Chapter 4 uses the path-detour idea to �nd paths that have few edgesand uses the random sampling idea of Theorem 1 to construct longer paths from theseshort paths. This combination of random sampling and parallel path-detour forms thebasis for the two main procedures Compact and SmallPath of Chapter 4.The remainder of the thesis is organized as follows: In Chapter 2 we give our dy-namic data structures for approximate shortest paths and reachability. In Chapters 3,4, and 5 we explore the parallel shortest-path problem in various settings, and in Chap-ter 6 we investigate the complexity of the shortest-path problem when edges are allowedto have negative integral weights.
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Chapter 2Fully dynamic data structuresfor shortest paths andreachability in planar graphsIn this chapter we explore the dynamic shortest-path problem for planar graphs withnonnegative edge weights. We also explore the related problem of building a dynamicdata structure that maintains all-pairs reachability in a planar digraph.An algorithm for a given graph problem is said to be dynamic if it can maintainthe solution to the problem as the graph undergoes changes. These changes could beadditions or deletions of edges, or a change in the cost of some edge (if applicable).In such a setting an update denotes an incremental change to the input and a queryis a request for some information about the current solution. We expect the dynamicalgorithm to handle both queries and updates quickly, i.e., in time that is substantiallyless than it would take to solve the problem from scratch every time the input changes.An algorithm is said to be fully dynamic if it supports both additions and deletions ofedges while it is said to be semi dynamic if it supports only one of them.Unfortunately designing fully dynamic algorithms seems to be considerably harderthan designing their sequential counterparts, and very few graph problems have fully21



dynamic solutions. See [28,30,36,37] for fully dynamic data structures to various graphproblems. See [81] for a complexity theoretic approach to dynamic computation.As we discussed in Chapter 1 the shortest-path problem is not very well understoodin the dynamic realm. Though there are many algorithms for the dynamic problem [7,24,27,33], none of them can simultaneously handle both updates and queries in timethat is sublinear in the input size.We say that a path is an �-approximate shortest-path if its length is at most 1 + �times the distance between its endpoints. In this chapter we show that if we arewilling to settle for approximate answers then substantial improvements are possiblein both the query and update times for maintaining shortest paths in a planar graph.In particular, we give a fully dynamic data structure that maintains �-approximateshortest paths. Both query and update times for maintaining our data structure aresublinear in n (for moderate values of �). For maintaining all-pairs shortest paths inan undirected planar graph we have the following bounds.Theorem 2 For any 0 < � � 1, there exists a fully dynamic data structure to main-tain �-approximate all-pairs shortest-path information in planar undirected graphs withnonnegative edge lengths. The time per operation is O(��1n2=3 log2 n logD) where D isthe sum of the lengths of all the edges and n is the number of nodes in the graph. Thetime for queries, edge-deletion, and changing lengths is worst-case, while the time foradding edges is amortized.We also consider the related problem of maintaining all-pairs reachability in a planardigraph. The reachability problem on a directed graph G consists of answering queriesof the type \Is there a directed path from u to v in G?" The digraph reachabilityproblem is a fundamental research problem and has both theoretical and practicalapplications. In the complexity-theoretic setting this problem is complete for the classNLOGSPACE while on the practical side the related problem of computing the transitiveclosure of a digraph is an important subroutine for answering database queries.Given a digraph G with n nodes and m edges, a reachability query between twonodes u and v can be easily answered in O(m) time by doing a depth-�rst search from22



u (to determine if there is a directed path from u to v). However, in the dynamicrealm the problem seems much harder. The best previously known dynamic results forgeneral digraphs are semi-dynamic data structures with O(n2) space, constant querytime, and O(n) update time. Data structures that support insertions only are givenin [12,50,84]. Data structures that are restricted to acyclic digraphs and support onlydeletions can be found in [12,51].We can obtain better results if we restrict ourselves to speci�c classes of graphs.For series-parallel digraphs, Italiano, Marchetti-Spaccamela, and Nanni [52] gave anO(n)-space data structure that handles both queries and updates in O(logn) time.For the class of planar st-graphs (acyclic planar digraphs with one source and onesink both of which are on the same face) Tamassia and Preparata [92] give an O(n)-space fully dynamic data structure that supports both updates and queries in O(logn)time. However, their algorithm is embedding-speci�c; i.e., only those changes thatare consistent with the current embedding of the graph are allowed. Tamassia andTollis [93] have extended the results of [92] to get a fully dynamic data structure foranswering reachability queries in spherical st-graphs and planar digraphs with a singlesource and a single sink. Here too the updates are restricted to be embedding speci�c.To our knowledge there is no previous work that handles general planar digraphs evenif updates are restricted to be embedding-speci�c.The results in [92] and [93] are based on the well known result in dimension theorywhich (in graph theoretic terms) states: \Given an n-node planar directed acyclic graphG with one source and one sink, we can �nd two orderings <L and <R of the nodes in Gsuch that a node v is reachable from another node u in G if and only if v occurs after uin both the orderings [11,58]." Unfortunately it seems unlikely that these methods canbe extended to all planar digraphs, since Kelly [61] has shown that for general planardigraphs we might need a large number of orderings to represent all-pairs reachabilityinformation as an intersection of these orderings.In this chapter we give a fully dynamic data structure to maintain the all-pairsreachability information in planar digraphs. Unlike previous algorithms our algorithm23



handles the entire class of planar digraphs and at the same time allows all updates aslong as the graph still remains planar. The time bounds for maintaining the all-pairsreachability are as follows.Theorem 3 Given an n-node planar directed graph G, a fully dynamic O(n) space datastructure that maintains the all-pairs reachability information in G can be constructedin O(n logn) time. Any reachability query in G can be answered in O(n2=3 log n) timeusing this data structure. Updates to the underlying digraph G, like addition and dele-tion of edges and nodes, can also be re
ected in the data structure within the sametime bounds. The time required to modify the data structure for delete operations isworst-case while the time for additions is amortized.Our dynamic data structures for shortest paths and reachability are based upona novel technique for compactly representing approximate all-pairs shortest paths orall-pairs reachability information, among a set of k selected nodes, by a sparse substi-tute graph. The substitute graph that approximates shortest paths has the followingproperties.� Each edge uv in the substitute graph corresponds to a path � from u to v in G.� Each shortest path between selected nodes in G is approximated to within a 1+ �factor by a two-edge path in the substitute graph.The substitute graph that represents all-pairs reachability among the selected nodeshas the following properties.� Each edge uv in the substitute graph corresponds to a directed path � from u tov in G.� For any pair of selected nodes u; v such that v is reachable from u in G, thereexists a directed path from u to v in the substitute graph.The size of the substitute graph depends upon the location of the selected nodes inG but is independent of the number of nodes in G. When the selected nodes lie24



on the boundaries of a constant number of faces we obtain the following bounds forrepresenting approximate shortest paths and all-pairs reachability between them.Theorem 4 (Face-boundary shortest-path substitute) Let G be an n-node pla-nar undirected graph with nonnegative edge weights that sum up to at most D. Also,let S be a set of k selected nodes in G all of which lie on the boundaries of a con-stant number of faces. Given G and S we can construct a sparse substitute graph thatapproximately represents the all-pairs shortest paths between the selected nodes. Thesubstitute graph has O(��1k log k logD) edges and approximates the all-selected-node-pair shortest paths in G to within a 1+ � factor. Furthermore, the substitute graph canbe constructed in O(��1n log n logD) time.Theorem 5 (Face-boundary reachability substitute) Let G be a planar directedgraph with n nodes and let S be a set of k selected nodes in G all of which lie on theboundaries of a constant number of faces. Given G and S we can construct a substitutegraph that represents the all-pairs reachability information between the selected nodes.The substitute graph has O(k log k) edges and can be constructed in O(n logn) time.To construct both these substitutes we use a technique called path-detour (intro-duced in Section 1.4), to represent the information present in a collection of paths allof which cross a single path. In the shortest-path scenario this helps in getting a sparse(1 + �)-approximate representation for the original collection of paths. In representingreachability, the path-detour technique gives us a sparse representation that containsthe same reachability information as the original collection of paths.Sparse substitute graphs have been used earlier in [36], [37], and [26] for maintainingvarious properties in undirected planar graphs. However, our substitute for representingall-pairs reachability is the �rst such substitute for directed planar graphs. Further-more, while constructing the substitute, we also need to concern ourselves with thedistribution of the selected nodes. This implies that the partitioning of G into clustershas to be done more carefully than was the case before. To build our dynamic datastructures we use the face-restricted cluster partition described in Section 1.4.25



The rest of the chapter is organized as follows. In Section 2.1 we describe the con-struction of the face-boundary shortest-path substitute for representing all-pairs shortestpaths among a set of selected nodes. In Section 2.2 we show how to construct the face-boundary reachability substitute for representing all-pairs reachability among selectednodes. Finally, in Section 2.3 we describe the dynamic data structures for maintainingshortest paths and all-pairs reachability.2.1 Face-boundary shortest-path substitutes: sparserepresentation of approximate shortest pathsIn this section we address the issue of constructing a face-boundary shortest-path sub-stitute to approximately represent the all-pairs shortest paths in G among a set Q ofO(pn) selected nodes. We will assume that the selected nodes are distributed over aconstant number of faces.In Subsection 2.1.1 we detail the path-detour technique introduced in Section 1.4.Path-detour is the key to the construction of our substitutes. In Subsection 2.1.2we give a simple divide-and-conquer procedure that repeatedly uses the path-detourtechnique to construct a face-boundary shortest-path substitute.2.1.1 Path-detour: A basic sparsi�cation techniqueLet G be a planar undirected graph with nonnegative edge weights and let � be an errorparameter and d a distance parameter. Also, let P be a path in G of length O(d). LetQ be a set of k selected nodes that lie on the boundary of a constant number of faces.In this subsection we show how to sparsely represent selected node-pair shortest pathsthat intersect P , and are between d and 2d in length. In particular, we show that thereexists a substitute graph with O(��1k) edges that approximates these shortest-pathsto within a 1 + � factor. We call this substitute a crossing substitute.To construct a crossing substitute we �rst divide P into O(��1) node-disjoint seg-ments of length at most �d=2 each. The �rst node xi in each segment si is called26



procedure Path-detour[Dividing the separating paths]for each path � 2 Z do1. Partition it into O(��1) segments s1; s2; : : : ; sk of length at most �d=2.2. let xi be the �rst node of segment si.3. for 1 � i � k do[Sparsifying paths that cross segment si]a. Compute shortest paths from xi.b. For each boundary node u add the edge uxi (to the substitute),with the shortest-path length found in Step a.end [ Sparsi�cation]end [procedure Path-detour]Figure 2.1: The Path-detour techniquethe segment node of that segment. To approximate the paths that cross segment siwe use the approximation idea introduced in Section 1.6 (see Figure 1.1). To do thiswe perform single-source shortest-path computations in G from each of the O(��1)segment nodes. Our crossing substitute consists of a collection of stars, one for eachsegment, as discussed in Section 1.6. The star for segment si has xi as its center andthe selected nodes as its leaves. The edge between a selected node u and xi is labeledwith the length of the shortest path from xi to u. A pseudocode version of the basicsparsi�cation procedure is given in Figure 2.1.As discussed in Section 1.6, these stars approximately represent d-length shortestpaths between selected nodes that intersect P . For each segment si, a path � from uto v that intersects si is approximated in our substitute by the two-edge path uxi; xivthat detours via the detour node xi of si.To bound the number of edges in our substitute we note that it consists of O(��1)stars each of which has at most k edges, giving us a total of O(��1k) edges. To boundthe time required to compute the crossing substitute we note that the most expensivestep is the single-source shortest-path computations from the segment nodes. Sincethere are O(��1) segment nodes, the entire computation can be carried out in O(��1n)time using the shortest-path algorithm of [62].27



2.1.2 Face-boundary shortest-path substitutesLet Q be a set of k selected nodes in G that lie on a constant number of faces, and let� > 0 be an error parameter. In this section we show how to construct a face-boundaryshortest-path substitute that approximates the all-pairs shortest paths between selectednodes to within a 1+ � factor. Here we describe a procedure for sparsi�cation when allthe selected nodes lie on the boundary of a single face f . The case of multiple faces issimilar. Our sparsi�cation algorithm uses a divide-and-conquer mechanism and makesuse of the path-detour technique from subsection 2.1.1.Path-detour works best with paths that are all roughly of the same length. Toaccommodate this, we use a grouping technique (see, e.g., [63,65]). We consider theselected-node-pair shortest paths in logD di�erent groups and for each group we builda di�erent substitute. The ith substitute approximates selected-node-pair shortestpaths in the range [d; 2d], where d = 2i. These logD substitutes are unioned to get asubstitute that sparsely represents paths of all lengths.To sparsely represent selected-node-pair shortest paths with lengths in the range[d; 2d] we use the divide-and-conquer procedure described below. A pseudocode versionof the sparsi�cation procedure is give in Figure 2.2.1. Finding separating paths: We use a procedure called separate that gives aseparating set Z consisting of one or two paths of length at most 4d. These pathsdivide Q into subsets M and O of size at most 3jQj=4 each such that any pathof length at most 4d between them intersects some path in Z (see Figure 2.3).2. Sparsifying intersecting paths: To sparsely represent shortest paths thatcross the separating paths we use path-detour (see Subsection 2.1.1).3. Dividing G for the recursion: For each node x in G we determine whetherthere is a path of length at most 2d between x and some node in M (respectivelyO) that does not intersect any of the separating paths in Z. If there is such apath then we place x in V1 (respectively V2). We construct G1 and G2 by takingnode-induced subgraphs of V1 and V2 respectively.28



Note that no node can be in both V1 and V2 at the same time. Otherwise, wewould get a path of length at most 4d between M and O that does not intersectany separating path in Z.To �nd the nodes of G that go into V1 we combine all the nodes of M into asingle supernode s and �nd the nodes of G that are within a distance 2d from sin G� Z. The set V2 is determined similarly.4. Recursive computation: We recursively compute sparse substitutes for [d; 2d]-shortest paths in G1 and G2 with both endpoints in M and O respectively. Thetwo recursive substitutes are unioned along with the crossing substitute foundin step 2 to get the face-boundary shortest-path substitute for all the selectednodes.Before we analyze our procedure for sparsi�cation we describe procedure separate.Consider a division of Q into four equal-sized contiguous subsets A1, A2, A3, and A4as shown in Figure 2.3. If there is a path of length at most 4d from A1 to A3 or A2to A4 then we can use it to divide Q into subsets M and O as shown in Figure 2.3.Note that the nodes ofM are topologically separated from those of O by the separator.Thus every path between M and O crosses the separating path.When there is no single path of the desired length that divides Q into roughly equalsubsets we can �nd a two-path separator as follows:1. We �rst number the nodes clockwise along the face f starting at the �rst nodeof A1.2. We then set a1 to be the lowest-numbered node in A1 that has a path of length4d or less to some node b1 in A2. The path �1 between a1 and b1 is the �rst pathin our separator. If there are no such paths between nodes of A1 and those of A2then a1 and b1 are set to be the last node in A1 and �1 is set to �.3. Similarly, we set a2 to be the lowest-numbered node in A3 that has a path oflength 4d or less to some node b2 in A4. The path �2 between them is the second29



procedure sparsify(G;Q)[Initializing the global substitute sub]sub �;[Grouping the paths]for each value of i in [0; logD] do[Group i sparsi�es the paths in the range [2i; 2i+1]]let d 2i;[Sparsifying the paths in group i]I. [Finding a separator]Use separate to �nd a set Z of � 2 O(d)-length paths such thatZ divides Q into two sets M and O of roughly equal sizeand cuts all paths of length � 4d between M and O;II. [Sparsifying paths that cross the separator]Use Path-detour to construct a substitute subc for the pathsthat have one endpoint in each of M and O;III. [Dividing G for the recursion]1. let V1 = M and V2 = O;2. for each node x in G doif there is a path of length � 2d from M to x in G� Zthen place x in the set V1else place it in V2;3. for i = 1; 2 construct Gi by forming the vertex-induced subgraphof G induced by the vertices in Vi;IV. [Recursive computation of face-boundary shortest-path substitutes]let subm = sparsify(G1;M) andsubo = sparsify(G2; O);V. Union subc, subm, and subo to get subi, the substitute for group i;VI. [Adding to the global substitute]sub  sub [ subi;end [for]end [procedure sparsify] Figure 2.2: Procedure sparsifypath of our separator. As before, if no such path exists a2 and b2 are set to bethe last node in A3 and �2 is set to �.30



A1

1

2

3

b

a

A2

A3

A4

1R

R2

k

3k/4

k/2

k/4

M

O

k−1

1

2

3

a
1

b
1

a
2

b
2

A1

A2

A3

A4

1R

R2

R3

k

k−1

3k/4

k/2

k/4

M

OFigure 2.3: Using one or two paths to cut the boundary4. The nodes in Q are divided into two sets M and O. M contains the nodes ofQ from a1 to a2 in the clockwise order, including a1 but excluding a2, while Ocontains the rest.As shown in Figure 2.3, the exterior of face f is topologically separated into threeregions R1, R2, and R3. Any path between M and O that has one of its endpoints inR1 or R2 is forced to cross one of the separating paths. Also, by the minimality of aithere is no path from M to O of length at most 4d that lies entirely in R3 and doesnot intersect either of the separating paths.To �nd the lowest-numbered node a1 2 A1 that has a path of length at most 4d tosome node in A2 we �rst coalesce the nodes of A2 into a single supernode s. We then�nd single-source shortest paths from s to all the nodes in A1. The node a1 is thenset to be the lowest-numbered node that has a path �1 of length less than or equal to4d from s. The path �1 is the �rst path in our separator. Similarly we can �nd thelowest-numbered node a2 2 A3, and the corresponding path �2 from a2 to some nodein A4..The time spent by procedure separate is dominated by the time required to performa single-source shortest-path computation from the supernode s. Coalescing the nodes31



of A2 into s preserves the planarity of G since all the nodes of A2 are on a single face.We can therefore use the algorithm of [62] to �nd shortest paths from s. Thus we canimplement procedure separate in O(n) time.To bound the size of the substitute we note that the substitute for shortest pathsin any range [d; 2d] is constructed in O(logk) stages. Furthermore, at each level in therecursion the sum of the sizes of all crossing substitutes is O(��1k). Hence the totalsize of the substitute for group d is O(��1k log k). This combined with the fact thereare O(logD) groups implies that the size of the substitute is O(��1k log k logD).To bound the running time of our sparsi�cation procedure we note that the timerequired for constructing the crossing substitute in step 2 is O(��1n). The time neededto �nd separating paths is O(n) and the time required for dividing G is O(n). This inconjunction with the fact that the recursion depth is O(log k) and the fact that thereare logD groups gives us the bounds for Theorem 4.2.2 Face-boundary reachability substitutes: sparse rep-resentation for all-pairs reachabilityLet G be a planar directed graph and Q be a set of k selected nodes that lie on theboundaries of a constant number of faces. In this section we address the issue ofconstructing a face-boundary reachability substitute to represent the all-selected-node-pair reachability information in G. Here we show how to construct a substitute whenall the selected nodes lie on the boundary of a single face f . The case of multiple facesis similar.To construct the substitute we follow the same simple divide-and-conquer approachused to �nd the face-boundary shortest-path substitute in Section 2.1. The strategy isas follows.� As before, we �rst divide the selected node set Q into two roughly equal halvesM and O (see Figure 2.3).� We now �nd a sparse substitute that represents reachability information from32



the nodes in M to the nodes in O and vice-versa. This step is a variant of thepath-detour technique used in Subsection 2.1.1 for �nding a crossing substitute.� Again, we use recursion to �nd sparse substitutes for all-pairs reachability amongnodes in M (respectively nodes in O).� We then union the three substitutes to get the �nal face-boundary reachabilitysubstitute.We now give the details of each of these steps.1. Finding separating paths: Similar to the shortest-path setting we use a pro-cedure called separate2 that gives a set Z of one or two paths in G that dividesthe selected nodes in Q into two sets M and O. These sets are constructed suchthat neither of them has more than three-fourth of the nodes in Q and any di-rected path from M to O (or from O to M) intersects one of the paths in Z(see Figure 2.3). Procedure separate2 is similar to procedure separate and isdescribed later.2. Sparsifying intersecting paths: To sparsely represent reachability informationbetween the nodes of M and O we proceed in the following manner. For eachpath � in Z we perform the following steps.(a) We �rst number the nodes on � in increasing order starting from the source.(b) For each node u 2 Q we then �nd the lowest-numbered node x on � suchthat there is a directed path from u to x in G. We label node x to be amarked node and call it the entry point of the node u. To �nd the entrypoints of all the nodes in Q we �rst add a temporary auxiliary node s andconstruct directed edges from all the nodes on � to s. We then performan ordered depth-�rst search from s, exploring the search-tree of a lowernumbered node before looking at a higher numbered node, to �nd all thenodes in Q that can reach s. Note that in the depth-�rst search we only use33



incoming edges at each node because we are interested in paths that comeinto �.(c) As in the previous step, for each node u in Q we �nd the highest point yon � such that there is a path from y to u in G. As before, we label nodey to be marked and call it the exit point of u. This computation can alsobe done by conducting a depth-�rst search in a manner analogous to theprevious step.(d) To sparsely represent the paths that cross � we construct a substitute sub�.The substitute sub� consists of a spine �0 that is formed by removing allthe unmarked nodes of � and adding directed edges between consecutivemarked nodes, directed from the lower numbered to the higher numberednode. Each selected node u is attached to the spine by edges to its entryand exit points. We add a directed edge from u to its entry point x, and anedge to u from its exit point y. See Figure 2.4 for an example.The sparse substitute subc, called the crossing substitute, formed by the unionof the sub� for all the � in Z represents reachability between nodes in M and O.3. Dividing G for the recursion: For each node x in G we determine whetherthere is a directed path between two nodes u and v in M (respectively in O) thatpasses through x and does not intersect any separating path in Z. If there is sucha path then we place x in V1 (respectively V2). We construct G1 and G2 by takingnode-induced subgraphs of V1 and V2 respectively. No node is in both V1 and V2at the same time because that would result in a path from some node in M to anode in O that does not intersect any separating path, which is a contradiction.To �nd the nodes of G that go into V1 (respectively V2) we �rst combine all thenodes of M (O) into a single auxiliary node s. We then �nd the nodes of G thatcan both reach s and are reachable from s in G � Z. Here G� Z is G with thenodes on the separating paths removed.34
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procedure construct-substitute(G;Q)[Finding separating paths]Use procedure separate2 to �nd a set Z of one or two pathsthat divide Q into two (roughly) equal sets M and Oby cutting all paths between them;[Sparsifying intersecting paths]1. let the crossing substitute subc = �;2. for every path � in Z doa. for all the nodes u in Q doi. Find the lowest point x on � reachable from u;ii. Find the highest point y on � such that u is reachable from y;iii. Label the nodes x and y marked;iv. Add edges ux and yv to subc;b. Construct the spine �0 by contracting the unmarked nodes of �;c. Add the spine �0 to subc;[ end for ][Dividing G for the recursion]1. let V1 = M and V2 = O;2. for each node x in G doif there are are nodes u and v in M such that there exists a pathfrom u to v in G� Z that passes through x thenplace x in the set V1 else place it in V2;3. for i = 1; 2 construct Gi by forming the vertex-induced subgraphof G induced by the vertices in Vi;[Recursive computation of face-boundary reachability substitutes ]let sub1 = construct-substitute(G1;M) andsub2 = construct-substitute(G2; O);[The �nal face-boundary reachability substitute]let sub = subc [ sub1 [ sub2;end [procedure construct-substitute]Figure 2.5: Constructing the face-boundary reachability substitutetwo paths as shown in Figure 2.3. To �nd these two paths we proceed in a mannersimilar to that of procedure separate.1. We �rst number the nodes clockwise along the face f starting at the �rst nodeof A1. 36



