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Abstract

Church’s simply typed A-calculus is a very basic framework for functional programming
language research. However, it is common to augment this framework with additional
programming constructs, because its expressive power for functions over the domain of
Church numerals is very limited. In this thesis: (1) We re-examine the expressive power of
the “pure” simply typed A-calculus, but over encodings of finite relational structures, i. e.,
finite models or databases. In this novel framework the simply typed A-calculus expresses
all elementary functions from finite models to finite models. In addition, many common
database query languages, e. g., relational algebra, Datalog™, and the Abiteboul/Beeri
complex object algebra, can be embedded into it. The embeddings are feasible in the
sense that the A-terms corresponding to PTIME queries can be evaluated in polynomial
time. (2) We examine fixed-order fragments of the simply typed A-calculus to determine
machine independent characterizations of complexity classes. For this we augment the
calculus with atomic constants and equality among atomic constants. We show that over
ordered structures, the order 3, 4, 5, and 6 fragments express exactly the first-order, PTIME,
PSPACE, and EXPTIME queries, respectively, and we conjecture that for general £ > 1,
order 2 k + 4 expresses exactly the k-EXPTIME queries and order 2 k 4+ 5 expresses exactly
the k-EXPSPACE queries. (3) We also re-examine other functional characterizations of
PTIME and we show that method schemas with ordered objects express exactly PTIME. This
is a first-order framework proposed for object-oriented databases—as opposed to the above
higher-order frameworks. In summary, this research provides a link between finite model
theory (and thus computational complexity), database theory, and programming language
theory. It sheds new light on the expressive power of the simply typed A-calculus. It
transforms classical complexity questions into questions of expressibility. Finally, it provides

new examples of pure functional database query languages.
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Chapter 1

Introduction

Motivation and background: Church’s simply typed A-calculus [15] (typed A-calculus
for short) is generally considered the “pure” backbone of today’s functional programming
languages. It is generally felt, however, that it has too little expressive power by itself, and
that some sort of polymorphic extension such as the Girard-Reynolds second-order lambda
calculus [20, 42] or Milner’s ML [40, 41] is necessary to obtain a practically usable language.

The perceived deficiency of the typed A-calculus stems from various expressibility re-
sults for computations over Church numerals. For example, by assuming the inputs and
outputs to be Church numerals of type Int, where Int = (r — 7) — 7 — 7 for some
fixed type 7, Schwichtenberg [43] showed that the representable multi-argument functions
of type (Int,...,Int) — Int (or equivalently, Int — --- — Int — Int) are exactly the extended
polynomials, i. e., the functions generated by 0 and 1 using the operations addition, multi-
plication and conditional. If one allows the type 7 to be different in each occurrence of Int,
then functions like exponentiation or predecessor also become expressible [19]. However,
[19] proceeds to show (using a result of Statman) that even under these relaxed conditions,
subtraction cannot be expressed.

On the other hand, it is known that provably hard decision problems can be embedded
into the typed A-calculus. For example, Statman [45] shows that deciding whether two
typed terms have the same normal form is at least as hard as deciding the truth of a
formula in higher-order type theory, a decision problem known to be non-elementary [39].
Mairson’s instructive re-proof of Statman’s and Meyer’s results (in [37]) actually shows how
to simulate any elementary-time Turing machine computation using typed A-terms.

Thus, it appears that the typed A-calculus can express quite powerful computations,

but that the domain of Church numerals is somehow too restrictive to bring this expressive
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power to bear. This situation is very different from the untyped A-calculus, which is Turing-
complete independent of the particular representation of inputs and outputs chosen.

One way of avoiding the anomalies associated with representations over Church nu-
merals was recently demonstrated by Leivant and Marion [35]. By augmenting the typed
lambda calculus with a polymorphic pairing operator and a “bottom tier” consisting of the
free algebra of words over {0,1} with associated constructor, destructor, and discriminator
functions, they obtain a calculus in which exactly the PTIME computations are express-
ible. However, this calculus makes essential use of the added “impure” features to boost its
expressive power.

In this thesis we propose a different avenue. We re-examine the question of representing
functions in the “pure” typed A-calculus, but over finite first-order relational structures
(databases for short) instead of over Church numerals. We represent these structures in
a straightforward way, using standard representations of lists and tuples in the typed A-
calculus. For simplicity of presentation, we also equip the typed A-calculus with an equality
over the elements of the domain of the input relational structure. This is not essential for
most of our results, though. We show in Section 2.5 how these “impure” features can be
simulated in the “pure” calculus.

Our change of data representation, i. e., the framework of finite model theory instead
of arithmetic on Church numerals, has some interesting consequences, because it takes us
into the realm of database query languages.

Database query languages originated from Codd’s work on relational databases [16] and
have been primarily studied in the context of finite model theory, e. g., [12, 13, 14, 18, 27,
46, 48]. Relational calculus/algebra [16], Datalog™ [33] and various fizpoint logics [5, 13, 14]
express practically interesting sets of database queries. In addition, as shown in [27, 48],
every PTIME query can be expressed using Datalog™ on ordered structures; and, as shown
in [5], it suffices to use Datalog™ syntax under a variety of semantics (e. g., inflationary)
to express the various fixpoint logics. Complex object databases have been proposed as a
significant extension of relational databases, with many practical applications; see [3] for
a recent survey. Well-known languages in this area are the complex object calculus/algebra
with or without powerset of [1].

We show in this thesis that all these database query languages can be “naturally embed-
ded” into the typed A-calculus with equality, and that various complexity classes of queries
can be characterized by syntactic properties of their corresponding A-terms. In this context,
“natural embedding” means the following: (1) relations are encoded as lists of tuples, (2) a

query is a A-term which when applied to the encoding of the input relations normalizes to
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the encoding of the output relation, (3) if a query is computable in polynomial time, then
the normal form of the corresponding A-term can also be computed in polynomial time
using a suitable, query-dependent reduction strategy.

Note that our third requirement for natural embeddings is important if one wishes to
consider the typed A-calculus as a reasonable functional database query language. Operators
such as Powerset in [1] or the second order queries in [13, 18, 46] are powerful, but lead
to computational overkill for lower complexity classes, because even low-order polynomial
queries such as transitive closure are forced to consume exponential time. The point we
make here is that—even though Powerset is also expressible in our framework—simple,
practical queries can be expressed efficiently in this pure functional form, which therefore
becomes the canonical functional database language.

The typed A-calculus, with its syntax, semantics and reduction strategies, should be
viewed as a framework for database query languages which is between the declarative calculi
and the procedural algebras. After all it is called a calculus, but reductions are procedural.
Similar frameworks underlie some practical work in database query languages, e. g., the
early FQL language of [11] and the more recent work on structural recursion as a query
language [9, 10]. An important difference from [9, 10] is that here we use the pure typed
A-calculus and we use no type polymorphism.

The second contribution of this thesis is a study of the expressive power of fixed-order
fragments of the typed A-calculus. It has long been known that there is some hyper-
exponential connection between the order of A-terms and their expressive power, measured
either as the ability to generate long reduction sequences [44], long normal forms [19], or
simulate generic Turing machine computations [37]. We show that, unlike the somewhat
confusing picture for functions over Church numerals, this connection can be made very
precise for computations over finite structures: there is a natural correspondence between
fixed-order classes of A-terms and a hierarchy of query complexity classes ranging from
first-order over PTIME, PSPACE, and EXPTIME all the way to elementary time and
space. Thus, we obtain new machine-independent characterizations of well-known complex-
ity classes and gain at the same time a better understanding of the expressive power of
A-terms of bounded order. Our proofs here use the constraints on order and input/output
behavior of A-terms representing queries over finite structures to obtain a precise structural
analysis of such terms, which facilitates the derivation of upper bounds on the complexity
of their evaluation. The reduction strategies we employ here use the order of redexes to
decide whether to evaluate them in applicative or normal order.

The final topic of this thesis is a functional query language framework for object-oriented
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databases (OODBs): method schemas. Method schemas [4] are intended to model the ob-
ject/class/method paradigm of object-oriented programming in the same way that applica-
tive program schemas [17, 21] model traditional programming languages. Method schemas
use a simple first-order calculus augmented with key object-oriented features: classes with
methods and inheritance, a syntax involving method name overloading, and a semantics
involving late binding. In this framework, the higher-order features of the A-calculus are
replaced by named methods, recursion, and late binding. We analyze the expressive power
of method schemas over ordered inputs and we show that they express exactly the PTIME

queries.

Contributions: The main results in this thesis are: (1) relational algebra, Datalog™ and
the Abiteboul/Beeri complex object algebra can be “naturally embedded” into the typed
A-calculus (with or without equality). (2) Over a suitable representation convention for
finite structures, typed terms of order 3 express exactly the first-order queries, typed terms
of order 4 express exactly the PTIME queries, typed terms of order 5 express exactly the
PSPACE queries and typed terms of order 6 express exactly the EXPTIME queries. We
conjecture that for general k > 1, typed terms of order 2k + 4 and 2k + 5 express exactly

the k-EXPTIME and k-EXPSPACE queries, respectively. (Here, k-EXPTIME stands for
20(1)
2

time complexity 22 , where there is a tower of k 2’s, and k-EXPSPACE is defined
analogously.) (3) PTIME can also be characterized as the set of queries expressible using
method schemas over ordered databases.

(1) is joint work with Paris Kanellakis and Harry Mairson; it appeared in [24]. Part
of (2) is joint work with Paris Kanellakis; it will appear in [26]. (3) is joint work with Paris
Kanellakis and Sridhar Ramaswamy; it appeared in [25].

Overview of this thesis: We begin in Chapter 2 with a description of the main concepts
used in this thesis. First, we briefly review the typed A-calculus with equality in Section 2.1
and its polymorphic variant, core-ML, in Section 2.2. Then, in Section 2.3, we introduce list
iteration, one of the basic concepts of our framework. List iteration—primitive recursion on
lists—was used originally in [37] to re-prove the results of Statman and Meyer mentioned
above. It replaces unbounded recursion in the typed A-calculus, where the type system does
not allow a fixed point combinator. We use lists to represent databases as A-terms; this is
detailed in Section 2.4. Finally, we show in Section 2.5 how equality and constants can be
simulated in the “pure” typed A-calculus.

We then proceed with the embedding of the various database query languages, devoting



CHAPTER 1. INTRODUCTION 5

Chapter 3 to relational algebra, Chapter 4 to inflationary Datalog™ (the PTIME queries),
and Chapter 5 to the complex object algebra. The proofs here use a progressively refined
list iteration technology, which may be of independent interest. One may view it as a
“pure” version of simply typed LISP [38]. The requirement that everything be simply
typed, without even let-polymorphism, complicates some of the proofs (see for example
the “type-laundering” technology in Sections 4.2 and 5.3). For all these results we can
change the framework to eliminate equality, as described in Section 2.5.

In Chapters 6 and 7, we study query terms of bounded order. For this, we modify the
representation conventions of Chapter 2 slightly to minimize the order of encoded data,
and we define two families of query languages as fixed-order fragments of the simply typed
A-calculus and core-ML, respectively. By “fine-tuning” the embeddings of Chapters 3-5
to minimize the order, we obtain lower bounds on the expressive power of these query
languages. We then proceed in Chapter 7 with the design of efficient evaluation strategies
for these languages, which enable us to obtain matching upper bounds on their expressive
power. Note that, here equality is an integral part of the setting; it is open whether similar
bounds can be obtained without it.

In Chapter 8, we shift our attention to object-oriented database query languages by
introducing method schemas and analyzing their expressive power over ordered inputs. We
first describe the syntax and semantics of method schemas in Sections 8.1 and 8.2. Then,
in Section 8.3, we show that method schemas over ordered databases express exactly the
PTIME queries, by showing that method schemas and Datalog™ can be embedded into each
other.

We conclude in Chapter 9 with some directions for future research.



Chapter 2

The Typed Lambda Calculus with
Equality (TLC7)

2.1 Basic Definitions

The syntax of types is given by the grammar 7 = ¢t | (7 — 7)), where t ranges over
a countable set of type variables {p,o,7,...}. Thus, p is a type, as are (p — o) and
(p— (p— p)). We denote types by lowercase Greek letters «, 3,7, .. ..

Typed A-terms are given by the grammar & = £ | (£€) | A&: 7. &, where £ ranges over a
countable set of expression variables {x,y,z,...}. We denote typed A-terms by lowercase
Latin letters e, f,g,.... To keep our notation simple, we adopt the standard associativity
conventions for types and terms: the type @ —  — v stands for a« — (§ — 7) and the
term e f ¢ stands for (e f)g.

Well-typedness of expressions is defined by the following inference rules, where I' is a
function from expression variables to types, and T'[z:a] is the function IT” augmenting T’

with I (z) = a:

I'(z)=«
(Var) F'Fz:a

I'[z:a]Fe
(ABS) I'FAziae:a— g
(App) I'teea— 3 Tre:a

I'Fee:
We call a A-term e well-typed (or just typed for short) if I' F e:a is derivable by the

above rules, for some I' and a.
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The order of a type, which measures the higher-order functionality of a A-term of that
type, is defined as order(7) = 0 for a type variable 7, and order(a — §) = max (1 +
order (a),order (3)). We also refer to the order of a typed A-term as the order of its type.

For typed A-terms e,e’, we write e >, €' (a-reduction) when €’ can be derived from e
by renaming of a A-bound variable, for example Az:y.Ay:6.y >y Axiy.Az:6. 2. We write
e e’ (B-reduction) when ¢’ can be derived from e by replacing a subterm in e of the form
(Az:v. f)g by flz:= g] (f with ¢ substituted for all free occurrences of  in f). Reduction
preserves types [7, Theorem 4.2.8]. We write b for the reflexive, transitive closure of
>, and D>g.

In this paper, we consider a mild modification of the standard presentation above, by
enriching the simply-typed A-calculus with a countably infinite set {0y, 04,...} of constants
of type o, and for some fixed type «, introducing an equality constant Eq:0 — 0 — a —

a — a. For every pair of constants 0;,0;:0, we add to > the reduction rule

Ao Aysaox if 0=,

(Eqo:oj) > {/\x:a./\y:a.y if ¢ # 5.
These are known as delta reductions. Thus, if e and f are terms of type a, we have
(Eqo;ojef)>eifi=jand (Eqo;0jef) > f otherwise. The lack of polymorphism in the
simply typed A-calculus requires that a be fixed once and for all; we will see later that for
our purposes, it suffices to choose a: = 7, where 7 is a fixed type variable.

In Section 2.5 below, we observe that by changing the input-output conventions it is
possible to obtain an embedding in the pure typed A-calculus without constants and equality.

The modified system enjoys the following well-known properties:

Theorem 2.1.1 (Church-Rosser property) If ¢ b ¢ and e > €, then there exists a

A-term e such that ' b " and e > €.

Theorem 2.1.2 (Strong normalization property) For cach e, there exists an integer n

such that if e > €', then the derivation involves no more than n 3-reductions.

For more details, see for example [15, 6]. In particular, [6, Section 15.3] discusses the

Church-Rosser property for the untyped A-calculus enriched with equality.

2.2 Let-Polymorphism: Core-ML

Core-ML: The syntax of core-ML is the syntax of TLC augmented with one new expres-
sion construct: &€ =z | (£€) | Az.€ | let z = £ in €. The simplest way of explaining
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ML types involves the same monomorphic types and rules (Var), (Abs), and (App) used for
TLC with one additional rule that captures the polymorphism (see [31]):

I'te:o! Threlzi=¢€]io
'Fletz=¢€¢ine:o

(LET)

We call a A-term &2 ML-typed if I' - E: o is derivable by the (Var), (Abs), (App), and (Let)
rules, for some I' and o. The operational semantics for let x = M in IV is the same as for
(Az.N)M. So core-ML has the same expressive power as TLC. However, core-ML allows
more flexibility in typing.

For example, let z = (Az.z) in (z2) is in core-ML but (Az.z2)(Az.z) is not in
TLC; we get the equivalent TLC program, namely (Az.z)(Az.z2), after one reduction of
(Az.zz)(Az. 2).

The analogous definitions, expressibility, principal type and type inference properties
hold for core-ML=, where constants and their equality are added as in TLC=. Order of
functionality is defined in the same way. There are two differences: (1) Type inference is
no longer in linear time but EXPTIME-complete [31, 32]. (2) Arbitrary order core-ML,
core-ML=, TLC, and TLCT all have the same expressive power, but for fixed order type
inference allows more core-ML than TLC programs to be typed, so it might provide more

expressibility.

2.3 List Iteration

We briefly review how list iteration works. Let {ey,eq,..., e} be a set of A-terms, each of

type a; then
L=Xca— 03— 8. n:f8.cep(ceg...(cexn)...)

is a A-term of type (a« — 3 — ) — [ — (3, for any type f—in other words, L is a
typable term no matter what type 3 we choose (though one fixed type must be chosen).
We abbreviate this list construction as [eq,es,.. ., ex]; the variables ¢ and n abstract over
the list constructors Cons and Nil. In functional programming terminology, [e1, eg, . . ., €]
is a partially evaluated foldr operator with its list argument fixed.!

To understand how list iteration works, think of L as a “do”-loop defined in terms of a

“loop body” ¢ and a “seed value” n. The loop body is invoked once for every element in L,

f we had written L as Ac. An. (c(...(c(cner)ez)...)er), we would have obtained a partially evaluated
foldl operator. Both representations are equivalent in terms of expressive power, since we can go from one

to the other by reversing the order of e1, ez, ..., ex and swapping the arguments of c.
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starting from the last and proceeding backwards to the first. At every invocation, the loop
body is provided with two arguments: the current element of the list and an “accumulator”
containing the value returned by the previous invocation of the loop body (initially, the
accumulator is set to n). From these data, the loop body produces a new value for the
accumulator and the iteration continues with the previous element of L. Once all elements
have been processed, the final value of the accumulator is returned.

As an example, consider the problem of determining the parity of a list of Boolean values.
A standard encoding of Boolean logic uses True = Az: 7. Ay: 7.2 and False = Az:7. Ay: 7.y,
both of type Bool = 7 — 7 — 7. The exclusive or function can be written as Xor =
Ap:Bool. Ag:Bool. Az: 7. A\y:7.p(qyz) (gz y). To compute the parity of a list of Boolean
values, we begin with an accumulator value of False and then loop over the elements in the
list, setting at each stage the accumulator to the exclusive or of its previous value and the

current list element. Thus, the parity function can be written simply as:
Parity = AL:(Bool — Bool — Bool) — Bool — Bool. L Xor False.

If Lis alist Ac.An.ceq(ceg...(cexn)...), the term (Parity L) reduces to the expression
Xorey (Xorey...(Xoreg False) . ..), which indeed computes the parity of ey,...,ex. Un-
like circuit complexity, the size of the program computing parity is constant, because the
iterative machinery is taken from the data, i. e., the list L.

As another example, to compute the length of a list, we define
Length = AL: (a — Int — Int) — Int — Int. L (Az: . Succ) Zero,

where Succ = An:i (71— 7) =T = T.Asi7 = 1. Az:T.ns(sz) and Zero = AsiT — T AziT. 2
code successor and zero on the Church numerals (of type Int = (1 — 7) — 7 — 7). The
variable x in the “loop body” Az:a.Succ serves to absorb the current element of L; the
successor function is then applied to the accumulator value.

These two simple examples point already to a restriction imposed by the simply typed
A-calculus: its lack of polymorphism. There are two facets to this problem.

(1) A list L of Booleans can be coded as a term of type B= (Bool =0 —0) -0 — 0o
for any type o. To type Parity L, we must type L with Bool = 7 — 7 — 7 substituted for o,
which we write as B [o: = Bool]. Similarly, to type Length L, we need to type L:B[o:= Int].
Thinking of the type ¢ of L as an output type variable, in both instances we see that the
output type must be “contaminated” or “raised” to provide the primitive recursive iterator.
If we want the output type of input L to be fixed, and two different output types are needed

to carry out the computation, this poses a problem.
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(2) If we want the output type to remain o, this poses yet another difficulty.

We point out that problem (2) can sometimes be handled by alternate encodings, for
example Length = AL:(a — ¢ — 0) — 0 — 0.As:0 — 0.Az:0.L(Az:a.s)z, where
L is used to iterate over objects of lower type. Problem (1) can be solved by defining
a “type-laundering” operator that transforms a “contaminated” list, e. g., L: B[o:= Int],
into a “clean” list of type just B. Both techniques, with elaborate variants, are exploited

repeatedly in the following sections.

2.4 Databases as \-Terms

The paradigm we use is computation on finite structures, i. e., a A-calculus for finite model
theory. Inputs and outputs of a computation are databases, i. e., sets of relations, which
are encoded according to the scheme below.

