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1 IntroductionThe upward planarity of digraphs is a fundamental issue in the area of graph drawing and hasbeen extensively investigated. A digraph is upward planar if it has a planar upward drawing, i.e.a planar drawing such that all the edges are monotone with respect to the vertical direction (seeFig. 1.a). Planarity and acyclicity are necessary but not su�cient conditions for upward planarity,as shown in Fig. 1.b.Figure 1: Examples of planar acyclic digraphs: (a) upward planar; and (b) not upward planar.Testing upward planarity and constructing upward planar drawings is important for displayinghierarchical network structures, which frequently arise in a wide variety of areas. Key domainsof application include software engineering, project management, and visual languages. Especiallysigni�cant in a number of applications are single-source digraphs, such as subroutine-call graphs,is-a hierarchies, and organization charts. Also, upward planarity of single-source digraphs hasdeep combinatorial implications in the theory of ordered sets. Namely, the orders de�ned by thetransitive closure of upward planar single-source digraphs have bounded dimension [34], so thatthey can be compactly represented.A survey on algorithms for planarity testing and graph drawing can be found in [7]. Previouswork on upward planarity is as follows.Combinatorial results on upward planarity for covering digraphs of lattices were �rst givenin [22, 26]. Further results on the interplay between upward planarity and ordered sets are surveyedby Rival [30]. Lempel, Even, and Cederbaum [23] relate the planarity of biconnected undirectedgraphs to the upward planarity of st-digraphs. A combinatorial characterization of upward planardigraphs is provided in [21, 9]: namely, a digraph is upward planar if and only if it is a subgraphof a planar st-digraph.Di Battista, Tamassia, and Tollis [9, 12] give algorithms for constructing upward planar drawingsof st-digraphs, and investigate area bounds and symmetry display. Tamassia and Vitter [32] showthat the above drawing algorithms can be e�ciently parallelized. Upward planar drawings of treesand series-parallel digraphs are studied in [29, 31, 6, 13, 15] and [1, 2], respectively.In [8] it is shown that for the special case of bipartite digraphs, upward planarity is equivalentto planarity. In [3, 4] a polynomial time algorithm is given for testing the upward planarity ofdigraphs with a prescribed embedding. Thomassen [33] characterizes the upward planarity ofsingle-source digraphs in terms of forbidden circuits. Hutton and Lubiw [19] combine Thomassen'scharacterization with a decomposition scheme to test the upward planarity of an n-vertex single-source digraph in O(n2) time. Very recently, Papakostas [25] has given a polynomial-time algorithmfor upward planarity testing of outerplanar digraphs, and Garg and Tamassia [16] have shown thatupward planarity testing is NP-complete for general digraphs.In this paper we investigate upward planarity testing of single-source digraphs. Our main resultsare summarized as follows:� We provide a new combinatorial characterizations of upward planarity within a given embed-ding in terms of a forest embedded in the face-vertex incidence graph.� We reduce the upward planarity testing problem to the one of �nding a suitable orientationof a tree that synthetically represents the decomposition of a graph into its triconnectedcomponents. 1



� We show that the above combinatorial results yield an optimal O(n)-time upward planaritytesting algorithm for single-source digraphs. The algorithm also constructs an upward planardrawing if the test is successful. Our algorithm improves over the previous best result [19] byan O(n) factor in the time complexity.� We e�ciently parallelize the above algorithm to achieve O(logn) time on a CRCW PRAMwith n log logn= logn processors. Hence, we provide the �rst e�cient parallel algorithm forupward planarity testing. Our parallel time complexity is the same as the one of the bestparallel algorithm for planarity testing [28, 27].� Finally, as a side e�ect, we provide an optimal parallel algorithm for testing acyclicity of aplanar n-vertex single-source-digraph in O(logn) time with n= logn processors on an EREWPRAM.Open problems include:� devising e�cient dynamic algorithms for upward planarity testing of single-source digraphs;� reducing the time complexity of upward planarity testing of planar digraphs with a prescribedembedding; and� identifying additional classes of planar digraphs for which upward planarity can be tested inpolynomial time.The rest of this paper is organized as follows. Section 2 contains preliminary de�nitions andresults. The problem of testing upward planarity for planar single-source digraphs with a prescribedembedding is investigated in Section 3. A combinatorial characterization of upward planarity forsingle-source digraphs is given in Sections 4, 5, and 6. The complete upward planarity testingalgorithm for single-source digraphs is presented in Section 7.2 PreliminariesIn this section we recall some terminology and basic results on upward planarity. We also reviewthe SPQR-tree, introduced in [10, 11], and the combinatorial characterization of upward planarityfor embedded planar digraphs, shown in [3, 4]. We assume familiarity with planar graphs.2.1 Drawings and EmbeddingsA drawing of a graph maps each vertex to a distinct point of the plane and each edge (u; v) to asimple Jordan curve with endpoints u and v. A polyline drawing maps each edge into a polygonalchain. A straight-line drawing maps each edge into a straight-line segment.A drawing is planar if no two edges intersect, except, possibly, at common endpoints. A graphis planar if it has a planar drawing. Two planar drawings of a planar graph G are equivalent if,for each vertex v, they have the same circular clockwise sequence of edges incident on v. Hence,the planar drawings of G are partitioned into equivalence classes. Each such class is called anembedding of G. An embedded planar graph is a planar graph with a prescribed embedding. Atriconnected planar graph has a unique embedding, up to a re
ection. A planar drawing dividesthe plane into topologically connected regions delimited by circuits, called faces. The external faceis the boundary of the unbounded region. Two drawings with the same embedding have the samefaces. Hence, one can speak about the faces of an embedding.2



Let G be a digraph (i.e., a directed graph). A source of G is a vertex without incoming edges.A sink of G is a vertex without outgoing edges. An internal vertex of G has both incoming andoutgoing edges. Let f be a face of planar drawing (or embedding) of a digraph. A source-switch(sink-switch) of f is a source (sink) of f . Note that a source-switch (sink-switch) is not necessarilya source (sink) of G.An upward drawing of a digraph is such that all the edges are represented by directed curvesincreasing monotonically in the vertical direction. A digraph has an upward drawing if and onlyif it is acyclic. A digraph is upward planar if it admits a planar upward drawing. Note that aplanar acyclic digraph does not necessarily have a planar upward drawing, as shown in Fig. 1.b.An upward planar digraph also admits a planar upward straight-line drawing [21, 9]. A planarst-digraph is a planar digraph with exactly one source s and one sink t, connected by edge (s; t). Adigraph is upward planar if and only if it is a subgraph of a planar st-digraph [21, 9]. If a digraphhas a single source, then it is upward planar if and only if its biconnected components are upwardplanar [19].A planar embedding of a digraph is candidate if the incoming (outgoing) edges around eachvertex are consecutive. The planar embedding underlying an upward drawing is candidate. Anupward embedding of a digraph G is an embedding of G where each angle formed by pairs ofincoming or outgoing edges is assigned a label in the set fsmall, largeg, such that there exists aplanar straight-line upward drawing of ~G where each angle labeled small has measure < � and eachangle labeled large has measure > �.2.2 SPQR-TreesIn the following we summarize SPQR-trees. For more details, see [10, 11]. SPQR-trees are closelyrelated to the classical decomposition of biconnected graphs into triconnected components [17].Let G be a biconnected graph. A split pair of G is either a separation-pair or a pair of adjacentvertices. A split component of a split pair fu; vg is either an edge (u; v) or a maximal subgraph Cof G such that fu; vg is not a split pair of C.Let fs; tg be a split pair of G. A maximal split pair fu; vg of G with respect to fs; tg is suchthat for any other split pair fu0; v0g, vertices u, v, and t are in the same split component.Let e(s; t) be an edge of G, called reference edge. The SPQR-tree T of G with respect to edescribes a recursive decomposition of G induced by its split pairs. Tree T is a rooted ordered treewhose nodes are of four types: S, P, Q, and R. Each node � of T has an associated biconnectedmultigraph, called the skeleton of �, and denoted by skeleton(�). Also, it is associated with an edgeof the skeleton of the parent � of �, called the virtual edge of � in skeleton(�). Tree T is recursivelyde�ned as follows.Trivial Case: If G consists of exactly two parallel edges between s and t, then T consists of asingle Q-node whose skeleton is G itself.Parallel Case: If the split pair fs; tg has at least three split components G1; � � � ; Gk (k � 3), theroot of T is a P-node �. Graph skeleton(�) consists of k parallel edges between s and t,denoted e1; � � � ; ek, with e1 = e.Series Case: Otherwise, the split pair fs; tg has exactly two split components, one of them is thereference edge e, and we denote with G0 the other split component. If G0 has cutverticesc1; � � � ; ck�1 (k � 2) that partition G into its blocks G1; � � � ; Gk, in this order from s to t, theroot of T is an S-node �. Graph skeleton(�) is the cycle e0; e1; � � � ; ek, where e0 = e, c0 = s,ck = t, and ei connects ci�1 with ci (i = 1 � � �k).3