2. We then set a1 to be the lowest-numbered node in A1 that has a path to or fromsome node b1 in A2. The path �1 between a1 and b1 is the �rst path in ourseparator. If there are no paths between nodes of A1 and those of A2 then a1and b1 are set to be the last node in A1 and �1 is set to �.3. Similarly, we set a2 to be the lowest-numbered node in A3 that has a path to-or-from some node b2 in A4. The path �2 between them is the second path of ourseparator. As before, if no such path exists a2 and b2 are set to be the last nodein A3 and �2 is set to �.4. The nodes in Q are divided into two sets M and O. M contains the nodes ofQ from a1 to a2 in the clockwise order, including a1 but excluding a2, while Ocontains the rest.As shown in Figure 2.3 the exterior of face f is topologically separated into three regionsR1, R2, and R3 by the two paths �1 and �2. Note that either R1 or R2 may be empty.Any path between M and O that has one of its end points in R1 or R2 is forced tocross one of the separating paths. Also, by the minimality of ai there is no path fromM to O (or from O to M) that lies entirely in R3 and does not intersect either of theseparating paths.To �nd the lowest-numbered node a1 2 A1 that has a path to some node in A2 we�rst coalesce the nodes of A2 into a single supernode s. We then perform a depth-�rst-search (DFS) from s to �nd all the nodes in A1 that can reach s. We also perform aDFS to �nd all the nodes of A1 that are reachable from s. The node a1 is then set to bethe lowest-numbered node that has a path �1 either to-or-from s. The path �1 is the�rst path in our separator. Similarly, we can �nd the lowest-numbered node a2 2 A3,and the corresponding path �2 between a2 and some node in A4.The steps outlined above can be carried out in O(n + k) time. We therefore havethe following lemma.Lemma 3 Procedure separate2 constructs a separating set Z that divides Q intosets M and O such that neither of them has more than three-fourths of the nodes.37



Also, any path from M to O (or from O to M) intersects some path in Z. Moreover,procedure separate2 runs in O(n) time.To prove the correctness of our sparsi�cation procedure all we need to do is provethat the crossing substitute subc correctly represents the reachability information dueto paths that go from the nodes in M to those in O and vice-versa. Consider any path� from some node u in M (or O) to a node v in O (or M). We now show that there isa corresponding path �0 in subc from u to v.By Lemma 3 we know that � crosses some path in Z. Let us suppose it crosses thepath � 2 Z and the intersection point is p. By construction of sub� we have edges uxand yv in sub� where x is the entry point of u and y is the exit point of v. By de�nitionx is numbered no higher than p and y is numbered no lower than p. Furthermore, yis reachable from x in sub�, since x occurs before y on the spine �0. Therefore, v isreachable from u in sub� (and therefore in subc) by the alternate path �0 that uses theedges ux and yv and the subpath from x to y in �0. For example in Figure 2.4 the pathfrom the selected node u3 to the selected node v2 is replaced by an alternate path thatdetours via the marked nodes x4 and x9. Note that if v is reachable from u in subc itis also reachable from u in G because every edge in subc corresponds to a path in G.To bound the size of subc we note that there can be at most O(k) marked nodessince there are at most two paths in Z and each selected node marks no more thantwo nodes on any path in Z. This also implies that the size of the spine �0 (for any �in Z) is at most 2k. Furthermore, a selected node is attached, via directed edges, toat most four nodes in subc. Therefore, the total number of nodes and edges in subcis O(k) (see Figure 2.4). By Lemma 3 the number of selected nodes goes down by aconstant factor at every stage in the recursion. Therefore, the size of the face-boundaryreachability substitute sub is O(k log k).To bound the running time we note that the construction of subc involves a call toprocedure separate2 and a constant number of depth-�rst search operations. The totaltime needed is therefore the sum of the time needed for the recursive computation andthe time needed by procedure separate2, which is O(n) by Lemma 3. Since the depth38



of the recursion is proportional to log k it is easy to see that the total time required byour sparsi�cation procedure is O(n logn). We thus get the bounds of Theorem 5.2.3 Fully dynamic data structures for approximateshortest paths and reachabilityIn this section we design a fully dynamic data structure for maintaining approximate all-pairs shortest paths and the all-pairs reachability in planar graphs. The data structurefor the shortest-path problem works for undirected planar graphs with nonnegativeedge weights and supports the following operations.1. distance(u; v): Returns the approximate distance between u and v in G.2. add(u; v; w): Results in the addition of the edge uv with weight w.3. delete(u; v): Results in the deletion of the edge uv.The data structure for reachability supports the following operations.1. is-reachable(u; v): Returns true if v is reachable from u in G.2. add(u; v): Results in the addition of the directed edge uv.3. delete(u; v): Results in the deletion of the directed edge uv.In this section we will assume that all the edge-additions are planarity-preserving. Tosee whether edge additions preserve planarity we can run the planarity-testing algo-rithm from [37] in the background to prevent addition of edges that destroy planarity.Doing this only increases the time-complexity of our update operations by a constantfactor. In the descriptions of our algorithms we will not explicitly mention these addi-tional steps.For both the shortest-path problem and the reachability problem, in the preprocess-ing stage we �nd a face-restricted k-cluster partition of G (see Section 1.4). For eachpiece Gi in the partition we now �nd a sparse substitute Ĝi. For the shortest-path prob-lem Ĝi is the face-boundary shortest-path substitute and for the reachability problem39



procedure distance(u; v)[Forming the auxiliary graph]H  Gu [ Gv [ S.[The Query]1. Run Dijkstra's algorithm in H with u as the source node.2. Return the distance between u and v found in the previous step.end [procedure distance]Figure 2.6: Finding approximate shortest-paths using the skeleton S.Ĝi is the face-boundary reachability substitute. The substitute graphs Ĝ1; Ĝ2; � � � ; Ĝjare unioned to form a skeletal graph S.In our data structures we set k to be n2=3 which results in a cluster partition withO(n1=3) clusters each of which has no more than n2=3 edges. Furthermore, each clusterhas O(n1=3) boundary nodes that are distributed over at most f faces for some constantf .1 Given the face-restricted cluster partition as described above for the shortest-pathproblem the size of the skeletal graph S is O(n2=3 logn logD) while its size for thereachability problem is O(n2=3 logn). It also follows from Lemma 2 and Theorem 4that the total amount of time needed for preprocessing in the case of shortest-pathsis O(n logn logD). Similarly by Lemma 2 and Theorem 5, the preprocessing timerequired for the reachability problem is O(n logn).In the shortest-path problem the skeletal graph S is a compact representation forapproximate all-pairs shortest paths between the boundary nodes and in the reacha-bility problem it is a compact representation for the all-pairs reachability informationbetween boundary nodes. The skeletal graph S is used in the query-stage to determineshortest-paths and reachability information respectively in the two problems.To perform the query distance(u; v) we form an auxiliary graph H by unioning theregions containing u and v along with the skeletal graph S. We then run a sequentialshortest-path algorithm on the auxiliary graph H to compute the distance between uand v. See Figure 2.6 for the query-procedure distance.1In our data structure we set the value of f to be 4.40



procedure is-reachable(u; v)[Forming the auxiliary graph]H  Gu [Gv [ S.[The Query]1. Perform depth-�rst search in H with u as the source node.2. Return \true" if a path to v is found in step 1.end [procedure is-reachable]Figure 2.7: Determining reachability using the skeleton S.To perform the query is-reachable(u; v) we form an auxiliary graph H by unioningthe parent regions Gu and Gv of u and v respectively along with the skeletal graph S.We then perform a depth-�rst search from u, in H , to see if v is reachable from it inG. See Figure 2.7 for the query-procedure is-reachable.To prove the correctness of our query procedure for the shortest-path problem weneed to show that the distance between u and v in H is an accurate estimate of thedistance between u and v in G. For each Gi, by construction, the substitute graphĜi represents all-boundary-pair shortest paths to within a 1 + � factor. Consider apath � of minimum length from u to v in G. Mark all the boundary nodes in �.This marking divides � into a sequence of subpaths such that the �rst and the lastsubpaths lie entirely within Gu and Gv respectively and each intermediate subpath is aboundary-to-boundary path that lies entirely within one of the subgraphs G1 throughGj . Since the boundary-to-boundary shortest paths in Gi are well-estimated by thesubstitute graph Ĝi it follows that H contains a path from u to v whose length is nomore than 1+ � times the length of �. A similar argument shows that we can correctlydetermine the reachability between u and v by doing a depth-�rst search in H .To bound the time taken for performing the query we note that H is formed byunioning S and two regions with at most n2=3 edges. Therefore, in the shortest-pathproblem the size of H is O(n2=3 logn logD), and in the reachability problem the size ofH is O(n2=3 logn). Thus, the query procedure distance requires O(n2=3 log2 n logD)time while the query procedure is-reachable requires O(n2=3 logn) time.41



We now describe the procedures add and delete for updating the data structures.The basic idea is to recompute the face-boundary substitues (for shortest paths orreachability) for all the regions that are a�ected by the update operation. The cruxof the proof lies in showing that only a constant number of regions are a�ected. Wediscuss the case of an add operation, the delete operation is similar.Consider adding the edge uv: This results in a change in both Gu and Gv sincenow both u and v become (if they were not already) boundary nodes. Furthermore,the addition could result in changing the distribution of boundary nodes in Gu, Gv, orboth. If in any of them more than f faces now contain boundary nodes, we split thatregion into smaller regions where boundary nodes are distributed over no more thanf faces. However, performing these extra subdivsions only creates a constant numberof regions. Therefore, to recompute the face-boundary shortest-path substitutes forall these regions we require O(n2=3 logn logD) time. Similarly, to recompute the face-boundary reachability substitutes for the a�ected pieces we only require O(n2=3 logn)time.A careful look at our updating algorithm shows that repeated requests for addingedges can result in an excess of boundary nodes, since every time an edge uv is addedeither u or v or both may become boundary nodes. Therefore, we recompute thecluster partition after every n1=3 add operations. We also recompute the face-boundarysubstitutes of the pieces in the partition.To amortize the rebuild operation over adds we note that the cluster partitioningand the rebuilding of all the face-boundary shortest-path substitutes can be done inO(n logn logD) time. This coupled with the fact that a rebuild is done once every n1=3adds gives us the bounds of Theorem 2 for maintaining approximate shortest paths.Similarly, we note that the cluster partitioning and the rebuilding of all the face-boundary reachability substitutes can be done in O(n logn) time. This coupled withthe fact that a rebuild is done once every n1=3 adds gives us the bounds of Theorem 3for maintaining all-pairs reachability. 42



Chapter 3A randomized parallel algorithmfor computing shortest paths indirected graphsIn this chapter we investigate the problem of computing single-source shortest pathsin parallel. We will restrict our attention to the case when the edges have nonegativeweights. As discussed in Chapter 1 the sequential algorithms for this problem are quitee�cient; they require only slightly more than linear time [3,31,32,53]. As discussed inChapter 1 the known polylog-time parallel algorithms for this problem are ine�cientin their processor utilization.It is a longstanding open problem to �nd a work-e�cient polylog-time algorithmfor shortest paths. The gap between what we can and cannot achieve is particularlyevident when we consider sparse graphs. For such graphs, the work required by knownpolylog-time algorithms is essentially the cube of the sequential time required. Putanother way, using p processors yields a speed-up of roughly p1=3 instead of p.In this chapter we give work-e�cient parallel algorithms for solving the single-sourceshortest-path problem in sparse digraphs with moderate edge-lengths. Our algorithmgives a polynomial-factor improvement over matrix multiplication in the processor-time43



product when the input graph is sparse.Theorem 6 There is a randomized parallel algorithm that, given a directed graph Gwith integer lengths and given a source node s, computes shortest-path distances froms to all the other nodes in the graph. With high probability (i.e. probability exceeding1�n�
(1)) the algorithm takes time O(pn log2 n logL) and work O(mpn log2 n logL),where n, m, and L are, respectively, the number of nodes, the number of edges, and themaximum edge-length in G.1In Chapter 4 we investigate the special case when the underlying graph is planar.By comparing the work required by our algorithm to the O(m+ n logn) time re-quired by a sequential algorithm for shortest paths, we see that our algorithm incurs anO(pn log2 n logL) factor overhead. Our algorithm is based on a parallel breadth-�rstsearch algorithm due to Ullman and Yannakakis [96].Ullman and Yannakakis show that a breadth-�rst-search tree can be constructed inO(pn polylog n) time using a linear number of processors. Their algorithm is limited,however, in that it cannot handle lengths on nodes or edges. Thus one of our maincontributions is to extend their algorithm so that it can do so. We show that usinga simple rounding technique enables their algorithm to approximate shortest pathsin the presence of lengths. This technique of �nding approximate shortest paths ispresented in Section 3.3. It is essentially a method for �nding approximate shortestpaths that have a limited number of edges. We use this in conjunction with with ascaling technique, for reducing the exact problem to a series of approximate ones tosolve the exact problem. The scaling technique presented in Section 3.1 is similar tothe one used by Gabow [34] for sequential computation of shortest paths.In other related work, a parallel algorithm for shortest paths was discovered bySpencer [91]. Actually, his algorithm involves a tradeo� between time and work.Spencer speci�es his bounds in terms of a parameter � and an upper bound L on edge-lengths . For graphs with nonnegative integral edge lengths at most L the time required1In the rest of the chapter we will use the phrase \with high probability" to mean, with probability1� n�
(1). 44



is O((n=�) logn log(�L)) and the work is O(n�2 log � log(�L)+(m+n logL)polylog(n)).For comparison, let us ignore logarithmic factors; in order to achieve about pn time,Spencer's algorithm would need to do about n2 work, whereas our algorithm wouldneed to do about mpn work. Thus our algorithm is considerably more e�cient in thecase where the graph is sparse (i.e. m not much bigger than n) and less e�cient ifthe graph is dense (i.e. m bigger than n1:5). Put another way, if the graph is sparse(m = O(n)) and one only has n processors available, our algorithm would use the nprocessors to achieve a speed-up of about pn while Spencer's algorithm would achievea speed-up of about n1=4.Subsequent work In recent work Cohen [13,16] has given an algorithm to �nd 1+�-approximate shortest paths which among other things uses the limited search techniquepresented in Section 3.3. Her algorithm works in polylogarithmic time and is nearlywork-optimal. However, her algorithm does not generalize to directed graphs; and thereseems to be no way to use it to compute exact shortest paths by repeated approximationeven if the underlying graph is undirected.More recently Shi and Spencer [88] have given a parallel shortest-path algorithm,for undirected graphs, with work-bounds that are similar to ours. Given logn � t � ntheir algorithm runs in ~O(t) time with ~O((n3=t2) + m) work, or in ~O(t) time with~O((n3=t3) +mn=t) work.To compare the relative e�ciency of the two algorithms we set t to be pn. If weassume that the edge-lengths are polynomially bounded then for undirected graphsthe two algorithms require roughly the same amount of work. However like Cohen'salgorithm, their algorithm does not generalize to directed graphs either.The rest of the chapter is organized as follows. In Section 3.1 we show how to reducethe exact problem to a sequence of approximate problems. The same reduction is alsoused by the algorithm presented in Chapter 4. In Section 3.2 we discuss some techniquesfor searching a graph in parallel and describe the Ullman-Yannakakis algorithm forbreadth �rst search. In Section 3.3 we describe procedure FullSearch which is a45



technique for �nding approximate shortest paths in parallel. Finally in Section 3.4we show how to use procedure FullSearch along with the technique of Ullman andYannakakis to derive the algorithm of Theorem 6.3.1 Computing exact shortest paths by repeated ap-proximationIn this section we show how to reduce the problem of computing exact shortest pathsin a directed graph G to a series of approximate shortest-path computations.Gabow [34] has given a scaling algorithm to compute single-source shortest pathsin an n-node graph G with maximum edge-length L. His algorithm works by solvinga series of logL instances of the problem (involving the same graph) in which eachshortest-path distance is guaranteed to be at most n. For such an instance, any edgewhose length exceeds n is super
uous and can be discarded. By using this reduction,we can assume henceforth that the sum of edge-lengths is at most n3. This reduces thedependence of the algorithm's work-bound on the magnitude of the lengths L.2Next we show how to reduce an exact problem of this form to an approximateproblem of the same form. The reduction again uses the central idea of Gabow'sscaling algorithm, namely modifying edge-lengths according to node prices derivedfrom a previous shortest-path calculation.We de�ne the (1� �)-approximate shortest-path problem to be computing distanceestimates d(v) from a given root with the following properties.� (A) There is an auxiliary graph that contains G as a subgraph such that theestimates are exact shortest-path distances in the auxiliary graph.� (B) If the distance in the original graph from one node to another is d, the distancein the auxiliary graph is between (1� �)d and d.Thus in the (1� �)-approximate problem we are interested in getting underestimates2We thank David Karger for pointing this out to us.46



instead of overestimates. We now prove that the single-source shortest-path problemis e�ciently polylog-time-reducible to the (1� 12)-approximate shortest-path problem.Lemma 4 Single-source directed shortest paths in a graph G with nonnegative integrallengths can be reduced to the (1 � 12)-approximate shortest-path problem on the samegraph. If D is the maximum path length then the exact problem can be solved usinglogD calls to an algorithm for the 12 -approximate problem in the same graph (withdi�erent nonnegative integral lengths).Proof : We give a recursive algorithm and show it has recursion depth logD. Thealgorithm �rst computes distance estimates d(v) from the source. If these estimatesare all zero, then by property (B) of the estimates, the exact distances are all zero.Otherwise the algorithm recursively computes exact shortest-path distances bf(v) in agraph with lengths `(uv) de�ned byb̀(uv) := `(uv) + dd(u)e � dd(v)eFinally the algorithm determines exact shortest-path distances f(v) in the originalgraph by setting f(v) = bf(v) + dd(v)e.The correctness of this procedure is proved as follows. For any node x and any pathP from the source to x,b̀(P ) = Xuv2P(dd(u)e+ `(uv)� dd(v)e)= dd(source)e+ `(P )� dd(x)e (3.1)Since dd(source)e = 0, it follows that the shortest path to x indeed has length f(v).Next we show that the new lengths b̀ are nonnegative. For any edge uv of theoriginal graph, the u-to-v distance in the auxiliary graph is clearly at most `(uv), sowe have d(v) � d(u) + `(uv). It follows that dd(v)e � dd(u)e+ `(uv), so b̀(vw) � 0.To show that the recursion depth is logD, it su�ces to show that the maximumshortest-path distance with respect to the lengths b̀ is at mostD=2. For any node x, letP be a shortest path to x according to lengths `(uv). By property (B) of the distance47



estimates, dd(x)e � (1� 12)`(P ). Hence by (3.1), the distance to x according to lengthsb̀(uv) is at most `(P )=2. 23.2 Parallel BFS and the Ullman-Yannakakis algorithmIn this section we discuss several techniques for searching a graph in parallel. Inparticular we describe the Ullman-Yannakakis algorithm for parallel breadth �rst searchand discuss a version of breadth-�rst search that is suitable for weighted graphs. Theseideas will then be used to solve the (1� 12)-approximate shortest-path problem.The fastest known parallel algorithm for breadth-�rst search involves repeatedlysquaring a matrix, where the element-wise operations are in the min{plus semiring. Infact, this algorithm can compute shortest paths (see [2,25] for more details). The prob-lem with this algorithm is that it requires too many processors; to achieve O(logn) timerequires about n3 processors. The processor bound has been improved somewhat [41]in the case of breadth-�rst search.The most elementary parallel search technique is parallel breadth-�rst search. Inthis technique the nodes are visited level by level as the search progresses. Level 0consists of the starting node s, level 1 consists of the neighbors of s, level 2 consists ofthe neighbors of the neighbors of s (or, rather, those not belonging to previous levels),and so forth.To go from, say, level i to level i + 1, the processors divide up the edges withendpoints among the level i nodes; for each such edge, if the other endpoint has notyet been traversed, it is assigned to level i+1. Suppose ei is the number of such edges;then we can perform this computation in O(ei=p) time with high probability using thealgorithm of [47] for processor allocation. Hence the time required to traverse k levelsis O(e=p+ k) with high probability. 48



