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Abstract

We present functional database query languages expressing the FO- and PTIME-queries. This
framework is a functional analogue of the logical languages of first-order and fixpoint formulas
over finite structures, and its formulas consist of: atomic constants of order 0, equality among
these constants, variables, application, lambda and let abstraction; all typable in < 4 func-
tionality order. In this framework, proposed in [25] for arbitrary functionality order, typed
lambda terms are used for input-output databases and for query program syntax, and reduction
is used for query program semantics. We define two families of languages: TLIS or simply-typed
list iteration of order 7 + 3 with equality and MLIT or ML-typed list iteration of order 7 + 3
with equality; we use 7 4+ 3 since our list representation of input-output databases requires at
least order 3. We show that, over list-represented databases, both TLIF and MLIF exactly
express the FO-queries and both TLIT and MLIT exactly express the PTIME-queries, where
list-represented means that each relation is given as a list of tuples instead of a set. We also
study type reconstruction when, as in the above languages, functionality order is bounded by a
constant. We show that ML-type reconstruction is NP-hard in the size of the program typed,
for each MLIZ with ¢ > 1. This complements the EXPTIME-hardness results of [31, 32], which
require programs of unbounded functionality order’. Thus, the common practice of program-
ming with low order functionalities implies no loss of expressibility for feasible queries, but does
not avoid the worst-case intricacies of ML-type reconstruction.

1 Introduction

Database Query Languages: The logical framework of first-order (FO) and fixpoint formu-
las over finite structures has been the principal vehicle of theoretical research in database query
languages; see [11, 12, 16, 17] for some of its earlier formulations. This framework has greatly influ-
enced the design and analysis of relational and complex-object database query languages and has
facilitated the integration of logic programming techniques in databases. The main motivation has
been that common relational database queries are expressible in relational calculus or algebra [16],
Datalog™ and various fixpoint logics [3, 4, 12, 13, 34]. Most importantly, as shown in [28, 46],
every PTIME-query can be expressed using Datalog™ on ordered structures; and, as shown in [3],
it suffices to use Datalog™ syntax under a variety of semantics to express various fixpoint logics.
We refer to [2] for a complete exposition of the logical framework and for the definitions of FO-
and PTIMFE-queries.

*A preliminary summary of the work presented here appeared in [26].
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Extensions of this logical framework, based on high-order formulas over finite structures, have
been proposed in order to manipulate complex-object databases e.g., [1]. Despite some success of
these extensions, the resulting query languages do not capture all the features of object-oriented
database (oodb) languages, a research area of much current practical interest. Functional program-
ming, with its emphasis on abstraction and on data types, might provide more insight into oodb
query languages; and is the paradigm of choice in many oodbs. Thus, there is a growing body of
work on functional query languages, from the early FQL language of [10] to the more recent work
on structural recursion as a query language for complex-objects [7, 8, 9, 30, 47].

In this context, it is natural to ask: “Is there a functional analogue of the logical framework of
first-order and fixpoint formulas over finite structures?” In [25] we partly answered this question
by computing on finite structures with the typed A-calculus. In this paper, we continue our in-
vestigation with a focus on fixed order fragments of the typed A-calculus, where (functional) order
is a measure of the nesting of type functionalities. We show that these fragments are functional
analogues of the relational calculus/algebra and of fixpoint characterizations of PTIME.

TLC Expressibility and Finite Model Theory: The simply typed A-calculus [14] (typed A-
calculus or TLC for short) with its syntax and beta-reduction strategies can be viewed as a frame-
work for database query languages which is between the declarative calculi and the procedural
algebras. In our definitions, we use the “Curry style” of TLC terms without type annotations and
reconstruct types. For clarity of exposition we often provide the annotations in “Church style”.

The expressive power of TLC was originally analyzed in terms of computations on simply typed
Church numerals (see, e.g., [5, 18, 42]). Unfortunately, the simply-typed Church numeral input-
output convention imposes severe limitations on expressive power. Only a fragment of PTIME is
expressible this way (i.e., the extended polynomials). This does not illustrate the full capabilities of
TLC. That more expressive power is possible follows from the fact that hard decision problems can
be embedded in TLC, see [38, 39, 43], and that different typings allow exponentiation [18]. However,
very few connections have been established between complexity theory and the A-calculus.

One such connection was recently demonstrated by Leivant and Marion [36], who express all
of PTIME while avoiding the anomalies associated with representations over Church numerals.
In [36], the simply typed lambda calculus is augmented with a pairing operator and a “bottom
tier” consisting of the free algebra of words over {0,1} with associated constructor, destructor, and
discriminator functions. With this addition, Leivant and Marion obtain various calculi in which
there exist simple characterizations of PTIME. (Note that, since Cobham’s early work there have
been a number of interesting functional characterizations of PTIME, e.g., [6, 15, 20, 22], which are
not directly related to the TLC).

It seems that to exhibit the power of the TLC one must add features as in [36] and/or modify
the input-output conventions. Thus, in [25] we examine the expressive power of the typed A-
calculus, but over appropriately typed encodings of input-output finite structures. We also use
TLC=, the typed A-calculus with atomic constants and an equality on them, and the associated
delta-reduction of [14]. In [25], we examine both the “pure” TLC and the “impure” TLCT and
show that: (a) TLC (or TLCT) expresses exactly the elementary queries and, thus, is a functional
language for the complex-object queries of [1]. (b) Every PTIME-query can be PTIME-embedded
in TLC (or TLCT), i.e., its evaluation can be performed in polynomial time with a simple reduction
strategy. (c) Similar PTIME-embeddings exist for every FO-query using terms of order at most 3
in TLCT or order at most 4 in TLC. (d) Every PTIME-query can be embedded in TLC= using
terms of order at most 4 or in TLC using terms of order at most 5.

The embeddings in (c-d) above, which minimized functionality order, were the starting point



for the work reported here. In particular, the embeddings in (d) presented some problems. Even if
they expressed PTIME-queries, most reduction strategies required an exponential number of steps
for evaluation. Unlike the reduction strategies of [25], the strategies presented here make critical
use of auxiliary data structures to force a PTIME number of steps.

Contributions: In this paper we analyze fixed order fragments of TLCT and core-ML=. By
core-ML= we mean TLCT with let-polymorphism. This is the core part of Milner’s ML language
[23, 40], which combines the convenience of type reconstruction and the flexibility of polymorphism.

More specifically we use: atomic constants of order 0, equality among these atomic constants,
variables, application, lambda abstraction, and let abstraction; all typed using at most order 4
functionalities. In this framework, relations are encoded as typed A-terms denoting lists of tuples
and queries are typed A-terms that, when applied to encodings of input relations, reduce to an
encoding of the output relation. We define two families of languages: TLI: or simply-typed list
iteration of order ¢ 43 with equality, and MLI; or ML-typed list iteration of order ¢4 3 with equality
(we use ¢ 4 3 since our list representation of input-output databases requires at least order 3). We
study the TLI7 -queries and MLIT -queries, that is the queries expressible in these languages over
list-represented databases. List-represented means that each relation is given as an ordered list of
tuples instead of a set. Our results are as follows:

1. We show: TLIG-queries C MLIF -queries C FO-queries, over list-represented databases. With
the embedding of F'O-queries into TLC= given in [25], this implies that TLIF-queries =
MLIF -queries = FO-queries.

2. We show: TLIT-queries C MLIT-queries C PTIME-queries, over list-represented databases.
With the embedding of PTIME-queries into TLCT given in [25], this implies that TLIT-
queries = MLIT-queries = FO-queries. One consequence of this analysis is a functional
characterization of PTIME that differs from those of [6, 15, 20, 22, 36] in the sense of having
the fewest additions to TLC—just equality over atomic constants.

3. We derive an NP-hardness lower bound for the complexity of type reconstruction in fixed-
order fragments of ML, such as MLIT. This complements the EXPTIMIE-completeness results
in [31, 32], which use terms of unbounded order.

Overview: The paper is organized as follows. We begin with a review of the simply typed A-
calculus in Section 2. To make our exposition self-contained we include all the necessary background
in TLC, TLC= (Section 2.1), core-ML, core-ML= (Section 2.2), and list iteration (Section 2.3).

In Section 3, we show how to represent relational databases as A-terms and we define families
TLIZ, MLIF of query languages acting on such representations. In Section 4, we establish lower
bounds on their expressive power. Since the techniques here are variants of those in [25], we only
sketch the proofs. (For completeness we provide all related lambda terms in an Appendix).

In Section 5, we present the main analytic results of this paper. These are upper bounds on the
expressibility of the TLI; and MLI; languages for : = 0,1. To show these upper bounds we have
to reason based on our input-output conventions. These proofs involve an analysis of the structure
of programs and an evaluator of programs, which uses reduction plus specialized data structures.

In Section 6 we investigate the complexity of ML type reconstruction for terms of fixed order
and derive an NP-hardness bound. The proof is a modification of the one given in [31]. It is based
on the construction of terms with low functionality order, but high arity. We close with open
questions in Section 7.



2 Programming in the Typed Lambda Calculus

2.1 The Simply Typed A-Calculus: TLC and TLC=

TLC: The syntax of TLC types is given by the grammar 7 :=t | (7 — 7 ), where t ranges over
a set of type variables. For example, a is a type, as are (¢ — ) and (o — (a — a)). We omit
outermost parentheses and a — § — v stands for a — (8 — 7).

The syntax of TLC A-terms or terms is given by the grammar & := 2 | (£€) | Az. &, where
@ ranges over a set of term variables (distinct from type variables) and where terms satisfy typedness
as outlined below. As usual, a term ¢’ is a subterm of another term ¢ if ¢’ occurs as part of t. We
omit outermost parentheses and PQ R stands for (PQ)R.

Typedness of terms is defined by the following inference rules, where I' is a function from term
variables to types, and I' U {z : 7'} is the function I updating I' with IV (2) = 7"

(Var) rv{z:r}ra:r
F'v{z:mo}F E:7y

A

(ABS) T'FXe. F:img— 7

(Arp) 'r-M:7o—mn I'EN:7

I'F(MN):n

We call a A-term F typed (or equivalently a term of TLC) and 7" a type of E, if T F : 7/ is
derivable by the above rules, for some I' and 7’.

For typed A-terms e, ¢’, we write e >, €’ (a-reduction) when ¢’ can be derived from e by renaming
of a (A)-bound variable, for example Az. A\y.y >, Az. Az. z. Variables that are not bound are free.
We do not distinguish between terms that differ only in the names of bound variables, and we write
e = ¢’ to denote the syntactic identity of e and €’ except for the names of their bound variables.

We write e >3 e’ (f-reduction) when ¢’ can be derived from e by replacing a subterm in e of
the form (Az. E) F’, called a redex, by F [z := E'|, E with E’ substituted for all free occurrences
of z in F; see [5] for standard definitions of substitution and a- and S-reduction.

The operational semantics of TLC are defined using reduction. Let > be the reflexive, transitive
closure of >, and 5. Note that, reduction preserves types.

Curry vs Church Notation: In the above definition, we have adopted the “Curry style” of TLC,
where types can be reconstructed for unadorned terms using the inference rules. We could have
chosen the “Church style,” where types and terms are defined together and A-bound variables are
annotated with their type (i.e., we would have Az : 7. e instead of Az.e). In our encodings below
we will often provide “Church style” type annotations for readability.

TLC=: We obtain TLC= by enriching TLC with: (1) a countably infinite set {01,04,...} of
atomic constants of type o (some fixed type variable), and (2) introducing an equality constant Eq
of type 0 — 0 — 7 — 7 — 7 (for some fixed type variable 7 different from o). The type inference
rules are the same with one modification: the I'’s must treat the constants as always associated
with the fixed types o and o — 0 — 7 — 7 — 7, respectively. The reduction rules of TLC= are
obtained by enriching the operational semantics of TLC as follows. For every pair of constants
0;,0; : 0, we add the reduction rule >5 (known as é-reduction) and consider the additional redez:

Ar:T. Ayt ifi=7,

(Eqo;0;) |>5{,\x:7'./\y:7'.y if o #j.
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The motivation behind the é-reduction rule is the desire to express statements of the form “if
x = y then p else ¢”—with the above rule, this can be written simply as (Eqz ypq).

