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AbstractThere is a large class of problems that involve real-time planning and execu-tion in stochastic domains. Classical solutions either ignore the random elementwhile planning and then modify the plan to deal with failures, or compute thebest action to perform in any circumstance. These solutions are often either toobrittle or too expensive computationally. I present an approach that interleavesplanning and execution and reduces the set of circumstances that need to beconsidered at a given time. In previous work with other researchers I have shownthat this approach is practical for some stochastic problems, but left open thequestion of which problems the approach can be applied to e�ectively. I presenta classi�cation of real-time stochastic decision problems that allows the predic-tion of the performance of this planning system (and others) without resortingto exhaustive empirical performance estimation. For a number of such planningproblems, I present results showing the correlation between the predicted perfor-mance and the actual performance as estimated empirically.



Chapter 1IntroductionThe classical AI approach to planning involves modeling the world as a determin-istic automaton and �nding a sequence of actions to maximize some performancecriterion; the time spent on the computation of this sequence is not taken into con-sideration. However, many practical problems have elements of non-determinismand time pressure.In order to address these issues, a number of researchers have designedreactive systems, which can determine a good (though not necessarily optimal)action to take in any situation within a short, �xed time. In most work to datein this area, any reasoning about the e�ect of actions in the world is done o�-line, and the control system is then equivalent to a lookup table specifying theappropriate action for each situation. When the number of possible situations isvery large, this approach becomes impractical both because it is computationallyexpensive to �nd appropriate actions for all situations, and because storing thelookup table or equivalent is expensive in space.I propose a system for planning and execution, Plexus, that is designed todeal with time pressure, with very large spaces of possible situations and withuncertainty in the e�ect of actions. The core idea is to restrict the attentionof the system to the situations that are likely to occur while accomplishing theoverall goal, ignoring improbable situations.It is natural to ask what types of problem are amenable to this approach.I provide a classi�cation for planning problems that allows the performance ofPlexus for a given problem to be predicted with little computational expense. Ipresent an empirical study of a set of planning problems and an analysis of theaccuracy of the predictions of performance based on the classi�cation.The central thesis of this dissertation is that such a classi�cation of planningproblems provides an e�ective way to determine whether a particular planningsystem is appropriate or not for a given problem, and to estimate the cost ofusing the planning system. 1



An important component of the dissertation is a careful statistical analysisof the performance of di�erent planners on di�erent problems, providing a �rmbasis for understanding the type of problem each planner is best applied to.Although many AI researchers propose strategies for attacking real-time planningproblems (e.g., [DB90], [BBS93], [Sut90]), there has been very little comparativework, and few attempts to de�ne the range of problems for which these techniquesare most e�ective.1.1 Example: tra�c controlIn order to make the discussion that follows more concrete, consider the followingexample of a planning problem:The Transportation Bureau of a large city is interested in installingan automated system to monitor tra�c and control the tra�c lightsat some of its most congested street intersections. They hire an expertto analyze the problem and design a control system for the lights.Inputs to the control system are provided by cameras mountedabove the tra�c lights; each camera monitors one of the incomingstreets, and indicates (perhaps inaccurately) the number of vehicleswaiting at that intersection. The output of the system is a sequence ofsignals indicating when to change the lights from red to green and viceversa. Tra�c light changes cannot be arbitrarily fast, so the expertchooses a small interval, say 10 seconds, as the basic time unit; everyten seconds, signals will be sent to those lights that should changetheir state.The expert decides to model the tra�c 
ow as a stochastic pro-cess | the state of the world is de�ned by the number of cars waitingat each street entering the intersection and the current settings of thelights. An action is a speci�cation of the tra�c lights that shouldchange. The transition matrix, de�ning the probability of the worldchanging from one state to another given an action, de�nes the dy-namics of the system. This matrix can be estimated empirically, orthe expert can determine it heuristically.The stochastic process is parameterized by a number of di�erentvariables. Some, like the granularity of the inputs and the basic timeinterval, are controllable. Others, such as the average rate at whichcars arrive in each direction, are not known in advance; they can beexperimentally determined, but may change over time; the behaviourof the system at 3 a.m. on a weekday morning will be very di�erentfrom that at Friday rush-hour. 2



The goal is to minimize the average, over time, of the number ofvehicles waiting at the intersections. To represent this, the expertspeci�es that the reward obtained for being in a state is the negationof the sum of the number of vehicles waiting at each intersection(thus the best state, where no vehicles are waiting, has reward 0,and all other states have negative rewards). The objective is then tomaximize the expected average reward over time.
4R 4R 3R 2G 2G 0R 2G 3R

3G 2R 1G 1R 4R 2G 3R 3G

Figure 1.1: Four-intersection tra�c world. The state at an intersection is thenumber of cars waiting to come from each direction, followed by G if the light inthat direction is green, or R if it is red. The directions are in the order North,East, South, West.Figure 1.1 shows an example of a four-intersection system. The thick bars acrosslanes indicate red lights, and the hatched objects represent cars. The state ofthe world is the composite of the states at the intersections. The state at anintersection is the number of cars in each of the four incoming directions, andthe current light setting. The state in the top left intersection is 3G 2R 1G 1R:there are three cars coming from the North, with a green light. There are twocars coming from the East, with a red light. There is one car coming from theSouth, with a green light, and one car coming from the West, with a red light. Ifthe cameras distinguish only up to ten cars in each direction, there are 160,000states for each intersection, or about 1020 states for the four-intersection system.3



This tra�c world problem has several interesting characteristics. The un-derlying process is stochastic and di�cult to model precisely. The number ofstates in the stochastic process is large (exponential in the number of intersec-tions). The control task requires a real-time solution; there are bounds on theamount of time that can be taken to decide what action to take next.These characteristics are common to many problems in planning and con-trol, such as scheduling transportation of troops and materials, job-shop schedul-ing, robot navigation and air-tra�c control.1.2 An architecture for planning and controlOne option for controlling real-time planning systems is to de�ne a policymappingstates to actions; a policy indicates what the system should do in any situation.An optimal policy is a policy that maximizes some speci�ed measure of the ex-pected reward over time, such as the expected average reward over an in�nitehorizon. A number of techniques exist to determine an optimal policy for stochas-tic processes. Given such a policy, a controller for the system is trivial | it looksup the current world state in the policy and executes the indicated action. Un-fortunately, it is often computationally infeasible to �nd an optimal policy, eveno�-line. This is particularly true if the model is changing dynamically, either tore
ect changes in the world, or because the model is being learned on-line.An alternative approach breaks the controlling task into two parts: anexecutive that uses a �xed policy, allowing it to respond to changes in the worldstate in a �xed (and very small) amount of time, and a planner that determinesthe policy the executive will use. The executive e�ectively bu�ers the plannerfrom the world, allowing the planner to perform lengthy tasks to �nd betterpolicies, without compromising the reactivity of the system as a whole. Figure 1.2shows the communications between the components. The executive is given thecurrent state of the world, and must immediately select an action to execute.The result of the action is a new state that is sent to the executive, and the cyclerepeats. The executive uses a policy to map from state to action. In parallel withthese interactions, the planner watches the sequence of states, and continuallytries to improve the policy being used by the executive; each new policy is sent tothe executive, and replaces the old one. The two processes are not synchronizedin any way; the planner may produce a hundred new policies every step, or onenew policy every hundred steps, and the frequency with which it produces newpolicies may change over time.Plexus (PLanning and EXecution under Uncertainty System) is a system ofthis kind that I developed with Tom Dean, Leslie Kaelbling and Ann Nicholson.It is described in detail in Chapter 3. Plexus is designed to operate in domains4
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Figure 1.2: Interactions between planner, executive and worldwith large numbers of states, of which only a small set will be seen during anexecution of the system. Plexus implements an agent consisting of a plannerand an executive; the planner reasons about possible futures and best coursesof action while the executive follows a policy. Initially, the executive is given adefault policy whose intent is to keep the agent out of trouble rather than toaccomplish the goal. The executive follows this policy while the planner looks forbetter policies. The planner does not consider all possible situations, however,but rather those that the system is likely to reach while accomplishing the goal.For these likely states, the planner �nds actions that improve the expected value,with respect to the policy the executive is currently using. This association ofactions to a subset of the set of states is a partial policy. The planner, havingfound such a policy, passes it to the executive. Until further instruction, theexecutive will use this partial policy where it is de�ned, and the default policyelsewhere. This cycle continues until the agent reaches a goal state.1.3 ContributionsMy �rst contribution is the development of this model of planning and execution.The �rst part of this development was done jointly with Tom Dean, Leslie Kael-bling and Ann Nicholson. I have since extended the implementation of Plexus byproviding algorithms that greatly improve its performance, and I have solidi�edthe theoretical grounding upon which it is based, providing proofs of convergence5



and optimality for some of the algorithms it uses, and changing some ad hocalgorithms to ones with a more solid theoretical basis. Whereas the original im-plementation of Plexus was hardwired for one particular domain in the interest ofe�ciency, I have redesigned it to allow the speci�cation of domains with arbitraryrepresentations.The original implementation of Plexus was tested on one type of domain:robot navigation. In this domain, it out-performed common techniques such asRTDP and search-based techniques. An obvious question was whether the tech-nique was applicable to other domains, or whether some peculiarity of the robotnavigation domain made it successful. More generally, what are the characteris-tics of a problem that make Plexus e�ective?I have approached these questions by identifying characterizing aspects (orattributes) of planning problems. By studying the relationship between the per-formance of Plexus and the attributes of the world it is operating on, I have iden-ti�ed attributes that can be used to predict the performance of Plexus. Manyof these attributes are also useful predictors for the performance of an optimalagent, and for the performance of other types of planner, such as RTDP andsearch-based planners. The attributes quantify notions such as \the amountof uncertainty in the execution of actions" and \the regularity of the rewardstructure of the problem". They provide a classi�cation of real-time stochasticplanning problems. This classi�cation is my second contribution.My third contribution is an empirical analysis of the performance of thePlexus system on di�erent planning problems, and an analysis of the accuracy ofprediction of performance based on the classi�cation presented, using standardstatistical techniques such as linear regression. I have selected several di�erenttypes of planning problems, classi�ed them using a number of attributes, andempirically evaluated their performance by simulation. I have conducted a sta-tistical analysis of the correlation between the domains' attribute values and theplanner's performance. This was an iterative process, since the statistical analysisindicated where the classi�cation schema fell short (did not predict performancewell), and I used this information to guide the search for more precise classi�ca-tion. To avoid problems of over-�tting the data, I performed tests of predictiveaccuracy on new sets of domains, di�erent from those used to form the statisticalpredictive models.1.4 OutlineIn Chapter 2, I present the mathematical notions that underlie the techniquesused by the Plexus planning system. I describe the limitations of the system,and how they can be relaxed, and I give an overview of related approaches.6



Chapter 3 describes the Plexus system itself, presenting the algorithms forthe overall system and the individual policy modi�cation algorithms.In Chapter 4, I present the notion of domain and task attributes. I de�nea set of attributes that are useful predictors of performance for Plexus and otherplanning systems.Chapter 5 shows how the attributes de�ned in the previous chapter can beused to predict the performance of Plexus and other planning systems, and pro-vides measures of the e�ectiveness of the predictions, using statistical techniques.Chapter 6 summarizes the results and suggests promising avenues for futurework.In the appendices I give some of the detailed proofs and descriptions of theplanning problems I studied.
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Chapter 2Background2.1 De�nitionsOverviewIn this dissertation I examine control strategies for an agent interacting withits environment in real time. The environment occupies one of a �nite numberof states at each point in time. At discrete time intervals, the agent observesthe current state of the environment and executes one of a �nite set of actions.The environment then makes a transition to another state. The transition maybe non-deterministic; this makes it possible to model both non-deterministice�ects of actions and in
uences exogenous to the agent. For convenience, I willsometimes speak of the agent, rather than the environment, making a transitionfrom one state to another. In cases where the agent is the only changing part ofthe environment this phrasing is more intuitive.Each time a transition is made, the agent receives a reward, determinedby the state before the transition and the action taken. The agent's task is tomaximize the expected sum of rewards over an in�nite horizon. I will assumethat transitions from state to state are made at �xed, regular intervals, though Iwill describe how this requirement may be relaxed.The remainder of this chapter presents precise de�nitions of these termsand others that are used throughout the dissertation. Much of the terminology istaken from operations research, where concepts such as Markov decision processeshave been studied for decades. In some cases I have adapted the terminologyto the AI view of an agent controlling a process, for concordance with other AIresearchers. Most of the concepts presented here have been studied extensively inoperations research, and applied to a wide range of �elds such as 
uid mechanics,economics, mechanical engineering and business. The type of problem I amparticularly interested in, characterized by very large state spaces, considerableuncertainty, and requirements for on-line adaptability, tend to be very di�erent8



from the problems studied in those �elds, so many of the standard techniquesused there cannot be directly applied. Bringing together di�erent approachesused by the very disparate communities working in related areas has been veryrewarding, if sometimes frustrating because of the di�erent terminology.DomainThe domain is a model of the agent-environment system, viewed as a stochasticprocess. It consists of a triple fS;A; �g. At discrete time intervals, the environ-ment is observed to occupy one of the states of the �nite set S. The agent thenexecutes one of the actions from the �nite set A. This causes the environment tomake a transition to a new state at the next time interval, and so on.A more general formulation speci�es, for each state, a subset ofA containingthe actions that are allowed in that state. For simplicity of presentation, I assumethat all actions are allowed in all states, but none of the results presented heredepend on this assumption; speci�cations of algorithms using iteration over allactions may be replaced by iteration over all allowed actions.The probabilities of transitions are given by the function� : S �A� S ! [0; 1] ;� (s1; a; s2) is the probability that, given that the environment is in state s1 andthe agent executes action a, the environment will make a transition to state s2.By de�nition, � (s; a; �) is a probability distribution, i.e.,8s1 2 S;8a 2 A; Xs22S � (s1; a; s2) = 1 :This model of the environment has the Markov property; the probabilityof a transition depends only on the current state and action, not on any earlierhistory of the system. The assumption that the environment can be modelled inthis way is restrictive, but Section 2.2 lists means of relaxing this assumption.PolicyA policy for a domain is a mapping from states to actions indicating which actionto perform in each state. In general, I consider only deterministic policies, thoughthe notion of a policy can be extended to include non-deterministic policies.1 Thecurrent implementation of Plexus supports only deterministic policies. Formally,a mapping from S to A is called a stationary policy; a non-stationary policymay also depend on the previous history of the system. Since I consider onlystationary policies, I will omit the adjective \stationary".1In the non-deterministic case, the policy is a mapping from S to a probability distributionover the set A. 9



A partial policy is a policy de�ned on a subset of S. To make the distinctionbetween policies and partial policies clear, I will sometimes refer to a policy as acomplete policy.AgentAn agent is a process that can in
uence the environment by performing an ac-tion at each time step. Unlike traditional AI planning systems, where the agentis allowed to perform computations for some (often unbounded) time before pro-ducing an action, I specify a limit on the time an agent is allowed to producean action, in order to be able to satisfy the real-time constraints of the overallagent-environment system. Di�erent agent-environment systems will have di�er-ent real-time requirements; to avoid delving into details of memory access speedand other performance issues, I will consider only agents that respond to statechanges in an amount of time that is negligible compared to the time betweenstates.An agent consists of two parts: an executive and a planner. The executiveis a simple module that has has a complete policy, called the default policy and apartial policy, de�ning actions for some subset of the states in the world. Whenthe agent is required to perform an action, the executive looks at the currentstate. If it is in the envelope of the partial policy, the executive issues the actionspeci�ed by the partial policy. Otherwise, it issues the action speci�ed by thedefault policy. The planner generates the partial policies for use by the executive.Figure 2.1 shows an agent and an environment. States are represented by circles;the shaded state is the current state of the environment.Tasks and RewardsThe domain encodes information about the operation of the environment, but itdoes not encode any information describing how to evaluate the performance ofthe agent. I specify the performance metric for the agent separately, as a task.This distinction is natural, since there may be quite di�erent tasks for an agentin the same domain; also, the same task may sometimes be used for di�erentdomains (e.g., with di�erent transition functions).The task is speci�ed by means of four components1. instantaneous rewarda function �, mapping from S �A to R. When the environment is in states and the agent takes action a, the agent receives a reward of �(s; a). Theagent tries to maximize the sum of the rewards it receives.2. start state 10
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Figure 2.1: Interactions between agent and environments0 is the element of S that the environment will occupy when the system isstarted. In some cases, the initial conditions are speci�ed by a probabilitydistribution over states rather than a single state. This can be representedby making a minor change to the domain.3. discount factora real number 
 2 [0; 1). This is used to discount expected future rewards.A reward r expected after k steps is equivalent to an immediate reward of
kr.4. termination statesX is a possibly empty subset of S. The agent-environment system haltsas soon as the environment enters one of the states in X . The rewardaccumulated by the agent up to that point is the performance of the agenton that run.Markov Decision ProcessA more common (and equivalent) representation of this type of problem is interms of a Markov decision process. A Markov decision process consists of aset of states SM , a set of actions AM , a transition function �M that speci�es,for each state-action pair, a probability distribution over states corresponding tooutcomes, and a reward function �M that maps states and actions to the reals.11



The relationship between the two formulations is straightforward; a domainfS;A; �g and a task f�; s0; 
;Xg together describe a Markov decision process asfollows. We de�ne a new state terminated, not in S, and let the Markov processbe de�ned by:SM = S [ fterminatedgAM = A�M(s; a; s0) = 8><>: � (s; a; s0) if s 2 S � X ; s0 2 S1 if s 2 X [ fterminatedg; s0 = terminated0 if s 2 X [ fterminatedg; s0 6= terminated�M(s; a) = ( �(s; a) if s 6= terminated0 if s = terminatedThe advantage of the domain-task representation over the Markov decisionprocess representation is that it is natural in many problem speci�cations to referto a set of tasks for a particular domain, and to a set of domains for a particulartask. Comparison of domains is a major thread in this thesis, so I will generallydescribe problems in the domain-task representation, and sometimes refer to theassociated Markov decision process.PerformanceGiven an agent, a task, and a domain, the performance of the agent is de�nedas the expected discounted sum of the instantaneous rewards obtained at eachtime step until the system enters one of the termination states, with the rewardon the nth step being discounted by 
n. Expectation is taken over all possibletrajectories (sequences of actions/states) that the agent-environment system mayfollow.To de�ne this quantity more precisely, let fSM ;AM ; �M ; �Mg be the Markovprocess associated with the domain and the task. Now consider the possibletrajectories of the Markov decision process, specifying the state occupied by theprocess at each step and the action taken by the agent at that step. Such atrajectory is called a history; an n-step history is thusHn = fs0; s1; : : : ; sn; a0; a1; : : : ; an�1g :An agent � de�nes a mapping from histories to probability distributionsover actions, specifying the probability that the agent will choose a given actionat step n+ 1 following the n-step history. This is a probability distribution overactions, not simply an action, because the agent may not be using the samepolicy throughout execution | the policy is repeatedly updated by the planner.Determining this probability distribution theoretically may be infeasible, sinceit requires reasoning about the policies produced by the planner for a given his-tory, and this itself may be non-deterministic. Note that the agent is operating12



in an environment that has the Markov property | all the information neces-sary to (probabilistically) predict future states is contained in the current state.However, the agent may change policies at arbitrary times, so the agent and theenvironment viewed together as a process does not necessarily possess the Markovproperty.I use the notation Pr�(Hn; a) for the probability that an agent � will chooseaction a at step n given the n-step history Hn. Since each step is independent,this probability can be writtenPr�(Hn) = i=n�1Yi=0 �M(si; ai; si+1)Pr�(Hi�1; ai) ;that is, the product of the probabilities that the system will make each of thetransitions given the agent's action, and that the agent will take that action giventhe prior history of the system.The value of an n-step history is the discounted sum of the rewards accu-mulated by the agent: V (Hn) = i=n�1Xi=0 
i�(si; ai) :Let Hn be the set of n-step histories; then the expected performance of anagent over n steps is the discounted value accumulated over each history, weightedby the probability of that history:EPn(�) = XHn2HnPr�(Hn)V (Hn) :In Appendix A.3 I present a proof that EPn(�) is a Cauchy sequence onthe reals, and since the reals are a Banach space, EPn(�) converges to a �nitelimit as n tends to in�nity. The expected performance of an agent � is this limit.EP (�) = limn!1EPn(�) :I show in Section 3.11.1 that this formulation of tasks allows us to representclassical tasks of achievement and maintenance as well as prioritized versions ofthese tasks.A domain and a task in fact represent both a Markov decision process andthe initial conditions required to compute the utility of the process, which is theterm used in operations research for what I have called the performance of theagent. 13



Value of statesGiven a policy � and a reward function �, we de�ne the value of a state s 2 S,V�;�(s), as the sum of the expected values of the rewards to be received at eachfuture time step, discounted by how far into the future they occur. For conve-nience, I will abbreviate V�;� as V when the policy and reward function are clearfrom the context.Thus, V (s) = 1Xt=0 
tE(Rt) ;whereRt is the reward received on the t-th step of executing policy � after startingin state s. Due to the fact that both � and � are stationary (time-invariant), Vcan be rewritten asV (s) = �(s; �(s)) + 
 Xs02SPr(s; �(s); s0)V (s0) : (2.1)Optimal policyFor a given reward function �, we say that policy � dominates (is better than)policy �0 if, for all s 2 S, V�;�(s) � V�0 ;�(s), and for at least one s 2 S, V�;�(s) >V�0;�(s). A policy is optimal if it is not dominated by any other policy.An optimal policy is the gold standard for solutions to a domain-task prob-lem; it provides the action to take in every state in order to maximize the dis-counted sum of future rewards. Optimal policies are not necessarily unique, butthe value of a state is the same for all optimal policies.Markov ChainsA Markov chain models a discrete-time stochastic system. It is de�ned by aset of states S, and a transition function P giving the probability of the systemmoving from one state to another; the function is de�ned byP : S � S ! R; P (i; j) = Pr(sn = jjsn�1 = i);and satis�es 8i 2 S;Pj2S P (i; j) = 1. sk is the state of the system at time k.A domain fS;A; �g and a policy � induce a Markov chain with the sameset of states S, and with the transition function P de�ned by:8s1; s2 2 S; P (s1; s2) = � (s1; �(s1); s2):A state s0 is said to be reachable from a state s, written s� s0 if the systemcan move from s to s0, directly or indirectly:s� s0 � ( P (s; s0) 6= 0 or9s00 2 S; s� s00 and s00� s014