Let {01,09,...} be the set of constants of the TLCT calculus. For convenience, we
assume that the same set of constants also serves as the universe over which all structures
are defined. Furthermore, we fix, once and for all, a type variable 7.

Boolean values are represented by
True:r =7 = 7= Aw:T. AviT.u, False:T — 7 — 7= u:t. A\viT.0.

We abbreviate the type 7 — 7 — 7 as Bool.

Tuples are represented in the standard way: if x1,..., x5 are A-terms of type aq,..., ag,
then
(x1,..ap)(oqg = —apy—=T)—=T=Afrag — - —ap = T.fz1...24
We abbreviate the type (ay — -+ — ap — 7) — 7 as @y X .-+ X a; or, if a; = « for

1 < i<k, as o®. In particular, of is the type of a k-tuple of constants.

Lists are represented as described above: if zq,...,x; are A-terms of type «, then
[Z1,..n2ki(a =T —=T)=T—=7T=Acta =T —=T. \n:T.cai(cag...(capn)...)

We abbreviate the type (¢ — 7 — 7) — 7 — 7 as {a}. Note the difference between
lists and tuples: a tuple represents a collection of a fixed number of terms of varying type,
whereas a list represents a collection of a variable number of terms of a fixed type.
Relations are represented as duplicate-free lists of tuples of constants. Thus, the type
of a k-ary relation is {o*}. All our encodings make sure that their output is duplicate-free,

provided that the input is duplicate-free.
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Queries are represented as typed A-terms of the form ¢) = ARy ...AR;. M, which when
applied to encodings 7q,...,7; of input relations, reduce to a normal form which is the
encoding of the desired output relation. We measure the time complexity of computation
by the length of reduction sequences, according to a suitable reduction strategy, as a function
of the database size. Our choice of reduction strategies is such that the size of intermediate
terms is always polynomial in the size of the input (except where Powerset is involved).
Hence the time needed to perform a reduction sequence on a sequential machine is within
a polynomial factor of the length of the reduction sequence.

Note that the encoding of a relation implicitly provides an ordering of the database
universe. It is possible to write queries whose outcome depends on the ordering of the input.
This seems inherent in our framework, since the A-calculus does not provide (unordered)
sets as primitive objects. However, all the encodings given below are order-independent,

i. e., generic.

2.5 Encoding Constants and Equality

As mentioned in the introduction, the presence of atomic constants and an equality predicate
is not essential for the expressive power of TLC. We present here a simple way of encoding
these “impure” features using pure TLC terms (see [37] for another way of coding up equality
on finite domains).

Let O = {01,02,...,0n} be the set of constants occurring in a particular input. We can

code the constant o; as the projection function

N —
T = ATy.. AN T

and the equality predicate as
N-1 N-=2 N-1
Eqn = Ap. A Au dvep(quv. . 0) (qouv...0)...(¢v...vu)

which, when applied to two projection functions =¥ and F;V, reduces to Au. A\v.u if 1 = 7
and to Au. Av.v otherwise.

The input is then encoded in the usual way, except that explicit constants are replaced
by their corresponding projection functions. Note that the encoding of Eq now depends on
the size of the input universe; so in this setting, Eq has to be part of the input. It is easy to
see that the query terms described in the following sections work unchanged in the “pure”

setting, except that the symbol Fq has to be A-bound at the outermost level.



Chapter 3
Coding Relational Algebra

We begin by demonstrating how the relational algebra operators of [16] can be represented
in the simply typed A-calculus with equality. FEvery operator is coded as a A-term that
takes one or two relations in the list-of-tuples format described in Section 2.4 as input
and produces another relation in the same format as output. The terms do not place any
constraints on the type variable 7 occurring free in their input and output types, so the
output of one term can be used as input for another. Thus, arbitrary relational algebra
expressions can be coded by nesting the A-terms corresponding to the individual operators.

As a first example, we present a fairly simple term FEqual, that tests two k-tuples
Af.foy ..o and Af.fo; ...0; for equality. The result of the comparison is a Bool,
i. e., the term Au. Av.u if the comparison comes out true and Au.Av.v otherwise. The code
depends on the arity of the tuples involved, so we use the subscript &k to indicate that this

particular term works for k-tuples.

Equal,:o® — of — Bool =
At:oF. As:oF.
AusT. AT,
t(Azyi0... Azyo.
s(Ayrio.. Ayg:o.
(Eqa1y
(Eqaays

(Eqarypuv)...v)v)

12
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Here, Eq denotes the equality predicate for constants, of type o — o — Bool. Once ¢ and s

are instantiated with tuples Af. fo; ...0;, and Af. fo;, ...0;, all (Eqz;y;) terms reduce

k

to either True = Au. Av.u or False = Au. Av.v. Hence the “body”

AusT.AviT.
t(Azyi0... Azyo.
s(Ayrio... Ayg:o.
(Eqz1y
(Eqzzys

(Eqaryruv)...v)v)

of the Equal;, predicate reduces to Au. Av.uif o;, = 0j, for all I € {1,...,k} and to Au. Av.v
otherwise.

We adopt the following reduction strategy for terms of the form (Fqual,ts). First,
t and s are reduced to normal form. If either ¢ or s does not reduce to an encoding
Af.foi ...0; of atuple, no further reductions are performed (we will see that this never
happens for the query terms presented below). Otherwise, the normal forms of ¢ and s are
substituted into the body of the Equal, predicate and the topmost redexes are resolved,
leading to the substitution of constants for the variables xy,...,z; and %y, ..., yx. Then, the
Eq predicates are evaluated from left to right until the final normal form—either Au. Av.u
or Au. Av.v—is reached. Clearly, this is always the case after at most O (k) reduction steps
total.

The following term checks whether a k-tuple Af.fo; ...0;, occurs in a list Ac. An.

k

cti(cty...(ctypn)...) of k-tuples by comparing the tuple to every element of the list.

Membery:o* — {o*} — Bool =
At:oF AR: {o"}.
AusT.AviT.

R(Ar:ob A\T:r.(Equal, tr)uT)v
For example, (Member; (1,2)[(3,4), (5,6)]) reduces to
Au. Av. (Equal, (1,2) (3,4)) u ((Equal, (1,2) (5,6)) uv),

which in turn reduces to False, because both (Equal, ...) terms evaluate to False.
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Our reduction strategy for terms of the form (Membery t R) is as follows: First, ¢ and R
are reduced to normal form. If this does not yield the encoding of a tuple and a relation,
respectively, no further reductions are performed (again, we will see that this case does not
occur for the terms presented below). Otherwise, the normal forms of ¢ and R are substituted
into the body of the Member predicate and a copy of the “loop body” (Equal,tr)uT is
evaluated once for every tuple in R, beginning with the last tuple and proceedings backwards
to the first. At each step, the current tuple of R is substituted for » and the result of the
previous iteration (initially v) is substituted for 7. Since both arguments to Equal are then
encodings of tuples, the reduction strategy for Equal described above applies and produces
the result of the comparison in O (k) steps. This result, a Bool, is then applied to u and T’
in order to select the value to pass on to the next stage.

With this reduction strategy, the final result can be determined in O (|R|) reduction
steps, where | R| is the size of the relation encoded by R. The same bound holds on the size
of intermediate terms.

Note that there are also “bad” reduction strategies leading to intermediate terms of
exponential size. This happens, for example, if in a term (Memberyt R) with ¢ coding a
tuple and R coding a relation, all A-redexes are resolved before any Eq-redexes.

With the aid of Equal and Member, we can now code the set-theoretic operators of the

relational algebra:

Intersection: To intersect two k-ary relations R and S, we build a new relation T by
“walking down” R and testing each tuple for membership in 5. If the tuple occurs in 9, it

is included in the output, otherwise it is ignored.

Intersectiony: {o*} — {o*} — {o*} =
AR:{o*}. \S: {o"].
Ae:of — 1 — 1 AT,

R(Ar:o® \T:r. (Membery 7 ) (crT)T)n
For example, (Intersections [(1,2)][(1,2), (3,4)]) reduces to
Ac. An. (Membery (1,2)[(1,2),(3,4)]) (¢ (1,2) n) n,

which further reduces to Ac. An.c(1,2)n = [(1,2)].
The reduction strategy for terms of the form (Intersection R S)—and, with the obvious

modifications, for the next two relational operators as well—is as follows: First, R and §
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are reduced to normal form and nothing further is done if this does not yield encodings of
relations. Otherwise, the normal forms are substituted into the body of the Intersection
operator and the “loop body” (Membery rS) (crT)T is evaluated once for each tuple in R,
from last to first, with the current tuple substituted for r» and the result of the previous
iteration (initially n) substituted for 7. With the reduction strategy for Member outlined
above, each stage of the iteration requires O (].5|) reduction steps. Hence, the final result

can be computed in O (|R||S]) steps, using intermediate terms of size at most O (| R||5]).

Set difference: This works like intersection, except that a tuple from R is included in

the output if it does not occur in 5.

Setminusy: {o*} — {o*} — {o*} =
AR:{o*}. \S: {o"].
Aerof — 1 — T An:T.

R(Ar:o® MT:r.(Memberyr S)T (cvT))n

Union: The union of two k-ary relations R and 5 is formed by starting with S and adding
those tuples of R that do not occur in 5.

Uniony: {o*} — {o*} — {o*} =
AR: {oF}. AS: {o"}.
Aerof — 1 — T An:T.

R(Ar:o® AT:r. (Membery 7 S)T (crT))(Sen)

(If we knew that R and S were disjoint, we could compute their union more simply as
Ac.An. Re(Sen). In the general case, however, we need the more complex term above to

ensure a duplicate-free output.)

Having dealt with the “set-oriented” operators, we now examine the “tuple-oriented”
operators. We need two auxiliary terms first: The Concaty; operator concatenates a k-

tuple and an [-tuple to form a (k + [)-tuple, and the Rearrange, ., operator takes a

!
k-tuple and returns an [-tuple consisting of columns iy, .. .,7; of the input. These terms can

be reduced in any fashion.

Concaty:of — o — ol =

A:oF. As:ol.
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Afifo— - —0—T.
t(Azyi0... Azyo.
s(Aypio.. Aypo.

far..xpyr-om))

Rearrangek;ihm’il:ok —ol =
At:oF,
Afifo— - —0—T.

t(Azq:o.. Azgro. fay, ...xy)

16

Cross product: The Cartesian product of a k-ary relation R and an [-ary relation S is

formed by a straightforward nested iteration, in which every tuple of R is concatenated

with every tuple of S and appended to the output.

Timesy;: {0*} — {o'} — {o**!} =
AR:{o*}. \S: {o'}.
Ae:of Tt — 7 — 7T
R(Ar:of A\T:7.
S (As:ol. AU:T.
c(Concaty rs)U)T)n

For example, (Timesy 1 [(1),(2)][(3),(4)]) reduces to

Ae. An.
¢ (Concaty 1 (1) (3))

(¢(Concaty 1 (1) (4))

3))

2) (4))n))),

which further reduces to [(1,3),(1,4),(2,3),(2,4)].

)
(¢ (Concaty 1 (2)(
{

(¢ (Concaty 1

The reduction strategy for the Times operator follows the now familiar pattern: First,

the arguments are reduced to normal form and nothing further is done if this does not

lead to encodings of relations. Otherwise, the normal forms are substituted into the body

of the operator and the “outer loop body” S (As. AU.c(Concatrs)U)T is evaluated once
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for each tuple in R, from last to first, with » and T replaced by the current tuple and
the result of the previous iteration, respectively. Evaluating the “outer loop body” just
consists of evaluating the “inner loop body” ¢ (Concatr s) U once for each tuple in S, which
eventually leads to an evaluation of (Concatr s) once for every combination of tuples r € R
and s € 5. It is easy to see that the entire procedure takes O (| R||5]) reduction steps and

uses O (|R]||S|) space for intermediate terms.

Selection: To select tuples from a k-ary relation R according to a certain condition, say
column ¢ = column 7, it suffices to iterate over R and include those tuples in the output

that satisfy the condition.

Selecty.i—;: {o*} — {o*} =
AR:{o*}.
Ae:of — 1 — 7 An:T.
R(Ar:ob \T:7.
r(Azyio.. Azgro.(Eqa;a;) (ecrT)T))n

The reduction strategy for Select again consists of reducing the argument first and then

evaluating the “loop body” once for each tuple in R. Reduction sequence length and term

size are bounded by O (| R|).

Projection: This is slightly tricky. The straightforward attempt to project onto columns

11, ... of a k-ary relation R,

SimpleProjecty; ;:{o"} — {o'} =
AR:{o*}.
Aeiol — 7 — 1. AniT.

R(Ar:ob AT:7.c (Rearrangey; . 7)T)n,

has the disadvantage that the output may contain duplicate tuples. To fix this, we include
the projection ¢’ of tuple ¢ in the output only if ¢ is the first tuple in R whose projection
is ¢’. For that, we use an auxiliary term (First¢ R) which reduces to True iff, among all

tuples in R having the same projection as ¢, t is the first in sequence:

Firstk;i17...7il:ok — {ok} — Bool =

At:oF AR: {o"}.
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AurT.AviT.
R(Ar:ob \T:7.
Equal, (Rearrangey;,  ; t)(Rearrangey; . r)(Equal truv)T)u

For example, (Firsta, (1,2)[(1,2),(1,3)]) reduces to

Au. Av.
(Equaly (1) (1)) ((Equal, (1,2) (1,2)) uv)
((Equaly (1) (1)) ((Equaly (1,2) (1,3)) uv) u),

which further reduces to Au. Av.u = True, whereas (Firstyq (1,3)[(1,2), (1,3)]) reduces to

Au. Av.
(Equaly (1) (1)) ((Equal, (1,3) (1,2)) uv)
((Equaly (1) (1)) ((Equaly (1,3) (1,3)) uv) u)

and then to Au.Av.v = False. The First operator is an example of a term that is not
oblivious to the ordering of its input.

Using the First operator, projection can now be coded as follows:

Projecty.; .- {oF} — {o'} =
AR: {o"}.
Ae:ol — 7 — 7. n: T

R(Ar:o® AT:7.(Firstr R)(c(Rearrangey;, ; 7)T)T)n
For example, (Projecty [(1,2),(1,3)]) evaluates to

Ac. An.
(First (1,2)[(1,2),(1,3)])
(e (1) ((First (1,3) [(1,2), (1, 3)]) (¢ (1) n) n))
((First (1,3) [(1,2), (1,3)]) (¢ (1) n) n)

and then, using the example above, to Ac.An.c (1) n = [(1)]. The reduction strategy for
Project is similar to the one for the other relational operators, reducing the arguments first
and then evaluating the “loop body” once for each tuple in R. The number of steps and

the amount of space needed is O (|R|?).
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This completes the coding of relational algebra. It is straightforward to verify that every
term given above is well-typed and, when applied to one (resp., two) relations coded in
the format described in Section 2.4, reduces to a normal form which is the encoding of the
desired output relation. Moreover, when the terms are reduced according to the specified
reduction strategies, the length of the reduction sequence and the size of intermediate terms
are polynomial in the size of the inputs. (In fact, the length of the reduction sequence
typically matches the running time of a naive implementation of the operator in question.)

Therefore, we have the following theorem.

Theorem 3.0.1 Let ¢ (Rq,...,R;) be a relational algebra expression over relational schema
S = (R1,...,R;). Then there exists a term 1 of the simply typed X-calculus with equality such
that for every instance (r1,...,r) of S, the expression (77 ...77) reduces to ¢ (rq,...,71),
where T denotes the encoding of relation r as described in Section 2.4. Moreover, the normal

form of (71 ...7) can be computed in time polynomial in the size of r1,..., 7.



Chapter 4
Coding Fixpoint Queries

4.1 Line of Attack

With the machinery of the previous section at our disposal, we can now code arbitrary
relational queries as typed A-terms. The next step is to find a way of iterating such queries
in order to compute fixpoints. It suffices to perform a polynomial number of iterations using
inflationary semantics to capture all PTIME-computable queries [27, 48].

Intuitively, the solution is very simple—we build a sufficiently long list from a Cartesian
product of the input relations and then use that list as an iterator to repeat a relational
query polynomially many times. The only difficulty lies in getting the types straight, so
that the input can serve both as “data” for a relational algebra query and as a “crank” for
iterating that same query.

Here are the details. Let ¢ (R, Rq,...,R;) be a relational algebra expression over re-
lational variables R, Rq,..., R; of arities k,kq,..., &k such that the result of ¢ is again of
arity k. We wish to compute the inflationary fixpoint of ¢ with respect to R, i. e.,

(1 0) (R 2= U 07 (0) = 47 (0)

where 1) is the mapping R — RU@ (R, Rq,..., R;) and n is the size of the database universe.
This can be done as follows.

Let ) be the TLC= encoding of the expression R U ¢ (R, Ry,...,R;), with variables
R, Ry, ..., R occurring free in (). Let D be a TLCT terms which computes the input
universe, i. e., the set of constants occurring in the relations encoded by Rq,...,R;. D can

be computed as the union of all columns of Rq,..., R;:
D:{o} =

20
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(Uniony (Projecty 4 Ry)(Uniony (Project; o Ry)...
(Uniony (Projecty, 1 Ry) (Uniony (Project;, » Ra) . ..

(Uniony (Projecty, 1 R;) (Uniony (Projecty o Ry)...)

Since the Union and Project operators eliminate duplicates, the length of D is exactly n,
the size of the database universe. To obtain an iterator of length n*, we form the k-fold

Cartesian product of D with itself:

k factors
Crank: {o*} = (Times D (Times D ...(Times D D)...))

Finally, let Nil = Ac:o® — 7 — 7.An:7.n be the empty relation. A straightforward
encoding of (ur ¢) in the untyped A-calculus is then the term

Fixy = ARy ... AR;. Crank (At. AR.()) Nil.

Here, t is some variable not occurring in (J; it serves merely to absorb the k-tuple of
constants supplied by Crank at each iteration. The evaluation of Fixy proceeds by first
forming the normal form of Crank according to the reduction rules for relational operators,
and then evaluating ¢) once for each tuple in Crank, from last to first, with R bound to the
result of the previous iteration (initially the empty relation). This way, the final result of
the fixpoint query is produced in a polynomial number of reduction steps and in polynomial

space.

4.2 Fixing the Types

Unfortunately, Fixy cannot be typed using simple types. This is due to a type conflict
between the occurrences of the R;’s in Crank and in ). Inside ), occurrences of R; are typed
as usual as {o*} = (o — 7 — 1) — 7 — 7. However, Crank is used to iterate over objects
of type {o*}, so the occurrences of R; inside Crank must be typed with {o*} substituted
for 7, i. e., as (ofi — {o*} — {0¥}) — {0*} — {o*}. These two typings cannot be unified,

k—>T—>T)—>T—>T.

since 7 does not unify with {0} = (o

The solution is to introduce a “type-laundering” operator Copyy, ; which takes an en-
coding of a relation r; of type (0% — {0*} — {0*}) — {o*} — {0*} and produces another
encoding of r; of type (of — 7 — 7) — 7 — 7. That is, Copyy, ,, computes the iden-

tity function on encodings of relations, but forces different types for its input and output.
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Copyy, 1, can be written as follows:
Copyy, 4 (05 — {0k} — {ok}) — {0k} — {0k}) — {0k} =
AR:(0F — {0k} — {o"}) — {o} — {o*},
Ae:of — 1 — 1. An:T.
R (Ar:o® AT {o*}. A 0f — 7 — r.An/ir.cr (T ' n'))
(Ac:0f — 17— 1. An":7.0)
(As:oF AS:7.9)n
This somewhat bewildering term arises in the following way. A straightforward copy oper-
ator that does not worry about types would look like this:
SimpleCopy: {o¥i} — {o*} =
AR:{o*}.
Ae:oft — 7 — 7. An:T.
R(Ar:o" AT:t.crT)n
Clearly, this term computes the identity function on encodings of relations. If we now
constrain the type of the input to be (0% — {o*} — {o*}) — {o*} — {oF}, then the
type of the “loop body” (Ar:0f. AT:7.crT), which used to be o** — 7 — 7, must become
o — {0f)} — {oF}. The easiest way of doing this is by prepending dummy A-abstractions
to the value computed at each step and removing them again at the next stage by applying

the incoming value to dummy arguments. This leads to a “loop body”
(Ar:0% AT: {o*}. Ac:0F — 7 — 7. An"s7.cr (T ¢ n')),

which has indeed the correct type o — {oF} — {o*}. Of course, the initial value for the
iteration, which used to be just n, has to be changed as well; it becomes (Ac:0f — 7 —

T.An':7.n). With these changes, the iterator term in the copy operator becomes

R (Ar:o" AT: {oF}. Ac:oF — 7 — 1. An"s7.cr (T ¢'n'))

(Ac:0F — 1 — 7. An':7.n).
That almost works: if R is a list
Ae:ofi — {oF} — {oF}. An:{oF}.cty (cty.. . (ctym)...),
then the above term reduces, as an easy induction shows, to

Aiof — 1 = AniT ety (cty. . (ctypn)...).
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What remains is to remove the A-abstractions on ¢’ and n’ by supplying dummy arguments

k

of type o — 7 — 7 and 7, respectively, and then to A-abstract on ¢ and n, which leads to

the term

Aezobi — 7 — 1. AniT.
R (Ar:oFi AT: {oF}. A\e":o¥ — 7 — 1. 0n/s7.cr (T n'))
(Ac:0f — 17— 7. An":7.0)

(As:oF AS:7.9)n

actually used in the definition of the Copy operator above. The reduction strategy for this
term is as usual, involving a loop over the tuples in R. The normal form is reached after
O (|R]) steps using O (| R|) space.

