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The Witness Algorithm: Solving PartiallyObservable Markov Decision ProcessesMichael L. Littman�December 30th, 19941 IntroductionMarkov decision processes (MDP's) [Bellman, 1957] are a mathematical for-malization of problems in which a decision-maker, or agent, must choose howto act to maximize its reward over a series of interactions with its environ-ment. Partially observable Markov decision processes (POMDP's) [Drake,1962, Astrom, 1965, Smallwood and Sondik, 1973] generalize the MDP frame-work to the case where the agent must make its decisions in partial ignoranceof its current situation.This paper describes the POMDP framework and presents some well-known results from the �eld. It then presents a novel method called thewitness algorithm for solving POMDP problems and analyzes its computa-tional complexity. We argue that the witness algorithm is superior to existingalgorithms for solving POMDP's in an important complexity-theoretic sense.1.1 Application scenarioFigure 1 illustrates an extremely simple robot task. A robot wanders the hallsof an o�ce building. Its job is to ensure that the laser printer (P) is stockedwith paper. The designers of the robot have guaranteed us that the robot canonly be in one of a �nite number of states any time a decision is possible. A�This is joint work with Tony Cassandra and Leslie Kaelbling.1
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Tray empty?Figure 1: A sample o�ce building task.state consists of the position of the robot, discretized to the nearest corridorintersection, and the status of the printer. The robot's actions are chosenfrom a small �nite set: N, S, E, and W. Whenever the robot is in the printerroom and the tray is empty, the robot's low-level programming kicks in andcauses it to re�ll the tray. Thus, all the robot needs to do is to show up inthe printer room each time the paper runs out.There are two subtleties that make the problem interesting. One is thatthe robot is penalized one point for each step it is away from its charger(C). It is charged ten points for each step the printer tray remains empty.Ideally, the robot should move directly from the printer room to its charger,returning as soon as the tray is empty (which happens with some randomprobability on each step).However, this strategy is not possible because the environment is partiallyobservable. That is, from outside the printer room, the robot is unable todetermine if the printer tray is empty or full. The optimal policy for therobot is to wait at the charger bay until it expects that more points arebeing lost due to the tray being empty than it would cost to go and check.The POMDP problem comes down to taking a map of the environmentwhich includes state transition information, observation probabilities, andthe reward structure, and generating a plan for action that maximizes thereward.1.2 NotationA POMDP problem can be de�ned by a �nite set of states, S, a �nite set ofactions, A, and a �nite set of observations, O.2



Three functions relate these sets. The transition function, T : S � A !�(S) de�nes the e�ects of the various actions on the state of the environment.(�(�) represents the set of discrete probability distributions over a given �niteset.) The notation T [s; a; s0] represents the probability that state s0 will resultfrom taking action a in state s (that is, Pr(s0js; a)).The reward function, R : S �A ! <, speci�es the agent's payo�s. Thepayo� is a random function of the state and action with R[s; a] representingthe expected immediate reward for taking action a from state s.The function O : S�A ! �(O) speci�es the observation model. That is,O[s0; a; o] is Pr(ojs0; a), the probability of observing o in state s0 after havingtaken action a.1.3 ObjectiveThe agent's objective is to generate actions so as to maximize its expectedsum of reward. However, this is not completely well-de�ned as it stands.If the agent can guarantee itself a huge reward tomorrow by doing nothingtoday, what's to keep it from doing nothing forever? This is sometimescalled the problem of the in�nitely delayed splurge [Platzman, 1977] and astandard way to combat it is to use geometric discounting. This means areward received t steps in the future is only worth 
t as much as it would beif it were received today. The variable 
 is a factor strictly between 0 and1 that controls how much future rewards are worth1. Small values of 
 (like0.01) make future rewards worth very little whereas larger values (like 0.99)make future rewards worth more. Typical values in our experiments are 0.75and 0.90.The introduction of the discount factor makes the notion of an optimalpolicy well-de�ned. The agent should choose actions to make the expectedsum of discounted future rewards,Ef 1Xi=0 
iR[si; ai]g;as large as possible. The boundedness of R and the fact that 
 < 1 insurethat the value of this in�nite sum is �nite.1Setting 
 = 0 leads to a simpler problem of maximizing immediate reward. That classof problems is not addressed here because it complicates several of the arguments. All thefundamental results hold in the 
 = 0 case. 3
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1.0Figure 2: A small POMDP.1.4 ImplementationThis paper describes the witness algorithm for solving POMDP problems.Throughout the paper, pseudocode is given for all critical functions. Thesefragments, taken together, should be su�cient to allow an experienced pro-grammer to implement the algorithm in a high-level language.The only di�cult procedure that is left unspeci�ed is solveLP, which isintended to take a set of variables, linear constraints on those variables, andan objective function, and return bindings for the variables that satisfy theconstraints and maximize the objective function (that is, it solves a linearprogram). Many software packages are available for this.The argumentM, passed to several of the routines, represents the POMDPmodel we are trying to solve. The model consists of the sets and functionsdescribed earlier in this section. So ifM is in the argument list for a function,S, A, T , R, O, and O are all available in the function body.2 Belief statesIn some circumstances, the agent will be able to identify its current state un-ambiguously. However, other times, the best it can do given the informationit has is to compute a probability distribution over states.As an example, Figure 2 shows a small POMDP with 2 states, 2 obser-vations, and 1 action. If the agent knows it is in s1 at time t and then takesan action and observes o2, it can be certain that it is has remained in s1.However, if it observes o1, it is possible that it is in either s1 or s2.Table 1 summarizes all 4 possible outcomes. These outcomes are mutuallyexclusive and as such their probabilities add to one.The probability that the agent is in s2 given that it observed o1 is 0:80=(0:02+4



resulting state observation probability of events1 o1 0:2� 0:1 = 0:02s1 o2 0:2� 0:9 = 0:18s2 o1 0:8� 1:0 = 0:80s2 o2 0:8� 0:0 = 0:00Table 1: Probability of all outcomes.0:80) � 0:976. Therefore, some of the times when this sequence of eventshappens, the agent is in s1. Choosing an action that is dangerous if the agentis in s1 might not be a good idea in this situation.2.1 Derivation of the belief state update equationThe analysis from the previous section suggests a possible representation forthe agent to use while acting in the world. The agent can keep a probabilitydistribution over S as a representation of where it is at any given time. Then,this belief state can be consulted each time an action is chosen.This section develops a general method for keeping the belief state up-dated. The next section argues that the belief state is su�cient informationfor the agent to choose its actions optimally. Because of these facts, thebelief state will become a central part of the representation used in solvingPOMDP's.A belief state, b 2 �(S), is a representation of the agent's current stategiven its past history of actions and observations. We need a way to updatethe belief state as new information arises. Notationally, b[s] represents theprobability that the agent's current state is s 2 S. By the de�nition ofprobability distributions, b[s] � 0 for all s 2 S, and Ps b[s] = 1.How might we compute the belief state that results from a particularstate, action, observation triplet? Let's return, for a moment, to the examplein Figure 2. If we begin in state s1, we move to state s2 with probability 0.8and remain in state s1 with probability 0.2. Now imagine that we observeo1. It is much more likely that we'd observe o1 if we were in state s2 thanif we were in state s1. We can weight the occupation probabilities by thecorresponding observation probabilities. That gives us a weight of 0:02 fors1 and 0:8 for s2. We can then normalize these values so that they sum to 1.Although this seems like a sloppy way to use the various probabilities to5



update our state, we can use elementary probability theory to show that itdoes indeed lead to the proper formula. We want to know the belief state,b0, that results from starting in belief state b, taking action a and makingobservation o. Component s0 of the belief state can be written:b0[s0] = Pr(s0jo; a; b)= (Pr(ojs0; a; b) Pr(s0ja; b)) =Pr(oja; b)=  Pr(ojs0; a; b)Xs2S Pr(s0ja; b; s) Pr(sja; b)!=Pr(oja; b)=  Pr(ojs0; a)Xs2S Pr(s0ja; s) Pr(sjb)! =Pr(oja; b)=  O[s0; a; o]Xs2S T [s; a; s0]b[s]!=Pr(oja; b): (1)The denominator normalizes the resulting belief state to add to 1. It canbe computed as follows:Pr(oja; b) = Xs02S Pr(o; s0ja; b)= Xs02S Pr(s0ja; b) Pr(ojs0; a; b)= Xs02SXs2S Pr(s0; sja; b) Pr(ojs0; a)= Xs02SXs2S Pr(sja; b) Pr(s0js; a; b) Pr(ojs0; a)= Xs02SO[s0; a; o]Xs2S T [s; a; s0]b[s]: (2)Thus, each component of the resulting belief state is derived exactly asdescribed above: we project the current belief state forward one step usingthe transition matrix, T ; we weight the resulting states by the probability ofmaking the associated observation; and then we normalize so the resultingdistribution adds to 1.This shows that through relatively simplemanipulation of the observationand transition probabilities, new information can be incorporated into thebelief state as the agent moves about.6