Two states s and s0 can communicate if s is reachable from s0 and s0 isreachable from s.A recurrent set of states in a Markov chain is a set in which all pairs com-municate, but no state outside the set is reachable from a state inside the set.2Alternatively, we can partition the set of states into equivalence classes usingthe communicate relation, and use reachability to de�ne a partial ordering: anequivalence class E1 is greater than E2 if a state in E2 can be reached from astate in E1: E1 � E2 � 9s1 2 E1; s2 2 E2js1 � s2 :The minimal elements of this partial ordering are exactly the recurrent sets ofthe chain.Recurrent sets can be thought of as sinks; once the system enters such aset, it can never leave it. The elements of a recurrent set are called recurrentstates. States that are not in a recurrent set are called transient states. A specialcase of a recurrent set is a single state from which the only transition is to itself.Such a state is called an absorbing state. An absorbing Markov chain is a Markovchain in which every recurrent set consists of a single absorbing state. Absorbingchains have useful computational properties that I will exploit throughout thisthesis. For more extensive de�nitions of Markov chains and associated notions,see, e.g., Kemeny and Snell [KS76].2.2 RestrictionsThe approach taken by Plexus is not intended to be applicable to all planningproblems; it is speci�cally designed for problems in which uncertainty of thee�ects of actions, or uncertainty about external events, play a major role in theevolution of the environment. For deterministic environments, standard searchtechniques are more appropriate. Plexus is also designed for environments thatdo not settle into small areas of the state space over time, as might the tra�clight system at the dead of night. For such environments, computing the optimalpolicy for the small number of states visited is su�cient. Plexus is principallyuseful for problems in which the following three conditions hold. The task is non-terminating or repeated, the conditions change over time (because the systemmoves through the state space over time, or because di�erent goals are positedat di�erent times), there are too many possible conditions to consider them allat once, and some degree of reactivity is required.2Note that some authors, e.g., Kemeny and Snell [KS60], Bertsekas [Ber76], use the termergodic set for this concept. Others, e.g., Karlin and Taylor, [KT74]) use ergodic to meanaperiodic and recurrent, so to avoid confusion I follow Howard [How66] in using the termrecurrent. 15



The current implementation of Plexus imposes some restrictions on theplanning problems it operates on. Some of the restrictions are a consequence ofthe theory underlying the approach, and relaxing them would require substantialmodi�cations to the techniques I describe below. Other restrictions are imposedfor simplicity, and can be relaxed with some impact on performance. In this sec-tion I describe the restrictions in detail, explaining which of these two categoriesthey fall into, and sketching ways of relaxing them.� Discreteness of states and actionsThe set of states S and the set of actions A are �nite sets.This is a standard assumption, as techniques for determining optimal poli-cies are substantially more complex to represent and to analyze on contin-uous, or even denumerably in�nite spaces.� Discrete time stepsThe environment operates in discrete time steps; when the agent speci�esan action, the environment makes a transition to a new state, and the agentcannot observe this new state until the next time point.Relaxing this assumption would require modeling the problem as a semi-Markov decision process. There is some literature on this subject (see,e.g., [Ros70]), but it is beyond the scope of this dissertation. In prac-tice, semi-Markov decision processes tend to be much harder to solve thanMarkov decision processes.� Accurate world modelI assume that the model of the behaviour of the environment and its in-teractions with the agent is accurately speci�ed by the domain structure.There is a growing interest in techniques that learn a model of the environ-ment while using an approximate model (see, e.g., [BBS93], [SPS94]); someof these techniques are applicable to the system described here.� Constant-time actionsThe time taken to make a transition from one state to another is assumedto be �xed and independent both of the original state and the action taken.This assumption makes it much simpler for the planner to reason about thepossible future states of the system.The assumption can easily be relaxed to allow the time taken to be depen-dent on the original state and the action taken, provided that it is �xed foreach state/action pair, and that the durations are approximated as multi-ples of a constant. In the worst case, the additional complexity corresponds16



to multiplying the size of the state space by the largest duration dividedby this constant, but in practice the algorithms presented here should notbe signi�cantly impacted by this modi�cation. Allowing the duration of anaction to be speci�ed as a distribution instead of a constant requires thefull power of semi-Markov decision processes, and is beyond the scope ofthis dissertation.� Markov propertyThe domain satis�es the Markov property: the outcome of an action in astate depends only on the action and the state, not on any previous historyof the system.At some computational expense, this assumption can be relaxed to allowthe behaviour of the environment to depend on the k previous steps, byusing a domain in which each state corresponds to a sequence of k statesin the original model. This requires j S jk states. While this may appearimpractical at �rst sight, note that typically the vast majority of these statesequences are impossible, and therefore need not be explicitly represented.� Perfect state informationThe agent can determine exactly which state the environment occupies atany time.This assumption is unrealistic in many domains, and is made here for sim-plicity with the hope that future work will allow it to be relaxed. Recentwork by Cassandra, Kaelbling and Littman discusses techniques for dealingwith this case; see, e.g., [CKL94a], [CKL94b].� In�nite horizonThe accumulated reward is to be maximized over an in�nite horizon. Thatis, I do not address problems in which the system will be halted after a �xednumber of steps. Problems in which the system is halted after reaching oneof a set of states (�rst-passage problems), however, are amenable to thetechniques presented here, as shown in Section 3.11.1.Finite horizon problems have been extensively studied in the stochastic con-trol literature (see e.g., [Der70, Ber76, HS82]), and in principle the tech-niques described in this literature could be applied to the planning systemdescribed here. I restrict myself to the in�nite horizon case solely for e�-ciency | in general, policies for the �nite horizon case are non-stationary,and require time proportional to the horizon to produce.The implementation of the Plexus phases described in Section 3 rely on thisassumption. 17



� Present value and risk-neutralityMost AI approaches using Markov decision problems as the underlying for-malism use expected reward as the criterion of optimality; in some casesexpected discounted sum of rewards over an in�nite horizon, in others ex-pected average reward.The operations research community has long been aware that expectedreward is often not the best criterion to use. Sometimes it is more desirableto have a guaranteed lower bound on accumulated reward, and sometimesone would like to incorporate a notion of risk-aversion or risk-preference.Heger [Heg94] discusses the various options, and provides an algorithmsimilar to Q-learning [Wat89] that uses worst-case total discounted costs.I consider only the risk-neutral case, where the expected accumulated dis-counted reward is optimized. Expectation of future rewards is discountedby an amount increasing geometrically with the temporal distance fromthe present. This requirement is made only for the policy iteration mecha-nism. I present a rationale for this choice and a suggestion of an alternativemechanism to deal with undiscounted rewards in Appendix A.2.2.3 Overview of other types of solutions2.3.1 Planning in deterministic domainsClassical planning systems assume an environment in which the agent's actionsare the only causes of change, that the outcome of an agent's actions are de-terministic, and that the agent can accurately observe its initial state. Variousapproaches have been taken to relax these assumptions individually, such as theaddition of plan recovery described below, but such approaches are generally ef-fective only when the failure in assumptions is fairly benign. For example, planrecovery is useful when the most common outcome of each action is highly prob-able, and failures are the exception, or when exogenous causes of change arerare. Most such systems do not consider the time taken by the planner itself indetermining performance; performance is characterized by the cost of the exe-cution once the plan has been found. The task speci�cation is usually a set ofgoal states, and the cost of each action is the same; the problem then becomesto �nd the shortest sequence of actions which will take the agent from its initialstate to a goal state. Speci�cation of the solution to a planning problem as a�xed sequence of actions is called an open-loop control policy: the outcome of theaction is not fed back into the controller. In contrast, a closed-loop control policyis given information about the current state of the system upon which to base the18



choice of action. In deterministic domains, there is always an open-loop policythat is optimal. However, if the outcomes of actions may be non-deterministic,or if exogenous agents can in
uence the environment, this is no longer the case;there are closed-loop policies that are strictly better than any open-loop policy.In most of the domains I describe here, open-loop controllers have hopelessly badperformance.2.3.2 Deterministic planning with plan recoverySome AI systems, such as SIPE [Wil85] use a deterministic model of the environ-ment in formulating a plan, and then monitor the execution of the plan to detectfailures in the actions. This approach is e�ective when there is a deterministicmodel that is generally accurate. In domains where the outcomes of actions areinherently uncertain, ignoring the uncertainty can be highly ine�cient, since itmakes it impossible for the system to reason about contingencies. Systems thatmodel the environment deterministically will usually choose either the worst caseoutcome for each state and action, or the most likely outcome. Both of thesehave disadvantages.As an example, consider a robot navigating around a stairwell that is openon one side. The robot may choose to go around the stairwell in either direc-tion, and if the environment is represented deterministically, the model will notdistinguish between the two actions | their most likely outcome is a success-ful circumnavigation. The planner cannot see that it is better to avoid the sidewith the opening because there is some small probability that it will fall downthe stairwell. If the worst-case outcome is used, the agent cannot distinguishbetween actions that are likely to be good, but might be bad, and actions thatare certain to be bad. This is clearly undesirable; if low-probability unpleasant(resulting in large negative rewards) events are modeled, the agent will behaveoverly cautiously; if the events are not modeled, the model is inaccurate in animportant way.2.3.3 Probabilistic planningDraper, Hanks and Weld [DHW94] present an algorithm for probabilistic plan-ning calledC-BURIDAN, based on the BURIDAN algorithm by Kushmerick etal. [KHW94]. Their approach is more general than ours, in the sense that it doesnot assume complete observability of state. It is basically equivalent to the par-tially observable Markov decision process (POMDP) formalism, which has beenused for AI planning problems by Cassandra, Kaelbling and Littman [CKL94a];the main di�erence is the compact STRIPS-like representation of the problemthat C-BURIDAN uses, whereas the classical POMDP representation can be19



prohibitively large. The principal disadvantage of these techniques is their compu-tational complexity; computing an optimal policy for a POMDP is usually ordersof magnitude harder than computing an optimal policy for an MDP. However,recent work on approximately optimal policies shows promise for POMDPs.2.3.4 Purely reactive systemsA di�erent approach to the problem of controlling agents is taken in reactivesystems. Here the assumptions are that the environment is non-deterministic,there may not be an accurate model of it, and that there are �rm requirements onthe response time. The approaches mentioned above are generally not applicablein this type of domain, as they cannot guarantee timely responses.Purely reactive systems do no on-line reasoning about the e�ects of ac-tions; any implicit or explicit projections are done o�-line. Examples of purelyreactive systems include Brooks' subsumption architecture [Bro85] and Agre andChapman's video-game-playing Pengi system [AC87].Another type of reactive system is a universal plan, a concept introducedby Schoppers [Sch87]. Schoppers' approach requires a speci�cation of the domainin terms of a deterministic process, and assumes that the agent can accuratelyobserve the current state at all times. As with deterministic planning, a setof goal states is speci�ed, and the task is to reach a goal state using as fewactions as possible. Planning is done under the assumption that the outcomesof actions will be as speci�ed by the deterministic model, but a complete policyis computed, specifying what action to take in each state. Thus if the processbehaves di�erently from the model, for example because an exogenous in
uencemodi�es the state of the agent, the agent can still respond in a timely manner byfollowing its policy. The policy computed is optimal if the model is correct. Ifexogenous in
uences disturb the process, the policy may not be optimal, but aslong as these disturbances are not systematic, the policy will usually be e�ective.2.3.5 Reactive and planning componentsA number of more recent approaches to planning relax some of the assumptionsmade by earlier planners. The assumptions that are relaxed are: complete ob-servability, deterministic outcomes and unlimited reasoning time.Sanborn [San88] uses an approach he calls dynamic reaction. He assumesthat the domain is not fully known in advance, and uses monitors to detectchanges in the environment that a�ect the current plan, replanning if necessary.CIRCA (Musliner, Durfee, Shin) [MDS93a, MDS93b] is a real-time systemconnected to a planner in a manner similar to Plexus. However, CIRCA doesnot explicitly deal with the uncertainty in the model; it assumes the worst-case20



behaviour whenever there is a doubt. This can lead to very poor performance inuncertain domains, since the agent is utterly pessimistic. As with Plexus, CIRCArequires complete state observability. An additional assumption made in CIRCAthat is di�cult to justify is that given a state, the best action can be chosen withno lookahead. This is used to avoid searching the space of all possible actionsequences.Drummond and Bresina [DB90] present a technique called anytime syntheticprojection that is similar in many respects to the ideas behind Plexus; the originalidea for Plexus' strengthening came from Drummond and Bresina's work.2.3.6 AbstractionThere is a growing recognition of the need for abstractions to reduce the size ofthe problems in planning under uncertainty. Several di�erent approaches havebeen taken.Dearden and Boutillier [BD94] consider problems in which the states arerepresented as vectors of state variables. They cluster states by ignoring certainstate variables, and then determine an optimal policy on the decision problem in-volving the clustered states. As time permits, they cluster states into smaller andsmaller groups, giving a progressively more accurate approximation. Nicholsonand Kaelbling [NK94] use a method similar to that of Dearden and Boutillier;they form approximate models by ignoring state variables, and provide techniquesfor automatically determining which variables should be ignored.Researchers in the �eld of operations research �eld have studied aggrega-tion techniques in which states are clustered according to estimates of their value,rather than by state variable. Bertsekas and Casta~non [BC89] present one methodthat is applicable to very large state spaces. Kushner and Kleinman [KK71]present a method based on linear programming that does aggregation on dis-cretized versions of continuous spaces.Other techniques for abstraction in deterministic domains have been studiedby Lin and Dean [LD94] and Knoblock [Kno91].2.3.7 LearningSeveral groups in the learning community have addressed the problem of �ndinggood policies in stochastic domains, using a model of the problem (usually as aMarkov Decision Process). In some cases the model is assumed to be known, inothers it is learned on-line.Korf [Kor87] presented an algorithm called RTA? (Real-Time A?) to doconcurrent planning and execution in deterministic domains. RTA? is a modi�-cation of the heuristic search algorithm A? to do intelligent back-tracking, and to21



provide anytime solutions | successive approximations that improve over time(the term anytime is due to Dean and Boddy [DB88]. Under a few reasonableassumptions, RTA? is guaranteed to eventually �nd a solution to the problem (asequence of state-action pairs that leads to a goal state). RTA? is not applicableto the type of problem I address, since it presumes a deterministic environment,but extensions of it are; e.g., RTDP, described below. Korf also presents an algo-rithm called LRTA? (Learning RTA?), a modi�cation of RTA? for the case whenmultiple tasks are solved in the same domain.Sutton [Sut90] presented a class of architectures called Dyna, for solvingreal-time planning problems. Like Plexus, the Dyna architectures consist of aseparate executive component and planning component. The planning compo-nent also learns the world model on-line, and generates policies that are designedboth to increase the rewards received and to explore parts of the state space thathave been visited infrequently. The performance of Dyna degrades with largestate spaces, since it examines all states. Peng and Williams [PW93] suggesttechniques for improving the performance of Dyna, for example by ascribing pri-orities to the nodes on the search boundary. Moore and Atkeson [MA93] presenta similar technique called prioritized sweeping.Much of the work in the area of learning Markov decision processes is basedon Watkins' Q-learning [Wat89]. Q-learning is a process for updating estimates ofthe values of each state-action pair as transitions are made. The most interestingaspect of Q-learning is that it simultaneously learns the values associated withstate-action pairs and converges to an optimal policy, without ever explicitlyformulating a model of the process.Schwartz [Sch93] presents an extension of Q-learning that uses a more so-phisticated optimality criterion than the usual in�nite-horizon discounted cri-terion. He de�nes the value of a state in terms both of the expected averagereward per step and in terms of the average-discounted reward: roughly speak-ing, the part of the expected value not accounted for by the average reward. Thisallows problems to be speci�ed without discounting, yet distinguishes betweenpolicies that have the same value asymptotically, based on whether they accu-mulate reward quickly or slowly. There are a number of other optimality criteria;Puterman [Put94] gives a good overview of them.2.3.8 Policy improvementThere has been a great deal of work on various forms of policy improvement forMarkov decision processes, both in operations research and in machine learn-ing. The standard techniques of policy iteration and value iteration (describedin Section 3.5 and 3.6) are quite ine�cient. Broadly speaking, value iteration is22



ine�cient because it updates all states in the domain equally often; policy itera-tion is ine�cient both because it requires solving a set of S linear equations foreach state updated, and because it only updates one state at a time.Jalali and Ferguson [JF92] give an asynchronous variant of value iterationthat updates the states with larger values more frequently than those with lowervalues (using the average-reward measure of optimality). This leads to substan-tially quicker convergence to the optimal policy in practice | several orders ofmagnitude in the examples they report. They show that, under certain fairlyweak assumptions, convergence is guaranteed.Puterman de�nes a procedure called modi�ed policy iteration that incorpo-rates elements of both policy improvement and value iteration. As with policyiteration, the procedure alternates between value computation and policy im-provement, but value computation is not performed exactly. A sequence of valueiteration steps are performed, giving a closer estimate to the values of the states,but the sequence is halted before complete convergence. Puterman [Put94] provesthat modi�ed policy iteration converges strictly faster than value iteration, andgives empirical evidence that, in practice, it is signi�cantly faster than eithervalue iteration or policy iteration.
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Chapter 3PlexusThis chapter describes the Plexus planning and execution system. The �rstversion of Plexus (see [DKKN93b, DKKN94]) was the outcome of work donejointly with Tom Dean, Leslie Kaelbling and Ann Nicholson. I have since madea number of modi�cations to Plexus as a part of this dissertation; the di�erencesbetween the original and the current version are described in Section 3.10.3.1 OverviewPlexus (PLanning and EXecution under Uncertainty System) is an implemen-tation of the agent-environment system described in Chapter 2. Recall that anagent consists of an executive and a planner, and that the executive has a partialpolicy and a default policy.The planner is given a domain and a task, as described in Section 2.1.While the executive is acting using the default policy, the planner generates a�rst partial policy, specifying actions for some subset of the world. It is obviouslydesirable for the partial policy to be better than the default policy, but it is usuallyimpossible to guarantee this without searching the entire state space.Once the planner has produced a �rst partial policy, this policy is sent to theexecutive. The executive uses this new partial policy when it is applicable, fallingback on the default policy when it is not. Meanwhile, the planner is looking fora new (better) partial policy, which it will send to the executive, etc.. Figure 3.1shows the high-level interactions between the di�erent components.Plexus does not impose any restrictions on the manner in which plannersproduce sequences of partial policies, but all the planners described in this dis-sertation repeatedly apply a �xed sequence of procedures that (at least in ex-pectation) improve the policy. Examples of this type of planner are given inSection 3.9. 24
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Figure 3.1: Interactions between components of Plexus3.2 Example domainThe RN1 domain (described in detail in Appendix B.3.1) is a simple robot nav-igation domain; it is not intended to model any real problem, but is simply anexpository tool.A robot moves around a rectangular grid of cells. It occupies one cell atany given moment. The state of the environment is completely speci�ed by thelocation of the robot, so states are named L-r-c, where r and c are the row andcolumn of the cell, starting at 1.The actions available to the robot are to move North, South, East or West,or to Stay: A = fN;E; S;W;Stayg.The outcome of an action is stochastic; with some probability p the actionsucceeds, and the robot moves one cell in the speci�ed direction. If the action isnot successful, it is equally likely to take the robot in one of the diagonals adjacentto the desired direction. Any outcome that would result in the robot moving o�the grid instead leaves the robot where it was. Figure 3.2 shows a 5x5 RN1 world.A few of the cells are labeled with the associated state names to show the namingscheme. For compactness, in the diagrams I write simply \rc" for L-r-c. Since theexamples all use fewer than ten rows and columns, this abbreviation should notcause confusion. The probability of success in this example is 0.8. The robot'slocation is represented by a circle with an arrow indicating the direction of theaction. 25
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5551Figure 3.2: 5x5 RN1 world, with outcomes shown for L-3-3 and action North.3.3 De�nitionsIn the following, recall that fS;A; �g is a domain and f�; s0;X ; 
g is a task onthat domain.3.3.1 EnvelopeLet � be a partial policy. The set of states for which � is de�ned is calledthe envelope of the policy, and is denoted E(�), or simply E if some policy isunambiguously under consideration. A partial policy policy � is thus a mappingfrom E(�) to A, where E(�) � S.Figure 3.3 shows a policy and its envelope for the 5x5 RN1 domain. Enve-lope states are shown in black, non-envelope states in white. The arcs indicatethe possible outcomes of the action speci�ed by the policy; the policy is notexplicitly represented in the �gure, but can easily be inferred from the possibleoutcomes; for example, if the outcomes from a state are all to the south of thestate, the action in that state must be S.3.3.2 State CommunicationIf two states s and s0 are in the envelope of a (partial or complete) policy �, s0is said to be a successor of s if there is an action a such that � (s; a; s0) 6= 0. Byanalogy with the notion of reachability for Markov chains given in Section 2.1,26
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Figure 3.3: A policy fL-1-1 : E;L-1-2 : E;L-1-3 : E;L-1-4 : E;L-1-5 : W;L-2-3 :S;L-3-3 :W;L-4-4 : S;L-5-5 : Sg and its envelope.a state s0 is said to be reachable from state s using a partial policy �, writtens �� s0, if there is a sequence of states from s to s0 that could be followed usingthe policy. That is, each element of the sequence must be in the envelope of�, and be a successor of the previous element, using the action speci�ed by thepolicy for the previous element. Formally,s �� s0 � ( � (s; �(s); s0) 6= 0 or9s00 2 E(�); s �� s00 and s00 �� s03.3.3 FringesGiven a partial policy, we are often interested in knowing what the e�ect ofexecuting it will be. In particular, if the system leaves the envelope of the policy,where will it end up? States outside the envelope that the system is likely toreach are good candidates for further exploration. To make these notions moreprecise, we de�ne three kinds of fringes of an envelope.Accessible fringeWe de�ne the accessible fringe AF(�; c) of a partial policy � from a currentstate c, as the set of reachable states that are not in the envelope:AF(�; c) = fs 2 S � E j c �� sg :27



