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Optimal Policies for Partially ObservableMarkov Decision ProcessesAnthony R. Cassandra�Department of Computer ScienceBrown UniversityProvidence, RI 02912February 27, 19951 IntroductionDecision making is an important task in everyday life. Making the correctdecision in some circumstances can help utilize resources better or even bethe di�erence between life and death. There are many applications in whichautomated decision making is desirable (automated stock trading) and othersin which it is necessary (e.g., real time 
ight controls of a supersonic jet).Unfortunately, at this time, the process of human decision making proceduresfor many types of problems is di�cult or impossible to formalize. Given thislimitation, we would still like to have automated decision making perform aswell as possible.An often used and sometimes convenient way to make a machine awareof the dynamics of the domain in which it will be making decisions is toprovide the machine with a model of the world. For some domains this isquite acceptable, since the dynamics of the world may be well de�ned. Forother domains, it may be impossible to specify the dynamics fully. Even for�This work was done jointly with Leslie P. Kaelbling and Michael L. Littman. AnthonyCassandra's work was supported in part by National Science Foundation Award IRI-9257592. 1



algorithms that do not rely upon being given a model [18], there is a structureimposed upon the environment which acts as a somewhat more abstractmodel. In this paper, we will be exploring a speci�c model-based scheme inwhich decisions need to be made. Even when we cannot assume we have themodel, we can use techniques, [2], that allow us to approximate the modeland then apply these model-based schemes. The many problems associatedwith such models will be outlined in a subsequent section. Throughout thisdiscussion, the term agent will refer to the automated process that has tomake decisions. A convenient example of an agent is that of an autonomousrobot trying to survive in a real world environment. However, the agent cansimply be a computer program such as one that does medical diagnosis. Inthis case, the model of the world might be based upon statistics and medicalresearch.The model we will explore assumes that the agent exists in a unique stateat any time point. Furthermore, there are only a �nite number of di�erentpossible states it can ever be in. For the robot example, these states can bedi�erent locations in the world or even the agent's state of knowledge at agiven time. Time is assumed to pass in discrete increments (ticks) of someclock and the agent must choose some action to perform at each tick of theclock (it could be to do nothing). Each time the agent performs an action,it will move to a new state, though it is possible for it to remain in the samestate. An alternative, but equivalent, view of the agent and world is onewhere the world exists in some state and the agent interacts with it.If a machine (computer) is going to make decisions by itself, it needs tohave some metric that it can use to di�erentiate between the good and badchoices. This is another potential trouble spot, because it is often di�cultfor people to articulate exactly what the di�erences are between good andbad choices. Nevertheless, we must do so if we desire to have the machinechoose between a number of options. The choice in our model is to assumethat each state has an associated reward for performing each possible actionin that state. This reward re
ects the immediate desirability of performinga particular action given that we are currently in some state.These rewards do not necessarily have to be something the agent actuallygets as it operates. We de�ne these rewards as a way of assigning relativevalues to di�erent states of the environment. Given these abstract values,the agent can then attempt to get to the locations that it knows have highervalue. Although we can view the rewards as abstract entities, they might2
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startFigure 1: Sample environment showing why one step greedy strategy is un-desirablewell be grounded in some real phenomenon that the agent can perceive.The model described thus far has dynamics as follows: The agent startsin a state i at time t, performs action a, receives an immediate reward forthat action in that state and then �nds itself in state j at time t + 1. Thedynamics of an environment speci�ed with such a model can be describedwith just a couple of tables. One table speci�es the next state based upon thecurrent state and the action chosen. The other speci�es immediate rewardsfor all combinations of states and actions.Although this model is much simpler than the one that is actually treatedin this paper, it is useful to think about how an agent would use this informa-tion to make decisions at each time step. One fairly intuitive notion is thatthe agent wants to get as much reward as possible after all, these rewards areour way of informing the agent what state-action pairs we think are desirable.But exactly what is meant by \as much reward as possible?" Do we simplywant to perform the action that gets us the most reward for this particularstep? The answer is probably not. Figure 1 is an environment in which wecan get a reward of 2 now, but no more rewards afterwards no matter whatactions we decide to take. Also in this environment there is another actionwe can perform which will only give us a reward of 1 now, but after we takethis action we will be able to get a reward of 5 for the next action (and evenmore with subsequent actions).The above situation shows an example in which we would probably wantto take into account the rewards we might receive in the future, not justthe immediate rewards. If we knew in advance how many time steps (call3



this number k) we had to make decisions for, then we could simply lookat the model and decide which sequence of k actions (from a given startingstate) will give us the maximum reward. Of course, there could be manypossible sequences to consider, but there would always be a �nite numberof them. However, what if you don't know how many decisions the agentwill have to make? In this case we need to consider the future rewards insome other manner. Dealing with this is a somewhat controversial topic.For this paper we will consider an in�nite horizon with a discounting factor.The justi�cations for using this are given later, as are the drawbacks ofdiscounting. Here we will just present the basic concept behind this approach.The term in�nite horizon is used to indicate that we will consider rewardsfor an in�nite number of time steps. This is why we need a discount factor.If we merely try to sum rewards forever, we will get an ever increasing sumand all actions will look as if we can get an in�nite amount of reward. Byadding a discount factor we can cause these in�nite sums to converge to anumber which we can then use in a comparison to decide which actions arebest.Although we wouldn't expect the agent to make decisions forever, thein�nite horizon with discounting is a good model for the instances in whichwe do not know for how long the agent will have to make decisions. If weassume that the agent will stop making decisions at each step with someprobability, then it makes sense not to count rewards that could be receivedfar into the future as much as rewards that could be received closer to thepresent. The discount factor does this by discounting rewards based uponhow far in the future they could occur.We now come to the point where we would like to make our model morerobust. In the previous model description we assumed that each action willalways have the same output given a speci�c starting state. Many domainsof interest, however, do not possess this property. More speci�cally, an agentthat is a mechanical device is subject to physical limitations and tolerances.Trying to move a robot 10 inches by applying the exact amount of voltagefor exactly the proper time is a di�cult thing to accomplish and even if thisis overcome, there may be slippage in the wheels depending upon the 
oorsurface, humidity, dirt, etc. So if you've modeled an environment in whichone of the actions is for a robot to move 10 inches and another is to move 9inches, the action to move 10 inches might not succeed. Although the resultsof the robot's actions are in a sense deterministic, the amount of knowledge4
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.10 iFigure 2: Sample environment showing stochastic actionsthat we would have to have to predict it is overwhelming (e.g., where eachdirt particle was, coe�cient of friction of carpet for the current atmosphericconditions, etc.) Instead of getting bogged down in all these details, thestandard approach is to model the actions probabilistically. Instead of sayingthat performing action a in state i will result in our next state being j, wesay that 90% of the time this will happen, but that 10% of the time we couldremain in state i. This is shown pictorially in Figure 2.You can add these action probabilities into the model and get a morerobust model. The nice part about this is that you can still �gure out whatthe best action to take is. It is a little more complex than models withoutprobabilistic actions, but solution techniques exist. The technical name forthis type of model is a Markov Decision Process (MDP) and it is a verythoroughly explored model in mathematics, operations research, computerscience, and related �elds.There is one extremely important element that we have assumed up tothis point, but which is not always a good assumption. When we are choosingthe best action to take, we �rst need to know what state we are in. How dowe know what state we are in? Before we had probabilities associated withthe actions, we always knew the next state after we took an action, so aslong as we knew where we started we could tell exactly where we were. Nowthat we have have introduced uncertainty in the outcome of actions, how dowe know what state we actually did end up in? The easy answer is the onethat is assumed in the previous model: Just look. The problem is that itis not always possible or realistic to assume you can tell exactly what stateyou are in at a given time. For instance, the robot example demonstratedthe physical limitations of machines. These limitations apply not only to theactions they can perform, but also to the things they can observe in the world.If a robot is 18 inches from a wall and decides to move 10 inches, how will itknow whether it is in the state of being 8 inches or 9 inches from the wall?Even if the robot has some sensors that can very accurately tell the distance5



to the wall, there is still some probability that they could malfunction. Thetypical case is that mobile robots have crude sensors which are nowhere near100% reliable. Even if there we perfect or near perfect sensors, the agent willrarely be able to see the whole world at once.Dealing with uncertainty in observation is the main issue which this paperexplores. The previously described MDP model can be made more generalby introducing uncertainty in observations. This type of model is referredto as a partially observable markov decision process (pomdp) and is thefocus of this work. Many existing techniques utilize the MDP model [7, 3]and the assumption of complete (reliable) observability is one of the majordrawbacks of these techniques and those that build upon these. This paperexplores existing techniques for pomdps, presents a new algorithm and showsthe usefulness and limitations of the pomdp model in general.2 The Model2.1 The MDP ModelA Markov decision process, mdp, is a fairly simple model with a fancy name.It consists of a �nite set of states, a �nite set of actions and a reward structurede�ned for each state-action pair. For a robot navigation problem, the statescan be viewed as the location of the robot in the environment. Thoughmost environments are really a continuum of states, it is often convenient todiscretize these continuous spaces. The actions are the things the agent cando, such as move forward, turn left, pick up an object, etc. Associated withperforming each action is an immediate reward. Because the e�ectiveness ofperforming an action can depend upon what state the agent is in, the mdpmodel actually assigns an immediate reward for each combination of statesand actions. For example, if the robot is trying to get to a speci�c location,then performing the action move forward when it is next to and facing thatlocation should result in a high reward. If the robot was directly in front ofa descending stairway (and it did not know how to walk down stairs), thenwe would expect the action move forward to give much less reward.Formally, an mdp is a quadruple, < S;A;P;W >. S is a �nite set ofstates with state i denoted by si. A is a �nite set of actions with action idenoted by ai or sometimes just a when we refer to a speci�c action. W is6



the reward structure, which is slightly more general than the one describedpreviously. Here, waij represents the immediate reward the agent will getif it performs action a while in state si and moves to state sj. Althoughthis model is more general, we can simplify the reward structure to the onedescribed previously by taking a weighted sum over all possible next states.The weight used in this sum is the probability that we actually move to eachof the next states. qai =Xj paijwaij (1)Alternatively, we could just describe the qai rewards directly. The waij are theactual rewards that would be received, but the qai are the expected rewardsrepresenting what we would expect to receive on average in the long term.2.2 PoliciesA policy is a function or mapping that tells the agent what action to execute.It typically depends upon the state that the agent is in. For instance, thiscurrent state could be its physical location. A policy completely speci�esthe appropriate action for each possible situation (state) that occurs in themodel. A policy should not be confused with a plan. A plan is a sequence ofactions to perform, and does not necessarily specify the appropriate action foreach possible situation. In some sense, a policy is the most general possibleplan, since it completely speci�es the action to take for each possible stateof the environment.A policy can be either deterministic or stochastic. A deterministic policyis one that speci�es a single action to take in each state. A stochastic policyspeci�es a number of possible actions to execute in each state.. In additionto a set of possible actions, the agent is given a probability distributionover the set of actions. The agent will then stochastically choose one actionaccording to those probabilities. For this paper will we only concern ourselveswith deterministic policies. Work in stochastic policies include [15]. Notethat deterministic policies are really a subset of stochastic policies where theprobability distribution assigns one action probability 1.Policies (both deterministic and stochastic) can also be categorized asstationary or non-stationary. A stationary policy is independent of time; thesame policy is applied regardless of when the policy is used. Thus, the policyonly depends on the state of the agent and/or environment. A non-stationary7



policy is dependent on time; the time the policy is to be used will a�ect whataction will be taken. In this case, the time and state and/or environmentdetermine what action the agent should execute.Policies can also be grouped by the amount of memory required. As anagent moves about its environment performing actions, it is building up ahistory of its movements. In some situations it might be desirable to remem-ber this history and perform future actions based upon this. A memory-lesspolicy is one that uses no history at all. The choice of action depends onlyon an immediate situation of the agent. A k-memory policy chooses actionsbased upon the last k pieces of the agent's history.There are also policies that require a �nite amount of state, but theamount of state doesn't directly correspond to the last k pieces of the agent'shistory. For example, a policy that depends upon whether a button was everpressed, requires only a single bit of information, but this single bit does notcorrespond to k-memory for any �xed k.In this paper we will focus on deterministic stationary policies with mem-ory. We will denote the entire space of these deterministic stationary policiesas � where a speci�c deterministic stationary policy is denoted by �. We willdenote a deterministic non-stationary policy as a set of stationary policies,� = f�0; �1; : : : ; �tg where �i 2 � is the stationary policy to use when thereare i steps remaining.2.3 In�nite vs. Finite horizonIn this paper we will discuss two ways to construct optimal policies for pomdpmodels. Both of these also apply to mdp models and, again for simplicity, itis in the mdp framework that we �rst present them.We �rst consider problems in which the agent only has to make a known�nite number of decisions. We refer to this class of problems as �nite horizonproblems; a k-horizon problem is one in which the agent will make decisionsfor k time steps. This period of k time steps is usually referred to as theagent's lifetime or the size of the horizon. The actual structure of a �nitehorizon policy consists of a sequence of deterministic policies, one for eachtime step (i.e., a determinisitic non-stationary policy). The policy, �i, is acomplete mapping from all states to actions, �i : S ! A. The policy takesthe current state of the agent as an argument, so the action speci�ed by thepolicy for state si is denoted by �i(si).8
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in�nite number of time steps might seem impossible. Although it does addsome complexity, it can be and is often done, especially in the mdp model.The trick that needs to be incorporated is the addition of a discount factorto the rewards, so that rewards that are received further in the future arediscounted more than rewards received closer to the present time. To showwhy the addition of the discount factor can makes things work out nicely,imagine that we have some divine knowledge of exactly which state we willbe in at each step and which action will be executed at each step. We willrepresent this knowledge as the functions S(k) and A(k) respectively. Withthis knowledge we can write the value, in terms of rewards, asVt(si) = 1Xk=0 �kqA(k)S(k) :This formula is associating a value for starting in a given state, si, witht time steps remaining assuming we will know exactly what states we arein, S(k), and which actions we perform, A(k), at each time step. Here krepresents the time when there are t� k steps remaining.This formulation, usually referred to as the value function, is a powerseries of the immediate rewards. Since we ultimately want to discuss andcompare the value of di�erent policies we would like this series to converge.A well known property of power series of this form is that they will convergefor variables with an absolute value of less than one. In this case the variableof interest is the discount factor �. Since it is di�cult to interpret a negativediscount factor in our problems, we will only consider discount factors in therange: 0 � � < 1. A main motivation for using a discount factor is that itallows us to talk about and compare these in�nite sums. The niceness of themathematical formulation and convergence are hardly appropriate justi�ca-tions for using a discount factor; however, more motivated interpretationsand justi�cations of the discount factor will be presented later (as will theproblems with using a discount factor.) There are also techniques for solv-ing undiscounted in�nite horizon problems [7, 14], but this paper does notattempt to treat these problems.You will recall that, for the �nite horizon problem, a policy had the form� = f�0; �1; : : : ; �tg since we (potentially) needed a di�erent policy for eachtime step. We have thus far formulated our in�nite horizon problem thesame way, but trying to represent an in�nite horizon policy this way leads to10



some real problems. First, how could we ever calculate an in�nite number ofpolicies and, even if we �gure out how to do that, how could we put it intoa form that we could use that wouldn't take up an in�nite amount of space?This is one place where the in�niteness can actually help us out. Imagine fora moment that you knew �i, that is, the optimal policy to use at time t = iwhen there is an unbounded number of decisions to be made in the future.Well then, at time t = i+ 1 there is also an unbounded amount of time leftas there is for any particular time. Therefore, the policy that is best must be�i since we de�ned �i to be the optimal policy to use when there is an in�niteamount of time remaining. Since our in�nite horizon solution looks like this:� = f�i; �i; �i; : : :g, we can simply refer to the policy as � because at any timestep we will always be using the same policy. This is what we previouslytermed a stationary policy, because at every time step the policy is the same.Solving the in�nite horizon problem now looks a lot more promising, since weonly need to search for and represent a single policy. Also, we have developeda way to ensure that all potential policies have a �nite value which we cancompare to one another.2.4 Policies in MDPsThe goal of the techniques discussed in this paper is to derive a computationalprocedure for �nding an optimal deterministic policy for a given pomdpmodel. Working toward that end, we �rst discuss policies in the mdp modeland a traditional method (policy iteration) for �nding optimal policies inthese models. We will later generalize both of these to the pomdp case.Since our aim is to �nd the optimal policy, we need a metric that givesus a measure of each policy's usefulness. This metric allows us to comparepolicies with one another. As a start in this direction, we de�ne V �tt (si) tobe the expected reward that the agent can accumulate in its lifetime if itexecutes policy � = f�0; �1; : : : ; �tg for t steps. When it is currently in statesi, there are t steps for which the agent needs to make decisions given thatit executes actions according to the policy �m at time m.V �tt (si) =Xj p�t(si)ij [w�t(si)ij + �V �t�1t�1 (sj)]Since our mdp model has uncertainty in the outcome of its actions, weuse the probabilities of moving to all possible next states in a weighted sum11



of the rewards we would get if we actually moved into that state. The rewardfor moving to a state is the immediate reward received for the current action,current state and next state, waij, plus the value of state sj with one less stepremaining, V �t�1t�1 (sj). We discount the value of the next step by �, whichwill become necessary when we discuss the in�nite horizon problems. Forthe undiscounted �nite horizon problems we can just set � = 1. Factoringand substitution of formula 1 allows us to simplify this expression toV �tt (si) = q�t(si)i + �Xj p�t(si)ij V �t�1t�1 (sj):Note that for the non-stationary policies of �nite horizon problems, thisformula requires the value for the last t� 1 steps before we can compute thevalue for the tth step. Thus, the value function is computed with dynamicprogramming. The values for V �00 (�) depend only on the qai values. For thein�nite horizon problem, the policy, �(cdot), that gets executed at any time is the same. This results in a valuefunction: V �(si) = q�(si)i + �Xj p�(si)ij V �(sj):This is a system of jSj equations with jSj unknowns. As long as 0 � � <1, this system of equations will have a solution. Thus, whether we are solvingthe �nite or in�nite horizon problem, if we are given a policy (stationaryor non-stationary), the value function formulas allow us to easily compute ametric for the policy. These value functions will allow us to compare di�erentpolicies and eventually to prove that a given policy is optimal. These formulasshow how we judge a policy's usefulness by the actions and states that theagent is led through.In an mdp, any mapping from states to actions is a policy, but what weare concerned with is �nding the optimal policy. Optimality is consideredwith respect to the value of the state-action pairs which are derived fromthe reward structure W. We would like a policy that performs better thanany other possible policy in terms of the value of all states the agent passesthrough. We will denote the optimal policy by �� and its associated valuefunction by V �t (�). More formally, an optimal policy is one where, for allstates, si, and all other policies, �, V ��(si) � V �(si). It is non-trivial, [7, 3],that such a �� exists. 12



