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AbstractChurch's simply typed �-calculus is a very basic framework for functional programminglanguage research. However, it is common to augment this framework with additionalprogramming constructs, because its expressive power for functions over the domain ofChurch numerals is very limited. In this thesis: (1) We re-examine the expressive power ofthe \pure" simply typed �-calculus, but over encodings of �nite relational structures, i. e.,�nite models or databases . In this novel framework the simply typed �-calculus expressesall elementary functions from �nite models to �nite models. In addition, many commondatabase query languages, e. g., relational algebra, Datalog:, and the Abiteboul/Beericomplex object algebra, can be embedded into it. The embeddings are feasible in thesense that the �-terms corresponding to PTIME queries can be evaluated in polynomialtime. (2) We examine �xed-order fragments of the simply typed �-calculus to determinemachine independent characterizations of complexity classes. For this we augment thecalculus with atomic constants and equality among atomic constants. We show that overordered structures, the order 3, 4, 5, and 6 fragments express exactly the �rst-order, PTIME,PSPACE, and EXPTIME queries, respectively, and we conjecture that for general k � 1,order 2 k+ 4 expresses exactly the k-EXPTIME queries and order 2 k+5 expresses exactlythe k-EXPSPACE queries. (3) We also re-examine other functional characterizations ofPTIME and we show thatmethod schemas with ordered objects express exactly PTIME. Thisis a �rst-order framework proposed for object-oriented databases|as opposed to the abovehigher-order frameworks. In summary, this research provides a link between �nite modeltheory (and thus computational complexity), database theory, and programming languagetheory. It sheds new light on the expressive power of the simply typed �-calculus. Ittransforms classical complexity questions into questions of expressibility. Finally, it providesnew examples of pure functional database query languages.iv
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Chapter 1IntroductionMotivation and background: Church's simply typed �-calculus [15] (typed �-calculusfor short) is generally considered the \pure" backbone of today's functional programminglanguages. It is generally felt, however, that it has too little expressive power by itself, andthat some sort of polymorphic extension such as the Girard-Reynolds second-order lambdacalculus [20, 42] or Milner's ML [40, 41] is necessary to obtain a practically usable language.The perceived de�ciency of the typed �-calculus stems from various expressibility re-sults for computations over Church numerals. For example, by assuming the inputs andoutputs to be Church numerals of type Int, where Int � (� ! �) ! � ! � for some�xed type � , Schwichtenberg [43] showed that the representable multi-argument functionsof type (Int; : : :; Int)! Int (or equivalently, Int ! � � � ! Int ! Int) are exactly the extendedpolynomials, i. e., the functions generated by 0 and 1 using the operations addition, multi-plication and conditional. If one allows the type � to be di�erent in each occurrence of Int,then functions like exponentiation or predecessor also become expressible [19]. However,[19] proceeds to show (using a result of Statman) that even under these relaxed conditions,subtraction cannot be expressed.On the other hand, it is known that provably hard decision problems can be embeddedinto the typed �-calculus. For example, Statman [45] shows that deciding whether twotyped terms have the same normal form is at least as hard as deciding the truth of aformula in higher-order type theory, a decision problem known to be non-elementary [39].Mairson's instructive re-proof of Statman's and Meyer's results (in [37]) actually shows howto simulate any elementary-time Turing machine computation using typed �-terms.Thus, it appears that the typed �-calculus can express quite powerful computations,but that the domain of Church numerals is somehow too restrictive to bring this expressive1



CHAPTER 1. INTRODUCTION 2power to bear. This situation is very di�erent from the untyped �-calculus, which is Turing-complete independent of the particular representation of inputs and outputs chosen.One way of avoiding the anomalies associated with representations over Church nu-merals was recently demonstrated by Leivant and Marion [35]. By augmenting the typedlambda calculus with a polymorphic pairing operator and a \bottom tier" consisting of thefree algebra of words over f0;1g with associated constructor, destructor, and discriminatorfunctions, they obtain a calculus in which exactly the PTIME computations are express-ible. However, this calculus makes essential use of the added \impure" features to boost itsexpressive power.In this thesis we propose a di�erent avenue. We re-examine the question of representingfunctions in the \pure" typed �-calculus, but over �nite �rst-order relational structures(databases for short) instead of over Church numerals. We represent these structures ina straightforward way, using standard representations of lists and tuples in the typed �-calculus. For simplicity of presentation, we also equip the typed �-calculus with an equalityover the elements of the domain of the input relational structure. This is not essential formost of our results, though. We show in Section 2.5 how these \impure" features can besimulated in the \pure" calculus.Our change of data representation, i. e., the framework of �nite model theory insteadof arithmetic on Church numerals, has some interesting consequences, because it takes usinto the realm of database query languages .Database query languages originated from Codd's work on relational databases [16] andhave been primarily studied in the context of �nite model theory, e. g., [12, 13, 14, 18, 27,46, 48]. Relational calculus/algebra [16], Datalog: [33] and various �xpoint logics [5, 13, 14]express practically interesting sets of database queries. In addition, as shown in [27, 48],every PTIME query can be expressed using Datalog: on ordered structures; and, as shownin [5], it su�ces to use Datalog: syntax under a variety of semantics (e. g., in
ationary)to express the various �xpoint logics. Complex object databases have been proposed as asigni�cant extension of relational databases, with many practical applications; see [3] fora recent survey. Well-known languages in this area are the complex object calculus/algebrawith or without powerset of [1].We show in this thesis that all these database query languages can be \naturally embed-ded" into the typed �-calculus with equality, and that various complexity classes of queriescan be characterized by syntactic properties of their corresponding �-terms. In this context,\natural embedding" means the following: (1) relations are encoded as lists of tuples, (2) aquery is a �-term which when applied to the encoding of the input relations normalizes to



CHAPTER 1. INTRODUCTION 3the encoding of the output relation, (3) if a query is computable in polynomial time, thenthe normal form of the corresponding �-term can also be computed in polynomial timeusing a suitable, query-dependent reduction strategy.Note that our third requirement for natural embeddings is important if one wishes toconsider the typed �-calculus as a reasonable functional database query language. Operatorssuch as Powerset in [1] or the second order queries in [13, 18, 46] are powerful, but leadto computational overkill for lower complexity classes, because even low-order polynomialqueries such as transitive closure are forced to consume exponential time. The point wemake here is that|even though Powerset is also expressible in our framework|simple,practical queries can be expressed e�ciently in this pure functional form, which thereforebecomes the canonical functional database language.The typed �-calculus, with its syntax, semantics and reduction strategies, should beviewed as a framework for database query languages which is between the declarative calculiand the procedural algebras. After all it is called a calculus, but reductions are procedural.Similar frameworks underlie some practical work in database query languages, e. g., theearly FQL language of [11] and the more recent work on structural recursion as a querylanguage [9, 10]. An important di�erence from [9, 10] is that here we use the pure typed�-calculus and we use no type polymorphism.The second contribution of this thesis is a study of the expressive power of �xed-orderfragments of the typed �-calculus. It has long been known that there is some hyper-exponential connection between the order of �-terms and their expressive power, measuredeither as the ability to generate long reduction sequences [44], long normal forms [19], orsimulate generic Turing machine computations [37]. We show that, unlike the somewhatconfusing picture for functions over Church numerals, this connection can be made veryprecise for computations over �nite structures: there is a natural correspondence between�xed-order classes of �-terms and a hierarchy of query complexity classes ranging from�rst-order over PTIME, PSPACE, and EXPTIME all the way to elementary time andspace. Thus, we obtain new machine-independent characterizations of well-known complex-ity classes and gain at the same time a better understanding of the expressive power of�-terms of bounded order. Our proofs here use the constraints on order and input/outputbehavior of �-terms representing queries over �nite structures to obtain a precise structuralanalysis of such terms, which facilitates the derivation of upper bounds on the complexityof their evaluation. The reduction strategies we employ here use the order of redexes todecide whether to evaluate them in applicative or normal order.The �nal topic of this thesis is a functional query language framework for object-oriented



CHAPTER 1. INTRODUCTION 4databases (OODBs): method schemas . Method schemas [4] are intended to model the ob-ject/class/method paradigm of object-oriented programming in the same way that applica-tive program schemas [17, 21] model traditional programming languages. Method schemasuse a simple �rst-order calculus augmented with key object-oriented features: classes withmethods and inheritance, a syntax involving method name overloading , and a semanticsinvolving late binding . In this framework, the higher-order features of the �-calculus arereplaced by named methods, recursion, and late binding. We analyze the expressive powerof method schemas over ordered inputs and we show that they express exactly the PTIMEqueries.Contributions: The main results in this thesis are: (1) relational algebra, Datalog: andthe Abiteboul/Beeri complex object algebra can be \naturally embedded" into the typed�-calculus (with or without equality). (2) Over a suitable representation convention for�nite structures, typed terms of order 3 express exactly the �rst-order queries, typed termsof order 4 express exactly the PTIME queries, typed terms of order 5 express exactly thePSPACE queries and typed terms of order 6 express exactly the EXPTIME queries. Weconjecture that for general k � 1, typed terms of order 2 k + 4 and 2 k+ 5 express exactlythe k-EXPTIME and k-EXPSPACE queries, respectively. (Here, k-EXPTIME stands fortime complexity 22::2nO(1) , where there is a tower of k 2's, and k-EXPSPACE is de�nedanalogously.) (3) PTIME can also be characterized as the set of queries expressible usingmethod schemas over ordered databases.(1) is joint work with Paris Kanellakis and Harry Mairson; it appeared in [24]. Partof (2) is joint work with Paris Kanellakis; it will appear in [26]. (3) is joint work with ParisKanellakis and Sridhar Ramaswamy; it appeared in [25].Overview of this thesis: We begin in Chapter 2 with a description of the main conceptsused in this thesis. First, we brie
y review the typed �-calculus with equality in Section 2.1and its polymorphic variant, core-ML, in Section 2.2. Then, in Section 2.3, we introduce listiteration, one of the basic concepts of our framework. List iteration|primitive recursion onlists|was used originally in [37] to re-prove the results of Statman and Meyer mentionedabove. It replaces unbounded recursion in the typed �-calculus, where the type system doesnot allow a �xed point combinator. We use lists to represent databases as �-terms; this isdetailed in Section 2.4. Finally, we show in Section 2.5 how equality and constants can besimulated in the \pure" typed �-calculus.We then proceed with the embedding of the various database query languages, devoting



CHAPTER 1. INTRODUCTION 5Chapter 3 to relational algebra, Chapter 4 to in
ationary Datalog: (the PTIME queries),and Chapter 5 to the complex object algebra. The proofs here use a progressively re�nedlist iteration technology, which may be of independent interest. One may view it as a\pure" version of simply typed LISP [38]. The requirement that everything be simplytyped, without even let-polymorphism, complicates some of the proofs (see for examplethe \type-laundering" technology in Sections 4.2 and 5.3). For all these results we canchange the framework to eliminate equality, as described in Section 2.5.In Chapters 6 and 7, we study query terms of bounded order. For this, we modify therepresentation conventions of Chapter 2 slightly to minimize the order of encoded data,and we de�ne two families of query languages as �xed-order fragments of the simply typed�-calculus and core-ML, respectively. By \�ne-tuning" the embeddings of Chapters 3{5to minimize the order, we obtain lower bounds on the expressive power of these querylanguages. We then proceed in Chapter 7 with the design of e�cient evaluation strategiesfor these languages, which enable us to obtain matching upper bounds on their expressivepower. Note that, here equality is an integral part of the setting; it is open whether similarbounds can be obtained without it.In Chapter 8, we shift our attention to object-oriented database query languages byintroducing method schemas and analyzing their expressive power over ordered inputs. We�rst describe the syntax and semantics of method schemas in Sections 8.1 and 8.2. Then,in Section 8.3, we show that method schemas over ordered databases express exactly thePTIME queries, by showing that method schemas and Datalog: can be embedded into eachother.We conclude in Chapter 9 with some directions for future research.



Chapter 2The Typed Lambda Calculus withEquality (TLC=)2.1 Basic De�nitionsThe syntax of types is given by the grammar T � t j (T ! T ), where t ranges overa countable set of type variables f�;�; � ; : : :g. Thus, � is a type, as are (� ! �) and(�! (�! �)). We denote types by lowercase Greek letters �;�; 
; : : :.Typed �-terms are given by the grammar E � � j (EE) j ��:T :E , where � ranges over acountable set of expression variables fx;y; z; : : :g. We denote typed �-terms by lowercaseLatin letters e; f ; g; : : :. To keep our notation simple, we adopt the standard associativityconventions for types and terms: the type � ! � ! 
 stands for � ! (� ! 
) and theterm e f g stands for (e f) g.Well-typedness of expressions is de�ned by the following inference rules, where � is afunction from expression variables to types, and � [x:�] is the function �0 augmenting �with �0 (x) = �:(Var) � (x) = �� ` x:�(Abs) � [x:�] ` e:�� ` �x:�: e : �! �(App) � ` e:�! � � ` e0:�� ` e e0: �We call a �-term e well-typed (or just typed for short) if � ` e:� is derivable by theabove rules, for some � and �. 6



CHAPTER 2. THE TYPED LAMBDA CALCULUS WITH EQUALITY (TLC=) 7The order of a type, which measures the higher-order functionality of a �-term of thattype, is de�ned as order (�) = 0 for a type variable � , and order (� ! �) = max (1 +order (�); order (�)). We also refer to the order of a typed �-term as the order of its type.For typed �-terms e; e0, we write e >� e0 (�-reduction) when e0 can be derived from eby renaming of a �-bound variable, for example �x:
:�y: �: y >� �x:
:�z: �: z. We writee >� e0 (�-reduction) when e0 can be derived from e by replacing a subterm in e of the form(�x:
: f) g by f [x:= g] (f with g substituted for all free occurrences of x in f). Reductionpreserves types [7, Theorem 4.2.8]. We write > for the re
exive, transitive closure of>� and >� .In this paper, we consider a mild modi�cation of the standard presentation above, byenriching the simply-typed �-calculus with a countably in�nite set fo1; o2; : : :g of constantsof type o, and for some �xed type �, introducing an equality constant Eq: o ! o ! � !�! �. For every pair of constants oi; oj : o, we add to > the reduction rule(Eq oi oj) > (�x:�: �y:�:x if i = j,�x:�: �y:�: y if i 6= j.These are known as delta reductions. Thus, if e and f are terms of type �, we have(Eq oi oj e f) > e if i = j and (Eq oi oj e f) > f otherwise. The lack of polymorphism in thesimply typed �-calculus requires that � be �xed once and for all; we will see later that forour purposes, it su�ces to choose �: = � , where � is a �xed type variable.In Section 2.5 below, we observe that by changing the input-output conventions it ispossible to obtain an embedding in the pure typed �-calculus without constants and equality.The modi�ed system enjoys the following well-known properties:Theorem 2.1.1 (Church-Rosser property) If e > e0 and e > e00, then there exists a�-term e000 such that e0 > e000 and e00 > e000.Theorem 2.1.2 (Strong normalization property) For each e, there exists an integer nsuch that if e > e0, then the derivation involves no more than n �-reductions.For more details, see for example [15, 6]. In particular, [6, Section 15.3] discusses theChurch-Rosser property for the untyped �-calculus enriched with equality.2.2 Let-Polymorphism: Core-MLCore-ML: The syntax of core-ML is the syntax of TLC augmented with one new expres-sion construct: E � x j (EE) j �x:E j let x = E in E . The simplest way of explaining



CHAPTER 2. THE TYPED LAMBDA CALCULUS WITH EQUALITY (TLC=) 8ML types involves the same monomorphic types and rules (Var), (Abs), and (App) used forTLC with one additional rule that captures the polymorphism (see [31]):(Let) � ` e0:�0 � ` e [x:= e0]:�� ` let x = e0 in e : �We call a �-term E ML-typed if � ` E:� is derivable by the (Var), (Abs), (App), and (Let)rules, for some � and �. The operational semantics for let x =M in N is the same as for(�x:N)M . So core-ML has the same expressive power as TLC. However, core-ML allowsmore 
exibility in typing.For example, let x = (�z: z) in (x x) is in core-ML but (�x:x x) (�z: z) is not inTLC; we get the equivalent TLC program, namely (�z: z) (�z: z), after one reduction of(�x:x x) (�z: z).The analogous de�nitions, expressibility, principal type and type inference propertieshold for core-ML=, where constants and their equality are added as in TLC=. Order offunctionality is de�ned in the same way. There are two di�erences: (1) Type inference isno longer in linear time but EXPTIME-complete [31, 32]. (2) Arbitrary order core-ML,core-ML=, TLC, and TLC= all have the same expressive power, but for �xed order typeinference allows more core-ML than TLC programs to be typed, so it might provide moreexpressibility.2.3 List IterationWe brie
y review how list iteration works. Let fe1; e2; : : :; ekg be a set of �-terms, each oftype �; thenL � �c:�! � ! �: �n:�: c e1 (c e2 : : :(c ek n) : : :)is a �-term of type (� ! � ! �) ! � ! �, for any type �|in other words, L is atypable term no matter what type � we choose (though one �xed type must be chosen).We abbreviate this list construction as [e1; e2; : : :; ek ]; the variables c and n abstract overthe list constructors Cons and Nil. In functional programming terminology, [e1; e2; : : :; ek]is a partially evaluated foldr operator with its list argument �xed.1To understand how list iteration works, think of L as a \do"-loop de�ned in terms of a\loop body" c and a \seed value" n. The loop body is invoked once for every element in L,1If we had written L as �c: �n: (c (: : : (c (cn e1) e2) : : :) ek), we would have obtained a partially evaluatedfoldl operator. Both representations are equivalent in terms of expressive power, since we can go from oneto the other by reversing the order of e1; e2; : : :; ek and swapping the arguments of c.



CHAPTER 2. THE TYPED LAMBDA CALCULUS WITH EQUALITY (TLC=) 9starting from the last and proceeding backwards to the �rst. At every invocation, the loopbody is provided with two arguments: the current element of the list and an \accumulator"containing the value returned by the previous invocation of the loop body (initially, theaccumulator is set to n). From these data, the loop body produces a new value for theaccumulator and the iteration continues with the previous element of L. Once all elementshave been processed, the �nal value of the accumulator is returned.As an example, consider the problem of determining the parity of a list of Boolean values.A standard encoding of Boolean logic uses True � �x: � : �y: � : x and False � �x: � : �y: � : y,both of type Bool � � ! � ! � . The exclusive or function can be written as Xor ��p:Bool: �q:Bool: �x: � : �y: � : p (q y x) (q x y). To compute the parity of a list of Booleanvalues, we begin with an accumulator value of False and then loop over the elements in thelist, setting at each stage the accumulator to the exclusive or of its previous value and thecurrent list element. Thus, the parity function can be written simply as:Parity � �L: (Bool ! Bool ! Bool)! Bool ! Bool: LXor False:If L is a list �c: �n: c e1 (c e2 : : :(c ek n) : : :), the term (Parity L) reduces to the expressionXor e1 (Xor e2 : : :(Xor ek False) : : :), which indeed computes the parity of e1; : : :; ek . Un-like circuit complexity, the size of the program computing parity is constant, because theiterative machinery is taken from the data, i. e., the list L.As another example, to compute the length of a list, we de�neLength � �L: (�! Int ! Int)! Int ! Int: L (�x:�:Succ)Zero;where Succ � �n: (� ! �)! � ! � : �s: � ! � : �z: � : n s (s z) and Zero � �s: � ! � : �z: � : zcode successor and zero on the Church numerals (of type Int � (� ! �) ! � ! �). Thevariable x in the \loop body" �x:�:Succ serves to absorb the current element of L; thesuccessor function is then applied to the accumulator value.These two simple examples point already to a restriction imposed by the simply typed�-calculus: its lack of polymorphism. There are two facets to this problem.(1) A list L of Booleans can be coded as a term of type B � (Bool ! � ! �)! � ! �for any type �. To type Parity L, we must type L with Bool � � ! � ! � substituted for �,which we write as B [�:= Bool]. Similarly, to type LengthL, we need to type L:B [�:= Int].Thinking of the type � of L as an output type variable, in both instances we see that theoutput type must be \contaminated" or \raised" to provide the primitive recursive iterator.If we want the output type of input L to be �xed, and two di�erent output types are neededto carry out the computation, this poses a problem.



CHAPTER 2. THE TYPED LAMBDA CALCULUS WITH EQUALITY (TLC=) 10(2) If we want the output type to remain �, this poses yet another di�culty.We point out that problem (2) can sometimes be handled by alternate encodings, forexample Length � �L: (� ! � ! �) ! � ! �: �s:� ! �: �z:�:L (�x:�: s) z, whereL is used to iterate over objects of lower type. Problem (1) can be solved by de�ninga \type-laundering" operator that transforms a \contaminated" list, e. g., L:B [�:= Int],into a \clean" list of type just B. Both techniques, with elaborate variants, are exploitedrepeatedly in the following sections.2.4 Databases as �-TermsThe paradigm we use is computation on �nite structures, i. e., a �-calculus for �nite modeltheory. Inputs and outputs of a computation are databases , i. e., sets of relations, whichare encoded according to the scheme below.Let fo1; o2; : : :g be the set of constants of the TLC= calculus. For convenience, weassume that the same set of constants also serves as the universe over which all structuresare de�ned. Furthermore, we �x, once and for all, a type variable � .Boolean values are represented byTrue: � ! � ! � � �u: � : �v: � : u; False: � ! � ! � � �u: � : �v: � : v:We abbreviate the type � ! � ! � as Bool.Tuples are represented in the standard way: if x1; : : :; xk are �-terms of type �1; : : :; �k,then hx1; : : :; xki: (�1 ! � � � ! �k ! �)! � � �f :�1 ! � � � ! �k ! � : f x1 : : :xkWe abbreviate the type (�1 ! � � � ! �k ! �) ! � as �1 � � � � � �k or, if �i � � for1 � i � k, as �k . In particular, ok is the type of a k-tuple of constants.Lists are represented as described above: if x1; : : :; xk are �-terms of type �, then[x1; : : :; xk]: (�! � ! �)! � ! � � �c:�! � ! � : �n: � : c x1 (c x2 : : :(c xk n) : : :)We abbreviate the type (� ! � ! �) ! � ! � as f�g. Note the di�erence betweenlists and tuples: a tuple represents a collection of a �xed number of terms of varying type,whereas a list represents a collection of a variable number of terms of a �xed type.Relations are represented as duplicate-free lists of tuples of constants. Thus, the typeof a k-ary relation is fokg. All our encodings make sure that their output is duplicate-free,provided that the input is duplicate-free.



