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Constraint Programming andDatabase Query LanguagesParis C Kanellakis ? and Dina Q Goldin ?Brown University, Providence, RI 02192, USAAbstract. The declarative programming paradigms used in constraintlanguages can lead to powerful extensions of Codd's relational datamodel. The development of constraint database query languages fromlogical database query languages has many similarities with the develop-ment of constraint logic programming from logic programming, but withthe additional requirements of data e�cient, set-at-a-time, and bottom-up evaluation. In this overview of constraint query languages (CQLs)we �rst present the framework of [41]. The principal idea is that: \thek-tuple (or record) data type can be generalized by a conjunction ofquanti�er-free constraints over k variables". The generalization must pre-serve various language properties of the relational data model, e.g., thecalculus/algebra equivalence, and have time complexity polynomial inthe size of the data. We next present an algebra for dense order con-straints that is simpler to evaluate than the calculus described in [41],and we sharpen some of the related data complexity bounds. We notethat CQLs are applicable to spatial databases. This is because theselanguages have \spatial point set" as the semantics of their record datatype and because existing multi-dimensional searching data structurescan support I/O e�cient access to sets of records. Finally, we observethat CQLs can be augmented with complex object data types, aggregateoperations, and null-values, just like the relational data model.1 From Constraint Programming to Database Querying1.1 Declarative Programming with ConstraintsConstraint programming paradigms are inherently declarative, since they im-plicitly describe computations by specifying how these computations are con-strained. Programming with constraints as primitives (or constraint program-ming) is appealing because constraints are the normal language of discourse formany high-level applications. Pioneering work in constraint programming goesback to the early 1960's, e.g., Sutherland's SKETCHPAD [67]. The theme hasbeen investigated since the 1970's, e.g., in arti�cial intelligence [31, 54, 55, 66],in graphical-interfaces [10], and in logic programming languages [37, 22, 27]. Therelevant literature and contributions are too large to attempt a survey. Insteadwe will limit our exposition to recent applications in databases.? Research was supported by ONR grant N00014-91-J-4052 ARPA Order No. 8225.



Perhaps one of the most important advances in constraint programming inthe 1980's has been the development of Constraint Logic Programming (CLP) asa general-purpose framework for computations, e.g., in CLP(<) [37], in Prolog III[22], and in CHIP [27, 72]. For more information on CLP see the surveys in [21,51], the proceedings of logic programming conferences and of recent workshopson the subject, e.g., [42]. In particular, the advances in CLP are very relevant fordatabase applications (which brings us to the subject of this paper). One reasonis the many connections between databases and logic programming. Startingwith the Japanese 5th Generation Project, these connections were explored indepth during the last decade.The declarative style of database query languages is an important aspectof database systems, that has been at the core of the relational data modelsince Codd's pioneering work [20]. Indeed, having such a language for ad-hocdatabase querying is a requirement in today's commercial relational technology.Querying in Codd's relational calculus is a form of limited (but very successful)constraint programming. It is rather surprising that other advances in constraintprogramming have not yet in
uenced database query language design. However,we believe that this will soon change and there will be (in the 1990's) integrationof constraint programming and databases.One intuitive reason for the success of CLP is as follows. A strength of atypical logic programming language (e.g., Prolog) is its top-down, depth-�rstsearch strategy. The operation of �rst-order term uni�cation, at the forefrontof this search, is a special form of e�cient constraint solving. Additional con-straint solving increases the depth of the search and, thus, the e�ectiveness ofthe approach. Unfortunately, the bottom-up and set-at-a-time style of evalua-tion emphasized in relational databases, and more recently in knowledge bases,seems to contradict the top-down, depth-�rst intuition behind CLP.The main contribution of the Constraint Query Language (CQL) frameworkin [41] was to demonstrate that it is possible to bridge the gap between: bottom-up, e�cient, declarative database programming and e�cient constraint solving.One key intuition came from CLP: a conjunction of quanti�er-free constraintsover k variables, where k depends on the database schema and not the instance,is the correct generalization of the k-tuple or record or ground fact. The technicaltools for this integration were: data complexity [17, 73] from database theory, andquanti�er eliminationmethods frommathematical logic [28, 29, 68, 23, 8, 48, 60].More speci�cally, �nite relations are generalized to �nitely representable re-lations and appropriate algebras for their data manipulation can be developedin this framework. In many cases, the algebras have polynomial time data com-plexity. This use of data complexity (a common tool for studying expressibilityin �nite model theory) distinguishes the CQL framework from arbitrary (andinherently exponential) theorem proving [30, 9, 15].Example 1. Let us illustrate database querying and introduce some of its no-tation. The meaning and use is (or rather should be) intuitively obvious. Forformal de�nitions we refer the reader to [40, 69]. To see that constraints shouldbe part of any database query language consider an example from [41].