With this “type-laundering” machinery at our hands, we can solve the typing problem

for fixpoint queries. We modify our original encoding
Fixy = ARy ... AR;. Crank (M. AR. Q) Nil
by replacing every occurrence of R; in ) by (Copyy, x R;), i. e., by writing

Fixy =
/\Rl:(ok1 — {ok} — {ok}) — {ok} — {ok}.

/\Rl:(okl — {ok} — {ok}) — {ok} — {ok}.
Crank (M:0%. AR: {0F}.Q [Ry: = (Copyy, x R1), ..., Riz= (Copyy, . R1)]) Nil.

It is straightforward, though tedious, to verify that this is indeed a well-typed term. Since
(Copyy, x ;) and R; encode the same relation, the semantics of Fixy are unchanged by this
modification. The space and time complexity of the evaluation are also unchanged, because
it suffices to evaluate the expressions (Copyy, ; R;) only once. Hence, we have the following

theorem:

Theorem 4.2.1 Let (ur ¢) be a fizpoint query over the relational schema S = (Rq,. .., R)).
Then there exists a term Fixy of the simply typed A-calculus with equality such that for every

instance (ry,...,r1) of S, the expression (FixyT7...7]) reduces to (ur @) (r1,...,71), where
7 denotes the encoding of relation r as described in Section 2.4. Moreover, the normal form

of (FixyT1...7]) can be computed in time polynomial in the size of rq,.. ., 1.



CHAPTER 4. CODING FIXPOINT QUERIES 24

4.3 An Example: Transitive Closure

To illustrate the concepts of the previous sections, let us study the representation and
evaluation of the transitive closure query in some detail. We compute the transitive closure

of a binary relation e by iterating the relational algebra query

r—=eU (T 4(oa=3(r X 71)))

starting from the empty relation. Here, 71 4 denotes projection onto the first and fourth
attribute and o3_3 denotes selection on equal second and third attributes. According to

Section 4.2, the translation into TLC= of this fixpoint query is (we omit type annotations):

Crank
(At AR.
Uniony (Copy, 5 R1) (Projectyq 4 (Selectyo—3 (Timesy o R R))))
Nil,
where
Crank = (Times11 D D)
and

D = Uniony (Projectyy Ry)(Projecty Ry).

Assume that Ry encodes the relation [(1,2),(2,3), (3,4)]. According to the reduction strat-
egy for fixpoint queries, we first have to evaluate the expressions Crank and (Copy,y Ry).

For the latter, we have (omitting some intermediate steps)

(Copysq 1)
> Ac. An.
Ar AT A A er (T n')) (1,2)
(AP AT A A e (T ¢ n')) (2,3)
(AP AT A AR er (T ¢ ') (3,4)
(A A1) (As. AS. S)n
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B Ac. An.
(A’ .
c(1,2)
(c(2,3)
(c(3,4)n))) (As.AS. §) n

> Ac.An.c(1,2) (¢(2,3) (¢ (3,4) n))

= [(1,2),(2,3),(3,4)],

which is what we expect, since Copy affects only the type of an encoding, not its value.

To evaluate Crank, we first have to evaluate the term

D = Uniony (Projectyy Ry)(Projecty Ry).

We illustrate the reduction sequence for (Projecty Ry), according to the reduction strategy

for projection:

(Projectyq Ry)

> Ac. An.
(AT AT (Firsto 7[(1,2),(2,3),(3,4)]) (c (Rearrange, ; 1) T) T') (1,2)

((Ar. AT (Firstyq r[(1,2),(2,3),(3,4)]) (c (Rearrangey, ) T) T') (2,3)
((Ar. AT (Firsty, r[(1,2),(2,3),(3,4)]) (c (Rearrangey ) T) T') (3,4) n))

> Ac. An.
4)]) (¢ (Rearrangey; 7) T) T)(1,2)

(Ar. AT (Firstog 7 [(1,2), (2,3), (3,

(AP AT (Firstaa 7 [(1,2), (2,3), (3,4)]

(
) (c (Rearrangey 7)T)T)(2,3)
((Firsty;r (3,4) [(1,2),(2,3),(3,4)]) (c (Rearrange, (3,4)) n) n))

> Ac. An.
(AT AT (Firsto 7[(1,2),(2,3),(3,4)]) (c (Rearrange, ; 1) T) T') (1,2)
3,4)]) (c(Rearrangey, 7)T)T) (2,3)

(A AT (Firstaa 7 [(1,2), (2,3),(
(True (¢ (Rearrange,, (3,4)) n)n))
B Ac. An.
(Ar AT (Firstyq r [(1,2),(2,3),(3,4)]) (¢ (Rearrange,,, 1) T) T) (1,2)
((Ar. AT (Firstaq 1 [(1,2), (2,3), (3,4)]) (¢ (Rearrange,, 1) T) T) (2,3)
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(Projectyq Ry) reduces to [(2),(3),(4)] and thus D reduces as follows:

D = Uniony [(1).(2),(3)][(2), (3), (4)]
B Ac. An.
(Ar. AT (Membery v [(2), (3), (0]) T (crT)) (1)
((Ar. AT (Membery v [(2),(3), (D)) T (cvT)) (2)
(Ar. AT (Membery v [(2),(3), () T (crT)) (3)

)
r[(2).(

(c(2) (¢ (3) (c{4)n)))))
B Ac. An.

(Ar.AT. (Membery r[(2),(3), (4)])) T (c+T)) (1)
((Ar AT (Member,  [(2), (3), ()]) T (e T)) (2)
((Membery (3)[(2), (3), (4)])
(c(2) (¢ (3) (c(4)n)))
(¢ (3) (c(2) (c(3)(c(4)n))))))
B Ac. An.

(Ar.AT. (Membery r[(2),(3), (4)])) T (c+T)) (1)

((Ar. AT (Membery r[(2), (3), (4)])) T (c+T)) (2)
(e 2) (¢ (3) ( (4) m))))

I> P
> Ac. An.e (1) (e (2) (¢ (3) (¢ {4)n)))
= [(1),(2),(3),(4)]

We then obtain Crank = (Times;1 D D) > [(1,1),(1,2),...,(4,4)]. After these reductions,

the fixpoint query becomes

(At.AR. Uniony [(1,2),(2,3),(3,4)] (Project, 4 (Selectyz=3 (Timesy 2 R R)))) (1,1)
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((At.AR. Uniony [(1,2),(2,3),(3,4)] (Projecty 4 (Selectyo—3 (Timesy 5 R R))))(1,2)

((At.AR. Uniony [(1,2),(2,3),(3,4)] (Projecty 4 (Selectyo—3 (Timesy o R R)))) (4,4)
(Ac. An.n)))

This expression is now reduced from the inside out by evaluating the “loop body” sixteen
times. Since we have already seen the relational operators in action, we will not trace this

reduction, but rather just list the values substituted for R at the beginning of each iteration:

Iteration | Value of R
1 Ac.An.n

2 1,2
3 Ac.An.e(1,2) (¢ (2,3) (¢ (3,4) (¢ (1,3) (¢
4 1,2

5—16 |unchanged

Thus, the final normal form of the query is [(1,2),(2,3), (3,4), (1,3), (2,4}, (1,4)], which is
indeed the transitive closure of [(1,2),(2,3),(3,4)].



Chapter 5

The Complex Object Algebra

5.1 Basic Definitions

We conclude our tour of relational query languages with an encoding of Abiteboul’s and
Beeri’s complex object algebra [1]. This takes us from manipulating “flat” relations to
more complicated data structures, namely arbitrary finite trees built from tuple and set
constructors. The algebra under consideration is extremely powerful—in fact it expresses
any generic elementary time computation on finite structures. Interestingly, no fixpoint or
looping construct is needed; the expressive power stems from the ability to create larger
and larger sets using the Powerset operator.

Let us briefly describe the salient features of the complex object model (for a formal
definition, see [3]).

Complex objects' are built from constants using tuple (()) and (finite) set ({}) construc-
tors. Thus, 1 is a complex object, as are (1,2), {1,2,3}, and {1,(1,2),{1,2,3}}. We encode
complex objects in the natural way, using A-calculus constants at the bottom level and then
combining them into tuples and lists as described in Section 2.4.

Relations are sets of objects of a common type (not necessarily flat). For example,
{(1,{2,3}),(4,{5,6})} is a relation. A relation may be viewed as a single complex object
of type set, and it is encoded as such.

Algebra operations map relations to relations and include the conventional relational

algebra operations plus the following:

o Powerset (of type {a} — {{a}}), defined by Powerset (R):= {5 | S C R},

!The term “complex value” might be more appropriate, since we do not consider object identifiers or

methods. However, the name “complex object algebra” seems to be firmly established.

28
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o Set (of type {a} — {{a}}), defined by Set (R):= {{z} |z € R}.

o Setcomb (of type {{a}} — {a}), defined by Setcomb (R):= User S.

o Tup (of type {a} — {a'}), defined by Tup (R):= {(z) |z € R}.

o Tupcomb (of type {a'} — {a}), defined by Tupcomb (R):= {z | (x) € R}.

In addition, the Select operator is extended to allow selection conditions of the form z; =
¢, v; = v, v; € xj, and x; = z;.d, where zq,...,2; are the fields of the tuple under

consideration and z;.d denotes the d*h field of x; if x; is itself a tuple.

5.2 Coding the Operators

As it turns out, the implementation of the relational algebra operators described in Chap-
ter 3 works with virtually no change in the complex object setting. However, the Equal
operator becomes more complicated, because it has to implement a “deep” comparison that
traverses the structure of two complex objects and checks equality at each level. Because
set equality involves subset testing, which in turn is defined in terms of the membership
predicate, we have to define the Fqual, Subset, and Member predicates simultaneously, us-
ing structural induction over the argument types. Thus, for each complex object type a, we
define below three terms Equal,, Member,, and Subset(,, that encode the corresponding
predicate for objects of that type, using the already defined encodings for objects of less

complex type.

Equaly:0 — o — Bool =

Az:o. A\y:o. Equy

Equal;,y:{a} — {a} — Bool =
AR:{a}. NS {a}.
AusT.AviT.
(Subset,y RS) ((Subseti,y S R)uv)v
Equalalx,,,xak:al XX ap — ap X -+ X ap — Bool =

Ao X -+ X Q. ASiap X -0+ X Q.

AT AU T,



CHAPTER 5. THE COMPLEX OBJECT ALGEBRA 30

t(Azyiag ... Az ag.
s(Ayrrag . Ayg: ag.
((Equa]CY1 1 Y1)

((Equal,, xpyr)uv)v)...v)))

Member,:a — {a} — Bool =
Atra. AR: {a}.
AusT.AviT.

R(Aria. XT:7. (Equal tr)uT)v

Subset (,y: {a} — {a} — Bool =
AR:{a}. NS {a}.
AusT.AviT.

R(Aria. XT:7.(Member, r S)T v)u

The reduction strategies for these operators are as follows: In all cases, the two terms to
be compared are first reduced to normal form, and nothing further is done if this does not
yield encodings of complex objects of the required type. Otherwise, the normal forms are
substituted into the operator body. Then, for a term (Equal{a}RS), reduction proceeds
by reducing the two Subset terms to either True or False according to the rules below and

then picking either w or v as appropriate. For a term (FEqual ts), reduction of the

01 XX g
body proceeds by instantiating x1,...,2¢ and yi,...,yx and reducing the Equal,, tests in
sequence until the normal form is produced. For terms (Member, t R), reduction of the
body involves a loop over the elements of R in reverse sequence, evaluating the Equal,
predicate at each step and passing either u or the result of the previous iteration on to
the next stage. The strategy for terms (Subset(,y RS) is analogous. A straightforward
induction shows that for each operator, the reduction sequence length and intermediate
term size are bounded by the product of the argument sizes.

The relational operators of Chapter 3 and their reduction strategies work with no
changes for complex objects, except that there are now more of each kind—one for each

complex object type a instead of just one for each relation arity. We give the code for

Intersection as an example.

Intersectiong,y: {a} — {a} — {a} =
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AR:{a}. NS {a}.
Acioe — T — T AN T.

R(Aria. XT:7.(Member, r ) (crT)T)n

The new operators Tup, Tupcomb, and Set can be implemented in a straightforward

fashion:

Tup:{a} — {a'} =
AR:{a}.
Ae:al — 17— 1. An:T.

RAria XT:t.c(Afra—= 7. fr)T)n

Tupcomb: {a'} — {a} =
AR:{al}.
Aera — T — T.An:T.

R(Ar:al AT:r.r(Azia.caT))n

Set:{a} — {{a}} =
AR:{a}.
Ae:{a} — 17— 1. AT,

R(Aria. XT:t.c(A:a— 717 —=71.Xn"ir.drn/)T)n

As long as the arguments are reduced to fully instantiated encodings of complex objects
first, any reduction strategy will work in polynomial time and space for these terms.

The Setcomb operator, which “flattens” a set of sets by computing the union of all
its members, is slightly more involved because it has to deal with duplicate elimination.
The technique is basically the same as in the Project operator of Chapter 3, involving a
predicate (Firstx s.9) that evaluates to True iff € s € S and s is the first element of 5 that
contains x. Using this predicate, (Setcomb S) can be computed duplicate-free by looping
over all elements s € 5 and for each s, including only those z € s in the output for which

(Firstz s 5) evaluates to True. That is exactly what the following term does.

Setcomb:{{a}} — {a} =
AS:{{a}}.
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Acta — T — T.An:T.
S(As:{a}. AT:T.
s(Az:a. XT":7.(Firsto s 5) (caT)T")T) n,

where

Firsty: a0 — {a} — {{a}} — Bool =
Azia. As:{a}. AS: {{a}}.
AurT.AviT.
S(As":{a}. AT:T.
s' (At AT"i 7. Equal, v o' (Equalg,y s 8" uv) T') T) u.

5.3 Powerset

The one remaining operator, Powerset, which accounts for the great expressiveness of the
algebra, poses a problem. Writing a A-term that computes it is not too difficult—essentially
a generalization of the well-known term for exponentiating Church numerals. However,
getting the types straight, so that the Powerset operator can be used in conjunction with
the other algebra operators, is somewhat tricky.

Let us first look at a simple version of Powerset that is not concerned with types. Its

operation is guided by the inductive definition of the powerset P (5) of a set 5:

P®) = {0}

P({oryntn)) = Parsnzat)) Uf{ead Us|s € P ({or,. nzni})
Thus, to compute the powerset of a set S (represented as an iterator), we start out with
the list [Nil] = Ae. An.c (A An'.n’) n containing just the empty list, and then perform an
iteration over the elements of 5, computing at each step the union of the list P produced so

far and the list P’ derived from P by prepending the current element of .S to every element

of P:

SimplePowerset,,: ((a« — {{a}} — {{a}}) = {{a}} = {{a}}) = {{a}} =
ASi(a — {{a}} = {{a}}) — {{a}} — {{a}}.
S (Az:a. AP:{{a}}. Uniongyy P (Prepend z P)) [Nil],

where

Prepend: a — {{a}} — {{a}} =
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Az:a. AP: {{a}}.
Ae:{a} — 17— 1. AT,

P (As:{a}.AP":7.c(Consas)P')n
and

Cons:a — {a} — {a} =
Az As:{a}.
Aera — T — T.An:T.

cx(sen).

SimplePowerset is well-typed and computes the powerset function, but it is not good
enough for use with the other algebra operators. The reason is that it introduces an “inho-
mogeneity” in either its input or output type in the following sense.

A type such as {a} has free occurrences of the type variable 7 at many different levels.
In principle, these could all correspond to different types (the most general typing of an
encoding of a complex object would in fact assign different type variables to all these
occurrences). However, structure-traversing operators like Equal or Member actually force
all these occurrences to correspond to the same type. An expression (Equal{a}RS) can
be typed with any type [ substituted for 7, as long as the substitution is carried out for
all occurrences of 7. Now, the SimplePowerset operator forces the type of its input to
be (« — {{a}} — {{a}}) = {{a}} — {{a}}, i. e, {a} with {{a}} substituted for the
topmost occurrences of 7 only. Thus, once a relation R is used as input to SimplePowerset,,,
it cannot be used as input to any operator involving Equal or Member. We could get around
this by assigning the “homogeneous” type {a} [r:= {{a}}]—read “{a} with all occurrences
of 7 replaced by {{a}}”"—to the input of SimplePowerset, but then the type of its output
would become {{a[r:= {{a}}]}},i. e., {{a}} with {{a}} substituted for all but the topmost
occurrences of 7, and now the output would be unsuitable for further use with Equal or
Member. In summary, SimplePowerset spoils either its input or output—it cannot be freely
combined with the other algebra operators.

The solution to this problem is an extension of the “type-laundering” technique intro-
duced in Section 4.2. It is unavoidable to “raise” the type of the input to Powerset in order
to exponentiate the input size, but we can at least try to keep both input and output type
homogeneous, so that they are usable with other operators. Thus, our goal is to construct

a Powerset operator of type {a}[r:= {{a}}] — {{a}}, which takes a set of objects of type
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a[r:= {{a}}] and produces its powerset, but such that the objects occurring in the output

have type just a. The following variant of SimplePowerset accomplishes this:

Powerset,:{a}[r:= {{a}}] — {{a}} =
AS:H{a}[r:={{a}}].
S(Avralri= {{a}}. AP: {{a}}. Union(,yy P (Prepend (Copy, o3y %) P)) [Nil],

where Prepend is defined as above.

The only modification from SimplePowerset is the use of (Copy%{{a}} z) instead of z as
an argument to Prepend. The Copy, (51} operator, which we will define below, computes
the identity function on complex objects of type «, but such that its input has type o [7: =
{{8}}], whereas its output has type just . Thus, the use of (Copy, (1,1} %) instead of x

does not change the semantics of the Powerset operator, but it assures that the output has

the “clean” type {{a}} instead of {{a[r:= {{a}}]}}.
As in Section 4.2, we construct Copy, (5, by taking a straightforward “deep copy”

operator SimpleCopy ., of type a — «a and inserting suitable dummy abstractions and
applications to change all subexpressions of type 7 to expressions of type {{5}}. We first

define SimpleCopy , by structural induction over «.

SimpleCopys:0 — 0 =

AZ:10.Z

SimpleCopy (,y:{a} — {a} =
AS:{a}.
Aera — T — T.An:T.

S (As:a. AT:7.¢(SimpleCopy, s)T)n

SimpleCopyalX,,,Xak:al XX ap—ap XX ap=
AMiap X -0+ X Q.
Afrag — - — ap — T.
t(Azyay .. Az ag. f(SimpleCopy ,, @1)...(SimpleCopy,, 1))
It is straightforward to verify that this term computes the identity on complex objects. If

we now want to “raise” the input type by substituting {{3}} for 7, we have to prepend

dummy A-abstractions to the value computed at each level of the copy operation and to
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get 1id of them again at the next higher level by supplying dummy arguments. Thus, the
correct Copy operator looks like this:

Copyo (1) © [r:={{f}}] = 0o=

AZ:10.Z

Copy rar, oy et [mi= {{BH] — {a} =
AS:{a} [r:= {{B}}].

ANeiao — T — T.An:T.

S (Asta[ri= {{AH] AT {{B}}.
Ad:A{B} =7 — 1. A0

c(Copy, sy 8) (T n'))
(N HABY =7 —=7.A0":7.n)
(A" {B}.AS:T.5)n

CoDY oy xoooxan oy (1 X - Xag) [rr={{B}}] — a1 X - X ap =
At:(og X - xag) [Tr= {{B}}].