The operational semantics of TLCT are defined using reduction. Let > be the reflexive, tran-
sitive closure of >, g and >s. Once again, reduction preserves types. A A-term from which no
reduction is possible, i.e., it contains no redex, is in normal form.

TLC and TLC= enjoy the following properties, see [5, 21]:

1. Church-Rosser property: If e 1> €’ and e > €”, then there exists a A-term € such that ¢’ >¢e””
and €’ > €.

2. Strong normalization property: For each e, there exists a nonegative integer ¢ such that if
e > €', then the derivation involves no more than i individual reductions.

3. Principal type property: A typed A-term e has a principal type, that is a type from which all
other types can be obtained via substitution of types for type variables.

4. Type reconstruction property: One can show that given e it is decidable whether e is a typed
A-term and the principal type of this term can be reconstructed. Also, given I' F e : 7/,
it is decidable if this statement is derivable by the above rules. (Both these algorithms use
first-order unification and reconstruct types. They work with or without type annotations
and with or without constants in the I'’s). TLC and TLC= type reconstruction is linear-time

in the size of the program analyzed.

For many semantic properties of TLC we refer to [21, 44, 45]. Finally, we refer to [5] for other
reduction notions such as the n-reduction, (Az. M ) 1>, M, where z is not free in M. We sometimes
use properties of n-reduction in the proofs of this paper, but do not use >, as part of >.

Functionality Order: The order of a type, which measures the higher-order functionality of
a A-term of that type, is defined as order(t) = 0 for a type variable ¢, and order (¢/ — o) =
max (1 4+ order (¢’),order (¢”)). We also refer to the order of a typed A-term as the order of its
type. Note that, the order of the fixed type variables o and 7 is 0. The above definitions and
properties hold for fragments of TLC and TLC=, where the order of terms is bounded by some
fixed k. In such fragments we use the above inference rules (Var), (Abs), and (App), but with all
types restricted to order k or less.

2.2 Let-Polymorphism: core-ML and core-ML=

The syntax of core-ML= (core-ML) is that of TLC= (TLC) augmented with one new term construct:

let x = £ in £ and a ML-typedness requirement, instead of a typedness requirement.
ML-typedness: This involves the same monomorphic types and inference rules for TLC and the

constants used for TLC=, with one additional rule that captures some polymorphism (see [31]):

I'tFE:rg T'EFBlz:=FE]:7
'Fleta=FinB:7T

We call a A-term F ML-typed if T' = E : 7/ is derivable by the inference rules (Var), (Abs), (App),
and (Let) for some I' and 7’. One consequence is that TLC= (TLC) is a subset of core-ML=
(core-ML).

The operational semantics is as for TLC= (TLC), where in addition let 2 = M in N is treated
as (Az. N)M. A consequence of this is that core-MLT (core-ML) has the same expressive power
as TLC= (TLC). However, it allows more flexibility in typing.

(LET)



For example, let z = (Az.z) in (2 2) is in core-ML but (Az.z2)(Az.2) is not in TLC;
the equivalent program in TLC is what we get after one reduction of (Az.zx)(Az.2), namely
(Az. z)(Az. 2).

Note that, core-ML= (core-ML) has all the properties of TLC= (TLC), i.e., Church-Rosser,
Strong Normalization, Principal Type and Type Reconstruction. There is only one difference:
Type reconstruction is no longer in linear-time but EXPTIME-complete [31, 32].

2.3 List Iteration

We briefly review how list iteration works. Let {eq,e5,..., e} be a set of A-terms, each of type «a;
then

L:=Xc:a—=F—=p.An:[.cer(ceg...(cexn)...)

is a A-term of type (o« — § — ) — § — (3, for any type 3—in other words, L is a typable term no
matter what type § we choose (though one fixed type must be chosen). L is called a list iterator
encoding the list e1,eq,...,ex; the variables ¢ and n abstract over list constructors Cons and Nil.

To see how such list iterators are used, think of L as a “do”-loop defined by a “loop body” ¢ and
a “seed value” n. The loop body is invoked once for every e;, starting from the last and proceeding
backwards to the first. By Church-Rosser and strong normalization, all evaluation orders lead to
the same results, so we choose the above one for purposes of presentation. At every invocation, the
loop body is provided with two arguments: the current element of the list and an “accumulator”
containing the value returned by the previous invocation of the loop body; initially, the accumulator
is set to n. From these data, the loop body produces a new value for the accumulator and the
iteration continues with the previous element of the list. Once all elements have been processed,
the final value of the accumulator is returned.

Booleans: In this paper, we use a standard encoding of Boolean logic where True := Az : 7. Ay :
7.2 and False := Az : 7. Ay : 7.y, both of type Bool :=7 — 7 — 7.

Parity: As an example, consider the problem of determining the parity of a list of Boolean values.
The exclusive-or function can be written as

Xor:= Ap:Bool.Ag:Bool. Az : 7. Ay : T.p(qyx) (¢gzy).

To compute the parity of a list of Boolean values, we begin with an accumulator value of False and
then loop over the elements in the list, setting at each stage the accumulator to the exclusive-or of
its previous value and the current list element. Thus, the parity function can be written simply as:

Parity := AL : (Bool — Bool — Bool) — Bool — Bool. L Xor False.
If Lisalist Ae. An.ceq(ceg...(cepn)...), the term (Parity L) reduces to
Xorey (Xorey...(Xorey False). . .),

which indeed computes the parity of eq1,...,ex. Unlike circuit complexity, the size of the program
computing parity is constant, because the iterative machinery is taken from the data, i.e., the list L.



Length: As another example, to compute the length of a list, we define
Length = AL : (a — Int — Int) — Int — Int. L (Az : a. Succ) Zero,

where Succ = An: (1 = 7) =7 = 7. As: 7 —=T.Az:T.ns(sz)and Zero = As : 7 — T. Az T. 2
code successor and zero on the Church numerals (of type Int = (1 — 7) — 7 — 7). The variable z
in the “loop body” Az : a.Succ serves to absorb the current element of L; the successor function
is then applied to the accumulator value.

List iteration is a powerful programming technique, which can be used in the context of TLC
and TLC™ to encode any elementary recursion [38, 43]. However, some care is needed if one is to
maintain well-typedness (cf. the “type-laundering” technique of [25]).

3 Representing Databases and Queries

3.1 Databases as Lambda Terms

Relations are represented in our setting as simple generalizations of Church numerals. Let O =
{01,02,...} be the set of constants of the TLC= calculus. For convenience, we assume that this set
of constants also serves as the universe over which relations are defined.

Definition 3.1 Let r = {(011,01,2,--+01%),(021,022, -+ 024 )5+ (Om1,0m 2, 0m i)} C OF be
a k-ary relation over O. An encoding of r, denoted by 7, is a A-term:

Ac. An.
(C 011012..-01k

(C 021022...02

(COm1Om2. OmEn)...)),

in which every tuple of v appears exactly once. Note that there are many possible encodings, one
for each ordering of the tuples in r.

Just like a Church numeral As.Az.s(s(s...(s2))...), the term 7 is a list iterator. The only
difference is that 7 not only iterates a given function a certain number of times, but also provides
different data at each iteration.

If r contains at least two tuples, the principal type of 7is (0 - -+ — 0 — 0 — 0) — 0 — 0,
where o is an arbitrary type variable. (If r is empty or contains only one tuple, this type is only an
instance of the principal type of 7.) The order of this type is 2, independent of the arity of r. We
abbreviate this type as of. Instances of this type, obtained by substituting some type 6 for o, are
abbreviated as oz, or, if the exact nature of # does not matter, as oj. Note that the exponent in
this notation denotes the type of the “accumulator value” passed between stages of a list iteration;
that is, if 7 is used as an iterator with “accumulator” type 6, then its type must be oz.

We say that 7 is an encoding with duplicates of relation » C O* when Definition 3.1 holds with
the weaker restriction that every tuple in r appears at least once. This is an interesting variation
because the principal type of characterizes encodings with duplicates of relations.

Lemma 3.2 Let f be any TLC= term without free variables and in normal form (i.e., with no
beta- or delta-reduction possible) of type of, where o is a type variable different from o. Then
either f = Ac.coyy...01 or f =T is an encoding with duplicates for some relation r C O*.



Proof: Since f does not contain free variables and none of the TLC™ constants has type of, f must
be an abstraction, i.e., f = Ac:o— -+ — 0 — 7 — 7. f’, where f’is of type 7 — 7. There are three
possibilities for f’: Either f' = cey...ex, where type(e;) = o for 1 < i < k, or f' = Eqeyeges,
where type (e1) = type(ez) = o and type(es) =7, or f' = An : 7. f”, where type (f") = 7.

In the first case, e; cannot be an abstraction, so it is of the form z¢;...¢;, where j > 0 and
z € {c,Eq,01,09,...}. Clearly, + = ¢ and z = Eq are impossible, so each e; is a constant oy ; and
we have f = Ac.coyq...01.

In the second case, the same argument shows that e; and e; must be constants, but then Eqeq ey
is a redex, so this case is impossible.

In the last case, f” must have the form at;...¢; where j > 0 and = € {c,n,Eq,01,0,...}.
Clearly, # = o; is impossible, and # = Eq would produce a redex (#; and t; would have to be
constants), so either f’ = n or f” = cty...t;tgy1, where type(t;) = o for 1 < i < k and
type (tx41) = 7. If f” = n, then f = Ac. An.n is an encoding of the empty relation. Otherwise,
t1,...,t; must be constants and the possibilities for {541 are the same as those for f”, so

= Ac. An.
(C 011012..-01k

(C 021022...02

(COm1Om2.  Ompn)...))
for some m > 1. Note that an encoding with duplicate tuples is possible. O

Remark 3.3 Since the two terms Ac.coyy...015 and Ae. An.coyy ...01 1, n-convert (see [5]) to
each other, they cannot be distinguished at the type level. For this reason, we allow both forms as
valid representations of relations containing just one tuple.

Note that an encoding of r inherently orders the tuples of r. In our setting, we are therefore
always dealing with ordered relations, i.e., lists instead of sets of tuples. This has to be taken
into account when comparing the expressive power of our languages to more traditional database
languages. We define the notion of a list-represented database to capture the order implicit in our
encodings:

Definition 3.4 A list-represented relation of arity k over universe O is a pair (r,<), where r is a
subset of OF and < is a linear order on r. A list-represented database over universe O is a tuple
of list-represented relations over O.

List-represented relations (r,<) are in one-to-one correspondence with relations encoded as 7
according to Definition 3.1 above (i.e., without duplicates). So, when duplicate freedom is clear,
we use notation 7 instead of (7, <).

In the following sections, when assessing the expressive power of various query languages, we
will always consider computations over list-represented databases, or equivalently, TLC-encoded
databases (77...77). The database active domain D is the set of constants in (77...77).

3.2 Query Languages

We first provide definitions for the FO- and PTIME-queries. These are like the definitions in [2],
but over list-represented databases. So the list orders <; are used instead of some order of the
domain of constants of the input finite structure.



Definition 3.5 A FO-query © of arity (ki,..., ki, k) maps list-represented databases (71...77)
of arity (k1,....k1) to relations r of arity k. This mapping is defined by a first-order formula
Yr (&1, &), with free variables &, . . ., &, built from predicate symbols Ry, . .., Ry of arity kq,.. .,k
and predicate symbols <; (1 <1 <) each <; specifying a total order among the tuples interpret-
ing R;. If D is the set of constants in (71...77) then w (71...7]) is relation

r={(x1,..,25) € D¥ : (D, 77...7) satisfies ¥ (x1,...,2%) }.

Definition 3.6 A PTIME-query © of arity (k1,..., ki, k) maps list-represented databases (71 ...77)
of arity (ki,..., ki) to relations v of arity k. This mapping is defined by Turing Machine M, which
runs in time polynomial in the size of its input. If the input x,...,2p,71...7] is presented as a
binary string and if D is the set of constants in (T1...77) then w (71 ...7]) is relation
r={(x1,..,x5) € D¥ : M. (21,...,2p,71...7]) accepts }.

We now define our query languages. For purposes of comparison we use the same syntax in
both TLI and MLI definitions. Note that, in MLI we interpret the outermost A’s as let’s.