The distinction between the policy and the value function of a policyis a fairly important one. Some of the algorithms discussed in this paperconstruct both the value function and the policy, whereas others constructonly the policy. Typically, it is easier to construct the policy than it is toconstruct the policy and its value function. However, given a policy the valuefunction can be derived by the formulas above. Conversely, a policy can beconstructed from the value function.2.5 The POMDP ModelA partially observable Markov decision process, pomdp, is de�ned by a hex-tuple, < S;A;P;�;R;W >. S is a �nite set of states with state i denotedby si. A is a �nite set of actions with action i denoted by ai or sometimesjust a when we refer to a speci�c action. P is the transition probabilitiesfor each action in each state and de�nes the Markov process that the agentactually operates within, though it typically does not have access to this coreprocess. paij denotes the probability that the agent moves to state sj giventhat it was in state si and it just performed action a. � is a �nite set ofobservations where �i denotes observation i. Although there is an underlyingMarkov process, the agent does not directly observe it. R is the observationmodel, in which raj� denotes the probability that we observe � when we arein state sj at time t and when our last action (at t� 1) was a. W speci�esthe immediate rewards, waij� denotes the immediate reward received at timet+ 1 for performing the action a in state si at time t, moving to state sj attime t+1, and making observation �. These immediate rewards are essentialin our quest for optimal solutions, since it is these values that inform us howuseful di�erent strategies are.There is another notation that will prove convenient in our later formu-lations. We let qai be the immediate reward of performing action a in statei. It can easily be derived from the immediate rewards waij� weighted by thetransition and observation probabilities for the di�erent actions and obser-vations: qai =Xj;� paijraj�waij�: (2)This will simplifymany of the formulas that appear later in the paper. Wehave also used the qai notation in describing the MDP model. The use is the13



same in that we would like it to stand for the immediate reward received forperforming action a in state si, but the calculation di�ers since, in the pomdpmodel, we must factor in the uncertainty (probabilities) of the observations.Further use of the value qai will not be confusing if you remember whichmodel is being discussed.There are actually two ways a pomdp problem can be formulated. Inthe �rst, which is the one presented above and used throughout this paper,observations are made after an action is taken. Alternatively, we could de�nea pomdp in which we �rst make an observation and then perform the action.These two formulations are essentially equivalent, since a problem in eitherone of these forms can be converted to a problem in the other. However,to avoid confusion we will always discuss the former since this is the modelmost often used in the existing literature.2.6 Belief StatesWhen we moved from a deterministic action model to a stochastic actionmodel, we could still use the same basic machinery to solve the two typesof problems. This was possible because we assumed the agent always knewwhere it was (or could be) in the �nite state space. Thus, to �nd a policy theagent merely needed to decide what the appropriate action was for each statein this �nite set. However, in the pomdp model, adding partial observabilitycreates a real problem. If the agent can never know for sure what state it isin, how can it possibly know what action to take? One observation we canexploit is that the agent will be more likely to be in some states than othersbased upon the actions it has taken and the observations it has made. Forinstance, in Figure 4, even if we do not know whether we started in states = 0 or s = 1, if we take action A and make observation � = 1, we are morelikely to believe that we are in state s = 3 than s = 2, since the probabilitythat we observe 1 in state s = 2 is so low.It turns out that we can keep track of how likely we are to be in eachof the states. We call this probability distribution over the state space thebelief state. We denote the belief state � = f�0; �1; : : : ; �jSjg where jSj is thenumber of states in the model and �i represents the probability that we arecurrently in state si. An important point (and drawback) about maintaininga belief state is that we must know the model of the world if we wish tocompute it. 14
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s = 1Figure 4: Belief state exampleAfter each action and observation, we can update our belief state with asimple application of Bayes' rule:�0j = Pi �ipaijraj�Pi;j �ipaijraj� : (3)The new belief state will be a vector of probabilities computed according tothe above formula. We de�ne a belief transformation function:�0 = T (�ja; �):The �rst formula is more enlightening since it more explicitly states thatwe just consider all possible ways the agent could have ended up in a stateweighted by the probabilities of those ways actually occurring for that action-observation combination. The second formula merely simpli�es the notationfor subsequent formulas. An important result, as shown in [16], is thatthis belief state captures all the necessary information for any sequence ofactions and observations. Therefore, by constantly updating this belief state,we are implicitly saving the relevant part of our past history of actions andobservations. Since we cannot know our location with certainty, this beliefstate seems like the next best thing.A diagram of the basic dynamics of a pomdp is shown in Figure 5. Theaction is generated as a function of the belief state, and the observation isgenerated by the environment. Recall that we are using the pomdp modelin which observations follow the actions.15
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(Register)Figure 5: Control dynamics for a pomdp2.7 Policies for POMDPsIn the regular mdp model, a policy is a mapping from states to actions andsince the state space is �nite, the policy and/or the value function are botheasy to calculate and to represent (e.g., in a table). In the pomdp model,since we never know the true underlying state, our policies must now mapbelief states into actions. . The number of belief states is in�nite, andtherefore, storing the policy or value function in tables is no longer feasible.This means we must �nd some other representation for both the policies andthe value functions of policies.For now, we only consider the �nite horizon case of a pomdp problemsince this is the focus of much of this paper. A later section will discussin�nite horizon solutions.Imagine that we need to solve the �nite horizon for a pomdp problemwith the horizon k = 1. In this case, the agent gets to choose to execute asingle action and no more. Here, the observation it makes after that actiondoesn't really matter, because once it chooses an action the game is over. Inorder for this problem to be well de�ned, we need to de�ne a terminatingreward for the process. This terminating reward represents the value of theagent ending up in each of the environment states when t = 0 (i.e., there is notime left to take actions). We will denote the terminating reward for state sias q0i Recall that there are also immediate rewards for each state-action pair.For k = 1, the agent will accrue one of these immediate rewards (dependingon the state it was in and the action it chose to execute) plus the terminatingreward for the state it ended up in. However, neither the starting nor endingstate will be directly observable to the agent. All the agent will have accessto is the probability distribution over the states (i.e., belief state) it startsout in. Our task is to derive a policy that obtains, based upon the beliefstate, the maximum expected reward for a single action.16



Without knowledge of the actual underlying states of the agent, it mightseem peculiar that we could ever �nd the best action to take. However,since the belief state represents the likelihood of being in each state, we candiscuss the expected accumulated rewards by taking an expected value. Forinstance, assume that the agent's last belief state is �0, then the expectedterminating reward, or the value of ending up (at t = 0) in belief state �0 isV0(�0) =Xi �0iq0i : (4)Now that we know the value of ending up in a particular belief state, wemove on to discuss �nding the best action for each belief state, �, given thatwe will only be executing one action. We know that the ending belief statewill be �0 = T (�ja; �). The agent will have control over the action a, but notover the observation �. Because it cannot control the resulting observation,the agent must use the model of observation probabilities to weigh all thepossibilities: V �1 (�) = maxa2A �Xi �i[qai +Xj;� paijraj�V0(T (�ja; �))]�:By substituting for V0(�) and using formula 3 for T (�ja; �), after somecancellation we getV �1 (�) = maxa2A �Xi �iqai +Xi;j;� �ipaijraj�q0i �:With this formula we can determine the best action to take for any givenbelief state by performing the maximization shown. Thus, the optimal policyfor t = 1 can be de�ned as��1(�) = arg maxa2A �Xi �iqai +Xi;j;� �ipaijraj�q0i �:Although the belief space is continuous, we are able to represent a policyover its entirety with this small �nite formula, though there is some extrawork required to perform the maximization. Notice here that the policy wasderived from a value function. We show, shortly, that if you can representthe value function in this nice way then you also have a way to representthe policy since it is just the argument used in the maximization procedure.Indeed, this is exactly what we show for the general case next.17



2.7.1 Value functions for POMDPsTo move to the general k-horizon case of the value function, we use the sameideas demonstrated for the 1-horizon case. First, let us assume we know theoptimal value function when there are t�1 time steps remaining, V �t�1(�). Thebasic form is the same as themdp, but here we have a few extra complicationsto consider. First, we must take the weighted average of all the states, withthe weighting of a state's value coming directly from the belief state. Second,we need to factor in all the possible observations we could possibly make andtake a weighted sum of the values using the observation probabilities. Lastly,when we consider the value for the next step we must transform the beliefvector based upon the current belief state, the action and the observation.Folded together and taking the maximum for all possible actions we getV �t (�) = maxa �Xi �iXj paijX� raj��waij� + V �t�1[T (�ja; �)]��:Just as we did with the mdp model we can use factoring and substitutionof formula 2 for the qai values to simplify this toV �t (�) = maxa Xi �iqai +Xi;j;� �ipaijraj�V �t�1[T (�ja; �)]: (5)This formula can appear rather complex at �rst. With its recursive de�-nition and abundant summations it would seem that trying to solve for sucha value function would get messy. However, if V �t (�) is piecewise linear andconvex (we show shortly that it is) it can be written much simpler asV �t (�) = maxk Xi �i�ki (t)for some set of vectors �(t) = f�0(t); �1(t); : : :g. This is the crucial point forunderstanding the remainder of the paper and the algorithms. Unfortunately,this is also the easiest point to get confused. The simultaneous introductionof terms piecewise linear and convex and the �ki (t) notation can easily makeyour head spin at �rst. Going through each piece slowly, a piecewise linearfunction is one that is composed solely of line segments or hyperplanes. Theremay be many linear segments that together combine to make up this function,but at any point there is one line segment (hyperplane) that covers that point.A linear function of variables xi can always be written with coe�cients �i as18



Xi �ixi = �0x0 + �1x1 + : : :+ �NxN :A piecewise linear function can consist of one or more linear segmentsof this form and so we superscript the coe�cients of each to indicate whichlinear segment they come from so that the kth linear segment will have theequation: NXi=0 �ki xi:We will refer to the vectors �k = [�k0; �k1; : : : ; �kN ] as �-vectors in theremainder of the paper and each vector will represent the coe�cients ofone of the linear pieces of a piecewise linear function. These piecewise linearfunctions will be the value functions for each step in the �nite horizon pomdpproblem. As a result it will be convenient to index the �-vectors by thenumber of time steps remaining where �k(t) represents one of the linearpieces of the value function V �t (�).We now develop the value functions for the �nite horizon pomdp problemand show that they are indeed piecewise linear. With this result we can seehow to represent a value function over a continuum of points (i.e., the beliefspace) with a �nite number of items (i.e., �-vectors). This result is alsoshown in [17, 16]. This simpler representation is the key element to thepomdp solution techniques. Remember that the agent will only know thebelief state, which is a probability distribution over the states of the model.With the mdp model there was a �nite number of states and because theagent knew which state it was in, it could store the value function as a table.In the pomdp framework, the belief states are continuous. There are anuncountably in�nite number of belief states which makes representing thevalue function by tables impossible. With this �(t) vector representation wehave found a way to represent the value function for this continuous beliefstate space.As an example Figure 6 shows a value function over an jSj = 2 beliefsimplex. It consists of 4 vectors, which in theis case de�ne 4 lines in a plane.Since our value function takes a maximum dot product of these for all beliefpoints, the value function is the upper-most line segment at each point. Thismaximization always results in a convex function of this type for jSj = 2.19
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Figure 6: Sample piecewise linear and convex value function for jSj = 2This convexity generalizes for higher dimension state spaces as will be shownshortly.Our value function above is de�ned recursively, but our vector represen-tation of the value function is not, it merely shows the representation as if weknew the various �-vectors for that value function. To be useful, we wouldlike a formulation that will de�ne the vectors for time step t based upon thevectors from time step t�1. This is achieved by simple substitutions and theintroduction of an indexing function to keep track of how we use the t� 1stvectors, �(t� 1). This will also demonstrate the inductive step in the proofthat the value function for a �nite horizon pomdp problem is piecewise linearand convex.Our inductive hypothesis is that V �t�1(�) is piecewise linear and convex andthus can be written with some set of �-vectors, f�0(t�1); �1(t�1); : : : ; �m(t�1)g as V �t�1(�) = maxk �Xi �i�ki (t� 1)�:However, when we are interested in the value for time t � 1, we willactually be dealing with a transformed belief vector so that we are reallyinterested in V �t�1(T (�ja; �)) = maxk �Xi �0i�ki (t� 1)�:20



Substituting for the transformed belief vector we getV �t�1(T (�ja; �)) = maxk �Pi;j �ipaijraj��kj (t� 1)Pi;j �ipaijraj� �:Every evaluation of this formula, for a speci�c �, a, and �, can result in adi�erent �k(t� 1) being selected (from the maximization process. Since wewill soon need to put this de�nition of V �t�1(�) into the formula for V �t (�) weneed a way to keep track of which of the �k(t � 1) was the maximum. Tothis end we de�ne the function �(�; a; �) to be the index of the �-vector thatmaximizes V �t�1(T (�ja; �)).�(�; a; �) = argmaxk �Xi;j �ipaijraj��kj (t� 1)� (6)Notice that the � argument is actually being transformed by the functionT (�ja; �) and that the denominator is not relevant for the maximizationprocedure since it will be the same for all k. This is how the Vt�1(�) formulalooks with our new index notation:V �t�1(T (�ja; �)) = Pi;j �ipaijraj���(�;a;�)j (t� 1)Pi;j �ipaijraj� :The next step is to substitute this into our recursive de�nition of thevalue function given in formula 5:V �t (�) = maxa Xi �iqai +X� [Pi;j �ipaijraj�][Pi;j �ipaijraj���(�;a;�)j (t� 1)]Pij �ipaijraj�After some summation manipulation, cancellations and factoring we areleft with V �t (�) = maxa Xi �i�qai +Xj;� paijraj���(�;a;�)j (t� 1)�: (7)The terms are arranged this way to show that we still have the valuefunction in terms of linear segments. In this case the vector portion is de�nedby the inner bracketed quantity: 21