CHAPTER 2. THE TYPED LAMBDA CALCULUS WITH EQUALITY (TLC=) 11Queries are represented as typed �-terms of the form Q � �R1 : : :�Rl:M , which whenapplied to encodings r1; : : :; rk of input relations, reduce to a normal form which is theencoding of the desired output relation. We measure the time complexity of computationby the length of reduction sequences, according to a suitable reduction strategy, as a functionof the database size. Our choice of reduction strategies is such that the size of intermediateterms is always polynomial in the size of the input (except where Powerset is involved).Hence the time needed to perform a reduction sequence on a sequential machine is withina polynomial factor of the length of the reduction sequence.Note that the encoding of a relation implicitly provides an ordering of the databaseuniverse. It is possible to write queries whose outcome depends on the ordering of the input.This seems inherent in our framework, since the �-calculus does not provide (unordered)sets as primitive objects. However, all the encodings given below are order-independent,i. e., generic.2.5 Encoding Constants and EqualityAs mentioned in the introduction, the presence of atomic constants and an equality predicateis not essential for the expressive power of TLC. We present here a simple way of encodingthese \impure" features using pure TLC terms (see [37] for another way of coding up equalityon �nite domains).Let O = fo1; o2; : : :; oNg be the set of constants occurring in a particular input. We cancode the constant oi as the projection function�Ni � �x1 : : : �xN : xiand the equality predicate asEqN � �p:�q: �u: �v:p (q u N�1z }| {v : : : v) (q v u N�2z }| {v : : : v) : : :(q N�1z }| {v : : :v u)which, when applied to two projection functions �Ni and �Nj , reduces to �u:�v:u if i = jand to �u:�v: v otherwise.The input is then encoded in the usual way, except that explicit constants are replacedby their corresponding projection functions. Note that the encoding of Eq now depends onthe size of the input universe; so in this setting, Eq has to be part of the input. It is easy tosee that the query terms described in the following sections work unchanged in the \pure"setting, except that the symbol Eq has to be �-bound at the outermost level.



Chapter 3Coding Relational AlgebraWe begin by demonstrating how the relational algebra operators of [16] can be representedin the simply typed �-calculus with equality. Every operator is coded as a �-term thattakes one or two relations in the list-of-tuples format described in Section 2.4 as inputand produces another relation in the same format as output. The terms do not place anyconstraints on the type variable � occurring free in their input and output types, so theoutput of one term can be used as input for another. Thus, arbitrary relational algebraexpressions can be coded by nesting the �-terms corresponding to the individual operators.As a �rst example, we present a fairly simple term Equalk that tests two k-tuples�f: f oi1 : : :oik and �f:f oj1 : : : ojk for equality. The result of the comparison is a Bool,i. e., the term �u:�v: u if the comparison comes out true and �u:�v: v otherwise. The codedepends on the arity of the tuples involved, so we use the subscript k to indicate that thisparticular term works for k-tuples.Equalk: ok ! ok ! Bool ��t: ok: �s: ok:�u: � : �v: � :t (�x1: o : : :�xk: o:s (�y1: o : : :�yk : o:(Eq x1 y1(Eq x2 y2� � �(Eq xk yk u v) : : :v) v)12



CHAPTER 3. CODING RELATIONAL ALGEBRA 13Here, Eq denotes the equality predicate for constants, of type o ! o ! Bool. Once t and sare instantiated with tuples �f:f oi1 : : : oik and �f: f oj1 : : :ojk , all (Eq xi yi) terms reduceto either True � �u:�v:u or False � �u:�v: v. Hence the \body"�u: � : �v: � :t (�x1: o : : :�xk: o:s (�y1: o : : :�yk : o:(Eq x1 y1(Eq x2 y2� � �(Eq xk yk u v) : : :v) v)of the Equalk predicate reduces to �u:�v: u if oil = ojl for all l 2 f1; : : :; kg and to �u:�v: votherwise.We adopt the following reduction strategy for terms of the form (Equalk t s). First,t and s are reduced to normal form. If either t or s does not reduce to an encoding�f: f oi1 : : :oik of a tuple, no further reductions are performed (we will see that this neverhappens for the query terms presented below). Otherwise, the normal forms of t and s aresubstituted into the body of the Equalk predicate and the topmost redexes are resolved,leading to the substitution of constants for the variables x1; : : :; xk and y1; : : :; yk. Then, theEq predicates are evaluated from left to right until the �nal normal form|either �u:�v:uor �u:�v: v|is reached. Clearly, this is always the case after at most O (k) reduction stepstotal.The following term checks whether a k-tuple �f:f oi1 : : : oik occurs in a list �c: �n:c t1 (c t2 : : :(c tm n) : : :) of k-tuples by comparing the tuple to every element of the list.Memberk: ok ! fokg ! Bool ��t: ok: �R: fokg:�u: � : �v: � :R (�r:ok: �T : � : (Equalk t r) u T ) vFor example, (Member2 h1; 2i [h3; 4i; h5;6i]) reduces to�u:�v: (Equal2 h1; 2i h3; 4i) u ((Equal2 h1; 2i h5; 6i) u v);which in turn reduces to False, because both (Equal2 : : :) terms evaluate to False.



CHAPTER 3. CODING RELATIONAL ALGEBRA 14Our reduction strategy for terms of the form (Memberk t R) is as follows: First, t and Rare reduced to normal form. If this does not yield the encoding of a tuple and a relation,respectively, no further reductions are performed (again, we will see that this case does notoccur for the terms presented below). Otherwise, the normal forms of t andR are substitutedinto the body of the Member predicate and a copy of the \loop body" (Equalk t r) u T isevaluated once for every tuple in R, beginning with the last tuple and proceedings backwardsto the �rst. At each step, the current tuple of R is substituted for r and the result of theprevious iteration (initially v) is substituted for T . Since both arguments to Equal are thenencodings of tuples, the reduction strategy for Equal described above applies and producesthe result of the comparison in O (k) steps. This result, a Bool, is then applied to u and Tin order to select the value to pass on to the next stage.With this reduction strategy, the �nal result can be determined in O (jRj) reductionsteps, where jRj is the size of the relation encoded by R. The same bound holds on the sizeof intermediate terms.Note that there are also \bad" reduction strategies leading to intermediate terms ofexponential size. This happens, for example, if in a term (Memberk t R) with t coding atuple and R coding a relation, all �-redexes are resolved before any Eq-redexes.With the aid of Equal and Member , we can now code the set-theoretic operators of therelational algebra:Intersection: To intersect two k-ary relations R and S, we build a new relation T by\walking down" R and testing each tuple for membership in S. If the tuple occurs in S, itis included in the output, otherwise it is ignored.Intersectionk: fokg ! fokg ! fokg ��R:fokg: �S:fokg:�c: ok ! � ! � : �n: � :R (�r:ok: �T : � : (Memberk r S) (c rT )T )nFor example, (Intersection2 [h1; 2i] [h1; 2i; h3; 4i]) reduces to�c: �n: (Member2 h1; 2i [h1; 2i; h3; 4i]) (c h1; 2in)n;which further reduces to �c:�n: c h1; 2in � [h1; 2i].The reduction strategy for terms of the form (IntersectionRS)|and, with the obviousmodi�cations, for the next two relational operators as well|is as follows: First, R and S



CHAPTER 3. CODING RELATIONAL ALGEBRA 15are reduced to normal form and nothing further is done if this does not yield encodings ofrelations. Otherwise, the normal forms are substituted into the body of the Intersectionoperator and the \loop body" (Memberk r S) (c rT )T is evaluated once for each tuple in R,from last to �rst, with the current tuple substituted for r and the result of the previousiteration (initially n) substituted for T . With the reduction strategy for Member outlinedabove, each stage of the iteration requires O (jSj) reduction steps. Hence, the �nal resultcan be computed in O (jRjjSj) steps, using intermediate terms of size at most O (jRjjSj).Set di�erence: This works like intersection, except that a tuple from R is included inthe output if it does not occur in S.Setminusk: fokg ! fokg ! fokg ��R:fokg: �S:fokg:�c: ok ! � ! � : �n: � :R (�r:ok: �T : � : (Memberk r S)T (c rT ))nUnion: The union of two k-ary relations R and S is formed by starting with S and addingthose tuples of R that do not occur in S.Unionk : fokg ! fokg ! fokg ��R:fokg: �S:fokg:�c: ok ! � ! � : �n: � :R (�r:ok: �T : � : (Memberk r S)T (c rT )) (S c n)(If we knew that R and S were disjoint, we could compute their union more simply as�c:�n:R c (S c n). In the general case, however, we need the more complex term above toensure a duplicate-free output.)Having dealt with the \set-oriented" operators, we now examine the \tuple-oriented"operators. We need two auxiliary terms �rst: The Concatk;l operator concatenates a k-tuple and an l-tuple to form a (k + l)-tuple, and the Rearrangek;i1;:::;il operator takes ak-tuple and returns an l-tuple consisting of columns i1; : : :; il of the input. These terms canbe reduced in any fashion.Concatk;l: ok ! ol ! ok+l ��t: ok: �s: ol:



CHAPTER 3. CODING RELATIONAL ALGEBRA 16�f : o ! � � � ! o ! � :t (�x1: o : : :�xk: o:s (�y1: o : : :�yl: o:f x1 : : :xk y1 : : :yl))Rearrangek;i1;:::;il : ok ! ol ��t: ok:�f : o ! � � � ! o ! � :t (�x1: o : : :�xk: o: f xi1 : : : xil)Cross product: The Cartesian product of a k-ary relation R and an l-ary relation S isformed by a straightforward nested iteration, in which every tuple of R is concatenatedwith every tuple of S and appended to the output.Timesk;l: fokg ! folg ! fok+lg ��R:fokg: �S:folg:�c: ok+l ! � ! � : �n: � :R (�r:ok: �T : � :S (�s: ol: �U : � :c (Concatk;l r s)U)T )nFor example, (Times1;1 [h1i; h2i] [h3i; h4i]) reduces to�c: �n:c (Concat1;1 h1i h3i)(c (Concat1;1 h1i h4i)(c (Concat1;1 h2i h3i)(c (Concat1;1 h2i h4i)n)));which further reduces to [h1; 3i; h1; 4i; h2; 3i; h2; 4i].The reduction strategy for the Times operator follows the now familiar pattern: First,the arguments are reduced to normal form and nothing further is done if this does notlead to encodings of relations. Otherwise, the normal forms are substituted into the bodyof the operator and the \outer loop body" S (�s: �U: c (Concat r s)U)T is evaluated once



CHAPTER 3. CODING RELATIONAL ALGEBRA 17for each tuple in R, from last to �rst, with r and T replaced by the current tuple andthe result of the previous iteration, respectively. Evaluating the \outer loop body" justconsists of evaluating the \inner loop body" c (Concat r s)U once for each tuple in S, whicheventually leads to an evaluation of (Concat r s) once for every combination of tuples r 2 Rand s 2 S. It is easy to see that the entire procedure takes O (jRjjSj) reduction steps anduses O (jRjjSj) space for intermediate terms.Selection: To select tuples from a k-ary relation R according to a certain condition, saycolumn i = column j, it su�ces to iterate over R and include those tuples in the outputthat satisfy the condition.Selectk;i=j : fokg ! fokg ��R:fokg:�c: ok ! � ! � : �n: � :R (�r:ok: �T : � :r (�x1: o : : :�xk: o: (Eq xi xj) (c rT )T ))nThe reduction strategy for Select again consists of reducing the argument �rst and thenevaluating the \loop body" once for each tuple in R. Reduction sequence length and termsize are bounded by O (jRj).Projection: This is slightly tricky. The straightforward attempt to project onto columnsi1; : : :; il of a k-ary relation R,SimpleProjectk;i1;:::;il : fokg ! folg ��R:fokg:�c: ol ! � ! � : �n: � :R (�r:ok: �T : � : c (Rearrangek;i1;:::;il r)T )n;has the disadvantage that the output may contain duplicate tuples. To �x this, we includethe projection t0 of tuple t in the output only if t is the �rst tuple in R whose projectionis t0. For that, we use an auxiliary term (First t R) which reduces to True i�, among alltuples in R having the same projection as t, t is the �rst in sequence:Firstk;i1;:::;il : ok ! fokg ! Bool ��t: ok: �R: fokg:



CHAPTER 3. CODING RELATIONAL ALGEBRA 18�u: � : �v: � :R (�r:ok: �T : � :Equall (Rearrangek;i1;:::;il t) (Rearrangek;i1;:::;il r) (Equalk t r u v)T ) uFor example, (First2;1 h1; 2i [h1; 2i; h1; 3i]) reduces to�u:�v:(Equal1 h1i h1i) ((Equal2 h1; 2i h1; 2i) u v)((Equal1 h1i h1i) ((Equal2 h1; 2i h1; 3i) u v) u);which further reduces to �u:�v: u � True, whereas (First2;1 h1; 3i [h1; 2i; h1; 3i]) reduces to�u:�v:(Equal1 h1i h1i) ((Equal2 h1; 3i h1; 2i) u v)((Equal1 h1i h1i) ((Equal2 h1; 3i h1; 3i) u v) u)and then to �u:�v: v � False. The First operator is an example of a term that is notoblivious to the ordering of its input.Using the First operator, projection can now be coded as follows:Projectk;i1;:::;il : fokg ! folg ��R:fokg:�c: ol ! � ! � : �n: � :R (�r:ok: �T : � : (First r R) (c (Rearrangek;i1;:::;il r)T )T )nFor example, (Project2;1 [h1; 2i; h1; 3i]) evaluates to�c: �n:(First h1; 2i [h1; 2i; h1; 3i])(c h1i ((First h1; 3i [h1; 2i; h1; 3i]) (c h1in)n))((First h1; 3i [h1; 2i; h1; 3i]) (c h1in)n)and then, using the example above, to �c:�n: c h1in � [h1i]. The reduction strategy forProject is similar to the one for the other relational operators, reducing the arguments �rstand then evaluating the \loop body" once for each tuple in R. The number of steps andthe amount of space needed is O (jRj2).



CHAPTER 3. CODING RELATIONAL ALGEBRA 19This completes the coding of relational algebra. It is straightforward to verify that everyterm given above is well-typed and, when applied to one (resp., two) relations coded inthe format described in Section 2.4, reduces to a normal form which is the encoding of thedesired output relation. Moreover, when the terms are reduced according to the speci�edreduction strategies, the length of the reduction sequence and the size of intermediate termsare polynomial in the size of the inputs. (In fact, the length of the reduction sequencetypically matches the running time of a naive implementation of the operator in question.)Therefore, we have the following theorem.Theorem 3.0.1 Let � (R1; : : :;Rl) be a relational algebra expression over relational schemaS = (R1; : : :;Rl). Then there exists a term  of the simply typed �-calculus with equality suchthat for every instance (r1; : : :; rl) of S, the expression ( r1 : : :rl) reduces to � (r1; : : :; rl),where r denotes the encoding of relation r as described in Section 2.4. Moreover, the normalform of ( r1 : : : rl) can be computed in time polynomial in the size of r1; : : :; rl.



Chapter 4Coding Fixpoint Queries4.1 Line of AttackWith the machinery of the previous section at our disposal, we can now code arbitraryrelational queries as typed �-terms. The next step is to �nd a way of iterating such queriesin order to compute �xpoints. It su�ces to perform a polynomial number of iterations usingin
ationary semantics to capture all PTIME-computable queries [27, 48].Intuitively, the solution is very simple|we build a su�ciently long list from a Cartesianproduct of the input relations and then use that list as an iterator to repeat a relationalquery polynomially many times. The only di�culty lies in getting the types straight, sothat the input can serve both as \data" for a relational algebra query and as a \crank" foriterating that same query.Here are the details. Let � (R;R1; : : :;Rl) be a relational algebra expression over re-lational variables R;R1; : : :;Rl of arities k; k1; : : :; kl such that the result of � is again ofarity k. We wish to compute the in
ationary �xpoint of � with respect to R, i. e.,(�R �) (R1; : : :;Rl) := 1[i=1 i (;) =  nk (;);where  is the mapping R 7! R[� (R;R1; : : :; Rl) and n is the size of the database universe.This can be done as follows.Let Q be the TLC= encoding of the expression R [ � (R;R1; : : :;Rl), with variablesR;R1; : : :;Rl occurring free in Q. Let D be a TLC= terms which computes the inputuniverse, i. e., the set of constants occurring in the relations encoded by R1; : : :;Rl. D canbe computed as the union of all columns of R1; : : :;Rl:D: fog � 20



CHAPTER 4. CODING FIXPOINT QUERIES 21(Union1 (Projectk1;1R1) (Union1 (Projectk1 ;2R1) : : :(Union1 (Projectk2;1R2) (Union1 (Projectk2;2R2) : : :� � �(Union1 (Projectkl;1Rl) (Union1 (Projectkl;2Rl) : : :)Since the Union and Project operators eliminate duplicates, the length of D is exactly n,the size of the database universe. To obtain an iterator of length nk , we form the k-foldCartesian product of D with itself:Crank: fokg � ( k factorsz }| {TimesD (TimesD : : : (TimesDD) : : :))Finally, let Nil � �c:ok ! � ! � : �n: � : n be the empty relation. A straightforwardencoding of (�R �) in the untyped �-calculus is then the termFix� � �R1 : : :�Rl:Crank (�t:�R:Q)Nil:Here, t is some variable not occurring in Q; it serves merely to absorb the k-tuple ofconstants supplied by Crank at each iteration. The evaluation of Fix� proceeds by �rstforming the normal form of Crank according to the reduction rules for relational operators,and then evaluating Q once for each tuple in Crank, from last to �rst, with R bound to theresult of the previous iteration (initially the empty relation). This way, the �nal result ofthe �xpoint query is produced in a polynomial number of reduction steps and in polynomialspace.4.2 Fixing the TypesUnfortunately, Fix� cannot be typed using simple types. This is due to a type con
ictbetween the occurrences of the Ri's in Crank and in Q. Inside Q, occurrences of Ri are typedas usual as fokig � (oki ! � ! �)! � ! � . However, Crank is used to iterate over objectsof type fokg, so the occurrences of Ri inside Crank must be typed with fokg substitutedfor � , i. e., as (oki ! fokg ! fokg)! fokg ! fokg. These two typings cannot be uni�ed,since � does not unify with fokg � (ok ! � ! �)! � ! � .The solution is to introduce a \type-laundering" operator Copyki ;k which takes an en-coding of a relation ri of type (oki ! fokg ! fokg) ! fokg ! fokg and produces anotherencoding of ri of type (oki ! � ! �) ! � ! � . That is, Copyki;k computes the iden-tity function on encodings of relations, but forces di�erent types for its input and output.



CHAPTER 4. CODING FIXPOINT QUERIES 22Copyki ;k can be written as follows:Copyki;k: ((oki ! fokg ! fokg)! fokg ! fokg)! fokig ��R: (oki ! fokg ! fokg)! fokg ! fokg:�c: oki ! � ! � : �n: � :R (�r:oki : �T : fokg: �c0: ok ! � ! � : �n0: � : c r (T c0n0))(�c0: ok ! � ! � : �n0: � : n)(�s: ok: �S: � : S)nThis somewhat bewildering term arises in the following way. A straightforward copy oper-ator that does not worry about types would look like this:SimpleCopy : fokig ! fokig ��R:fokig:�c: oki ! � ! � : �n: � :R (�r:oki : �T : � : c r T )nClearly, this term computes the identity function on encodings of relations. If we nowconstrain the type of the input to be (oki ! fokg ! fokg) ! fokg ! fokg, then thetype of the \loop body" (�r:oki : �T : � : c r T ), which used to be oki ! � ! � , must becomeoki ! fokg ! fokg. The easiest way of doing this is by prepending dummy �-abstractionsto the value computed at each step and removing them again at the next stage by applyingthe incoming value to dummy arguments. This leads to a \loop body"(�r: oki : �T : fokg: �c0: ok ! � ! � : �n0: � : c r (T c0 n0));which has indeed the correct type oki ! fokg ! fokg. Of course, the initial value for theiteration, which used to be just n, has to be changed as well; it becomes (�c0: ok ! � !� : �n0: � : n). With these changes, the iterator term in the copy operator becomesR (�r:oki : �T :fokg: �c0: ok ! � ! � : �n0: � : c r (T c0 n0))(�c0: ok ! � ! � : �n0: � : n):That almost works: if R is a list�c: oki ! fokg ! fokg: �n: fokg: c t1 (c t2 : : : (c tm n) : : :);then the above term reduces, as an easy induction shows, to�c0: ok ! � ! � : �n0: � : c t1 (c t2 : : :(c tm n) : : :):



CHAPTER 4. CODING FIXPOINT QUERIES 23What remains is to remove the �-abstractions on c0 and n0 by supplying dummy argumentsof type ok ! � ! � and � , respectively, and then to �-abstract on c and n, which leads tothe term�c: oki ! � ! � : �n: � :R (�r:oki : �T : fokg: �c0: ok ! � ! � : �n0: � : c r (T c0 n0))(�c0: ok ! � ! � : �n0: � : n)(�s: ok: �S: � : S)nactually used in the de�nition of the Copy operator above. The reduction strategy for thisterm is as usual, involving a loop over the tuples in R. The normal form is reached afterO (jRj) steps using O (jRj) space.With this \type-laundering" machinery at our hands, we can solve the typing problemfor �xpoint queries. We modify our original encodingFix� � �R1 : : :�Rl:Crank (�t:�R:Q)Nilby replacing every occurrence of Ri in Q by (Copyki;k Ri), i. e., by writingFix� ��R1: (ok1 ! fokg ! fokg)! fokg ! fokg:� � ��Rl: (okl ! fokg ! fokg)! fokg ! fokg:Crank (�t: ok: �R: fokg:Q [R1:= (Copyk1;k R1); : : :;Rl: = (Copykl;k Rl)])Nil:It is straightforward, though tedious, to verify that this is indeed a well-typed term. Since(Copyki ;k Ri) and Ri encode the same relation, the semantics of Fix� are unchanged by thismodi�cation. The space and time complexity of the evaluation are also unchanged, becauseit su�ces to evaluate the expressions (Copyki;k Ri) only once. Hence, we have the followingtheorem:Theorem 4.2.1 Let (�R �) be a �xpoint query over the relational schema S = (R1; : : :;Rl).Then there exists a term Fix� of the simply typed �-calculus with equality such that for everyinstance (r1; : : :; rl) of S, the expression (Fix� r1 : : : rl) reduces to (�R �) (r1; : : :; rl), wherer denotes the encoding of relation r as described in Section 2.4. Moreover, the normal formof (Fix� r1 : : : rl) can be computed in time polynomial in the size of r1; : : :; rl.