Figure 3.4 shows the accessible fringe of the policy described above, givenstart state L-1-1. Note that states L-5-3 and L-5-4 are not part of the accessiblefringe because states L-4-4 and L-5-5 cannot be reached from the start state usingthe current policy.
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Figure 3.4: Envelope and accessible fringe.AF = fL-2-2;L-2-4;L-2-5;L-3-2;L-3-4;L-4-2g.If the agent uses the partial policy �, starting in state c, and at some pointfalls out of the envelope of �, it will be in one of the states of the accessible fringe.We de�ne the extended fringe EF(�; c) of a partial policy � from a currentstate c, to be those states that are not in the envelope or accessible fringe, butthat are successors of a reachable element of the envelope using some action:EF(�; c) = fs 2 S�(E [ AF(�; c)) j 9 s0 2 E; c �� s0 and 9 a 2 A; � (s0; a; s) 6= 0g :Figure 3.5 shows the extended fringe of the policy described above with startstate L-1-1. Note that the extended fringe excludes all states in the accessiblefringe.The reason the extended fringe is useful is that a partial policy is executedfor some period of time, and then replaced by a new partial policy. The extendedfringe contains states the agent could reach after some time executing the originalpartial policy, and then taking one step of a new partial policy.We de�ne the full fringe FF(�; c) of a partial policy and a state to be thosestates that are not in the envelope, accessible fringe or extended fringe, but that28
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Figure 3.5: Envelope and extended fringe. EF = fL-2-1;L-4-3g.are successors of some state (reachable or not) of the envelope, using some action,not necessarily that speci�ed by �:FF(�) = fs 2 S � (E [ AF(�; c) [ EF(�; c)) j 9 s0 2 E; a 2 A; � (s0; a; s) 6= 0g :Note that since there may be inaccessible states in the partial policy's envelope,the actions speci�ed by the policy may lead from some states to the full fringerather than the extended fringe; this is the case in the example shown, wherestate L-4-4 is not reachable from the start state, so L-5-4 and L-5-3 are not partof the accessible fringe, but are part of the full fringe.The full fringe is an interesting area to explore (from the agent's perspective)for several reasons. Firstly, it might encompass states that are on a path to thegoal even when the current policy is not very good, leaving the states unreachable.Secondly, it might encompass states that have very low value (the policy will tryto avoid them); these states are interesting because they are dangerous, and it isworthwhile looking for ways to avoid getting too close to them.Figure 3.6 shows the full fringe of the policy described above with start stateL-1-1. Note that the full fringe excludes all states in the accessible fringe and allstates in the extended fringe. For comparison, Figure 3.7 shows the envelope andthe three fringes.11In this particular example, the union of the three fringes and the envelope comprise almostall of the state space; this is due to the choice of a small state space for clarity of the example;in general the union of the envelope and fringes is much smaller than the whole state space.29
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Intuitively, the accessible fringe contains states that could be reached usingthe current policy, the extended fringe contains states that could be reached ifwe executed using the current policy for a time and then changed the policy,and the full fringe contains states that could be reached under a di�erent policycompletely (with the same envelope).3.3.4 PhaseA phase, denoted �, is a procedure that takes a partial policy and a currentstate and produces a new partial policy. A phase is understood to operate in thecontext of a domain and a task. We use four basic types of phase:strengthen Add states to the envelope.prune Remove states from the envelope.optimize Improve the expected value of the states in the envelope.explore Use some type of search to �nd a path from a state to a goal or to theenvelope.Each of these types of phase is parameterized; for example, the strengthen phasehas parameters that indicate the amount by which the domain of the partialpolicy should be extended. The details of the parameters are described below.3.3.5 Phase-cycle plannerThe planner framework is quite general, allowing for di�erent phases to be ap-plied depending on the current situation (state of the environment and stateof the planner). We have used this 
exibility to create planners that do de-liberation scheduling | reasoning about the duration of the planning cycle it-self [DKKN93b]. This makes it possible to trade o� the advantages of producinga better policy against the disadvantage of executing the current, poorer, policy.In practice, we found that a class of simple planners performed as well asthose that used sophisticated deliberation scheduling.2 These simple plannersare associated with a sequence of phases; they apply each phase in turn, and atthe end of the sequence, send the new policy to the executive and go back to thebeginning of the sequence. I call this type of planner a phase-cycle planner.Algorithms for planning often consist of two parts: an initialization part,during which the data structures used by the algorithm are set up, and a recurrent2The comparisons were made only for the RN2 robot navigation domain we studied (Ap-pendix B.3.2). 31



part, that is executed repeatedly. A phase-cycle planner is therefore in factspeci�ed by two sequences of phases, an initial and a recurrent. The top-levelalgorithm for the planner is straightforward:phase-cycle-planner (initial sequence, recurrent sequence)fi1; i2; : : : ; ing  � initial seqfr1; r2; : : : ; rng  � recurrent seq� � empty partial policyfor k from 1 to ncur  � current state� � ik(�; cur)foreverfor k = 1 to mcur  � current state� � rk(�; cur)Note that the intermediate policies produced by a subsequence of the phasesmay not be acceptable for use by the agent, so the agent's current policy remainsunchanged throughout the execution of the phase sequence. This is largely a tech-nical issue | it is sometimes more e�cient to specify a sequence of phases thattogether will produce (in expectation) a better policy, although a subsequencemay be inferior. For example, the strengthen phase may not use very sophisti-cated techniques for choosing the best actions for new states, if an optimizationphase (e.g., value iteration or policy iteration, de�ned below) immediately followsit. Note also that each phase is informed of the state of the environment at thetime of its invocation. In the original Plexus implementation, the current statewas recorded at the beginning of each cycle, and given to each phase in the cycle,even if the current state had changed in the meantime.Figure 3.8 shows a phase-cycle planner. The initial phase sequence consistsof two phases; the recurrent sequence consists of three phases. Initially, the plan-ner has an empty partial policy. It applies each of the initial phases successively;during this time, the executive is using only the default policy. The state givento each phase is the current state of the system at the start of the phase. Afterthe last initial phase has modi�ed the partial policy, it is sent to the executive.The same partial policy is passed to the �rst recurrent phase, then to each of theother recurrent phases in turn. During this time the executive is using the �rstpartial policy, generated by the initial sequence. When the last recurrent phasehas modi�ed the partial policy, it is sent to the executive, and also returned tothe �rst recurrent phase for further improvement. This cycle continues until thesystem reaches a termination state. 32
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3.3.6 Fallout probability and number of passagesWhile an agent is using a particular partial policy, augmented with a completedefault policy, the agent-environment system can be viewed as a Markov chain.There are well-known e�cient techniques for obtaining information about Markovchains, such as the probability that a particular state will be entered, or theexpected number of times a state will be visited in the future.The Markov chain induced by a policy models the behaviour of the agent-environment system until the system enters a state that is not in the envelopeof the policy. We refer to this event informally as the agent \falling out" of theenvelope. The set of states of the chain are the states in the envelope of thepolicy, plus the states in the accessible fringe. The transition probabilities aretaken from the world model, using the policy. The states in the accessible fringeare made absorbing: there is a self-transition with probability 1.More formally, the Markov chain induced by a policy � is the chain (S; P ),where S = E [ AF, and the transition function P is de�ned byP (i; j) = 8><>: �M (i; �(i); j) if i 2 E1 if i 2 AF and j = i0 if i 2 AF and j 6= iRecall that �M is the transition function of the Markov process associatedwith this domain and task (see Section 2.1). Figure 3.9 shows the induced Markovchain for the RN1 example presented in Section B.3.1, with start state L-1-1. Arcsare labeled with transition probabilities; in this example, p is 0.8.In general, a planner using a phase sequence will want to know where theagent will be at the end of the sequence. The �rst reason for this is that statesthe agent might end up in that are not in the envelope are good candidates forexploration; the second reason is that the planner may want to estimate the valueof the state it will end in. If we knew exactly how many time steps each phasesequence would take, we could determine this distribution precisely. However,since the algorithms used by the phases do not provide performance guarantees,we cannot in general know what this number of time steps will be. The approachI take is to adaptively estimate this number based on previous phase sequenceexecutions. I denote the expected number of steps until completion of this phasesequence Es (Expected number of steps).Given the Markov chain induced by a policy, we de�ne the probability dis-tribution �0, with �0(c) = 1; �0(s) = 0 if s 6= c, where c is the current state.The quantity �0 is the expected distribution over states after 0 steps. We recur-sively de�ne �i; �1 = P�0, the expected distribution after 1 step, and in general,�i = P i�0 is the expected distribution after i steps, following the current policy.The function is de�ned in the context of a policy and an initial current state; forclarity these are not explicitly speci�ed.34
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Figure 3.9: Markov chain induced by a policy.For a state s in the envelope, �n(s) is the probability that the environmentwill be in state s after n steps, without having fallen out of the envelope. I willrefer to this as the occupation probability for state s after n steps.For a state f in the accessible fringe, �n(f) is the probability that theenvironment will fall out of the envelope into that state at some time during thenext n steps.Figure 3.10 shows the values of �4 for the RN1 example with start stateL-1-1.3.4 Strengthen3.4.1 DescriptionThe purpose of the strengthen procedure is to add states to the envelope in or-der to reduce the probability of falling out of the envelope, and to improve thepolicy by considering more possible futures. The states added must be chosenjudiciously, since adding too many states will slow down other phases (espe-cially optimization). The states to add come from the three di�erent fringesAF; EFandFF .Adding states from the accessible fringe is strengthening in the true sense,making the partial policy less likely to fail (fall out of the envelope). Adding statesfrom the extended fringe corresponds to local short-term exploration; seeing what35
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0.01Figure 3.10: Occupation probabilities (rounded) for 4 steps from L-1-1.could happen if we were to do something di�erent soon. Adding states from thefull fringe corresponds to local long-term exploration; seeing what could happenif we did something di�erent later on.The three are grouped together under the umbrella of strengthening fortechnical reasons: the computations required by the algorithms are most ef-�ciently combined. Adding states from the accessible fringe is similar to the\robusti�cation" described by Drummond and Bresina [DB90] (In earlier papersdescribing Plexus we called this phase \robustify"; the name was changed foraesthetic reasons.)3.4.2 AlgorithmWe wish to estimate the probability that the system will be in the various possiblestates when the policy currently being used is replaced by a new policy (the onebeing constructed by this phase sequence).The basic idea is to construct a Markov chain whose states are the statesin the envelope and the accessible fringe. The transitions for the states in theenvelope are those speci�ed by the policy; fringe states are made absorbing. Next,we estimate the probability of being in the various possible states at the time thenext policy starts to be used (speci�ed by the function �). We add the states of theaccessible fringe for which the � value is higher than the speci�ed threshold. Forthe extended fringe, we consider the � values of the states in the envelope. Theseare the probabilities of still being in the envelope at the end of the sequence. We36



then consider the possible outcomes resulting from the use of a di�erent action(than that speci�ed by the policy) at each of these states. The outcomes areweighted by the probability of reaching them after the policy is changed; weassume uniform priors for all actions other than the one currently being used(outcomes using the current action are in the accessible fringe, hence not in theextended fringe). Finally, for the full fringe we ignore the � values, giving equalweight to all the elements of the fringe. We assume a uniform probability overthe actions other than the one speci�ed by the policy, and look for outcomes thathave higher probability than a speci�ed threshold.There are considerable di�erences between the version of this algorithmused in the original version of Plexus (described in [DKKN94], [DKKN93a], andthe algorithm described here. A detailed list of di�erences is given in Section 3.10.The strengthen phase is speci�ed by three parameters between 0 and 1,specifying threshold values for the accessible fringe, paf, for the extended fringe,pef, and the for the full fringe, pff; the meanings of these thresholds will beexplained shortly.As a reminder of the notation, the current state (the state the environmentoccupied at the beginning of this phase sequence) is denoted c. As before, wewill denote the current partial policy �, and the envelope of the policy E. Thethree fringes are AF (accessible), EF (extended) and FF (full).We construct the accessible fringe by iterating over all the states of theenvelope; for each state s, we look at the outcomes of the action speci�ed by thepolicy, �(s). We add to the accessible fringe each possible outcome that is not inthe envelope, that is, each state s0 such that � (s; �(s); s0) 6= 0 and s0 62 E.Next, we construct a matrix to represent the Markov chain (S; P ) corre-sponding to the envelope and accessible fringe. The states are de�ned byS = E [ AF ;and the transitions are de�ned byP (s; s0) = ( � (s; �(s); s0) if s 2 E�ss0 if s 2 AF ;where �ss0 is 1 if s = s0 and 0 otherwise.From this matrix, we wish to determine the distribution over states afterEs steps using the current policy, this being the estimate of the duration of aphase sequence3. We iteratively construct a vector representing the probabilitydistribution over states after some number of steps. The probability distributionafter 0 steps is concentrated entirely at the current state since the system is3This ignores the number of steps already taken during this phase sequence, but in the phasecycles I use this is not a bad approximation. 37



completely observable. To obtain the distribution after 1 step, we multiply thetranspose of P by the distribution after 0 steps; to get successive distributions werepeatedly pre-multiply by the transpose of P . For large values of Es, it may bemore e�cient to raise P to the power Es and then multiply the transpose of thismatrix by the vector with probability 1 for the current state, to get the expecteddistribution after Es states. The relative e�ciency of the two approaches isheavily dependent both on the sparseness of the matrix and the manner in whichthe probability distributions evolve with the number of steps taken. The currentimplementation of the system uses repeated pre-multiplications, but halts themultiplication when the change in distribution after a step is below a speci�edthreshold.For each state f of the accessible fringe, we compute the occupation proba-bility �Es(f): the probability that the system will be in this state after Es stepsusing the current policy. We sort the fringe by decreasing occupation probability,and move elements from the fringe to the envelope until the probability mass forthe remainder of the fringe is less than the threshold paf. Thus the thresholdspeci�es an acceptable probability of (temporary) failure.Next, we consider the extended fringe. Using the current policy, the agentwill never enter the extended fringe, so we consider the case where the currentpolicy is used for Es steps, and then the policy is changed for the state occupiedat that time. For a state e in the envelope, �Es(e) is the probability that thesystem will be in state e after Es steps. For each state in the envelope with non-zero �Es value, we consider the successors under actions other than that speci�edby the current policy. The probability of reaching a state in the extended fringeis pe(s) = (jAj �1)�1Xe2E �Es(e)P (e; f) :Again, we sort the extended fringe by decreasing probability, and move elementsfrom the fringe to the envelope until the remainder of the extended fringe hasprobability mass less than pef.Finally, we consider the full fringe. We de�ne, for all s0 2 FF,pf(s0) = 1jAj Xs2E;a2A � (s; a; s0) :pf(s) is the conditional probability of reaching state s after one randomly chosenaction, given a uniform distribution over states of the envelope. Those elements ofthe full fringe with probability higher than pff are added to the envelope. We donot use a probability mass, as in the extended fringe case, since the values pf(s)do not correspond to probabilities for a single event, as do the values pe(s). Theycorrespond to probabilities for jE j di�erent events { the execution of a randomlychosen action in each of the states of the envelope. An alternative approach38



would be to consider the event of a transition from a randomly chosen stateusing a randomly chosen action, and to use the parameter pff as a probabilitymass. The e�ect would be quite di�erent; instead of adding more states to a largeenvelope, it would add fewer. Although I have not conducted thorough testscomparing the performance of the two approaches, the cases I have examinedseem to indicate that the additions from the full fringe should be made locally,independently of the size of the envelope. I have therefore chosen to implementonly the approach described �rst.As each state is added to the envelope, the action and value associated withit are calculated as follows. Temporarily, we assign a value to the state underthe pessimistic assumption that it is absorbing for the default action; this givesa value of 1Xi=0 
i�(s; �d(s)) = �(s; �d(s))=(1 � 
) :We then compute the best action with respect to the current value function, anduse this action and value for the state. This has the e�ect of giving new statespessimistic values, but until the policy has been optimized with this state in theenvelope, this is the most reasonable thing to do.3.4.3 ExampleContinuing the RN1 example above, assume the following values for the parame-ters: paf and pef are 0.02, pff is 0.2, and the current estimate of the number Esof steps before a new policy can be computed is 4. That is, we will add enoughstates to remain in the envelope in all but 2% of the possible evolutions of thesystem over the next 5 steps, assuming that after 4 steps we change policies.We also add all states that could be reached in one step from somewhere in theenvelope, choosing an action at random, with probability at least 0.1.There are 6 states in the accessible fringe: L-2-2;L-2-4;L-2-5;L-3-2;L-3-4and L-4-2. We compute the �4 values for the envelope and accessible fringe states.These are shown in Figure 3.10. We add these states in order of decreasing �4values until the probability mass for the envelope is above 1� paf: L-2-2, L-2-4,L-3-2, and L-2-5 are added. Next, we consider the states in the envelope withnon-zero �4 values, and consider the e�ect of taking an action chosen at randomfrom those other than the one speci�ed by the policy. In this case, the extendedfringe consists of the two states L-2-1 and L-4-3, but the sum of their � values isbeneath the threshold, so we add neither of them. Finally, we add any state thatwe can reach with probability at least 0.2 from anywhere else in the envelopeunder an action other than that speci�ed by the policy. L-4-5 is added from thefull fringe. The result of strengthening is shown in Figure 3.11. The actions arenot shown here, as they are dependent on the previous values of the states.39
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34Figure 3.11: Envelope after strengthen phase.3.5 Policy Iteration3.5.1 DescriptionThe policy iteration phase uses a variation of Howard's policy iteration algo-rithm [How66] to improve a policy. First, I will present the algorithm in the casewhere the envelope is the entire state space; the optimization phase then createsan optimal complete policy. Then I present the approximations I use to deal withan envelope that does not include all the states of the domain. The de�nitionof state value presented earlier is not well-de�ned in the partial policy case, so Iwill present a de�nition of the value of a state in a partial policy.3.5.2 Policy iteration with E = SThe input to the algorithm is a policy � de�ned over the entire state space. Thealgorithm iteratively modi�es � until it is optimal, at which point the algorithmterminates.The value function V�, de�ned in Section 2.1, gives the expected discountedcumulative reward starting in each state, under policy �. Since I refer always tothe value function with respect to the policy � in this section, I shall write V�simply as V .The algorithm performs two operations on each iteration. The �rst is valuecomputation: it computes the value of V for all states in the world. The second40



is policy improvement: for each state, it chooses the action that, taken once andthen reverting to the policy �, would maximize cumulative discounted reward. Ifsome action other than the one speci�ed by the policy would improve expectationof reward, then changing the policy to use that action will also improve theexpectation of reward, only more so. This fact is not self-evident; a proof is givenin Appendix A, as one of the steps in the proof that policy iteration converges toan optimal policy in a �nite number of steps.The algorithm is very similar to the standard policy iteration algorithm dueto Howard [How66]; it di�ers in that it may make several changes to the policybefore recomputing the values of the states. Howard showed that with �nite stateand action sets, policy iteration is guaranteed to converge to an optimal policy.done  � falseWhile not doneCompute values of states V (s)For each state sa0 � arg maxa2AQ�(s; a)if a0 6= �(s)�(s) � a0If no changes were made to �done  � trueThe values are computed by solving the set of linear equations on the jSj variablesfV (s); s 2 Sg:V (s) = ( 0 if s 2 X�(s; �(s)) + 
 (Ps02S � (s; �(s); s0)V (s0)) otherwise :The set of linear equations expresses the fact that the value of being in a stateis the immediate reward for taking the corresponding action, plus another termthat is discounted by a factor of 
. This second term is the weighted sum of thevalues of the states this action could lead the agent to. Thus, V (s) is the expecteddiscounted value of starting in state s, and following the policy � forever.The Q� function is de�ned byQ�(s; a) = ( 0 if s 2 XR(s; a) + 
 (Ps02S � (s; a; s0)V�(s0)) otherwise :Q�(s; a) is the expected discounted value of taking action a in state s, and there-after following the policy �. This function is called Q because it is the basicquantity used by Watkins in his Q-learning algorithm [Wat89].41



3.5.3 Policy Iteration with E 6= SIn general, we are interested in computing an optimal policy over a subset of thestate space. Recall that an agent has a default policy �d, and a current partialpolicy � with envelope E. To compute the values exactly, we would construct thepolicy �0: �0(s) = ( �(s) if s 2 E�d(s) otherwise :We would then use a variant of policy iteration that makes changes only to actionsof states in E to �nd the best partial policy over this envelope.In practice, however, this is infeasible because it requires solving a set of jS jlinear equations for each policy improvement. Instead, I modify the de�nitionof state value to capture the notion of falling out of the envelope, and optimizeusing this new de�nition of value. The basic approach is to divide the possibleoutcomes of the next action into two categories: those that lead to a state inthe envelope, and those that lead to a state outside the envelope. Expectationsof value are computed for both of these, and a weighted sum gives the valuefor the state. The computations are somewhat complex, though the ideas arestraightforward. Since the value of a state is de�ned as a function of the value ofother states in the envelope, the de�nitions below will produce a set of jE j linearequations whose solutions are the values of the states in the envelope.Given an envelope E � S, we de�ne the function Pin : E ! [0; 1] by8s 2 E; Pin(s) = Xs02E � (s; �(s); s0):This is the probability that the agent will remain in the envelope after one stepof policy � taken from state s.Next we de�ne a measure of the value of making a transition into anotherstate of the envelope. We de�ne the envelope value function Ve : E �! R byVe(s) = 8<: �(s;�(s))1�
 if Pin(s) = 01Pin(s) Ps02E � (s; �(s); s0)V (s0) otherwiseIf s has successors in the envelope, we compute the expected value of the outcomein those cases where the outcome is in the envelope. Ve(s) is the expected valueof the outcome under the assumption that the expected value of the successorsthat are not in the envelope is the same as the expected value of the successorsthat are. The factor 1Pin(s) performs this normalization.This notion of value is extended to the case where s has no successors inthe envelope, by de�ning Ve for such states to be the value of an absorbing statewhose instantaneous reward is that of the policy's action in the state. That is,42



