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Redundancy Elimination with a Lexicographic Solved FormJ-L. ImbertLab. Informatique de Clermont-FerrandComplexe Universitaire des CezauxF-63177 Aubiere Cedex (France)imbert@glm.univ-bpclermont.fr P. Van HentenryckBrown UniversityBox 1910Providence, RI 02912, USApvh@cs.brown.eduAbstractDetection of redundant linear constraints is important for a variety of applications including linearprogramming, variable elimination, canonical forms, and convex hull algorithms to name a few.Systematic semantic methods (i.e. optimization) exist to identify all redundant constraints butthey are generally computationally expensive. It is thus desirable to identify syntactic criteria toreduce the need for semantic methods.This paper presents new syntactic criteria to detect redundant and non-redundant constraints.The results exploit a lexicographic solved form for linear programming (originally proposed todetect implicit equalities) which makes it possible to de�ne syntactic criteria much stronger thanthose proposed in the past. In particular, one of our results shows that a system in a lexicographicsolved form with n constraints and m non-basic variables has at most min(2n-1,n+m) redundantvariables. In addition, the paper presents new syntactic criteria to reduce the size of the constraintsystem before further applications of syntactic and semantic methods.These theoretical results have been integrated in a complete system to detect redundant linearconstraints. Experimental evaluation shows that our syntactic criteria decide the redundancy ofabout 90% of the constraints and may produce orders of magnitude improvement in e�ciency overprevious work whose criteria were deciding between 24% and 56% of the constraints. In addition,the bene�ts of the new results increase with the size and with the sparsity of the constraint systemand are especially dramatic when the number of variables is large compared to the number ofconstraints.1 IntroductionDetection of redundant linear constraints is important for a variety of applications including linearprogramming [12], variable elimination (e.g. [8, 6]), canonical forms (e.g [9]) and program analysisand veri�cation of hybrid systems (e.g. [3, 5]) to name a few. Systematic semantic methodsexist to identify all redundant constraints. They consist essentially in solving a linear programper constraint (i.e. optimizing the constraint subject to the other constraints) and hence theyare generally computationally expensive. This has led to the investigation of syntactic methodsto detect redundant linear constraints (e.g. [7, 10, 12]) in order to reduce the need for semanticmethods.The purpose of this paper is to propose new syntactic criteria to detect redundant linear con-straints. The novel results are based on a lexicographic solved form for linear programming which1



was proposed in [13] as a basis for a decision procedure for generalized linear constraints (includingstrict inequalities and 6=). The lexicographic solved form appears to be an e�ective tool to detectredundant linear constraints since our new syntactic criteria subsume and are much stronger thanprevious results. In particular, one of our results shows that, in a system in lexicographic solvedform with n constraints and m non-basic variables, at most min(2n-1,n+m) variables are redun-dant. In addition, the paper presents new syntactic criteria to reduce the size of the constraintsystem before further applications of syntactic and semantic methods.These theoretical results have been integrated in a complete system to detect redundant linearconstraints. Experimental evaluation shows that our syntactic criteria decide the redundancy ofabout 90% of the constraints and may produce orders of magnitude improvement in e�ciency overprevious work whose criteria were deciding between 24% and 56% of the constraints. In addition,the bene�ts of the new results increase with the size and with the sparsity of the constraint systemand are especially dramatic when the number of variables is large compared to the number ofconstraints.The rest of this paper is organized as follows. Section 2 reviews some basic notion and formulatesthe problem precisely. Section 3 reviews existing syntactic criteria which are based on the simplexsolved form. Section 4 gives an overview of the lexicographic solved form and presents the newsyntactic criteria to detect redundant linear constraints based on this solved form. Section 5 presentsthe reduction results. Section 6 presents a complete example. Section 7 presents the experimentalresults. Section 8 concludes the paper.2 BackgroundThe purpose of this section is to formalize the notion of redundant linear constraints and to reducethe detection of redundant constraints to a simpler problem. For convenience, all systems ofconstraints in this paper are assumed to be satis�able. Real variables are denoted by the letter xand real numbers by the letters a; c; v, both possibly subscripted and superscripted. The notion ofredundant constraint can be formalized by the following two de�nitions.De�nition 1 Let I be a system of linear inequalitiesf t1 � 0; : : : ; tn � 0 gwhere ti = ai0 +Pmj=1 aijxj . The solution set of I , denoted by sol(I), is de�ned as follows:Sol(I) = fhv1; : : : ; vmi 2 <m j a10 + mXj=1 a1jvj � 0; : : : ; an0 + mXj=1anjvj � 0g:De�nition 2 Let I be a system of linear inequalities. An inequality C in I is redundant i�Sol(I) = Sol(I n fCg):The following lemma is a basic result on redundancy [11].Lemma 1 Let I = f t1 � 0; : : : ; tn � 0 g. The inequality tk � 0 is redundant in I i� there existnonnegative values a0; : : : ; ak�1; ak+1; : : : ; an such thattk = a0 + nXj=1;j 6=k aiti:2