Rigid Case: If none of the above cases applies, let fs1; t1g; � � � ; fsk; tkg be the maximal split pairsof G with respect to fs; tg (k � 1), and for i = 1; � � � ; k, let Gi be the union of all the splitcomponents of fsi; tig but the one containing the reference edge e. The root of T is an R-node�. Graph skeleton(�) is obtained from G by replacing each subgraph Gi with the edge eibetween si and ti.Except for the trivial case, � has children �1; � � � ; �k in this order, such that �i is the root ofthe SPQR-tree of graph Gi [ ei with respect to reference edge ei (i = 1; � � � ; k). Edge ei is said tobe the virtual edge of node �i in skeleton(�) and of node � in skeleton(�i). Graph Gi is called thepertinent graph of node �i, and of edge ei.The tree T so obtained has a Q-node associated with each edge of G, except the reference edgee. We complete the SPQR-tree by adding another Q-node, representing the reference edge e, andmaking it the parent of � so that it becomes the root. Observe that we are de�ning SPQR-treesof graphs, however the same de�nition can be applied to digraphs. An example of SPQR-tree isshown in Fig. 2.Figure 2: (a) A planar biconnected digraph G. (b) SPQR-tree T of G and skeletons of the R-nodes.Let � be a node of T . We have:� if � is an R-node, then skeleton(�) is a triconnected graph;� if � is an S-node, then skeleton(�) is a cycle;� if � is a P-node, then skeleton(�) is a triconnected multigraph consisting of a bundle ofmultiple edges;� if � is a Q-node, then skeleton(�) is a biconnected multigraph consisting of two multipleedges;The skeletons of the nodes of T are homeomorphic to subgraphs of G. The SPQR-trees of Gwith respect to di�erent reference edges are isomorphic and are obtained one from the other byselecting a di�erent Q-node as the root. Hence, we can de�ne the unrooted SPQR-tree of G withoutambiguity.The SPQR-tree T of a graph G with n vertices and m edges has m Q-nodes and O(n) S-, P-,and R-nodes. Also, the total number of vertices of the skeletons stored at the nodes of T is O(n).A graph G is planar if and only if the skeletons of all the nodes of the SPQR-tree T of G areplanar. An SPQR-tree T rooted at a given Q-node represents all the planar drawing of G havingthe reference edge (associated to the Q-node at the root) on the external face (see Fig. 2). Namely,such drawings can be constructed by the following recursive procedure:� construct a drawing of the skeleton of the root � with the reference edge of the parent of �on the external face;� for each child � of �{ let e be the virtual edge of � in skeleton(�), and let H be the pertinent graph of � plusedge e;{ recursively draw H with the reference edge e on the external face;{ in skeleton(�), replace virtual edge e with the above drawing of H minus edge e.4



2.3 Upward Planarity Testing of Embedded DigraphsIn the rest of this section we recall the combinatorial characterization of upward planarity for planardigraphs with a �xed embedding, given in [3, 4], which will be extensively used in this paper.In [3, 4], the problem of testing whether an embedded planar digraph G admits a planar upwarddrawing is formulated as a perfect c-matching problem on a bipartite graph derived from G. Tointroduce this formulation, we need some notation and de�nitions.Let � be a planar straight-line upward drawing of an embedded upward planar digraph G. (Asshown in [21, 9], every upward planar digraph admits a planar upward straight-line drawing.) Wesay that a sink t (source s) of G is assigned to a face f of � if the angle de�ned by the two edges off incident on t (s) is greater than �. Informally speaking, t (s) is assigned to f if it \penetrates"into face f . Clearly, each sink (source) can be assigned only to one face, while an internal vertexis not assigned to any face. In [3, 4], it is shown that the number of vertices assigned to a face fin any upward drawing is equal to the capacity c(f) of the face itself, which is de�ned as follows.Let 2nf be the number of sink-switches and source-switches of f . We set c(f) = nf � 1 if f is aninternal face, and c(f) = nf + 1 if f is the external face. In the following, we associate to eachvertex x and each face f the quantity Z(x; f), where Z(x; f) = 1 if x is a switch of f , Z(x; f) = 0otherwise.This intuitive idea of assignment of vertices to faces can be formally expressed as a perfectc-matching problem [24]. Namely, given a planar digraph G with a candidate planar embedding	, we associate with G and 	 the bipartite network N(L1; L2; A) with vertex set L1 [ L2 andedge-set A, where: (i) the vertices of L1 represent the sources and sinks of G; (ii) the vertices ofL2 represent the faces of 	; and (iii) A has an edge (v; f) if and only the vertex of G representedby v 2 L1 lies on the face of 	 represented by f 2 L2. The c-matching problem for G and 	 isdescribed by the following equations.X(v;f)2Axvf = c(f); 8f 2 L2X(v;f)2Axvf = 1; 8v 2 L1where xvf = 1 indicates that vertex v is assigned to face f and xvf = 0 indicates otherwise. Asolution of this c-matching problem is called an upward consistent assignment of the variables xvfand is denoted by A. The equations of the �rst set are called capacity equations.Lemma 1 [3, 4] Let G be a digraph with a candidate planar embedding 	. Then 	 is an upwardembedding of G if and only if the c-matching problem associated with G and 	 admits an upwardconsistent assignment.If A is an upward consistent assignment for 	, and f is a face of 	, we denote with A(f) theset of vertex of G assigned to f in A.3 Embedded DigraphsIn this section we give a new combinatorial characterization of upward planarity for planar single-source-digraphs with a prescribed embedding. This characterization yields an optimal algorithmfor testing whether an embedded planar single-source-digraph has an upward planar drawing thatpreserves the embedding.Given a planar single-source-digraph G and an upward embedding � of G, from the �rst con-dition on the capacity equations of the perfect matching problem and from the fact that G has aunique source, the following properties can be easily derived (see Fig. 3):5



Figure 3: Schematic illustration of: (a) the external face, and (b) an internal face of an upwardplanar drawing of a planar single-source-digraph.Fact 1 The source s of G is the bottommost vertex of �.Fact 2 For the external face h of �, all the sink-switches are sinks of G and are assigned to h.(See Fig. 3.a.)Fact 3 For each internal face f , at most one sink-switch (the topmost vertex of f in �) is not asink of G and all but one sink switches are assigned to f . (See Fig. 3.b.)We shall also use the following result about cycles in planar single-source-digraphs:Lemma 2 Let G and G0 be planar single-source-digraphs such that G0 is obtained from G by meansof one of the following operations:� adding a new vertex v and a new edge (u; v) or (v; u), connecting v to a vertex u of G;� adding a directed edge between the source and a sink on the same face in some embedding ofG;� adding a directed edge between two sink-switches on the same face in some embedding of G;Then G is acyclic if and only if G0 is acyclic.Proof: The acyclicity is trivially preserved by the �rst two operations. Regarding the thirdoperation, consider an embedding of G with the source s on the external face, and assume, for acontradiction, that G is acyclic and adding the edge (t0; t00) between sink-switches t0 and t00 of facef causes the resulting graph G0 to have a cycle 
 (see Fig. 4). Cycle 
 must consist of edge (t0; t00)and a directed path �0 in G from t00 to t0. Let v be the neighbor of t00 in f inside 
, and let �00 bea directed path from the source s of G to v. Since s is external to cycle 
, path �00 must have atleast a vertex in common with path �0. Let u be the last vertex of �00 that is also on �0. We havethe G has a cycle consisting of edge (v; t00), the subpath of �0 from t00 to u, and the subpath of �00from u to v, a contradiction.Figure 4: Illustration of the proof of Lemma 2.Given an embedded planar single-source-digraph G, the face-sink graph F of G is the incidencegraph of the faces and the sink-switches of G (see Figs. 5.a and 6). Namely:� The vertices of F are the faces and the sink-switches of G.� Graph F has an edge (f; v) if v is a sink-switch on face f .Theorem 1 Let G be an embedded planar single-source-digraph and h a face of G. Digraph G hasan upward planar drawing that preserves the embedding and with external face h if and only if allthe following conditions are satis�ed: 6



Figure 5: (a) An embedded planar single-source-digraph G and its face-sink graph. (b{c) Upwarddrawings of G that preserve the embedding, with di�erent external faces.Figure 6: An embedded planar single-source-digraph that does not have an upward drawing thatpreserves the embedding.1. graph F is a forest;2. a tree T of F has no internal vertices of G, while the remaining trees have exactly one internalvertex;3. h is in tree T ; and4. the source of G is in the boundary of h.Also, if G has such a drawing, then an embedded planar st-digraph G0 containing G as anembedded subgraph is obtained as follows:1. root tree T at h and each remaining tree of F at its (unique) internal vertex;2. orient F by directing edges towards the roots;3. prune the leaves from every tree of F ; and4. add the resulting forest F̂ and the edge (s; h) to G.Proof: Only If. Let � be any planar upward drawing of G that preserves the original planarembedding and has external face h. By Fact 1, Condition 4 is veri�ed. Orient the face-sink graph Fof G by directing edge (v; f) from v to f if v is a sink assigned to face f , and from f to v otherwise.By Facts 2{3, each vertex of F has at most one outgoing edge. Speci�cally, each internal face andeach sink has exactly one outgoing edge, while each internal vertex and the external face have nooutgoing edges. Now, label the vertices of F as follows: the label of a sink-switch is its y-coordinatein �; the label of an internal face f is y(v)� �, where v is the sink-switch not assigned to f , and� is a suitably small positive real value; and the label of the external face h is +1. Since � is anupward drawing, the edges of F are directed by increasing labels. We conclude that F is a forestof sink-trees. One tree is rooted at h, while the other trees are rooted at internal vertices. Thisshows Conditions 1{2. Condition 3 follows from Fact 1. Additional geometric considerations showthat adding F̂ to G yields a planar st-digraph.If. We show that, if F satis�es the conditions of the theorem, then G is a subgraph of a planarst-digraph G0, which is obtained as the union of G and F̂ . This implies that G is upward planar.Planarity is preserved since a star is inserted in each face. Also, G0 has exactly one source (s)and one sink (h) connected by a directed edge. It remains to be shown that G0 is acyclic. By theconstruction of G0 and Lemma 2, we have that G0 is acyclic if and only if G is acyclic. Assume,for a contradiction, that G is not acyclic. Let 
 be a cycle of G that does not enclose any othercycle. Note that the source s must be outside 
. If 
 is a face of G, then F has an isolated vertexassociated with face 
, a contradiction. Otherwise (
 is not a face of G), the subgraph F̂ 0 of F̂enclosed by 
 consists of a forest of trees, each with exactly one internal vertex. Let H be thedigraph obtained from the subgraph of G enclosed by 
 by removing the edges of 
, and adding a7