Afrag — - — ap — T.

t (Aerraq [mi={{F}}] .. Aeprag [T = {{5}}]
AApY =T —T. A0 T,

F(Copyay ggan 1) ---(CoPY oy 116)) 7k))
(A" A{B}.AS":T.8)y (where y is some variable of type 7)

A straightforward, but tedious induction shows that these terms compute the identity func-
tion on encodings of complex objects and can indeed be typed in the manner shown. Thus,
the encoding of the Powerset operator is complete.

There is, however, one further issue. Although both input and output type of Powerset
are now “homogeneous” in the sense that all occurrences of 7 correspond to the same
type, an expression (Powerset, 5) still forces the substitution 7:= {{a}} on the type of 5.
This does not affect the use of S with other relational operators, e. g., (Set.S), because
these do not make any assumptions about 7 except that it corresponds to the same type
everywhere, but it makes it impossible to use S (or any relation computed from 5) in an

expression (Powersetg 5') where § # a. Furthermore, S cannot be combined with the output
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of (Powerset, ) in any way—for example, the expression (Equal(SetS)(Powerset, S))
would not type because (Powerset, ') has type {{a}}, whereas (Set S) would be typed as
{{a}}[r:={{a}}] due to the “contaminated” type of 5.

To get around this problem, we have to insert a type-laundering operator whenever
a conflict occurs. For example, the expression (Equal(SetS)(Powerset, S)) can be made
typable by writing it as (Equal (Set (Copy (4} (a1} 5) (Powerset,, 5)).

To make this “laundering” process precise, let us fix a TLCT expression ¢ (Rq,..., R;)
build from relational variables Rq,..., R; and complex object algebra operators and study
its typing in detail. We can think of ¢ as a circuit Cy having input gates labeled Rq,..., R,
and interior gates labeled with algebra operators. Let 14,...,v, be an enumeration of the
nodes of C'y such that vq,...,7; are the input nodes and the number of each interior node
is higher than that of any of its inputs. Let v;,...,v;, , where 1 < ¢ <. <4, < n, be
the nodes corresponding to Powerset operators and let {{ay}},...,{{a,}} be the output

types of these operators.

Now, we type ¢ as follows. Operators corresponding to nodes v;,_,...,v, are typed as
usual, with no substitutions applied to 7. Operators v; ,_,,...,v;, _1 are typed with the
substitution 7:= {{a,,}} applied to their normal types, operators v; _,,...,v; _, 1 are

typed with the substitutions 7: = {{a,,—1}} and then 7:= {{«,,}} applied to their normal
types, and so forth, until we end up with a chain of substitutions [7: = {{a,,}}] o - 0o [r:=
{{a1}}] applied to the types of Ry,..., R;.

Let us denote the nodes v;;,_, 41,...,7;,-1 as contamination layer j, because their types
are “contaminated” by the substitution v; = [r:= {{a,}}] o - 0o [r:= {{a;}}]. There is a
typing conflict iff the output of a node v from contamination layer j serves as input to a
node v/ from contamination layer & > j. In this case, we pass the output 5 of v through a

“laundering pipeline”

(Copy s ({ar_1}} (COPY 5 ({051} - - - (COPY 110,33 S) - 2))s

where 3 is the type of 5 with no substitutions applied. Each stage Copyg r(,,3) of this
“pipeline” imposes a substitution 7: = {{a;}} on the type of its input, without changing its
value. Thus, if the output of the “pipeline” is typed as 7% (3), as required by node v/, then
the input gets type (74 0 [ri= {{ax_1}}] o -++0 [ri= {{a;}}]) (3) = 7, (8), which matches
the output type of node v.

Suppose, for example, we want to type (Equal(Set.S) (Powerset, 5)) according to this
algorithm. Let us order the operators in this expression as: S5, Powerset,, Set, Equal.

Then there are two contamination layers, divided by the Powerset,, operator: a “clean” one
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containing the Set and FEqual operators, with no substitutions applied to their types, and
a “dirty” one containing 5, with the substitution 7: = {{a}} applied to its type. There is
one typing conflict because node S from the “dirty” layer serves as input to node Set from
the “clean” layer. Thus, we have to insert a (one-stage) laundering pipeline Copy (o} {{a)}>
which leads to the typable expression (Equal(Set (Copy (41 (a1} 5) (Powerset, 5)) already
mentioned above.

The procedure given above produces a typable embedding of any complex object algebra
expression into TLCT, but it has a minor aesthetic defect: it requires a polymorphic typing
of the Eq predicate. This is because an occurrence of Eq in an operator at contamination
level I must be typed as o — 0 — v, (7) — v (7) — v (7) instead of 0 = 0 = 7 — 7 — 7.
If we want the type of Eq to stay monomorphic (for example, if we want to supply Eq as
part of the input instead of relying on a built-in predicate, cf. Section 2.5), we can do this

by replacing every occurrence of Eq at contamination level [ with the term

Eqro—o—= v (1) —=v(r) = vn(r)=
Az:o. Ay:o.
Au:y (7). Aoy (7).

Azpifr. o Az B Eqry(uzy .o ozg) (v .. z),

where the types f1,..., 0, are given by v,(7) = 4 — -+ — [ — 7. For every pair of
constants o;,0;, the normal form of (Eqo; 0;) arises from the normal form of (Eq; 0; 0;) by
a series of n-reductions [6]. It is known that in a fn-reduction sequence, n-reductions can
always be pushed to the end [6, Theorem 15.1.6]. This remains true even if Eq-reductions
are added, because Fq- and n-reductions commute for typed terms. Thus, the normal form
of a query using Fq; instead of Eq n-reduces to the normal form of the original query.
However, the output of a query is always the encoding 7 of a complex object having an
“uncontaminated” type, and it is easy to see that there is no typed term other than 7 that
n-reduces to 7. Thus, it follows that the normal form of a query using Fq; instead of Eq
and the normal form of the original query are identical.

Putting everything together, we arrive at the following theorem:

Theorem 5.3.1 Let ¢ (Ry,...,R;) be a complex object algebra expression over the relational
schema § = (Ry,...,R;). Then there exists a term 1 of the simply typed \-calculus with
equality such that for every instance (r1,...,7) of 8, the expression ({71 ...7) reduces to

¢ (r1,...,71), where T denotes the encoding of relation r. Moreover, if the Powerset operator
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is not used, the normal form of (¢ 71...7]) can be computed in time polynomial in the size

of r1,...,77.



Chapter 6
Query Terms of Fixed Order

In the previous chapters, we have been concerned with the feasibility of embedding database
queries in the simply typed A-calculus at all. Now that we know that queries up to ele-
mentary time are representable, a natural question is whether it is possible to obtain a
connection between the space/time complexity of queries and the structure of the A-terms
that represent them. A positive answer to this question would on the one hand enable us
to define functional query languages that express just the feasible queries, and on the other
hand give us new insights about the expressive power of various fragments of TLC.

In this and the next chapter, we show that there is indeed such a connection, and in fact
a very simple one. Under suitable input/output conventions, we obtain an exact correspon-
dence between the complexity classes FIRST-ORDER, PTIME, PSPACE, and EXPTIME
and fixed-order fragments of TLC=. The proof of this correspondence involves three parts:
specifying the exact input/output conventions and the query format used, obtaining lower
bounds on the expressibility of fixed-order fragments by simulating generic computations,
and obtaining matching upper bounds by defining efficient evaluation algorithms for these
fragments. In the current chapter, we define the input/output framework and the languages
we will use, and we give a series of encodings that establish lower bounds on the expressive
power of these languages. In the next chapter, we give an analysis of the structure of query

terms and show how to evaluate them efficiently.

6.1 Minimizing the Input/Output Order
In the encoding scheme used so far, a k-ary relation is encoded as a term

Aci((lo—+-—0—=T)—=T)=T—=T.An:T.

39
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(C(Af:o — s — 0 — T.f0171 0172...017k)

(C(Af30—> cer— 0 — T.f0271 0272...027k)

(c(Afifo—= -+ —=0—=T.f0,10m2...0m%)0)...))

whose type {0} is of order 4. The relational operators of Chapter 3 are coded as terms of
type {o*} — {o'} or {o*} — {0/} — {o™}, which are of order 5. The fixpoint queries of
Chapter 4 are of even higher order because of “output type contamination” —their type is
({o"} — - - — {oM})[r:= {o*}] — {0F}, which is of order 8. Finally, the order of complex
object queries is unbounded, because the type structure essentially reflects the nesting of
tuples and sets in the input and output.

Although these encodings are quite natural, they are somewhat wasteful with respect to
the order of their types. A A-term of order 4 is already sufficiently powerful to exponentiate
a Church numeral, so the use of an order 8 term to compute a polynomial fixpoint seems
unnecessary. Indeed, by changing the input/output conventions of Section 2.4 slightly, we
can do much better.

The revised encoding scheme does away with independent representations for tuples
and lists. The only data structure is the relation, which is encoded as follows. Let O =

{01,092, ...} be the set of constants. For convenience, we assume that this set of constants

also serves as the universe over which relations are defined. If r = {(011,01,2,...,01%),. ..
(015 0m,25 - 0m )} C OF is a k-ary relation over O, then the encoding 7 of r is the A-term
k

——
ACIO— -+ =0 —=T — T.A\N:T.
(00171 012-.-01k

(C 021022...02

(COm1Om2.  Ompn)...))

The difference between this encoding scheme and the one of Section 2.4 is that the fields
of a tuple now appear as separate atomic arguments to the “list-walking” function ¢, instead
of being hidden in a single functional argument. One can think of 7 as a generalized Church
numeral that not only iterates a given function a certain number of times, but also provides
different data at each iteration.

If 7 contains at least two tuples, the principal type of Tis (0 — -+ — 0 — 7 — 7) —
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7 — 7, where 7 is some fixed type variable.! The order of this type is 2, independent of the
arity of 7. We abbreviate this type as oj. Instances of this type, obtained by substituting
some type expression # for 7, are abbreviated as oz, or, if the exact nature of # does not
matter, as o}.

It is fairly easy to see that a principal type of o] characterizes the generalized Church

numerals in the following sense:

Lemma 6.1.1 Let f be any TLC= term without free variables and in normal form (i. e.,
with no beta- or Eq-reduction possible) of type o], where T is a type variable different from o.

Then either f = Ac.coy1...01 or [ =T for some relation r C OF.

Proof: Clearly, f cannot be build from Fq and constants alone. Thus, f must be of the
form Acco — -+ — 0 — 17— 7.¢g, where ¢ is a term of type 7 — 7. If ¢ does not begin with
a A-abstraction, then g must be of the form coy;...01 . Note that Eq cannot occur in g,
because the only possible subterms of g of type o are explicit constants, and an occurrence
of Eq with constant arguments would create a redex. If ¢ does begin with a A-abstraction,
then ¢ = An:7.h, where h is of type 7. Again, Fq cannot occur in h, and it is easy to see
that the most general term of type 7 that can be build from constants, ¢, and n is a list

€01 (cBy...(cBy,n)...), where m > 0. Hence, in this case f = T for some relation r C OF.0

Remark: The two terms Ac.coyy...01 and Ac.An.cory...014n, n-convert to each
other and they cannot be distinguished at the type level. For this reason, we extend our
encoding convention to allow both forms as valid representations of relations containing just

one tuple.

6.2 Language Definitions

We now define the query languages that we will consider. We define two sets of languages

TLIF and MLIF

7 7

where 7 = 0,1,2,..., as fixed-order fragments of TLC= and core-ML=,
respectively. Membership in these languages is defined by a typing constraint that guaran-
tees that terms in these languages behave as queries, i. e., when given a set of encodings of
relations as input, they produce the encoding of another relation as output. For purposes
of comparison we use the same syntax in both TLI and MLI definitions. That is, in MLI we
interpret the outermost A’s as let’s. The other let’s in MLI can be eliminated, if desired,

by replacing every subterm of the form “let @ = N in M” with M [z:= N].

f v is empty or contains only one tuple, this type is only an instance of the principal type of 7.
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Definition 6.2.1 A query program of arity (ki, ... ki, k) in TLIZ (the language of typed
list iteration of order ¢ with equality ) is a typed TLC= term Q) of order i+3 such that: () has
the form ARy ... AR;. M and for every database of arity (k1,...,k;) encoded by 71 ...77 it is
possible to type (ARy ... \R;. M )71 ...77 as of.

Definition 6.2.2 A query program of arity (ki,... ki, k) in MLIT (the language of ML-
typed list iteration of order ¢ with equality) is a typed core-ML= term Q of order i 4+ 3 such
that: Q has the form ARy ... AR;. M and for every database of arity (ki,...,k;) encoded by
T1...77 it is possible to ML-type (ARy ... AR;. M )71 ...7] as o] with the bindings ARy ... AR,
typed as let’s.

We use order ¢ + 3 in these definitions because the expressive power of list iteration
really depends on the order of the objects that are manipulated during an iteration, not on
the order of the term in which the iterator is used. An iterator over objects of type o of
order 7 has type (0 — -+ — 0 — 0 — 0) — 0 — 0, thus its order is ¢ + 2. If a query term
abstracts on such an iterator, the order of the query term becomes ¢ + 3, but the relevant
measure is still ¢.

The above definitions are semantic because they involve quantification over all inputs.
By Lemma 6.1.1 and the fact that 7 is a type variable different from o, it is easy to see
that every program in these languages is guaranteed to have a correct output given correct

inputs. These semantic definitions can be made syntactic:

Lemma 6.2.3 Given (ki,....k;, k) and a typed A\-term (ARy...AR;. M) of TLC= or core-
ML= of order i+ 3 one can efficiently decide if it is a query program of arity (ky, ..., ki, k) of
TLIZ or MLI7. Moreover, all inputs to this term can be typed with the same monomorphic
type.

Proof: As stated in Section 6.1, the principal type of an encoding of a relation is (o —

+—o0— T —T)— T — 7, independent of the content or the size of the relation (as
long as there are at least two tuples). Thus, in order to decide whether a term @ is a
TLIZ or MLIT query program of arity (ki,..., ki, k), it suffices to type-check an expression

(Q71...7), where 7,...,77 are encodings of relations of arities k1, ...,k and length 2. O

In the setting of these query languages input and output terms are monomorphically
typed. Unlike [19, 43], we allow that the monomorphic types of inputs and outputs differ.
Outputs are always typed as oj but inputs can be typed with some type expression 6
substituted for 7, where the order of # is bounded by the index of the language TLIF or
MLIF the query term is in.
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6.3 Embedding Database Queries in TLI;: and MLI7

In this section, we prover lower bounds on the expressive power of the TLI7 and MLI:
languages by encoding various classes of queries. Our encodings show that TLIF expresses
relational algebra and order and that TLIT expresses all PTIME queries. If, in addition to
the typing Eq:0 — 0 — 7 — 7 — 7 prescribed in Section 2.1, we also allow Eq to be typed
as Eq:o — 0 — 0 — o — o (thereby introducing a weak form of polymorphism), we obtain a
version TLIF of TLIF that expresses relational algebra, parity, majority, and (deterministic)
graph accessibility. For higher orders, we use a generic simulation to show that TLIZ

and MLI3, ,, express k-EXPTIME and TLI3, , , and MLI3, |, express k-EXPSPACE. Here,
L1
2

k-EXPTIME stands for time complexity 22 , where there is a tower of k£ 2’s, and
k-EXPSPACE is defined analogously.

6.3.1 Embeddings in TLIS

The encodings of the relational operators can be adopted to our new input/output con-
vention in a straightforward fashion. We illustrate this for the Equal, Member, and Union
operators only. The basic idea is that whenever an operator was passed a k-tuple argument,
it is now passed the k individual components of the tuple instead.

k k
FEqual;:o — -+ —0—0— .- — 0 — Bool =

Ar1i0. . A0 Ayi0. . Ay o.
Au:r.Av:T.

Eqxi (quQyQ...(qukykuv)v)...v))

—
Membery:o — -+ — 0 — o] — Bool =
Az1:o... Azpi0. AR 0f.
Au:r.Av:T.

R(Ayiro.. Aypio. Xt Equal, a1 .. .xpyr .. .ypud)v

Uniony:o], — o] — o} =
e T e T
AR:0p. AS:o].
ACIO— -+ — 0 —=T — T.A\N:T.

R(Azi:o.. . Azgio AT 7. Membergzy ... ST (¢crT))(Sen)
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With these modifications, all relational operators can be expressed as TLI§ terms. How-
ever, TLIF expresses more than just relational algebra: it is also possible to define an order
relation on the input universe, using the order inherent in the encoding of the input. Namely,
if (71,...,77) is an encoded database of arities (k1,...,k;), we can compute the input universe

as described in Section 4.1:

(Uniony (Projecty 1 71)(Uniony (Project, 577) ...

(Uniony (Projecty,.; 72) (Uniony (Projecty, 5 73) ...

(Uniony (Projecty, 1 77) (Uniony (Projecty, 5 77) .. .),
and then check whether z precedes y in D by means of the following A-term:

Precedes:o — o — Bool =
Az:o. Ay:o.
AT AU T,

D(Azio ANT:T.Eqzau(EqzyvT))v

This term works by looping over the constants in D until either z or y is seen. If x is seen
first, it reduces to True, otherwise it reduces to False.

From the above and the equivalence of relational algebra and calculus, it follows that:

Theorem 6.3.1 Under the input/output conventions of Section 6.1, all first-order queries

over ordered structures can be expressed in TLI; and MLIy.

6.3.2 Embeddings in TLIF

TLIF allows us to type Eq polymorphically either aso - 0 -7 —7 — Toro — o —
o — o — o. The added freedom makes it possible to express iterations that maintain
state, by passing a constant from one stage to the next and basing the action taken at each
stage on the value of the constant that is passed in. With this technique, we can express

non-relational queries such as Parity and Majority.

Parity: The following term computes whether a relation R contains an odd or even num-

ber of tuples. If the cardinality of R is even, the output is the singleton list [1], otherwise
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it is the singleton list [0] (here 0 and 1 are TLC constants). The type of Eq in this example

IS0o—0—0—0— O.

Parity:0f — o =
. A0
AR:07.
AC:O— T — T. AN T.

c(R(Azqi0... Azp:0.AP:0.(EqP0)10)0)n

Majority: Here the input consists of a binary relation R, where each tuple contains a
unique constant in the first column (to make the tuple unique) and either the constant 1
or the constant 0 in the second column. The task is to determine whether there are more
1’s than 0’s in the second column. The following term decides this, reducing to [1] if the
answer is “yes” and to [0] otherwise. It uses the “labels” in the first column of R as numbers,

treating the (unique) constant in the first column of the i-th tuple of R as the number 7 —1.

Majority: 09 — o] =
AR:0S.
Acco—= T —= T.AnT.
¢ (Comparep
(R(Azq:0.Azg:0. X1 0. (Eq g 1) (Succg T) T') Firstg)
(R(Az1:0.Azg:0. AT 0. (Eqaz 0) (SuccgT)T') Firstr)
001)n
Here, Firstgr, Succpr, and Comparep are functions that operate on the “labels” in the first
column of R. Firstp returns the label of the first tuple in R, (Succg2) returns the label of
the tuple following the one labeled z, and (Compareg @ ya b¢) compares the positions in R

of the tuples labeled z and y, reducing to a if & precedes y, to b if x and y are equal, and

to ¢ if y precedes . These terms can be written as follows:
Firstp = R(Azq:0. Azg:0. AT 0.21)0
(Succpz) = R(Az1:0. Azg:0. AT 0. Comparegz1a T T 1) @
(Comparegzyabe)= R(Az1:0.Azg:0. AT 0. Eqeyb(Eqerza(EqaiycT)))b

Deterministic Graph Accessibility: Suppose that G is a directed graph in which each

node has at most one outgoing edge. The (deterministic) graph accessibility problem con-
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sists of determining, for two given vertices (u,v), whether there is a path in G from u to v.
We assume that (' is given as a binary relation R containing tuples of the form (z, Parent (z))
and that S is a binary relation containing a single tuple (u,v). The following term decides
whether u is an ancestor of v in (¢, reducing to [1] if the answer is “yes” and to [0] otherwise.
The idea is to use the list R twice: in an inner loop, to compute the parent of a vertex, and
in an outer loop, to iterate the parent operation until either the desired vertex is found or

| R| iterations have been done.
DGAP:0S — 09 — o] =
AR:09.AS5:0S.
Acio — T — T.An:T.

c(S(Auvio. A\W:o0. Eqv(Ancestoru)10)0)n,
where
(Ancestoru) = R (Azq:0. Azgi0. AT 0. (EqT v) T (ParentT)) u
and
(Parentv) = R(Azy:0.Azg:0. X1 0. (Eqayv)zoT)v

It is interesting to note that deterministic graph accessibility is LOGSPACE-complete for
first-order reductions [28], but only if vertices can be labeled by tuples of constants. This
means that an instance of the problem consists of a 2 k-ary relation R such that each tuple
(Z1y- Ty Y15 - - - Yk) € R denotes an edge from the vertex labeled (21,...,2x) to the vertex
labeled (y1,...,yk)-

It seems that this more general version of graph accessibility cannot be expressed in
TLIF, since it requires list iteration over tuples of constants, which cannot be encoded as
TLC= objects of order 0. Thus, the expressive power of TLIF appears to fall short of
LOGSPACE. It is possible to express all of LOGSPACE by adding tuples of constants as
primitive objects to the language, but this would sacrifice the simplicity of the framework
to some extent. (Using the evaluation techniques presented in the next chapter, it can be

shown that TLI§ queries, even with an additional tupling constructor, can be evaluated in

LOGSPACE; so TLIF + tuples = LOGSPACE.)