2.2 Su�ciency of belief statesFor the agent to keep its belief state up to date, it must start with a knownbelief state. That is, it must have some initial probability distribution, b0.One interpretation of a component of the belief state at time t, bt[s], is thatif the agent were to rerun a million times for t steps starting from b0, thenabout 1; 000; 000 bt[s] times it would end up in state s.Since bt summarizes all the information that could be known about theagent's state, its choice of action at time t can be made solely on the basis ofbt. That is, knowing its belief state is su�cient information for the agent tobehave optimally. More formal arguments to this e�ect have been put forthelsewhere [Astrom, 1965]. The machinery needed to derive this formally isbeyond the scope of this paper.The importance of this result to the current work is that the agent'sbehavior will be speci�ed as a mapping from its current belief state to anoptimal choice of action.3 Value functions for POMDP problemsThe value of a belief state, b, is the expected amount of reward that isgarnered by the optimal policy if the agent is started o� in belief state b:V �(b) = Ef 1Xt=0 
trtg:Here, rt represents the reward received at time t while following the opti-mal policy. The function V � is called the optimal value function and it isunique [Bertsekas, 1987].The optimal policy, �� : �(S) ! A, maps belief states to actions. Itis stationary [Bertsekas, 1987], meaning that the optimal action choice forbelief state b is constant over time. This leads to the following convenientrepresentation of the optimal value function (for a formal derivation, see [?]):V �(b) = maxa "Xs b[s]R[s; a] + 
Xo Pr(ojb; a)V �(b0)# : (3)The variable b0 denotes the belief state that results from taking action a andobserving o from belief state b. It can be computed from b, a, and o byEquation 1. 7



Equation 3 deserves further explanation. The expression Ps b[s]R[s; a]represents the expected reward the agent receives immediately after takingaction a from belief state b. One interpretation of this is that, if the agentbelieves it is in states that have high payo�, it will get high payo�. It appearsthe agent is being rewarded for simply believing it is in a good state. Thisconfusion stems from the use of the word \belief." Because the beliefs areupdated according to Equation 1, the agent's belief state can never be theresult of a private fantasy.The correct interpretation is that since R[s; a] is the immediate rewardreceived by an agent in state s for taking action a and b[s] is the probabilitythat the agent is in state s,Ps b[s]R[s; a] is just the probability-weighted sumof immediate rewards.The expression Po Pr(ojb; a)V �(b0) represents the probability-weightedaverage value of the resulting belief state. That is, it averages the rewardthat will be earned by the optimal policy starting from each b0 and weightsit by how likely b0 is. This is all multiplied by 
 since this reward can begathered starting on the next step.Finally, the maxa in Equation 3 means that the agent will choose theaction, at each belief state, that will maximize its total reward. Note thatthe same expression can be used to specify the optimal policy.3.1 Bounding a step of value iterationThe method of value iteration [Bellman, 1957] is a way of approximating theoptimal value function, V �. The next few sections de�ne value iteration andshow how it can be used to produce arbitrarily good policies.The idea behind value iteration is that by iteratively computing improvedestimates of the optimal value function, we can get an arbitrarily good esti-mate. A single step of the process starts with an estimate, V , of the optimalvalue function, and produces a better estimate, V 0 where V 0 is de�ned asfollows: V 0(b) := maxa "Xs b[s]R[s; a] + 
Xo Pr(ojb; a)V (b0)# : (4)This basically treats the equality in Equation 3 as an assignment operator.At this point in the discussion, it is not apparent that V 0 can be de�nedthis way, because this expression would have to be evaluated over everybelief state, b. For now, consider these as abstract mathematical functions.8



Section 4 describes a representation for V and V 0 that is suitable for computermanipulation.To show that applying Equation 4 leads to an improved approximation,we need the following lemma (see [Bertsekas, 1987]).Lemma 1 (Value Iteration Step): Starting with an approximate value func-tion, V , that di�ers by at most e � 0 from the optimal value function, V �,at every belief state, the function V 0, returned by a step of value iteration,di�ers from V � by at most 
e.Proof: The fact that V di�ers from the optimal value function by no morethan e at any b can be written:V �(b)� e � V (b) � V �(b) + e: (5)Let a0 be any action chosen in Equation 4 and let a� be any action chosenin Equation 3. It follows that:V 0(b) = Xs b[s]R[s; a0] + 
Xo Pr(ojb; a0)V (b0)� Xs b[s]R[s; a�] + 
Xo Pr(ojb; a�)V (b0):This follows because a0 is the action that maximizes the expression so anyother action (a�, say) leads to a value that is no larger. Thus,V 0(b) � Xs b[s]R[s; a�] + 
Xo Pr(ojb; a�)(V �(b0)� e)� V �(b)� 
eXo Pr(ojb; a�)� V �(b)� 
e; (6)from the bound in Equation 5 and the fact that the probabilities sum to 1.Again, using the bound in Equation 5 we have:V 0(b) = Xs b[s]R[s; a0] + 
Xo Pr(ojb; a0)V (b0)� Xs b[s]R[s; a0] + 
Xo Pr(ojb; a0)(V �(b0) + e)� Xs b[s]R[s; a�] + 
Xo Pr(ojb; a�)V �(b0) + 
eXo Pr(ojb; a0)� V �(b) + 
e: (7)9



The third step uses a� in place of a0 in the given expression. This cannotdecrease the value because a� was chosen to maximize the expression. Therest follows from substituting the de�nition of V � and the fact that theprobabilities sum to 1.Combining Equations 6 and 7 gives:V �(b)� 
e � V 0(b) � V �(b) + 
e; (8)for all b. Thus, V 0 is a better approximation to the optimal value functionthan V is by a factor of 
, proving the lemma. 23.2 Value iteration boundThe previous section showed that applying a step of value iteration as de�nedin Equation 4 leads to an improved value function. This section shows thatapplying it repeatedly gets us a value function that is as close as we'd like tooptimal.The complete value iteration algorithm looks like this. Start with V0(b) =0. Now, for i from 1 to t, generate Vi from Vi�1 using a step of value iteration.The following lemma shows that, by using a large enough value of t, we can�nd a value function arbitrarily close to V � (see, e.g. [Heyman and Sobel,1984]).Theorem 1 (Value Iteration): After t steps of value iteration on a POMDPwith the magnitude of the maximum per-step reward equal to M and discountfactor 0 < 
 < 1, starting from the zero value function, the �nal valuefunction di�ers from the optimal value function by no more than M
t=(1�
)at any belief state.Proof: Let M be the largest magnitude reward possible from any state:M = maxamaxs jR[s; a]j. If the agent received this reward (positive ornegative) on every step, its total expected reward would be P1i=0 
iM =M=(1 � 
). Thus, the zero value function, V0 = 0 cannot di�er from theoptimal value function by more than M=(1 � 
) at any belief state.Let Vt be the value function obtained from t applications of the valueiteration step. Repeated application of Lemma 1 tells us Vt di�ers from V �by at most M
t=(1 � 
). 2 10



