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Functional Programming Formalismsfor OODB MethodsGerd Hillebrand, Paris Kanellakis, and Sridhar RamaswamyBrown University, Providence, RI 02912, U.S.A.�Abstract. Two well-studied functional formalisms in the theory of program-ming languages are (1) applicative program schemas and (2) typed lambdacalculi. We relate these programming formalisms to object-oriented databases(OODBs) and in particular to the description of methods.The language of method schemas (MS) is a programming formalism based onapplicative program schemas with additional key object-oriented features such asclasses, methods, inheritance, name overloading, and late binding. From [4], wepresent its syntax and semantics and survey the state-of-the-art of consistencychecking or signature inference for this language, a problem which can be used instudying database schema evolution. We then relate MS with more conventionaldatabase query languages by showing that its expressive power over �nite ordereddatabases is PTIME.Despite its simplicity and applicability, MS does not directly model the tuple,set, and list complex structures that are quite common in databases. Also, itdoes not treat functions as objects, i.e., methods are di�erent from objects. Itis possible to achieve these two capabilities using the typed lambda calculuswith equality (TLC=) as a database query language, even without any object-oriented features. From [25], we illustrate how this pure functional languagesubsumes most conventional database query languages including the relationalcalculus/algebra, Datalog (with or without negation), and the complex objectcalculus/algebra (with or without powerset).In conclusion, we argue that the appropriate programming formalism forOODBs must be a functional language that combines the object-oriented MSwith the expressive TLC= and facilitates operations on sets of objects.1 IntroductionObject-oriented databases (OODBs) represent a new generation of databasetechnology, which has developed through a combination of advanced program-ming language features and successful relational/network database techniques,see [9, 30, 44]. Both programming language theory and database theory have�Research supported by ONR Contract N00014-91-J-4052, ARPA Order 8225.



2 Gerd Hillebrand, Paris Kanellakis, and Sridhar Ramaswamybeen proposed as starting points for OODB formal foundations. They are bothlegitimate starting points, but one should be aware that a naive synthesis of suchdistinct theories is not necessarily harmonious. For example, it is largely an openquestion how to match distinct programming paradigms in one language.In this paper we explore the problem \what is the appropriate formal modelfor OODBs" from a functional perspective. We view the organization of datainto objects with methods as the core new feature of OODBs. This is a function-centric (or method-centric) view of data as opposed to the structure-centric viewof data in relational databases (e.g., in [28, 41]).Interesting functional approaches to database query languages have beenadvocated in the past, e.g., [15, 38], but much remains to be done in this area.Because of the function-centric character of OODBs we believe that this is one ofthe most promising approaches to the problem of their formalization. Note thatsome of the actual query languages in OODB prototypes are functional [9] andthat recent research on complex-objects and types has emphasized functionalmodels [13, 14].Two well-studied functional formalisms in the theory of programming lan-guages are (1) applicative program schemas [21, 23] and (2) typed lambda cal-culi [19, 11, 12]. We relate these two programming formalisms to OODBs andin particular to the description of OODB methods.In order to accomplish this: (1) We modify applicative program schemas intoan OODB formalism called method schemas (MS) in [4]. We show that methodschemas (over ordered databases) express exactly the PTIME queries. (2) Wepresent the typed lambda calculus as a formalism for expressing a wide range ofrelational and complex-object database queries [25]. In this case, the elementarytime queries (which properly contain the PTIME queries) are expressible, be-cause of a limited ability to create and manipulate list structures. So, in termsof expressive power, the typed lambda calculus is the more general (even if notthe more convenient) framework.By our overview of the approaches in [4, 25] and our new characterizationof the expressive power of method schemas we demonstrate how many notionsfrom relational and object-oriented databases can be formulated, with no loss ofgenerality, in pure functional form. More speci�cally, we proceed as follows.MS is a simple programming formalism for OODBs, based on applicativeprogram schemas with additional features such as classes, methods, inheritance,name overloading , and late binding . In Section 2.1, we explain the syntaxand semantics of method schemas and motivate them with an OODB exam-ple. Method schema consistency is a form of \type inference," which involvesdeciding at compile-time whether a given method schema can lead to an in-consistency at run-time in some interpretation. A more precise term for thisproblem would be signature inference. The incremental version of consistencychecking for method schemas is an algorithmic formalization of the databaseschema evolution problem [4, 10, 26, 39, 43, 45]. In Section 2.2, we survey thestate-of-the-art on consistency checking. We use various algorithmic techniquesand techniques from the theory of program schemas, e.g., [8, 33].In Section 3, we examine the expressive power of MS by relating it to the more



Functional Programming Formalisms for OODB Methods 3conventional formalisms of relational calculus [20] and Datalog with negation [18,31, 6]. For �nite ordered interpretations this is a functional characterizationof PTIME (analogous to the logical characterizations of [27, 42]). A di�erentfunctional characterization in terms of equations is presented in [24]. Note alsothat, Datalogwith negation has been used in [5] to provide semantics to a numberof variations of method schemas. In Section 3.1 we outline the input-outputconventions, in Section 3.2 we argue that every PTIME query is expressible,and in Section 3.3 that only PTIME queries are expressible.Our expressive power result indicates that MS is a syntactic variation onthe very robust concept of PTIME database queries that is attractive becauseit incorporates many additional desirable object-oriented features. There aresome disadvantages, however. Method schemas are an example of a practicalfunctional framework but do not treat functions as objects, i.e., methods aredi�erent from objects. To achieve this uniformity one has to examine higher-order frameworks related to the lambda calculus. Another problem is that, as inDatalog, complex structures (such as sets, tuples or lists) are not directly part ofthe framework but have to be encoded (into relations for Datalog, into the classhierarchy and methods for MS). In typed lambda calculi we can use a simpletype discipline to encode complex structures in a far more direct fashion. Thenotion of types here is structural and quite di�erent from the notion of classes.In Section 4, we present some basic background on the syntax, the operationalsemantics, and the types of the simply typed lambda calculus with equality(TLC=). We refer to [25] for how to remove equality from this calculus. For theproblem of type inference we refer to [29].It is possible to \naturally embed" in the typed lambda calculus with equalitymany database query languages including the relational calculus/algebra [20],Datalog (with or without negation) [18, 31, 6], and the complex object calcu-lus/algebra (with or without powerset) [1, 3]. We consider embeddings suchthat for each query expressed there is a lambda term which when applied to theinput database (which is a list-of-tuples lambda term) normalizes to the outputdatabase; most importantly, if the query expressed is in PTIME then the normalform can be computed in a number of reduction steps polynomial in the size ofinput database.In Section 5.1 we discuss the input-output conventions for representing sets,tuples and lists, as well as the important concept of list iteration. In Section 5.2we present, as an extended example, the embedding of the relational algebra.Our analysis of the expressive power of the simply typed lambda calculus isbased on the analysis of reduction sequences of [40, 34].We refer to [25] for the more advanced �xpoint and powerset features. Notethat these features allow the embedding of higher-order queries, e.g., the second-order queries of [22, 17]. Note that we only use the very core of programminglanguage type systems, i.e., only simple types without any polymorphism. It isinteresting that the (otherwise very convenient) use of method names in methodschemas and their recursive de�nition can all be simulated using the �xpointsof [25] in the typed lambda calculus.The embeddings we present form the �rst step in understanding the connec-



