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AbstractCurrently two major limitations to applying vision in real tasks are robustness in real-world, uncontrolled environments, and the computational resources required for real-timeoperation. In particular, many current robotic visual motion detection algorithms (optical
ow) are not suited for practical applications such as segmentation and structure-from-motion because they either require highly specialized hardware or up to several minutes ona scienti�c workstation. In addition, many such algorithms depend on the computation of�rst and in some cases higher numerical derivatives, which are notoriously sensitive to noise.In fact the current trend in optical 
ow research is to stress accuracy under ideal conditionsand not to consider computational resource requirements or resistance to noise, which areessential for real-time robotics. As a result robotic vision researchers are frustrated byan inability to obtain reliable optical 
ow estimates in real-world conditions, and practicalapplications for optical 
ow algorithms remain scarce. Algorithms based on the correlationof image patches have been shown to be robust in practice but are in general infeasibledue to their computational complexity. This thesis describes a space-time tradeo� to thisalgorithm which converts a quadratic-time algorithm into a linear-time one, as well as amethod for dealing with the resulting problem of temporal aliasing. One limitation of thisalgorithm is that it does not give truly real-valued image velocity measurements. Therefore,it is not obvious that it can be used for a wide range of robotics vision tasks. One particularapplication for optical 
ow is time-to-contact: based on the equations for the expansion ofthe optical 
ow �eld it is possible to compute the number of frames remaining before contactwith an observed object. Although the individual motion measurements of this algorithmare of limited precision, they can be combined in such a manner as to produce remarkablyaccurate time-to-contact measurements, which can be produced at real-time rates.
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Chapter 1IntroductionThere are many motivations for developing autonomous mobile robots. Robots in generalare desirable for replacing humans in many situations. Some tasks may be impossible forunaided humans, such as very heavy lifting or microscopic visual inspection. Some tasks maybe immediately hazardous to human beings, such as �re �ghting, handling toxic chemicals,operating in areas of high radiation, or combat. Tasks which are unhealthy in the longterm are also suitable candidates for automation, such as performing repetitive motionsor working with industrial chemicals. Tedious jobs such as assembly line quality controlmay be performed more accurately by an automated system. Despite these motivations,applications for robotic systems remain relatively scare. Some di�culties include restrictedmobility of current systems, restricted sensing capability (including sensitivity to noise inthe sensing process), and the limited computational power available for such systems.A robot that has true mobility must be able to sense its surroundings and other objects inits environment. Using computer vision to solve robotics related tasks has many advantagesover more traditional sensing modalities such as sonar, active infrared and structured light.First, given the proper optics, vision essentially has no distance limitation, possibly makinguse of wide-angle lenses at one extreme to telephoto lenses at the other. In contrast, a laserlight striper's range might be limited to one or two meters. Second, the information availablein an image is both spatially dense (a quarter-million pixels is standard) and potentially of1



very high resolution (8 bits is standard, up to 12 bits is available). Third, it is a totallypassive sensor, and need not be excluded from sensitive environments where the emission ofsonic or infrared pulses might be intrusive. Finally, decades of scienti�c research on humanvision and the human visual system is available to researchers in computer vision.Despite these strong incentives to use vision as a powerful means of perception on mobilerobots, and extensive mathematical analysis of computer vision, practical real-time roboticvision algorithms remain elusive, as recently noted by D. Touretzky et.al. ([TWR94]) :\But the real problem with video cameras is that image processing is compu-tationally expensive. Even something as simple as calculating real-time optic
ow requires more processing power than is practical for a mobile robot. Yetoptic 
ow is known to be computed in the early stages of mammalian vision.Such observations underscore the tremendous gulf that remains between today'sdigital computers and real nervous systems."It is undeniably true that biological organisms are able to perform such tasks as mo-tion detection, and most evidence from the �eld of computer vision (even to the presentday) would tend to con�rm the above statement that it might not seem possible to be ableto compute optical 
ow, or point-wise visual motion detection, in real-time using comput-ing power that was practical for a mobile robot. Nonetheless, [C93] proposed the thesisthat optical 
ow could indeed be be computed in real-time using computing power that isappropriate and practical for a mobile robot, that the optical 
ow thus produced wouldbe robust, and that it would be su�ciently accurate to be used for certain robotic visiontasks. Here \real-time" is de�ned in the loose sense of being fast enough to be calculatedon-line and be usable in some reactive system; on the order of 4-5 frames per second at aminimum. \Practical for a mobile robot" implies something on the order of a current low-end workstation or possibly a mid- to high-end personal computer. Unfortunately, in the2



past this has proven very di�cult, since such the calculation of optical 
ow is traditionallycomputationally intensive, very sensitive to noise, and often inaccurate.In fact currently the two major limitations to applying vision in real tasks are robustnessin real-world, uncontrolled environments, and the computational resources required for real-time operation. In particular, many current optical 
ow algorithms are not suited forpractical applications such as segmentation and structure-from-motion because they eitherrequire highly specialized hardware or up to several minutes on a scienti�c workstation. Forexample, [WM93] quotes 4 minutes on a Sun workstation and 10 seconds on a 128-processorThinking Machines CM5 supercomputer. If computer processing power continues to growat approximately 54% per year [PH94], then such an algorithm would take approximately 16years for the 1000-fold increase in performance necessary for real-time rates on an ordinaryworkstation. In addition, many such algorithms depend on the computation of �rst and insome cases higher numerical derivatives, which are notoriously sensitive to noise. In factthe current trend in optical 
ow research ([BFBB92], [WM93]) is to stress accuracy underideal conditions (either no noise or at best, modeling the noise as Gaussian, a questionableassumption), and not to consider computational resource requirements or resistance to noise,which are essential for real-time robotics. As a result robotic vision researchers are frustratedby an inability to obtain reliable optical 
ow estimates in real-world conditions, and practicalapplications for optical 
ow algorithms remain scarce.Algorithms based on the correlation of image patches (e.g. [BLP89a]) have been shownto be robust in practice but are in general infeasible due to their computational complexity.This thesis describes a space-time tradeo� to this algorithm which converts a quadratic-timealgorithm into a linear-time one, as well as a heuristic for dealing with the resulting problemof temporal aliasing.The success of this optical 
ow algorithm may be measureed by how well it ful�lls thethree basic requirements of robotic vision: such an algorithm should be robust, fast, and3



accurate. If an algorithm is not robust, i.e. it cannot perform well in varied circumstancesand in unpredictable environments, it is of little use for robotic vision regardless of how fastit runs or how well it can perform in certain limited and clearly speci�ed conditions. Forthis reason, we avoid algorithms which depend on visually distinguishable markers or highlytextured patterns, since it is not reasonable to expect that the environment will alwaysbe constrained in such a manner. Furthermore, such algorithm must be vigorously testedagainst very noisy and low quality, degraded images to ensure robustness against noise.The second requirement for a practical robotic vision algorithm is that it be fast; clearly,any algorithm that takes several seconds or minutes cripples the usefulness of an autonomousmobile robot. In particular, such an algorithm should run in real-time when run on com-monly available hardware, such as a low-end workstation. Although it may be possible torun a computer vision algorithm quickly on for example a massively parallel supercomputer,the practicality of such a solution for mobile robotics is questionable, due to the tremendouscost, weight, and power consumption of these devices.Finally, robotic vision must be accurate, as appropriately de�ned for a given task. It isuseful to remember that for some tasks, qualitative vision may be su�cient. Quantitativelyaccurate robotic vision is of course desirable, but under no circumstances may the �rst twocriteria of robustness and real-time performance be sacri�ced. If these �rst two criteria aresatis�ed however, accuracy may then be optimized.This thesis has two main immediate contributions. A new, linear-time optical 
ow al-gorithm is developed which is very fast and robust (although not necessarily very precise),and has many uses in its current form. Second, an algorithm for calculating quantita-tively accurate time-to-contact is developed, without sacri�cing computational e�ciency orrobustness.From a broader perspective, real-time optical 
ow is now available to virtually anyonewith a camera and low-end workstation. Furthermore, it is argued that this algorithm is4



very likely to always remain signi�cantly faster than other optical 
ow algorithms (at leastthose that do not employ special hardware) on standard, commonly available computinghardware. This algorithm has demonstrated remarkably accurate quantitative results forat least some applications, and there is every reason to believe that such results could beextended to further applications using a similar methodology. Perhaps the most importantlesson learned is that quantitative computer vision can be possible (and practical) withoutcomplicated models or extremely accurate low-level measurements.

5



Chapter 2Optical FlowThe primary di�culty with computer vision is that a single 2-dimensional image can arisefrom e�ectively an in�nite number of 3-dimensional scenes. A characteristic of image forma-tion, one that must be well understood in order to attempt to understand the scene givingrise to a particular image, is the unavoidable loss of information in the imaging process.A single pixel is represented by a single intensity value, which itself it the result of manyfactors, such as the intensity, color, and location of the light source or sources, and theorientation, re
ectance, and transparency of the objects in the scene, as well as the opticaland electrical properties of the imaging device itself. Each of these e�ects may be under-stood individually, but they are mutually confounding; a single 2-dimensional image cancorrespond to an in�nite number of 3-dimensional scenes.Motion detection is an essential means of perception for an organism for determining theorganism's own movement, the structure of the organism's environment, as well the motionsof other organism's in its environment. Movement in images can be divided into real motionacross the retina, and apparent motion, the perception of motion that arises when an objector pattern appears to instantaneously move from one place to another [RA86]. In the caseof the latter, the correspondence problem must be solved [U79], that of matching points orfeatures in one image with that of another. If motion across the retina is real, then it may bepossible to detect motion using the spatial and temporal derivatives in an image, however,6



Figure 2.1: Optical 
ow \needles" indicate direction and magnitude of motion of pixels fromthe left image to the right image.if the motion (or time delay) between successive frames is su�ciently small, then apparentmotion begins to approximate real motion, thus it can be argued that studying the formeris all that is necessary.An object moving in 3-D space has a three dimensional velocity vector �eld W (x; y; z).This 3-D motion �eld is projected onto the retina of an observer as the 2-D motion �eldWp(x; y). Unfortunately, this 2-D motion �eld may not be perceived directly since it isa purely geometrical concept; all that may be detected is some local measure of incidentlight at each point, E(x; y). In a typical machine vision system, two images are taken by acamera separated by a discrete time interval �t. What may be observed at each point isthe changes in a point's intensity value �E(x; y) during this time interval. The optical 
owis a vector �eld describing this intensity change by indicating the motion of features fromone image to the other. An example of optical 
ow is shown in Figure 2.1.By accurately computing this 2-D vector �eld, it is in principle possible to calculatethree-dimensional properties of the environment, and quantities such as time-to-contactwith an an observed object [Lee76]. Biological organisms make considerable use of optical
ow, such as the detection of discontinuities [PRH81], and �gure-ground discrimination7



[B81]. Motion detection is useful for autonomous mobile robot navigation [PBF89] as wellas undersea navigation [NSY91]. [K86], [KvD78] discusses the decomposition of optical 
owinto curl, divergence and shear for the purposes of determining local shape of an object,and [Reg86] presents evidence that the human visual system possesses speci�c detectors forsimilar types of basic motion. [TR93] describes an application for image coding. [MB90]covers experiments in segmentation, structure from motion, tracking and qualitative shapeanalysis. [NA89] discusses obstacle avoidance using only qualitative optical 
ow.In general the optical 
ow will not be the same as the true 2-D projection of the 3-Dmotion �eld [VP87]. For example, a rotating, perfectly featureless sphere will not induceany optical 
ow, however the 2-D projection of its motion �eld is non-zero everywhere onthe sphere except at the occluding boundaries. Conversely, if the sphere is stationary but alight source moves, the changes in shading will induce an optical 
ow �eld even though themotion �eld is zero everywhere ([Horn86]). However, for a su�ciently textured surface, theoptical 
ow �eld will be arbitrarily close to the motion �eld.Many techniques for optical 
ow exist (see [BFBB92] and [LV89] for reviews and discus-sions of several techniques). Although these techniques can perform very well for certainsequences of images, there are very few that are currently able to support real-time per-formance. Authors rarely report the computational time needed for their algorithms; whenthey do, it is on the order of many minutes per frame ([WM93]), or require specialized hard-ware such as a Connection Machine ([BLP89a], [DN93], [SU87], [WZ91], [L88]), Datacube([LK93], [N91]), custom image processors [DW93], or PIPE [KSL85], [WWB88], [ATYM].Techniques which can run in real-time often impose strict restrictions on the environment;[HB88] presents a technique that can segment in real-time for tracking purposes, but re-quires that a textured object be moving in front of a relative textureless background. Wedesire a technique that computes a more general-purpose optical 
ow �eld, in real-time ona standard desktop workstation, without imposing strict restrictions on the input.8



Techniques for optical 
ow can be divided into gradient-based, velocity-tuned �lter based,and correspondence-based motion, each described in turn.2.1 Gradient-Based Optical FlowA common technique for computing optical 
ow is to assume that the total spatial andtemporal derivatives of the image brightness remain constant. For small motions, constantambient illumination, these assumptions are more or less true except for pathological situa-tions such as occluding boundaries. While occluding boundaries is an important applicationfor optical 
ow, for the moment we will only consider the general case.From [HS81], assume that the brightness of a given point in an image is constant :dEdt = 0: (2:1)And we wish to �nd the velocity v = (u;w) = ( dxdt ; dydt ). After expanding equation 2.1we have : @E@x u+ @E@y w + @E@t = 0: (2:2)(Note that equation 2.2 does not contain second and higher order terms; these vanish as�t! 0. Since �t is often a signi�cant fraction of a second, it is questionable to ignore theseterms, thus yielding second-derivative methods such as [UGVT88], which we will mentionlater. For now we will ignore this issue.)The spatial derivatives @E@x and @E@y and the temporal derivative at an image point @E@tcan be estimated using two or more images by using for example �nite or central di�erencemethods [LV89]. This leaves two unknowns u and w, motion along the X and Y axesrespectively, with only one constraint, equation 2.2. Only the motion along the direction ofthe gradient (@E@x ; @E@y ) is available. This is known as the aperture problem [MU81], [NS88]and is illustrated in Figure 2.2. The left of Figure 2.2 shows an instance of the strong9



aperture problem [BLP89b]. If intensity variations are one-dimensional (i.e. no curvatureof the intensity isocountours), and no endpoints or distinguishing markers are visible (as ifthe contour were viewed through a small aperture), then the motion of a point on a lineis ambiguous; point A could have moved to point A or point A' for example. Under theseconditions (when intensity variation is one-dimensional) the problem as stated is ill-posedwithout further assumptions and the correct motion cannot be determined. When dealingwith spatial gradients, the aperture problem manifests itself in the fact that �rst derivativesare only a planar approximation to the curvature at a given point. Generally howevernatural image sequences do have su�cient intensity variations. The right of Figure 2.2shows a translating curved contour. Here, the motion of point A may be disambiguated bycomparing the motion of nearby points as well; points B and C match the correct motion ofpoint A, but that of points D and E do not. If there are two-dimensional intensity variations,then the aperture problem is known as the weak aperture problem. However, this particularsolution requires a non-local mechanism, and in this case an assumption of local rigidity,which is not necessarily true in general, but may be approximately true for most cases.Given that nearby points on moving objects are likely to have similar three-dimensionalvelocities, their two-dimensional velocity projections should also have similar velocities. Theproblem can then be formulated as minimizing the sum of the errors in the equation for therate of change of image brightness and the deviation from smoothness in the optical 
ow[HS81]. The optical 
ow �eld is then determined by minimizing a cost functional L ([HS81],[KWM89]):L( _x; _y) = Z Z f[Ex _x+Ey _y +Et]2 + �[(@ _x@x)2 + (@ _x@y )2 + (@ _y@x)2 + (@ _y@y )2]gdx dy[KWM89] proposes implementing such a smoothness constraint in a neural network andrelates it to the primate's visual system.In contrast to �nding dense 
ow using a smoothness constraint, [Hil84] proposes calcu-10
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Figure 2.2: The strong aperture problem is illustrated on the left; only motion normalto a translating straight contour may be determined. If there are curvature or intensityvariations, then we have the weak aperture problem, which can be satisfactorily solved ifcertain assumptions are enforced.lating optical 
ow at points along the contours in the image. Here contours are extractedfrom the image using Marr and Hildreth's edge detector [MH80] and required that the ve-locity �eld be smooth only along a contour and not across it. This method does not blurthe optical 
ow �eld at discontinuities, but only gives sparse measurements (only along thecontours) and may confuse object boundary contours with other kinds of edges, such asthose due to changes in shape or re
ectance.[SAH91] represents the problem probabilistically to account for the confounding e�ectsof image noise, low contrast regions, multiple motions, lighting changes. A two-dimensionalprobability distribution is used that re
ects directional uncertainty in the motion estimates.Areas of high contrast are treated as more reliable than areas of low contrast, subject to anasymptotic maximum, rather than e�ectively normalizing contrast when combining velocityinformation of a given point with that of nearby points.A description of a general gradient-based method for a one-dimensional image is seenin Figure 2.3. Here a one-dimensional image intensity pro�le is shown in the vicinity of agiven point p at coordinate (x). At time t0 the image intensity at point p is E0, and at time11
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Figure 2.3: Gradient-based Optical Flowt1 at point p it is E1. An estimate �E�t of the temporal derivative @E@t can be provided usinga forward-di�erence method : �E�t = E1�E0t1�t0 . The spatial derivative @E@x can be similarlyestimated using the pixels adjacent to pixel p.[DN93] calculates gradient-based optical 
ow using the multipoint technique for solvingpartial di�erential equations. Here the least-squares solution for equation 2.2 is solved in alocal NxN neighborhood, under the assumption that local velocity is locally constant. Thiscan run at several frames per second on a Connection-Machine 2 (depending on the size ofthe neighborhood N); see also [DNS92].[BJ94] minimizes an objective function consisting of three terms : one, the standard opti-cal 
ow intensity constraint equation; two, the di�erences with the optical 
ow in neighbor-ing pixels; and three, the di�erence with a parametric planar patch estimate of the optical
ow in regions of approximately constant intensity. Robust error norms are used to rejectoutliers in each error term.[WWB88] calculates the motion of edges by di�erentiating their Gaussian-convolved12



