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An Analysis of the Core-ML Language:Expressive Power and Type Reconstruction(invited paper)Paris C. Kanellakis?, Gerd G. Hillebrand??, Harry G. Mairson???Abstract. Core-ML is a basic subset of most functional programminglanguages. It consists of the simply typed (or monomorphic) �-calculus,simply typed equality over atomic constants, and let as the only poly-morphic construct. We present a synthesis of recent results which char-acterize this \toy" language's expressive power as well as its type recon-struction (or type inference) problem. More speci�cally: (1) Core-ML canexpress exactly the ELEMENTARY queries, where a program input is adatabase encoded as a �-term and a query program is a �-term whoseapplication to the input normalizes to the output database. In addition,it is possible to express all the PTIME queries so that this normalizationprocess is polynomial in the input size. (2) The polymorphism of let canbe explained using a simple algorithmic reduction to monomorphism, andprovides 
exibility, without a�ecting expressibility. Algorithms for typereconstruction o�er the additional convenience of static typing withouttype declarations. Given polymorphism, the price of this convenience isan increase in complexity from linear-time in the size of the programtyped (without let) to completeness in exponential-time (with let).(3) Fragments of Core-ML, based on the order of functionalities used,can be fairly expressive. For example, order � 5 su�ces for the PTIMEqueries, even without let or equality. Also, for each �xed order, typereconstruction is polynomial in program size. Programming by using loworder functionalities and type reconstruction is common in functionallanguages. Thus, our analysis partly explains the wide use and e�ciencyof such programming practices.1 IntroductionThe simply typed �-calculus [11] (typed �-calculus or TLC for short) with itssyntax and beta-reduction operational semantics is an essential part of any func-tional programming language. In our presentation, we use the \Curry view" ofTLC without type annotations and reconstruct monomorphic or simple types.? Dept. of Computer Science, Brown University, Box 1910, Providence, RI 02912. Re-search supported by ONR Contract N00014-91-J-4052, ARPA Order 8225.?? Dept. of Computer Science, Brown University, Box 1910, Providence, RI 02912. Cur-rently visiting INRIA Rocquencourt, France. Research supported by ONR ContractN00014-91-J-4052, ARPA Order 8225.??? Dept. of Computer Science, Brandeis University, Waltham, MA 02254. Research sup-ported by NSF Grant CCR-9216185 and ONR Contract N00014-93-1-1015.



For notational convenience, we use TLC=, the typed �-calculus with atomic con-stants and an equality on them, and the associated delta-reduction of [4, 11]. Forthe necessary background on TLC see Section 2.1.We call Core-ML the \toy" language resulting from the addition of let-polymorphism to TLC= (see Section 2.2). The primary reason for studying Core-ML is that it seems to be the essential part of the (Standard) ML language[40, 21]. One of the main features of all ML dialects, such as Standard ML,CAML, MLNJ and of other state-of-the-art functional languages such as Haskell,Miranda etc, is the combination of polymorphism (for the 
exibility of codereuse) with type reconstruction (for the convenience of writing well-typed pro-grams without declaring any types). ML's let-polymorphism is considered asone of the most successful de�nitions of polymorphism in programming languagesand is widely used. Our TLC= primitives are part of every functional language.Note that, our TLC= de�nition is minimal, in the sense of not including themonomorphic �xpoints of ML [40, 14, 21].The theme of our paper is: an exploration of the Core-ML language and ademonstration that, as far as \toy" languages go, this one has nontrivial expres-sive power and an interesting type reconstruction problem.Expressive Power: The computations expressed in Core-ML (or TLC) are allELEMENTARY functions (where this class of functions includes PTIME, NP,PSPACE, EXPTIME, 2-EXPTIME etc, see [41])4. We include some of the basicexpressibility analysis in Section 3. For more details on the analysis of express-ibility we refer the reader to [44, 45, 17, 37, 23, 24, 25].The expressive power of TLC was originally analyzed in terms of computa-tions on simply typed Church numerals (see, e.g., [4, 17, 44]). Unfortunately,the simply typed Church numeral input-output convention imposes severe limi-tations on expressive power. Only a fragment of PTIME is expressible this way(called the extended polynomials) and this does not illustrate the full capabili-ties of TLC. That more expressive power is possible follows from the fact thatprovably hard decision problems can be embedded in TLC, see [39, 45, 37], andthat di�erent typings allow exponentiation [17].One way of expressing all of PTIME, while avoiding the anomalies associ-ated with representations over Church numerals was recently demonstrated byLeivant and Marion [35]. By augmenting the simply typed lambda calculus witha pairing operator and a \bottom tier" consisting of the free algebra of wordsover f0; 1g with associated constructor, destructor, and discriminator functions,they obtained various calculi for PTIME.In [23, 24, 25] we proposed and analysed a di�erent approach to TLC (andCore-ML) expressibility. This is the approach we survey here. It is based on thetheory of database queries or equivalently on �nite model theory. Our frameworkis explained in detail in Sections 2.3-2.5.Relational algebra and �xpoint formulas over �nite structures have been4 From [41]: \The optimism in this term [ELEMENTARY] may seem a little over-stated; the term was introduced in the context of undecidability."