3.2.1 Limited searchThe problem with this approach is that the time required grows linearly with thenumber of levels traversed. To keep the time small, we must resort to a limited search,in which we limit the number of levels traversed. A k-limited shortest path from s tot is a path from s to t that is no longer than any s-to-t path of size at most k. Notethat a k-limited shortest path need not itself have size at most k. For any given errorparameter � > 0 we de�ne a k-limited �-approximate shortest path to be one whoselength is at most 1+ � times the length of any path of size at most k. We show how tosearch such paths in parallel in roughly O(k��1) iterations.An estimate d of the distance from s to t is a k-limited �-approximate shortest-pathdistance if there is an s-to-t path of length at most d, and d is at most 1 + � timesthe length of any path of size at most k. In the case of all lengths being 1, it is easyto �nd k-limited shortest paths in k iterations; one just uses k iterations of parallelbreadth-�rst search to �nd the actual shortest paths to all nodes at distance at most kfrom the source. We call this k-limited breadth-�rst search; it is essentially the methodused in the algorithm of Ullman and Yannakakis.3.2.2 The Ullman-Yannakakis algorithmThe basic version of Ullman and Yannakakis' parallel algorithm for breadth-�rst searchis based on pn log n-limited search. We review a simpli�ed version. We are given agraph and a source s from which to �nd a breadth-�rst search tree. As described inSection 1.5 their algorithm is based on searching from a set of randomly selected nodes.In this algorithm �rst, O(pn) randomly chosen nodes, along with the source, aredesignated as distinguished. The constant hidden by the big-Oh determines the proba-bility that the algorithm is correct, as we mention below. From each of the distinguishednodes x in parallel, p processors conduct a pn logn-limited search, identifying the min-imum path-size from x to each node within path-size pn. By choosing p = m=pn, wecan carry out all of these searches in O(pn logn) time using ppn = m processors.Second, an auxiliary graph is formed on the set of distinguished nodes, where the49



length of an edge from u to v is de�ned to be the minimum path-size from u to v foundduring the limited search. All-pairs shortest paths are then computed for the auxiliarygraph. This takes total work O((pn)3 logn), and can easily be done in O(pn logn)time using m processors. In particular, we have the length of the shortest path in theauxiliary graph from the source s to each of the distinguished nodes.Third, the minimum path-size from the source s to a node v is computed by takingthe minimum, over all distinguished nodes x, of the auxiliary-graph shortest path lengthfrom s to x plus the minimum path-size from x to v found in x's limited search.We can use Theorem 1 to show that, with high probability, this method yieldsthe minimum path-size for all the nodes v. The proof is as follows. Fix in advanceone minimum-size path Pv from s to v, for every node v. Now consider the randomlyselected distinguished nodes. For any given constant c, by Theorem 1, with probability1� 1nc none of the shortest paths Pv has apn log n-gap with respect to the distinguishednodes. Here, the constant c determines the constant factor in the number of randomlychosen nodes.Thus the path Pv is broken up into subpaths of size at most pn log n with thefollowing properties.1. The last subpath starts at a distinguished node and ends at v.2. All other subpaths start and end at distinguished nodes.These subpaths are traversed in the limited search. Hence the minimum path-size froms to the last distinguished node of Pv is correctly computed in the all-pairs computation,and the minimum path-size from s to v is correctly computed in the last step of thealgorithm.Ullman and Yannakakis' approach does not directly work with weighted graphsbecause there is no apparent way to �nd even thepn logn-limited shortest paths withinthe available resource bounds. Our �rst contribution is a method that approximatesthese shortest paths.In Section 3.3 we provide a procedure that, given a source node, �nds estimated50



distances to all nodes from the source such that the estimated distance is at least theshortest-path distance and no more than 1+ � times the pn logn-limited shortest-pathdistance. Given a graph with edge lengths that sum up to D, the procedure works inO(pn��1 logn) time doing O(mpn logn logD) work.Note that this procedure is su�cient to make Ullman and Yannakakis' procedurework for �nding approximate single-source shortest paths in weighted graphs. We usethe limited distances found by procedure FullSearch to create the auxiliary graph.The second and third steps of the Ullman-Yannakakis algorithm do not depend on thelengths being one. By applying essentially the same proof as sketched above for Ullmanand Yannakakis' algorithm, it is easy to see that the �nal estimated distances are atleast the actual distances and at most 1 + � times actual distances. In Section 3.4 weshow how to solve the exact problem using the approximation algorithm sketched here.3.2.3 Approximating k-limited shortest pathsThere is an obvious approach to extending parallel breadth-�rst search to handle posi-tive integral weights. Weighted parallel breadth-�rst search is just like ordinary parallelbreadth-�rst search, except that for each active edge, if the edge's length is one, itshead is assigned to the next level, and if the edge's length is more than one, its lengthis decreased by one. Thus level i consists of those nodes at distance i from the source.Weighted parallel breadth-�rst search has the same disadvantage as ordinary par-allel breadth-�rst search, only more so. The time required grows linearly with thedistance traversed. This is especially a problem when the lengths are large. To allevi-ate this disadvantage, the obvious �x is to uniformly shrink all lengths. This in itself isnot enough; the search crucially depends on the lengths being integral. Thus we mustround the shrunken lengths up to nearest integers without substantially changing thelength of the shortest path.In Section 3.3, we outline a procedure FullSearch(G; s; k; p; �) for �nding ap-proximate k-limited shortest paths from source s in the directed graph G. Here � isa positive number strictly less than one and the estimated path-lengths are at least51



the actual lengths and no more than 1 + � times the actual lengths. In this case, wesay that the estimates are accurate to within a relative error of �, or, more brie
y, towithin �.Let p be the number of processors available and D be the sum of the edge lengthsof G, procedure FullSearch �nds approximate k-limited shortest paths in timeO(m logDp + k��1);where D is the sum of edge-lengths.When we use procedure FullSearch for computing approximate k-limited short-est paths, we assign input parameters k = pn log n and p = m logD=pn��1. Withthese parameters, procedure FullSearch takes time O(pn��1 logn). Since Ullmanand Yannakakis' algorithm must carry out limited search from each of O(pn) nodessimultaneously, the number of processors required for all these calls is O(m� logD).Therefore the work done by the algorithm is O(mpn logn logD). As discussed above,this approximation algorithm is then used along with the scaling technique of Sec-tion 3.1 to derive the �nal algorithm.3.3 Procedure FullSearchIn this section we give the procedure FullSearch for �nding approximate k-limitedshortest paths from a given source node s. We �rst describe the sub-procedureSearch(G; s; d; k; p; �). It determines the k-limited �-approximate shortest path dis-tances from s of those nodes whose distance is at least d and at most 2d.Procedure FullSearch �nds k-limited approximate shortest path distances of allnodes simply by calling Search(G; s; d; k; p; �) in parallel with d = 1; 2; 4; : : :. Since Dis the sum of the edge lengths we need to consider at most logD di�erent values for din order to determine approximate k-limited shortest paths to all the nodes. This canbe accomplished with a (1+logD)- factor increase in the number of processors. Beforecalling procedure Search procedure FullSearch �nds all the nodes reachable fromthe source by k-limited paths of length 0. This can be done by performing a k-limited52



breadth �rst search from s as in the Ullman-Yannakakis algorithm. For this stage weonly use the zero-length edges of G.Using p processors, procedure Search(G; s; d; k; p; �) takes timeO(mp + k��1) (3.2)where m is the number of edges and n is the number of nodes in G. The �rst step ofthe procedure is to de�ne the scale factor � by� = �d=k (3.3)Next, we obtain approximate edge-lengths by rounding each length up to the nearestinteger multiple of �. Zero lengths are rounded up to �.b̀(e) = 8><>: �d`(e)=�e if `(e) > 0� if `(e) = 0Since the resulting lengths are positive integer multiples of �, we can apply weightedbreadth-�rst search where in each level we traverse a distance �. We search from thesource for d2(1+ �)k=�e levels and label each node reached with the estimated distance,i.e., � times the number of levels the search required to reach the node. The estimateddistance to a node not reached by the search is implicitly taken to be in�nite.The time required to traverse d2(1+ �)k=�e levels is O(m=p+ 2k� ) with high proba-bility using p processors. Next we show that the estimated distances computed are nottoo bad.The following proposition follows immediately from the fact that the approximateedge-lengths are at least the actual edge-lengths.Proposition 1 For any path P , b̀(P ) � `(P ).Proposition 1 ensures that we never underestimate distances. We might overesti-mate distances, but lengths of paths with at most k edges and distance at least d arenot overestimated by much.Lemma 5 If P is a source-to-v path of size k and length x such that d � x � 2d thenthe estimated distance to v is at most 1 + � times the length of P .53



Proof : For each edge e of P , b̀(e) � `(e) + �, so b̀(P ) � `(P ) + k�. By choice of �,we have k� = �d. Since `(P ) is at least d, we obtain b̀(P ) � (1+ �)`(P ). Furthermore,since `(P ) � 2d, we have b̀(P ) � 2(1 + �)d, so d2(1 + �)k=�e levels are su�cient totraverse P . Hence the estimated distance to v is at most b̀(P ). 2Procedure Search(G; s; d; k; p; �) only accurately estimates the k-limited distancesof nodes when those distances are between d and 2d. To estimate the distances of allnodes, we call Search in parallel with di�erent values of d. Let D be the sum ofedge-lengths. Procedure FullSearch(G; s; k; p; �) simply makes 1 + dlogDe calls toSearch(G; s; d; k; p; �), each with d assigned a di�erent power of 2 from 20 to 2dlogDe:For each node, we take its estimated distance to be the minimum estimated distanceobtained in all these calls.Lemma 6 Procedure FullSearch computes k-limited �-approximate shortest-pathdistances in time O(m logDp + k��1) (3.4)Proof : For any node v, the estimated distance to v is at least the actual distance, byProposition 1. Suppose v is at distance d(v) from the source. Let d0 = 2blogd(v)c, sod0 � d(v) � 2d0. By Lemma 5 when Search is called with d = d0 the estimateddistance to v is at most 1 + � times the length of any path to v with � k edges. Thetime bounds follow from the fact that the 1 + dlogDe calls to procedure Search canall be made in parallel. 23.4 Using procedure FullSearch to solve the (1� 1=2)-approximate shortest-path problemWe now show how our approximation algorithm can be used to get underestimatesthat satisfy properties (A) and (B) (see Section 3.1). We closely follow the outline ofthe Ullman-Yannakakis algorithm. Let G be the input graph, and let n and m denote,respectively, the number of nodes and number of edges in G. The �rst two steps are54



as follows. Randomly select (c + 3)pn distinguished nodes, where c is a constant.Include the source node among the distinguished nodes. Use FullSearch to �nd(1+ �)-approximate pn logn-limited shortest paths from each distinguished node. Thefollowing is a corollary of Theorem 1 and is the key to our algorithm.Corollary 1 With probability at least 1�n�c, for every pair of nodes u; v 2 G there isa shortest u-to-v path such that every subpath of size pn logn contains a distinguishednode.Next, construct a graph H whose nodes are the distinguished nodes and wherethere is an edge uv of length (1� �)d if the estimated u-to-v distance is d. Use matrixpowering to compute all-pairs shortest paths in H and let H� be the complete graphin which the length of the edge uv is the u-to-v distance in H . We next show thatdistances in the union of H� with the input graph G satis�es property (B).Lemma 7 For every pair of nodes u; v 2 G, if the u-to-v distance in G is d then theu-to-v distance in H� [ G is between (1� �)d and d.Proof : Since every path in G is a path in H� [ G, the u-to-v distance in H� [ G isno more than the corresponding distance in G. Conversely, let P be a shortest u-to-vpath in H� [G. We show how to obtain a path Q in G such that (1� �)`(Q) � `(P ).The lemma therefore follows.To construct Q we �rst construct P 0 from P by replacing each edge of H� withthe corresponding shortest path in H . Since the length of each edge of H� equals thelength of the corresponding shortest path in H , the length of P 0 equals the length ofP . We obtain Q from P 0 by replacing each edge uv of H with the shortest u-to-v pathPuv of G. The length of each edge uv of H equals 1 � � times the estimated u-to-vdistance in G, which in turn is at least the actual u-to-v distance. It follows that thelength of P is at least 1� � times the length of Q. 2Finally, we obtain single-source distances in H� [ G. To do this, we rely on thefollowing lemma. 55



Lemma 8 With probability at least 1�n�c, for any node v, there is a shortest source-to-v path in H� [ G that consists of at most 1 +pn log n edges.Proof : Assume the high-probability event of Corollary 1 occurs, and let P be a shortestsource-to-v path in H� [ G. Obtain P 0 from P as follows: for each maximal subpathPi of P consisting solely of edges of G, replace Pi by the shortest path with the sameendpoints whose existence is promised by Corollary 1. The resulting path P 0 has thefollowing structure. It consists of subpaths in G of size at most pn logn startingand ending at distinguished nodes, interspersed with edges of H�, and ending with asubpath in G of size at mostpn logn. Furthermore, since P 0 was obtained by replacingshortest paths in G with shortest paths in G, the length of P 0 equals the length of P .Obtain P 00 from P 0 as follows. For each subpath Pi in G of size at most pn log nstarting and ending at distinguished nodes, replace Pi with the edge ei of H with thesame endpoints. Suppose Pi is a u-to-v path, and note that since the estimated u-to-vdistance is at most 1 + � times the length of Pi, and the length of ei is de�ned to be1� � times the estimated distance, the length of ei is at most the length of Pi. Hencethe length of P 00 is no more than the length of P 0.The structure of P 00 is as follows. It consists of a subpath of edges of H� [ H ,terminating in a subpath of G of size at most pn log n. Obtain P 000 from P 00 byreplacing the subpath of edges of H� [H by the single edge with the same endpoints.It follows that the length of P 000 is no more than the length of P 000 and P 000 consists ofat most 1 +pn logn edges. 2Lemma 8 shows that to compute single-source distances in H� [ G, it is su�cientto consider paths of size at most k = 1 +pn logn. Cohen [14] has observed that thefollowing variant of Bellman-Ford correctly computes shortest paths in this case. Setd(v) := 1 for each node v, except set d(source) := 0. Repeat the following step ktimes. For each node v other than the source, computed(v) := minfd(u) + length(uv) : uv an incoming edge of vg56



Now we analyze the above algorithm. Carrying out FullSearch for each distin-guished node takes O(��1pn logn) time and O(mpn logn logD) work. Since D � n3,the work bound is O(mpn log2 n). Constructing the graph H can be done within thesame bounds. Since H has O(pn) nodes, computing all-pairs shortest paths in H canbe done in O(pn log n) time and O(n1:5 logn) work. Finally, using the Bellman-Fordvariant to compute single-source shortest paths requires O(pn log n) stages (as notedabove). Each stage can be implemented in constant time with high probability byusing Megiddo's [75] algorithm for computing minimum. Therefore the shortest pathsin H� [ G can be found in O(pn logn) time and O(mpn log n) work.We can therefore solve the exact problem by using the scaling technique of Section3.1 along with the approximateion algorithm outlined above for �nding prices. Wetherefore get the bounds of Theorem 6.
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Chapter 4A linear-processor polylog-timealgorithm for shortest paths inplanar digraphsIn this chapter we present a nearly work-optimalNC algorithm for �nding single-sourceshortest paths in planar digraphs. Our algorithm makes use of the scaling techniquepresented in Chapter 3 along with a technique that is essentially a directed version ofpath-detour from Chapter 2.Theorem 7 For n-node planar directed graphs with integral nonnegative edge-lengths � L, single-source shortest paths can be solved in time O(polylog n logL), withprobability 1� n�
(1), using n processors.The techniques used in our algorithm for planar graphs can also be used to �nd single-source shortest-paths in general directed graphs. The resulting algorithm although notas e�cient as the one presented in Chapter 3 is considerably faster.Theorem 8 There is a randomized parallel algorithm that, given an m-edge directedgraph G with integer lengths � L, and given a source node s, computes shortest-pathdistances from s to all the other nodes in the graph. With probability 1 � m
(1) thealgorithm runs in O(polylog m logL) with m2 processors.58



Our algorithm for planar digraphs does not depend upon planarity and can begeneralized to apply also to any minor-closed family of graphs for which a decompositiontree (based on O(pn polylog n)-node separators) as de�ned in Section 1.4 is provided.For example, given a decomposition tree, we can use our algorithm to �nd single-sourceshortest paths in constant-genus graphs.The best previously known polylog-time algorithm for single-source shortest pathsin planar undirected graphs is that of Pan and Reif [82,83], which does ~O(n1:5) work.Cohen [14] has given an algorithm with similar bounds for the directed case. Theprevious bounds are no better for breadth-�rst search, the special case where everyedge-length is one.As discussed in Chapter 1 our shortest-path algorithm applied to planar graphsin particular has several further applications. It can be used to obtain an e�cientpolylog-time algorithm for minimum st cut and maximum st-
ow in planar graphs (seeSection 4.5 for more details). Previous best algorithms for all these problems reliedon the nested dissection algorithm of Pan and Reif [83] and therefore required ~O(n1:5)work.Our shortest-path algorithm can be generalized to handle negative lengths as long asno negative-length edge appears in a directed cycle. In particular we have the followingtheorem.Theorem 9 There exists a randomized parallel algorithm for �nding single-sourceshortest paths in planar digraphs that do not have any directed cycle with negative-weight edges in them. Given such an n-node planar digraph G with integral edge-lengthsbetween �L and L the algorithm uses n processors and with high probability works intime O(polylog n logL).If G is an arbitrary n-node m-edge digraph with the same restriction on the dis-tribution of the negative edges then the algorithm uses m2 processors and with highprobability �nds single-source shortest paths in O(polylog m logL) time.Using this algorithm, we can solve the longest-path problem in a dag. By using thetechnique of Hassin and Johnson [49], we can �nd the maximum 
ow in an undirected59



planar network where s and t are not necessarily on the same face, both in polylogtime and using a linear number of processors. See section 4.5 for more details.The top-level description of our shortest-path algorithm is as follows. We use thescaling reduction of Chapter 3. To solve the approximate problem, as in Chapter 3, weshow how to construct a graph in which shortest-path distances approximate shortest-path distances in the original graph. The auxiliary graph created in Chapter 3 wasguaranteed to have shortest paths with at most pn logn edges. However, this is notsu�cient to implement a polylog-time solution. We therefore construct an auxiliarygraph in which there exist shortest paths with polylogarithmic number of edges. Again,we use a parallel version of the Bellman-Ford algorithm to quickly �nd shortest pathsin this auxiliary graph.To construct a graph that approximates shortest paths in the original graph we usesimilar but denser graphs on the separators. This idea was used by Lingas [71] in thecontext of breadth-�rst search and later by Cohen [14] for shortest-paths. However, in[14] the dense graphs on the separators were simply complete graphs where there wasan direct edge uv representing the shortest path from u to v. In our algorithm, we toouse a graph in which each edge represents a path, but the shortest path may consist ofmore than one edge. We call this graph a summary of the original graph. Summariesare formally de�ned in Subsection 4.1.2. Our main subprocedures, outlined in Section4.3, operate on summaries. Since a summary is typically dense, naive approachesto manipulating a summary would be too expensive. The key idea of our approach,incorporated into Lemma 16, uses the fact (see Section 4.2) that in a dense summary ofa sparse graph, many pairs of edges represent intersecting paths of the original graph.This fact provides the basis for e�ciently searching a summary. Section 4.2 describeshow these intersecting paths can be found and Lemma 9 outlines a procedure to �ndpaths all of which intersect a given path. This procedure is similar to the path-detourtechnique of Chapter 2.The rest of the chapter is organized as follows. In Section 4.1 we discuss some of thebasic ingredients used in the algorithm including a parallel version of the path-detour60



technique suitable for directed graphs (see Lemmas 9, 10, and 11). The path-detourtechnique is the basis for our parallel algorithm. In Section 4.2 we describe how to�nd intersecting paths to facilitate the parallel search procedure outlined in Lemmas 9,10, and 11. In Section 4.3 we describe the approximation algorithm for constructingthe auxiliary graph that is the key to obtaining the bounds of Theorem 7, and inSection 4.4 we show how to extend the algorithm to get the bounds of Theorem 8.Finally in Section 4.5 we address the problem of handling negative-weight edges. Wealso discuss the application of this extension to computing longest paths and maximumst-
ows.4.1 The ingredientsIn this section we describe some of the basic ingredients used by our parallel algorithm.In particular we detail a parallel version of the path-detour technique that is suitablefor directed graphs.4.1.1 Limited Bellman-Ford search from a source-pathGiven a graph G with a source, and given a positive integer r, we consider the problemof computing, for each node v, the shortest source-to-v path consisting of at most redges. As discussed in Chapter 3 this problem can be solved in O(r log jGj) time andO(rjGj) work by running the Bellman-Ford algorithm for r stages. We now show howto adapt this idea to give a shortest-path procedure that �nds approximate r-edgedistances in a graph G to a path P = �1 : : :�s. This portion is similar to the idea of�nding shortest paths from the detour node of P in the undirected setting (see Section1.6).Lemma 9 There is a procedure that takes as inputs a graph G, a path P in G, a positiveinteger r, a distance bound d�, and an error parameter �. The procedure computes thefollowing for each node v in G and each distance d � d� that is a multiple of �d�:(A) Either a node � in P such that 61



1. There is a v-to-� path of length at most d+ �d�, and2. For every node �0 occurring before � in P , every v-to-�0 path consisting ofat most r edges has length more than d.(B) or 1, if there is no v-to-P path of length at most d and size at most r.The procedure takes time O(r logm) and work O(m��1r2), where m is the number ofedges in G.If d� = 0 then for each node v the procedure �nds the lowest node � such that thereis a v-to-� path. It is easy to see that this satis�es conditions (1) and (2). To �nd �for all the nodes v we can perform a depth �rst search (looking at paths of length � r)from the tail of P .Otherwise, �rst the procedure discards edges of length more than d�, as such edgesobviously do not participate in paths of length at most d�. Next it uses rounding toreplace the edge-lengths with small integers. Let `(vw) denote the length of edge vw,and de�ne b̀(vw) := d`(vw)=�e, where � = �d�=(r+ 1). Let i� = (r + 1)��1, and notethat b̀(vw) � i�.Let the source-path be P = �1�2 : : :�s. We give a procedure using lengths b̀(�) thatcomputes a table Tv of size i�+ 1 for every node v, satisfying the following correctnesscondition: for each nonnegative i � i�, Tv[i] is the minimum index j such that thereis a v-to-�j path of length at most i and size at most r. If there is no such index,Tv[i] =1.Before giving this procedure, we show how it can be used to prove Lemma 9. Forany distance d � d� that is a multiple of �d�, let i = d d� +re. For a node v, if Tv[i] is 1then there is no v-to-P path of length at most d and size at most r. If Tv[i] = j thenthere is a v-to-�j path that has b̀-length at most d d� + re. Therefore the actual lengthof the path to �j is no more than �d d� + re � d+ �d�. Hence �j satis�es (1) of Lemma9. Moreover, for any �0 occurring before �j in P , every v-to-�0 path Q of size at mostr satis�es i < Xvw2Qd`(vw)=�e � 0@ Xvw2Q `(vw)=�1A+ r62