Definition 3.7 A query term of arity (k1,....ki, k) in TLIZ (the language of typed list iteration
of order 7 + 3 with equality) is a typed TLC= term Q of order i + 3 such that: @ has the form
ARy ...AR;. M and for every database of arity (ki,...,k;) encoded by 71 ...7] it is possible to type
(ARy...AR;. M)T7...77 as o] (where o is some type variable different from o).

Definition 3.8 A query term of arity (ki,....k;, k) in MLIT (the language of ML-typed list iter-
ation of order i + 3 with equality) is a typed core-ML= term @ of order i + 3 such that: Q has
the form ARy ... AR;. M and for every database of arity (k1,...,k;) encoded by 71 .. .77 it is possible
to type (ARy ... AR;. M)Tq...77 as of (where o is some type variable different from o) with the
bindings ARy ... AR} typed as let’s.

The motivation behind these definitions is the desire to enforce proper input-output behavior of
query terms. That is, whenever ) is a query term of arity (kq,. .., k;, k) and 71,. .., 77 are encodings
of relations of arities ky,. .., k;, then the term (Q 71...7;) should reduce to a normal form that is
an encoding (with duplicates) of a relation of arity k. By virtue of ) being a query term, the term
(@71 ...7) can be typed as of, where o is some type variable different from o, and then Lemma 3.2
implies that its normal form must be the encoding with duplicates of a relation of arity k.

The above definitions are phrased semantically because they involve quantification over all
inputs. However, it is easy to see that they really describe a syntactic property:

Lemma 3.9 Given (k1,....ki, k) and a typed A-term (ARy...AR;. M) of TLC= or core-ML= of
order 1 + 3, one can decide syntactically if it is a query of TLI; or MLI;.

Proof: Any encoding 7 of a k-ary relation r can be typedasof = (0 - -+ —0—0 —0) =0 —o0
(where o is any type variable), and this type is in fact the principal type if 7 contains at least two
tuples. Thus, (ARy...AR;. M)is a TLIT query term if and only if the term (ARy.. . AR;.. M)zy ... 24

types, where x1,...,x; are some terms of principal type 0211 s Olev and it is an MLI; query term
if and only if the term M [Ry := zy,...,R; := x] types. Decidability follows from the type
reconstruction property of TLC= and core-ML=. a

We, thus, have the classes of database queries:

Definition 3.10 A TLIZ (MLIT)-query © of arity (k1,....ki, k) maps list-represented databases
(r1...71) of arity (k1,...,k;) to relations v of arity k. This mapping is defined by a TLIZ (MLIT)-
query term @), where (Qr71...7]) reduces to an encoding (with duplicates) of r.



Types of Inputs and Outputs: Note that, unlike [18, 42], we allow the input and output
type of a query to differ. Outputs are always typed as of, but inputs can be typed as o}, where
the % denotes some type that, for query terms in TLIZ/MLIZ, can be of order up to ¢. This
convention is necessary for expressing all of PTIME. In fact, the expressive power of the TLIZ /MLIF
languages comes directly from the ability to use the input relations as iterators over higher-order
“accumulator” values. From the definition, it is easy to see that a TLIZ/MLIT query term can use
its inputs as iterators over “accumulator” values of order up to i.

To simplify the subsequent discussion, we assume from now on that all typings use only the
distinct type variables o and 7, where o denotes the type of constants 01,02,... and 7 is the fixed
variable chosen for the typing Eq : o — 0 — 7 — 7 — 7. In particular, we type encodings of
relations as o] or oz, where € is a type over o and 7. Clearly, this does not lead to any loss of
generality, because any term typable at all has a type involving only o and 7, which can be obtained
from its principal type by substituting 7 for all type variables different from o.

4 Lower Bounds on Expressibility

To illustrate the power of list iteration, let us show how to express various well-known database
queries in TLIF and TLIT. We begin by coding relational operators in TLIF. The techniques are
presented in full detail (albeit under slightly different input-output conventions) in [25] and we
just give the Intersection; operator as an example here, for relations of arity k. For reference, the
coding of the other relational operators is given in the Appendix.

We first need terms Equal; to test for equality of k-tuples and Membery to test for mem-
bership of a k-tuple in a k-ary relation. (Fqual,zy...25y1...y;) reduces to True = Au. Av.u
if the tuples (z1,...,2%) and (y1,...,yx) are equal and to False = Au. Av.v otherwise. Similarly,
(Membery x1 ...z T) reduces to True if the tuple (21,...,2x) is a member of the relation r and to
False otherwise.

Equal, :0— -+ —0—0— ---— 0 — Bool :=
AT1:0... A2 0. Ay 10, Ay 0.
Au:T. AT

Eqaiyi (Eqaays ... (Eqapyruv)v)...v

k
——
Membery, :0 — -+ — 0 — o] — Bool :=

Az1:0... Az 0. AR of.
Au:T. AT
R(Ayp:o.. dypio Xl i1 (Equaly @y ...apyr .. .yp)uT)v
With the aid of these terms, Intersection;, can be coded as follows:
Intersectiony : o}, — o], — o}, :=
AR 0. AS :of.
A:o— - —0—T—=T.An:T.

R(Azy:0... Az 0. AT s 7. (Membergzy ... 5) (caq...axT)T)n

By inspection of its type, Intersectiony is a TLIF query term and it is easy to verify that it indeed
computes the intersection of its input relations.

10



Another example is a term Ordery with the property that (Orderyay...25y1 ...y, T) reduces
to True if tuple (21,...,2) precedes tuple (y1,...,yx) in 7 and to False otherwise. Order) can be
coded as follows:

Order,:0 — -+ —0—0— - — 0 — o] — Bool :=
AT1:0... AT 10 Ay 0. Ay 10 AR 1 o],
AT AT
R(Az1:0... Az c0. AT i 7. Equal, @y .. .xp 21 ... zpu(BEqual,yy oo oyp 2. .. zk0T)) v

These encodings, together with Codd’s equivalence theorem for relational algebra and calculus,
establish the following theorem (first shown in [25]):

Theorem 4.1 Fvery FO-query, over list-represented databases, is a TLIg (MLIG )-query.

As a next step, we illustrate how to encode fixpoint queries in TLIT. The technique is presented
in detail in [25] and we just review the main steps here.

Let ARy...AR;AR. M be a TLIF query term such that for given relations ry,...,r;, the term
Q := AR.M[Ry := 71,...,R; := Tj] denotes a monotone mapping from k-ary relations to k-ary
relations. To compute the minimal fixpoint of ¢)’s mapping, it suflices to iterate ¢ a polynomial
number of times starting from the empty relation. This can be done by constructing a sufficiently
long list from the input relations and then using that list as an iterator to apply ¢ polynomially
many times to an encoding of the empty relation. Thus, in principle, the encoding of a fixpoint
query looks like:

Fix = ARy ... AR;. Crank (AR. M) (Ac. An.n)

where Crank is a sufficiently large Church numeral of the form Length (D x --- x D), and D, the
active domain of the input database, is computed by a sequence of projections and unions using
the TLIF implementations of the relational operators (see Appendix).

There are two technical difficulties that need to be overcome under this approach. One involves
intermediate representation and the other typing.

Intermediate Representation: First, the intermediate results that are passed from one stage
of the fixpoint computation to the next are relations, which, in their list representation, are order 2
objects. In TLIT, however, iterations can pass only order 1 objects between stages. Therefore,
another representation of relations has to be devised that requires only an order 1 type. The solution
here is to represent relations by their characteristic functions. The characteristic function f. of a
k-ary relation r is a TLCT term of type xx := 0 — -+ — 0o — Bool, such that for any & constants
Oiys e s 05y s £ )
u 1t (05,...,04 ) €T,

(fr o0 ... 05 uv) B {v if (0iy,...,0,) & 7.
Using the active domain D of the input database computed earlier, it is possible to write A-terms
FuncTolList and ListToFunc that translate between the list and characteristic function representa-
tion of a relation.

ListToFunc : o] — X}, :=
AR :of.
AZ1:0... A%y ;0.
AT AT

R(Ay1:o... Ay 0. AT : 7. Equal, @y . ..apy1 .. ypuT) v,

11



FuncToList : x, — o :=
Af:0— -+ — o — Bool.
AC:0— - —0—=T—=T.An:T.
D(Azy 0. ATy o 7.
D(Azg 0. ATy T

P TRE PV
far.ocxp(car . apTh)Te) Toor) ... T1) m,

With these operators, the above query can be rewritten as
Fix := ARy ... ARy FuncToList (Crank (Af. ListToFunc ((AR. M ) (FuncToList f)))(AZ. False)),

which passes only order 1 objects in the “accumulator”.

Typing Constraints: Another difficulty arises in connection with the typing of the input re-
lations. Inside M, the inputs Ry,...,R; are used in TLIF-encoded relational operators, and
in this context, they need to be typed as Of s+ OF, (i.e., iterators with a base “accumulator”
type). However, Crank is used to iterate over characteristic functions, which have an order 1 type
X =0— -+ —0— T — T — 7,80 the occurrences of Ry,...,R; in Crank need to be typed
as o;;,...,o;; (i.e., iterators with an order 1 “accumulator” type). These typings do not unify,
so in order to type the Fix query as written above, it is necessary to use let-polymorphism. By
interpreting the A-bindings of Ry, ..., B; as Let-bindings, each occurrence of R; in Fix can be typed
independently, and the term becomes typable. Thus, Fix in its form above is a MLIT query.

However, it is possible to modify Fix further to obtain a TLIT query term. The crucial step is
the introduction of “type-laundering” gadgets. These are a family Copy,, 1 < ¢ <[, of TLC= terms
such that (Copy; R;) reduces to a copy of R; (i.e., another encoding of the same relation), but in
such a way that R; can be typed as o;;,, whereas (Copy,; R;) has type o;.. Using these gadgets,
the occurrences of R; in Crank can be typed as o;;,, as required, while all occurrences of R; in M
(and ListToFunc and FuncToList) can be replaced by the term (Copy, R;), which has the correct
type of.. The construction of the Copy; operator is described in detail in [25] and its code is in the
Appendix.

The final TLIT version of the fixpoint query becomes

fr o X X T e
F1X.ok1 — — Op, — O] i=

AR o;; AR o;;.
FuncToList' (Crank (A f : x. ListToFunc’ (AR. M") (FuncToList' f)))(AZ : 6. False)),

where FuncToList’ stands for FuncToList[Ry := (Copy, R1),. .., R; := (Copy; R;)] and List ToFunc'
and M’ are defined analogously.

Over ordered databases (in particular list-represented databases), fixpoint queries are sufficient
to express all PTIME queries [28, 46], so we have the following theorem (first shown in [25]):

Theorem 4.2 Fvery PTIME-query, over list-represented databases, is a TLIT (MLIT )-query.
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5 Upper Bounds on Expressibility

In this section, we show that the converses of Theorems 4.1 and 4.2 also hold:

Theorem 5.1 Fvery TLIG (MLIF )-query is a FO-query, over list-represented databases.
Theorem 5.2 Fvery TLIT (MLIT )-query is a PTIME-query, over list-represented databases.

Thus, TLIF and MLIF capture exactly the first-order queries over list-represented databases, and
TLIT and MLIT capture exactly the PTIME queries.

To prove these results, we first analyze the structure of TLIT and MLIT query terms based on
their input-output behavior and then develop algorithms for evaluating such terms efficiently. For
¢ = 0 the evaluation is by translation into a first-order formula. For ¢« = 1 we develop a semantic
evaluation.

In the following, let @) be a fixed TLI; or MLIT query term. We can assume that ) is in
normal form, because the reduction to normal form can be done in a preprocessing step that does
not figure in the “data” complexity of the query evaluation, i.e., we assume that the query term is
of fixed size and the input data is of variable size and the preprocessing happens before evalution.
This eliminates all redexes in (), as well as, all let’s in ) except the outermost ones.

For MLI;, we can eliminate all 1et’s from () by replacing every subterm of the form “let z =
N in M7 with M [z := N] and by agreeing that variables corresponding to input relations are to
be polymorphically typed. This allows us to use essentially identical proofs for MLI;" and TLI; .