the principal vehicles of theoretical research in database query languages; see[13, 16, 9] for some of its earlier formulations. The main motivation has beenthat common relational database queries are expressible in relational calcu-lus/algebra [13], Datalog: and various �xpoint logics [3, 32, 9, 10]. Most impor-tantly, as shown in [27, 47], every PTIME query can be expressed using �xpointsof �rst-order formulas on ordered structures; and, as shown in [3], it su�ces touse Datalog: syntax under a variety of semantics to express various �xpoint log-ics. In addition, extensions have been proposed to this framework to manipulatecomplex-object databases, based on high-order formulas over �nite structures,e.g., [1, 2]. The study of functional database query languages is more recent, see[6, 8, 7, 28], and is also part of the research on complex-object databases.In [23] we showed that TLC (without additions, but with di�erent I/O con-ventions) can express exactly the ELEMENTARY database queries. The basicidea was to use the framework of �nite model theory instead of Church nu-merals. In this framework a program input is a database encoded as a �-termand a query program is a �-term whose application to the input normalizesto the output database. Interestingly, it is possible to express all the PTIMEqueries so that this normalization process is polynomial in the input size. In[24, 25] these results were re�ned to fragments of Core-ML of low functionality.In our presentation we discuss relational algebra, using order 3 functionalitiesand equality (Section 3.1) and �xpoint queries, using order 4 functionalities andequality (Section 3.2). The ability to encode Powerset extends these results toELEMENTARY (Section 3.3).Type Reconstruction: There is a subtle connection between let-polymorphismin ML and monomorphism, which we use here as a de�nition. This connectionhas been in the folklore for some years and is now better understood [38]. Weinclude a short, but self-contained description in Section 4.1. For a completedescription of syntax and semantics we refer the reader to [40, 14, 29, 38].The problem of Core-ML (TLC) type reconstruction is: \given a �-termwithout any/some type annotations �nd if it is typable using the ML (TLC)typing rules". For TLC this is an e�ciently solvable problem in linear-time [48],by reduction to �rst-order uni�cation [43, 15], but it is also PTIME-complete.For Core-ML it is EXPTIME-complete in the size of the program typed, see[29, 30]. The proof sketch we present in Section 4.2 is based on [22].Fixed Functionality: In [24, 25] we continued the investigation of expressibilityand type reconstruction, but for low functionality orders. Fragments of Core-ML,based on the order of functionalities used, can be fairly expressive. For example,order � 5 su�ces for the PTIME queries, even without let or equality. (Notethat, in this sense equality is only a notational convenience). Since Cobham'searly work there have been a number of interesting functional characterizationsof PTIME, e.g., [12, 20, 19, 5, 35]. In Section 5.1 we add to this literature.In Section 5.2, we argue that �xed order type reconstruction is in polynomialtime. This has some practical signi�cance. In Section 6 we close with some openquestions.



2 Basic De�nitions2.1 The Simply Typed �-Calculus: TLC and TLC=TLC: The syntax of TLC types is given by the grammar T � t j (T ! T ), wheret ranges over a set of type variables. For example, � is a type, as are (� ! �)and (�! (�! �)). We omit outermost parentheses and �! � ! 
 stands for�! (� ! 
). These are also called monomorphic types or monotypes.The syntax of TLC �-terms or expressions is given by the following grammarE � x j (EE) j �x: E , where x ranges over a set of expression variables (distinctfrom the type variables) and where expressions satisfy typedness as outlinedbelow. We omit outermost parentheses and PQR stands for (PQ)R.Typedness of expressions is de�ned by the following inference rules, where� is a function from expression variables to types, and � [fx: � 0g is the function� 0 augmenting or updating � with � 0(x) = � 0:(varM ) � [ fx: � 0g > x: � 0(absM ) � [ fx: �0g > E: �1� > �x:E: �0 ! �1(appM ) � > M : �0 ! �1 � > N : �0� > MN : �1We call a �-term E typed , or equivalently a term of TLC, if � >E: � 0 is derivableby the above rules, for some � and � 0.The operational semantics of TLC are de�ned using reduction. For typed�-terms e; e0, we write e )� e0 (�-reduction) when e0 can be derived from e byrenaming of a �-bound variable, for example �x: �y: y )� �x: �z: z. We writee)� e0 (�-reduction) when e0 can be derived from e by replacing a subterm in eof the form (�x:E)E0 by [E0=x]E (E with E0 substituted for all free occurrencesof x in E). See [4] for standard de�nitions of substitution and reduction for boththe typed and untyped �-calculus. Let ) be the re
exive, transitive closure of)� and)�. Note that, reduction preserves types.Curry vs Church Notation: In the above de�nition, we have adopted the\Curry View" of TLC, where types can be reconstructed for unadorned termsusing the inference rules. We could have chosen the \Church View," where typesand terms are de�ned together and �-bound variables are annotated with theirtype (i.e., we would have �x: �0: e instead of �x: e). In our encodings below wewill often provide \Church View" type annotations for readability.TLC=: We obtain TLC= by enriching TLC with: (1) a countably in�nite setfo1; o2; : : :g of atomic constants of type o (some �xed type variable), and (2)introducing an equality constant Eq of type o! o! � ! � ! � (for some �xedtype variable � di�erent from o). The type inference rules are the same with onemodi�cation: the � 's must treat the constants as free variables associated withthe �xed types o and o ! o ! � ! � ! � , respectively. The reduction rules ofTLC= are obtained by enriching the operational semantics of TLC as follows.



For every pair of constants oi; oj: o, we add to) the reduction rule (known asdelta reduction): (Eq oi oj)) ��x: �: �y: �: x if i = j,�x: �: �y: �: y if i 6= j.A �-term from which no reduction is possible is in normal form. TLC and TLC=enjoy the following properties, see [11, 4]:Church-Rosser: If e) e0 and e) e00, then there exists a �-term e000 such thate0 ) e000 and e00 ) e000.Strong normalization:For each e, there exists an integer n such that if e) e0,then the derivation involves no more than n individual reductions.Principal Type: A typed �-term E has a principal type, that is a type fromwhich all other types can be obtained via substitution of types for type variables.Type Reconstruction: One can show that given E it is decidable whetherE is a typed �-term and the principal type of this term can be reconstructed.Also, given � > E: � 0 it is decidable if this statement is derivable by the aboverules. (Both these algorithms use �rst-order uni�cation, e.g., see [29] and recon-struct types. They work with or without type annotations and with or withoutconstants in the � 's).TLC= type reconstruction is linear-time in the size of the program analysed.2.2 Core-ML = TLC= + let-PolymorphismCore-ML: The syntax is TLC= augmented with one new expression construct:let x = E in E and with an ML-typedness requirement, instead of a typednessrequirement.ML-typedness: This involves the same monomorphic types and inference rulesfor TLC and the constants used for TLC=, with one additional rule that capturessome polymorphism (see [29]):(letM ) � > E: �0 � > [E=x]B: �� > let x = E in B: �We call a �-term E ML-typed if � > E: � 0 is derivable by the inference rules(varM), (absM ), (appM), (letM ) for some � and � 0. One consequence is thatTLC= is a subset of Core-ML.The operational semantics is as for TLC=, where in addition let x = M in Nis treated as (�x:N )M . A consequence of this is that Core-ML has the sameexpressive power as TLC=, however, it allows more 
exibility in typing.For example, let x = (�z: z) in (xx) is in Core-ML but (�x: xx)(�z: z) is notin TLC=; the equivalent program in TLC= is what we get after one reductionof (�x: xx)(�z: z), namely (�z: z)(�z: z).Note that, Core-ML has all the properties of TLC=, i.e., Church-Rosser,Strong Normalization, Principal Type and Type Reconstruction. There is onlyone di�erence: Type reconstruction is no longer in linear-time but EXPTIME-complete [29, 30].