�i(t) = qai +Xj;� paijraj���(�;a;�)j (t� 1):This completes the inductive step of the proof that the �nite horizonpomdp problem value function is piecewise linear and convex. To completethe proof, we use the base case referred to earlier. The terminating rewardswe de�ned in formula 4 show that the value function for t = 0 is also piecewiselinear and convex. This proof was �rst shown in [17] as was the observationthat the value function could be represented by a �nite set of vectors.If we know all the �k(t�1) vectors for the V �t�1(�) value function, then bysimple calculations using formulas 6 and 7 we can compute the above termto arrive at a linear segment, �(t), of the V �t (�) value function.Another very important thing to notice about this new V �t (�) formulationis that for a given belief state �, in order to �nd its value we must do amaximization over all possible actions. According to the form above eachaction will result in a new vector. Each of these �-vectors for time stept has an associated action that gave rise to it. When we perform thesemaximizations in forming the V �t (�) value function we should also keep trackof the speci�c action, a, that gave rise to it for each �(t) vector. With thiscombination of vector-action pairs we will have a compact way to representthe optimal policy for the �nite horizon pomdp problem, namely just performthe maximization over all �(t) and take the associated action of that vector.2.7.2 Geometric Interpretation of Value FunctionThe formulas and language of the previous section can serve to obscure thenice properties of the value function. In this section we attempt to improvethe intuition behind the previously mention concepts of piecewise linear andconvex and to provide a geometric interpretation of the value function. Thisrepresentation is most valuable when trying to describe and understand thevarious algorithms discussed in this paper and in any other POMDP paper.Note that with all of our previous de�nitions of value functions we haveassumed that higher values are better than lower values. This stems fromthe fact that we chose the waij� to represent rewards. However, the waij�could be de�ned to represent costs. This formulation is found in some of theexisting pomdp literature and results in the maximization procedures beingreplaced by minimization procedures. Other than this change the rest of22
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Figure 7: Simplex of belief space for jSj = 2the formulation remains unchanged except that typically the value functionsV �(�) are referred to as cost functions, C�(�). We will continue to adopt thereward/value interpretation.For all the following examples and diagrams we start with the space ofbeliefs. Since beliefs are probability distributions over the underlying modelstates we see the belief simplex for the 2 and 3 dimensional cases in Figures 7and 8 respectively.The value function is a function of the number of components in the beliefstate and is thus a function in jSj+1 space where jSj is the number of statesin the model. Because we would like to demonstrate these geometric ideas forthe cases jSj = 2 and jSj = 3, we need a slightly di�erent representation ofthe belief simplexes. This will prove to be both easier to understand as wellas easier to produce on the printed page. The key to this other representationlies in the observation that one component of the belief state can always beomitted since the components (being a probability distribution) must sumto one. With this we can represent the 2 dimensional belief space as asingle line or axis as in Figure 9. Here the distance from the left axis is the�rst component �0 and the distance from the right can be used to computethe second component �1. Our value function can now be represented bydrawing it above this line. In Figure 9 we see a value function over the beliefspace which consists of two linear segments. Since we assume that we areconcerned with getting the maximum reward the actual value function isalways the larger of the two linear segments.23
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Figure 11: Sample value function for jSj = 3
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to decide which is the best action to take. However, there are 413 possiblepolicy trees for this example since each of the nodes represents a decisionpoint which could have any one of 4 possible values. The number of nodesin the tree will be determined by the formulakXi=0 j�ji = j�jk+1 � 1j�j � 1 :and the thus the number of possible trees isjAj j�jk+1�1j�j�1 :This is too many to expect to be able to generate. However, many ofthese policy trees will be useless in the sense that there will be no belief statefor which they will be the best one. If we could somehow only generate theuseful trees we would have reduced the complexity greatly. An additionalsavings could be made if we could collapse similar parts of the useful policytrees into the same sub-tree.The the previous sections we have seen a way to construct a piece of thevalue function V �t (�) given that we know the value function V �t�1(�). However,this only gives us the �(t) vector in the V �t (�) for a single speci�c belief state�. In order to create the entire t = n value function we would need to applyformulas 6 and 7 at every single belief point in �. There are too many ofthese points (an uncountably in�nite number) for this naive algorithm (ofapplying these formulas to all points) to work. However, there will only bea �nite number of possible �(t) vectors for any given horizon k. We will seethat these �(t) vectors have a direct correspondence with the useful policytrees.3 POMDP SolutionsWe will �rst explore the structure of the solutions to �nite horizon pomdpproblems and their relationship with the solutions to in�nite horizon prob-lems. In the next section, we will present a number of algorithms that detailhow to compute these solutions. A general method to solve the �nite horizonproblem is to iterate over time steps. This method �rst computes the opti-mal policy for the case when there is only one time step remaining. Given28



this solution, we now �nd the optimal policy when there are two remainingtime steps. This will utilize the solution just computed for the one time stepcase. This process is repeated until we have arrived at the solution to the de-sired horizon size. This is a typical dynamic programming solution techniquewhere the optimal solution for time step t is constructed from the optimalsolution for time step t � 1. For the �nite horizon case we will actually beconstructing the value function and the policy. For this, we will utilize therecursive formula for the value function which was described previously andis repeated here:V �t (�) = maxa Xi �i�qai +Xj;� paijraj���(�;a;�)j (t� 1)�:Recall that the value function at each step can be represented by a set ofvectors.With this form we see that if we know how to compute the value functionand optimal policy for one time step (given the value function for the previoustime step as a set of vectors) then we also know how to solve the �nite horizonproblem for any horizon, since we can continually use the current solutionas the input to the next iteration. Therefore, when we discuss these �nitehorizon methods we will only need to discuss the task of computing the valuefunction, V �t (�), for one step given that we have, as input, the previous valuefunction, V �t�1(�) as a set of vectors, V�t�1.One of the unpleasant parts of the �nite horizon solution is that theresulting policy is typically fairly large. When we solve a k-horizon problemand perform the above mentioned iterative procedure, the �nal policy andvalue function we get out (the one for k remaining time steps) becomes only asmall portion the actual solution. The policy and value functions calculatedat each step are also part of the correct k-horizon non-stationary policy. Thepolicy is non-stationary because we have a separate policy for each time step.The reason the �nite horizon solution is non-stationary becomes clearerif you consider how the agent would use a policy, knowing that it only has ktime steps remaining. At �rst, there are k time steps remaining and so theagent can look at the policy it generated for this case (the last one computedin the iteration procedure). This will tell it the optimal action to take, butimmediately after it executes the proper action there are k � 1 time stepsremaining. The policy it just used is not relevant for this case, however, incomputing the k horizon policy we had to compute the k � 1 horizon policy.29



It is this policy that the agent needs to use now. This same argument appliesfor all the other time steps which requires retaining all of the intermediatework when solving the k horizon problem.To head o� a possibly confusing part of the notation we have been using,we need to emphasize exactly what the tth time step represents. Here t ishow many more decisions (actions) the agent has left to take. It is easyto interpret t as how many steps the agent has taken. This confusion canarise when one begins to think of the agent actually executing the computedpolicies. When we think of the agent acting with these policies, we wouldexpect time to proceed forward (i.e., t; t + 1; : : :), but the policies it willexecute will be proceeding in decreasing order of t, since after each step theagent has one less decision (action) to make.We can use this same iteration procedure to solve in�nite horizon pomdpproblems. Although it isn't always possible to compute the exact optimalin�nite horizon policy, we can get a policy that is as close as desired to theoptimal. There are certain problems for which the optimal solution can befound exactly. These policies are called �nitely transient and are discussedin a later section. With these type of policies, we can solve for larger andlarger horizons until we �nd that two consecutive time steps have preciselythe same solution. When this occurs, we know that further iterations willcontinue to give this exact same answer no matter how large the horizonis made. This follows because at each step we derive the optimal solutionbased solely on the previous optimal value function. If the previous optimalvalue functions are the same for any two consecutive time steps, then thecomputed optimal policy for these two times steps must be exactly the same.The pleasant part about solving the in�nite horizon case is that, unlike the�nite horizon, we can discard all the intermediate results. It is only the �nalrepeating optimal policy that needs to be retained since the optimal policyis a stationary one. Of course in order for the value function to converge,we must have a discount factor, 
, that is less than one. Otherwise, if wemerely kept accumulating the rewards from all the previous time steps, thevalue function would grow without bound and never converge. The additionof a discount factor is a simple change to the value function:V �t (�) = maxa Xi �i�qai + 
Xj;� paijraj���(�;a;�)j (t� 1)�:We will return to discuss the in�nite horizon case in more detail later,30



but it is instructive to draw the connection between the �nite and in�nitehorizon problems here.An important point which has not yet been mentioned, though might beobvious, concerns the use of the value function. For one step of the iter-ated solution procedure, we assume that we have the previous value functionV �t�1(�) with which to construct the new value function V �t (�). Our value func-tion, V �t�1(�), will take the form of a set of vectors, V�t�1 = f�0(t� 1); �1(t�1); : : : ; �M�1(t� 1)g, where each vector is one of the linear facets that com-prise the piecewise linear value function. As we saw previously, we can usethe recursive value function equation to give us a new �(t) vector, but a keypoint is that in order to construct this vector, we must have a particular be-lief state, �. Using this, the value function formula for any valid belief statewill give you an actual linear segment of the V �t (�) value function, however,it does not let you make any claims about the region (set of belief states) forwhich this is the optimal vector (other than it includes the belief state weused to generate it).The bottom line is that given a point in the belief space, we can �nda facet of the value function, but there is a problem because there are justtoo many (uncountably in�nite) belief states for us to be able to crank all ofthem through the formula and construct the value function. One potentialsolution is to just randomly choose some �nite subset of the belief points,push them through the formula and use the resulting set of vectors as thevalue function. One would hope that with enough points we would not missany of the true vectors that comprise the optimal value function. This turnsout to be a poor solution for many reasons. The �rst problem is to decidehow many points to choose and this is directly related to the dimensionalityof the belief space. The larger the belief space, the more points you wouldexpect to need to choose. The worst problem with this approach (from thetheoretical perspective) is that we can never guaranteed to �nd the optimalvalue function, since we never know whether or not there is some other pointthat would generate a di�erent vector. We have run this approach on anumber of problems and found empirically that it performs poorly, even forsmall problems.The key to �nding optimal policies (i.e., optimal value functions) is todevelop a systematic (and terminating) algorithm to explore the entire con-tinuous space of beliefs. A �nite method is possible, since we know thatthere will only be a �nite number of vectors to discover. The requires a more31



intelligent exploration and use of the belief space. The exact method usedin exploring the belief space is where the algorithms discussed later in thispaper di�erentiate themselves.3.1 Structure of POMDP SolutionsThe previous sections have discussed the mathematical foundations for solu-tions to pomdp problems. In this section we we look at the solutions from apractical view point. Although we do not discuss solution procedure until thenext section, here we will begin to show how these solutions can be utilized.We �rst discuss the �nite horizon problem and this will then lead us directlyto the in�nite horizon problem.3.1.1 Finite HorizonThe raw output of the algorithms we discuss later is a set of vectors, V�t =f�0(t); �1(t); : : : ; �N�1(t)g, one set for each decision time, t. This outputrefers to the �nite horizon case where there is a non-stationary policy thatrequires all of the intermediate results. In addition, each of these vectors willhave an action associated with it. To decide what action to take (i.e., usethe policy) we take the set of vectors for the current time period and �nd thevector in this set which gives the largest dot product value with the currentbelief state. The action associated with this maximal vector is the actionthat should be executed. In this way, the policy can be stored as the set ofvectors that comprise the value function along with an associated action foreach vector.In order to better motivate the discussion that follows we introduce asimple pomdp example, shown in Figure 13. In this example, we imaginethat we are standing in front of two closed doors. Behind one of the doorsis a tiger and behind the other is a large reward. If the door with the tigeris opened, then a large penalty is received (presumably as some amount ofbodily injury). Most likely, we would prefer to open the door with the largereward instead. Aside from opening one of the two doors we have anotheraction we can take, namely to listen. We choose to listen hoping that wewill be able to hear which door the tiger is behind, but listening is not free,there is a cost associated with it. Unfortunately, listening is also not entirelyaccurate and there is a possibility that we will get the wrong information32



Tiger right?Tiger left?Figure 13: Example pomdp environmentwhen we listen. e.g., we hear a tiger behind the left hand door when thetiger is really behind the right hand door.The complete set of parameters for this problem is given in Tables 2through 4. State s0 is used to represent the state of the world when thetiger is on the left and s1 represents the state when the tiger is on the right.Action a = 0 is the action of listening and a = 1 and a = 2 are, respectively,the actions of opening the left door and opening the right door. The rewardfor opening the correct door is +10 whereas there is a penalty of �100 forchoosing the door with the tiger behind it. The cost of listening is �1. Thereare only two observations possible; to hear the tiger on the left or to hear thetiger on the right. We have constructed this problem so that immediatelyafter opening a door, and receiving a reward or penalty, the problem resetswith the tiger being randomly relocated behind one of the two doors. Asidefrom resetting the tiger, the parameters have been constructed so that thebelief state will be reset to the uniform distribution, � = (0:5; 0:5), wheneither door is chosen, regardless of the belief state at the time the door isopened. This belief state is used to represent the situation where there is noa priori knowledge about the tiger's location.If we are given the policy (i.e., the vectors and their associated actions)for each time step, then we can determine the proper action to take, but onlyif we have the current belief state. Let us begin with the policy for the timestep t = 1, which is the policy when the agent will only get to make a singledecision. There are three di�erent actions the agent might choose to execute,open the right or left door or just listen. If our belief state was such that33



p0ij j = 0 j = 1i = 0 1.0 0.0i = 1 0.0 1.0p1ij j = 0 j = 1i = 0 0.5 0.5i = 1 0.5 0.5p2ij j = 0 j = 1i = 0 0.5 0.5i = 1 0.5 0.5Table 2: Example transition probabilitiesr0j� � = 0 � = 1j = 0 0.85 0.15j = 1 0.15 0.85r1j� � = 0 � = 1j = 0 0.5 0.5j = 1 0.5 0.5r2j� � = 0 � = 1j = 0 0.5 0.5j = 1 0.5 0.5Table 3: Example observation probabilities34