To use this result, imagine that we'd like to �nd a value function that iswithin � of optimal. IfM is the maximum single step reward for the POMDPin question, we can rewrite the bound as:t � log(M) + log(1� ) + log( 11�
 )log( 1
 ) :Running for this number of steps will be adequate.The function Vt is the value function obtained after t iterations. However,it can also be interpreted as a t-step value function. That is, Vt(b) is themaximum reward that any policy can accumulate in t steps. A POMDPwhere the objective is to maximize reward over a �nite number of steps iscalled a �nite-horizon POMDP. Value iteration links the �nite-horizon caseto the in�nite-horizon one.3.3 Approximate value iteration boundThe analysis given in Sections 3.1 and 3.2 depends on each step of the valueiteration algorithm producing an exact answer. This is extremely di�cult toachieve in practice. Often it is easier to implement a step of value iterationwith a bit of error but in such a way that the maximum error is never morethan some tunable parameter, �. For example, it is often possible to choosethe number of bits of precision for all numeric computations and from thisderive an error bound for the entire algorithm.It is important for the value iteration algorithm described to degradegracefully as a function of the error in each step. This section shows that itdoes.More formally, given an approximate value function, V , that di�ers fromthe optimal value function by no more than e anywhere, approximate valueiteration produces an approximation of V 0 that di�ers from V 0 by no morethan � anywhere. The following lemma tells us the result of iterating thisprocedure for t iterations using �-approximations at each step.Theorem 2 (Approximate value iteration): After t steps of approximatevalue iteration on a POMDP with maximum per-step reward of M and dis-count factor 
, starting from the zero value function, and where each step11



produces approximations that are within � of the result of true value itera-tion, the resulting value function di�ers from the optimal value function byno more than M
t=(1 � 
) + �=(1� 
) at any state.Proof: Consider a single step of approximate value iteration. If V di�ersfrom the optimal value function by no more than e, then the value function V 0returned by exact value iteration di�ers from the optimal value function by nomore than 
e (Lemma 1). By the triangle inequality, the new approximationdi�ers from the optimal value function by no more than
e+ � (9)anywhere.In the previous section we saw that M=(1 � 
) bounds the distance be-tween the 0 function and the optimal value function. Applying Expression 9t times to this quantity bounds the t-step error:t�step error � tz }| {
(
(
 : : : (
 M=(1 � 
) + tz }| {�) : : :+ �) + �) + �� M
t=(1 � 
) + t�1Xi=0 
i�� M
t=(1 � 
) + 1Xi=0 
i�� M
t=(1 � 
) + �=(1� 
):The step that expands the sum to run from 1 to 1 is not strictly necessarybut simpli�es the formula for the bound. 2Note that for a �xed �, it may not be possible to use approximate valueiteration to reduce the error below �=(1 � 
). If you'd like the �nal valuefunction to be within � of optimal, one way to do it would be to let � =�(1� 
)=2. Then running fort � log(M) + log(1� ) + log( 11�
 ) + 1log( 1
 )iterations will be adequate. 12



3.4 Stopping criterionWhen should value iteration be stopped? Theorems 1 and 2 suggest thatwe compute the number of iterations to run as a function of the largestmagnitude reward in R. This approach is not desirable in practice for severalreasons.For one, the initial value function, V0 = 0, usually di�ers from the optimalvalue function, V �, by much less than the conservativeM=(1�
) bound usedin the lemmas.More importantly, we need to consider how the approximate value func-tion, Vt will actually be used to control the agent's behavior. The agent willfollow the \greedy" policy that says: always choose the action that looksbest according to one-step lookahead with Vt:�t(b) = arg maxa "Xs b[s]R[s; a] + 
Xo Pr(ojb; a)Vt(b0)# :What e�ect does error in the value function have on the reward gatheredby an agent following the greedy policy? Could it be that small errors arearbitrarily magni�ed?Both these issues are addressed by the following stopping criterion: Ateach iteration, t, compare Vt and Vt�1 and stop if the maximum di�erence issmall enough.Theorem 3 [Williams and Baird, 1993, Heyman and Sobel, 1984] tells usthe result of using this criterion.Theorem 3 (Bellman residual): If the maximum di�erence between Vt�1and Vt (sometimes called the Bellman residual of Vt�1) is less than �, thenthe reward gathered by the greedy policy on either Vt�1 or Vt never di�ersfrom that of the the optimal policy by more than 2�
=(1 � 
) at any beliefstate.Note that this result is concerned with values here and not instantaneousrewards. That means that the total reward that this type of greedy agentwould gather is not too far from what the optimal agent would get.The proof of this will not be included here. The signi�cance of the lemmais that a value iteration algorithm that stops when the Bellman residual isless than or equal to � � 0 will produce a good policy with respect to �.13



...

... ...

a1

a2

a4

a3

a5
a6

a7

o1 ok

t

|O |

|O |

|O |Figure 3: A t-step policy tree.In combination with Theorem 1, we can argue that this stopping criterionwill be satis�ed in �nite time. In particular, if Vt di�ers from the optimalvalue function by no more than �=2 at any b, then (by the triangle inequality)jVt(b)� V �(b)j � �=2jVt+1(b)� V �(b)j < 
�=2jVt+1(b)� Vt(b)j < �=2 + 
�=2jVt+1(b)� Vt(b)j < �:And, by Theorem 1, jVt(b)� V �(b)j � �=2 in a �nite number of iterations.4 Properties of the �nite-horizon value func-tionSince the discount factor, 
, is less than one and rewards are bounded, wecan use value iteration or approximate value iteration to �nd policies thatare within � of optimal by acting according to the value function at time tfor large enough t. We therefore need only focus on �nding an optimal t-steppolicy, which is a mapping from all probability distributions over states tooptimal actions. This still seems quite imposing, but there is a great deal ofstructure in the problem we can take advantage of.The decisions of a t-step policy can be summarized as a t-step policy treelike the one in Figure 3. This means that to specify an optimal policy, it is14
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0 bFigure 4: A sample value function for a 2 state POMDP.su�cient to commit to a t-step policy based on the initial belief state alone.The policy tree chooses an action for each of the t steps as a function of thehistory of observations.A fundamental fact about �nite-horizon POMDP's is that their valuefunctions are piecewise-linear and convex [Smallwood and Sondik, 1973]. Fig-ure 4 shows an example value function for a simple two state POMDP.A representation that makes use of these properties was introduced bySondik [Sondik, 1971].Theorem 4 (Piecewise-linear and convex): The optimal t-horizon value func-tion can be written as: Vt(b) = max�2Ct Xs b[s]�[s] ;for some �nite size collection, Ct, of jSj-dimensional vectors.Proof: The vectors in Ct, taken together, specify a value function that isthe \upper surface" of a set of linear functions. Smallwood and Sondik [Small-wood and Sondik, 1973] give an algebraic proof that any �nite-horizon valuefunction can be represented this way. The following is an alternative deriva-tion that gives an intuitive interpretation to the components of the vectorsin Ct. In particular, we can show that the vectors in Ct correspond to distinct�nite-horizon policies.A t-step policy is completely speci�ed by a choice of action and one t�1-step policy for each possible observation. If p is a t-step policy tree, we write15
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choice p o1,( )Figure 5: Notation used for describing policy trees.action(p) 2 A to signify its initial action choice and choice(p; o) to be thet � 1-step policy tree followed if o is observed after the �rst step. Figure 5illustrates these de�nitions.If we knew our true state at time t, we could compute the expected valuedue to a particular policy by simply (if somewhat expensively) computing thelikelihood of being in each state at each node of the tree and averaging theresulting rewards. For policy tree p, we could write down a vector of values,value(p)[s], with one component for each state, that gives the expected valuefor following policy p if our initial state is s.Of course, we don't know our starting state, but our belief state, b, isexactly the information we need. Because of the linearity of expected values,Xs b[s]value(p)[s] (10)gives the expected reward for tree p starting from belief state b. It combinesthe probability of being in a given state, s, with the expected reward we'd getif we truly started in s. Thus, for any initial belief state, b, we can computethe value of executing a particular policy tree p.Notice that the set of all t-step policy trees, Pt, is �nite since each treehas a �nite number of nodes and there are a �nite number of ways of �llingin the tree with action decisions. The total number of t-step policy trees isjPtj = jAj (jOjt�1)jOj�1 :16