Input: I = f t1 = 0; : : : ; tn = 0 g assumed satis�able,where ti is a linear term over slack and non-slack variables.Output: A system (E; S) equivalent to I .begin0. E := ;; S := ;;1. for each constraint C in I ,1.1. replace every variable x in C which also appears in an equation x = t ofE by t and simplify.1.2. if C is not trivially true and if there is a non-slack variable x in C,rewrite C as x = t (with t not containing x) and insert it into Eelse (there are only slack variables in C)if C is not trivially true, insert it into S.end Figure 1: Transformation AlgorithmProof See [4, 11]. 2The detection of redundant constraints is conveniently performed, not on the initial system oflinear inequalities I , but rather on a linear program associated with I . For a system of inequalitiesI = f t1 � 0; : : : ; tn � 0 g, such a linear program can be obtained in two steps:1. transform I into a system of equations I 0 by introducing slack variables x+k :I 0 = f t1 � x+1 = 0; : : : ; tn � x+n = 0 g:2. apply the transformation algorithm depicted in Figure 1 on I 0 to obtain a system (E; S).The system (E; S+), where S+ = S [ fx+1 � 0; : : : ; x+n � 0g, is equivalent to I . S+ is a linearprogram associated with I .1The above transformation enables us to reduce the detection of redundant constraints in I to thedetection of redundant variables in S+ since each variable in fact corresponds to an initial inequality.De�nition 3 Let S+ be a linear program with variables x1; : : : ; xm. Variable xk is redundant inS+ i� there exist nonnegative values a0; : : : ; ak�1; ak+1; : : : ; am such thatS ) xk = a0 + mXi=1;i 6=k aixi:Lemma 2 Let I be a system of linear inequalities and S+ be a linear program associated with I .tk � 0 is redundant in I if and only if variable xk is redundant in S+ if and only if there exists nosolution of S in which all variables are assigned nonnegative values except xk which is assigned anegative value.1In the following, we always use S+ to denote the system S augmented with the positivity requirements on all itsvariables. 3



Proof See [7, 12]. 2The rest of this paper focuses on the problem of detecting redundant or non-redundant variables.Detecting a non-redundant variable is in fact as important as detecting a redundant variable, sinceit precludes the need for semantic methods on the variable. Most existing criteria, and most of ournew results in fact, detect non-redundancy. Note that Lemma 2 will be used heavily in the proofsof this paper.3 Redundancy Detection with the Simplex Solved FormThe existing syntactic criteria for redundancy elimination are based on the simplex solved form ofthe linear program. We briefy recall the solved form and then present the results.De�nition 4 A linear term is an expressiona0 + mXi=1 aixi:a0 is called the constant and the ai (1 � i � m) are called the coe�cients. We use var(t) torepresent the set of variables appearing with a non-zero coe�cient in the linear term t .De�nition 5 A linear equation in solved form (SF for short) is an expressionxb = twhere t is a linear term, xb =2 var(t) and the constant of t is nonnegative.The left-hand side variable is called a basic variable while the variables in the right-hand side arecalled non-basic variables.De�nition 6 A set of linear equations S = fxb1 = t1; : : : ; xbn = tng is in SF i�� xbi = ti is in SF (1 � i � n);� each basic variable appears only once in S.We are now in position to present three syntactic criteria for redundancy. The �rst result concernsnon-basic variables [7].Lemma 3 Let S+ be a system of equations in SF. A non-basic variable xk is non redundant inS+ if, for each equation xbj = aj0 +P ajixi satisfying aj0 = 0, we have ajk � 0.Proof It su�ces to assign 0 to all non-basic variables but xk. Variable xk can then be assigned asu�ciently small negative value vk (i.e. jvkj < minfaj0=ajk j ajk > 0g). Then apply Lemma 2. 2The second result identi�es the non-redundancy of a subset of the leaving variables [7] and uses thepivotiong rule of the simplex algorithm. Recall that an iteration of the simplex algorithm consistsof three steps: 4