This is a query program with Expenses, Savings and Income input relations,Balanced output relation, and a single linear equation constraint: x is user-id,f is amount spent for food, r for rent, m for miscellaneous, s for transfer tosavings, w for wages, and i for interest. The intended output of this query isthe list of user-ids whose checkbooks balance. As is typical in data processingapplications, we assume that the input relations are much larger than the queryprogram and they might reside on secondary storage.In nonrecursive Datalog notation and using a single linear equation constraintwe express the following \balanced checkbook" query.Balanced(x) :| Expenses(x; f; r;m); Savings(x; s); Income(x;w; i); CC � (f + r +m + s = w + i)In relational technology even a little arithmetic, like the linear equation of thisexample, is outside the data model and requires special ad-hoc processing. Linearequations, although quite simple theoretically, can be interesting from a practicalpoint of view. Also, as illustrated in [41], the simple case of linear equations canbe related to the relational database theory theme of query homomorphisms. 2One point of the above example is that constraints integrate naturally in thecore database query syntax (called tableaux in the relational databases of the1970's and nonrecursive Datalog in the knowledge bases of the 1980's). Anotherpoint is that this constraint program has a natural analog in constraint mainte-nance. We can think of a scenario where the checkbook should always balance,and any update to the database would have to preserve the constraint C.Constraint Programming vs Maintenance: In databases the term con-straints is most often used in connection with \integrity constraints" and withtheir maintenance. Note the di�erence between constraint maintenance, wherean update might trigger some additional computation (like in spread-sheets) anddatabase retrieval, where a new relation is de�ned based on constraints. Con-straint programming is a high-level programming style, which is often supportedby integrity constraint maintenance algorithms. 2The CQL framework of [41] provided a uni�ed view of some previous databaseresearch: for example, on the power of constraints for the implicit speci�cation oftemporal data [19], for extending relational algebra [33, 46], for magic set eval-uation [58], and for logic program analysis [13]. CQLs also extend the approachto safe queries of [4, 35, 44, 58].The example CQLs of [41] are applicable to spatial databases, where dense or-der is present. Temporal databases require the development of analogous frame-works for the theory of discrete order with constants see [39].Complete vs Partial Information: The key concept in CQL, illustratedin the next subsection is that constraints describe point-sets, such that all theirpoints are in the database. With the appropriate constraint theory these point-sets are accurate (and perhaps the most intuitive) representations of spatialobjects. For e�ciency reasons we require that these constraints be quanti�er-free, just like the CLP axioms are quanti�er-free. The [41] framework is thus oneof complete information.



The problem of managing partial information in databases has received a fairamount of attention, see [40] for pointers to the database literature. For example,formulas with variables called null-values can be thought of as formulas repre-senting many possible states (of which one is true). They would correspond toconstraints that have existential quanti�ers. In this sense, constraint program-ming has already been applied extensively to incomplete information databases.However, it is well known, that the existential quanti�cation results in a numberof di�culties with the e�cient processing of null-values and partial informationin general. It is easy to see that, just like the relational data model, constraintframeworks can be augmented with partial information constructs, such as null-values, but at the expense of data complexity.Constraint logic programming paradigms are currently attracting a great dealof attention in languages for operations research applications [72] and have alsoimpacted the �eld of concurrent programming language design [64]. The use ofconstraints for operations research and for concurrency is sometimes semanticallydi�erent from their use here. For example: Constraints can be used to representthe many possible states (of which one is true) of a set of concurrent processes.Each individual concurrent process maintains and manipulates constraints thatdescribe the partial information it has about the state of all processes. Thesesemantic di�erences are due to the use of complete vs partial information. 21.2 Spatial Database ApplicationsManipulation of spatial data is an important application area (e.g., spatial orgeographic databases) that requires both relational query language techniquesand arithmetic calculations. Indexes for range searching and modeling of complexstructures have been used to bridge the gap between declarative accessing oflarge volumes of spatial data and performing common computational geometrytasks. The resulting extended relational systems are somewhat ad-hoc. Object-oriented database technology has also been applied to spatial databases withmixed success. Although, object-oriented databases emphasize rich and 
exibledata types, they do not incorporate the geometry of point sets in their datamodels. This geometry is implicit in constraints and a particular strength ofCQLs.To illustrate our goals for integration of application, language paradigm, andimplementation, let us revisit the canonical successful case of integration in therelational data model. In this data model, an important application area (dataprocessing) is described in a declarative style (relational calculus) so that itcan be automatically and e�ciently translated into procedural style (relationalalgebra). Program evaluation is bottom-up and set-at-a-time as opposed to top-down and tuple-at-a-time, because the applications involve massive amounts ofstructured data. This evaluation may be optimized, e.g., via algebraic transfor-mations, selection propagation etc. It may be performed in-core in polynomialtime, because of the low complexity of the calculations expressed. Most impor-tantly, it may be implemented e�ciently with large amounts of data in secondarystorage via indexing and hashing.
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r(a4; b4) r(c4; b4)r(a4; d4) r(c4; d4)Fig. 1. Rectangle intersectionWe believe that by generalizing relational formalisms to constraint formalismsit is, in principle, possible to generalize all the key features of the relational datamodel to spatial data models. (1) The language framework preserves the declar-ative style and the e�ciency of relational database languages. (2) The possibleapplications of constraint databases include both data processing and numericalprocessing of spatial data. (3) The implementation technology of spatial accessmethods (see [62, 63]) naturally matches the new formalism.Example 2. Let us try to illustrate these points (1-3) with an example. A verycommon task from computational geometry and spatial databases is the problemof computing all rectangle intersections [57, 63].The database consists of a set of rectangles in the plane (the four rectanglesof Figure 1) and we want to compute all pairs of distinct intersecting rectan-gles. Note that the theory of constraints used in this simple, but very common,example is the theory of dense order with constants.This query is expressible in a relational data model that has a � interpretedpredicate. One possibility is to store the data in a 5-ary relation named R. Thisrelation will contain tuples of the form (n; a; b; c; d), and such a tuple will meanthat n is the name of the rectangle with corners at (a; b), (a; d), (c; b) and (c; d).We can express the intersection query in relational calculus or �rst-order logicover �nite structures as follows:f(n1; n2)jn1 6= n2 ^ (9a1; a2; b1; b2; c1; c2; d1; d2)(R(n1; a1; b1; c1; d1) ^R(n2; a2; b2; c2; d2)^(9x; y 2 fa1; a2; b1; b2; c1; c2; d1; d2g)(a1 � x � c1 ^ b1 � y � d1 ^ a2 � x � c2 ^ b2 � y � d2))g