spatio-temporal activation pro�les with the PIPE pipelined image processor at 15 framesper second. This method is very fast and can be robust, but only gives normal 
ow at edges,not the true 
ow.One solution to the aperture problem of equation 2.2 is to assume that the total temporalderivative of the spatial gradient is zero :drEdt = 0Expanding this equation leads to two constraints :@2E@x2 v1 + @2E@x@y v2 + @2E@x@t = @2E@y@xv1 + @2E@y2 v2 + @2E@y@t = 0This approach is taken in [Nag87], [UGVT88], and assumes that the displacements beingmeasured are less than one half of a cycle of the highest spatial frequencies in the image,otherwise there will be aliasing. Although this approach can in theory give very precise mea-surements, one major problem is that numerical di�erentiation of this sort is very sensitiveto noise in the input (for example cf. [KMB+91]). This is particularly true if the spatialderivative is small (i.e. the slope is 
at) at the point in question, in which case a constantamount of noise has a greater detrimental e�ect on the numerical di�erentiation. Methodsbased on second or higher derivatives are potentially even more susceptible to noise as theproblems associated with numerical di�erentiation are even worse. [To92a] calculates veloc-ity at areas of su�cient contrast in the image using the technique of [UGVT88] at about 2-3frames per second on a Sun 4/330. For his tracking application, dense measurements are notneeded, nor is it necessary for highly accurate measurements. Any less than a full 8 bits ofinformation per pixel may make second-derivative techniques unsuitable however [To92b].In practice for robustness, [UGVT88] implements two variants of regularization techniquesto create a smooth optical 
ow �eld. Smoothing the image can help attenuate the e�ectsof noise, however smoothing the basic optical 
ow measurements by imposing a smoothnessconstraint or regularization such as in [HS81] can smooth over discontinuities in the motion13



�eld and introduce inaccuracies, as well as increase the computational cost. One option forimproving performance for these methods is to only calculate optical 
ow where the spatialderivatives are large (i.e. the gradient is steep), such as is discussed in [BFBB93], howeverthis can result in a sparse motion �eld which may be inadequate for some problems. It isdesirable to �nd a method of calculating optical 
ow that is less sensitive to noise in theimaging process, gives a dense output, and is computationally e�cient.2.2 Velocity-Tuned Filter Optical FlowOne class of optical 
ow techniques represents motion in terms of spatial and temporalfrequencies. From [Heg87], two-dimensional patterns translating in the image plane occupya plane in the spatio-temporal frequency domain :!t = u!x + v!ywhere !t, !x, !y are the temporal and spatial frequencies of the motion respectively.This approach assumes that several points in spatio-temporal space can be detected in themoving surface. If, however, the aperture problem exists, then the points in spatiotemporalspace occupy a line, and the plane is not fully determined. To solve this problem, [WA85]combines ten oriented sensors into opponent-motion pairs, discarding the smaller responseof the pair. In theory, the output of any two remaining sensors (within 90 degrees of theactual motion) is su�cient to determine the actual motion, since that would provide twolinearly independent components of the velocity vector. [SS85] describes elaborated Reichardtdetectors, in which the point receptive �elds of the original Reichardt detectors are replacedwith spatial �lters, and stresses the need for e�ective voting rules in di�erentiating betweendi�erent sensors' outputs. [AB85] describes the construction of phase-independent separablespatiotemporally oriented opponent-motion �lters, and suggests using the ratios betweenmultiple sensors for contrast-invariance; although higher contrast will increase the absolute14



outputs of the motion sensors, the ratios of their outputs should remain constant. [AB85]also shows the relationship between energy models and Reichardt detectors.[WM93] �rst convolves the image with a set of linear, separable spatiotemporal �ltersand applies the brightness constancy equation (equation 2.1) to each. The resulting over-determined set of equations is then solved using a total least squares or orthogonal regressiontechnique.[Fl92] describes a phase-based method which describes component velocity in termsof the motion of level phase contours in the output of band-pass velocity-tuned �lters.This technique is essentially a di�erential method applied to phase rather than intensity[BFBB92]. The full 2-dimensional velocity �eld is determined by �tting a linear velocity�eld to the component velocities. Although these methods can produce accurate results([BFBB93], [WM93]), methods based on velocity-tuned or spatiotemporal �lters can beextremely computationally intensive, requiring up to several minutes or even hours on ascienti�c workstation. Thus without some powerful special-purpose hardware, they aregenerally not suitable for real-time robotic vision.2.3 Correlation-based Optical FlowIn general it is not possible to determine the correct optical 
ow �eld given a pair of succes-sive image frames, due to the aperture problem. If certain assumptions are enforced, how-ever, then the problem becomes well-posed, and can be satisfactorily solved in most cases.A relatively noise-resistant method of calculating optical 
ow is described in [BLP89a],[BLP89b] and summarized here. We will assume that the maximum possible displacementfor any pixel is limited to � in any direction. The actual value of � depends on the expectedvelocities of the pixels in the image plane. This is shown in Figure 2.4.Since we are generally concerned with the 
ow of rigid-bodied objects, it is usually thecase that any given pixel has the same velocity as those of its neighbors. We assume that15
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Figure 2.4: In image 1, the search space for Pixel A for � = 2 is shown. The correct motionfrom image 1 to image 2 can be displayed by the vector AB.these pixels are in a square neighborhood, or window, of size � centered around the givenpixel. That is, it is assumed that the motion vectors for pixels adjacent to a given pixel willbe similar, as shown in Figure 2.5. All examples in this paper use a value � = 7.The motion for the pixel at [x,y] is de�ned to be the determined motion of the patch of� �� pixels centered at [x,y], out of (2�+1)� (2�+1) possible displacements. We determinethe correct motion of the patch of pixels by simulating the motion of the patch for eachpossible displacement of [x,y] and considering a match strength for each displacement. If �represents a matching function which returns a value proportional to the match of two givenfeatures, then the match strength M(x,y;u,w) for a point [x,y] and displacement (u,w) iscalculated by taking the sum of the match values between each pixel in the displaced patchP� in the �rst image and the corresponding pixel in the actual patch in the second image :8u;w :M(x; y;u;w) =X�(E1(i; j)� E2(i+ u; j +w)); (i; j)�P� (2:3)A possible function for � is the absolute di�erence between the two pixels' intensityvalues; another is the squared di�erence of their respective intensity values. In these cases16
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Figure 2.5: Optical 
ow for pixels adjacent to a given pixel is assumed constant due to therigid-body assumption. In this �gure, � = 3.a lower value indicates a better match. Moravec [Mor77] uses a variant of normalized crosscorrelation in stereo matching. Although this has the advantage of insensitivity to contrast,the sum of absolute di�erences measure used in most examples in this thesis was foundto be very insensitive to the image contrast. In addition, experiments using normalizedcross-correlation did not produce good results.In an ideal situation, where we have only fronto-parallel motion, no noise, constantambient illumination, and a translation of an integer number of pixels (within our givenrange) we would expect the pixels of the two patches to match perfectly. The actual motionof the pixel is taken to be that of the particular displacement, out of (2�+1)�(2�+1) possibledisplacements, with the maximum neighborhood match strength (equivalently minimumpatch di�erence); thus this is called a \winner-take-all" algorithm. This is repeated foreach pixel in the image, independently of the other pixels, with the exception that motionis not computed along a � + b�=2c border at the edges of the image since the matchingoperator would have to access points that are not available in the image itself. With a largeneighborhood, ties are relatively rare and are decided arbitrarily.17



This algorithm has many desirable properties. Due to the two-dimensional scope ofthe matching window, this algorithm generally does not su�er from the aperture problemexcept in extreme cases [BLP89b], and tends to be very resistant to random noise. In factthe algorithm's \winner-take-all" nature does not even require that the calculated matchstrengths have any relation whatsoever to what their values should theoretically be, itis only necessary that their relative ordering remains correct. For example, a change inillumination between frames would certainly a�ect the individual match strengths, but neednot change the best matching pixel shift. Conversely, any noise in a gradient-based methodusually directly results in errors in the basic optical 
ow measurements. In the case of achange in illumination, the image intensity constraint equation does not apply since totalimage intensity does not remain constant. In addition, since the patch of a given pixellargely overlaps with that of an adjacent pixel, match strengths for all displacements foradjacent pixels tend to be similar, and so the resultant optical 
ow �eld tends to be relativelysmooth, without requiring an additional smoothing step. Finally, since one optical 
owvector is produced for each pixel of input (excepting the small � + b�=2c border), optical
ow measurement density is 100 percent. For these reasons, the basic correlation-basedalgorithm tends to be robust in practice, thus satisfying the �rst criteria for practical roboticvision.[A87a] and [G87] pre�lter the images with band-pass �lters and employ a coarse-to-�nematching strategy in which initial coarse estimates at one spatial scale are fed into the nexthigher resolution level. Although sub-pixel motions can be calculated by �nding the minimaof a sum-of-squared-di�erence with a quadratic approximation to the intensity surface, thisusually requires an iterative procedure which increases computation time. Furthermore,although matching methods such as these can do well with translating images, they oftenhave di�culty with diverging images [BFBB93], such as will be analyzed later in this thesis(Chapter 4). Pyramid structures are discussed further in Section 5.4.18



[AP93] computes optical 
ow only along a single dimension; often, the vector sum oftwo one-dimensional optical 
ow vectors is su�ciently qualitatively similar to the two-dimensional optical 
ow to be used in certain robotic vision tasks. Using Green's theorems,the divergence of the optical 
ow �eld can be estimated by intergrating the optical 
ownormal to a closed contour. By using the estimated divergence of the 
ow �eld, time-to-contact is calculated with errors reported on the order of 10% [AP93]. The simplicity ofthis approach makes it a plausible candidate for biological implementations.[Hub94a] uses the correlation of 2-dimensional image patches along a single dimension([AP93], [BLP89a]) to simulate the navigation of a 
y in a synthetic maze using optical
ow, at a rate of about one frame per second using 512x512 images [Hub94b]. A geneticalgorithm is used to train the arti�cial 
y's optomotor response to turbulent air conditionsto prevent collisions with the maze's walls.The independence of one pixel's chosen displacement from all other pixels' displacementsmotivates massive parallel implementations such as the one implemented on the connectionmachine [BLP89a]. But even these massively parallel implementations are only \close-to-real-time", on the order of seconds per frame. Here we de�ne \real-time" in the loose senseof being fast enough to be calculated on-line and be usable in some reactive system; on theorder of 4-5 frames per second at a minimum.It is possible to perform the bulk of the computations in customized silicon chips; onesuch (partial) implementation has been done in CMOS [C91]. [DW93] calculates structure-from-motion using the same basic shift-match-winner-take-all algorithm implemented onthe Image Understanding Architecture simulator; they report an estimated 0.54 secondsper frame using a maximum possible displacement � = 20. [LK93] calculates optical 
ow(for the purposes of tracking) within a limited radius (+/- 2 pixels vertically, +/- 3 pixelshorizontally) using a 7x7 correlation window at 10 Hz on 128x120 images using the DatacubeMaxVideo 200. 19



Computational issues are discussed in detail in Chapter 5. Certainly, without the luxuryof custom image processors, other techniques must be used for practical operation withconventional serial computers due to the search-based nature of the optical 
ow algorithmitself, which is described next.

20



Chapter 3Linear-Time Optical FlowSince correlation-based optical 
ow algorithms (e.g. [BLP89a]) satisfy the �rst criteria forpractical robotic vision, that of robustness, we will use it as a starting point. The secondcriteria for practical robotic vision is computational e�ciency. This chapter will analyze thecomputational complexity of the traditional correlation-based optical 
ow algorithm anddevelop a space-time tradeo� to create a very fast, linear-time optical 
ow algorithm.3.1 Time-Space Dimensional ReductionOne limitation with the traditional correlation-based algorithm described in Section 2.3is that its time complexity grows quadratically with the maximum possible displacementallowed for the pixel; see the left of Figure 3.1. Intuitively, as the speed of the object beingtracked doubles, the time taken to search for its motion quadruples, because the area overwhich we have to search is equal to a circle centered at the pixel with a radius equal to themaximum speed we wish to detect.However, note the simple relationship between velocity, distance and time :velocity = �distance�time :Normally, in order to search for variable velocities, we keep the inter-frame delay �t constantand search over variable distances (pixel shifts) :�v = �d�t :21
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Figure 3.1: As the maximum pixel shift increases linearly, the search area increases quadrat-ically. However with a constant shift distance and variable discrete time delays, search overtime is linear.However, we can easily see from Figure 3.1 that doing so results in an algorithm that isquadratic in the range of velocities present. Alternatively, we can keep the shift distance �dconstant and search over variable time delays :�v = �d�t : (3:1)In this case, we generally prefer to keep �d as small as possible in order to avoid the quadraticincrease in search area. Thus, in all examples �d is �xed to be a single pixel. (Note however,there is nothing preventing an algorithm based on both variable �d and �t's). Since theframe rate is generally constant, we implement \variable time delays" by integral multiplesof a single frame delay. Thus, we search for a �xed pixel shift distance �d = 1 pixelover variable integral frame delays of �t 2 f1; 2; 3; :::Sg. S is the maximum time delayallowed and results in the slowest motion calculated, 1=S pixel/frames. For example, a 1=kpixel/frames motion is checked by searching for a 1-pixel motion between the current framet and frame t� k. Thus our pixel-shift search space is �xed in the 2-D space of the currentimage, but has been extended linearly in time. As before, the chosen motion for a givenpixel is that motion which yields the best match value of all possible shifts.22
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Figure 3.2: Visualization of motion from image T � 1: (1,1) to image T : (2,0). This wouldbe an optical 
ow of (1,-1) pixel/frames motion for pixel image T : (1,1).For example consider Figure 3.2 and Figure 3.3. Here we are trying to calculate theoptical 
ow for pixel (1,1) at the current frame, image T . In Figure 3.2 the optimal optical
ow for pixel (1,1) from image T � 1 to image T is calculated to be a pixel shift of (1,-1). This is only a temporally local measurement however; it may not be the �nal chosenmotion. In Figure 3.3 the same search is performed, except using image T � 2 as the �rstimage. In this case the calculated motion happens to be a pixel shift of (0,1) pixels over 2frames, equivalently (0,1/2) pixel/frames motion. If the maximum time delay S = 2, thenthe procedure would stop here, otherwise we would continue processing frames until �nallythe optical 
ow from image T � S to image T was calculated as well. The best of all thesemotions is taken to be the actual motion.For a given velocity of 1=�t pixel/frames, we assume that motion is constant for t framesin order to register a cumulative motion of one pixel. Failure of this assumption can resultin temporal aliasing, discussed in more detail later. [P90] calculates the normal velocity ofedges using temporal-delay sensors which are summed in a later stage to determine actualmotion. The images are �rst smoothed with a Gaussian to reduce the chances of aliasingdue to multiple edges appearing at a single sensor.23