new vertex s0 together with edges from s0 to all the vertices of 
. By our choice of cycle 
, H is aplanar single-source-digraph. Adding F̂ 0 to H yields a planar single-source-digraph without sinks,and hence a digraph with cycles. By Lemma 2, H must also have cycles, again a contradiction.Theorem 1 is illustrated in Figs. 5{6. The following algorithm tests whether an embeddedplanar single-source-digraph G is upward planar, and reports all the faces of G that can be externalin an upward planar drawing of G with the prescribed embedding.Algorithm Embedded-Test1. Construct the face-sink graph F of G.2. Check Conditions 1 and 2 of Theorem 1. If these conditions are not veri�ed, then return\not-upward-planar" and stop.3. Report the set of faces of G that contain vertex s in their boundary and are associated withnodes of tree T . If such set of faces is empty, then return \not-upward-planar" else return\upward-planar".For the example of Fig. 5, Algorithm Embedded-Test returns \upward-planar" and reports twofaces.Theorem 2 Let G be an embedded planar single-source-digraph with n vertices. AlgorithmEmbedded-Test determines whether G has an upward planar drawing that preserves the embed-ding, and reports all the admissible external faces. It runs in O(n) sequential time and in O(logn)time on a CRCW PRAM with n � �(n)= logn processors, using O(n) space.Proof: The correctness of the algorithm follows directly from Theorem 1. All the steps can beperformed sequentially in O(n) time with straightforward methods.Regarding the parallel complexity, Steps 1 and 3 take O(logn) time on a CREW PRAM withn= logn processors, using list-ranking [5]. Step 2 can be executed by computing a spanning forest ofthe face-sink graph, which takesO(logn) time on a CRCWPRAM with n��(n)= logn processors [5],and thus determines the parallel time complexity.4 Upward Planarity and SPQR-TreesLet G be a biconnected single-source-digraph. In this section we give a combinatorial characteri-zation of the upward planarity of G using SPQR-trees.4.1 Basic De�nitions and Main ResultA digraph is expanded if each internal vertex has exactly one incoming edge or one outgoing edge.The expansion of a digraph is obtained by replacing each internal vertex v with two new verticesv1 and v2, which inherit the incoming and outgoing edges of v, respectively, and the edge (v1; v2).Observe that a digraph is acyclic if and only if its expansion is acyclic. A planar embedding ofan expanded digraph is candidate. In the rest of this section we consider only expanded digraphsbecause of the following property.Fact 4 A digraph is upward planar if and only if its expansion is upward planar.8



Let G0 = (V 0; E 0) and G00 = (V 00; E 00) be two digraphs. The union of G0 and G00, denoted byG0 [ G00, is a digraph G = (V;E) with V = V 0 [ V 00 and E = E0 [ E 00, i.e. G is obtained from G0and G00 by identifying the vertices in V 0 and V 00 with common labels.Let G be a biconnected digraph and let fu; vg be a separation pair of G that decomposes Ginto p split components J1; : : : ; Jp. We call component separated by fu; vg or simply component anydigraph obtained as the union of q of the split components in fJ1; : : : ; Jpg, with 0 < q < p.We call peak a digraph consisting of three vertices a, b, and t, and two directed edges (a; t) and(b; t). See Fig. 4.1.b.Figure 7: (a) Directed edge, (b) peak, (c) valley, and (d) zig-zag.Let K be a component of G with respect to the separation pair fu; vg. In the following, wedenote with G�K the digraph obtained from G by deleting every vertex belonging to K, exceptfor the vertices u and v, and by K0 the digraph obtained from K by deleting vertices u and v.Also, for simplicity, we write G�K1 �K2 � � � �Km instead of (� � � ((G�K1)�K2) � � � �Km)Finally, we associate to a component K of G either a peak or a directed edge (see Fig. 4.1.a),according to the following rules:Rule 1. u and v are sources of K: a peak with a � u and b � v.Rule 2. u is a source of K and v is a sink of K:a. s =2 K0: a directed edge (u; v).b. s 2 K0: a peak with a � u and b � v.Rule 3. u is a source of K and v is an internal vertex of K:a. v is a source of G�K and s =2 K0: a directed edge (u; v).b. v is not a source of G�K or s 2 K0: a peak with a � u and b � v.Rule 4. u and v are not sources of K:a. u is a source of G�K: a directed edge (u; v).b. u is not a source of G�K: a directed edge (v; u).The digraph associated to K by the above rules is called directed-virtual-edge, and will bedenoted by d(K;G�K). Observe that the choice of the directed-virtual-edge depends in generalboth on K and on G�K.We call minor of G either G itself or the digraphG�K1 � : : :�Km [ d(K1; G�K1) [ : : :[ d(Km; G�Km);whereK1; : : : ; Km,m � 1, are components ofG with the property that no two components sharea common edge. In other words, the digraph G�K1�: : :�Km[d(K1; G�K1)[: : :[d(Km; G�Km) isobtained from G by replacing K1; : : : ; Km with the corresponding directed-virtual-edge (see Fig. 8).Observe that, in general, a minor of a minor of G is not a minor of G.Let G be a planar single-source-digraph, and let T be its SPQR-unrooted tree. The sT -skeletonof a node � of T , denoted by sT -skeleton(�), is the minor of G obtained from the skeleton of � by9



Figure 8: Construction of a minor.Figure 9: The directed skeletons of the R-nodes of the digraph of Fig. 2.replacing each virtual edge with the directed-virtual-edge associated to its pertinent digraph. Thereference directed-virtual-edge is the directed-virtual-edge associated with the pertinent digraph ofthe reference edge of �. Examples of sT -skeletons are shown in Fig. 9.The main result of this section is summarized in the following theorem:Theorem 3 A biconnected acyclic single-source-digraph G is upward planar if and only if thereexists a rooting of the SPQR-tree T of the expansion of G at a reference edge containing the sourcesuch that the sT -skeleton of each node � of T has a planar upward drawing with the referencedirected virtual edge on the external face.The proof of Theorem 3 is given in the next two sections: Section 5 shows the Only-If part,while Section 6 shows the If part. We give here some preliminary lemmas that will be used in thenext sections.4.2 Preliminary lemmasIn the following SG, TG and IG will denote the set of sources, sinks and internal vertices of G,respectively. If G has exactly one source, we denote such source by s(G).We will make use of the following operations de�ned on an edge e = (x; y) of a digraph G:� Contraction (denoted by G=e) transforms G into a digraph G0 obtained from G by removingedge e and by identifying vertices x and y.� Direct Subdivision transforms G into a digraph G0 obtained from G by removing edge e andby adding a vertex z and edges (x; z) and (z; y).We say that digraphs G1 and G2 are homeomorphic if both can be obtained by performing a�nite number of direct subdivisions of a digraph G. Observe that we can have G1 = G or G2 = G.We call valley a digraph consisting of three vertices s0, a and b, and two directed edges (s0; a)and (s0; b) (see Fig. 4.1.c). Also, we call zig-zag a digraph consisting of four vertices s0, t, a and b,and three directed edges (s0; t), (s0; b) and (a; t) (see Fig. 4.1.d).We denote by x ! y a path from vertex x to vertex y. A vertex u is said to be dominated byvertex v if there is a path v ! u. We say that vertices x and y are incomparable in G, denoted byx k y, if neither there exists in G a path x! y, nor a path x! y.Lemma 3 [19] If G is an sT -digraph with u k v in G, then there exists in G a subgraph homeo-morphic to a valley, with a � u and b � v.Lemma 4 [19] Let G be a connected acyclic digraph with exactly two sources u and v. Then thereexists in G a subgraph homeomorphic to a peak, with a � u and b � v.Fact 5 Let G be a biconnected digraph and let fu; vg be a separation pair of G. Neither u nor v isa cut-vertex of any component of G with respect to fu; vg.10



Lemma 5 Let G be a connected sT -digraph and let fu; vg be a separation pair of G. Let K be acomponent with respect to fu; vg such that v 2 IK and K has exactly one source u. Then digraphK contains a subgraph homeomorphic to a peak, with a � u and b � v.Proof: Let w be a vertex of K such that there exist two vertex disjoint directed paths u! w andv ! w contained in K. The subgraph of K consisting of all edges and vertices belonging to thetwo paths is homeomorphic to a peak. Suppose w does not exist. Let Vv be the set of all verticesdominated by v in K (except v).Let �Vv be the set of all vertices not dominated by v in K. Observe that both Vv and �Vv arenonempty and disjoint. Also, Vv [ �Vv [ fvg is the set of vertices of K. Since v is not a cut-vertexof K, there is an edge connecting a vertex x of Vv with a vertex y of �Vv. If such an edge is (x; y),then y belongs to Vv, a contradiction. If such an edge is (y; x), then x = w, again a contradiction.Finally the following fact and lemmas concerning the embeddings of G will be used in the proofof the main theorem.Fact 6 Let G be a digraph and let G0 be a digraph homeomorphic to a subgraph G00 of G. We havethat:(i) If G is acyclic then G0 is acyclic.(ii) If G is expanded then G0 is expanded.(iii) If G is upward planar, then G0 is upward planar.(iv) If G00 is an sT -digraph then G0 is an sT -digraph.Lemma 6 [19] Let G be a digraph, let (u; v) be an edge of G, and let vertex u (v) have out-degree(in-degree) 1 in G. Let G00 = G=(u; v); we have that:(i) If G is acyclic then G00 is acyclic.(ii) If G is upward planar then G00 is upward planar.Lemma 7 Let G be an upward planar sT -digraph, and let 	G be an upward embedding of G. Lete = (s; u) be an edge of G embedded on the external face � of 	G. Let G0 = G� e[P where P is avalley, i.e. P is the path f(s0; s); (s0; u)g. Then G0 is an sT -digraph and has an upward embedding	G0 , with P embedded on the external face.Proof: From 	G we simply derive a candidate planar embedding 	G0 of G0, by replacing the edge(s; u) of G with the path P (see Fig. 10).Figure 10: Construction of 	G0 .We show now that 	G0 is an upward embedding. This is done by deriving an upward consistentassignment A0 associated to 	G0 from the upward consistent assignment A associated to 	G.Let � be the internal face of 	G containing the edge (s; u). We denote by 
1; : : : ; 
p the facesof 	G di�erent from � and �.Clearly, there is a one-to-one correspondence between the faces of 	G and the faces of 	G0 . Wedenote by �0; �0; 
 01; : : : ; 
 0p the faces of 	G0 corresponding to �; �; 
1; : : : ; 
p.11