5.1 The Structure of TLI: and MLI; Terms

It is convenient to introduce some terminology for the subterms of ¢). Since ¢ is in normal form,
every subterm of ) is of the form Azqy. Axg... Azg. f My ... M, where k,1 > 0, z4,..., 2} and f are
variables, and My,...,M; are terms. An occurrence of a subterm 7 is called complete if k and [
are maximal, i. e., if the occurrence is not of the form (Az.T) or (T'5). In this case, My,..., M;
are called the arguments of f and f is called the function symbol governing the occurrence of M;
for 1 <4 < [. It is easy to see that for every occurrence of a subterm of (), there is a smallest
complete subterm containing that occurrence. In particular, every occurrence of a variable in ¢
not immediately to the right of a A is the governing symbol for a well-defined (but possibly empty)
set of arguments.

Since () is in TLIZ or MLIT, it can be typed as of — .-+ — o} — o], where the asterisks
stand for unspecified types of order < ¢ built from o and 7. (In the case of MLIT terms, these types
are to be interpreted polymorphically, i.e., we replace each occurrence R; with the corresponding
input and might type each occurrence differently). We call any such typing a canonical typing
of ¢). Under a canonical typing, every subterm ¢ of () is assigned a certain type, which we call the
canonical type of t for this canonical typing of ¢).

In order to simplify the evaluation of a query, we will first preprocess () into an equivalent query
term with certain structural properties. This transformation is independent of any input relations,
i. e., its data complexity is O (1). The following definition specifies the special kind of term the
evaluation algorithms operate on. A normal form is closed if it contains no free variables.

Definition 5.3 Let Q be a TLIZ or MLI; query term and vy be a canonical typing of Q. We say
that ) is in y-canonical form if @) s in closed normal form and every complete subterm t of Q) is
of the form Axy : a1 ... Azt ap. M, where k > 0 and aq,...,ap are such that the canonical type
of t under vy is ay — --- — ay — o0, where o is either T or o. (This is also known as a long normal
form.) We say that Q) is in canonical form if it is in vy-canonical form for some canonical typing 7.
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Lemma 5.4 Let P be a TLI; or MLI; term mapping | relations of arities ky, ..., k; to a relation
of arity k. Then there is a TLIZ or MLIZ term @) in canonical form such that P and () define
the same database query, i. e., for every input 71,...,7;, the normal forms of (P71...7]) and
(Q71...77) encode, with duplicates, the same relation r. () can be effectively determined from P.

Proof: Fix some canonical typing v of P. We obtain @ from P by a series of n-expansions [5],
where a complete subterm Azq : ay ...z : ap. M with type(M) = ag41 — -+ — a,, — o or
type (M) = agqy1 — -+ — a, — 7 is replaced by Azq taq ... Azt o (M Tpqq ... 20,), until no
further expansions are possible. To see that this does not change the semantics of the query defined
by P, fix inputs 71, ...,77 and consider the normal form of (P 77...77), which is an encoding 7 of a
relation r. We have a reduction path

E E
Q.. 7)) % L (P T2y

It is known that in a fn-reduction sequence, n-reductions can always be pushed to the end [5,
Theorem 15.1.6]. This remains true even if Eq-reductions are added, because Eq- and 7n-reductions
commute for typed terms, as a case analysis shows. Thus, for some term ¢ of type o}, we have

E E —
Qrr..m e oEy

However, it is easy to see that any term ¢ of type o] that n-reduces to 7 also 3-reduces to 7, so it
follows that 7 is the 3, Eg-normal form of (Q 77...7;) and hence @ and P define the same query.
If @) is not closed, its free variables can be eliminated by the following procedure: Any occurrence
of a free variable F of type, say, oy — -+ — ap — oor a; — -+ — ap — T, is replaced by a
term Azq :0q...ATp 1 @g.0p OF Azq : Qp...Ax @ ag.n, respectively (where n is the variable of
type 7 bound at the top level of (), until no more free variables remain. Since the output of a
query does not contain free variables, this procedure does not affect the semantics of (). After a
final normalization, we obtain the desired canonical form. a

Lemma 5.5 Let () be a TLI; or MLIZ term in canonical form mapping | relations of arities
ki,....k; to a relation of arity k. Then the following are true:

b~

. Q has form /\R1:ozl.../\Rl:ozl./\c:oe---—>o—>T—>T.An:T.Q’ with type(Q') = .

2. Fvery occurrence of R; in Q' is of the form R; (AZ. A f. A\§. M) (AZ. N)T, where T is a vector
of k; variables of type o, f is a variable of order < i, § is a (possibly empty) vector of variables
of order < i, M and N are terms of type o or T, and T isa (possibly empty) vector of terms
of order < 1. We call f the accumulator variable for this occurrence of R;.

3. FEvery occurrence of Eq in Q' is of the form Eq ST UV, where S and T are terms of type o
and U and V' are terms of type 7.

4. Fvery occurrence of ¢ in Q' is of the form ¢Ty... Ty Ty11, where the type of Ty, ..., Ty is o
and the type of Txyq is T.

5. Every occurrence of n in Q' is arqgument-free, i.e., there are no occurrences of the form (nt),
with 1 some term.

6. The only free variables in Q' are Ry,...,R;, ¢, and n.

7. The only bound variables in Q' of order i or more are accumulator variables.
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Proof: Items 1-5 follow immediately from the type of ) and the fact that ¢) is canonical, i. e., all
possible n-expansions have been performed. Item 6 follows because canonical forms are closed. To
prove Item 7, pick a bound variable y of Q" of order > i and assume first that its order is maximal
among all bound variables of Q’. Let ¢t be the smallest complete subterm of ¢’ containing the
binding occurrence of y. Then t is of the form AZ. Ay. AZ. M. Since t abstracts on y, its order must
be at least order(y) + 1 > i. It follows that ¢ cannot be identical to @', and hence it must be a
proper subterm of @’ with some variable x governing its occurrence. Since ¢ is an argument of x,
the order of z must be at least order (y)+ 2, and since y was chosen to be of maximal order among
the bound variables of @',  must be free in ’. ITtem 6 then implies that x is one of Ry,..., Ry,
and because order(y) > 4, Item 2 implies that y is an accumulator variable. Moreover, since
accumulator variables in TLIZ query terms can have order at most 7, it follows that order(y) = ¢,
so i is the maximal order of bound variables of @’ and each bound variable of that order is an
accumulator variable. a

5.2 Evaluating TLIT and MLI; Terms

Overview of Evaluation: TLI5/MLIF query terms can only perform iterations where the type
of the “accumulator” is of order 0, i.e., 7 or o. Interestingly, iterations of this kind are not truly
sequential—instead, all their stages can be evaluated in parallel, producing the output of the query
in constant parallel time, or equivalently [29], in first-order logic.

The intuition behind this is the following. It is impossible for a TLC= term to distinguish
between any two arguments of type 7. Thus, in an iteration with an “accumulator” of type 7,
the processing at each stage cannot depend on the incoming value—either the incoming value is
ignored altogether, or it is passed on unchanged (perhaps as part of a larger structure) to the next
stage. It is possible to construct first-order formulas that describe whether a stage ignores its input
and if not, what kind of data it adds to it before passing it on to the next stage. The output of an
iteration can then be described by a formula that says: “something is in the output if (a) it was
in the initial value of the accumulator and none of the iteration stages ignored its input, or (b), it
was produced at some stage and none of the later stages ignored its input.” Note that the concept
of “later stages” is first-order expressible over list-presented databases, since they come with an
ordering of the tuples in each relation.

The situation is similar, albeit slightly more complicated, for iterations with an “accumulator” of
type o. Here, a stage could conceivably “look” at the incoming value by means of the FEq predicate.
However, Eq has type o — 0 — 7 — 7 — 7, so any Eq term eventually reduces to a term of
type 7, whereas the stage needs to produce an “accumulator” value of type o. Thus, Eq cannot
be used to compute the new “accumulator” value (here we use the fact that o and 7 are different
variables), and hence, just as in the case above, the stage must be oblivious to the incoming value.
The same techniques can then be applied to construct a first-order formula describing the output
of the iteration.

Query Term Structure: Before we describe the construction in detail, let us investigate the
structure of TLIT /MLIF query terms some more. This is useful because we will do induction on
subterms of type 7 and o.

Lemma 5.6 Let Q = ARy ... AR Ae. \n. Q" be a TLI or MLI; term in canonical form mapping
[ relations of arities kq, ...,k to a relation of arity k. Then every subterm of () of type T has one
of the following forms:

1. Ri(Az1:0... Az, 0. Ay 7. M) N, where M and N are terms of type T,
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2. EqSTUV, where S and T are terms of type o and U and V' are terms of type T,
3. ¢Ty... Ty Try1, where Ty, ..., Ty, are terms of type o and Ty11 is a term of type T,
4. y, where y is either an accumulator variable of type T or y = n.

FEvery subterm of () of type o has one of the following forms:
5. Ri(Azq1:0... Azg, 0. Ay:0. M) N, where M and N are terms of type o,
6. y, where y is an accumulator variable of type o,

7. 0;, where o; is a TLC= constant.

Proof: Let M be a subterm of ) of type 7 and let s be its top-level symbol,i.e., M = s My ... M,.
s must be one of R;, Eq, ¢, n, or an accumulator variable of type 7, because Lemma 5.5 implies
that no other variables can occur in ). For each of these cases, it follows from Lemma 5.5 that one
of (1)-(4) must apply.

If M is of type o, then its top-level symbol cannot be Eq, ¢, or n. Thus, it must either be an R;,
in which case (5) applies, or a variable of type o or an explicit constant, in which case (6) or (7)

apply. 0

First-Order Evaluation: For a term () as described in the above lemma, we will now construct
a first-order formula g (&1,...,&x) describing its behavior. More precisely, g (&1,...,&) is a
formula with free variables &, ..., & built from predicate symbols Ry, ..., R; of arities kq,. .., k; and
interpreted predicates Precedes; (1 < ¢ < [) specifying a total order among the tuples in R;, such
that for any structure S = (D,77,...,77) over Ry,..., R; and any tuple (21,...,2;) € D, we have
St g (xy,...,x5) iff (21,...,25) is in the output of (@ 71 ...77), where encoding 7; is chosen so
that the tuples appear in the order determined by Precedes;. (By F we mean satisfies).

Let us first describe the construction of ¢ informally. The main task is to describe the output
of an iteration R; (AZ.Ay. M) N, where y, M, and N are of type 7. It is easy to see that during
the evaluation of (Q 71...77), such an iteration must eventually reduce to a term

L= €C011012-.-01%

(C 021022...02

(COm1Om2. OmEZ))...),

where m > 0 and z is some variable of type 7. Since each stage of the iteration cannot “look” at
the value that is passed in, it can only either prepend some tuples to the incoming value or throw
it away altogether and start building a new list from scratch. Thus, a tuple can end up in L in
two ways: either it was already present in the initial value N of the iteration and every stage of
the iteration only added tuples to the incoming value, or it was contributed at some stage and all
subsequent stages only added tuples to the incoming value.

To capture the output of an iteration in a first-order formula, we therefore need to express
two things: (a) a stage of the iteration prepends tuples to the incoming value, i. e., it “passes
through” all incoming tuples to the next stage, and (b) a stage of the iteration “produces” some
tuple (£1,...,&). This leads to the definition of two sets of formulas: a formula PassThrough. ,
for every subterm ¢ : 7 of ) and variable z : 7 free in ¢, saying that term ¢ will “pass through”
whatever tuples are in z to its output, and a formula Produces; (&1, .. .,&;) for every subterm ¢ : 7
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of () saying that tuple (&,...,&) will be in the output of ¢. These formulas are defined below
by structural induction over ¢. The formula Producesqg:(&1,...,&k), where Q" is the “body” of
Q = ARy...\R;. Ac. An. @', is then the desired first-order equivalent of Q.