6.3.3 Embeddings in TLI; and MLIT

The modifications from Section 4.1 for encoding fixpoint queries are not so straightforward.

The problem is that even with order 2 representations of relations, the order of a fixpoint
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query is

order ((of, — -+ —op )[T:= of] — of) = 5.
To bring the order down to 4, we use the following trick: During the fixpoint computation,
we represent intermediate values of the output relation not as iterators, but as characteristic
Sfunctions. A characteristic function representation of a k-ary relation r is a TLCT term

k
——
frio— -+ — 0o — Bool
such that for any £ constants o;,,...,0;,,

True if (0iy,...,0;,) €T,

False if (0,...,0;,) ¢ 7.

(fTOZ'1 OZk) [ {

Note that the type of f., 0 — -+ — o — Bool, is of order 1. We abbreviate this type as x.
If r is given as an iterator R:oj, then a characteristic function representation of r is

computed by the TLC= term

ListToChary: o], — x; =
AR:oj.
AZ1:0...AxL:0.
AusT. Av:T.
R(Ayiio.. Aygo. XT:T. Equal, a1 ...xpyr .. .ypud)v.
In order to translate back from a characteristic function to an iterator, we need a
list D:o] containing all the constants in the domain. (Such a list can be obtained from the
input relations by forming the union of all columns, using the Project and Union operators.)

Given this list, the iterator corresponding to a characteristic function f,: xx is computed by

the TLC= term

CharToListy: x — o}, =
Afio— -+ — o — Bool.
Acto— - —0—=T = T. AT,
D (Azq:0. ATy 7.
D (Azgi0. ATy 7.

D (Azgio. ATy .
far.cxp(car . apTi)Ty) Thor) ... 1) n.
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Suppose now that the TLC= term (AR.Q):0] — o] of order 3 represents a relational
query to be iterated, with variables Rq,..., R; representing the input relations occurring

free in (). The term Af.Q’, where
Q' = ListToChary, (Q [R:= (CharToListy, f)]),

represents the same query, but its order is only 2. To express the fixpoint of Af.Q’, we

would like to define, as in Section 4.1,
Fixg = ARy ... AR;. Crank (A f. Q') (ListToChary Nil),

where Crank is a suitably large Church numeral derived from a cross product of the input
relations and Nil is the empty list. However, this term can be typed only with either ML-
polymorphism or a certain amount of type laundering. More precisely, the occurrences of R;
in Crank have to have a “contaminated” type (o] ) [r:= Xk, whereas the occurrences of R;
in @' have to have a “clean” type o, for 1 <¢ <. This can be achieved by either typing
R; polymorphically or by replacing every occurrence of R; in ' by the term (Copy,,. R;),

where Copy,, is the following “laundering” operator:

Copyy,: (o) [T:= xk] — of, =
AR:(of ) [T:= Xk
Acio— - = 0—=T = T.AnT.
(R (Azq:o.. Azg0. AT xk.
Ayrio. Ay AT AT cxy o xg (Tyr .o yp uw))

(Ayr1:o. . Ay o dwiT. AviT.n)) 2 ...z nn

(Here, z1,. ..,z are some variables of type o.)

Thus, the final encoding of the fixpoint query in TLIT becomes

Fixg:(of, — -+ — of, ) [ri= vi] — of =
ARy:of [r:= {o¥}].. ARpof [ri= {o*}].
Crank
(Afixe- Q' [Ri:= (Copyy, Ri),. .., Riz= (Copyy, Ri)])
(ListToChary Nil).

It is easy to see that this term is indeed well typed and that its type is of order 4. Hence,

we have
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Theorem 6.3.2 Under the input/output conventions of Section 6.1, all PTIME queries
can be expressed in TLIT and MLIT.

Note that the theorem does not make any claims about the number of reduction steps
needed to normalize the query expression. In fact, it is not obvious at all that a fixpoint
query in this new encoding scheme can be evaluated in PTIME. This is due to the fact that
for any iterator R representing a relation, the term (ListToChar R) reduces to a normal
form whose size is exponential in the size of R! Thus, a polynomial evaluation strategy
must somehow recognize such terms and use special data structures to store their normal

forms efficiently. This is the subject of the next chapter.

6.3.4 Embeddings in TLI; and MLI7

The increase in order by 1 in going from TLIT to TLIF allows us to iterate first-order
queries an exponential number of times. This is sufficient to evaluate any query @ of data
complexity PSPACE, by just iterating a first-order representation of the transition function
of a Turing machine computing @ [48].

To obtain an exponential iterator, we proceed as follows: We take the fixpoint query of

the previous section,
Fixg = ARy ... AR;. Crank (A f.Q) (List ToChary, Nil),

where Af.(Q) is a first-order query of type xr — Y&, and replace the Church numeral Crank

by its exponential
Crank’:Int = Crank (As. A\z.s(s2))

If Crank is the Church numeral n*, where n is the database size, then Crank’ is the
Church numeral 2. The type of Crank in the term above is Int[r:= 7 — 7], i. e.,
(r—71)—=(r—=17) = (r —7) = (1 — 7), which is of order 3. If we want to
use Crank’ to iterate the query Af.Q of type xz — Yk, then we have to type Crank as
Int[7:= x% — Xk, which means that we have to type the input relations with 7 substituted
by xx — Xk. Since the order of yiz — xi is 2, we obtain a TLIF query term. Of course,
the occurrences of Rq,..., R; inside ¢) need a “clean” type; this is achieved by either using

ML-typing or type laundering. Thus, we obtain:

Theorem 6.3.3 Under the input/output conventions of Section 6.1, all PSPACE queries
can be expressed in TLIS and MLI5.



CHAPTER 6. QUERY TERMS OF FIXED ORDER 50

6.3.5 Embeddings in TLI; and MLI;

With a further increase in order, we can afford another exponential. Clearly, there is no
point in iterating a first-order query a doubly exponential number of times over polynomially
sized relations (of which there are only exponentially many)—the computation would loop
or reach a fixpoint after at most a singly exponential number of iterations. Instead, we have
to use the order increase to build exponentially-sized data structures.

The main idea is to build a domain of exponential size by using relations over the input
universe as atomic elements of a larger domain. There are 27" relations of arity k over a
universe D of size n, so by using these relations as atomic objects, we obtain a domain D’ of
size 27", D' can be economically represented using a list of characteristic functions, which
requires an order 3 type. We build D’ using a modified version of the Powerset operator of

Section 5.3 that uses characteristic functions:
D' {x1} = D* (\zy:0...Az}:0.AS: {x1}. Union S (Prepend 1 ...z; S))
(Ac:xg — T — 1. An:T. ¢ (List ToChary, Nil) n),

where

k factors

D¥* = (Times D (Times D ...(Times D D)...))

and

Prepend:o — --- — o — {x1}
Az1:o. . Azpio. AS {xk )
AC:iXE — T — T.ARIT.
S(Afixg. AT:T.
c(Ayrro.  Aygio  AusT. AT,
(Equalywy .. opyr - yr)u(fyr - yn)) T)n
This term yields D’ as a list of the on* possible characteristic functions of arity k.
Equality and order predicates over the domain D’ can be computed using pointwise
comparison of characteristic functions:
Equal, :xr — Xxx — Bool =
AfiXk- Ag Xk
AusT. AT,

DF (Azpzo.. Axgo N7 . Xor (fay...ap) (9o ...ap)vT)u
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Precedes,, : xx — xr — Bool =

AfiXk- Ag Xk
AT AU T,

DF(Azpio.. Axgo A7 . Xor (fay...ap)(goy...ap)(gay...ap) T

Finally, we can build terms List ToChar’ and CharToList’ very much like those in Sec-
tion 6.3.3 that use D’ to convert back and forth between lists of characteristic functions
and characteristic functions of characteristic functions. This allows us to (a) represent arbi-
trary relations over D' as order 2 objects, namely characteristic functions of characteristic
functions, and (b) write arbitrary first-order queries that map relations over D’ to relations
over D’.

Suppose now that Af. Q) is a first-order query over domain D', of type X} — X}, where

k
—_——
Xk =Xkt — - — X — Bool

is the type of a k-ary characteristic function over D’. We can iterate Af.(Q an exponential

number of times over an exponential domain by writing
Fixg = Crank’ (A f.Q) (Ag1: Xk - - - A\gk: Xk False)

where Crank’ is the Church numeral 27" obtained by exponentiating the length of D¥.
As usual, type laundering or ML-polymorphism is needed to make this term typable. The
order of Fixq is one more than the fixpoint query of the last section, because the “one-step”
function Af.Q now has type x}, — x}. instead of xx — xx; thus Fixg is a TLIT query.

It is easy to see that terms of the form Fixg can capture any EXPTIME query, since
we can just code up the transition function of the Turing machine computing the query as
a first-order expression, which we then iterate over an exponential amount of tape encoded

as a relation over D'. Thus, we have

Theorem 6.3.4 Under the input/output conventions of Section 6.1, all EXPTIMFE queries
can be expressed in TLIS and MLIS.

It is now easy to see how this process continues for higher orders. In going to TLIT, we
use the additional order to code a doubly exponential iteration over an exponential universe,
thus capturing EXPSPACE, then in TLIZ we can code a doubly exponential iteration over
a universe of doubly exponential size, capturing 2-EXPTIME, and so forth. In general, we

have the following theorem:
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Theorem 6.3.5 Under the 1/0O conventions of Section 6.1, all k-EXPTIME queries can

be expressed in TLIy and MLI;;  , and all k-EXPSPACE queries can be expressed in

TLL, o and ML, ,. Here, k-EXPTIME and k-EXPSPACE denote time and space com-
1)

271
plexity 2% , where there is a tower of k 2’s.



Chapter 7
Evaluating TLI- Queries

In this chapter, we give upper bounds on the data complexity of queries expressible in TLI:
and MLIF. In particular, we show that over ordered structures, TLI7 and MLIF express
just the first-order queries, TLIT and MLIT express just the PTIME queries, and that
further increases in order lead to data complexity PSPACE and EXPTIME, respectively,
and probably in general to k-EXPTIME and k-EXPSPACE, where k = [(¢ — 1) /2]. The
proofs consist of specifying a suitable reduction strategy for query terms together with the

design of space-efficient representations of intermediate results.

7.1 The Structure of TLI; and MLI- Terms

In the following, let () be a fixed TLIZ or MLI: term. We can assume that ¢) is in normal
form, because the reduction to normal form can be done in a preprocessing step that does
not figure in the data complexity of the query. We can also eliminate all let-expressions
from @ by replacing every subterm of the form “let # = N in M” with M [2: = N] and by
agreeing that variables corresponding to input relations are to be polymorphically typed.
It is convenient to introduce some terminology for the subterms of ). Since @ is in
normal form, every subterm of ¢} is of the form Azy. Axy ... Azg. f My ... M;, where k,[ > 0,
Z1,.... 2, and f are variables, and My,..., M; are terms. An occurrence of a subterm T is
called complete if k and [ are maximal, i. e., if the occurrence is not of the form (Az.T') or
(T'S). In this case, My,..., M; are called the arguments of f and f is called the function
symbol governing the occurrence of M; for 1 <7 <[. It is easy to see that for every occur-
rence of a subterm of @), there is a smallest complete subterm containing that occurrence.
In particular, every occurrence of a variable in () not immediately to the right of a A is the

governing symbol for a well-defined (but possibly empty) set of arguments.

53
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Since () is in TLIT or MLIT, it can be typed as of — --- — of — o}, where the asterisks
stand for unspecified types of order < ¢ built from o and 7 (in the case of MLI; terms, these
types are to be interpreted polymorphically). We call any such typing a canonical typing
of ¢). Under a canonical typing, every subterm ¢ of ¢} is assigned a certain type, which we
call the canonical type of t for this canonical typing of ).

In order to simplify the evaluation of a query, we will first preprocess ) into an equivalent
query term with certain structural properties. This transformation is independent of any
input relations, i. e., its data complexity is O(1). The following definition specifies the

special kind of term the evaluation algorithms operate on.

Definition 7.1.1 Let @ be a TLI; or MLI: query term and v be a canonical typing of Q).
We say that Q) is in v-canonical form if () is in closed normal form and every complete
subterm t of Q) is of the form Azxi:aq ... Axg:ap. M, where k > 0 and ay,...,ax are such
that the canonical type of t under v is oy — --- — ap — o, where ¢ is either T or o. We

say that Q) is in canonical form if it is in y-canonical form for some canonical typing ~.

Lemma 7.1.2 Let P be a TLIZ or MLI: term mapping | relations of arities ky, ...,k to
a relation of arity k. Then there is a TLI; or MLI; term () in canonical form such that
P and Q define the same database query, i. e., for every input 71, . ..,7], the normal forms of
(PRy,...,R)) and (Q Ry,. .., R)) encode the same relation. Q can be effectively determined
from P.

Proof: Fix some canonical typing v of P. We obtain ¢) from P by a series of n-expansions,
where a complete subterm Azy:ay ... Azgrap. M with type(M) = agy1 — -+ — ap, — 0
or type(M) = ap41 — -+ — a, — 7 is replaced by Azqiaq .. Az (M Tpp1 .- Tm),
until no further expansions are possible. Since n-expansions do not change the semantics of
a query (cf. Section 5.3), P and @ are equivalent.

Free variables can now be eliminated from ) by the following procedure: Any occurrence
of a free variable F' of type, say, &y — --+ — ap — oor a; — -+ — ap — T, is replaced
by an expression Azi:aq ... AZpiag. 01 Or Azqi g ... ATk ag. n, respectively (where n is the
variable of type 7 bound at the top level of (), until no more free variables remain. Since
the output of a query does not contain free variables, this procedure does not affect the

semantics of (). After a final normalization, we obtain the desired canonical form. O

Lemma 7.1.3 Let Q be a TLI; or MLI; term in canonical form mapping | relations of

arities ki,..., k; to a relation of arity k. Then the following are true:
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1. Q) is of the form AR:o} ...ARpop.Acco — -+ — 0 — 7 — T.An: 7. Q" with

type(Q') = .

2. Fvery occurrence of R; in Q' is of the form R; (AZ.\f.\y. M) (/\g_j.N)T, where ¥ is
a vector of k; variables of type o, f is a variable of order <, § is a (possibly empty)
vector of variables of order < 1, M and N are terms of type o or T, and T is a
(possibly empty) vector of terms of order < i. We call f the accumulator variable for

this occurrence of R;.

3. Every occurrence of Eq in Q' is of the form Eq ST UV, where S and T are terms of
type o and U and V' are terms of type T.

4. Every occurrence of ¢ in Q' is of the form ¢Ty ... Ty Tyy1, where the type of Ty, ..., T
1s o and the type of Tyyq is T.

5. For v > 1, the only variables in Q) of order i or more are Ry,..., R and accumulator

variables (and ¢, if i = 1).

Proof: This follows immediately from the type of ¢ and the fact that ¢) is canonical, i. e.,
fully n-expanded. a

7.2 Evaluating TLI7 and MLI; Terms

TLISF /MLIT queries can only iterate over order 0 objects. This means that the processing
at each stage cannot depend on the value computed so far—the incoming value is a “black

L. Intuitively, it should therefore be possible

box” that has no externally visible features
to perform the stages of an iteration in parallel, thus computing the output of a query
in constant parallel time. This leads to the conjecture that TLIT/MLI§ queries are in
ACy, i. e., computable by constant-depth circuits with unbounded fan-in. We prove this
conjecture using Immerman’s characterization of uniform ACy as the first-order expressible
properties, by showing that the output of a TLIF /MLIF query can be described by a first-

order formula.

First we sharpen Lemma 7.1.3 for TLI; and MLIF terms:

!This is not entirely true, since the incoming value could be a TLCT constant, which is meaningful to the
Eq predicate. However, since Eq cannot be typed as 0 — 0 — 0 — 0 — 0, it cannot be used in selecting

the value to pass on to the next stage.
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Lemma 7.2.1 Let Q be a TLI; or MLI; term in canonical form mapping | relations of
arities ki, ..., k; to a relation of arity k. Then every subterm of Q) of type T has one of the

following forms:
1. Ri(Azr:o... Azg;0. Ay:7. M) N, where M and N are terms of type T,
2. EqSTUV, where S and T are terms of type o and U and V' are terms of type T,
3. ¢Ty... Ty Try1, where Ty, ..., Ty, are terms of type o and Ty11 is a term of type T,
4. y, where y is some variable of type 7.

FEvery subterm of () of type o has one of the following forms:
5. Ri(Az1:0...Azg;:0.Ay:0. M) N, where M and N are terms of type o,
6. y, where y is some variable of type o,

7. 0;, where o; is a TLC= constant.

Proof: Let M be a subterm of ) of type 7 and let s be its top-level symbol, i. e., M =
sMy...M,. s must be one of R;, Eq, ¢, n, or an accumulator variable of type 7, since no
other variables can occur in ¢). For each of these cases, it follows from Lemma 7.1.3 and
the type of ) that one of (1)—(4) must apply.

If M is of type o, then its top-level symbol cannot be Eq, ¢, or ». Thus, it must either
be an R;, in which case (5) applies, or a variable of type o or an explicit constant, in which

case (6) or (7) apply. O

For a term () as described in the above lemma, we will now construct a first-order
formula g (&1, ..., &) describing its behavior. More precisely, g (&1, ..., &) is a formula
with free variables &,...,& built from predicate symbols Ry,..., R; of arities kq,... k;
and an interpreted predicate “<” specifying a total order on the domain, such that for
any structure S = (D,ry,...,7) over Ry,...,R; and any tuple (zq,...,2;) € DF, we have
S F g (zy,...,ap) iff (2q,...,25) is in the output of (@ 71...77), where the encodings
71, ..., 77 are chosen so that the tuples appear in lexicographical order as determined by “<”.

Let us first describe the intuition behind the construction of 9. The main task in this
construction is to describe the output of an iteration R; (AZ.Ay. M) N, where y, M, and N

are of type 7. It is easy to see that during the evaluation of (Q 77...77), such an iteration
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must eventually produce a list-like structure

L= €011012...01k

(C 021022...02

(COmAOm2. OmEZ2)) .. )

where m > 0 and z is some variable of type 7. Since each stage of the iteration cannot
“look” at the value that is passed in, it can only either prepend some tuples to this value or
throw it away altogether and start building a new list from scratch. Thus, a tuple can end
up in L in two ways: either it was already present in the initial value N of the iteration and
every stage of the iteration only added tuples to the incoming value, or it was contributed
at some stage and all subsequent stages only added tuples to the incoming value.

To capture the output of an iteration in a first-order formula, we therefore need to
express two things: (a) a stage of the iteration prepends tuples to the incoming value, i. e.,
it “passes through” all incoming tuples to the next stage, and (b) a stage of the iteration
“produces” some tuple (&,...,£). This leads to the definition of two sets of formulas:
a formula PassThrough, , for every subterm ¢:7 of () and variable z:7 free in ¢, saying
that term ¢t will “pass through” whatever tuples are in z to its output, and a formula
Produces; (&1, . .., &) for every subterm ¢: 7 of () saying that tuple (&, ..., &) will be in the
output of £. These formulas are defined below by structural induction over . The formula
Producesg: (&1, ..., €x), where Q' is the “body” of @ = ARy ... AR;. Ac. An. @', is then the
desired first-order equivalent of Q.

The approach described above has to be slightly modified to deal with iterations of the
form R; (AZ. A\y. M) N, where y, M, and N are of type o. Such iterations reduce eventually
to a single constant. The equivalent of the PassThrough and Produces formulas for this
case are a formula PassThrough’m for every subterm t:0 of () and variable z:o0 free in ¢,
saying that term ¢ will “pass through” whatever constant is in z to its output, and a formula
Produces} (£) for every subterm ¢:0 of @ saying that £ is the output of ¢. These formulas
are also defined by structural induction over ¢. Interestingly, the formula PassThroughé,’t is
a closed formula, i. e., it does not depend on the values of any free variables of ¢t. In other
words, the behavior of a “loop body” of type 0 — -+ — 0 — ois oblivious to its arguments.
This is because FEq cannot appear in such loop bodies; the only conditional terms that can
appear are of the form Au. Av. R; (AZ. Ay. u) v, which test the emptyness of relation R;.