Ve(s) is the expected cumulative reward if the system stays in the state s forever.This is usually a pessimistic approximation, but this has the desirable e�ect thatthe planner will usually add states to the envelope rather than moving to statesit is not sure can be escaped.
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To estimate the cost of falling out of the envelope from a state s, I makeseveral simplifying assumptions.� The number of time steps during which the current state is not part of theenvelope can be estimated globally, i.e., the expected number of time stepsdoes not depend greatly on the particular state from which the agent fellout of the envelope. I use an adaptive estimate, based on previous cases inwhich the agent fell out of the envelope.� The instantaneous rewards accumulated during that time can be approxi-mated by assuming they are all equal to the instantaneous reward for thedefault action in state s.� The state the environment will occupy once it has re-entered the envelopewill have a value close to that expected after a transition from s that didnot fall out of the envelope. Note in particular that these restrictions donot require any reference to states not in the envelope; this is desirable forimplementations of these algorithms.Figure 3.13 shows the algorithm pictorially, with a sequence of pseudo-states \Out" representing the fringe states accessible from S1. Eo is the adaptiveestimate of the number of steps the agent spends outside the envelope when itfalls out. More formally, I de�ne a function \value of falling out" to represent
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this estimate of value accumulated while not in the envelope, Vo : E ! R:Vo(s) = �(s; �d(s)) EoXi=1 
i! = �(s; �d(s)) 
 1 � 
Eo+11 � 
 ! ;where �d is the agent's default policy and Eo (envelope out) is the expectednumber of time-steps during which the agent is out of the envelope. Like Es, thisis adaptively estimated. Vo(s) is the sum of the instantaneous rewards for thedefault policy over the next Eo steps, assuming that the instantaneous rewardsfor all the states visited during that time are the same.Given these estimates of the value for the two possible cases, we can de�nethe value of a state s that has successors in the fringe byV (s) = �(s; �(s)) + 
 �Pin(s)Ve(s) + (1 � Pin(s))(Vo(s) + 
EoVe(s)� :This estimate says that in all cases, the cost �(s; �(s)) is incurred. Withprobability Pin(s), the agent remains in the envelope, and the new value is justVe(s). With probability 1 � Pin(s), a cost of Vo(s) is incurred while the agentis out of the envelope, and upon re-entry, the value is estimated as Ve(s), theexpected value of the state following s if that state is in the envelope. Thesevalues are discounted by their distance in time from the present.The policy iteration algorithm is the same as that presented in Section 3.5.2,but the V and Q functions are computed di�erently. The value function V isde�ned by solving the set of jE j linear equationsV (s) = ( �(s; �(s)) + 
 �Pin(s)Ve(s) + (1�Pin(s))(Vo(s) + 
EoVe(s)� if s 2 E�X0 if s 2 XVe(s) = 8<: �(s;�(s)1�
 if Pin(s) = 01Pin(s) Ps02E � (s; �(s); s0)V (s0) otherwiseThe Q-values are de�ned analogously, using the speci�ed action instead ofthe policy action throughout.3.5.4 CommentsPolicy iteration is guaranteed to converge to an optimal policy, but it may doso very slowly. In particular, it tends to converge to a solution that is close tooptimal in a few iterations4, and then spend many iterations �nding an optimal4By close to optimal I mean that the expected reward using the policy is close to the expectedreward using the optimal policy. 45



policy. For embedded systems, approximate solutions obtained quickly are oftenpreferable to exact solutions obtained slowly, so I allow premature termination ofthe optimization algorithm in the following way. Each time the action for a stateis changed, I record the improvement in value for that state. When the sum ofall the improvements made during one iteration is less than a certain threshold,the procedure terminates.3.5.5 ExampleAfter strengthening the envelope as described above, the envelope has 14 states.Value computation yields the values shown in Figure 3.14. The discount factor
 here is 0.99. Three more rounds of value computation and policy improvementare needed before the procedure converges on the optimal policy for this enve-lope, shown in Figure 3.15. The convergence rate and the quality of intermediatesolutions are dependent on the order in which the states are visited. For com-
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3.6 Value IterationValue iteration [Bel57] is one of the three standard techniques for computing anoptimal policy for a Markov decision problem, linear programming and policy it-eration (described in Section 3.5) being the others. Value iteration is particularlywell-adapted to the case where a precise model of the world is unavailable, andmust be learned while computing a policy; it has therefore been extensively usedby the machine learning community (see Sections 2.2 and 2.3 for references).The conditions under which value iteration performs better than policyiteration, or vice versa, are understood theoretically only in very limited circum-stances; empirically, combinations of value iteration and policy iteration performbetter than either basic technique. Puterman [Put94] has shown that a particu-lar combination, called modi�ed policy iteration, will converge more quickly thansimple value iteration. A natural extension to the set of phases for Plexus wouldimplement this combination. Other interesting improvements to value iterationand policy iteration algorithms have been presented by, e.g., Dearden and Boutil-lier [BD94], Bertsekas and Casta~non [BC89], Kushner and Kleinman [KK71].3.6.1 DescriptionValue iteration is a technique for determining an optimal policy for a set of states.We start with arbitrary values associated with each state, and an arbitrary policy�. On each iteration, we compute Q�(s; a) values for each state s and action a;these are estimates of the total discounted reward that would be accumulated ifwe were to take action a from state s and then use policy � forever. We choosethe action with highest Q value, and update the value of the state and the policy.This process converges to an optimal policy, though the number of steps it takesmay be very large. One of the problems with value iteration is that there is nonatural halting criterion | the values of states may continue to change even oncethe optimal policy has been obtained. There are two basic approaches to solvingthis problem. One is to perform value iteration until the absolute value of thedi�erence between the value functions at successive iterations is less than someconstant (for all components). The constant may be chosen so as to ensure theoptimality of the resulting policy (see, e.g., [WB93]). A second alternative is toperiodically perform one round of policy iteration; if this does not change anyactions, then the policy is optimal. If it does change any actions, the new valuesit produces will usually be better approximations than those the value iterationhad reached, and they can therefore be re-used by the value iteration when it iscontinued. 48



3.6.2 AlgorithmThe algorithm takes as input a partial policy � de�ned over an envelope E. Itmakes modi�cations to the policy (without changing the envelope). There are noguarantees about improvement, but the new policy will in general be better thanthe old policy (it improves in expectation).For each state s we de�ne a value V (s); if some value measure already exists(as a result of an earlier phase) we use that, otherwise we ascribe a value of 0 toall states.For each state s we de�ne the value of falling out from that state Vo(s), asin Section 3.5.3. This value does not depend on the action taken in state s.We de�ne a function Q(s; a), for every state s and every action a suchthat Pin(s; a) 6= 0 (some of the possible outcomes of this combination are in theenvelope),Q(s; a) = �(s; a) + 
 �Pin(s; a)Ve(s) + (1� Pin(s; a))(Vo(s) + 
EoV (s))� :In the case where none of the possible outcomes of action a in state s are in theenvelope, we use a pessimistic estimate of value, which would be obtained if theagent stayed in this state forever:�(s; a)=(1� 
) :The value iteration algorithm is parameterized by the number of iterations,viters:done  � falseviters timesFor each state sV 0(s) maxa02AQ(s; a0)�0(s) arg maxa02AQ(s; a0)For each state sV (s) V 0(s)�(s) �0(s)Value iteration is a very useful complement to policy iteration. Policyiteration operates globally, and is therefore quick to propagate value changesthroughout the envelope. Precisely because it is global, however, it is expensivecomputationally. Value iteration is computationally very cheap, but the changesit makes are local, so changes propagate slowly.49



3.7 Prune3.7.1 DescriptionThe prune operation removes states from the envelope. In general, this will makethe policy worse, or at least no better, so the purpose of pruning is solely todecrease the cost of executing the other phases. Quantifying the relationshipbetween the value of a better policy and the cost of executing phases is di�cultexcept in very speci�c cases, so the approach I take is pragmatic: the algorithmdescribed below works well in the cases I have studied.The prune phase has one parameter pp: a threshold governing how manystates will be removed. For each state in the envelope, we determine the proba-bility that the state will be reached within Es steps using the current policy. Ifthis probability is less than pp, and if the state has a worse value than the currentstate, then the state is removed. The reason for the restriction to states that haveworse values than the current state is to ensure that if the goal is reachable fromthe current state before pruning, it will be after pruning.3.7.2 AlgorithmThe prune phase does not modify the policy function; only its domain.A state s is a candidate for deletion if its value V (s) is less than the value ofthe current state V (c). Candidate states are ranked according to their �Es values,the probability of being in that state in Es steps, as described in Section 3.3.6,and states for which this probability is below pp are removed. That is, we removestates that are unlikely to be visited.3.7.3 ExampleContinuing the RN1 example, suppose the prune parameter pp, is 10�6, andconsider the situation shown in Figure 3.17a. The current state at the pointwhen the pruning is done is L-2-3. States L-1-1, L-1-2, L-2-2, L-3-2, L-1-3 andL-1-4 have occupation probabilities (�4) smaller than 10�6, so they are removed,resulting in the envelope shown in Figure 3.17b.3.8 Explore3.8.1 DescriptionExplore modi�es a policy by adding sets of states to the envelope. Each set isa path from one state to another, that is, a sequence of states s1 : : : sn such that50
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in the value of the search heuristic.3.8.2 AlgorithmExplore is a procedure that takes as input a partial policy � on envelope E,a current state c, a set of target states � � E, and a set of states to avoid� � S � � � fcg. It �nds a path P such that P \ A = ;, the �rst element of Pis c, and the last element is in � . The new policy �0 produced by the phase hasenvelope E [ P, and 8s 2 E; �0(s) = �(s):For each state s in the path, the action �0 associates with s an action that has anon-zero probability of leading to the next state in the path. These may not beoptimal actions, but in practice they are much better than random.This algorithm assumes that the rewards are all negative or zero. It can bemodi�ed trivially to handle the case where rewards are all positive or zero.The algorithm is a type of best-�rst-search through the state space; werate a path by its probability (the product of the probabilities of each transitionalong it) divided by the negated sum of the rewards along the path. This measureintuitively corresponds to the desiderata for a path: a high-probability path isbetter than a low-probability one, and a small negative reward is better than alarge negative reward. Each state is rated by the best rating of a path that leadsto it. Search proceeds from the state with the best rating of those that still haveunvisited successors.The state space is divided into states that have been visited (or should beavoided), states that are in the frontier5 and unseen states. Initially, the states inthe set to be avoided, �, are added to the visited set. The current state is madethe only state in the frontier, and the remainder of the states are added to theunseen set.Given a path s1; s2 : : : sn; a1; a2 : : : an, we de�ne the value of the path as theprobability of the path divided by its negated reward sum:�(s1; s2; : : : ; sn; a1; a2; : : : ; an) = Qi=n�1i=1 � (si; ai; si+1)�Pi=n�1i=1 �(si; ai)We associate with each state s in the frontier a path to s from the startingstate. We next choose the state s from the frontier with the highest path value.s is removed from the frontier, and all the states that are successors of s underany action are added to the frontier unless they are in the visited set. If s0 isa successor of s that was already in the frontier, the path associated with s0 is5This is often called the fringe; I use the term frontier instead, to avoid confusion with thefringes of the envelope. 52



compared to the path constructed by following the best path to s and then takingone step to s0. If this latter path has a higher value, it is associated with s0.This procedure guarantees that when a state is added to the visited set, ithas associated with it the path with highest value. When a goal state is visited,the path associated with it is added to the envelope of the policy, using the actionsspeci�ed in the path.The path value function � is monotonic; the value of a path is lower thanthe value of any initial subsequence. To see this, consider a pathP = (s1; s2; : : : ; sn; a1; a2; : : : ; an) :Let P be the probability of the path:P = i=n�1Yi=1 � (si; ai; si+1) ;and let R be the negated reward sum of the path:R = � i=n�1Xi=1 �(si; ai) :The value of this path P is then P=R. Now consider a path P 0, created by addingone state to the end of P.P 0 = (s1; s2; : : : ; sn+1; a1; a2; : : : ; an+1) :The probability of P 0 is P � � (sn; an; sn+1), and its negated reward sum is R ��(sn; an). The value of P 0 is therefore�(P 0) = P � � (sn; an; sn+1)R � �(sn; an) :Since transition probabilities are at most 1, and rewards are negative or 0,�(P 0) = P � � (sn; an; sn+1)R � �(sn; an) � PR = �(P) :The monotonicity of � guarantees that the states will be visited in decreas-ing order of their path value. The path values do not translate directly into statevalues V (s) as de�ned above, but in general if an optimal policy is found for theset of states constituting a path, the state value of the starting state of the pathis correlated with the path value, so this heuristic guides the search well. Whenthe search is not to a goal, but instead to the envelope (for example, when theagent falls out of the envelope, it may search for a path back to the envelope),the values of the states on the path are o�set by the value of the �nal state inthe path. 53



3.9 Phase-cycle plannerThe particular phase-cycle planner I used for all of the domains consisted ofan explore phase in the initial sequence, and a recurrent sequence consisting offour phases: explore, prune, strengthen, optimization. The particular choice ofphases was motivated by a set of experiments I performed with Ann Nicholsonon an earlier version of Plexus. Working on a small set of representative RN2domains, we ran several dozen planners and compared the results. We choseonly planners with an optimization phase as the last phase, since modi�cationwithout optimizing can lead to very poor policies. We made the �rst phase anexploration phase to handle the case where the agent fell out of the envelopeduring the previous cycle. With these constraints, we constructed planners usingintuitively reasonable sequences of phases (intuitions developed after a great dealof experimentation).The planners with long sequences of phases did not perform very well ingeneral; this was probably due to the fact that (in that implementation) phasescontinued until completion even if the agent fell out of the envelope. Empirically,pruning worked better before strengthening, rather than after, leading us to thechoice of explore, prune, strengthen, optimize.The parameters were speci�ed di�erently for the di�erent classes of domain,but were the same for all domains in a class. Speci�cally, the parameters for theRN1 domains and the RN2 domains were: paf = 1; pef = 1; pff = 4; pp = 0:01.For the racetrack domains, I used: paf = 1; pef = 1; pff = 0; pp = 0:00. Inboth cases, policy iteration was stopped when the total change in value over oneiteration was less than 0.01.These values were chosen empirically, by running experiments on represen-tative domains with di�erent values for the parameters, and choosing the oneswith the best performance. The performance is not very sensitive to the values ofthe parameters; similar results were obtained for nearby values. For the racetrackdomains, pruning was turned o� completely, since the envelope tends not to growvery quickly (most paths fall o� the track and return to the starting state). Thefull fringe parameter was turned o� also, since it tended to expand parts of theenvelope that were too distant to be of great use.3.10 Di�erences from original versionThere are signi�cant di�erences between Plexus as described here and the versionsdescribed in earlier papers referring to it [DKKN93a, DKKN93b, DKKN94].54



3.10.1 StrengthenIn the original implementation of Plexus, the strengthen phase was given a singleparameter indicating the number of states to add to the envelope of the policy.It �rst looked at the accessible fringe, ordering the states by decreasing order ofthe system reaching the state using the current policy in a �xed number of steps(this �xed number was chosen by hand), and adding the most likely states. Ifthe parameter speci�ed more states than were available in the accessible fringe, itadded the entire accessible fringe, then used the extended fringe, and, if necessary,the full fringe for the remainder of the states. In the latter two cases, the notionof \most likely to be reached" is fuzzy; the heuristic we used was to assume auniform likelihood for all actions in any state. If the parameter speci�ed waslarger than the number of states in all three of these sets, no further attempt toadd states was made.There are three basic problems with the original strengthen algorithm. The�rst is that while clearly what actually a�ects the performance of the system isthe number of states actually added, the parameter is not directly related to thesenumbers; above a certain number, increasing the strengthen parameters does nota�ect the way the policy is changed. This threshold is dependent on the currentpolicy, so it is di�cult to evaluate the e�ect of the parameter on the algorithm.While for a particular domain it is possible to determine a reasonable range ofvalues for the strengthen parameter, it is di�cult to automate this choice. Thenew version speci�es how conservative the algorithm should be in terms of theprobability that states will be reached. This is much better adapted to domainsof di�erent sizes.The second problem with the original strengthen phase is that it relied ona computation of the expected state after some number of steps. This numberis the expected number of steps the executive will use this policy, i.e., it corre-sponds to the time the planner takes to generate the next policy. In the originalimplementation, this number was determined manually for each domain, in away that was di�cult to automate. The new implementation avoids the need fordetermining the number, by estimating it adaptively.The third problem is one of representation. The three di�erent sourcesof states to be added to the envelope correspond to di�erent high-level notions.Adding states from the fringe strengthens the policy; that is, it makes it less likelythat this policy will fail. Adding states from the extended fringe corresponds tonear-term local exploration: what might happen if we did something di�erentin the near future? Adding states from the inaccessible fringe corresponds tolong-term local exploration: assuming that our overall plan works well, whatwould happen if we tried something di�erent later on? Since these three areconceptually quite di�erent, it seemed more natural to have separate parameters55



controlling them. The three fringes thresholds are now speci�ed separately.3.10.2 PruneThe original implementation of prune took a single parameter: a number of statesto remove from the envelope. Only states with values lower than the current statewere candidates for removal. Those with lowest expected number of transitions(the function � described in Section 3.3.6) were removed. The �rst two problemsdescribed in the strengthen section above apply equally to the prune phase; thesolution is the same: prune now takes a meaningful parameter, and uses anadaptive estimate of the number of steps to the end of the phase sequence.3.10.3 Policy iterationIf the envelope comprises the entire state space, the original algorithm performedthe same operations as the current one. When the envelope is not the wholestate space, the evaluation of states is done slightly di�erently. Speci�cally, inthe original implementation the quantity corresponding to Vo(s) was a parameterchosen by hand; the same value was used for all states. The e�ciency of thealgorithm was highly dependent on this parameter. The current implementationdoes not su�er from this limitation, since it computes Vo(s) individually for eachstate.3.10.4 ExploreThe original implementation of the explore phase used a depth-�rst-search thatconsidered only the most likely outcome of each state-action pair. One conse-quence of this was that it was not always able to �nd paths in domains where thehighest-probability outcomes were self-transitions. The original implementationchose the action at each state in the search uniformly, rather than based on theprobability of the most likely outcome, as now. This resulted in paths of lowerprobability than those generated by the current system.3.11 Representation issues3.11.1 GoalsIn this section I show how the domain-task problem formulation can be used toapproximate several common types of goal speci�cation.56



As soon as possibleGiven a domain, a starting state s0 and a set of target states T , the goal is toreach one of the target states in the fewest transitions.De�ne the task fs00; �0; 
0;X 0g bys00 = s0�0(s; a) = ( 0 if s 2 T�1 otherwise
0 = 
X 0 = TWith 
 = 1, the performance measure described in Section 2.1 is exactly theone desired; the performance of the agent is the expected number of steps beforereaching the goal. As pointed out above, this measure can be made arbitrarilyclose to the desired measure if we are willing to ignore the possibility of the agenttaking more than some �xed number of steps to reach the goal. While the optimalpolicy generated under the domain-task representation may not be identical tothe optimal policy under the desired performance measure, in practice they areidentical if 
 is chosen close to 1 (1� 10�5 is su�cient for all the domains I havestudied so far).As long as possibleGiven a domain, a starting state s0, and a set of target states T , satisfying s0 2 T ,the goal is for the agent to remain in the set of states T for as many steps aspossible.De�ne the task fs00; �0; 
0;X 0g bys00 = s0�0(s; a) = ( 0 if s 2 T�1 otherwise
0 = 
X = S � TSequential goalsGiven a domain, a starting state i, a set of states P1 and a set of states P2, thegoal is for the agent to reach one of the states in P1 and then one of the statesin P2, minimizing the total number of steps taken.This can be represented by adding a boolean state variable corresponding tothe proposition \P1 has already been achieved"; this simply doubles the numberof states. The transitions are de�ned in the obvious way: a transition from a57



state in which the boolean is false, to a state in P1, will change the boolean totrue deterministically. No transition changes the boolean from true to false. Allother transitions leave the boolean unchanged, and have the same probabilitiesas in the original problem.S 0 = S � fF; TgA0 = A� 0((s; F ); a; (s0; F )) = ( � (s; a; s0) if s0 62 P10 if s0 2 P1� 0((s; F ); a; (s0; T )) = ( � (s; a; s0) if s0 2 P10 if s0 62 P1� 0((s; T ); a; (s0; T )) = � (s; a; s0)� 0((s; T ); a; (s0; F )) = 0The task is de�ned bys00 = (s0; T )�0((s; T ); a) = ( 0 if s 2 T�1 otherwise�0((s; F ); a) = �1X 0 = S � TClearly, this can be extended to a sequence of tasks of any length; the sizeof the state space is multiplied by the number of tasks. Furthermore, the sameapproach can be used for sequences of achieve and maintain goals, such as \pickup the part, then paint the part while holding the part, then put the part in thebin".3.12 SummaryIn this chapter I have described a framework for concurrent planning and execu-tion, and an implementation of this framework, Plexus. The approach is basedon the theory of stochastic processes, speci�cally Markov process theory. In Sec-tion 2.2 I present some requirements for this approach to be applicable; it isnatural to ask in what cases the approach is e�ective, in the sense of producingbetter results than other approaches. In order to address this question, I haveconducted empirical studies on a number of di�erent planning problems, com-paring the performance of the Plexus planner with other approaches, such asreal-time dynamic programming and several search-based techniques. The goalof this study is to determine classes of problems for which one planning approachcan be shown empirically to perform better than another, and to formulate rules58



or heuristics to predict this, given new planning problems. In order to give quan-titative comparisons of planning problems, I de�ne a number of metrics on thespace of planning problems (satisfying the conditions presented in Section 2.2). Ipresent these metrics in Chapter 4, and then discuss the results of the empiricalevaluation in Chapter 5.
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Chapter 4Characterization of domains andtasksA domain and a task, as I have de�ned them, specify both the mechanics of theworld and a measure of performance: maximize discounted expected reward overan in�nite horizon in the associated Markov decision process (see Section 2.1).In general there might be other requirements made on the system, such as aminimum performance that must be guaranteed, or a speci�cation of attitude torisk, but I do not address such issues here, as maximizing expected performanceis a good criterion for the types of domain I have studied.For a particular domain-task pair, the expected performance of a plannercan be estimated empirically simply by simulating its interaction with the envi-ronment a large number of times and measuring the performance in each run.However, this process can be very time-consuming. In addition, it is often thecase that we are interested in the performance over a large set, or even a con-tinuum, of di�erent domain-task pairs, and it may be infeasible to estimate theperformance for every pair empirically.As an example of the need to examine a large set of planning problems, con-sider the tra�c light problem posed in the introduction. A number of parametersthat de�ne the problem are under the control of the designer. One such parame-ter is the granularity of the sensors: do they count the number of cars accurately,or do they report readings such as \one", \two", \many"? Another parameterthe designer controls is the time between actions. Should the system be allowedto make lights change every second? Every minute? The e�ect of these parame-ters may be quite unobvious; intuitively, accurate sensors are a good thing, yet infact a large number of possible readings may bog the system down with irrelevantdetail. It is useful therefore to be able to predict the performance of a particularplanning system on di�erent problems of this type, without resorting to lengthysimulations. 60



To make these predictions, I classify domain-task pairs by the values of anumber of attributes such as size, connectivity, etc. that are correlated with theperformance of the planner on the domain and task. An attribute is a functionmapping a domain-task pair to a real number, quantifying the attribute. Thesize of the problem, for example, can be de�ned in di�erent ways: the number ofstates; the number of non-zero transitions; the information-theoretic content ofthe transition matrix, and so on. Each of these is an attribute. Other attributesmeasure aspects of the connectivity of the states in the markov decision process,aspects of the reward structure, and so on.4.1 Performance comparisonIn order to situate the performance of the Plexus planning system, I compare itsperformance to several other planners.� Optimal plannerA planner that immediately provides the optimal policy for the domain-task pair and never changes it. The optimal policy is de�ned in Section 2.1.Since �nding the optimal policy can be time-consuming, this is done o�-line.While it may be possible for relatively small problems to �nd the optimalpolicy for comparison with the performance of other planners, �nding anoptimal policy is not a practical approach for the real-time planning prob-lems I address here. The principal reason for this is that computing theoptimal policy takes too long to be done on-line by an embedded systemthat must respond to requests quickly. Optimal policies are therefore onlyuseful if they can be generated o�-line. This is possible if there is onewell-de�ned problem to solve over and over again, or for a long period oftime, but if the task can change dynamically, one would have to computeoptimal policies for all possible tasks o�-line. This is generally completelyinfeasible, both because of the time it would take to compute them and thespace it would take to store them.� Cautious plannerThe cautious planner initially provides a random policy to the agent. Itthen applies Howard's policy iteration algorithm on the entire state-spaceuntil convergence, i.e., until the optimal policy has been found. It gives thispolicy to the agent, and thereafter does nothing. It is called conservativebecause it does not commit to anything until it is sure it has the optimalpolicy. 61