CHAPTER 4. CODING FIXPOINT QUERIES 244.3 An Example: Transitive ClosureTo illustrate the concepts of the previous sections, let us study the representation andevaluation of the transitive closure query in some detail. We compute the transitive closureof a binary relation e by iterating the relational algebra queryr 7! e [ (�1;4 (�2=3 (r � r)))starting from the empty relation. Here, �1;4 denotes projection onto the �rst and fourthattribute and �2=3 denotes selection on equal second and third attributes. According toSection 4.2, the translation into TLC= of this �xpoint query is (we omit type annotations):TC � �R1:Crank(�t: �R:Union2 (Copy2;2R1) (Project4;1;4 (Select4;2=3 (Times2;2RR))))Nil ;where Crank � (Times1;1DD)and D � Union1 (Project2;1R1) (Project2;2R1):Assume that R1 encodes the relation [h1; 2i; h2; 3i; h3; 4i]. According to the reduction strat-egy for �xpoint queries, we �rst have to evaluate the expressions Crank and (Copy2;2R1).For the latter, we have (omitting some intermediate steps)(Copy2;2R1)> �c:�n:(�r: �T :�c0: �n0: c r (T c0 n0)) h1; 2i((�r:�T :�c0: �n0: c r (T c0 n0)) h2; 3i((�r:�T : �c0: �n0: c r (T c0 n0)) h3; 4i(�c0: �n0: n))) (�s:�S:S)n



CHAPTER 4. CODING FIXPOINT QUERIES 25> �c:�n:(�c0: �n0:c h1; 2i(c h2; 3i(c h3; 4in))) (�s:�S:S)n> �c:�n: c h1; 2i (c h2; 3i (c h3; 4in))� [h1; 2i; h2;3i; h3; 4i];which is what we expect, since Copy a�ects only the type of an encoding, not its value.To evaluate Crank, we �rst have to evaluate the termD � Union1 (Project2;1R1) (Project2;2R1):We illustrate the reduction sequence for (Project2;1R1), according to the reduction strategyfor projection:(Project2;1R1)> �c:�n:(�r: �T : (First2;1 r [h1; 2i; h2; 3i; h3; 4i]) (c (Rearrange2;1 r)T )T ) h1; 2i((�r:�T : (First2;1 r [h1; 2i; h2; 3i; h3;4i]) (c (Rearrange2;1 r)T )T ) h2;3i((�r:�T : (First2;1 r [h1; 2i; h2; 3i; h3; 4i]) (c (Rearrange2;1 r)T )T ) h3; 4in))> �c:�n:(�r: �T : (First2;1 r [h1; 2i; h2; 3i; h3; 4i]) (c (Rearrange2;1 r)T )T ) h1; 2i((�r:�T : (First2;1 r [h1; 2i; h2; 3i; h3;4i]) (c (Rearrange2;1 r)T )T ) h2;3i((First2;1 h3; 4i [h1; 2i; h2; 3i; h3; 4i]) (c (Rearrange2;1 h3; 4i)n)n))> �c:�n:(�r: �T : (First2;1 r [h1; 2i; h2; 3i; h3; 4i]) (c (Rearrange2;1 r)T )T ) h1; 2i((�r:�T : (First2;1 r [h1; 2i; h2; 3i; h3;4i]) (c (Rearrange2;1 r)T )T ) h2;3i(True (c (Rearrange2;1 h3; 4i)n)n))> �c:�n:(�r: �T : (First2;1 r [h1; 2i; h2; 3i; h3; 4i]) (c (Rearrange2;1 r)T )T ) h1; 2i((�r:�T : (First2;1 r [h1; 2i; h2; 3i; h3;4i]) (c (Rearrange2;1 r)T )T ) h2;3i



CHAPTER 4. CODING FIXPOINT QUERIES 26(c h3in))> � � �> �c:�n: c h1i (c h2i (c h3in))� [h1i; h2i; h3i](Project2;2R1) reduces to [h2i; h3i; h4i] and thus D reduces as follows:D � Union1 [h1i; h2i; h3i] [h2i; h3i; h4i]> �c:�n:(�r:�T : (Member1 r [h2i; h3i; h4i])T (c rT )) h1i((�r:�T : (Member1 r [h2i; h3i; h4i])T (c rT )) h2i((�r:�T : (Member1 r [h2i; h3i; h4i])T (c rT )) h3i(c h2i (c h3i (c h4in)))))> �c:�n:(�r:�T : (Member1 r [h2i; h3i; h4i])T (c rT )) h1i((�r:�T : (Member1 r [h2i; h3i; h4i])T (c rT )) h2i((Member1 h3i [h2i; h3i; h4i])(c h2i (c h3i (c h4in)))(c h3i (c h2i (c h3i (c h4in))))))> �c:�n:(�r:�T : (Member1 r [h2i; h3i; h4i])T (c rT )) h1i((�r:�T : (Member1 r [h2i; h3i; h4i])T (c rT )) h2i(c h2i (c h3i (c h4in))))> � � �> �c:�n: c h1i (c h2i (c h3i (c h4in)))� [h1i; h2i; h3i; h4i]We then obtain Crank � (Times1;1DD) > [h1; 1i; h1; 2i; : : :; h4; 4i]. After these reductions,the �xpoint query becomes(�t: �R:Union2 [h1; 2i; h2;3i; h3; 4i] (Project4;1;4 (Select4;2=3 (Times2;2RR)))) h1; 1i



CHAPTER 4. CODING FIXPOINT QUERIES 27((�t:�R:Union2 [h1; 2i; h2; 3i; h3; 4i] (Project4;1;4 (Select4;2=3 (Times2;2RR)))) h1; 2i� � �((�t:�R:Union2 [h1; 2i; h2;3i; h3; 4i] (Project4;1;4 (Select4;2=3 (Times2;2RR)))) h4; 4i(�c:�n: n)))This expression is now reduced from the inside out by evaluating the \loop body" sixteentimes. Since we have already seen the relational operators in action, we will not trace thisreduction, but rather just list the values substituted for R at the beginning of each iteration:Iteration Value of R1 �c:�n: n2 �c:�n: c h1; 2i (c h2; 3i (c h3; 4in))3 �c:�n: c h1; 2i (c h2; 3i (c h3; 4i (c h1; 3i (c h2; 4in))))4 �c:�n: c h1; 2i (c h2; 3i (c h3; 4i (c h1; 3i (c h2; 4i (c h1; 4in)))))5� 1 6 unchangedThus, the �nal normal form of the query is [h1; 2i; h2; 3i; h3; 4i; h1; 3i; h2; 4i; h1; 4i], which isindeed the transitive closure of [h1; 2i; h2; 3i; h3; 4i].



Chapter 5The Complex Object Algebra5.1 Basic De�nitionsWe conclude our tour of relational query languages with an encoding of Abiteboul's andBeeri's complex object algebra [1]. This takes us from manipulating \
at" relations tomore complicated data structures, namely arbitrary �nite trees built from tuple and setconstructors. The algebra under consideration is extremely powerful|in fact it expressesany generic elementary time computation on �nite structures. Interestingly, no �xpoint orlooping construct is needed; the expressive power stems from the ability to create largerand larger sets using the Powerset operator.Let us brie
y describe the salient features of the complex object model (for a formalde�nition, see [3]).Complex objects1 are built from constants using tuple (hi) and (�nite) set (fg) construc-tors. Thus, 1 is a complex object, as are h1; 2i, f1; 2; 3g, and f1; h1;2i; f1; 2; 3gg. We encodecomplex objects in the natural way, using �-calculus constants at the bottom level and thencombining them into tuples and lists as described in Section 2.4.Relations are sets of objects of a common type (not necessarily 
at). For example,fh1; f2; 3gi; h4; f5; 6gig is a relation. A relation may be viewed as a single complex objectof type set, and it is encoded as such.Algebra operations map relations to relations and include the conventional relationalalgebra operations plus the following:� Powerset (of type f�g ! ff�gg), de�ned by Powerset (R):= fS j S � Rg,1The term \complex value" might be more appropriate, since we do not consider object identi�ers ormethods. However, the name \complex object algebra" seems to be �rmly established.28



CHAPTER 5. THE COMPLEX OBJECT ALGEBRA 29� Set (of type f�g ! ff�gg), de�ned by Set (R):= ffxg j x 2 Rg.� Setcomb (of type ff�gg ! f�g), de�ned by Setcomb (R):= [S2R S.� Tup (of type f�g ! f�1g), de�ned by Tup (R):= fhxi j x 2 Rg.� Tupcomb (of type f�1g ! f�g), de�ned by Tupcomb (R):= fx j hxi 2 Rg.In addition, the Select operator is extended to allow selection conditions of the form xi =c, xi = xj , xi 2 xj , and xi = xj : d, where x1; : : :; xk are the �elds of the tuple underconsideration and xj : d denotes the dth �eld of xj if xj is itself a tuple.5.2 Coding the OperatorsAs it turns out, the implementation of the relational algebra operators described in Chap-ter 3 works with virtually no change in the complex object setting. However, the Equaloperator becomes more complicated, because it has to implement a \deep" comparison thattraverses the structure of two complex objects and checks equality at each level. Becauseset equality involves subset testing, which in turn is de�ned in terms of the membershippredicate, we have to de�ne the Equal, Subset, and Member predicates simultaneously, us-ing structural induction over the argument types. Thus, for each complex object type �, wede�ne below three terms Equal�, Member�, and Subsetf�g that encode the correspondingpredicate for objects of that type, using the already de�ned encodings for objects of lesscomplex type.Equalo: o ! o ! Bool ��x: o: �y: o:Eq x yEqualf�g: f�g ! f�g ! Bool ��R:f�g: �S: f�g:�u: � : �v: � :(Subsetf�gRS) ((Subsetf�gS R) u v) vEqual�1������k :�1 � � � � � �k ! �1 � � � � � �k ! Bool ��t:�1 � � � � � �k: �s:�1 � � � � � �k :�u: � : �v: � :



CHAPTER 5. THE COMPLEX OBJECT ALGEBRA 30t (�x1:�1 : : : �xk:�k:s (�y1:�1 : : :�yk :�k:((Equal�1 x1 y1)� � �((Equal�k xk yk) u v) v) : : :v)))Member�:�! f�g ! Bool ��t:�:�R: f�g:�u: � : �v: � :R (�r:�: �T : � : (Equal� t r) u T ) vSubsetf�g: f�g ! f�g ! Bool ��R:f�g: �S: f�g:�u: � : �v: � :R (�r:�: �T : � : (Member� r S)T v) uThe reduction strategies for these operators are as follows: In all cases, the two terms tobe compared are �rst reduced to normal form, and nothing further is done if this does notyield encodings of complex objects of the required type. Otherwise, the normal forms aresubstituted into the operator body. Then, for a term (Equalf�gRS), reduction proceedsby reducing the two Subset terms to either True or False according to the rules below andthen picking either u or v as appropriate. For a term (Equal�1������k t s), reduction of thebody proceeds by instantiating x1; : : :; xk and y1; : : :; yk and reducing the Equal�i tests insequence until the normal form is produced. For terms (Member� t R), reduction of thebody involves a loop over the elements of R in reverse sequence, evaluating the Equal�predicate at each step and passing either u or the result of the previous iteration on tothe next stage. The strategy for terms (Subsetf�gRS) is analogous. A straightforwardinduction shows that for each operator, the reduction sequence length and intermediateterm size are bounded by the product of the argument sizes.The relational operators of Chapter 3 and their reduction strategies work with nochanges for complex objects, except that there are now more of each kind|one for eachcomplex object type � instead of just one for each relation arity. We give the code forIntersection as an example.Intersectionf�g: f�g ! f�g ! f�g �



CHAPTER 5. THE COMPLEX OBJECT ALGEBRA 31�R:f�g: �S: f�g:�c:�! � ! � : �n: � :R (�r:�: �T : � : (Member� r S) (c rT )T )nThe new operators Tup, Tupcomb, and Set can be implemented in a straightforwardfashion:Tup: f�g ! f�1g ��R:f�g:�c:�1 ! � ! � : �n: � :R (�r:�: �T : � : c (�f :�! � : f r)T )nTupcomb: f�1g ! f�g ��R:f�1g:�c:�! � ! � : �n: � :R (�r:�1: �T : � : r (�x:�: c x T ))nSet: f�g ! ff�gg ��R:f�g:�c: f�g ! � ! � : �n: � :R (�r:�: �T : � : c (�c0:�! � ! � : �n0: � : c0 r n0)T )nAs long as the arguments are reduced to fully instantiated encodings of complex objects�rst, any reduction strategy will work in polynomial time and space for these terms.The Setcomb operator, which \
attens" a set of sets by computing the union of allits members, is slightly more involved because it has to deal with duplicate elimination.The technique is basically the same as in the Project operator of Chapter 3, involving apredicate (First x s S) that evaluates to True i� x 2 s 2 S and s is the �rst element of S thatcontains x. Using this predicate, (SetcombS) can be computed duplicate-free by loopingover all elements s 2 S and for each s, including only those x 2 s in the output for which(First x s S) evaluates to True. That is exactly what the following term does.Setcomb: ff�gg ! f�g ��S:ff�gg:



CHAPTER 5. THE COMPLEX OBJECT ALGEBRA 32�c:�! � ! � : �n: � :S (�s:f�g: �T : � :s (�x:�: �T 0: � : (First� x s S) (c x T 0)T 0)T )n;where First�:�! f�g ! ff�gg ! Bool ��x:�:�s: f�g: �S:ff�gg:�u: � : �v: � :S (�s0: f�g: �T : � :s0 (�x0:�:�T 0: � :Equal� x x0 (Equalf�g s s0 u v)T 0)T ) u:5.3 PowersetThe one remaining operator, Powerset, which accounts for the great expressiveness of thealgebra, poses a problem. Writing a �-term that computes it is not too di�cult|essentiallya generalization of the well-known term for exponentiating Church numerals. However,getting the types straight, so that the Powerset operator can be used in conjunction withthe other algebra operators, is somewhat tricky.Let us �rst look at a simple version of Powerset that is not concerned with types. Itsoperation is guided by the inductive de�nition of the powerset P (S) of a set S:P (;) = f;gP (fx1; : : :; xng) = P (fx1; : : :; xn�1g) [ ffxng [ s j s 2 P (fx1; : : :; xn�1g)gThus, to compute the powerset of a set S (represented as an iterator), we start out withthe list [Nil] � �c:�n: c (�c0: �n0: n0)n containing just the empty list, and then perform aniteration over the elements of S, computing at each step the union of the list P produced sofar and the list P 0 derived from P by prepending the current element of S to every elementof P : SimplePowerset�: ((�! ff�gg ! ff�gg)! ff�gg ! ff�gg)! ff�gg ��S: (�! ff�gg ! ff�gg)! ff�gg ! ff�gg:S (�x:�:�P : ff�gg:Unionff�ggP (Prepend xP )) [Nil ];where Prepend:�! ff�gg ! ff�gg �



CHAPTER 5. THE COMPLEX OBJECT ALGEBRA 33�x:�:�P : ff�gg:�c: f�g ! � ! � : �n: � :P (�s:f�g: �P 0: � : c (Cons x s)P 0)nand Cons:�! f�g ! f�g ��x:�:�s: f�g:�c:�! � ! � : �n: � :c x (s c n):SimplePowerset is well-typed and computes the powerset function, but it is not goodenough for use with the other algebra operators. The reason is that it introduces an \inho-mogeneity" in either its input or output type in the following sense.A type such as f�g has free occurrences of the type variable � at many di�erent levels.In principle, these could all correspond to di�erent types (the most general typing of anencoding of a complex object would in fact assign di�erent type variables to all theseoccurrences). However, structure-traversing operators like Equal or Member actually forceall these occurrences to correspond to the same type. An expression (Equalf�gRS) canbe typed with any type � substituted for � , as long as the substitution is carried out forall occurrences of � . Now, the SimplePowerset operator forces the type of its input tobe (� ! ff�gg ! ff�gg) ! ff�gg ! ff�gg, i. e., f�g with ff�gg substituted for thetopmost occurrences of � only. Thus, once a relation R is used as input to SimplePowerset�,it cannot be used as input to any operator involving Equal orMember. We could get aroundthis by assigning the \homogeneous" type f�g [� := ff�gg]|read \f�g with all occurrencesof � replaced by ff�gg"|to the input of SimplePowerset, but then the type of its outputwould become ff� [� := ff�gg]gg, i. e., ff�gg with ff�gg substituted for all but the topmostoccurrences of � , and now the output would be unsuitable for further use with Equal orMember. In summary, SimplePowerset spoils either its input or output|it cannot be freelycombined with the other algebra operators.The solution to this problem is an extension of the \type-laundering" technique intro-duced in Section 4.2. It is unavoidable to \raise" the type of the input to Powerset in orderto exponentiate the input size, but we can at least try to keep both input and output typehomogeneous, so that they are usable with other operators. Thus, our goal is to constructa Powerset operator of type f�g [� := ff�gg]! ff�gg, which takes a set of objects of type



CHAPTER 5. THE COMPLEX OBJECT ALGEBRA 34� [� := ff�gg] and produces its powerset, but such that the objects occurring in the outputhave type just �. The following variant of SimplePowerset accomplishes this:Powerset�: f�g [� := ff�gg]! ff�gg ��S:f�g [� := ff�gg]:S (�x:� [� := ff�gg]: �P : ff�gg:Unionff�ggP (Prepend (Copy�;ff�ggx)P )) [Nil];where Prepend is de�ned as above.The only modi�cation from SimplePowerset is the use of (Copy�;ff�gg x) instead of x asan argument to Prepend. The Copy�;ff�gg operator, which we will de�ne below, computesthe identity function on complex objects of type �, but such that its input has type � [� :=ff�gg], whereas its output has type just �. Thus, the use of (Copy�;ff�gg x) instead of xdoes not change the semantics of the Powerset operator, but it assures that the output hasthe \clean" type ff�gg instead of ff� [� := ff�gg]gg.As in Section 4.2, we construct Copy�;ff�gg by taking a straightforward \deep copy"operator SimpleCopy� of type � ! � and inserting suitable dummy abstractions andapplications to change all subexpressions of type � to expressions of type ff�gg. We �rstde�ne SimpleCopy� by structural induction over �.SimpleCopyo: o ! o ��x: o: xSimpleCopy f�g: f�g ! f�g ��S:f�g:�c:�! � ! � : �n: � :S (�s:�: �T : � : c (SimpleCopy� s)T )nSimpleCopy�1������k :�1 � � � � � �k ! �1 � � � � � �k ��t:�1 � � � � � �k:�f :�1 ! � � � ! �k ! � :t (�x1:�1 : : : �xk:�k: f (SimpleCopy�1 x1) : : :(SimpleCopy�k xk))It is straightforward to verify that this term computes the identity on complex objects. Ifwe now want to \raise" the input type by substituting ff�gg for � , we have to prependdummy �-abstractions to the value computed at each level of the copy operation and to



CHAPTER 5. THE COMPLEX OBJECT ALGEBRA 35get rid of them again at the next higher level by supplying dummy arguments. Thus, thecorrect Copy operator looks like this:Copyo;ff�gg: o [� := ff�gg]! o ��x: o: xCopyf�g;ff�gg: f�g [� := ff�gg]! f�g ��S:f�g [� := ff�gg]:�c:�! � ! � : �n: � :S (�s:� [� := ff�gg]:�T : ff�gg:�c0: f�g ! � ! � : �n0: � :c (Copy�;ff�gg s) (T c0 n0))(�c0: f�g ! � ! � : �n0: � : n)(�s0: f�g: �S 0: � : S 0)nCopy�1������k ;ff�gg: (�1 � � � � � �k) [� := ff�gg]! �1 � � � � � �k ��t: (�1 � � � � � �k) [� := ff�gg]:�f :�1 ! � � � ! �k ! � :t (�x1:�1 [� := ff�gg] : : :�xk:�k [� := ff�gg]:�c0: f�g ! � ! � : �n0: � :f (Copy�1;ff�ggx1) : : :(Copy�k ;ff�ggxk))(�s0: f�g: �S 0: � : S 0) y (where y is some variable of type �)A straightforward, but tedious induction shows that these terms compute the identity func-tion on encodings of complex objects and can indeed be typed in the manner shown. Thus,the encoding of the Powerset operator is complete.There is, however, one further issue. Although both input and output type of Powersetare now \homogeneous" in the sense that all occurrences of � correspond to the sametype, an expression (Powerset� S) still forces the substitution � := ff�gg on the type of S.This does not a�ect the use of S with other relational operators, e. g., (Set S), becausethese do not make any assumptions about � except that it corresponds to the same typeeverywhere, but it makes it impossible to use S (or any relation computed from S) in anexpression (Powerset� S) where � 6= �. Furthermore, S cannot be combined with the output