4 Gerd Hillebrand, Paris Kanellakis, and Sridhar Ramaswamytions between functional programming and databases. Given the emphasis ofdatabase theory on e�ciency, we can restrict ourselves to PTIME queries. ForPTIME queries we present here a method schema framework (Section 3) and thebasis for a lambda calculus framework (Section 5 and [25]). For other functionalcharacterizations of PTIME we refer to [24, 32].In conclusion, in Section 6 we comment on the possible combination of MSwith TLC= as well as some open research questions.2 Method Schemas (MS)2.1 Syntax and Operational SemanticsWe assume the existence of the following disjoint countable sets of symbols:of classes (c1; c2; : : :) and of methods (m1;m2; : : :). For each method m, thearity of m is an integer greater or equal to zero. A signature is an expressionc1; : : : ; ck�1 ! ck, where each ci, for 1 � i � k, is a class. For k = 1, theexpression is ! c1. In this formalism the signatures play the role of \types"(but since the word \type" has been misused in many di�erent contexts weprefer to use the more precise term signature).A base de�nition of m at c1; : : : ; ck�1, for k � 1 is a pair (m; (c1; : : : ; ck�1 !ck)), where m is a method of arity k � 1 and the remaining part is a signature.(For k = 1, the method m is zero-ary.) A coded de�nition of m at c1; : : : ; ck,for k � 1 is a triple (m; (c1; : : : ; ck); t), where m is a method of arity k, for1 � i � k, each ci is a class, and t is a k-term (i.e., k-terms are our programmingformalism).A k-term for some k � 1 is a �nite rooted ordered directed acyclic graph(dag) such that: (1) each vertex is uniquely labeled either by a method or by aninteger in f1; : : : ; kg; (2) each vertex labeled by a method of arity j has j childrenwhich are ordered from left to right; (3) all vertices of out-degree zero are calledinputs and each vertex labeled with an integer is an input; (4) the root is calledthe output ; (5) the dag comes with a uniquely de�ned depth �rst search ordergoing from left to right because the children of each vertex are ordered.For example, the terms t and t0 in Figure 1 are 1-terms. They are, by de�-nition, also 2-terms, 3-terms, etc. The idea is that k-terms represent functionsof k arguments, where a copy of argument i is placed at each input labeled i.Vertices can also have outdegree zero and be labeled by zero-ary methods, i.e.,they are constant inputs.As an example, consider the following de�nitions:(Price; (Basepart! Int))(Cost; (Basepart); s)(Cost; (Part); t)Let s be a single arc with tail labeled Price and head labeled 1, and t be as inFigure 1. These de�nitions can be represented syntactically using an intuitivelambda notation|instead of the graphical k-term notation|as shown below.



Functional Programming Formalisms for OODB Methods 5����� ZZZZ����\\\\\ ���� ZZZZZZZZ ����1 1Sum CostSubparts SumCost CostHead TailAssemblingcostFig. 1. Term t and t0Note that we use the symbol colon (:) for representing base methods and thesymbol equal (=) for coded methods.Price @ Basepart : IntCost @ Basepart = �x:Price(x)Cost @ Part = �x: Sum(Assemblingcost(x);Cost(Subparts(x)))De�nition 1. A method schema is a 4-tuple (C;�;�0;�1) where:1. C is a �nite set of classes and � is a forest on C. We say that c � c0 if c is adescendant of c0 in this forest. The partial order de�ned by � is called theIsa relation.2. �0 is a set of base de�nitions with classes from C.3. �1 is a set of coded de�nitions with classes from C. Let M0 be the set ofmethods de�ned in �0 and M1 be the set of methods de�ned in �1. Werequire that M0 \M1 = ; and that the methods that appear in k-termsof �1 are fromM0 [M1.4. Each method of arity k has at most one de�nition at c1; : : : ; ck for eachc1; : : : ; ck.Example 1. Consider the class hierarchy of Figure 2 and the terms t and t0 inFigure 1. Method de�nitions are presented in Figure 3.Int Part PairOfPartsBasepart CompPart����� HHHHHFig. 2. An example Isa hierarchyLet us brie
y survey some important concepts in connection with methodschemas.



6 Gerd Hillebrand, Paris Kanellakis, and Sridhar RamaswamySum @ Int; Int : IntHead @ PairOfParts : PartTail @ PairOfParts : PartPrice @ Basepart : IntSubparts @ Part : PairOfPartsAssemblingcost @ Part : IntCost @ Part = tCost @ Basepart = �x:Price(x)Cost @ PairOfParts = t0Fig. 3. MethodsSyntactically restricted families of method schemas: A schema is monadic ifall its methods have arity 1. A schema is recursion-free if there is no directedcycle in the method dependence graph, where the vertices of the method depen-dence graph are the coded methods and there is an arc fromm to n i� m occursin some coded de�nition of n. (Note that, our de�nition of recursion-freenessis a reasonable syntactic way of avoiding recursion, but not necessarily the onlyone.) A schema is simple if only base methods occur in its coded de�nitions.Note that simple schemas are an important kind of recursion-free schemas.For simple schemas, covariance is the following constraint on the signaturesof base methods. A simple schema is covariant if for each m and for each pair(m; (c1; : : : ; ck ! c)) ;(m; (c01; : : : ; c0k ! c0))of de�nitions of a base method m, we have that (8i c0i � ci)) c0 � c.Method Inheritance: A method schema (C;�;�0;�1) contains de�nitions ofmethods, i.e., �0;�1, which we call explicit . It is also used to de�ne methodsimplicitly, through inheritance. This is for the convenience of code reuse. There-fore, in addition to the explicit de�nitions for a method, de�nitions are implicitlyinherited along the class hierarchy. If a method m is explicitly de�ned at classesc01; : : : ; c0k, then its de�nition implicitly applies at c1; : : : ; ck where ci � c0i fori = 1; : : : ; k.Name overloading: Method inheritance implies that we can have several def-initions for the same base or coded method at the same classes|although bycondition 4 of the method schema de�nition there can be only one explicit de�ni-tion. This creates overloading of names. To illustrate overloading, consider themethod Cost in the example. That method is explicitly de�ned on Part, implic-itly inherited by Basepart and CompPart, and explicitly rede�ned on Basepart;it is also explicitly de�ned for PairOfParts.Resolution of name overloading: This consists of assigning to a given methodand given classes, a unique de�nition. The resolution of a method m at some



Functional Programming Formalisms for OODB Methods 7c1; : : : ; ck is the explicit de�nition of m for the \component-wise smallest" tuplec01; : : : ; c0k at which m has an explicit de�nition and ci � c0i, for i = 1; : : : ; k(if such a unique component-wise minimum exists). For example, Cost atCompPart is resolved to be the explicit de�nition from Part, whereas Cost atBasepart is Basepart's explicit de�nition. If m has a resolution at c1; : : : ; ck, wesay that m is well de�ned at c1; : : : ; ck. Otherwise, we say that m is unde�ned atc1; : : : ; ck. Non-de�nition can come either (1) because there is no de�nition of mabove c1; : : : ; ck or (2) because there is ambiguity of de�nitions above c1; : : : ; ck.Example 2. Let c1; c2 be classes with c1 � c2 and consider the schema withexplicit base de�nitions ofm at c1; c2 and c2; c1. Thenm is unde�ned at c2; c2 (node�nition) and m is unde�ned at c1; c1 (ambiguity of de�nitions). For methodsof arity 1, ambiguity (2) cannot arise because of the forest hierarchy, but we canhave non-de�nition because of (1).Object assignments: We assume the existence of a countably in�nite set ofobjects (o1; o2; : : :) disjoint from classes and methods. We use object assign-ments [2] to provide semantics for classes with inheritance. The semantics ofbase methods is de�ned using partial functions satisfying certain signature con-straints.De�nition 2. Given a method schema (C;�;�0;�1), a disjoint object assign-ment � for C is a total function fromC to �nite sets of objects such that distinctclasses are mapped to disjoint sets of objects (sets with pairwise empty intersec-tions). For each c, we de�ne �(c�) = Sc1�c �(c1). We will refer to Sc2C �(c) asthe set of objects in �.De�nition 3. An interpretation of a schema S = (C;�;�0;�1) is a pair I =(�; �) where � is a disjoint object assignment for C and � a total function fromthe base methods M0 in S to partial functions such that:1. If m has arity k, �(m) is a partial function from k-tuples of objects in � toobjects in �.2. For each c1; : : : ; ck, if m is unde�ned at c1; : : : ; ck, then �(m) is unde�nedeverywhere in �(c1) � � � � � �(ck). Otherwise, let the resolution of m atc1; : : : ; ck be (m; (c01; : : : ; c0k ! c)) where ci � c0i for i = 1; : : : ; k. Then wehave that �(m)j�(c1)������(ck) is a total function into �(c�).Intuitively, every class c is populated by a set of objects �(c�), some of whichare in this class exclusively (those objects that are in �(c)) and the rest belongto its \subclasses" c1, where c1 � c and c1 6= c. When a base method is de�nedat a class c1 with signature c1 ! c (or is inherited at c1 with signature c01 ! csuch that c1 � c01), then its meaning at c1 is a total function from �(c1) to �(c�).That is, given an object exclusively in c1, return an object in c.The semantics of coded methods is de�ned using the above semantics ofbase methods and a rewriting technique. Without recursion, this rewriting isequivalent to function composition.