1. choosing a non-basic variable to enter the basis; this variable is called the entering variable;2. choosing a basic variable to leave the basis; this variable is called the leaving variable;3. pivoting to remove the leaving variable from, and to introduce the entering variable into, thebasis.The pivoting rule of the simplex algorithm requires that, for an entering variable xe, the leavingvariable xl be such that the ratio al0=ale be greater or equal to all ratios ak0=ake satisfying ake < 0(1 � k � n). The lemma speci�es that some leaving variables are non-redundant.Lemma 4 Let S+ be a system in SF. The basic variable xbk of row k is non-redundant in S+ i�there exists an entering variable xe for which ak0=ake is the greatest unique value for all values(aj0=aje) such that aje < 0.Proof It su�ces to assign 0 to each non-basic variable xi 6= xe and to assign jak0=akej + � to xewith � su�ciently small. Then apply Lemma 2. 2The last result we mention is a simple way of detecting redundant constraints.Lemma 5 Let S+ be a system in SF. A non-basic variable which has the unique positive coe�cientin the right-hand side of an equation is redundant.Proof This is a direct consequence of De�nition 3. 24 Redundancy Detection with the Lexicographic Solved FormOur new results are based on another solved form, the lexicographic solved form [13], which wasintroduced to handle strict inequalities (e.g. >) and disequations (6=). The lexicographic solvedform enables us to obtain much stronger syntactic criterion than those obtained with SF. We �rstrecall the relevant results on the lexicographic solved form and then present our new results.4.1 The Lexicographic Solved FormThe lexicographic solved form is a specialization of SF which imposes a more restrictive positivityrequirement. It assumes a total ordering � on the variables. In the following, we assume, forsimplicity, that xi � xj i� i < j. We now introduce the basic notions underlying the lexicographicsolved form.De�nition 7 A vector v 6= 0 is called lexicographically positive (resp. negative), denoted v L> 0(resp. v L< 0), if its �rst non-zero component (in the left to right order) is positive (resp. negative).We also denote by v L� 0, the disjunction v = 0 _ v L> 0.De�nition 8 A vector v is said to be lexicographically greater than a vector u if v � u L> 0.De�nition 9 A negative unit vector is a vector (0; : : : ; 0;�1; 0; : : : ; 0).5



De�nition 10 The vector v associated with a linear constraintxb = a0 + mXi=1 aixiin SF is de�ned by v = (a0; a1; : : : ; ab�1;�1; ab+1; : : : ; an):We are now in position to de�ne the lexicographic solved form.De�nition 11 A linear equation C is in lexicographic solved form (LSF for short) i�� C is in SF;� the vector associated with C is either a negative unit vector2 or lexicographically positive.De�nition 12 A set of linear equations S = fxb1 = t1; : : : ; xbn = tng is in LSF i�� xbi = ti is in LSF (1 � i � n);� each basic variable appears only once in S.The basic di�erence between SF and LSF is that, for any constraint xb = t in LSF, the constantor the �rst non-zero coe�cient of t is positive (except for assignments of a variable to zero). Thevariable associated with the �rst positive coe�cient is called the leading variable in this paper.When the constant is non-zero, we take the convention of using a �ctitious variable x0 as theleading variable. For instance, the equations x4 = 2 � x2 + x5 and x4 = x2 � x5 are in LSF whilethe equation x2 = x4 � x5 is not. The leading variables are respectively x0 and x2 for the �rst twoequations. The following theorem states that LSF is indeed a solved form.Theorem 1 A linear program is satis�able if and only if it can be mapped into LSF.Proof See [13]. 2The other important property of LSF is that it is preserved through pivoting provided that alexicographic pivoting rule be used. Since our new criteria make use of the lexicographic pivotingrule, we brie
y review the basic concepts. The lexicographic pivoting rule [4] is de�ned as follows.De�nition 13 Let S = fxbi = ai0 + mXj=1 aijxj j (1 � i � n)gbe a set of equations in LSF, xk be the selected entering variable. Denote by Sk the set fi j 1 � i �n and aik < 0g, by vi be the vector associated with constraint i. Let ui be vi=aik. The lexicographicrule amounts to choosing the leaving variable xbl in such a way that ul is lexicographically thegreatest of all vectors, i.e., ul = lexmaxi2Sk ui2This is necessary to represent explicit assignments of the form xb = 06