Since the set Pt is �nite, we can choose the optimal t-step policy tree forb by evaluating Equation 10 for every tree and choosing the best one:p� = arg maxp2Pt Xs2S b[s]value(p)[s]:The expression Ps2S b[s]value(p�)[s] gives us the value of the optimal t-steppolicy. Thus, if we let Ct be the set of vectors corresponding to all possiblepolicy trees, Ct = [p2Ptvalue(p);then we can write the optimal value function for time t asVt(b) = max�2Ct Xs2S b[s]�[s]: 2 (11)This argument shows that the t-horizon value function is piecewise-linearand convex and also provides us with an (incredibly ine�cient) algorithm forsolving POMDP's. A more sophisticated algorithm will be presented in latersections that is substantially faster for some problems with \simple" optimalvalue functions. However, its worst-case bound is no better than the doublyexponential time method described here.Here is some additional notation to streamline later discussion. First ofall, in linear algebra, a dot product is the sum of the componentwise productof two vectors. Thus, for our purposes, x � y = Ps x[s]y[s]. Secondly, wede�ne the function best asbest(b;X ) := argmaxp2X b � value(p):That is, given a set of policy trees, X , and a vector b, best(b;X ) returnsthe policy tree in the set whose value vector has the largest dot productwith b. This gives us an abbreviated way of writing Equation 11: Vt(b) =b � value(best(b;Pt)).One other piece of notation is:back(�; a; o)[s] =Xs0 �[s0]T [s; a; s0]O[s0; a; o]:Conceptually, back returns a vector that consists of the components of �projected backwards one step by action a and observation o. It is used17



to combine policy trees together. The expression back(�; a; o)[s] can beinterpreted as the expected reward received by an agent that takes actiona starting in state s, observes o and then proceeds using the policy treecorresponding to �. It does not include the reward or discounting from the�rst step.Table 2 gives pseudocode for computing best and back. Note that tiesin best are not broken arbitrarily. The symbol \�" is intended to denotea lexicographic ordering over vectors. The rationale and more details arepresented in Section 7.5.5 Value iteration using the policy tree repre-sentationThis section describes the basics of using policy trees as the representationof value functions in value iteration.5.1 PreliminariesSection 3 discussed the method of value iteration for solving POMDP's with-out committing to how value functions might be represented. The policy treerepresentation, introduced in the previous section, can be used in the valueiteration computation once a few details have been established.First, there are two simple improvements that can be made to the methodof Section 4 to simplify the computation. First of all, not all the policy treesin Pt correspond to reasonable strategies. In general, only a small fraction ofthe value vectors for the policy trees in Pt can ever contribute to the \max"in Equation 11. So instead of considering the set of all t-step policy trees,we only ever work with Vt � Pt, which is a minimal set of t-step policy treesfor representing Vt.To make this more precise, we call a policy tree extraneous if it is notneeded to represent the optimal value function. Figure 6 illustrates the threeprimary ways that a policy tree p2 might be extraneous. First of all (Fig-ure 6(a)), it might be strictly dominated by some other policy tree or groupof policy trees. That is, there is no belief state at which that policy treeis the best. Secondly (Figure 6(b)), there might be only a single point orzero area region at which it is not dominated. This means there is a belief18



best(b;X ) := fbestpol := nilbestvec := [�1;�1; : : : ;�1]bestval := �1foreach pol in X fvec := value(pol ;M)val := b � vecif ((val > bestval ) or ((val = bestval ) and (vec � bestvec))) fbestpol := polbestvec := vecbestval := valggreturn bestpolgback(�; a; o;M) := fLet �0 be an uninitialized jSj-vectorforeach s in S�0[s] :=Ps0 �[s0]T [s; a; s0]O[s0; a; o]return �0gvalue(p;M) := fif (value(p) unde�ned) fa := action(p)foreach s in Svalue(p)[s] := R[s; a] + 
Po back(value(choice(p; o);M);a; o;M)[s]greturn value(p)g Table 2: Pseudocode to compute best, back, and value.19
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(b)(a) (c)Figure 6: Three ways in which a policy tree p2 can be extraneous: (a) strictdomination, (b) optimal over zero area, (c) tied with existing policy tree.state at which that policy tree is optimal but some other policy tree coversa strictly large set of states. Lastly (Figure 6(c)), it might be exactly tiedwith some other policy tree since it is possible for two policy trees to havethe same vector representation value. It is possible to argue that every setof policy trees that contains no extraneous policy trees is of minimum size.See Section 6.1 for a few more details.Another important improvement is the method of computing a policytree's value vector. As it is described in the previous section, this compu-tation would involve computing expected values over the entire tree, whichwould take time exponential in its depth. Instead, we can construct the vec-tor for p from the vectors associated with p's subtrees2. This is accomplishedas follows (using the notation introduced at the end of Section 4).value(p)[s] = R[s; a] + 
Xo back(value(choice(p; o)); a; o)[s]; (12)where a := action(p). This roughly corresponds to the sum of each of thevalue(choice(p; o)) vectors projected backwards one step and discountedwith the immediate reward added in. The derivation of this is given inSection 7.3. Pseudocode appears in Table 2.Since the t-step policy trees are constructed from t � 1-step policy treesand some of the t � 1-step policy trees have been thrown away, a naturalquestion is whether any of the policy trees that have been thrown awaymight be needed later on. The answer to this is no. The only way it would2As long as these quantities are cached, i.e. dynamic programming is used, this com-putation is extremely e�cient. 20



make sense to use a particular t� 1-step policy tree in the construction of at-step policy tree is if there would be some belief state for which the t�1-steppolicy tree is optimal (i.e., if the policy tree is not extraneous). Otherwise,it would be better to transfer control to the better t� 1-step policy tree. Soif a policy tree is deemed extraneous, it will never be needed again.5.2 Computing an optimal policy tree for a beliefstateEquation 12 can be used to generate a superset of the non-extraneous t-steppolicy trees by considering all possible combinations of the non-extraneous t�1-step policy trees. The extraneous t-step policy trees that are generated canthen be identi�ed and removed using the techniques discussed in Section 7.4.This approach, �rst introduced by Monahan [Monahan, 1982], can be verye�cient when the number of observations is small.To �nd the minimal representation of the t-step value function, a moreimportant task is to construct, from the set of non-extraneous t � 1-steppolicies, Vt�1, the optimal t-step policy tree for a given belief state, b. We'llcall this t-step policy tree p� and it is optimal for at least one belief state.However, because many policy trees might be equally good from a given b, weneed to take special care to ensure that the p� generated is not extraneous.Section 7.5 discusses this issue in more detail.One method for �nding p� is �rst to consider the policy tree pa de�nedto be the policy that takes action a from belief state b and then proceedsoptimally thereafter. By de�nition, action(pa) = a. Then, after observingo, the agent would be in belief state b0a;o, say, and so should follow the t� 1step policy tree choice(pa; o) = best(b0a;o;Vt�1) thereafter. By substitutingand rearranging, we �nd that:choice(pa; o) = best(b0a;o;Vt�1)= arg maxp02Vt�1 b0a;o � value(p0)= arg maxp02Vt�1Xs0 b0a;o[s0]value(p0)[s0]= arg maxp02Vt�1Xs0 (O[s0; a; o]Ps T [s; a; s0]b[s])value(p0)[s0]Pr(oja; b)21



= arg maxp02Vt�1Xs b[s]Xs0 O[s0; a; o]T [s; a; s0]value(p0)[s0]= arg maxp02Vt�1 b � back(value(p0); a; o)= best(b; fback(value(p0); a; o) : p0 2 Vt�1g): (13)This says that, after taking action a and making observation o from beliefstate b, an agent should choose the t�1-step policy tree, p0, whose value pro-jected backwards one step has the largest dot product with b. The backwardprojection is needed to allow us to compare b, a t-step belief state, with p0,a t� 1-step policy tree.Now we've de�ned pa for each a, where pa represents the optimal policytree to choose from b given that a is the �rst action. Then p�, the optimalpolicy tree to take starting from b, is simply the best of the pa policy trees,p� = best(b; fpa : a 2 Ag):The pseudocode in Table 3 returns pa, an optimal t-step policy tree givenan initial action, a, and belief state, b. To avoid constructing extraneouspolicy trees, ties are broken in a slightly unusual way. See Section 7.5 for anexplanation.6 The witness algorithmThis section develops an exact algorithm for performing value iteration inPOMDP problems. The name \witness" comes from the technique we usefor determining when we have an exact representation of a value function.6.1 Basic approachA single step of value iteration involves taking a representation of Vt�1 anda POMDP model, M, and returning a representation for Vt. As describedin the previous section, we can represent both Vt�1 and Vt using collectionsof policy trees, which we'll write as Vt�1 and Vt, respectively. Althoughthese representations are not necessarily unique, as long as they contain noextraneous policy trees they are guaranteed to be of minimum size. This canbe shown using a fairly straightforward application of matroid theory but isbeyond the scope of this paper. 22



besttree(b; a;Vt�1;M) := fLet p� be a new policy treeaction(p�) := aforeach o in O fbestpol 0 := fgbestvec 0 := [�1;�1; : : : ;�1]bestval := �1foreach pol 0 in Vt�1 fvec 0 := back(value(pol 0;M); a; o;M)val := b � vec 0if ((val > bestval ) or ((val = bestval ) and (vec0 � bestvec 0))) fbestpol 0 := pol 0bestvec 0 := vec0bestval := valggchoice(p�; o) := bestpol 0greturn p�gTable 3: Algorithm to return the best policy tree starting with a given actionfor a belief state. 23