2.3 Functionality OrderFor a �ner analysis of expressibility we partition types according to functionalityorder. The order of a type measures the higher-order functionality of a �-term ofthat type: o(t) = 0 for a type variable t and o(� 0 ! � 00) = max(1+ o(� 0); o(� 00)).We also refer to the order of a typed �-term as the order of its type. Note that,the order of the �xed type variables o and � is 0.The above de�nitions and properties hold for fragments of TLC, TLC=, andCore-ML, where the order of terms is some �xed k. In such fragments we usethe above inference rules (varM ), (absM), (appM ), (letM) but with all typesrestricted to order k.2.4 The Basic Programming Technique: List IterationList iteration is a powerful programming technique, which can be used in thecontext of TLC and TLC= to encode any elementary recursion [45, 37]. However,some care is needed if one is to maintain typedness [23]. We brie
y review howlist iteration works. Let fx1; x2; : : : ; xkg be a set of �-terms, each of type �; thenL � �c:�! � 0 ! � 0: �n: � 0: c x1 (c x2 : : : (c xk n) : : :)is a �-term of type (� ! � 0 ! � 0) ! � 0 ! � 0, for any type � 0|in otherwords, L is a typable term no matter what type � 0 we choose (though one �xedterm must be chosen when we compute). We abbreviate this list constructionas [x1; x2; : : : ; xk]; the variables c and n abstract over the constructors cons andnil.For example, a standard coding of Boolean logic uses true � �x: �: �y: �: xand false � �x: �: �y: �: y, both of type Bool � � ! � ! � . De�ne the exclusiveor as Xor � �p:Bool: �q:Bool: �x: �: �y: �: p(qyx)(qxy), and the parity of a listof Boolean values asParity � �L: (Bool! Bool! Bool)! Bool! Bool: LXor false:Unlike circuit complexity, the size of the program computing parity is constant,because the iterative machinery is taken from the data, i.e., the list L.2.5 The I/O Conventions: Databases as �-termsIn order to study the expressive power of Core-ML (or equivalently TLC=) wemust �x the I/O conventions for computations. The ones we use here are similarto those in [23], but more economical in order of functionality. Inputs and outputsare encodings of a set of relations (or a �rst-order structure or a �nite model ora database). Relations are represented as follows. Let O = fo1; o2; : : :g be theset of constants of the TLC= calculus. For convenience, we assume that this setof constants also serves as the universe over which relations are de�ned.



Let r = f(o1;1; o1;2; : : : ; o1;k); (o2;1; o2;2; : : : ; o2;k); : : : ; (om;1; om;2; : : : ; om;k)g �Ok be a k-ary relation over O. An encoding r of r is the �-term�c: �n:(c o1;1 o1;2 : : : o1;k(c o2;1 o2;2 : : : o2;k� � �(c om;1 om;2 : : : om;k n) : : :)) ;If r contains at least two tuples, then the principal type of r is (o! � � � ! o!t ! t) ! t ! t, where t is a free type variable. (If r is empty or contains onlyone tuple, this type is only an instance of the principal type of r.) The orderof this type is 2, independent of the arity of r. We abbreviate this type as otk.Instances of this type, obtained by substituting some type expression � for t, areabbreviated as o�k, or, if the exact nature of � does not matter, as o�k. It is fairlyeasy to see that a principal type of otk characterizes these terms:Lemma1. Let f be any TLC= term without free variables and in normal form(i.e., with no beta- or delta-reduction possible) of type otk, where t is a type vari-able di�erent from o. Then either f � �c: co1;1 : : : o1;k or f � r for some relationr � Ok.We can now de�ne various query languages as fragments of Core-ML.De�nition2. A query program of arity (k1; : : : ; kl; k) in TLI=i (the language oftyped list iteration of order i+3 with equality) is a typed TLC= term Q of orderi + 3 such that: Q has the form �R1 : : :�Rl:M and for every database of arity(k1; : : : ; kl) encoded by r1 : : : rl one can type (�R1 : : : �Rl:M )r1 : : : rl as otk.Remark: In the setting of these query languages input and output terms aremonomorphically typed, i.e., they have simple types which are the same for allinputs/outputs. However, unlike [17, 44], we allow that the monomorphic typesof inputs and outputs di�er. Outputs are always typed as otk but inputs can betyped as o�k. This convention is necessary for expressing all of PTIME.The above query language de�nitions are semantic because they involve quan-ti�cation over all inputs. By Lemma 1 and the fact that t is a type variable di�er-ent from o, it is easy to see that every program in these languages is guaranteedto have a correct output given correct inputs.Lemma3. Given (k1; : : : ; kl; k) and a typed �-term (�R1 : : :�Rl:M ) of TLC=of order i+ 3 one can e�ciently decide if it is a program of arity (k1; : : : ; kl; k)of TLI=i . Also, all inputs of this term can be typed with the same type.An analogous set of query languages: MLI=i (the languages of ML-typed listiteration of order i + 3 with equality) can be de�ned using Core-ML insteadTLC= and ML-typedness instead of typedness (see [24]).