Also, it is 
 0i = 
i, for i = 1; : : : ; p, and thus c(
 0i) = c(
i), for i = 1; : : : ; p. We show thatc(�0) = c(�) and c(�0) = c(�).We have that c(�0) = c(�)� Z(s; �) + Z(s; �0)� Z(u; �) + Z(u; �0) + Z(s0; �0). Since the edge(s; u) of � has been replaced by the edge (s0; u) of �0, it is Z(u; �0) = Z(u; �). It is easy to see thatZ(s; �) = 1, Z(s; �0) = 0 and Z(s0; �0) = 1. Thus, c(�0) = c(�). In the same fashion, we can provethat c(�0) = c(�).Let S (S 0) and T (T 0) be the set of sources and sinks of G (G0), respectively. Clearly S 0 =S � fsg [ fs0g, and T 0 = T . A0 is derived from A in the following way:� A0(
 0i) = A(
i), for i = 1; : : : ; p� A0(�0) = A(�)� fsg [ fs0g, and� A0(�0) = A(�).It is straightforward to prove that jA0(f)j = c(f) for each face f 2 	G0 . Since 	G0 is a candidateembedding and A0 is upward consistent, by Lemma 1 G0 is upward planar.5 Proof of Necessity for Theorem 3Lemma 8 Let G be a planar expanded sT -digraph G, fu; vg a separation pair of G, and K acomponent with respect to fu; vg. Let H = G�K and let dK = d(K;H) be the directed-virtual-edgeassociated to K with respect to G. Finally, let H 0 be the minor H [ dK. We have:(i) H 0 is an expanded, acyclic sT -digraph.(ii) If G is upward planar then H 0 is upward planar.(iii) If G has an upward embedding and s(G) 2 K0, then H 0 has an upward embedding with dKon the external face.Proof: The following cases are possible, each corresponding to one of Rules 1-4.1. u and v are sources of K.By Lemma 4 there is in K a path PK homeomorphic to a peak, with a � u and b � v (seeFig. 11). Thus, H 0 = H [ dK is homeomorphic to a subgraph of G.Figure 11: Various cases in the proof of Lemma 8.(i) By Fact 6 H 0 is an expanded, acyclic digraph. We show now that it contains only onesource. Vertices u and v are not both sources in H , otherwise G would contain two sources.Suppose one of u, v (say u) is a source of H . Then u � s(G) and u � s(H 0), thus u is theonly source of H 0. Suppose neither u nor v is a source in H , then s(G) 2 H0 and s is theonly source of H 0.(ii) By Fact 6 H 0 is upward planar.2a. u is a source of K and v is a sink of K and s =2 K0.Since s =2 K0, u is the only source of K and there exists in K a path u ! v. Thus there isin K a path PK homeomorphic to the directed edge (u; v) and then there is in G a subgraphhomeomorphic to H 0 = H [ dK (see Fig. 11).12



(i) By Fact 6 H 0 is an acyclic, expanded digraph. Because of the existence of edge (u; v), vis not a source of H 0. If u 2 SH , then s(G) � u, thus u is the only source of H 0. If u =2 SH ,s(G) 2 H0, and s(G) � s(H 0).(ii) By Fact 6 H 0 is upward planar.2b. u is a source of K and v is a sink of K and s 2 K0.Since s 2 K0, s 6= u and by Lemma 4 there is a vertex t distint from s and u, and two vertexdisjoint paths s! t and u ! t. Note that u is not a source of H , otherwise u is a source ofG, a contradiction. So v is the only source of H and since there is in G a path s ! v, wehave that there is a path s ! v in K. Moreover, since v is the only source of H , there is apath v ! u in H and thus there is a path v ! u in G. This implies that the path s! v andthe path u ! t are disjoint, otherwise there would be a path u ! v, and G would contain acycle, a contradiction.Let P1 and P2 be a path s ! v and a path s ! t, respectively. Let z be the last vertexcommon to paths P1 and P2. Note that z 6= t, since P1 and any path u! t are disjoint. Thusthere exists in K a path PK homeomorphic to a zig-zag, and then there is in G a subgraphhomeomorphic to H 00 � H [ (z; v) [ (z; t) [ (u; t) (see Fig. 11).Observe that in H 00, vertex v has in-degree 1. If we contract the edge (z; v) we obtainH 00=(z; v) � H [ dK = H 0.(i) By Fact 6 H 00 is acyclic and expanded, thus by Fact 6 H 0 is acyclic. Note that every vertexexcept for v has the same in- and out- degrees in H 00 and H 0. Since H 00 is expanded and vis a source of H 0, H 0 is an expanded digraph. Moreover, since v is the only source of H , v isthe only source of H 0.(ii) By Fact 6 H 00 is upward planar, thus by Fact 6 H 0 is upward planar.3a. u is a source of K and v is an internal vertex of K, v is a source of G�K and s =2 K0.Since u is the only source of K, there is a path u! v in K and the proof is analogous to theone of Case 2.a.3b. u is a source of K and v is an internal vertex of K, v is not a source of G�K or s 2 K0.1 If s 2 K0, then s 6= u and K contains two sources: the proof is as in Case 2.b.2 If u is the only source of K, by Lemma 5, K contains a path PK homeomorphic to apeak, with u � a and v � b, and H 0 = H [ dK is homeomorphic to a subgraph of G.(i) By Fact 6 H 0 is an expanded, acyclic digraph. Moreover, since v is not a source ofH , vertex u is the only source of H 0, and H 0 is an sT -digraph.(ii) By Fact 6 H 0 is upward planar.4. u and v are not sources of K.Since u and v are not sources of K, we have that s(G) 2 K0. Then either u or v (or both) isa source of H . We discuss only the case when u is a source of H and Rule 4.a is applied. Infact, if u is not a source of H , then v is a source of H and Rule 4.b is applied, that is, theroles of u and v are interchanged. Three cases are possible.1) If there exists a path u ! v in K, then there is in K a path PK homeomorphic to thedirected edge (u; v) (see Fig. 11).(i) By Fact 6 H 0 is an expanded acyclic digraph. Because of the existence of the edge(u; v), u is the only source of H 0.(ii) By Fact 6 H 0 is upward planar. 13



2) If u and v are incomparable in K, by Lemma 3 there exists inK a path PK homeomorphicto a valley with a � u and b � v (see Fig. 11). Thus H 00 � H [ (s; v) [ (s; u) ishomeomorphic to a subgraph of G. Observe that in H 00, vertex u has in-degree 1. If wecontract the edge (s; u) we obtain H 00=(s; u) � H [ dK = H 0.(i) By Fact 6 H 00 is acyclic and expanded, thus by Lemma 6 H 0 is acyclic. Note that allvertices but u have the same in- and out- degrees in H 00 and H 0. Since H 00 is expandedand u is a source of H 0, then H 0 is an expanded digraph. Moreover, since u is the onlysource of H , then u is the only source of H 0.(ii) By Fact 6 H 00 is upward planar, thus by Lemma 6 H 0 is upward planar.3) If there exists a path PK from v to u in K, then v is also a source of H (see Fig. 11).Otherwise u would be the only source of H , so there would be a path u ! v in H andthus a path u! v in G, a contradiction. So both u and v are sources of H .(i) Since H is an expanded, acyclic digraph, and since both vertex u and vertex v aresources of H , H 0 = H [ (u; v) is expanded and acyclic. Furthermore, it contains onlyone source u.(ii)Let H 00 be the digraph H [ (v; u). Digraph H 00 is homeomorphic to a subgraph ofG and thus, by Fact 6, there exists an upward embedding 	H 00 of H 00, with (v; u) onthe external face. Furthermore, v is the only source of H 00, and H 00 is an expandedsT -digraph.H 0 can be obtained from H 00 by the means of the following operations:1 Construct �H from H 00 by adding a vertex s0 and replacing the edge (v; u) with thevalley f(s0; v); (s0; u)g.2 Construct H 0 from �H by contracting the edge (s0; u).By Lemma 7, �H has an upward embedding with the valley f(s0; v); (s0; u)g on the externalface. By Lemma 6, H 0 has an upward embedding with the edge (u; v) on the externalface.Following the developments of the previous proof, for each case a particular path PK is detectedin the component K. These paths and the corresponding cases will play a central role in the nextsection.The previous lemma refers to a particular minor of G obtained by replacing exactly one com-ponent, but it can be easily extended to any minor of G. Before proving next lemma, we have toobserve a property of sources in minors. Suppose u is a source of G. Then u is a source in everycomponent of G that contains u. By a simple inspection of Rules 1-4 we have the following:Fact 7 Let G be a digraph and K be a component of G with respect to the separation pair fu; vg.Let G0 be a minor of G such that K � G0. If u is a source of G�K, then u is a source in G0�K.Lemma 9 Let G be a directed expanded sT -digraph and let ~H 0 = G�K1� : : :�Km[dK1 : : :[dKmbe a minor of G, where dKi = d(Ki; G�Ki), then(i) ~H 0 is an expanded, acyclic sT -digraph(ii) If G is upward planar, then ~H 0 is upward planar.(iii) If G is upward planar and s(G) 2 K0i , 1 � i � m, then H 0 has an upward embedding withdKi on the external face. 14