CHAPTER 5. THE COMPLEX OBJECT ALGEBRA 36of (Powerset� S) in any way|for example, the expression (Equal (SetS) (Powerset� S))would not type because (Powerset� S) has type ff�gg, whereas (SetS) would be typed asff�gg [� := ff�gg] due to the \contaminated" type of S.To get around this problem, we have to insert a type-laundering operator whenevera con
ict occurs. For example, the expression (Equal (Set S) (Powerset� S)) can be madetypable by writing it as (Equal (Set (Copyf�g;ff�ggS) (Powerset� S)).To make this \laundering" process precise, let us �x a TLC= expression � (R1; : : :;Rl)build from relational variables R1; : : :;Rl and complex object algebra operators and studyits typing in detail. We can think of � as a circuit C� having input gates labeled R1; : : :;Rland interior gates labeled with algebra operators. Let �1; : : :; �n be an enumeration of thenodes of C� such that �1; : : :; �l are the input nodes and the number of each interior nodeis higher than that of any of its inputs. Let �i1 ; : : :; �im , where 1 < i1 � � � � � im � n, bethe nodes corresponding to Powerset operators and let ff�1gg; : : :; ff�mgg be the outputtypes of these operators.Now, we type � as follows. Operators corresponding to nodes �im ; : : :; �n are typed asusual, with no substitutions applied to � . Operators �im�1 ; : : :; �im�1 are typed with thesubstitution � := ff�mgg applied to their normal types, operators �im�2 ; : : :; �im�1�1 aretyped with the substitutions � := ff�m�1gg and then � := ff�mgg applied to their normaltypes, and so forth, until we end up with a chain of substitutions [� := ff�mgg] � � � � � [� :=ff�1gg] applied to the types of R1; : : :;Rl.Let us denote the nodes �ij�1+1; : : :; �ij�1 as contamination layer j, because their typesare \contaminated" by the substitution 
j � [� := ff�mgg] � � � � � [� := ff�jgg]. There is atyping con
ict i� the output of a node � from contamination layer j serves as input to anode �0 from contamination layer k > j. In this case, we pass the output S of � through a\laundering pipeline"(Copy�;ff�k�1gg (Copy�;ff�k�2gg : : : (Copy�;ff�jgg S) : : :));where � is the type of S with no substitutions applied. Each stage Copy�;ff�lgg of this\pipeline" imposes a substitution � := ff�lgg on the type of its input, without changing itsvalue. Thus, if the output of the \pipeline" is typed as 
k (�), as required by node �0, thenthe input gets type (
k � [� := ff�k�1gg] � � � � � [� := ff�jgg]) (�) � 
j (�), which matchesthe output type of node �.Suppose, for example, we want to type (Equal (SetS) (Powerset� S)) according to thisalgorithm. Let us order the operators in this expression as: S, Powerset�, Set, Equal.Then there are two contamination layers, divided by the Powerset� operator: a \clean" one



CHAPTER 5. THE COMPLEX OBJECT ALGEBRA 37containing the Set and Equal operators, with no substitutions applied to their types, anda \dirty" one containing S, with the substitution � := ff�gg applied to its type. There isone typing con
ict because node S from the \dirty" layer serves as input to node Set fromthe \clean" layer. Thus, we have to insert a (one-stage) laundering pipeline Copyf�g;ff�gg,which leads to the typable expression (Equal (Set (Copyf�g;ff�ggS) (Powerset� S)) alreadymentioned above.The procedure given above produces a typable embedding of any complex object algebraexpression into TLC=, but it has a minor aesthetic defect: it requires a polymorphic typingof the Eq predicate. This is because an occurrence of Eq in an operator at contaminationlevel l must be typed as o ! o ! 
l (�)! 
l (�)! 
l (�) instead of o ! o ! � ! � ! � .If we want the type of Eq to stay monomorphic (for example, if we want to supply Eq aspart of the input instead of relying on a built-in predicate, cf. Section 2.5), we can do thisby replacing every occurrence of Eq at contamination level l with the termEql: o ! o ! 
l (�)! 
l (�)! 
l (�) ��x: o: �y: o:�u:
l (�): �v:
l (�):�z1:�1 : : : �zk:�k:Eq x y (u z1 : : :zk) (v z1 : : : zk);where the types �1; : : :; �k are given by 
l (�) = �1 ! � � � ! �k ! � . For every pair ofconstants oi; oj , the normal form of (Eq oi oj) arises from the normal form of (Eql oi oj) bya series of �-reductions [6]. It is known that in a ��-reduction sequence, �-reductions canalways be pushed to the end [6, Theorem 15.1.6]. This remains true even if Eq-reductionsare added, because Eq- and �-reductions commute for typed terms. Thus, the normal formof a query using Eql instead of Eq �-reduces to the normal form of the original query.However, the output of a query is always the encoding r of a complex object having an\uncontaminated" type, and it is easy to see that there is no typed term other than r that�-reduces to r. Thus, it follows that the normal form of a query using Eql instead of Eqand the normal form of the original query are identical.Putting everything together, we arrive at the following theorem:Theorem 5.3.1 Let � (R1; : : :;Rl) be a complex object algebra expression over the relationalschema S = (R1; : : :;Rl). Then there exists a term  of the simply typed �-calculus withequality such that for every instance (r1; : : :; rl) of S, the expression ( r1 : : :rl) reduces to� (r1; : : :; rl), where r denotes the encoding of relation r. Moreover, if the Powerset operator



CHAPTER 5. THE COMPLEX OBJECT ALGEBRA 38is not used, the normal form of ( r1 : : : rl) can be computed in time polynomial in the sizeof r1; : : :; rl.



Chapter 6Query Terms of Fixed OrderIn the previous chapters, we have been concerned with the feasibility of embedding databasequeries in the simply typed �-calculus at all. Now that we know that queries up to ele-mentary time are representable, a natural question is whether it is possible to obtain aconnection between the space/time complexity of queries and the structure of the �-termsthat represent them. A positive answer to this question would on the one hand enable usto de�ne functional query languages that express just the feasible queries, and on the otherhand give us new insights about the expressive power of various fragments of TLC.In this and the next chapter, we show that there is indeed such a connection, and in facta very simple one. Under suitable input/output conventions, we obtain an exact correspon-dence between the complexity classes FIRST-ORDER, PTIME, PSPACE, and EXPTIMEand �xed-order fragments of TLC=. The proof of this correspondence involves three parts:specifying the exact input/output conventions and the query format used, obtaining lowerbounds on the expressibility of �xed-order fragments by simulating generic computations,and obtaining matching upper bounds by de�ning e�cient evaluation algorithms for thesefragments. In the current chapter, we de�ne the input/output framework and the languageswe will use, and we give a series of encodings that establish lower bounds on the expressivepower of these languages. In the next chapter, we give an analysis of the structure of queryterms and show how to evaluate them e�ciently.6.1 Minimizing the Input/Output OrderIn the encoding scheme used so far, a k-ary relation is encoded as a term�c: ((o ! � � � ! o ! �)! �)! � ! � : �n: � :39



CHAPTER 6. QUERY TERMS OF FIXED ORDER 40(c (�f :o ! � � � ! o ! � : f o1;1 o1;2 : : : o1;k)(c (�f :o ! � � � ! o ! � : f o2;1 o2;2 : : :o2;k)� � �(c (�f :o ! � � � ! o ! � : f om;1 om;2 : : :om;k)n) : : :))whose type fokg is of order 4. The relational operators of Chapter 3 are coded as terms oftype fokg ! folg or fokg ! folg ! fomg, which are of order 5. The �xpoint queries ofChapter 4 are of even higher order because of \output type contamination"|their type is(fok1g ! � � � ! foklg) [� := fokg]! fokg, which is of order 8. Finally, the order of complexobject queries is unbounded, because the type structure essentially re
ects the nesting oftuples and sets in the input and output.Although these encodings are quite natural, they are somewhat wasteful with respect tothe order of their types. A �-term of order 4 is already su�ciently powerful to exponentiatea Church numeral, so the use of an order 8 term to compute a polynomial �xpoint seemsunnecessary. Indeed, by changing the input/output conventions of Section 2.4 slightly, wecan do much better.The revised encoding scheme does away with independent representations for tuplesand lists. The only data structure is the relation, which is encoded as follows. Let O =fo1; o2; : : :g be the set of constants. For convenience, we assume that this set of constantsalso serves as the universe over which relations are de�ned. If r = f(o1;1; o1;2; : : :; o1;k); : : :;(om;1; om;2; : : :; om;k)g � Ok is a k-ary relation over O, then the encoding r of r is the �-term�c: kz }| {o ! � � � ! o ! � ! � : �n: � :(c o1;1 o1;2 : : : o1;k(c o2;1 o2;2 : : :o2;k� � �(c om;1 om;2 : : :om;k n) : : :))The di�erence between this encoding scheme and the one of Section 2.4 is that the �eldsof a tuple now appear as separate atomic arguments to the \list-walking" function c, insteadof being hidden in a single functional argument. One can think of r as a generalized Churchnumeral that not only iterates a given function a certain number of times, but also providesdi�erent data at each iteration.If r contains at least two tuples, the principal type of r is (o ! � � � ! o ! � ! �) !



CHAPTER 6. QUERY TERMS OF FIXED ORDER 41� ! � , where � is some �xed type variable.1 The order of this type is 2, independent of thearity of r. We abbreviate this type as o�k. Instances of this type, obtained by substitutingsome type expression � for � , are abbreviated as o�k, or, if the exact nature of � does notmatter, as o�k.It is fairly easy to see that a principal type of o�k characterizes the generalized Churchnumerals in the following sense:Lemma 6.1.1 Let f be any TLC= term without free variables and in normal form (i. e.,with no beta- or Eq-reduction possible) of type o�k, where � is a type variable di�erent from o.Then either f � �c: c o1;1 : : : o1;k or f � r for some relation r � Ok.Proof: Clearly, f cannot be build from Eq and constants alone. Thus, f must be of theform �c:o ! � � � ! o ! � ! � : g, where g is a term of type � ! � . If g does not begin witha �-abstraction, then g must be of the form c o1;1 : : :o1;k. Note that Eq cannot occur in g,because the only possible subterms of g of type o are explicit constants, and an occurrenceof Eq with constant arguments would create a redex. If g does begin with a �-abstraction,then g � �n: � : h, where h is of type � . Again, Eq cannot occur in h, and it is easy to seethat the most general term of type � that can be build from constants, c, and n is a listc~o1 (c~o2 : : :(c~om n) : : :), where m � 0. Hence, in this case f � r for some relation r � Ok.2Remark: The two terms �c: c o1;1 : : :o1;k and �c:�n: c o1;1 : : : o1;k n, �-convert to eachother and they cannot be distinguished at the type level. For this reason, we extend ourencoding convention to allow both forms as valid representations of relations containing justone tuple.6.2 Language De�nitionsWe now de�ne the query languages that we will consider. We de�ne two sets of languagesTLI=i and MLI=i , where i = 0; 1; 2; : : :, as �xed-order fragments of TLC= and core-ML=,respectively. Membership in these languages is de�ned by a typing constraint that guaran-tees that terms in these languages behave as queries, i. e., when given a set of encodings ofrelations as input, they produce the encoding of another relation as output. For purposesof comparison we use the same syntax in both TLI and MLI de�nitions. That is, in MLI weinterpret the outermost �'s as let's. The other let's in MLI can be eliminated, if desired,by replacing every subterm of the form \let x = N inM" with M [x:= N ].1If r is empty or contains only one tuple, this type is only an instance of the principal type of r.



CHAPTER 6. QUERY TERMS OF FIXED ORDER 42De�nition 6.2.1 A query program of arity (k1; : : :; kl; k) in TLI=i (the language of typedlist iteration of order i with equality) is a typed TLC= term Q of order i+3 such that: Q hasthe form �R1 : : : �Rl:M and for every database of arity (k1; : : :; kl) encoded by r1 : : : rl it ispossible to type (�R1 : : :�Rl:M) r1 : : :rl as o�k.De�nition 6.2.2 A query program of arity (k1; : : :; kl; k) in MLI=i (the language of ML-typed list iteration of order i with equality) is a typed core-ML= term Q of order i+3 suchthat: Q has the form �R1 : : : �Rl:M and for every database of arity (k1; : : :; kl) encoded byr1 : : :rl it is possible to ML-type (�R1 : : : �Rl:M) r1 : : : rl as o�k with the bindings �R1 : : : �Rltyped as let's.We use order i + 3 in these de�nitions because the expressive power of list iterationreally depends on the order of the objects that are manipulated during an iteration, not onthe order of the term in which the iterator is used. An iterator over objects of type � oforder i has type (o ! � � � ! o ! � ! �)! � ! �, thus its order is i+ 2. If a query termabstracts on such an iterator, the order of the query term becomes i+ 3, but the relevantmeasure is still i.The above de�nitions are semantic because they involve quanti�cation over all inputs.By Lemma 6.1.1 and the fact that � is a type variable di�erent from o, it is easy to seethat every program in these languages is guaranteed to have a correct output given correctinputs. These semantic de�nitions can be made syntactic:Lemma 6.2.3 Given (k1; : : :; kl; k) and a typed �-term (�R1 : : : �Rl:M) of TLC= or core-ML= of order i+3 one can e�ciently decide if it is a query program of arity (k1; : : :; kl; k) ofTLI=i or MLI=i . Moreover, all inputs to this term can be typed with the same monomorphictype.Proof: As stated in Section 6.1, the principal type of an encoding of a relation is (o !� � � ! o ! � ! �) ! � ! � , independent of the content or the size of the relation (aslong as there are at least two tuples). Thus, in order to decide whether a term Q is aTLI=i or MLI=i query program of arity (k1; : : :; kl; k), it su�ces to type-check an expression(Qr1 : : : rl), where r1; : : :; rl are encodings of relations of arities k1; : : :; kl and length 2. 2In the setting of these query languages input and output terms are monomorphicallytyped. Unlike [19, 43], we allow that the monomorphic types of inputs and outputs di�er.Outputs are always typed as o�k but inputs can be typed with some type expression �substituted for � , where the order of � is bounded by the index of the language TLI=i orMLI=i the query term is in.



CHAPTER 6. QUERY TERMS OF FIXED ORDER 436.3 Embedding Database Queries in TLI=i and MLI=iIn this section, we prover lower bounds on the expressive power of the TLI=i and MLI=ilanguages by encoding various classes of queries. Our encodings show that TLI=0 expressesrelational algebra and order and that TLI=1 expresses all PTIME queries. If, in addition tothe typing Eq: o ! o ! � ! � ! � prescribed in Section 2.1, we also allow Eq to be typedas Eq: o ! o ! o ! o ! o (thereby introducing a weak form of polymorphism), we obtain aversion TLI'0 of TLI=0 that expresses relational algebra, parity, majority, and (deterministic)graph accessibility. For higher orders, we use a generic simulation to show that TLI=2k+1and MLI=2k+1 express k-EXPTIME and TLI=2k+2 and MLI=2k+2 express k-EXPSPACE. Here,k-EXPTIME stands for time complexity 22::2nO(1) , where there is a tower of k 2's, andk-EXPSPACE is de�ned analogously.6.3.1 Embeddings in TLI=0The encodings of the relational operators can be adopted to our new input/output con-vention in a straightforward fashion. We illustrate this for the Equal, Member , and Unionoperators only. The basic idea is that whenever an operator was passed a k-tuple argument,it is now passed the k individual components of the tuple instead.Equalk: kz }| {o ! � � � ! o ! kz }| {o ! � � � ! o ! Bool ��x1: o : : :�xk: o: �y1: o : : :�yk: o:�u: � : �v: � :Eq x1 y1 (Eq x2 y2 : : : (Eq xk yk u v) v) : : :v))Memberk: kz }| {o ! � � � ! o ! o�k ! Bool ��x1: o : : :�xk: o: �R: o�k:�u: � : �v: � :R (�y1: o : : :�yk : o: �T : � :Equalk x1 : : : xk y1 : : : yk u T ) vUnionk : o�k ! o�k ! o�k ��R:o�k : �S:o�k:�c: o ! � � � ! o ! � ! � : �n: � :R (�x1: o : : :�xk: o: �T : � :Memberk x1 : : : xk S T (c r T )) (S c n)



CHAPTER 6. QUERY TERMS OF FIXED ORDER 44With these modi�cations, all relational operators can be expressed as TLI=0 terms. How-ever, TLI=0 expresses more than just relational algebra: it is also possible to de�ne an orderrelation on the input universe, using the order inherent in the encoding of the input. Namely,if (r1; : : :; rl) is an encoded database of arities (k1; : : :; kl), we can compute the input universeas described in Section 4.1:D: o�1 �(Union1 (Projectk1;1 r1) (Union1 (Projectk1;2 r1) : : :(Union1 (Projectk2;1 r2) (Union1 (Projectk2;2 r2) : : :� � �(Union1 (Projectkl;1 rl) (Union1 (Projectkl;2 rl) : : :);and then check whether x precedes y in D by means of the following �-term:Precedes: o ! o ! Bool ��x: o: �y: o:�u: � : �v: � :D (�z: o: �T : � :Eq z x u (Eq z y v T )) vThis term works by looping over the constants in D until either x or y is seen. If x is seen�rst, it reduces to True, otherwise it reduces to False.From the above and the equivalence of relational algebra and calculus, it follows that:Theorem 6.3.1 Under the input/output conventions of Section 6.1, all �rst-order queriesover ordered structures can be expressed in TLI=0 and MLI=0 .6.3.2 Embeddings in TLI'0TLI'0 allows us to type Eq polymorphically either as o ! o ! � ! � ! � or o ! o !o ! o ! o. The added freedom makes it possible to express iterations that maintainstate, by passing a constant from one stage to the next and basing the action taken at eachstage on the value of the constant that is passed in. With this technique, we can expressnon-relational queries such as Parity and Majority.Parity: The following term computes whether a relation R contains an odd or even num-ber of tuples. If the cardinality of R is even, the output is the singleton list [1], otherwise



CHAPTER 6. QUERY TERMS OF FIXED ORDER 45it is the singleton list [0] (here 0 and 1 are TLC constants). The type of Eq in this exampleis o ! o ! o ! o ! o.Parity: ook ! o�1 ��R:ook :�c: o ! � ! � : �n: � :c (R (�x1: o : : :�xk: o: �P : o: (EqP 0) 1 0) 0)nMajority: Here the input consists of a binary relation R, where each tuple contains aunique constant in the �rst column (to make the tuple unique) and either the constant 1or the constant 0 in the second column. The task is to determine whether there are more1's than 0's in the second column. The following term decides this, reducing to [1] if theanswer is \yes" and to [0] otherwise. It uses the \labels" in the �rst column of R as numbers,treating the (unique) constant in the �rst column of the i-th tuple of R as the number i�1.Majority: oo2 ! o�1 ��R:oo2 :�c: o ! � ! � : �n: � :c (CompareR(R (�x1: o: �x2: o: �T :o: (Eq x2 1) (SuccR T )T )FirstR)(R (�x1: o: �x2: o: �T :o: (Eq x2 0) (SuccR T )T )FirstR)0 0 1)nHere, FirstR, SuccR, and CompareR are functions that operate on the \labels" in the �rstcolumn of R. FirstR returns the label of the �rst tuple in R, (SuccR x) returns the label ofthe tuple following the one labeled x, and (CompareR x y a b c) compares the positions in Rof the tuples labeled x and y, reducing to a if x precedes y, to b if x and y are equal, andto c if y precedes x. These terms can be written as follows:FirstR � R (�x1: o: �x2: o: �T : o: x1) 0(SuccR x) � R (�x1: o: �x2: o: �T : o:CompareR x1 x T T x1) x(CompareR x y a b c) � R (�x1: o: �x2: o: �T : o:Eq x y b (Eqx1 x a (Eqx1 y c T ))) bDeterministic Graph Accessibility: Suppose that G is a directed graph in which eachnode has at most one outgoing edge. The (deterministic) graph accessibility problem con-



CHAPTER 6. QUERY TERMS OF FIXED ORDER 46sists of determining, for two given vertices (u; v), whether there is a path in G from u to v.We assume thatG is given as a binary relation R containing tuples of the form (x;Parent (x))and that S is a binary relation containing a single tuple (u; v). The following term decideswhether u is an ancestor of v in G, reducing to [1] if the answer is \yes" and to [0] otherwise.The idea is to use the list R twice: in an inner loop, to compute the parent of a vertex, andin an outer loop, to iterate the parent operation until either the desired vertex is found orjRj iterations have been done.DGAP: oo2 ! oo2 ! o�1 ��R:oo2 : �S:oo2 :�c: o ! � ! � : �n: � :c (S (�uv: o: �W : o:Eq v (Ancestor u) 1 0) 0)n;where (Ancestor u) � R (�x1: o: �x2: o: �T :o: (Eq T v)T (ParentT )) uand (Parent v) � R (�x1: o: �x2: o: �T : o: (Eq x1 v) x2 T ) vIt is interesting to note that deterministic graph accessibility is LOGSPACE-complete for�rst-order reductions [28], but only if vertices can be labeled by tuples of constants. Thismeans that an instance of the problem consists of a 2 k-ary relation R such that each tuple(x1; : : :; xk; y1; : : :; yk) 2 R denotes an edge from the vertex labeled (x1; : : :; xk) to the vertexlabeled (y1; : : :; yk).It seems that this more general version of graph accessibility cannot be expressed inTLI'0 , since it requires list iteration over tuples of constants, which cannot be encoded asTLC= objects of order 0. Thus, the expressive power of TLI'0 appears to fall short ofLOGSPACE. It is possible to express all of LOGSPACE by adding tuples of constants asprimitive objects to the language, but this would sacri�ce the simplicity of the frameworkto some extent. (Using the evaluation techniques presented in the next chapter, it can beshown that TLI'0 queries, even with an additional tupling constructor, can be evaluated inLOGSPACE; so TLI'0 + tuples = LOGSPACE.)6.3.3 Embeddings in TLI=1 and MLI=1The modi�cations from Section 4.1 for encoding �xpoint queries are not so straightforward.The problem is that even with order 2 representations of relations, the order of a �xpoint