3 Core-ML ExpressibilityRecall that Core-ML and TLC= have the same expressive power. In this sectionwe will examine the expressibility of various TLI=i fragments of these languages.We will use expressibility results and terminology from the theory of databasequeries, e.g., [9].We �rst argue that TLI=0 can express relational algebra queries and thenthat TLI=1 can express �xpoints (on ordered structures) or PTIME queries. Itturns out, although we do not outline the argument here, that these are exactcharacterizations of these fragments, see [24, 25]. By increasing the order offunctionality one can express all ELEMENTARY queries and no other queriesare expressible.3.1 Embedding Relational Algebra in TLI=0In [23], we showed how to express relational algebra (i.e., the operations of Select,Project, Di�erence, Union, Intersection, Times) using list iteration. Due to adi�erent input/output format, our encodings involved �-terms of order 5. Withstraightforward modi�cations, these terms work under the present input/outputconventions and the order drops down to 3.Here, we give the Cartesian product (Times) and Intersection operators asexamples and refer the reader to [23] for the other operators.Times: otk ! otl ! otk+l ��R: otk: �S: otl :�c: o! � � � ! o! t! t : �n: t :R (�x1: o : : :�xk: o: �T : t :S (�y1: o : : :�yl: o: �U : t :c x1 : : :xk y1 : : : yl U )T )nIntersection: otk ! otk ! otk ��R: otk: �S: otk:�c: o! � � � ! o! t! t : �n: t :R (�x1: o : : :�xk: o: �T : t :(Member x1 : : :xk S) (c x1 : : :xk T )T )nwhereMember: kz }| {o! � � � ! o! otk ! Bool ��x1: o : : :�xk: o: �R: otk:�u: t : �v: t :R (�y1: o : : :�yk: o: �T : t :Eq x1 y1 (Eq x2 y2 : : : (Eq xk yk uT )T ) : : :T ) v



Using list iteration one can program every relational algebra operator in asimilar well-typed fashion.These relational operator �-terms when applied to one (resp., two) relationscoded in the format described in the previous section reduce to a normal formwhich is the encoding of the desired output relation. Moreover, when the termsare reduced according to a fairly simple reduction strategy, the length of thereduction sequence and the size of intermediate terms are polynomial in the sizeof the inputs. In fact, the length of the reduction sequence typically matches therunning time of a naive implementation of the operator in question. From [23],we have the following theorem.Theorem4. Let �(R1; : : : ; Rl) be a relational algebra expression over relationalschema S = (R1; : : : ; Rl). Then there exists a term  of Core-ML (TLI=0 ) suchthat for every instance (r1; : : : ; rl) of S, the expression ( r1 : : : rl) reduces to�(r1; : : : ; rl), where r denotes the encoding of relation r. The normal form of( r1 : : : rl) can be computed in time and reductions polynomial in r1; : : : ; rl.TLI=0 is not powerful enough to go beyond the relational algebra and compute�xpoints of relational queries. This is because the language only allows the iter-ation of mappings from order-zero objects to order-zero objects. It is necessaryto go to TLI=1 so as to iterate mappings from relations to relations.3.2 Embedding PTIME/Fixpoint Queries in TLI=1That TLI=1 is su�cient to express the Fixpoint queries (and by [27, 47] thePTIME queries) follows from the encodings given in [23], plus the fact thatover a known domain, relations can be represented by order-one objects, namelycharacteristic functions.The characteristic function fr of a k-ary relation r is a TLC= term of typeo! � � � ! o! Bool, such that for any k constants oi1 ; : : : ; oik,(fr oi1 : : : oiku v)) �u if (oi1 ; : : : ; oik) 2 r,v if (oi1 ; : : : ; oik) =2 r.Since the domain of a query can be computed from the input relations (by form-ing the union of all columns), it is possible to write �-terms FuncToList andListToFunc that translate between the iterator and characteristic function rep-resentation of a relation. Using these operators, a �xpoint query can be expressedin TLI=1 essentially as follows:� � �R1 : : :�Rl:FuncToList(Crank(�x: �f :ListToFunc (Q (FuncToList f)))(ListToFunc Nil)) ;



where Q = �R:Q0 is the encoding of the �rst-order query to be iterated (withR1; : : : ; Rl occurring free in Q), Nil = �c: �n: n denotes the empty list, andCrank is a su�ciently large cross product of the input relations, serving as a\crank" to iterate Q a polynomial number of times.As explained in [23], additional care is necessary to make � typable usingmonomorphic types. This is because the inputs R1; : : : ; Rl are used to iterateboth over order-one objects (in Crank) and over order-zero objects (in Q). Withmonomorphic types, this is normally impossible. However, [23] shows how to getaround this problem by introducing a \type-laundering" operator that essentiallyturns iterations over order-zero objects into iterations over order-one objects. Byusing this operator inside Q, the term � becomes typable in the monomorphictype system.A much simpler way around this problem is the use of let-polymorphism:By rewriting � aslet R1 = r1 in : : : let Rl = rl inFuncToList(Crank(�x: �f:ListToFunc (Q (FuncToList f)))(ListToFunc Nil)) ;where r1; : : : ; rl are the encodings of the input relations, the variables R1; : : : ; Rlare declared to be polymorphic, so it does not matter that their occurrences inCrank and Q require di�erent types.Theorem5. Let �(R1; : : : ; Rl) be a �xpoint query over relational schema S =(R1; : : : ; Rl). Then there exists a term  of Core-ML (TLI=1 ) such that for ev-ery instance (r1; : : : ; rl) of S, the expression ( r1 : : : rl) reduces to �(r1; : : : ; rl),where r denotes the encoding of relation r. The normal form of ( r1 : : : rl) canbe computed in time and reductions polynomial in the size of r1; : : : ; rl.3.3 Elementary Functions = Core-MLIn [17], a bound is given that any �-term of size s and order d has a normalform of size at most e(s; d) where e(a; 0) = a, e(a; b + 1) = 2e(a;b). The ELE-MENTARY functions are those contained in union over d of DTIME[e(n; d)]. Itfollows that Core-ML can only express such functions. This is no real limita-tion, since all practical functions are ELEMENTARY and, as shown in [23], allELEMENTARY functions are expressible. This was shown using an alternativecharacterization of the Abiteboul-Beeri (AB) complex object algebra, [1].Theorem6. Let �(R1; : : : ; Rl) be an AB complex object algebra expression overthe relational schema S = (R1; : : : ; Rl). Then there exists a term  of Core-ML(TLC=) such that for every instance (r1; : : : ; rl) of S, the expression ( r1 : : : rl)reduces to �(r1; : : : ; rl), where r denotes the encoding of relation r. If the Pow-erset operator is not used in �, the normal form of ( r1 : : : rl) can be computedin time and reductions polynomial in the size of r1; : : : ; rl.