Image t−2 Image t−1 Image t

0
1

2
3

0
1

2
3

0
1

2
3

0

1

2

3

0

1

2

3

Figure 3.3: Visualization of motion from image T � 2: (1,1) to image T : (1,2). This wouldbe an optical 
ow of (0,1/2) pixel/frames motion for pixel image T : (1,1).This time-space tradeo� reduces a quadratic search in space into a linear one in time,resulting in a very fast algorithm for computing optical 
ow. This partially satis�es thesecond criteria for practical robotic vision, that of real-time performance. Performanceissues, particularly hardware considerations, are discussed in detail in Chapter 5.One factor in producing real-time performance is that the original images are generallysubsampled from 256x256 pixels to 64x64 pixels in size. Ideally, some optimal �ltering pro-cedure would be used to produce these reduced-resolution images, however this is generallynot possible in a real-world situation. This is because the original images must be subsam-pled on the framebu�er itself in order to reduce the framebu�er to host computer memorybandwidth requirements (for example, the author's own system can support a maximumcontinuous image rate of about 12 64x64 images per second). The method of subsamplingis not known, but due to limited hardware on the framebu�er itself it is likely to be a simpletechnique such as a box �lter which performs an unweighted average of the pixels withinthe �lter area, i.e., most likely a 256x256 to 64x64 reduction is performed by an unweightedaveraging of each subsequent 16x16 block of pixels. Since this system is over �ve years old,normal advances in framebu�er technology would be expected to greatly increase this rate.24



For the moment however, we will simply have to deal with this loss in resolution. For thisreason as well, all images in this paper that are originally greater than 64x64 in resolutionare subsampled to 64x64 using a box �lter, since it is likely the technique used by simpleframebu�ers (to use a more sophisticated technique would give an unrealistic advantage tosynthetic and high-resolution images).When viewing such a subsampled image sequence, it is clear that considerable aliasingis occuring (see [FvD+90] for details on the problem of aliasing). In fact the aliasing is sobad one wonders how the algorithm can work at all. Figure 3.4 provides an example of thisproblem. On the left, a dark pixel moves between two CCD sensors. In particular, this darkpixel is split between both sensors during frame 1. This split cannot be represented in an ac-tual image of the given resolution; however, the CCD sensor must provide a unique intensityfor each pixel location. Thus in the actual image the pixel's intensity is \split" between bothpixel locations. An image sequence f0, 1, 2g would result in a 
ickering e�ect as the darkpixel passed between the two positions. For an algorithm measuring spatial derivatives, thiscould result in inaccurate measurements. The linear-time correlation algorithm, however,does not measure these types of spatial derivatives. Instead, it performs pixel matchingacross space and time. In this example, a perfect pixel match can be made between frame 0and frame 2 (a motion of 1/2 pixel/frames), completely avoiding the di�culties associatedwith frame 1.This algorithm has been successively used on many real and synthetic image sequencesfor a variety of real-time robotic vision tasks ([CB91], [C93], [C94b]; see also Section 6.1).[Du94a] reports being able to use this optical 
ow algorithm to instantiate some 
y-likecontrol laws ([War88]) in a small mobile robot. With the camera mounted on top of therobot, the image information from the camera is fed through the optical 
ow routine andthe motion information is then used to directly control the robot. With a frame rate of4-5 frames per second and the robot moving at 4-5 cm per second, the robot is able to25
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Intensity distribution.Pixel positions.Figure 3.4: A dark square moves across a light background. As the square crosses a pixelboundary, its intensity is \split" between the two adjacent pixels in the image.successfully maneuver through an unmodi�ed o�ce environment. Recently, [Du94b] hasalso been able to use the algorithm to play the game of tag with a cardboard target, andeven with a slow-moving person, using only optical 
ow for pursuit, docking, and escape.3.2 Temporal Aperture ProblemThe standard aperture problem has already been discussed in Section 2.1. In the temporaldomain, it takes on a slightly di�erent form. In Figure 3.5 there is a contour translating tothe lower-right at a certain speed, such that it requires �t = 2 time units to translate onepixel. We expect a match between points A at time T and point B at time T � 2 to be veryclose. However, we get another \close" match between points A at time T and point C attime T �1. Globally, this motion is not correct, however motion is calculated independentlyat each time delay, and locally this false motion has a better match than no motion for thattime delay.If the contour shown extended in�nitely with no end markers or distinguishing illumi-nation changes, then we would have an instance of the strong aperture problem [BLP89b],which in principle cannot be solved. If there is at least some variation of the isocontour26
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motion is due to the temporal aperture problem. To resolve the inconsistency, we perform asecond search over the multiple independent measurements, starting from the best matchingvelocity and continuing until the fastest velocity. Among these, we select as the correctmotion the velocity with the best matching value subject to either a temporal consistencyconstraint, or the motion satis�es the intent of the \fastest-�rst" rule. In the former case,we assume that a motion has temporal support if it the motion at time t is \similar" to thatat time t+ 1. To do this, we perform a \look-ahead" of one frame, and we de�ne \similar"to be motion in the same direction (i.e. we allow for slight speed variations). In the lattercase, if the motion is in the same direction as the fastest motion in the image, then weaccept it.Although not guaranteed to be correct, this heuristic has been thoroughly tested onmany natural and synthetic image sequences and seems to perform quite well. Slow motionis accommodated by the temporal consistency constraint, and faster motions are supportedby the modi�ed \fastest-�rst" rule. Note that this additional search is limited to the numberof velocities searched over, i.e. it is still a strictly linear algorithm. In addition, we limit ourlook-ahead to only one frame. Although techniques that use considerable temporal supportcan perform quite well [BFBB92], in real-time robotics it is not acceptable to impose alatency of a large number of images before a result is produced. The lookahead of a singleimage used by this algorithm is a relatively modest requirement. Section 4.4 examines thee�ect of the temporal antialiasing heuristic when performing time-to-contact calculations.3.4 Harmonic Search IntervalsWe have seen that by performing searches in time instead of space we can, in theory, converta quadratic time algorithm into a linear one. In this section we will more closely examinethis point.One disadvantage of the traditional algorithm is that it computes image velocities that29
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scene point

0−

0−

0−

d
v   t

v   t  sin 0−

0−
v   t  sin 0−

d
~~

focus of projection
at time t

focus of projection
at time t+1

Figure 3.8: [From Nalwa 93] Change in visual angle is inversely related to depth.�� � v�t sin �d (3:2)where � is the visual angle (although visual angle is a measure used with spherical per-spective projection, rather than planar perspective projection which is more appropriatefor a machine vision system, they are approximately the same near the line of sight wheretan � � �. Although the former has the advantage of being independent of any coordinatesystem, the latter more accurately characterizes a machine vision system. See also [T91],Appendix).The motion of a point in an image for a moving camerawith line of sight orthogonal to thedirection of motion is inversely proportional to a point's distance from the focus of projection,and can be used to determine depth; for example see Figure 3.9. This algorithm, whichcomputes velocities inversely proportional to the discrete frame delays �t = f1; 2; 3; :::Sg istherefore very well suited to computing depth via motion parallax. It would be much moreawkward to attempt to calculate motion parallax using a linear set of motions f1; 2; 3; :::; �gpixels per frame. Although there is a sine factor in equation 3.2, note that sine \degrades31



Figure 3.9: Depth from motion parallax. Camera is translating left, with the resultingoptical 
ow and grey-level shaded relative depth map.gracefully" with small deviations from 90 degrees, e.g : a 10 degree deviation from orthogonalmotion to the line of sight is a factor of 0.985, and a 20 degree deviation (quite large foreven a moderately calibrated mobile robot) still yields 0.94. Even a very large 30 degreedeviation from the orthogonal yields only a .866 factor. To complete the argument, evenif the deviation was a ridiculous 45 degrees (i.e. the robot was heading as much parallelto the line of sight as orthogonal to it!) the factor is still only 0.707. Thus, we do notneed anywhere near perfect orthogonal motion to make practical use of depth from motionparallax.It should be noted that it is not necessary to limit the measured velocities to a strictharmonic sequence. Given that the motion to be detected lies within our slowest and fastestmeasurements (1=1 and 1=S pixels per frame), and in the absence of bad spatial aliasing,we need only make measurements as precisely as we need. For example, we could detecta range of velocities v = f1=1; 1=2; 1=4; 1=8; ::; 1=(2blog2Sc)g pixels per frame. In e�ect, thismeans that we have the option of detecting up to a quadratic range of velocities, againat only a linear-time cost. Of course, the resolution within these ranges is reduced by thesame factor, but this may be a useful trade-o� for a particular application. Conversely, it is32



generally not possible for the traditional algorithm to \skip" pixels, since the actual motionmay be missed. Section 4.2.3 discusses these issues in more detail.3.5 SummaryThe space-time tradeo� discussed in Section 3.1 allowed the development of an optical 
owalgorithm that was linear in the range of velocities detected, rather than quadratic as in thetraditional algorithm. Unfortunately, dealing with time in this new manner introduces theproblems of temporal aliasing and the temporal aperture problem, which were addressed byadding heuristic temporal antialiasing to the linear-time optical 
ow algorithm. Adding timeto the search space also had some unexpected bene�cial side e�ects, as noted in Section 3.4.One disadvantage of the patch-matching approach is that the basic motion measure-ments are integer multiples of pixel-shifts. Although the linear-time algorithm discussed inthis thesis does calculate sub-pixel motions, it still computes velocities that are basically aratio of integers (generally with the numerator equal to one pixel), not a truly real-valuedmeasurement. Although calculating real-valued optical 
ow measurements may be possibleby using interpolation, this remains future work. In addition, the angles computed in thecurrent implementation are only the eight nearest-neighbor pixels for eight possible anglesof motion (plus the possibility of no motion). Increasing angular accuracy may also bepossible by interpolating pixels, however this too remains as future work. Although it is notalways necessary to have accurate optical 
ow to perform such functions as obstacle avoid-ance ([NA89]), Chapter 4 demonstrates that despite these de�ciences remarkable accuracymay still be achieved in the context of calculating time-to-collision.
33



Chapter 4Time-to-ContactOne application of optical 
ow is time-to-contact, sometimes pessimistically referred to astime-to-collision or time-to-crash [Lee76], [T90]. Using only optical measurements, andwithout knowing one's own velocity or distance from a surface, it is possible to determinewhen contact with the surface will be made. Time-to-contact provides an excellent test foran optical 
ow algorithm, and will be the primary example used throughout this thesis.4.1 Calculating Time-to-ContactThe primary example of quantitative computer vision used throughout this thesis will bethe calculation of time-to-contact during a collision sequence of a small mobile robot witha sweatshirt draped over a chair as in Figure 4.1 (many qualitative examples also appear in[C93]). The sweatshirt is used so that there is large enough of a surface area, and so thatthe robot's camera can actually make contact with the sweatshirt safely without risk to thecamera or robot. The sequence begins with frame 0 on the right of Figure 4.1.The robot began about a meter and a half away from the chair, and translates at a rateof approximately 5 cm per second. The frame rate is about 5 frames per second, so eachframe represents about 1 cm of actual translation. (All measurements are subject to thelimits of the accuracy of the robot's gears and the reliability of UNIX's timing commands.)The camera's lens has a �eld of view of 60 degrees, however only the central 256x256 pixels34



Figure 4.1: Time-to-contact experiment. Sweatshirt is draped over a chair on left. Frame 0of sequence shown on the right.of an original 512x512 image were used in subsampling to 64x64. Figure 4.3 shows theimage of the chair at frames 12, 41, 96, 126, 134, and 139. Note the very low contrast of thesequence; gradient and especially second-derivative techniques such as [Nag87] which suggestcalculating 
ow at grey-level \corners" would not �nd any such high-contrast locations inthese images, once the chair �lls the �eld of view. Although contrast-sensitive elementarymotion detectors may be su�cient for very small (and lightweight) insects such as the 
y([Bor90], [EB93]) they are clearly insu�cient for mobile robots. In addition, note that theimage is badly out of focus close to the target.Actual contact with the sweatshirt was made somewhere between frames 141 and 142(nominally 141.5). Thus we would want our time-to-contact algorithm to determine, atevery point during the sequence, that the contact point is around frame 141.5 (i.e. thecurrent frame number plus the current time-to-contact in frames). For this sequence theslowest velocity searched for, 1=S, was set to 1/10 pixel/frames.Figure 4.2 describes the optical geometry (the classic reference for the image-plane coor-dinate system is [LP80]). A point of interest P at coordinates (X,Y,Z) is projected throughthe focus of projection centered at the origin of the coordinate system (0,0,0). P is �xed in35
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Figure 4.2: Optical Geometry for time-to-contact. See text for details.physical space and does not move. The origin/focus of projection, however move forwardwith a velocity dZdt . If the camera is facing the same direction as the direction of motion,then this direction is what is commonly known as the focus of expansion (FOE), since it isthe point from which the optical 
ow diverges. (In the case of mobile robotics, it is quitereasonable to assume that the camera is in the same direction as the direction of translation;we do not have to solve the general case of egomotion in order to exhibit useful behaviors.)The image plane is �xed at a distance z in front of the origin; for convenience, we set z = 1.(The actual value of z would depend on factors such as the focal length of the camera.)This image plane moves along with the origin. P projects onto point p in this plane. As theimage plane moves closer to P , the position of p in the image plane changes as well. Usingsimilar triangles : yz = y1 = YZDi�erentiating with respect to time [where _x represents dxdt ] :_y = _YZ � Y ( _ZZ2 )36



Figure 4.3: Images of the chair (in row-major order) at frames 12, 41, 96, 126, 134, and 139.Note the extremely low contrast of the sequence.37



Since P is immobile, set _Y = 0 and substituting (yZ) for Y :_y = �y( _ZZ )Finally divide by y and take the reciprocals of both sides :y_y = �Z_Z = � (4:1)The quantity � is known as the time-to-contact [Lee76]. Note that the left hand sidecontains purely optical quantities, and that knowledge of � does not give any informationabout distance or velocity per se, but only of their ratio. The left-hand side of equation 4.1gives us a method for calculating time-to-contact : for a camera heading in the same directionas the FOE, pick a point in the image, and divide its distance from the FOE by its divergencefrom the FOE.This requires �rst calculating the FOE. Ideally, we could simply take the intersectionof any two optical 
ow vectors, but due to measurement errors this would be inaccurate,and in the case of this particular algorithm it certainly would not work, since the velocitymeasurements are limited to only eight directions (and zero). [TGS91] uses a least-squaresapproximation to the intersection of all the available optical 
ow vectors. [P92] uses sev-eral direction-selective and speed-tuned sensors without assuming that accurate velocityinformation is available. Since the optical 
ow vectors at various points in the image canbe treated independently, heading determination can be calculated with a two-layer linearneural network [HW91]. [RL85] computes the FOE in cases where there is a rotationalcomponent present by calculating the di�erence vectors k �iju k of the optical 
ow vec-tors in a local area to a given vector. The largest of these vectors should correspond todepth discontinuities, where the vector di�erences should be greatest. A least-squares �t isperformed for those vector di�erences above a certain threshold. This is true regardless ofrotational motion, since the latter adds the same motion component regardless of the depth38



variations in the image [LP80]. There is psychophysical evidence supporting this di�erentialmotion method of separating the rotational and translational components of the 
ow �eld[WH89]. [Hil91] extends the approach of [RL85] by considering moving objects in the imageas well. Since the chair in Figure 4.1 used in the time-to-contact experiments represents a
at surface, techniques based on di�erential motion cannot be used for this example.It is possible to calculate the FOE directly without computing the intervening optical
ow. [NG92] discusses a method for calculating the FOE using the assumption that calcu-lated depth should always be positive. The image brightness constraint equation proposedby [NH87] reduces in the purely translational motion case to :c + 1Z (s � t) = 0 (4:2)where c is the temporal derivative of the image intensity functionE(x; y; t), t = (t1; t2; t3)is the instantaneous translational velocity of the camera relative to a stationary scene,Z(x; y) is the depth map of points in the scene, and s = r � Er where Er = (Ex; Ey ; 0) isthe spatial gradient of E at image point r = (x; y; z) = (x; y; 1) at time t. (As usual, z isset to 1 without loss of generality.)For each estimated motion t̂ = (t̂1; t̂2; t̂3) equation 4.2 yields a depth map :Ẑ = �1c (s � t̂) (4:3)except where c vanishes. Thus are an in�nite number of ft̂; Ẑg solutions to equation 4.2.[NH87] shows that for an incorrectly calculated FOE, there is a corresponding cluster ofmostly negative depth values along the \FOE constraint line" which connects the actualFOE with the computed FOE. In addition, clusters of positive depth values are expectedon either side of the negative cluster along the FOE constraint line. A vote for the actualFOE may be calculated by computing several candidate FOE's, computing depth estimateswithin a small radius, and constructing a line that intersects the centroids of the positive and39



negative depth clusters; this line is ideally coincident with the FOE constraint line. Severalsuch FOE estimates can be made, with the actual FOE taken to be their intersection. Forrobustness, [NG92] uses only the sign of the depth values and not their magnitudes.This algorithm can take advantage of the X-Y component representation of the optical
ow vectors. In the case of translational motion and a single object �lling the �eld ofview, the FOE may be calculated by averaging the X and Y components of all the optical
ow vectors, treated as unit vectors, and treating the average as an o�set from the line ofsight, which is assumed to be straight forward. The vectors are treated as unit vectors forrobustness, i.e., vectors close to the FOE (or far away from the FOE) are not penalized bysome factor related to their magnitudes. This gives an initial estimate for the FOE. Thenthe estimate is re�ned by averaging the 
ow vectors within a window of half size on eachedge until the window size is only 4x4 pixels. This method is very simple and extremelyfast, and produces visually accurate results for most cases, especially with images with lownoise. Unlike gradient-based approaches (such as [NG92]), the patch-matching nature ofthis algorithm is largely insensitive to local contrast. The use of the entire dense optical
ow �eld is supported by [WH89] which presents psychophysical evidence that observerperformance in heading estimation decreases with a decrease in the density of the optical
ow information available.The optical 
ow for at several points in the collision sequence are shown in Figures 4.4-4.6along with the calculated FOE.From equation 4.1 and Figure 4.2 we can see that the expected divergence of any pointalong a circle of a given radius should be equal; e.g., given the assumption of a 
at surfaceand a direct approach the divergence of any point A should be equal to that of point P .Therefore, it is justi�able to average the optical 
ow measurements along the circumferenceof any circle of a given radius, centered at the FOE, to get a single real-valued measurementfor _y in equation 4.1. The number of individual measurements used in this thesis is 4 times40