Proof: The proof is by induction. When m = 1, the minor is ~H 0 = G�K1 [ d(K1; G�K1), andby Lemma 8 the basis of the induction holds. Now, suppose that the minor ~G = G� K1 � : : :�Kl�1 [ dK1 [ : : : [ dKl�1 is an expanded, acyclic sT -digraph and is upward planar. We show thatthe minor ~J 0 = G�K1� : : :�Kl[dK1 [ : : :[dKl is an expanded sT -digraph and is upward planar.Note �rst that ~J 0 = ~G � Kl [ dKl. If we can prove that dKl = d(Kl; G � Kl), is equal tod(Kl; ~G � Kl), then the thesis follows by Lemma 8. In other words we have to prove that thedirected-virtual-edge which substitutes Kl remains the same when Rules 1-4 are applied to the pair(Kl; ~G�Kl) rather than to the pair (Kl; G�Kl).When Rules 1 and 2 are applied, the directed-virtual-edge depends only on the component Kl,and dK = d(Kl; G�Kl) = d(Kl; ~G�Kl). Hence we have to consider only Rules 3 and 4.3.a v is a source of G �Kl and s(G) =2 K0l . By fact 7, v is a source in ~G�Kl. Moreover, sinces(G) =2 K0l we have that s( ~G) =2 K0l and Rule 3.a must be applied to the pair (Kl; ~G�Kl).3.b If s 2 K�l , Rule 3.b must be applied to the pair (Kl; ~G�Kl).Suppose that v is a not a source of G� Kl and s =2 K�l . Note that v is a sink in G �Kl (vcannot be internal in G�Kl since v is internal in Kl and G is expanded).If v is not a source of ~G�Kl then Rule 3.b must be applied to the pair (Kl; ~G�Kl).Suppose v is a source of ~G�Kl, then there exists a component J of G�Kl, with J =2 ~G�Kl,having v and uJ as poles, whose directed-virtual-edge is either a peak or the edge (v; uJ).Observe that v is a sink of J . If s =2 J� then uJ is the only source of J . Hence Rule 2.a isapplied to the pair (J;G� J) and d(J;G� J) is the edge (uJ ; v), a contradiction.If s 2 J� then uJ is a source of G � J (since v is internal in Kl 2 G � J). Thus uJ is not asource of J , otherwise G contains two sources. Then Rule 4.a is applied to the pair (J;G�J)and d(J;G� J) is the edge (uJ ; v), a contradiction.4.a u is a source of G�Kl, then u is a source of ~G�Kl.4.b Since u is not a source in G�Kl and s(G) 2 Kl, then v is a source in G�Kl and v is a sourcein ~G�Kl. So Rule 4.a can be applied to the pair (Kl; ~G�Kl), with v and u interchanged.The proof of the necessity of Theorem 3 is now a simple corollary of Lemma 9. In fact, for eachnode � of tree T , the sT -skeleton of � is a minor of G.6 Proof of Su�ciency for Theorem 3.Lemma 10 Let G be a planar expanded sT -digraph, fu; vg a separation pair of G, and K a com-ponent with respect to fu; vg such that s(G) 2 K. Let H = G � K and let dK = d(K;H) anddH = d(H;K) be the directed-virtual-edges associated to K and H (with respect to G), respectively.Finally, let H 0 be the minor H [ dK and K 0 be the minor K [ dH. If K 0 is upward planar and H 0has an upward embedding with dK on the external face, then G is upward planar.Before proving the above lemma, we need some preliminary results, namely the following Lem-mas 11{15.We remind the reader that in the proof of Lemma 8, in correspondence with each case of theproof, a path PK is detected in the component K. Such path PK will be used in the followinglemma (see Fig. 12). 15



Lemma 11 Let G be a planar expanded sT -digraph G, fu; vg a separation pair of G, and K acomponent with respect to fu; vg. Let H = G�K and let dK = d(K;H) be the directed-virtual-edgeassociated to K with respect to G. Let H 0 be the minor H [ dK and let �H = H [ PK . Suppose H 0has an upward embedding 	H 0, with dK embedded on the external face if s(G) 2 K0. Denote by	H � 	H 0 the upward embedding of H contained in 	H 0 and let �H be the face of 	H in whichdK is embedded. We have that:(i) �H = H [ PK is an expanded, acyclic digraph.(ii) �H is an sT -digraph and has an upward embedding 	 �H , with 	H � 	 �H and PK embedded inface 
 of 	H .Proof: Since �H is a subgraph of G then it is expanded and acyclic and (i) holds.We prove now (ii). Since both dK and PK depend on the component K, we distinguish thefollowing four cases, each corresponding to the cases of the proof of Lemma 8.Figure 12: Illustration of the statement of Lemma 11.1. PK is homeomorphic to dK , hence �H is homeomorphic to H 0. By Fact 6 the lemma holds.2. a) PK is homeomorphic to dK , hence �H is homeomorphic to H 0. By Fact 6 the lemmaholds.b) Since s 2 K0, dK is embedded on the external face of 	H 0 . Observe that �H can beobtained from H 0 substituting the edge (v; t) with a path homeomorphic to a valley.Thus, by Lemma 7 and by Fact 6 the lemma holds.3. a) PK is homeomorphic to dK , hence �H is homeomorphic to H 0. By Fact 6 the lemmaholds.b) If s 2 K� then the proof is as in Case 2.b. If s =2 K� then PK is homeomorphic to dK,hence �H is homeomorphic to H 0. By Fact 6 the lemma holds.4. 1) PK is homeomorphic to dK , hence �H is homeomorphic to H 0. By Fact 6 the lemmaholds.2) Since s 2 K0, dK is embedded on the external face of 	H 0 . Observe that �H can beobtained from H 0 substituting the edge (u; v) with a path homeomorphic to a valley.Thus, by Lemma 7 and by Fact 6 the lemma holds.3) Observe that �H can be obtained from H 0 by reversing edge (u; v) and by direct subdi-vision. Thus, following the proof of Case 4.3 of Lemma 8, and by Fact 6, the lemmaholds.Suppose K, H , K 0 and H 0 satisfy the conditions of Lemma 10. Let PK and PH be the pathsassociated with dK and dH (see Fig. 13.a, 13.b). Except for the common endpoints u and v, PKand PH are disjoint paths of G, since they lie in di�erent components. Thus, C = PK [ PH is asimple (undirected) cycle of G.Let �K = K[PH and �H = H [PK (see Fig. 13.c, 13.d). Since K0 and H 0 are upward planar, bythe previous lemma also �K and �H are upward planar. Let 	 �K and 	 �H be two upward embeddings16



of �K and �H, respectively, and let � �K and � �H be the corresponding external faces. Now, let K�(H�) be the subgraph of �K ( �H) embedded inside C in 	 �K (	 �H) (see Fig. 13.e, 13.f). We have thefollowingLemma 12 Let s� be a source of K� (H�). Then s� 2 C.Proof: Suppose s� =2 C. Then s� is a source of �K embedded inside C in 	 �K . Since �K is ansT -digraph, s� is the only source of �K and is embedded on the external face of every upwardembedding of �K, and thus cannot be embedded inside C in 	 �K , a contradiction.Figure 13: Construction of 	GLemma 13 The digraph K� (H�) is an expanded, acyclic sT -digraph.Proof: Since K� is a subgraph of G then it is acyclic and expanded. By Lemma 12, all of thesources of K� belong to C = PK [ PH . In order to prove the sT -property, we have to examine PKand PH . If both PK and PH are homeomorphic to the edge (u; v) ((v; u)), then s(K�) is either uor v. Suppose now that PK is not homeomorphic to an edge. We consider the following cases.1. PK homeomorphic to a peak. Clearly, if PH is homeomorphic to (u; v) or (v; u) or the valley,then C has only one source. We show now that PH is not homeomorphic to a peak or to azig-zag. Since PK is a peak, then K is in case 1 or in case 3b.2 of the proof of Lemma 8.Suppose PH is a peak. Then H is in case 1 or in case 3b.2.a) PK as in case 1. If H is in case 1, then G contains two sources, a contradiction. If H isin case 3b.2, then v is not a source of K, a contradiction.b) PK as in case 3b.2. If H is in case 1, then the proof is as above. If H is in case 3b.2,then v is internal both in H and in K, a contradiction.Suppose PH is homeomorphic to a zig-zag. Then H is in case 2.b or in case 3b.1.a) PK as in case 1. If H is in case 2.b or in case 3.b1, then s(G) 2 H�. Since u is sourceboth in K and in H then G contains two sources, a contradiction.b) PK as in case 3b.2. The proof is as above.2. PK homeomorphic to a zig-zag. Clearly, if PH is homeomorphic to (v; u), then C has onlyone source. If PH is homeomorphic to a peak, the proof is as for the case PH homeomorphicto a zig-zag and PK homeomorphic to a peak. We show now that PH is not homeomorphicto the edge u; v, to a valley, or to the zig-zag. Since PK is a zig-zag, then K is in case 2.b orin case 3b.1.: thus s(G) 2 K� and u is a source of K.Suppose PH is homeomorphic to the edge (u; v). Then H is in case 2.a or in case 3.a or incase 4.1. If H is in case 2.a or in case 3.a, then u is a source of G and G contains two sources,a contradiction. If H is in case 4.1, then s(G) 2 H�, a contradiction.Suppose PH is homeomorphic to a valley. Then H is in case 4.2 and s(G) 2 H�, a contradic-tion.Suppose PH is homeomorphic to a zig-zag. Then H is in case 2.b and in case 3b.1 ands(G) 2 H�, a contradiction. 17