CHAPTER 6. QUERY TERMS OF FIXED ORDER 47query is order ((o�k1 ! � � � ! o�kl) [� := o�k]! o�k) = 5:To bring the order down to 4, we use the following trick: During the �xpoint computation,we represent intermediate values of the output relation not as iterators, but as characteristicfunctions . A characteristic function representation of a k-ary relation r is a TLC= termfr: kz }| {o ! � � � ! o ! Boolsuch that for any k constants oi1 ; : : :; oik ,(fr oi1 : : : oik) > (True if (oi1 ; : : :; oik ) 2 r,False if (oi1 ; : : :; oik ) =2 r.Note that the type of fr , o ! � � � ! o ! Bool, is of order 1. We abbreviate this type as �k.If r is given as an iterator R: o�k, then a characteristic function representation of r iscomputed by the TLC= termListToChark: o�k ! �k ��R:o�k :�x1: o : : :�xk: o:�u: � : �v: � :R (�y1: o : : :�yk: o: �T : � :Equalk x1 : : :xk y1 : : :yk u T ) v:In order to translate back from a characteristic function to an iterator, we need alist D: o�1 containing all the constants in the domain. (Such a list can be obtained from theinput relations by forming the union of all columns, using the Project and Union operators.)Given this list, the iterator corresponding to a characteristic function fr:�k is computed bythe TLC= termCharToListk :�k ! o�k ��f : o ! � � � ! o ! Bool:�c: o ! � � � ! o ! � ! � : �n: � :D (�x1: o: �T1: � :D (�x2: o: �T2: � :� � �D (�xk: o: �Tk: � :f x1 : : :xk (c x1 : : : xk Tk)Tk)Tk�1) : : :T1)n:



CHAPTER 6. QUERY TERMS OF FIXED ORDER 48Suppose now that the TLC= term (�R:Q):o�k ! o�k of order 3 represents a relationalquery to be iterated, with variables R1; : : :;Rl representing the input relations occurringfree in Q. The term �f:Q0, whereQ0 � ListToChark (Q [R:= (CharToListk f)]);represents the same query, but its order is only 2. To express the �xpoint of �f:Q0, wewould like to de�ne, as in Section 4.1,FixQ � �R1 : : :�Rl:Crank (�f:Q0) (ListToChark Nil);where Crank is a suitably large Church numeral derived from a cross product of the inputrelations and Nil is the empty list. However, this term can be typed only with either ML-polymorphism or a certain amount of type laundering. More precisely, the occurrences of Riin Crank have to have a \contaminated" type (o�ki) [� := �k ], whereas the occurrences of Riin Q0 have to have a \clean" type o�ki , for 1 � i � l. This can be achieved by either typingRi polymorphically or by replacing every occurrence of Ri in Q0 by the term (Copyki Ri),where Copyki is the following \laundering" operator:Copyki : (o�ki) [� := �k]! o�ki ��R: (o�ki) [� := �k]:�c: o ! � � � ! o ! � ! � : �n: � :(R (�x1: o : : :�xki : o: �T :�k :�y1: o : : :�yk: o: �u: � : �v: � : c x1 : : : xki (T y1 : : :yk u v))(�y1: o : : :�yk: o: �u: � : �v: � : n)) z1 : : :zk nn(Here, z1; : : :; zk are some variables of type o.)Thus, the �nal encoding of the �xpoint query in TLI=1 becomesFixQ: (o�k1 ! � � � ! o�kl) [� := �k ]! o�k ��R1: o�k1 [� := fokg] : : :�Rl: o�kl [� := fokg]:Crank(�f :�k :Q0 [R1:= (Copyk1 R1); : : :;Rl:= (Copykl Rl)])(ListToChark Nil):It is easy to see that this term is indeed well typed and that its type is of order 4. Hence,we have



CHAPTER 6. QUERY TERMS OF FIXED ORDER 49Theorem 6.3.2 Under the input/output conventions of Section 6.1, all PTIME queriescan be expressed in TLI=1 and MLI=1 .Note that the theorem does not make any claims about the number of reduction stepsneeded to normalize the query expression. In fact, it is not obvious at all that a �xpointquery in this new encoding scheme can be evaluated in PTIME. This is due to the fact thatfor any iterator R representing a relation, the term (ListToCharR) reduces to a normalform whose size is exponential in the size of R! Thus, a polynomial evaluation strategymust somehow recognize such terms and use special data structures to store their normalforms e�ciently. This is the subject of the next chapter.6.3.4 Embeddings in TLI=2 and MLI=2The increase in order by 1 in going from TLI=1 to TLI=2 allows us to iterate �rst-orderqueries an exponential number of times. This is su�cient to evaluate any query Q of datacomplexity PSPACE, by just iterating a �rst-order representation of the transition functionof a Turing machine computing Q [48].To obtain an exponential iterator, we proceed as follows: We take the �xpoint query ofthe previous section,FixQ � �R1 : : :�Rl:Crank (�f:Q) (ListToChark Nil);where �f:Q is a �rst-order query of type �k ! �k, and replace the Church numeral Crankby its exponentialCrank 0: Int � Crank (�s:�z: s (s z))If Crank is the Church numeral nk , where n is the database size, then Crank0 is theChurch numeral 2nk . The type of Crank in the term above is Int [� := � ! � ], i. e.,((� ! �) ! (� ! �)) ! (� ! �) ! (� ! �), which is of order 3. If we want touse Crank0 to iterate the query �f:Q of type �k ! �k , then we have to type Crank asInt [� := �k ! �k ], which means that we have to type the input relations with � substitutedby �k ! �k. Since the order of �k ! �k is 2, we obtain a TLI=2 query term. Of course,the occurrences of R1; : : :;Rl inside Q need a \clean" type; this is achieved by either usingML-typing or type laundering. Thus, we obtain:Theorem 6.3.3 Under the input/output conventions of Section 6.1, all PSPACE queriescan be expressed in TLI=2 and MLI=2 .



CHAPTER 6. QUERY TERMS OF FIXED ORDER 506.3.5 Embeddings in TLI=3 and MLI=3With a further increase in order, we can a�ord another exponential. Clearly, there is nopoint in iterating a �rst-order query a doubly exponential number of times over polynomiallysized relations (of which there are only exponentially many)|the computation would loopor reach a �xpoint after at most a singly exponential number of iterations. Instead, we haveto use the order increase to build exponentially-sized data structures.The main idea is to build a domain of exponential size by using relations over the inputuniverse as atomic elements of a larger domain. There are 2nk relations of arity k over auniverse D of size n, so by using these relations as atomic objects, we obtain a domain D0 ofsize 2nk . D0 can be economically represented using a list of characteristic functions, whichrequires an order 3 type. We build D0 using a modi�ed version of the Powerset operator ofSection 5.3 that uses characteristic functions:D0: f�kg � Dk (�x1: o : : :�xk: o: �S:f�kg:Union S (Prepend x1 : : : xk S))(�c:�k ! � ! � : �n: � : c (ListToChark Nil)n);where Dk � ( k factorsz }| {TimesD (TimesD : : : (TimesDD) : : :))and Prepend: o ! � � � ! o ! f�kg ��x1: o : : :�xk: o: �S:f�kg:�c:�k ! � ! � : �n: � :S (�f :�k : �T : � :c (�y1: o : : :�yk: o: �u: � : �v: � :(Equalk x1 : : :xk y1 : : :yk) u (f y1 : : : yk))T )n:This term yields D0 as a list of the 2nk possible characteristic functions of arity k.Equality and order predicates over the domain D0 can be computed using pointwisecomparison of characteristic functions:Equal�k :�k ! �k ! Bool ��f :�k: �g:�k:�u: � : �v: � :Dk (�x1: o : : :�xk: o: �T : � :Xor (f x1 : : : xk) (g x1 : : : xk) v T ) u



CHAPTER 6. QUERY TERMS OF FIXED ORDER 51Precedes�k :�k ! �k ! Bool ��f :�k: �g:�k:�u: � : �v: � :Dk (�x1: o : : :�xk: o: �T : � :Xor (f x1 : : : xk) (g x1 : : : xk) (g x1 : : : xk)T ) vFinally, we can build terms ListToChar 0 and CharToList0 very much like those in Sec-tion 6.3.3 that use D0 to convert back and forth between lists of characteristic functionsand characteristic functions of characteristic functions. This allows us to (a) represent arbi-trary relations over D0 as order 2 objects, namely characteristic functions of characteristicfunctions, and (b) write arbitrary �rst-order queries that map relations over D0 to relationsover D0.Suppose now that �f:Q is a �rst-order query over domain D0, of type �0k ! �0k, where�0k � kz }| {�k ! � � � ! �k ! Boolis the type of a k-ary characteristic function over D0. We can iterate �f:Q an exponentialnumber of times over an exponential domain by writingFixQ � Crank 0 (�f:Q) (�g1:�k : : :�gk:�k :False)where Crank0 is the Church numeral 2nk obtained by exponentiating the length of Dk.As usual, type laundering or ML-polymorphism is needed to make this term typable. Theorder of FixQ is one more than the �xpoint query of the last section, because the \one-step"function �f:Q now has type �0k ! �0k instead of �k ! �k ; thus FixQ is a TLI=3 query.It is easy to see that terms of the form FixQ can capture any EXPTIME query, sincewe can just code up the transition function of the Turing machine computing the query asa �rst-order expression, which we then iterate over an exponential amount of tape encodedas a relation over D0. Thus, we haveTheorem 6.3.4 Under the input/output conventions of Section 6.1, all EXPTIME queriescan be expressed in TLI=3 and MLI=3 .It is now easy to see how this process continues for higher orders. In going to TLI=4 , weuse the additional order to code a doubly exponential iteration over an exponential universe,thus capturing EXPSPACE, then in TLI=5 we can code a doubly exponential iteration overa universe of doubly exponential size, capturing 2-EXPTIME, and so forth. In general, wehave the following theorem:



CHAPTER 6. QUERY TERMS OF FIXED ORDER 52Theorem 6.3.5 Under the I/O conventions of Section 6.1, all k-EXPTIME queries canbe expressed in TLI=2k+1 and MLI=2k+1, and all k-EXPSPACE queries can be expressed inTLI=2k+2 and MLI=2k+2. Here, k-EXPTIME and k-EXPSPACE denote time and space com-plexity 22::2nO(1) , where there is a tower of k 2's.



Chapter 7Evaluating TLI=i QueriesIn this chapter, we give upper bounds on the data complexity of queries expressible in TLI=iand MLI=i . In particular, we show that over ordered structures, TLI=0 and MLI=0 expressjust the �rst-order queries, TLI=1 and MLI=1 express just the PTIME queries, and thatfurther increases in order lead to data complexity PSPACE and EXPTIME, respectively,and probably in general to k-EXPTIME and k-EXPSPACE, where k = b(i� 1) = 2c. Theproofs consist of specifying a suitable reduction strategy for query terms together with thedesign of space-e�cient representations of intermediate results.7.1 The Structure of TLI=i and MLI=i TermsIn the following, let Q be a �xed TLI=i or MLI=i term. We can assume that Q is in normalform, because the reduction to normal form can be done in a preprocessing step that doesnot �gure in the data complexity of the query. We can also eliminate all let-expressionsfrom Q by replacing every subterm of the form \let x = N inM" with M [x:= N ] and byagreeing that variables corresponding to input relations are to be polymorphically typed.It is convenient to introduce some terminology for the subterms of Q. Since Q is innormal form, every subterm of Q is of the form �x1: �x2 : : : �xk: f M1 : : :Ml, where k; l � 0,x1; : : :; xk and f are variables, and M1; : : :;Ml are terms. An occurrence of a subterm T iscalled complete if k and l are maximal, i. e., if the occurrence is not of the form (�x:T ) or(T S). In this case, M1; : : :;Ml are called the arguments of f and f is called the functionsymbol governing the occurrence of Mi for 1 � i � l. It is easy to see that for every occur-rence of a subterm of Q, there is a smallest complete subterm containing that occurrence.In particular, every occurrence of a variable in Q not immediately to the right of a � is thegoverning symbol for a well-de�ned (but possibly empty) set of arguments.53



CHAPTER 7. EVALUATING TLI=I QUERIES 54Since Q is in TLI=i or MLI=i , it can be typed as o�k1 ! � � � ! o�kl ! o�k, where the asterisksstand for unspeci�ed types of order � i built from o and � (in the case of MLI=i terms, thesetypes are to be interpreted polymorphically). We call any such typing a canonical typingof Q. Under a canonical typing, every subterm t of Q is assigned a certain type, which wecall the canonical type of t for this canonical typing of Q.In order to simplify the evaluation of a query, we will �rst preprocess Q into an equivalentquery term with certain structural properties. This transformation is independent of anyinput relations, i. e., its data complexity is O (1). The following de�nition speci�es thespecial kind of term the evaluation algorithms operate on.De�nition 7.1.1 Let Q be a TLI=i or MLI=i query term and 
 be a canonical typing of Q.We say that Q is in 
-canonical form if Q is in closed normal form and every completesubterm t of Q is of the form �x1:�1 : : : �xk:�k:M , where k � 0 and �1; : : :; �k are suchthat the canonical type of t under 
 is �1 ! � � � ! �k ! �, where � is either � or o. Wesay that Q is in canonical form if it is in 
-canonical form for some canonical typing 
.Lemma 7.1.2 Let P be a TLI=i or MLI=i term mapping l relations of arities k1; : : :; kl toa relation of arity k. Then there is a TLI=i or MLI=i term Q in canonical form such thatP and Q de�ne the same database query, i. e., for every input r1; : : :; rl, the normal forms of(P R1; : : :;Rl) and (QR1; : : :;Rl) encode the same relation. Q can be e�ectively determinedfrom P .Proof: Fix some canonical typing 
 of P . We obtain Q from P by a series of �-expansions,where a complete subterm �x1:�1 : : : �xk:�k:M with type (M) = �k+1 ! � � � ! �m ! oor type (M) = �k+1 ! � � � ! �m ! � is replaced by �x1:�1 : : : �xm:�m: (M xk+1 : : :xm),until no further expansions are possible. Since �-expansions do not change the semantics ofa query (cf. Section 5.3), P and Q are equivalent.Free variables can now be eliminated fromQ by the following procedure: Any occurrenceof a free variable F of type, say, �1 ! � � � ! �k ! o or �1 ! � � � ! �k ! � , is replacedby an expression �x1:�1 : : : �xk:�k: o1 or �x1:�1 : : : �xk:�k: n, respectively (where n is thevariable of type � bound at the top level of Q), until no more free variables remain. Sincethe output of a query does not contain free variables, this procedure does not a�ect thesemantics of Q. After a �nal normalization, we obtain the desired canonical form. 2Lemma 7.1.3 Let Q be a TLI=i or MLI=i term in canonical form mapping l relations ofarities k1; : : :; kl to a relation of arity k. Then the following are true:



CHAPTER 7. EVALUATING TLI=I QUERIES 551. Q is of the form �R1: o�k1 : : : �Rl: o�kl : �c:o ! � � � ! o ! � ! � : �n: � : Q0 withtype (Q0) = � .2. Every occurrence of Ri in Q0 is of the form Ri (�~x: �f: �~y:M) (�~y:N) ~T, where ~x isa vector of ki variables of type o, f is a variable of order � i, ~y is a (possibly empty)vector of variables of order < i, M and N are terms of type o or � , and ~T is a(possibly empty) vector of terms of order < i. We call f the accumulator variable forthis occurrence of Ri.3. Every occurrence of Eq in Q0 is of the form EqS T U V , where S and T are terms oftype o and U and V are terms of type � .4. Every occurrence of c in Q0 is of the form c T1 : : : Tk Tk+1, where the type of T1; : : :; Tkis o and the type of Tk+1 is � .5. For i � 1, the only variables in Q of order i or more are R1; : : :;Rl and accumulatorvariables (and c, if i = 1).Proof: This follows immediately from the type of Q and the fact that Q is canonical, i. e.,fully �-expanded. 27.2 Evaluating TLI=0 and MLI=0 TermsTLI=0 /MLI=0 queries can only iterate over order 0 objects. This means that the processingat each stage cannot depend on the value computed so far|the incoming value is a \blackbox" that has no externally visible features1. Intuitively, it should therefore be possibleto perform the stages of an iteration in parallel, thus computing the output of a queryin constant parallel time. This leads to the conjecture that TLI=0 /MLI=0 queries are inAC0, i. e., computable by constant-depth circuits with unbounded fan-in. We prove thisconjecture using Immerman's characterization of uniform AC0 as the �rst-order expressibleproperties, by showing that the output of a TLI=0 /MLI=0 query can be described by a �rst-order formula.First we sharpen Lemma 7.1.3 for TLI=0 and MLI=0 terms:1This is not entirely true, since the incoming value could be a TLC= constant, which is meaningful to theEq predicate. However, since Eq cannot be typed as o ! o ! o ! o ! o, it cannot be used in selectingthe value to pass on to the next stage.



CHAPTER 7. EVALUATING TLI=I QUERIES 56Lemma 7.2.1 Let Q be a TLI=0 or MLI=0 term in canonical form mapping l relations ofarities k1; : : :; kl to a relation of arity k. Then every subterm of Q of type � has one of thefollowing forms:1. Ri (�x1: o : : :�xki : o: �y: � :M)N , where M and N are terms of type � ,2. EqS T U V , where S and T are terms of type o and U and V are terms of type � ,3. c T1 : : :Tk Tk+1, where T1; : : :; Tk are terms of type o and Tk+1 is a term of type � ,4. y, where y is some variable of type � .Every subterm of Q of type o has one of the following forms:5. Ri (�x1: o : : :�xki : o: �y: o:M)N , where M and N are terms of type o,6. y, where y is some variable of type o,7. oj, where oj is a TLC= constant.Proof: Let M be a subterm of Q of type � and let s be its top-level symbol, i. e., M =sM1 : : :Mn. s must be one of Ri, Eq, c, n, or an accumulator variable of type � , since noother variables can occur in Q. For each of these cases, it follows from Lemma 7.1.3 andthe type of Q that one of (1){(4) must apply.If M is of type o, then its top-level symbol cannot be Eq, c, or n. Thus, it must eitherbe an Ri, in which case (5) applies, or a variable of type o or an explicit constant, in whichcase (6) or (7) apply. 2For a term Q as described in the above lemma, we will now construct a �rst-orderformula  Q (�1; : : :; �k) describing its behavior. More precisely,  Q (�1; : : :; �k) is a formulawith free variables �1; : : :; �k built from predicate symbols R1; : : :; Rl of arities k1; : : :; kland an interpreted predicate \<" specifying a total order on the domain, such that forany structure S = (D; r1; : : :; rl) over R1; : : :; Rl and any tuple (x1; : : :; xk) 2 Dk , we haveS `  Q (x1; : : :; xk) i� (x1; : : :; xk) is in the output of (Qr1 : : : rl), where the encodingsr1; : : :; rl are chosen so that the tuples appear in lexicographical order as determined by \<".Let us �rst describe the intuition behind the construction of  Q. The main task in thisconstruction is to describe the output of an iteration Ri (�~x: �y:M)N , where y, M , and Nare of type � . It is easy to see that during the evaluation of (Qr1 : : : rl), such an iteration



CHAPTER 7. EVALUATING TLI=I QUERIES 57must eventually produce a list-like structureL � c o1;1 o1;2 : : :o1;k(c o2;1 o2;2 : : :o2;k� � �(c om;1 om;2 : : :om;k z)) : : :);where m � 0 and z is some variable of type � . Since each stage of the iteration cannot\look" at the value that is passed in, it can only either prepend some tuples to this value orthrow it away altogether and start building a new list from scratch. Thus, a tuple can endup in L in two ways: either it was already present in the initial value N of the iteration andevery stage of the iteration only added tuples to the incoming value, or it was contributedat some stage and all subsequent stages only added tuples to the incoming value.To capture the output of an iteration in a �rst-order formula, we therefore need toexpress two things: (a) a stage of the iteration prepends tuples to the incoming value, i. e.,it \passes through" all incoming tuples to the next stage, and (b) a stage of the iteration\produces" some tuple (�1; : : :; �k). This leads to the de�nition of two sets of formulas:a formula PassThroughz;t for every subterm t: � of Q and variable z: � free in t, sayingthat term t will \pass through" whatever tuples are in z to its output, and a formulaProducest (�1; : : :; �k) for every subterm t: � of Q saying that tuple (�1; : : :; �k) will be in theoutput of t. These formulas are de�ned below by structural induction over t. The formulaProducesQ0 (�1; : : :; �k), where Q0 is the \body" of Q � �R1 : : : �Rl: �c: �n:Q0, is then thedesired �rst-order equivalent of Q.The approach described above has to be slightly modi�ed to deal with iterations of theform Ri (�~x: �y:M)N , where y, M , and N are of type o. Such iterations reduce eventuallyto a single constant. The equivalent of the PassThrough and Produces formulas for thiscase are a formula PassThrough0z;t for every subterm t: o of Q and variable z: o free in t,saying that term t will \pass through" whatever constant is in z to its output, and a formulaProduces0t (�) for every subterm t: o of Q saying that � is the output of t. These formulasare also de�ned by structural induction over t. Interestingly, the formula PassThrough0x;t isa closed formula, i. e., it does not depend on the values of any free variables of t. In otherwords, the behavior of a \loop body" of type o ! � � � ! o ! o is oblivious to its arguments.This is because Eq cannot appear in such loop bodies; the only conditional terms that canappear are of the form �u:�v:Ri (�~x: �y: u) v, which test the emptyness of relation Ri.Here are the actual de�nitions of the PassThrough and Produces predicates. We use