w0ij� � = f0; 1gi = 0; j = f0; 1g -1i = 1; j = f0; 1g -1w1ij� � = f0; 1gi = 0; j = f0; 1g -100i = 0; j = f0; 1g +10w2ij� � = f0; 1gi = 0; j = f0; 1g +10i = 0; j = f0; 1g -100Table 4: Example rewardswe had a high probability of being in the state \tiger-left". then we wouldimagine that the best thing to do would be to open the right door. In thesymmetric case of having a high probability of \tiger-right", we would expectthat opening the left door would be the best action to take. But what if weare highly uncertain about where the tiger is at this time? The best thingto do would probably be listening. To see why this is, notice that guessingwrong will cost us a penalty of �100, whereas guessing correctly only rewardsus with 10. When we have no strong beliefs either way we would expect toguess wrong as often as we guess right. Thus, the expected reward wouldseem to be �100+102 = �55. Listening always costs us �1 and so, in the longrun, we would expect listening to cost us less that opening one of the doorsin the case where we are uncertain about the tiger's location.The previous paragraph sketches an intuitive argument for what the pol-icy for t = 1 should be and it should be no surprise that this is exactly theoptimal policy for this case. Figure 14 shows this policy pictorially. In this�gure we show each of the vectors as a node in a graph (which currentlyhas no edges). The actual vectors are shown above each node and beloweach node is the belief interval1 over which it is the best vector. These three1The belief interval is in terms of the component �0 only since �1 can be found bysubtracting �0 from 1. 35
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π0 = [0.39, 0.39]Figure 15: Tiger example policy for t = 2vectors happen to cover the entire belief space (i.e., they form a partition ofthe belief space) and each has an associated action (shown inside the nodecircle) and so this speci�es a policy for t = 1.We now move on to the case where the agent has two time steps to makedecisions for. The policy for t = 2 is shown in Figure 15 and has an interestingproperty; it always chooses to listen. There is a logical reason for this; if theagent were to open one of the doors at t = 2, then, due to the way theproblem has been formulated, the tiger is randomly placed behind one of thedoors and the agent's belief state will get reset to � = (0:5; 0:5) (i.e., it hasno information about where the tiger is). So after opening a door, the agentis left with no information about the tiger and one action left to take. Wejust saw that for the case where t = 1 and � = (0:5; 0:5) the best thing to dowas to listen. Therefore, no matter what happens, whether it opens a dooror listens, one of the two decisions will result in a listen action. In a way,the problem parameters encode this and so the optimal policy will result inlistening �rst, since this will give it information about the tiger. This waythe agent will be better informed (since it has listened once) when it makesits next decision.The other interesting feature found in Figure 15 concerns the number ofvectors that exist. Although it will always choose to take the action listen,there are several vectors that have that particular associated action. Thesevectors are actually partitioning the belief space into pieces (areas or vol-36
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θ=0,1Figure 16: Belief state mapping from t = 2 to t = 1umes) that have structural similarities. The similarity that the belief statesin a particular partition element share is that when they are transformed,via T (�ja; �) in Formula 3, the resulting belief states will all lie in the samepartition de�ned by the policy for t = 1. In other words, every single beliefstate in a particular partition for t = 2 will, for the same action, a, andobservation, �, be transformed to a belief state that lies in exactly the samepartition element that was imposed by the policy for t = 1. We have shownthis relationship pictorially in Figure 16. Notice that the edges only need tobe labeled with the observations since the action used in the transformationof the belief state is dictated by the node corresponding to that belief state,since each node represents a vector which has an associated action.Interestingly, the optimal policy for t = 3 also consists solely of nodes withthe listen action. The nature of the parameters of the problem are such thatif it starts from the uniform belief state, � = (0:5; 0:5), listening once doesnot give enough information (i.e., change the belief state enough) to makechoosing to open a door more rewarding than listening. As mentioned before,choosing a door will always reset our belief state to this uniform distribution,therefore, paralleling the argument for t = 2, if we chose a door with t = 3steps remaining, we would be guaranteed to listen for the next two steps.Thus, the optimal policy chooses the two listening steps up front, since thatwill give it the most information when it �nally decides what to do at t = 1.You can see in Figure 16 that starting with belief state � = (0:5; 0:5) we willchoose to listen when t = 2 (�2(2)), and then, no matter what we observe,move to a belief state that lies in the listen node for t = 1 which correspondsto vector �2(1).This argument for doing the listening up front no longer applies aftert = 3 and all the optimal policies for t > 3 will choose to open a door forsome initial belief states. In Figure 17 we have shown the structure that37
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Figure 17: Policies and relationship for t = 1 through t = 4emerges for the optimal policies from t = 1 to t = 4. Note that the beliefstate partitions imposed by these policies is only shown for the �rst and lastpolicies.Figure 17 shows many of the interesting features of a �nite horizon pomdpsolution. Notice that at the t = 3 level there are a couple of nodes, �0(3)and �1(3), that do not have any incoming arcs from the t = 4 level. This isinteresting because it shows that no matter what belief state you start outin at time t = 4, there is no combination of action and observation that willleave you in a belief state that lies in the partition elements de�ned by thoseunused nodes at t = 3. (i.e., Certain belief states are not possible at thistime step no matter what the agent's belief state was on the previous timestep.)Perhaps the most interesting feature of Figure 17 is the way in which thebelief states behave. If we choose one of the belief partitions for t = 4, andexecute this policy, the observations the agent makes will precisely de�nethe nodes in the graph that would be traversed . Regardless of the actualstarting belief state, as long as it lies in that particular partition element, thesame action sequence will result for the same observation sequence, since theobservations de�ne which nodes to traverse and the nodes themselves de�nethe actions to take.The policy trees discussed in a previous section are very much related tothis solution structure. Recall that a policy tree was a speci�c sequence of38
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3.1.2 In�nite HorizonWith the �nite horizon problems, the non-stationary policies that are gen-erated can be quite cumbersome since there is a complete policy for eachand every time step of interest. Without discounting future rewards, thesepolicies will generate a di�erent set of vectors (i.e., value function) for eachand every time step.When we add a discount factor to decrease the value of future rewards,the structure of the �nite horizon pomdp problem changes slightly. As thetime, t, gets larger the e�ect of the rewards received for early times (e.g.,t = 1, t = 2, etc.) will begin to have negligible in
uence on the policy forlater time steps. As t ! 1, the vectors output by the discounted �nitehorizon algorithms begin to converge on a �xed set of values. As a result, forlarge t, the policy looks much the same as the policy for t�1. Figure 20 showsthe solution to the discounted �nite horizon of the tiger pomdp example forlarge values of t. Notice that the structure of the graph is exactly the samefrom one time to the next. The actual corresponding vectors for each ofthe nodes, which together comprise the value function, in the graph di�eronly past the �fteenth decimal place. This shows how the value functionis converging. The structure of the graph remains unchanged, even thoughthe values of the underlying vectors are slightly di�erent from one time stepto the next. This structure �rst appears at time step t = 56 and remainsconstant up to t = 105. When t = 105 the precision of the algorithm used tocalculate the policy can no longer discern any di�erence between the vectors'values for succeeding intervals.As we solve the �nite horizon problem for larger and larger t, the valuefunction (and its policy) for the largest time step gets closer and closer to thevalue function for the in�nite horizon problem. The two converge when t!1. Although in practice we cannot approach 1, for any desired tolerancewithin the optimal, we can �nd a policy in a �nite number of iterations. Inthis way we can use algorithms for the �nite horizon problem to get arbitrarilycloseto optimal for the in�nite horizon problem. Since there is �nite precisionin most of the algorithm implementations, there will be a point at whichthe solution appears to converge. Although the actual value function onlyconverges in the limit, for practical purposes, the solution the algorithmsconverge on for the discounted �nite horizon are usually close enough to theactual in�nite horizon solution. An advantage of in�nite horizon over the40
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Figure 20: Structure of solution for large t�nite horizon solutions is that we only need to keep the last policy generatedand we can throw away all the other time steps' policies, since the optimalsolution for the in�nite horizon problem is a stationary policy.3.2 Policy graphsOne drawback of the pomdp approach is that the agent must maintain abelief state. While in theory this is not a signi�cant obstacle, since we as-sume we know the model. in practice it can become a major problem whenthe agent might not have the resources (time or hardware) to perform theupdating of belief states. Although updating the belief state is a trivial op-eration, when choosing which vector is maximum for a given belief point, wemust dot product each vector with the belief state. This can become timeconsuming. Fortunately there is a way to encode the policy in a graph suchthat no explicit belief states need to be maintained and no dot products per-formed. We refer to such graph as policy graphs and they appear �rst in [17].The policy graphs we discuss apply to the in�nite horizon solutions.Recall Figure 20 where we have converged upon an in�nite horizon policy.If we continued to run the algorithm longer and longer, we would continueto get the exact same structure. Because we have the same structure atevery level, we can re-draw the edges from one level to itself as if it was thesucceeding level. Although this is erroneous in the �nite horizon problem(because eventually we will get to lower values of t where the graph is notthe same for consecutive time steps), for the in�nite horizon, we can generate41
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Figure 21: Rearranging edges for in�nite horizon
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We developed the idea of policy graphs assuming that the solutions foreach time step would eventually converge to some piecewise linear value func-tion. However, this will only happen for a certain class of problems. Onlywhen it does converge can we can construct the policy graph.Finite Transience is formally de�ned in [17] and is the property of a policynot of the pomdp problem. Here, we opt for a more intuitive understanding.Recall that a particular policy will de�ne a partition of the belief space andthat each node of the policy graph represents one of these regions. Movingaround in the policy graph (based upon the resulting observations), is actu-ally the same as moving around in the belief space since the belief state willbe transformed by T (�ja; �) at each step (whether or not we actually chooseto compute it). With the policy graph we are implicitly assuming that allthe belief states within a particular partition element will be transformedto another element under T (�ja; �) for a particular a and �. This propertyheld from the properties of the pomdp formulation and the structure of theresulting optimal policy. However, not all optimal policies for pomdps willde�ne partitions with this property, but the ones that do are termed �nitelytransient policies. For non-�nitely transient policies we will not be able toconstruct policy graphs that are exactly optimal.4 Finite Horizon Algorithms4.1 POMDP Historypomdp research grew directly out of the mdp research, both of which beganto 
ourish in the 1960's. [3] and [7] provided much of the basic frameworkand solution procedures for mdp models. Among the earliest work dealingwith partial observability are [5] and [1]. Although none of these presentsalgorithmic solutions to the general pomdpmodel, each provided some of thegroundwork for treating the general problem. In this sub-section we will givejust an overview of some of the pomdp researchers and their work. Theiralgorithms are treated in more detail in the subsequent sub-sections.The �rst researcher to give a detailed algorithm for �nding optimal poli-cies for the general pomdp model is E. J. Sondik [17]. In this work he givesan algorithm for �nding the exact solution to �nite horizon problems andsolutions to in�nite horizon problems that are arbitrarily close to optimal.44



Sondik's thesis treats both the discounted and undiscounted in�nite horizon,though this paper focuses only on discounted/undiscounted �nite horizonand discounted in�nite horizon by repeated �nite horizon methods. Unfor-tunately, Sondik's �nite horizon algorithm is di�cult to follow as well as toimplement and is slow for all but the smallest of problems. An attempt ismade in a later section to present the details of Sondik's algorithm in a lan-guage that is more comprehensible than his thesis or subsequently publishedarticle [16].Sondik's main contribution was to observe that, since there were a �-nite number of linear segments (regions over the belief simplex) in the valuefunction, we could determine all of these segments by iteratively �nding aparticular segment and the belief space region for which it was optimal. Oncethis region was known you would know exactly where points in neighboringregions would lie, namely, on the borders of the current region. The algo-rithm was guaranteed to terminate since there are only a �nite number ofthese regions in the �nite horizon problem.Monahan [12] presented a much simpler algorithm for computing optimalpolicies for the �nite horizon. Although it is simpler to understand, at �rstit appears more ine�cient than Sondik's method, because it is an exhaustivealgorithm. However, for most problems it turns out to actually be moree�cient than Sondik's method. The reasons for this are discussed in moredetail in a later section. Monahan's approach is to enumerate all possible3linear segments that could exist for time t = i and then go through them oneby one to see which were relevant. Monahan's technique di�ers from most ofthe others presented since it does not explore the belief space in any way. Hisinsight was that with a �nite set of previous vectors, V�t�1, and �nite actionand observation spaces, there were only a �nite number of possible waysthe value function could give di�erent answers. Thus, Monahan decides toenumerate all possible �(t) vectors and check each for validity afterwards.Eagle [6] presented the details of an optimization of this method, �rstsuggested by Monahan, that reduces the work needed to solve the problem.Eagle's uses Monahan's observation that for many of the linear segments(�-vectors) enumerated by Monahan's method, many could immediately be3There are actually an uncountably in�nite number of possible vectors, but the struc-ture of the problem will allow us to eliminate all but a �nite number of them. It is thesevectors that we consider the \possible" vectors.45



dismissed if they were component-wise dominated by a previously or sub-sequently enumerated one. However, even with this optimization optimalpolicies to small problems can still require a substantial amount of compu-tational resources. This technique still requires enumerating all the possiblevectors, of which there are usually a large number.Cheng introduced two algorithms [4] the �rst of which (Relaxed Region) isvery similar to Sondik's except that he de�nes regions that are typically largerthan Sondik's and thus, the algorithm tends to be more e�cient. Cheng'sother algorithm (Linear Support) uses successive approximations of the valuefunction to converge on the optimal value function by comparing the currentapproximation with the optimal value function at a set of points. Chengguarantees that if there is any di�erence between the two at all, then oneof those points will show the maximum di�erence. An additional advantageof the Linear Support algorithm is that it can also be used to generate ap-proximate solutions to any desired degree of approximation. Both of Cheng'salgorithms require the use of an algorithm for �nding all the corner pointsof the regions (i.e., interior points of convex polyhedra) which can result ispoor running times.Our Witness algorithm is similar to Cheng's Linear Support algorithmexcept that instead of having to discover all of the corner points of a region,we de�ne a linear program to �nd points where the approximation di�ersfrom the optimal value function. Use of a linear programming formulationhas resulted in empirically better running times.At this time it appears that seeking exact solutions to anything but smallpomdps is not practical. There are many techniques for determining approx-imate methods and many of these are discussed in [9].4.2 Overview of AlgorithmsIn the following sections we will give detailed descriptions of some of thebetter known algorithms for solving �nite horizon pomdps. We have orderedthe algorithms in a slightly out-of-chronological manner. Our purpose here isto attempt to present the simplest two algorithms (Monahan's and Eagle's)�rst, both of which actually succeeded Sondik's method. After these wepresent, in chronological order, Sondik's One Pass algorithm, both of Cheng'salgorithms (Relaxed Region and Linear Support) and �nally our Witnessalgorithm. It is hoped that the presentations of these algorithms are clearer46



and more complete than some of the original descriptions of these algorithms.We conclude this section with a comparison of these existing techniques.All of these algorithms have a few things in common. They all are per-formed iteratively (i.e., as a dynamic program). Additionally, all of thealgorithms try to �nd the set of vectors that de�ne both the value functionand the optimal policy at each time step. The description of the algorithmsis limited to the process of completing one iteration since each iteration re-quires the exact same technique; they all start with the �nite set of vectors,V�t�1 = f�0(t�1); �1(t�1); : : : ; �M�1(t�1)g, for the previous time step (i.e.,the piecewise linear segments of the optimal value function, V �t�1(�)). Theyall produce another �nite set of vectors, V�t = f�0(t); �1(t); : : : ; �N�1(t)g,which represent the piecewise linear value optimal function, V �t (�), for thenext successive time step. In addition, each of the vectors in V�t will havea single control action a associated with it. The V�t set comprises the valuefunction, V �t (�), whereas the combination of the vectors and their associatedactions are used in de�ning the policy, ��t (�).The algorithms presented �t into two separate classes. One class startswith the set of previous vectors, V�t�1, generates a superset, V+t , of the actualvectors for the next step and then proceeds to reduce that set to the actualset, V�t . The algorithms that fall in this class are those of Monahan andEagle. In the other class of algorithms a slightly di�erent approach is used.They begin with the previous set of vectors, V�t�1, and construct subsets ofthe set, V�t . Each subset can be viewed as representing an approximation tothe optimal value function. These subsets grow larger and larger until theactual set, V�t , is fully constructed. The advantage of the latter type is thatthey do not necessarily have to generate all possible vectors, of which therecan be an extrememly large number. The Relaxed Region, Linear Supportand Witness algorithms are in this second class.All of the algorithms are presented as discounted �nite horizon algo-rithms. The discounting factor � is not necessary for �nite horizon problems,but is included for the case where we want to use the iterated �nite horizonto solve for the discounted in�nite horizon (in hopes that it converges). Thediscount factor is a trivial addition and does not make the algorithms anymore or less complex. If fact, when � = 1, this is exactly the same as anundiscounted �nite horizon problem.It is easy to set up the iteration for all of these algorithms by feedingthe resulting set of vectors, V�t , back through the algorithm to get the set47



of V�t+1 vectors. Note that the associated actions for the input vectors, V�t�1,do not come into play for the algorithms when they are computing the V�tvectors. They are only required to de�ne the policy, ��t�1(�), for the previoustime step. Aside from the pomdp model and the initial set of vectors, noother input is needed for these algorithms (except the discount factor if oneis being used).4.3 Finding a Vector for a Single Belief PointThis is one step that is common to all of the algorithms and so we havechosen to deal with it in a separate section. Given a single point in the beliefstate space we can use�a;i(t) = qai + 
Xj;� paijraj���(�;a;�)j (t� 1) (8)to immediately generate a vector for each possible action. This formulaactually only shows how to construct a single component of the vector, soit must be repeated for each component i. For these vectors (referred to as�a(t)) we can use the formulaV �t (�) = maxa �Xi �i�a;i(t)� (9)to �nd out which of these will be the true vector at the belief point �. Thismaximal �a(t) then is one of the true linear segments of the value function.Note that this is just the inner quantity from the recursive value equationfrom formula 7.Being able to generate the �a(t) vector immediately might be a bit of anover statement, it really involves a few steps, but each step is straight-forwardand requires nothing more than simple calculations. However, we will stepthrough this exact procedure since it is a crucial step in all of the algorithms.There is also an important complication involving ties in the values that isdealt with at the end of this section.The basic scheme is that we will need to try all possible values of actiona in the formula and then choose the one that gives the maximum value. Animportant point here is that it is not enough to merely save the action a andits maximal value (from formula 7), you must also save the inner bracketed48



quantity (which is actually a vector), since once you �nd the action thatmaximizes the value function it is the corresponding inner quantity that isthe �-vector for the particular belief �.In the value function above, the quantities qai , paij , raj� and � are directlyavailable from the pomdp model and the belief state � is assumed, for themoment, to be given. The only unspeci�ed term appears to be ��(�;a;�)(t�1).If you recall, the function �(�; a; �) was merely a convenience that was usedto succinctly represent the previous value function, V �t�1(�). It was de�ned as�(�; a; �) = arg maxk �Xi;j �ipaijraj��kj (t� 1)�:We see in this formula that everything we need to compute �(�; a; �) isreadily available: paij and raj� from the model and �kj (t � 1) as the input tothe current iteration. So we see that given a particular belief �, we need onlyto crank it through the above two formulas and arrive at a piece (one of thelinear segments) of the optimal value function, V �t (�).Since we know there are only a �nite number of these vectors (linearsegments or �-vectors), if it were possible to know the exact �nite set ofpoints that would generate each of these vectors, we could construct the en-tire optimal value function as a set of �-vectors from a �nite set of points.Unfortunately, this set of points is not readily available and some work mustbe expended to determine these points. All the algorithms discussed exceptone, try to be clever about �nding this set of points. The exception, Mon-ahan's algorithm, is conceptually much simpler because it does not seek to�nd this set of points.4.4 Monahan's AlgorithmWe start with the easiest algorithm of the bunch, though it was presentedafter the landmark work of Sondik ([17] [16]). Monahan actually creditsthis algorithm to Sondik and, though there are similarities, Monahan's de-scription of Sondik's algorithm has enough di�erences to warrant a separatetreatment. Monahan's algorithm is both easy to understand and easy toimplement. However, do not expect to be able to solve anything but thesmallest of problems with this algorithm. An important part of this algo-rithm's description is that it provides a lot of the groundwork that will beessential for understanding the other algorithms.49



We begin with our optimal value functionV �t (�) = maxa Xi �i�qai + 
Xj;� paijraj���(�;a;�)j (t� 1)�:The key insight behind Monahan's method is noticing that there are only a�nite number of possible vectors (i.e., inner bracketed quantities) that canbe constructed from the above formula, despite the fact that there is a con-tinuum of belief states. The actual values (components) of the �a(t) vectorsgenerated are not dependent upon the value of the belief state chosen. Thebelief state serves only to decide which of the �k(t� 1) vectors to include inthe summation over the observations. Since there are only a �nite numberof previous vectors in V�t�1 and a �nite number of both actions and observa-tions, we can simply list all the possible ways that the value formula could beconstructed. Sure, there can be a good number of them4, but the number isa �nite one and we could enumerate and calculate all of them, given enoughtime. Notice that since we have abandoned considering the belief state, �,we cannot really attempt a maximization over the di�erent actions, since themaximization is based on the value of the function which is in turn dependentupon the particular belief state.. Instead, we add this into the enumerationscheme, so that now we consider for each possible action all the ways the�k(t� 1) vectors could be combined in a summation over the observations,�.4.4.1 Monahan's Enumeration PhaseHere we will try to be more explicit about Monahan's enumeration scheme sothat no confusion can arise. For a given action, as we do a summation overthe observations, �, we get a choice of one of the previous �(t � 1) vectorsfor each �. This amounts to �lling in a table for each action (e.g., �0 = 4,�1 = 2, �2 = 9, etc.) where the numbers assigned to each observation are oneof the �(t� 1) indices (of which there are M = jV�t�1j possible choices). Thismeans that there are M j�j ways we could �ll out this table and that thereare at most M j�j ways to do the summation over observations. However,each summation can apply for each action and so there are at most jAjM j�jpossible new �(t) vectors we could generate. The �rst step of Monahan'smethod is to create all of these possible vectors.4jAjM j�j, where M = jV�t�1j. 50