Figure 4.4: Optical 
ow of the collision sequence at frames 12 and 41.41



Figure 4.5: Optical 
ow of the collision sequence at frames 96 and 126.42



Figure 4.6: Optical 
ow of the collision sequence at frames 134 and 139.43



the radius in pixels, i.e. 4 measurements for a one-pixel radius, 8 for a 2 pixel radius,up to 124 for a maximum 31-pixel radius. In this case, each \individual" measurementis in fact the weighted averaged of the four nearest pixels to that actual real-coordinatepoint in the image (Figure 4.7. This weighted averaging method has many of the desirableproperties of the \weighted area with overlap" sampling �lter described in [FvD+90] (p.132and p.617) but has the advantage of being extremely fast to compute (only a few 
oatingpoint subtracts, adds and conversions to integer). In addition, any motion along a diagonalmust be considered to bep2 times the normal magnitude value, since images are generally ina square tessellation. Quantity y in equation 4.1 is then simply the radius of that particularcircle, and then �nally a single measurement of time-to-contact is calculated by � = y= _y.The number of independent time-to-contact measurements available is only limited by theimage size, and the position of the FOE. If the FOE is roughly centered, then for a X*Xsize image we might expect X/2 measurements to be available. If the FOE is not centered,then there may be fewer measurements which can be made in image itself. Experimentswith synthetic images have shown the algorithm to be robust with respect to non-centeredFOE's, as long as the FOE is located in the image itself.Figure 4.8 shows grey-level shaded histograms of the distribution of velocities for eachgiven radius, for frames 12, 41, 96, 126, 134, and 139 of the collision sequence. Ideally, thiswould be a straight line intersecting at the origin of the graph. Of course the algorithmonly computes motions that are 1=T pixel/frames, so this is not the case. However eachindividual motion measurement actually consists of the weighted average of the four nearestpixels, so there is a distribution of motion measurements rather than just the 1=T or p2=Tpixel/frames quantizations. Not surprisingly however motions corresponding to \pure" har-monic velocities (i.e. all four pixels were the same velocity) dominate (the largest of whichare noted in the �gure).For frame 134 in Figure 4.6 the maximum motion is about 4 pixels/frame at a radius of44
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owin the NEWS directions saturates, yielding slower than actual optical 
ow, and thus alonger than actual time-to-contact. For the current problem, we will simply not considermeasuring the time-to-contact for radii whose averaged motion results in greater than one45
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pixel per frame. Since we are using the averaged motion, it is possible that the distributionof velocities are such that some 1.0-pixel/frames motion are saturated before an average of1.0 pixel/frames motion is reached, however the e�ect seems small enough to safely ignore.Figure 4.9 shows the averaged motion measurements as a function of the radius, or distancefrom the FOE. The horizontal line represents a motion measurement of 1.0. Where thesemotion measurements cross this line places an upper bound on the radius of the circlesused to measure time-to-contact; this upper bound is drawn as a vertical line drawn fromabove the time-to-contact best-�t line. Since the expected TTC is naturally reduced by 1frame per frame, the distance at which 1.0 pixel/frames motion is reduced by one pixel perframe according to equation 4.1, and thus this threshold cuto� point is itself expected to bereduced by one frame per frame. Even when only 2.5 frames away from collision, there areenough valid measurements for an accurate time-to-contact calculation.The low (left) end of the chart represents very slow velocities near the FOE. Sincein practice we limit the velocity search to some lower bound, these slow velocities maybe slower than can be detected. However, the slowest velocity that is detected may givea better match than no motion, thus these pixels' velocities may be rounded up to 1=Spixels/frame, yielding a lower than actual time-to-contact for that radius. Thus it is oftenuseful to set some lower velocity threshold below which time-to-contact measurements willnot be considered, since they are likely to be inaccurate. Rather than setting a threshold onthe individual measurements, we set a threshold on the averaged measurement for the entirecircle. This allows the slowest velocities to participate in the distribution of velocities for acircle of a given radius, as in Figure 4.8. Although there currently is no automaticmechanismfor setting this threshold, values from 1.6 to 1.8 times the slowest velocity checked for inthe image have been successful. In addition, experiments show that there is a point whereincreasing the threshold has little e�ect on the measurements (for those frames where theobject �lls the �eld of view). Thus it could be possible to adaptively set this threshold as47
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well. Figure 4.9 shows this cuto� point as the lower horizontal line. Even at the beginningof the sequence when only a few measurements are above threshold, the time-to-contactmeasurement is quite reliable. Together these two thresholds eliminate measurements thatare outside the optimal range of f1=1; 1=2; :::; 1=Sg pixel/frames.By calculating an estimate of time-to-contact along the circumferences of circles of mul-tiple radii, we can compute several independent estimates, and take some best-�t measureamong them. In this case a robust maximum-likelihood estimate is used [H81]. This formof regression, unlike the standard least-squares estimate case, has the desirable propertythat outliers have only a minimal (non-linear) a�ect the �nal result. For standard statis-tical measurements, it might be unwise or unscienti�c to treat suspect data with anythingother than total equality with the rest of the data set, but in this type of problem it is asimple fact that there are measurements which simply \deserve" to be thrown out. One wayto approach this problem is in two separate steps, outlier rejection followed by a classicalestimation technique. [H81] argues against this approach, noting 1) it can be di�cult tocleanly separate these two steps, given that the de�nition of outliers depends on some initialestimate in the �rst place, 2) the cleaned data will not be normal (statistically, some gooddata will have been eliminated and some bad data retained), and 3) empirically, the besttwo-step estimators do not perform as well as the best robust estimators. This author's ownexperience with both approaches agrees completely with this argument; in fact, the latterapproach was adpoted for precisely this reason!A detailed explanation of the implementation of robust maximum-likelihood estimationcan be found in Appendix A. For the moment, it is important to note that the imple-mentation is an iterative procedure requiring an initial estimate. In this case an excellentinitial estimate is the geometric mean of the 31 (or less) measurements (one per radiuslength). The procedure generally converges after only 4-6 iterations, and since there areonly 31 measurements, time to convergence is negligible. Although the geometric mean49



itself does tend to attenuate the e�ects of outliers, it alone does not yield the performanceof the robust maximum-likelihood regression procedure. In general, a slightly better ini-tial estimate could be provided by noting that the measurements close to the FOE tendto be higher-than-actual optical 
ow due to a rounding-up of velocity measurements, yield-ing a shorter-than-actual time-to-contact. However, the extremely fast rate of convergencegiven the geometric-average initial estimate does not justify any additional problem-speci�cinformation at this particular stage.Figure 4.10 shows the time-to-contact measurements for each radius for several frames inthe collision sequence. Each measurement results from applying equation 4.1 to Figure 4.9.The vertical line represents the 1.0-pixel/frames upper threshold, the dotted horizontal linerepresents the initial estimate, and the solid horizontal line represents the �nal maximum-likelihood estimate for time-to-contact. No lower-bound thresholds were used. The plotsfor frames 134 and 139 have only a few valid measurements less than 1.0-pixel/frames, sofor enhanced visibility only the lower left-hand quarter is shown, zoomed in by a factor oftwo.Figure 4.11 includes the lower-bound threshold of .183 pixel/frames, shown by the verti-cal line meeting the time-to-contact estimate from below. In many of these cases the initialestimate is within a frame of the �nal maximum-likelihood estimate and thus is representedby the same horizontal line. Examining this �gure, there is generally a drop in the time-to-contact measurements corresponding to motions below the lower-bound threshold, dueto the \rounding up" of the slowest velocities near the FOE. The location of this suddendrop could possibly be used to adaptively set value of the lower-bound threshold as well.(Although [H81] argues against an explicit outlier rejection step before maximum-likelihoodestimation, this situation di�ers somewhat in that there is prior knowledge of the nature ofthe outliers in this case.)Figure 4.12 left shows a plot of these best-�t time-to-contact measurements against the50



1 Radius from FOE 31 1 Radius from FOE 31
255TTC1

255TTC1
1 Radius from FOE 31 1 Radius from FOE 31

255TTC1
255TTC1

1 Radius from FOE 15 1 Radius from FOE 15
127TTC1

127TTC1Initial estimateFinal Maximum-likelihood estimateFigure 4.10: Time-to-contact estimates (in row-major order) for frames 12, 41, 96, 126, 134,and 139. No lower-bound thresholds were used.51



1 Radius from FOE 31 1 Radius from FOE 31
255TTC1

255TTC1
1 Radius from FOE 31 1 Radius from FOE 31

255
TTC1

255TTC1
1 Radius from FOE 15 1 Radius from FOE 15

127TTC1
127TTC1Initial estimateFinal Maximum-likelihood estimateFigure 4.11: Time-to-contact estimates (in row-major order) for frames 12, 41, 96, 126, 134,and 139. Lower-bound threshold is .183 pixel/frames.52



0 50 100 150

Frame #

0

50

100

150

T
T

C

S = 10

Threshold = .183 

0 50 100 150

Frame #

0

50

100

150

T
T

C

S = 10

Threshold = .183 Figure 4.12: Results of time-to-contact experiment for \fast" collision sequence. Left �gureis a plot of instantaneous time-to-contact vs. frame number. Right �gure is similar exceptthat each value represents the average of the current and previous 7 instantaneous time-to-contact measurements.current frame number. The actual contact point is somewhere between frames 141 and142, so for the purposes of this graph was arbitrarily set to 141.5, represented by the solidline from (0,141.5) and (141.5,0). The jagged nature of this plot suggests aliasing due to\jumps" of the velocity measurements at various positions in the image from 1=S (or p2=S)pixels/frames to 1=(S�1) (orp2=(S�1)) pixels/frames as the target is approached, but thishas not been con�rmed. In any event, we can take an average of the last n time-to-contactmeasurements as the �nal measure of time-to-contact. For examples in this paper, n = 8,and the �nal result is shown in Figure 4.12 right. The time-to-contact calculations werecomputed o�ine and can be computed at 4 frames per second on a Sun Sparcstation 10/41(all the time-to-contact calculations are roughly equivalent in CPU time to calculating asingle speed of optical 
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measurements of the linear-time optical 
ow algorithm.These results compare favorably with other techniques reported in the literature. [UGVT88]calculates time-to-contact in a real image sequence using a second-derivative method andreports an error of 2.2 time steps at a distance of 31.1 time steps away from contact whenmeasured over a 10x10 optical 
ow vectors, with a standard deviation of 2.8 time steps.[TS91] simpli�es the calculation of time-to-impact by using velocity represented in a polarcoordinate system, and computes a coarse hazard map using computational time on theorder of one minute on a Sparcstation 1. [HG91] reports accuracy of better than 1% atdistances of 15 meters down to 2 meters from the target using recursive �ltering of subpixelmeasurements of features in the image, using a real-time image processor. Although goodresults such as these can be achieved using large (40cm by 40cm is quoted) and presumablyhigh-contrast patterns, it may not be realistic to assume that subpixel measurements ofimage features are possible in the general case. It would be very di�cult to locate any dis-tinctive features in Figure 4.3, and extremely di�cult if not impossible to localize them tosubpixel resolution. [AP93] uses Green's theorems and a one-dimensional correlation-basedoptical 
ow technique to estimate the divergence of the optical 
ow �eld by integrating theoptical 
ow normal to a closed contour; for the application of time-to-contact they reporterrors on the order of 10%.There are two issues worth mentioning here. First, we assumed that the optical 
ow ateach point along the circumference each circle of a given radii is normal to that circle, andpointed away from the FOE. Clearly, with only 8 directions available, this will not be truein general. We are hoping that \on average" the directions of the 
ow vectors are correct.Second, the magnitudes of the optical 
ow vectors are also quantized, and will themselvesnot be accurate. In addition, those that are directed along a diagonal count for p2 times asmuch motion as those directed along a cardinal direction. We are again hoping that the 
owwill be evenly distributed around the correct value. It is not obvious that the optical 
ow54