Substituting for i in the inequality above we see thatd d� + re < `(Q)� + rTherefore d < `(Q). Hence �j satis�es condition (2) of Lemma 9.Now we give the procedure. To initialize the tables, for every i we set Tv[i] := 1for all nodes v not in the path P , and set T�j [i] := j for nodes �j in the path.The basic step is relaxing all edges by simultaneously updating each table Tv asfollows. T 0v[i] := minfTv[i];minfTw[i� `(vw)] : `(vw) � igg: (4.1)It is a simple induction on r to show that, after r iterations of applying (4.1) toall the nodes of G simultaneously, the correctness condition holds. Each of these riterations requires time O(logm) and work O(i�m), where m is the number of edges ofG. Substituting for i� yields the bounds of Lemma 9. A similar procedure can be usedto compute r-limited shortest-paths from P to the nodes of G.4.1.2 SummariesA summary H of G is a graph consisting of nodes of G (ordinary nodes) and segmentnodes. Each segment node is a copy of some node of G. We de�ne all such copiesto be distinct.1 Each edge uv of H corresponds to a path in G between the nodescorresponding to u and v. Note that distinct edges need not map to disjoint paths.The mapping from edges ofH to paths ofG is represented by a derivation dag, describedlater.The segment nodes of H are partitioned into disjoint paths, called segments. Theonly edges in H between segment nodes are the edges belonging to the segments. Theseedges are called segment edges to distinguish them from ordinary edges, which connectordinary nodes to segment nodes or to other ordinary nodes. The segment graph of H1Hence when two summaries are unioned, segment nodes are never coalesced, as happens to ordinarynodes appearing in both summaries. 63
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Figure 4.1: Augmenting a segment with jump edges.is the multi-graph obtained by coalescing each segment into a single node. A supernodeof H is either an ordinary node or a segment. Thus the nodeset of the segment graphof H consists of the supernodes of H . Note that the segment graph may have multipleedges between the same endpoint. Note also that it has no edges between segments. Wede�ne the edge-multiplicity of the segment graph to be equal to the maximum numberof edges between any two nodes of the segment graph.A hop in H is a path from one ordinary node to another all of whose internal nodesare segment nodes belonging to a single segment. Since there are no edges betweensegments, any path in H between ordinary nodes can be decomposed into hops. Ak-hop path is one consisting of at most k hops.4.1.3 Applying limited Bellman-Ford to a summaryIn computing limited shortest paths in a summary, we cannot a�ord to spend lots oftime traversing the many edges in a segment. For purposes of computing shortest paths,therefore, we shall assume the segments have been augmented with jump edges as shownin Figure 4.1. Each jump edge is assigned a length equal to the sum of the lengthsjumped, so distances are not a�ected. These jump edges have the property that anysubpath of the segment can be replaced by a path of at most 2 log s jump edges, wheres is the size of the segment. Moreover, given any subset X of the nodes of the segment,there is a node-induced subgraph consisting of jX j log s nodes and 2jX j logs edges that64



has the same property with respect to X : any path in the original segment starting andending at nodes of X can be replaced by a path in the subgraph consisting of at most2 log s edges. This is called the subgraph relevant to X . We assume in the followinglemmas that the segments of the input summary H have been thus augmented. Wealso assume that su�cient preprocessing has taken place that, given a subset X of thenodes of a segment, it is easy to obtain the relevant subgraph.Lemma 10 Given an augmented summary H and a source node v of H, k-hop-limitedshortest paths to all ordinary nodes of H can be found in time O(k log2 n0) and workO(km log3 n0), where n0 is the number of nodes in H and m is the number of ordinaryedges.Proof : In order to achieve a work bound that depends only on the number m ofordinary edges, rather than on the total number of edges in the summary, we mustrestrict our attention to only some of the segment nodes and edges. Call a segmentnode active if it has incident ordinary edges. For each segment, we consider only thesubgraph relevant to the segment's active nodes. hence the total number of nodes andedges under consideration is O(m logn0). By applying limited Bellman-Ford searchfrom the source node v with r = 2k logn0, we obtain the desired shortest paths. 24.1.4 Parallel Path-detour: Fast parallel approximation of k-hoppaths that cross PNext we make use of the shortest-path approximation algorithm of Lemma 9 for search-ing from a path P . Our goal is to construct a representation of nearly shortest k-hoppaths that go through the path P . Lemma 11 outlines the parallel version of ourpath-detour technique.Lemma 11 There is a procedure that, given an augmented summary H, a distancebound d�, an accuracy parameter �, a path P inH of length at most �d�=4, and a positiveinteger k, constructs a P -substitute for H, consisting of a copy P 0 of P and a set ofpseudoedges between ordinary nodes and nodes of P 0, with the following properties:65
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a multiple of ��d�. The edge corresponding to distance d is v�, where � is the copy inP 0 of the node of P satisfying (1) and (2) of Lemma 9, namely:(1) there is a v-to-� path of length at most d+ ��d�, and(2) for every node �0 occurring before � in P , every v-to-�0 path consisting of at mostr edges has length more than d.The length assigned to the pseudoedge is 1�� times the length of the path it represents,namely the path of (1). For those d that satisfy condition (B) of Lemma 9 there is nocorresponding pseudoedge.We have described the construction of outgoing pseudoedges. Incoming pseudoedgesare constructed analogously. The time and work for this procedure are dominated bythe time and work required by the two calls to the procedure of Lemma 9. The boundsof Lemma 11 therefore follow.Now we show the construction satis�es the correctness properties. Properties (I)and (II) are immediate. Let Q be a v-to-w path of length between d�=2 and d� consistingof at most k hops and containing a node � of P . Write Q = Q1�Q2, and let d1 =(d`(Q1)=��d�e)��d�, and d2 = (d`(Q2)=��d�e)��d�. Let v�1 be the outgoing pseudoedge inthe substitute that corresponds to distance d1, and let �2w be the incoming pseudoedgethat corresponds to distance d2. By construction `(Q1) � d1 � `(Q1) + ��d� and`(Q2) � d2 � `(Q2) + 2��d�. Therefore by condition (2) of Lemma 9 (as shown inFigure 4.2) � occurs no earlier than �1 and no later than �2 on P . Thus �1 occurs nolater than �2 on P . Also by condition (1) of Lemma 9, the length of the v-to-�1 pathis at most d1 + ��d� and the length of �2-to-w path is no more than d2 + ��d�.Let P 00 be the subpath of P 0 from �1 to �2. The path consisting of the pseudoedgev�1 followed by P 00 followed by �2w has length at most(1� �)[d1 + d2 + 2��d� + `(P )] � (1� �)[`(Q1) + `(Q2) + 4��d� + `(P )]Substituting for �� and `(P ) we see that the length of the new path is at most (1 ��)[`(Q) + �d�=2]. Since `(Q) � d�=2, the length of the new path (1� �)[`(Q) + �d�=2]is less than or equal to `(Q). The lemma therefore follows. 267



4.1.5 The derivation dagIn manipulating a summary H of a graph G, it is useful to maintain the mappingfrom edges of H to paths in G. A derivation dag for a graph G and summary His a directed acyclic graph (dag) whose vertices represent paths in G. The verticeswith no predecessors represent edges of G. Every other vertex v has an ordered pairof predecessors; the path represented by v is the path obtained by composition fromthe paths represented by v's predecessors. We require that for each edge of H thecorresponding path of G is represented by some vertex in the derivation dag. Forbrevity, we abuse the terminology and say that the edge of H is represented by thevertex. We also require that the the derivation dag be shallow and not be much biggerthan the graph G. In particular, the derivation dag should have depth polylogarithmicin jGj and size ~O(jGj). Here depth is the maximum number of edges in a directed pathin the dag.In connection with a derivation dag, we will use the term constructing a path P tomean adding to the dag a vertex representing P (including adding arcs and additionalvertices as needed.) We shall have need on occasion to construct a subpath P 0 of apath P already represented. This is facilitated by the fact that one can always �nd alogarithmic number of paths represented in the dag whose composition is P 0.We list some of the operations that can be performed with the help of the derivationdag. Each of these operations can be performed by doing a constant number of upwardand downward sweeps of the dag. Hence for each operation, the work is proportionalto the size of the dag, and the parallel time is proportional the its depth. By ourrequirements about the size and depth of the derivation dag, the time is thereforepolylogarithmic in jGj, and the work is ~O(jGj).Derivation dag operations:1. Given a set of represented paths (i.e. given the corresponding vertices of thederivation dag), �nd the set of underlying nodes S in G belonging to these paths.2. Given a set S of nodes of G, �nd the set of represented paths containing nodes68



in S.3. Given a length parameter r and a set X of represented paths, partition the pathsin X into node-disjoint segments of length at most r. The partitioning has thefollowing minimality property: for two adjacent segments of the same path ofX , if the two segments were combined into one, the resulting segment would belonger than r.4. Given a set of represented paths X and a set of nodes S of G, for each path �in X determine one of the nodes in S it contains (if any), and �nd and constructthe two subpaths of �, (1) up to and (2) after the node.5. Given a set X of represented paths; for every other represented path � determinewhether it intersects some path in X or not. If � intersects a path in X �nd onesuch intersecting path �, and �nd the lengths of the two subpaths �1, and �2 (of�) formed by the intersection of � and �.Throughout this chapter we will assume that all the relevant paths are representedin the derivation dag. During the course of the algorithm every path that is discov-ered/constructed (for example by the parallel searching procedures of Lemmas 9, 10,and 11), will be represented in the derivation dag by constructing the appropriate edgesand nodes. We will not explicitly mention these steps.4.2 Near-coversThe edges of a summary H of G need not map to disjoint paths in G. We say twoedges of H intersect if the corresponding paths in G share a node. In this sectionwe describe a procedure to choose a few edges in the summary H such that a largenumber of other edges of H intersect the chosen edges. This in conjunction with thelimited Bellman-Ford search technique outlined in Lemmas 9, 10, and 11 is used to �ndapproximate shortest paths in Section 4.3.69



We say G is sparse if every subgraph of G has at most c times as many edges asnodes, where c is a constant. For example, constant-degree graphs and planar graphsare sparse. If G is sparse but H is dense, it intuitively follows that many of the edgesof H intersect. We use this idea in the lemmas below, which are the basis for ourshortest-path approximation algorithm.For the remainder of this chapter unless otherwise stated G will denote a sparsegraph from a minor-closed family of graphs. Given such a G the following lemma can beproved using an argument due to Leighton [68] for lower-bounding the crossing numberof a graph.Lemma 12 Let H be a summary of G such that the segment graph of H has m edgesand n nodes and maximum edge-multiplicity 1. If the number of ordinary edges m inH is 
(n) then 
(m3=n2) pairs of ordinary edges of H intersect.A near-cover of H is a set of ordinary edges A such that a constant fraction of theordinary edges of H intersect some edge in A. As a corollary of Lemma 12 we can getthe following bounds on the size of a near-cover for the summary H :Corollary 2 Let G be a sparse graph from a minor-closed family of graphs and let Hbe a summary of a G such that the segment graph of H has m edges and n nodes andmaximum edge-multiplicity r. If m = 
(rn) then there exists a near-cover of H of sizeO(r2n2=m).Proof : We can write H = H1 [ H2 [ : : : [Hr, where for each i the segment graph ofHi has at least m=r ordinary edges and at most one edge between each pair of nodes.It su�ces to �nd a near-cover of each Hi of size O(rn2=m). Let mi � m=r be thenumber of ordinary edges in Hi. It follows from Lemma 12 that 
(m3=(r3n2)) pairs ofordinary edge in Hi intersect. Therefore, the number of edges that an average edge ofHi intersects is 
(m2=(r2n2)). This means we can pick a near-cover Ai of O(rn2=m)ordinary edges such that a constant fraction of the ordinary edges of Hi intersect oneor more edges in Ai. Unioning the near-cover for each Hi, we get the near-cover forH . 270



4.2.1 Finding a near-cover in parallelIt is possible to construct a near-cover satisfying Lemma 2 by using a greedy procedurethat repeatedly picks and deletes the edge of H that accounts for the maximum inter-section. However, we are interested in �nding a near-cover in parallel. We thereforeuse the following randomized algorithm.Given a summary H such that its segment graph has m edges and n nodes we �rstchoose a subset A of the ordinary edges of H by choosing each edge with probability2�n2=m2, where � is a constant to be chosen later. We then determine jAj and thenumber of the ordinary edges ofH that intersect edges in A. If jAj > 3�n2=m or if fewerthan a fraction 
 of the ordinary edges of H intersect A, we try again, choosing anotherA. Otherwise, we return A as the near-cover. If the edges of H are represented as pathsin a derivation dag each iteration of this algorithm can be e�ciently implemented byusing a constant number of derivation dag operations derivation-dag operations.By de�nition the algorithm returns a good near-cover. To prove that it terminatesquickly we reformulate the problem in a slightly di�erent fashion. Let HI , called theintersection graph of H , be constructed as follows:1. For every ordinary edge e in H , HI contains a corresponding node ve.2. There is an edge in HI between two nodes ve and vf if the corresponding edgese and f of H intersect.We say that a node ve dominates another node vf in HI if there is an edge between veand vf . A set R of nodes dominates a node ve if ve is adjacent to at least one node inR. Given this reformulation we can restate Lemma 12 as:Lemma 13 If H is a summary of G such that its segment graph n-nodes and m-edgesthen the intersection graph HI of H has 
(m3=n2) edges.Under this reformulation a near-cover is just a subset of nodes R in HI that dominate aconstant fraction of the nodes ofHI . Also note that under this reformulation Lemma 12translates to: The number of edges in HI is at least m3=n2.71



The algorithm is the same as before: We select a random subset R of the nodes bychoosing each node with probability 2�n2=m2 and check to see if it is a near-cover. Ifit is then we stop and return R. Otherwise we try again. Note that we don't actuallyconstruct HI . This reformulation is only for the purposes of the proof.To establish a time-bound on the running time of our algorithm we show that arandomly chosen R satis�es the following properties.1. The size of R is small, and2. R dominates a constant fraction of the nodes in HI .Therefore if we repeat the random selection process O(logn) times then with highprobability we will �nd a set R that is small and that dominates the required fractionof the nodes.First we note that the expected size of R is jV (HI)j2� n2m2 = 2� n2m . Therefore, byMarkov's inequality jRj is at most 3� n2m with probability at least 1=3.Next we address the number of nodes dominated by R. We require a technicallemma.Lemma 14 Given any directed graph ~HI , there is a set S of nodes of HI and a set Arof arcs outgoing from S such that1. jSj � jV ( ~HI)j=2, and2. the maximum outdegree in ~HI � Ar is at most one more than twice the averageoutdegree in the same graph.Proof : The proof relies on the following algorithm. Initialize S and A to the emptyset, and repeat the following two steps until condition 2 holds. Select a node v withmaximum outdegree in ~HI � Ar, and add v to S (v may already belong to S), thenselect an outgoing arc of v that is not in Ar, and add it to Ar.The algorithm is guaranteed to terminate because each iteration reduces the numberof arcs in ~HI � A, and condition 2 surely holds in a graph with no arcs. Since thealgorithm always reduces the outdegree of a node with maximum outdegree, every72



node in S has either maximum outdegree or one less than maximum, throughout thealgorithm.Suppose that jSj exceeds jV (HI)j=2 at some iteration in the algorithm. Just beforethat iteration, we had jSj = jV (HI)j=2 and the maximum degree of ~HI � A was morethan twice the average degree, plus one. Hence the total outdegree of nodes of Sexceeds 2jSj(average degree), which is jV (HI)j(average degree), a contradiction. 2We use Lemma 14 to show that there are positive constants a and b such that withprobability at least a, the set R dominates at least a fraction b of the nodes of HI .Orient the edges ofHI arbitrarily to get ~HI . Apply Lemma 14 to obtain S � V ( ~HI)and Ar � A( ~HI) satisfying the conditions of the lemma.Let � be the average outdegree of ~HI �Ar. Let fXv : v 2 V ( ~HI)g be independent0-1 random variables, each with probability �=� of being 1. De�ne random variablesYv byYv = 8><>: 1 if there is an outgoing arc v ! w in ~HI �Ar for which Xw = 10 otherwiseNote that Yv � Xv!wXw � Xv!w;v!z;w 6=z XwXzHence the expected value of Pv Yv is at leastXv Xv!wE[Xw]�Xv Xv!w;v!zXwXzThe �rst term is Pw(�=�)indegree(w), where indegree(w) denotes the indegree of win ~HI �Ar. This sum equals��(sum of indegrees)= ��(sum of outdegrees)= �jV ( ~HI)j(average outdegree=�)= �jV ( ~HI)j 73



As for the second term, the contribution of a node v is at most outdegree(w)2 !� ���2which is at most 3�2 since outdegree(w) � 2� + 1 by condition 2 of Lemma 14. Thusthe second term is Pv 3�2, which is 3�2jV (HI)j. We have shown that the expectedvalue of Pv Yv is at least (� � 3�2)jV (HI)j.We estimate the average outdegree � of ~HI � Ar as follows. Since jV (HI)j = mand jSj � jV (HI)j=2, by condition 1 of Lemma 14 the number of remaining nodesjV (HI)� Sj is at least m=2. By applying Lemma 13 to the graph HI � S, we obtainjE(HI � S)j � �m3=n2 (for some constant �). Since every edge of HI � S appears asan arc in ~HI � Ar and since average outdegree is at least half average total degree, itfollows that ~HI �Ar has average outdegree � � �m2=2n2.Finally we return to the set R randomly chosen by our algorithm. Since each nodeis included in R with probability 2�n2=m2; a node v is at least as likely to be included asXv is likely to be 1. It follows that the expected number of nodes dominated by R is atleast the expected value ofPv Yv , which was shown to be (��3�2)jV (HI)j. Let � = 1=6,so this value is jV (HI)j=12. Let Z = jV (HI)j� (number of nodes dominated by R), sothe expected value of Z is at most jV (HI)j(1� 112). By Markov's inequality, Z is atmost its expected value times 1 + 112 with probability 1=13. When this occurs, Z is atmost jV (HI)j(1� 1144), so the number of nodes dominated by R is at least jV (HI)j=144.Thus with probability 1=39 we will have a small set R (of size � n22m) that dominatesjV (HI)j=144 nodes of HI . This in conjunction with Corollary 2 gives us the followingtheorem.Theorem 10 Let G be a sparse graph from a minor-closed family of graphs and let Hbe a summary of a G such that the segment graph of H has m edges and n nodes andmaximum edge-multiplicity r. If m is 
(rn) then there exists a near-cover A of sizeO(r2n2=m). Furthermore, it can be found in expected time O(polylog jGj) and workO(r(jGj+ jH j+ n2) polylog jGj). 74



4.3 The shortest-path approximation algorithmIn this section we describe our randomized algorithm for single-source shortest-pathapproximation. Throughout this section we use G0 to denote the (sparse) input graph,and N to denote jV (G0)j. We also assume (as justi�ed in Section 3.1) that the sum ofthe edge lengths of G0 is at most N3. We use G to denote a subgraph of G0. Our goalis an algorithm that requires O(polylog N) time and uses N processors. It is su�cientto give an algorithm requiring O(polylog N) time and O(N polylog N) work, becausethen the processor bound can be reduced to N at the expense of increasing the runningtime by an O(polylog N) factor.We want the correctness and running time of our algorithm to hold with highprobability, i.e., with probability 1�N�c , where c is any given constant. For this reasonthe time bounds for our procedures depend on logN . For example, the procedure ofTheorem 10 for �nding a near-cover in a graph G takes expected time O(polylog jGj).By having this procedure start over whenever its running time signi�cantly exceedsthe expected time, we get a procedure that only starts over O(logN) times with highprobability, for a total running time of O(polylog N).For an accuracy parameter �, the algorithm computes (1� �)O(log2N)-approximateshortest-path distances. We therefore assign � := �(1= log2N) so as to get 12 -approximate distances. Our procedures also refer to a parameter k, a limit on numberof hops as in Lemma 10 and 11. In order to achieve correctness with high probability,we assign k := ĉ logN where ĉ is a constant to be determined.We use H to denote a summary of G, and we use n and m to denote the number ofnodes and edges in the segment graph ofH . For every summaryH under consideration,each segment has O(��1n) nodes and at most O(��1) edges to and from each ordinarynode (cf. Lemma 11). Hence the maximum edge-multiplicity of the segment graphof H is O(��1). We use Vo(H) and Vs(H) to denote, respectively, the set of ordinarynodes of H and the set of supernodes of H (nodes of the segment graph of H).For a set S of nodes, S-distances are the shortest-path distances (in a given graph)between pairs of nodes in S. An (1 � �)-accurate underestimate of a distance d is an75



estimate between (1� �)d and d; the de�nition of an (1 + �)-accurate overestimate isanalogous.Lemma 15 Consider two graphs, A and B, where V (A)\V (B) = V 0. If V 0-distancesin B are (1��2)-accurate underestimates of V 0-distances in A, and, for some S � V (A),S-distances in A are (1� �1)-accurate underestimates of some other set of distances �then1. S-distances in A [ B are (1� �1)(1� �2)-accurate underestimates of �, and2. V 0-distances in B equal V 0-distances in A [ B.Proof : Follows immediately from the de�nitions. 24.3.1 Reducing the size and diameter of a summaryThis subsection contains the core of our algorithm for shortest-path approximation. Inparticular, we describe two procedures, Compact and SmallPath. The �rst takes asparameters a summary H and a node-subset S, and produces a summary whose sizeis proportional to S that approximates distances in H . The second takes a summaryH and produces another summary of size proportional to that of H that approximatesdistances in H and that obeys the following crucial property: for any two ordinarynodes u and v, if there is a u-to-v path in the output summary, there is a shortest suchpath that consists of only O(log2N) hops.Both these procedures are based on a combination of the random-sampling tech-nique of Ullman and Yannakakis [96] (see Section 1.5) and our procedure Abbreviatefor �nding k-limited shortest paths. Intuitively, the goal of Abbreviate is to searchk-hop paths between n nodes in a summary H with m ordinary edges. Naively thiswould take work proportional to nm, where m is typically around n2. Our methodperforms the search in around n2 work, using the fact that the summary has a near-cover of size roughly n2=m. Namely, it �nds a near-cover and replaces its edges withpaths; it then does searches both to and from all these paths using the procedure of76



Lemma 11, e�ectively searching all k-hop paths that intersect the edges of the near-cover. The work for the search is roughly m per path, for a total of roughly n2. Inorder to search the paths that do not intersect the edges of the near-cover, it deletesthe edges intersecting the near-cover and recurses.Lemma 16 There is a procedure that given a distance bound d� and a summary Hsuch that no ordinary edge in H has length more than d� produces a summary bH withthe following properties:A1: V (H) \ V ( bH) is the set of ordinary nodes of H.A2: bH has at most maxf0; n=4 logN � cn2=�3mg segments, where c is a constant.A3: For u; v 2 V0(H), if the u-to-v distance in H is d such that d�=2 � d � d�, theu-to-v distance in bH is at least (1� �)d.A4: For u; v 2 Vo(H), if there is a k-hop u-to-v path of length d in H such thatd�=2 � d � d�, then the one-hop u-to-v distance in bH is at most d.The procedure runs in time O(k polylog N) and requires work O((jGj +k2��4n2) polylog N) with high probability.Proof : The procedure is recursive. The base case is when the number of ordinary edgesis 8cn��3 logN . In this case, the procedure uses the procedure of Lemma 10 to �ndk-hop-limited shortest paths from every ordinary node to every other ordinary node.The graph bH consists of the ordinary nodes of H , together with an edge vw for everypair of ordinary nodes such that a limited shortest path was found from v to w; thelength of the edge is taken to be the length of the path. In this case, properties (A1)through (A4) clearly hold. From lemma 10 it can be seen that the time required forthis computation is O(k log2 n0) and the work required is O(k2n2��3 log3 n0 logN).The recursive case is as follows. First it uses the procedure of Theorem 10 to �nda near-cover A of size cn2=4�2m for H (this is where c is determined), i.e. a set ofordinary edges of H that intersect at least half the ordinary edges. Let H 0 be thesummary obtained from H by deleting all the intersected edges. Let m0 be the number77



of ordinary edges of H 0. Since A is a near-cover, m0 � m=2. The procedure calls itselfrecursively on H 0, returning a summary bH 0. By the inductive hypothesis,A10: V (H) \ V ( bH 0) = V0(H):A20: bH 0 has at most maxf0; n=4 logN � cn2=�3m0g segments.We will show how the procedure obtains bH from bH 0 by adding cn2=�3m segmentsand putting in edges between these segments and the ordinary nodes. Thus property(A1) will hold. The number of segments in bH will be maxf0; n=4 logN � cn2=�3m0g+cn2=�3m. , which is at most maxfcn2=�3m;n=4 logN � cn2=�3mg since m0 � m=2.Moreover, since m > 8cn��3 logN (else the base case applies), the second term of themaxfg dominates the �rst. Thus (A2) holds.As for (A3) and (A4), the u-to-v paths in H not represented in H 0 (and hencenot represented in bH 0) are those containing edges intersecting A. The added segmentswill help represent these paths. Recall that an ordinary edge e is said to intersect anedge a 2 A if the path in G that e represents shares a node with the path that arepresents. Using the derivation dag, the procedure determines one such node ve foreach intersected edge e. For each such node, the procedure determines one edge a 2 Awhose path contains the node. We say that node is essential to a.Next the procedure uses the derivation dag to process the paths represented bythe edges in A. It decomposes these paths into node-disjoint subpaths of length atmost �d�=4. Since each edge has length at most d�, each of the cn2=4�2m paths givesrise to at most 4=� subpaths, for a total of cn2=�3m subpaths. The procedure appliesa splicing operation to each such subpath, splicing out all inessential nodes. Whenedges are merged due to splicing, their lengths are summed, so the distances betweenessential nodes are maintained. The spliced subpaths will be segments in bH .In order to determine which ordinary edges to include in bH , the procedure �rstconstructs an auxiliary graph HA from H , and then applies the procedure of Lemma11 to it. The auxiliary graph is obtained from H by adding the spliced subpaths andsome edges between them and the ordinary nodes. These are determined as follows.78
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Figure 4.3: Constructing HA from H .The procedure processes the paths Pe represented by the intersected edges e. Foreach such path Pe, the procedure constructs the two subpaths P 0e and P 00e obtained bysplitting Pe at the node ve. Since ve is essential to one of the paths represented by theedges in A, a copy of it appears in one of the spliced subpaths. The procedure adds toHA the edges e0 and e00 corresponding to P 0e and P 00e , attaching these edges to the copyof ve, as shown in Figure 4.3.Next the procedure calls the procedure of Lemma 11 to �nd P -substitutes for eachof these subpaths P . These P -substitutes are added to bH 0 as segments to obtain bH.As before, we splice out segment nodes that have no ordinary edges attached to them.Thus the number of segments added is cn2=�3m as required. The amount of workrequired to construct one P -substitute is O(m��1k2 log3 n0), so the amount of workrequired to construct cn2=�3m substitutes is O(ck2n2��4 log3 n0). Since the depth ofrecursion is logarithmic, the lemma follows. 2Corollary 3 There is a procedure abbreviate that from a summary H produces asummary bH with the following properties:B1: V (H) \ V ( bH) = V 0: 79