4.4.2 Monahan's Reduction PhaseThe biggest problem now is that our value function probably doesn't requireall of these new �(t) vectors. We have enumerated them without concernfor whether or not they really provide a maximal value for some belief state.Chances are that a signi�cant number of them will not be maximal for anybelief state. We could just keep them all, and each time we need to �ndwhat action to perform, maximize over all of these and select its appropriateaction. However, this is a lot of excess baggage to carry around since wecould waste a signi�cant amount of time checking vectors that will never bemaximum regardless of the belief state chosen. For time critical applications,it would not be very desirable to have the policy stored this way. An evenworse problem arises in the �nite horizon problem, since we iterate manytimes sending the results from one iteration to the next. If we never trimaway the useless vectors, the number of vectors in the next iteration mightbe an order of magnitude larger than if we had kept only the relevant ones.Even when we do the trimming, the number of vectors at each iterationgrows quickly, without trimming this problem is greatly magni�ed. A latersection provides some analysis about how large these sets can grow, here weare content to say that there are a whole lot of them5.To trim away the useless vectors generated during the enumeration phase,Monahan's method utilizes linear programming (lp). Linear programmingis also used in most of the other algorithms discussed. What linear program-ming does is more important than how it does it, but for the reader interestedin how lps work see [19]. There are many di�erent ways to view what is hap-pening in a linear program. We opt for the geometric view, which is morenatural given that we have been trying to present the belief space and valuefunctions geometrically. Geometrically, a linear program de�nes a region insome space. This region is de�ned through a set of constraints in the lpwhich are generally inequalities, but which can be equalities. There is an ob-jective function, which is a linear function de�ning a line/plane/hyperplanethrough the space. The process of solving a linear program will attempt toeither maximize or minimize the value of this objective function within thede�ned region.The observation that will lets us use lps to trim the set of vectors gen-5jAj j�jk+1�1j�j�1 51



erated during the enumeration phase, is that for a vector to be a useful partof the optimal value function, there must be at least one belief state, �, forwhich it gives a larger value than all the other newly created �(t) vectors.Imagine that we want to check if �j(t) was a true vector. To do this we setup a linear program with a constraint for each �k(t) we have generated:Xi �i�ki (t) �Xi �i�ji (t); 8k:This formula states that we are only interested in the region of the beliefspace where �j(t) will provide a better value6 than all other �k(t). Thevariables in this lp are the components of the state vector, �i, and a rewritingof this in a more useful way is:Xi �i(�ki (t)� �ji (t)) � 0; 8k:We have to add one additional constraint to these, namelyXi �i = 1:This makes sure that the point lies on the belief space simplex (i.e., it is aprobability distribution). Most lp packages assume that all of the variablesare non-negative. If this is not the case then we must also add the constraintsfor the ranges of the variables �i � 0; 8i:We can use virtually any objective function we want with this lp, sincehere we are only concerned with whether or not there is any feasible solutionto the lp. If there is any solution at all, then there must be some point onthe belief state simplex that satis�es all of these constraints and thus �j(t)is indeed part of the optimal value function. If the lp is infeasible, then notonly have we found that it is not part of the optimal value function, we nolonger need to keep it around for subsequent lps.The linear programming formulation and solving described above onlychecks a single vector. This entire process must be repeated for each of the6As stated, the constraint merely states that it provides at least as good a value as allother vectors. This can lead to problems which are discussed in the next sub-section.52



�(t) vectors enumerated. The only pleasing part of this procedure is that thesize of these lps will diminish as we are able to trim more and more uselessvectors, since once we have determined a vector to be extraneous, we don'thave to generate a constraint for it when checking the other vectors. Thewhole algorithm then becomes:(1) Generated all possible vectors from formula 8.(2) Add each vector to a list and mark the vector.(3) Choose a marked vector from list. If none exist,then we are done, the list contains all useful vectors.(4) Otherwise, construct the LP for that vector (see above)and unmarkthe vector.(5) If the LP is not feasible, then remove the vectorfrom the list.(6) Go to step (3).4.4.3 Monahan's LP ComplicationsWhen we solve one of the lps described in the previous section and �nd thatit is feasible, we are guaranteed that the particular vector under considerationis at least as large as all the others for at least one point. This would seemto be exactly what we are looking for, but things are not quite this simple.It is possible for a vector to satisfy these conditions and not really have anysigni�cant use in the value function being constructed.Figure 24 shows a simple two dimensional case of a vector that is notreally useful. From point a to b, vector �1 dominates (i.e., is greater thanor equal to) all the other vectors. The same holds for vector �2 for pointsbetween b and c. However, notice that vector �3 dominates at the singlepoint b. This vector isn't really useful, because both of the other vectors,�1 and �2, give just as high a value as �3, but a linear program, set upas described in the previous section, will ignore this fact. The lp will onlyconcern itself with whether or not there is at least one point where �3 givesat least as large a value as the other two. In this case point b satis�es thiscondition, though there are not any other points that do. What we need isa way to formualte the lp so that we only get vectors that have at least one53



α2

α3

α1

a b cFigure 24: Example of a useless vector found by an lppoint where it is greater than all the other vectors.What we would really like to do is to change the lp so that instead ofhaving less than or equal constraints we have strict inequalities. Unfortu-nately this is not feasible within the linear programming framework. Insteadwe utilize a trick to get a similiar e�ect by introducing an extra variable, �,into the lp. To each constraint's left hand side we add �. If we can force� to be greater than zero, then it must be the case that all of the left-handsides, as they would have appeared in the old lp formulation, are strictlyless than zero. To force � to be greater than zero, we make the lps objectivefunction � and attempt a maximization. We then solve the lp in the normalway and check the value of �. If it is greater than zero, then the vector underconsideration is one that is not useless. Otherwise, we have a vector of thetype shown in Figure 24 (though probably a higher dimensional equivalent).As usual, if the lp is not feasible we have a truly useless vector that we caneliminate.To summarize the addition of the � variable, the new Monahan lp for-mulation for a vector, �j(t), is: max : �Xi �i(�ki (t)� �ji (t)) + � � 0; 8k:Xi �i = 1:54



4.5 Eagle's Variant of Monahan's AlgorithmMonahan [12] mentions that dominated vectors could be removed to helpreduce the number of linear programs that need to be solved. In [6] thisoptimization is made more explicit. The optimization occurs in the phasewhere we need to enumerate all of the possible new �(t) vectors. Eagle'sshows that if, in our enumeration process, we ever come across a vector whosecomponents are completely dominated by another vector's components (onealready generated by the enumeration process), then we can immediatelydiscard it since it is impossible for it to be a true vector in the value function.In other words, if we just generated �j(t) and the following condition holds:9k;8i; �ki (t) � �ji (t)then we can immediately discard �j(t). This is true because all the beliefcomponents �i are non-negative. Finding a single existing vector that iscomponent-wise larger than another implies that for any belief � at all, theformer will result in a larger value, thereby rendering the latter extraneous.Aside from checking only to see if a newly generated vector is dominatedby one that has already been enumerated, we can also check to see if the newvector dominates any of those have been previously enumerated. The samedomination argument applies for removing these vectors from the currentlist. In summary, we check the new vector to see if any in the current listdominate it. If so we discard the vector, otherwise we then check to see ifany vectors in the list are dominated by the new vector. We remove any fromthe list that are dominated and �nally add the new vector to the list.Other than this check during the enumeration, Eagle's variation worksexactly the same as Monahan's: enumerate all possible vectors and verifyeach one with a linear program. Eagle also mentions that we can skip thelinear program veri�cation step if we are willing to pay the computation pricethat will be incurred by keeping the extraneous vectors around. Since eachextra vector in one time step can lead to many extra vectors in the next step,this seems to be an impractical solution for any problem. It is unlikely thatthe any lp package would be slow enough to prefer eliminating this step.55



4.6 Sondik's One-Pass Algorithm4.6.1 BackgroundEdward J. Sondik [17] presented the �rst solution techniques for �nding op-timal policies for general pomdp problems. This was the seminal work fromwhich all the other algorithms described in this paper were derived. Hisalgorithm for the �nite horizon case is also described in [16]. This latterreference can be both a help and a hindrance. The formulas and notation inthis article are much easier to follow than that of his thesis, and his article isdevoid of the many theorems and proofs that serve to complicate the issues.However, a few typographical errors, a couple of vague sentences and oneserious oversight [13, 9] make this exactly the wrong primary source to usefor an attempted implementation.4.6.2 The One-Pass AlgorithmThis algorithm begins where all the other ones begin; with the recursive valuefunction: V �t (�) = maxa Xi �i�qai + 
Xj;� paijraj���(�;a;�)j (t� 1)�Here, unlike the exhaustive enumeration of Monahan, Sondik actuallydevelops a method for �nding the proper set of belief states to plug into thisformula to get all the necessary vectors. Remember, there are a �nite numberof vectors and we could generate them all if we only knew which belief statesto plug into the formula. Furthermore, his algorithm guarantees that this setof belief states is �nite and that they generate all the true vectors comprisingthe value function (i.e., none are missed). Unfortunately, the size of the setof belief states Sondik's algorithm needs to check is typically signi�cantlylarger than the number of vectors that need to be discovered.This algorithm amounts to a search through the belief space by movingfrom one region to another until every region is found. We will soon discusswhat exactly these regions represent, but here the important point is thathis algorithm is guaranteed to only visit a �nite number of regions and thatthe union of all these regions is the entire belief space (i.e., these regions area �nite partition of the belief space.)56



The basic idea behind the algorithm is not too complicated to state, buttrying to implement this algorithm exposes many subtle problems. Dealingwith these problems is what adds the real complications to an implementationof this algorithm. Here is an over-simpli�ed version of Sondik's algorithm.(1) Initialize a search list of belief states to containany single point on the belief simplex. Initializea set of vectors, V̂t, to be empty.(2) Remove a point from the search list. If the list isempty, then we are finished and V̂t = V�t .(3) Find the true vector (and its associated action)for this point and add it to V̂t. (Use formulas 6 and 7)(4) Define a region around this point where this vectoris guaranteed to be the true vector.(5) Select points that lie on the edges of this regionand add them to the search list.(6) Go to step (2).Although the algorithm has been greatly simpli�ed thus far, it is nonethe-less an important abstraction to understand, since it is the very heart of thisand the subsequent algorithms. Before we discuss the complications that canarise, we will �rst expand upon the steps as they are currently shown.The �rst two steps are straightforward and require nothing more thanmaintaining a list-type data structure to store belief vectors (which are justtuples of size jSj and �(t) vectors (which are also tuples of size jSj, butalso having an associated action with each). A previous section describes, indetail, how to perform step (3), just remember that in addition to generatingthe vector you need to store the associated action that was used to create it,since the action is important in constructing the policy.Steps number (4) and (5) are the most interesting. These are whereSondik provided real insight into pomdp problems. As mentioned earlier,when we generate a vector from a single belief point, we have no guaranteeabout what the true vectors are for all the other points in the belief statespace. However, this isn't quite true. Although information about otherbelief points is not explicitly available, there are some ways in which we canextract this information. Sondik, by examining the steps used to create a57



vector, was able to de�ne a region (volume) around this belief point wherethat vector is guaranteed to be the true linear portion of the value function.His method is to construct a series of constraints on the belief states that,when satis�ed, assure that the belief states satisfying those constraints havethis vector as the maximal one. This has the e�ect of de�ning a volumeof belief states instead of the single point we started with. Describing theregion, step (4), is necessary for generating the new belief states to add tothe search list, as is done in step (5). We �rst describe the former step.A little extra notation is required in order to develop the constraints thatde�ne the regions. We use � to represent the point selected from the searchlist. Recall that to �nd the true maximum �(t) vector we need to do amaximization over all actions in formula 9's maximization procedure. Whatthis really gives us is jAj vectors for the point � where jAj is the cardinality ofthe set of actions, i.e. number of possible actions. We will refer to each of thevectors generated in this step as �a(t) where a is the action that generatedthe vector. We use �a;i(t) to represent the ith component of those vectors. Ofthese �a(t) vectors, one of them will give the maximal value for the particularbelief �. We will refer to this vector as ��(t). Additionally, the action forthis best vector will be referred to as a�. Note that ��(t) = �a�(t).We now must think about how the belief state � could vary, while stillresulting in � � ��(t) being larger than all � � �a(t). This exact condition isactually one of the constraints on the region we are looking for:Xi �i��i (t) �Xi �i�a;i(t); 8a:Notice that this formula exactly expresses our desire to constrain thebelief states to satisfy the condition stated before with one constraint foreach �a(t). However, this is just the tip of the iceberg as far as constraintsare concerned. All of the �a(t) were generated dependent upon the actualvalue of �. Although the above constraints hold true when all the �a(t)remain unchanged, variations in � can cause changes in the �a(t) vectors.Therefore, the above set of constraints is too liberal, since it might includebelief states where the �a(t) vectors have completely di�erent values. Weneed to constraint the belief state further to ensure that the actual values ofthe �a(t) stay the same. To do this we must examine the formulas that gaverise to the �a(t) vectors.There are two ways in which our ��(t) vector could result in a lower value58



than one of the other �a(t) for a particular �. The �rst is if the componentsof the ��(t) vector change. If these components change, we can no longer besure that it will dominate all of the other �a(t) vectors, since it will dependupon exactly how the components changed and by how much. The other way��(t) can lose its domination over the other �a(t) vectors is if one or moreof the �a(t) vectors change. In this case, although the quantity Pi �i��i (t)remains unchanged, the quantities we compared it to have changed. Again,whether or not ��(t) still provides the best value depends upon how the�a(t) vectors changed. There is also the case when both ��(t) and the �a(t)vectors change simultaneously, but handling the individual cases is su�cientfor dealing with this situation.What a�ects the �a(t) and ��(t) values? The �(�; a; �) function does.Recall that this function was a convenience for specifying the index of theprevious time step's vector to use in the value formula, V �t (�). The �(�; a; �)function represented a maximization of the dot product of the transformedbelief state, T (�ja; �), with all the (t� 1)st vectors. All we need to do is toconstrain the belief states so that this maximization works out the same asit does for �, and we will have ensured that the �(�; a; �) function does notchange. If the �(�) function stays constant, then the �a(t) vectors that aregenerated in the maximization remain the same, which is the condition weare interested in. We restate the formula for the maximization over previousvectors so that the origins of the constraints to follow are easier to see:V �t�1(T (�; a; �)) = maxk Xi;j �ipaijraj��kj (t� 1):Let � be the index k that makes this maximum for a particular point, �,action, a, and observation, �. Then the constraintXi;j �0ipaijraj���(t� 1) �Xi;j �0ipaijraj��k(t� 1); 8k 6= �restricts the belief points, �0, to a region of the belief space where �(�; a; �)function does not change. This equation actually speci�es a series of con-straints, one for each vector in V�t�1. Also, the above constraint only restrictsone combination of a and � and does not ensure that the entire function,�(�; a; �), remains unchanged. To ensure that every part of the function doesnot change, we need a set of these constraints for each combination of a and�. All of these constraints combine to ensured that neither ��(t) nor any of59