� RTDPRTDP is an implementation of the real-time dynamic programming sys-tem suggested by Barto et al [BBS93]; it uses a modi�ed version of valueiteration combined with an iterative-deepening search to approximate thevalues of states (the expected discounted reward starting from each state),and uses a greedy policy (choosing the action that maximizes the expectedvalue).� Recover, replanRecover and replan are two strategies based on search. They use a best-�rstsearch algorithm to �nd a path from the initial state to a goal, then executethe corresponding policy until the agent enters a state not on the path. Atthis point the replan planner discards the old path and searches for a newone, while the recover planner looks for a path from the current state backto the old path. These planners are described in more detail in B.2.4.2 ExamplesTo ground the following discussion, I will take examples from several di�erenttypes of planning problem. The problems are described fully in Section B.2.The �rst example set is part of the RN1 class of planning problems describedearlier. The size of the grid is �xed at 5 by 5, and the task under consideration isone of achievement; the goal state is L-5-5, and the start state is L-1-1. I chose adiscount factor 
 = 0:999; with this value (for these small domains), discountingplays a minimal role in performance. The domains are therefore completelydetermined by the success parameter, specifying the probability that an actionwill result in the nominal outcome (a movement in the speci�ed direction). Thedomain is described in detail in Section B.3.1; the task is de�ned byX = fL-5-5gs0 = L-1-1�(s; a) = ( �1 if s 6= L-5-50 if s = L-5-54.3 AttributesIn this section I present a list of the attributes I use to predict the performance ofplanners. These attributes were chosen based on experience with the three classesof domains described in Appendix B.3.2. In Section 5 I present the experimen-tal results of prediction of performance using these attributes. I do not expect62



these attributes to be su�cient for any large class of domains; in general I havefound that new types of domains require new characterizations of some aspect ofcomplexity that was not present in the other domains. However, since these at-tributes are by nature domain-independent, one might expect that a fairly smallset of attributes could be developed for a given class of problems. That has beenmy experience with the robot navigation and racetrack domains.4.3.1 Planning cost vs execution costThere are two basic types of attributes; those that in
uence the expected valueaccumulated during execution using the optimal policy, and those that in
uencethe di�culty of determining a good policy.For example, Figure 4.1 illustrates a problem with n+2 states, two actions(a and b), and a uniform cost function. The annotations on the arcs indicate theaction, and the probability of making the transition if the action is taken. In thisproblem, the task is inexpensive for the optimal policy: the policy that alwayschooses the action b will succeed with an expected cost of 2. However, a plannercannot determine the optimal policy without examining each of the intermediatestates, and this requires at least O(n) operations.On the other hand, Figure 4.2 illustrates a problem where the planner's jobis trivial; in constant time (independent of n) it can compute the optimal policy:always execute action a, but the expected cost of execution is proportional to n.In the discussion that follows, I distinguish these two types of attributes,though all comments at this level of generality are of necessity very broad. Atthis stage, I am not concerned with the computational complexity of determiningthe attributes themselves; the �rst goal is to determine a set of attributes thatpredict the performance of Plexus. When determining the value of attributesis prohibitively expensive (as with the distance asymmetry, for example), I usesampling techniques to obtain an approximation of the value.I will attempt to provide the reader with some intuitions about the meaningsof the various attributes I use, by showing how the attributes vary as a functionof model parameters, which usually have obvious interpretations.In the remainder of this section, I consider a domain fS;A; �g, and a taskf�; s0;X ; 
g, and I assume that the assumptions listed in 2.2 hold.4.3.2 SizeI de�ne the size of the domain as the number of states in the domain, j S j.To show the order of magnitude of the sizes of the di�erent problems, here is alog-scale plot of some of the example problems I discuss.63
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more possible outcomes must be taken into consideration. The in
uence of en-tropy on execution cost is very dependent on other attributes such as the con-trollability.4.3.4 ControllabilityI de�ne the controllability1 of a stochastic process as a measure of the e�ectof the agent's choice of actions on the outcome of the action. If the choice ofaction does not in
uence the outcome, the controllability is 0. If the choice ofaction completely determines the outcome, and all outcomes are di�erent, thecontrollability is 1.I de�ne the controllability of a domain as the average over states of the control-lability in that state. The controllability in a state is de�ned as follows. Given astate s, let A be the random variable corresponding to the action taken, and letO be the random variable corresponding to the outcome. For a given action a, letOa be the random variable corresponding to the outcome of action a in state s.Let Or be the random variable corresponding to the outcome of a random actionin state s, i.e., Or = 1= jAjPa2AOa.The mutual information of O and A is the measure of controllability of astate. It is the amount of information about the variable O that we obtain whenwe determine what value A takes:I(O;A) = H(O) �HA(O) :I assume that the prior probability for each action is equal, so the mutual infor-mation becomes I(O;A) = H(Or)� 1jAjXa2AH(Oa) :Intuitively, the notion of controllability in a state s corresponds to theamount of in
uence the agent has on the successor of s by its choice of action.Figure 4.7 shows the average controllability in the RN1 domains, as p variesfrom 0 to 1. Notice that the controllability is monotonic; when p is very small,the outcome of any given action (moving along one of two diagonals with equalprobability) is similar to the outcome of the random action (moving along any ofthe diagonals with equal probability). The outcome of the action is more certain(the entropy is lower), but the agent has less control over the outcome by choosingamongst the di�erent actions. This is a fairly subtle point, and it highlights thedi�culty of interpreting the attributes.1The term controllability is used for a di�erent (though vaguely related) concept in controltheory. 68
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prob. success0.00Figure 4.7: Entropies for di�erent values of p in the RN1 domainThe RN2 domains exhibit a slightly di�erent pattern of controllability asthe probability of success is varied; this is illustrated in Figure 4.8. On average,the RN2 domains have less controllability than the RN1 domains. In the set ofRN2 domains that vary by number of sinks, the controllability decreases bothas the number of sinks increases, as shown in Figure 4.9. This is because thecontrollability in the sink states is very low (the state will remain unchangedmost of the time, regardless of the action used).4.3.5 OpennessI de�ne the openness of a domain as a measure of the ease with which the processmoves through the state space over time when the agent takes random actions. Inan open domain prediction is di�cult, because there are many possible futures;in a closed domain the system is constrained to move through the state spaceslowly. Problems involving robots in a manufacturing assembly line would be lessopen than ones involving mobile robots, as the possible sequences of events aremuch more closely choreographed in the static case.This is a di�cult notion to measure, since it depends on long-term sequencesof actions. As a �rst approximation, I use a local measure, the di�erence of theentropy of two random actions and that of one random action. That is, it speci�eshow much more uncertain the state is after two steps than after one step. In anopen domain, this di�erence will be large; the uncertainty grows continually asone looks further into the future. 69
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I de�ne the openness of a state asH(OOs;r;r)�H(Os;r)where r is the (uniformly) random action.4.3.6 VolatilityThe volatility of a domain is the average time taken to execute one action; thischaracterizes the amount of time the planner has to generate new policies as theagent moves through the state space. Although the optimal values are indepen-dent of volatility, in practice I have found this attribute to be very important forall planners.4.3.7 Distance asymmetryThe ability to retrace one steps | to undo previously done actions | is valuablefor planners in stochastic domains. To quantify this ability, I will �rst de�ne anotion of distance between states in a Markov decision problem, quantifying thecost of getting from one state to another. The measure of the reversibility oftransitions is then based on the asymmetry of this distance measure.For any two states s and s0 in the state space of the problem, the distancemeasure from s to s0 is intuitively de�ned as the discounted expected rewardof getting from state s to state s0 under the policy that maximizes this reward.Alternatively, one can think of it as the minimum discounted cost of getting froms to s0. In order to formalize this notion, I de�ne, for each state s0, a new Markovdecision problem in which s0 is an absorbing state with reward 0. Otherwise theproblem remains the same. The distance from s to s0, d(s; s0), is the value of thestate s under the optimal policy using the discounted in�nite horizon model ofcost.The distance asymmetry for a pair of states s; s0 is the ratio of the di�erence inthe distances and the sum of the di�erences:da(s; s0) = jd(s; s0)� d(s0; s) jd(s; s0) + d(s0; s) :The distance asymmetry for the domain is the average distance asymmetry overall pairs of states. The reason for using the ratio of the di�erence and the sum,rather than simply the di�erence, has to do with the fact that computing the dis-tance between all pairs of states is prohibitively expensive. To address this, I useMonte-Carlo sampling. I computed both measures, and looked at the con�denceintervals for the values in domains of all three types, as a function of sample size.71



In each case the convergence of the normalized measure was substantially fasterthan that of the absolute rate.In large domains, even a single policy optimization is computationally in-feasible; in this case, approximations of the cost of getting from one state toanother can be gathered for subsets of the domain. Since the distance asym-metry is averaged over many pairs of states, obtaining an exact measure of thedistance between each pair is not necessary. Approximate techniques for policyimprovement converge much more quickly than exact ones, making this attributesomewhat easier to compute, though it is still infeasible for large domains. Gen-erally, planners do less well on domains with high distance asymmetry, but moreprecise analysis is domain-speci�c.4.3.8 Irregularity of rewardsThe reward irregularity is a measure of the lack of smoothness in the distributionof rewards over space. A domain with regular rewards is generally \safer" thanone that is irregular, in the sense that the agent need not be as preoccupied withthe precise path it will follow.I �rst de�ne the average reward of a state as8s 2 S;AR(s) = Xa2A �(s; a)then, I de�ne the reward irregularity of the domain by1jSj � jAj Xs2S;a2A(�(s; a)�X s0 2 S(Pr(s; a; s0)�AR(s0)))That is, it is the average di�erence between the reward in a state and the rewardin the state the system is in after one time step.For problems of achievement, the reward irregularity is 0, since the rewardin each state other than the goal is -1. For problems with more complex rewardstructures, the reward irregularity is usually non-zero. I have not yet performedextensive tests on problems with irregular rewards.4.3.9 Additional attributesI have implemented the computation of the above attributes, and measured theircorrelation with performance in the RN1, RN2 and racetrack domains, as de-scribed in the next section. A number of other attributes still require exami-nation to determine whether they will be useful in increasing the accuracy ofperformance prediction in these and other domains. I simply list them here witha brief explanation. 72



� Multi-step entropyThe entropy resulting from a sequence of actions (as opposed to a singleaction) will provide a measure of the tendency of a random walk to spreadthe probability distribution. In domains where movement through the statespace is restricted, the increase in entropy as a function of action sequencelength will not be as quick as in domains where movement through the statespace is not restricted. Therefore both the average entropy for �xed lengthsequences and the tendency of the entropy to increase as a function of thelength of the sequence should be of use in predicting performance, used inconjunction with attributes such as the controllability.The n-step entropy of a state s is the average over all action sequences� of length n of the entropy of the random variable corresponding to theoutcome of following action sequence � from state s. The n-step entropyof the domain is the average of the n-step entropies of the states in thedomain.� Multi-step controllabilityFor similar reasons to those described for multiple-step entropy, the no-tion of controllability can be extended to consider multiple actions. Then-step controllability at state s is the mutual information of a variable cor-responding to an n-step action sequence and a variable corresponding to theoutcome of executing that sequence from state s. The n-step controllabilityof the domain is the average of the n-step controllabilities of the states inthe domain.� Conductance, merging conductanceJerrum and Sinclair [JS88] and Mihail ([Mih89]) discuss related concepts forMarkov chains, called the conductance and merging conductance; however,these do not have obvious analogs in the general Markov decision problemcase, and are very expensive to compute.
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Chapter 5Experimental resultsIn this chapter I present experimental results of the performance of several plan-ners on a large number of di�erent domains. The primary goal is to formulatemodels of the performance of the planners as a function of attributes of thedomains.Because of computational resource limitations, I have not examined all theplanners on all the domains; I present results for the Plexus phase planner (de-scribed in Section 3.9) for all domains, and selected results for the other planners.For comparison, I will present the optimal performance (the expected discountedsum of rewards for an optimal policy) and the performance of the planner called\cautious" in previous work [DKKN94]; it �rst computes the optimal policy usingpolicy iteration and then executes that policy. The optimal performance givesan upper bound on the performance one can expect from a planner, while thecautious planner illustrates the impracticability of optimizing a policy over theentire state space for large spaces.There are many di�erent views of the data that are of interest for eachof the three domains sets I examine. Planner performance can be representedas a function of the domain parameters or the attributes; the \performance"may be the absolute performance of Plexus (accumulated reward), or that of theoptimal policy, or that of another planner, or yet the ratio of one to another.One can examine the performance averaged over all domains of a particular type(e.g., all those of a particular size), or take a one-dimensional slice in which allthe parameters or attributes remain constant except for one. In order to keepthe presentation down to a reasonable length, I have eliminated many of thepossible views; for the �rst few analyses of each type I go into some detail, butin subsequent analyses I will generally skip those views that do not o�er anyinteresting points of discussion. 74



5.1 Statistical modelsA statistical model is a description of a relationship between a set of predictorsand a response. For example, one might model the height of a group of people interms of their age and sex. height is the response (the variable we are interestedin modeling); age and sex are the predictors.The model can be linear, e.g., height= age+2 � sex, with the conventionthat sex is 1 for females and 0 for males. Linear models are not restricted toweighted linear combinations. As long as the response can be represented as thesum of the predictors, (possibly after some transformation), the model is linear.A wide range of statistical techniques are then available to determine the bestset of weights and the accuracy of the prediction. Thus, the modelheight � age3 � 20 � age+ 3 � age2 is also linear.Linear models are a kind of parametricmodel: the response is speci�ed as afunction of the predictors. Parametric models are useful in many circumstances,but they depend on assumptions about the relationship being modeled. Forexample, that the variance of the response for each set of predictors be the same.When these assumptions do not hold, generalized linear models can be used; thesemodels allow the variance to depend on the mean value of the response. Moregeneral still are non-parametric models, such as local regression models, whichuse local estimates of the relationship. For the most part we will be interestedin parametric models, since, empirically, non-parametric models tend to over-�tour data.5.1.1 Model notationWhen a precise description of a statistical linear model is necessary, I will followthe notation of the S language [Sci93]. The basic form of a simple linear modelis response� predictor :This means that response is a linear function of predictor. More generally, theresponse may be a linear function of several predictors, writtenresponse� predictor1+ predictor2 : : : :This kind of model is called additive; it is a sum of components that are computedindependently, one for each predictor. When the response is to be modeled as apolynomial function of a predictor, the model is written, e.g.,response� poly(predictor, 3) ;to mean that a third-degree polynomial should be used | the coe�cients arechosen to minimize error in the same way that the linear coe�cients are chosen.75



In the type of study I present here, the coe�cients of the polynomial are rarely ofinterest, since the number of points in any dimension is insu�cient to determinethem accurately. The general form of the curve is useful, however, to form anidea of the relationship.5.1.2 ResponseThere are several di�erent responses that we may be interested in:Absolute performance. If the designer has constraints on the acceptable per-formance of the planner, predicting the absolute performance can help de-termine acceptable ranges of predictors. For example, an analysis of thetra�c world problem described in the introduction might reveal that theplanner under consideration can only perform acceptably when the numberof intersections is less than 20.Performance relative to optimal. This type of model is particularly usefulfor determining areas in which a planner needs improvement. When theplanner's performance is close to optimal, there is no point in expendingenergy trying to improve that performance.Performance relative to other planners. When several planners can be usedto solve a particular problem, it is useful to look at the performance of onerelative to another. The problem space can then be divided into regions,with the best planner associated to each region. This process can take placeo�-line; alternatively, if many di�erent problems are to be solved consecu-tively, the comparison can be done on-line.5.1.3 PredictorsThere are two candidates for sets of predictors. The most obvious choice is touse the parameters that specify the domain. In the RN1 examples, the width ofthe grid, the duration of actions and the success probability are the three domainparameters. Domain parameters often provide good models. However, domainparameters are inadequate for several reasons:� For real problems, the world does not behave like a mathematical model {although the designer may specify parameters that a�ect the behaviour ofthe world, there are often hidden parameters. The values of the parameterschosen by the designer may therefore not be su�cient to specify the world,or to predict the performance of a planner operating in that world.76



� Parameters are sometimes discrete. There are statistical techniques formodelling discrete parameters, but they do not allow any generalization tonew values for the parameters.The second possibility is to use attributes such as those described in theprevious chapter. attributes have both advantages and disadvantages as predic-tors, compared with domain parameters. To their advantage, attributes are, byde�nition, quantitative, whereas domain parameters may not have any usefulquantitative interpretation. They are also independent of the domain, making itpossible to compare models across domains (though in practice I have found thisof limited utility). On the other hand, the choice of particular attributes maybe hard, whereas with domain parameters the only question is which ones aresigni�cantly correlated with performance. Domain parameters also typically havemore obvious interpretations than attributes. In this chapter I will examine bothtypes of predictors. The choice of domain parameters or attributes will dependon the particular problem at hand, and the purpose of the statistical model.5.1.4 Predictive accuracy of modelsIn order to compare the predictive accuracy of di�erent models, we must specify ametric by which to evaluate the accuracy. Various measures of this accuracy havebeen proposed (see, e.g., [Gre93]). One is the root mean-squared error, de�nedby RMSE = sXi (yi � ŷi)2;where the yi are the actual measurements of the response, and ŷi are the predictedresponses. Another measure is the mean absolute error, de�ned byMAE =Xi jyi � ŷi j :Both of these su�er from a dependence on the scale of the response. A thirdmeasure, suggested by Theil [The61], is called the U-statistic, and is de�ned byU = vuutPi(yi � ŷi)2Pi y2i :In each case, the smaller the value, the better the predictive accuracy. Noneof these is ideal for our purpose; the �rst two are scale-dependent, and the U-statistic is too dependent on those data with large absolute response | in caseswhere a few of the data have much larger absolute response than the others, theU-statistic will report a low value for models that accurately �t those data, whilebeing proportionally quite poor for the majority of the data.77



The measure I use is the average of the ratio of the error to the response;this measure is similar to the Theil U-statistic in that it normalizes the error bythe magnitude of the response, but the normalization is done on each datum, notglobally. The measure is therefore sensitive to small absolute di�erences whenthe response is small. Formally, I de�ne the mean normalized error of a modelpredicting the values ŷ byMNE = mean(j (yi � ŷi)=yi j):This measure can be interpreted as the average proportion by which theprediction is in error; a MNE of 0.1 means that on average the prediction isaccurate to within 10% of the performance. I will generally refer to the meannormalized error of a model as the error of the model.5.2 RN1The RN1 domains are described in detail in Section B.3.1; brie
y, a robot nav-igates through a 2-dimensional grid. The state of the world is just the grid cellthe robot occupies, and the actions the agent may take are to move in any ofthe four compass directions. The size refers to the size of the grid; the success isthe probability that the robot will move in the speci�ed direction; if the action\fails", the robot moves diagonally. The robot's moves are made at discrete timeintervals; the duration speci�es the length of the intervals, i.e., how much timethe agent has to think during each move.5.2.1 DomainsThere are 72 di�erent domains, varying in three parameters: the size of the grid,the probability of success of an action (the time between state transitions), andthe duration of an action. The di�erent values were:� Size: 8x8, 32x32, 64x64, 128x128� Success: 1.0, 0.9, 0.8, 0.7, 0.5, 0.2� Duration (seconds): 5, 1, 0.1The task in each case was to reach the lower right corner, starting fromthe upper left corner. To encode this task of achievement, the set of terminatingstates contained just the lower right corner state, and the rewards were -1 forall states and actions except for the terminating state, where they were 0. Thediscount factor was 0.9999. Since this set of domains gives a fairly coarse coverage78



of the space of all possible values for these three parameters, I have added variousother sets of domains for a more detailed look at some relationships. I describethese sets as they are used.Since this RN1 domain set is not a characterization of any real problem,I use it mainly as a simple case to illustrate the form of the statistical analysesand to show how the data is presented. The �rst analyses will be detailed, butin subsequent ones I will frequently refer back to earlier cases, and concentrateon the more interesting di�erences.First, we will examine the performance of the Plexus planner as a functionof the domain parameters width, success and duration. Then we will considerthe performance as a function of the attributes described in the previous chapter.5.2.2 In
uence of domain parameters on absolute PlexusperformancePrincipal in
uencesFigure 5.1 shows the ranges of the means for each parameter. For example, thefour ticks on the leftmost line show the mean performances when width is 8, 32,64 and 128. The analysis of variance of the dependence of performance on width,duration and success, gives a more conventional summary:
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width 3 2281615 760538.3success 5 20720 4144.0duration 2 400705 200352.5width:success 15 48111 3207.4width:duration 6 725925 120987.5success:duration 10 42176 4217.6width:success:duration 29 69920 2411.0The analysis of variance table lists, for each parameter, the sum of squaresbetween classes. To �nd these, we divide the data into classes, one for eachvalue the parameter can take. We compute the mean performance for each class,and then take the di�erence of the square of the mean for the class and thesquare of the overall mean of the data set. If the parameter has a big e�ect onperformance, the di�erent classes will have very di�erent means. This di�erenceis weighted by the number of elements in the class, and the sum of the weighteddi�erences is listed in the ANOVA table. The larger the sum of the squares, themore the parameter contributed to the variability in performance. The degreesof freedom column (Df) speci�es the number of di�erent values the parametercan take. Entries such as \width:duration" refer to the interaction of width andduration.From this, we see that width and duration are the two important param-eters; there is little dependence on success. Also, there is substantial inter-dependence between width and duration. A simple additive model will notcapture this inter-dependence well.General formTo get a general idea of the form of the performance as a function of the threeparameters, we will �rst collapse the data to two dimensions by averaging over allvalues of success; to see the e�ect of success, we will �x width to each of thevalues it can take, and show how performance varies as a function of durationand success.Figure 5.2 shows the performance as a function of width and duration.I usually let each parameter take on only four or �ve values; the number ofdomains is the product of the number of values each parameter can take. Tens orhundreds of runs are required for each planner and each domain; more values forparameters would have been prohibitively time-consuming. To get a better notionof the precise e�ect of each parameter, we will later look at one-dimensional slicesthrough this three-dimensional parameter space.The parameter that contributes the most to the variation in performance iswidth, so we next look at the performance as a function of duration and successfor each of the four values of width. Figure 5.3 shows the four cases (only the80
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Figure 5.2: Performance as a function of width and durationgeneral form of the surface is of interest here, hence the low resolution.) A �rstlook at the data thus shows that the performance decreases more rapidly thanlinearly in width, and decreases more rapidly than linearly as duration tendsto 0. There is a positive interaction between width and duration | a smallduration and a large width lead to lower performances than one would expectwith a purely additive relationship. For small sizes, there is very little e�ect ofduration or success on performance. For larger sizes, performance decreasesfaster than linearly as duration tends to 0; it is highest when success is 0.9,slightly lower when success is 1, and steadily lower as success decreases. Thissomewhat surprising result is due to the fact that with low success rates the robottends to move diagonally, so each step takes it further than a straight step would.High success rates lead to fewer lost steps adjusting for failures, so either extremehas advantages; the intermediate values lose on both counts.Detailed relationshipsBefore setting up a statistical model of the relationship to get a quantitative view,let us look at three one-dimensional slices through the parameter space. This willgive us a better idea of the precise form of the relationship between performanceand each of the parameters. I ran three experiments, �xing two parameters andvarying the third, with much �ner granularity than in the previous experiment.The results for duration are shown in Figure 5.4. Performance is plotted81
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uence, with performance decreasing as the duration decreasesand the width increases. The e�ect of combined small durations and large widthsis greater than a simple additive relationship would lead us to expect. For smalldurations (the case that accounts for the most variation in performance), perfor-mance is approximately linear in the square of the width. For large sizes, theperformance is roughly proportional to the duration raised to the power -1.5 |it decreases more quickly than the inverse of duration. The e�ect of successis fairly small and de�nitely non-linear; there is one local (and global) maximum1The two points corresponding to the smallest durations are anomalous, due to the overheadof inter-process communication with small durations (below a hundredth of a second).82