The approach described above has to be slightly modified to deal with iterations of the form
R;(AZ. \y. M) N, where y, M, and N are of type o. Such iterations reduce eventually to a single
constant. The equivalent of the PassThrough and Produces formulas for this case are a formula
PassThrough’m for every subterm ¢ : o of ) and variable z : o free in ¢, saying that term ¢ will “pass
through” whatever constant is in z to its output, and a formula Produces} (£) for every subterm
t: o of ) saying that £ is the output of {. These formulas are also defined by structural induction
over t. Interestingly, the formula PassThrough’m is a closed formula, i. e., it does not depend
on the values of any free variables of t. In other words, the behavior of a “loop body” of type
0 — -+ — 0 — o is oblivious to its arguments. This is because Eq cannot appear in such loop
bodies; the only conditional terms that can appear are of the form Au. Av. R;(AZ. Ay. u)v, which
test the emptyness of relation R;.

The First-Order Formulas: Here are the actual definitions of the PassThrough and Produces
predicates. We show in Lemma 5.7 below that they have indeed the desired properties.

PassThrough, , = { False }f S (where z : 7 is a variable)
’ True ifz==2
PassThrough%ch.“TkaH = Pa,SSThI'Outh7Tk+1
PassThrough, pysryy = 3Jwy Producesy (x) A ProducesT (y)

A ((96 =y A PassThrough, ;)
Vi(z#£yA PassThrouthy))
PassThrough, p.(\zaymyn = (PassThrough%N AYZ € R; PassThrough%M)
f::fo]

\Y (Elfo € R; PassThrough, y

AVZ € R; Precedes; (Z,%y) = PassThrough%M)

Produces, (&1,...,&) = False (where z :7 is a variable)
k
Produces.r, . 1,1,,, (&1, &) = (/\ Producesépi (&)) V Producest, ., (&1, -+ k)
=1
Produces pgsryy (§15-- &) = Jay Producess (x) A Produces (y)

A ((z = y A Producesy (&1,. .., &)
V (z # y A Producesy (&1,...,&k)))

Producesg, (g (61, &k) = (ProducesN (&1, E) ANVZ € R; PassThrough%M)
v (Elfo € R; Producesyz.=z,] (&1, - &k)

AVZ € R; Precedes; (Z,%y) = PassThrough%M)
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PassThrough,, := False (where o; a constant)
105

False if z # x

i (where z : o is a variable)
True ifz==2

Pass Through’zw = {

PassThrough’Zﬁi(Af.Ay.M)N = (PassThrough;N A 3T € Ri)
Y (PassThrough;N A PassThrough;M N3IT € Ri)
V (PassThrough;M A3dT € Ri)

Producesgj (&) = (£=o0;) (whereo;is a constant)
Produces!, (£) := (£ =xz) (where z:o0 is a variable)
Producesp, (\z oy an (§) = (Producesly (§) A =37 € R;)

% (Produces?v (£) A PassThrough', y; A 3% € Ri)
\/ (PassThroughg%M A First%i (E)AN3TT € Ri)

o
r;ET

\/ (PassThrough;M NE=2zN3TT € Ri)
Z€FVo(AZAT.M)

where in the last definition, FVo (AZ. Ay. M) denotes the set of free variables of AZ. Ay. M of type o
and the formula First%i is a first-order formula stating that ¢ is the j*® component of the first tuple
in R;.

Lemma 5.7 Let () = ARy ... AR;. Ac. An. Q' be a TLI; or MLI5 term in canonical form, t be a
subterm of Q of type T, t' be a subterm of Q) of type o, T1,...,7] be a legal input for Q with tuples
appearing in the order given by the Precedes; predicates, FV o (t) be the set of free variables of t of
type o, and p be a substitution that assigns constants to all variables in ¥'Vo (t). Then the following
are true:

1. For each free variable z of t of type T, PassThrough, , defines a first-order formula with free
variables in FVo ().

2. Produces; (&1, ..., &) defines a first-order formula with free variables in ¥Vo (1)U{&1,. .., &}

3. For each free variable z of ' of type o, PassThrough’m, defines a first-order formula with no
free variables.

4. Producesy (€) defines a first-order formula with free variables in FVo (') U {£}.

5. The term t[Ry :=71,...,R; := 1] p reduces to a term of the form

€C01101,2---01%

(C 021022...02k

(C Oma10m2-. -Omik y)) . ')7

where m > 0 and y is some free variable of t of type 7, and we have
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(a) r1,...,11 =, PassThrough, , iff » = y,
(b) r1,...,r1F, Produces; (&1,...,&) iff 31 <i<m V1<j<k¢E =o;,

where rq,...,7 F, ¢ means that the structure (r1,...,r) satisfies the formula ¢ under valua-
tion p.
6. Thetermt' [Ry :=Tq,..., Ry := T]] reduces to either a single constant o; or some free variable y

of t' of type o. In the first case, we have

(a) r1,...,1V/ PassThrough’m, for any z,
(b) r1,...,7F (Producesy (§) < £ = o).

In the second case, we have

(a) r1,...,11 = PassThrough’ , iff = =y,
(b) 11,. .1 F (Produces, (£) <= & =y).

Proof: By structural induction over the subterms of ) and, for subterms R; (AZ. Ay. M) N, over
the number of tuples in ;. a

With this lemma, Theorem 5.1 can now easily be proved: it suffices to observe that the output
of a query term @ = ARy ...AR;. Ac. An. Q" is described by the formula Producesg:.

5.3 Evaluating TLIT and MLIT Terms

Overview of Evaluation: We show next that TLIT and MLIT queries can be evaluated in
time polynomial in the size of the input relations. The main idea here is to evaluate such terms
not syntactically (i.e., by reduction), but rather semantically, by computing their values in an
appropriate model.

For example, the prototypical iteration in a TLIT /MLIT query term looks like

R; (AZ.\f. Step) Init,

where R; denotes an input relation, Init is some order 1 term denoting the initial value of the
“accumulator”, and Step is a term that takes an order 1 “accumulator” value f and produces a
new one. It is easy to see that evaluating this iteration by means of 3- and Eg-reduction alone
may require exponential time, since the size of the A-term bound to f may double at each stage.
However, if the value in the “accumulator” is represented exztensionally, i.e., as a table describing
its input-output behavior, a fixed bound can be put on its size, and this enables the evaluation to
be carried out in polynomial time. Suppose, for example, that the accumulator variable fis of type
o — o, i.e., denotes a function from constants to constants. If {oy,...,0n} is the set of constants
appearing in a particular input, then for the purposes of evaluating the query on that input a table
of N pairs {(0;,0;) | (fo;) >o;, 1 <i< N} completely characterizes the value of f. The iteration
can then be carried out by computing the extension of Init first, storing it in an accumulator, and
then evaluating Step once for each tuple in R;, from last to first, with ¥ bound to the current tuple
and f bound to the current accumulator value. The result of each invocation of Step is converted
to a table again and becomes the input of the next stage. Provided that Step and Init can be
evaluated in polynomial time, the whole iteration can be carried out in polynomial time.

Of course, this approach hinges very much on the fact that when evaluating a TLIT /MLIT query,
we do not need to produce the exact normal form of the query, but only the relation encoded by it.
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Otherwise, a “semantic” evaluator would be insufficient, since the extensional representation of a
A-term does not uniquely identify its intensional form. Thus, our evaluator is not a general-purpose
A-calculus evaluator, but rather a special one for terms obeying the input-output conventions set
out in Section 3.2.

Query Term Structure: We now give a formal description of the model and semantics used
by the evaluator. Let us fix a particular query (Q 71...77), where @ = ARy ... AR;. Ac. An. Q' is a

TLIT /MLIT query term in 7y-canonical form for some fixed canonical typing ¥ and 71,...,7] are
encodings of input relations of the proper arities. Let D = {oy,...,0x} be the active domain of
the query, i.e., the set of constants appearing in 7,...,77 and @, let kyi,....k; be the arities of

the input relations and &k be the arity of the output relation. Whenever we refer to the type of a
subterm ¢ of ¢} in the following, we mean the canonical type of { under 7. In general, we adopt the
“Church viewpoint” in the discussion below, where each term comes with a fixed type specified by
type annotations on its free and bound variables. As mentioned earlier, we may assume that () is
let-free, by reducing all subterms let @ = M in N to N [z := M| and allowing a different type
annotation on every occurrence of R; in Q.

The evaluation of the query consists of determining the relation encoded by the normal form
of Ae. An.Q'[Ry := T1,...,R; := T7|. Since the variables ¢ and n are A-bound at the outermost
level, they act as constants as far as the evaluation is concerned, with ¢ behaving like a “cons”
operator and n behaving like the empty list “nil”. In the subsequent discussion, we will therefore
consider the symbols ¢ and n, along with Eq and o1,...,05, as constants, and if we speak of the
free variables of some term ¢, we mean the free variables of ¢ except ¢ and n.

Semantic Evaluation: The evaluation algorithm works by manipulating values of A-terms in a
suitable model rather than the terms themselves. In this model, the types o and 7 are base types
whose domains are D and the set of k-ary relations over D, respectively, and the symbols o4, ..., on,
Eq, ¢, and n denote constant values and functions over these domains. The value of a typed term ¢
is given by a function [¢], which is defined below. (Given interpretations of the base types and
constants, the meaning of terms is defined in a standard way, see e.g. [21].)

Let 7 be the set of types over base types o and 7, i.e., the set of types given by the grammar
T :=o| 7|7 — 7. For each type v € 7, we define the domain of v, denoted by [v], as follows:

1. [o] := D
2. [r] := the set of k-ary relations over D,
3. [a — f] := the set of all functions from [a] to [3].

Let A be the set of simply typed, type-annotated A-terms built from variables and constants
01,...,0Nn,Eq,c,n, i.e., the set of terms given by the grammar

k
—_——
Ai=o0;:0|Eq:o—0—=T—=7—=7|c:0— -—=o0o—=717—71|n:7|a:T|Xv:T.A| AA

subject to the condition of well-typedness. For a term ¢t € A, an environment e for ¢ is a function
that maps each free variable of ¢ to an element of the domain of its type, i.e., that maps each
z € FV (1) to an element of [type (z)]. A pair (¢,e) is called a closure. If t does not contain free
variables, we write its closure as (¢, 0).

The value function [t,e] maps closures (¢,e) to elements of [type(?)]. In defining it, we use
an informal A-notation to express functions and function application. This notation should not
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be confused with the formal language A—it is merely a metalinguistic convenience for expressing
functions concisely.

1. [o; : 0,0] := oy, i.e., constants evaluate to themselves. More precisely, the syntactic expres-
sion o; : 0 € A evaluates to the semantic object o; € [o], but in a slight abuse of notation, we
use the same symbol for both.

2. [n:7,0] := 0, i.e., the value of n is the empty k-ary relation over D.

3.[Eq:o—o0—7—=7—7,0] := Az. Ay. A\r. As.if @ = y then r else s, i.e., the value of Eq
is the function that takes two constants z,y € [o] and two relations r,s € [7] and returns r
if # = y and s otherwise.

4. Je:o—=--—o0o—=7—=7,0] := Aay... dxp. Ar.r U {(21,...,2%)}, i.e., the value of ¢ is the
function that takes k constants z1,...,2; € [o] and a k-ary relation r € [r] and returns
r with the tuple (21,...,21) added to it.

5. [z a,e] := e(a), i.e., the value of a variable is whatever the environment assigns to it.

6. [M N,e] :=[M,e]([N,e]), i.e., the value of an application M N is the result of applying the
value of (M, e) to the value of (N, e).

7. [Mx:a.M,e] := Ay. [M,eU{z := y}], i.e., the value of an abstraction Az : @. M is a function
that maps a value y € [a] to the value of M in an environment binding z to y.

It is a standard exercise in denotational semantics to show that [.] respects reduction:

Lemma 5.8 Let M and N be terms in A such that M > N and let e be an environment for M
(and therefore for N ). Then [M,e] = [N,e€].

Proof: See, e.g., [21, Theorem 2.10]. O

The next lemma says that [.] is the “right” valuation map for our purpose:

Lemma 5.9 Let r be the relation encoded with duplicates by the normal form of (Q 71 ...77). Then
r=[Q'[Ry :=T1,..., R :=7,0].