Theorem 2 The lexicographic rule preserves LSF through pivoting.Proof See [13]. 2Note �nally that we can always change the lexicographic ordering as convenient provided that thesystem remains in LSF.4.2 Redundancy Detection With LSFWe now investigate the use of LSF for the detection of redundant and non-redundant constraints.For convenience, we assume that the system S+ in LSF does not contain two equations which havesimilar right-hand sides up to multiplication by a constant and up to the value of the constant.This kind of syntactic redundancy [10] can be easily detected.Our �rst result is a generalization of Lemma 4 and shows that all leaving variables, for a givenordering about to be speci�ed, are non-redundant. This theorem produces much stronger resultsthan Lemma 4.Theorem 3 Let S+ be a system in LSF. Let �m a new total ordering on the variables such that� xi �m xj if xi is a non-basic variable and xj is a basic variable;� xi �m xj if xi and xj are both basic or both non-basic, and xi � xj .Then all leaving variables wrt ordering �m are non-redundant.ProofLet xe be the entering variable and xbk the corresponding leaving variable. Assume that xjis the leading variable (possibly x0) in the equation xbk = ak0 +Pakpxp. Using Lemma 2, it issu�cient to �nd a solution to S assigning a negative value to xbk and nonnegative values to theother variables. The proof proceeds in four steps. The �rst step normalizes the equations to makeit easy to assign a negative value to xbk . The second step assigns values to variables xm down to xj .The third step decreases the value assigned to xe so that xbk becomes negative. The fourth stepcompletes the assignment of variables (from xj�1 down to x1) to make sure that all other variablesare given positive values.The �rst step is a normalization of the equations. LetE = f xbi = ai0 +X aipxp j 1 � i � n & 1 � p � m g:and Mk = f xbi = ai0 +X aipxp j xj is the leading variable & aie < 0g:The normalization produces a systemE0 = f ciyi = a0i0 +X a0ipxp j 1 � i � n & 1 � p � m & ci > 0 & a0ip = ciaipgwhich satis�es 0 < a0kj � a0ij & a0ke � a0iefor all equations in Mk . This normalization is performed by choosing ci as follows.7



� ci = 1 for equation not in Mk;� ci = (akj=aij) if (aij=aie) = (akj=ake);� aijake < ciaijaie < akjaie otherwise.The second step assigns nonnegative values vj ; : : : ; vn such that0 < �kj < �ij (1 � i � m & i 6= k)where �lp = mXq=palqvq:The assignment proceeds from m to j and makes sure that (j � p � m)1. a0rp > a0sp ) �rp > �sp;2. a0rp 6= 0 ) a0rp and �rp have the same sign.3. a0rp = 0 ) �rp = �rp+1 if p < m and �rm = 0 otherwise.The third step simply decreases the value of ve so that �kj is the only negative value for a relevantset of equations (i.e. the set L below). LetSk = f xbi = ai0 +X aipxp j 1 � i � n & aie < 0g:and L be the set of equations with a leading variable xl such that l � j. First note that anyequation in Sk has a leading variable xl with l � j by de�nition of the lexicographic pivoting rule.It follows immediately that L \ Sk = Mk. Moreover, increasing the value of ve can only decreasethe values �ij for those equations xbi = ai0+P aipxp in L which are in Mk . (Equations not in L areof no concern at this point since it is possible to increase their values arbitrarily). As the result ofsteps 1 and 2, we also know that a0ke � a0ie < 0, 0 < �kj < �ij , and �ke � �ie < 0 for each equationi in Mk. Hence, it is possible to increase the value ve in such a way that �kj is the only negativevalue for all equations in L.The last step completes the proof by assigning values from j � 1 to 0, as for instance in a waysimilar to step 2, using a �ctitious variable x0 for the constants a10; : : : ; an0 if necessary. The �nalsolution is obtained by dividing all values v1; : : : ; vm+n by v0. 2The next theorem can be viewed as a dramatic generalization of Lemma 3, giving a very strongsyntactic criteria to detect non-redundant variables. It enables us to conclude the non-redundancyof non-basic variables which are never leading, a much weaker condition than the one imposed byLemma 3. In particular, the theorem implies that, a system in LSF with n constraints and mnon-basic variables has at most min(2n-1,n+m) redundant variables, showing that it is a powerfultool when the number of variables is large compared to the number of constraints. Note also that,when the system is in LSF, the theorem completely subsumes Lemma 3.Theorem 4 In a system in LSF, a non-basic variable which is never leading is non-redundant.8