B2: bH has at most n=4 segments.B3: For u; v 2 V 0, if the u-to-v distance in H is d, the u-to-v distance in bH is at least(1� �)d.B4: For u; v 2 V 0, if the k-hop u-to-v distance in H is d, then the one-hop u-to-vdistance in bH is at most d.The procedure runs in time O(k polylog N) and requires work O((jGj+k2��4n2) polylog N)with high probability.Proof : The procedure Abbreviate is as follows. Let Hi be the subgraph of H consist-ing of edges of length at most N3=2i. There are at most 3 logN nonempty subgraphs.The procedure simply applies the procedure of Lemma 16 to each Hi with the distancebound d� = N3=2i, and unions the results bHi to form the summary bH . The only nodesthe bHi's have in common are the ordinary nodes of H . Properties (B1) through (B3)are immediate from properties (A1) through (A3) of Lemma 16.As for property (B4), let P be a k-hop u-to-v path in H , such thatN3=2i+1 � l(P ) �N3=2i. Surely, P exists in Hi. Furthermore, d�=2 � l(P ) � d� (where d� = N3=2i).Hence by property (A4) the one-hop distance in bHi (and hence in bH) is at most thelength of P . This proves property (B4). The work bound follows from the fact thatthere are at most 2 logN calls to the procedure of Lemma 16. 2We now restate the random sampling technique of Ullman and Yannakakis (seeTheorem 1) in terms of summaries. Let H be a summary of G. For each pair ofordinary nodes u; v, let us designate a shortest u-to-v path Puv . For a summary Hof G, suppose we randomly select a subset consisting of half the ordinary nodes of H .De�ne a gap to be a path with no internal nodes being selected. Say a gap is large if itconsists of at least k hops, where k is the global we de�ned to be ĉ logN for a constantĉ. The following proposition determines the value of ĉ.Proposition 2 With high probability, no designated path Puv contains a large gap.80



Proof : For each Puv and each ordinary node w in Puv , consider the ĉ logN -hop subpathof Puv starting at w. Say this subpath fails if it is a gap. As in Theorem 1 one can showthat the probability of a subpath failing is exp(�
(ĉ logN)). Since there are at mostN3 of these subpaths, the probability that any fail is at most N3 exp(�
(ĉ logN)).By choice of the constant ĉ, therefore, one can ensure that with high probability nosubpath fails. 2Lemma 17 There is a procedure Compact that, given a summary H and a subset Sof the ordinary nodes of H, produces a summary HS that with high probability has thefollowing properties:C1: S-distances in HS are (1� �)log8=7 n-accurate underestimates of S-distances in H,where n is the number of supernodes in H.C2: HS has at most 8jSj supernodes.The procedure runs in time O(polylog N) and work O((jGj + ��4n2) polylog N) withhigh probability.Proof : If jSj � n=8, then H itself obeys (C1) and (C2), so the procedure returns H .Otherwise, the procedure selects a random subset consisting of half the ordinary nodesof H . Also consider the nodes of S as selected. The procedure applies Abbreviateto H , obtaining bH. The procedure constructs H 0 from bH by deleting all the ordinarynodes that were not selected. Finally the procedure obtains HS by recursing on H 0.The proof of correctness is by induction on n. By (B2) of Corollary 3, H 0 has n=4segments. H 0 has at most jSj+n=2 ordinary nodes, and jSj < n=8, so H 0 has a total ofat most 78n supernodes. By the inductive hypothesis, HS has at most 8jSj supernodesso property (C2) holds.By the inductive hypothesis, S-distances in HS are (1 � �)(log8=7 n)�1-accurate un-derestimates of S-distances in H 0. We claim that with high probability S-distances inH 0 are (1 � �)-accurate underestimates of S-distances in H . It follows that property(C1) holds. 81



It remains to prove the claim. It follows from (B3) that S-distances in bH and hencein H 0 are no less than 1 � � times the corresponding distances in H . We must provethat they are no greater than the corresponding distances. By Proposition 2, for everyu; v 2 S there is a shortest u-to-v path Puv that decomposes into subpaths, where eachsubpath consists of at most k hops and starts and ends at selected nodes. By property(B4), for each such subpath there is a one-hop path in bH with the same endpoints andhaving no greater length. Since H 0 contains all segments in bH and all selected nodes,each such one-hop path is contained in H 0. This proves the claim. 2Lemma 18 There is a procedure SmallPath that from a summary H produces asummary H� that with high probability has the following properties (n is the number ofsupernodes in H):D1: Vo(H)-distances in H� are (1 � �)log4=3 n-accurate underestimates of Vo(H)-distances in H.D2: For any ordinary nodes u; v, a shortest u-to-v path exists in H� that consists ofat most O(logN logn) hopsD3: H� has at most 2n supernodes.The procedure runs in time O(polylog N) and work O(jGj + ��4n2) polylog N) withhigh probability.Proof : As in Lemma 17, the procedure selects a random subset of half the ordinarynodes of H . Then the procedure applies Abbreviate toH with k = c logN , obtainingbH. The procedure obtains a subgraph H 0 of bH by deleting all unselected ordinarynodes. The procedure calls itself recursively on H 0, obtaining H 0�, and returns theunion H� = H [H 0�.By (B2), H 0 has n=4 segments. It has at most n=2 ordinary nodes, so it has atmost (3=4)n supernodes in total. By (D3) of the inductive hypothesis applied to H 0,jVs(H 0�)j � 2(3=4)n. The only supernodes in H� that are not in H 0� are the unselectedordinary nodes, and there are at most n=2 such nodes. Thus the total number ofsupernodes in H� is at most 2(3=4)n+ n=2 = 2n. Thus property (D3) holds.82



Since H� contains H as a subgraph, clearly Vo(H)-distances in H� are no greaterthan the corresponding distances in H . Conversely, (B3) implies that Vo(H)-distancesin bH are at least 1�� times the corresponding distances in H , and so certainly distancesin H 0 between ordinary nodes are at least 1 � � times the corresponding distances inH , since H 0 is a subgraph of bH . By (D1) of the inductive hypothesis, distances in H 0�between ordinary nodes are at least (1� �)(log4=3 n)�1 times the corresponding distancesin H 0, and hence at least (1� �)log4=3 n times the corresponding distances in H , proving(D1).It remains to prove (D2). We use an argument like that used in the proof of Lemma17.Claim 1 For any path Q in H [ H 0� between ordinary nodes, there exists an equallyshort path Q0 with the same endpoints such that every subpath of Q0 consisting of atleast c logN hops contains a node in H 0�.Proof: Write Q = Q1v1Q2v2 � � �vf�1Qf , where the vi's are the selected nodes. Theneach Qi not contained in H 0� belongs wholly to H . Replace each such Qi with thedesignated shortest path Puv with the same endpoints. The claim follows by Proposition2. Property (D2) follows by induction from the following claim.Claim 2 For any path Q in H [ H 0� between ordinary nodes, there exists an equallyshort path Q00 that either consists of at most c logN hops or else consists of at mostc logN hops followed by a path wholly in H 0� followed by at most c logN hops.Proof: Let Q0 be the path of Claim 1. If Q0 consists of at most c logN hops, we aredone. Otherwise, it contains a �rst selected node u and a last selected node v; moreover,the pre�x of Q0 ending at u has at most c logN hops and similarly for the su�x of Q0starting at v. By Lemma 15, the u-to-v subpath of Q0 can be replaced by a path lyingwholly in H 0�. 283



4.3.2 Constructing a graph with small diameterOur goal in this subsection is to solve the 12 -approximate shortest-path problem: givena graph with a source, compute distance underestimates from the source to each ofthe nodes. These estimates must be actual shortest-path distances in some graph.It follows from Lemma 4 of Chapter 3 that our algorithm to this problem yields analgorithm of comparable performance for the exact shortest-path problem, thus givingus the bounds of Theorem 7.Given a graph G0, our goal is to construct a graph G0 that is not too much biggerthan G0, such that V (G0)-distances in G0 are (1� �)O(log2N)-underestimates of V (G0)-distances in G0 itself, and such that for any nodes v; w 2 V (G0), if a shortest v-to-wpath exists in G0, one exists that has only O(polylog N) hops, and hence, using theaugmentation described in Subsection 4.1.3, only O(polylog N) edges. Single-sourceshortest paths can then be solved in G0 using limited Bellman-Ford. The time requiredis O(polylog N) because only O(polylog N) stages must take place. The work requiredis O(jG0j polylog N).As stated earlier we assume that G0 is a sparse graph from a minor-excluded familyof graphs. In addition if we suppose that G0 and its subgraphs have size- ~O(pn) separa-tors, and we have been provided with a decomposition tree for G0 (or can compute onequickly in parallel), then we show how to construct such a G0 of size ~O(jG0j). Essen-tially we apply Lemma 18 to each splitting set of each vertex in the decomposition tree.It is easy to show that because shortest paths between nodes in the same splitting setare small, shortest paths between arbitrary nodes are only slightly larger. Of course,the construction for nodes of the separator must re
ect paths between nodes not in theseparator. We therefore use bottom-up processing of the decomposition tree to carryout these constructions.Namely we work up the decomposition tree T of G, constructing a summary foreach vertex v of T . The summary for one vertex is obtained by applying proceduresCompact and SmallPath to the union of the summaries for the children of thatvertex. We combine all these summaries, constructing a \substitute graph" G0(v) in84



which distances are underestimates of distances in the pertinent graph G(v) of vertexv and in which shortest paths exist that have only polylog size. For a vertex v of T ,let h(v) denote the height of v.Lemma 19 For a vertex v of the decomposition tree, we can compute a graph G(v)and a summary H�(v) with the following properties.E1: V (G(v))-distances in G(v) are (1 � �)2h(v) logN -accurate underestimates ofV (G(v))-distances in G(v).E2: S(v)-distances in H�(v) equal S(v)-distances in G(v).E3: For any a; b 2 S(v), a shortest a-b path in H�(v) exists that has O(log2N) hops.E4: The number of supernodes in jH�(v)j is O(jS(v)j).E5: For any two children vi and vj of v in the decomposition tree, any path in G(v)between G(v1) and G(v2) must contain a node of S(v).E6: For any a 2 S(v) and b 2 V (G(v)), if there is an a-b path in G(v), there is ashortest path of size O(h(v) log3N).The time required is O(polylog N), and the work is O(��4jG(v)j polylog N).Proof : The proof is by induction on the height of v. For brevity, we use G to denoteG(v) and S to denote S(v). To compute H�(v), suppose its children are v1; v2; v3. LetG0 = G(v1)[G(v2)[G(v3), and H 0 = H�(v1)[H�(v2)[H�(v3). Then it follows fromthe inductive hypothesis that V (G)-distances in G0 are (1 � �)2(h(v)�1) logN -accurateunderestimates of distances in G, and V (H 0)-distances in H 0 equal V (H 0)-distancesin G0. Apply Compact to H 0 and S(v), and then apply SmallPath to the result,obtaining H�(v). Properties E3 and E4 follow immediately from properties C2, D2,and D3. Moreover, by properties C1 and D1, S-distances in H�(v) are (1 � �)2 logN -accurate underestimates of S-distances in H 0. It follows that S-distances in H�(v)are (1� �)2 logN -accurate underestimates of S-distances in G0. Let G(v) = G0 [H�(v).Then Lemma 15 implies that properties E1 and E2 are satis�ed. The bounds on running85



time and work follow from the bounds in Lemmas 17 and 18. Property E5 is satis�edbecause G(vi) capG(vj) � S(v), and in obtaining G(v) we add no edges between G(vi)and G(vj).Finally we prove E6. For a 2 S(v) and b 2 G(v), let P be a shortest a-b path inG(v). Let c be the last node of P in S(v). By property E3 the a-c subpath of P hasat most O(log2N) hops and therefore at most O(log3N) edges. Let c0 be the nodefollowing c in P . By property E5 the c0-b subpath of P is entirely in some G(vi). Sincec0 is not in S(v) and is adjacent to c 2 S(v), c must belong to the separator for G(v).Hence c belongs to S(vi). By the inductive hypothesis the c-b subpath of P can beassumed to have size O(h(vi) log3N). Since h(vi) = h(v)� 1, the entire path has sizeO(h(v) log3N). This proves property E6. 2Recall the splitting property we described when we introduced decomposition trees.Using a simple top-down induction using property E5 of Lemma 19, one can show thatthe decomposition tree has the splitting property with respect to the graphs G(�).Let G0 be the original graph. It follows from property E1 of Lemma 19 that V (G0)-distances in the graph G0 = G(root) are (1 � �)O(log2N)-accurate underestimates ofV (G0)-distances in G0. We show that there are small shortest paths in G0 betweennodes of V (G0).Lemma 20 For any nodes a; b of graph G0, a shortest path in G0 exists that hasO(log4N) edges.Proof : Let va be the lowest vertex in the decomposition tree such that G(va) containsa, and similarly for vb. Let v be the lowest common ancestor of va and vb in thedecomposition tree. Let P be a shortest a-b path in G0. The splitting property for thegraphs G(�) implies that P goes through a node c of S(v). By applying property E6 tothe a-c subpath and the c-b subpath, we obtain the lemma. 2To �nd single-source shortest paths in G0 we use the scaling algorithm of Sec-tion 3.1. For computing the prices required for the scaling algorithm we constructthe auxiliary graph G0 as explained in Lemma 19. The shortest-paths in G0 are good86



underestimates of the shortest paths in G0 and can be used as prices for the scalingalgorithm. By Lemma 20 we also know that shortest paths in G0 have only O(log4N)edges. We therefore use the limited Bellman-Ford searching technique of Chapter 3 tocompute (1� 12)-approximate shortest paths. Using these as prices we get the boundsof Theorem 7.4.4 Extending the algorithm to general graphsTo extend our parallel algorithm to general graphs we use a di�erent version ofLemma 12 that applies to graphs that are not necessarily from minor-excluded families.Given a graph G0 with m0 edges we have the following lemma.Lemma 21 Let H be a summary of G0 such that the segment graph of H has n nodes,m edges, and maximum edge-multiplicity 1. If the number of ordinary edges m is atleast 8(m0 + n) then 
( m3(m0+n)2 ) pairs of ordinary edges of H intersect.Note the di�erence between the statements of Lemmas 12 and 21. In Lemma 12 thenumber of intersections depends only on m and n while here it is also dependent onthe number of edges m0 in the underlying graph G0. Thus Lemma 21 is weaker thanLemma 12. Using this crossing theorem we can �nd a near-cover of size O((m0+n)2=m)in the same manner as before.The proof of Lemma 21 is a little di�erent from the original proof due toLeighton [68] used in Lemma 12. We therefore give the details of the proof in thissection. In subsection 4.4.1 we present the proof of Lemma 21 and in Subsection 4.4.2we show how to extend our parallel algorithm to general graphs.4.4.1 Counting intersections in summaries of general graphsOur proof of Lemma 21 uses the same inductive strategy as the proof by Leighton [68]for Lemma 12. However, the details of the various steps are somewhat di�erent. Letg(n;m) denote the number of crossings in in H . Recall that two edges of H are saidto cross if their corresponding paths in G0 share a common node. We de�ne a crossing87



between edges ab and cd to be a proper crossing if the edges ab and cd are both ordinaryedges and they do not share a common end point. In our proof we will show that thenumber of proper crossings in H obeys the stated bounds. In order to get an initiallower bound on the number of crossings we use the following proposition.Proposition 3 If H is a summary of G0 with no proper crossings then the number ofordinary edges m in H is at most 5m0.Proof : Let Ĥ be the segment graph of H . Recall that each edge of Ĥ corresponds toan ordinary edge of H . Given an edge e 2 Ĥ let �e denote the corresponding path inG0. First we construct a new graph I by removing from Ĥ all edges e such that thepath �e consists of only one edge. This results in a loss of at most m0 edges. Let thenumber of edges in I be equal to m0.We �rst randomly assign one of two colors (blue or red) to each of the ordinarynodes in I and construct a new graph I 0 by retaining only those edges of I that gofrom a red node to a blue node. The expected number of edges in I 0 is m0=4. By theprobabilistic method of Erd�os [90] we therefore know that there is a way to color thenodes of I such that at least m0=4 of the edges in I go from a red nodes to blue nodes.Consider one such coloring, and the corresponding subgraph I 0 of I containing onlyred-to-blue edges.In what follows we show how to assign, for edge e 2 I 0 a unique edge ê 2 G0 from�e, such that for any two edges e and f in I 0 the corresponding assigned edges ê and f̂are not the same. Since there are only m0 edges in G0, by our assignment the numberof edges in I 0 is at most m0. Therefore, by construction of I 0 the number of ordinaryedges in H is at most 5m0.Given an edge e 2 I 0 we use one of the following three rules to �nd ê.1. If there exists an edge x 2 �e such that x62�f for any other f 2 I 0 then set ê tobe the earliest such edge in �e.2. Otherwise, if there is another edge f 2 I 0 such that such that f and e share the�rst endpoint and �e and �f share an edge then assign ê to be the last edge on88



�e.3. If neither of these conditions is met then set ê to be the �rst edge on �e.We claim that for any two edges j and k in I 0 the corresponding assigned edges ĵ andk̂ are not equal. If ĵ is neither the �rst nor the last edge on �j then by de�nition itcannot be equal to k̂. Otherwise suppose ĵ and k̂ are the same. We then have twocases.Case I: ĵ is the last edge in �j:Let a and b be respectively the tail and the head of the edge j. By the constructionof I 0, node a is colored red and node b is colored blue. Also, by our assumption thereare no proper crossings in I 0. Therefore j and k share an endpoint. Furthermore, sincek̂ = ĵ, the assigned edge k̂ is either the �rst edge or the last edge in �k . If it is the lastedge then the common endpoint between j and k is b. If it is the �rst edge in kpi thenk goes from a0 to b0 (for some a0 and b0 in I 0) such that a0 and b0 are not equal to a orb. This follows from the following facts.1. Both �j and �k are multi-edge paths; therefore b0 6= b and a 6= a0.2. The nodes a and a0 are colored red while b and b0 are colored blue. Therefore,a 6= b0 and a0 6= b.This implies that j and k form a proper crossing which is a contradiction. Thus the jand k only share the second endpoint. Therefore k goes from some red colored node cthat is di�erent from a to the blue colored node b.By choice of ĵ we also know that there is an edge f 2 I 0 such that f and j sharethe �rst endpoint a and �f and �j share an edge in G0. Pick an f that maximizesthe distance of the shared edge � from the endpoint a. We now demonstrate theexistence of an edge g 2 I 0 such that f and g form a proper crossing thus resulting ina contradiction.If � = ĵ then we set g to be equal to k. Otherwise let � be the next edge on�j . By choice of f , there exists another edge g 2 I 0 such that � is contained in �g.89



Furthermore, g and j share the second endpoint b. In other words g is an edge betweensome red node h 6= a and the blue endpoint b of j. The claim that g and j share anendpoint follows from the assumption that I 0 has no proper crossings. The claim thatthe shared endpoint is b follows from the maximality in the choice of f . We now claimthat g and f exhibit a proper crossing. We have two cases� (� = ĵ:) In this case g = k. Also, by the arguments above k and f do not sharean endpoint. We therefore get a proper crossing.� (� 6= ê:) In this case f contains �, while g contains the next edge � of �j .Therefore both �g and �f contain the common endpoint of � and �. Furthermore,from the arguments above we know that f and g do not share any endpoints. Wetherefore get a proper crossing.This is a contradiction, therefore ĵ is not equal to k̂.Case II: ĵ is the �rst edge in �j:Suppose k̂ is the same as ĵ. Then by choice of k̂ it is either the �rst or the last edgein �k. If it is the �rst edge on �k then j and k share the �rst endpoint. This is acontradiction because by choice of ĵ there is no edge f starting at the �rst endpoint ofj such that �f and �j share an edge.Suppose ĵ is the last edge in �k then k = cd for some red node c and blue node d.We now claim that such that c 6= a and d 6= b. This is because ĵ is the �rst edge in �jand neither �j nor �k is a single-edge path. By construction c and a are red, and b andd are blue. Therefore, a 6= d and b 6= c. Thus j and k form a proper crossing which isa contradiction. Therefore ĵ 6= k̂. The proposition thus follows. 2We are now ready to prove Lemma 21.[Proof of Lemma 21] : We show that g(n;m) � 
( m3(m0+n)2 ) provided m � 8(m0 + n).In the remainder of the proof let � = m0 + n. Our �rst claim is based on Proposition3. g(n;m)� m� 7�: (4.2)90



To prove our claim we use a simple induction proof. From Proposition 3 we know thatif m � 7m0 then at least one edge makes a crossing. After removing this edge we haveat least m� 7�� 1 crossings by induction. The total number of crossings is therefore� m� 7�. Our claim therefore follows.Our second claim is the following.g(n;m)� 3512 �4!( m��2�)3;wheneverm � 8� (4.3)We consider two cases.Case I: 8� � m � 9�:In this range we have3512 �4!( m��2�)3 = 3512 �(�� 1)(�� 2)(�� 3)1 � 2 � 3 � 4 m3 � 23�(� � 1)�(�� 1)�(�� 1)< m3512�2� m� 7�:To show that m3512�2 � m�7�, writem = 8�+k, with 0 � k � �. Then m�7� = �+k.We now show that (8�+ k)3 � 512�2(�+ k).(8�+ k)3 = 512�3 + k3 + 192�2k + 24�k2� 512�3 + 217�2k� 512�2(�+ k)This establishes our induction basis.Case II: m > 9�:Let us suppose that H has g(H) = g(n;m) proper crossings. For each crossing betweenedges ab and cd, count the n� 4 nodes w 62 fa; b; c; dg. the node w is counted g(H(w))times, where H(w) is the subgraph of H induced by the removal of w, and g(H(w))is the number of proper crossings in H(w). Let E(w) denote the edge set of H(w).Removal of w results in a loss of at most n � (m0 + n) = � edges from H . Therefore,jE(w)j � m�n > 8�, so we can use induction. For H(w) let �̂ = m0+(n�1) = ��1.Then by induction 91



g(H(w))� 3512 �̂4!( m��̂2�)3 = 3512 �� 14 !( m���12 �)3Therefore Xw2H g(H(w)) = 3512 �� 14 !Pw2H jA(w)j3���12 �3 :Now, Xw2H jA(w)j = (n� 2)m;So Xw2H jA(w)j3 � n((n� 2)mn )3:Therefore, g(H) � 1(n� 4) 3512 �� 14 !n((n� 2)mn )3 1���12 �3= 3512 �4! m3��2�3 � � 4n � 4 �3n2� (n� 2)3(�� 2)3� 3512 �4! m3��2�3 :Lemma 21 therefore follows. 24.4.2 Solving the shortest-path problem on general graphsTo solve the exact shortest-path problem on an m-edge graph G from source s we needto solve the 1� 12 -approximate shortest-path problem. As in the nonnegative setting, wesolve the problem by producing another graph G� that approximates all-pairs shortestpaths in G. To produce G� we use procedure SmallPath on G. A modi�cation ofLemma 18 shows that this requires O(polylog m) time and O((jG0j+��4m2) polylog m)work. This results in a summary G� with the following properties:D1: V (G)-distances in G� are (1��)log4=3 m-accurate underestimates of V (G)-distancesin G.D2: For any ordinary nodes u; v, a shortest u-to-v path exists in G� that consists ofat most O(log2m) hops 92