There are two classical ways of generating Vt. The �rst involves gener-ating a superset of the policy trees, V+t , and then deleting those that areextraneous [Monahan, 1982, Eagle, 1984]. The process for deleting extra-neous trees is described in Section 7.4. Regardless of the true size of Vt,algorithms based on this approach will generate an exponential (in jVt�1j)number of policy trees.Another class of algorithms work with the set V̂t � Vt and search forpolicy trees in Vt�V̂t. That is, they build up to Vt one policy tree at a time.These approaches are sometimes called relaxed region algorithms [Cheng,1988] because the vectors corresponding to the policy trees in V̂t partitionbelief space into regions that constitute a relaxation (a form of approxima-tion) of the regions corresponding to the true Vt function. The algorithmswork by extending the set V̂t with non-extraneous policy trees until no moreexist at which point Vt = V̂t and the algorithms can terminate.The earlier algorithms that follow this approach [Cheng, 1988, Sondik,1971] have worst-case running times that are exponential in the size of Vt�1.There is some reason to believe that this is a necessary feature of this problem(see Section 7.1).In this section we take a slightly di�erent approach. Instead of buildingup a representation of Vt directly, we �rst �nd a collection of policy trees thatrepresents Qat , for each a 2 A. These Q-functions are de�ned analogously tothe Q-functions of Watkins [Watkins, 1989]|the expression Qat (b) representsthe expected reward for taking action a from belief state b and then actingoptimally for the the remaining t� 1 steps.More formally, we can writeQat (b) =Xs b[s]R[s; a] + 
Xo Pr(oja; b)Vt�1(b0); (14)where b0 is the belief state resulting from taking action a and observing ofrom belief state b. Since V is de�ned to be the value of the best action,we have Vt(b) = maxaQat (b). This follows directly from the value iterationequation, Equation 4.Using arguments similar to those in Theorem 4, we can show that theseQ-functions are piecewise-linear and convex and can be represented by col-lections of policy trees. We'll use Qat to represent the collection of policytrees that specify Qat . Once again, any representation with no extraneouspolicy trees is guaranteed to be of minimum size.24



Note that the policy trees needed to represent the function Vt are a subsetof the policy trees needed to represent all of the Qat functions: Vt � SaQat .This is because maximizing over actions and then policy trees is the same asmaximizing over the pooled policy trees. Section 7.4 describes a method forremoving theQat policy trees that are not needed for a minimal representationof Vt.At any moment in time, the witness algorithm maintains a subset of thecomplete set of non-extraneous policy trees, Q̂at � Qat . In polynomial timeper policy tree of Qat , the algorithm generates a representation for Qat . Forproblems in which Qat has a simple representation, the algorithm will be verye�cient. However, there are problems for which Qat requires a huge numberof policy trees to be represented exactly. Even worse, there are problemsin which Vt can be represented succinctly but Qat can not. Like previousalgorithms, the witness algorithm can run in time exponential in the size ofVt. In what sense is the witness algorithm superior to previous algorithmsfor solving POMDP problems, then? For one thing, preliminary experimentsindicate that the witness algorithm is faster in practice (see [Cassandra, 1994]for some very informal results). The primary complexity-theoretic di�erenceis that the witness algorithm runs in polynomial time in the number of policytrees in Qat . There are examples that cause the other algorithms, althoughthey never construct the Qat 's directly, to run in time exponential in thenumber of policy trees in Qat .The code in Table 4 outlines our approach to solving POMDP problems.The basic structure is that of value iteration (Section 3.1) with the stop-ping criteria de�ned in Section 3.4 (methods for computing the Bellmanresidual are given in Section 7.2). At iteration t, the algorithm has a repre-sentation of the optimal t-step value function. Within the value iterationloop, separate Q-functions are found for each action, represented by sets ofpolicy trees. The union of these sets forms a representation of the optimalvalue function. Since there may be extraneous policy trees in the combinedset, a separate routine (Section 7.4) is called to simplify the representationof Vt. 25



solvepomdp(�;M) := fV0 := fgt := 1do fforeach a in AQat := witness(Vt�1; a;M)Vt := purge(SaQat )t := t+ 1g until (difference(Vt�1;Vt) � �)return Vtg Table 4: Algorithm to solve a POMDP.6.2 Witness loopThe basic structure of the witness algorithm is as follows. We'd like to �nda minimal set of policy trees for representing Qat for each a. We considerthe Q-functions one at a time. The set Q̂at is a set of non-extraneous policytrees and it is initialized with a single policy tree that is the best for somearbitrary belief state. At each iteration we ask, is there some belief state, b,for which the true value, Qat (b), computed by one-step lookahead, is di�erentfrom Q̂at (b) computed using the set Q̂at ? We call such a point a witness pointbecause it can, in a sense, testify to the fact that the set Q̂at is not yet aperfect representation of Qat (b).Once a witness is identi�ed, we can use besttree (Section 5.2) to �nda non-extraneous policy tree that is missing from Q̂at . We include the newpolicy tree to improve the approximation. This process continues until wecan prove that no more witness points exist and therefore that the currentapproximation is perfect.Table 5 gives pseudocode for this outer loop. The function findb identi-�es witness points and will be de�ned later.26



witness(Vt�1; a;M) := fQ̂at := fbesttree([1; 0; 0; : : : ; 0]; a;Vt�1;M)gb := findb(a;Vt�1; Q̂at ;M)while (b 6= nil) fQ̂at := Q̂at [ fbesttree(b; a;Vt�1;M)gb := findb(a;Vt�1; Q̂at ;M)greturn Q̂atg Table 5: Algorithm for �nding a representation for a Q-function.6.3 Identifying a witnessThis section describes how we go about �nding a witness point. First, weneed to de�ne how the policy trees in Q̂at divide belief space into regions.Each policy tree, p 2 Q̂at accounts for a region of belief space in thefollowing sense. De�ne:region(p; Q̂at ) := fb 2 �(S) : value(p) � b � value(~p) � b; for all ~p 2 Q̂atg:(15)A policy tree's region is just the set of belief states over which it is optimal(with respect to the current approximation). It should be clear that everypoint in belief space is in some region and that, along the borders, somebelief states are in multiple regions.For simplicity of notation, we de�ne Q̂at (b) = best(b; Q̂at ) � b, the valueat b of the current approximation. Further, if p is a t-step policy tree, oan observation, and p0 a t � 1-step policy tree, then we de�ne pnew as a t-step policy tree that agrees with p in its action and all its choices exceptfor observation o for which choice(pnew; o) = p0. Figure 7 illustrates therelationship between p and pnew.Theorem 5 (Witness theorem): The true Q-function, Qat , di�ers from theapproximate Q-function, Q̂at , if and only if there is some p 2 Q̂at , o 2 O, and27
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p'Figure 7: Constructing a new policy.p0 2 Vt�1 for which there is some b 2 region(p; Q̂at ) such thatback(value(p0); a; o) � b > back(value(choice(p; o)); a; o) � b (16)In words, if there is a belief state, b, for which we can change the choicemade for any observation to a better policy tree, then b is a witness. Con-versely, if none of the individual choices can be improved, there are no witnesspoints.Proof: De�ne the policy tree pnew as above: action(pnew) = action(p) =a, choice(pnew; o) = p0, and choice(pnew; ~o) = choice(p; ~o), for ~o 6= o. Firstwe show that if Condition 16holds, we've found a witness.Q̂at (b) = b � value(p)= Xs b[s] R[s; a] + 
X~o back(value(choice(p; ~o)); a; ~o)[s]!= Xs b[s]R[s; a] + 
X~o 6=oback(value(choice(p; ~o)); a; ~o) � b+
back(value(choice(p; o)); a; o) � b< Xs b[s]R[s; a] + 
X~o 6=oback(value(choice(p; ~o)); a; ~o) � b+
back(value(p0); a; o) � b< b � value(pnew)< Qat (b): 28