Here are the actual definitions of the PassThrough and Produces predicates. We use
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the notation & < ¥ to express that # lexicographically precedes .

PassThrough, ,

Pass Thlrough%CT1 Ty Ty

PassThrough,, pysroy

PassThrough, pozay.mv

Produces, (&1, ..., &)
Producesc;pl,,,Tk:rkJr1 &y n&r)
ProducesEqSTUV (E1se k)
Produces g pzay. M (615 -+ Ek)
Pass Through;OJ

Pass Through’zw

Pass Throughlz7Ri(Amy.M)]\7

Producesgj (&)

(where z:7 is a variable)

{Fa]se if z#£x

True ifz=z
PassThrough

2Tt

Jz y: Producess (z) A Produces? (y)

A ((96 =y A PassThrough, (/)
Viz#£yA PassThrouthy))

(PassThrough%N AYZ € R;: PassThrough%M)
Y (Elfo € R;: PassThrough, prz—z

AVE € R, T < fO:PassThrough%M)

False  (where z:7 is a variable)

(/k\ ProducesT, (&)) V Producest, ., (&1, -+ &k)
=1
Jzy: Produces's (z) A Producesy (y)
A ((z = y A Producesy (&1, ..., &)

V(2 # y A Producesy (&1,...,&)))
(ProducesN (&1, &) ANYZ € R;: PassThrough%M)
v (Hfo € Ry: Produces yz—z) (&1, - . 1)

AVE € R, T < fO:PassThrough%M)

False  (where o; a constant)

(where z:0 is a variable)

{Fa]se if z#£x

True ifz=z
(PassThrough;N N -3 € Ri)
Y (PassThrough;N A PassThrough;M N3IT € Ri)
% (PassThrough;M AT € Ri)

(£ =0;) (where o; is a constant)
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Produces, (£)

(£ =x) (where z:0is a variable)

Producesﬁi(Af/\y.MW (&) (Produces’y () A =37 € R;)

% (Produces?v (£) A PassThrough!, y A 3% € Ri)
\/ (PassThrough;J M A First%i (E)AN3TT € Ri)
z; €L

\/ (PassThrough;M NE=2zAN3TT € Ri)
z€FV

where in the last definition, the symbol F'V denotes the set of free variables of AZ. Ay. M of

type o and the formula First%i is a first-order formula stating that £ is the j*" component

of the first tuple in R;.

Lemma 7.2.2 Let Q = ARy ... AR;. Ac.An. Q" be a TLI; or MLI5 term in canonical form,
t be a subterm of Q of type T, t' be a subterm of Q of type o, T1,...,7] be a legal input for Q)

with tuples appearing in lexicographical order, F Vo (t) be the set of free variables of t of

type o, and p be a substitution that assigns constants to all variables in F'Vo (t). Then the

following are true:

1.

For each free variable =z of t of type 7, PassThrough,, defines a first-order formula
with free variables in F'Vy ().

Produces; (&1,...,&) defines a first-order formula with free variables in F'Vo(t) U
{517 .- 7£k}

For each free variable z of U of type o, PassThrough’m, defines a first-order formula

with no free variables.

. Producesy (§) defines a first-order formula with free variables in F Vo (1)U {£}.

The expression t [Ry:=T1,..., Ri: = 7] p reduces to a list-like structure

€C01101,2---01%

(C 021022...02k

(COmAIOm2-  OmEY)) )
where m > 0 and y is some free variable of t of type 7, and we have

(a) r1,...,11 -, PassThrough, , iff » = y,
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(b) r1,...,r1 b, Produces; (&1,...,&) iff 31 <i<m V1< i<k =o; ;.

6. The expression t' [Ry:=Tq,..., R;: = 7] reduces to either a single constant o; or some

free variable y of t' of type o. In the first case, we have

(a) r1,...,1 1/ PassThrough’ , for any z,
(b) r1,...,7F (Producesy (§) < £ = o).

In the second case, we have

(a) ri,...,7F PassThrough’m, iff 2=y,
(b) 1,...,71 F (Producesy (§) < € =y).

Proof: By induction over the structure of subterms of ¢ and, in the case of a subterm

R; (AZ. \y. M) N, over the length of R;. O

Theorem 7.2.3 Under the input/output conventions of Section 6.1, TLIF and MLI; ex-
press exactly the first-order queries over ordered structures, provided that the input is pre-

sented in lexicographically sorted order.

Proof: That TLIF and MLIF can express first-order queries and the ordering of their
input was shown in Theorem 6.3.1. The upper bound follows from Lemma 7.2.2, because the

output of a query term @ = ARy ... AR;. Ae. An. Q)" is described by the formula Producesg:.0

7.3 Evaluating TLIT and MLI] Terms

In this section, we show that TLIT and MLIT queries can be evaluated in time polynomial
in the size of the input relations. The evaluation algorithm is essentially a A-reduction
engine, augmented with certain “optimizations” made possible by the restrictions on the
I/O-behavior and the order of the query term. These “optimizations” ensure that all terms

occurring during the reduction sequence are of polynomial size.

Lemma 7.3.1 Let Q = ARy ... AR;. Ac. An. Q' be a TLIT or MLIT term in canonical form
mapping | relations of arities k1, . .., k; to a relation of arity k. Then every complete subterm
of Q' which is not the first arqument of an occurrence of some R; has the form AZ. M, where
I is a (possibly empty) vector of order-zero variables and M is a term of order 0 having

one of the following forms:
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1. Ry A8 ANf.M)NTy... T, where m > 0, & is a vector of k; variables of type o, the
order of f, M, and N is at most 1, and the order of Ty, ..., T,, is 0.

2. EqSTUV, where S and T are terms of type o and U and V' are terms of type T,
3. ¢Ty... Ty Try1, where Ty, ..., Ty, are terms of type o and Ty11 is a term of type T,

4. fTy... T, where m > 0, [ is an accumulator variable and Ty, ..., T,, are terms of

order 0

5. x, where x is a variable of order 0 or a constant.

Proof: According to Lemma 7.1.3, the only bound variables in @' of non-zero order are
accumulator variables, and these are bound in the first argument of occurrences of the R;’s.
Any complete subterm AZ. M of @' which is not the first argument of some R; can therefore
only abstract on order 0 variables.

Suppose now that s is the top-level symbol of M, i. e, M = sM;...M,. There are
five possibilities for s: it can be one of Ry,..., R;, in which case Lemma 7.1.3 and the type
of @ imply that M is of form (1); it can be Eq, in which case form (2) applies; it can be ¢,
in which case form (3) applies; it can be an accumulator variable, in which case form (4)

applies; or it can be a variable of order 0 or a constant, in which case form (5) applies. O

7.3.1 The Evaluation Algorithm—An Overview

Before we plunge into details, let us first describe informally how a PTIME evaluation
algorithm for TLIT /MLIT terms might work.

The evaluation algorithm essentially has to deal with the five kinds of expressions listed
in Lemma 7.3.1. Once Ry,..., R; are instantiated, these expressions normalize to terms of
the form AZ. M, where Z is a (possibly empty) vector of order 0 variables and M is a A-free
term of order 0 built from Eq, ¢, variables of order 0, and constants. Unfortunately, these
normal forms can be of exponential size for two reasons: (1) an exponential number of
occurrences of Eq or (2) an exponential number of occurrences of ¢. A PTIME evaluation
algorithm must deal with these two situations.

Problem (1) can be handled by the following observation. Even though a normal form ¢
may contain an exponential number of occurrences of Eq, there is only a polynomial (in the
size of the domain) number of different assignments of constants to variables of type o in ¢,
thus many occurrences of Eq in ¢ must be redundant. Suppose that O = {oy,...,0x} is the

database universe and that ¢ is of the form A#. M, where M is A-free. Let x4, ..., 2, be the
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variables of M of type o and let M;, ;= denote the normal form of M [z1:=0;,,..., 2=

0;,.]. Clearly, M;, . ; does not contain any occurrences of Eq. Now consider the term

Tgeeey

M' = (Eqzi01 (Eqago1...(Eqe 00 My, 11

pbyeeesdy

(Eq$m02M11 1,2

pbyeeesdy

(Eq Tm ON -1 M1,1,...,1,N—1 M1,...,1,N)) .. )

(Eq$202...(Eq$m01M12 1.1

1 &peeeydy

(Eq$m02M12 1,2

1 &peeeydy

(Eq Tm ON -1 Ml,z,...,l,N—l Ml,z,...,l,N)) .. )

(Eq$102 (Eq$201...(Eq$m01M21 1.1

pbyeeesdy

This term has a polynomial number of occurrences of Eq arranged as a “decision tree”

with the terms M, ;

stm

at its leaves. TFurthermore, M’ is equivalent to M in the sense
that for every choice of constants (o;,,...,0;, ), the terms M [z1:= 0;,.. ., &m:= 0;,, ] and
M'[z1:= 0i),...,&m:= 0] convert to each other. Since the variables xy,... 2, must
eventually be instantiated with constants anyway (the final output of a query does not
contain any variables of type o), the evaluation algorithm can return the term ¢’ = \Z. M’
instead of ¢t without affecting the final result.

Problem (2) can be handled as follows. The terms M;, . ; = defined above are A-free and
contain only constants, variables of type 7, and the symbol ¢. It is easy to see that each

such term must be either a constant, a variable, or a list-like structure

€C01101,2---01k

(C 021022...02F

(COMm1Om2.  Omp))...),

where z is some variable of type 7. If such a term is of exponential size, then only because
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the list contains many duplicates. It is easy to see that elimination of these duplicates
does not affect the output relation produced by a query, even though it may cause the
computed representation of the output to be different (it will be the duplicate-free version
of the original representation). Thus, the evaluation algorithm is free to remove duplicates

from every term M;, ;. it constructs, thereby always returning terms of polynomial size.

tm

Using the above polynomial-size representation of order 1 terms, the evaluation of a
canonical form query ARy ...AR;. Ac. An. Q' on input 7q,..., 77 now proceeds as a recursive
descent into @'. Subterms of the form R; (AZ.Af. M) N T ...T,, are evaluated by evaluat-
ing N first and then evaluating the “loop body” M once for each tuple in r;, from last to
first, with & bound to the current tuple and f bound to the result of the previous iteration
(in decision tree format). The final result of the loop is then applied to the evaluated values
of Ty...T,,.

Subterms of the form (Eq. ST U V) or (¢Ty...Ty41) are evaluated by evaluating the
arguments first and then constructing a decision tree for the result. Finally, subterms of
the form f74...7T,, are evaluated by substituting the evaluated arguments (which must be
order 0 terms) into the decision tree for f. We give the full details in the next section. It
is easy to see that this procedure terminates after a number of steps polynomial in the size

of 71,...,7; and that the work performed at each steps is polynomial as well.

7.3.2 The Evaluation Algorithm in Detail

In the following, let @ = ARy ...AR;. Ac. An. @’ be a fixed TLIT or MLIT query term in
~-canonical form, for some fixed canonical typing v of (). Whenever we refer to the type of
a subterm ¢ of ¢) in the following, we mean the canonical type of { under +. In general, we
adopt the “Church viewpoint” in the discussion below, where each term comes with a fixed
type specified by type annotations on its free and bound variables.

We also fix a particular input 71,...,7; to ) and denote by D the set of TLC= constants
appearing in 71,...,7, say {o1,...,on}. The task of the evaluation algorithm is then to
produce the relation represented by the normal form of Ac. An. Q' [R1:= 71, ..., R;: = 7).

The free variables of Q' [Ry: = 71, ..., R;: = 7] are ¢ and n. In the subsequent discussion,
it will be convenient to treat these variables, along with Eq and oy,..., 0y, as constants
that are handled specially by the evaluation algorithm. Thus, if we speak of the set of free
variables of some term ¢ below, we mean the free variables of t except ¢ and n.

The evaluation of Q' [Ry:= 71,..., R;: = 7] involves the manipulation of terms whose

types are built from the type variables 7 and o and whose symbols are either variables
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or constants drawn from the set {oy,...,0n, Eq,¢,n}. Let 7 be the set of simple types
containing only the type variables 7 and o and for each type v € 7, let &£, be the set of
TLC= terms of type v built from o4,...,0n, Eq,c,n and variables with types in 7. Let
&, be the set of terms in &, which are closed (i. e., built from o1,...,0n,Eq,¢,n and
bound variables) and in normal form. It is easy to see that £, contains just the constants

{o1,...,0n} and that £, consists of all lists of the form

(C 011012---01k

(C 021022...02F

(COm1Om2. - Ompn)...)),

where m > 0 and the o; ; are drawn from the set {o1,...,0on}. Thus, each term in F
represents a relation {(0;1,...,0,%) | 1 <i¢<m} C D*.
For the output of a query, the exact normal form of Q'[Ry:= 771,..., R;: = 7] does not

matter—the evaluation algorithm merely has to determine the relation that it represents.
Thus, it can identify terms in &, that represent the same relation, or, more generally,
terms in £, that represent the same mapping from relations to relations, the same operator
on mappings, etc. More formally, we introduce an equivalence relation ~., on every set
E,,7 €T, by defining

trot = t=t

t~,1t <= tandt represent the same relation

t~gpt <= Vse&uyinf(ts)~gnf(t's),

where nf (¢ s) denotes the normal form of ¢ s.
We can view equivalence classes in £ as constants from D and equivalence classes in &,
as k-ary relations over D). More interestingly, we can view equivalence classes in £, as

mappings from equivalence classes in &, to £, as the following lemma shows:

Lemma 7.3.2 Lett ~qo_gt and s ~, s'. Thennf(ts) ~gnf(t's).

Proof: It suffices to show that nf (¢s) ~g nf (¢s’), because we have nf (ts") ~g nf (¢’ s") by
virtue of the hypothesis t ~,_ g t'.
After performing an n-expansion, if necessary, we can assume that ¢ is of the form

Azia. fty...t,, where f € {x,¢,n,Eq,01,...,on} and ty,..., 1, are terms. If f = n or
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f € {oy,...,on}, then clearly ts ~ ts'. Otherwise, we proceed by induction on the order
of @ — [ and, for fixed order, the size of ft...1,,.

Suppose that f = ¢. Then type(t;) = --- = type(tm-1) = o and type(t,) = 7.
By the induction hypothesis, we have nf (¢;[z:= s]) = nf((Az.t;)s) ~ nf((Az.t;)s") =
nf (¢; [x:= §']) for 1 < i < m. Thus, t; [z:= s] and t; [2: = §'] reduce to the same constant
for 1 <7 < m — 1 and to representations of the same relation for : = m. It follows that
nf (ts) = enf(ty [a:= s])...nf (4 [2:= s]) and of (t8') = enf (¢4 [x:= §])...of (4, [2: =
§']) represent the same relation as well, and hence nf (¢ s) ~ nf (¢).

If f = Eq, then m = 4 and type(t1) = type(f2) = o, type(t3) = type(ts) = 7. Using
the same argument as above, it follows that for 1 < ¢ < 4, ¢; [z:= s] and ¢; [2: = '] reduce
to the same constant or representations of the same relation, and hence the normal forms
of t s and ¢ s’ represent the same relation, too.

If f = x, then again the normal forms of ¢; [x: = s] and ¢; [x: = §'] are equivalent, and by
applying the inductive hypothesis iteratively to s and s, nf (st [z: = s]) and (s' #1 [2: = §']),
etc., we can deduce that nf (sty [z:= s].. .t [2:= s]) ~nf (&t [a:= &) ...t [2:= §']) and

hence nf (ts) ~ nf (¢ ). O

Since we are only interested in the equivalence class of the normal form of Q' [Ry:=
T1,. .., Ri:= 77, it suffices to manipulate equivalence classes of terms during the evaluation
of the query, rather than actual A-terms. Thus, an intermediate result ¢ of type ay — -+ —
o, — [, where 3 is o or 7, can be stored as a table or decision tree describing the action
of ¢ on each vector of equivalence classes from &,, x ---x &, , rather than the term ¢
itself. If ¢ contains free variables, say w1,..., ¥, these can be accommodated by storing
the equivalence class of Ayy ... Ay,.t instead and noting the fact that yy,...,y, were free in
the original term. (More formally, we extend the definition of ~. to terms containing free
variables by saying that ¢ ~. ¢’ iff ¢ and ¢’ have the same set of free variables {y;,...,y,}
and Ayp ... Ayt~ Ayr LAY, t)

The trick of representing intermediate results as graphs rather than A-terms imposes a
fixed bound on the size of these representations, but unfortunately the bound is quite large.
For example, there are exponentially many equivalence classes in £, (one for each k-ary
relation over D), and thus a table describing an order 1 term, such as the “accumulator
value” passed between stages of an iteration, would have to be of exponential size. Since we
are shooting for a PTIME evaluation algorithm for TLIT terms, this is not good enough.

However, there is an important optimization that can be made. On closer inspection of

the structure of terms in £,_,, where a is any type in 7, one finds that such terms cannot
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define arbitrary mappings from equivalence classes in &, (i. e., relations) to equivalence
classes in £,. This is because such terms cannot distinguish between different inputs—a
closed term of type 7 is a “black box” whose contents are inaccessible to any other TLC=
term. Thus, a term in £,_, must either ignore its input altogether, or depend linearly on
it, in the sense that it passes every tuple in the input through to the output. More precisely,

we have the following lemma:

Lemma 7.3.3 Let t and t' be terms in E._, and e and f be terms in £, corresponding
to the relations ) and D*, respectively. If nf (te) ~, nf (t'€) and nf (t f) ~o, nf (¢' f), then
nf (t7) ~ nf (¢'7) for every r € E;, i. €., t ~rg 1.

Proof: Let a = ay — -+ — a, — B, where 8 = oor 3 = 7, and let s; € &,, for
1 <4< m. Let T and T’ be the normal forms of Az: 7.tz s1...5,, and Az:7.t' 2 s1...5,,,
respectively. Assume that nf (T'e) ~g nf (T7e) and nf (T f) ~g nf (T’ f); we have to show
that T ~,_g T".

The terms tx 8;...8, and ¢’ xs1...8, reduce to normal forms containing only the
symbols z,¢,n,01,...,0ny and having type either o or 7. It is easy to see that in the former
case, the normal form must be a constant from {oy,...,on} and in the latter case, the

normal form must be a term

(C 011012---01k

(C 021022...02F

(COmAIOm2- OmkY). )

where m > 0 and y is either n or z. In the former case, the mappings defined by T and T’
are constant, and since they agree on e and f, they agree everywhere. In the latter case,
the mappings are either constant (if y = n) or (if y = 2) “linear” in z, in the sense that the
output consists of a fixed set of tuples S plus whatever tuples are in the value supplied for z.

In both cases, the fact that they agree on two inputs implies that they agree everywhere.O

By virtue of Lemma 7.3.3, the equivalence class of an order 1 term ¢ having p inputs of
type o and ¢ inputs of type 7 can now indeed be stored in polynomial space. It suffices to
record the output of ¢ for each of the NP 29 possible assignments of constants o1,...,0nx to
inputs of type o and relations (), D* to inputs of type 7. To recover the output of ¢ for some
input (o;,,...,0:,,71,...,74) containing relations ry,...,7, other than () or DF | one proceeds

as follows: First, the output of ¢ on input (o;,,...,0;,,71,0,...,0) is determined by looking
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up the output of ¢ on input (o;,...,0:,,0,0,...,0) and, if the latter is different from the
output of ¢ on input (o;,...,0;,, D*.0,.. .,0), adding the tuples in 7y to it; then the same
technique is used to determine the output of ¢ for input (o;,,...,0:,,71,72,0,...,0), and so
forth, until finally the output of ¢ for input (o;,...,0:,,71,...,7,) is found.