8 Gerd Hillebrand, Paris Kanellakis, and Sridhar RamaswamyLate binding: This is a result of the operational de�nition of rewriting. Letus �rst give some intuition for the rewriting of coded methods. Consider a k-term that is a single arc. Let its one internal node be labeled Cost and its inputbe replaced by an object o, as a \procedure call" to Cost. Based on the class ofits argument, we can replace Cost either by some object/code if it is de�ned ina base/coded fashion, or by an error message if it is unde�ned. In general, wereduce the �rst method (�rst in the depth �rst ordering of the k-term we areprocessing) that has instantiated leaves as children. We continue this processinguntil we either obtain a result (i.e., an object), or reach an inconsistency. Wemight also not terminate. A partial sequence of rewritings for Example 1 isshown in Figure 4, where o is in class PairOfParts and o0; o00 are in class Basepart.? ? ? ? ? ? ? ? ?JĴ 

� ? ? ?��	 @@R ��	 @@R ��	 @@R ��	 @@R ��	 @@R � � �Sum Sum Sum Sum SumCost Cost Cost Cost Cost Price Cost 17 Cost 17 Costo Head Tail o0 Tail o0 Tail Tail o00o o o oFig. 4. A reduction sequenceMore formally, an instantiated term in interpretation I = (�; �) is a k-term,whose integer labels have been replaced by objects. Let c1; : : : ; ck be classes,m be a method of arity k, and for each i let oi 2 �(ci). Then the instantiatedterm consisting of a single vertex labeled m and k inputs labeled respectivelyo1; : : : ; ok is said to be a redex . We de�ne the �rst reducible vertex to be theuniquely determined �rst vertex in the depth �rst ordering of an instantiatedterm, which is the root of a redex.De�nition 4. Let I be an interpretation of method schema S, t be an instan-tiated term in I, w be the �rst reducible vertex of t, and m be the label of w.Let o1; : : : ; ok be the labels of the children of w belonging respectively to classesc1; : : : ; ck. The reduction I(t) of t in I is obtained as follows:1. If m is unde�ned at c1; : : : ; ck then I(t) is a special symbol ?.2. If m is a base method well de�ned at c1; : : : ; ck, let its resolution there be(m; (c01; : : : ; c0k ! c)). (This implies that ci � c0i for i = 1; : : : ; k.) Then I(t)is the instantiated term obtained by removing from w the outgoing edgesand changing its label to �(m)(o1; : : : ; ok). �(m) is a total function from�(c1)� � � �� �(ck) into �(c�). Therefore, �(m)(o1; : : : ; ok) yields an object osuch that o 2 �(c�).3. Ifm is a coded method well de�ned at c1; : : : ; ck, then I(t) is the instantiatedterm obtained by substituting, with the natural renaming of inputs, thevertex w by the dag s, where (m;�; s) is the resolution of m at c1; : : : ; ck.When I is clear from the context, we denote the reduction of t to I(t) ast! I(t) and a �nite sequence of reductions from t to t0 as t �! t0.



Functional Programming Formalisms for OODB Methods 92.2 Consistency and Signature InferenceWe are interested in the rewriting sequences of a particular set of instantiatedterms, i.e., these are the initial \procedure calls" that make sense according toa method schema. More formally we have the following: Let S be a methodschema with interpretation I = (�; �), c1; : : : ; ck be classes in S, m a methodof arity k well de�ned at these classes, and for each i let oi 2 �(ci). Then theinstantiated term consisting of a single vertex labeled m and k inputs labeledrespectively o1; : : : ; ok is said to be a start-redex . We have an inconsistency in Iif for some start-redex t we have t �!?.De�nition 5. A method schema S is consistent if for each interpretation I of Sit is impossible to rewrite any start-redex into ? in a �nite number of steps.A variety of questions are important in this setting, e.g.: (1) Is a schema con-sistent? (2) Are there possible/certain diverging computations? (3) Is methodm(at c) possibly/certainly \reachable" from m0 (at c0) [26]? We concentrate hereon (1) although most of the techniques that we develop can be used for studyingother problems such as (2) or (3). Two properties simplify consistency checking:monadic arity and absence of recursion.In an object-oriented context, it is not reasonable to recompile all meth-ods each time the schema is updated. The problem is to obtain an incremen-tal consistency checking algorithm that would avoid redoing the same veri�-cations/computations. A solution that is adopted practically (e.g., [9]) is tomaintain a dependency graph of the methods and recompile only methods thatmay have been a�ected by the update. Of course, understanding what maybe a�ected is the crucial part. We brie
y summarize some results from [4] (onwhat may be a�ected) and some open questions. Let n be the size of methodde�nitions in the input method schema and c the size of the class hierarchy.In the general case of polyadic recursive schemas, consistency is undecidable.Both polyadic methods and recursion are necessary for this result. The proof isby reduction from results in [33]. This undecidability result holds for schemaswith methods of arity less than or equal to 3. The decidability of method schemaconsistency with methods of arity 2 is open.In the case of monadic schemas, the set of possible computations can bedescribed using a context-free language. An inconsistency may be reached ifthis language has a non-empty intersection with a particular regular language.To handle overloading, one can use a modi�cation of a technique of [8]. Thedecision procedure runs in O(nc3) time.In the case of monadic and recursion-free schemas, checking a whole schemafor consistency is logspace-complete in PTIME. This indicates that very e�cientincremental solutions for even the simplest syntactic cases may be hard to obtain.One can focus on the key recursion-free case of a single coded method in thecontext of base methods. Checking a single coded method for consistency islogspace-complete in NLOGSPACE and can be done more e�ciently than therecursive case above using �nite state automata techniques (in O(nc2) time).Inheritance and overloading introduce some nondeterminism in the automata



10 Gerd Hillebrand, Paris Kanellakis, and Sridhar Ramaswamytheoretic approach to consistency checking, but covariant signatures remove it.Consistency of a single coded method, assuming covariance, is in DLOGSPACEand can be checked in O(n + c) time using a radix-tree data structure. We donot know whether this radix-tree data structure can be extended to solve theconsistency of monadic, covariant, recursion-free schemas. We also do not knowwhether there are e�cient incremental algorithms for any of the consistencyproblems. Since we know that the problem of consistency checking for monadic,recursion-free schemas is PTIME-complete, it would be interesting to know ifthere are good incremental algorithms for the simple, monadic or the covariant,monadic cases.In the case of recursion-free schemas, the consistency problem is coNP-complete for a single coded method with two arguments. Some special casescan be shown to be in PTIME, using tree automata techniques. Covariancedoes not help in the recursive case. However, in the recursion-free covariant casethere is a PTIME test for a �xed arity coded method. This is interesting inpractice, because it motivates a heuristic for the general case.In some proposals the class hierarchy is a dag and one has multiple inher-itance. Also, in some proposals, it is required that the �rst argument, calledthe receiver, of a method must determine the resolution of name overloading.Each instance of a method is then viewed as \attached" to the class of the �rstargument. We believe that once the resolution mechanism is determined, theabove techniques and results are directly applicable also to multiple inheritanceand attachment to �rst argument.3 The Expressive Power of Method SchemasWhen considering method schemas in the context of �nite databases, it is naturalto ask what kind of queries can be expressed in the method schema framework.Of course, since method schemas are just schemas, one has to agree on theinterpretation of the base methods in order to make this question precise. Inthis section, we describe a very simple way of encoding relations as interpretedbase methods, and we show that under this interpretation, method schemasexpress exactly the PTIME queries. We assume some familiarity with Datalogterminology and notation from [28, 41], e.g., rules, EDBs, IDBs etc.3.1 I/O ConventionsWe consider queries over �nite ordered relational databases. The input of aquery consists of a �nite ordered universe U (w.l.o.g an initial segment of thepositive integers) and some relations P;Q;R; : : : over U , and the output is an-other relation O over U . The arities and attribute names of the input and outputrelations are given by some �xed relational schema S.We encode these data in the method schema framework as follows. Theelements of the universe are represented by objects of class Number and theordering among them is given by a base method Pred@Number:Number which