Figure 25: A belief space region de�ned by a set of constraintsthe �a(t) change. Due to the nature of the problem, the constraints de�nedonly specify a region where we are ensured that things do not change. Theydo not provide any information about how things change outside this region.In fact, things might not change at all for points outside this region. Thisleads to de�ning regions that can be smaller than the actual regions formedby the various vectors in the optimal value function, V �t (�).Aside from the constraints thus far outlined, there are also the constraintsthat restrict the belief states to lie on the belief state space simplex, namelyXi �i = 1and �i � 0; 8i:Geometrically, Figure 25 shows the de�nition of a region through theseconstraints. This is a simple two-dimensional representation where each linerepresents one of the constraints' boundary lines. Since each is an inequality,a constraint actually consists of a region with all the points on one side ofthe line. The union of all these regions is the belief space region we havebeen discussing and is shown shaded in Figure 25.No doubt, this looks like a formidable number of constraints and, it isfor this reason that this algorithm has not found wide-spread use in solving60



pomdp problems. The complexity of this algorithm is discussed further in asubsequent section, but the worst case number of regions for one time step isjAjM jAjj�j where M = jV�t�1j. Each region requires a linear program of sizejAjj�jM + jAj+ 1 constraints and jSj variables.After much work, step (4) is now complete; we have de�ned a region ofthe belief space where ��(t) is guaranteed to be the optimal value functionvector. This is especially pleasing because we have, in e�ect, eliminatedevery belief state within this region from consideration. We now know thatfor every belief state in this region, if we crank it through the value functionwe will get exactly ��(t) and thus, there is no reason to consider these pointsfurther.Although most of the conceptual work was done in step (4), the majorityof the computational work lies in step (5). In this step we want to �nd beliefstates that are guaranteed not to be in the region we de�ned in step (4). Ifwe can �nd a point not in the step (4) region, then we have found a pointthat must lie in some other region. With this point, we can do exactly as wedid in step (4) and �nd its region, and so on until a complete partition of thebelief space is found. When we have been to every region in the partition,we are sure to have generated all of the true vectors in the value function.Given the region in step (4) how can we �nd points in other regions?The answer lies with linear programming. We have already built up theconstraints of a linear program; notice that they were all linear constraintsin the �i variables. We rearrange the constraints above into more standardlp constraints and cluster them here for convenience:Xi �i (�a;i(t)� ��i (t)) � 0; 8a 6= a�Xi;j �ipaijraj� ��k(t� 1) � ��(�;a;�)(t� 1)� � 0; 8a; �; k 6= �(�; a; �)Xi �i = 1�i � 0; 8i:To �nd points in neighboring regions we are interested in points lying onthe edge of the region de�ned by the constraints. These linear constraintswill de�ne a piecewise linear convex region (volume) of the belief space. Theneighboring regions will lie directly adjacent to this region and will share61
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RegionsFigure 26: A region and its neighborseither a common border (hyperplane) or a common point. Points on theborders of the currently de�ned region will also be points on the border ofthe neighboring regions. Figure 26 shows this graphically.Since our current region will typically border many other regions, we needto �nd a point on each region border. Although we have a large number ofconstraining equations, there is a small subset of them that actually de�nethe region. In Figure 26 the solid lines show those constraints that de�ne(are binding on) the region and the broken lines are constraints that aresuper
uous (i.e., there are other constraints that restrict the size of the regionmore severely that it). The problem is that we have no direct way to ascertainwhich constraints are binding. The method proposed by Sondik to �nd thebinding constraints is to solve a series of linear programs. There are actuallytwo ways this can be done. We present both, �rst the one proposed by Sondikand then an alternative.In Sondik's approach to �nding binding constraints, a single lp is solvedfor each constraint in the LP (aside from the simplex constraints). Theconstraints for all of these lps are identical (the ones shown previously), theonly thing that changes is the objective function. For each constraint to bechecked we use the constraint itself (without the right hand side, 0) as theobjective function. Note that this constraint remains in the set of constraintsfor the lp. Solving this lp as a maximization problem will result in an answerthat assigns values for all the �i variables. However, just because this lp wasfeasible and had a solution point, it does not necessarily mean that we have62



found a new belief state to add to our search list. We only want to addthis point if the constraint currently under consideration is binding in thislp. Fortunately, the solution to the lp gives us that information as well.In an lp, each constraint has an associated slack variable which indicateshow much tolerance we have in changing this constraint without a�ectingthe solution. If the constraint that was inserted into the objective functionhas no slack (i.e., its slack variable has value zero), then the constraint isbinding and thus, we can insert the resulting value of �is into our searchtable. In summary, for each constraint in the lp de�ned in step (4):(1) Make constraint the objective function.(2) Solve the LP trying to maximize the objectivefunction.(3) Check the slack variable of row that the constraintin the objective function appears.(4) If it is zero then the solution (values for all �i)should be added to the search list, otherwise theconstraint is non-binding.A slightly simpler method for �nding which constraints are binding, thatstill utilizes one lp for each constraint, is to slightly change the constraintsas each lp is computed. In this method the actual objective function doesnot matter. What we do for each constraint (again, except for the beliefsimplex constraints) is to change its inequality into an equality. The resultof solving this lp gives all the information desired. If the lp has any solutionat all, then the constraint must be one of the binding constraints becausea non-binding constraint cannot pass through the region de�ned by all theother constraints. Additionally, any solution it returns must lie directly onthe border that this constraint makes for the region. With this method itdoesn't even matter if we perform a maximization or minimization of theobjective function and we do not need access to the slack variables (whicharen't always readily available from an lp package.) The only trick here isto remember to change the equality back into an inequality when you moveon to try the next constraint.One aspect of the solutions to the lps that needs to be pointed outconcerns the nature of the solutions they return. With an lp formulation,63
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Figure 27: Points found by linear programsthe solution can consist of no points (i.e., an infeasible lp), one point or anin�nite number of points7 An lp solution with an in�nite number of solutionshappens when all these points result in the same �nite value for the objectivefunction. The nature of the lps we solve, except in a rare instance, all havean in�nite number of solutions (if it has any at all), however the answer thelp gives (assuming that it uses some form of the simplex method) will be asingle point (one from the in�nite set) and furthermore it will be one of thecorner points or vertices of the region.To illustrate this, in Figure 27, we see a region that has three adjacentregions that it shares a border with. In this case there will be two bindingconstraints we will call AB and BC. When we check constraint AB we �ndthat there are really an in�nite number of points that lie on the border (theentire line segment AB. However, the lp will return either A or B. Exactlywhich one is returned depends upon the exact nature of the lp and the waythe lp package is implemented. For the constraint BC we could get eitherpoint B or point C. At �rst this might seem troublesome since it will bepossible for these two constraints to result in the same point B, but this initself is not a problem since all we need to guarantee is that we get a pointthat is on the border of a neighboring region. Point B satis�es this criterion7An lp with an in�nite number of solutions is di�erent from an unbounded lp. In anunbounded lp the objective value function can be made arbitrarily large.64



for all three of the neighboring regions. This raises some serious questionsabout handling these borderline cases. This is all discussed further in thenext section.This completes the description of Sondik's basic algorithm. It may ormay not have raised some questions at each step. Hopefully, many of thesequestions (which have, thus far, been deliberately ignored) are answered inthe next section. Trying to deal with the complications while describing thealgorithm would have been di�cult to do without adding much confusion.However, trying to implement the algorithm based solely on the previousdescription is not recommended. There are too many unanswered questionsthat will necessarily arise when an implementation is attempted.4.6.3 The ComplicationsFor all the lengthy description, the basic ideas behind Sondik's algorithmare really not that complex. However, there are some fairly nasty subtletieslurking beneath the surface. They all emanate from overlooking the casewhere we can get identical values as we perform the various maximizationsin the value function while calculating the �(t) vectors. Recall that there areactually two places we need to perform a maximization: once over all theactions in the actual value function itself (over all the various �a(t) vectors);and the other as we determine the function �(�; a; �) (over all the previous�k(t�1) vectors). It is possible (and very likely) that, when performing thesemaximizations, we get two or more instances that provide exactly the samemaximal value. When there are ties or this sort, we cannot choose arbitrarilyone from among the candidates, this will not work.We will �rst try to present what is happening geometrically for the twocases of ties discussed above. Let us �rst suppose that we have generated allof the �a(t) for a particular belief state �. Our next task is to perform themaximization to �nd which a and �a(t) give the largest value forPi �i�a;i(t).Let a0 and a00 be two actions and furthermore, assume that both of theirassociated vectors give the same maximal value in formula 9. Then thisindicates that we are on the border of two separate regions as shown inFigure 28. We might be tempted to arbitrarily choose one, say �a0(t), withthe rationale that the �a00(t) region is a neighbor and thus will be found whenwe set up the region for �a0(t).But what happens if we do set up the region for �a0(t) and our lp returns65
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αa’(n)Figure 28: A point on the border of two regions� as the point on the border between the two regions? Trouble. We wouldeither see that we have used this point already and ignore it, or we mightperform the same maximization calculation at this point and again choosethe �a0(t) region. In the former case the algorithm could completely missthe �a00(t) region and, in the latter case, the algorithm could cycle forever onthis point �. Although you might think that a little extra bookkeeping cankeep you out of this trouble (e.g., just remember what choice you make ateach point), consider the situation shown in Figure 29. This is an instancewhere a point is on the boundary of four regions. This requires more thana little bookkeeping, and as the dimensionality of the problem increases,this problem can get arbitrarily complicated. Constructing a truly generalsolution to handle these cases is possible, but it is cumbersome and prone toerrors.The examples above only dealt with the case of ties in the maximizationover the actions in the value function of formula 9. We still must deal withthe maximization over the previous vectors (formula 6) that give rise to the�(�; a; �) function. The regions depicted above were somewhat misleadingsince they seemed to show the regions of the optimal value function, V �t (�)being constructed. In reality, the regions de�ned by Sondik's constraintsare usually only a subset of the optimal value function vectors' regions. Todiscuss the next complication, we need to examine these regions closer.66



Figure 29: A point on the border of four regionsThe constraints that de�ne the region specify exactly the conditions nec-essary for the �a(t) and the ��(t) vectors to change. The unpleasant partof this is that these conditions are not necessarily su�cient for a change.What this implies is that we can tell when some of the vector componentsmight change, but we cannot determine whether they actually will changeor even if this change will have any noticeable a�ect on the maximal vector.It is possible for the components of some of the �a(t) vectors change, while��(t) remains unchanged, but Pi �i��(t) � Pi �i�a;i(t) may still hold for �outside of the region de�ned by the constraints. The bottom line is thatthe constraints built up by Sondik's method are typically too conservative.The regions (or volumes) de�ned are usually proper subsets of the actual re-gions (volumes) for a given vector. Figure 30 shows the typical relationshipbetween the true ��(t) value function region and the region de�ned by theconstraints.Therefore, in reality, when we draw the regions that the algorithm gener-ates we cannot really label it as the ��(t) region since, in all likelihood, it ismerely a subset of the true region of the value function. How then, could weassign a unique indentifying label to these regions? To answer this we shouldconsider how many possible ways we can construct a set of constraints, sincethis represents the maximum number of regions we could possibly de�ne.The constraints that arise from a region are fully determined by the optimal67
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Figure 30: Sondik's region vs. actual regionaction and the �(�; a; �) function. Notice, the actual value of the belief state� never appears in the lp for the region (though it does help determine whatthe �(�; a; �) function should be.) This observation shows that Sondik's al-gorithm can potentially explore a very large number8 of regions, even whenthere are a small number of actual regions imposed by V�t . The complexity ofthis is discussed in more depth in a subsequent section, but here we neededjust to demonstrate the connection between the �(�; a; �) function and the lpregions. Now we have established that each instance of an �(�; a; �) functionand action can, potentially, specify a di�erent lp region in Sondik's algo-rithm. It might be the case that many instances of this function specify thesame region, but the only way to determine that is by actually constructingand comparing the regions.Now that we have more insight into the semantics of the regions we canexamine how ties in the maximization over previous vectors can further com-plicate matters. If we �nd two di�erent previous �(t� 1) vectors (call them�j(t� 1) and �k(t� 1)) that give the same value in the formula�(�; a; �) = arg maxk �Xi;j �ipaijraj��kj (t� 1)�;then we have two equally valid and distinct �(�; a; �) functions. As just8jAjM jAjj�j 68



previously shown, these could represent two completely di�erent regions. Soif we chose a belief state � right on the borders of these two regions (assumingfor now that they are indeed di�erent), we have two choices for which regionwe could de�ne. The problem here is that you actually need to consider bothand for exactly the same reason that we had to consider both in the previouscase of tiesgiven earlier. The same problems with arbitrarily picking one ofthese apply here; we might miss a region or we might loop around foreverrepeatedly generating the same � and choosing the same region.The bookkeeping required to keep all of this straight in this case is anorder of magnitude more complex than in the previous case. In the previouscase, we could only have as many ties as there were actions, so we couldimagine keeping a list of the ties and handling them one after the other.However, in this case there are potential for ties for each possible combinationof a and �. Recall that to de�ne a vector, �a(t), we must �rst �nd anindex of a previous vector in V�t�1 for each observation. As we performthe maximization for each observation, �, we have the potential of getingas many as jV�t�1j ties. Assume that for one observation there are x tiesand that there are no ties for any of the other observation.This means thatthere are potentially x di�erent regions we can choose to examine. If insteadanother observation yielded y ties, then combined there could be as many asxy regions. Needless to say, the more ties there are, the more complex theprocess becomes. Implementing the routines to handle this, though possible,is a major headache.Individually, the two types of ties that can occur in the maximizationprocedures are bad enough, but they actually interact in an unpleasant way.The previously discussed ties for the �a(t) vectors assumed that they wereall tied while using the same �(�; a; �) function. Now we see that we mayend up with bunch of these functions and each one of that bunch has thepotential to have ties in the �a(t) vectors it produces.All of this might appear to be needless theoretical worry over cases thataren't likely to happen in practice, however just the opposite is true. Theseproblems of ties will occur precisely on the borders between regions. Whatis the likelihood that we get points on these borders? The nature of thealgorithm actually guarantees that we get points on the borders. Recallthat all but the �rst belief point are generated from the LPs, which we haveexplained can only give us points on the borders of the regions. We wouldreally like the lps to give us points in neighboring regions, but we can only69



get points on the borders of neighboring regions. Therefore we spend all ofour time directly on the borders and in the corners (vertices) where the tiesare liable to happen. Thus, handling ties is a very real problem that mustbe dealt with when implementing this algorithm.The last complication we discuss is not nearly as intimidating as theprevious problems, but nonetheless, it is a di�culty that must be dealt with.With all these regions being explored and with all the belief states beingchurned out by the lps, we are bound to get duplicate belief points to addto the search list. If we have gone through all of the trouble to make surewe have covered every base (handling the ties) for a particular belief state �,then there is no reason to consider this point again. This requires us the keeptrack of all the � we have dealt with. It is easy enough to keep a list of allthe search point, but the major trouble is that we are dealing with 
oatingpoint comparisons. If we strictly compare the numbers (i.e., literal equalitycomparisons of double precision numbers), we might be duplicating a lot ofe�ort since what are really the same points could be slightly di�ernt due tomachine rounding errors or errors inherent in the algorithm. However, if weallow too much freedom in deciding which points are the same, we mightmiss small regions of the value function. As the problem sizes grow larger,the likelihood that there will be these small regions increases.Sondik's algorithm as described is quite ine�cient and in the followingsections we present three ways that it could be made less wasteful. The �rsttwo of these are due to Sondik and used in his own implementation.4.6.4 Neighbor OptimizationThe geometric interpretation of the value function and the regions they im-pose upon the belief states allow us to exploit the geometric properties ofthese regions. When we de�ne a region and then look for the neighboringregions, we are �nding each regions' adjacent neighbors. If we store thisneighbor information, we can exploit it to restrict the number of constraintsin the linear programs on the next time step. Recall the set of constraints:Xi;j �ipaijraj� ��k(t� 1) � ��(�;a;�)(t� 1)� � 0; 8�; k 6= �(�; a; �):This says that we must construct a constraint for every previous vector�k(t�1), but actually we only need to consider the �k(t�1) that are neighbors70



to ��(�;a;�)(t � 1). If we kept this region adjacency information from theprevious iteration, we know exactly which �k(t � 1) are truly constrainingthe current ��(�;a;�)(t � 1) and which ones de�nitely cannot be constrainingit.4.6.5 LP OptimizationEven with the above optimization, the number of constraints in the linearprograms will be large. The following insight is directly from [16]:The procedure can be made more e�cient if, for each iterationof the linear programming problem with the kth inequality as theobjective function, all other constraints are tested as objectivefunctions to see if they are optimized at the current feasible so-lution. If a constraint is optimized at any point, then either thisconstraint forms a boundary of the region (a zero slack variable)or is a super
uous constraint (a nonzero slack variable). Once aconstraint has been optimized, it need not be used as the objectivefunction. We have found that this procedure typically decreasesthe number of linear programming iterations by approximately50 percent.We have no experience with this optimization and therefore have o�eredit in their own words. The geometric intuition behind this method is that asan lp solution progresses, it moves from corner point to corner point of theconstrained region. Each corner point lies on one of the boundaries of theregion and all this technique does is to see which border point it is on at eachiteration by substituting each possible border (i.e., constraint). However,this requires an intimate relationship with the lp package. Unless you havewritten the code speci�cally for this application, it is unlikely to be easy andmay be impossible for you to get this functionality out of an lp package.4.6.6 Dominated ConstraintsThis is the simplest of all the optimizations and just requires that we compareeach constraint, as it is generated, with all the others to determine whether itis component-wise dominated by some other constraint. Since our variablesof the lp (�is) are constrained to be non-negative, this simple scheme works.71