We record for posteriority:

Lemma 7.3.4 Lety =1 — -+ — @, — [ be a type of order k+ 1 inT and t be a term
in &,. Let [t] denote the equivalence class modulo ~., of t. Then a description of [t] can
be stored in space e (k,N) such that for all inputs [s1],...,[sm] of the appropriate type, the
equivalence class of t s1 ..., can be determined in time e (k, N). Here, N is the size of the

input universe {oy,...,on}, ¢ (0,N) stands for NO, and e (k + 1, N) stands for 245N,

Proof: According to the discussion above, the equivalence classes of order 1 terms can be
stored as a tables or decision trees in polynomial space. Since the graphs of equivalence
classes of order k£ + 1 are exponentially larger than the graphs of equivalence classes of
order k, it follows that they can be stored in space e (k, N). To determine the output of [¢]
for a particular set of inputs [s1],...,[s], a table lookup or decision tree traversal suffices
(plus the special processing for inputs of type 7 described above), hence the time required

is e (k,N). ]

We will now give a pseudo-code definition of the evaluation algorithm for TLIT terms.
The algorithm is just an ordinary A-reduction engine, except that instead of returning the
normal form of a term directly, it returns its equivalence class in decision tree format. For
the purpose of specifying such decision trees, we adopt the following notation: If [¢] is an
equivalence class mapping inputs z1:aq,..., Tt a, to an output of type o or 7, we write

[t] as the pseudo-TLCT term

[t] = Azy .. Aay,.
Eqzq [[611,1]] (Eq ) [[612,1]] e (Eq Tm [[am,l]] $1,1,...,1,1

(Eq Tm, [[am,z]] $1,1,...,1,2

(Eq@m [am Npoi ] 510,00 Ny S10,00,80)) -+ )

(Eq ) [[612,2]] e (Eq Tm [[am,l]] $1,2,...,1,1

(Eq Tm, [[am,z]] $1,2,...,1,2
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(Eq@m [am Npoi ] 512,00 Ny $1.20000, N0 )) -+ )

Eqzq [[611,2]] (Eq ) [[612,1]] e (Eq Tm [[am,l]] $211,...,1,1

Here, {Ja;;] | 1 <7 < N;} is an enumeration of the equivalence classes in &,, in some
standard order (if ey = 7, only ) and DF are used), and the terms s;, _; —are either
constants or relations depending on the output type of t. Note that this tree is not a
TLC= term—it is just a human-readable representation of some internal data structure
used by the interpreter. In particular, the symbol Eq above is not the TLC= symbol
Eq:o — 0o — 7 — 7 — 7; rather, it is an instruction to the interpreter to compare two
equivalence classes and choose the appropriate branch in the tree. With these precautions
in mind, however, it is convenient to think of [t] as if it were a TLC= term, and we will
occasionally blur the distinction in the discussion below.

If [s1],- - - [8m] are equivalence classes in €, ,...,Ey,,, we write [t] [s1]...[sn] to de-
note the equivalence class of ¢ 51 ...s,,; the interpreter finds the latter by walking down the
decision tree for [t] and picking the leaf determined by [s1],.. ., [sx] (for inputs of type T,
the linearity processing described before Lemma 7.3.4 is performed).

The evaluation algorithm consists of a recursive procedure Eval(?) that takes a term
t € £, containing no free variables other than Ry,..., R; and produces the equivalence class
of nf (¢t [Ry:=T71,...,R;:=T7]). To simplify the presentation, we also allow occurrences of
pseudo-TLCT terms [s] in ¢; such an occurrence is treated by the interpreter as if it were
the TLC= term s (except that evaluation is much faster because the interpreter knows the
behavior of s). In fact, we assume that occurrences of the TLC= symbols Eq, ¢, and n
in ¢t have been replaced by pseudo-TLC= terms describing their equivalence classes, e. g.,
t contains @) instead of n and [Az:0. Ay:0. Au: 7. Av: 7. Eq 2 y uv] instead of Eq. Due to this
modification, the five possible subterms listed in Lemma 7.3.1 combine to three possible
forms of ¢ that we need to consider: (a) ¢t = [T] S1...Sm, where [T] is a pseudo-TLC=
term, (b)t = R; (A& Af.M)NTy... T, and (¢) t = Az:a. M, where a is o or 7. For these

cases, Eval is defined as follows.

Eval([t] s1...5m) =

[s:] = Eval(s;), forl<i<m
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return [t] [s1] ... [$m]

Eval (R; (M2 Af.M)NTy...T,,) =
A= Eval(N)
for every tuple ¢ € r; from last to first do
A=FEval(M[Z:=0,f.= A])
od
[T:] = Eval(T;), for1<i<m
return A[T1]...[Twm]

Eval(Az:v.M) =
for every equivalence class [s;] in &, do (if v = 7, only §) and D* are considered)
[M] = Bval (M [ = [s])
od
return Az. Eqz [si] [M] (Eqz [s2] [M2] ... (Eqz [sn,—1] [Mn,—1] [Mn,]))--.)

This concludes the specification of the evaluation algorithm. We now have to show that
Eval is well defined, that it produces the correct output, and that it runs in polynomial time.
This will be done in the following lemmas. We consider a fixed computation originating
from a call Eval (Q'), where Q' is the “body” of a query term @ = ARy ... AR;. Ac. An. Q'
in canonical form, Ry,..., R; are bound to a legal input 71,...,7;, and D = {oy,...,on} is

the set of constants appearing in 77, ..., 7.
Lemma 7.3.5 For every invocation Eval(t), t is in a form for which Eval is defined.

Proof: An inspection of the algorithm shows that FEval is called only on terms ¢ that
are derived from complete subterms of @’ by replacing constants and free variables by
pseudo-TLC™ terms [s] and possibly stripping off some initial A-abstractions. Lemma 7.3.1
implies that such terms can only take the following three forms: (a) ¢t = [T]S1...5x,
(b)yt =R, (ANEAf.M)NTy...T,,, and (c) t = Az:a. M. For each of these cases, FEval is
defined. a

Lemma 7.3.6 The decision tree returned by an invocation Eval(t) is a representation of
the equivalence class of t[R1:= T1,...,Ri:= 7). In particular, the call Eval(Q)') produces

the equivalence class of the output of () on inputs rq,..., 7.



CHAPTER 7. EVALUATING TLI; QUERIES 70

Proof: By induction along the recursion tree. If ¢t = [T]Sy...5, or t = Az:a. M, the
claim follows immediately from the definition of [¢]. If t = R, (A& Af. M)NTy...T,,, an
induction on the number of loop iterations shows that after the k' iteration, the variable A
contains the equivalence class of (R¥ (AZ. \f. M) N)[Ry: = T1,. .., Ri: = 77], where R¥ con-
tains the last k& tuples of R;. Thus, once the loop terminates, A contains the equivalence

class of (R; (AZ.Af.M)N)[Ry:=71,...,R;:= T and the claim follows. O

Lemma 7.3.7 The number of recursive calls generated by an invocation Eval (t) and the

work performed at each call is polynomial in the size of r,..., 7.

Proof: The depth of the recursion tree generated by an invocation Eval () is bounded by
the number of symbols in ¢ (where pseudo-TLC= terms are counted as one symbol), because
Eval calls itself only on proper subterms of its argument. The fanout at each node is at
most polynomial in the size of rq,...,7;, thus the total number of calls to Eval is polynomial
as well. The work performed at each call is essentially proportional to the size of the data
structures maintained. These are decision trees representing equivalence classes of certain

fixed types of order 1 and hence are of size polynomial in the size of the universe. O

Corollary 7.3.8 Database queries defined by terms in TLIT and MLIT can be evaluated
in PTIME.

Note that the definition of Eval and the proofs of Lemmas 7.3.5 and 7.3.6 do not depend
on the order of the query term under consideration. If Eval is invoked on higher-order query
terms, the depth of the recursion tree is still fixed, but the fanout and work performed at
each node is now proportional to the size of the largest data structure maintained. Since
the decision trees representing equivalence classes of order k+ 1 fit into k-EXPSPACE, one

obtains the following rough upper bound on the expressiveness of TLI;; and MLI; :

Corollary 7.3.9 Database queries defined by terms in TLI; and MLI;; can be evaluated
in k-EXPTIME.

However, we will see in the following sections that we can do better than that.
Combining Corollary 7.3.8 with the encoding of fixpoint queries in TLIT presented in

Section 6.3.3, we obtain:

Theorem 7.3.10 Under the input/output conventions of Section 6.1, TLIT and MLIT
express exactly the PTIMFE queries.

Note that because TLI and MLI queries can discern the ordering of the tuples in the input
encoding (cf. Section 6.3.1), TLIT and MLIT express all PTIME queries, not just the generic

ones.
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7.4 Evaluating TLI; and MLI5 Terms

TLIZ /MLIZ queries differ from TLIT /MLIT queries in that they can pass order 2 terms from
one stage of an iteration to the next. Such terms are powerful enough to represent arbitrary
mappings from relations to relations (using the characteristic function representation of a
relation). Thus, there is no hope of storing them in polynomial space. If we want to reduce
TLIZ /MLIF queries in polynomial space nevertheless, we have to be careful about how we
evaluate iterations.

The key idea is to evaluate an order 2 expression ¢t only when it is applied to sufficiently
many arguments to bring the overall order down to 1. Since we can represent order 1
expressions in polynomial space, using the “decision-tree” format described in the last
section, space usage is kept within polynomial bounds. The tradeoff is that ¢ might have
to be evaluated many times, but we will see that the stack space required to do the proper

bookkeeping is nevertheless polynomial.

Lemma 7.4.1 Let Q = ARy ... AR;. Ae. An. Q' be a TLIS or MLI5 term in canonical form
mapping | relations of arities k1, . .., k; to a relation of arity k. Then every complete subterm
of Q' which is not the first argument of an occurrence of some R; has the form \Z. M,
where T is a (possibly empty) vector of order-one and order-zero variables and M is a term

of order 0 having one of the following forms:

1. Ry(AZAF. Mg .. Agm- M) (Ag1.. . Ag,. N)T1 ... T, where m > 0, T is a vector of
k; variables of type o, F is a variable of order at most 2, ¢1,. .., g, are variables of

order at most 1, M and N are terms of order 0, and Ty, ..., T, are terms of the same

type as giy..9m

2. EqSTUV, where S and T are terms of type o and U and V' are terms of type T,
3. ¢Ty... Ty Try1, where Ty, ..., Ty, are terms of type o and Ty11 is a term of type T,

4. FTy... T, where m > 0, F is an accumulator variable and Ty, ..., T, are terms of

order at most 1

5. gTy... T, where m > 0, g is a variable of order 1 bound in the first or second

argument of an occurrence of some R;, and Ty, ..., T, are terms of order 0

6. x, where x is a variable of order 0 or a constant.

Proof: Analogous to Lemma 7.3.1. O
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Lemma 7.4.1 shows that an evaluation algorithm for TLIFZ/MLIF terms must handle
three new cases as compared with TLIT /MLIT terms: (a) subterms Ag. M abstracting on
order 1 variables, (b) iterations R (AZ. AF. A§. M) (A§. N)T where the order of F is 2, and
(c) applications F'Ty...T,, where Fis an order 2 variable. The other cases involve only
order 1 terms and can be handled by the PTIME evaluation algorithm of Section 7.3.

We will see that we will never attempt to evaluate a term Ag. M abstracting on order 1
variables directly, so it suffices to explain the handling of cases (b) and (c). They are dealt

with as follows. Fix a particular iteration expression
IT=R(AZAF.Ag1 . Agm-M)(Ag1.. . Ag. N)T1 ... T,

where I is of order 2. By the time Eval is called on Z, all free variables of 7 of order 1 or less
will have been replaced by pseudo-TLC= terms denoting their equivalence classes. Thus, the
only variables which may occur free in Z are the input variables Ry...., R; and accumulator
variables of order 2. To handle the latter, we provide an additional argument to Fval: an
environment F containing an integer value for each accumulator variable of order 2 in whose
scope the current term appears. This environment is initially empty and it is not used in
any way by the order 1 cases of Eval. While evaluating the iteration denoted by 7, the
integer bound to the accumulator variable F' counts the number of iterations “still to go”;
initially it is set to the number of tuples in R less one and the “loop body” M is evaluated
with # substituted by the first tuple in R and g substituted by the equivalence classes of
Ty,...,Ty. If during the evaluation of M, an expression FT|...T! is encountered, the
value bound to F is decremented by 1 and M is evaluated recursively with & substituted
by the next tuple in R and § substituted by the equivalence classes of T7,...,T/ . However,
if F' was bound to 0, then the “loop initializer” N is evaluated instead, with § substituted

by the equivalence classes of T7],...,T) . More precisely, we have the following pseudo-code:

Eval(R; (AZ.AF . Ag1 .. Agm. M) (Ag1.. . Agm . N)Ty... T F) =
[T:] = Eval (T;, F), forl1<i<m
if r; = 0 then
return Eval (N [§:= [[f]]],E)
else
6 = the 1% tuple in r;
return Eval (M [#:= 8,§:= [T]), E U {F:= |r;| - 1})
fi
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Eval(FTy...T,,F)=
[T:] = Eval (T;, F), forl1<i<m
k = the binding of F'in F
if £ =0 then
return Eval (N [§:= [[f]]],E)
else
k=Fk-1
6 = the |r;| — k" tuple in r;
return Eval (M [#:= 6,§:= [T]), E U {F:= k})
fi

We now have to show that with these two additional cases, Eval is still correct and that
it runs in polynomial space. This will be done in the following lemmas. We consider again
a fixed computation originating from a call Eval(Q’,0), where Q' is the “body” of a query
term @ = AR{...AR;. Ac. An. Q' in canonical form, Rq,..., R; are bound to a legal input

1,77, and D = {oy,...,on} is the set of constants appearing in 71, ..., 77.

Lemma 7.4.2 For every invocation Eval(t,F), t is in a form for which Eval is defined

and FE has bindings for all order 2 accumulator variables whose scope includes t.

Proof: An inspection of the algorithm shows that FEval is called only on terms ¢ that
are derived from complete subterms of ' by replacing constants and free variables of
order < 1 by pseudo-TLC= terms [s] and possibly stripping off some initial A-abstractions.
Lemma 7.4.1 implies that such terms can only take the following four forms: (a) ¢ =
[T]S1.. . Sm, (D)t =R (ANEAf. M)NTy ... Ty, (¢)t = FTy...T,, where order (F) = 2,
and (d) t = Az:a. M, where order (a) = 0. For each of these cases, Eval is defined. Also,
an inspection of the algorithm shows that a binding for an order 2 accumulator variable is

added to the environment whenever the scope of that variable is entered. a

Lemma 7.4.3 The decision tree returned by an invocation Eval(t, E) is a representation
of the equivalence class of a closed term t' obtained from t as follows. Let Iy, ..., F} be the
order 2 accumulator variables whose scope includes t, listed in increasing order of nesting,

and let ny,...,n. be the integers assigned to these variables in E. For 1 < j < k, let
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T; = R;, (AT.AF;. M;) N; be the iterator expression in which Fj is bound. Thus, Ty is a
subterm of Q', I, is a subterm of My, I3 is a subterm of My etc., and t is a subterm
of My. Let 7" denote the list containing the last n; tuples of the list 77, let ] denote
the term (7, (AZ.AFy. My) N1)[R1:= T1,..., Ri:= T, and for 2 < j < k, let I} denote
the term (75, (AZ.AF;. M) Nj) [Ri:= T, .. Rpp= T, Fii= 14, Fy_qi= I}_l]. Then the
decision tree returned by Eval(t, F) is a representation of the equivalence class of t' =
t{Ry:=T1,...,Re=T, Fi:=11,.. .. Fp:= I}]. In particular, the call Eval (Q’',0) produces

the equivalence class of the output of () on inputs rq,..., 7.
Proof: By induction along the recursion tree. a

Lemma 7.4.4 The recursion tree generated by the initial invocation Eval (Q',0) is of poly-
nomial depth and polynomial fanout. Also, the data structures stored at each node are of

polynomial size.

Proof: Let Fi,..., F} be the order 2 accumulator variables occurring in @', listed in order
of nondecreasing nesting (i. e., for ¢ < j, the scopes of F; and F} are either disjoint or
the scope of F; contains the scope of F};). Let R; be the symbol governing the iteration
expression in which F} is bound, and let N; be the number of tuples in the input relation 7; .
Then the values bound to F}; during the course of the computation range over the interval
I; ={0,1,...,N;}.

With each call Eval (t, '), we associate a tuple (ny,...,ng,s) € [y X---x I x{1,...,|Q'|}
of integers as follows: s is defined as the number of symbols in ¢, counting pseudo-TLC=
terms as one symbol. n; is defined to be N; if ¢ is not in the scope of I} and the inte-
ger bound to F; in E otherwise. The tuple associated with the initial call Eval(Q’,0) is
(N1,..., Ni, |Q']), and it is easy to see that each recursive call to Eval decreases at least
one component of this tuple, leaving the components to the left unchanged and possibly in-
creasing the components to the right. Since this can be done at most a polynomial number
of times before bringing the term size down to 1, it follows that the recursion nesting depth
must be polynomial. The fanout factor is dominated by the order 1 cases of Eval and is
polynomial as seen before. Finally, the size of the environment and the equivalence classes

manipulated at each call is polynomial as well. a

Corollary 7.4.5 Database queries defined by terms in TLI; and MLI; can be evaluated
in PSPACF.

Combining this result with the generic simulation of Section 6.3.4, we obtain:
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Theorem 7.4.6 Under the input/output conventions of Section 6.1, TLI; and MLI5 ex-
press exactly the PSPACE queries.

7.5 Evaluating TLI; and MLI; Terms

The generalization of the evaluation strategy to TLIF and MLIZ is straightforward. Since
we want only an EXPTIME bound, we can allocate exponential space for the storage of
intermediate results. This allows us to store the equivalence classes of terms up to order 2,
and to evaluate iterations over order 0, 1, and 2 objects in applicative order, i. e., using
the Eval procedures listed in Section 7.3. Iterations over order 3 objects are handled using
the strategy of the previous section. The proofs of Lemmas 7.4.2—7.4.4 carry over to this
new setting unchanged, except that order 2 has to be replaced by order 3 and that the
recursion fanout factor and the data structure size may now be exponential. Nevertheless,
since the recursion depth is still polynomial, it follows that the total number of calls is at
most exponential and that the total work performed is at most exponential as well. Thus,

together with the lower bound of Theorem 6.3.4, it follows that:

Theorem 7.5.1 Under the input/output conventions of Section 6.1, TLIS and MLIS ex-
press exactly the EXPTIMFE queries.

and MLI5;

TLI7 Tkt 2

2h42s we use

In general, to evaluate queries in TLI5, ,, MLIZ .
applicative order evaluation for subterms of order up to k 4 1, representing their normal
forms as tables of size up to k-EXPSPACE, and normal order evaluation for subterms
of higher order. We conjecture that for TLI;;,; and MLI;, ., queries, this leads to a
time bound of &-EXPTIME, and for TLI;,,, and MLI3; ,, queries, to a space bound of

k-EXPSPACE, but we have not worked out the details in full yet.



Chapter 8

Method Schemas (MS)

Method schemas [4] are a simple programming formalism for OODBs, based on applicative
program schemas with additional features such as classes, methods, inheritance, name over-
loading, and late binding. They are intended to model the object/class/method paradigm
of object-oriented programming in the same way that applicative program schemas [17, 21]
model traditional programming languages. In the next two sections, we describe the syntax
and semantics of method schemas and we show that over ordered databases, they express

exactly the PTIME queries.

8.1 Basic Definitions

We assume the existence of the following disjoint countable sets of symbols: of classes
(c1,¢2,...) and of methods (mq,ms,...). For each method m, the arity of m is an integer
greater or equal to zero. A signature is an expression ¢q,...,¢x_1 — ¢k, where each ¢;, for
1 <¢ <k, is aclass. For k = 1, the expression is — ¢1. In this formalism the signatures
play the role of “types” (but since the word “type” has been misused in many different
contexts we prefer to use the more precise term signature).

A base definition of m at ¢1,...,¢x_1, for k > 11is a pair (m,(¢q,...,cx—1 — ¢x)), where
m is a method of arity k—1 and the remaining part is a signature. (For k = 1, the method m
is zero-ary.) A coded definition of m at ¢q,..., ¢k, for k > 1is a triple (m,(¢1,...,¢ck),1),
where m is a method of arity k, for 1 < ¢ < k, each ¢; is a class, and ¢ is a k-term (i. e.,
k-terms are our programming formalism).

A k-term for some k > 1 is a finite rooted ordered directed acyclic graph (dag) such
that: (1) each vertex is uniquely labeled either by a method or by an integer in {1,...,k};
(2) each vertex labeled by a method of arity j has j children which are ordered from left

76
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Sum /SK

Cost Cost Cost

Subparts Head\/Tail
1

Figure 8.1: Term ¢ and ¢/

Assemblingcost

1

to right; (3) all vertices of out-degree zero are called inputs and each vertex labeled with
an integer is an input; (4) the root is called the output; (5) the dag comes with a uniquely
defined depth first search order going from left to right because the children of each vertex
are ordered.

For example, the terms ¢ and ¢ in Figure 8.1 are 1-terms. They are, by definition, also
2-terms, 3-terms, etc. The idea is that k-terms represent functions of k£ arguments, where a
copy of argument ¢ is placed at each input labeled ¢. Vertices can also have outdegree zero
and be labeled by zero-ary methods, i. e., they are constant inputs.