measurements will be well-behaved in this manner, so it must be veri�ed experimentally.Some vectors will be totally incorrect, and point towards the FOE. In all cases howeveronly the absolute magnitude of the vector is taken (and implicitly assumed to be normal tothe circle of that radius). Since each \individual" measurement along the circle is actuallythe weighted average of the four nearest pixels, it is not very practical to disallow measure-ments based on one or two that point towards the FOE or are otherwise not close to normalto the circle at that point (although such a mechanism could be implemented).This is not the only way to approach this problem. Another option is to average themotions across the entire image, rather than along individual circles of a given radius, andthen a best �t among these measurements. Performing the averaging in two steps, however,enables us to set the thresholds we described above and conveniently eliminate points thatyield measurements that fall outside the optimal range of f1=1; 1=2; :::; 1=Sg pixel/frames.It also allows us to visualize the optical 
ow algorithm as a function of distance from theradius. Finally, placing points that are a constant distance from the FOE into a singleequivalence class yielding a single measurement results in a dimensional reduction whichresults in �nding the maximum-likelihood estimate of only up to 31 measurements (themaximum radius used for a 64x64 image) instead of up to 4096 individual points (minusthose in the border area). This makes the computation time for �nding the maximum-likelihood estimate negligible, given the usual fast convergence.Consider again equation 4.1. As a robot approaches an object with constant velocity andconstant frame rate, the time to contact in frame units, � , would be expected to decreaseby 1 per frame : � = k; k� 1; k � 2; : : : ; 2; 1. If the image distance from the FOE of a givenpoint is y, then the image motion at this point (and around a circle of this radius) _y wouldfollow a sequence of : yk ; yk � 1 ; yk � 2 ; : : : ; y2 ; y1 :55
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Figure 4.16: Greyscale log plots of the magnitude of the motion vectors for frame 126using velocities f1=1; ::; 1=10g except for 1=2 pixels/frame. Left plot is without heuristicantialiasing, right is with.tested motion somewhere near the actual motion. However, if the algorithm is run withoutattempting to calculate a given velocity 1=k, a pixel with actual velocity near 1=k may havean incorrect velocity (in particular one that is neither 1=(k�1) or 1=(k+1)) chosen instead.Figure 4.16 shows a greyscale log plot of the magnitudes of the motion vectors for frame 126of the standard collision sequence of Section 4.1, using the normal parameters, except thatvelocity 1=2 pixels/frame is omitted. The left of Figure 4.16 is without temporal antialiasing,the right is with temporal antialiasing. Many of these slower, incorrect velocities fail the\fastest motion direction or continuity" check of the temporal antialiasing heuristic, andare corrected by the antialiasing. The e�ectiveness of the temporal antialiasing on thetime-to-contact calculations is discussed in detail in Section 4.4.Figure 4.17 shows the results for the entire collision sequence using the normal param-eters, except that velocity 1=2 pixels/frame is omitted. The left of Figure 4.17 is withouttemporal antialiasing, the right is with temporal antialiasing. In both graphs, there is acrossover point where the time-to-contact changes from too high to too low, resulting fromdetected motion that is too slow or too fast respectively. Before the crossover point (ear-lier in the sequence), velocities lower than 1=2 pixels/frame are sometimes selected for an59
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Threshold = .183 Figure 4.19: Time-to-contact experiment using velocities f1=1; ::; 1=10g except for 1=3 pix-els/frame (left) and 1=4 pixels/frame (right).respectively.4.3 Robustness Versus NoiseReal-time robotic vision has two essential requirements, real-time performance and robust-ness in real-world situations. The former condition has been addressed by the developmentof a linear-time optical 
ow algorithm. The second condition demands that algorithms beextremely robust against noise. In particular optical 
ow methods based on numerical dif-ferentiation are notoriously sensitive to noise. Although high-resolution CCD cameras areavailable, they can be very expensive. Optical 
ow methods employing extensive �lteringcan be very accurate but are computationally intensive [BFBB93]. Even considering theyearly exponential growth in available computational power, practical applications may stillbe elusive considering the cost of a quality CCD camera and high-resolution framebu�er.The following examples demonstrate the algorithm's degradation of performance for thetime-to-contact experiment of Figure 4.12 given dropped bits of precision, additive Gaussiannoise, and additive, evenly distributed random noise. For reference, the noise distributionof the sequence was estimated by calculating the standard deviation of the pixel intensitydi�erences between pairs of still images at the very beginning of the sequence (before motion61
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of pixel data per frame (a maximum of 64, 32, 16, and 4 grey-level values respectively).Bits were \rounded" based on the value of the next most signi�cant bit. There is virtuallyno degradation of performance at all at 7 bits precision (not shown), very little at 6 bitsprecision and the results degrade gracefully with further reduced precision. In general, onlyabout half of the possible grey levels are actually used by a particular image in this sequencefor a given bit precision.It is particularly interesting to note the performance of the algorithm with the precisionreduced to only 2 bits. The extremely limited resolution of these images is evident inFigure 4.21. In fact, the vast majority of the image sequence actually only uses 2 colors,corresponding to grey levels 128 and 192 respectively, and are thus e�ectively 1-bit bitmaps.Clearly, with only 2 grey levels to use, techniques based on numerical di�erentiation cannotbe used (and are undesirable with less than 8 bits precision anyway [To92b]). However, thepixel-matching technique can still be successful based on the simple argument presented inFigure 3.4. Given that the images are e�ectively 1-bit, the algorithm could be viewed asperforming a degenerate form of binary feature matching, as in [BLP89a]. [ZL93] notes manyof the computational advantages in using a 1-bit feature map (in their case, an edge map)over full 8-bit grey-level images. The optical 
ow for these images is shown in Figures 4.22-4.24.For the fast collision sequence, the time-to-contact value is at worst about within a factorof 2 of the correct value and becomes more accurate as contact approaches. At 90 framesaway the algorithm produces a time-to-contact 70% of actual, and at 50 frames away it is85% of actual. At 40 frames from contact the algorithm is within three frames of actual,and at 25 frames from contact it is within a single frame. The algorithm maintains thisaccuracy up until two frames before contact (same as that for the full-resolution sequence),at which point it diverges slightly.If the object is known to be close, then the detection of slower motion may be omitted63



Figure 4.21: Image of the chair (in row-major order) at frames 12, 41, 96, 126, 134, and139 reduced to only 2 bits of precision. The majority of the images actually only use 2 greylevels, and are e�ectively 1-bit bitmaps. 64



Figure 4.22: Optical 
ow of the collision sequence for frames 12 and 41 reduced to 2 bitsprecision. 65



Figure 4.23: Optical 
ow of the collision sequence at frames 96 and 126 reduced to 2 bitsprecision. 66



Figure 4.24: Optical 
ow of the collision sequence at frames 134 and 139 reduced to 2 bitsprecision. 67



with only a minimal loss of accuracy. For example, the algorithm run on the fast colli-sion sequence reduced to only 2 bits precision (e�ectively 1-bit), calculating 4 speeds perframe, can run on a Sparcstation 10/41 at 10 frames per second, and produces subframeaccuracy for the last 15 frames of the sequence (excepting the very last two frames beforecontact). The fact that such accuracy is possible given such poor input data, only fourdetected velocities (1; 1=2; 1=3; 1=4) and only eight directions suggest relatively simple hard-ware implementations, in terms of modest computational power, low-quality CCD camera,and low-precision framebu�er requirements. An important point here is that we are notmerely using some \quick and dirty trick" to determine time-to-contact, nor are we trackingthe motion of feature points, which might be undesirable due to the di�culty of extractingreliable feature points (and assuming that there are enough such points in the image forsubsequent processing). We are using the same exact optical 
ow algorithm, just on verypoor data.Figures 4.25, 4.26 demonstrates the algorithm's performance with 2, 4, 6, 8, 10 and12 � additive Gaussian and evenly distributed random noise, respectively. The Gaussian(normal) distribution was produced using the standard formula from [K81], with mean zeroand variance �2. For evenly distributed random noise, a lookup table of standard deviationsindexed by the bound x for a random variable evenly distributed between f�x; ::; 0; ::; xg(inclusive) was computed using the standard formula for variance: V (x) = E(x2)� E(x)2,where E(x2) is twice the sum of squares from 0 to x inclusive divided by 2x + 1, andE(x)2 = 0. In all cases a pixel's grey-level value is clipped to lie between 0 and 255 (i.e.representable by 8 bits) before processing; the standard deviation of the added noise is thatbefore clipping. There does not seem to be a signi�cant di�erence between the e�ects ofGaussian and random noise for this algorithm.Of course, these are only typical runs. Random noise, especially that with a high stan-dard deviation, may produce slightly di�erent results with di�erent runs. In particular, the68



FOE detector sometimes has trouble with the very last few frames of a sequence with veryhigh noise. In some cases, it produces a FOE which is outside the actual image, whichinvalidates the time-to-contact estimate. In other cases, the FOE is placed in an area whereall motion estimates are greater than or equal to 1 pixel per frame, which is above theupper-bound threshold.For example, after adding 8� of Gaussian-distributed noise (right center in Figure 4.25),the time-to-contact calculations are within 3 frames of actual 40 frames before contact, andare within a single frame of actual 25 frames before contact. The algorithm maintains thisaccuracy up until 8 frames before contact, after which point the measurements are invalid.The signal-to-noise ratio is 1.74 or less for the last 40 frames, and is 1.6 or less for the last25 frames.A lesson learned is that instead of relying on the accuracy of individual measurements,each one of which is very di�cult to obtain and is sensitive to noise, it may be better to usesome combination of individual measurements, each one of which is robust but not neces-sarily very precise. This philosophy seems quite consistent with biological implementations,such as the spatial integration of simple correlation-type motion detectors found in the 
y[EB93] (although the 
y does not appear to explicitly calculate time-to-contact [BB88]).4.4 E�ects of Heuristic Temporal AntialiasingSection 3.3 discussed the temporal aliasing which can occur as a result of the space-timetradeo� of the linear-time optical 
ow algorithm. This section will demonstrate that for theapplication of time-to-contact, the heuristic described is e�ective in improving results. Inthis case, all motion is radially directed away from the FOE, so the type of temporal aliasingas described in Figure 3.6 cannot occur in general. Therefore one might expect that theheuristic would not help. However, in cases where the direction of the fastest possible motiondisagrees with the motion with the best match, the temporal continuity constraint does69
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provide additional information. In particular, nearly all motion is continuous across timein this particular sequence, although of course that cannot be guaranteed in general. Thetime-to-contact algorithm itself does not exploit the temporal continuity of the individualmotions detected. The very last step of the time-to-contact algorithm does average the last8 time-to-contact measurements, however this �nal averaging step operates only on the �naltime-to-contact values and not on the individual velocity measurements. Otherwise, the onlyother \temporal coherence" that is currently used is that which is implicit in the algorithmitself, i.e. that a motion of 1=n pixels/frame continue for n frames before being detected.But in this case the single frame of look-ahead is su�cient to exploit temporal continuity.This is very advantageous, because an algorithm which exploits temporal continuity in amore aggressive manner, such as smoothing across time using a temporal Gaussian, mayrequire the input of several additional images before an output is produced. For real-timerobotics, this is generally unacceptable ([FL93] recognizes this by using recursive �ltersinstead of a temporal Gaussian). Conversely, a single frame of lookahead is a relativelymodest requirement.Figure 4.27 shows some grey-level coded maps of the actions taken as a result of temporalaliasing (as detected by the algorithm). White areas correspond to pixels whose best-matching motion have the same direction as the fastest possible motion detected for thatpixel. Light grey pixels move in directions that disagree with the fastest zero-or-one pixeldetectedmotion for that pixel, but continue for an additional frame in their current directionand so are not altered. If neither of these conditions hold then we invoke our temporalantialiasing heuristic. Among all remaining motions faster than the current best-match forthe pixel in question, we pick the motion with the best matching value such that either 1) ithas the same direction as the fastest zero-or-one pixel motion detected for that pixel, or 2)does continue in its current direction for an additional frame. One of the latter conditionsmust hold for some motion faster than the current best matching motion (exclusive) and72



Figure 4.27: Grey-coded map of temporal aliasing (in row-major order) for frames 12, 41,96, 126, 134, and 139. White: Best-match direction agrees with fastest motion. Lightgrey: Best-match direction continues one frame. Medium grey: Accept a faster motion thatmatches direction of fastest. Dark grey: Accept a faster motion whose direction continuesone frame. 73
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ow measurements that areslightly slower than they should be. Figure 4.29 shows the change in optical 
ow directionsfor frame 41. Since the di�erences in magnitudes cannot be seen in these plots, Figure 4.30shows a log plot of the magnitudes of the optical 
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Figure 4.30: Greyscale log plots of the magnitude of the motion vectors. Left is withheuristic antialiasing, right is without.
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continuous for many frames. In general however, motion may not continue into the futurefor several frames, so we do not extend the temporal continuity further than one frame.4.5 Rotation examplesAlgorithms and techniques that work for crash detection are often easily modi�able to applyfor rotation computation as well (for example see [PVT91]). Recall equation 4.1 :y_y = �Z_Z = � (4:4)For a given approach to an object, at any instant there will be a corresponding time-to-contact � , and a point a �xed distance y from the FOE will have velocity y=� . Thus theinstantaneous velocity of a point will be linearly proportional to its distance from the FOE.Similarly, by simple geometry for a rotating circle, the instantaneous rotational velocity ofa point is proportional to its distance from the Focus of Rotation (FOR). This can be seenin Figure 4.32. This suggests that it might be possible to use a time-to-contact detectoras a rotation detector simply by calculating motion in the normal way, rotating the optical
ow vectors by 90 degrees so that they point away from the focus of rotation (now the focusof expansion), calculating time-to-contact normally, and �nally performing a simple unitsconversion.As noted in Figure 4.33, normally instantaneous rotational velocity can be computed bythe arctan( _y=y), where _y is the instantaneous tangential motion at that point on a circle ofradius y. By rotating the motion vector by 90 degrees, _y becomes the instantaneous diver-gence of that point. Computing � on this new optical 
ow �eld gives us a robust estimateof y= _y, which can be then inverted and used in calculating rotational velocity. Of course,one would normally construct a rotational motion detector directly without translating toand from diverging motion, however it is interesting to note that much of the same machin-ery can be reused since it is trivial to convert a time-to-contact detector into a rotational77
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Figure 4.32: Relation of expansion and rotation. If point B is twice the distance as point Afrom the foci of expansion (FOE) and rotation (FOR) respectively, its instantaneous velocitywill be double that of A's for both cases.velocity detector.This algorithm was tested on a single image from the SRI translating tree sequence (Fig-ure 4.34). Many tools were tested to rotate the images, but unfortunately many producedunsatisfactory results, such as shifting the image slightly in addition to rotating the image.Others clearly used naive algorithms as well in rotating an image. A requirement in per-forming such a rotation is to perform an inverse transformation (rotation in this case) fromthe new image to the old image, otherwise there may be unmapped pixels in the new image.A naive algorithm (which some public domain packages seem to use) is to simply use the oldpixel value, but this produced unsatisfactory results such as \block-moves" of rectangularareas of pixels. The method chosen for rotating the images was to use a weighted averageof the nearest four pixels for each point in the reverse transformation, as was used in Fig-ure 4.7. This produced high quality rotated images, far more than required considering thatthe original 256x256 images are also subsampled to 64x64 before processing. Backgroundpoints were left black.A sample optical 
ow �eld superimposed on the rotated image appears in Figure 4.3578
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ipping thismotion vector by 90 degrees, the machinery for time-to-contact calculations can be easilyreused for the calculation of rotational velocity.(note that the full resolution image was used to enhance visibility). (Points just o� the actualimage are calculated as having moved because the background is perfectly textureless andthus the matching window \captures" [RA86] some o�-image points). For this sequence,the images were rotated clockwise by .5 degrees per frame. Using the same parameters asfor the fast collision sequence (S = 10, lower-bound threshold of 1.83, and upper-boundthreshold of 1.0, and average of last 8 frames for �nal estimate), a result of .535 degrees perframe is calculated, or an error of 7%.This particular algorithm does not attempt to identify rotational motion per se, althoughit can calculate the amount of rotation given that rotation is known to exist. It is possiblethat an algorithm could hypothesize rotational motion and then calculate the deviationsfrom this hypothesis throughout the image, with a low degree of deviations indicating rota-tional motion. For example, the focus of rotation could be calculated for both a hypothesizedclockwise and a counter-clockwise motion; in general only one of the two will lie within the79



Figure 4.34: Rotating the SRI tree sequence. The left image is rotated CW by 7.5 degreesto produce the right image.central area of the image. Since rotation detection however is not considered as important ascollision detection (since rotation about the visual axis is normally impossible for a mobilerobot �xed on the ground plane), this particular application was not optimized further.4.6 SummaryOur three criteria for practical robotic vision were: robustness, real-time performance, and�nally accuracy. Although the linear-time optical 
ow algorithm has been shown to bevery fast and robust, one limitation is that it does not give truly real-valued image ve-locity measurements. Therefore, it is not obvious that it can be used for a wide range ofrobotics vision tasks. We have shown that in the context of calculating time-to-collision,remarkably accurate measurements may be made by integrating the resulting optical 
owmeasurements across space and time. Furthermore, this quantity is calculated independentlyat several points in the optical 
ow �eld and experiments have shown that these time-to-contact measurements are relatively constant regardless of where in the optical 
ow �eldthey are measured. This means that there are dozens of measurements all of which con�rma single hypothesis of the time-to-collision, resulting in the desirable property of extremeredundancy (and thus robustness) in the measurements. Furthermore, the calculations for80



time-to-collision are extremely fast, even when compared to the real-time linear-time optical
ow algorithm. Several additional experiments have demonstrated that the time-to-collisioncalculations are extremely robust against noise, to the point where even bitmaps may beused as input to the algorithm. This particular application demonstrates that, at least forthis application, the potential limitations of non-real-valued optical 
ow measurements donot manifest themselves.
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Figure 4.35: Optical 
ow superimposed on the right of Figure 4.34.
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Chapter 5Real-Time Performance andHardware Considerations[M82] de�nes three levels at which an information processing device can be understood :1) Computational theory2) Representation and algorithm3) Hardware implementationThe �rst level describes the goal of the computation and the logic by which it is carried out.The second level describes the representations of the input and output and the algorithm forthe transformation between the two. Finally the third level describes the physical realizationof the algorithm. Research concerned with what and how information may be computedfrom images often focuses only on just the �rst and second levels. Computer vision is noexception to this rule. Given how di�erent neuronal hardware is from CCD sensors andcomputer chips, it is almost mandatory.However, for computer vision to ever become practical, some consideration must begiven to performance issues. The vast computational requirements of real-time computervision make implementational issues more important than they are for many other �elds ofcomputer science. From [O85] :\It is only by using machines with [levels of performance in the Giga opera-tions per second] that signi�cant real-time image processing becomes a realistic83



proposition."Entire workshops [CAMP93] and specialized texts [Uhr87], [O85] are devoted to customhardware or massively parallel implementations of computer vision algorithms. For prac-tical mobile robot vision, considerations must be given to e�ciency. One factor related toperformance is an e�cient representation and algorithm used to analyze the image(s). Inthe case of the linear-time optical 
ow algorithm, this has been addressed by the space-timetradeo� which converted a quadratic search in space into a linear search in time. The otherimportant factor is the hardware implementation. Often, computer vision literature is the-oretically oriented in nature and gives little consideration to these practical implementationissues, which are essential to real-time performance. A major advantage of the linear-timeoptical 
ow algorithm is that it can be implemented using only simple integer arithmeticsuch as shifts, adds, and integer compares, which can execute very quickly compared to
oating point calculations. This means that the algorithm is suitable for computation on 1)desktop personal computers, and 2) dedicated image processors. Although this algorithmis suitable for the latter, the controversial view will be taken that vision algorithms (par-ticularly the one described in this thesis) are perhaps better suited for standard desktopcomputers than specialized processors; since this view is likely to be in the minority, itrequires some justi�cation. The �rst section describes the most computationally intensiveportion of the patch-matching algorithm, and the sections following discuss speci�c softwareand hardware implementations.5.1 Box Filter ImplementationAbout two-thirds of the computational time of this algorithm is consumed during the patch-matching (equation 2.3) stage during which the best matching pixel shift is found. A keypart of this stage is known as a box �lter. This single operation is so important to real-timeoperation that it will be described in some detail here.84