4 Core-ML Type Reconstruction4.1 Polymorphism vs MonomorphismThe syntax of polymorphic types is given by the grammarT0 : : = t j T0 ! T0T : : = T0 j 8t: Twhere t ranges over a set of type variables. A type is just a monotype (as de�ned inSection 2), with possibly some quanti�cation over type variables at the outermostlevel. We refer to � 2 T0 as monotypes, and � 2 T as polytypes (sometimes alsocalled type schemes).We interpret polytypes as sets of monotypes, using the interpretation: h�i =f�g where � is a monotype, and h8t: �i = S�2T0 h[�=t]�i, where [�=t]� denotesthe substitution of � for free occurrences of t in �. The interpretation of polytypesas sets of monotypes allows the de�nition of a partial order v on T : we write�1 v �2 i� h�2i � h�1i. It is easy to see, for instance, that 8t: � v [�=t]� forany polytype � and monotype � . Note the minimal element of T is 8t: t, sinceh8t: ti = T0.Expressions are associated with types using a �xed set of inference rules.We describe the standard standard inference system given by Damas and Milner[14] which we call the polytype system, as distinguished from the earlier-describedmonotype system. We want to identify exactly in what sense the implied restric-tiveness of the monotype system is a constraint on expressiveness.Core ML inference rules for the polytype system(varP ) � [ fx:�g > x:�(genP ) � > E:�(t) [t 62 FV(� )]� > E: 8t: �(t)(instP ) � > E: 8t: �(t)� > E: [�=t]�(absP ) � [ fx: �0g > E: �1� > �x:E: �0 ! �1(appP ) � > M : �0 ! �1 � > N : �0� > MN : �1(letP ) � > E:� � [ fx:�g > B: �� > let x = E in B: �We refer to the monotype system, as de�ned in Section 2, as only having rules(varM), (absM ), (appM ), or (letM ), each identical to their polytype counterpartabove, except that the environments � contain monotypes only.Write� `P � >



E: � to indicate that� is a derivation in the polytype system, and� `M � >E: �similarly for the monotype system. When � is omitted, it is merely the existenceof a derivation that is asserted.The polytype system has the well known principal type property: for each MLexpression E, there is a context � and type � where `P � > E:�, and for anytype � , `P � >E: � implies � v � .We now clarify in what sense the polytype and monotype systems are equiv-alent, by relating the polymorphic and monomorphic interpretation of let:Theorem7. (Equivalence Theorem) Let � = fw1:�1; w2:�2; : : : ; wm:�mg beany context of monotype bindings, and � 0 = fy1: �1; y2: �2; : : : ; yn: �ng be anycontext of polytype bindings. Let F = fF1; F2 : : : ; Fng be a set of ML expressionswhere �j is the principal type of Fj; speci�cally, we insist that for 1 � j � n,`P � [ fy1: �1; y2: �2; : : : ; yj�1: �j�1g > Fj: �j`M � > [F1=y1][F2=y2] � � � [Fj�1=yj�1]Fj: �jwhere �j is �j with all quanti�ers removed. Let E be any term and � be anymonotype; then`P � [ � 0 >E: � if and only if `M � > [F1=y1][F2=y2] � � � [Fn=yn]E: �Proof. Note that in the case of a closed term E with empty contexts, we have`P ; > E: � i� `M ; > E: � , as in [29]. However, inspired by the example ofTait's strong normalization theorem for the �rst order typed �-calculus [46], wefacilitate the proof by strengthening the induction hypothesis of what is to be asyntax directed induction on E.We �rst introduce a standard structural lemma allowing us to \normalize"derivations in the polytype system for use in a syntax-directed proof. See, forexample, [38] for the proof.Lemma8. Let � `P � > E:8: � where � is a context, � is a monotype, and8 denotes a (possibly empty) list of quanti�ed variables. Then if E is not avariable, there exists a proof �0 `P � > E: � where the last rule used in � 0 iseither (varP ), (absP ), (appP ), or (letP ).Given the lemma and the stated assumptions on �; � 0, and F , we prove theTheorem via structural induction on E, proceeding by case analysis. We assumeby renaming that no variable is bound or quanti�ed more than once.Case E � wi Then necessarily � � �i and `P � [ � 0 > wi:�i; since we knowthat [F1=y1][F2=y2] � � � [Fn=yn]wi � wi, the result is immediate.Case E � yj In the forward direction, assume `P � [ � 0 > yj : � . Since `P � [� 0 > yj : �j is a principal typing, we know �j v � ; since � 2 T0, we knowthere exists a substitution � such that ��j = � . But since[F1=y1][F2=y2] � � � [Fn=yn]yj � [F1=y1][F2=y2] � � � [Fj�1=yj�1]Fj;