D3: G� has at most 2m supernodes.Furthermore, since the edge-multiplicity (see Subsection 4.1.2) of the segment graphof G� is polylogarithmic the number of edges in G� is O(m2). Also if we augment thesegments as described in Subsection 4.1.2, for any two nodes u; v ofG, the shortest u-to-v path in G� contains at most O(log3m) edges. Thus we can �nd single-source shortestpaths in G� in O(log4m) time and O(m2 polylog m) work. Using this in combinationwith the scaling technique of Lemma 4 from Section 3.1 we get the bounds of Theorem 8.4.5 Extending the parallel algorithm to handle negativeedgesIn this section we show how to extend our algorithm to a scenario when some of theedges are allowed to have negative weights. For this chapter we will only concentrateon the case when no negative-length edge appears in a directed cycle in the graph G.Our parallel algorithm for the nonnegative case works by �nding price functions thatare underestimates of the actual shortest paths. These are then used to �nd reducedcosts. If there are negative edges in the graph then underestimating the shortest pathsmay create negative cycles, thus making the problem infeasible, even if there were nonegative cycles in the original graph.However, if we restrict ourselves to graphs of the kind described above then wecannot inadvertently create negative cycles because the negative edges are not part ofany directed cycle.Our new algorithm also uses Gabow's scaling idea [34] to solve the problem bysuccessive approximation (see Section 3.1). As discussed in [34] in order for this methodto work the prices d(�) must obey the following property from I .(I) For every edge uv 2 G the value d(u) + `(uv) must be at least equal to d(v).Using these prices we set the reduced cost of the edge uv to be d(u)+ `(uv)� d(v).Note that the reduced cost of the edge uv is nonnegative even if the original cost `(uv)93



was negative. Also, as proved in [34], the shortest paths from any source remain thesame even with respect to the new lengths. Therefore, in order to solve the single sourceshortest path problem on a graph with negative edge weights we only need to �nd aset of prices d(v) that satisfy condition (I). Using these prices we construct a graphwhere all the edge-weights are nonnegative. After that we can use our old algorithmthat applies to graphs with nonnegative edge-weights.To �nd the prices at the nodes of G we �rst make the weights of all nonnegativeedges 0. Now our graph contains only nonpositive edge weights. Any price functionthat satis�es condition (I) for this graph also satis�es it for the original graph. Alsonote that zeroing +ve-weight edges does not create any negative-weight cycles sincenone of the negative edges occur in any directed cycles.In the remainder of the section we show how to adapt our algorithm from thenonnegative setting to work for a graph with nonpositive edge weights. In order tomake the algorithm work on such a graph, we need to make the limited Bellman-Fordsearching technique of Section 4.1 work when the edges have nonpositive weights. InSubsection 4.5.1 we show how to change the procedures of Lemmas 9 and 11 to handlenonpositive edge-weights; and in Subsection 4.5.2 we show how to modify the remainingprocedures to work with nonpositive edge weights. In the following let d� be a distanceparameter and let d̂� be equal to �d�.4.5.1 Limited Bellman-Ford in a graph with nonpositive edge-weightsGiven an n-node m-edge graph G in which all the edges have nonpositive edge-weightsin order to �nd approximate r-limited shortest paths from a path P = �1 : : : �s we usethe following modi�ed version of Lemma 9.Lemma 22 There is a procedure that takes as inputs a graph G, a path P in G, apositive integer r, the distance bound d̂� � 0, and an error parameter �. The procedurecomputes the following for each node v in G and each distance 0 � d � d̂� that is amultiple of �d̂�.(A) Either a node � in P such that 94



1. There is a v-to-� path of length at most d+ �d�, and2. For every node �0 such that there is a v-to-�0 path Q of length � d̂�; either�0 occurs after � on P or `(Q) � d.(B) or 1, if there is no v-to-P path with length between d and d̂�, and size at most r.The procedure takes time O(r logm) and work O(m��1r2), where m is the number ofedges in G.Proof : If d̂� = 0 then for each node v the procedure �nds the lowest node � such thatthere is a v-to-� path. It is easy to see that this satis�es conditions (1) and (2). To �nd� for all the nodes v we can perform a depth-�rst search (looking at paths of length� r) from the tail of P .Otherwise, �rst the procedure discards edges of length � d̂�, as such edges obviouslydo not participate in paths of length � d̂�. Next it uses rounding to replace theedge-lengths with small integers. Let `(vw) denote the length of edge vw, and de�neb̀(vw) := b`(vw)=�c, where � = �d�=(r + 1). Let i� = �(r + 1)��1, and note thatb̀(vw) � i�.Let the source-path be P = �1�2 : : : �s. We can use the same procedure as inLemma 9 that uses the lengths b̀(�). As described in Lemma 9 that procedure computesa table Tv of size i�+1 for every node v, satisfying the following correctness condition:for each negative i � i�, Tv[i] is the minimum index j such that there is a v-to-�j pathof length between i and i� and size at most r. If there is no such index, Tv[i] =1.We now show how it can be used to prove Lemma 22. For any distance d � d̂� thatis a multiple of ��d�, let i = dd=�e. For a node v, if Tv[i] is 1 then there is no v-to-Ppath of length between d and d̂�, and size at most r. If Tv[i] = j then there is a v-to-�jpath that has b̀-length at most dd=�e. Therefore the actual length of the path to �j isno more than �dd=�e+ r� � d+ �d�. Hence �j satis�es condition (1) of Lemma 22.Consider a v-to-�0 path Q of size r with length between d̂� and d. If �0 occurs before� then by constructioni < Xvw2Q b̀(vw) = Xvw2Qb`(vw)=�c � Xvw2Q(`(vw)=�)95



Substituting for i in the previous inequality we see that d < `(Q). Hence �j satis�escondition (2) of Lemma 22. 2As in the nonnegative setting we can now use this procedure to construct a rep-resentation for k-hop paths that go through a given path P . To do that we use thefollowing procedure which is a modi�cation of the procedure in Lemma 11.Lemma 23 There is a procedure that, given an augmented summary H, the distancebound d̂�, an accuracy parameter �, a path P in H, and a positive integer k, constructsa P -substitute for H, consisting of a copy P 0 of P and a set of pseudoedges betweenordinary nodes and nodes of P 0, with the following properties.I. Each ordinary node has O(��1) pseudoedges to and from P 0.II. Each edge in P 0 has the same cost as the corresponding edge in P .III. Each pseudoedge corresponds to a path in H and has length 1+ � times the lengthof the path.IV. For ordinary nodes v and w, if there is a v-to-w path of length d 2 [d̂�; d̂�=2]consisting of at most k hops and containing a node of P , then there is a v-to-wpath of length at most d consisting of a pseudoedge, followed by a subpath of P 0,followed by a pseudoedge.The procedure constructs the P -substitute in time O(k log2 n0) and work O(m��1k2 log3 n0),where n0 is the number of nodes in H.Proof : As in the nonnegative setting the complexity of the procedure will dependupon the number of ordinary edges in H . By always considering relevant subgraphsas de�ned in Section 4.1 we can be sure that the number of edges under considerationis O(m logn0). The procedure to construct the P -substitute is as follows. Apply theprocedure of Lemma 22 to H 0 with r = (2 + 2 logn0)k, distance bound d̂�, and errorparameter �� = �=8. For each ordinary node v we construct ���1 outgoing edges, one foreach distance d � d̂� that is a multiple of ��d�. The edge corresponding to distance d96



is v�, where � is the copy in P 0 of the node of P satisfying (1) and (2) of Lemma 22,namely:(1) there is a v-to-� path of length at most d+ ��d�, and(2) For any v-to-�0 path Q of length � d̂� either �0 occurs after � or `(Q) > d.The length assigned to the pseudoedge is 1 + � times the length of the path itrepresents, namely the path of (1). For those d for which (Lemma 22,B) holds, thereis no corresponding pseudoedge.We have described the construction of outgoing pseudoedges. Incoming pseudoedgesare constructed analogously. The time and work for this procedure are dominated bythe time and work required by the two calls to the procedure of Lemma 22. The boundsof Lemma 23 therefore follow.Now we show the construction satis�es the correctness properties. Properties (I)and (II) are immediate. Let Q be a v-to-w path of length between d̂� and d̂�=2 consistingof at most k hops and containing a node � of P . Write Q = Q1�Q2, and let d1 =(d`(Q1)=��d�e)��d�, and d2 = (d`(Q2)=��d�e)��d�. Let v�1 be the outgoing pseudoedge inthe substitute that corresponds to distance d1, and let �2w be the incoming pseudoedgethat corresponds to distance d2.Since `(Q) � �d� both d1 and d2 are � d̂�. This follows from the fact that all theweights in the underlying graph G are nonpositive. Also by de�nition `(Q1) � d1 �`(Q1) + ��d� and `(Q2) � d2 � +`(Q2) + ��d�. Therefore, by condition (2) of Lemma 22(as shown in Figure 4.2) � occurs no earlier than �1 and no later than �2 on P . Thus �1occurs no later than �2 on P . Also by condition (1) of Lemma 22 length of the v-to-�1path is at most d1 + ��d� and the length of �2-to-w path is no more than d2 + ��d�.Let P 00 be the subpath of P 0 from �1 to �2. The path consisting of the pseudoedgev�1 followed by P 00 followed by �2w has length at most(1 + �)[d1 + d2 + 2��d� + `(P )] � (1 + �)[`(Q1) + `(Q2) + 4��d� + `(P )]Since `(P ) � 0 the length of the new path is at most (1+�)[`(Q)+4��d�]. By assumption`(Q) � d̂�=2. Therefore, substituting the value of �� we see that the length of the new97



path is at most `(Q). 2We can now use this new limited Bellman-Ford algorithm in much the same wayas before to �nd approximate single-source shortest paths when the underlying graphhas all nonpositive edge-weights. In Subsection 4.5.2 we explain these steps.4.5.2 Finding approximate shortest paths with nonpositive edgeweightsWe follow the same sequence of subroutines as in the algorithm for the nonnegative case.The subroutines themselves are also essentially the same with minor modi�cations.We now state the same sequence of subroutines, as in Section 4.3, with the necessarymodi�cations. The proofs are identical to those in Section 4.3 and are omitted.Lemma 24 Consider two graphs, A and B with nonpositive edge weights, whereV (A)\V (B) = V 0. Suppose that V 0-distances in B are (1+�2)-accurate underestimatesof V 0-distances in A, and, for some S � V (A), S-distances in A are (1 + �1)-accurateunderestimates of some other set of nonpositive distances �. Then1. S-distances in A [ B are (1 + �1)(1 + �2)-accurate underestimates of �, and2. V 0-distances in B equal V 0-distances in A [ B.Proof : Follows immediately from the de�nitions. 2We now describe the procedures leading up to the two new versions of Compactand SmallPath called Compact2 and SmallPath2 respectively. We will state mostof the lemmas without proof, pointing out only the di�erences from the previous setting.As in the nonnegative setting G0 will denote the underlying sparse graph, and G willdenote the subgraph of G0 under consideration. N and n will denote the number ofnodes in G0 and G respectively. We also assume for the sake of convenience that theedge weights are polynomially bounded in N .98



In all of these procedures the underestimates will not be accurate underestimatesunlike in the nonnegative case. For our purposes it is enough that they are underesti-mates; and that the price function we �nally derive satisfy the shortest-path inequality(see inequality (I) at the beginning of the section).Lemma 25 There is a procedure that, given the distance bound d̂� and a summary Hsuch that no ordinary edge in H has length less than d̂�, produces a summary bH withthe following properties.A1: V (H) \ V ( bH) is the set of ordinary nodes of H.A2: bH has at most maxf0; n=4 logN � cn2=�2mg segments, where c is a constant.A3: For u; v 2 Vo(H), if there is a k-hop u-to-v path of length d in H such thatd̂� � d � d̂�=2, then the one-hop u-to-v distance in bH is at most d.The procedure runs in time O(k polylog N) and requires work O((jGj +k2��3n2) polylog N) with high probability.The proof is the same as that for Lemma 16 except that in this case the near-coverpaths need not be split into smaller segments because the edge weights are nonpositive.The running time therefore depends on ��3 instead of ��4.Corollary 4 There is a procedure abbreviate2 that from a summary H produces asummary bH with the following properties.B1: V (H) \ V ( bH) = V 0:B2: bH has at most n=4 segments.B3: For u; v 2 V 0, if the k-hop u-to-v distance in H is d, then the one-hop u-to-vdistance in bH is at most d.The procedure runs in time O(k polylog N) and requires work O((jGj+k2��3n2) polylog N)with high probability. 99



Again the proof is same as before. For each i the procedure applies the algorithm ofLemma 25 to the subgraph Hi of H that contains only edges with weight � �D=2i.The algorithm is applied with the distance bound d� = D=2i (and d̂� = �d�). Thus thesubstitute found in the ith stage approximates paths in the range [�D=2i;�D=2i+1].Lemma 26 There is a procedure Compact2 that, given a summary H and a subsetS of the ordinary nodes of H, produces a summary HS that with high probability hasthe following properties.C1: S-distances in HS are underestimates of S-distances in H.C2: HS has at most 8jSj supernodes.The procedure runs in time O(polylog N) and work O(jGj + ��3n2) polylog N) withhigh probability.Again the proof is the same as in Lemma 17 except that we now use procedure abbre-viate2 instead of procedure abbreviate.Lemma 27 There is a procedure SmallPath2 that, given a summary H with n supernodes, produces a summary H� that with high probability has the following properties.D1: Vo(H)-distances in H� are underestimates of Vo(H)-distances in H.D2: For any ordinary nodes u; v, a shortest u-to-v path exists in H� that consists ofat most O(logN logn) hops.D3: H� has at most 2n supernodes.The procedure runs in time O(polylog N) and work O(jGj + ��3n2) polylog N) withhigh probability.4.5.3 Constructing a graph with small diameter when the underlyingedges have nonpositive weightFollowing the same strategy as before, we use procedures abbreviate2 and Small-Path2 to construct a graph G0 where shortest paths have few edges and that under-estimates the shortest paths in G0. As before we make use of the decomposition tree.100



Note that the shortest-paths in G0 are not necessarily accurate underestimates of theshortest paths in G0. However, as in the nonnegative setting these estimates obeythe shortest-path inequality (inequality (I)) in G0 and therefore give us a valid pricefunction, which is what we want. We therefore have the following lemma.Lemma 28 For a vertex v of the decomposition tree, we can compute a graph G(v)and a summary H�(v) with the following properties.E1: V (G(v))-distances in G(v) are underestimates of V (G(v))-distances in G(v).E2: S(v)-distances in H�(v) equal S(v)-distances in G(v).E3: For any a; b 2 S(v), a shortest a-b path in H�(v) exists that has O(log2N) hops.E4: The number of supernodes in jH�(v)j is O(jS(v)j).E5: For any two children vi and vj of v in the decomposition tree, any path in G(v)between G(v1) and G(v2) must contain a node of S(v).E6: For any a 2 S(v) and b 2 V (G(v)), if there is an a-b path in G(v), there is ashortest path of size O(h(v) log3N).The time required is O(polylog N), and the work is O(��3jG(v)j polylog N).The graph G0 gives us good underestimates for the shortest paths in G0. As in theearlier case we can �nd these shortest paths by using the limited Bellman-Ford searchof Chapter 3. We thus get the prices necessary to turn the problem from one involvingboth nonnegative and negative weights to one involving only nonnegative weights. Wecan now use the old algorithm to �nd single-source shortest paths. In a similar fashionwe can also extend our algorithm for general graphs to the case when negative edges arepresent. We therefore get the bounds of Theorem 9. We have the following immediatecorollary for computing longest paths in dag.Corollary 5 There exists a procedure that given an m-edge dag with nonnegative edgeweights, �nds the longest paths from a source to all the other sinks. The procedure101
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Figure 4.4: A partial rendition of the dual network (from [49]). The �-left edges areabove the �s-to-�t path and the �-right edges are below it.runs in time O(polylog m logL) (with probability 1�m�
(1)) and uses m2 processors.For n-node planar dags there exists a procedure that runs in time O(polylog n logL)(with probability 1�n�
(1)) and uses n processors. Here L denotes the maximum edgeweight.Proof : By negating all the edges we can change the problem to one of �nding shortestpaths in a dag with nonpositive edge weights. Using the algorithm above we cantherefore �nd these paths. 24.5.4 Computing a maximum 
ow in an undirected planar graphGiven an undirected planar network with nonnegative edge capacities we can �nd amaximum st-
ow from a source s to a sink t by using the shortest path algorithmdescribed above. In this subsection we detail this procedure. Hassin and Johnson [49]have given an algorithm for computing the maximum 
ow in a planar undirected net-work by computing shortest paths in the dual network. We will use their results to getour bounds. We give a brief sketch of their algorithm here. For details see [49]. Theirmax-
ow algorithm uses the following steps:102



1. Let �s be a vertex on the dual face (in the dual network) corresponding to thesource node s. Similarly let �t be a node on the dual face corresponding to thesink t.2. Perform a single-source shortest-path computation from �s in the dual network.3. Let � be the shortest path from �s to �t. Further, let �1; �2; � � � ; �k be the nodeson �, where �1 = �s and �k = �t.4. De�ne any edge e incident to some node �i to be a �-left edge if it is to the leftof � in the embedding (while traveling from �s to �t). Otherwise de�ne it to bea �-right edge if it is to the right (see Figure 4.4).5. For every node �i on � �nd a minimum �i-cycle in the dual network. A minimum�i-cycle is a shortest cycle that uses exactly one �-left edge and exactly one �-right edge. Each of these cycles forms a cut in the primal graph. Let vmax bethe value of the minimum among all these cycles. The value vmax is the value ofthe minimum cut as well as the value of the maximum 
ow in the primal graph.These cycles can be found in polylog time with linear processors using our short-est path algorithm for nonnegative edge graphs along with a divide-and-conquermin-cut algorithm due to Reif [87].6. Transform the dual network by making two copies of the path � and addingdirected edges from the right copy �00i to the left copy �0i of every node �i. Theweight of the edge �00i �0i for all �i is set to �vmax. These are the only directededges in the graph. Let Gd denote this transformed dual network.7. Let �r be a node on � such that the value of the minimum �r cycle is vmax. Findsingle-source shortest paths from �0r to all the other nodes in Gd.8. Let d(�) be the shortest path distances from �r. Obtain a maximum 
ow in theprimal graph by setting the 
ow in the edge uv to be equal to d(vt)�d(ut) whereutvt is the dual edge corresponding to the primal edge uv.103



Lemma 29 (Hassin and Johnson) The 
ow computed by the above algorithm is le-gal and is a maximum st-
ow.The only computation involving negative edges is the shortest-path computationfrom �0r in the transformed dual network. The new directed edges all have weight�vmax. Hassin and Johnson show that in the transformed dual network Gd there areno negative cycles. However, Gd, as de�ned, does not satisfy our requirement thatno negative edge appear in any directed cycle. We now show that it can be furthertransformed to a network where such a condition holds.The �-minimum cycles found by the algorithm of Hassin and Johnson are all nestedand they divide the graph a sequence of concentric bands. Let C1; C2; � � � ; Ck be theminimum �-cycles of �1; �2; � � � ; �k, and let N0; N1; N2; � � � ; Nk be the bands of the dualnetwork between these cycles. The bandNi is the subnetwork bounded by and includingCi. It does not include Ci+1. The band N0 includes everything that is outside C0 whilethe band Nk includes Ck and everything that is inside it. See Figure 4.5 for an example.Hassin Johnson [49] show that the shortest paths in the transformed dual networkhave a special property.De�nition 7 A path P from �0r to a node v in Ni is called a normal path if it can bedivided into subpaths Pr; Pr+1; � � � ; Pq; Pq�1; Pq�2; � � � ; P2q�i such that the subpath Pjis in band Nj , and the subpaths Pq�1; Pq�2; � � � ; P2q�i do not use any negative edges.Thus in a normal path the negative edges are used only when the path traverses fromNj to Nj+1 (see Figure 4.5).Lemma 30 ( Hassin and Johnson ) For any node v in the band Ni there exists a�0r-to-v shortest-path that is normal.By Lemma 30 negative edges are used only when a shortest path traverses fromband Nj to band Nj+1. Also, every shortest path �rst traverses into concentric bandsonce and then comes out. It does not go back and forth. We will therefore �nd theshortest paths in two stages. The �rst stage �nds the portion of the shortest pathsthat traverse into the concentric bands and the second stage is used to �nd the portion104
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Proof : The �rst claim follows from the fact that all edges that connect nodes in twodi�erent bands go from a lower level band Nj to the higher level band Nj+1. Thus anycycle is con�ned to a single band. Since the negative-weight edges go from a lower levelband Nj to a higher level band Nj+1 they cannot be part of any cycle.The second claim follows by construction since all paths that travel inwards arepreserved by the modi�cation. 2By running our shortest-path algorithm on this modi�ed dual network we can �ndall normal shortest-paths that go only in the forward direction. In order to �nd theremaining portion of the shortest paths. We use the dual network with the negativeedges removed. After removing the negative edges we add a new source node s and adddirected edges from s to all the edges in Gd with weights equal to the shortest pathsfound in the �rst stages. We then �nd shortest paths from s to all the other nodes toget our �nal answer.Since s has no incoming edges, the new edges added are not part of any cycle.Therefore the new graph also has the property that no negative edges are involved inany cycles. We can therefore use our algorithm to �nd shortest paths for the secondstage as well. We therefore have the following theorem.Theorem 11 There exists a procedure that given an undirected n-node planar networkwith nonnegative edge-capacities � L, �nds the maximum st 
ow from the source s tothe sink t. The procedure runs in time O(polylog m logL) (with probability 1�m
(1))and uses n processors.
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Chapter 5An e�cient parallel algorithmfor shortest paths in planarlayered digraphsThe parallel algorithm of Chapter 4 applies to a large class of graphs, and thoughe�cient in an asymptotic sense it has a polylogarithmic running time with a largeexponent. In this chapter we focus on a special class of planar graphs called planar lay-ered digraphs and show that for this class of graphs we can develop a parallel algorithmthat is much more e�cient than the general algorithm presented in Chapter 4.E�cient parallel algorithms for computing shortest paths have been devised fortwo special classes of planar digraphs: series-parallel digraphs and grid digraphs. Aseries-parallel digraph [97] is an acyclic digraph with exactly one source and exactlyone sink that is recursively constructed by series and parallel compositions. In a series-parallel digraph the weight of a shortest path between the source and the sink isobtained by evaluating an arithmetic expression with operators + (associated withseries compositions) and min (associated with parallel compositions), which can bedone optimally in O(logn) time with n= logn processors [17].A grid digraph has the vertices arranged in a rectangular grid and the edges directed108