To see that this query expresses rectangle intersection note the following:the two rectangles n1 and n2 share a point if and only if they share a pointwhose coordinates belong to the set fa1; a2; b1; b2; c1; c2; d1; d2g. This can beshown by exhaustively examining all possible intersecting con�gurations. Onecould eliminate the (9x; y) quanti�cation altogether and replace it by a booleancombination of � atomic formulas, involving the various cases of intersectingrectangles.The above query program is particular to rectangles and does not work fortriangles or for interiors of rectangles. Recall that, in the relational data modelquanti�cation is over constants that appear in the database. By contrast, if weuse generalized relations the query can be expressed very simply (without caseanalysis) and applies to more general shapes.Let RC(z; x; y) be a ternary relation. Consider a CQL (to be de�ned moreformally in the next subsection) where we interpret RC(z; x; y) to mean that(x; y) is a point in the rectangle with name z. The rectangle that was storedabove by (n; a; b; c; d), would now be stored as the generalized tuple (z = n)^(a �x � c) ^ (b � y � d). The meaning of this generalized tuple is an in�nite set ofpoints. The set of all intersecting rectangles can now be expressed as:Intersects(n1; n2) :| n1 6= n2; RC(n1; x; y); RC(n2; x; y)The simplicity of this program is due to the ability in CQL to describe andname point-sets using constraints. The same program can be used for intersectingtriangles. 2Of course the ease of expression in the above example is there because the(implicit) existential quanti�cation of x; y in the above intersection rule is overan in�nite domain. But, despite this, there are e�cient evaluation techniques.Example 3. In the above example we used relational calculus notation and non-recursive Datalog notation. Let us continue with a calculation of the pairs ofrectangles that are reachable from each other in recursive Datalog notation.Note that again the x; y are quanti�ed over an in�nite domain.Reachable(n1; n2) :| Reachable(n1; n3); Reachable(n3; n2)Reachable(n1; n2) :| RC(n1; x; y); RC(n2; x; y)As shown in [41] recursive Datalog with dense order is evaluable in polynomialtime. The algorithm used there was a bottom-up version of CLP(<).In general, more complex constraints and recursion lead to languages thatcan compute all partial recursive functions. However, one could limit recursionto �nite domains as in this example, where recursion happens to be over the�nite set of rectangle names. 2The above examples may be complemented with many other computationalgeometry tasks, such as computing convex hulls and Voronoi diagrams [57].In these examples the typical computational geometry input of \N arbitrary



points" becomes an input database of size N and the task speci�cation becomesa �xed size CQL program.Most natural computational geometry tasks are expressible declaratively us-ing CQLs that combine �rst-order logic with simple arithmetic constraints. Theycan then be evaluated in a procedural fashion using the general-purpose eval-uation method that is a CQL intrepreter. Special computational geometry al-gorithms would be used by a CQL compiler as optimizations additional to thisgeneral-purpose evaluation method.A very important optimization involves indexing particular variables in thegeneralized tuples. In the above examples such indexing would correspond to I/Oe�cient processing of the projections of the rectangles on the x and y dimensions.More speci�cally, as shown in (the journal version of) [41], if in a CQL theprojection of any generalized tuple on x is an interval, then the problem of 1-dimensional searching on x in the constraint data model is a special case of2-dimensional searching in the relational data model.We will treat this optimization in detail in Section 4 of this paper becausewe believe that it is the most practical one for spatial databases. Fortunately,current spatial database access methods are applicable to indexing in the CQLframework. Let us now describe this framework as presented in [41].1.3 The CQL Framework(1) A generalized k-tuple is a quanti�er-free conjunction of constraints on k vari-ables, which range over a set D. There are many kinds of generalized tuples de-pending on the kind of constraints used. In all cases equality constraints amongindividual variables and constants are allowed. In the relational database modelR(3; 4) is a tuple of arity 2 or ground fact. It is a single point in 2-dimensionalspace representable also as R(x; y) with x = 3 and y = 4, where x; y range oversome �nite set. R(x; y) with (x = y ^ x < 2) is a generalized tuple of arity 2and so is R(x; y) with x + y = 2:5, where x; y range over the rational or thereal numbers. Hence, a generalized tuple of arity k is a �nite representation of apossibly in�nite set of tuples of arity k (or points in k-dimensional space Dk).(2) A generalized relation of arity k is a �nite set of generalized k-tuples, witheach k-tuple over the same variables. It is a �rst-order formula in disjunctivenormal form (DNF) of constraints, which uses at most k variables ranging overset D. Each generalized relation describes a possibly in�nite set of arity k tuples(or points in k-dimensional space Dk). A generalized database is a �nite set ofgeneralized relations.(3) The syntax of a CQL is the union of an existing database query languageand a decidable logical theory. For example: Relational calculus [20] + the theoryof real closed �elds [68, 23, 8, 48, 60]; Relational calculus [20] + the theory of real(or Presburger) addition [29, 30, 9, 15]; Relational calculus [20] + the theory ofdiscrete order with constants. In
ationary Datalog: [3, 32, 47] + the theory ofdense order with constants[28]; In
ationary Datalog: + the theory of equalityon an in�nite domain with constants.



(4) The semantics of a CQL is based on that of the decidable logical theory,by interpreting database atoms as shorthands for formulas of the theory. Let� = �(x1; : : : ; xm) be a CQL query program using free variables x1; : : : ; xm. Letpredicate symbols R1, : : : , Rn in � name the input generalized relations and letr1; : : : ; rn be corresponding input generalized relations. We interpret the pro-gram in the context of such an input. Let �[r1=R1; : : : ; rn=Rn] be the formula ofthe theory that is obtained by replacing in � each database atom Ri(z1; : : : ; zk)by the DNF formula for input generalized relation ri, with its variables appropri-ately renamed to z1, : : : , zk. The output is the possibly in�nite set of points inm-dimensional space Dm, such that instantiating the free variables x1; : : : ; xmof formula �[r1=R1; : : : ; rn=Rn] to any one of these points makes the formulatrue. (Wlog an occurrence of a database atom in � is of the form Ri(z1; : : : ; zk)1 � i � n, where Ri is of arity k and z1, : : : , zk are distinct variables; this isbecause in our framework we can always use equality constraints).(5) For each input, the queries must be evaluable in closed form and bottom-up. By closed form we mean that the output of any query program applied toany input generalized relations must be a generalized relation. The analoguefor the relational model is that relations are �nite structures, and queries aresupposed to preserve this �niteness. This is a requirement that creates vari-ous \safety" problems in relational databases [20, 69]. The precise analogue inrelational databases is the notion of weak safety of [4]. Evaluation of a query cor-responds to an instance of a decision problem. Quanti�er elimination proceduresrealize the goal of closed form and use induction on the structure of formulas,which leads to bottom-up evaluation.(6) For each input, the queries must be evaluable e�ciently in the input size,i.e., with at least PTIME data complexity. Database atomic formulas indicate,in the declarative query language itself, the parts that can grow asymptoticallyversus the parts that are constant-size. By �xing the program size and letting thedatabase grow, one can prove that the evaluation can be performed in PTIMEor in NC or in LOGSPACE, depending on the constraints considered (for thevarious complexity classes see [38]).1.4 Languages, e�ciency, e�ciency, : : :In the remainder of this paper we explore CQLs with an emphasis on quantifyinglanguage e�ciency.In Section 2, we present an algebra for dense order constraints (due to Goldin)which is simpler to evaluate than the calculus described in [41]. In Section 3, wesharpen some of the related data complexity bounds and comment on the cur-rent state-of-the-art of data complexity analysis. We also observe that complexobject data types can easily be added to the CQL framework. In Section 4, we de-scribe how the CQL framework can be supported by existing multi-dimensionalsearching data structures.We close, in Section 5, with some open questions and some recent develop-ments.