Since we can replace choice(p; o) with p0 and improve the value, Qat and Q̂atdi�er.To prove the converse, assume Qat 6= Q̂at and for every p; o; p0 and b 2region(p; Q̂at ) quadruple, Condition 16 is not satis�ed. We show that thisleads to a contradiction.If Qat 6= Q̂at , it must be the case that Qat (b) > Q̂at (b) for some b. Thisis because Qat (b) is computed as a maximization over a set of policy treesthat is a superset of Q̂at . Let p� be a policy tree that achieves Qat (b), i.e.,Qat (b) = b � value(p�). Let p be a policy tree in Q̂at which is best at b, i.e.,Q̂at (b) = b �value(p). By construction we have b � (value(p�)�value(p)) > 0.But, b � (value(p�)� value(p))= Xs b[s]R[s; a] + 
X~o back(value(choice(p�; ~o)); a; ~o) � b�Xs b[s]R[s; a]� 
X~o back(value(choice(p; ~o)); a; ~o) � b= 
X~o b � (back(value(choice(p�; ~o)); a; ~o)� back(value(choice(p; ~o)); a; ~o))� 0The last step is justi�ed because we assumed that Condition 16 doesnot hold for any p; o; p0; b 2 region(p; Q̂at ) quadruple (in particular, p0 :=choice(p; ~o), o := ~o, p := p�). But this contradicts the fact that b�(value(p�)�value(p)) > 0. The conclusion is that, if our approximation is not perfect,there must be some single choice that can be improved. 26.4 Checking the witness conditionTheorem 5 requires us to search for a p 2 Q̂at , an o 2 O, a p0 2 Vt�1 and ab 2 region(p; Q̂at ) such thatback(value(p0); a; o) � b > back(value(choice(p; o)); a; o) � bor to guarantee that no such quadruple exists. Since Q̂at , O, and Vt�1 are�nite and hopefully small, checking all combinations is not too time consum-ing. However, for each combination, we need to check all the belief states inregion(p; Q̂at ). This we can do using linear programming.29



For each combination of p, o, p0 we compute the vector� = back(value(p0); a; o)� back(value(choice(p; o)); a; o):For any belief state, b, � � b gives the (undiscounted) advantage of followingpolicy tree pnew instead of p starting from b. We'd like to �nd a b thatmaximizes this advantage under the restriction that b 2 region(p; Q̂at ) (i.e.,that we would have followed p in the �rst place).The linear program in Table 6 solves exactly this problem. It has a setof region constraints that restrict b to the region over which p is optimal anda set of simplex constraints that force b to be a well-formed belief state. Itthen seeks to maximize the advantage of pnew over p. Since the constraintsand the advantage function are all linear, this can be accomplished by linearprogramming. The total size of the linear program is one variable for eachcomponent of the belief state and one constraint for each policy tree in Q̂atplus one constraint to ensure that the belief state sums to unity.If the linear program �nds that the biggest advantage is not positive, i.e.maxb � � b � 0, then pnew is not an improvement over p. Otherwise, it is andb is a witness point.Table 7 gives the complete algorithm. It introduces some additional no-tation for e�ciency reasons. The external variable \checkme" holds on tothe triple p, o, p0 that needs to be checked next in findb. The function callnextcheckme(checkme) is intended to return the next triple to check or nilif all have been checked. The implementation of these functions is heavilylanguage dependent and so is not addressed in this paper.Note that in this function, once a region has been searched and no witnesspoint is found, it is never checked again. This is safe because the only thingthat changes between successive calls is that new policy trees are added to Q̂at .Additional policy trees can only shrink the existing regions and hence willnot introduce any witness points in regions that have already been searched.The comparison between the objective value and zero in findbmay seema little suspect. For the theoretical analysis, we assume that all arithmeticuses arbitrary precision rational numbers and hence a direct comparison withzero is possible. In practice, however, it may be necessary to choose a preci-sion factor, �, and to compare objective to � instead of to zero. Using � > 0is equivalent to running approximate value iteration. See Section 3.3 for anexplanation of how this a�ects the �nal results.30



Inputs:̂Qat ; �; pVariables:b[s] for each s 2 SMaximize: b � �Region constraints:For each p2 in Q̂at : b � value(p) � b � value(p2)Simplex constraints:For each s 2 S: b[s] � 0Ps2S b[s] = 1Table 6: The linear program used to �nd witness points.findb(a;Vt�1; Q̂at ;M) := floop:(p; o; p0) := checkme� := back(value(p0;M); a; o;M)� back(value(choice(p; o);M); a; o;M)LP := set up the witness LP (Table 6) with Q̂at ; �; p(objective; b) := solveLP(LP)if (objective > 0) return bcheckme := nextcheckme(checkme)if (checkme = nil) return nilgoto loopg Table 7: Pseudocode for �nding a witness point.31



6.5 Analysis of running timeThis section analyzes the running time of the witness algorithm.Theorem 6 (Running time of witness): The running time of a single passof value iteration using the witness algorithm is bounded by a polynomial inthe size of the state space (jSj), the size of the action space (jAj), the numberof policy trees in the representation of the previous iteration's value function(jVt�1j), the number of observations (jOj), and the number of policy trees inthe representation of the current iteration's Q-functions (Pa jQat j).Note that we must assume that the number of bits of precision used inspecifying the model,M, is polynomial in these quantities since the runningtime of linear programming is expressed as a function of the input preci-sion [Schrijver, 1986].Proof: We would like to bound the running time of a single call to witness(Table 5). The work can be divided up as follows.Each time the witness linear program (Table 6) is solved, either a p; o; p0triple can be discarded, or a witness is found and is turned into a policy treeand added to Q̂at . Thus the total number of linear programs solved in �ndingthe Q-function for action a is exactlyjQat jjOjjVt�1j+ jQat j � 1:This is the sum of the number of p; o; p0 triples encountered during the com-putation plus the number of witnesses found (minus one because no linearprogram is needed to identify the �rst witness.)Each of these linear programs has jSj variables and jQ̂at j + 1 � jQat j + 1constraints. The total work due to solving linear programs consists of solvinga polynomial number of polynomial-sized linear programs, each of which canbe solved in polynomial time [Schrijver, 1986].The other work performed is primarily in calls to back and besttree,each of which is trivially implemented to run in polynomial time. Eachroutine is called only a polynomial number of times: back is called twice perlinear program and besttree is solved once for each witness and thereforeeach policy tree in jQat j.The witness function is called jAj times per iteration and a total ofPa jQat j policy trees are created and sent to purge. Section 7.4 explains howpurge is implemented in polynomial time.32



Thus, the total runtime of a single iteration of value iteration takes poly-nomial time in the quantities listed. 27 Odds and endsThis section contains several results needed elsewhere in the paper whoseinclusion would have interrupted the 
ow.7.1 Comparison to the earlier witness algorithmWe sketched an earlier version of the witness algorithm in a recent paper [Cas-sandra et al., 1994]. The gross structure of the algorithm presented here isidentical to that of the earlier algorithm: both use value iteration to �ndan approximate representation of the value function using �nite-horizon pol-icy trees. The primary di�erence is that where the current algorithm �ndsa representation for Qat and creates from that a representation for Vt, theearlier algorithm attempted to solve for Vt directly. Although the di�erencemay seem subtle, it has profound consequences.The main distinction between the two approaches comes down to thefollowing fact. Consider the Q-function witness problem de�ned as: Given aset of t-step policy trees, Q̂at , that constitutes a partial representation of Qat ,and a set of t � 1-step policy trees, Vt�1, that exactly represents the t � 1-step value function, is there a point, b, at which the partial representation ofQat is not exact? As shown in this paper, this question can be answered inpolynomial time.Surprisingly, the same question applied to V -functions is much more dif-�cult: the corresponding V -function witness problem is NP-complete. Thismeans that there is a polynomial time algorithm to solve it if and only if P= NP. This can be shown using a somewhat messy reduction to MAX-2-SATor quadratic programming [Garey and Johnson, 1979]. Our earlier algorithmclaimed to solve the V -function witness problem in polynomial time. In fact,the algorithm runs in polynomial time but will not always give correct an-swers. It is possible to construct cases in which it fails to �nd witness pointsin certain regions of belief space with the result that the algorithm may re-port \there is no di�erence between the true Vt and our approximation" whenin fact witnesses to this di�erence exist.33