Functional Programming Formalisms for OODB Methods 11computes the predecessor function. The initial element of the universe is repre-sented by an object of class Zero, which is a subclass of Number. We capturethe �niteness of the universe by providing its size as part of the input. Moreprecisely, we provide as part of the input an object N of class Number such thatN does not appear in the range of Pred. We assume that there is a unique ob-ject of class Zero and that there is at least one non-Zero element in the universe.When our interpretations satisfy these semantic conditions we will say that ourlanguage is MS with order .A k-ary relation R is represented by a k-ary base method r of signaturer@Number; : : : ;Number:Number, such that r(x1; : : : ; xk) returns an object ofclass Number if the tuple represented by (x1; : : : ; xk) belongs to R and an objectof class Zero if it does not. We will frequently write r(~x) instead of r(x1; : : : ; xk)if the arity of the method does not matter.For example, to encode the relation R = f(1; 1); (1; 2)g over the universe U =f0; 1; 2g, we would populate the classes Number and Zero as Number = f1; 2gand Zero = f0g, we would interpret Pred as Pred(2) = 1, Pred(1) = Pred(0) = 0,and we would interpret r as r(1; 1) = r(1; 2) = 1, r(x; y) = 0 for all other x; y.Queries are represented by coded methods q with a signature of the formq@Number; : : : ;Number:Number. If q(~x) reduces to an object of class Number,then the tuple represented by ~x is considered part of the output; if q(~x) reducesto an object of class Zero, then the tuple represented by ~x is not considered partof the output.3.2 Expressing PTIME QueriesWe show that under the input/output conventions given above, method schemascan compute in
ationary �xpoints of Datalog: programs (see [28] for a surveyof these concepts). The results of Immerman [27] and Vardi [42] then imply thatmethod schemas can compute all PTIME queries over �nite ordered databases.To begin with, let us illustrate how to code simple Boolean and arithmeticalfunctions. We represent the truth values True and False by the classes Numberand Zero. Any object of class Number (N , for example) represents True, and thesingle object 0 of class Zero represents False. (Note that we can compute 0 as 0 =Pred�(N ), where Pred�@Number = �x:Pred�(Pred(x)) and Pred�@Zero =�x: x.) We will often informally say that a method returns True when it returnsa Number object, or False when it returns the Zero object.The Boolean functions can be coded as:Not @ Number = �x: 0 (where 0:= Pred�(N ))Not @ Zero = �x:NAnd @ Zero;Zero = �xy: 0And @ Zero;Number = �xy: 0And @ Number;Zero = �xy: 0And @ Number;Number = �xy:N (and similar for Or)Equal @ Zero;Zero = �xy:N



12 Gerd Hillebrand, Paris Kanellakis, and Sridhar RamaswamyEqual @ Zero;Number = �xy: 0Equal @ Number;Zero = �xy: 0Equal @ Number;Number = �xy:Equal�Pred(x);Pred(y)�We also need to extend the Pred function to k-tuples of objects. Below, wede�ne methods Predki such that Predki (x1; : : : ; xk) is the ith component of thelexicographical predecessor of the tuple (x1; : : : ; xk), for 1 � i � k.Predki @ i�1z }| {Number; : : : ;Number; k�i+1z }| {Zero; : : : ;Zero = �x1 : : :�xk: NPredki @ iz }| {Number; : : : ;Number; k�iz }| {Zero; : : : ;Zero = �x1 : : :�xk:Pred(xi)Predki @ kz }| {Number; : : : ;Number = �x1 : : :�xk: xi (i 6= k)With this machinery in place, we can now code Datalog: programs. Forour purposes, we can think of a Datalog: program as a relational expressionE(O;P;Q;R; : : :) involving a designated output relation O, input relations P ,Q, R, : : : , and the operators Union, Intersection, Complement, Times, Select,and Project. The semantics of the program are given by the least �xpoint ofthe mapping O 7! O[E(O;P;Q;R; : : :). It is well known that the least �xpointcan be computed by iterating this mapping nk times, where n is the size of theuniverse and k is the arity of O.The relational operators can be coded as follows. Assume that r and s coderelations R and S as described above, then:Union(r; s) � �~x:Or�r(~x); s(~x)�Intersection(r; s) � �~x:And�r(~x); s(~x)�Complement(r) � �~x:Not�r(~x)�Times(r; s) � �~x�~y:And�r(~x); s(~y)�Selecti=j(r) � �~x:And�r(~x);Equal(xi; xj)�Projection is a bit more di�cult, because it involves quanti�er elimination.The projection of R onto its �rst k � 1 columns is encoded as:Project(r) � �x1 : : :�xk�1: r0(x1; : : : ; xk�1; N ) ;where r0(x1; : : : ; xk�1; y) is True i� there exists a z 2 f0; : : : ; yg such thatr(x1; : : : ; xk�1; z) is True. r0 can be coded as follows:r0 @ k�1z }| {Number; : : : ;Number;Zero = �x1 : : :�xk�1�y: r(x1; : : : ; xk�1; y)r0 @ k�1z }| {Number; : : : ;Number;Number =�x1 : : :�xk�1�y:Or�r(x1; : : : ; xk�1; y); r0(x1; : : : ; xk�1;Pred(y))�



Functional Programming Formalisms for OODB Methods 13Finally, we have to show how to compute �xpoints. Let E(O;P;Q;R; : : :)be a relational expression. Let k be the arity of O, let o be the base methodrepresenting O, and let e be the coded method corresponding to E. Then the�xpoint of E with respect to O is given by:Fix(o; e) � �x1 : : :�xk: o0(x1; : : : ; xk; kz }| {N; : : : ; N) ;where o0(~x; ~n) is True i� ~x is in the image of the ~nth iterate of the mappingO 7! O [ E(O;P;Q;R; : : :), ~n being interpreted as a base-(N + 1) number.o0 can be de�ned as follows:o0 @ Number; : : : ;Number; kz }| {Zero; : : : ;Zero = �~x�~n: 0o0 @ Number; : : : ;Number; kz }| {Number; : : : ;Number =�~x�~n:Or�o0(~x;Predk1(~n); : : : ;Predkk(~n)); �e(~x)�;where the method �e arises from e by replacing every occurrence of o(~x) in e byo0(~x;Predk1(~n); : : : ;Predkk(~n)).Thus, for every Datalog: program (interpreted in an in
ationary fashionover an ordered input) one can construct a method schema with order (underthe input-output conventions of Section 3.1) that computes the same query.First note that this method schema is consistent. Also note that, under theinput-output conventions of Section 3.1, there is an easy to see one-to-one corre-spondence of �nite ordered relational databases and method schema with orderinterpretations. We can conclude that,Lemma 6. Under the input output conventions of Section 3.1, MS with ordercan express every PTIME query.3.3 Simulating Method Schemas in DatalogIn this section, we show that the expressive power of method schemas overordered �nite interpretations is no more than that of Datalog: over orderedinput. This, combined with the previous reduction, allows us to deduce thatmethod schemas express exactly the PTIME queries.We will �rst explain the intuition behind the simulation. We capture theinput/output characteristics of a method of arity k by means of a predicate ofarity k+1. The understanding is that the �rst k arguments of the predicate arethe inputs of the method and the (k+1)th argument is the output. Base methodscorrespond naturally to EDBs and coded methods to IDBs. The disjoint objectassignment to classes in an interpretation of a method schema is simulated bymeans of a unary EDB predicate. The fact that the input is ordered is capturedin the Datalog simulationby means of a special interpreted binary EDB predicatethat orders the input.Two technical problems arise with this approach. The �rst is that therewill be input databases to the Datalog program that do not correspond to any