CHAPTER 7. EVALUATING TLI=I QUERIES 58the notation ~x < ~y to express that ~x lexicographically precedes ~y.PassThroughz;x � �False if z 6� xTrue if z � x (where x: � is a variable)PassThroughz;cT1:::TkTk+1 � PassThroughz;Tk+1PassThroughz;EqSTUV � 9 x y:Produces0S (x) ^ Produces 0T (y)^ �(x = y ^ PassThroughz;U )_ (x 6= y ^ PassThroughz;V )�PassThroughz;Ri(�~x:�y:M)N � �PassThroughz;N ^ 8~x 2 Ri:PassThroughy;M�_ �9~x0 2 Ri:PassThroughz;M[~x:=~x0]^ 8~x 2 Ri;~x < ~x0:PassThroughy;M�Producesx (�1; : : :; �k) � False (where x: � is a variable)ProducescT1:::TkTk+1 (�1; : : :; �k) �  k̂i=1Produces0Ti (�i)! _ ProducesTk+1 (�1; : : :; �k)ProducesEqSTUV (�1; : : :; �k) � 9xy:Produces0S (x) ^ Produces0T (y)^ ((x = y ^ ProducesU (�1; : : :; �k))_ (x 6= y ^ ProducesV (�1; : : :; �k)))ProducesRi(�~x:�y:M)N (�1; : : :; �k) � �ProducesN (�1; : : :; �k) ^ 8~x 2 Ri:PassThroughy;M�_ �9~x0 2 Ri:ProducesM[~x:=~x0](�1; : : :; �k)^ 8~x 2 Ri;~x < ~x0:PassThroughy;M�PassThrough0z;oj � False (where oj a constant)PassThrough0z;x � �False if z 6� xTrue if z � x (where x: o is a variable)PassThrough0z;Ri(�~x:�y:M)N � �PassThrough0z;N ^ :9~x 2 Ri�_ �PassThrough0z;N ^ PassThrough0y;M ^ 9~x 2 Ri�_ �PassThrough0z;M ^ 9~x 2 Ri�Produces0oj (�) � (� = oj) (where oj is a constant)



CHAPTER 7. EVALUATING TLI=I QUERIES 59Produces0x (�) � (� = x) (where x: o is a variable)Produces0Ri(�~x:�y:M)N (�) � �Produces 0N (�) ^ :9~x 2 Ri�_ �Produces0N (�) ^ PassThrough0y;M ^ 9~x 2 Ri�_xj2~x�PassThrough0xj ;M ^ FirstjRi (�) ^ 9~x 2 Ri�_z2FV �PassThrough0z;M ^ � = z ^ 9~x 2 Ri�where in the last de�nition, the symbol F V denotes the set of free variables of �~x: �y:M oftype o and the formula FirstjRi is a �rst-order formula stating that � is the jth componentof the �rst tuple in Ri.Lemma 7.2.2 Let Q � �R1 : : :�Rl: �c:�n:Q0 be a TLI=0 or MLI=0 term in canonical form,t be a subterm of Q of type � , t0 be a subterm of Q of type o, r1; : : :; rl be a legal input for Qwith tuples appearing in lexicographical order, F Vo (t) be the set of free variables of t oftype o, and � be a substitution that assigns constants to all variables in F Vo (t). Then thefollowing are true:1. For each free variable z of t of type � , PassThroughz;t de�nes a �rst-order formulawith free variables in F Vo (t).2. Producest (�1; : : :; �k) de�nes a �rst-order formula with free variables in F Vo (t) [f�1; : : :; �kg.3. For each free variable z of t0 of type o, PassThrough0z;t0 de�nes a �rst-order formulawith no free variables.4. Producest0 (�) de�nes a �rst-order formula with free variables in F Vo (t0) [ f�g.5. The expression t [R1:= r1; : : :;Rl:= rl] � reduces to a list-like structurec o1;1 o1;2 : : :o1;k(c o2;1 o2;2 : : : o2;k� � �(c om;1 om;2 : : : om;k y)) : : :);where m � 0 and y is some free variable of t of type � , and we have(a) r1; : : :; rl `� PassThroughz;t i� z � y,



CHAPTER 7. EVALUATING TLI=I QUERIES 60(b) r1; : : :; rl `� Producest (�1; : : :; �k) i� 9 1 � i � m 8 1 � j � k �j = oi;j .6. The expression t0 [R1:= r1; : : :; Rl:= rl] reduces to either a single constant oj or somefree variable y of t0 of type o. In the �rst case, we have(a) r1; : : :; rl 6` PassThrough0z;t0 for any z,(b) r1; : : :; rl ` (Producest0 (�) () � = oj).In the second case, we have(a) r1; : : :; rl ` PassThrough0z;t0 i� z � y,(b) r1; : : :; rl ` �Produces0t0 (�) () � = y�.Proof: By induction over the structure of subterms of Q and, in the case of a subtermRi (�~x: �y:M)N , over the length of Ri. 2Theorem 7.2.3 Under the input/output conventions of Section 6.1, TLI=0 and MLI=0 ex-press exactly the �rst-order queries over ordered structures, provided that the input is pre-sented in lexicographically sorted order.Proof: That TLI=0 and MLI=0 can express �rst-order queries and the ordering of theirinput was shown in Theorem 6.3.1. The upper bound follows from Lemma 7.2.2, because theoutput of a query termQ � �R1 : : : �Rl: �c:�n:Q0 is described by the formula ProducesQ0 .27.3 Evaluating TLI=1 and MLI=1 TermsIn this section, we show that TLI=1 and MLI=1 queries can be evaluated in time polynomialin the size of the input relations. The evaluation algorithm is essentially a �-reductionengine, augmented with certain \optimizations" made possible by the restrictions on theI/O-behavior and the order of the query term. These \optimizations" ensure that all termsoccurring during the reduction sequence are of polynomial size.Lemma 7.3.1 Let Q = �R1 : : : �Rl: �c:�n:Q0 be a TLI=1 or MLI=1 term in canonical formmapping l relations of arities k1; : : :; kl to a relation of arity k. Then every complete subtermof Q0 which is not the �rst argument of an occurrence of some Ri has the form �~x:M , where~x is a (possibly empty) vector of order-zero variables and M is a term of order 0 havingone of the following forms:



CHAPTER 7. EVALUATING TLI=I QUERIES 611. Ri (�~x: �f:M)N T1 : : : Tm, where m � 0, ~x is a vector of ki variables of type o, theorder of f , M , and N is at most 1, and the order of T1; : : :; Tm is 0.2. EqS T U V , where S and T are terms of type o and U and V are terms of type � ,3. c T1 : : :Tk Tk+1, where T1; : : :; Tk are terms of type o and Tk+1 is a term of type � ,4. f T1 : : : Tm, where m � 0, f is an accumulator variable and T1; : : :; Tm are terms oforder 05. x, where x is a variable of order 0 or a constant.Proof: According to Lemma 7.1.3, the only bound variables in Q0 of non-zero order areaccumulator variables, and these are bound in the �rst argument of occurrences of the Ri's.Any complete subterm �~x:M of Q0 which is not the �rst argument of some Ri can thereforeonly abstract on order 0 variables.Suppose now that s is the top-level symbol of M , i. e., M = sM1 : : :Mn. There are�ve possibilities for s: it can be one of R1; : : :;Rl, in which case Lemma 7.1.3 and the typeof Q imply that M is of form (1); it can be Eq, in which case form (2) applies; it can be c,in which case form (3) applies; it can be an accumulator variable, in which case form (4)applies; or it can be a variable of order 0 or a constant, in which case form (5) applies. 27.3.1 The Evaluation Algorithm|An OverviewBefore we plunge into details, let us �rst describe informally how a PTIME evaluationalgorithm for TLI=1 /MLI=1 terms might work.The evaluation algorithm essentially has to deal with the �ve kinds of expressions listedin Lemma 7.3.1. Once R1; : : :; Rl are instantiated, these expressions normalize to terms ofthe form �~x:M , where ~x is a (possibly empty) vector of order 0 variables and M is a �-freeterm of order 0 built from Eq, c, variables of order 0, and constants. Unfortunately, thesenormal forms can be of exponential size for two reasons: (1) an exponential number ofoccurrences of Eq or (2) an exponential number of occurrences of c. A PTIME evaluationalgorithm must deal with these two situations.Problem (1) can be handled by the following observation. Even though a normal form tmay contain an exponential number of occurrences of Eq, there is only a polynomial (in thesize of the domain) number of di�erent assignments of constants to variables of type o in t,thus many occurrences of Eq in t must be redundant. Suppose that O = fo1; : : :; oNg is thedatabase universe and that t is of the form �~x:M , where M is �-free. Let x1; : : :; xm be the



CHAPTER 7. EVALUATING TLI=I QUERIES 62variables of M of type o and let Mi1;:::;im denote the normal form of M [x1:= oi1 ; : : :; xm: =oim ]. Clearly, Mi1;:::;im does not contain any occurrences of Eq. Now consider the termM 0 � (Eq x1 o1 (Eq x2 o1 : : : (Eq xm o1M1;1;:::;1;1(Eq xm o2M1;1;:::;1;2...(Eq xm oN�1M1;1;:::;1;N�1M1;:::;1;N)) : : :)...(Eq x2 o2 : : : (Eq xm o1M1;2;:::;1;1(Eq xm o2M1;2;:::;1;2...(Eq xm oN�1M1;2;:::;1;N�1M1;2;:::;1;N )) : : :)... ...(Eq x1 o2 (Eq x2 o1 : : : (Eq xm o1M2;1;:::;1;1... ... ...This term has a polynomial number of occurrences of Eq arranged as a \decision tree"with the terms Mi1;:::;im at its leaves. Furthermore, M 0 is equivalent to M in the sensethat for every choice of constants (oi1 ; : : :; oim), the terms M [x1:= oi1 ; : : :; xm:= oim ] andM 0 [x1:= oi1 ; : : :; xm:= oim ] convert to each other. Since the variables x1; : : :; xm musteventually be instantiated with constants anyway (the �nal output of a query does notcontain any variables of type o), the evaluation algorithm can return the term t0 � �~x:M 0instead of t without a�ecting the �nal result.Problem (2) can be handled as follows. The termsMi1;:::;im de�ned above are �-free andcontain only constants, variables of type � , and the symbol c. It is easy to see that eachsuch term must be either a constant, a variable, or a list-like structurec o1;1 o1;2 : : : o1;k(c o2;1 o2;2 : : : o2;k� � �(c om;1 om;2 : : : om;k x)) : : :);where x is some variable of type � . If such a term is of exponential size, then only because



CHAPTER 7. EVALUATING TLI=I QUERIES 63the list contains many duplicates. It is easy to see that elimination of these duplicatesdoes not a�ect the output relation produced by a query, even though it may cause thecomputed representation of the output to be di�erent (it will be the duplicate-free versionof the original representation). Thus, the evaluation algorithm is free to remove duplicatesfrom every term Mi1;:::;im it constructs, thereby always returning terms of polynomial size.Using the above polynomial-size representation of order 1 terms, the evaluation of acanonical form query �R1 : : : �Rl: �c:�n:Q0 on input r1; : : :; rl now proceeds as a recursivedescent into Q0. Subterms of the form Ri (�~x: �f:M)N T1 : : :Tm are evaluated by evaluat-ing N �rst and then evaluating the \loop body" M once for each tuple in ri, from last to�rst, with ~x bound to the current tuple and f bound to the result of the previous iteration(in decision tree format). The �nal result of the loop is then applied to the evaluated valuesof T1 : : :Tm.Subterms of the form (Eq S T U V ) or (c T1 : : : Tk+1) are evaluated by evaluating thearguments �rst and then constructing a decision tree for the result. Finally, subterms ofthe form f T1 : : :Tm are evaluated by substituting the evaluated arguments (which must beorder 0 terms) into the decision tree for f . We give the full details in the next section. Itis easy to see that this procedure terminates after a number of steps polynomial in the sizeof r1; : : :; rl and that the work performed at each steps is polynomial as well.7.3.2 The Evaluation Algorithm in DetailIn the following, let Q = �R1 : : :�Rl: �c:�n:Q0 be a �xed TLI=1 or MLI=1 query term in
-canonical form, for some �xed canonical typing 
 of Q. Whenever we refer to the type ofa subterm t of Q in the following, we mean the canonical type of t under 
. In general, weadopt the \Church viewpoint" in the discussion below, where each term comes with a �xedtype speci�ed by type annotations on its free and bound variables.We also �x a particular input r1; : : :; rl to Q and denote by D the set of TLC= constantsappearing in r1; : : :; rl, say fo1; : : :; oNg. The task of the evaluation algorithm is then toproduce the relation represented by the normal form of �c:�n:Q0 [R1:= r1; : : :;Rl: = rl].The free variables of Q0 [R1:= r1; : : :;Rl: = rl] are c and n. In the subsequent discussion,it will be convenient to treat these variables, along with Eq and o1; : : :; oN , as constantsthat are handled specially by the evaluation algorithm. Thus, if we speak of the set of freevariables of some term t below, we mean the free variables of t except c and n.The evaluation of Q0 [R1:= r1; : : :; Rl:= rl] involves the manipulation of terms whosetypes are built from the type variables � and o and whose symbols are either variables



CHAPTER 7. EVALUATING TLI=I QUERIES 64or constants drawn from the set fo1; : : :; oN ;Eq; c; ng. Let T be the set of simple typescontaining only the type variables � and o and for each type 
 2 T , let E
 be the set ofTLC= terms of type 
 built from o1; : : :; oN ;Eq; c; n and variables with types in T . LetE
 be the set of terms in E
 which are closed (i. e., built from o1; : : :; oN ;Eq; c; n andbound variables) and in normal form. It is easy to see that Eo contains just the constantsfo1; : : :; oNg and that E� consists of all lists of the form(c o1;1 o1;2 : : :o1;k(c o2;1 o2;2 : : : o2;k� � �(c om;1 om;2 : : : om;k n) : : :));where m � 0 and the oi;j are drawn from the set fo1; : : :; oNg. Thus, each term in E�represents a relation fhoi;1; : : :; oi;ki j 1 � i � mg � Dk.For the output of a query, the exact normal form of Q0 [R1:= r1; : : :; Rl:= rl] does notmatter|the evaluation algorithm merely has to determine the relation that it represents.Thus, it can identify terms in E� that represent the same relation, or, more generally,terms in E
 that represent the same mapping from relations to relations, the same operatoron mappings, etc. More formally, we introduce an equivalence relation �
 on every setE
 ; 
 2 T , by de�ningt �o t0 () t � t0t �� t0 () t and t0 represent the same relationt ��!� t0 () 8 s 2 E�: nf (t s) �� nf (t0 s);where nf (t s) denotes the normal form of t s.We can view equivalence classes in Eo as constants from D and equivalence classes in E�as k-ary relations over D. More interestingly, we can view equivalence classes in E�!� asmappings from equivalence classes in E� to E� , as the following lemma shows:Lemma 7.3.2 Let t ��!� t0 and s �� s0. Then nf (t s) �� nf (t0 s0).Proof: It su�ces to show that nf (t s) �� nf (t s0), because we have nf (t s0) �� nf (t0 s0) byvirtue of the hypothesis t ��!� t0.After performing an �-expansion, if necessary, we can assume that t is of the form�x:�: f t1 : : : tm, where f 2 fx; c;n;Eq; o1; : : :; oNg and t1; : : :; tm are terms. If f � n or



CHAPTER 7. EVALUATING TLI=I QUERIES 65f 2 fo1; : : :; oNg, then clearly t s � t s0. Otherwise, we proceed by induction on the orderof �! � and, for �xed order, the size of f t1 : : : tm.Suppose that f � c. Then type (t1) = � � � = type (tm�1) = o and type (tm) = � .By the induction hypothesis, we have nf (ti [x:= s]) � nf((�x: ti) s) � nf((�x: ti) s0) �nf (ti [x:= s0]) for 1 � i � m. Thus, ti [x:= s] and ti [x:= s0] reduce to the same constantfor 1 � i � m � 1 and to representations of the same relation for i = m. It follows thatnf (t s) � c nf (t1 [x:= s]) : : :nf (tm [x:= s]) and nf (t s0) � c nf (t1 [x:= s0]) : : :nf (tm [x:=s0]) represent the same relation as well, and hence nf (t s) � nf (t s0).If f � Eq, then m = 4 and type (t1) = type (t2) = o, type (t3) = type (t4) = � . Usingthe same argument as above, it follows that for 1 � i � 4, ti [x:= s] and ti [x:= s0] reduceto the same constant or representations of the same relation, and hence the normal formsof t s and t s0 represent the same relation, too.If f � x, then again the normal forms of ti [x:= s] and ti [x:= s0] are equivalent, and byapplying the inductive hypothesis iteratively to s and s0, nf (s t1 [x:= s]) and (s0 t1 [x:= s0]),etc., we can deduce that nf (s t1 [x:= s] : : : tm [x:= s]) � nf (s0 t1 [x:= s0] : : : tm [x:= s0]) andhence nf (t s) � nf (t s0). 2Since we are only interested in the equivalence class of the normal form of Q0 [R1: =r1; : : :; Rl:= rl], it su�ces to manipulate equivalence classes of terms during the evaluationof the query, rather than actual �-terms. Thus, an intermediate result t of type �1 ! � � � !�m ! �, where � is o or � , can be stored as a table or decision tree describing the actionof t on each vector of equivalence classes from E�1 � � � � � E�m , rather than the term titself. If t contains free variables, say y1; : : :; yn, these can be accommodated by storingthe equivalence class of �y1 : : :�yn: t instead and noting the fact that y1; : : :; yn were free inthe original term. (More formally, we extend the de�nition of �
 to terms containing freevariables by saying that t �
 t0 i� t and t0 have the same set of free variables fy1; : : :; yngand �y1 : : : �yn: t �
 �y1 : : : �yn: t0.)The trick of representing intermediate results as graphs rather than �-terms imposes a�xed bound on the size of these representations, but unfortunately the bound is quite large.For example, there are exponentially many equivalence classes in E� (one for each k-aryrelation over D), and thus a table describing an order 1 term, such as the \accumulatorvalue" passed between stages of an iteration, would have to be of exponential size. Since weare shooting for a PTIME evaluation algorithm for TLI=1 terms, this is not good enough.However, there is an important optimization that can be made. On closer inspection ofthe structure of terms in E�!�, where � is any type in T , one �nds that such terms cannot



CHAPTER 7. EVALUATING TLI=I QUERIES 66de�ne arbitrary mappings from equivalence classes in E� (i. e., relations) to equivalenceclasses in E�. This is because such terms cannot distinguish between di�erent inputs|aclosed term of type � is a \black box" whose contents are inaccessible to any other TLC=term. Thus, a term in E�!� must either ignore its input altogether, or depend linearly onit, in the sense that it passes every tuple in the input through to the output. More precisely,we have the following lemma:Lemma 7.3.3 Let t and t0 be terms in E�!� and e and f be terms in E� correspondingto the relations ; and Dk, respectively. If nf (t e) �� nf (t0 e) and nf (t f) �� nf (t0 f), thennf (t r) �� nf (t0 r) for every r 2 E� , i. e., t ��!� t0.Proof: Let � = �1 ! � � � ! �m ! �, where � = o or � = � , and let si 2 E�i for1 � i � m. Let T and T 0 be the normal forms of �x: � : t x s1 : : :sm and �x: � : t0 x s1 : : : sm,respectively. Assume that nf (T e) �� nf (T 0 e) and nf (T f) �� nf (T 0 f); we have to showthat T ��!� T 0.The terms t x s1 : : : sm and t0 x s1 : : : sm reduce to normal forms containing only thesymbols x; c; n; o1; : : :; oN and having type either o or � . It is easy to see that in the formercase, the normal form must be a constant from fo1; : : :; oNg and in the latter case, thenormal form must be a term(c o1;1 o1;2 : : :o1;k(c o2;1 o2;2 : : : o2;k� � �(c om;1 om;2 : : : om;k y) : : :));where m � 0 and y is either n or x. In the former case, the mappings de�ned by T and T 0are constant, and since they agree on e and f , they agree everywhere. In the latter case,the mappings are either constant (if y � n) or (if y � x) \linear" in x, in the sense that theoutput consists of a �xed set of tuples S plus whatever tuples are in the value supplied for x.In both cases, the fact that they agree on two inputs implies that they agree everywhere.2By virtue of Lemma 7.3.3, the equivalence class of an order 1 term t having p inputs oftype o and q inputs of type � can now indeed be stored in polynomial space. It su�ces torecord the output of t for each of the Np 2q possible assignments of constants o1; : : :; oN toinputs of type o and relations ;;Dk to inputs of type � . To recover the output of t for someinput (oi1 ; : : :; oip ; r1; : : :; rq) containing relations r1; : : :; rq other than ; or Dk , one proceedsas follows: First, the output of t on input (oi1 ; : : :; oip ; r1; ;; : : :; ;) is determined by looking



CHAPTER 7. EVALUATING TLI=I QUERIES 67up the output of t on input (oi1 ; : : :; oip ; ;; ;; : : :; ;) and, if the latter is di�erent from theoutput of t on input (oi1 ; : : :; oip ; Dk; ;; : : :; ;), adding the tuples in r1 to it; then the sametechnique is used to determine the output of t for input (oi1 ; : : :; oip ; r1; r2; ;; : : :; ;), and soforth, until �nally the output of t for input (oi1 ; : : :; oip ; r1; : : :; rq) is found.We record for posteriority:Lemma 7.3.4 Let 
 = �1 ! � � � ! �m ! � be a type of order k + 1 in T and t be a termin E
. Let [[t]] denote the equivalence class modulo �
 of t. Then a description of [[t]] canbe stored in space e (k;N) such that for all inputs [[s1]]; : : :; [[sm]] of the appropriate type, theequivalence class of t s1 : : :sm can be determined in time e (k;N). Here, N is the size of theinput universe fo1; : : :; oNg, e (0;N) stands for NO(1), and e (k+ 1;N) stands for 2e(k;N).Proof: According to the discussion above, the equivalence classes of order 1 terms can bestored as a tables or decision trees in polynomial space. Since the graphs of equivalenceclasses of order k + 1 are exponentially larger than the graphs of equivalence classes oforder k, it follows that they can be stored in space e (k;N). To determine the output of [[t]]for a particular set of inputs [[s1]]; : : :; [[sm]], a table lookup or decision tree traversal su�ces(plus the special processing for inputs of type � described above), hence the time requiredis e (k;N). 2We will now give a pseudo-code de�nition of the evaluation algorithm for TLI=1 terms.The algorithm is just an ordinary �-reduction engine, except that instead of returning thenormal form of a term directly, it returns its equivalence class in decision tree format. Forthe purpose of specifying such decision trees, we adopt the following notation: If [[t]] is anequivalence class mapping inputs x1:�1; : : :; xm:�m to an output of type o or � , we write[[t]] as the pseudo-TLC= term[[t]] � �x1 : : :�xm:Eq x1 [[a1;1]] (Eq x2 [[a2;1]] : : : (Eq xm [[am;1]] s1;1;:::;1;1(Eq xm [[am;2]] s1;1;:::;1;2...(Eq xm �[am;Nm�1 ]� s1;1;:::;1;Nm�1 s1;1;:::;1;Nm)) : : :)...(Eq x2 [[a2;2]] : : : (Eq xm [[am;1]] s1;2;:::;1;1(Eq xm [[am;2]] s1;2;:::;1;2