Whether or not this checking is worth the trouble depends on you particu-lar implementation and the speed of the lp package being used. Some lppackages will implicitly perform this check for you as part of its optimizationscheme.4.7 Cheng's AlgorithmsIn [4] two new algorithms are presented. They are both heavily in
uence bySondik's One Pass algorithm, but typically require less computation time.One major deviation present in Cheng's algorithms is the elimination of theuse of linear programming. Instead, Cheng opts for the interior point methodfor convex polytopes (see [10] and [11]) to �nd the corner points of the regionsde�ne on the belief space. This interior point method is similiar to linearprogramming, but can require signi�cantly more time. The reason for this isthat the interior point method will search for and enumerate every possiblevertex (corner point) in the region, whereas linear programming will searchfor a single point only. The reasons for this change from linear programmingare discussed shortly.4.7.1 Cheng's Relaxed Region AlgorithmThis algorithm is almost exactly the same as Sondik's One Pass algorithmexcept that each region is speci�ed with fewer constraints. In each step ofSondik's algorithm, a region for the newly discovered �(t) vectors of the valuefunction, V �t (�), is de�ned which is sure to be no bigger than the region the�(t) vector actually de�nes over the belief space. This is the conservativeapproach and thus, the actual regions for each of the true vectors of the valuefunction will have to be built up out of a bunch of these smaller regions thatSondik de�nes. Cheng reverses this approach and de�nes regions that willtypically be larger than the actual vectors' regions (i.e., relaxed regions).The algorithm can proceed exactly the same as Sondik's with two minor,but important changes. The �rst occurs in the set of constraints and theother is in the use of the interior point method instead of normal linear pro-gramming. Recall how we need to keep a search list of belief points and that,for each belief point, we will �nd the true vector ��(t), its associated actiona� and all the other �a(t) vectors that were the losers in the maximizationover actions. We also have the set of all the previous �(t� 1) vectors. The72



only modi�cation necessary is in the construction of the regions or the set ofconstraints for the lp. The following is the set of constraints for the relaxedregions of Cheng: Xi �i (�a;i(t)� ��i (t)) � 0; 8a 6= a�Xi;j �ipa�ij ra�j� ��k(t� 1)� ��(�;a�;�)(t� 1)� � 0; 8�; k 6= �(�; a�; �)Xi �i = 1�i � 0; 8i:If you compare this set of constraints with Sondik's it might take a whileto even notice that they are di�erent. The only change is the second con-straint which is no longer de�ned over all actions. This constraint now onlyapplies for each � and previous �k(t � 1) vector with the action being �xedas the action associated with ��(t).In the interior point method, unlike and lp, there is no objective function.The constraints serve to de�ne a region and the interior point algorithm willsystematically visit each vertex (corner point) of this region. By using aninterior point algorithm to ensure that every vertex of one of these relaxedregions is discovered, Cheng can guarantee that all of the optimal valuefunction vectors will eventually be discovered in a �nite number of steps,despite the construction of regions that are larger than they actually shouldbe. Before we discuss how generating all the optimal vectors can be guaran-teed, we should point out the crucial di�erence between utilizing an interiorpoint method and a linear programming method. If you recall from the dis-cussion of Sondik, the linear programs will typically have an in�nite numberof potential points they can return and, by the nature of the lp method(usually simplex), we will get only one of the corner points. This works �nefor Sondik's method as was previously discussed, but can lead to incorrectresults if combined with the relaxed region algorithm.For example, in Figure 31 we see the two regions de�ned by ��(t) (one foreach algorithm) which were generated for belief state �; Sondik's region isbounded by ABCD and the relaxed region of Cheng by ABE. Let us assumethat the true region of the value function for ��(t) is ABCD (which just so73
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Figure 31: Points and relaxed regionshappens to be the one found by Sondik's method). Sondik's algorithm willshow two neighboring regions. For neighboring region CDE the lp methodwill return either point C or D and for neighboring region ABGF either Aor B. Even though we do not know exactly which point the lp might return,either one is �ne since they will both lead to the other regions. In contrast,look at the relaxed region ABE, this one looks to only have one neighboringregion and so, if we employ the lp method, the lp will return either pointA or B. This is not su�cient, because we will never choose a point in theregion DCE, which is a di�erent region of the optimal value function thatmust be found. However, if we always make sure we �nd each corner pointof the region, then we are �ne, since the point E will lead to the regionCDE. This illustrates why Cheng could not use normal linear programmingin conjunction with his relaxed regions.Cheng demonstrates that by employing the interior point method, hisalgorithm will always uncover all the regions. Furthermore, since his regionsare larger than those that Sondik provides, it should execute faster. Thisalgorithm only needs to �nd a single relaxed region for each actual vector inthe optimal value function, which can be substantially fewer than the numberde�ned by Sondik's One Pass method. Cheng has experimental results thatverify that this is actually the case. Cheng's work is also explicit abouthandling the case of ties, whereas Sondik's work lacked discussion about74
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Relaxed Region Linear SupportFigure 32: Comparison of Cheng's two algorithmsthese cases.4.7.2 Cheng's Linear Support AlgorithmCheng proposes another algorithm which employs the same idea of de�ninglarger regions. However, this Linear Support algorithm has the advantagethat it can be used to �nd near optimal answers as well. With the previousRelaxed Region algorithm, we start at a point and move from one region toanother, slowly exploring the space of beliefs. The Linear Support algorithm,on the other hand, de�nes an approximate value function over the entirebelief space and slowly works to re�ne this approximation until it reachesthe optimal value function or until the approximation is within the desiredtolerance from the optimal.The di�erences between Cheng's two algorithms is fairly subtle, but themain di�erence is illustrated in Figure 32. Here we have stopped both al-gorithms in the middle of computing the value function, V �t (�). The �guresillustrate the regions induced on the belief simplex of the vectors thus fardiscovered. At this point the Relaxed Region algorithm has the exact valuefunction for the shaded region, however nothing is know about the valuefunction in the un-shaded regions. In contrast, the Linear Support algorithmhas a value function de�ned over the entire belief simplex. The shaded re-gions show where the current approximation is actually equal to the optimalvalue function. The value function over the unshaded regions are known tobe within some factor of the optimal value function.The name \Linear Support" comes from Cheng's terminology for thelinear segments of the value function which we have been calling �(t) vectors.In Cheng's thesis he refers to these vectors as the linear supports of the value75
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bFigure 33: First step of Linear Support algorithmfunction.The algorithm starts by initializing a search list with the extreme pointson the belief simplex (e.g., [1, 0, 0, : : : ], [0, 1, 0, 0, : : : ], [0, 0, 1, 0, : : : ],etc.)and an empty set of vectors, V̂ that at any point in time form the currentapproximation. For each of these points the true �(t) vector is calculatedand added to V̂ (calculated from the usual recursive value function formula.)These vectors now form an approximation to the value function which we willcall V̂t(�) and the vectors induce a partition on the belief space, since for eachpoint of the belief space, one of these vectors must give the maximum valuewhen compared to the rest. For example, Figure 33 shows the optimal valuefunction as a dotted line and the approximation generated from the cornerpoints as solid lines. Notice that close to the extreme points of the beliefsimplex the approximation is exact. This is for a case where jSj = 2 andit shows the belief space partition generated along the horizontal axis. This�gure shows an example where there are four linear regions that comprisethe optimal value function. These four linear segments impose a partitionon the underlying belief states as shown with the dotted lines across the �0axis. When we only calculate the linear segments for the extreme points ofthe simplex, we get parts of the optimal value function (near the extremepoints), but we also under-estimate the optimal value function at many ofthe interior points since we have not yet found the true vectors for these76



points.The key insight behind this algorithm, is that no matter what the optimalvalue function is, the largest di�erence between the approximation, V̂t(�),and the optimal value function, V �t (�) will always occur at one of the cornerpoints of the approximation. This follows from the properties of piecewiselinear functions. Notice that the optimal value function must always lieequal to or above the approximation. Since both the true function and theapproximation are piecewise linear and convex the largest di�erence mustoccur at a corner point. This is proved in [4].With this handy piece of information, Cheng then �nds all the cornerpoints of the regions in the partition induced by the approximation. Hereagain, Cheng utilizes an interior point algorithm instead of linear program-ming, since he must ensure all corner points are generated. For Figure 33,this will consist of three points, the two edges of the simplex and one interiorpoint, b. Since we have already handled the simplex corner points we onlyneed to consider the single interior point, b. This generalizes so that of allthe corner points found from all the regions, we disregard those we have seenbefore and add those we have not seen before to the search list. Note thatthis requires you to keep track of all points you have used previously, just asin Sondik's One Pass algorithm.The next step is to pick a point out of this search list and �nd the true�(t) vector (support) for that point. If this vector is di�erent from all theother ones in our current approximation, then we add it to V̂ to arrive at anew approximation, V̂t(�). Figure 34 shows the succeeding approximation forthe example shown previously, after the vector for point b has been added toV̂t. We can now repeat this whole procedure with the new approximation:�nd corners of region; add new point to search list; generate �(t) vectors;add new vectors to V̂ to get a new approximation, V̂t(�). You can see inFigure 34 that calculating the new vector at the new corner point, c, willlead to the only remaining undiscovered vector.Although this algorithm will work, as described, it is a bit wasteful. Eachsuccessive approximation imposes a new partition on the belief space. Ateach iteration we do not need to �nd all the corners of all the regions ofthe current partition. Cheng shows that if we just �nd the corner points forthe region of the newly added vector we can get the same result as beforewith much less computation. This also guarantees that the algorithm will77
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Here �̂(t) is the vector in V̂t whose region we wish to examine. The LinearSupport algorithm is summarized as follows:(1) Initialize V̂t with all vectors generated fromextreme points of belief simplex and mark each vector.(2) Select a marked vector, �̂(t), from V̂t.If there are none, then V̂t = V�t .(3) Otherwise, set up region for �̂(t) and find allvertices of the region.(4) For each vertex:(i) If vertex has already been used, then ignore it,otherwise construct vector, �0(t), for this point.and mark it.(ii) if �0(t) 2 V̂t, then ignore it,otherwise add �0(t) to V̂t and mark it.(5) Unmark �̂(t).(6) Go to step (2).4.8 The Witness AlgorithmThere is a shortcoming of Cheng's Linear Support algorithm which this nextalgorithm addresses. Cheng's algorithm must �nd every vertex of each regionit de�nes. Each of these regions is a convex polytope and as such can havean exponential number of vertices. The number of vertices is exponential inthe number of faces in the polytope and the number of faces is dictated byeither the number of vectors in the current approximation, up to jV�t j, or thenumber of variables in the state space, jSj.The Witness algorithm was derived directly from Cheng's Linear Sup-port algorithm and employs much of the same machinery. There are twoimportant di�erences in the Witness algorithm. First, it does not deal di-rectly with an approximation to the value function. Instead, it de�nes relatedvalue functions and then builds these function up from approximations muchthe same as Cheng builds up V�t from successive approximations, V̂t. Theserelated values functions, once found, can be used to directly construct V�t .The other major deviation from Cheng is in the way points are found to80



re�ne the approximation. Note that although it uses slightly di�erent valuefunctions, the method of successive approximations is still the same.Like all other algorithms we start the algorithm with a set of vectors,V�t�1 = f�0(t�1); �1(t�1); : : : ; �M�1(t�1)g. This set is the piecewise linearrepresentation for the optimal value function at the (t� 1)st time step whereV �t�1(�) = maxk � � �k(t� 1):The output of the algorithm will be a set of vectors Vt = f�0(t); �1(t); : : : ;�N�1(t)g representing the optimal value function, V �t (�), for the tth time step.Unlike the other algorithms, here we need to de�ne an alternate set ofvectors, Qat = f�0a(t); �1a(t); : : : ; �N�1aa (t)g. This set of vectors represent thepiecewise linear action-value function, Qat (�), for performing action a at timet and performing optimally thereafter. The V �t�1(�) value function gives usthe value for performing optimally thereafter. We will need a separate Qatset of vectors for each action, a. This value function can be speci�ed in termsof immediate rewards and previous �k(t� 1) 2 V�t�1 vectors asQat (�) =Xi �iqai + 
Xi;j;� �ipaijraj���(�;a;�)j (t� 1):Here, as in Sondik's One-Pass algorithm�(�; a; �) = argmaxk Xi;j �ipaijraj��kj (t� 1):With these formulae we can express component i of a vector in Qat for agiven point, �, by �ka;i(t) = qai + 
Xj;� paijraj���(�;a;�)j (t� 1): (10)This is exactly analogous to generating a vector for V�t given a particularbelief point except we do not need to maximize over the actions since a is�xed for each set Qat .The Witness algorithm will �rst construct the Qat sets and then constructthe desired V�t set of vectors from these. In constructing a particular set, Qat ,we will incrementally build up to the full set by successive approximations,Q̂at . The approximations are such that at all times Q̂at � Qat . Note also thatV�t � [a Qat ;81



since the value function, V �t (�), is the same at a belief point as the Qat (�)function when the action a is optimal at that point. Since we have accountedfor all possible actions, no matter what the optimal action for a point is, thecorresponding vector will be in SaQat .4.8.1 Constructing QatIn the following discussion it will prove useful to de�ne the following for aparticular vector �̂ka(t) 2 Qat :region(�̂ka(t)) = f�j��̂ka(t) � ��̂la(t);8�̂la(t) 2 Q̂atg:This is just a convenient way to de�ne a region of the belief simplex overwhich a particular vector gives the best value, given some set of vectors Q̂at .For each a we will need to construct a set of vectors, Qat , and the con-struction of each is identical. We begin with an empty set Q̂at . Initially, wechoose any belief point and construct a vector using formula 10 and add itto Q̂atg.The problem now becomes; given an approximation, Q̂at , determine ifthere exists a belief state, ��, such that the following conditions hold:�� � ��(t) > �� � �̂a(t)�� 2 region(�̂a(t))��(t) 2 Qat and ��(t) 3 Q̂at�̂a(t) 2 Q̂at :In words, it says to look at the belief states for which a particular vector inthe approximation, �̂a(t), provides a maximum value. If any of these beliefstates have the property that there is a vector in the true Qat set (and notalready in Q̂at ) that gives a larger value, then we have found a new vectorthat we can add to and re�ne our approximation Q̂at .Iterating this for each vector, �̂a(n), in the approximation will eventuallylead us to the desired set of vectors Qat . However, there are a few subtletiesassociated with this iteration procedure. First, we will choose a vector in theapproximation, �̂a(n) 2 Q̂at , and determine if there is a belief state, ��, thatsatis�es the conditions above. If we do not �nd one, then we are done withthis vector and never need to consider it again. However, if we do �nd a82



belief state, we cannot eliminate this vector from those we are iterating over,since it is possible for one vector to give rise to a number of belief points.This is in constrast with Cheng's Linear Support algorithm. Cheng �ndsevery single vertex for a vector's region and thus, he can immediately knownever to examine this vector again. Since the Witness algorithm does notexhaustively go through all the vertices of the region, it can never be sure weare �nished with this vector until it no longer gives us useful belief points.This will be made clearer in the discussion to follow. The other subtletyis that once a belief point is found, byt the Witness algorithm, and a newvector for this point generated, it too must be added to the list of vectors weare iterating over.Up until now we have been vague about how to actually �nd such a beliefstate for a given a vector in the approximation. To �nd if this belief stateexists, we start with the observations that�̂a;i(t) = qai + 
Xj� paijraj���(�;a;�)j (t� 1)and ��i (t) = qai + 
Xj� paijraj���(��;a;�)j (t� 1):Here �̂a(t) is the vector chosen from Q̂at and ��(t) is the new vector that wewant to �nd (assuming that it exists). Notice that the �rst equation di�ersfrom the second only in the belief state, �, since it is not necessarily equal to�� of the second equation. The belief state, �, is the one we used when weinitially generated the vector �̂a(t). The belief state, ��, is the one we aretrying to �nd (or to show that it cannot exist). It might seem as if we needto remember the belief state that we used to determine �̂a(t), but we do not.However, we will need to have remembered the indices of the vectors thatthe �(�; �; �) function generated for that belief state and for every observation.Therefore, every time we generate a vector from a belief point we willneed to store j�j values to represent the previous vectors' indices used in theinner summation of formula 10. We will store the vector indices used foreach vector in Q̂at and notate the ones for �̂a(t) as �̂(�).Now, if there exists a �� as described before, then�� � ��(t) > �� � �̂a(t);83



or in long form, with �̂(�) being substituted for �(�; a; �):Xi ��i 0@qai + 
Xj;� paijraj���(�� ;a;�)j (t� 1)1A >Xi ��i 0@qai + 
Xj;� paijraj���̂(�)j (t� 1)1A :Since the �rst terms, Pi ��i qai , are identical for both sides, we can simplify9it to 
X� Xi;j ��i paijraj���(�� ;a;�)j (t� 1) > 
X� Xi;j ��i paijraj���̂(�)j (t� 1):Notice that the discount factor, 
 is now extraneous since we can divideboth sides of the equation by 
. So it must be the case that at least oneof the terms in the summation over observations, P�, on the left is strictlylarger than the corresponding term in the formula for the �̂a(t) vector onthe right. In other words, since the only di�erence between the two sidesis �(��; a; �) and �̂(�), there must be another setting of indices for the �̂(�)function that yields a better value at the belief state ��, i.e.,9�; k; s:t: Xi;j ��i paijraj��kj (t� 1) >Xi;j ��i paijraj���̂(�)j (t� 1):If we can �nd such a ��, � and k where�� 2 region (�̂a(t)) ;then we have found a \witness" point indicating that our current approxima-tion, Q̂at , can be further re�ned by including the vector constructed at thispoint ��.What the Witness algorithm does is to examine each vector in the currentapproximation to see if for each combination of �k(t� 1) and �, we can �nda ��. If a point is found, then we have a point where our approximationdi�ers from the actual Qat . The algorithm then constructs a vector for thispoint and adds it to Q̂at . If such a point does not exist, then we never needto consider this combination of �k(t� 1) and � again for the chosen vectoragain. Additionally, once all combinations of �k(t � 1) and � have beeneliminated for a vector �̂ka(n) 2 Q̂at , we never need to consider this vectoragain for �nding belief points.9We have separated the P� in preparation for the next step.84