14 Gerd Hillebrand, Paris Kanellakis, and Sridhar Ramaswamyinterpretation for the method schema. In order to handle this case, we intro-duce rules that will \
ood" the computation by deriving every possible fact ifthe input database does not correspond to a valid interpretation. The secondtechnical problem is the issue of inconsistencies. In the case of method schemas,an inconsistency corresponds to an abnormal termination of computation. Inthe Datalog simulation, we simply fail when an inconsistency occurs in the cor-responding method execution. The two cases are similar in the sense that nooutput is produced for the o�ending method call.Consider a schema S = (C;�;�0;�1). Since we are interested in data com-plexity, we will assume that the size of the method schema is �xed. We will alsoassume that there are no ambiguous method de�nitions. (This is a syntacticproperty that can be checked in constant time.) Further, we will also assumethat all the method de�nitions are explicit at all the classes at which they arede�ned. This might increase the size of the schema by a factor of ck where c isthe size of the class hierarchy, and k the maximum arity of the methods. Sincewe assume that S is of �xed size, this does not matter. For the input methodschema S, we will construct a Datalog program PS such that the computationsperformed by S and PS are equivalent in a sense which will be explained below.PS has the following predicates:1. For each class c 2 C, a unary EDB predicate Isac. The Isac predicates aremeant to capture the meaning of the disjoint object assignment.2. A special interpreted binary predicate Pred that orders the input by provid-ing the predecessor function. There will be objects o0 (zero) and oN (highestobject) such that Pred(o0; o0) is a fact and Pred(X; oN ) is not true for anyvalue of X. Pred corresponds naturally to the interpreted base method Predin method schemas.3. For each base method m 2 �0 of arity k, a (k + 1)-ary EDB predicate m.4. For each coded method m 2 �1 of arity k, a (k + 1)-ary IDB predicate m.5. An IDB predicate Notequal that captures inequality between input objects.It is coded in terms of Pred.6. A unary IDB predicate Flood that will be used to check the validity of theinput database.For each method de�nition m@c1; c2; : : : ; ck = �x1; : : : ; xk:m1(� � �) in S, thecorresponding IDB predicate m has the following rule. The variables in the rulefor m correspond to (1) the inputs to this code for method m and (2) the resultand intermediate results of this code for method m.m(C1; C2; : : : ; Ck; X) :| Isac1(C1); : : : ; Isack(Ck);mi1(: : :);mi2(: : :); : : : ;m1(: : : ; X);The understanding here is that the �rst k predicates act as \guards" makingsure that the \code" that gets executed has the arguments in the correct classes.After that, we have the method names that appear in the code of m sorted inleft-to-right topological order. (This is the order of execution provided by thebuilt-in interpreter in method schemas.) The arguments to these methods arearranged as they would be in a method schema execution.



Functional Programming Formalisms for OODB Methods 15We now write down the de�nitions for the Flood predicate. There are fourdi�erent ways in which the input database can be invalid. They are: (1) thedisjoint object assignment could be invalid; (2) a base method could be unde�nedat some point where it is supposed to be de�ned (base methods correspond tototal functions); (3) a base method could be multiply de�ned at some point;(4) a base method might produce a result of an invalid output class. We handlethese one by one by means of the following rules. Before that, we need to codeinequality among objects. This is easily done with the following rules:Notequal(X;Y ) :| Pred(X;X);:Pred(Y; Y );Notequal(X;Y ) :| :Pred(X;X);Pred(Y; Y );Notequal(X;Y ) :| Pred(X;X 0);Pred(Y; Y 0);Notequal(X 0; Y 0);For every pair of classes c1 and c2 (c1 6= c2), we use the following rule toenforce the disjoint object assignment:Flood(X) :| Isac1(C); Isac2(C);To make sure that every object belongs to a class, we use this rule:Flood(X) :| : Isac1(C);: Isac2(C); : : : ;: Isacl(C);where c1; c2; : : : ; cl are all the classes in C. These rules ensure that wheneverthere is an object that does not belong to exactly one class, Flood(X) is derivedfor all values of X.We 
ood the computation by writing down rules of the following form forevery IDB predicate p:p(X1; : : : ; Xk) :| Flood(X);Next, if a base method m in S has the signature m@c1; : : : ; ck: ck+1, we writethe following rules that 
ood the computation if m is not de�ned everywhere in�(c1)� � � � � �(ck):Flood(X) :| Isac1(C1); : : : ; Isack(Ck);:m(C1; : : : ; Ck; Ck+1);Next, for a base method m in S with the signature m@c1; : : : ; ck: ck+1, wewrite the following rule that 
oods the computation if m is multiply de�nedsomewhere in �(c1)� � � � � �(ck).Flood(X) :| Isac1(C1); : : : ; Isack(Ck);m(C1; : : : ; Ck; Ck+1);m(C1; : : : ; Ck; C0k+1);Notequal(Ck+1; C0k+1);Finally, for a base methodm in S with signature m@c1; : : : ; ck: ck+1, we writethe following rule that 
oods the computation if m is improperly de�ned, i.e.,



16 Gerd Hillebrand, Paris Kanellakis, and Sridhar Ramaswamythe result belongs to an invalid class. Let ck1 ; ck2 ; : : : ; ckj be the subclasses ofck+1, including ck+1 itself.Flood(X) :| Isac1(C1); : : : ; Isack(Ck);m(C1; : : : ; Ck; Ck+1);: Isack1 (Ck+1); : : : ;: Isackj (Ck+1);Since in this simulation we are interested in data complexity, the parameterof interest is the size of the input data which we measure by the size of the inter-pretation I. It is immediately clear that our representation of an interpretationin Datalog: by means of the Isac, m, and Pred EDB predicates is the same sizeas the original method schema interpretation.We now establish a one-to-one correspondence between interpretations for Sand \valid" input databases for PS .Lemma 7. Every interpretation for method schema S corresponds to an inputdatabase for PS . Further, this input database is a \valid" input database in thesense that Flood(X) will never be derived for any value of X for such a database.Lemma 8. Every \valid" input database for PS (one in which Flood(X) isnever derived for any value of X) corresponds to an interpretation for S.Now, we can use structural induction to show that S and PS do indeedperform the same computations.Lemma 9. A call to method m with arguments o1; o2; : : : ; ok in an interpreta-tion I terminates with a result ok+1 if and only if m(o1; o2; : : : ; ok; ok+1) can bederived in the corresponding input database in PS. Further, Flood(X) will neverbe derived for any value of X in such an input database.Lemma 10. If a fact m(o1; o2; : : : ; ok; ok+1) can be derived in PS with a validinput database, then a call to method m with arguments o1; o2; : : : ; ok terminateswith a result ok+1 in the corresponding interpretation for P .We put everything together in the following theorem:Theorem 11. Under the input output conventions of Section 3.1, MS with orderexpresses exactly PTIME.4 The Typed Lambda Calculus with Equality (TLC=)4.1 Language De�nitionThe syntax of types is given by the grammar T � t j (T ! T ), where t rangesover a set of type variables. Thus, � is a type, as are (�! �) and (�! (�! �)).Typed �-terms are given by the grammar E � x j (EE) j �x: T : E , where x rangesover a set of expression variables. As usual, �! � ! 
 stands for �! (� ! 
)and PQR stands for (PQ)R.