Figure 5.1: An example of a grid digraph.from left to right and from bottom to top (an example is shown in Figure 5.1). Apos-tolico et al. [5] gave an algorithm to compute shortest paths in a grid in O(log2 n) timewith O(n) processors. The shortest path problem on grid digraphs has applications intext processing, biological research, tomography and medical diagnosis.In this chapter we consider a class of digraphs that extends grid digraphs, namely,planar layered digraphs. In a planar layered digraph the vertices are arranged alongparallel lines, called layers, and edges connect vertices of consecutive layers and do notintersect. We present an e�cient parallel algorithm for the shortest path problem insuch digraphs that runs in O(log3 n) time with n processors. The algorithm uses adivide and conquer approach and is based on the novel idea of a one-way separator,which has the property that any directed path can cross it only once. Our algorithmruns in the CREW PRAM model wherein di�erent processors are allowed to concur-rently read from the same location but are not allowed to concurrently write to thesame location.A CRCW version of this algorithm runs in time O(log2 n log log n) anduses n= log log n processors. We also show how to improve our algorithm by usingsome techniques of [1] and [6] to improve the time bound to O(log2 n) in the CREW109
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zFigure 5.2: A planar layered digraph.model and O(logn log logn) in the CRCW model.1 The processor bounds still remainas n= logn for the CREW model and n= log log n for the CRCW model.The rest of this chapter is organized as follows. In Section 5.1 we formally de�neplanar layered digraphs and introduce the notion of one-way separators. In Section 5.2we prove the existence of a one-way separator for planar layered digraphs and showhow to use such a separator to design an e�cient divide-and-conquer shortest pathalgorithm. In Section 5.3 we discuss how our results relate to the previous one for griddigraphs. Finally, in Section 5.4 we present our conclusions and comment on the openproblem of e�ciently �nding shortest paths in planar st-graphs.5.1 PreliminariesLet G = (V;E) be a directed acyclic graph with n vertices and m edges, we say thatG is a layered digraph if V is partitioned into p subsets, called layers, l1; : : : ; lk suchthat all edges of G are between consecutive layers. Given p parallel lines consecutivelynumbered in the plane, a p-line embedding of G is a drawing such that� All vertices of layer li are drawn on line i;� Edges are drawn as straight lines1We would like to thank Alok Aggarwal for pointing this out to us.110
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Figure 5.3: Adding extra edges to create a planar layered st-graph.A planar p-line embedding is a p-line embedding without crossings. G is a planarlayered digraph if it admits a planar p-line embedding. Figure 5.2 gives an exampleof a layered graph with a planar 5-line embedding. Layered graphs have been studiedunder the name of proper hierarchies in [101]. Di Battista and Nardelli [20] give e�cientalgorithms to test if a layered digraph with only one source is planar. Kosaraju [19] hasdeveloped an e�cient parallel algorithm to evaluate monotone planar layered circuits.Recently Ramchandran and Yang [86] have developed a linear-processor polylog-timealgorithm for evaluating general monotone planar circuits.We can transform any planar layered digraph G into a planar layered digraph withexactly one source and one sink in the following manner: We �rst introduce two newnodes s and t and put them in two new layers, one at the beginning and one at theend. Then, for each node x in layer i that is a sink we �nd the closest node y to itsleft that is attached to a node in layer i + 1. Let z be the right-most node in layeri+ 1 that has an incoming edge from y. If there is no such node y then we set z to bethe left-most node in layer i + 1. To make x a non-sink node we introduce an in�niteweight edge from x to z. For example, Figure 5.3 shows how to transform the planar111



t

s 1

2

3

4

5

6

7

8

9 11 12

1310

14

Figure 5.4: Left ordering of a planar st-graph.layered digraph in Figure 5.2 into a single-source single-sink planar layered digraph.It is not hard to see that these in�nite-weight edges do not alter any shortest pathsor destroy planarity. This computation can be accomplished in O(logn) time with nprocessors using standard techniques (see for example [60]). A planar layered digraphwith exactly one source s (on the �rst layer) and one sink t ( on the last layer) is calleda planar layered st-graph. In the rest of the paper we solve the problem of �nding theshortest path between the source and the sink of a planar layered st-graph. To �nd theshortest path between any two vertices u and v in G we perform a preprocessing stepto remove all the vertices which are not on any path between u and v. A brief outlineof the algorithm follows.1. Let Tu be the set of vertices that are on some path from u to t in G.2. Let Sv be the set of vertices that are on some path from s to v in G.3. Discard all the vertices in G that are not in Tu or Sv.112



Theorem 12 The algorithm outlined above can be implemented in O(logn) timewith n= logn processors in an EREW PRAM.Proof : All the steps can be done in O(logn) time using techniques in [94]. 2A planar layered st-graph is a special case of a planar st-graph which is de�ned asa planar acyclic digraph with exactly one source, s, and exactly one sink, t, embeddedin the plane so that s and t are on the boundary of the external face. These graphswere �rst introduced in the planarity testing algorithm of Lempel et al. [70].We now de�ne the concept of a left ordering of the vertices in a planar st-graph,which will prove useful in our algorithm. This ordering was introduced by Tamassiaand Preparata [92]. We do this by making use of the dual graph of G (labeled G�)de�ned as follows.1. Every internal face f in G corresponds to a vertex in G�.2. The dual edge e� of an edge e is directed from the face to the left of e to the faceto the right of e.3. The external face of G is dualized to two vertices of G�, denoted s� and t�, whichare incident with the duals of the edges on the leftmost and rightmost paths froms to t, respectively.De�nition 8 For every x 2 V we denote by left(x) and right(x) the two faces thatseparate the incoming and outgoing edges of a vertex x 6= s; t. For x = s or x = t, weconventionally de�ne left(x) = s� and right(x) = t�.De�nition 9 We say that x is below y, denoted x " y, if there is a path in G from xto y. Also, we say that x is to the left of y, denoted x ! y, if there is a path in G�from right(x) to left(y).De�nition 10 The left ordering (denoted by <l) is de�ned on the basis of the relations\left" and \below". A vertex x occurs before another vertex y in the ordering ifeither x! y or x " Y . 113



A planar st-graph with its vertices numbered according to the left ordering is shownin Figure 5.4. Tamassia and Vitter [94] give optimal EREW algorithms to constructthe left ordering of a planar st-graph.5.2 Shortest paths in a planar layered st-graphLet G = (V;E) be a planar layered st-graph with source s and sink t. Given G with itsassociated embedding in layers, in this section, we show how to determine the shortestpath from s to t in G. The crux of the algorithm lies in �nding one-way separators(de�ned in Section 1.4 of Chapter 1). We show how to �nd one-way separators X1, X2;and X3 such that using three one-way divisions we can partition G into at most fourpieces A, B, C, and D such that none of pieces has more than two-thirds of the nodesin G. We then show how this division can be used to formulate a recursive solution tothe single-source shortest-path problem. To show the existence of such separators weneed the following lemma, which follows directly from the arguments in [73]:Lemma 32 Let G be any n-vertex planar layered st-graph containing layers 1through p. Let Si denote the set of vertices in the ith layer, and let ni denote thesize of the set Si. Also let p + 1 be an additional layer containing no vertices. Givenany layer j there exists a layer i � j such that ni + 2(j � i) � 2ptj, where tj denotesthe number of vertices in layers 1 through j. Similarly there exists a layer k � j suchthat nk + 2(k � j � 1) � 2pn� tj. In particular, we let i (respectively k) be the layerwhich minimizes the function ni + 2(j � i) (respectively nk + 2(k � j � 1)).Theorem 13 Given an n-vertex planar layered st-graph G containing layers 1 throughp, there exist one way separators X1, X2, and X3 such that the separator X formed byunioning X1, X2, and X3 is an O(pn) separator that 2=3-splits G into at most fourpieces.Proof : Given G, let j be the smallest layer such that the layers 1 through j have atleast n=2 vertices. Let i and k be layers as in Lemma 32. We let X1 be the set of nodesSi in layer i, and X2 be the set of nodes Sk in layer k.114
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Figure 5.5: Slicing the graph into three parts.Let A be the part of G above k, let B the part below i, and let M be the remainingpart in the middle (as shown in Figure 5.5). By construction A and B each have lessthan 2n=3 vertices. If the number of vertices in M is less than 2n=3, we let M be thethird portion C and set the fourth portion D to be equal to �. Otherwise we form anew planar layered st-graph G0 from the middle partM and two new vertices s0 and t0 ,adding edges from all the vertices in layer k to t0 and from s0 to all the vertices in layer115



i (see Figure 5.6). Let m be the middle vertex in the left ordering L1 of G0 , and let qbe a path constructed by taking the leftmost outgoing edge from m until reaching t0 ,and the rightmost incoming edge from m until reaching s0 (see Figure 5.6). The pathq splits G0 into two equal-sized parts C and D. We let X3 be the set of nodes on q.We claim that X1, X2, and X3 are one-way separators and that the separatorX1 [ X2 [ X3 is a O(pn) separator that 2=3-splits G. By construction none of thepieces have more than 2n=3 vertices. Therefore, G is 2=3-split byX . Also, jqj � k�j+1therefore jX j � jX1j+ jX2j+ jX3j= ni + nk + jqj� ni + nk + 2(j � i) + 2(k� j � 1)� 2(ptj +pn � tj)� 2(qn=2 +qn=2)= 2p2n:To prove that X1, X2, and X3 form one-way separators we note the following. By thede�nition of planar layered digraphs no path in G intersects with vertices in Si or Skmore than once (see Figure 5.5) therefore X1, and X2 are one-way separators. To lookat the interactions of paths in G with the path q, we look at the two subpaths q1 and q2of q, where q1 is the portion below the middle vertex and q2 is the portion above. Let Cbe the subgraph to the left of q and D the subgraph to the right of q. By constructionwe can see that no path can cross from D to C since no path can enter q1 from theright, and no path can leave q2 from the left (see Figures 5.6 and 5.7). Therefore, X3is also a one-way separator. 2We now show how to obtain the separator described in Theorem 13 for a planarlayered st-graph G quickly in parallel. A brief sketch of the algorithm is outlined below.1. For every vertex n determine the level in which it is located. This can be easilydetermined from the given layered embedding.116
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following lemma, which follows from the arguments in [29].Lemma 33 Let G be an n-vertex planar layered st-graph, and let 0 � � � 1. Using theseparator X de�ned in Theorem 13 we can divide the graph into �(n=r) regions, suchthat each region has at most r vertices, and there are only O(n=pr) boundary verticesin all. Furthermore, none of the regions contain more than O(pr) boundary nodes.Our strategy is now clear; we use X to divide G into four pieces A, B, C,and D. Solve the four all-pairs subproblems (among the boundary vertices) in thepieces A;B;C, and D and e�ciently patch the solutions along the separator X . Tosolve the all-pairs problems in each of the pieces we construct planar layered st-graphsfrom the pieces A, B, C, and D by introducing new source sink vertices and addingedges from the top and the bottom layers, as shown in Figure 5.7. It is easy to seethat we introduce only o(n) new vertices (in all the stages) in this fashion. It is easyto see that, all the work is done in the patch-up stage. Therefore to get an e�cientshortest-path algorithm we need to get an e�cient algorithm for the patch-up stage.The separator X can split the parent graph in up to four pieces. To make ourpatch-up algorithm simpler, we view, any split that divides the graph into more thantwo pieces as a sequence of two splits each dividing a parent graph P into two piecesP1 and P2.In the remaining part we show how to patch up the results of any two pieces P1and P2 to obtain the shortest path information of the parent graph P at all levels ofrecursion. Let np denote the number of nodes in P . To patch up the pieces P1 and P2we need to update the shortest path information along the common boundary. Let ussuppose without loss of generality that the source set S is in P1 and the sink set T isin P2, and the common boundary between them is X . From Lemma 33 we know thatthe number of nodes in S [X [ T is O(qnp). In the reminder of the paper we showthat the patch-up operation can be done e�ciently using np=logn processors.We know from Theorem 13 that X is either a layer of vertices or a special \right-most-edge-in, left-most-edge-out" path constructed from a middle vertex m. We havealready solved the subproblems associated with pieces P1 and P2, therefore, we know119
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Figure 5.8: Shortest paths from a are non crossing.the all-pairs shortest paths from vertices in S to those in X , and from vertices in X tothose in T . We now have to construct the all-pairs shortest paths from vertices in S tothose in T . On the face of it this seems an easy enough job, since for each pair of vertices(a; b) for which a 2 S; b 2 T; all we have to do is check for every vertex in X whetherit is in the shortest path from a to b or not. This can be done in constant time withjSj processors in a CRCW PRAM. However, a little thought reveals that such a naiveapproach would require too many processors. We �rst use an idea from [5] to showthat the all-pairs shortest paths from vertices in S to vertices in T can be computedin log2 n time with np= logn processors. We make use of the following de�nition andlemma.De�nition 11 Let a and b be two vertices separated by a one-way separator X � Vin the graph G. We denote by l(a; b) the lowest point in the left ordering of the verticesin X in the graph G such that a shortest path from a to b in G passes through it.Lemma 34 Let a be a vertex in S and let b1 and b2 be vertices in T . Let m1 2 X =l(a; b1) in the parent graph P . We claim that if b2 occurs after b1 in the left orderingof the parent graph P then l(a; b2) does not occur before m1 in the left ordering.120



Proof : We give the proof for the case when X is a path; the proof when X is a layeris similar. The proof is by contradiction. Let l(a; b2) = m occur before m1 in the leftordering of P (see Figure 5.8). By the construction of the separator we know that bothb1 and b2 are on the boundaries of the parent graph P (either on the right boundaryor on the layer just below the sink as in Figure 5.7); therefore, the paths from a to b1and b2 must cross each other at some point. Let the point of crossing be z. Considerthe two pieces of each path; let the subpath from a to z be p1, and the one from z tob1 be p2. Similarly let the two parts of the path from a to b2 be q1 and q2. Withoutloss of generality assume that the weight of p1 is less than that of q1. We now havea contradiction because the path composed of p1 and q2 has weight less than the onemade up of q1 and q2. 2A similar lemma can be proved about paths from two source vertices to a single sinkvertex. We can now use Lemma 34 to do the patching up across the boundaryX with npprocessors. For every vertex a 2 S we use qnp processors to determine simultaneouslyall the shortest paths pab from a to each b 2 T .Let us denote the problem of patching across the separator, for a given sourcevertex a, as P (a;X; T ) where we are given the shortest paths from a to every vertex inX and between all pairs of vertices (x; b) where x is in X and b is in T , and we needto determine the shortest paths from a to every vertex b 2 T . The algorithm to solveP (a;X; T ) is as follows:1. Let bm be the middle vertex in the left ordering of T .2. Determine the vertex xm such that xm = l(a; bm).3. If nx = 1 use qnp= logn processors to determine for all b 2 T the shortest pathfrom a to b. Otherwise go to Step 4.4. Divide T into two sets T1 and T2 such that T1 = fb 2 T j b < bmg and T2 =T � T1. Similarly divide X into two corresponding sets X1 and X2 such thatX1 = fx 2 X j x < xmg and X2 = X �X1.121



5. Recursively solve the two subproblems P (a;X1; T1) and P (a;X2; T2).6. For all vertices b 2 T1 compare the shortest path from a to b through X1, withthe one through xm, and pick the smaller one.Theorem 15 Starting with an n-vertex planar layered st-graph, it is possible at anystage of recursion to obtain the shortest path results of the parent graph P from those ofits children P1 and P2 by running jSj copies of the algorithm outlined above. Moreoverthis can be done in time O(log2 n) in a CREW PRAM, using np= logn processors.Proof : Steps 1 and 2 are obviously correct. To prove the correctness of Step 4 we makeuse of Lemma 34. We know from Lemma 34 that for any b 2 T2 the shortest pathfrom a to b does not use any vertex in X1, and for all b 2 T1 the shortest path form ato b either passes through X1 or through xm. We can therefore recursively divide theproblem into two subproblems P (a;X1; T1) and P (a;X2; T2), and do the correction inStep 6 to determine the shortest paths to vertices in T1. To determine the processorand time complexity we note that the left ordering of the any planar st-graph with nvertices can be determined in O(logn) time with n= logn processors [94]. Thus, we candetermine the orderings of S and T in O(logn) time with qnp= logn processors. Thetime complexity of the various steps are as follows.1. Step 1, 2, 3, and 4 can be performed in O(logn) time with qnp= logn processorsin an EREW PRAM, since jS [X [ T j = O(qnp).2. The depth of recursion is O(lognp), since the size of the sink set T goes down bya factor of 2 every time step 4 is executed. Therefore, the total time taken forthe patch up is O(lognp logn) = O(log2 n).3. Step 6 can be done in O(logn) time with qnp= logn processors in a CREWPRAM.Since running a single copy of the algorithm requires qnp= logn processors, jSj copiescan be run in O(log2 n) time with np= logn processors. 2122



Theorem 16 Given a n-vertex planar layered st-graph G with nonnegative edgeweights, we can determine the shortest path from s to t in time O(log3 n) with n= lognprocessors in a CREW PRAM.Proof : The proof immediately follows from Lemma 33 and Theorems 14 and 15. 25.3 The Tube minima problem and a more e�cient so-lutionConsider at any stage of the computation the array A, where A[i; k; j] is the value ofthe shortest path from vertex i 2 S to vertex j 2 T that is constrained to pass throughthe vertex k 2 X . Let �A(i; j) be the smallest index k that minimizes A[i; k; j]. Wesay that A is totally monotone if �A satis�es the following properties:�A(i; j)� �A(i+ 1; j);�A(i; j)� �A(i; j + 1):Furthermore every submatrix A0 also satis�es these properties. It can be shown that atevery stage of the computation the matrix A constructed as above is totally monotone.It is not hard to see that to patch up two subproblems P1 and P2 we only need todetermine the value of �A(i; j) for all i; j. The problem of determining the value of �was formalized by Aggarwal and Park as the tube minima problem and has many appli-cations in computational geometry [1]. They give the following bounds for calculatingthe tube minima of an pn� pn� pn array:Theorem 17 The tube minima of an pn � pn � pn array can be found in timeO(logn) and work O(n) in a CREW PRAM.Similarly for the CRCW model of computation Atallah [6] has given an algorithm withfollowing bounds:Theorem 18 The tube minima of an pn � pn � pn array can be found in timeO(log logn) and work O(n) in a CRCW PRAM.123
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Figure 5.9: A bad planar st-graph.Using these algorithms in the patchup stage we can improve our bounds to thefollowing:Theorem 19 Given a n-vertex planar layered st-graph G with nonnegative edgeweights, we can determine the shortest path from s to t in time O(log2 n) with n= lognprocessors in a CREW PRAM, and in time O(logn log log n) with n= log logn proces-sors in a CRCW PRAM.5.4 RemarksWe have given a linear processor CREW algorithm for determining the shortest paths ina planar layered digraph which runs in time O(log2 n). Our motivation for consideringlayered graphs was to see if they can be used to solve the shortest path problem forplanar st-graphs however since they extend the class of grid digraphs they may have124



other applications. As far as planar st-graphs are concerned, it seems unlikely thata divide and conquer solution based on one-way separators alone will give a linearprocessor solution. As evidence we present the graph in Figure 5.9 that does not havea one-way separator of size O(pn). It would be interesting to see if the techniquesof this chapter can be combined with those of Chapter 4 to design a linear-processorparallel shortest-path algorithm for planar st-graphs that has a small polylogarithmicrunning time.
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Chapter 6Shortest paths in the presence ofnegative edge weightsIn this chapter we investigate the problem of computing shortest paths when the edge-weights are allowed to have negative values. We give e�cient sequential, parallel, anddynamic algorithms for computing single-source shortest paths in planar digraphs. Wealso give improved algorithms for several related problems like maximum 
ow, perfectmatching etc.In the sequential setting we obtain an algorithm that takes time O(n4=3 log(nL)),where the lengths are integers greater than �L. For general graphs, the best boundknown is O(n1=2m logL) time, due to Goldberg [44] which yields O(n3=2 logL) timeon sparse (e.g. planar) graphs. For undirected planar graphs, Pan and Reif [82,83]showed how to achieve O(n3=2) time using separators. Cohen [14] showed how toachieve the same bound for directed planar graphs. Previously no algorithm handlingnegative lengths was known that ran faster than O(n3=2). Our algorithm overcomesthis apparent barrier, improving the time by a (fractional) polynomial factor when thenegative lengths are not too large in magnitude.For planar graphs, shortest-path computation is closely related to network 
ow.Given a planar digraph and source and sink nodes s and t respectively on di�erent facesof the graph, Miller and Naor [77] (see also Johnson and Venkatesan [56]) show how to126



solve the max-
ow problem by computing single-source shortest-path computation withnegative lengths. They also use the same approach in solving the following problem:given multiple sources and multiple sinks, each with a speci�ed supply or demand,�nd a feasible 
ow in the network. Bipartite perfect matching in a planar graph, forexample, can be formulated in this way. The previous best algorithms for all of theseproblems required 
(n3=2) time. Our shortest-path algorithm thus yields polynomial-factor improvements for these problems. In particular, we obtain an O(n4=3 log n)-timealgorithm for planar bipartite perfect matching. We obtain an O(n4=3 logn logC)-timealgorithm for maximum 
ow, where C is the sum of (integral) capacities.The approach used in obtaining the shortest-path algorithm for arbitrary lengthsalso enables us to obtain parallel and dynamic algorithms for this problem and formax-
ow and matching.To obtain our algorithm we use the cluster decomposition of Chapter 2. Our algo-rithms are extremely simple and are likely to be useful in practice. Our shortest-pathalgorithms for planar graphs extend to all families of graphs that have O(pn) separa-tors.For this algorithm we will assume that the input planar digraph can have negativeedge-weights but no negative cycles are allowed. Note that if there are negative cycles inthe graph then the weight of some shortest-path will be unbounded. This assumptionis just for the ease of exposition; our algorithm can detect negative cycles and haltexecution. The bounds for shortest-paths are as follows.Theorem 20 Let G be a n-node planar directed graph such that the sum of the absolutevalues of the edge-weights is at most D. Given a source node s in G the shortest pathsfrom s to all the other nodes in G can be found in time O(n4=3 log2=3D).Miller and Naor [77] show how to solve a number of 
ow-related problems on planargraphs by performing shortest-path computations on the dual graph. Our improvedshortest-path algorithm gives improved algorithms for these problems as well. In par-ticular, we have the following bounds for the computation of maximum 
ow.127



Theorem 21 The maximum 
ow in a directed planar graph with a single source and asingle sink can be computed in O(n4=3 logn log2=3C) time where C is the sum of all theedge-capacities. A minimum cut can also be computed within the same time bounds.A problem related to maximum 
ow is that of computing circulations. In thisproblem we are given a directed network with demands (both positive and negative)on the nodes such that the sum of the demands is zero. Our task is to compute afeasible 
ow assignment to the edges of the network (if one exists) such that the sum ofthe 
ow into any node is equal to the demand at that node. Miller and Naor [77] showthat a legal-circulation can be computed in a planar graph G by doing a single-sourceshortest-path computation in the dual graph. using our shortest-path algorithm we getthe following bounds for computing a legal-circulation.Theorem 22 A legal circulation can be computed in a planar graph in timeO(n4=3 log2=3C) time where C is the sum of all the edge-capacities.As a consequence of Theorem 22 we get the following bounds for computing a perfectmatching in planar bipartite graphs.Corollary 6 Given a planar bipartite graph, a perfect matching can be found inO(n4=3 log2=3 n) time.Our algorithm can be used to get a faster maximum-
ow algorithm when there aremultiple sources and sinks that are all distributed over a small number of faces. Usingthe algorithm due to Miller and Naor along with our shortest-path algorithm we getthe following bounds.Theorem 23 If G is a planar graph with sources and sinks that lie on at most f facesof G then a maximum 
ow for G can be computed in time O(f2n4=3 logn log2=3C)time, where C is the sum of all the edge-capacities.Our techniques can also be used to get more work-e�cient parallel algorithms forall these problems. Using Gabow's [34] reduction of the shortest-path problem to tothe problem of computing a maximum matching, along with the parallel algorithm for128