2 An Algebra for Dense Order ConstraintsDense order inequality constraints are all formulas of the form x�y and x�c,where x; y are variables, c is a constant, and � is one of =, �, < (or its negation6=, >, �). We assume that these constants are interpreted over a countablyin�nite set D with a binary relation which is a dense order (e.g., we can takeD to be the rationals). Constants, =, �, and < are interpreted respectively aselements, equality, the dense order, and the irre
exive dense order of D. For the�rst-order theory of dense order see [28] and for its data complexity (with andwithout recursion) see [41].In this section we present a �rst-order algebra for dense order constraints,which is equivalent to the calculus of [41] and is simpler. We �rst assume thatthe generalized tuples have a speci�c form, beyond being conjunctions of con-straints, this is De�nition 1. It is easy to see that any conjuction of constraintscan be transformed into a union of such generalized tuples. In our algebra, weuse generalized tuples that are \tighest" or canonical (Subsection 2.1). We showthat this algebra has the desirable closure property (Subsection 2.2).2.1 Generalized Tuples and Relations in Canonical FormDe�nition1. A generalized n-tuple t = (l; u; �) over variables x1, : : : , xn con-sists of two sequences l = (l1; : : : ln) and u = (u1; : : : ; un), and an n by n matrix� = (�1;1; �1;2; : : : ; �n;n), where:(a) the li's are constants in D [ f�1g;(b) the ui's are constants in D [ f+1g;(c) for all i, li � ui;(d) for all i; j, �i;j is one of =, <, >, ?.W.l.o.g., we can assume that the entries of � along the diagonal are =, and � issymmetric (e.g., if x < y then y > x). 2De�nition2. Each generalized n-tuple over variables X = fx1; : : : ; xng de�nesa formula with free variables X, and a set of points in Dn. This point-set is thesemantics of the generalized tuple.1. For a generalized n-tuple t = (l; u; �), the formula F (t), with n free variablesfx1; : : : ; xng, is the conjunction of n2 + n constraints  i and �i;j :(a) for all tuples (li; ui);  i is (xi = li) if li = ui,and (li < xi < ui) otherwise;(b) for all entries �i;j; �i;j is (xi �i;j xj) if �i;j is not ?,and TRUE otherwise.2. For a generalized n-tuple t = (l; u; �), the corresponding set of points P (t)is the set of all points x = (x1; : : : ; xn) satisfying F (t). 2Example 4. The following is a tuple t on variables (A;B;C) whose formula is(�1 < A < 5 ^ 1 < B < 7 ^ C = 6 ^ A > B). 2



In tabular form we represent generalized tuples as follows:t A B Cl �1 1 6u 5 7 6� = > ?< = ?? ? =We can de�ne a partial order on all tuples that share the same set of variables:De�nition3. Let t and t0 be generalized tuples over variables X, with the  'sand �'s as in De�nition 2. t0 is tighter than t if:8i;  0i is tighter than  i and 8i; j; �0i;j is tighter than �i;j ,where constraint �0 is tighter than constraint � i� the universal closure of (�0 ) �)is true in D. 2If t0 is tighter than t, then the universal closure of (F (t0) ) F (t)) will alsobe true, so P (t0) � P (t). We can also de�ne equivalence classes over generalizedtuples w.r.t. their sets of points:De�nition4. Let t1; t2 be generalized tuples over variables X. Then, t1 and t2belong to the same equivalence class E i� P (t1) = P (t2).Proposition5. For each class E (except for the class of tuples whose point setis empty) there is a unique member tc such that 8t 2 E, tc is tighter than t.We will refer to this tuple tc as the canonical representation of all membersof E. It can be constructed e�ciently as follows:Proposition6. Let t be a generalized tuple such that F (t) is satis�able. Then,t0 is a canonical representation of t if:(a) 8i;  0i is the tightest constraint on constants in t such that F (t))  0i;(b) 8i; j; �0i;j is the tightest constraint such that F (t)) �0i;j. 2It is easy to show that the canonical representation for any generalized n-tuple can be found e�ciently:Proposition7. Given a generalized n-tuple t, it is possible in time T = O(nc)for some constant c to determine whether t is satis�able, and if so, to �nd thecanonical representation of t.We will call a generalized tuple t canonical if P (t) is not empty and t is itsown canonical representation.Example 5. The tuple t in the previous example is not canonical because:



(A < 5 ^ A > B)) B < 5, but l2 = 7.The following tuple t0 is a canonical representation of t:t0 A B Cl0 1 1 6u0 5 5 6�0 = > << = <> > =F (t0) = (1 < A < 5 ^ 1 < B < 5 ^ C = 6 ^ A > B ^ A < C ^ B < C). 2Having de�ned canonical tuples, we are ready to de�ne generalized relationsand generalized databases consisting of such tuples.De�nition8. 1. A generalized relation over variables X = (x1; : : : ; xn) is a�nite set of canonical generalized tuples over X. There exists a natural map-ping � from generalized relations over X to DNF formulas over X, and acorresponding mapping � from generalized relations to (�nite or in�nite)relations over Dn: �(r) = _t2rF (t); �(r) = [t2rP (t)2. A generalized database is a �nite set of generalized relations. 2To conclude this subsection, we would like to compare canonical tuples withthe di�erent tuple construct used in [41], called r-con�gurations. There is ade�nite similarity in the syntax of canonical tuples here and r-con�gurations,and in fact:For a given �nite subset D� of D, an r-con�guration is any canonicalgeneralized tuple t = (l; u; �) where (a) 8i, there does not exist c 2 D�such that li < c < ui, and (b) 8i; j; �i;j is one of f<;>;=g.The time of checking whether a generalized tuple is an r-con�guration isnot constant in the size of D�, whereas it is constant for checking whether atuple is canonical. Therefore an advantage of the canonical tuples here over ther-con�gurations of [41] is that inserts are more e�cient.Furthermore, for an arbitrary conjunction � of constraints over free variablesX, the size of the smallest set of canonical tuples r over X such that � �Wt2r F (t) is only dependent on the length of �, whereas it would grow to be atleast linear in the size of D� if r was restricted to r-con�gurations. Nevertheless,if we choose to restrict generalized relations to sets of r-con�gurations, it isimportant to note that all of the de�nitions and lemmas in the next subsectionremain valid.



2.2 The Algebraic OperationsWe can now introduce the syntax and the semantics of an algebra over gen-eralized relations. As in Codd's relational algebra [20, 40], we will de�ne basicalgebraic operations projection (�), selection (&), natural join (1), union ([),di�erence (�), and renaming (%), which map one or more generalized relationsto a new generalized relation. Algebraic queries over generalized databases arecomposed of these basic operations.For each operation OP on generalized relations, we will claim that the re-sulting generalized relation has the following closure property:if r0 = OP(r1; : : : ; rn), then �(r0) = OP(�(r1); : : : ; �(rn)),where OP is the operation of the same name in the relational algebra in [40],and � is de�ned in De�nition 8.Remark: In our de�nitions of operators, we use the notation �(r) for the vari-ables of a generalized relation r. To prove the closure theorem of this section(see Figure below) we compose the closure properties of operations.r1 r2 : : : rnr1 r2 : : : rn rn+1rn+1-QUERY(r1; r2; : : : ; rn) -QUERY(r1; r2; : : : ; rn)?� ?�Fig. 2. The Closure ConditionProjection. If r is a generalized relation over variables X, and Z is a subsetof X, then �Z(r) is the projection of r on Z:(1) �(�Z(r)) = Z,(2) �Z(r) = f(t # Z) : t 2 rg,where t0 = (t # Z) is the restriction of t to variables Z, i.e., the variables in t0have the same bounds and the same constraints as the corresponding variablesin t, and all other bounds and constraints are dropped.



Lemma9. Let r0 = �Z(r). Then, �(r0) = �Z(�(r)).Example 6. Let r = ft1; t2g be a generalized relation over variables (A;B;C).We compute �(A;C)(r) = ft01; t02g (see �gure on Projection). 2t1l1u1�1 A B C1 1 65 5 6= > << = <> > = t2l2u2�2 A B C4 1 37 1 1= > ?< = <? > = -�(A;C) t01l01u01�01 A C1 65 6= <> = t02l02u02�02 A C4 37 1= ?? =Fig. 3. ProjectionSelection. If r is a generalized relation over variables X, Z is a subset of X,and t0 is a generalized tuple over variables Z, then &F (t0)(r) is the selection onr by F (t0):(1) �(&F (t0)(r)) = X,(2) &F (t0)(r) =ft : for some t0 2 r; t is the common tuple of (t0 " X) and t0g,where (t0 " X) and the notion of common tuple are de�ned below.De�nition10. Let t be a canonical generalized tuple over variables X, and Zbe a superset of X. Then, t0 is the extension of t to variables Z, written (t " Z) ift0 is the most general tuple over variables Z such that t = (t0 # X). In particular,(a) 8i such that zi 62 X;  0i = (�1 < xi < +1);(b) 8i; j such that either zi 62 X or zj 62 X, �0i;j = TRUE. 2De�nition11. Let t1 and t2 be canonical generalized tuples over variables X.Then, t is the common tuple of t1 and t2 if t is a canonical tuple over variablesX such that F (t) � (F (t1) ^ F (t2)), or alternately, P (t) = P (t1) \ P (t2). Inparticular, t is the canonical representation of t0, where:8i;  0i � ( 1i ^ 2i ), and 8i; j; �0i;j � (�1i;j ^ �2i;j).If some  0i or �0i;j does not exist, then P (t1) \ P (t2) is empty and there is nocommon tuple. 2Lemma12. Let r0 = &F (t0)(r). Then, �(r0) = &F (t0)(�(r)).Example 7. Let r = ft1; t2g be a generalized relation over variables (A;B;C),and let t0 be a canonical tuple over variables (B;C), where F (t0) = (2 < B <4 ^ 3 < C < 7). We compute &F (t0)(r) = ft01g (see �gure on Selection). 2



t1l1u1�1 A B C1 1 65 5 6= > << = <> > = t2l2u2�2 A B C4 1 37 1 1= > ?< = <? > = -&F (t0) t01l01u01�01 A B C1 2 65 4 6= > << = <> > =Fig. 4. SelectionNatural Join. If r1 is a generalized relation over variablesX, r2 is a generalizedrelation over variables Y , and Z = X [ Y , then r11r2 is the natural join of r1and r2:(1) �(r11r2) = Z,(2) r11r2 = ft : for some t1 2 r1; t2 2 r2; t is the common tuple of(t1 " Z) and (t2 " Z)g.Lemma13. Let r0 = r11r2. Then, �(r0) = �(r1)1�(r2).Example 8. Let r1 = ft1; t2g be a generalized relation over variables (A;B;C),and r2 = ft3; t4g be a generalized relation over variables (B;D). We computer11r2 (see �gure on Join). 2t1l1u1�1 A B C1 1 65 5 6= > << = <> > = t2l2u2�2 A B C4 1 37 1 1= > ?< = <? > = ?1 t3l3u3�3 B D1 24 6= ?? = t4l4u4�4 B D0 71 7= >< =t01l01u01�01 A B C D1 1 6 25 4 6 6= > < ?< = < ?> > = >? ? < = t02l02u02�02 A B C D4 1 3 27 1 1 6= > ? >< = < <? > = ?< > ? =Fig. 5. Join