••••••••
•
•
••••••• ••

•
•

•
•

•

•

•

•

•

duration^-1.5

pe
rf

0 200 400 600

-5
00

-4
00

-3
00

-2
00

-1
00

Figure 5.4: Plexus performance as a function of duration
••••••••••••••••••••••••••••••••••••••••••••••• • • • • • • • • • •

• • • • • • • • •
• •

• • •
•

• • •
• •

•
• •

width^2

pe
rf

0 50000 100000 150000

-6
00

0
-5

00
0

-4
00

0
-3

00
0

-2
00

0
-1

00
0

0

Figure 5.5: Plexus performance as a function of width83



•

•

•

••

•

•
•
•

•

•
•

•
•
•
•
•
•

•

•

•

•
•
•
•
•••

••
•
•
•
•

•
•
•

••

•
•

•

••
•
•
••••

•

•

••
••

••••

•
•

•
••••

•
•

•

•
•
••

•
•
••

•••
••

•
•
••

•
•••

••••

•
••

•

•

success

pe
rf

0.0 0.2 0.4 0.6 0.8 1.0

-1
10

-1
00

-9
0

-8
0
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between di�erent planners, where order of magnitude di�erences are common.Numerically, the model isperf = �43:1� 0:017 width2 + 0:4 duration�1:5 � 0:001 width duration1:5If more accurate numeric predictions are required, rather than a simple descrip-
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Figure 5.7: Actual performance (a), prediction from simple model (b), predictionfrom complex model (c) of Plexus on the RN1 problems as a function of widthand durationtion of the relationship, various transformations can be tried on the predictorsor response. Again by trial and error, I found that the following model givespredictions that are considerably more accurate:log(�perf) � log(width) � duration�1:5 � poly(success; 3):The error of this model on the second dataset is 0.18. The model is shown inFigure 5.7(c).PredictionWe have seen that in this case the model is reasonably accurate at predictingperformance. We must also consider how well the model �ts new domains. I85



consider the three one-dimensional slices speci�ed earlier, and show what thevarious models predict. Each �gure shows the mean performance over a set ofexperiments in which just one parameter varies. The duration is shown on alog-scale, since the interesting portion of the graph is otherwise too small. Theactual mean performance in each case is represented by a point on the solid line.The light dotted line shows the predictions of the simple linear model of widthsquared and inverse duration; the darker dotted line shows the prediction of themore complex model, relating the log of the performance to the log of width, theinverse of duration and a polynomial of third degree in success. The modelswere constructed using only the coarse set of domains shown in earlier �gures;they are being tested against sets of domains that require interpolation, and, forduration and width, also require extrapolation. There are several interesting
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constant errors in several cases, and performs poorly in an accuracy test againstthe data on the duration-varying experiments.SummaryThe goal of this analysis was to determine a statistical model of the performanceof the Plexus planner as a function of the three domain parameters. The �rst usefor such a model is to visualize the general form of the in
uence of the parameterson performance; this was accomplished using a decomposition by successivelyless important parameters, with 2-D and 3-D graphs showing the relationshipsto performance.The second use of a model is to predict the performance in cases that werenot explicitly tested. This was shown for three di�erent cases, in which oneparameter was varied both more �nely and more broadly, testing interpolationand extrapolation. A numerical test of accuracy of prediction was given, basedon standard measures such as the Theil U-statistic.The third use of a model, not explicitly demonstrated here, is to �nd al-gorithmic or implementation bugs. The �rst graphs of duration versus per-formance, in the one-dimensional slice, showed improved performance when theduration of actions was 0.005 seconds, compared to the performance when it was0.01. This anomalous result lead me to try a number of di�erent durations be-tween 0.01 and 0.001. I found that the performance leveled o� below about 0.005,but was very variable, as illustrated by con�dence limits added to the plots. Onlooking at the output of the runs, I discovered that the communication delaysbetween the processes implementing the agent and the environment were provid-ing the agent with more time than it should have received. This type of problemis often immediately obvious when the results of an experiment are shown graph-ically, but it can be very hard to foresee and test for every such case. There issomething to be said, therefore, for some use of these modeling techniques as adevelopment tool.5.2.3 In
uence of domain parameters on Plexus perfor-mance relative to optimalThe above analysis provided a way of predicting the absolute performance of thePlexus planner for the RN1 problems, but the absolute performance is not a verygood indicator of \how well" the planner is doing | is it worth looking at otherplanners, or does Plexus do as well as one can hope for? Is it worth trying toimprove the performance of Plexus on these domains, for example by consideringmodi�cations to some of the parameters of the planner itself? To answer thesequestions, we look at the ratio of the performance of Plexus to the expected value87



of using an optimal policy. This is equivalent to the performance of a plannerthat uses an optimal policy computed o�-line.Principal in
uencesAn analysis of variance shows that duration has the most signi�cant e�ect onperformance, followed closely by width and distantly by success. This is to beexpected, since the optimal performance is not dependent on duration, but aswe saw above, Plexus' performance is strongly a�ected by duration.General formFigure 5.9 shows the ratio of Plexus' performance to the optimal performance asa function of width and duration. For all but the shortest durations, Plexusperforms very close to optimally; on average 16% worse than optimal. For aduration of 0.1, the ratio climbs quickly; the relationship is not clear from so fewdata points. The only interesting case here is the short duration; Figure 5.10
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uence of attributes on absolute Plexus perfor-manceIn the RN1 domains, two of the domain parameters are directly related to at-tributes of obvious importance: the size of the problem and the rate of changeof the stochastic process. The results for the parameters therefore carry overdirectly to these attributes; size of the domain (the number of states) is thesquare of width parameter, and volatility of the domain (the number of stepsper second) is the inverse of duration parameter. Our earlier observation thatthe performance of Plexus was approximately linear in the square of the widthand in duration raised to the power �1:5 can be rephrased: the performanceis approximately linear in size of the problem and in volatility raised to the92



power 1:5. Obviously the di�erence between attributes and parameters is simplyone of representation in this case, but attributes are less idiosyncratic, and pro-vide a common denominator for aspects of a problem such as size and rate ofchange. Figure 5.14 shows this alternative view of the performance.
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y, a robotnavigates through an o�ce-like environment consisting of corridors and o�ces.The smallest worlds represent one 
oor of the Brown Computer Science depart-ment; the larger worlds correspond to several smaller worlds pieced together. The93
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� Sinks. At one extreme, a majority of the states were turned into \sinks",states that the robot can get into easily, but out of with great di�culty. Atthe other extreme, there were no sinks, and transition probabilities are de-termined as described in Section B.3.2. There were four levels of regularity,0 (no sinks) through 3 (many sinks).The task in each case was to reach a speci�ed location (middle bottom)from an initial location (top left). The start and goal locations were chosen atopposite ends of the 
oor plan; in larger worlds they were always placed as farapart as possible.5.3.2 In
uence of domain parameters on absolute PlexusperformancePrincipal in
uencesFigure 5.16 shows the ranges of the means by each attribute. The analysis ofvariance of the dependence of performance on the parameters is given below.
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width:duration 1 10200495 10200495 47.0973 0.0000000width:sinks 1 7851681 7851681 36.2524 0.0000000width:success 1 7686304 7686304 35.4888 0.0000000success:sinks 1 4144051 4144051 19.1337 0.0000182duration:sinks 1 2177747 2177747 10.0550 0.0017189success:duration 1 1949494 1949494 9.0011 0.0029850width:success:sinks 1 1516239 1516239 7.0007 0.0086909width:success:duration 1 1258630 1258630 5.8113 0.0166827width:duration:sinks 1 1067225 1067225 4.9275 0.0273749success:duration:sinks 1 570761 570761 2.6353 0.1058366width:success:duration:sinks 1 117518 117518 0.5426 0.4620835The F value, or variance ratio, gives an indication of the strength of thein
uence of a variable (or interaction between variables) on the performance.The last column gives the probability that the e�ect is not statistically signi�cant.Since our data usually consists of many repetitions of each experiment, almost alle�ects are statistically signi�cant | our interest is in the relative e�ects. Clearly,width has the largest e�ect on performance; success and sinks both have stronge�ects, and duration has considerably less. There are some interactions withwidth. One other point to note is that there is not very much interaction betweenduration and the other parameters; this type of observation is useful for reducingthe dimensionality of the space to be examined.General formFigure 5.17 shows the performance of the Plexus planner as a function of widthand success. Width in
uences the performance more than linearly, and, successin
uences it somewhat more sharply as it approaches 1. This is quite di�erentfrom the behaviour in the RN1 domains, where success had little e�ect onperformance, and the e�ect was decidedly non-monotonic. There are severalreasons for this: Many of the RN2 worlds have sinks, and the probability offalling into sinks goes up dramatically as the robot's movement becomes lesspredictable. The failures in the RN1 domains were often useful to the agent,whereas failures in the RN2 domains can turn the robot sideways, or move itbackwards, which penalizes the agent. If one looks at the smaller domains, therelationship between success and performance appears quite similar to the onein the RN1 domains. Figure 5.18 shows, for each of the four widths, performanceas a function of success and sinks. The general form is the same for all widths,except that the dimple at sinks = 1 and success = 0:9 seems more prominentwith larger widths. Sinks clearly make the performance worse, but it is not clearwhether a value of 2 or 3 is worse for this parameter. In terms of success, thedeterministic case is always the best, but the form otherwise varies somewhat96
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from case to case. Generally, the performance is approximately linear in successand sinks, linear in width raised to the power 1:5, and linear in duration raisedto the power �0:75.Since the width for both the RN2 and RN1 domains correspond to the samenotion (diameter of a physical space), and the durations are measured in seconds,it is reasonable to compare the two. We see that the RN2 domains su�er muchless from decreased duration; closer examination shows this to be especially truefor low values of success and high values of sinks. The reason for this di�erencein the e�ect of duration is that with low success probability and many sinks, theagent can only move through the state space slowly, giving it time to evaluatebetter policies. In the deterministic, no-sink case, the agent moves through thespace quickly, giving it less time to look ahead.Statistical modelI consider two models of the performance. The �rst is a simple linear modelincorporating width to the power 1:5, duration to the power �0:75, successand sinks:performance� width1:5 + duration�0:75 + success+ sinks :The second incorporates a polynomial of degree 3 for both success and sinks,and models interactions between the variables:performance� width1:5 � duration�0:75 � poly(success; 3) � poly(sinks; 3) :The coe�cients of the polynomials are chosen to minimize the error between thepredicted and actual values, in the same way as the coe�cients of the linearrelationships.Figure 5.19 shows the actual performance, simple model and complex modelpredictions for the average performance over domains of a given width andsuccess. Figure 5.20 shows the actual and predicted average performances as afunction of success and sinks, for the domains of width 2. Figure 5.21 shows theactual and predicted average performances as a function of sinks and duration,for the domains of width 2 and success 0:8. The three �gures show data thatis averaged over progressively fewer domains; in the �rst �gure, each point inthe 3-D plot corresponds to the average of 16 domains; in the second �gure, theaverage of 4 domains, and in the third �gure each point corresponds to just onedomain. This makes the general form of the models closest to the actual data inthe �rst �gure, and least close in the third �gure, for two reasons. Firstly, thereare fewer experiments for each point in the last �gure (the number of times theplanner was run) and so deviations due to noise are more evident, distorting the98
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uence on performance of success and sinks parameters was not veryclear from the initial data, so I ran two experiments, one with a set of domainsvarying by success, and one with a set of domains varying by sink level. Fig-ure 5.22 shows the performance of Plexus on twenty domains with duration 0:1seconds, width 2 (four copies of the 
oor plan joined in a 2 by 2 square), sink level1 (5% of the states are deep sinks, taking an average of 100 actions to escape fromthem, and 10% of the states are shallow sinks, taking an average of 10 actionsto escape from them). The empirical mean performances are plotted as pointson the solid line; 95% con�dence intervals for the means of these performances100
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•Figure 5.23: Plexus performance as a function of sinks parameter.of sinks parameter, but as the density of sinks gets higher, the performancedegrades more and more rapidly. The connectivity of the location map is notvery high, particularly between replicas in the larger domains | there is onepassage leading from each replica in each direction, so sinks can easily blockconnections between replicas, requiring the agent to make long detours or to gothrough sinks (which decrease the performance by an average of 10 or 100 forshallow and deep sinks). Interestingly, the improvement in performance when thenumber of sinks increases, around a value of 6, is highly statistically signi�cant,indicating that the local maximum is not due to noise. Examination of some ofthe post-mortems of planner execution did not reveal any obvious reason for thisreversal in trend, though the fact that the optimal performance slows its decreaseat this point (see Figure 5.24) contributes to it.The two models of performance suggested earlier (Section 5.3.2) can beused to predict the performance over these new sets of domains. In the case ofsuccess parameter, the model is being used to interpolate new points that liebetween ones in the original data. In the case of sinks parameter, the modelmust both interpolate and extrapolate to points outside the convex hull of theregion formed by the original data.Recall that both models (simple and complex) are linear in width1:5 andduration�0:75; the complex model also includes an interaction term for thesetwo. The simple model is linear in success and sinks parameter; the com-plex model is linear in a third-degree polynomial of success parameter, and athird-degree polynomial of sinks parameter. Figure 5.25 shows the actual and102
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domains, the error of the revised model is 0:5, much better than the simple model(1:0), but actually worse than the complex model (0:43). Here the best choice ofmodel will depend on whether absolute or relative error is more important.SummaryPlexus' performance is, on average, between linear and quadratic in the width ofthe domain and somewhat less than linear (i.e., better than linear) in the inverseof duration. In this set of domains, there are signi�cant interactions betweensuccess and sinks parameters and the two principal parameters, width andduration. Such interactions can result in misleading models if one is not carefulto examine sets of domains in which parameters vary one by one, rather thanaveraging over entire dimensions. This will be all the more true for domains withmany di�erent parameters. We found that di�erent models were more appropri-ate depending on whether it is important to minimize the absolute error or therelative error (ratio of predicted to actual values). I show graphs that illustrateabsolute error and quantitative measures of the relative error, but of course onecan plot the ratio of predicted to observed performance, and the mean abso-lute error (see Section 5.1.4) can be used as a quantitative measure of absolutepredictive ability.5.3.3 In
uence of domain parameters on Plexus perfor-mance relative to optimalPrincipal in
uencesAn analysis of variance shows that the principal in
uence is due to the duration;as in the RN1 case, duration has more in
uence on the ratio of Plexus perfor-mance to optimal than on the absolute performance, since duration does nota�ect the optimal performance. width is the next most important factor, fol-lowed by sinks and success. The width interacts quite strongly with durationand sinks.General formFigure 5.27 shows the ratio of Plexus' performance to the optimal performance,as a function of duration and width. For all but the shortest durations, theperformance is close to optimal; the ratio increases faster than linearly in width,and the relationship to width is not qualitatively a�ected by duration.Looking at the shortest duration case only, Figure 5.28 shows the ratio asa function of sinks and width. The performance is roughly linear in the width;this is similar to the RN1 case. The performance is worst for extreme values of105
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whereas with the larger domains, there were enough alternative routes that itcould avoid the worst ones. This kind of interaction, largely invisible when ex-amining data averaged over more domains, shows the importance of graphicallyviewing di�erent subsets of the data, as well as di�erent projections (averagingover dimensions). This is quite tedious with high-dimensional spaces, even withsophisticated statistical analysis packages, but it can be automated to a largeextent. Of course, this level of detail is only required when one is interested ina high degree of accuracy in the prediction; for approximate prediction, which isoften su�cient (e.g., for comparing planners), averaging over a range of domainsis adequate.Statistical modelThe statistical model of the ratio of performance does not raise any particularlyimportant points, so I omit it for brevity. A simple model (linear in duration tothe power �0:75, width cubed, success and sinks) has an error of 0.45 whentested on a second data from the same domains; more complex models, includinginteractions and polynomials in success and sinks, do not add greatly to theaccuracy.SummaryThe performance of Plexus is close to optimal for durations greater than 0.3seconds, except on the largest domains, where the performance (cost) degradesto twice the optimal, even for long durations. A simple model is su�cient topredict the performance relative to optimal quite accurately. The performance ofPlexus relative to the optimal is quite di�cult to model for this set of domains;the main reason for this is that there are subtle interactions between width andsinks, related to the topology of the physical space the problem models. Thispoints out the necessity of detailed analysis if accurate predictions or modelsare required. Models based on averages over several dimensions of parametersare su�cient to give predictions accurate to within about 50%; this would besu�cient for estimates of feasibility | given bounds on acceptable performance,determine ranges of parameters for which the planner might perform acceptably.To obtain more precise models, it is necessary to restrict the model to particularsubsets of the space of problems, e.g., by �xing some of the parameters. Theexploratory analysis of the relative performance of Plexus proved a useful toolfor �nding obscure bugs in the implementation and in the algorithms used inPlexus. 108



5.3.4 In
uence of domain parameters on Plexus perfor-mance relative to other plannersGeneral formFigures 5.30-5.33 show the performances of �ve planners (Plexus, recover, replan,RTDP and cautious), and the expected performance under the optimal policy.The �rst �gure shows the average over all domains of width 1, 2, 3 and 4; thesecond shows the average over all domains with duration 0.1, 0.3, 1, and 3,and so forth. The left half of the �gure shows all �ve planners, but because thecautious planner and RTDP are so much worse than the others, I show the fourother planners alone on the right, so that di�erences are clearer. RTDP takes
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Figure 5.30: Average performances over domains of width 1, 2, 3 and 4, for �veplanners.longer to reach the goal than even the cautious planner, though its asymptoticbehaviour with respect to size appears to be better. The poor performance ofRTDP in these domains is mainly caused by sinks. Because RTDP simulatesactions to explore the state space, it spends inordinate amounts of time simulatingthe self-transitions that occur in sinks, leaving much less time to explore the restof the space. This is aggravated by small action durations, as can be seen fromFigures 5.31 and 5.33.Cautious and RTDP are always by far the worst in absolute performance,though, interestingly, cautious improves as the success rate falls and as the sinks109
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between Plexus and recover, but Plexus does better somewhat more often. How-ever, recover sometimes does much worse; taking 6 times as long to reach thegoal, whereas at worst, Plexus only takes 3 times as long as recover.
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uence of attributes on Plexus absolute perfor-manceIn this section, I consider the correlation between a number of attributes and theperformance of Plexus on the RN2 domains; the attributes are de�ned in detailin Chapter 4 | I provide a brief summary here.113



� SizeThe number of states in the domain.� VolatilityThe number of transitions per second. Recall that the agent-environmentsystem operates on a �xed-interval, discrete-time basis.� EntropyThe entropy of a domain is the average of the entropy of each state-actionpair. The entropy of a state-action pair is a measure of the uncertaintyin the outcome of the action in the state. If the entropy is high, there ismuch uncertainty about the state that will result from the transition. Ifthe entropy is 0, the domain is deterministic.� ControllabilityThe controllability of a domain is the average of the controllability in eachstate. The controllability in a state is a measure of the di�erence betweenthe expected outcomes of di�erent actions. If the controllability is high,di�erent actions lead to very di�erent outcomes; if the controllability is 0,the choice of action has no e�ect on the outcome of the transition.� OpennessThe openness of a domain is a measure of the ease with which the agentcan move through the state space. The lowest openness occurs when everytransition is a self-transition; the agent cannot move through the space atall. The highest openness would be obtained if every possible sequence ofactions led to a distinct set of states.� Distance asymmetryThe distance between a state s1 and a state s2, denoted d(s1; s2), is the ex-pected reward accumulated by starting in s1 until s2 is reached, under thepolicy that maximizes the reward. This is generally not a symmetric mea-sure. The distance asymmetry between s1 and s2 is j d(s1; s2) � d(s2; s1) j.The distance asymmetry of a domain is the average of the distance asymme-try over all pairs of states. A low distance asymmetry makes it easy for theagent to recover from undesirable transitions. If the distance asymmetry ishigh, this may be very expensive.� Normalized distance asymmetryThis is the distance asymmetry of each pair of states divided by the sum ofthe distances between them. This provides a measure that can be used to114



compare domains of very di�erent sizes; the distance asymmetry is stronglya�ected by size.Principal in
uencesAn analysis of variance reveals that size, volatility, controllability andnormalized distance asymmetry are strongly correlated with the performance;openness is to a much lesser degree, and the distance asymmetry very little.General formFigure 5.36 shows the performance of Plexus as a function of size and volatility.Of course, this graph is equivalent to the graph of performance as a function ofwidth and duration, but in this form it is easier to compare to other domains,since the values of the attributes are comparable, whereas the values of parame-ters are generally not. The e�ect of size and volatility is very similar to thatfor the RN1 domains, though increased size here has a less deleterious e�ect onperformance than in the RN1 domains.
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low, and in all cases the performance is linear in the volatility. There is a sharpdecrease in performance as the controllability falls below about 1:5.
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Figure 5.38: Actual and predicted Plexus performance as a function of size andvolatility
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As a function of volatility, a similar picture emerges: the performance ofPlexus and replan degrades linearly, while that of recover degrades less quickly.Again, Plexus out-performs all the other planners.
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openness increase, replan and recover start to catch up with Plexus, though theydo not reach Plexus' level of performance on any but a very few of the domains.More extensive analysis is necessary to determine whether this trend continues.5.4 RacetrackBecause the racetrack problems are relatively di�cult to solve (often requiringtens of thousands of transitions), I did not create additional sets of domains as Idid with the RN1 and RN2 domains. Instead, to test the adequacy of the modelsin the face of new domains, I constructed the models based on one subset of thedomains, and then tested them against the remainder of the domains.5.4.1 DomainsI de�ned 181 di�erent racetrack problems, described in detail in Section B.3.3.They varied by three parameters: the duration of an action, a success probability(the probability that the acceleration speci�ed by the agent takes e�ect), andthe track. There were 11 di�erent tracks: 5 geometric (simple shapes), 5 GrandPrix (curved, single path to goal), one Rally (multiple paths to the goal, withspeed/accuracy tradeo�s) and three random (50% density of track and non-trackcells).5.4.2 In
uence of domain parameters on absolute PlexusperformanceAn analysis of variance shows that success is the parameter that most in
uencesperformance; track and duration are of roughly equal importance. There aresigni�cant interactions between track and success, and between success andduration.General formFigure 5.4.2 shows the performance of Plexus in the racetrack domains as afunction of duration and success parameters, averaged over all tracks. Plexustolerates either a low success rate or a small duration, but the two combinedcause its performance to degrade seriously. Figure 5.4.2 shows the same graph,but for each individual track. Clearly, the e�ect of duration and success arehighly dependent on the track in question. The grouping of tracks into geometric,grand prix, etc. in some cases correspond well to particular forms of interaction,but the match is not very good: the four geometric domains seem to correspondto two di�erent types of interactions; gp-21 and gp-69 seem to be qualitatively121
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uence of domain parameters on Plexus perfor-mance relative to optimalGeneral formFor the ratio of Plexus performance to optimal performance, duration and trackare the most important parameters; success has less in
uence.Figure 5.47 shows the ratio as a function of success and inverse duration.In the cases with high success, Plexus performs close to optimally; as successdecreases, Plexus performs progressively worse, but for very low success rates,it improves again. This is because �nding a good policy for low success rates isno more di�cult than for high success rates (other than the deterministic case),but executing the policy is very expensive. The optimal performance is preciselythe cost of execution, so the ratio is lower when the cost of execution is high.Figure 5.48 shows the relative performance as a function of success andduration, for each of the di�erent tracks. Just as for the absolute perfor-mance, track has a substantial in
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uence of attributes on absolute Plexus perfor-manceThe attributes that most in
uence performance are entropy and size; opennessand normalized distance asymmetryhave a strong in
uence, while volatilityand distance asymmetry do not.The interactions between the various attributes are signi�cant, and becausethere are relatively few di�erent tracks in the set of domains, graphs showingperformance as a function of one or two attributes are mostly unhelpful | higherdimensional combinations are necessary to capture the form of the interactions.I show only a few such graphs, and focus mainly on the predictive ability of themodels. 125