As an example, consider the following definitions:

(Price, ( Basepart — Int))
(Cost, (Basepart), s)
(Cost, (Part),t)

Let s be a single arc with tail labeled Price and head labeled 1, and ¢ be as in Figure 8.1.
These definitions can be represented syntactically using an intuitive lambda notation—
instead of the graphical k-term notation—as shown below. Note that we use the symbol

colon (:) for representing base methods and the symbol equal (=) for coded methods.

Price @ Basepart : Int
Cost @ Basepart = Axz. Price ()
Cost @ Part = Az.Sum (Assemblingcost (z), Cost (Subparts (z)))

Definition 8.1.1 A method schema is a 4-tuple (C',<,Yq, Y1) where:

1. C s a finite set of classes and < is a forest on C'. We say that ¢ < ¢’ if ¢ is a
descendant of ¢’ in this forest. The partial order defined by < is called the Isa relation.
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Int

Part PairOfParts

Basepart CompPart

Figure 8.2: An example Isa hierarchy

Int

Part

Part

Int
PairOfParts
Int

=1
= Az. Price (z)

Sum @ Int, Int

Head @ PairOfParts :
Tail @ PairOfParts :
Price @ Basepart
Subparts @ Part
Assemblingcost @ Part

Cost @ Part

Cost @ Basepart

Cost @ PairOfParts = t/

Figure 8.3: Methods

2. Yo is a set of base definitions with classes from C.
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3. Y1 is a sel of coded definitions with classes from C. Let My be the set of methods
defined in Xg and M be the set of methods defined in X1. We require that MoNM; = 0

and that the methods that appear in k-terms of 31 are from My U M.

4. Fach method of arity k has at most one definition at cq,...,c; for each cq,. ..

Example 8.1.2 Consider the class hierarchy of Figure 8.2 and the terms t and t' in Fig-

ure 8.1. Method definitions are presented in Figure 8.3.

Let us briefly survey some important concepts in connection with method schemas.

Syntactically restricted families of method schemas: A schema is monadic if all its

methods have arity 1. A schema is recursion-free if there is no directed cycle in the method

dependence graph, where the vertices of the method dependence graph are the coded meth-

ods and there is an arc from m to n iff m occurs in some coded definition of n. (Note that,

our definition of recursion-freeness is a reasonable syntactic way of avoiding recursion, but
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not necessarily the only one.) A schema is simple if only base methods occur in its coded
definitions. Note that simple schemas are an important kind of recursion-free schemas.
For simple schemas, covariance is the following constraint on the signatures of base

methods. A simple schema is covariant if for each m and for each pair

(m,(€c1,. .., — €)),

of definitions of a base method m, we have that (Vi ¢} <¢;) = ¢ <ec.

Method Inheritance: A method schema (C, <, X, Y1) contains definitions of methods,
i. e., Yo, 21, which we call explicit. It is also used to define methods implicitly, through
inheritance. This is for the convenience of code reuse. Therefore, in addition to the explicit
definitions for a method, definitions are implicitly inherited along the class hierarchy. If a
method m is explicitly defined at classes ¢f,..., ¢, then its definition implicitly applies at
€1y where ¢; <t fori=1,...,k.

Name overloading: Method inheritance implies that we can have several definitions for
the same base or coded method at the same classes—although by condition 4 of the method
schema definition there can be only one explicit definition. This creates overloading of
names. To illustrate overloading, consider the method Cost in the example. That method
is explicitly defined on Part, implicitly inherited by Basepart and CompPart, and explicitly
redefined on Basepart; it is also explicitly defined for PairOfParts.

Resolution of name overloading: This consists of assigning to a given method and given
classes, a unique definition. The resolution of a method m at some ¢q,...,c; is the explicit
definition of m for the “component-wise smallest” tuple ¢}, ..., ¢} at which m has an explicit
definition and ¢; < ¢, for i = 1,...,k (if such a unique component-wise minimum exists).

For example, Cost at CompPart is resolved to be the explicit definition from Part, whereas

Cost at Basepart is Basepart’s explicit definition. If m has a resolution at ¢q1,..., ¢, we
say that m is well defined at ¢q,. .., ck. Otherwise, we say that m is undefined at ¢q,...,cg.
Non-definition can come either (1) because there is no definition of m above ¢q,...,¢; or
(2) because there is ambiguity of definitions above ¢q, ..., ¢y.

Example 8.1.3 Let ¢q,cy be classes with ¢y < ¢o and consider the schema with explicit
base definitions of m at ¢1,cg and cg,c1. Then m is undefined at c3, ¢y (no definition) and
m is undefined at c¢1,¢1 (ambiguity of definitions). For methods of arity 1, ambiguity (2)

cannot arise because of the forest hierarchy, but we can have non-definition because of (1).
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8.2 Semantics

We assume the existence of a countably infinite set of objects (01,09,...) disjoint from
classes and methods. We use object assignments [2] to provide semantics for classes with
inheritance. The semantics of base methods is defined using partial functions satisfying

certain signature constraints.

Definition 8.2.1 Given a method schema (C,<,%g,%1), a disjoint object assignment v
for C' is a total function from C to finite sets of objects such that distinct classes are
mapped to disjoint sets of objects (sets with pairwise empty intersections). For each ¢, we

define v (cx) = U, <. v (c1). We will refer to J.cc v () as the set of objects in v.

Definition 8.2.2 An interpretation of a schema S = (C,<,¥0,%1) is a pair [ = (v, pn)
where v is a disjoint object assignment for C' and p a total function from the base methods

My in S to partial functions such that:

1. If m has arity k, p(m) is a partial function from k-tuples of objects in v to objects

mn .
2. For each ¢1,...,ck, if m is undefined at cq,...,c, then p(m) is undefined every-
where in v(cy) X --- X v(cg). Otherwise, let the resolution of m at c¢q,...,c; be

(m,(c1,.. ¢, — ¢)) where ¢; < ¢ for i = 1,.. k. Then p(m) | e )x-xifey) 5 @

total function into v (cy).

Intuitively, every class ¢ is populated by a set of objects v (¢.), some of which are in this
class exclusively (those objects that are in v (c¢)) and the rest belong to its “subclasses” ¢y,
where ¢; < ¢ and ¢; # ¢. When a base method is defined at a class ¢; with signature ¢; — ¢
(or is inherited at ¢; with signature ¢j — ¢ such that ¢; < ¢}), then its meaning at ¢ is
a total function from v (¢1) to v (c.). That is, given an object exclusively in ¢p, return an
object in c.

The semantics of coded methods is defined using the above semantics of base meth-
ods and a rewriting technique. Without recursion, this rewriting is equivalent to function
composition.

Late binding: This is a result of the operational definition of rewriting. Let us first give
some intuition for the rewriting of coded methods. Consider a k-term that is a single arc.
Let its one internal node be labeled Cost and its input be replaced by an object o, as a

“procedure call” to Cost. Based on the class of its argument, we can replace Cost either
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Figure 8.4: A reduction sequence
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by some object/code if it is defined in a base/coded fashion, or by an error message if it
is undefined. In general, we reduce the first method (first in the depth first ordering of
the k-term we are processing) that has instantiated leaves as children. We continue this
processing until we either obtain a result (i. e., an object), or reach an inconsistency. We
might also not terminate. A partial sequence of rewritings for Example 8.1.2 is shown in
Figure 8.4, where o is in class PairOfParts and o, 0" are in class Basepart.

More formally, an instantiated term in interpretation I = (v,u) is a k-term, whose
integer labels have been replaced by objects. Let ¢q,...,c; be classes, m be a method of
arity k, and for each 7 let 0; € v (¢;). Then the instantiated term consisting of a single vertex
labeled m and k inputs labeled respectively oq,...,0k is said to be a redexz. We define the
first reducible vertex to be the uniquely determined first vertex in the depth first ordering

of an instantiated term, which is the root of a redex.

Definition 8.2.3 Let I be an interpretation of method schema S, t be an instantiated term
in I, w be the first reducible vertex of t, and m be the label of w. Let oq,..., 01 be the labels
of the children of w belonging respectively to classes ci,...,c,. The reduction I(t) of t in [

1s obtained as follows:
1. If m is undefined at cy,. .., c, then I(t) is a special symbol L.

2. If m is a base method well defined at ¢q, . . ., ¢, with resolution (m, (¢, ..., ¢}, — ¢)) (this
implies that ¢; < ¢ fori=1,... k), then I (t) is the instantiated term obtained by re-
moving from w the outgoing edges and changing its label to p(m) (o1,...,0). p(m) is
a total function from v (c¢1) X ---Xv (c) into v (cy). Therefore, p(m)(o1,...,0r) yields

an object o such that o € v (cy).

3. If m is a coded method well defined at ¢1,...,ci, then I(t) is the instantiated term
obtained by substituting, with the natural renaming of inputs, the vertex w by the

dag s, where (m,o,s) is the resolution of m at cy,...,ck.
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When [ is clear from the context, we denote the reduction of ¢ to I (¢) as t — [ (¢) and

a finite sequence of reductions from ¢ to ¢’ as t — t'.

8.3 The Expressive Power of Method Schemas

When considering method schemas in the context of finite databases, it is natural to ask
what kind of queries can be expressed in the method schema framework. Of course, since
method schemas are just schemas, one has to agree on the interpretation of the base methods
in order to make this question precise. In this section, we describe a very simple way of
encoding relations as interpreted base methods, and we show that under this interpretation,
method schemas express exactly the PTIME queries. We assume some familiarity with

Datalog terminology and notation from [30, 47], e. g., rules, EDBs, IDBs etc.

8.3.1 I/0 Conventions

We consider queries over finite ordered relational databases. The input of a query consists
of a finite ordered universe U (w.l.o.g an initial segment of the positive integers) and some
relations P,Q, R,... over U, and the output is another relation O over U. The arities
and attribute names of the input and output relations are given by some fixed relational
schema §.

We encode these data in the method schema framework as follows. The elements of the
universe are represented by objects of class Number and the ordering among them is given
by a base method Pred @ Number: Number which computes the predecessor function. The
initial element of the universe is represented by an object of class Zero, which is a subclass
of Number. We capture the finiteness of the universe by providing its size as part of the
input. More precisely, we provide as part of the input an object N of class Number such
that N does not appear in the range of Pred. We assume that there is a unique object
of class Zero and that there is at least one non-Zero element in the universe. When our
interpretations satisfy these semantic conditions we will say that our language is MS with
order.

A k-ary relation R is represented by a k-ary base method
r @ Number, ..., Number: Number,

such that r(aq,...,2)) returns an object of class Number if the tuple represented by
(21,...,2x) belongs to R and an object of class Zero if it does not. We will frequently

write 7 (Z) instead of 7 (x1,...,2) if the arity of the method does not matter.
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For example, to encode the relation R = {(1,1),(1,2)} over the universe U = {0, 1,2},
we would populate the classes Number and Zero as Number = {1,2} and Zero = {0}, we
would interpret Pred as Pred (2) = 1, Pred (1) = Pred (0) = 0, and we would interpret r as
r(1,1)=7r(1,2) =1, r(z,y) = 0 for all other z,y.

Queries are represented by coded methods of the form
q @ Number, ..., Number: Number.

If ¢ (Z) reduces to an object of class Number, then the tuple represented by # is considered
part of the output; if ¢(Z) reduces to an object of class Zero, then the tuple represented

by & is not considered part of the output.

8.3.2 Expressing PTIME Queries

We show that under the input/output conventions given above, method schemas can com-
pute inflationary fixpoints of Datalog™ programs (see [30] for a survey of these concepts).
The results of Immerman [27] and Vardi [48] then imply that method schemas can compute
all PTIME queries over finite ordered databases.

To begin with, let us illustrate how to code simple Boolean and arithmetical functions.
We represent the truth values True and False by the classes Number and Zero. Any object
of class Number (N, for example) represents True, and the single object 0 of class Zero
represents False. (Note that we can compute 0 as 0 = Pred” (N), where Pred” @ Number =
Az. Pred” (Pred (z)) and Pred” @ Zero = Az.z.) We will often informally say that a method
returns True when it returns a Number object, or False when it returns the Zero object.

The Boolean functions can be coded as:

Not @ Number = Az.0 (where 0:= Pred™ (N))
Not @ Zero =Az. N
And Zero, Zero = Az.\y

And
And

Zero, Number = Az.\y

® ©® ®©

Number, Zero = Az.\y

.0
.0
.0
And @ Number, Number = Az.A\y. N (and similar for Or)
Equal @ Zero, Zero =Az.\y. N
Equal @ Zero, Number = Az.Ay.0
Equal @ Number, Zero = Az.Ay.0

Equal @ Number, Number = Ax. \y. Equal (Pred (z), Pred (y))
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We also need to extend the Pred function to k-tuples of objects. Below, we define
methods Predf such that Predf (z1,...,2k) is the ith component of the lexicographical

predecessor of the tuple (21,...,2), for 1 <7 < k.

i—1 k—i+1
Predf @ Number,. .., Number, Zero, ..., Zero = Azxy ... \xp. N
7 k—1
Pred® @ Number, ..., Number, Zero, . .., Zero = Axy ... \xy. Pred (z;)
k
Predf @ Number,. .., Number =Ary..Avpex; (T#£ k)

With this machinery in place, we can now code Datalog™ programs. For our purposes,
we can think of a Datalog™ program as a relational expression £ (O; P,Q, R,...) involving
a designated output relation O, input relations P, ¢, R, ..., and the operators Union,
Intersection, Complement, Times, Select, and Project. The semantics of the program are
given by the least fixpoint of the mapping O — O U E(O; P,Q,R,...). It is well known
that the least fixpoint can be computed by iterating this mapping n* times, where n is the
size of the universe and k is the arity of O.

The relational operators can be coded as follows. Assume that r and s code relations

R and S as described above, then:

Union (7, s) = AZ2.Or (r(Z),s(Z))
Intersection (r,s) = AZ. And (r (¥), s (7))
Complement (r) = AZ. Not (r (%))

Times (r,s) = MNZAY. And (7 (&), s (¥))
Select;—; (r) = AZ. And (r (Z), Equal (z;,2;))

Projection is a bit more difficult, because it involves quantifier elimination. The projec-

tion of R onto its first & — 1 columns is encoded as:
Project(r) = Aav.. . Azp_1. 7 (21, . 251, N),

where ' (21,...,25_1,y) is True iff there exists a z € {0,...,y} such that r (xq,...,25-1,2)

is True. 7' can be coded as follows:

k—1

r’ @ Number,..., Number, Zero = ATy AT AY T (X, Tk, Y)
k-1

r’ @ Number,..., Number, Number =

Aoy Azg_1 Ay. Or (7 (21, -« o @—1,9), 7 (21, .., 2p_1, Pred (y)))
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Finally, we have to show how to compute fixpoints. Let F(O; P,Q, R,...) be a relational
expression. Let k be the arity of O, let o be the base method representing O, and let e be
the coded method corresponding to F.. Then the fixpoint of F/ with respect to O is given
by:

—_—~—
Fix(o,e) = Aay ... Aag. o (21, .. 25, N, ., N),
where o' (Z,7) is True iff Z is in the image of the ith iterate of the mapping O — O U
E(O;P,Q,R,...) where 7 being interpreted as a base-(N + 1) number. o' can be defined
as follows:

k

——
o' @ Number,..., Number, Zero, ..., Zero = AZAiT.0
k

o’ @ Number,...,Number, Number, ..., Number =

AZ A7, Or (o (%, Pred} (77), . .., Pred} (7)),e (%)),

where ¢ is ¢ with every occurrence of o (%) replaced by o (Z, Pred} (7), ..., Pred} (i7)).
Thus, for every Datalog™ program (interpreted in an inflationary fashion over an ordered
input) one can construct a method schema with order (under the input-output conventions
listed above) that computes the same query. First note that this method schema is consis-
tent. Also note that, under our input-output conventions, there is an easy to see one-to-one
correspondence of finite ordered relational databases and method schema with order inter-

pretations. We can conclude that,

Theorem 8.3.1 Under the input/output conventions listed above, MS with order can ex-

press every PTIME query.

8.3.3 Simulating Method Schemas in Datalog

To prove the converse direction, we show that method schemas with order can be expressed
by Datalog™ programs with order. This, combined with the previous reduction, allows us
to deduce that method schemas express exactly the PTIME queries.

We only sketch the reduction here. The details can be found in [25]. The idea is that
a method p of arity % is simulated by means of a predicate P of arity & + 1. For elements
T1,... 2,y of the domain, P (z1,...,2k,y) is true iff p(z1,...,25) = y. Base methods
correspond to EDB predicates and coded methods correspond to IDB predicates. Classes

are simulated by unary EDB predicates: for each class ¢ there is a predicate Isa. such



CHAPTER 8 METHOD SCHEMAS (MS) 86

that Isa.(z) is true iff object x is of class ¢. There is also a special interpreted predicate
Pred (z,y) which provides an ordering of the domain.

Coded method definitions are translated into Datalog rules as follows. We assume that
all method definitions are explicit at all classes at which they are defined (i. e., no method is
defined by inheritance). This might increase the size of the schema by a polynomial factor,
but does not affect its data complexity. For each coded method definition p@ ¢y, ¢o,...,cp =

AZ1,. .k p1(...), there is a rule

P(X1,Xo,.., Xg,Y) — Isa,, (X1),..., Isa, (Xk),
Po(o.),Py(co)s s (LY )

The understanding here is that the first £ predicates act as “guards” making sure that the
“code” that gets executed has the arguments in the correct classes. After that, we have the
method names that appear in the code of p sorted in left-to-right topological order. (This
is the order of execution provided by the built-in interpreter in method schemas.) The
arguments to these methods are arranged as they would be in a method schema execution.

There are also additional rules that detect if an EDB predicate does not behave as
expected. For example, there are rules that detect whether an object z is a member of two
classes or of no classes (i. e., Isa. () is true for two different ¢ or for no ¢), or whether a
base method p is undefined or multiply defined for some set of arguments z1, ...,z (i. e.,
P(zy,...,2k,y) is true for two different y or for no y). If an inconsistency is detected, the
computation is aborted by “flooding” the IDB predicates, i. e., deriving all possible facts
within a single step (this is a standard technique for aborting Datalog computations, see,
e. g., [23] for an example of its use).

It is easy to see that this encoding provides a faithful simulation of method schemas with
order. Thus, together with the converse reduction established above, we have the following

theorem:

Theorem 8.3.2 Under the input/output conventions of Section 3.1, MS with order ex-
presses exactly PTIME.



Chapter 9

Conclusions and Open Questions

We have shown that the simply typed A-calculus, without any added constructs, is a pow-
erful functional language for computations over finite structures. Low-order fragments of
the calculus augmented with an equality predicate are sufficient to express practically fea-
sible queries. Furthermore, such fragments are sufficiently constrained to permit a detailed
analysis of their expressibility, thereby providing a novel way of characterizing complex-
ity classes. Another way of obtaining such characterizations is the framework of method
schemas, which adds method resolution, late binding, and recursion to a strictly first-order
calculus to obtain a functional language for object-oriented databases.

The research presented in this thesis leads to a number of interesting questions:

1. What is the expressive power of TLI; and MLI; for & > 37 In particular, is the

converse of Theorem 6.3.5 true as conjectured in Section 7.57

2. In our embeddings we use lists of tuples, which are inherently ordered. In [1, 11, 9]
sets are used as basic constructs, and set iteration replaces list iteration in [11, 9].
Is it possible to eliminate the order dependence in our framework by augmenting the
A-calculus syntax and semantics with set iteration? One approach might also be to

encode finite structures using a generic order computed by graph canonization.

3. Not all database query languages can be embedded in the typed A-calculus. Clearly,
any computation that is not elementary is not captured by our framework. What
should be added to the typed A-calculus to capture exactly the more powerful database

query languages such as the computable queries of [12]?

4. We use ad-hoc reduction strategies to evaluate query terms efficiently. However, there

is also work on general optimal reduction strategies (e. g., [36, 34]). How do such re-

87
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duction strategies perform in our setting? In particular, can the bookkeeping required
by these strategies be performed efficiently in the limited fragments of the A-calculus

we consider?

5. (Suggested by Pascal Van Hentenryck) It is well-known that outermost evaluation
can be re-expressed in terms of innermost evaluation using CPS-like transformations.
Would it be possible to reexpress all our expressibility results in a single evaluation

strategy using such transformations?

6. There are various machine-independent characterizations of PTIME (e. g., [48, 27,
22, 29, 8, 35]). Is there a way of unifying some of these characterizations using the

framework of the typed A-calculus, maybe with suitable extensions?
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