The �rst step of the patch-shift-match operation is the shifting stage ([BLP89a], [MBLB91]).In a massively parallel machine such as the Connection Machine 2, it might be desirableto implement this as an explicit image shift so that corresponding pixels are located in thesame processing node. In the case of a serial processor however, this can be implemented atnegligible cost by using normal addressing arithmetic on certain microprocessors. Once thebase addresses of corresponding shifted rows are calculated, a single index register can beupdated with each new pixel in architectures such as SPARC [Sun87], PA-RISC [hp94], andPowerPC [Mot94a]. Architectures with only base + displacement addressing, such as Alpha[SW94] and MIPS [PH94], require an explicit address add. The former two architectureshave existing superscalar implementations, however such implementations with multiple in-teger or load/store units may require special coding to take full advantage of their abilities(for example, to process two rows in parallel). The latter two architectures generally havesuperpipelined implementations for a very high clock rate, and do not need special coding,although they are hurt somewhat by their lack of index register addressing.After the shift stage (whether explicit or implicit) each pair of corresponding pixels arecompared. This comparison could be either the sum of absolute di�erences (SAD) of eachcorresponding pair of pixels' intensity values, or the sum of their squared di�erences (SSD).Both sum-of-absolute-di�erences and sum-of-squared-di�erences could be implemented withno di�erence in computational time by using lookup tables for the absolute-value andsquared-value functions (although the latter would require somewhat more memory to holdthe larger aggregate patch match values). [A87a] chooses to use the SSD for easier mathe-matical analysis, since the derivatives of the SAD function are discontinuous at zero; [S91]follows suit. However, for this algorithm the sum-of-absolute-di�erences has been used sinceit appears less sensitive to large deviations such as edges produced by shadows, and high-frequency noise; the discussion of robust measures in Appendix A reinforces this view aswell. If a lookup table is not convenient (as it might not be in certain custom hardware), ab-85



a b c d e a+b+c b+c+d c+d+e a+b+c b+c+d c+d+ef+g+h g+h+i h+i+jf g h i j f+g+h g+h+i h+i+j k+l+m l+m+n m+n+of+g+h g+h+i h+i+jk l m n o k+l+m l+m+n m+n+o k+l+m l+m+n m+n+op+q+r q+r+s r+s+tp q r s t p+q+r q+r+s r+s+t k+l+m l+m+n m+n+op+q+r q+r+s r+s+tu+v+w v+w+x w+x+yu v w x y u+v+w v+w+x w+x+yOriginal array. Row-wise partial sums. Complete box-sums.Figure 5.1: Demonstration of a 3x3 box �lter.solute value can be easily calculated by the expression : abs(x) = (x^(x>>31))-(x>>31),where ^ is the standard C operator for bitwise XOR and >> represents an arithmeticshift. Other schemes such as in [BLP89a] suggest the ANDing of certain features such asedges. Edges are used in some methods of motion detection (as in [Hil84], [P90], [WWB88],[ZL93]) but are not used here because the resulting optical 
ow density would then dependon the density of the features in the image sequence, which might be too low for subsequentprocessing, or in any event would vary from one image sequence to another. It would alsohave required some high-level feature detection, which would have added further to thecomputational time used. However, note that the performance of the algorithm when runon images reduced to 2 bits precision, resulting in e�ectively a 1-bit feature map, is stillvery good, at least when the camera is close to the target; see Section 4.3.The next step is referred to as the \Excitation" stage in [BLP89a], or the local neighbor-hood summation stage, as demonstrated in Figure 5.1. Here each element of the absolutedi�erence (or squared di�erence) array is replaced with the sum of all elements in a localneighborhood � � � in size. In Figure 5.1, the neighborhood is 3x3 in size. Note that the86



�nal box-sums array is not de�ned on the very edges of the image, since that would requirepixels not available in the image itself. A naive implementation would perform an explicit� �� summation for each pixel location; such an algorithm would be quadratic in �. A muchbetter way is to perform a box �lter, whose running time is independent of the neighbor-hood size �. A box �lter is performed in two passes, one along the rows of the absolutedi�erence array and another along the columns. The �rst pass creates the partial row-wisesummations, which are then added along the columns to yield the full neighborhood sum-mations. Each pass is performed by taking the value for the previous location, adding onenew absolute di�erence (corresponding to the new scope of the � � � neighborhood), andsubtracting an old absolute di�erence (corresponding to the neighborhood of the previouslocation). This takes advantage of the fact that the neighborhoods of adjacent locationsoverlap completely except for the extreme most elements. Therefore, a complete box sum-mation consists of only a constant four computations, two along the element's row and twoalong the element's column (except for the very �rst element of each row or column whichinitializes the running summations), and this is independent of the size of �.The �nal \winner-take-all" stage is then done based on the match values. In practiceon a serial machine it is convenient to compare the current best match value with eachnew one as it is calculated, using a traditional IF-THEN construct. In a massively parallelprocessor it may be undesirable to require a data-dependent conditional construct in thealgorithm (e.g. [LPK93]), since this means that some processors will be executing di�erentinstructions depending on the data being processed; this may be di�cult or impossible withSIMD (single-instruction-multiple-data) hardware. In this case the updates can easily beperformed directly using shift and mask operations, as shown in Figure 5.1.On some parallel machines such as on the Connection Machine the match values couldbe calculated independently and combined using built-in MINIMUM calculating hardware([D86], [LBC87], [L88]). This operation could also be performed very e�ciently without87



/* Select motion with the minimum match value.best_motion : motion with the best matching value thus farbest_match : the match value for best_motioncand_motion : a candidate motioncand_match : the match value for cand_motionmask : will be assigned a mask of all 0's or 1'sThis code assumes a 2's complement integer representation,and that there will not be an arithmetic overflow.*/mask = (best_match - cand_match) >> 31; /* arithmetic shift */best_match = ( best_match & mask) | ( cand_match &~ mask);best_motion = (best_motion & mask) | (cand_motion &~ mask);Figure 5.2: Direct updating of best motion without conditionals.branches by using a \conditional move" operation, such as found on the Alpha [McL93] andSPARC V9 [Cas93] architectures.Often, some tight loops are memory limited (i.e. byte loads and stores dominate). Thiscan be overcome by loading and storing 4 or 8 bytes at a time (depending on whether or notthe architecture is 32-bit or 64-bit), if the appropriate byte or bit�eld extracting instructionsexist in the architecture.5.2 Personal Computers and WorkstationsThere is a tremendous advantage in implementing a computer vision algorithm on a general-purpose computer rather than special purpose hardware. A software program is obviouslymuch more 
exible than a hardware implementation; a change in algorithm requires nothingmore than a recompile, which allows for extensive experimentation. A dedicated image pro-cessor can be much more di�cult to program than a general purpose computer ([OLT93]).88



When designing a custom hardware implementation, there may be some operations thatare not possible or practical to implement, and even a simple operation may be impossibleto add after the implementation has actually been built. General purpose computers arealready commonly available, and can be used for other computationally expensive taskssuch as planning, when it is not doing vision. This multiplexing of a computer both bene�tsall software algorithms that use the computer as well as helps justi�es its initial purchase(or upgrade) in the �rst place. In addition, as noted in the introduction, a software algo-rithm can conceptually be distributed to everyone with a computer at e�ectively no cost, incontrast to the purchase or building of a special purpose processor. This e�ectively meansthat thousands of researchers can make use of any techniques learned. In particular, thealgorithms discussed in this thesis are now usable by anyone with a computer (and in real-time by anyone with a modern, low-end workstation). Finally, general-purpose computershave experienced an exponential growth for the last several years which will likely continuefor several more years. [PH94] gives a 54% yearly increase for the years 1987-1992. A soft-ware algorithm can trivially make use of a new computer generation with only a recompile(see also Section 6.1). Conversely, moving from one brand of dedicated image processorto another may require a complete redesign of the algorithm to match the new processor'scapabilities.Scienti�c workstations are generally optimized for intensive 
oating-point computations,requiring advanced 
oating-point hardware as well as a high memory bandwidth; as a re-sult, they can be quite expensive, around $20-30,000 for a mid-level machine. Dedicatedimage processing boards are available, but can add considerable expense to a vision system.Conversely, personal computers generally make use of mostly integer arithmetic. Althoughmultimedia applications will certainly increase the use of 
oating-point, personal computerswill most likely emphasize their integer performance for the foreseeable future. Examples areIntel's Pentium (tm) [AA93] and IBM/Motorola's PowerPC (tm) 604 processor [Mot94b],89



both of which contain multiple integer units but only a single 
oating-point unit. In addi-tion, pixel data is generally only a single byte long, thus with proper coding several imagebytes can be loaded in parallel, compared to a double-precision 
oating point datum whichspans eight bytes, thus less memory bandwidth would be required per datum. Such mem-ory accesses are generally sequential and highly predictable, and thus can take advantage ofinstructions that provide memory-access \hints" as are found on the Alpha [DEC92], PA-RISC [hp94], PowerPC [Mot94a], and SPARC V9 [Cas93] architectures. Thus this optical
ow algorithm is well-suited for operation on common personal computers, since it does notrequire the 
oating point capabilities of the much more expensive scienti�c workstations,and can achieve a more balanced memory-bandwidth to computation ratio.Digital signal processors (DSP's) have some of the advantages of general-purpose com-puters, in that they have the 
exibility and reprogrammability of software. However, theyoften must be programmed in assembly language to fully exploit their capabilities, due tothe rigid program structure imposed by their instruction sets. In addition, DSP instructionsets generally vary from one generation to another, so they must be reprogrammed, usuallyin assembly language, with each new generation [SPL92]. One attractive feature of DSP's islow overhead looping, which is ideal for the box-�lter stage of the basic algorithm describedin Section 5.1. However, implementations of zero-cycle branching and branch prediction arecommonly found in modern CPU architectures, negating this advantage, since such loopsare highly predictable. Another feature of DSP's are their ability to perform multiple op-erations in parallel, however this too is o�set by superscalar implementations of modernarchitectures. When combined with faster cycle times, a modern general-purpose processoris usually as fast or faster than a DSP, while remaining much easier to program and debug[SPL92]. Thus, while a DSP would be appropriate for a low-cost (or low-power) implemen-tation of a fully developed system, it is not necessary to resort to them to achieve real-timeperformance. 90



A common measure of performance for a computer vision algorithm is its frame rate, inframes per second. In the case of this algorithm, it is dependent on the number of speedsdetected. Since the algorithm is linearly dependent on the number of speeds detected perframe, the frame rate times the number of speeds detected per frame is constant for a givenmachine; this constant is called the \magic number". Of course on most modern machines,memory access time is non-linear due to caches and paging e�ects, so there will inevitablybe a non-linear factor increase with problem size, an e�ect which will only increase asmicroprocessors get faster and memory gets larger (but not much faster, as is the currenttrend). For this problem on a machine with 1 MB of secondary cache, this e�ect is non-existent to at least 20 speeds. Since the algorithm exhibits excellent locality of reference,performance can be expected to degrade gracefully with even larger problem sizes. For a 40Mhz Sun Sparcstation 10/41, the \magic number" is approximately 45 for images 64 pixelsby 64 pixels in size.The following chart gives estimated values of the \magic numbers" for various personal-computer class machines currently available as well as those expected in the next year,based on comparisons with the Sparcstation 10/41 using industry standard benchmarks.All machines are assumed to have an external cache ranging in size from 256KB to 1 MB.For example, the algorithm would be expected to run at a peak rate of 8 frames per second,calculating 8 speeds per frame, on an 66 MhZ PowerPC machine. Alternatively, it could runat 4 frames per second calculating 16 speeds per frame, or possibly 32 frames per secondcalculating only 2 speeds per frame.(Trademarks are the property of their respective owners.) For computer architecturessuch as the PowerPC, which is designed for fast looping across arrays [WD93], an opti-mized program could yield even higher \magic numbers". In addition, as discussed inSection 4.2.3 , for a given maximum image delay S it is not necessary to calculate all mo-tions f1=1; 1=2; :::; 1=Sg pixels per frame; any subset of velocities may be chosen, allowing91



Est. \Magic Numbers" for 64x64 imagesmachine/CPU CPU Mhz magic numberSun Sparcstation 10/41 40 45Intel 486 DX2 66 27Intel Pentium 66 55Intel Pentium 100 85PowerPC 601 66 64PowerPC 601 80 73PowerPC 604 100 140Figure 5.3: Magic numbers for various computers/CPU'sconsiderable \range vs. resolution" performance tradeo�s.In the upcoming years, ever increasing performance can be expected from personal com-puter makers that will allow the algorithm to be run at even higher frame rates, image ve-locity ranges, and/or image resolutions. In particular, CPU's intended for desktop personalcomputers such as Intel's x86 and the PowerPC series will be built with multiple integerfunctional units (but not necessarily multiple 
oating point units), the Pentium [AA93]and PowerPC 604 [Mot94b] being the �rst such examples. Whereas most general-purposesoftware can only take partial advantage of the superscalar capabilities of these CPU's dueto data dependencies, and image processing algorithms requiring 
oating point are limitedby a single FPU on these chips, algorithms such as this one can take full advantage ofthe available integer instruction-level parallelism (with proper coding) by processing two ormore rows of the image in parallel, for example. HP's PA7100LC chip, and the recently an-nounced UltraSPARC chip employ special instructions used to handle MPEG compressedvideo streams, such as multiple 16-bit additions performed within a single register. Thecorrelation-based algorithm could potentially make use of these features to dramaticallyincrease the performance of a patch-matching optical 
ow algorithm. Chips exploiting VeryLong InstructionWord technology (such as announced by Hewlett-Packard and Intel) wouldbe similarly suitable for this form of image processing due to the inherent parallelism in thealgorithm. Thus, this algorithm is well positioned to take full advantage of all of these92



developments.5.3 Parallel ImplementationsThis type of algorithm is attractive in that there are many places where parallelism can beexploited, both in hardware and software, and at both �ne and coarse levels of parallelism.Of course, a major strength of the algorithm is that is does not need massive parallelism torun in real-time, however, such a processor could be fully utilized if available.Parallelism exploited in software (i.e., explicitly running multiple parts of a programon multiple processors simultaneously) can include running the algorithm on multithreadedmachines with a small number of processors, typically two or four. Since such machines arenow being sold for the desktop by several popular manufacturers, it is entirely appropriateto make such considerations. At the coarsest level, each zero-or-one pixel shift-and-matchstage, one for each time delay, could be processed independently. Once the pair of imagesare transferred to each processor, each processor could then process its own image pair in-dependently. The only potential bottleneck here would be to transfer the incoming imageto several processors; however, the rows of the image could be transferred to each processorin a pipelined fashion. Alternatively, each processor could begin accessing the image at adi�erent row per processor, so that memory \collisions" are reduced. At a slightly �nerlevel, the correlation step for each time delay could be divided into its component multipledirections and computed individually. For the current implementation, this is eight direc-tions of motion, plus zero motion. Future implementations could have greatly increasedangular accuracy by interpolating grey level values and considering inter-pixel motions, i.e.motion to an interpolated \virtual" pixel lying in between to existing pixels, or by usingpixels created by subsampling a shifted input image (in cases where a subsampled image isused).Hardware implementations could take parallelism to an even �ner scale, and includes93



implementation on special-purpose image processors (such as the PIPE or Datacube) andin VLSI [O85]. Although this algorithm would be much more di�cult to implement inVLSI in its entirety than say the one-dimensional technique of [AP93], the simple natureof the box �lter makes it suitable for implementation in VLSI, Field-Programmable GateArrays (FPGA's), systolic arrays, or digital signal processors. At the �nest scale, eachrow of an image can processed individually by a pipelined VLSI chip and fed into furtherprocessing modules, as has been shown by a partial implementation in CMOS VLSI [C91].At a maximum, in the current implementation, all 64 rows/columns in all 9 directions (8directions plus zero motion) for each of 20 speeds could be usefully parallelized, exploiting upto 11520 separate processing nodes. Running the algorithm by processing individual pixelson separate processors (as in [BLP89a]) is not particularly recommended on a typical modernparallel machine which uses tens or hundreds of much more powerful microprocessors insteadof the 1-bit processors of a Connection Machine-2 [TM88], since I/O and communicationlatencies are then likely to become the bottlenecks.Using the technique of [BLP89b] (the same as described in Section 2.3) on a DatacubeMaxVideo 200, [LK93] calculates optical 
ow within a limited radius of +/- 3 pixels horizon-tally and +/- 2 pixels vertically using a 7x7 correlation window at 10 Hz on 128x120 images.Since this implementation uses the same basic correlation algorithm as that described in thisthesis, it is instructive to compare the performance of the two. We will use single-pixel-shiftunits as a basic measure, i.e. the comparison of a single given pixel with a single hypoth-esized pixel shift. Recall that in the traditional algorithm ([BLP89a], [BLP89b]) only twoframes are used, and a pixel is constrained to lie within a certain neighborhood, in their case7x5. Motion is calculated everywhere except for a border region where motion calculationwould require pixels not available in the image itself. This border region is the sum of themaximum pixel displacement in any direction plus half the correlation window; thus the\active" image area is (128-2(3+3))*(120-2(2+3)) = 116*110. Given a frame rate of 1094