Proof: Note first that Q'[Ry := 71,..., R; := T;] with the canonical typing v we fixed above is a
closed term of A, so its value is well-defined.
Let t be the normal form of Q'[Ry := 71,...,R; := T;]. Then Ac. An.t is an encoding, with
duplicates, of r and t is of the form
(C 011012---01k

(C 021022...02k

(COmAIOm2.  Ompn)...)),

where the constants o; ; are drawn from the set {o1,...,0n}. According to Lemma 5.8 and the
definition of [.], we have

[Q'[Ry :=7T1,... R :=7],0] = [¢t,0]
= {(0171, .. .,017k)} U...u {(0m71, .. -70m,k)} U {}
= {(0171,...,017k),...,(0m71,...,0m7k)}
= r O

21



Finally, we have to justify that manipulating values of terms is faster than manipulating the
terms themselves. Our intent is to prove that the value of an arbitrary order 1 term ¢ € A can
be represented by a table of polynomial size (w.r.t. the size of D). This is not obvious because,
[7] := the set of k-ary relations over D, so a function on 7 has a domain exponential in the size of
D. Also, since values are defined for closures and not for terms, we first have to make precise what
we consider as a potential value of a A-term.

Definition 5.10 Let a € T be some type and f be an element of [a]. f is called A-definable at
closure level 0 if there exists a closed term t € A such that f = [t,0]. f is called A-definable at
closure level © > 0 if there exists a term t € A and an environment e for t such that all values
assigned by e are A-definable at a closure level < i and f = [t,e]. f is called A-definable if it is
A-definable at some closure level.

Lemma 5.11 f € [a] is A-definable iff it is A-definable at closure level 0.

Proof: Assume that f € [a] is A-definable at closure level i > 0. Then there exist a term ¢ € A
and an environment e for ¢ such that f = [t,e] and all values assigned by e are A-definable at
closure levels < i. Assume inductively that the claim is true for A-definability at closure levels up
to ¢ — 1. Then all values assigned by e are A-definable at closure level 0 and it follows that e can

be written as {21 := [t1,0],..., 2m = [t;,0]}, where @1,...,2,, are the free variables of ¢ and
t1,...,t, are suitable closed terms. But then
[ = [[tve]]
= [May.. Aem- 0] ([, 0], - - o [, 0])
= [[t[$1 =l 0Ty = tm]vm]
whence f is A-definable at closure level 0. a

As it turns out, comparatively “few” functions are A-definable in our model. This is again due to
the fact that A-terms cannot distinguish between different inputs of type 7, and it provides the

basis for a space-efficient representation of A-definable values.
m

Lemma 5.12 Let o € T be a type of the form T — ---— 7 — 7 — (3, where § € {o,7}, and
let f € [a] be A-definable. If 5 = o, then f is constant. If 3 = 1, then either f is constant
or there exists an 1 € {1,...,m} such that for all (y1,....ym) € [7]", [ (Y1, - Ym) is given by
f(@,,@)UyZ

Proof: Let ¢t € A be a term in closed normal form such that f = [¢,0] (such a ¢ can be found
because of Lemmas 5.11 and 5.8).

If 3 = o, then t is a closed normal term of type 7 — --- — 7 — o, and it is easy to see that
t must be of the form

AZ1 .. ATy 04

where o; € D. Tt follows that f = [¢,(] is a constant function with value o;.
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If 6 = 7, then ¢ is a closed normal term of type 7 — --- — 7 — 7, and it is easy to see that it
must be of the form

AL .o ALy,
(C 01,1.---01k

(C 021-.-02k

(cop1...o1k

z)..)

where [ > 0, 0;; € D, and = € {zy,...,2p,n}. If 2 = n, then f is again a constant function
with value r := {(011,..014),-. (011, work)} = f(0,...,0). If 2 = 2; for some ¢, then for all
(ylv“'vym) € [[T]]mv f(ylvvym) =rly = f(®77®)u Yi- O

Lemma 5.13 Let a € T be a type of the form 3y — -+ — B, — By, where each p; € {o,7},
and let f € [a] be A-definable. Define the reduced domain of f as

rdom (f):= {(y1, - s ym) € [Bi] % -~ X [Bua] | yi € {0, D%} if B = 7}
and the reduced graph of f as

rgraph(f) = {(ylv---vymvyTrL-I-l) | (ylv"'vnyL) € rdom (f)v Ym+1 = f(@/l,---,@/m)}

Then (a) rgraph (f) can be stored in space O (N™ %) and (b) there exists a procedure Apply that,
given rgraph (f) and (y1,. .., ym) € [B1] X - X [Bm], determines f(y1,.. ., Ym) in time O (N™FF),

Proof: Clearly, rgraph (f) contains at most (max (2, N))™ tuples. The components of these tuples
are either constants from D or k-ary relations over D, so each component fits into space O (Nk)
Thus, the whole table can be stored in space O (N"+%).

Let {¢1,...,¢,} be the set of those ¢ € {1,...,m} for which §; = 7, and let {ji,...,j,} be the
remainder of {1,...,m}. Fix an input ¥ = (y1,...,¥m) € [A1] X -+ X [Bn] and define m-tuples
Zy and %, ¢ € {i1,...,4,}, of values as follows. 7, is the m-tuple that agrees with 7 in positions
{j1,- - Jq} and has 0 in positions {i1,...,4,}. For i € {i1,..., iy}, % is the m-tuple that agrees
with %, everywhere, except that position ¢ contains D*. Note that £, and the Z; are elements
of rdom (f), so f(Z) and f(Z;) can be found in rgraph (f).

Claim: We show that either f(25) = f(2;) for all ¢ € {4y,...,4,}, and in this case f(¥) = f (%) as
well, or f(Z) # f (%) for exactly one 7, and in this case f(¥) = f (%) U v.

To see why this is correct, pick a closed term ¢ = Azy...Ax,,.t" € A such that f = [¢,0] and
consider f":= [Axy ... Awy, ' [2, =y, 02, = y;,,0] € [T =+ — 7 = Bnp]. (Note that
Yjis- - Yj, are constants from D, so it makes sense to use them as part of a A-term.) We have
T@) = Wiy nwi), f(20) = f1(0,...,0), and f(z7) = f'(0,.. L0, D% 0,...,0), where the D¥
occurs in the j* argument position. Lemma 5.12 implies that f’ is either constant, in which case
f(Z) = f(Z) = f(y) for all i, or f" adds a constant relation to one of its inputs, in which case
[ () # f(7) for exactly one i and £ (7) = f (%) U g

To summarize, Apply can be defined as follows:
1. Form 75 and the 7 as described above.

2. Lookup f (%) in rgraph (f).
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3. For each i, lookup f (%) and compare it to f(Z)). If they differ, return f(Z5) U y;.
4. If no differences were found, return f ().

These steps can be performed during a single sweep over rgraph (f), using time O (N™1F). O

Eval and Apply: FEvery order 1 type a € 7 can be written as 8y — --- — [, — B41 with
B; € {o,7}, so what we have shown is that any A-definable function of order 1 (and 0, of course)
can be represented by a polynomial-size table. In the previous Lemma we also described Apply on
“complete” inputs. It is also worth pointing out that even though Apply was defined for “complete”
inputs (y1,...,¥n) only, it can easily be generalized to “partial” inputs (y1,...,y;) with ¢ < m, in
which case it returns the reduced graph of the function f’:= Azjpq ... 2. fy1 . Ui Tig1 - Ty
This is done by simply looping over all tuples (y;41, ..., ¥mn) € rdom ( f') and using Apply to compute
I Wit1s - ¥m) = [ (Y1, - Ym) for each. With suitable data structures, this can still be done in
time O (N™+F).

Our next step is the definition of a procedure Eval(t,e) that takes a A-term ¢ of order < 1 and
an environment e for ¢t and produces [t,e] as a reduced graph. In order to be able to represent all
intermediate values in polynomial space, we make the following assumptions about ¢ and e:

1. All variables occurring in ¢, either free or bound, are of order < 1.

2. All values assigned by e are A-definable and represented by reduced graphs (because of as-
sumption (1), they must be of order < 1).

To simplify the presentation of Eval, we also assume that e provides bindings for the constants
01,...,0nN, Eq, ¢, and n to their proper values (so that Eq, for example, is bound to the reduced
graph {(z,y,u,v,w) € D x D x {0, D*} x {0, D*} x {0, D*} |w =uif 2 = y, w = v if x # y}).

The term evaluated ¢ can take only three forms, namely ¢t = Az. M, t = M My, and t = =z,
where z is a symbol bound in e. The case of an application can be broken down into two subcases,
namely t = & My ... M, where [ > 1 and z is bound in e, and ¢t = (Az. M) My ... M;, where [ > 1
and z is chosen so that it does not occur free in My, ..., M;. This gives four possibilities for ¢, for
which Eval(t,e) is defined as follows.

Eval(z,e):=e(2)
Eval(z My ... Mj,e) := Apply (e (), Eval (My,e€), ..., Eval (M, e€))

Eval(Az. M,e) :={(y1,-- s Ym,Ym+1) | 11 € D if type (2) = o,
y1 € {0, D} if type(z) = 7,
(Y25 - o Yms1) € Eval (M, e U {a — y1})}
Eval (Ax. M)M;y ... My, e) := Eval(M My ... M;,eU {x — Eval (My,e)})

In the next two lemmas, we prove the correctness of Eval and analyze its running time.

Lemma 5.14 Lett € A be a term of order < 1 and e be an environment that assigns A-definable
values of order < 1 to the free variables of t. Let E be the environment that arises from e by
replacing each value with its reduced graph. Then Eval (t, E) = rgraph ([t,e]) = {(y1,- -« Ym+1) |

(Y1, Ym) € rdom ([t,€]), Ymt1 = [t €] (15w Ym )}
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Proof: The proof is by induction on the size of t. We abbreviate rdom ([, €]) as 6 and (y1, .

as .

Eval(z, F)
= FE(x)
= raraph ([, c])
Eval(z My ... M, F)
= Apply (F(z),Eval (M1, F),. .., Eval (M}, I))
= rgraph (e (z) ([Mq,e€],....[Mi,€]))
= rgraph ([x My ... M), €])

Eval(Az. M, F)

={W1s- s Umt1) | T €6 (Y2, Yms1) € Eval (M, EU{z — w1 })}
= {(ylv"'vym—l—l) | 376 67 Ym4+1 = [[M,@U {$ = 3/1}]] (3/2773/m)}
={, - o Umt1) | T €6, ymyr = [Aw. Moe] (g1, ym)}

Eval(Ae. MYMy ... M, F)
= Eval(M M, ... My, EU {2 — Eval (M, E)})

={W1,- s Ynt1) | €S, Y1 = [M My... My, e U{a — [My, e} (v1,- - ym)}
={(Y1s- s Yms1) | TE O, Y1 = [Ae. M My .. . My e] ([My, €], 91, Ym)}
={(Y1s- s Ymt1) | TE O, Y1 = [(Ax. M My ... M) My, €] (y1s- - Ym)}
=W Ynt1) | T €6 Y1 = [(M M. . My)[2 := Ma) €] (y1,- - ym)}
={(Y1s- s Yma1) | TE O, Y1 = [M[x:= My My... M €] (Y1, ¥m)}
={(Y1s- s Ymt1) | TE O, Ymsr = [(Ax. MYMy ... My, e] (y1,. - ¥m)}

M ym)

a

To analyze the running time of Eval, we need to introduce the following quantity. For ¢t € A, let

d (t) be defined by

d(z) = 0 (where z is a variable or a constant)
d(Ml MQ) = max(d(Ml),d(Mg))
[ 14d(M) iforder(z)=0
d(Av. M) = { d(M) otherwise

Looking at the syntax tree of ¢, d () counts the maximum number of order 0 abstractions along any
path from the root to a leaf. This number figures in the running time of Eval(t, e) because, whereas
subterms of ¢ are usually evaluated only once, the body of an order 0 abstraction is evaluated many
times, once for every possible value of the bound variable in the reduced domain of ¢.

Lemma 5.15 Let ¢t and F be as in Lemma 5.14, let # (t, E) be the number of recursive calls to
Eval resulting from the call Eval (t, ) (including the initial call), and let |t| be the size of t. Then
(1, F) < (max(2, ) O]

Proof: The proof is by induction on |t|. To save some ink, we assume that N > 2.