Proof Let xi be a non-basic variable which is never leading. We construct a solution of the systemwhich assigns 0 to each non-basic variable xj lexicographically smaller than xi and assigning �1 toxi. Then it is su�cient to proceed as in the last step of Theorem 3 and to apply Lemma 2. 2Corollary 1 A system in LSF with n constraints and m non-basic variables has at most min(2n-1,n+m) redundant variables.Example 1 The following table presents an application of the theorem.Cte x1 x2 x3 x4 x5 x6x7 +x8 0 +x9 0 0 0 +x10 0 +In the table, a '+' denotes a positive coe�cient and a space denotes any other value. The basicvariables are on the left. Variables x2; x4; x5; x6 are non-redundant.The next two theorems complement very well Theorem 4 and consider leading variables. The �rsttheorem indicates that, if we can �nd a variable to replace a leading variable, then the leadingvariable is non-redundant.Theorem 5 Let xi and xj be two non-basic variables with xi � xj . Assume that1. asj > 0 in each equation S+ in which xi is leading.2. akj � 0 for each equation k in which xp is leading with xi � xp � xj .Then xi is non-redundant.Proof Apply Theorem 4 with the same lexicographic ordering except that the order of variablesxi and xj has been exchanged. 2Example 2 The following table presents an application of the theorem.Cte x1 x2 x3 x4 x5 x6x7 0 + +x8 0 0 0 + +/0x9 0 + +In the table, a '+' denotes a positive coe�cient and a space denotes any other value. Variables x1is non-redundant because of variable x5.The next theorem indicates that a leading variable always followed by a positive coe�cient isnon-redundant.Theorem 6 Let xi be a non-basic variable. xi is non redundant if, in all equations in which xiis leading, the greatest variable with a non-zero coe�cient which is smaller than xi has a positivecoe�cient. 9



Proof Apply Theorem 4 with the same lexicographic ordering except that xi becomes the smallestvariable of non-basic variables and basic variables the smaller than xi. 2Example 3 The following table presents an application of the theorem.Cte x1 x2 x3 x4 x5 x6x7 0 0 + 0 0 +x8 0 0 0 + +x9 0 0 + + +In the table, a '+' denotes a positive coe�cient and a space denotes any other value. Variables x2and x3 are non-redundant.5 Syntactic Reduction with the Lexicographic Solved FormThe above theorems apply directly to the linear program in LSF. Whenever no syntactic criteriaapplies, it is possible to reduce, in a syntactic way, the system to be considered. This may enablefurther applications of the syntactic criteria or reduce the size of the system which semantic methodswill be applied to. This section presents two reduction theorems for non-basic and basic variablesrespectively.Theorem 7 [Non-basic Reduction Theorem] Let S be a system of equations in which xi is a leadingvariable. xi is redundant in S+ i� xi is redundant in the system R+ de�ned as follows:1. remove from S all equations whose leading variable (possibly the �ctitious variable associatedwith the constant) is lexicographically greater than xi to obtain T ;2. remove from T all non-basic variables which never appear with a positive (> 0) coe�cient toobtain R.Proof We �rst show that xi is non-redundant in S i� it is non-redundant in T . (The only part)Since T is a subsystem of S, all solutions of S are also solutions of T . Hence, by Lemma 2, if xiis non-redundant in S, then it is non-redundant in T . (The if part) If xi is non-redundant in T ,by Lemma 2, it is possible to �nd a solution of T with a negative value for xi and nonnegativevalues for all other variables. This solution can be turned into a solution of S by assigning valuesto the variables appearing in S and not in T . It is su�cient to assign 0 to all variables whichare lexicographically smaller than at least one non-basic variable in T . The other variables can beassigned as in step 4 of the proof of Theorem 3.We now show that xi is non-redundant in T i� it is non-redundant in R. The if part is trivialsince it su�ces to complete a solution of R by assigning 0 to the variables in T and not in R. Forthe only part, consider a solution of T as suggested in Lemma 2. Decreasing the value of a variableoccurring only with negative coe�cients in T increases the value of the basic variables. Assigning 0to them and removing them directly gives a solution to R and the theorem follows from Lemma 2.2 10



Example 4 Consider the initial systemCte x1 x2 x3 x4 x5 x6x7 +x8 0 0 0 + -x9 0 +x10 0 0 0 0 + -x11 0 0 0 + 0x3 is redundant in the initial system i� x3 is redundant in the system depicted in the followingtable: x3 x4 x6x8 +x10 0 +x11 +Theorem 8 [Basic Reduction Theorem] Let S be a system of equations in which xj is a basicvariable. xj is redundant in S+ i� xj is redundant in the system R+ de�ned as follows: Removefrom S all equations whose leading variable (possibly the �ctitious variable associated with theconstant) is lexicographically greater than the leading variable of the equation in which xj occursto obtain R.Proof Let xi be the leading variable of the constraint where xj is in basis. By modifying thelexicographic ordering to switch xi and xj , the role of the two variables can be switched as well:xi becomes the basic variable and xj becomes the leading variable. The constraint will remain inLSF for the new ordering. Moreover, after elimination of xi, the remaining constraints are also inLSF for the new ordering, since1. constraints whose leading variable has rank smaller than the rank of xi are left unchanged;2. constraints whose leading variable was xi have now xj as leading variable.3. constraints whose leading variable has rank greater than the rank of xi keep the same leadingvariable.Hence, all theorems presented before apply. The reduced system obtained by applying Theorem 7is simply the system R after a pivoting of xi et xj . 2Example 5 Consider the initial systemCte x1 x2 x3 x4 x5 x6x7 +x8 0 0 0 + -x9 0 +x10 0 0 0 0 + -x11 0 0 0 + 0No reduction takes place for x7. For x9, the following reduction occurs:11