and � `M � > [F1=y1][F2=y2] � � � [Fj�1=yj�1]Fj: �jwe know `M � > [F1=y1][F2=y2] � � � [Fj�1=yj�1]Fj: �by applying � to all types appearing in the proof �. In the reverse direction,suppose `M � > [F1=y1][F2=y2] � � � [Fj�1=yj�1]Fj: � ; then by principality weknow ��j = � . Given `P � [ � 0 > yj : �j, we derive `P � [ � 0 > yj : � byinstantiating the 8-bound variables of �j according to �.Case E � GH Straightforward.Case E � �x:G To prove \only if," if `P � [ � 0 > �x:G: � 0 ! � 00 where � �� 0 ! � 00, then by Lemma 8 we know `P � [ fx: � 0g [ � 0 > G: � 00. Byinduction on G (with a larger monotype context, since the binding for x isadded), we have `M � [ fx: � 0g > [F1=y1][F2=y2] � � � [Fn=yn]G: � 00, and by(absM), `M � > [F1=y1][F2=y2] � � � [Fn=yn]�x:G: � 0 ! � 00. All implicationsare reversible.Case E � let y = G in H If `P �[� 0 >let y = G in H: � , then by Lemma8 and (letP ), `P � [� 0 >G:� for (principal) polytype �, and `P � [� 0[fy:�g >H: � . By (instP ), `P � [ � 0 >G:�, so by induction on G we havea proof � `M � > [F1=y1][F2=y2] � � � [Fn=yn]G:�:Hence by induction onH with polytype context fy1: �1; y2: �2; : : : ; yn: �n; y:�gand associated code fF1; F2; : : : ; Fn; Gg, we have`M � > [F1=y1][F2=y2] � � � [Fn=yn][G=y]H: �;which we rewrite as`M � > [[F1=y1][F2=y2] � � � [Fn=yn]G=y][F1=y1][F2=y2] � � � [Fn=yn]H: �:Using proof � above and (letM ), we then have a proof of`M � >let y = [F1=y1][F2=y2] � � � [Fn=yn]G in [F1=y1][F2=y2] � � � [Fn=yn]H: �;which is syntactically identical to`M � > [F1=y1][F2=y2] � � � [Fn=yn]let y = G in H: �:Once again, the argument is reversible.This concludes the proof of the equivalence theorem.Corollary9. Let E be a closed term and � be a monotype. Then `P ; > E: �if and only if `M ; >E: � .



4.2 Core-ML Type Reconstruction is EXPTIME-completeWhile the proof of this claim is somewhat detailed, it can easily be summarizedin a short paragraph. Dwork, Kanellakis, and Mitchell proved that �rst-orderuni�cation was complete for PTIME, by showing how uni�cation on �rst-orderterms could simulate circuits [15]; the proof followed by reduction from the Cir-cuit Value Problem [34]. Type inference for ML programs without let (equiva-lently, simply-typed lambda calculus) is easily reduced to �rst-order uni�cation,where a program is transformed to a uni�cation problem of size linear in the sizeof the original program [48] and vice versa. As a consequence, type inference forthe simply-typed case is complete for PTIME. By adding the polymorphic letand iterating its use, it is possible to write a program that generates a uni�cationproblem of exponential size. Bootstrapping the ideas of [15], one may then sim-ulate an exponential-size circuit and use standard complexity theory techniques[41].For realism, we use genuine Standard ML scripts (with compiler-generatedtype information) to outline the proof, which can in fact be fully automated. TheStandard ML syntax fn x=> e is the equivalent of the �-calculus �x: e, and thelet statement is delimited, e.g., let x=e in b end. Each line beginning withval (value) or fun (function) is meant to be a nested let, where let val x=e means let x=e in ...; the syntax let fun F x y z= e is syntactic sugarfor let val F= fn x=> fn y=> fn z=> e. To avoid con
ict with ML reservedwords, examples using ML capitalize the names of declared functions.Uni�cation is PTIME-complete We �rst show how the theorem of [15] couldhave been proved by writing an ML program using the half-century old, clas-sic �-calculus encodings of the logical operations. Here are Church's standardde�nitions of the Boolean constants and functions, coded in ML.The Standard ML compiler responds with typings of the expressions enteredby the user. The variables 'a, 'b, : : : refer to outermost quanti�ed type variables,so (for example) the type 'a -> 'b -> 'a of True is 8a: 8b: a! b! a.- fun True x y= x;val True = fn : 'a -> 'b -> 'a- fun False x y= y;val False = fn : 'a -> 'b -> 'b- fun And p q= p q False;val And = fn : ('a -> ('b -> 'c -> 'c) -> 'd) -> 'a -> 'd- fun Or p q= p True q;val Or = fn : (('a -> 'b -> 'a) -> 'c -> 'd) -> 'c -> 'd- fun Not p= p False True;val Not = fn : (('a -> 'b -> 'b) -> ('c -> 'd -> 'c) -> 'e) -> 'eWhen these Boolean functions are used, notice that they output functions asvalues; moreover, the principal types of these functions identify them uniquelyas True or False:



- Or False True;val True = fn : 'a -> 'b -> 'a- And True False;val False = fn : 'a -> 'b -> 'b- Not True;val False = fn : 'a -> 'b -> 'bWhile the compiler does not necessarily reduce the above expressions to normalform, hence computing an \answer," its type inference mechanism implicitlycarries out that reduction to normal form, expressed in the language of �rst-order uni�cation. We now introduce pairing and fanout:- fun Pair x y= fn z=> z x y;val Pair = fn : 'a -> 'b -> ('a -> 'b -> 'c) -> 'c- fun Fanout p= p (Pair True True) (Pair False False);val Fanout = fn : (((('a -> 'b -> 'a) -> ('c -> 'd -> 'c) -> 'e) -> 'e)-> ((('f -> 'g -> 'g) -> ('h -> 'i -> 'i) -> 'j) -> 'j) -> 'k) -> 'kThe importance of Fanout, as in [29], is that it produces two copies of a logicvalue which do not share type variables.- Fanout True;val it = fn : (('a -> 'b -> 'a) -> ('c -> 'd -> 'c) -> 'e) -> 'e- Fanout False;val it = fn : (('a -> 'b -> 'b) -> ('c -> 'd -> 'd) -> 'e) -> 'eWe code circuits so that every Boolean value is used exactly once.A Boolean circuit can be coded as a �-term by labelling its (wire) edges andtraversing them bottom-up, inserting logic gates and fanout gates appropriately.We consider the circuit example from ([15], p. 43), and realized by the straight-line pseudocode. (Here, lambdas mark inputs, and semicolons mark sequentialcomputations; the line he9; e10i = fanout (and e7 e8) should be read as \computeand e7 e8 and fan out two copies (wires) with the result, labelled e9 and e10."The output of the circuit is or e11 e12.)�e1: �e2: �e3: �e4: �e5: �e6:e7 = and e2 e3;e8 = and e4 e5;he9; e10i = fanout (and e7 e8);e11 = or e1 e9;e12 = or e10 e6;or e11 e12Removing the syntactic sugar, this code \compiles" to the slightly less compre-hensible- fun Circuit e1 e2 e3 e4 e5 e6=(fn e7=>(fn e8=>