CHAPTER 7. EVALUATING TLI=I QUERIES 68...(Eq xm �[am;Nm�1 ]� s1;2;:::;1;Nm�1 s1;2;:::;1;Nm)) : : :)... ...Eq x1 [[a1;2]] (Eq x2 [[a2;1]] : : : (Eq xm [[am;1]] s2;1;:::;1;1... ... ...Here, f[[ai;j ]] j 1 � j � Nig is an enumeration of the equivalence classes in E�i in somestandard order (if �i = � , only ; and Dk are used), and the terms si1;:::;im are eitherconstants or relations depending on the output type of t. Note that this tree is not aTLC= term|it is just a human-readable representation of some internal data structureused by the interpreter. In particular, the symbol Eq above is not the TLC= symbolEq: o ! o ! � ! � ! � ; rather, it is an instruction to the interpreter to compare twoequivalence classes and choose the appropriate branch in the tree. With these precautionsin mind, however, it is convenient to think of [[t]] as if it were a TLC= term, and we willoccasionally blur the distinction in the discussion below.If [[s1]]; : : :; [[sm]] are equivalence classes in E�1 ; : : :;E�m , we write [[t]] [[s1]] : : : [[sm]] to de-note the equivalence class of t s1 : : : sm; the interpreter �nds the latter by walking down thedecision tree for [[t]] and picking the leaf determined by [[s1]]; : : :; [[sm]] (for inputs of type � ,the linearity processing described before Lemma 7.3.4 is performed).The evaluation algorithm consists of a recursive procedure Eval (t) that takes a termt 2 E
 containing no free variables other than R1; : : :;Rl and produces the equivalence classof nf (t [R1: = r1; : : :; Rl:= rl]). To simplify the presentation, we also allow occurrences ofpseudo-TLC= terms [[s]] in t; such an occurrence is treated by the interpreter as if it werethe TLC= term s (except that evaluation is much faster because the interpreter knows thebehavior of s). In fact, we assume that occurrences of the TLC= symbols Eq, c, and nin t have been replaced by pseudo-TLC= terms describing their equivalence classes, e. g.,t contains ; instead of n and [[�x:o: �y: o: �u: � : �v: � :Eq x y u v]] instead of Eq. Due to thismodi�cation, the �ve possible subterms listed in Lemma 7.3.1 combine to three possibleforms of t that we need to consider: (a) t � [[T ]]S1 : : :Sm, where [[T ]] is a pseudo-TLC=term, (b) t � Ri (�~x: �f:M)N T1 : : : Tm, and (c) t � �x:�:M , where � is o or � . For thesecases, Eval is de�ned as follows.Eval ([[t]] s1 : : : sm) �[[si]] = Eval (si); for 1 � i � m



CHAPTER 7. EVALUATING TLI=I QUERIES 69return [[t]] [[s1]] : : : [[sm]]Eval (Ri (�~x: �f:M)N T1 : : :Tm) �A = Eval (N)for every tuple ~o 2 ri from last to �rst doA = Eval (M [~x:= ~o; f : = A])od[[Ti]] = Eval (Ti); for 1 � i � mreturn A [[T1]] : : : [[Tm]]Eval (�x:
:M) �for every equivalence class [[si]] in E
 do (if 
 = � , only ; and Dk are considered)[[Mi]] = Eval (M [x:= [[si]]])odreturn �x:Eq x [[s1]] [[M1]] (Eq x [[s2]] [[M2]] : : :(Eq x �[sN
�1]� �[MN
�1]� �[MN
 ]�)) : : :)This concludes the speci�cation of the evaluation algorithm. We now have to show thatEval is well de�ned, that it produces the correct output, and that it runs in polynomial time.This will be done in the following lemmas. We consider a �xed computation originatingfrom a call Eval (Q0), where Q0 is the \body" of a query term Q = �R1 : : : �Rl: �c:�n:Q0in canonical form, R1; : : :;Rl are bound to a legal input r1; : : :; rl, and D = fo1; : : :; oNg isthe set of constants appearing in r1; : : :; rl.Lemma 7.3.5 For every invocation Eval (t), t is in a form for which Eval is de�ned.Proof: An inspection of the algorithm shows that Eval is called only on terms t thatare derived from complete subterms of Q0 by replacing constants and free variables bypseudo-TLC= terms [[s]] and possibly stripping o� some initial �-abstractions. Lemma 7.3.1implies that such terms can only take the following three forms: (a) t � [[T ]]S1 : : :Sm,(b) t � Ri (�~x: �f:M)N T1 : : :Tm, and (c) t � �x:�:M . For each of these cases, Eval isde�ned. 2Lemma 7.3.6 The decision tree returned by an invocation Eval (t) is a representation ofthe equivalence class of t [R1:= r1; : : :;Rl: = rl]. In particular, the call Eval (Q0) producesthe equivalence class of the output of Q on inputs r1; : : :; rl.



CHAPTER 7. EVALUATING TLI=I QUERIES 70Proof: By induction along the recursion tree. If t � [[T ]]S1 : : :Sm or t � �x:�:M , theclaim follows immediately from the de�nition of [[t]]. If t � Ri (�~x: �f:M)N T1 : : : Tm, aninduction on the number of loop iterations shows that after the kth iteration, the variable Acontains the equivalence class of (Rki (�~x: �f:M)N) [R1: = r1; : : :;Rl:= rl], where Rki con-tains the last k tuples of Ri. Thus, once the loop terminates, A contains the equivalenceclass of (Ri (�~x: �f:M)N) [R1: = r1; : : :;Rl:= rl] and the claim follows. 2Lemma 7.3.7 The number of recursive calls generated by an invocation Eval (t) and thework performed at each call is polynomial in the size of r1; : : :; rl.Proof: The depth of the recursion tree generated by an invocation Eval (t) is bounded bythe number of symbols in t (where pseudo-TLC= terms are counted as one symbol), becauseEval calls itself only on proper subterms of its argument. The fanout at each node is atmost polynomial in the size of r1; : : :; rl, thus the total number of calls to Eval is polynomialas well. The work performed at each call is essentially proportional to the size of the datastructures maintained. These are decision trees representing equivalence classes of certain�xed types of order 1 and hence are of size polynomial in the size of the universe. 2Corollary 7.3.8 Database queries de�ned by terms in TLI=1 and MLI=1 can be evaluatedin PTIME.Note that the de�nition of Eval and the proofs of Lemmas 7.3.5 and 7.3.6 do not dependon the order of the query term under consideration. If Eval is invoked on higher-order queryterms, the depth of the recursion tree is still �xed, but the fanout and work performed ateach node is now proportional to the size of the largest data structure maintained. Sincethe decision trees representing equivalence classes of order k+1 �t into k-EXPSPACE, oneobtains the following rough upper bound on the expressiveness of TLI=k and MLI=k :Corollary 7.3.9 Database queries de�ned by terms in TLI=k and MLI=k can be evaluatedin k-EXPTIME.However, we will see in the following sections that we can do better than that.Combining Corollary 7.3.8 with the encoding of �xpoint queries in TLI=1 presented inSection 6.3.3, we obtain:Theorem 7.3.10 Under the input/output conventions of Section 6.1, TLI=1 and MLI=1express exactly the PTIME queries.Note that because TLI and MLI queries can discern the ordering of the tuples in the inputencoding (cf. Section 6.3.1), TLI=1 and MLI=1 express all PTIME queries, not just the genericones.



CHAPTER 7. EVALUATING TLI=I QUERIES 717.4 Evaluating TLI=2 and MLI=2 TermsTLI=2 /MLI=2 queries di�er from TLI=1 /MLI=1 queries in that they can pass order 2 terms fromone stage of an iteration to the next. Such terms are powerful enough to represent arbitrarymappings from relations to relations (using the characteristic function representation of arelation). Thus, there is no hope of storing them in polynomial space. If we want to reduceTLI=2 /MLI=2 queries in polynomial space nevertheless, we have to be careful about how weevaluate iterations.The key idea is to evaluate an order 2 expression t only when it is applied to su�cientlymany arguments to bring the overall order down to 1. Since we can represent order 1expressions in polynomial space, using the \decision-tree" format described in the lastsection, space usage is kept within polynomial bounds. The tradeo� is that t might haveto be evaluated many times, but we will see that the stack space required to do the properbookkeeping is nevertheless polynomial.Lemma 7.4.1 Let Q = �R1 : : : �Rl: �c:�n:Q0 be a TLI=2 or MLI=2 term in canonical formmapping l relations of arities k1; : : :; kl to a relation of arity k. Then every complete subtermof Q0 which is not the �rst argument of an occurrence of some Ri has the form �~x:M ,where ~x is a (possibly empty) vector of order-one and order-zero variables and M is a termof order 0 having one of the following forms:1. Ri (�~x: �F : �g1 : : : �gm:M) (�g1 : : :�gm:N)T1 : : :Tm, where m � 0, ~x is a vector ofki variables of type o, F is a variable of order at most 2, g1; : : :; gm are variables oforder at most 1, M and N are terms of order 0, and T1; : : :; Tm are terms of the sametype as g1; : : :; gm2. EqS T U V , where S and T are terms of type o and U and V are terms of type � ,3. c T1 : : :Tk Tk+1, where T1; : : :; Tk are terms of type o and Tk+1 is a term of type � ,4. F T1 : : :Tm, where m � 0, F is an accumulator variable and T1; : : :; Tm are terms oforder at most 15. g T1 : : : Tm, where m � 0, g is a variable of order 1 bound in the �rst or secondargument of an occurrence of some Ri, and T1; : : :; Tm are terms of order 06. x, where x is a variable of order 0 or a constant.Proof: Analogous to Lemma 7.3.1. 2



CHAPTER 7. EVALUATING TLI=I QUERIES 72Lemma 7.4.1 shows that an evaluation algorithm for TLI=2 /MLI=2 terms must handlethree new cases as compared with TLI=1 /MLI=1 terms: (a) subterms �~g:M abstracting onorder 1 variables, (b) iterations R (�~x: �F : �~g:M) (�~g:N) ~T where the order of F is 2, and(c) applications F T1 : : : Tm where F is an order 2 variable. The other cases involve onlyorder 1 terms and can be handled by the PTIME evaluation algorithm of Section 7.3.We will see that we will never attempt to evaluate a term �~g:M abstracting on order 1variables directly, so it su�ces to explain the handling of cases (b) and (c). They are dealtwith as follows. Fix a particular iteration expressionI � R (�~x: �F : �g1 : : :�gm:M) (�g1 : : : �gm: N)T1 : : : Tm;where F is of order 2. By the time Eval is called on I, all free variables of I of order 1 or lesswill have been replaced by pseudo-TLC= terms denoting their equivalence classes. Thus, theonly variables which may occur free in I are the input variables R1; : : :;Rl and accumulatorvariables of order 2. To handle the latter, we provide an additional argument to Eval: anenvironment E containing an integer value for each accumulator variable of order 2 in whosescope the current term appears. This environment is initially empty and it is not used inany way by the order 1 cases of Eval. While evaluating the iteration denoted by I, theinteger bound to the accumulator variable F counts the number of iterations \still to go";initially it is set to the number of tuples in R less one and the \loop body" M is evaluatedwith ~x substituted by the �rst tuple in R and ~g substituted by the equivalence classes ofT1; : : :; Tm. If during the evaluation of M , an expression F T 01 : : : T 0m is encountered, thevalue bound to F is decremented by 1 and M is evaluated recursively with ~x substitutedby the next tuple in R and ~g substituted by the equivalence classes of T 01; : : :; T 0m. However,if F was bound to 0, then the \loop initializer" N is evaluated instead, with ~g substitutedby the equivalence classes of T 01; : : :; T 0m. More precisely, we have the following pseudo-code:Eval (Ri (�~x: �F : �g1 : : : �gm:M) (�g1 : : : �gm: N)T1 : : : Tm;E) �[[Ti]] = Eval (Ti;E); for 1 � i � mif ri = ; thenreturn Eval (N [~g:= ~[[T ]]];E)else~o = the 1st tuple in rireturn Eval (M [~x:= ~o;~g:= ~[[T ]]];E [ fF := jrij � 1g)�



CHAPTER 7. EVALUATING TLI=I QUERIES 73Eval (F T1 : : : Tm;E) �[[Ti]] = Eval (Ti;E); for 1 � i � mk = the binding of F in Eif k = 0 thenreturn Eval (N [~g:= ~[[T ]]];E)elsek = k � 1~o = the jrij � kth tuple in rireturn Eval (M [~x:= ~o;~g:= ~[[T ]]];E [ fF := kg)�We now have to show that with these two additional cases, Eval is still correct and thatit runs in polynomial space. This will be done in the following lemmas. We consider againa �xed computation originating from a call Eval (Q0; ;), where Q0 is the \body" of a queryterm Q = �R1 : : :�Rl: �c: �n:Q0 in canonical form, R1; : : :; Rl are bound to a legal inputr1; : : :; rl, and D = fo1; : : :; oNg is the set of constants appearing in r1; : : :; rl.Lemma 7.4.2 For every invocation Eval (t;E), t is in a form for which Eval is de�nedand E has bindings for all order 2 accumulator variables whose scope includes t.Proof: An inspection of the algorithm shows that Eval is called only on terms t thatare derived from complete subterms of Q0 by replacing constants and free variables oforder � 1 by pseudo-TLC= terms [[s]] and possibly stripping o� some initial �-abstractions.Lemma 7.4.1 implies that such terms can only take the following four forms: (a) t �[[T ]]S1 : : :Sm, (b) t � Ri (�~x: �f:M)N T1 : : : Tm, (c) t � F T1 : : : Tm, where order (F ) = 2,and (d) t � �x:�:M , where order (�) = 0. For each of these cases, Eval is de�ned. Also,an inspection of the algorithm shows that a binding for an order 2 accumulator variable isadded to the environment whenever the scope of that variable is entered. 2Lemma 7.4.3 The decision tree returned by an invocation Eval (t;E) is a representationof the equivalence class of a closed term t0 obtained from t as follows. Let F1; : : :; Fk be theorder 2 accumulator variables whose scope includes t, listed in increasing order of nesting,and let n1; : : :; nk be the integers assigned to these variables in E. For 1 � j � k, let



CHAPTER 7. EVALUATING TLI=I QUERIES 74Ij � Rij (�~x: �Fj :Mj)Nj be the iterator expression in which Fj is bound. Thus, I1 is asubterm of Q0, I2 is a subterm of M1, I3 is a subterm of M2 etc., and t is a subtermof Mk. Let rij 0 denote the list containing the last nj tuples of the list rij, let I 01 denotethe term (ri1 0 (�~x: �F1:M1)N1) [R1:= r1; : : :;Rl:= rl], and for 2 � j � k, let I 0j denotethe term (rij 0 (�~x: �Fj :Mj)Nj) [R1:= r1; : : :;Rl:= rl; F1:= I01; : : :; Fj�1:= I0j�1]. Then thedecision tree returned by Eval (t; E) is a representation of the equivalence class of t0 �t [R1:= r1; : : :; Rl:= rl; F1:= I01; : : :; Fk:= I 0k]. In particular, the call Eval (Q0; ;) producesthe equivalence class of the output of Q on inputs r1; : : :; rl.Proof: By induction along the recursion tree. 2Lemma 7.4.4 The recursion tree generated by the initial invocation Eval (Q0; ;) is of poly-nomial depth and polynomial fanout. Also, the data structures stored at each node are ofpolynomial size.Proof: Let F1; : : :; Fk be the order 2 accumulator variables occurring in Q0, listed in orderof nondecreasing nesting (i. e., for i < j, the scopes of Fi and Fj are either disjoint orthe scope of Fi contains the scope of Fj). Let Rij be the symbol governing the iterationexpression in which Fj is bound, and letNj be the number of tuples in the input relation rij .Then the values bound to Fj during the course of the computation range over the intervalIj = f0; 1; : : :; Njg.With each call Eval (t; E), we associate a tuple (n1; : : :; nk ; s) 2 I1�� � ��Ik�f1; : : :; jQ0jgof integers as follows: s is de�ned as the number of symbols in t, counting pseudo-TLC=terms as one symbol. nj is de�ned to be Nj if t is not in the scope of Fj and the inte-ger bound to Fj in E otherwise. The tuple associated with the initial call Eval (Q0; ;) is(N1; : : :;Nk; jQ0j), and it is easy to see that each recursive call to Eval decreases at leastone component of this tuple, leaving the components to the left unchanged and possibly in-creasing the components to the right. Since this can be done at most a polynomial numberof times before bringing the term size down to 1, it follows that the recursion nesting depthmust be polynomial. The fanout factor is dominated by the order 1 cases of Eval and ispolynomial as seen before. Finally, the size of the environment and the equivalence classesmanipulated at each call is polynomial as well. 2Corollary 7.4.5 Database queries de�ned by terms in TLI=2 and MLI=2 can be evaluatedin PSPACE.Combining this result with the generic simulation of Section 6.3.4, we obtain:



CHAPTER 7. EVALUATING TLI=I QUERIES 75Theorem 7.4.6 Under the input/output conventions of Section 6.1, TLI=2 and MLI=2 ex-press exactly the PSPACE queries.7.5 Evaluating TLI=3 and MLI=3 TermsThe generalization of the evaluation strategy to TLI=3 and MLI=3 is straightforward. Sincewe want only an EXPTIME bound, we can allocate exponential space for the storage ofintermediate results. This allows us to store the equivalence classes of terms up to order 2,and to evaluate iterations over order 0, 1, and 2 objects in applicative order, i. e., usingthe Eval procedures listed in Section 7.3. Iterations over order 3 objects are handled usingthe strategy of the previous section. The proofs of Lemmas 7.4.2|7.4.4 carry over to thisnew setting unchanged, except that order 2 has to be replaced by order 3 and that therecursion fanout factor and the data structure size may now be exponential. Nevertheless,since the recursion depth is still polynomial, it follows that the total number of calls is atmost exponential and that the total work performed is at most exponential as well. Thus,together with the lower bound of Theorem 6.3.4, it follows that:Theorem 7.5.1 Under the input/output conventions of Section 6.1, TLI=3 and MLI=3 ex-press exactly the EXPTIME queries.In general, to evaluate queries in TLI=2k+1, MLI=2k+1, TLI=2k+2, and MLI=2k+2, we useapplicative order evaluation for subterms of order up to k + 1, representing their normalforms as tables of size up to k-EXPSPACE, and normal order evaluation for subtermsof higher order. We conjecture that for TLI=2k+1 and MLI=2k+1 queries, this leads to atime bound of k-EXPTIME, and for TLI=2k+2 and MLI=2k+2 queries, to a space bound ofk-EXPSPACE, but we have not worked out the details in full yet.



Chapter 8Method Schemas (MS)Method schemas [4] are a simple programming formalism for OODBs, based on applicativeprogram schemas with additional features such as classes ,methods , inheritance, name over-loading , and late binding . They are intended to model the object/class/method paradigmof object-oriented programming in the same way that applicative program schemas [17, 21]model traditional programming languages. In the next two sections, we describe the syntaxand semantics of method schemas and we show that over ordered databases, they expressexactly the PTIME queries.8.1 Basic De�nitionsWe assume the existence of the following disjoint countable sets of symbols: of classes(c1; c2; : : :) and of methods (m1;m2; : : :). For each method m, the arity of m is an integergreater or equal to zero. A signature is an expression c1; : : :; ck�1 ! ck, where each ci, for1 � i � k, is a class. For k = 1, the expression is ! c1. In this formalism the signaturesplay the role of \types" (but since the word \type" has been misused in many di�erentcontexts we prefer to use the more precise term signature).A base de�nition of m at c1; : : :; ck�1, for k � 1 is a pair (m; (c1; : : :; ck�1 ! ck)), wherem is a method of arity k�1 and the remaining part is a signature. (For k = 1, the method mis zero-ary.) A coded de�nition of m at c1; : : :; ck, for k � 1 is a triple (m; (c1; : : :; ck); t),where m is a method of arity k, for 1 � i � k, each ci is a class, and t is a k-term (i. e.,k-terms are our programming formalism).A k-term for some k � 1 is a �nite rooted ordered directed acyclic graph (dag) suchthat: (1) each vertex is uniquely labeled either by a method or by an integer in f1; : : :; kg;(2) each vertex labeled by a method of arity j has j children which are ordered from left76



CHAPTER 8. METHOD SCHEMAS (MS) 77����� ZZZZ����\\\\\ ���� ZZZZZZZZ ����1 1Sum CostSubparts SumCost CostHead TailAssemblingcostFigure 8.1: Term t and t0to right; (3) all vertices of out-degree zero are called inputs and each vertex labeled withan integer is an input; (4) the root is called the output ; (5) the dag comes with a uniquelyde�ned depth �rst search order going from left to right because the children of each vertexare ordered.For example, the terms t and t0 in Figure 8.1 are 1-terms. They are, by de�nition, also2-terms, 3-terms, etc. The idea is that k-terms represent functions of k arguments, where acopy of argument i is placed at each input labeled i. Vertices can also have outdegree zeroand be labeled by zero-ary methods, i. e., they are constant inputs.As an example, consider the following de�nitions:(Price; (Basepart! Int))(Cost; (Basepart); s)(Cost; (Part); t)Let s be a single arc with tail labeled Price and head labeled 1, and t be as in Figure 8.1.These de�nitions can be represented syntactically using an intuitive lambda notation|instead of the graphical k-term notation|as shown below. Note that we use the symbolcolon (:) for representing base methods and the symbol equal (=) for coded methods.Price @ Basepart : IntCost @ Basepart = �x:Price (x)Cost @ Part = �x:Sum (Assemblingcost (x);Cost (Subparts (x)))De�nition 8.1.1 A method schema is a 4-tuple (C;�;�0;�1) where:1. C is a �nite set of classes and � is a forest on C. We say that c � c0 if c is adescendant of c0 in this forest. The partial order de�ned by � is called the Isa relation.