x1 x2 x3 x4 x5 x6x8 0 0 + -x9 +x10 0 0 0 + -x11 0 0 + 0For x8 et x11, only the following subsystem needs to be considered:x3 x4 x5 x6x8 + -x10 0 + -x11 + 0Finally, for x10, the reduced system is simply x4 x5 x6x10 + -6 A Complete ExampleThe following table presents a complete example. The empty spaces correspond to zero coe�cients.Cte x1 x2 x3 x4 x5 x6 x7x8 2 1 3 2 1x9 4 -1 2 -2x10 3 -2 -1x11 2 -1 3 -1x12 1 2 -3x13 2 -1 1 -1x14 1 2 -1x15 1 -3x16 2 1 -3x17 1 1 1 4 -2x18 2 -1 -1 2x19 1 -2 1Lemma 3 detects that x8 is redundant. Lemma 4 detects that x10; x11; x17, and x18 are non-redundant. Theorem 3, which generalizes Lemma 4, concludes that x13; x15; x19 (and of coursex10; x11; x17, and x18) are non-redundant. Lemma 3 detects that x2 and x7 are non-redundant.Theorem 4, generalizing Lemma 3, detects the non-redundancy of x6 (in addition of those alreadydetected by Lemma 3). Lemma 5 detects that x5 is redundant. Theorem 5 detects that x1 isnon-redundant. Theorem 6 detects the non-redundancy of x4.At this point, we can use the non-basic reduction theorem for variable x3. This gives us thesystem: 12



x3 x4 x5 x6x12 1 2x15 1x16 2 1x18 2 -1 -1 2x19 1 -2 1Using Lemma 3, the �rst three rows can be removed, giving the following system:x3 x4 x5 x6x18 2 -1 -1 2x19 1 -2 1Then modifying the order on variables to enforce that x3 � x6 � x5 � x4 � x18 � x19, Theorem6 concludes that x3 is non-redundant.An alternative consists in applying successively Theorem 7 to remove x4, De�nition 3 to removex19, Theorem 7 to remove x5, and �nally Theorem 6 to conclude that x3 is non-redundant as shownin the following �gure. x3 x6x18 2 2The only variables which are left pending are x9,x12,x14, and x16. These variables will probablyneed to be checked using semantic methods. However, for x14, semantic methods apply on thesub-system: x1 x2 x3 x4 x5 x6 x7x11 2 -1 3 -1x12 1 2 -3x14 1 2 -1x15 1 -3x16 2 1 -3x18 2 -1 -1 2x19 1 -2 1and for x12 and x16, they apply on x4 x5 x6 x7x12 1 2 -3x15 1 -3x16 2 1 -3Remark 1 It is important to note that that the syntactic criteria depend on the lexicographicordering. Hence, two di�erent orderings can produce di�erent results. For instance, by switchingthe rank of x4 et x5, Theorem 3, when applied with x7 as entering variable, concludes that x12 isnon-redundant (instead of x15). Similarly, by ranking x1 and x2 immediately after x7, Theorem 3concludes that x14 is non-redundant. 13