Principal in
uencesThe racetrack domains are unusual in that there are at most two possible out-comes of any state-action pair: either the action is successful or it is not. Theaction is deterministic if these two coincide: either if the action is to do nothing,or if the success probability is 1, or if the car will leave the track regardless ofwhether the action is successful. The no-op action only corresponds to one casein 9, so the important factor is whether the car will leave the track. In \di�-cult" domains, where most actions cause the car to leave the track, the entropyis consequently very low. In \easy" domains, the entropy is relatively high. Thiscan be seen clearly in Figure 5.49, which shows entropy of the domains withsuccess 0.9, 0.8, 0.7 and 0.5. The dotted lines show 95% con�dence intervals forthe means. entropy is 0 for all domains with success 1. entropy is thereforeuseful in conjunction with success.
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5.4.7 In
uence of attributes on Plexus performance rel-ative to optimalGeneral formentropy and volatility are strongly correlated with the relative performance,as illustrated by Figures 5.52 and 5.53, though volatility is only a good predic-tor for high values of success. The other attributes are not strongly correlatedwith the relative performance.
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Figure 5.52: Ratio of Plexus performance to optimal, as a function of entropy,for each of four levels of success parameterSummaryThe ratio of Plexus' performance to optimal ranges from 0.7, for the random track,to nearly 50 for large domains with Grand-Prix type tracks and low success rates.Of course, Plexus cannot perform better than the optimal on average, so valuesof the ratio less than 1 are due to noise in the data.Models based on attributes are less good predictors of the ratio of Plexusperformance to optimal performance, giving predictions with an error of about129
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Figure 5.53: Ratio of Plexus performance to optimal, as a function of volatility,for each of four levels of success parameter1.5: this is probably not useful for practical purposes, and we would need a largerbase of data to form better models of the relative performance.5.4.8 In
uence of attributes on Plexus performance rel-ative to other plannersGeneral formFigure 5.54 shows the performance of di�erent planners as a function of size.The �gure is shown in two parts since the cautious planner performs so muchworse than the others. The changes in direction are due to domains with sim-ilar sizes but di�erent tracks. As before, cautious is by far the worst in thesedomains, taking an order of magnitude longer than Plexus. For small sizes, theperformances of Plexus, recover and replan are comparable; replan and recoverdo better on the medium-sized worlds, while Plexus does better on the largerworlds. 130
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Chapter 6Conclusions and future workIn this dissertation, I discuss solutions to sequential decision problems (withcompletely observable state) with the following characteristics:� Uncertainty in outcomes | the outcomes of actions are not deterministic;either there are exogenous in
uences, or the actions themselves may fail.� Real-time response required | the planner must make decisions in a timelymanner.� Large state space | the state space is too large for o�-line optimal policycomputation.Most classical AI planning approaches assume that either the world operatesdeterministically, or that it does so most of the time, making it possible to planunder the assumption of determinism; they deal poorly with problems in whichuncertainty is a fundamental component. The standard operations research andengineering approach is to construct an optimal policy o�-line; this is not practicalfor problems with large state-spaces, or repeated problems with di�erent goals.In the solution I present here, the problem of uncertainty is handled nat-urally by the Markov decision problem framework I use; expectations of futurereward are computed based on all possible outcomes of actions. When the exactcomputation of expected reward is prohibitively expensive, an approximation ismade by considering only the most likely outcomes.To address the problem of timely responses, the agent is composed of twoparts: an executive and a planner. The executive uses a look-up table to chooseactions based on the current state; its responses are thus e�ectively immediate.Initially, the executive starts with a random policy (or uses some domain-speci�cheuristic). The planner constructs a policy (a mapping from states to actions),using a model of the world's operation to predict the e�ect of di�erent actionsin di�erent circumstances. Periodically, when the planner has a policy it thinks134



is better than the one the executive is currently using, it passes the policy tothe executive, which will use that one until further notice. The policies are notguaranteed to improve, but they improve in expectation, and in practice improvequite rapidly.To deal with large state spaces, the planner does not construct a policyover the entire state space, but instead focuses on the states that are likely to bevisited in the near future. It constructs a partial policy, a mapping from a subsetof the states to actions. The executive uses the partial policy when it is de�nedfor the current state, and otherwise falls back on the default policy. As the agentmoves through the state space, the planner can prune away states that have beenpassed | that are no longer likely to be visited | and add more states ahead ofthe agent. If the agent enters a state that is not in the partial policy, the planner�nds a path back to the envelope of the policy. The agent thus uses an anytimealgorithm: it �nds approximate solutions early, and continually re�nes them aslong as time is available.I have shown that in most cases Plexus out-performs the other plannerswith which I compared it: RTDP [BBS93], recover and replan (two search-basedplanners). In certain types of problems, the search-based planners perform bet-ter; these problems are typically the least di�cult (i.e., the ones with the bestperformance under an optimal policy).In the second part of the dissertation, I considered the following problem:given performance data on a collection of planning problems that vary by somenumber of parameters, can one predict the performance of Plexus (and otherplanners) for new (but similar) domains?Predicting performance has several applications. When the problem canbe speci�ed in several di�erent ways (e.g., as one large problem or as severalsmaller problems to be solved sequentially), one can choose the speci�cationwith the best performance characteristics. A second use for such predictions isto choose the best planner for a particular task. I show examples where Plexusout-performs several other planners, and examples where simpler, search-based,planners perform better. A model of the relative performance of two plannersgives a disciplined way of choosing the better planner. Finally, comparison withthe optimal performance (the expected performance of an agent using the optimalpolicy) allows one to discern the cases where a planner performs particularlypoorly, in order to focus on improving those cases, or cases where a plannerperforms close to optimally, in which case further improvement would be a wasteof time.My thesis is that predictions of this type can be made by measuring per-formance on a fairly small set of domains and extrapolating or interpolating toother domains, basing the prediction on the values of a few attributes. I haveshown that this is true in all of the domains I have conducted experiments on.135



Each class of domains was speci�ed by varying a number of parameters; theseparameters were strong predictors of the performance in most cases, which wasexpected, since the parameters were explicitly chosen to in
uence performance.Domain parameters are not always useful predictors, however; they are some-times categorical, i.e., they have no convenient numerical interpretation. In thiscase, clearly, they are of no use for predicting performance for new values of theparameter.To solve this problem, I de�ne a set of domain attributes that measurecertain aspects of the underlying Markov decision problem, and are therefore do-main independent. These attributes were also strong predictors of performance,in most cases better than the domain parameters; they are by de�nition con-tinuous, and so avoid the problem of domain parameters. I have shown thatattributes are useful predictors of performance in cases where the domain param-eters are inadequate, and that they provide a convenient uniform set of metricsfor characterizing planning problems.This work can be extended in a number of directions. Experiments onclasses of problems that di�er signi�cantly from the ones I used would determineto what extent these results can be generalized; it would be particularly usefulto look at problems with a richer reward structure and ones with larger statespaces. Many of the restrictions listed in Section 2.2 can be relaxed; the mostuseful of these would be to allow actions of varying durations and to allow forunobservable state. The statistical models that I use are quite limited, due mainlyto the paucity of data; more sophisticated models would provide better results ifused on more extensive data.
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Appendix AProofs and commentsA.1 Convergence of policy iterationI will show that the multiple-update version of policy iteration converges to anoptimal policy in a �nite number of steps. The procedure is de�ned in Sec-tion 3.5.2. Similar proofs of this theorem can be found in many standard text-books on Markov processes, e.g., Derman [Der70], Bertsekas [Ber76]. I present aproof here for completeness.A.1.1 Policy iteration over entire state spaceTheorem 1 If � is a (complete) policy, the policy iteration procedure terminatesin a �nite number of steps, with an optimal policy under the in�nite horizondiscounted value de�nition of optimality.First, I show that if a policy is not optimal, then for some state, there isan action other than that of the policy that produces a higher Q value. That is,the policy iteration algorithm will not stop until it has found an optimal policy.Next, I show that changing any number of actions while improving all of their Qvalues cannot decrease the value of any other state. Thus, the policy iterationalgorithm will improve the value of all states at each iteration. Finally, I showthat the policy iteration algorithm must converge to an optimal policy, since theset of policies is �nite.Lemma 1 For Markov decision problems with a �nite number of states and a�nite number of actions, using the discounted in�nite horizon optimality criterion,there exists an optimal policy that is deterministic and stationary (independentof the past history of the system). 137



For a proof of this, see, e.g., Derman [Der70]. Since the domain-task formulationof the problem is equivalent to the MDP formulation (see Section 2.1), thereexists an optimal policy for any domain-task problem.Lemma 2 If � is a (complete) policy on domain fS;A; �g and task f�; s0;X ; 
g,and � is not optimal then there exists a state s and an action a such thatQpi(s; a) > V�(s).Proof: if � is not optimal, there exists a policy �0 that dominates �:8s 2 S; V�0(s) � V�(s)9s 2 S; V�0(s) > V�(s)Consider, for each state, the di�erence between the value under the better policyand the value under the current policy. More precisely, let d : S �! R de�nedby d(s) = V�0(s)� V�(s):Clearly for some state, at least, d is strictly positive, since �0 dominates �. Letw be a state that maximizes d. Since the number of states is �nite, such a stateexists. I will show that for the state w that maximizes d;Q�(w; �0(w)) > V�(w).This says that given any policy, if we �nd the state for which � is most pessimistic,compared to �0 we can improve the value of that state by choosing the actionspeci�ed by the better policy. Of course, this is not a constructive proof, but thenext lemma will provide a mechanism for applying policy iteration.By de�nition of w, 8s 2 S; d(s) � d(w) ;rewriting this using the de�nition of d, we see that8s 2 S; V�(s) � V�0(s)� d(w) :Now we consider the value of the state w under the optimal policy's action forthat state. By de�nition of Q,Q�(w; �0(w)) = �(w; �0(w)) + 
Xs2S � (w; �0(w); s)V�(s):Replacing V�(s) by V�0 (s)� d(w),Q�(w; �0(w)) � �(w; �0(w)) + 
Xs2S � (w; �0(w); s) (V�0(s)� d(w)) ;that is,Q�(w; �0(w)) � �(w; �0(w))+
Xs2S � (w; �0(w); s)V�0(s)�
Xs2S � (w; �0(w); s)d(w) :138



The �rst two terms on the right of the inequality are, by de�nition, V�0(w), soQ�(w; �0(w)) � V�0(w)� 
Xs2S � (w; �0(w); s)d(w) :Since d(w) is not dependent on s, we can take it out of the sum; since the sumof the transition probabilities from a particular state is 1, we obtainQ�(w; �0(w)) � V�0(w) � 
d(w) :But since V�0 (w)� V�(w) = d(w),Q�(w; �0(w)) � V�(w) + d(w) � 
d(w) ;or Q�(w; �0(w)) � V�(w) + d(w)(1 � 
) :Since we assume that 
 < 1, and since d(w) > 0,Q�(w; �0(w)) > V�(w) :That is, there exists some state w and some action a for which the Q valueis better than the value of w. Thus, as long as the policy is not optimal, thepolicy iteration algorithm will not terminate. �Lemma 3 If a policy � is not optimal then the policy �0 produced by one roundof policy iteration will dominate �.Consider a policy � and its associated value function V�. Since � is notoptimal, there are states with Q values higher than their V value. Let W be theset of such states: W = fw 2 S;9a 2 A; Q�(w; a) > V�(w)g : (A.1)Consider the new policy �0 de�ned by:�0(s) = ( �(s) if s 62 WargamaxQ�(w; a) if s 2 wLet k be a state that minimizes the function d (di�erence of value under �0and �); since the number of states is �nite, such a state exists. I will show thatV�0(k) � V�(k), and then that for some state, V�0 is strictly greater than V�.There are two possible cases: k 2 w or k 62 w:139



1. k 62 WThen �(k) = �0(k), soV�(k) = �(k; �(k)) + 
Ps02S � (k; �(k); s0)V�(s0)V�0 (k) = �(k; �(k)) + 
Ps02S � (k; �(k); s0)V�0(s0) (A.2)from which we obtain:d(k) = 
 Xs02S � (k; �(k); s0)(V�(s0)� V�0(s0))i.e., d(k) = 
 Xs02S � (k; �(k); s0)d(s0)By de�nition, d(k) � d(s0) for any state s0, sod(k) � 
 Xs02S � (k; �(k); s0)d(k)since the � (k; �(k); s0) sum to 1,d(k) � 
d(k):Therefore d(k) >= 0.2. k 2 WWe know from A.1 that Q�(k; �0(k)) > V�(k). From this and the de�nitionof V�0 (k) and Q�(k; �0(k)),V�0(k) = �(k; a) + 
Ps02S � (k; �0(k); s0)V�0(s0)V�(k) < �(k; a) + 
Ps02S � (k; �0(k); s0)V�(s0)Hence, subtracting the second equation from the �rst,d(k) > 
 Xs02S � (k; �0(k); s0)d(s0);and since k minimizes d,d(k) > 
 Xs02S � (k; �0(k); s0)d(k);i.e., d(k) > 
d(k);but 0 � 
 < 1, so d(k) > 0140



Thus 8s 2 S; d(s) >= 0, so V�0(s) � V�(s):Now I show that all states in W have strictly higher values under �0 thanunder �.8w 2 W;Q�(w; �0(w)) = �(w; �0(w)) + Xs02S � (w; �0(w); s0)V�(s0) :But by the above, 8s0 2 S; V�(s0) � V�0(s0). Thus8w 2 W;Q�(w; �0(w)) � �(w; �0(w)) + Xs02S � (w; �0(w); s0)V�0(s0) :The right-hand side of this inequality is simply V�0(w), so8w 2 W;Q�(w; �0(w)) � V�0(w) :By de�nition, V�(w) < Q�(w; �0(w)), so8w 2 W;V�(w) < V�0(w) :Therefore all the states in W have strictly higher values under the new policy �0than the old policy �. From this, and the fact that all states had higher or equalvalues under �0, we conclude that V�0 dominates V� �.I have now shown that if a policy � is not optimal, the policy iterationalgorithm will �nd at least one state whose Q value can be improved, and thatthe policy resulting from changing all actions to maximize Q values will producea policy that dominates �. Since there are a �nite number of policies, policyiteration must converge on an optimal policy �.A.1.2 Policy iteration over an envelopeNow consider the policy iteration algorithm applied to a partial policy. Thealgorithm is the same as in the case of the entire state space, except that policyimprovement is applied only to states in the envelope, and value computation isdone slightly di�erently; the equations de�ning the values of states are:Vo(s) = �(s; �d(s)) EoXi=1 
i!Pin(s) = Xs02E � (s; �(s); s0)Ve(s) = 8<: �(s;�(s)1�
 if Pin(s) = 01Pin(s) Ps02E � (s; �(s); s0)V (s0) otherwiseV (s) = ( �(s; �(s)) + 
 �Pin(s)Ve(s) + (1 � Pin(s))(Vo(s) + 
EoVe(s)� if s 2 E � X0 if s 2 X141



We are given a domain D = fS;A; �g, a task T = f�; s0;X ; 
g, and apartial policy � : E �! A. We construct a new domain D0 = fS 0;A0; � 0g, anda new task T 0 = f�0; s00;X 0; 
0g. A policy on D will trivially induce a policy onD0, and the policy will be complete. I will show that the value computation stepof policy iteration on D (de�ned in Section 3.5.3) produces the same values asstandard value computation on D0. I next show that the policy improvementstep will make the same changes as the standard policy improvement step onD0. Finally, I show that an optimal policy on D0 induces a policy on D that isoptimal under the partial policy de�nition of state value.Recall that Eo is an estimate of the number of steps the agent will beout of the envelope. In general, Eo will change as the system evolves, but itis �xed during the execution of the phases in a cycle; for our purposes here, itcan therefore be considered as a constant. For each state s in the envelope andfor each action a in A, we de�ne a set of new states fOs;a;1; Os;a;2; : : : ; Os;a;Eog,as shown in Figure A.1 (repeated from Figure 3.13). The new set of states, S 0,consists of the envelope and, for each state s in the envelope, j A j �Eo newstates, denoted Oa;i, for a 2 A and i 2 [1; Eo].
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the chain, the transition probabilities are similar to those in the original state |the only di�erence is that in all cases, the system returns to the envelope. In thespeci�cation below, the function � 0 is assumed to be 0 anywhere it is not explic-itly de�ned. In the transitions de�nitions, s and s0 are states in the envelope E,a and a0 are actions in A, and i is an integer between 1 and Eo � 1 inclusive.Since the actions chosen have no in
uence on the outcome for the new states, Iwill not distinguish policies on D from those on D0.S 0 = S [ S �A� f1; 2; : : : ; EogA0 = A� 0(s; a; s0) = � (s; a; s0)� 0(s; a;Os;a;1) = 1 � Pin(s; a)� 0(Os;a;i; a0; Os;a;i+1) = 1� 0(Os;a;Eo; a0; s0) = (1=Pin(s; a))� (s; a; s0) if Pin(s; a) 6= 0� 0(Os;a;Eo; a0; s) = 1 if Pin(s; a) = 0
0 = 
s0 = s0X 0 = X�0(s; a) = �(s; a)�0(Os;a;i; a0) = �(s; a)�0(Os;a;Eo; a0) = �(s; a)Lemma 4 The value computation step of policy iteration, performed on a policy� over D0, will result in the same values for the states of the envelope as themodi�ed value computation on D, described in Section 3.5.3.This can be veri�ed trivially from the de�nition of D0.Lemma 5 The policy improvement step of policy iteration, performed on a pol-icy � over D0, will result in the same choice of actions as the modi�ed policyimprovement step on D.In the same way that the value of a state in D is the same as that in D0,the Q-value of a state under an alternative action is the same in both domains.Since the choice of actions for the states that are in D0 but not in D does notin
uence the values of the states in D0, the actions that maximize the Q valuesare the same in both domains.Since the two steps of policy iteration have the same e�ect in both domains,policy iteration on D will produce an optimal policy for D0, which is optimal forD. � 143



A.2 Representing undiscounted rewards withdiscountingIn Section 2.1, I imposed the restriction that the discount factor 
 be strictlyless than 1. Here I show that under certain conditions, a value for 
 < 1 can bechosen such that the optimal policy is also optimal when 
 = 1.In the case where 
 = 1, the value function induced by a policy � is de�nedby: V�(s) = 1Xt=0E(Rt)where Rt is the expected reward received on the tth step of executing policy �after starting in state s. I allow the value function to range over the extendedreals: R[ f�1;1g. It is clear that the value function may not be well-de�nedfor all states and policies. In order to guarantee that it is well-de�ned, I imposethe requirement that the reward function is non-negative, i.e.,8s 2 S;8a 2 A; �(s; a) � 0: (A.3)It is then clear that the value of a state under a policy must be either a negativereal or �1.In addition, I make the assumption that there exists a policy � that inducesa value function that is �nite for all states:9�;8s 2 S; V�(s) 2 R: (A.4)In e�ect, this assumption states that the performance of the agent under thispolicy can always be measured by a �nite quantity; equivalently, that no sequenceof states is \in�nitely bad"; this seems a reasonable assumption in most cases.In my thesis I will discuss cases where this assumption does not hold. Thisassumption implies that all ergodic states have reward 0, since if the system isstarted in an ergodic set, it will visit every state in the set in�nitely often, and ifany of the states have non-zero reward, the sum of rewards will be in�nite.Clearly, the existence of such a policy implies that the optimal policy alsoinduces a value function that is �nite for all states; let � be the optimal policywithout discounting.Finally, I assume that the Markov chain induced by the optimal policy �is absorbing (Section 2.1), i.e., all ergodic sets are singletons. This assumptionis reasonable, because once the system has entered an ergodic set, the rewardsaccumulated thereafter are 0, so the set can be collapsed to a single state withouta�ecting the value of other states. 144