Functional Programming Formalisms for OODB Methods 17Well-typedness of expressions is de�ned by the following inference rules,where � is a function from expression variables to types, and �[x: � ] is thefunction �0 augmenting � with �0(x) = � :(Var) �(x) = �� ` x: �(!-Int) �[x: � ] ` e: � 0� ` �x: �: e: � ! � 0(!-Elim) � ` e: � ! � 0 � ` e0: �� ` ee0: � 0In what follows, we write \typed �-termE" to meanE is well typed: � ` E:�is derivable by the above rules, for some � and �.The order of a type, which measures the higher-order functionality of a �-term of that type, is de�ned as o(t) = 0 for a type variable t, and o(�0 ! �00) =max(1 + o(�0); o(�00)). We also refer to the order of a typed �-term as the orderof its type.For well-typed �-terms e; e0, we write e >� e0 (�-reduction) when e0 can bederived from e by renaming of a bound variable, for example �x:�: �y: �: y >��x:�: �z: �: z. We write e >� e0 (�-reduction) when e0 can be derived from e byreplacing a subterm in e of the form (�x: �: E)E0 by E[E0=x] (E with E0 substi-tuted for all free occurrences of x in E). The fact that the subterm and itsreplacement have the same type is referred to as the subject reduction theo-rem [12, Theorem 4.2.8]. We write > for the re
exive, transitive closure of>� and >� .In this paper, we consider a mild modi�cation of the standard presentationabove, by enriching the simply-typed �-calculus with a countably in�nite set ofconstants of type o, and for some �xed type � , introducing an equality constant=� : o ! o ! � ! � ! � . For constants a; b: o, a 6� b, we add to >� thereduction rules (=� aa) >� (�x: �: �y: �: x) and (=� ab) >� (�x: �: �y: �: y).The modi�ed system enjoys the following well-known properties:Theorem 12 (Church-Rosser property). If e > e0 and e > e00, then thereexists a �-term e000 such that e0 > e000 and e00 > e000.Theorem 13 (Strong normalization property). For each e, there exists aninteger n such that if e > e0, then the derivation involves no more than n �-reductions.For more details, see for example [19, 11]. In particular, [11, Section 15.3]discusses the Church-Rosser property for the untyped �-calculus enriched withequality. We refer to [25] for how to remove equality from the language.For results concerning the type inference problem for TLC and its extensions,i. e. the problem of deciding whether a given (untyped) term can be typed, see for



18 Gerd Hillebrand, Paris Kanellakis, and Sridhar Ramaswamyexample [29]. The type inference problem for TLC= is equivalent to �rst-orderuni�cation.Note that, the language presented above is the \simplest" typed lambdacalculus. It has no type polymorphism and is a subset of the core-ML languageof [35] without let and without any explicit �xpoint construct.5 The Expressive Power of TLC=The principal technical tool for this section is list iteration. Let us brie
y reviewhow it works and its limitations.Let fx1; x2; : : : ; xkg be a set of �-terms, each of type �; thenL � �c:�! � ! �: �n:�: c x1 (c x2 : : : (c xk n) : : :)is a �-term of type (� ! � ! �) ! � ! �, for any type �|in other words,L is a typable term no matter what type � we choose (though one �xed termmust be chosen). We abbreviate this list construction as [x1; x2; : : : ; xk]; thevariables c and n abstract over the list constructors cons and nil. List iterationimplements primitive recursion.For example, a standard coding of Boolean logic uses True � �x: �: �y: �: xand False � �x: �: �y: �: y, both of type Bool � � ! � ! � . De�ne the exclusiveor asXor � �p:Bool: �q:Bool: �x: �: �y: �: p (q y x) (q x y)and the parity of a list of Boolean values asParity � �L: (Bool! Bool! Bool)! Bool! Bool: LXorFalse :Unlike circuit complexity, the size of the program computing parity is constant,because the iterative machinery is taken from the data, i. e., the list L.On the other hand, to compute the length of a list, we de�neLength � �L: (�! Int! Int)! Int! Int: L (�x:�: Succ)Zero ;where Succ � �n: (� ! � )! � ! �: �s: � ! �: �z: �: ns(sz) and Zero � �s: � !�: �z: �: z code successor and zero on the Church numerals (of type Int � (� !� )! � ! � ).These two simple examples point already to a restriction imposed by thesimply typed lambda calculus: its lack of polymorphism. There are two facetsto this problem.(1) A list L of Booleans can be coded as a term of type B � (Bool !� ! �) ! � ! � for any type �. To type ParityL, we must type L withBool � � ! � ! � substituted for �, which we write as B[�: = Bool]. Similarly,to type LengthL, we need to type L:B[�: = Int]. Thinking of the type � of Las an output type variable, in both instances we see that the output type mustbe \contaminated" or \raised" to provide the primitive recursive iterator. If we



Functional Programming Formalisms for OODB Methods 19want the output type of input L to be �xed, and two di�erent output types areneeded to carry out the computation, this poses a problem.(2) If we want the output type to remain �, this poses yet another di�culty.We point out that problem (2) can sometimes be handled by alternate en-codings, for exampleLength � �L: (�! �! �)! � ! �: �s:�! �: �z:�: L (�x:�: s) z ;where L is used to iterate over objects of lower type. Problem (1) can be solvedby de�ning the output type to be a suitably de�ned cross product of Bool andInt, and using this typing to iteratively generate two copies of the list, withrespective output types Bool and Int.These techniques, with elaborate variants, are exploited repeatedly in thefollowing sections.5.1 I/O ConventionsThe paradigm we use is computation on �nite structures, i. e., a �-calculus for�nite model theory. Inputs and outputs of a computation are databases, i. e.,sets of relations, which are encoded according to the scheme below.We start out with a countably in�nite supply o1; o2; : : : of constants, of somebase type o. We also �x, once and for all, a type variable � .Boolean values are represented byTrue: � ! � ! � � �u: �: �v: �: u ;False: � ! � ! � � �u: �: �v: �: v :We abbreviate the type � ! � ! � as Bool.Tuples are represented in the standard way: if x1; : : : ; xk are �-terms of type�1; : : : ; �k, thenhx1 ; : : : ; xki : (�1 ! � � � ! �k ! � )! � ��f :�1 ! � � � ! �k ! �: f x1 : : :xkWe abbreviate the type (�1 ! � � � ! �k ! � )! � as �1� � � ���k or, if �i � �for 1 � i � k, as �k. In particular, ok is the type of a k-tuple of constants.Lists are represented as described above: if x1; : : : ; xk are �-terms of type �,then[x1 ; : : : ; xk] : (�! � ! � )! � ! � ��c:�! � ! �: �n: �: c x1 (c x2 : : : (c xk n) � � �)We abbreviate the type (� ! � ! � ) ! � ! � as f�g. Note the di�erencebetween lists and tuples: a tuple represents a collection of a �xed number ofterms of varying type, whereas a list represents a collection of a variable numberof terms of a �xed type.Relations are represented as duplicate-free lists of tuples of constants. Thus,the type of a k-ary relation is fokg. Note that, in all this development we use



20 Gerd Hillebrand, Paris Kanellakis, and Sridhar Ramaswamylists instead of �nite sets, because �nite sets are not available in the syntax ofthe �-calculus; but we show how to eliminate duplicates.Queries are represented as �-terms of the form Q � �R1 : : : �Rk:M , whichwhen applied to encodings r1; : : : ; rk of input relations, reduce to a normal formwhich is the encoding of the desired output relation. We measure the timecomplexity of computation by the length of reduction sequences, according to a�xed evaluation strategy, as a function of the database size.It is interesting to observe that the \relations as iterators" convention aboveis equivalent to the \relations as characteristic functions" convention adoptedin Section 3.1, provided that in the latter case, the input comes with an it-erator which is a list of all the objects in the universe (the equivalent of the\size parameter" N in the method schemas case). Clearly, without any a prioriknowledge of the universe, it is impossible to obtain a listing of a relation fromits characteristic function.However, if we assume the existence of an iterator U : fog representing theuniverse, then translations between the two conventions are easily furnished.Indeed, if R: fokg is an iterator encoding a relation r, then�r: kz }| {o! � � � ! o! Bool ��x1: o : : :�xk: o:�u: �: �v: �:R (�r: ok: �T : �: (Equalk r hx1 ; : : : ; xki)uT ) v(where Equalk, the equality predicate for k-tuples, is de�ned below) computesthe characteristic function of r.On the other hand, if �r : o ! � � � ! o ! Bool encodes the characteristicfunction of a relation r, thenR : fokg ��c: ok ! � ! �: �n: �:U (�x1: o: �T 1: �:U (�x2: o: �T2: �:� � � U (�xk: o: �Tk: �:(�r x1 : : : xk) (c hx1 ; : : : ; xkiTk)Tk)Tk�1) : : :T1)nis an iterator representing r.Note that the characteristic function representation of a relation is simpler inthe sense that its type is of order 1, whereas the type of an iterator is of order 2. Itis possible to exploit this \order economy" of characteristic functions to providean encoding of all PTIME computable queries in the typed lambda calculus oforder 3. The (more simple) encoding given below uses types of order 4.