The di�culty of the V -function witness problem stems from the break-down of the Witness Theorem (Theorem 5) for V -functions. The WitnessTheorem tells us that to determine if there is an improvement that can bemade to the Q-function, we need only examine a polynomial number of can-didate policy trees (those derived from all jQat jjOjjVt�1j ways of combiningp, o, and p0). On the other hand, no simple test is known for �nding im-provements in the V -function. It appears that it is necessary to check anexponential number of combinations (all jAjjOjjVt�1j possible t-step policytrees).Thus, the extra constraint of holding the �rst action in the policy constantyields great computational leverage. The downside is that the Q-functionsmight be a great deal more complicated than the monolithic V -function andtherefore might require a great deal more work to derive. But since we allowourselves time polynomial in the size of the Q-function, this is not countedagainst us. In a sense, the apparent e�ciency of the revised algorithm isa sleight of hand: we are measuring the performance of the two algorithmsdi�erently. Nonetheless, we feel bounding the computation by a polynomialin the size of the Q-functions is better than bounding it as an exponential inthe size of the V -function since in the case when both functions are small,our running time will be small also.The NP-completeness result only applies to speci�c iterative approachesto improving the value function representation. It may be possible, usingmore of the structure of the problem at hand, to �nd a representation quicklyfor the V -function without �rst generating a representation for eachQat . Suchan algorithm has eluded us thus far.Two additional points are worth making here. First, although the algo-rithm described in our earlier paper [Cassandra et al., 1994] was not formallycorrect, the experimental results reported there were valid. We have rerunthe same examples with the revised algorithm and found no important dif-ferences.Secondly, although the present algorithm potentially does a great dealmore work than the original one, it does have the important advantage thatno error tolerance factor need be speci�ed in advance. The witness algorithmis an exact method. 34



7.2 Computing the Bellman residualIn deciding when the current approximation to the in�nite-horizon valuefunction is good enough, the solvepomdp algorithm calls difference to com-pute the Bellman residual. Recall that the Bellman residual is the greatestdi�erence between the value functions of two successive iterations.We have looked at two methods for computing the Bellman residual.One is exact and somewhat expensive. The other is weak but very cheapto compute. We have only implemented the weak method for use in ourexperiments3. There are actually many ways to compute the Bellman residualbut since we were satis�ed with the weak method in our experiments, we didnot pursue this issue very deeply.7.2.1 An exact methodBrie
y, the exact method considers all pairs of policy trees pt 2 Vt andpt�1 2 Vt�1. It then uses linear programming to �nd a b 2 region(pt;Vt) \region(pt�1;Vt�1) (if it is non-empty) such that jb�(value(pt)�value(pt�1))jis maximized. The maximum di�erence over all pairs of policy trees is themaximum di�erence between Vt and Vt�1.The linear program and pseudocode for this method appear in Table 8and Table 9, respectively.7.2.2 A weak methodThe previous section described a method for computing the maximum dif-ference between two piecewise-linear and convex value functions over beliefspace. This section describes a simpler approach that is much more e�cientto compute but only gives a weak upper bound on the di�erence.We'd like to �nd a bound on the biggest di�erence between two valuefunctions,X(b) = b�value(best(b;X )) and Y (b) = b�value(best(b;Y)). Thefollowing theorem gives a cheap way to bound the biggest positive di�erencebetween X and Y .Theorem 7 (Weak value function comparison): Let� = maxpx2X minpy2Ymaxs2S (value(px)[s]� value(py)[s]):3In fact, the method we use is a simpli�cation of the weak method described here.35



Inputs:px;X ; py;YVariables:b[s] for each s 2 SMaximize: b � (value(px)� value(py))Region constraints:For each ~px in X : b � value(px) � b � value( ~px)For each ~py in Y: b � value(py) � b � value( ~py)Simplex constraints:For each s 2 S: b[s] � 0Ps2S b[s] = 1Table 8: The linear program used to compute the maximum value di�erencebetween two policy trees.
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difference(Vt�1;Vt) := fmaxdi� := �1foreach pt in Vt fforeach pt�1 in Vt�1 fLP := set up the di�erence LP (Table 8) with pt;Vt; pt�1;Vt�1(objective 1; b) := solveLP(LP)if (objective 1 = nil)objective1 := �1LP := set up the di�erence LP (Table 8) with pt�1;Vt�1; pt;Vt(objective 2; b) := solveLP(LP)if (objective 2 = nil)objective2 := �1maxdi� := max(maxdi� ; objective1; objective2)ggreturn maxdi�gTable 9: Pseudocode for computing the Bellman residual exactly in polyno-mial time.
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δ≤Figure 8: Weak bound on the maximum di�erence between value functions.Then for all belief states, b, X(b)� Y (b) � �.Proof: Consider some particular belief state, b. Let p�x = best(b;X ),p�y = best(b;Y), andpy = arg min~py2Ymaxs2S (value(p�x)[s]� value( ~py)[s]):Further, de�ne � as in the statement of the theorem. This situation is de-picted in Figure 8.We can bound,X(b)� Y (b) = b � (value(p�x)� value(p�y))� b � (value(p�x)� value(py))� maxs2S (value(p�x)[s]� value(py)[s])� min~py2Ymaxs2S (value(p�x)[s]� value( ~py)[s])� max~px2X min~py2Ymaxs2S (value( ~px)[s]� value( ~py)[s])� �;as desired. Since b is arbitrary, the bound holds everywhere. 2Although this bound can be arbitrarily weak, it is a good approximationin the following sense. If the policy trees in X are identical to the policy treesin Y, the weak bound will (correctly) state that the two value functions are38



weakbound(X ;Y) := f� := �1foreach px in X fmindi� :=1foreach py in Y fmaxcomponent := maxs2S(value(px)[s]� value(py)[s])mindi� := min(mindi� ;maxcomponent)g� := max(�;mindi� )greturn �gTable 10: Pseudocode for computing a bound on di�erence between two valuefunctions.difference0(Vt�1;Vt) := freturn max(weakbound(Vt�1;Vt); weakbound(Vt;Vt�1))g Table 11: Pseudocode for a weak bound on the Bellman residual.identical. And, although it is di�cult to formalize, if the two sets are onlyslightly di�erent, the given bound will be fairly accurate.Tables 10 and 11 provide pseudocode for the weaker bound.7.3 Derivation of valueBy de�nition, value(p)[s] is the expected discounted reward for following t-step policy tree p starting from state s. Equation 12 gives a recursive formulafor this expression. This section justi�es that formula.39



Let a be action(p). We have:value(p)[s] = R[s; a] + 
Xs0;o Pr(o; s0ja; s)value(choice(p; o))[s0]= R[s; a] + 
Xs0;o Pr(s0ja; s) Pr(ojs; a; s0)value(choice(p; o))[s0]= R[s; a] + 
Xo;s0 T [s; a; s0]O[s0; a; o]value(choice(p; o))[s0]= R[s; a] + 
Xo back(value(choice(p; o)); a; o)[s]as desired.7.4 Eliminating extraneous policy treesGiven a set X of policy trees, how can we �nd a minimum-sized subset,V � X , that represents the same value function?Monahan [Monahan, 1982] describes a method that is further exploredby Eagle [Eagle, 1984] for eliminating extraneous policy trees from a set.Interestingly, Monahan attributes the method to Sondik [Smallwood andSondik, 1973] but the two methods are only similar at a high level. Themethod described here is a slight variant of the one discussed by Monahan.The basic method is to consider each p 2 X in turn and to ask, \Is therea belief state, b, such that the value achieved by following p starting from bis larger than that of following any other policy tree in X ?"Once again, there is a simple linear program for answering this question.The linear program is given in Table 12.The linear program searches for a b and a � such that a given policy tree,p, gives a value of at least � more than any other policy tree in the set X atb. If the linear program returns a negative value for �, then p must be dom-inated everywhere and therefore extraneous in the manner shown in Fig-ure 6(a). If the returned value for � is zero, that means that, at b, policy treep is optimal but that there is no belief state for which policy tree p strictlydominates all the others. Thus p is again extraneous, but in the sense ofFigure 6(b) or (c).Only p's for which � > 0 are kept. These policy trees will not be extrane-ous since removing them from the set would change the value function being40