7 Experimental ResultsThe above theoretical results have been implemented in a complete system to detect redundantconstraints. The experimental results reported here use randomly generated constraint systemswith various sparsity con�gurations and various ratios n=m, where n is the number of constraintsand m is the number of non-basic variables. The complete results are reported in [1].7.1 Applicability of the Theoretical ResultsThe �rst results we report are the applicability of the various theoretical results, i.e. how manytimes a given de�nition, lemma, or theorem can be used. Table 1 gives the results for a variety ofparameter con�gurations. These results are not intended to be comprehensive (see [1] for a morecomplete coverage) but they give a good picture on the applicability of the results. In the table,n is the number of constraints, m is the number of variables, %z is the percentage of zeros, s isthe number of linear programs generated, the next 9 columns describe the number of successfulapplications of the various de�nitions, lemmas, and theorems over all linear programs, old reportsthe number of successful applications of De�nition 3 and Lemmas 3, 4, and 5 (i.e. previous work),while new reports the number of successful applications of De�nition 3, Lemma 5, and Theorems 3,4, 5, 6, 7, 8 and v is the total number of variables in all the systems. Table 2 reports the sameresults in percentage of the total number of variables. The following two remarks are important tointerpret the results correctly.� The results of Theorems 7 and 8 contain only the number of variables which, after reduction,are detected as redundant or non-redundant by using syntactical methods only. Of course, inthe complete system, they are used to reduce the system before applying semantic methodswhenever no semantic criteria applies.� The de�nition, lemmas, and theorems are applied in the following order.old: Definition 3, Lemmas 3, 4, and 5;new: Theorem 4, Definition 3, Lemma 5, and Theorems 3, 6, 5, 7, and 8.The application order is mainly used for e�ciency reasons, since most theorems are independent.For instance, De�nition 3 and Lemma 5 detect redundancy while Theorems 4 and 3 detects non-redundancy. Theorems 4, 5 and 6 on the one hand and Theorem 3 on the other hand are indepen-dent. Theorem 4 is independent from Theorems 5 and 6. Theorems 5 and 6 are not independentbut the overlap should be small.The results indicate the dramatic improvement produced by our new syntactic criteria. In allcases reported, the status of more than 73% of variables is decided using only syntactic criteria. Inmany cases, the status of more than 89% of the variables are decided. This contrasts with existingwork where only 24% of the variables are decided in some cases and no more than 56% of thevariables in all cases. Theorems 3 and 4 are particularly e�ective. More generally, the followingcomments can be made on each of the results.� De�nition 3: This result is particularly appropriate when the ratio n=m is large and/orwhen the system is very sparse. A typical example is the last line of the tables.14



n m %z s d. 3 l. 3 l. 4 l. 5 t. 3 t. 4 t. 5 t. 6 t. 7 t. 8 old new v15 30 25 50 1 142 288 0 332 665 64 1 20 18 431 1100 150015 30 50 50 10 86 256 9 404 585 85 8 62 85 361 1428 150015 30 75 50 151 199 285 95 399 446 117 15 47 110 740 1418 150015 45 75 50 19 275 444 21 582 1188 176 20 103 80 759 2189 225030 45 75 50 336 60 237 156 549 336 156 18 80 381 789 2012 225025 50 75 14 20 31 120 16 204 239 50 3 52 77 187 661 70050 60 80 42 1063 30 122 206 362 42 153 4 25 444 1421 2268 2520Table 1: Applicability of the Theoretical Resultsn m %z s d. 3 l. 3 l. 4 l. 5 t. 3 t. 4 t. 5 t. 6 t. 7 t. 8 old new15 30 25 50 0 9 19 0 22 44 4 0 1 1 29 7315 30 50 50 1 6 17 1 27 39 6 1 4 6 24 9515 30 75 50 10 13 19 6 27 30 8 1 3 7 50 9415 45 75 50 1 22 20 1 26 53 8 1 4 3 34 9730 45 75 50 15 3 11 7 24 15 7 1 4 17 35 8925 50 75 14 3 4 17 2 29 34 7 0 7 11 27 9450 60 80 42 42 1 5 8 16 1 6 0 1 18 56 89Table 2: Applicability of the Theoretical Results in Percentage� Lemma 3: This lemma is relatively e�ective and can be tested very e�ciently. However,when the system is in LSF, it is completely subsumed by Theorem 4 which is much stronger.� Lemma 4: This lemma is completely subsumed by Theorem 3 which is much stronger.� Lemma 5: This lemma can be tested very e�ciently and produces good results when thesystem is very sparse. It gives poor results on dense systems.� Theorem 3: This theorem can be tested reasonably e�ciently and produces very goodresults in almost all cases. Its results are reasonably uniform over all con�gurations (detectingbetween 20% and 30% of non-redundant variables).� Theorem 4: This theorem can be tested very e�ciently and is almost always extremelye�ective. The smaller the ratio n=m, the more e�ective this result, as shown for instance inline 4 of the tables. The only cases where it is not very e�ective is when the ratio n=m isclose to 1 as in the last line of the tables.� Theorems 5 and 6: These theorems can be tested e�ciently and can be seen as extensionsof Theorem 4. Theorem 5 produces very good results in general and compensates the relativepoor behaviour of Theorem 4 on problems where the ratio n=m is close to 1 as in the last lineof the tables.� Theorems 7 and 8: The cost of these theorems is high but still lower than the semanticmethods. They are also very e�ective in reducing the size of the systems to consider and theire�ectiveness increases with sparsity. 15