Functional Programming Formalisms for OODB Methods 215.2 Expressing Relational QueriesIn this section, we show how to express the relational algebra operators of [20]in the simply typed lambda calculus with equality. Every operator is coded asa �-term that takes one or two relations in the list-of-tuples format described inSection 5.1 as input and produces another relation in the same format as output.The homogeneity of the input and output format allows the result of one operatorapplication to be used as input to another, so that arbitrary relational algebraexpressions can be coded by nesting the �-terms corresponding to the individualoperators.We begin with a �-term Equalk that tests two k-tuples �f: fa1 : : : ak and�f: fb1 : : : bk for equality. The result of the comparison is a Bool, i. e., theterm �u�v: u if the comparison comes out true and �u�v: v otherwise. The codedepends on the arity of the tuples involved, so we use the subscript k to indicatethat this particular term works for k-tuples.Equalk: ok ! ok ! Bool ��t: ok: �s: ok:�u: �: �v: �:t (�x1: o : : :�xk: o:s (�y1: o : : :�yk: o:((Eq x1 y1)((Eqx2 y2)� � � ((Eqxk yk)u v) v) � � �v)))Here, Eq denotes the equality predicate for constants, of type o ! o ! Bool.Once t and s are instantiated with tuples �f: fa1 : : : ak and �f: fb1 : : : bk, all(Eqxiyi) terms reduce to either True � �u: �v: u or False � �u: �v: v. Hencethe \body"�u: �: �v: �:t (�x1: o : : :�xk: o:s (�y1: o : : :�yk: o:((Eqx1 y1)((Eqx2 y2)� � � ((Eqxk yk)u v) v) � � �v)))of the Equalk predicate reduces to �u: �v: u if ai = bi for all i and to �u: �v: votherwise. Note that the �nal result is reached after O(k) reduction steps (inde-pendent of the reduction strategy), which matches the time needed to comparetwo k-tuples in a procedural language.The following term checks whether a k-tuple �f: fa1 : : :ak is a member ofa list �c�n: ct1(ct2 � � � (ctmn) � � �) of k-tuples by comparing the tuple to every



22 Gerd Hillebrand, Paris Kanellakis, and Sridhar Ramaswamyelement of the list.Memberk: ok ! fokg ! Bool ��t: ok: �R: fokg:�u: �: �v: �:R (�r: ok: �T : �: (Equalk r t)uT ) vFor example, (Member2 h1; 2i [h3; 4i ; h5; 6i]) reduces to�u: �v: (Equal2 h3 ; 4i h1 ; 2i)u ((Equal2 h5 ; 6i h1 ; 2i)u v) ;which in turn reduces to �u: �v: v, because both (Equal2 : : :) terms evaluateto False. If the reductions are done according to an eager reduction strategy(which reduces a redex (�x:M )N only after fully reducing N ), then the numberof reductions needed to reach the normal form is O(mk), where m is the lengthof the input list, and this again matches the time required by a straightforwardprocedural implementation.Note that there are also \bad" reduction strategies which lead to an exponen-tial number of reduction steps. This is due to the fact that the fourth parameter vof the Equalk predicate occurs k times in the body of the predicate. If a termwithunresolved redexes is substituted for v (e. g., the term ((Equal2 h5; 6i h1; 2i)uv)in the example above), then the number of redexes in the whole expressionmultiplies by k. Since this happens at every level of Equalk nesting, it is pos-sible to reduce an expression (Memberk tR), where R is of length m, to a termwith O(km) redexes by never evaluating the fourth argument to Equalk beforesubstituting it.With the aid of Equal and Member, we can now code the set-theoretic oper-ators of the relational algebra:Intersection: To intersect two k-ary relations R and S, we build a new relation Tby \walking down" R and testing each tuple for membership in S. If the tupleoccurs in S, it is included in the output, otherwise it is ignored.Intersectionk: fokg ! fokg ! fokg ��R: fokg: �S: fokg:�c: ok ! � ! �: �n: �:R (�r: ok: �T : �: (Memberk r S) (c r T )T )nFor example, (Intersection2 [h1; 2i] [h1; 2i ; h3; 4i]) reduces to�c: �n: (Member2 h1 ; 2i [h1 ; 2i ; h3 ; 4i]) (c h1 ; 2in)n ;which further reduces to �c: �n: c h1; 2in � [h1; 2i].Set di�erence: This works like intersection, except that a tuple from R is in-cluded in the output if it does not occur in S.Setminusk: fokg ! fokg ! fokg �



Functional Programming Formalisms for OODB Methods 23�R: fokg: �S: fokg:�c: ok ! � ! �: �n: �:R (�r: ok: �T : �: (Memberk r S)T (c r T ))nUnion: The union of two k-ary relations R and S is formed by starting with Sand adding those tuples of R that do not occur in S.Unionk: fokg ! fokg ! fokg ��R: fokg: �S: fokg:�c: ok ! � ! �: �n: �:R (�r: ok: �T : �: (Memberk r S)T (c r T )) (S c n)(If we knew that R and S were disjoint, we could form their union by justconcatenating them as follows: �c: �n:Rc(Scn). In the general case, however,we need the more complex term above to ensure a duplicate-free output.)Having dealt with the \set-oriented" operators, we now examine the \tuple-oriented" operators. We need two auxiliary terms �rst: The Concatk;l oper-ator concatenates a k-tuple and an l-tuple to form a (k + l)-tuple, and theRearrangek;i1;:::;il operator takes a k-tuple and returns an l-tuple consisting ofcolumns i1; : : : ; il of the input.Concatk;l: ok ! ol ! ok+l ��t: ok: �s: ol:�f : o! � � � ! o ! �:t (�x1: o : : :�xk: o:s (�y1: o : : :�yl: o:f x1 � � �xk y1 � � �yl))Rearrangek;i1;:::;il : ok ! ol ��t: ok: �f : o! � � � ! o ! �:t (�x1: o : : :�xk: o:f xi1 � � �xil)Cross product: The Cartesian product of k-ary relation R and l-ary relation Sis formed by a straightforward nested iteration, in which every tuple of R isconcatenated with every tuple of S and appended to the output.Timesk;l: fokg ! folg ! fok+lg ��R: fokg: �S: folg:�c: ok+l ! � ! �: �n: �:R (�r: ok: �T : �:S (�s: ol: �U : �:c (Concatk;l r s)U )T )n



24 Gerd Hillebrand, Paris Kanellakis, and Sridhar RamaswamyFor example, (Times1;1 [h1i ; h2i] [h3i ; h4i]) reduces to�c: �n:c (Concat1;1 h1i h3i)(c (Concat1;1 h1i h4i)(c (Concat1;1 h2i h3i)(c (Concat1;1 h2i h4i)n)))which further reduces to [h1; 3i ; h1; 4i ; h2; 3i ; h2; 4i].Selection: To select tuples from a k-ary relation R according to a certain con-dition, say column i = column j, it su�ces to iterate over R and include thosetuples in the output that satisfy the condition.Selectk;i=j: fokg ! fokg ��R: fokg:�c: ok ! � ! �: �n: �:R (�r: ok: �T : �:r (�x1: o : : : �xk: o: (Eqxi xj) (c r T )T ))nProjection: This is slightly tricky. The straightforward attempt to project ontocolumns i1; : : : ; il of a k-ary relation R,SimpleProjectk;i1;:::;il : fokg ! folg ��R: fokg:�c: ol ! � ! �: �n: �:R (�r: ok: �T : �: c (Rearrangek;i1;:::;il r)T )n ;has the disadvantage that the output may contain duplicate tuples. To �x this,we include the projection t0 of tuple t in the output only if t is the �rst tuplein R whose projection is t0:Projectk;i1;:::;il : fokg ! folg ��R: fokg:�c: ol ! � ! �: �n: �:R (�r: ok: �T : �:(First r R) (c (Rearrangek;i1;:::;il r)T )T )n ;where (First rR):Bool is an abbreviation for�u: �: �v: �:R (�r0: ok: �T 0: �:(Equall (Rearrangek;i1;:::;il r)(Rearrangek;i1;:::;il r0))((Equalk r r0)u v)T 0)u :