Union. If r1 and r2 are generalized relation over variables X, then r1[r2 is theunion of r1 and r2:(1) �(r1[r2) = X,(2) r1[r2 = ft : t 2 r1 or t 2 r2g.Lemma14. Let r0 = r1[r2. Then, �(r0) = �(r1) [ �(r2).Difference. If r1 and r2 are generalized relations over variables X, then r1�r2is the di�erence of r1 and r2. The de�nition of r1�r2 is recursive, as follows:(1) �(r1�r2) = X,(2) If size of r1 > 1; r1�r2 = [t2r1(ftg�r2),(3) If size of r1 = 0; r1�r2 = ;,(4) If size of r1 = 1 (i.e., r1 = ftg), r1�r2 =(for some t0 2 r2, (tuple di�erence of t and t0) � (r2 � ft0g)),where tuple di�erence is a set of tuples de�ned below.De�nition15. Let t and t0 be canonical generalized tuples over variables X.1. If t = t0, tuple di�erence of t and t0 is ;.2. If 9i such that  i ^  0i is not satis�able, or 9i; j such that �i;j ^ �0i;j is notsatis�able, tuple di�erence of t and t0 is ftg.3. Let � be a constraint in F (t), either  or �, such that � 6= �0, where �0 is thecorresponding constraint in F (t0).4. Let � � _(�1; : : : ; �k), where �1 � (� ^ �0), all �i's are disjoint, and k � 1 isthe smallest possible.5. Let (t1; : : : ; tk) be obtained by replacing � in t by each �i and putting theresult into canonical form. Let t01 be obtained by replacing �0 in t0 by �1, andputting the result into canonical form.6. Then, tuple di�erence of t and t0 is de�ned recursively as ft2; : : : ; tkg[ (tupledi�erence of t1 and t01).Lemma16. Let r0 = r1�r2. Then, �(r0) = �(r1) � �(r2).Renaming. If r is a generalized relation over variables X = (x1; : : : ; xn), and yis a variable not in X, then %xijy(r) is the renaming in r of xi to y:(1) �(%xijy(r)) = (X � fxig) [ fyg,(2) %xijy(r) = r.Lemma17. Let r0 = %xijy(r). Then, �(r0) = %xijy(�(r)).Let us now consider the �rst-order calculus CQL of [41] for dense order. Thisis relational calculus combined with the decidable theory of dense order withconstants. Every query can be expressed semantically as a relational calculus oralgebra query on unrestricted (�nite or in�nite) relations over Dn. The abovede�nitions and lemmas compose to prove the following closure property:



Theorem18. For every relational algebra QUERY on unrestricted relationsover Dn, that are �nitely representable, the constraint algebra QUERY, thatuses OPs instead of OPs, has the property that:�(QUERY(r1; : : : ; rn)) = QUERY (�(r1); : : : ; �(rn)).3 PTIME ExpressibilityThe notion of data complexity arose from a study of the expressibility of com-putations over �nite structures. It corresponds nicely to the intuition that thedatabase size is much larger than the query program size. It seems reasonableto limit computations to e�cient ones, i.e., PTIME manipulations of the data.There are characterizations of PTIME [36, 73] using Datalog: on �nite, orderedstructures. So in terms of expressibility , Datalog: would su�ce. However, var-ious other CQLs allow for more \natural" and \
exible" expression of queries.3.1 Data ComplexityA query Q has data complexity in PTIME (resp. LOGSPACE, NC) if there is aTM (resp. TM, PRAM) which given input generalized relations d produces somegeneralized relation representing the output of Q(d) and uses polynomial time(resp. logarithmic space on the work tape, polynomial number of processorsrunning in polylogarithmic parallel time). See [38] for de�nitions of TMs andPRAMs. We assume a standard binary encoding of generalized relations.The CQL framework is interesting because many combinations of databasequery languages and decidable theories have PTIME data complexity.>From Codd's original work [20] it follows that: relational calculus on �nitesets can be evaluated bottom-up in closed form and LOGSPACE data complexity.The LOGSPACE data complexity analysis is from [17]. In the following tablewe list some theories with upper bounds on their data complexities.Polynomial Dense Order EqualityRelational Calculus NC AC0 AC0Datalog: Not closed =PTIME PTIMEIn [41] it was shown that relational calculus (In
ationary Datalog:) withdense order constraints has LOGSPACE (PTIME) data complexity. Also, bya slight modi�cation of [36, 73] In
ationary Datalog: with dense linear orderexpresses exactly PTIME (this is the = in the table above).It is possible to strengthen the LOGSPACE bounds to uniform AC0, usingrandom-access Alternating TMs [5, 16] with a �xed number of alternations anda logarithmic time bound. The same applies to relational calculus (In
ationaryDatalog:) with equality constraints over an in�nite domain.Let us now look at a fairly rich constraint theory. Relational calculus withreal polynomial inequality constraints can be evaluated bottom-up in closed form