I will show that under these assumptions, there exists a 
 2 [0; 1) such that� is optimal under the performance model with discount factor 
.Let V be the value function induced by � under the undiscounted model,and let V
 be the value function induced by the same policy � under the modelwith discount factor 
.Let rn(s) be the expected instantaneous reward obtained after n steps start-ing from state s. Clearly rn(s) does not depend on the discounting model.Lemma 6 9� 2 (�1; 0); � 2 [0; 1);8m 2 N;8s 2 S; rm(s) > ��m:i.e., the series rm(s) converges to 0 at least as quickly as a power series.Since the Markov chain induced by the policy is absorbing, for any states, there is some absorbing state s0 that is reachable from s. That is, thereexists a sequence of states fs0 = s; s1 : : : sk = s0g such that for all i < k � 1,� (si; �(si); si+1) 6= 0. Note that this sequence may be chosen such that no stateappears in it twice, so the length of the sequence is less than the number of statesin the domain. Let p(s) = i=k�1Yi=0 � (si; �(si); si+1)p = mins2S p(s)Let N =jS j, and de�ne:p̂ =  mins2S;a2A;s02S;�(s;a;s0) 6=0; � (s; a; s0)!NClearly, p̂ < p.If the system is in any state s at time t1, it will be in an absorbing stateat time t1 +N with probability at least p̂, since there is some path from s to anabsorbing state with probability at least p.Therefore, the probability that the system will not be in an absorbing stateafter N steps is no larger than 1� p̂. This inequality holds regardless of the initialstate s, the probability that the system will not be in an absorbing state afterkN steps is at least (1� p̂N )k. Let b = 1 � p̂N . Since p̂ > 0, 0 � b < 1The expected reward after n steps starting in state s, rn(s), is the sum ofthe rewards for each state weighted by the probability that the system will be inthat state after n steps. It is thus at least equal to the smallest instantaneousreward multiplied by the probability that the system is not in an absorbing state,since absorbing states have 0 instantaneous reward.145



Let R = mins2S;a2A �(s; a):Using the bound on the probability that the system is not in an absorbingstate, for any state s, rkN (s) � Rbk.Clearly, since r is an increasing sequence, for any integer m and any states, rm(s) = rN mN (s) � rNbmN c(s) � rmN+1(s) � RbmN+1(s) = Rb(b 1N )m:Letting � = 2Rb and � = b 1N , I have shown that8m 2 N; s 2 S; rm(s) > ��m:Since 0 � b < 1 and R < 0, 0 � � < 1 and � < 0, as desired�.Theorem 2 8� > 0 9
 2 [0; 1);8s 2 S; jV (s)� V
(s) j< �By de�nition V (s) = P1i=0 ri(s)V
(s) = P1i=0 
iri(s) :Since 0 � 
 < 1, V (s) < V
(s). From the de�nitions,V
(s)� V (s) =X i = 01(1� 
i)(�ri(s)):By Lemma 6, V
(s)� V (s) <X i = 01(1� 
i)(���i):Hence, V
(s)� V (s) < ��X i = 01(1� 
i)(�i);i.e., V
(s)� V (s) < �� �X i = 01�i �X i = 01(
�)i� :Summing the power series,V
(s)� V (s) < �� 11� b + 11� 
�! :By choosing 
 su�ciently close to 1, this quantity can be made arbitrarilysmall.�. 146



A.3 Convergence of performance measure EPnBelow is a sketch of the proof that the performance measure EPn is well-de�ned;the details are straightforward.Recall that for an agent � and a history Hn,V (Hn) = i=n�1Xi=0 
i�(si; ai);and EPn(�) = XHn2HnPr�(Hn)V (Hn):Lemma 7 EPn(�) is a Cauchy sequence, i.e.,8� > 0;9N 2 N;8n;m > N; jEPn(�)� EPm(�) j< �We decompose the value accumulated over n steps into that accumulatedduring the �rst m steps plus that accumulated during the last n�m steps. Thislatter is bounded above and below by constants multiplied by 
m; therefore ifN is su�ciently large, the di�erence between EPn and EPm must be less than
N times a constant. This can be made smaller than an arbitrary � by suitablechoice of N .This sequence is de�ned on the reals, which form a complete metric space,and Cauchy sequences in complete metric spaces converge (see, e.g., [Wei73]).Thus each element of �nQn converges, soEP = limn!1EPnis unique.A.4 Performance criteriaIn order to determine whether the algorithms described above are e�ective atproducing optimal or good policies, we need to be clear about the criteria forperformance. The \right" criterion obviously depends on the application; hereare some common formulations of performance:1. Maximize expected cumulative reward over a �nite horizon2. Maximize expected discounted cumulative reward over an in�nite horizon3. Maximize expected undiscounted cumulative reward over an in�nite horizon147



4. Maximize expected average reward over an in�nite horizonFinite horizon problems are generally solved using dynamic programmingtechniques that are computationally much too expensive for the type of domainwe use, hence I will not consider them.Maximized discounted cumulative reward is the performance measure thatcorresponds to our current implementation. There are two cases where usingthis measure seems reasonable to me. The �rst is for tasks that are subjectto termination at any time, with equal probability of termination at each time-point. The Tra�c World is one such task; arguably if a high-level controllermonitors the environment and terminates the current planner/executive whenits model of the world becomes too inaccurate, the lifetime of the planner canbe modeled by this type of termination. The second case is one where futurereward is discounted in the economic sense. Problems like the Non-combativeEvacuation Operations probably fall into this category; evacuating people earlyis worth more than evacuating them late.Maximizing undiscounted cumulative reward is the performance measurethat seems most natural for tasks for which there exists a proper policy, in par-ticular tasks of achievement, such as those in the Robot Navigation domain.Maximizing expected average reward is appropriate for problems in whichthere is no natural termination, but discounting is not desirable. This seems themost reasonable measure of performance for variations on the Tra�c World inwhich it is assumed that the model of the environment will be valid inde�nitely.The usual argument against this de�nition of performance is that di�erent execu-tions of the system may have the same average reward in the limit while havingvery di�erent \average-adjusted" values (the limit of the di�erence between theaverage reward times the number of steps and the cumulative reward), and thisperformance measure does not allow for any distinction between them. Schwartz'suggestion of measuring performance by both the average and average-adjustedvalues (the pair is called the total value, and ordering is lexicographic) takes careof this problem.For example, a company will usually accept a small probability that anaction will lead to bankruptcy (and hence an average future reward of 0), to geta large immediate reward, rather than refusing the immediate reward to get anaverage future reward that is small but strictly greater than 0.Furthermore, notice that in some sense the use of a discounting factor that isvery close to 1 approximates the total value measure Schwartz proposes; basicallyit maps a total value of h�; �i to �=(1 � 
) + �. If gamma is close enough to 1,the ordering on the reals provides a close approximation to the ordering on totalvalues. The cases where it di�ers are precisely those in which humans tend toreject the total value type of ordering: where the di�erence in average rewards148



is very small, while the di�erence in average-adjusted rewards is large and ofopposite sign.This can be taken as an argument for discounting, but unfortunately it doesnot get around one big problem with discounting: how to choose an appropriatediscounting factor that treads the line between ine�ciency and a criterion ofoptimality with undesirable consequences (e.g., not guaranteed to terminate ona halting problem).
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Appendix BWorlds, agents, and theirinteractionsIn this appendix I describe the domains and agents that are used as examplesthroughout the thesis, and outline the implementation details concerning theirinteractions.PEST (Planning and Execution SystemTestbed) is a system that co-ordinatesagents and worlds, either in simulation or in actual operation. It provides a set ofprograms that implement the worlds and agents described in previous chapters.It also provides a program that co-ordinates the execution and communicationof an agent and a world.Given a world and a planner, Pest simulates execution of the agent-environmentsystem de�ned by the two. It ensures that the CPU time allocated to the agentcorresponds to the duration of the actions as speci�ed by the world, regardless ofthe presence of other processes on the host. This is essential for accurate perfor-mance measurement. It uses a multi-threaded approach to deal with concurrentoperation of the executive and the planner. Currently the system operates onlyon Sun Solaris platforms, using Solaris threads.B.1 Agent-world interactionThe agent and the world are represented by UNIX processes, using the standardstream interface. An additional process may be speci�ed to display the currentstate of the world. Most commonly, the agent is a planning program and theworld is a simulation of an actual environment. This is not necessarily the case;for example, the agent may be a program that drives a user-interface to a human,and the world may be a program sending commands to, and receiving perceptualinformation from, a mobile robot. 150
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Figure B.1: Interactions between agent, world, and displayFigure B.1 depicts the interactions of the three processes. The sequences ofoperations are as follows:AgentRead stateWhile not end of file on inputWrite actionWhile input not availableInternal processingRead state, reward, durationThe agent initially reads the current state of the world from standard input.It must immediately1 write an action to standard output. It may then do anyinternal processing desired, until it receives a new state, along with the rewardand duration of the previous transition, on standard input. This cycle repeatsinde�nitely. The reward and duration are supplied to the agent in the event thatit does not have access to a model of the world.World1A �xed period of time is allowed, negligible compared to the duration of actions.151



Write initial state sWhile s is not terminatingRead actionWrite new state s, reward, durationThe world writes its initial state to standard output and then repeatedly readsan action from standard input, makes the state transition internally (this mightinvolve, e.g., forwarding the command to a robot and then sensing the new stateof the environment and the robot) and writes the new state, the immediatereward, and the duration of the transition to standard output. The world neednot take as long as the duration speci�es before responding; Pest will ensure thatthe agent is allowed the appropriate amount of time.DisplayWhile not end of file on inputRead stateDisplay stateThe display simply reads states and displays them in some manner, typicallyusing a graphical interface.B.2 Agents and worldsI have implemented a number of di�erent agents and worlds in order to conductthe experiments described in this dissertation; they are described below.B.2.1 RTDPRTDP implements the real-time dynamic programming algorithm presented byBarto, Bradtke and Singh in [BBS93]. This agent requires a world model, asde�ned below. I present some comparisons of the performance of RTDP andthe Plexus planner in Section 5. My implementation of RTDP is very simple,and its performance could be greatly improved by techniques such as prioritizedsweeping [MA93].RTDP starts by assigning an optimistic value to each state. In all the casesI discuss, rewards are negative, so we ascribe a value of 0 to every state. ThenRTDP goes into a cycle of trials. Each trial consists of a number of simulated152



steps in the environment, starting from the current state. It computes the ex-pected value of each action using the current state values, and chooses the actionwith the best value. Then the action is simulated | a state is chosen accord-ing to the probability distribution of the action outcome | and the process isrepeated at that state. After a �xed number of such steps, the trial is halted,and the next trial is started from the current state again. The length of trialsis gradually lengthened, in a kind of iterative deepening search. This cycle isrepeated inde�nitely, producing ever more accurate values for the states.I expected RTDP to be very sensitive to the initial trial length and the rateof increase of the trial length, but in a set of experiments on the RN2 domains,I found very little di�erence in performance when these parameters were varied.For all the RTDP experiments reported here, I used a trial length of 1000 andincreased this by 1% each time a trial failed to reach a goal state.B.2.2 RecoverRecover implements a search-based agent. It uses the best-�rst search algorithmfrom the explore phase, described in Section 3.8, to �nd a path from the initialstate to a goal state. It uses the partial policy induced by this path (the envelopeconsists of the states in the path, and the actions are those used by the searchprocedure) as long as the agent remains in the envelope. If the agent falls outof the envelope, the recover planner does a best-�rst search to any state of theenvelope or goal. If this search reaches a new goal, the entire old envelope isdiscarded. If the search reaches a state on the old path, the portion of the pathafter this state is kept, along with the new path to the state. The portion of theold path before this state is discarded.B.2.3 ReplanReplan implements a search-based agent similar to recover, except that in thecase of a plan \failure" (the agent falls out of the envelope), it discards the oldenvelope and searches from the current state to a goal.B.2.4 Plexus phase-cycle plannerThe Plexus phase-cycle planner, described in Section 3.3.5, is implemented inits general form: an initial sequence of phases followed by a recurrent sequenceof phases. At the moment, no 
ow-control is provided; this would be a usefuladdition, since conditioning phase execution on results obtained during previousphases would be a simple step towards the more general deliberation-scheduling153



(1−p)/2 p (1−p)/2Figure B.2: Possible outcomes of an action in the RN1 domainplanners described in earlier Plexus papers (e.g., [DKKN93b]). The phases cur-rently implemented are: strengthen, prune, explore, policy iteration and valueiteration, described in Chapter 3.B.3 DomainsB.3.1 Simple Robot Navigation (RN1)The RN1 class of domains is designed for testing agents; they model a robotmoving in an uncluttered area.DomainThe domain consists of a rectangular grid of cells, denoted L-<x>-<y>. L-0-0is the top left cell and L-1-0 is one cell to its right. The robot occupies one cellat any given time-point; the state of the world is just the location of the robot.The actions available to the robot are north, south, east, west and stay.A parameter success (a real between 0 and 1) speci�es the probabilitythat the action will be successful, moving the robot one cell in the speci�eddirection. The remainder of the probability mass is equally divided between thetwo diagonals (e.g., North-East and North-West if the action was north. If theresult of the action would move the robot o� the grid, it remains in place. Theresult of the action stay is deterministic, leaving the robot in the same location.Figure B.2 shows a 4x4 domain. The robot is in state L-2-2, and takes theaction north. The �gure shows the three possible outcomes and their probabili-ties, with p being the probability of success, success.154



TaskThe task given to the agent is to minimize the number of steps taken beforereaching a designated state goal, starting in a state start. See Section B.3.2 fora description of the reward function used to represent this task.B.3.2 Robot Navigation (RN2)MotivationThis type of domain, which I refer to as RN2, model a mobile robot movingaround a static o�ce-building environment. The design of the domains wasbased on experience with a Real World Interface mobile robot base equippedwith sonars as its only sensor [KBD91, DCK90, Bas92]. One of the main prob-lems with navigation using mobile robots is the speed with which small errors indead reckoning accumulate, due to irregularities in the 
oor surface, wheel slip-page, or misalignment of the wheels. Analysis of the sonar readings in an o�cebuilding[LDW89] is more reliable when the sonars are known to be roughly per-pendicular to a 
at surface, since deviations from the normal will lead to specularre
ections, giving wildly incorrect results. Consequently our approach includesan attempt to realign the robot to be facing one of the four canonical directionsafter each major movement | hence the discretization of robot direction.Another consequence of these problems is that the robot may have becomesu�ciently poorly oriented after a movement that an attempt to realign causesa 90-degree error in the �nal heading. Finally, since the map used by the robotcontains only high-level information (adjacency of rooms and corridors), smallobstacles in the path of the robot are avoided using local operations which maycause errors in the �nal location of the robot. The Robot Navigation model wasdesigned to represent this type of error.DomainThe physical layout of the world is described as a connected square grid;some squares in the grid are o�-limits, but the agent can move between any twoadjacent grid squares. Each grid square is called a location. The state of therobot is the location of the robot along with its direction, one of north, east,south and west. The actions are go, stay, left, right, about. Nominally, gomoves the robot to the next location in front of it, left and right rotate therobot 90�, about rotates the robot 180�, and stay does nothing. In general theoutcomes of the actions are non-deterministic; for example, there may be someprobability that the robot overshoots into the location beyond the one it wassupposed to move to, or that a rotation will not produce the desired e�ect.155



For the experiments described in earlier chapters, I used a map of the fourth
oor of the CIT building at Brown University. I discretized the map coarsely intoabout 160 locations, as shown in Figure B.3. The \sinks" marked in this �gure areexplained below. To increase the size of the problem, I created new domains byconnecting up copies of the grid; there are four locations that protrude from therectangle containing all the others, one in each direction. These form passagewaysfrom one copy to the next. I always arranged the copies in a square; this producesmany possible paths from one location to another. The four sizes of domain Iused were 1x1, 2x2, 3x3 and 4x4.Movement probabilitiesThe �ve movement probabilities de�ne the normal operation of the robot.Three a�ect the outcome of a go action:� goSuccess is the probability that when the action go is taken, the robotwill succeed: the resulting state is one square ahead of the robot, and thedirection remains unchanged.� goStay is the probability that when the action go is taken, the robot willin fact remain in the same state.� goOver is the probability that when the action go is taken, the robot willovershoot and end in the state two squares ahead, with the same direction.If the square ahead of the robot is not part of the grid, the goOver andgoSuccess probabilities are added to the probability of staying in the same state.If the square two ahead of the robot is not part of the grid, the goOver probabilityis added to the probability of success. These adjustments are realistic in thisdomain.The remainder of the probability mass is evenly distributed amongst thoseof the eight other possible outcomes that are feasible (part of the grid); the robotmay stay in the same location, move one location to the left or to the right orbackwards, and it may stay facing in the same direction or rotate in the directionit slipped.The other two movement probabilities a�ect the outcome of the three turnactions left, right and about. The turn actions always leave the robot in thesame location.� turnOver is the probability that the robot will turn 90 degrees more thanthe turn speci�ed. 156



� turnUnder is the probability that the robot will turn 90 degrees less thanthe turn speci�ed.The remainder of the probability mass is associated with a successful turn.Thus for the action left, there is probability turnUnder that the robot willremain in the same state, probability 1� turnUnder� turnOver that the robotwill turn 90 degrees to the left, and probability turnOver that it will turn 180degrees. The stay action is always successful.If the success parameter described in Section B.3.2 is p, then goSuccess=p; goOver = (1 � p)=4; goStay = (1 � p)=4 | the probability of a successful go(move forward one grid square) is p; there is a probability (1�p)=4 of overshootingor not moving, and the remainder of the probability distribution is distributedevenly amongst the other 8 possible outcomes: the robot may turn left or right90�, may move diagonally, etc.. The uncertainty in the turn actions was de�nedby turnUnder= turnOver= (1� p)=2.Partial sinksA set of locations may be speci�ed as \partially absorbing"; in this case,the transitions from the four states at that location have a modi�ed probabilitythat the go action will leave the robot in the same state. The remainder of theprobability mass is distributed with the same relative values as speci�ed by therules above. That is, if � is the transition function when no sinks are speci�ed,and state s is given \sinkness" x, the new transition function � 0 is described by:� 0(s; go; s) = x8s0 2 S; � 0(s; go; s0) = � 0(s; go; s0)�  1 � x1 � � (s; go; s)! :In the special case where � (s; go; s) = 1, the transitions for s are left unchanged.Specifying the sinkness of a location as 1 produces a recurrent set consisting ofthe four states at that location.The sinks parameter varied from 0 to 3. At 0, there were no sinks. At 1, 5states were given a sinkness of 0:995, and 10 states were given a sinkness of 0:95.These numbers of states are for the 1x1 worlds; in larger worlds, commensuratelymore states are turned into sinks. The sinks parameter is linear in the number ofsinks, so at sink level 2, 10 states have a sinkness of 0:995, etc.. The set of sinksat any sinks level is a subset of the sinks at higher sinks levels, to ensure that the\di�culty" of the task was increasing monotonically with the parameter.157



TaskThe task given the robot is to minimize the number of steps taken to reacha particular state g of the world from an initial state s0. This is encoded byde�ning the termination states as X = fgg, the start state as speci�ed, and thereward function � by �(s; a) = ( �1 if s 6= g0 if s = g :That is, the agent receives -1 reward for every action taken until it reaches thegoal; thereafter it receives no reward. Thus the agent is trying to maximizethe expected discounted sum of the instantaneous rewards obtained until theenvironment occupies the goal state. Clearly, if the discounting factor were 1, theperformance measure would be exactly as desired, since there is no \economic"discounting { a time step now is the same as a time step later, and the systemwill not be halted unless the agent reaches the goal. However, convergence of thepolicy iteration algorithm is not guaranteed in the case of 
 = 1, so we choose 
very close to 1; in practice, 1 � 10�6. This is therefore an approximation of thetrue performance measure, but in practice it is an accurate approximation.B.3.3 Racetrack (RA)MotivationThe racetrack domains are based on a game called Race Track described byMartin Gardner [Gar73], and adapted to the Markov decision problem formalismby Barto, Bradtke and Singh [BBS93]. The problem models a race car movingon a track discretized into a grid; a state of the world encodes the location of thecar and its velocity vector. The agent controls the race car's acceleration, not itsspeed directly. If the race car ever crosses a track boundary other than the goalline, it is immediately returned to the starting position with zero velocity.This class of problems is mainly interesting because it incorporates a notionof inertia | the agent does not always have the option of taking a safe actionthat will result in no great loss of performance.DomainThe domain is de�ned by a bitmap specifying the layout of the track, the startingcells and the goal cells. Figure B.4 shows an example of such a track, with thestarting line in black on the left, and the goal line in black on the right. Thetrack is 3 cells wide in most places.The tracks ranged in size from 10 to 1000 track cells, and I loosely dividedthem into three categories: Grand-prix tracks have basically a single (though158



possibly wide) path from the start to the goal, with a number of curves requiringslow speeds. Geometric tracks are straight lines or simple shapes. Rally trackshave several possible paths, with tradeo�s between width and curvature, forexample. Finally, random tracks are half-density randomly placed track cellsin a background of o�-track cells, with a single start and goal cell placed roughlyopposite each other. I manually scanned the random tracks for connectivity, andeliminated any in which the goal was not reachable from the start state.Figure B.5 shows a portion of a track with a car at position (2; 9). Thestates are represented by the location of the race car and its integer velocity;the state shown in the upper part of the �gure is L=(2,9),V=(1,-3). The actionsavailable to the agent are to accelerate, decelerate or coast in both X and Ydirections, written (-1,-1), (-1, 0), etc.. In the �gure, if the agent takes action(1,0), the new velocity is calculated: (1;�3) + (1; 0) = (2;�3); this is used todetermine the amount by which the car moves: (2; 9) + (2;�3) = (4; 6). Thenew state is therefore L=(4,6),V=(2,-3). A measure of uncertainty governs theactions of the agent; with probability success, the new state will be chosen asdescribed above, but with probability 1� success, the acceleration will not takee�ect, and the new state will be computed using the old velocity. In the exampleabove, this would lead to state L=(3,6),V=(1,-3). To get an idea of the problemfacing the agent, imagine driving a race car around a track where you are allowedto accelerate or brake or turn only at discrete intervals, and where some of thetime when you step on the brake, the car doesn't slow down.The path between the old location of the car and the new location is checkedfor validity | if it passes through any grid cell that is not part of the track, thecar is warped back to a randomly chosen cell on the starting line, and its velocityis set to 0.TaskThe task is to cross the goal line after as few actions as possible. If the agentmakes a transition from a state at location (x1; y1) to a state at location (x2; y2),and if the line (x1; y1); (x2; y2) passes through one of the goal locations (xg; yg),and if none of the locations on the line between (x1; y1) and (xg; yg) is o� thetrack, the new state is terminating.This is implemented with a single terminating state; each action is checkedfor the above conditions, and if they hold, the transition is made to the terminat-ing state. The reward at each step is -1, unless the agent reaches the terminatingstate, in which case it is 0. 159



S

W E

N

Sinks

Figure B.3: Spatial layout of the 1x1 RN2 problem160



Figure B.4: Racetrack GP-549
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