Functional Programming Formalisms for OODB Methods 25To see why this works, consider for example the query (Project2;1 [h1; 2i ; h1; 3i]),which projects the relation [h1; 2i ; h1; 3i] onto its �rst column. The expression(First h1; 2i [h1; 2i ; h1; 3i]) reduces to�u: �v:(Equal1 h1i h1i)((Equal2 h1 ; 2i h1 ; 2i)u v)((Equal1 h1i h1i) ((Equal2 h1 ; 2i h1 ; 3i)u v)u) ;which further reduces to �u: �v: u � True, whereas (First h1; 3i [h1; 2i ; h1; 3i])reduces to�u: �v:(Equal1 h1i h1i)((Equal2 h1 ; 3i h1 ; 2i)u v)((Equal1 h1i h1i) ((Equal2 h1 ; 3i h1 ; 3i)u v)u)and then to �u: �v: v � False. Hence, the whole query reduces to�c: �n:(First h1 ; 2i [h1 ; 2i ; h1 ; 3i])(c h1i ((First h1 ; 3i [h1 ; 2i ; h1 ; 3i]) (c h1in)n))((First h1 ; 3i [h1 ; 2i ; h1 ; 3i]) (c h1in)n)and then to �c: �n: c h1in � [h1i].This completes the coding of relational algebra. It is straightforward to verifythat every term given above is well-typed and, when applied to one (resp., two)relations coded in the format described in Section 5.1, reduces to a normal formwhich is the encoding of the desired output relation. Moreover, when the termsare reduced according to an eager reduction strategy (which reduces a redex(�x:M )N only after fully reducing N ), the length of the reduction sequence ispolynomial in the size of the inputs. (In fact, the length of the reduction sequencetypically matches the running time of a naive procedural implementation of theoperator in question.) Therefore, we have the following theorem.Theorem 14. Let �(R1; : : : ; Rl) be a relational algebra expression over rela-tional schema S = (R1; : : : ; Rl). Then there exists a term  of the simplytyped lambda calculus with equality such that for every instance (r1; : : : ; rl) of S,the expression ( r1 � � �rl) reduces to �(r1; : : : ; rl), where r denotes the encod-ing of relation r as described in Section 5.1. Moreover, the normal form of( r1 � � �rl) can be computed in a number of reduction steps polynomial in thesize of r1; : : : ; rl.It is possible to extend the scheme above to an encoding of �xpoints andeven Abiteboul's and Beeri's Complex Object Algebra [1]. This takes us from



26 Gerd Hillebrand, Paris Kanellakis, and Sridhar Ramaswamymanipulating \
at" relations to more complicated data structures, namely ar-bitrary �nite trees built from tuple and set constructors. The algebra underconsideration is extremely powerful|in fact it expresses any \generic" (see [16])elementary time computation on �nite structures.Theorem 15. Let �(R1; : : : ; Rl) be a complex object algebra expression over therelational schema S = (R1; : : : ; Rl). Then there exists a term  of the simplytyped lambda calculus with equality such that for every instance (r1; : : : ; rl) of S,the expression ( r1 � � �rl) reduces to �(r1; : : : ; rl), where r denotes the encodingof relation r. Moreover, if the Powerset operator is not used, the normal formof ( r1 � � � rl) can be computed in a number of reduction steps polynomial in thesize of r1; : : : ; rl.6 Conclusions and Some Open ProblemsWe have explored two functional formalisms, MS and TLC=, in the context ofexpressing database queries or queries over �nite structures. The main point ofour exposition is that these formalisms can be related to traditional databasequery languages and can express all that is expressible using relational calcu-lus/algebra, Datalog, etc.We believe that the additional features of these functional formalisms (e.g.,for MS classes, methods, inheritance, name overloading, late binding, and forTLC= higher-order functions and list, set, and tuple structures via typing) makethem better vehicles for the formal study of OODBs. Thus, one can view ourexploration as an attempt to change the vocabulary from a relational to a func-tional setting, while preserving some of the basic theorems of database theory.The following open problems highlight some topics for future research.MS: We have investigated the consistency problem of method schemas as aform of signature inference and have highlighted a number of e�ciently decidablecases. The decidability of the arity 2 case is still open, as well as many aspectsof incremental consistency checking. In our formalization of method schemaconsistency, all base methods are uninterpreted. As we saw from the analysis ofexpressive power some degree of semantics, e.g., order, is useful. What aboutconsistency then? For example, let us suppose that we have equality, with itsnormal interpretation, as a base method. This method will simply tell if thetwo arguments that it is supplied with are the same. Consistency checkingbecomes undecidable with monadic coded methods and polyadic base methodswhen augmented with equality. With equality, we can simulate the Lisp carand cdr functions so that we can \glue" and \unglue" arguments. However, theproblem of checking consistency with monadic coded methods and polyadic basemethods without equality is open.TLC=: The embeddings of database query languages in the typed �-calculusthat we present here are interesting for a number of reasons. They are \pure,"without added constructs or added polymorphism. For example, the typed �-calculus with equality is the simplest syntax to date, that can be used to describethe complex object algebra of [1]. In our embeddings we use lists of tuples and



Functional Programming Formalisms for OODB Methods 27simulate sets by eliminating duplicates. In [1, 15, 13] sets are used as basicconstructs, and set iteration replaces list iteration in [15, 13]. One open questionis: how can the �-calculus syntax and semantics be augmented with set iteration?Not all database query languages can be embedded in the typed �-calculus. Anycomputation that is not elementary is not captured by our framework. Whatshould be added to the typed �-calculus to capture exactly the more powerfuldatabase query languages such as the computable queries of [16, 2]? The useof reduction strategies in these embeddings provides a link between complexitytheory, �nite model theory, and the typed �-calculus, that should be furtherinvestigated.MS+TLC=: We believe that a synthesis of MS and TLC=, with set-at-a-time instead of tuple-at-at-time evaluation, would be the appropriate formalism(or very close to it) for OODB querying. Such a formalism would have allthe object-oriented features of MS and the expressibility and data abstractioncapabilities of TLC=. Given the organization of data into collections one wouldlike the evaluation mechanism to emphasize sets, as in [1, 15, 13]. Object-oriented dialects of Lisp [7] illustrate such linguistic syntheses (without sets andwith a less clear type system). The challenge is to come up with a simplytyped (and elegant) formal synthesis, that also facilitates the manipulation ofcollections of objects.In our exposition we have explored the relationship with program schemasand simply typed calculi. This is a �rst step towards more complex databaseprogramming language models. For example, let- or ML-polymorphism [35] is avery useful feature to include in a functional data model. The language ML hasbeen the basis for many programming language investigations on structure andmethod inheritance. The literature is too extensive to even attempt a survey,but for pointers to the recent literature and for a programming language viewof some of the issues raised here we recommend [36, 37].References1. S. Abiteboul and C. Beeri. On the Power of Languages for the Manipulation ofComplex Objects. INRIA Research Report 846, 1988.2. S. Abiteboul and P. Kanellakis. Object Identity as a Query Language Primitive.In Proceedings ACM SIGMOD, pp. 159{173, 1989. (Also INRIA Tech. Rep. 1022,1989.)3. S. Abiteboul and P. Kanellakis. Database Theory Column: Query Languages forComplex Object Databases. SIGACT News, 21 (1990), pp. 9{18.4. S. Abiteboul, P. Kanellakis, S. Ramaswamy, and E. Waller. Method Schemas.Brown University Tech. Rep. CS-92-33, 1992. (An earlier version appeared in Pro-ceedings 9th ACM PODS, 1990.)5. S. Abiteboul, G. Lausen, H. Upho�, and E. Waller. Methods and Rules. In Pro-ceedings ACM SIGMOD, pp. 32{41, 1993.6. S. Abiteboul and V. Vianu. Datalog Extensions for Database Queries and Updates.JCSS, 43 (1991), pp. 62{124.7. N. Adams and J. Rees. Object-Oriented Programming in Scheme. In ProceedingsACM Lisp and Functional Programming, pp. 277{288, 1988.
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