and PTIME data complexity. This is a direct consequence of [23]. More recentresults [8, 48, 60] place the data complexity in NC. The precise expressibility(in terms of data complexity within NC) for real polynomial constraints is stillopen. Clarifying the relationship with the data complexity of weaker theoriesinvolving addition and multiplication by constants is a topic of interest [25].Unfortunately, arithmetic (even just integer order) with recursion easily leadsto computability of all partial recursive functions. One implication is that thereare qualitatively multiple ways of encoding computations in CLP (e.g., [26].Su�cient conditions that allow closure under recursion are an interestingtopic [61]. Note that, non-closure is very easy to show: Let � be the query pro-gram that consists of the rules S(x; y) :| R(x; y) and S(x; y) :| R(x; z); S(z; y)(i.e., S is the transitive closure of R). If the input r for R consists of the gen-eralized relation y = 2 � x, then the result of the query is the set of all points(x; y) that satisfy y = 2i �x for some i > 0. This set is not �nitely representablein the language of polynomial inequality constraints.3.2 Language ExtensionsThe relational data model has been extended with a number of useful features,e.g., aggregates and complex objects. Are these extensions possible for CQLsand how complicated are they?First, we would like to observe that the CQL framework allows us (via equal-ity constraints) to embed relational and complex object databases directly inconstraint databases. Consider the rectangle intersection example from Section1. In a CQL we can have both a relation of 5-tuples ranging over a �nite set anddenoting endpoints of rectangles and a genaralized relation of 3-tuples rangingover an in�nite set of named rectangle points. We can even link the two rela-tions together with an \integrity constraint" that relates every 5-tuple with ageneralized 3-tuple and vice-versa.This \naive" solution can be used to add complex objects or aggregates to aCQL by just adding them to the relational data model embedded in the CQL.It is useful because it allows posing queries about the representation itself andnot only about the in�nite relations represented. There are however some subtleissues that should be researched further.Aggregates: The �rst important extension involves aggregate operations(e.g., maximum, average etc), see [45]. Introducing aggregates in a CQL is iden-tical with the relational data model if an attribute ranges over a �nite set. Manyaggregate primitives have low data complexity [5]. Introducing aggregates ina CQL for attributes ranging over an in�nite set is harder, since it typicallyinvolves integration, and is a topic of current research [50].Complex Objects: The second extension involves complex objects. As de-scribed in [1, 2] complex objects are built using tuple and �nite-set data typeconstructors. Generalized tuples are tuple constructors, but they also have someof the properties of �nite-set constructors. This subtelty is best illustrated byan example.



Example 9. Consider a convex polygon in 2-dimensional space. It can be char-acterized by its vertices or by its facets, which are linear inequalities of the forma � x+ b � y � c.In the relational data model extended with complex objects one named con-vex polygon is a object of type:tuple(D,�nite-set(tuple(D,D,D)))In a CQL the same named convex polygon is a single generalized tuple, with oneequality constraint for the name and linear inequality constraints for the facets.4 I/O E�ciency in Constraint Databases4.1 Indexing Relational DatabasesThe language framework of the relational data model does have low data com-plexity, but does not account for searches that are logarithmic or faster in thesizes of input relations. Without the ability to perform such searches relationaldatabases on secondary storage would have been impractical. I/O e�cient (i.e.,logarithmic or constant) use of secondary storage is an additional requirement,beyond low data complexity, whose satisfaction greatly contributes to relationaltechnology.B-trees and their variants B+-trees, [7, 24], are examples of important datastructures for implementing relational databases. In particular, let each sec-ondary memory access transmit B units of data, let r be a relation with Ntuples, and let us have a B+-tree on the attribute x of r. The space used in thiscase is O(N=B).The following operations de�ne (dynamic) 1-dimensional searching on rela-tional database attribute x, with the corresponding performance bounds usinga B+-tree on x: (i) Find all tuples such that for their x attribute (a1 � x �a2). If the output size is K tuples, then this range searching is in worst-caseO(logB N + K=B) secondary memory accesses. If a1 = a2 and x is a key, thenthis is key-based searching. (ii) Insert or delete a given tuple. These are in worst-case O(logB N ) secondary memory accesses.The problem of k-dimensional searching on relational database attributesx1; : : : ; xk generalizes 1-dimensional searching to k attributes, with range search-ing on k-dimensional intervals. It is a central problem in spatial databases forwhich there are many solutions with good secondary memory access perfor-mance, e.g., grid-�les, quad-trees, R-trees, hB-trees, k-d-B-trees etc (see the sur-veys [62, 63]).4.2 Indexing Constraint DatabasesFor generalized databases we can de�ne an analogous problem of 1-dimensionalsearching on generalized database attribute x using the operations: (i) Find ageneralized database that represents all tuples of the input generalized databasesuch that their x attribute satis�es (a1 � x � a2). (ii) Insert or delete a givengeneralized tuple. (Note that, this insertion/deletion is syntactic).



If (a1 � x � a2) is a constraint of our CQL then there is a trivial, butine�cient, solution to the problem of 1-dimensional searching on generalizeddatabase attribute x. One can add constraint (a1 � x � a2) to every generalizedtuple (i.e., conjunction of constraints) and naively insert or delete generalizedtuples in a table. This would involve a linear scan of the generalized relationand introduces a lot of redundancy in the representation. In many cases, theprojection of any generalized tuple on x is one interval (a � x � a0). This is truefor Example 2, for our CQL's with dense order, for relational calculus with linearinequalities over the reals, and in general when a generalized tuple representsa convex set. Under such natural assumptions, there is a better solution for1-dimensional searching on generalized database attribute x.{ A generalized 1-dimensional index is a set of intervals, where each interval isassociated with a generalized tuple. Each interval (a � x � a0) in the indexis the projection on x of its associated generalized tuple. The two endpointa; a0 representation of an interval is a �xed length generalized key.{ Finding a generalized database, that represents all tuples of the input gen-eralized database such that their x attribute satis�es (a1 � x � a2), canbe performed by adding constraint (a1 � x � a2) to only those generalizedtuples whose generalized keys have a non-empty intersection with it.{ Inserting or deleting a given generalized tuple are performed by computingits projection and inserting or deleting intervals from a set of intervals.The use of generalized 1-dimensional indexes reduces redundancy of represen-tation and transforms 1-dimensional searching on generalized database attributex into the problem of dynamic interval management.This is a well-known problem with many elegant solutions from computa-tional geometry [57]. It is a special case of 2-dimensional searching in relationaldatabases, called 1.5-dimensional searching in [53]. For example, the prioritysearch trees of [53] are a linear space data structure with logarithmic-time up-date and search algorithms for in-core processing. Grid-�les, R-trees, quad-treesetc, have all been used for solving this problem with good secondary memoryaccess performance.In summary: generalized 1-dimensional indexing is dynamic interval man-agement on secondary storage. It can be implemented with good average I/Oe�ciency using existing general-purpose spatial data strutures.Unlike B-trees that o�er worst-case guarantees for their performance, manydata structures (like the grid-�le, R-tree, hB-tree, k-d-B-tree, quad-tree etc)that have been used to solve the problem of dynamic interval management insecondary storage don't o�er optimal worst-case times. These data structureswork reasonably well on the average, but with certain simple cases, their perfor-mance can deteriorate badly. We would like to o�er worst-case guarantees likethe B-trees do for this problem.