3. PK homeomorphic to a valley. Clearly, if PH is homeomorphic to the edge (u; v) or to theedge (v; u) or to the a peak, then C has only one source. If PH is homeomorphic to a zig-zag,the proof is as for the case PH homeomorphic to a valley and PK homeomorphic to a zig-zag.We show now that PH is not homeomorphic to a valley.Since both PK and PH are homeomorphic to a valley, then both K and H are in case 4.2:thus s(G) 2 K� and s(G) 2 H�, a contradiction.The proof of next lemma can be found in [3, 4].Lemma 14 Let G be digraph, let 	G be a candidate planar embedding of G and let face � 2 	G.Finally, let A be an assignment of the sinks and the sources of G to the faces of 	G. If jA(f)j = c(f)for each face f 2 	G, with f 6= �, then jA(�)j = c(�).Suppose G, K, H , K 0 and H 0 satisfy the conditions of Lemma 10. In the following we give aconstructive procedure to derive an embedding 	G of G from two upward embeddings 	H 0 and	K0 of H 0 and K 0, respectively. We then show 	G to be upward.Let �K, �H , K�, H�, 	K� , 	H� be as de�ned for Lemma 13 and let 	K� � 	 �K (	H� � 	 �H) bethe upward embedding of K� (H�) contained in 	 �K (	 �H). Denote by �K� and �H� the externalfaces of 	K� and 	H� , respectively (see Fig. 13.e{f). Recall that �K� = �H� = C.Let G� = K� [ H� (see Fig. 13.g). 	G� is a planar embedding of G� such that 	K� � 	G� ,	H� � 	G� , and PK and PH lie on the external face �G� of 	G� (i.e. �G� = C).We denote by 
G� the other face of 	G� (besides �G�) containing both edges of K� and edgesof H�.Lemma 15 Let G� and 	G� be de�ned as above. Then:(i) G� is an expanded, acyclic sT -digraph.(ii) 	G� is an upward embedding.Proof: (i) Since G� is a subgraph of G, then G� is expanded and acyclic. Since G� is acyclic,it contains at least one source. Suppose G� contains two sources, s1 and s2. Since K� (H�) isan sT -digraph, s1 and s2 cannot belong both to K� (H�). Thus, w.l.o.g., s1 2 K� and s2 2 H�.Furthermore, by Lemma 12 s1 and s2 lie on cycle C, so they are contained both in K� and H�, acontradiction. In the following, we denote by s� the source of G�.(ii) We derive an upward consistent assignment AG� from the upward consistent assignmentsAK� and AH� associated with 	K� and 	H� .Note �rst that AK�(�K�) = AH�(�H�). In fact, let T� be the set of sink-switches of C = �K� =�H� . Since 	K� and 	H� are upward embeddings of sT -digraphs, by Fact 2, each sink-switch on�K� and �H� is a sink of K� and H�, respectively, and they are all assigned to �H� and �K� . Wehave that AK�(�K�) = AH�(�H�) = T � [ fs�g.For each face f 2 	G� , with f 6= 
G� and f 6= �G� , we have that f belongs to 	K� or f belongsto 	H� but not to both. It is trivial to see that the following assignment to the faces of 	G��f
G�gis feasible (i.e., the number of vertices assigned to each face equals the capacity of the face):� AG�(�G�) = AK�(�K�) = AH�(�H�)� AG�(f) = AK�(f), for f 6= �G� and f 2 	K�� AG�(f) = AH�(f), for f 6= �G� and f 2 	H� :18



Observe that all the sinks of 	G� not assigned by the above assignment lie on face 
G� andso they can be assigned to it in AG� . Since 	G� is a candidate embedding, and for each facef 2 	G� � f
G�g it is jAG�(f)j = c(f), by Lemma 14 we have that AG�(
G�) = c(
G�). Thus, AG�is an upward consistent assignment and G� is upward planar.We are now able to give the proof of Lemma 10.Proof: (of Lemma 10) A planar embedding 	G of G can be obtained from the upwardembedding 	 �K and 	 �H in such a way that 	G� � 	G. Each face of 	G belongs either to 	 �K orto 	 �H , except for two faces which share edges both of �K and �H . One of these two faces coincideswith face 
G� of 	G� , and thus it is internal in 	G� : we denote it by 
G; we denote the other faceby �G (see Fig. 13.h).We derive now an assignment AG from the upward consistent assignments A �K , A �H and AG� ,in the following way:� AG(
G) = AG�(
G�)� AG(f) = A �K(f), for f 2 	 �K� AG(f) = A �H(f), for f 2 	 �K� It is easy to see that all remaining sinks and (eventually) the source of G stay on face �G andso they are assigned to �G in AG.In order to prove that AG is upward consistent we have to show that:(i) every sink and the source of G is assigned to exactly one face of 	G,(ii) every internal vertex of G is not assigned to any face of 	G,(iii) the number of vertices assigned to each face equals the capacity of the face.Observe �rst that since PK is embedded in the external face � �H of 	 �H , � �H is not a face of 	G.We �rst prove (i). It is easy to see that each sink (source) of G is assigned to at least one face.We have to prove that each sink (source) of G is assigned to at most one face. Let x be a vertexassigned to two faces f1 and f2 in AG (f1 6= f2). From the de�nition of AG, f1 2 	 �K and f2 2 	 �H .This is not possible if x 6= u or x 6= v. If x = u (x = v) then it is assigned to the external face� �H = f2 of 	 �H in A �H and thus f2 =2 	G, a contradiction.(ii) Let x be an internal vertex of G and suppose it is assigned to a face f of 	G. Again x = uor x = v. Assume w.l.o.g. x = u. Observe that f is not a face of 	 �H , so f is a face of 	 �H .Furthermore, f 6= 
G, since neither u nor v is assigned to it in AG.Suppose x = v is a sink in �K and v is not a sink in G.Suppose now v is assigned to f 6= � �K. This implies that both � �K and 
 �K are internal faces of	 �K and hence that s( �K) = s(G) 2 �K.Since v is a sink of �K, then PH has an incoming edge into v, and PH is homeomorphic to theedge (u; v) or to a zig-zag or to a valley. If PH is homeomorphic to edge (u; v) then H is in case2.a or 3.a or 4.1 of the proof of Lemma 8. In case 2.a, v is a sink of H and thus u a sink of G, acontradiction. In case 3.a v is a source of K and thus it is not a sink in �K, a contradiction. If His in case 4.1 then s 2 H�, a contradiction.If PH is homeomorphic to a valley, then H is in case 4.2 and s(G) 2 H�, a contradiction.If PH is homeomorphic to a zig-zag, then H is in case 2.b or 3.b2. In both cases, s(G) 2 H�, acontradiction. 19



(iii) Since G is an expanded digraph, every planar embedding is candidate. By Lemma 14 thecapacity equation for face �G is satis�ed, and AG is upward consistent.Lemma 10 refers to digraph G. We extend the result to a minor ~G of G. This is done byshowing that, under certain restrictions, the directed-virtual-edges substituting components can bechosen independently one from another. In particular, this is true if the source s of G belongs toits minor. Note that in this case a minor of a minor is a minor.Lemma 16 Let ~G be a minor of G such that s( ~G) = s(G). Let fu; vg be a split pair of ~G suchthat fu; vg is also a split pair of G. Let ~K be a component of ~G w.r.t. fu; vg and let K be thecorresponding component of G, i.e. K is obtained from ~K by replacing each directed virtual edge of~K with its associated component of G. Then it is d( ~K; ~G� ~K) = d(K;G�K).Proof: In the following we denote by H the digraph G�K and by ~H the digraph ~G� ~K. Observethat, for each component J of G such that J =2 ~G (i.e. J is substituted by its directed-virtual-edge),since s(G) 2 ~G, then s(G) =2 J�.We examine the following four cases corresponding to the substitution Rules 1-4 applied tocomponents K and ~K.1. Since u and v are sources of K, by Fact 7 u and v are sources also of ~K. Then d( ~K; ~H) is apeak and the lemma holds.2.a. u is source of K, v is sink ofK and s(G) =2 K�. By Fact 7 u is source of ~K. Since s( ~G) = s(G)then s(G) =2 ~K�. We show now that v is a sink of ~K. In fact v is a sink of all the componentshaving v as a pole. By the substitution rules whenever a component J 2 K has v as a sinkthen the associated directed-virtual-edge has an edge incoming into v except for Rules 2.b.and 4.b. But in both cases s(G) 2 J�, contradicting that s =2 K�. Then Rule 2.a is appliedto ~K and d( ~K; ~H) is the edge (u; v).2.b. u is source of K, v is sink of K and s 2 K�. By Fact 7 u is source of ~K. Furthermores( ~G) 2 ~K�.If v is a sink of ~K then Rule 2.b is applied to ~K and d( ~K; ~H) is a peak.If v is internal of ~K then Rule 3.b is applied to ~K and d( ~K; ~H) is a peak.If v is a source of ~K then ~K has three sources and the minor ~G is not an sT -digraph.3.a. u is source of K, v is internal of K, s 2 H and v is source of H . By Fact 7 u is a source of~K and v is source of ~H.If v is internal in ~K then Rule 3a is applied to ~K and d( ~K; ~H) is the edge (u; v).If v is a sink of ~K then Rule 2a is applied to ~K and d( ~K; ~H) is the edge (u; v).If v is a source of ~K then v is source of ~G. Since s( ~G) = s(G) 6= v then ~G has two sources, acontradiction.3.b. u is source of K, v is internal in K.By Fact 7 u is a source of ~K. We remind the reader that two cases are possible:(i) s(G) 2 K�. Then v is the only source of H . In fact if u is a source of H then u is asource of G, a contradiction. By Fact 7 v is a source of ~H.If v is internal in ~K then Rule 3b is applied to ~K and d( ~K; ~H) is a peak.If v is a sink of ~K then Rule 2b is applied to ~K and d( ~K; ~H) is a peak.If v is a source of ~K then v is a source of ~G. Since s( ~G) = s(G) 6= v then ~G has twosources, a contradiction. 20