CHAPTER 8. METHOD SCHEMAS (MS) 78Int Part PairOfPartsBasepart CompPart����� HHHHHFigure 8.2: An example Isa hierarchySum @ Int; Int : IntHead @ PairOfParts : PartTail @ PairOfParts : PartPrice @ Basepart : IntSubparts @ Part : PairOfPartsAssemblingcost @ Part : IntCost @ Part = tCost @ Basepart = �x:Price (x)Cost @ PairOfParts = t0Figure 8.3: Methods2. �0 is a set of base de�nitions with classes from C.3. �1 is a set of coded de�nitions with classes from C. Let M0 be the set of methodsde�ned in �0 andM1 be the set of methods de�ned in �1. We require that M0\M1 = ;and that the methods that appear in k-terms of �1 are from M0 [M1.4. Each method of arity k has at most one de�nition at c1; : : :; ck for each c1; : : :; ck.Example 8.1.2 Consider the class hierarchy of Figure 8.2 and the terms t and t0 in Fig-ure 8.1. Method de�nitions are presented in Figure 8.3.Let us brie
y survey some important concepts in connection with method schemas.Syntactically restricted families of method schemas: A schema is monadic if all itsmethods have arity 1. A schema is recursion-free if there is no directed cycle in the methoddependence graph, where the vertices of the method dependence graph are the coded meth-ods and there is an arc from m to n i� m occurs in some coded de�nition of n. (Note that,our de�nition of recursion-freeness is a reasonable syntactic way of avoiding recursion, but



CHAPTER 8. METHOD SCHEMAS (MS) 79not necessarily the only one.) A schema is simple if only base methods occur in its codedde�nitions. Note that simple schemas are an important kind of recursion-free schemas.For simple schemas, covariance is the following constraint on the signatures of basemethods. A simple schema is covariant if for each m and for each pair(m; (c1; : : :; ck ! c));(m; (c01; : : :; c0k ! c0))of de�nitions of a base method m, we have that (8 i c0i � ci)) c0 � c.Method Inheritance: A method schema (C;�;�0;�1) contains de�nitions of methods,i. e., �0;�1, which we call explicit . It is also used to de�ne methods implicitly, throughinheritance. This is for the convenience of code reuse. Therefore, in addition to the explicitde�nitions for a method, de�nitions are implicitly inherited along the class hierarchy. If amethod m is explicitly de�ned at classes c01; : : :; c0k, then its de�nition implicitly applies atc1; : : :; ck where ci � c0i for i = 1; : : :; k.Name overloading: Method inheritance implies that we can have several de�nitions forthe same base or coded method at the same classes|although by condition 4 of the methodschema de�nition there can be only one explicit de�nition. This creates overloading ofnames. To illustrate overloading, consider the method Cost in the example. That methodis explicitly de�ned on Part, implicitly inherited by Basepart and CompPart, and explicitlyrede�ned on Basepart; it is also explicitly de�ned for PairOfParts.Resolution of name overloading: This consists of assigning to a given method and givenclasses, a unique de�nition. The resolution of a method m at some c1; : : :; ck is the explicitde�nition of m for the \component-wise smallest" tuple c01; : : :; c0k at which m has an explicitde�nition and ci � c0i, for i = 1; : : :; k (if such a unique component-wise minimum exists).For example, Cost at CompPart is resolved to be the explicit de�nition from Part, whereasCost at Basepart is Basepart's explicit de�nition. If m has a resolution at c1; : : :; ck, wesay that m is well de�ned at c1; : : :; ck. Otherwise, we say that m is unde�ned at c1; : : :; ck.Non-de�nition can come either (1) because there is no de�nition of m above c1; : : :; ck or(2) because there is ambiguity of de�nitions above c1; : : :; ck.Example 8.1.3 Let c1; c2 be classes with c1 � c2 and consider the schema with explicitbase de�nitions of m at c1; c2 and c2; c1. Then m is unde�ned at c2; c2 (no de�nition) andm is unde�ned at c1; c1 (ambiguity of de�nitions). For methods of arity 1, ambiguity (2)cannot arise because of the forest hierarchy, but we can have non-de�nition because of (1).



CHAPTER 8. METHOD SCHEMAS (MS) 808.2 SemanticsWe assume the existence of a countably in�nite set of objects (o1; o2; : : :) disjoint fromclasses and methods. We use object assignments [2] to provide semantics for classes withinheritance. The semantics of base methods is de�ned using partial functions satisfyingcertain signature constraints.De�nition 8.2.1 Given a method schema (C;�;�0;�1), a disjoint object assignment �for C is a total function from C to �nite sets of objects such that distinct classes aremapped to disjoint sets of objects (sets with pairwise empty intersections). For each c, wede�ne � (c�) = Sc1�c � (c1). We will refer to Sc2C � (c) as the set of objects in �.De�nition 8.2.2 An interpretation of a schema S = (C;�;�0;�1) is a pair I = (�; �)where � is a disjoint object assignment for C and � a total function from the base methodsM0 in S to partial functions such that:1. If m has arity k, � (m) is a partial function from k-tuples of objects in � to objectsin �.2. For each c1; : : :; ck, if m is unde�ned at c1; : : :; ck, then � (m) is unde�ned every-where in � (c1) � � � � � � (ck). Otherwise, let the resolution of m at c1; : : :; ck be(m; (c01; : : :; c0k ! c)) where ci � c0i for i = 1; : : :; k. Then � (m) j�(c1)������(ck ) is atotal function into � (c�).Intuitively, every class c is populated by a set of objects � (c�), some of which are in thisclass exclusively (those objects that are in � (c)) and the rest belong to its \subclasses" c1,where c1 � c and c1 6= c. When a base method is de�ned at a class c1 with signature c1 ! c(or is inherited at c1 with signature c01 ! c such that c1 � c01), then its meaning at c1 isa total function from � (c1) to � (c�). That is, given an object exclusively in c1, return anobject in c.The semantics of coded methods is de�ned using the above semantics of base meth-ods and a rewriting technique. Without recursion, this rewriting is equivalent to functioncomposition.Late binding: This is a result of the operational de�nition of rewriting. Let us �rst givesome intuition for the rewriting of coded methods. Consider a k-term that is a single arc.Let its one internal node be labeled Cost and its input be replaced by an object o, as a\procedure call" to Cost. Based on the class of its argument, we can replace Cost either
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� ? ? ?��	 @@R ��	 @@R ��	 @@R ��	 @@R ��	 @@R � � �Sum Sum Sum Sum SumCost Cost Cost Cost Cost Price Cost 1 7 Cost 1 7 Costo Head Tail o0 Tail o0 Tail Tail o00o o o oFigure 8.4: A reduction sequenceby some object/code if it is de�ned in a base/coded fashion, or by an error message if itis unde�ned. In general, we reduce the �rst method (�rst in the depth �rst ordering ofthe k-term we are processing) that has instantiated leaves as children. We continue thisprocessing until we either obtain a result (i. e., an object), or reach an inconsistency. Wemight also not terminate. A partial sequence of rewritings for Example 8.1.2 is shown inFigure 8.4, where o is in class PairOfParts and o0; o00 are in class Basepart.More formally, an instantiated term in interpretation I = (�; �) is a k-term, whoseinteger labels have been replaced by objects. Let c1; : : :; ck be classes, m be a method ofarity k, and for each i let oi 2 � (ci). Then the instantiated term consisting of a single vertexlabeled m and k inputs labeled respectively o1; : : :; ok is said to be a redex . We de�ne the�rst reducible vertex to be the uniquely determined �rst vertex in the depth �rst orderingof an instantiated term, which is the root of a redex.De�nition 8.2.3 Let I be an interpretation of method schema S, t be an instantiated termin I, w be the �rst reducible vertex of t, and m be the label of w. Let o1; : : :; ok be the labelsof the children of w belonging respectively to classes c1; : : :; ck. The reduction I (t) of t in Iis obtained as follows:1. If m is unde�ned at c1; : : :; ck then I (t) is a special symbol ?.2. Ifm is a base method well de�ned at c1; : : :; ck with resolution (m; (c01; : : :; c0k ! c)) (thisimplies that ci � c0i for i = 1; : : :; k), then I (t) is the instantiated term obtained by re-moving from w the outgoing edges and changing its label to � (m) (o1; : : :; ok). � (m) isa total function from � (c1)�� � ��� (ck) into � (c�). Therefore, � (m) (o1; : : :; ok) yieldsan object o such that o 2 � (c�).3. If m is a coded method well de�ned at c1; : : :; ck, then I (t) is the instantiated termobtained by substituting, with the natural renaming of inputs, the vertex w by thedag s, where (m;�; s) is the resolution of m at c1; : : :; ck.



CHAPTER 8. METHOD SCHEMAS (MS) 82When I is clear from the context, we denote the reduction of t to I (t) as t! I (t) anda �nite sequence of reductions from t to t0 as t �! t0.8.3 The Expressive Power of Method SchemasWhen considering method schemas in the context of �nite databases, it is natural to askwhat kind of queries can be expressed in the method schema framework. Of course, sincemethod schemas are just schemas, one has to agree on the interpretation of the base methodsin order to make this question precise. In this section, we describe a very simple way ofencoding relations as interpreted base methods, and we show that under this interpretation,method schemas express exactly the PTIME queries. We assume some familiarity withDatalog terminology and notation from [30, 47], e. g., rules, EDBs, IDBs etc.8.3.1 I/O ConventionsWe consider queries over �nite ordered relational databases. The input of a query consistsof a �nite ordered universe U (w.l.o.g an initial segment of the positive integers) and somerelations P;Q;R; : : : over U , and the output is another relation O over U . The aritiesand attribute names of the input and output relations are given by some �xed relationalschema S.We encode these data in the method schema framework as follows. The elements of theuniverse are represented by objects of class Number and the ordering among them is givenby a base method Pred@Number :Number which computes the predecessor function. Theinitial element of the universe is represented by an object of class Zero, which is a subclassof Number . We capture the �niteness of the universe by providing its size as part of theinput. More precisely, we provide as part of the input an object N of class Number suchthat N does not appear in the range of Pred. We assume that there is a unique objectof class Zero and that there is at least one non-Zero element in the universe. When ourinterpretations satisfy these semantic conditions we will say that our language is MS withorder .A k-ary relation R is represented by a k-ary base methodr@Number ; : : :;Number:Number;such that r (x1; : : :; xk) returns an object of class Number if the tuple represented by(x1; : : :; xk) belongs to R and an object of class Zero if it does not. We will frequentlywrite r (~x) instead of r (x1; : : :; xk) if the arity of the method does not matter.



CHAPTER 8. METHOD SCHEMAS (MS) 83For example, to encode the relation R = f(1;1); (1;2)g over the universe U = f0; 1; 2g,we would populate the classes Number and Zero as Number = f1; 2g and Zero = f0g, wewould interpret Pred as Pred (2) = 1, Pred (1) = Pred (0) = 0, and we would interpret r asr (1; 1) = r (1; 2) = 1, r (x; y) = 0 for all other x; y.Queries are represented by coded methods of the formq@Number; : : :;Number:Number:If q (~x) reduces to an object of class Number, then the tuple represented by ~x is consideredpart of the output; if q (~x) reduces to an object of class Zero, then the tuple representedby ~x is not considered part of the output.8.3.2 Expressing PTIME QueriesWe show that under the input/output conventions given above, method schemas can com-pute in
ationary �xpoints of Datalog: programs (see [30] for a survey of these concepts).The results of Immerman [27] and Vardi [48] then imply that method schemas can computeall PTIME queries over �nite ordered databases.To begin with, let us illustrate how to code simple Boolean and arithmetical functions.We represent the truth values True and False by the classes Number and Zero. Any objectof class Number (N , for example) represents True, and the single object 0 of class Zerorepresents False. (Note that we can compute 0 as 0 = Pred� (N), where Pred�@Number =�x:Pred� (Pred (x)) and Pred�@Zero = �x: x.) We will often informally say that a methodreturns True when it returns a Number object, or False when it returns the Zero object.The Boolean functions can be coded as:Not @ Number = �x:0 (where 0:= Pred� (N))Not @ Zero = �x:NAnd @ Zero;Zero = �x:�y: 0And @ Zero;Number = �x:�y: 0And @ Number ;Zero = �x:�y: 0And @ Number ;Number = �x:�y:N (and similar for Or)Equal @ Zero;Zero = �x:�y:NEqual @ Zero;Number = �x:�y: 0Equal @ Number ;Zero = �x:�y: 0Equal @ Number ;Number = �x:�y:Equal (Pred (x);Pred (y))



CHAPTER 8. METHOD SCHEMAS (MS) 84We also need to extend the Pred function to k-tuples of objects. Below, we de�nemethods Predki such that Predki (x1; : : :; xk) is the ith component of the lexicographicalpredecessor of the tuple (x1; : : :; xk), for 1 � i � k.Predki @ i�1z }| {Number ; : : :;Number; k�i+1z }| {Zero; : : :;Zero = �x1 : : : �xk: NPredki @ iz }| {Number ; : : :;Number; k�iz }| {Zero; : : :;Zero = �x1 : : : �xk:Pred (xi)Predki @ kz }| {Number ; : : :;Number = �x1 : : : �xk: xi (i 6= k)With this machinery in place, we can now code Datalog: programs. For our purposes,we can think of a Datalog: program as a relational expression E (O;P;Q;R; : : :) involvinga designated output relation O, input relations P , Q, R, : : : , and the operators Union,Intersection, Complement, Times, Select, and Project. The semantics of the program aregiven by the least �xpoint of the mapping O 7! O [ E (O;P;Q;R; : : :). It is well knownthat the least �xpoint can be computed by iterating this mapping nk times, where n is thesize of the universe and k is the arity of O.The relational operators can be coded as follows. Assume that r and s code relationsR and S as described above, then:Union (r; s) � �~x:Or (r (~x); s (~x))Intersection (r; s) � �~x:And (r (~x); s (~x))Complement (r) � �~x:Not (r (~x))Times (r; s) � �~x�~y:And (r (~x); s (~y))Selecti=j (r) � �~x:And (r (~x);Equal (xi; xj))Projection is a bit more di�cult, because it involves quanti�er elimination. The projec-tion of R onto its �rst k � 1 columns is encoded as:Project (r) � �x1 : : : �xk�1: r0 (x1; : : :; xk�1; N);where r0 (x1; : : :; xk�1; y) is True i� there exists a z 2 f0; : : :; yg such that r (x1; : : :; xk�1; z)is True. r0 can be coded as follows:r0 @ k�1z }| {Number ; : : :;Number;Zero = �x1 : : :�xk�1 �y: r (x1; : : :; xk�1; y)r0 @ k�1z }| {Number ; : : :;Number;Number =�x1 : : : �xk�1 �y:Or (r (x1; : : :; xk�1; y); r0 (x1; : : :; xk�1;Pred (y)))



CHAPTER 8. METHOD SCHEMAS (MS) 85Finally, we have to show how to compute �xpoints. Let E (O;P;Q;R; : : :) be a relationalexpression. Let k be the arity of O, let o be the base method representing O, and let e bethe coded method corresponding to E. Then the �xpoint of E with respect to O is givenby: Fix (o; e) � �x1 : : :�xk: o0 (x1; : : :; xk ; kz }| {N; : : :; N);where o0 (~x;~n) is True i� ~x is in the image of the ~nth iterate of the mapping O 7! O [E (O;P;Q;R; : : :) where ~n being interpreted as a base-(N + 1) number. o0 can be de�nedas follows:o0 @ Number ; : : :;Number ; kz }| {Zero; : : :;Zero = �~x�~n: 0o0 @ Number ; : : :;Number ; kz }| {Number ; : : :;Number =�~x�~n:Or (o0 (~x;Predk1 (~n); : : :;Predkk (~n));�e (~x));where �e is e with every occurrence of o (~x) replaced by o0 (~x;Predk1 (~n); : : :;Predkk (~n)).Thus, for every Datalog: program (interpreted in an in
ationary fashion over an orderedinput) one can construct a method schema with order (under the input-output conventionslisted above) that computes the same query. First note that this method schema is consis-tent. Also note that, under our input-output conventions, there is an easy to see one-to-onecorrespondence of �nite ordered relational databases and method schema with order inter-pretations. We can conclude that,Theorem 8.3.1 Under the input/output conventions listed above, MS with order can ex-press every PTIME query.8.3.3 Simulating Method Schemas in DatalogTo prove the converse direction, we show that method schemas with order can be expressedby Datalog: programs with order. This, combined with the previous reduction, allows usto deduce that method schemas express exactly the PTIME queries.We only sketch the reduction here. The details can be found in [25]. The idea is thata method p of arity k is simulated by means of a predicate P of arity k + 1. For elementsx1; : : :; xk; y of the domain, P (x1; : : :; xk; y) is true i� p (x1; : : :; xk) = y. Base methodscorrespond to EDB predicates and coded methods correspond to IDB predicates. Classesare simulated by unary EDB predicates: for each class c there is a predicate Isac such



CHAPTER 8. METHOD SCHEMAS (MS) 86that Isac (x) is true i� object x is of class c. There is also a special interpreted predicatePred (x;y) which provides an ordering of the domain.Coded method de�nitions are translated into Datalog rules as follows. We assume thatall method de�nitions are explicit at all classes at which they are de�ned (i. e., no method isde�ned by inheritance). This might increase the size of the schema by a polynomial factor,but does not a�ect its data complexity. For each coded method de�nition p@ c1; c2; : : :; ck =�x1; : : :; xk: p1 (: : :), there is a ruleP (X1; X2; : : :;Xk; Y ) :| Isac1 (X1); : : :; Isack (Xk);Pi1 (: : :); Pi2 (: : :); : : :; P1 (: : :; Y );The understanding here is that the �rst k predicates act as \guards" making sure that the\code" that gets executed has the arguments in the correct classes. After that, we have themethod names that appear in the code of p sorted in left-to-right topological order. (Thisis the order of execution provided by the built-in interpreter in method schemas.) Thearguments to these methods are arranged as they would be in a method schema execution.There are also additional rules that detect if an EDB predicate does not behave asexpected. For example, there are rules that detect whether an object x is a member of twoclasses or of no classes (i. e., Isac (x) is true for two di�erent c or for no c), or whether abase method p is unde�ned or multiply de�ned for some set of arguments x1; : : :; xk (i. e.,P (x1; : : :; xk; y) is true for two di�erent y or for no y). If an inconsistency is detected, thecomputation is aborted by \
ooding" the IDB predicates, i. e., deriving all possible factswithin a single step (this is a standard technique for aborting Datalog computations, see,e. g., [23] for an example of its use).It is easy to see that this encoding provides a faithful simulation of method schemas withorder. Thus, together with the converse reduction established above, we have the followingtheorem:Theorem 8.3.2 Under the input/output conventions of Section 3.1, MS with order ex-presses exactly PTIME.



Chapter 9Conclusions and Open QuestionsWe have shown that the simply typed �-calculus, without any added constructs, is a pow-erful functional language for computations over �nite structures. Low-order fragments ofthe calculus augmented with an equality predicate are su�cient to express practically fea-sible queries. Furthermore, such fragments are su�ciently constrained to permit a detailedanalysis of their expressibility, thereby providing a novel way of characterizing complex-ity classes. Another way of obtaining such characterizations is the framework of methodschemas, which adds method resolution, late binding, and recursion to a strictly �rst-ordercalculus to obtain a functional language for object-oriented databases.The research presented in this thesis leads to a number of interesting questions:1. What is the expressive power of TLI=k and MLI=k for k > 3? In particular, is theconverse of Theorem 6.3.5 true as conjectured in Section 7.5?2. In our embeddings we use lists of tuples, which are inherently ordered. In [1, 11, 9]sets are used as basic constructs, and set iteration replaces list iteration in [11, 9].Is it possible to eliminate the order dependence in our framework by augmenting the�-calculus syntax and semantics with set iteration? One approach might also be toencode �nite structures using a generic order computed by graph canonization.3. Not all database query languages can be embedded in the typed �-calculus. Clearly,any computation that is not elementary is not captured by our framework. Whatshould be added to the typed �-calculus to capture exactly the more powerful databasequery languages such as the computable queries of [12]?4. We use ad-hoc reduction strategies to evaluate query terms e�ciently. However, thereis also work on general optimal reduction strategies (e. g., [36, 34]). How do such re-87



CHAPTER 9. CONCLUSIONS AND OPEN QUESTIONS 88duction strategies perform in our setting? In particular, can the bookkeeping requiredby these strategies be performed e�ciently in the limited fragments of the �-calculuswe consider?5. (Suggested by Pascal Van Hentenryck) It is well-known that outermost evaluationcan be re-expressed in terms of innermost evaluation using CPS-like transformations.Would it be possible to reexpress all our expressibility results in a single evaluationstrategy using such transformations?6. There are various machine-independent characterizations of PTIME (e. g., [48, 27,22, 29, 8, 35]). Is there a way of unifying some of these characterizations using theframework of the typed �-calculus, maybe with suitable extensions?
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