(Fanout (And e7 e8))(fn e9=> fn e10=>(fn e11=>(fn e12=> Or e11 e12)(Or e10 e6))(Or e1 e9)))(And e4 e5))(And e2 e3);val Circuit = fn : (('a -> 'b -> 'a) -> 'c -> ('d -> 'e -> 'd) -> 'f-> 'g) -> ('h -> ('i -> 'j -> 'j) -> 'k -> ('l -> 'm -> 'm) -> ((('n-> 'o -> 'n) -> ('p -> 'q -> 'p) -> 'r) -> 'r) -> ((('s -> 't -> 't)-> ('u -> 'v -> 'v) -> 'w) -> 'w) -> ('c -> (('x -> 'y -> 'x) -> 'z ->'f) -> 'g) -> 'ba) -> 'h -> ('bb -> ('bc -> 'bd -> 'bd) -> 'k) -> 'bb-> 'z -> 'baThe type of Circuit is the equivalent of the construction in [15] of the circuitas a �rst-order term. We can compute circuit values by instantiating the inputsappropriately, for instance:- Circuit False True True True True False;val it = fn : 'a -> 'b -> 'aObserve that this evaluation produces both the correct type, and the correctvalue: there is of course only one closed �-term in normal form with the giventype, namely true � �x: �y: x. The computation of the value is performed bythe interpreter, while that of the type is performed by the compiler, yet both areessentially the same. In essence, we have forced the compiler|more speci�cally,the type inference mechanism|into doing computation typically carried out bythe interpreter. It should be clear that any Boolean circuit can be transformedinto such a �-term.In mundane programming language terminology, the complexity theoreticreduction is merely a compiler. The size of the �-term is clearly linear in the sizeof the circuit, and the transformation described can be e�ected in polynomialtime. Observe that polynomial space is required by this translation scheme, sinceoutput wire names (for example, e7) are output by the transducer while theirvalues (for example, And e2 e3) are pushed on a stack for subsequent output.The size of the stack can clearly be linear in the size of the ML program outputby the transducer.We can in fact carry out this sort of reduction in logarithmic space, curiously,by coding computation in a continuation-passing style. (A hint towards carryingout such a reduction is given by the use of the Fanout gate in the above example.)Code a continuation-passing version of binary logical functions, to be used inimplementing real straight-line code:- fun CP-style fnc p q k= k (fnc p q);val CP-style = fn : ('a -> 'b -> 'c) -> 'a -> 'b -> ('c -> 'd) -> 'd- fun Circuit e1 e2 e3 e4 e5 e6=(CP-style And) e2 e3 (fn e7=>



(CP-style And) e4 e5 (fn e8=>(CP-style And) e7 e8 (fn f=>Fanout f (fn e9=> fn e10=>(CP-style Or) e1 e9 (fn e11=>(CP-style Or) e10 e6 (fn e12=>Or e11 e12))))));val Circuit = fn : < ... type omitted ... >A trivial analysis shows this translation scheme to be a logarithmic space reduc-tion, since the transducer need only count right parentheses to be output at theend of the expression, instead of storing expressions on a stack. In this analysis,we have also assumed that the wire names have length logarithmic in the size ofthe circuit.Let-polymorphism, function composition, exponential bounds Now wemake an obvious observation: the transition function of a Turing machine is justa Boolean circuit. As such, we should be able to de�ne a let-free ML function(i.e., simply-typed �-term) delta realizing the function.5 The salient propertyof delta is: if ID and ID' are ML terms coding successive Turing machine IDs,then delta ID reduces to ID', and delta ID and ID' have the same ML type.In other words, merely typing delta ID requires computing the type encodingthe next ID of M . Because ML codings of di�erent IDs receive di�erent types(just as the di�erent Boolean values True and False have di�erent types), thisproperty assures us that uni�cation and type inference, just as in the simpleBoolean calculations above, unambiguously simulate computation via reductionof expressions.Given such a realization of the transition function of a Turing machine byan ML term delta, we use the polymorphic let to succinctly (i.e., in termsof program length) iterate applications of delta. We �rst de�ne polymorphicfunction composition:- fun compose f g= fn x=> f (g x);val compose = fn : ('a -> 'b) -> ('c -> 'a) -> 'c -> 'bSince the whole idea of this proof technique is that uni�cation can be used tosimulate computation, compose can be used to chain together computations (atthe level of types): the output of g is forced to unify with the input of f. Composeis used to iterate delta:- val �k =let val �0 = delta inlet val �1= compose �0 �0 inlet val �2= compose �1 �1 in: : : let val �k�1= compose �k�2 �k�2 incompose �k�1 �k�1 end end ... end5 We omit the technical details of coding; the interested reader should consult [29, 22].



The function �k applies delta 2k times to its argument, and moreover has ade�nition of length O(k). Notice that compose is used to compose a function �with itself, even though the types of the domain and range of � are di�erent.Polymorphism is the key: by appealing to the monomorphic let rule (letM ) andTheorem 7, each copy of � has distinct type variables, and uni�cation forces thedomain of one � to unify with the range of the other �. (By contrast, a monomor-phic function of type, say, int -> bool cannot be composed with itself.) Thisidea is clari�ed by considering the composition of Not with itself, instead of themore complex delta:- val Not2= compose Not Not;val Not2 = fn : (('a -> 'b -> 'b) -> ('c -> 'd -> 'c) ->('e -> 'f -> 'f) -> ('g -> 'h -> 'g) -> 'i) -> 'i- Not2 True;val it = fn : 'a -> 'b -> 'aTheorem10. Recognizing the typable Core ML expressions is DTIME[2nt]-hardfor any integer t � 1 under logspace reduction.Proof. Using coding techniques described above (see [22, 29] for more details),we code in ML a transition function delta of an arbitrary Turing machine M ,an arbitrary initial con�guration initial-ID for M , and a function accept?where accept? ID has the type of True if ID codes an accepting ID of M , andhas the type of False otherwise. Now we de�ne a \testing" function Test:- fun Test p z w= p z w w;val Test = fn : ('a -> 'b -> 'b -> 'c) -> 'a -> 'b -> 'c- Test True;val it = fn : ('a -> 'b) -> 'a -> 'b- Test False;Error: operator and operand don't agree (circularity)operator domain: 'Z -> 'Y -> 'Y -> 'Xoperand: 'Z -> 'Y -> 'Yin expression:Test FalseIt is straightforward to show that Test (accept? (�k initial-ID)) is ty-pable i� M accepts the initial con�guration in 2k steps, since in the case of ac-ceptance, accept? (�k initial-ID) has the same type as True, and otherwisehas the same type as False. If n is the length of the initial tape con�guration,letting k = nt for any �xed integer t � 1 proves the theorem.5 PTIME Expressibility/ReconstructionFragments of Core-ML, based on the order of functionalities used, can be fairlyexpressive. In this section we argue that �xed order (� 5) su�ces for the PTIMEqueries, even without let or equality. Also, for each �xed order, type reconstruc-tion is polynomial in program size.