(ii) v is not a source of H and s(G) 2 H . Since G is expanded, v is a sink of H .If v is a source of ~K then Rule 1 is applied to ~K and d( ~K; ~H) is a peak.If v is internal in ~K and v is not a source of ~H then Rule 3.b is applied to ~K and d( ~K; ~H)is a peak. If v is a source of ~H , there exists a component J of H , with J =2 ~H , having vand uJ as poles, whose directed-virtual-edge is either a peak or the edge (v; uJ). Observethat v is a sink of J and uJ is the source of J (since s(G) =2 J�). But in this case Rule 2.ais applied to J and d(J;G� J) is the edge (uJ ; v), a contradiction.If v is a sink of ~K, since v is internal in K, there exists a component J , with J 2 Kand J =2 ~K (i.e. J has been replaced by its directed-virtual-edge), having vJ = v and uJas poles, whose directed-virtual-edge is the edge (uJ ; v). Furthermore, v is internal or asource of J . If v is a source of J then d(J;G�J) is not the edge (uJ ; v). If v is internal inJ then Rules 3.a or 4.b must be applied in order to have d(J;G� J) = (uJ ; v). Rule 3.aimplies that v is a source of G� J , hence v is a source of K, a contradiction. Rule 4.aimplies that s(G) 2 J�, a contradiction.4. u and v are not sources of K. s 2 K�. Either u or v (or both) is a source of H . Suppose,w.l.o.g., that u is a source of H . u is not a source of ~K, otherwise the minor ~G has twosources.If v is not a source of ~K, by Fact 7 u is a source of ~H, Rule 4.a is applied and d( ~K; ~H) is theedge (u; v).If v is a source of ~K, there exists a component J of K, with J =2 ~K, having vJ = v and uJas poles, such that v is a non-source of J , and its directed-virtual-edge is either a peak orthe edge (v; uJ). Observe that, since s(G) =2 J�, uJ is the source of J . If v is a sink of J ,Rule 2.a is applied to J and d(J;G�J) is the edge (uJ ; v), a contradiction. If v is internal inJ , Rule 3.b is applied and, since s(G) =2 J�, v is a sink of G� J and hence a sink of K � J .Hence v is not a source of the minor K � J [ d(J;G� J). Let Z be a component of K, withZ 6= J . Since v is a sink of K �J then v is a sink of Z. If Z 2 ~K then v is not a source of ~K,a contradiction. If Z =2 ~K then d(Z;G�Z) 2 ~K. Since uZ is a source of Z (s(G) =2 Z�) thenRule 2.a is applied, d(Z;G�Z) is the edge (uZ ; v) and v is not a source of ~K, a contradiction.We are now able to prove the su�ciency part of Theorem 3.Proof: (of su�ciency of Theorem 3) Let T be the rooted SPQR-tree associated with thegraph G, and let �1; : : : ; �m be the sequence of nodes of T deriving from a DFS visit of T, startingat its root. Let Skel(�i), i = 1; : : : ; m be the sT -skeleton associated with �1; : : : ; �m.For each node �i, let dci be the directed virtual edge of �i in the skeleton associated with theparent of �i, and let dpi be the directed virtual edge of the parent of �i in Skel(�i). Clearly, if�i = �1 is the root, then dpi = dp1 = f;g. Finally let ~Gi = Skel(�1)� dc2 [ (Skel(�2) � dp2) � dc3 [(Skel(�3)� dp3)� : : :� dci [ (Skel(�i)� dpi ).We show that ~Gi is a minor of G, with s(G) 2 ~Gi, and that ~Gi is upward planar.For i = 1 we have that ~G1 = Skel(�1) and the claim trivially holds. Suppose that ~Gl�1 is aminor of G with s(G) 2 ~Gl�1, and that ~Gl�1 is upward planar, we show that ~Gl is a minor of G,with s(G) 2 ~Gl and that ~Gl is upward planar.Let H be the pertinent graph of dcl and K be the pertinent graph of dpl . Recall that K[H = Gand that K and H share exactly two vertices. Moreover dpl = d(K;H) and dcl = d(H;K).Let J1; : : : ; Jq be components of G contained in K, such that~Gl�1 = G�H � J1 � : : :� Jq [ d(H;K)[ d(J1; G� J1) [ : : :[ d(Jq; G� Jq) =21



K � J1 � : : :� Jq [ d(H;K)[ d(J1; G� J1) [ : : :[ d(Jq; G� Jq)and let Z1; : : : ; Zr be split components of G contained in H , such thatSkel(�l) = G�K � Z1 � : : :� Zr [ d(K;H)[ d(Z1; G� Z1) [ : : :[ d(Zr; G� Zr) =H � Z1 � : : :� Zq [ d(K;H)[ d(Z1; G� Z1) [ : : :[ d(Zr; G� Zr). The digraph ~Gl = K [H � J1 � : : :� Jq � Z1 � : : :� Zq [ d(J1; G� J1) [ : : :[ d(Jq; G� Jq) [d(Z1; G� Z1) [ : : :[ d(Zr; G�Zr) is a minor of G. In fact, since Ji 2 K, i = 1; : : : ; q and Zt 2 H ,t = 1; : : : ; r it follows that Ji and Zt do not share any edge, for i = 1; : : : ; q and t = 1; : : : ; r.Since s(G) 2 ~Gl�1 then s(G) 2 ~Gl.Let ~K = ~Gl�1 � dcl and ~H = Skel(�l)� dpl . Clearly ~Gl = ~K [ ~H. By Lemma 16, d( ~K; ~H) =d(K;H) = dpl and d( ~H; ~K) = d(H;K) = dcl . Since ~K [ d( ~H; ~K) = ~Gl�1 is upward planar and~H [ d( ~K; ~H) = Skel(�l) is upward planar with d( ~K; ~H) = dpl embedded on the external face then,by Lemma 10, ~Gl is upward planar.We show now that ~Gm = G. By induction ~Gm is a minor of G. Suppose ~Gm 6= G, then thereexists a component J of G such that J =2 ~Gm and d(J;G� J) 2 ~Gm. Let �j be the node of T suchthat d(J;G� J) 2 Skel(�j). d(J;G� J) is associated either with the parent of �j or with one ofthe children of �j . Since the tree T has been entirely visited then d(J;G�J) has been substituted,and thus d(J;G� J) =2 ~Gm, a contradiction.7 Algorithm for General Single-Source DigraphsLet G be a biconnected single-source-digraph. In this section we present an algorithm for testingwhether G is upward planar.Algorithm Test1. Construct the expansion G0 of G.2. Test whether G0 is planar. If G0 is not planar, then return \not-upward-planar" and stop,else, construct an embedding for G0.3. Test whether G0 is acyclic. If G0 is not acyclic, then return \not-upward-planar" and stop.4. Construct the SPQR-tree T of G0 and the skeletons of its nodes.5. For each virtual edge e of a skeleton, classify each endpoint of e as a source, sink, or internalvertex in the pertinent digraph of e. Also, determine if the pertinent digraph of e containsthe source.6. For each node � of T , compute the sT -skeleton of �.7. For each R-node � of T :(a) Test whether the sT -skeleton of � is upward planar by means of algorithm Embedded-Test. If Embedded-Test returns \not-upward-planar", then return \not-upward-planar"and stop. 22



(b) Mark the virtual edges of the skeleton of � whose endpoints are on the external face insome upward drawing of the sT -skeleton of �.(c) For each unmarked virtual edge e of the skeleton of �, constrain the tree edge associatedwith e to be directed towards �.(d) If the source is not in skeleton(�), let � be the node neighbor of � whose pertinentdigraph contains the source, and constrain the tree edge (�; �) to be directed towards �.8. Determine whether T can be rooted at a Q-node in such a way that orienting edges fromchildren to parents satis�es the constraints of Steps 7c{7d. If such a rooting exists then return\upward-planar", else return \not-upward-planar".For single-source-digraphs that are not biconnected we apply the above algorithm to each bi-connected component.Theorem 4 Upward planarity testing of a single-source-digraph with n vertices can be done inO(n) time using O(n) space.Proof: Steps 1 and 3 can be trivially performed in O(n) time. Planarity testing in Step 2 canalso be done in O(n) time [18]. The construction of the SPQR-tree and the skeletons of its nodes(Step 4) takes time O(n) using a variation of the algorithm of [17]. The preprocessing of Step 5consists essentially of a visit of T , and can be done in O(n) time. Let n� be the number of verticesof the skeleton of �. The information collected in Step 5 allows to perform Step 6 in O(n) time andStep 7d in O(n�) time. By Theorem 2, Step 7a takes O(n�) time. The output of Step 7a allowsto perform Steps 7b and 7c in O(n�) time. Since P� n� = O(n), the total complexity of Step 7 isO(n). Finally, Step 8 consists of a visit of T and takes O(n) time.To parallelize Algorithm Test, we need an e�cient way of testing in parallel whether a planarsingle-source-digraph with n vertices is acyclic. For this purpose, we can use the algorithm of[20], which runs in O(log3 n) time on a CRCW PRAM with n processors. However, the particularstructure of planar single-source-digraphs allows us to perform this test optimally. The followingcharacterization is inspired by some ideas in [20].Let G be an embedded expanded planar single-source-digraph. The clockwise subgraph of Gis obtained by taking the �rst incoming edge of each internal vertex, in the clockwise order. Thecounterclockwise subgraph of G is similarly obtained by taking the �rst incoming edge of eachinternal vertex, in the counterclockwise order. Such subgraphs of G have all vertices with indegree 1or 0.Theorem 5 An embedded expanded single-source-digraph G is acyclic if and only if both the clock-wise and counterclockwise subgraphs of G are acyclic.Proof: The only-if part is trivial. For the if part, assume for a contradiction that G is not acyclic,and consider an arbitrary drawing of G with the prescribed embedding and with the source on theexternal face. We will show the existence of a cycle in either the clockwise or counterclockwisesubgraph. Let 
 be a cycle of G that does not enclose any other cycle. Since the source of G mustbe outside 
, all the edges incident on vertices of 
 and inside 
 must be outgoing edges. Hence, 
is contained in the clockwise or counterclockwise subgraph, depending on whether it is a clockwiseor counterclockwise cycle.The structure of each connected component of the clockwise and counterclockwise subgraphs iseither a source-tree, or a collection of source trees with their roots connected in a directed cycle.Hence, one can test whether such subgraphs are acyclic using standard parallel techniques. Sinceexpansion preserves acyclicity, we have: 23