Hz, this is 7*5*116*110*10 = 4466000 single-pixel-shift units per second. (The correlationwindow size, which is 7x7 for both algorithms, does not a�ect computational complexity;see Section 5.1.) In the linear-time algorithm, the local neighborhood is +/- 1 pixel for asearch neighborhood of 3x3. In addition, there are multiple time delays, which adds anotherfactor. The active image area is (64-2(1+3))*(64-2(1+3)) = 56*56. When calculating 10speeds the frame rate is 4.5 frames per second on a Sun Sparcstation 10/41. This resultsin 3*3*10*56*56*4.5 = 1270080 single-pixel-shift units per second. Thus the workstationimplementation is only 3.5 times slower than the implementation on the dedicated imageprocessor.1 By early 1995, this gap is expected to be closed; see Section 6.1.[Uhr87] argues strongly for massively parallel processing systems for computer vision :\Perception is a massively parallel process... Only massively parallel networksare fast enough to process the large resulting image arrays, and the successiveresulting structures of information."For example, monkeys can recognize complex objects such as faces in only 70 to 200 mil-liseconds, which only allows for at most a few hundred serial steps in neural hardware; clearlymassive parallelism is needed in this case. However, this argument does not consider thepossibility thatmoderate parallelism, combined with extremely high-speed digital computers(each of which can operate at a moderate level of parallelism) can approach the performanceof massively parallel biological hardware. Companies such as Thinking Machines has rec-ognized the advantages of using moderate numbers of commercial microprocessors in theirlatest o�ering (the CM-5) in favor of previous models which are composed of up to tens ofthousands of 1-bit custom processors ([D86], [LBC87], [L88]). [Uhr87] notes that the over-head for communication in a MIMD (multiple-instruction, multiple data) computer may1Note that this only considers the raw amount of work done, and not whether or not the work done isparticularly e�cient or useful. As noted in Section 3.1, the linear-time algorithm only grows linearly withthe number of velocities detected rather than quadratically as with the traditional approach. In addition,Section 3.4 argues for the harmonic series of velocity measurements versus the linear set of measurementsof the traditional algorithm. These are algorithmic issues however, and orthogonal to this discussion.95



be much more than the time for the computation itself. In a moderately parallel machinehowever, tasks are generally divided up in a coarser fashion, such that a variable amountof communication versus computation can take place depending on what is appropriate fora given machine. For example as noted above, the various shift-and-match stages of thecorrelation algorithm can be divided up into individual frame pairs (one per time delay),pairs of shifted images (eight or more pixel shift directions plus zero motion per frame pair),or individual rows and columns (64 or more per shifted image pair), depending on the com-munication to computation ratio for a particular machine. Flexible network topologies suchas described in [BA93] would likely be required for a massively parallel system to be ableto operate on a wide variety of computer vision problems.Amdahl's Law (attributed to Gene Amdahl) [HP90] states that as sections of a programthat are parallelizable are increasingly parallelized, the remaining serial sections of the pro-gram will become the bottleneck. In the case of this algorithm, if the shift and match stagewere completely parallelized, the temporal antialiasing stage would then become the bottle-neck. In the case of very high parallelism each pixel could then be processed independently,however this form of parallelism could be limited by I/O to the processing nodes, unlikefor example processing entire rows in parallel (as assumed above), which has a better I/Oto computation ratio. At high levels of parallelism however, it may be the case that thetemporal antialiasing stage does not produce a signi�cant bene�t, since there would not bethe very coarse quantizations which seem to cause many of the problems in the �rst place.Although this algorithm was designed to operate on ordinary scienti�c workstations,and would also run well on a modern personal computer, it would run very quickly on amassively parallel processor (MPP), up to the level of parallelism noted above (i.e. paral-lelized at the level of individual rows of an image). Such processing is facilitated by thefact that the algorithm only requires simple integer arithmetic which is easily implementedby basic hardware; 
oating-point hardware would be much more expensive to implement96



on a massively parallel scale. Modern highly (if not massively) parallel processors fromCray, Thinking Machines, Convex, and IBM are generally composed of tens or hundreds of\o�-the-shelf" microprocessors, and thus the algorithm would bene�t from all the reasonsmentioned for personal computers, as well as from massive parallelism itself.It should also be noted that even hardware implementations such as described in [DW93]could bene�t from the linear-time space-time tradeo� described in this thesis since only alinear number of pixel shifts would be calculated instead of a quadratic number. In addition,the detection of sub-pixel motions would be detectable, as well as the harmonic sequence ofmotions.5.4 Pyramid ArchitecturesOne popular hardware image processor is the pyramid processor. A pyramid structureattempts to divide an image into its component spatial scales, and by doing so allowsthe e�cient computation of certain properties that are appropriate at that given scale;an example pyramid representation of an image is shown in Figure 5.4. Pyramids can beexcellent tools for hierarchal binary morphology (such as the ANDing of various featuresand region growing), segmentation, and the calculation of various geometrical concepts suchas extrema [TLL87], [SHBV87], [St87].The strength of a pyramid structure with regard to optical 
ow is that it can e�cientlycapture large motions of large contiguous areas of an image ([A87a], [A87b], [C90], [G87]), forexample see Figure 5.5. However, the general requirement that the area of the moving surfacebe roughly proportional to the magnitude of motion does not always hold for interestingtypes of motion ([C93]). For example, in the top-left of Figure 5.6 there appears to be someangular downward motion of a straight object. The �nest level pyramid representation ofcourse gives good motion, and the next higher level is more or less representative, howeverthe upper two levels are not very representative at all. One basic problem is that each97



Figure 5.4: A pyramid representation of an image, at scales (bottom to top): 64x64, 32x32,16x16, 8x8, and 4x4.
98



Figure 5.5: Scales of a pyramid representation. Some forms of motion are best representedat di�erent spatial scales. This is a somewhat idealized example.level in the pyramid is coarser by a factor of 4, thus resolution decreases exponentially witheach layer. [PFH87], [Uhr87] suggest the construction of \gentler" pyramids, with ratiossomewhat less than a power-of-2 on each side. [A87a] suggests using overlapping pyramidsto avoid missing motion lying on a pixel boundary. Resampling techniques used in computergraphics can help here ([F86], [Burt81], [Burt83]), however, such complexity greatly reducesthe practicality of a hardware implementation of the traditional 3-dimensional pyramid.Another problemwith a physical implementation of a pyramid is that the axis connectingthe separate levels (beginning with the base going up to the apex) is not in the same planeas the 2-dimensional images at each level. I.e., there usually needs to be a backplane of99



Figure 5.6: An example demonstrating the limits of pyramids. Top left shows very fastmotion at a very �ne scale. Although two levels in the pyramid give reasonable approxima-tions, the higher levels are not appropriate representations. Solutions to this problem maybe performed in software, but would be more di�cult in hardware; see text for details.some sort connecting these levels, if they are physically implemented similar to their logicallayout (e.g. [SHBV87]). Conversely, current VLSI (Very Large Scale Integration) chips arelargely 
at devices. A typical chip may include several metal or polysilicate \layers", butthey are basically 2-dimensional devices; there is a strong practical incentive in keepingsuch devices two-dimensional. This is both the pyramid's greatest strength and weakness.The topology of the pyramid allows for O(logn) communication between processors, evendistant processors, but this added complexity reduces the feasibility of widely available,low-cost systems. Parallelism, both instruction-level and task-level (multiprocessing and100



multithreading) will certainly see increased use as a means of increasing speed, and imageprocessing/computer vision will be able to make full use of these advances, regardless ofwhether pyramid structures are used.Although pyramid structures can be very useful for understanding an image at multi-ple scales (and are not inconsistent with the linear-time optical 
ow algorithm), pyramid-based special-purpose hardware is less attractive for real-time operation, except in expensivespecial-purpose systems. Given the current state of exponential growth in computing power,there is also the risk that any such system, once �nally built, will be obsolete. The conceptof characterizing a scene in increasingly abstract descriptions is of course attractive, howeverit would be unwise to �x any particular description in hardware until visual processing ismuch better understood. For example, [PFH87] describes pyramids using \gentler" scaleratios than the usual power-of-two pyramid structures. This reduces the normally very largedetail di�erences found between pyramid layers. Building such a custom pyramid in hard-ware however would be much more di�cult than the usual 4-to-1 child-to-parent ratio foundin most pyramids. [Uhr87]'s suggestion of a massively parallel lowest level augmented witha number of much more powerful processors appears to be a practical alternative to the typ-ical hardware pyramid. [W93] describes UMASS's second-generation Image UnderstandingArchitecture, consisting of a low-level recon�gurable array of bit-serial processors for sensorydata, an intermediate level of digital signal processors to execute grouping of tokens andgraph matching, and a high level of RISC processors for knowledge-based processing. Theterm pseudomorphism is de�ned to describe an automatic management of multiple imple-mentations of possibly widely varying types and topologies of parallel computing resources.This type of 
exibility surely represents a di�cult software challenge in the years to come,but will be necessary for portable and parallel computer vision programs.
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5.5 SummaryIssues of computational e�ciency often focus on algorithmic complexity. The tremendouscomputational demands of computer vision demand computational e�ciency at all levels,including the hardware implementation. This chapter has described in detail the charac-teristics of the linear-time optical 
ow correlation-based algorithm which make it especiallysuitable for commonly available computing hardware, and several reasons why it will beable to take full advantage of virtually any advance in computer technology expected in thenear future. As a result, the linear-time algorithm is likely to remain at the forefront ofreal-time optical 
ow for many years to come.
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Chapter 6Conclusions and Future WorkWe have de�ned three criteria for practical robotic vision: robustness, real-time performance,and accuracy. Robustness has been addressed by the patch-matching correlation-basedoptical 
ow algorithm, and at the application level by the redundancy in the time-to-contactmeasurements. Real-time performance has been addressed by the linear-time optical 
owalgorithm and the suitability of the necessary calculations for modern computing hardware.Finally, remarkable accuracy may be achieved, at least for some applications such as time-to-contact, by integrating optical 
ow measurements across time and space. By pushingforward with the coarsely quantized optical 
ow measurements, we have learned that itcan be possible to achieve quantitatively accurate computer vision, even when the low-level measurements are not precise. Thus we have learned that complicated models orvery accurate low-level measurements are not always necessary for quantitatively accuratecomputer vision. It is worthwhile to approach other computer vision problems with thesame philosophy.The current implementation of the time-to-contact algorithm assumes that the mobilerobot is moving such that the focus-of-expansion is always within the �eld of view (but notnecessarily straight forward). Ideally of course, we would not want to have this limitation;we would want the robot to be able to move in any direction it can, particularly arbitraryrotational motion (for the purposes of 
exibility only; it is only the translational compo-103



nent of motion, and not the rotational component, which provided information about theenvironment and the observer's relation to it [T90]. In addition, rotational movement ofan active camera head on a mobile robot will generally be known, since this is generallyprogrammed explicitly). At this particular moment however, this functionality is not avail-able. One way to deal with this situation is to insist on full general motion or nothing atall, and not make use of what means of perception are available. A better option is to limitthe robot's motion to those behaviors which are essential for completing a task. A robotwhich can move forwards and backwards, and turn clockwise and counter-clockwise, may beable to achieve the same set of behaviors as one that can combine rotation with translation(although maybe not quite as e�ciently). In this case fully general motion may not giveour robot any new fundamental behaviors; fully general motion would just be a luxury. Insome tasks, fully general motion may be necessary, and these behaviors will have to waitto be implemented until the necessary modes of perception are available. However, manyother behaviors need not wait. In the meantime of course, research into more general formsof motion vision will continue.Relating this argument to the top-down versus bottom-up debate, a top-down approachmight analyze a situation and then determine what means of perception are necessary to im-plement certain behaviors. For example, structure-from-motion might require very preciseoptical 
ow calculations. If the state-of-the-art in optical 
ow cannot yield these measure-ments quickly, reliably and accurately, the top-down approach would likely insist on �ndingbetter optical 
ow algorithms. Unfortunately this may just prove to be too di�cult. Con-versely, a bottom-up approach would declare that the general problem is too di�cult, andimpose constraints on the problem at hand (Active perception can be seen as an implemen-tation of this philosophy; see [AWB87], [Bal90], [CF88]). Indeed, the approach taken bythis author is to determine what information is available from the optical 
ow (in partic-ular, quantized measurements) and verify what can be calculated from them. This yields104



a certain functionality (time-to-contact given straight, linear motion) which can be used toimplement a wide range of behaviors, at least until the time when more information can becalculated.The current implementation of the algorithm still su�ers from many limitations. Oneexample is the limited angular accuracy due to the standard rectangular tessellation ofimages; this can be clearly seen in Figure 2.1. This can be overcome in principle by shiftingthe input image by a half-pixel in either the X or the Y direction, and performing the searchover these new pixels as well. For applications that demand increased angular accuracy, itmay be worth the additional computational cost. This approximation can be performed byeither interpolation, or exactly in cases when subsampling is done by shifting the input arrayappropriately. A similar form of interpolation via pixel-shifting could be used to increasethe accuracy of the magnitudes of the motions detected.Figure 6.1 shows a grey-level plot of the match values for the best pixel-shift (i.e. theselected velocity) for two typical frames of the \fast" collision sequence. (For this particularplot, the sum-of-squared di�erences measure was used instead of the usual sum-of-absolutedi�erences). The areas where matches are poor generally correspond to motions that cannotbe matched exactly by the algorithm, such as motions that are in between two of the usual 8directions or in between velocities of 1=x and 1=(x+1) for some time delay, or both. Thesevalues could be used for interpolation of velocities.Precise boundary detection from motion remains as future work [SU87]. One option is torun the algorithm using two patch sizes; one would expect that the \quality" of the match ofthe larger patch would be much worse than that of the smaller patch, when both are placedat the motion boundary [LBP88]; this could run completely in parallel as well. [AD91] notesthat often precise boundary detection is not necessary for accurate motion perception; forexample, Johansson [J73] demonstrated that people can easily identify a walking personwhile only viewing lights attached to the moving person's joints (see also [J75]). These105