Since programmingby using low order functionalities and type reconstructionis common in functional languages, the arguments presented here partly explainthe wide use and e�ciency of such programming practices.5.1 Eliminating let and Equality: PTIME in TLI2Once list iteration over order 2 objects is allowed, it becomes possible to expressPTIME queries in the \pure" calculus, i.e., without Eq and constants. This isdone by coding the constants as projection functions (of order 1) and writinga �-term Eq (of order 2) that tests two projection functions for equality. Moreprecisely, if the database universe is the set O = fo1; : : : ; oNg, then the i-th atomis encoded as the projection function�Ni � �x1 : : :�xN : xiand equality is encoded as�p: �q: �u: �v: p (q u N�1z }| {v : : : v) (q v u N�2z }| {v : : : v) : : : (q N�1z }| {v : : : v u)which, when applied to two projection functions �Ni and �Nj , reduces to �uv: uif i = j and to �uv: v otherwise.Relations are encoded as iterators in the usual way, except that explicitconstants are replaced by the corresponding projection functions. Note that thearity of the projection functions changes with the size of the database universe,so the encoding of a relation r depends not only on r itself, but also on thedatabase that r appears in. The same goes for the equality predicate: di�erentdatabases may need di�erent encodings of Eq. Hence, in this setting Eq has to bepart of the input. We call the resulting language (with the modi�ed input-outputconventions) TLI2.The encoding of �xpoint queries described in Section 3.2 works unchanged inthis new setting, except that the symbol Eq has to be �-bound at the outermostlevel. The order of the query terms increases by 1, because the characteristicfunction of a relation now becomes an order 2 object (mapping k projectionfunctions to a Boolean). It follows thatTheorem11. Every PTIME query is expressible in TLI2.5.2 Fixed Order Functionality and PTIME Type ReconstructionAs shown in Section 3.2, ML polymorphism can provide some 
exibility in pro-gramming �xpoints. This was just an example of the fair amount of 
exibilityprovided by the let construct (which is a very common programming feature).The let construct is used in the various MLI's of [24] to receive the inputs,but also can be used in the body of the program. The occurrences of let in theprogram body can be eliminated by reduction at the expense of program bodylength [29].



A problem with use of let in the program body is that type inference maybecome ine�cient. We show, however, that the �xed order restriction can beused to eliminate this ine�ciency.Theorem12. For each �xed k, type inference in order k Core-ML= is polyno-mial in the program size.The proof has two parts. The �rst part involves the rules (varM ), (absM ),and (appM ). In general, to achieve PTIME type inference in TLC one mustuse directed acyclic graph representations of types. For �xed order, we showthat tree representations of unbounded fan-out and �xed depth su�ce. Thesecond part involves the rule (letM ). Using the tree representations of the �rstpart it is possible to produce a polynomial bound on the fan-out of the treerepresentations.6 Conclusions and Open ProblemsWe have surveyed the state-of-the-art of expressibility analysis for Core-ML(TLC and TLC=) as well as of the problem of type reconstruction in the MLtype discipline.Much is now known about expressibility, but some interesting problems re-main open. (a) Determine the exact expressive power of the various fragmentsof Core-ML. Analogous results exist for higher orders in other languages, see[31, 26, 33]. Some progress on this is reported in [25], involving functional char-acterizations of other complexity classes, in particular PSPACE and EXPTIME.(2) Study optimal reduction strategies [36] in the TLC. (3) Study languages thatcombine list iterators and set iterators ala [6, 8, 7, 28].One consequence of the limitations of computing on Church numerals wasa focus on the expressive power of typed calculi with more primitives andmore complex type disciplines. Examples are the Girard-Reynolds second-ordertyped �-calculus or System F [18, 42] (adding type polymorphism via typequanti�cation) or Milner's ML [40] (adding monomorphic �xpoints and let-polymorphism). However, the expressibility analysis here indicates that the casefor more powerful programming languages should be made on the basis of 
ex-ibility and not expressibility (since all PTIME queries can be representable inTLC). One should perhaps re-examine what algorithms cannot be described inthe typed �-calculus, but can be described in ML or in the second order typed�-calculus.The type reconstruction results fully characterize the problem for ML. How-ever, the proof techniques could be useful for studying more complex type disci-plines. For example, they generalize easily to derive lower bounds on recognizingtypable terms for System F , the second-order polymorphic �-calculus, and var-ious higher-order extensions, particularly F!.



In Conclusion: It is worth commenting on the orthogonality of coding methodsused in deriving expressibility and type reconstruction bounds, respectively. Theexpressibility results depend critically on homogeneous lists, where one iteratesover lists of terms with identical type. The generic simulation results of theexpressibility theorems require that the tape symbols have identical type, inorder to make the classic iterative machinery go through. By contrast, the typereconstruction bounds depend on complex data structures, including lists, overheterogeneous atomic elements. For example, a Turing machine tape in the typereconstruction proof is coded as iterated pairs of coded tape symbols, where thetype of the coded tape re
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