# (2, 1)
=1
= N¥@)|z|
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#(xMy... M, F)
=1+ Zi’:l # (Mi, E)
<1 Ty Ny
< Nmax{d(Mi)} (1 4 S (M)
_ Nd(xM1~~~Ml)|x M .. .M[|

#(\z. M, E)
:1+{ZyED#(M7EU{$'_>y}) if type (z) =
# (M, EU{z—0})+# (M, EU{z — D*}) if type(z) =
<1+ N NAM)| |
< NIODFL (M |+ 1)
= NAQ=M)| \p M|
#((Az. M)My ... M, E)
=1+ # (M, E)+ # (M My... My, EU{z — Eval(My, E)})
< 14 N gy | Nmas{dM)dM)odMO} (|37 |4 0L, | M)
< Nmaxtd(M)dM),dMO} (1 4| M|+ S | M)
< Nd((/\x'M)Ml"'Ml)K/\w. M) M1 . -Ml|

a

Having analyzed the correctness and running time of the semantic evaluator, we have to bring

the query (applied to the input) to the proper form to use this evaluator by reducing the “top-level”
redexes.

Lemma 5.16 Let Q = ARy...AR;. Ae. An. Q' be a TLIT or MLIT query term in canonical form
and 71, ..., 7 be encodings of relations of the proper arities for (). Let t be the A-term that arises
from Q" by replacing every subterm of the form R; M N, where i € {1,...,1}, by the term

(M 01,1---01k
(M 021..--02k

(Mopi...ompN))...),
where the o; ; are determined by

T, = Ac. An.
(C 011012---01k

(C 021022...02F

(COm1Om2.. Ompn))...).

That is, t is the result of reducing the “top-level” redexes in (Q 71 ...77). Let m := max{|71|,.. ., |7}

Then [t|< m|9'l and d (t) = d(Q").

Proof: For any subterm S of @', let S5 denote the result of carrying out the replacements described
above (thus, t = Q'). We show by induction on |§]| that |5|< m!5l.
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There are three cases to consider: S = x My...M,, where n > 0 and z is a constant or variable
not in {Ry,..., R}, S = R;My...M,, where we may assume that n > 2 due to canonicity, and
S =Ae.M)My...M,, where n > 0. For the first and third cases, it is straightforward to show
that |S|< m!5l. For the second case, we have

15| = |(Mydi (Mi6y.. (M6 My))...) Ms... M,
(where 01,...,0; are taken from 7;)
< [T+ | M|
1=2
1=2
< m1+2?=1|Mi|
il

To show that d(t) = d(Q'), observe that

d(RiMN) = max{d(M),d(N)}
= dMoa(Moy...(Mo;N))...).

It is easy to see that this implies d (t) = d(Q’). O
Lemma 5.17 Database queries defined by terms in TLIT and MLIT can be evaluated in PTIME.

Proof: Let a canonical TLIT or MLIT query term ) = ARy...AR;. Ac. An. Q' and inputs 77,...,7]
be given. Form t as described in the previous lemma (this can clearly be done in polynomial time)
and compute the active domain D of the query (which is needed by Eval to compute the extents
of the types o and 7). Observe that ¢ is a closed A-term and that Lemma 5.5 implies that ¢ does
not contain variables of order > 2, so that (¢,0) satisfies the assumptions made in the definition of
Eval. By virtue of Lemmas 5.9 and 5.14-5.16, Eval (t,0) produces the output of the query in time
polynomial in the size of 7,..., 7. a

Thus, the proof of Theorem 5.2 is complete.

6 ML Type Reconstruction for Fixed Order Functionalities

In this section, we extend previous results on the complexity of ML typing by showing that ML
type reconstruction for terms of bounded order is NP-hard. (This also corrects an erroneous claim
of PTIME-membership that we made in [26].)

ML type reconstruction in general is EXPTIME-complete, but the known proofs [31, 32] use
terms of unbounded order. We do not know whether EXPTIME completeness holds also for terms
of bounded order. Qur result is the following:

Theorem 6.1 For ecach fizred k& > 4, type reconstruction in order k core-ML is NP-hard in the
program size. Type reconstruction for each MLI7, ©« > 1, is NP-hard in the query term size.

Proof: The proof is by reduction from CNF-satisfiability. Let a propositional formula & = C; A
... AN Cy, be given, where each clause C; is a disjunction of a set of literals chosen from the set
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{v1, 01, 02,02, ...,0,, 0, }. We construct a term Eg whose length is polynomial in the length of &
such that Fg is not typable in order 4 core-ML if and only if ® is satisfiable.

The reduction works as follows. Imagine the variables vy, ..., v, arranged in a truth table TAB.
The column associated with variable v, looks like F,T, F,T,..., the column associated with v,_
looks like F', F',T,T,... and so forth. If we interpret 7" as 1 and F’ as 0, then the value b;; in
the " row and j* column of TAB is the ;' bit in the binary expansion of i (where the bits are
numbered 1,2,...,n going from left to right).

For each column j of the truth table, we construct an ML term V; whose principal type is an
exponentially long order 1 type of the form

o j j j j Y j
¢;=al — ﬁm - Mg ﬁ1,2 — M2 - ﬁl,m — Mm
J J J J J J
- 52,1 — Y21 52,2 — V22 T T ﬁ?,m — Y2m
J J J J J J
- ﬁ2",1 — Yong ﬁzn,z — Yong T ﬁ?",m — Vanm
o

In this type the ﬁkl and ’ykl denote pairwise distinct type variables, except that for certain k and [,
ﬁkl and ’ykl are unified, that is, they denote the same type variable. (Think of a pair (ﬁk l,’yk ;) as
a bit that is “oft” 1f ﬁkl and ’ykl are distinct variables and “on” if they are identical.) The choice
which pairs (ﬁk l,’yk ;) to unify is made as follows. The fragment

J J J J J J
'*ﬁkJ—>7k,1*ﬁk,z—>7k,2_>"'*ﬁk,m*%,m*”'

(which we will call the k™" segment of ¢; for lack of a better term) corresponds to the truth value
in row k of column j, that is by ;. A pair (ﬁk I ’yk ;) in this segment is unified if and only if assigning
value by ; to v; makes clause C true. Put another way, (ﬁk 1»77) is unified iff either by ; = 7" and
v; occurs positively in Cj or by, ; = I' and v; occurs negativély in C.

An example might be in order here. Suppose we have two variables vy, v, and three clauses
C1 =v1 Vg, Cy = vy Vg, Cs =03. The truth table for vy and vy is

U1 | V2
F|F
F|T
T|F
T|T

and V; will be engineered (we haven’t yet said how) to have principal type

o1 =at — ﬁ%,l - ’711,1 - ﬁiz - ’711,2 - ﬁi:& - ’711,3
- ﬁ%,l - 7%,1 - ﬁ%,z - 7%,2 - ﬁ%,:a - 7%,3
- 55,1 - ﬁ%,l - ﬁ%,z - ﬁ%,z - 55,3 - ’731>,3
- ﬁi,l - ﬁi,l - ﬁi,z - ﬁi,z - ﬁi,:a - ’741,3

—>Oél.
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The principal type of V, will be

2 2 2 2 2 2 2

P2 = " — 51,1 — Y11 51,2 - 51,2 - 51,3 - 51,3
2 2 2 2 2 2

- 52,1 - 52,1 - 52,2 — Y22 52,3 — Y23
2 2 2 2 2 2

- 53,1 — Y31 53,2 - 53,2 - 53,3 - 53,3

2 2 2 2 2 2
- 54,1 - 54,1 - 54,2 — Y42 — 54,3 — Y43
2

— .
Returning to the general case, we build, in addition to the terms Vi,...,V,, a term V whose
principal type ¢ has the same general structure as that of ¢q,...,¢,, but with the unifications

arranged slightly differently. Namely, in every segment

‘*518,1 _“718,1 _>513,2—>’718,2_> “‘*ﬁg,m*’yg,m o
of ¢g, we unify 7271 with ﬁ,g’?, 7,872 with ﬁ273, and so on, up to 7,87m_1 and ﬁ27m. In addition, we
arrange things so that 52,1 will not unify with 727m, for example by making 52,1 an arrow type of
the form 77 =~ — 6.
Having constructed Vg, Vq,...,V,, we use them as part of a larger term W where the context
is such that it forces the types of Vg, Vi,...,V, to be unified. This causes interesting things to
happen. Each V; is assigned a common type

¢p=a— 51,1 - Y11 — 51,2 — M2 — ﬁl,m — Y1,m

- 52,1 — 72,1 — 52,2 — V22— ﬁz,m — Y2m

— ﬁ2n71 — ’}/277,71 — ﬁ2n72 — ’}/277,72 — s — ﬁ2n7m — ’}/277,7m

—

which is unified with each ¢;, 0 < j < n. In particular, each 3 is unified with all ﬁi 5 0< 7 <n,
and the same goes for v5 ;. Let us investigate under which conditions a pair (8, vx,) in ¢ is unified.
Since ¢g does not unify any pairs (ﬁ27l,7271), this happens if and only if there exists a j € {1,...,n}

such that 3], and 7{, are unified in ¢;, which happens if and only if assigning by ; to v; makes
C; true. In other Wofds, Bi,y and 7g,; are unified if and only if clause Cj is true under the truth
assignment given by the kP row of TAB. If for some k, all pairs (Brgsveg), 1 <1< m, are unified,
then the truth assignment in the k* row of TAB makes ® true and hence ® must be satisfiable.

Note, however, the unifications imposed upon ¢ by ¢g. For every k € {1,...,2"}, ¢y unifies the
pairs (%8,17@3,14—1)7 1 <1 < m (we still haven’t said how this is arranged, but will do so shortly).
As a consequence, for every k € {1,...,2"}, the pairs (v, Bk141), 1 < [ < m, are unified in ¢.
Now if ® is satisfiable, i.e., if for some k the pairs (8, vx,1) are unified for 1 <1 < m, this results
in the entire set {Bx 1,715 - BkmsVkm t being unified. But ¢g has arranged that ﬁ%l and 727m,
and therefore 8;; and 7k ,,, are not unifiable, so the unification of ¢q,¢1,...,¢, fails. Thus, if
® is satisfiable, W cannot be typed, whereas if ® is not satisfiable, the unification of ¢g, ¢1,..., ¢,
succeeds and W can be typed.

Now that we have described how the reduction works at the type level, we have to con-
struct polynomial-size ML terms Vg, Vq,...,V,, that actually have these types. Here is where
let-polymorphism comes in, because it allows us to write succinct terms that have very large
principal types.
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The first step in the construction is to show how to unify the type of two terms. Suppose we
are given two terms M and N and we want to force a common type upon them that is the most
general unifier of their principal types. This can be done by the following term:

Unify (pp vy 1= Az K2 (Af. K (f M) (fN)),

where K is the combinator Az. Ay.xz. The type of Unify(MW) is @ — « independent of M and N,
but in the derivation of this type, the types of M and N are unified, because the same function f
is applied to both M and N. Note that the typing of Unify ,;  can be carried out in order k + 3,
where k is the order of the common type assigned to M and V.