Theorem 6 Given an embedded planar single-source-digraph G with n vertices, one can test if Gis acyclic in O(logn) time with n= logn processors on an EREW PRAM.By applying the result of Theorem 6 and various parallel techniques (in particular [14, 28, 27])we can e�ciently parallelize Algorithm Test:Theorem 7 Upward planarity testing of a single-source-digraph with n vertices can be done in inO(logn) time on a CRCW PRAM with n log log n= logn processors, using O(n) space.As a consequence of Theorems 1 and 3, Algorithm Test can be easily extended such that ifthe n-vertex digraph G is found to be upward planar, a planar st-digraph G0 with O(n) verticesis constructed that contains G as a subdigraph. Hence, by applying the planar polyline upwarddrawing algorithm of Di Battista, Tamassia and Tollis [12] to G0 and then removing the verticesand edges of G0 that are not in G, we obtain a planar polyline upward drawing of G.Theorem 8 Algorithm Test can be extended so that it constructs a planar polyline upward drawingif the digraph is upward planar. The complexity bounds stay unchanged.

24



References[1] P. Bertolazzi, R. F. Cohen, G. Di Battista, R. Tamassia, and I. G. Tollis. How to draw a series-parallel digraph. In Proc. 3rd Scand. Workshop Algorithm Theory, volume 621 of Lecture Notesin Computer Science, pages 272{283. Springer-Verlag, 1992.[2] P. Bertolazzi, R. F. Cohen, G. Di Battista, R. Tamassia, and I. G. Tollis. How to draw aseries-parallel digraph. Internat. J. Comput. Geom. Appl., to appear.[3] P. Bertolazzi and G. Di Battista. On upward drawing testing of triconnected digraphs. InProc. 7th Annu. ACM Sympos. Comput. Geom., pages 272{280, 1991.[4] P. Bertolazzi, G. Di Battista, G. Liotta, and C. Mannino. Upward drawings of triconnecteddigraphs. Algorithmica, to appear.[5] R. Cole and U. Vishkin. Approximate and exact parallel scheduling with applications to list,tree, and graph problems. In Proc. 27th IEEE Symp. on Foundations of Computer Science,pages 478{491, 1986.[6] P. Crescenzi, G. Di Battista, and A. Piperno. A note on optimal area algorithms for upwarddrawings of binary trees. Comput. Geom. Theory Appl., 2:187{200, 1992.[7] G. Di Battista, P. Eades, R. Tamassia, and I. G. Tollis. Algorithms for drawing graphs: an an-notated bibliography. Preprint, Dept. Comput. Sci., Brown Univ., Providence, RI, Nov. 1993.To appear in Comput. Geom. Theory Appl. Preliminary version available via anonymous ftpfrom wilma.cs.brown.edu, gdbiblio.tex.Z and gdbiblio.ps.Z in /pub/papers/compgeo.[8] G. Di Battista, W. P. Liu, and I. Rival. Bipartite graphs upward drawings and planarity.Inform. Process. Lett., 36:317{322, 1990.[9] G. Di Battista and R. Tamassia. Algorithms for plane representations of acyclic digraphs.Theoret. Comput. Sci., 61:175{198, 1988.[10] G. Di Battista and R. Tamassia. On-line graph algorithms with spqr-trees. In Automata,Languages and Programming (Proc. 17th ICALP), volume 442 of Lecture Notes in ComputerScience, pages 598{611, 1990.[11] G. Di Battista and R. Tamassia. On-line maintenance of triconnected components with spqr-trees. Algorithmica, to appear. Preprint: Technical Report CS-92-40, Comput. Sci. Dept.,Brown Univ. (1992).[12] G. Di Battista, R. Tamassia, and I. G. Tollis. Area requirement and symmetry display ofplanar upward drawings. Discrete Comput. Geom., 7:381{401, 1992.[13] P. Eades, T. Lin, and X. Lin. Minimum size h-v drawings. In Advanced Visual Interfaces(Proceedings of AVI '92), volume 36 of World Scienti�c Series in Computer Science, pages386{394, 1992.[14] D. Fussell, V. Ramachandran, and R. Thurimella. Finding triconnected components by localreplacements. In Automata, Languages and Programming (Proc. 16th ICALP), volume 372 ofLecture Notes in Computer Science, pages 379{393, 1989.[15] A. Garg, M. T. Goodrich, and R. Tamassia. Area-e�cient upward tree drawings. In Proc. 9thAnnu. ACM Sympos. Comput. Geom., pages 359{368, 1993.25



[16] A. Garg and R. Tamassia. On the computational complexity of upward and rectilinear planaritytesting. Report CS-94-10, Comput. Sci. Dept., Brown Univ., Providence, RI, 1994.[17] J. Hopcroft and R. E. Tarjan. Dividing a graph into triconnected components. SIAM J.Computing., 2:135{158, 1973.[18] J. Hopcroft and R. E. Tarjan. E�cient planarity testing. J. ACM, 21(4):549{568, 1974.[19] M. D. Hutton and A. Lubiw. Upward planar drawing of single source acyclic digraphs. InProc. 2nd ACM-SIAM Sympos. Discrete Algorithms, pages 203{211, 1991.[20] M.-Y. Kao and G. E. Shannon. Local reorientations, global order, and planar topology. InProc. 30th IEEE Symp. on Foundations of Computer Science, pages 286{296, 1989.[21] D. Kelly. Fundamentals of planar ordered sets. Discrete Math., 63:197{216, 1987.[22] D. Kelly and I. Rival. Planar lattices. Canad. J. Math., 27(3):636{665, 1975.[23] A. Lempel, S. Even, and I. Cederbaum. An algorithm for planarity testing of graphs. In Theoryof Graphs: Internat. Symposium (Rome 1966), pages 215{232, New York, 1967. Gordon andBreach.[24] L. Lovasz and M. D. Plummer.Matching Theory, volume 29 ofAnnals of Discrete Mathematics.North Holland, 1986.[25] A. Papakostas. Upward planarity testing of outerplanar dags. In Proc. Graph Drawing '94,1994.[26] C. Platt. Planar lattices and planar graphs. J. Combin. Theory Ser. B, 21:30{39, 1976.[27] V. Ramachandran and J. Reif. Planarity testing in parallel. Technical Report TR-90-15,Department of Computer Science, Univerity of Texas at Austin, 1990.[28] V. Ramachandran and J. H. Reif. An optimal parallel algorithm for graph planarity. In Proc.30th Annu. IEEE Sympos. Found. Comput. Sci., pages 282{293, 1989.[29] E. Reingold and J. Tilford. Tidier drawing of trees. IEEE Trans. Softw. Eng., SE-7(2):223{228,1981.[30] I. Rival. Reading, drawing, and order. In I. G. Rosenberg and G. Sabidussi, editors, Algebrasand Orders, pages 359{404. Kluwer Academic Publishers, 1993.[31] K. J. Supowit and E. M. Reingold. The complexity of drawing trees nicely. Acta Inform.,18:377{392, 1983.[32] R. Tamassia and J. S. Vitter. Parallel transitive closure and point location in planar structures.SIAM J. Comput., 20(4):708{725, 1991.[33] C. Thomassen. Planar acyclic oriented graphs. Order, 5(4):349{361, 1989.[34] W. T. Trotter and J. Moore. The dimension of planar posets. J. Combin. Theory Ser. B.,22:54{67, 1977. 26



List of Figures1 Examples of planar acyclic digraphs: (a) upward planar; and (b) not upward planar. 12 (a) A planar biconnected digraph G. (b) SPQR-tree T of G and skeletons of theR-nodes. : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 43 Schematic illustration of: (a) the external face, and (b) an internal face of an upwardplanar drawing of a planar single-source-digraph. : : : : : : : : : : : : : : : : : : : : 64 Illustration of the proof of Lemma 2 . : : : : : : : : : : : : : : : : : : : : : : : : : : 65 (a) An embedded planar single-source-digraph G and its face-sink graph. (b{c) Up-ward drawings of G that preserve the embedding, with di�erent external faces. : : : 76 An embedded planar single-source-digraph that does not have an upward drawingthat preserves the embedding. : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 77 (a) Directed edge, (b) peak, (c) valley, and (d) zig-zag. : : : : : : : : : : : : : : : : : 98 Construction of a minor. : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 109 The directed skeletons of the R-nodes of the digraph of Fig. 2 . : : : : : : : : : : : : 1010 Construction of 	G0 . : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 1111 Various cases in the proof of Lemma 8 . : : : : : : : : : : : : : : : : : : : : : : : : : 1212 Illustration of the statement of Lemma 11 . : : : : : : : : : : : : : : : : : : : : : : : 1613 Construction of 	G : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 17