n m %z s sem. lem. the. sem/the lem/the15 30 25 50 1261 1117 729 1.74 1.5315 30 50 50 808 472 438 2.09 1.8415 30 75 50 196 148 62 3.26 2.4615 45 75 50 721 561 151 4.77 3.7130 45 75 50 1776 1644 819 2.16 2.0125 50 75 14 918 808 438 2.97 2.5150 60 80 42 822 335 276 2.41 2.1715 100 80 50 2758 1933 172 16.03 11.24Table 3: E�ciency of the Methods: Comparaison of the three Methods7.2 E�ciency ResultsWe now report some e�ciency results on the same sample problems. This should give an ideaof the speed-ups that can be obtained from our results, although results clearly vary from oneimplementation to another. Table 3 reports the CPU time in seconds on a Next workstation usingin�nite precision numbers for three methods:1. the semantic method (no syntactic criteria);2. the lemma method using De�nition 3 and the lemmas before applying semantic methods;3. the theorem method using all results of this paper (including the reduction theorem) beforeapplying semantic methods.The table describes the same initial parameters as in previous tables. In addition, it reports thetime taken by each of the methods and the ratio of the various methods. It indicates that the newresults improve substantially existing work, the new system being more than 11 times faster on thelast example. Moreover, the following conclusions seem to emerge� Number of constraints/number of non-basic variables: The smaller this ratio, thelarger the e�ciency gap between the three methods. To con�rm this hypothesis, we generate250 sparse systems (75% of zeros) having between 30 and 100 variables. The following tableshows the result normalized on the theoremmethod, clearly validating the hypothesis. Whenthe ratio is 0.15, the theorem method is about 11 and 16 times faster than the lemma andsemantic methods. This result is mainly due to Theorems 4 and 5.n/m the. lem. sem.0.85 1 1.8 2.50.66 1 2.0 2.80.50 1 2.4 3.80.33 1 3.7 5.50.15 1 11 16� Sparsity: The sparser the system, the larger the e�ciency between the three methods. Thisis illustrated in the �rst three lines of Table 3.16



� Number of variables: In general, the di�erence in e�ciency between the three methodsincrease with the number of variables. Of course, speci�c results depend on the two parametersdiscussed above.8 ConclusionThis paper reconsiders the problem of detecting redundant constraints. It proposes a number of newsyntactic criteria to detect redundant and non-redundant constraints and two reduction theoremsthat can be used before further applications of the syntactic criteria and/or semantic methods.The criteria are all based on a lexicographic solved form which appears as a versatile tool to detectredundancy in linear programs. Experimental results indicate that the theoretical results applymuch more often than previously proposed syntactic criteria, that they decide the redundancyof about 90% of the constraints in most cases (compared to between 24% and 56% in previouswork) and that they may produce orders of magnitude improvement in e�ciency. In addition, theire�ectiveness seems to improve with the sparsity and when the number of constraints decreasescompared to the number of variables. In particular, Theorem 4 was shown to be a powerful toolwhenever the number of constraints is small compared to the number of variables and can produceeasily orders of magnitude improvement in these con�gurations. It also entails that a system inLSF with n constraints and m non-basic variable has at most min(2n-1,n+m) redundant variables.Theorem 3 was shown to be e�ective on almost all cases.It is interesting to note that the problem of redundancy is sometimes connected to the problemof implicit equalities (see for example [12]). The lexicographic solved form seems to be an interestingtool to deal with both of these issues since it was originally proposed as an e�cient way of detectingimplicit equalities inside the simplex algorithm. Hence, it would be interesting to study other relatedapplications.It is also worthwhile pointing out that we have found more criteria dealing with non-basicvariables than with basic variables. This is in accordance with the standard results in this domain.Similarly, it is easier to detect non-redundancy than redundancy.Finally, note that advanced linear programming software such as CPLEXTM include a numberof transformations on the initial problem description (this is an optional feature which can beturned o� if necessary). These transformations are syntactic and partly based on [2]; they includesimple removal of columns and rows, detections of infeasibility or redundancy by bound reasoning,derivation of new bounds on the variables, and elimination of free variables. Our techniques arecomplementary to those; they do not work on the initial problem statement but rather on itssolved form. It is thus conceivable that our techniques, because of their syntactic nature ande�cient implementation, could �nd their way in these products as well.AcknowledgementsWe would like to thank Jacques Cohen, Alain Colmerauer, and Timothy Hickey for interestingdiscussions and comments and the reviewers for identifying a possible source of confusion in thepaper. Special thanks to the CPLEX support sta� for providing details on the PreSolve optionof their software. Jean-Louis Imbert was partly supported by the INRIA institute under grant13001-5847. pascal van Hentenryck was partly supported by the National Science Foundation17
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