Inputs:p;XVariables:�, b[s] for each s 2 SMaximize: �Domination constraints:For each ~p in X : b � value(p) � � + b � value(~p)Simplex constraints:For each s 2 S: b[s] � 0Ps2S b[s] = 1Table 12: A linear program used to decide whether policy tree p is extraneousin the set X .purge(X ) := fV := fgforeach p in X fLP := set up the Monahan LP (Table 12) with p;X(�; b) := solveLP(LP)if (� � 0)X := X � fpgelse V := V [ fpggreturn Vg Table 13: Pseudocode for purging extraneous policy trees from a set.41



represented.The running time for this procedure is that of solving one linear programfor each policy tree in X . Each linear program has jSj+ 1 variables and atmost one constraint for each policy tree in X . Thus it runs in time polynomialin jSj and jX j (and the precision).7.5 Ties in choosing the best vectorThe most di�cult part of the witness algorithm, both computationally andconceptually, is the identi�cation of a witness point. Recall that given anapproximation of Qat , b is a witness if Qat (b) 6= Q̂at (b). In addition to �ndinga witness, b, we must select a policy tree, p, to add to Q̂at to improve theapproximation. We need to �nd a p such that value(p) � b = Qat (b). But ifthere are multiple policy trees for which this is true, which do we add?If we are very careless, we might add an extraneous policy tree such as p2shown in Figure 6(b) which contributes only a single, redundant point to therepresentation of Qat . In this section, we argue that breaking ties betweenpolicy trees using a lexicographic ordering on their value vectors ensures thatno extraneous policy trees are included. Further, we show how to identifythe lexicographically best policy tree in the set of all optimal policy trees atb without having to enumerate this set.7.5.1 MotivationIt is worth asking whether or not this is a signi�cant problem. Consider thevalue function shown in Figure 9. It consists of 3 segments and, in the worstpossible case, there are only 5 extraneous policy trees that might be includedif we break ties arbitrarily. In general, the number of extraneous policy treescan not be greater than the number of intersection points between segments(or segments and the edges of belief space). Therefore, in two dimensions,this at most doubles the number of policy trees that are considered.Since the extraneous policy trees can be eliminated quickly using thetechniques in Section 7.4, this would seem to imply that the problem of tiescontributes at most a constant factor to the computation. However, this isnot true. The number of intersection points can blow up exponentially withthe size of the state space, jSj, and this would add signi�cant overhead to the42
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p3Figure 9: A value function and some extraneous vectors.computation. It is important, at least for the analysis, that these extraneouspolicy trees not take over the computation time.7.5.2 Lexicographic tie breakingLet U be the set of vectors derived from all t-step policy trees,U = fvalue(p) : p 2 Ptg:Let W be the set of vectors corresponding to policy trees that are optimalat b, W = fvalue(p) : p 2 Pt and value(p) � b = Qat (b)g:This section argues that the lexicographically largest, vector in W corre-sponds to a policy tree that can not be extraneous. We say �1 is lexicograph-ically greater than �2 (�1 � �2) if �1's �rst component is bigger than �2's�rst component. If they are tied at the �rst component, the tie is brokenby the second component, and so on. The upshot of this is that any set ofjSj-vectors, such asW, has exactly one lexicographic maximum. We de�ne �to be the lexicographic maximum vector inW. That is, for all � 2 W�f�g,� � �.Our goal is to show that the policy tree corresponding to � cannot beextraneous. The proof of this is more complicated than it deserves to be. Itis included below completeness. The intuition behind the proof is that wecan move a little bit away from b, increasing its �rst component a bit, itssecond component a little bit less, and so on, so that � gives an answer thatis a tiny bit bigger than any of the other vectors in U .43



To show this formally, we need a little notation. Let es be the vectorcorresponding to the \corner" of belief space where all the probability massis on state s. That is, es[s] = 1 and es(~s) = 0, for ~s 6= s . The point ~b is a�-step from b1 towards b2 if ~b = �(b1� b2) + b2 since the expression evaluatesto b1 when � is 0 and b2 when � is 1 and interpolates linearly for 0 < � < 1.Lemma 2 (Safe corner moves): If W is the set of vectors in U that aremaximal at b, then there is a value � > 0 such that for the point ~b that is a�-step from b towards a corner of belief space, es, the vectors in W still givea bigger answer than all the other vectors.Proof: For any � 2 W and any � 2 U � W, � � b � � � b > 0. Call thedi�erence �. Let ~b = �(es � b) + b. We can �nd a value for � > 0 such that� is bigger than � at ~b. The following statements are equivalent:� � ~b > � � ~b� � (�(es � b) + b)� � � (�(es � b) + b) > 0(1� �)(� � b� � � b) + �(� � es � � � es) > 0(1� �)� + �(�[s]� �[s]) > 0�(� + �[s]� �[s]) < �Since � > 0, we can divide by it without changing the inequality. Let� = 1 + �[s]��[s]� . Then the above expression is equivalent to �� < 1.If � � 0, the inequality holds with � = 1. Otherwise, we can set � = 12�to satisfy the inequality.This shows that we can �nd a � > 0 for each � 2 W and � 2 U � Wsuch that a �-step from b to es gives a ~b such that � � ~b > � � ~b (that is, theset W still contains the winners). Since there are a �nite number of ways ofpairing elements in W with those in U �W, there is a � > 0 that works forall pairs (namely, the minimum � for any pair). 2We can now use the lemma to prove the following theorem.Theorem 8 (Lexicographic winner): If W is the set of vectors in U that aremaximal at b, then there is some belief state, ~b, such that the lexicographicallymaximum vector, � 2 W, is the sole winner at ~b. This means that the policytree corresponding to � is not extraneous.44



Proof: Let si be the state corresponding to the ith component of thevectors. Let W0 =W be the set of vectors maximal at b0 = b. By Lemma 2,there is a point, b1, strictly di�erent from b0 and in the direction of es1 wherethe vectors in W0 are still bigger than the others. A subset of these vectors,W1, are maximal at b1.It should be clear that the vectors in W1 are precisely those � 2 W0 forwhich �[s1] = �[s1], that is, those tied with the lexicographically maximalvector in the �rst component.If we continue to apply this argument for each component, Wi becomesthe set of all vectors in W that agree with � in the �rst i components. Thevectors in Wi are strictly greater than the other vectors at bi. After everycomponent has been considered, we are left with WjSj = f�g with � as thesole winner at bjSj. 2This shows that the lexicographically maximum vector in the set of alltied vectors at b is guaranteed to be the sole winner at some point in beliefspace and therefore that its policy tree is not extraneous in the representationof Vt.This tie breaking is needed at two places in the pseudocode given earlier.The �rst is in best, which �nds the best policy tree in a set. Choosing thelexicographic maximum is easy in this case. The second place is in besttree,which returns the best policy tree given a point in belief space. It is not giventhe set of all policy trees in advance because this list could be exponentiallylong. Instead it constructs the tree by setting choice for each observation.The correct choice for each observation is derived in Equation 13. It takeseach policy tree in Vt�1 and transforms it using back. It then chooses thepolicy tree whose transformed vector has a maximum dot product with thegiven belief state. This process is implemented in besttree (Table 3) whichbreaks ties between choices using the lexicographic maximum transformedvector.We claim that breaking ties this way is guaranteed to generate a policytree whose vector is lexicographically largest of all policy trees optimal at thegiven belief state. The argument is involved but the intuition is somewhatsimple: Equation 12 shows that the vector for a policy tree is the compo-nentwise sum of the immediate reward and the componentwise discountedcomponents of the transformed choice vector. Since each choice vector is cho-sen to be the lexicographically largest of all the options, the sum will also bethe lexicographically largest of all possible sums. Thus the generated policy45



tree will have a vector which is the lexicographic maximum of all possiblepolicy trees tied at the given belief state.8 ContributionsThis paper described a novel method for solving �nite-horizon POMDP prob-lems exactly using the belief state MDP. It repeated a classic analysis thatshows that an in�nite-horizon POMDP problem can be approximated ar-bitrarily well by a �nite-horizon solution. It gave a new (to us) analysisthat bounds the in�nite-horizon performance of solving a sequence of �nite-horizon problems approximately.The paper repeated a result of Sondik [Smallwood and Sondik, 1973] thatstates that a �nite-horizon value function is piecewise-linear and convex overbelief space. It gave a novel proof of this that shows that we can interpretthe components of the linear functions as the performance of a �nite-horizonpolicy.The paper showed how a t-step policy tree representation could be usedto solve POMDP problems. It repeated a well-known result that we can �ndthe optimal policy tree at a point in belief space and provided a novel analysisthat showed that breaking ties using a lexicographic ordering ensures that the�nal policy tree representation will be of minimumsize. It also described howlexicographic maximumvectors can be identi�ed without forfeiting e�ciency.In addition, two algorithms are given for �nding the Bellman residual of avalue function represented as a set of policy trees.The most signi�cant contribution is a philosophical one. The develop-ment of previous POMDP algorithms has been motivated by vague notionsof algorithmic e�ciency. This paper attempted to apply the theory of compu-tational complexity to help identify promising algorithms and to help discardones that will tend to take too long.AcknowledgmentsThis is joint work with Tony Cassandra and Leslie Kaelbling (advisor). LorenPlatzman provided several helpful background discussions. Philip Klein pro-vided guidance on some of the more complicated arguments and pointed out46
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