�nding a maximum matching due to Gabow and Tarjan [35], we can get a parallelalgorithm for the single-source shortest-path problem with the following bounds.Theorem 24 Let G be a n-node planar directed graph such that the sum of the absolutevalues of the edge-weights is at most D. The single-source shortest-path problem in Gfrom a given source-node s can be solved in time O(n2=3 log7=3 n(logn + logD)) andwork O(n4=3 log n(logn+ logD)).As corollaries we also get improved parallel algorithms for computing a legal-circulation,max-
ow, and planar-bipartite matching.Corollary 7 Let G be a n-node planar directed graph such that the sum of the absolutevalues of the edge-weights is at most D. A legal circulation in G can be computed intime O(n2=3 log7=3n(logn + logD)) and work O(n4=3 logn(logn+ logD)).Corollary 8 A maximum st-
ow, in a graph G with edge capacities that sum up toC, can be found in time O(n2=3 log10=3n(logn+logC)) and work O(n4=3 log2 n(logn+logC)).Corollary 9 If G is planar bipartite graph then we can �nd a perfect matching in Gin time O(n2=3 log13=3 n) with O(n4=3 log3 n) work.We can also use these techniques to get an improved algorithm for maintainingall-pairs shortest-paths in planar graphs in a fully dynamic environment. Using thetechniques of Chapter 2 we can derive the following bounds.Theorem 25 Given an n-node planar directed graph G, such that the sum of theabsolute-values of the edge-weights is at most D, there exists a O(n)-space fully dynamicdata structure to maintain the all-pairs shortest-path information in G. The time peroperation is O(n9=7 logD). The time for queries, edge-deletion, and changing lengthsis worst-case while the time for adding edges is amortized.Our dynamic algorithm can be easily extended to an algorithm for maintaininga legal-circulation (the dynamic circulation problem) in a planar graph, and to the129



problem of dynamically maintaining a perfect matching (the dynamic perfect-matchingproblem) in a planar bipartite graph. For the circulation problem, we are interestedin a fully-dynamic data structure which can be queried to determine the amount of
ow (in some legal circulation) on an arbitrary edge of the network at any time. Inthe dynamic perfect-matching problem a query would amount to determining whethera given edge is in the matching or not? We can use our dynamic shortest-path datastructure to get dynamic algorithms for these problem with the following bounds.Corollary 10 Let G be a n-node planar directed graph such that the sum of the edge-capacities is at most C. There exists a O(n)-space fully dynamic data structure tomaintain a legal circulation in G. The time per operation is O(n9=7 logC). The timefor queries (to determine the amount of 
ow in a particular edge), edge-deletion, andchanging capacities is worst-case while the time for adding edges is amortized.Corollary 11 Given an n-node planar bipartite graph G there exists a fully dynamicO(n)-space data structure to maintain a perfect matching in G. Using this data struc-ture we can determine whether a given edge is in the matching in O(n9=7 logn) time.Also, the data structure can be modi�ed in O(n9=7 logn) time to re
ect additions anddeletions of edges. The time for deletions is worst-case while the time for additions isamortized.Subsequent work: Recently Weihe [100] has given an O(n logn)-time algorithm forcomputing max-
ow in a directed planar graph. Thus his bounds improve upon ourbounds for computing the max-
ow and the related problem of bipartite perfect match-ing. However, his algorithm relies on the use of dynamic trees [89] while our algorithmdoes not use any complicated data structures. Thus, our algorithm may perform betterin practice.The remainder of the chapter is organized as follows: In Section 6.1 we give the se-quential and parallel algorithms for the single-source shortest-path problem, and discusstheir implications on computing maximum 
ow, circulations, and perfect matchings inplanar graphs. In Section 6.2 we discuss our dynamic data structure for maintain-ing shortest paths, circulations, and perfect-matchings, and in Section 6.3 we give our130



conclusions and discuss some open problems.6.1 A three-phase algorithm for single-source shortest-pathsLet G be an n-node planar directed graph such that the sum of the absolute values ofthe edge-weights is at mostD. The length (or weight) of a directed path (dipath) � fromu to v is simply the sum of the weights of the edges in �. A minimum weight dipathfrom u to v is called a shortest path. Given a source-node s the single-source shortest-path problem is the problem of �nding shortest-dipaths from s to all the other nodesin G. In this section we give a simple three-phase algorithm for �nding single-sourceshortest paths in G6.1.1 PreliminariesThroughout the chapter by a path we will mean a directed path unless otherwisespeci�ed. We will use the term size (as opposed to weight) of a path � to refer to thenumber of edges on �.Our algorithm will proceed in three phases and will use the cluster decompositiontechnique of Chapter 2. As in Chapter 2 we will construct a k-cluster partition of Gby dividing G into edge-induced subgraphs G1; G2; � � � ; Gj such that1. Each subgraph Gi contains no more than k edges.2. The number of boundary nodes in Gi for any i is O(pk).Unlike in Chapter 2 we will not insist that the boundary nodes be distributed ona bounded number of faces. Such a cluster decomposition was used �rst by Fred-erickson [29] to speed up single-source shortest-path computation in planar graphswhen edges have nonnegative weights. Recently, in joint work with Klein, Rao, andRauch [62] we have used a recursive cluster decomposition scheme to derive an opti-mum linear time algorithm for single source shortest paths in planar digraphs when131



edge weights are restricted to be nonnegative.6.1.2 The three-phase algorithmOur algorithm uses the partitioning technique described above. The main idea is asfollows: In the �rst phase we �nd a k-cluster partition of G (the optimum value of kwill be determined later). For each subgraph Gi in the cluster partition we use nesteddissection [82,83] to compute the all-boundary-pair shortest-paths within Gi. Whilecomputing the boundary-to-boundary shortest paths we also compute a compact graphC(Gi) with the following properties:� V (C(Gi)) = V (Gi).� Each edge in C(Gi) corresponds to a path in Gi.� jE(C(Gi))j = jE(Gi)j log(jE(Gi)j)j.� For any two nodes u; v 2 Gi there exists a shortest u-to-v path in C(Gi) that hassize O(logn).Such a compact graph can be easily constructed while performing a nested dissectioncomputation (see Cohen [14]). For the sake of completeness we now give a brief accountof how the nested-dissection (hereafter referred to as the ND-algorithm) algorithm canbe used to compute all-boundary-pair shortest-paths and for computing the compactrepresentation. For this purpose we use a simple version of the ND-algorithm that isnot optimum in terms of the logarithmic factors.To compute the all-boundary pair shortest-paths in a given l-node subgraph G�with a boundary set B(G�) of O(pl) boundary nodes, the ND-algorithm works asfollows:The subgraph G� is �rst divided using an O(pl) planar separatorX into up to threepieces P1, P2, and P3 such that for all i Pi contains at most two-thirds of the nodes inG�. Also, each Pi contains at most two-thirds of the boundary nodes in B(G�). Foreach i the boundary set B(Pi) of Pi is set to be (B(G�) [X)\ Pi. In other words the132



boundary nodes are the nodes in Pi that are either in the separator X or are in theboundary set of G�. We also de�ne S = B(G�) [X to be the splitting set of G�. Thesplitting sets of P1, P2, and P3 are de�ned recursively.After dividing G�, the ND-algorithm recursively computes all-boundary-pairshortest-paths in each of the subgraphs P1, P2, and P3. We also recursively com-pute the compact graphs C(P1), C(P2), and C(P3). For i = 1; 2; 3, let Mi denote theall-boundary-pair shortest-path matrix of subgraph Pi. The entry (a; b) in Mi con-tains the shortest-path distance between a and b in Pi. To �nd the all-boundary-pairshortest-paths in R we need to compute the matrix M from the matrices M1, M2, andM3. To do that we �rst construct a combined matrix C (by unioning M1, M2, andM3) that represents all-boundary-pair shortest in all the subgraphs. In constructing Cfor any pair (a; b) that occurs in more than one matrix Mi, we pick the minimum entryfrom all the matrices. It is easy to see that by performing a transitive closure of C(using the operations + and min instead of � and +) we can �nd all-pair shortest-pathsin G� for the nodes in S. Let C� denote the transitive closure of C.To �nd the all-boundary-pair shortest-paths in G� we just pick out the submatrixM from C�. To represent the all-boundary pair shortest-paths in G� we construct acomplete graph Ĝ� on the node set B(G�) such that the edge ab 2 Ĝ� corresponds tothe shortest a-to-b path in G�. The weight of ab is set to be the M [a; b]. It is not hardto show that each of M1,M2, and M3 is an O(pl)�O(pl) matrix. Therefore, C is alsoa O(pl)�O(pl) matrix and thus �nding the transitive closure of C takes O(l1:5 log l)work. It can also be shown that at any level in the recursion the total amount of workneeded to perform all the transitive closure computations is O(l1:5 log l). Thus the totalamount of work required to �nd all-boundary-pair shortest-paths in G� is O(l1:5 log2 l).A more involved method [14,83] can be used to cut the work down to O(l1:5).The compact graph C(R) of R is formed by unioning C(P1), C(P2), and C(P3)along with C�. It is not hard to show that for any two nodes a and b in G� there existsa shortest a-to-b path in C(G�) that contains O(log l) edges (see Cohen [14]).133



procedure ShortPath(G)[The dividing step]1. Use planar separators to �nd a k-clusterpartition of G with subgraphs G1; G2; � � � ; Gk.2. Mark s as a boundary node.[The nested dissection phase]for each subgraph Gi do1. Use nested dissection to �nd all-boundary-pair shortest-pathsand the compact C(Gi).2. Let Ĝi be a complete graph with V (Ĝi) = B(Gi) andedges corresponding to all-boundary-pair shortest-paths in Gi.end [ for][The boundary-path phase]1. Let H be the union of Ĝi over all i.2. Use Goldberg's algorithm to compute shortest-paths in Hfrom s to all the other nodes.[Extending the information to the non-boundary nodes]for each subgraph Gi do1. Add a pseudo-source node ŝ to C(Gi).2. Add edges from ŝ to all the boundary nodes in B(Gi)corresponding to shortest-paths from s to the boundary nodes in H .3. Compute shortest-path distances from s to all the nodes in C(Gi)by running the Bellman-Ford shortest-path algorithm from s for O(logn) steps.end [ for ]end [ procedure ShortPath ]Figure 6.1: The three-phase shortest-path algorithmAfter the nested dissection phase we construct an auxiliary graph H that containsthe boundary nodes from all the subgraphs and edges corresponding to all-boundary-pair shortest-paths in each subgraph. We use the single-source shortest path algorithmdue to Goldberg [44] in H to compute shortest paths from s to all the boundary nodesof G. This constitutes the second phase of our algorithm.In the last phase, for each subgraph Gi we use the single-source shortest-pathinformation of the second phase along with the compact graph C(Gi) to �nd shortestpaths to all the other nodes in Gi. To do this we �rst augment C(Gi) by introducing a134



pseudo-source node ŝ in C(Gi) and introducing edges from ŝ to the boundary nodes inB(Gi) to re
ect their shortest-path distances from s in H . We then run the Bellman-Ford shortest-path algorithm [10,57] for O(logn) steps from the source node ŝ. Thisgives us shortest-path distances to all the nodes in Gi. A pseudo-code version of thealgorithm is given in Figure 6.1.To prove the correctness of the algorithm we note that at the end of the nesteddissection phase, for each subgraph Gi, Ĝi represents the all-pairs shortest-paths amongthe boundary-nodes within Gi.We claim that in order to �nd shortest-paths from s to the boundary nodes of allthe subgraphs we need only to perform a single-source shortest-path computation inH . To see this consider a shortest-path � in G from s to some boundary node b. Wecan divide � into a sequence of maximal sub-paths �1; �2; � � � ; �j such that each �i liesentirely within a single subgraph. For any �i let G(�i) be the subgraph that contains�i. By maximality �i is a shortest path between two boundary-nodes x and y in G(�i).Thus, there is an edge with the same weight between x and y in Ĝ(�i). By replacingeach sub-path �i by the corresponding edge (between its endpoints) in Ĝ(�i) we getan alternate s-to-b path �0 in H that has the same weight as �. Therefore, at the endof the second phase we know the shortest-path distances from s to all the boundarynodes of each subgraph.We now only need to �nd shortest-path distances to the internal nodes of eachsubgraph Gi. To do this we make use of the compact graph C(Gi) augmented withedges corresponding to shortest-paths from s to the boundary nodes.Let u be any node in Gi and let � be a shortest-path from s to u in G. It is easy tosee that � can be split into two sub-paths �1 and �2 where �1 is a shortest path from sto some boundary-node b in Gi and �2 is a shortest path from b to u that lies entirelywithin Gi. By de�nition there is a corresponding shortest-path �02 from b to u in C(Gi)with size O(logn). Also there is a single edge ŝb in the augmented version of C(Gi)that corresponds to the shortest path from s to b in G. Thus the path �0 consistingof ŝb and �20 is an O(logn)-size path that corresponds to a shortest s-to-u path in G.135



Cohen [15] has observed that by running the Bellman-Ford algorithm for q-stages froma source s one can �nd all shortest-paths that have only q-edges. Therefore by runningthe Bellman-Ford algorithm for O(logn) stages on the augmented C(Gi) we can �ndthe shortest paths from s to all the nodes of Gi. Doing this for all the subgraphs givesus the shortest-path distances to all the nodes in G. The correctness of our algorithmtherefore follows.To bound the amount of time taken by our algorithm we note that in the nesteddissection phase we need O(k3=2) time for each subgraph in the cluster partition (see [14,82,83]). Therefore, the time required to perform nested dissection in all the subgraphs isO(k3=2nk ). To bound the time required for the single-source shortest-path computationon the auxiliary graph H we note that H has O(n) edges and O(n=sqrtk) nodes,therefore running Goldberg's algorithm on H requires O(n3=2k1=4 logD) time. The timerequired to run a Bellman-Ford computation on one subgraph for O(logn) iteration isO(k log k) (see for instance [18]). Therefore, the time required to run the third-phaseon all the subgraphs is O(n log k). Letting k be equal to n2=3 log4=3D we see that theentire algorithm requires O(n4=3 log2=3D) time. We thus get the bounds of Theorem 20.To get our bounds for the related problems of computing a circulation, computinga maximum 
ow, etc., we just use our shortest-path algorithm as a subroutine inthe algorithms given by Miller and Naor [77]. Hassin [48] (see also [49]) showed thatcomputing a circulation in planar directed graph is equivalent to performing a single-source shortest computation in the dual graph. Miller and Naor [77] showed that theproblem of computing a perfect matching in a planar bipartite graph can be reducedto the problem of �nding a circulation in the same graph. Therefore, we can useour shortest-path algorithm to get the bounds in Theorem 22 and corollary 6. Thealgorithms for maximum 
ow in [77] use O(logn) single-source computations in thedual (O(k2 logn) if the sources and sinks are distributed over k faces). Therefore,using our shortest-path algorithm we get the bounds in Theorems 21 and 23.To get an e�cient parallel algorithm we follow the same strategy but instead ofusing Golberg's algorithm in the second phase we use an algorithm due to Gabow and136



Tarjan [35]. Given an n-node m-edge graph H with integral edge-weights that are atmost N in magnitude the algorithm in [35] can compute single-source shortest-pathsin H in time O(pnm log(nN)(log 2p)=p) using p � m=(pn log2 n) processors. Usingthis algorithm in the boundary-path stage and setting k to be n2=3 log4=3n and p tobe n2=3log5=3 n we can get a parallel algorithm with the bounds of Theorem 24. Usingthis shortest-path algorithm we can also get parallel algorithms for computing a legal-circulation, the maximum st-
ow, and a perfect matching in a planar bipartite graphwith the bounds shown in corollaries 7, 8, and 9.6.2 A fully-dynamic data structure for shortest paths inplanar graphs when edges can have arbitrary inte-gral valuesIn this section we describe a fully dynamic data structure for maintaining all-pairsshortest paths in a planar directed graph that can have both negative and nonnegative-weight edges. As with the sequential algorithm our dynamic algorithm also uses thedecomposition technique of Frederickson. We again use the cluster-partitioning ap-proach of Chapter 2. Throughout this section we assume that the edge additionspreserve planarity. This can be easily enforced within the same time and space boundsby running the planarity testing algorithm by Galil, Italiano, and Sarnak [37] in thebackground and only allowing edge additions that preserve planarity.Our dynamic algorithm supports the following operations:1. distance(u; v): Find the distance between u and v in G.2. add(u; v; w): Results in the addition of the edge uv with weight w.3. delete(u; v): Results in the deletion of the edge uv.We start by �nding an k-cluster partition of G (the optimal value of k will bedetermined later). As in the sequential algorithm we use nested dissection to �nd all-boundary-pair shortest-paths in each of the subgraphs. We also construct the auxiliary137



graph H as before by unioning the complete graphs Ĝ1; Ĝ2; � � � :Ĝj . Hereafter we willrefer to Ĝi as the substitute graph of Gi. Our data structure consists of the auxiliarygraph H and the subgraphs G1; G2; � � � ; Gj. The auxiliary graph H is used in thequery-stage to compute the distance between the two query points.To �nd the distance between two given query points u and v we form a new auxiliarygraph S by unioning the subgraphs containing u and v (Gu and Gv respectively) alongwith H . We then run a sequential shortest path algorithm on S to compute the distancebetween u and v.To prove the correctness of our query-procedure, we need to show that the distancebetween u and v in S is the same as the distance between u and v in G. Let � be ashortest u-to-v path in G. Mark all the boundary nodes in �. This marking divides �into a sequence of subpaths such that the �rst and the last subpaths lie entirely withinGu and Gv respectively and each intermediate subpath is a boundary-to-boundaryshortest-path that lies entirely within one of the subgraphs G1 through Gj . Since theboundary-to-boundary shortest paths in Gi are represented by edges in Ĝi, it followsthat S contains a path from u to v whose weight is the same as that of �.To perform an update (whenever an edge is added, deleted, or its cost is changed)we need to recompute the substitute graph of each subgraph Gi that is a�ected by thechange in the input. Lemma 35 shows that only a constant number of subgraphs area�ected during a single update operation.Lemma 35 Adding, deleting, or changing the weight of an edge a�ects only a constantnumber of subgraphs in the cluster partition. Therefore, only a constant number ofsubstitute graphs need to be recomputed to modify H.Proof : We discuss the case of a delete operation. The arguments for addition andchanging edge-weights are similar. Consider deleting the edge uv. This results in achange in the subgraph Guv that contains uv. Furthermore, it is possible that deletingthis edge could make either u (or v) a non-boundary node (this could happen if allthe remaining edges incident at u (v) now lie in a single subgraph). Such a change inthe boundary-status can a�ect only the subgraphs Gu and Gv that contain u and v138



respectively. Therefore, to modify H we need only recompute Ĝuv , Ĝu, and Ĝv . 2As in Chapter 2 repeated requests for adding edges can result in an excess ofboundary nodes. Therefore, we recompute the cluster partition after the number ofadd operations exceeds the value of a preset parameter limit.We are now ready to discuss our bounds for maintaining all-pairs shortest paths.We set k to be n6=7 and limit to be n3=7. Since we recompute the cluster partitionevery n3=7 adds no subgraph has more than n3=7 boundary nodes at any time.To bound the query time we note that the number of nodes in H at any time isO(n4=7) and the number of edges in H at any time is O(n). It is easy to see that thesame bounds hold for the size of the auxiliary graph S as well. Therefore, Goldberg'salgorithm [44] will require O(n9=7 logD) time to �nd the shortest u-to-v path.To bound the update time we note that the all-boundary-pair shortest-paths canbe found in O(n9=7) time for any subgraph Gi using nested dissection. Since onlya constant number of subgraphs are a�ected during an update operation, the time-bound for an update is also O(n9=7). We also recompute the cluster-partition andall the substitute graphs once every n3=7 adds. The time taken to recompute thecluster partition is O(n) while the time taken to build all the substitute graphs isO(n10=7). Amortizing this over n3=7 adds we �nd that the amortized time of rebuildingthe data structure is O(n9=7) per add operation. We therefore get a fully dynamicalgorithm for maintaining exact all-pairs shortest paths that requires O(n9=7 logD)time per operation. The bounds of Theorem 25 therefore follow.Our dynamic shortest-path algorithm can be used to get algorithms for the dynamiccirculation and the dynamic perfect-matching problem as well. However, for these twoproblems we restrict the edge additions to be embedding preserving. In other words anew edge can be added if and only if it is consistent with the existing embedding.To get a fully-dynamic algorithm for maintaining a legal-circulation in an embeddedplanar network G we note that due to a reduction by Hassin [48] (see also [49,77]) theproblem of computing a legal circulation in a planar network is equivalent to computingthe single-source shortest-path distances from an arbitrary source s in the dual network139



G0. The dual network contains a node for every face f in G, and a dual edge e0 forevery edge e in G. The dual edge of e connects the face f1 to the left of e (in theembedding) to the face f2 that is to the right of e. The weight of the dual edge is f1f2is the same as the weight of e. Note that the dual network may contain more than oneedge between the same pair of nodes. However, all but the lightest edge can be ignoredfor the shortest-path computations.To determine the 
ow on a particular edge e in the graph; we compute the shortest-path distances of f1 and f2 from the source s in the dual network. Here f1f2 is the dualedge corresponding to e. Let d(f1) and d(f2) denote the shortest-path distances to f1and f2 respectively. Then the 
ow on e in the circulation is set to be d(f2) � d(f1).Hassin [48] shows that this procedure gives a legal circulation in G.Thus to determine the 
ow on any particular edge in G we need to performtwo shortest-path queries in the dual graph G0. Therefore, the query time for 
ow-determination is also O(n9=7 logC) (where C is the sum of the edge-capacities).Changes in the primal network correspond to obvious changes in the dual network, andthe update algorithms remain the same. We therefore get the bounds in Corollary 10.The same algorithm essentially works for dynamic maintenance of perfect-matchingsas well. By using the reduction due to Miller and Naor [77] we can reduce the perfect-matching problem to the problem of computing a legal circulation in the same graphsuch that an edge is in the matching if and only if the 
ow on the edge is non-zero.The bounds of Corollary 11 therefore follow.6.3 CommentsIn this chapter we have given improved sequential, parallel, and dynamic algorithmsfor solving shortest-path problems in planar graphs when edges can have negative andnon-negative weights. Due to the simplicity of our algorithms, they are likely to bee�cient in practice as well.It is conventional wisdom that the single-source shortest-path problem in generalgraphs is harder when negative edge-weights are allowed. It would be interesting to140



see whether the same holds true for planar graphs as well. In this paper we haveshown that the single-source shortest-path problem (with negative edge-weights) canbe solved considerably faster if the underlying graph is planar thus narrowing the gapin the running time between the two versions of the problem: (1) Where edge weightsare restricted to be non-negative and (2) Where the edge-weights need not necessarilybe non-negative. It would be interesting to see if this gap can be further narrowed.Our algorithm uses a simple two-level decomposition strategy to get a better run-ning time. It might be possible to get faster algorithms by using a more sophisticatedmulti-level decomposition strategy. We leave the construction of such an algorithm asan open problem.
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