Figure 6.1: Grey-level plot of best-match sum-of-squared-di�erences for two typical frames;a lighter shade means a better match.\Moving Light Displays" do however sweep out a spatio-temporal path whose temporalcoherence can be exploited. The current optical 
ow algorithm makes only limited use oftemporal coherence; although it is undesirable to place too strong a prior importance ontemporal continuity in future frames (i.e. for frames at time t + k when considering framet), temporal continuity in past frames in the current algorithm is limited to the implicitassumption that motion must be equal a full pixel before being detected. Further exploitingtemporal coherence may be required for cases when there are multiple moving objects, forexample. Given that the algorithm runs best with a temporally dense set of images (i.e.a fast frame rate), 3-dimensional spatio-temporal coherence is an excellent candidate forfurthering this algorithm. Occlusion and disocclusion detection can also be handled byspatiotemporal coherence [AD91].Detecting multiple moving objects requires an initial segmentation step. [SRT92] con-siders a FOE triangle created by the intersection of any three optical 
ow vectors on anobject in segmenting out objects. One possibility with this algorithm is to calculate aninitial FOE, then calculate the deviation from the hypothesized FOE at all points in theimage. [GG84] uses a Markov Random Field model incorporating \line processes" to sep-arate motions across occluding boundaries. These techniques can be slow to converge and106



di�cult to apply to practical problems however.[BBHP90] describes six types of basic motion: 1) single object motion; 2) two movingsurfaces separated by a boundary; 3) two transparent surfaces with di�erent motions, in-cluding moving shadows, re
ections, and transparent surfaces; 4) interleaved components;5) small moving object in front of moving background; and 6) two motions each of whichsu�er from the aperture problem.Type 1) motion is of course straightforward. The detection of type 2) motion impliesboundary detection, which the current algorithm can detect roughly, but not exactly. InFigure 3.9, the motion of the branches blurs over some of the background behind them.This is because the neighborhood patches sometimes \capture" pixels that are at the edgeof occluding boundaries, and assign to them the motion of nearby objects. Reducing thesize of the patches would decrease this e�ect, however this would result in less resistance tonoise. This tradeo� between uncertainty in localization in space vs. localization in frequencyis quantitatively described by the uncertainty relation ([Br78]) : �x�s � �4 , where �x isspatial variance and �s is variance in frequency. The only distribution which optimizes thisrelation is the Gaussian ([MH80]). Many computer vision optical 
ow algorithms �nd itnecessary to preprocess the image by smoothing with a Gaussian before calculating optical
ow, due to the sensitivity of mathematical di�erentiation to noise. Even though thisoperation can be separated into two one-dimensional convolutions it still often requiresspecial-purpose hardware to be performed in real-time, thus it was not used in this algorithm,nor were Gaussian \patches" used in the matching stage. Preliminary tests do not seem toindicate any performance improvement using Gaussian patches, probably due to the alreadylarge size of the patches and subsampling of the images.The capturing of o�-object pixels is not an issue in many types of qualitative computervision where precise boundary detection is not needed, nor is it an issue in the case oftime-to-contact with a single surface. In cases were more precise boundary detection is107



Figure 6.2: Depth from motion parallax, using image zoomed by a factor of 2. Camera istranslating left, with the resulting optical 
ow and grey-level shaded relative depth map.desired however, one option is to zoom in on boundaries using a pyramid technique suchas in [BBH+89]. Figure 6.2 shows the optical 
ow algorithm run on the same SRI treesequence as in Figure 3.9, except that the image is zoomed by a factor of 2, and shows theoutline of the branches much more clearly. One issue with this type of processing is thatthe image motion for such a zoomed image is double that of the normal sequence; a methodof dynamically adjusting the range of velocities detected would be useful in this case.Cases 3) and 4), transparent surfaces and interleaved components are more di�cult;since the algorithm has thus far only relied on the single best match value for all possiblemotions, it is unknown how well the algorithm will do when faced with more than onemotion at a single location (in the case of transparency) or more than one motion veryclose to each other (in the case of interleaved objects). The \winner-take-all" nature of thealgorithm can support the notion of a bimodal response, however some mechanism wouldbe needed to di�erentiate such a bimodal response from a normal, single response (unless itwas known a priori that there were two motions present in the image).One possibility to handle transparency is to use an iterative procedure as in [BBHP90].Here two motions are hypothesized, p and q. They de�ne a sequence of di�erence images :108



Di � I(x; y; i + 1)� Ip(x; y; i)where Ip(x; y; 1) is image 1 transformed by the motion p. ThusD1 consists of the secondframe minus the �rst frame transformed by motion p; this yields an estimate for motion q.A similar de�nition holds when D1 is de�ned to be the second frame minus the �rst frametransformed by motion q. Given an initial estimate for p, iterate :1. Form the di�erence images D1 and D2.2. Estimate the motion from D1 to D2 to estimate qn+1.3. Form the new di�erence images D1 and D2 using the estimate qn+1.4. Estimate the motion from the new D1 to the new D2 to obtain pn+2.This is repeated, and they report convergence within a few iterations in most cases,regardless of the initial estimate for p0.Case 5), a small moving object in front of moving background, could make use of someform of temporal integration such as in [IRP92]. Here they de�ne a temporally integratedimage Av(t) :Av(t) � I(0)Av(t+ 1) � w � I(t+ 1) + (1� w) � register(Av(t); I(t+ 1))where w is a weighting factor (they use w = 0:3), and register(P;Q) denotes the regis-tration of images P and Q by warping P to Q by the motion from P to Q. Iterate (whereM denotes a segmentation mask of a tracked object of interest) :1. Compute the dominant motion parameters between Av(t) and the new frame I(t+1)in the region of M(t).2. Warp Av(t) and M(t) towards the new frame I(t + 1) by the calculated motionparameters.3. Identify the stationary regions in the registered images, usingM(t) as an initial guess,and set M(t+ 1) to the new tracked region.109



4. Update the temporally integrated image Av(t+ 1), and repeat.[BFBB93], [NG92], [VG92], [SAH91] make use of con�dence measures in calculatingoptical 
ow. Conversely, the \winner-take-all" nature of this algorithm makes no use ofcon�dence measures whatsoever, instead relying on the algorithm's inherent smoothnessin producing a 100% dense output. If dense measurements are required, this fact may beviewed as a strength; if only sparse measurements are acceptable, it may be viewed as aweakness. In fact, there would be little computational savings in calculating optical 
owonly at areas of high contrast such as edges [Hil84] or corners ([Nag87]) since the pipelinednature of the box-�lter generally assumes that optical 
ow is calculated at all points inthe image to be e�cient (see Section 5.1 for details). Although it may be possible to usethe match strengths as a measure of con�dence, this author is not optimistic of such anapproach. Although Figure 6.1 does imply that the match values could be used for thispurpose, it seems more bene�cial to use the match values for interpolation of velocities. Inthis way all velocities become more accurate, rather than throwing out \bad" matches.The time-to-contact and FOE calculations made several assumptions, such as constantunidirectional motion, and a 
at object that completely �lls the �eld of view. (This lastcondition is actually not satis�ed until about frame 42. This is signi�cant since the cur-rent implementation does not attempt to segment the relevant 
at surface and omit thebackground. Performance of the algorithm does improve after this point.) In addition, thesweatshirt used as a target, although solid-colored, is not as textureless as many objectsfound in a typical o�ce, such as a black �ling cabinet. Subsequent work will examine theseissues in turn.Non-rigid motion (for example [KG92]) would seem to require more precise measure-ments than is possible from this algorithm without some form of interpolation. Since thebasic assumption of the patch-matching approach is local rigidity, it is likely that majormodi�cations would be needed to make the algorithm suitable for this application. Applica-110



tions that calculate the 3-dimensional structure of the environment will likely be the mainfocus of this algorithm for some time.Although the �eld of computer graphics is mostly concerned with the opposite of com-puter vision, that is the process of converting 3-dimensional scenes into two-dimensionalimages, concepts from one �eld are very often applicable to the other. For example, spatialresampling techniques can be used in the construction of pyramids [F86]. [Burt81] presentsa Hierarchal Discrete Correlation technique which can very e�ciently approximate a Gaus-sian kernel. It remains to be seen how useful antialiasing techniques such as in [SS93] areapplicable to the problems described in this thesis. In addition, there would be a tremen-dous potential for using commercial graphics hardware to assist computer vision algorithmsshould a common ground be found. Special-purpose MPEG encoders/decoders, or special-purpose instructions found on general-purpose CPU's (as noted in Section 5.2) are the �rstexamples of this.The relationship between the time-space tradeo� and spatio-temporal models of motion([AB85], [SS85], [WA85]) is an area of future research.Issues such as lighting and image stabilization (particularly when the camera is mountedon a small, unstable mobile robot) are common problems with machine vision, and it isdesirable to develop techniques to deal with these issues.Ultimately, it is likely that accurate and robust structure-from-motion will make useof both depth from stereo as well as depth from motion, as in [TGS91]. The process ofcorrespondence in optical 
ow can be similar to that of binocular stereo, except that inthe former case the matching is across time, and in the latter the matching is across space[R75]. Both applications can make use of various methods for correspondence (issues ofcorrespondence and image matching are discussed in [HS93]), however tracking across spaceis not equivalent to tracking across time. In particular, the former can make use of theepipolar constraint in matching across space. The latter's matching across space and time111



can make use of the velocity equation in matching across both space and time. Of course,stereo can make use of spatiotemporal coherence as well.The major barrier to applying this algorithm as a generic optical 
ow \black box" forrobotic vision is that it must be carefully adapted to the speci�c task in order to producequantitatively accurate results, as in the case of time-to-contact. It would be pointless toattempt to measure the performance of this particular algorithm per se using the methodsused in [BFBB92] and [WM93]; since the individual optical 
ow vectors are quantized inmagnitude and direction, the average error for a single pixel would be very poor. But notethat optical 
ow is only valuable when used in the context of a speci�c task, such as obstacleavoidance [MBLB91] or time-to-contact, and the performance of this algorithm when appliedto the latter has been shown to be exceptionally good. However, it remains to be seen if suchperformance can be equaled for other robotic vision tasks. Given the algorithm's inherentrobustness, computational e�ciency, and demonstrated potential accuracy, there is a goodchance for success. Ideally, a more general procedure for adapting this real-time optical 
owalgorithm to speci�c robotic vision tasks will someday emerge.6.1 TimelineAll versions of this algorithm since its inception in 1990 run in real-time. Continuousimprovements in computing power have allowed and resulted in corresponding increases infunctionality while still maintaining real-time performance. This section presents a timelineof both past, present and predicted future results, listing the approximate date, the computeror CPU type used or expected to be used at about that time, the actual or expected \magicnumber" for such a machine, a de�ning characteristic of the optical 
ow practical given thatlevel of computing power, and a sample application possible or predicted by that date.(1) Using pyramid techniques it was possible to segment a moving object in about a halfsecond. 112



TimelineDate machine/CPU Magic # optical 
ow application3/90 Sun 4/110 - pyramid; 2Hz (1) segmentation6/90 Sun 4/110 6 1 speed (2) tracking8/91 Sparc 2 16 2 speeds (3) heading determination6/93 Sparc 10/41 32 6 speeds (4) qualitative depth map3/94 Sparc 10/41 45 20 speeds (5) time-to-contact11/94 150MHz R4400 70 > 1 pixels (6) planar tilt1995-96 100MHz PPC604 140 16 angles (7) obstacle divergence1997-99 VLIW, multi-CPU 200-500 128x128 images (8) active motion vision2000+ ? ? 256x256 images (9) 3D stereo and motionFigure 6.3: Timeline of linear-time optical 
ow.(2) An early version of the algorithm calculating a single speed (1 pixel/frame) was able tocontinuously center a slowly moving hand in a rotating camera's �eld of view.(3) Calculating 2 speeds of optical 
ow was su�cient to roughly determine a mobile robot'sheading on test images.(4) Calculating up to six speeds per frame was su�cient to give a relative depth map usingmotion parallax on test images.(5) Code improvements allowed the calculation of up to 10 or even 20 speeds per frame inreal-time and was su�cient to give remarkably accurate time-to-contact calculations.(6) Time-to-contact calculations no longer assume an approach perpendicular to an 
atobject's surface; planar tilt is calculated along with time-to-contact.(7) The optical 
ow algorithm will be used for obstacle avoidance based on the divergenceof the optical 
ow �eld (a generalization of time-to-contact).(8) Active motion vision will be exploited to determine the 3-dimensional structure of theenvironment.(9) Stereo will be combined with active motion vision to determine 3-D structure.
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Appendix ARobust M-estimationLeast-squares techniques are desirable when the measurement noise is normally (Gaussian)distributed, however they are undesirable when there are outliers, measurements that donot conform to a Gaussian distribution, since error in the �nal result is linear in the errorof a single measurement. This has led to the study of robust estimators, which have thedesirable property of insensitivity to small measurement errors, emphasizing that \smallmeasurement errors" also include gross errors in a small fraction of the data. A primarygoal of robust procedures is resistance against these gross errors.In particular, a robust estimator should have the following three properties ([H81]) :1) It should have reasonably good e�ciency at the assumed noise model,2) It should be robust in the sense that small deviations from the model assumptionsshould impair performance only slightly, and3) somewhat larger deviations from the model should not cause a catastrophe.The necessity of robust estimators can be demonstrated by comparing two methods ofmeasuring error, the average squared deviation dn and the average absolute deviation snde�ned by : dn = 1nX jxi � xjsn = � 1nX(xi � x)2�1=2114



" ARE(")0 0.8760.001 0.9480.002 1.0160.005 1.1980.01 1.4390.02 1.7520.05 2.0350.10 1.9030.15 1.6890.25 1.3710.5 1.0171.0 0.876Figure A.1: Asymptotic Relative E�ciency for given error probabilities.As an example, consider a batch of n observations of a quantity �, with probability 1�"of being a good observation with distributionN(�; �2) and with probability " of being a badobservation with distribution N(�; 9�2). For normal observations, sn is 12% more e�cientthan dn. However, in this example all errors are not normally distributed, some observationswith probability " will have their errors multiplied by a factor of 3. To analyze this case,[H81] de�nes a ratio asymptotic relative e�ciency (ARE) :ARE(") = limn!1 var(sn)=(Esn)2var(dn)=(Edn)2Results from [H81] summarized in the following table show that for this example only2 bad observations in 1000 are enough to o�set the 12% advantage of sn in favor of dn.Therefore, the standard classic least-squares measure is clearly inappropriate when thereare outliers present.A procedure for robust maximum-likelihood estimation (M-estimation) is derived in[H81] and repeated here using the notation of [HS93]. The goal is to minimize a function ofthe form: minTk nXi=1 �(xi � Tk) (A:1)where Tk is the parameter to be estimated. In this form, � is called the object function,115



and Tk is called an M-estimate. This can be de�ned equivalently by di�erentiating withrespect to Tk : nXi=1  (xi � Tk) = 0 (A:2)Huber proposed as an object function the following :�(x) = � 0:5x2; jxj � a;ajxj � 0:5a2; o.w.which naturally results in :  (x) = 8<: �a; ifx < �a;x; if jxj � a;a; ifx > a[H81] recommends setting the tuning constant a to some value between 1 and 2; thetime-to-contact algorithm seems extremely insensitive to the exact value of tuning constanta. In general, the procedure can be used to estimate a m-dimensional vector � using nfunctions fi which map m-dimensional space into an observation yi :fi(�) = yi; i = 1; :::; n:In our case we are only interested in a single parameter, time-to-contact, so m = 1.We have n = 31 observations yi of time-to-contact, one for each radius from the FOE. Byequation 4.1 the function that transforms the parameter � into observations yi is given by :fi(�) = i� ;where i is equal to the radius. � should minimize :nXi=1 ��yi � fi(�)S �where S is a robust estimate of scale (for a scale-invariant M-estimate) de�ned by:S = medianijyi � fi(�)j0:6745116



where 0.6745 is half the interquantile range of the normal distribution N(0; 1). Thetime-to-contact algorithm appears very insensitive to this constant. Here the median ofonly the non-zero deviations are used, so as to not unduly bias the estimate.There is no closed form for the M-estimate, so it is solved with an iterative procedure. Asan initial estimate for time-to-contact, the geometric average of the individual measurements(one per radius) is used, considering only values that lie between the lower and upper-boundthresholds.For each iteration k, the modi�ed residuals are computed:r�i =  �yi � fi(�k)Sk �Skwhere Sk is the estimate of scale at iteration k as de�ned above. Finally the least-squaressolution �̂ to X� = r�, where X = [xij ] is the Jacobian matrix:xij = @@�j fi(�k) = � i�2Since we are only solving for one parameter (time-to-contact), j = m = 1 and the m byn matrix XT is only a 1x31 vector, the solution ofXTX�̂ = XT r�reduces to : �̂ = X � r�X �Xwhere `�' represents the inner product of two vectors. Finally, set �k+1 = �k + �̂ anditerate until �̂ � � for some small �. For the time-to-contact algorithm with � = :001, theprocedure usually converges after only 4-6 iterations.
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