As a next step, let us see how to build terms whose principal types can serve as segments of
the types ¢;. Consider the term

Template := Az. dx1. Ay Azo. Aya . . AT Ay K 2w,
where w is a free variable. Its principal type is
a— 01— = Pr—= 2= = By = Y Q,

no matter what the type of w is, and it can be typed in order 1 core-ML. Suppose now that we
want to unify certain pairs of type variables in this type, say (41,71) and (fs,v3). This is achieved
by the following variant of Template:

Template(q 1) (33) := Az. AT1. Ay1. A2 Y2« o ATy AYp. K 2 (Unify oy (Unify o, 0y 7)),
which can be typed in order 3 core-ML (because of Unify) with principal type
a—pP =P —=Pr—72—= 0= 0= = bp— Tm — .
As another example, in the type ¢y we want segments that look like
=== Y2 Y2 = = Ymel = Ymel — Ym
where 31 and v, are not unifiable. Such a segment can be generated by another variant of Template,

Oddpairs := Az. Ax1. Ay1. Ao, Ay . .. A% Ay
K 2 (Unify , 5,y (Unify(, ooy (Unity, o (@1 ym)))- )

which is typable in order 3 core-ML with principal type
a—>('ym—>6)—>'yl—>71—>'y2—>72—>---—>'ym_1—>'ym_1—>'ym—>a,
Consider now the construction of the term Vy. We want it to have a principal type of the form

. _ 0 0 0 0 0 0 0
¢; = a —>ﬂ1,1 — Y1 _>ﬁ1,2_>’71,2_> “‘_>ﬁ1,m - Yim

0 0 0 0 0 0
- 52,1 - Y21 52,2 = Yoo 7T ﬁZ,m — Y2m

0 0 0 0 0 0
- 52",1 — Yon1 ﬁzn,z — Yong T T ﬁ?",m — Varm
— O[O
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where 718,14—1 = ﬁ,g’l for1 <! < mand ﬁ%l and 718,m are not unifiable. This is achieved by “stringing
together” many copies of Oddpairs using let:

Vo := let sg = Oddpairs in
let 51 = Az.50 (S0 #) in

let 53 = Az.s1(s12) in
let s, = Az.5,-1(Sp—1 2) in
STL

Note that Vj is of polynomial size. We prove by induction on n that s, (and thus V) has principal
type

n_ 0 0 0 0 0 0 0 0 0
o5 = a” — (’71,m — 01) — Yip =7 Vi 7 Y12 7 V12 7 7 Mim=1 7 Vim—1 — Tim
0 0 0 0 0 0 0 0
- (’72,m — 02) — Vo1 7 Veq 7 V22 7 V22 7 7 Yem—1 7 V2m—1 " T2m
0 0 0 0 0 0 0 0
- (’72",m — Ogn ) — Yarna = VYon1 T Vong 77 Vono 7 T Venm—1 T V2rm—1 T T2rm
— ao

In the base case n = 0, we have sy = Oddpairs, so the claim follows from the type of Oddpairs given
above. For n > 0, the inductive hypothesis implies that s,_1 has principal type qﬁg_l. The principal
type of s, is that of Az.s,_1 (s,-1 #z) with the two occurrences of s,_1 typed independently. Let
qgg_l be a copy of (/58_1 with the type variables renamed and define ¢ and ¥ by qﬁg_l =a’ — 9,
=l = 49 — 4. Then the principal type of s, is given by a® — ¥ [a® := ¢ [a° := aP]], which,
after renaming of type variables, is ¢f. Moreover, in deriving this type, the two occurrences of s,,_;
in Az.8,_1 (8p_12) are typed as ¢~ ' [ := 1] and ¢§~', respectively, so the derivation can be
carried out in order 3 core-ML.

The construction of V;, where j € {1,...,n}, is similar to that of ;. Fix a variable v; and let
{C4y,..,Ci,} be the set of clauses in which v; occurs positively and {C},,...,C; } be the set of

clause in which v; occurs negatively. Define “segment-generating” terms 77 and F}; as follows:

T; = Az Az1. Ayr. Awg. Aya . AT Ay
K = (Unify Unity oz, ) - - .(Unify(l,ip viy) z))...)

Tiq i) (
Fi= A2 Az Ay Azo. AYa o AT gAYy
Kz (Unify o (Unify ., .. .(Unify(%q%q) z))...)

J1

These terms are typable in order 3 core-ML with principal types of the form
a— 01— = Pr—= 2= = By = Y Q,

where in the case of T}, 3 = 7, iff v; occurs positively in (', and in the case of I}, 8; = v iff
v; occurs negatively in Cj.

The term V; is built from 2" copies of F; and T); “strung together” in a pattern that mimics
the sequence of truth values in the j* column of TAB. That is, a block of 277 copies of F; is
followed by a block of 2777 copies of T;, followed by another block of F}’s, and so on, for a total of
27 blocks. Again, we use let to generate this pattern succinctly:
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V;:=1let fo=Fj in
let fi = Az fo(foz) in

let fu—; = Az fr—j_1 (famjo1 2) in
let tg =1; in
let t; = Az. %y (tp 2) in

let t,_; = Az.tp_j—1 (ty—j—1 2) in
let s; = Az. fr—; (tn—; 2) in

let s3 = Az.s1(s12) in

let s; = Az.5;_1(s;-1 2) in
Sj

Note that the term V; is of polynomial size. We claim that its principal type has the form

i i j i i i i
¢;=al — ﬁm - T 51,2 — M2~ - ﬁl,m — Mm
J J J J J J
- 52,1 — Y21 52,2 — V22 T T ﬁ?,m — Y2m
J J J J J J
- ﬁ2",1 — Yong ﬁzn,z — Yong T ﬁ?",m — Vanm
— al,

where ﬁil = ’yil iff either the j*" bit in the binary expansion of k, i.e. br;, is 1 and v; occurs
positivel}; in clause (' or the bit is 0 and v; occurs negatively in clause C7.

To this end, we first show by induction on ¢ that f; and ¢; can be typed in order 3 core-ML
with principal types of the form

; j j j j 4 j
o — ﬁm - Mg ﬁ1,2 — M2 - ﬁl,m — Mm
J J J J J J
- 52,1 — Y21 52,2 — V22 T T ﬁ?,m — Y2m
J J J J J J
— i1 T Vi T Paig T Vi T T Phigy T Vai gy
— at,

where in the case of f;, ﬁ?l = Vi,l iff v; occurs negatively in € and in the case of ¢;, ﬁ?l = 71?1 iff
v; occurs negatively in €. The induction is exactly analogous to the one carried out for V; and is
not repeated here.

Let us abbreviate the principal types of f,_; and ¢,_; as @ — QF — @ and o/ — Qp — o,
respectively. The understanding here is that QF and Q7 are metasyntactic variables (not types)
that stand for strings of the form 3, — 7, — -+ — ﬁ%n_J7m — Vnms m Where certain ﬁ?l and ’Vi,l
are equal as described above. We also adopt the convention that in every occurrence of Qp or Qr,
the type variables are renamed to be distinct from those in any other occurrence of Qg or Q7.

Under these conventions, the principal type of sy = Az. f,—; (t,—; 2) can be written as ol —

QrF — Qr — of. By induction on i, we can show that the principal type of s; is &/ — Qp —
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Qr — - = QF — Qr — aj, where there are 2¢ occurrences of Qp and Qp altogether. Thus, the
principal type of s; (and therefore V) has the form o/ — Qp — Q7 — -+ — Qp — Qr — o’ with
27 occurrences of O or Qr altogether, each of which contributes 2777 segments to the type. After
a suitable renumbering of type variables, the principal type of V; can therefore be written as

; j j j j g j
a’ — 51,1 - N1 51,2 - N2 - ﬁl,m — Mm
J J J J J J
- 52,1 — Y21 52,2 — Y22 7 T ﬁ?,m — Y2m
J J J J J J
- ﬁ2",1 — Yong T ﬁzn,z — Yong T T ﬁ?",m = Yanm
— ad,

where the first 2777 segments are contributed by a block Qp, the next 27~J segments are contributed
by a block Qr, and so forth. Consider a pair (8],,71,). It is easy to see that this pair was

contributed by a block Qp if the j* bit (from the left) in the binary expansion of k is 0 and by a
block Q1 otherwise. In the former case, ﬁ?l = 71]@1 iff v; occurs negatively in (7, in the latter case,
ﬁil = ’yil iff v; occurs negatively in C). Thus, the principal type of V; is indeed ¢;, and it can be
derived in order 3 core-MTL.

What remains is the construction of a term W that forces the types of Vi, Vi,...,V, to be
unified. W could be defined using the Unify operator introduced earlier, but to keep the order
down, we use the following term:

W= MK (FVo) (B (FVA) (K (F Vo) (F Vi) )

Clearly, W forces the same type upon Vg, Vi,...,V,, and it can be constructed in polynomial time.
As shown earlier, the types ¢g, ¢1, . . ., ¢, unify if and only if ® is not satisfiable, so W is ML-typable
if and only if ® is not satisfiable. If it is typable, then Vi, Vq,...,V,, have a common order 2 type
derivable in order 3 core-ML, so the principal type of W can be derived in order 4 core-ML. Thus,
the reduction is complete. a

7 Conclusions and Open Problems

We have presented embeddings of database query languages in low order fragments of the typed
A-calculus as well as a new functional characterization of PTIME. We have shown that in fixed
order fragments of the typed A-calculus there is sufficient expressive power for the PTIME queries,
but that type reconstruction is not significantly easier than the general case.

We would like to note that our characterization of FO-queries has some similarities with the
extended polynomials characterization of [42]. Namely, the inputs and outputs have the same types.
The only significant addition to TLC, with respect to [42], is equality.

Although we present a syntactically simple, functional characterization of FO- and PTIME-
queries, our characterizations do depend on the input-output conventions. Different conventions
might lead to other characterizations that might be of interest. Both the difference between o and
7 and the treatment of duplicates are significant.

For example, if we allow duplicates in the input-output conventions and use Church numeral
input-output instead of list-represented databases it is possible to build exponentiators of low
functionality order, see [18].

For another example, in [26], we demonstrate how various non-FO-queries can be expressed with
a slight variation of the framework. If, in addition to the typing Eq : 0 — 0 — 7 — 7 — 7 prescribed
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in Section 3, we also allow Eq to be typed as Eq : 0 — 0 — o — o — o (thereby introducing a
weak form of polymorphism), we obtain a version TLI=? of TLI; that expresses relational algebra,
parity, majority, and tree accessibility. TLI=", together with a tupling construct, expresses exactly

LOGSPACE-queries.

Questions: There are open issues regarding both variations of the input-output conventions (see
above) and orders above 4. Beyond order 4 we believe (although we have not worked out the details
here) that it should be possible to combine our basic machinery with the reductions of [27, 33, 35]
to express various exponential time and space classes. Determining the exact expressive power of
TLIFZ and MLIT for ¢ > 2 is open; the case 1 = 2 was resolved in [24] and corresponds to PSPACE.

With respect to type reconstruction in core-ML, the order 3 case is open. For orders of 4 and
above there is a gap between the best current upper bound (EXPTIME) and the NP-hardness
lower bound.

A number of other interesting open problems are raised from the framework of this paper:
(1) Study the use of optimal reduction strategies [37] for the evaluation of TLIT queries. (2) Study
languages that combine list iterators and set iterators ala [7, 8, 9, 30, 47]. (3) Study the expressive
power and the complexity of type reconstruction for fixed-order fragments of other typed calculi,
e.g., System F [19, 41].
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Appendix: Relational Algebra in TLI7 and Copy in TLIT

The following encodings are based on the ones given in [25], adapted to the input-output format
used in this paper. For a detailed explanation of their workings, consult [25]. Note that, if inputs
are encodings without duplicates then so are outputs.

Setminusy, : o] — o — 0], 1=
. T . T
AR 0. AS :of.
AC:0— ++—=0—=T—=T.\n:T.

R(Azy:0... Az 0. AT : 7. (Membergzy ... S)T (caq...2xT))n

Uniony, : o], — o], — of :=
. T . T
AR 0. AS :of.
AC:0— ++—=0—=T—=T.\n:T.

R(Azy:0... Az 0. NT s 7. (Membergzy ... S)T (caq...2T))(Sen)

Timesk7l:oz—>of—>oz+l =
AR 0. AS :0].
AC:0— ++—=0—=T—=T.\n:T.

RAzi:o0... Az 0 XT:7.S5(Aypto. .. Ay c0 AU smocay . c.apn ...yt U) T

Selecty;—; 1 0] — o] =
. T
AR :o].
AC:0— ++—=0—=T—=T.\n:T.

R(Azq:o.. . dzg 0. AT i 7. (Eqaiz;)(cay...apT)T)n

M . T T e
Projecty; . :op —of =
. T
AR :o].
AC:0— ++—=0—=T—=T.\n:T.

R(Az1:0... Az, :0. AT 1 7.
R(Ay1:0... Ay 0. A5t 7.
Equalyz;, ... 2y yiy - oy (BEqualy o oo capyn o oyp (e, o2y, T)T)S)T ) n

Let y:=0— -+ —0—7 — 7 — 7, where o occurs k times in y:

Copy; : of, — of =
/\R:o;;.
A:o— - —0—T—=T.An:T.
R(Azy:o... Az, o ANT i x. Ay to. Ay to dus T v Toeay. . .ap, (Tyr...ys uv))
(A to. .. Ayg 10 du: T . Av i T.n)

01...0,nn (where o1,..., 0 are arbitrary TLCT constants)
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