s6 -��������?6�x1 x2(x1; x2)Stabbing Query? 1 23 4Query Interval Data IntervalsStabbing QueryFig. 6. Showing the relation between interval management and 2-dimensional rangesearching4.3 Optimal Static Indexing for ConstraintsThe �rst I/O optimal solution for the problem of static interval managementin secondary memory was published in [43]. Optimal in-core dynamic intervalmanagement is one of the basic tools of computational geometry. However, I/Ooptimal solutions are non-trivial, even for the static case. Let us describe therelationship of interval management on secondary storage and 2-dimensionalsearching.Intervals that intersect a query interval fall into four categories as shown inFigure 6. Categories (1) and (2) can be easily located by sorting all the intervalson their �rst endpoint and using a B+-tree to locate all intervals whose �rstendpoint lies in the query interval. So the main di�culty is handling categories(3) and (4). As shown in the �gure, categories (3) and (4) can be located by�nding all data intervals which contain the �rst endpoint of the query interval.(This is called a stabbing query at that point.)Stabbing queries can be mapped to a special case of 2-dimensional rangesearching. This is done by mapping an interval [x1; x2] to the point (x1; x2) intwo dimensions X;Y . It is easy to see that all points corresponding to intervalswill lie above the line X = Y . A stabbing query now translates into a two sidedquery. That is, an interval [x1; x2] belongs to a stabbing query at x if and only ifthe corresponding point (x1; x2) is inside the box generated by the lines X = 0,X = x, Y = x, and Y = 1. In fact, such two sided queries will always havetheir corner on the line X = Y . Such queries are called diagonal corner queriesin [43].An optimal solution for answering diagonal corner queries in secondary stor-age is presented in [43]. [43] presents a semi-dynamic data structure for this prob-lem called the metablock tree that has optimal query I/O timeO(logB N+K=B),uses optimal storage O(N=B). The metablock data structure also allows insertsin O(logB N + (log2B N )=B) amortized I/O time; it is fairly involved and doesnot allow data points to be deleted.Space-time tradeo�s for this and other related 2-dimensional range search-ing problems are examined in [59]. In this paper it is shown that many ele-gant data structures like the priority search tree, segment tree and the intervaltree|all of which have been used for interval management in-core |can be im-



plemented in secondary memory with small space overheads. In particular, twosided queries (a generalization of diagonal queries) can be answered in optimalI/O time O(logB N + K=B), using space O(NB log2 log2B). This solution canbemade fully dynamic in optimal O(logB N ) amortized time.5 Conclusions and Open QuestionsThe appeal of constraint programming in the 1970's and early 1980's was tem-pered by the cost of storing and solving constraints, and by the lack of e�cient,robust, general-purpose implementations. Advances in hardware, graphical userinterfaces, and programming language technology (mainly CLP in the 1980's)have brought constraint-based computing closer to the e�ciency of more con-ventional computing formalisms. The combination of constraint programmingand database querying is one area where signi�cant progress can be made inthe 1990's. E�cient declarative programming, both in terms of languages and ofgrahical user interface, can be achieved for an extensive range of applications.The most challenging task is the implementation and testing of declarativeand e�ciently evaluable CQLs for spatial applications. The results presentedhere should be viewed as positive arguments for the feasibility of such an e�ort.In the context of such a software systems e�ort, many interesting theoreticalquestions remain:(1) Dynamic interval management on secondary storage is the key algorith-mic problem for backend support of constraint databases. Existing spatial datastructures solve this problem with reasonable e�ciency, but there is much roomfor improvement.While [43] and [59] represent advances in this context, the trulyelegant and seemingly di�cult problem remains open. Can dynamic intervalmanagement on secondary storage be achieved optimally in O(N=B) pages, dy-namic query I/O time O(logB N + t=B) and worst-case update time O(logB N )?(2) Indexing is only one possible optimization. How do various optimizationmethods (such as selection propagation, join ordering and other algebraic trans-formations, magic sets etc) combine with CQLs? This would involve extending[58]. For some recent research in this direction we refer to [34, 52, 56, 65, 12].Constraint use for database logic program analysis is also relevant here, e.g.,[13, 14, 70, 71].(3) We have addressed the spatial applications of CQLs. Constraints o�eruseful approaches to temporal databases as well. For recent developments intemporal databases we refer to [6, 18, 61]. The subject of temporal constraintshas also been addressed extensively in the arti�cial intelligence literature (whichwe unfortunately do not have the space or expertise to survey here). For somerecent work that connects CQLs to arti�cial intelligence approaches see [49].(4) As we argued in this paper, extensions to the relational model, involvingpartial information and complex object data types, can also be applied to CQLs.For example, null values can be introduced with existential quanti�cation inconstraints. Finite complex objects [1, 2] and aggregation [45] over �nite setscan co-exist with in�nite relations. Are there more subtle ways of adding these
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