An important point to remember is that when a �� is found, we musttry that combination of �k(t � 1) and � again, since it is possible for thiscombination to give rise to more than one belief point.The algorithm for constructing Qat is summarized as follows:(1) Initialize Q̂at with a vector generated fromany belief point and mark it.(2) Select a marked vector, �̂a(t) from Q̂at .If there are none, then we are done and Q̂at = Qat.(3) For each possible combination of �k(t� 1) 2 V�t�1 and� 2 �:(i) Construct and solve an lp with �̂a(t), �k(t� 1)and � (lp is shown below).(ii) If � > 0, then construct a vector from solution pointusing formula 10, add it to Q̂at ,mark it, and repeat (i) for this same combination.(iii) If � � 0, then just move on the next combination of�k(t� 1) and �.(3) Unmark �̂a(t).(4) Go to (2).Each lp will have the following form:max : �s:t: Xi �i�̂a;i(t) �Xi �i�la;i(t); 8�la(t) 2 Q̂atXi;j �ipaijraj� ��k(t� 1)� ��̂(�)(t� 1)� � �Xi �i = 1�i � 0; 8i:Notice that the same extra variable trick, �, is employed as was used in theMonahan lps to utilize strict inequalities in the lp framework. Therefore,we are then only concerned with solution points when � > 0.85



4.8.2 Constructing V�tOnce we have constructed all of the sets Qat for each action a, we can thencombine them to form the set V�t that represents the optimal value function,V �t (�) which is what we are really interested in. To do this we employ thereduction phase of Monahan's algorithm. Recall that Monahan's algorithmconsisted of two phases. The �rst phase enumerated many vectors to formthe set V+n , which was a super set of the desired set, V�n. The next step, thereduction phase, eliminated the useless vector from V+n . If we combine allof the Qat sets to get a single large set, we know that it is a superset of Vt.Therefore we treat SaQat as the set V+n and use Monahan's reduction methodto obtain V�t .While this may seem to be a lot more work than Monahan's algorithm,since we need Monahan's as a subroutine, in practice there are signi�cantlyfewer vectors in SaQat : than are considered in Monahan's algorithm. Fur-thermore, there is signi�cantly less work in creating the intermediateQat setsthan there is in enumerating all possible vectors.4.8.3 Dealing with TiesThe one complication that must be handled is the case when there are morethan one possible vector for a given point. This case arises when generatinga vector from a belief point where there are ties in either of the two possiblemaximization procedures; over actions, formula 7, or over previous vectors, 6.The actual method that needs to be used to break ties among vectors isconceptually straightforward. Unfortunately, the proof that this procedure iscorrect is quite tedious. Here we will only describe the procedure, though [8]gives the formal proof in its entirety.As mentioned before, there are two places where a maximization processcan result in ties. The simplest to address is when ties result from formula 7.In this case we merely list all the vectors that result in the same maximalvalue for the given belief state and choose the lexicographic winner. Thevector that wins is the vector (and action) that should be used.The lexicographic winner is chosen by examining the �rst component ofthe vector. If there is a clear-cut winner then it is the one chosen. Otherwise,if there are ties in that component, then we examine the second componentfor all of those that are tied on the �rst component. The same procedure is86



repeated until a unique lexicographic winner is determined.Formula 6 can also result in ties and in this case, the exact same lexico-graphic ordering can be employed. The index of lexicographic winner is theone that should be chosen for use in the sum over � from formula 7.4.9 Algorithm AnalysisLittered throughout the discussion of the algorithms are references to theworst case running times for each of the algorithms. In this section we willfocus our attention on this topic describing in more detail how these worstcase running times arise. We will progress through the algorithms in thesame order in which we discussed them previously. All of the analysis dealswith the complexity of producing one set of vectors from the previous set.The actual complexity of each algorithm on a complete k-horizon problemis actually much more complicated to analyze since the complexity of eachiteration depends upon the complexity of the previous one. We can say thatin the worst case, the general k-horizon pomdp problem can have as manyas X1�t�k jAj j�jt+1�1j�j�1vectors. Each term in the summation represents the worst case number ofvector for each iteration and a k-horizon solution requires all the intermediateresults since the policy is non-stationary. The terms of the summation are thetotal number of possible policy trees for each time step as discussed earlier.If we could construct a diabolical problem where all of these trees were usefulfor some belief state, then any algorithm we could possibly derive would haveto, at a minimum, generate this many vectors, since each vector representsa useful policy tree beginning at the kth time step.Before we begin the analysis we will just review some notation;M = jV�t�1jis the minimumnumber of vectors that are required exactly specify the valuefunction, V �t�1(�) for the previous time step and N = jV�t j is the same exceptfor the current time step's value function, V �t (�). We will use M and N tosimplify the appearance of many of the ensuing formulas.87



4.9.1 Monahan's AlgorithmThe �rst step of Monahan's algorithm is to generate all the possible vectorsthat could be formed from the value function (formula 7). As mentioned thereare jAjM j�j vectors that will be generated. The M j�j term is the number ofways we could �ll in the M previous vectors in the summation where we pickone for each �. For each of these summations there are jAj possible actionsthat can be used to generate a vector. The algorithm will always requiregenerating this many, this is not a worst case analysis.The next step in Monahan's algorithm is to construct and solve a linearprogram for each vector to determine whether or not it is actually useful(i.e., part of the optimal value function). The size of these lps will varyover time since it can eliminate useless vectors as it proceeds. Nevertheless,the �rst lp will have jSj variables and jAjM j�j + 1 constraints. For ease ofdiscussion we will let X = jAjM j�j + 1 and note that N � X. There willbe a constraint for each of the generated vectors plus one for the simplexconstraint, Pi �i = 1. Since each vector must be evaluated in an lp, thisalgorithm must solve X linear programs. For each lp if we discover that thevector is part of the optimal value function then we will need to include thisas a constraint in all the subsequent lps. However, if there is no belief statefor which this vector can be optimal we can discard it and it will no longergenerate a constraint in subsequent lps. Although we know we will have tospecify X lps, we cannot say exactly how big (i.e., number of constraints)each one will be because it will depend on the order in which we choose toevaluate the vectors.The best case is when we try all the useless vectors �rst. This trimsdown the number of lp constraints as fast as possible where there is onefewer constraint on each subsequent lp. The trimming will eventually stopwhen we are left will all of the real vectors, but we still need to try themall since we have no a priori knowledge of how many there are. These lastN lps will then all have N + 1 constraints. One way we could look at thebest and worst case complexity of the lp solving process is to count the totalnumber of constraints generated. Then, in the best case, the total numberof constraints is X+1Xi=N+2 i+ NXi=1(N + 1);88



which simpli�es to X2 + 3X � 3N2 � 5N2 :In the worst case we will check all the N true vectors �rst and the numberof constraints will not change until we start trying the useless vectors. Thetotal number of constraints in the X lps in the worst case isNXi=1(X + 1) + X+1Xi=N+1 i;which has the close formX2 + 3X + 2NX �N2 +N + 22 :In both the best and worst case, the overwhelming factor is the X2 termwhich shows that for large problems the dominating factor will be M j�j.4.9.2 Eagle's Variant of Monahan's AlgorithmEagle's variant of Monahan's algorithm tries to reduce both the number oflps that have to be solved and the number of constraints in each. Unfortu-nately, it becomes very hard to analyze the savings since it depends on thespeci�c problem. This algorithm relies on being able to eliminate vectorsthat are component-wise dominated by previously or subsequently generatedvectors. The number of such vectors that will exist cannot be determined inadvance since it will depend on the speci�c parameters of the pomdp for-mulation. Notice that even with this version all the X vectors must still begenerated.Let us assume that when we generate all of the vectors there will be Yof them that are component-wise dominated by others. Right away we getsavings in the linear programming step because we now only have X � Yvectors. We can substitute X � Y for X in the previously shown formulasto get new measures for the complexity in this case. However, we also pay acomputation price in the comparisons that needed to be done to check for thedomination. The actual complexity that is added will depend on the speci�cway the domination is checked. There are many clever standard search anddata structure tricks from the computer science literature that could be usedto make this fairly e�cient, but the cost must still be factored in.89



The last thing to mention about Eagle's optimization is that there do nothave to exist any dominated vectors at all. Dominated vectors are uselessvectors, but the converse is not true.4.9.3 Sondik's One Pass AlgorithmBy far, the portion of Sondik's algorithm that consumes the most time isthe linear programming step. Maintaining the search list of belief statesand generating vectors from a speci�c belief state are trivial computationscompared to the vast about of time that must be spent on the large number oflps this algorithm generates and solves. Therefore we restrict the complexityanalysis to the number and size of the lps that need to be solved.As discussed, the belief space regions Sondik's algorithm generates aresmaller than the true regions in the resulting value function. Since thisalgorithm sets up an lp for each of these regions, the number of regions willbe the deciding factor. Recall that a region is de�ned so that all of the �a(t)and ��(t) remain unchanged. For this to occur, the index function �(�) mustremain unchanged. The worst case for this algorithm is when it generatesa region for every possible instantiation of an �(�) function for each possibleaction. The function can be speci�ed as an jAj by j�j table where each entryin the table can be one of M possible choices (the previous vector indices).Thus, there are M jAjj�jpossible �(�) functions. However, for each of these functions there may beareas in the belief space where di�erent actions are optimal (i.e., the indexfunction is unchanged, but a di�erent �a(t) is larger than the rest).So the number of possible regions isjAjM jAjj�j:For each of these regions, a single set of constraints is constructed, but manylps actually need to be solved for each set. Remember that for each setof constraints generated, we need to check each individual constraint to seewhether or not it is binding on the region de�ned by the set of constraints.Therefore, the number of constraints and the number of lps solved will beexactly the same. This ignores any of the previously described optimizationsthat can be employed with this algorithm .90



The number of constraints (and number of lps solved) isjAj+ jAjj�jM � jAjj�j:The �rst term is for the �a(t) constraints. Although there is one less thanthat numer of actions (for the �a(t) that is actually ��(t)), we need to addone for the simplex constraint so that the end result is jAj constraints. Thelast two terms are for the �(t� 1) constraints. The second term is the totalnumber of ways these constraints can be formed and the last term correctsfor the the cases when �k(t� 1) = ��(�;a;�)(t� 1). So for a single region, thetotal number of constraints is the the number of constraints (above) squared.This number is large and can be signi�cantly trimmed by implementingsome of the clever optimizations discussed earlier, but the shear numberof regions that could be generated will still dominate this and so, for largeproblems, we should expect worst case times that are predominantly dictatedby M jAjj�j which is actually worse than Monahan's \exhaustive" algorithmwhich is dominated by only M j�j.4.9.4 Cheng's Relaxed Region AlgorithmThis algorithm is the one that is very close to Sondik's One Pass algorithmand so we choose to only discuss the di�erences in complexity from thatalgorithm. Since Cheng de�nes regions which are typically larger than theyneed be, he is able to stay away from the explosive growth of regions thatSondik's algorithm su�ers from. The Relaxed Region algorithm will onlyrequire N = jV�t j regions to be de�ned which is a signi�cant savings. Thenumber of constraints on these regions is also less, though not signi�cantly.For each region the number of constraints isjAj+ j�jM � j�j:The next step in Sondik's algorithm would be to �nd the binding con-straints, but Cheng opts to �nd all of the corner points of the region. Theregion de�ned by these constraints form a convex polytope in jSj dimensions.Cheng uses an interior point method to �nd these vertices, and this is whereCheng's solution su�ers a bit in complexity. The worst case time for �ndingall corner points in a convex polytope is exponential in the number of faces.The number of faces in the polytope will be dictated by the smaller of either91



the number of constraints or the number of variables. Although this could bebad, the huge savings in the number of regions makes this algorithm muchmore practical10 to use than either Sondik's or Monahan's.4.9.5 Cheng's Linear Support AlgorithmLike the Relaxed Region algorithm, this one will only need to specify N =jV�t j di�erent regions. The constraints on the regions will always be thenumber of vectors in the current approximation, V̂�t , along with the simplexconstraint. It is di�cult to specify how many constraints there will be at eachpoint since it will depend on the nature of the problem and the order in whichthe regions are processed. Even the number of constraints on the �rst regionwill not be known before hand, since the jSj belief simplex corner pointscan generate anywhere from 1 to jSj vectors in the initial approximation.However, at all times we do know an upper bound, since we will never havemore than N vectors in our approximation. By de�nition, if we have Nvectors in our approximation, V̂, then we have all of the vectors necessary toexactly specify V �t (�) an no more work needs to be done.Also, like the Relaxed Region algorithm, Linear Support uses an interiorpoint method for �nding all of the vertices of the region (i.e., convex polytope)and as a result, inherits the same drawbacks. As stated before, the numberof vertices can be exponential in either the number of constraints, at mostN , or the number of variables, jSj.4.9.6 Witness AlgorithmThis algorithm's main advantage over Cheng's Linear Support algorithm isthat it does not employ an interior point method to enumerate all of thevertices of the regions/volumes de�ned by a set of constraints. Unfortunately,we are unable to show that it is theoretically better than Cheng's, thoughempirical results hint at this result.The analysis of the Witness algorithm requires notation for the sizes ofthe Qat sets, since we will discuss the complexity of constructing these sets.We will use Na to represent the size of the set Qat . An important relationshipto understand is that between the size of the Qat and V�t sets. Unfortunately,this eludes us at this time. We would like to be able to restrict the size of Qat10We use this term loosely. 92
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tFigure 36: Belief space partitions to illustrate the relationship between thesizes of Qat and V�t .to be at worst polynomial in the size of V�t , since this could be used to showthat the Witness algorithm is theorectically better than all the rest. However,we cannot make any such claim. Figure 36 shows a concocted example wherethe Qat sizes are signi�cantly larger than V�t . The �gure shows the partitionsimposed by each set on the belief space. Remember that we will combine theQ0t and Q1t and eliminate useless vectors to form V�t . In this example onlytwo of the vectors are actually useful, one from each Qat set.An analysis of the Witness algorithm is a two step process since thealgorithm itself requires two distinct phases. The �rst phase is the creationof the Qat sets and the second the elimination of useless vectors from theunion of all of these. The second phase is exactly the same as the secondstep of Monahan's algorithm and we refer to that section for its analysis.Note that the analysis requires knowing the number of vectors in the unionof the Qat sets, which we can say nothing about at this time.We now describe the analysis for creating one of the Qat sets. The outermost loop of this algorithm is over the vectors in the approximation which isat worst Na. For each of these vectors we will need to set up at least M j�jlps since the algorithm requires trying each vector for every combinationof previous vector, �k(n � 1) 2 V�t�1, and observation, �. An importantdetail that cannot be missed is that if a new vector is generated from one ofthese combination, we need to try that combination again. There is an upperbound of Na on the number of times we could try a particular combination ofk and �, since we can only generate as many vectors as exist in Qat . However,a worst case analysis along these lines would be far o� from the actual case.We can use an amortized cost type analysis to get a better worst casebound on the number of lps that need to be solved. All vectors, except the�rst, that are added to the approximation are the result of some combinationof an �̂(t) 2 Q̂at , k and � having a non-zero objective function lp. In addition,93



we know that we are done with a vector �̂(t) when all of the combinations ofk and � have zero objective function lps. Therefore, we can view the totalnumber of lps that need to be solved asNa (1 +M j�j) ;since each vector, Na, requires one lp to discover it and M j�j lps to deter-mine that we are done with it.With this upper bound on the number of lps, we turn to the simpleranalysis of the size of the lps. The number of variables is jSj+1, since thereis one for every state in addition to the added � variable. The number ofconstraints is at worst Na + 1:The constraints that restrict the belief region to those � for which �̂(t) ismaximum is the number of vectors in the current approximation, which inthe worst case is Na. There is actually one less than this since we do notneed to include the constraint that would be generated by the chosen �̂(t),which is also in the approximation. Other than these, there are just twoother constraints; the constraint that states that we want an improvementin value and the simplex constraint.So if we examine the worst case total sum of all the constraints generatedin constructing Qat , we would haveNa (1 +M j�j) (Na + 1) :We can multiply this whole quantity by jAj to get the total amount of workto generate all of the sets, but it will require replacing Na with the largestof all the Qat set sizes (in order to keep it as a worst case analysis).An important theoretical note is that the amount of work required toconstruct Qat is polynomial in all the quantities of concern: jcalSj, jcalAj,j�j, jV�t�1j and jQat j. Notice that the size of the Qat set is itself included. Thisis because we do not make any claim about how big this set can get withrespect to the problem parameters. However, it does say that if the set issmall, then we will not do an exorbitant amount of work to construct it.In addition, the complexity of the elimination of useless vectors from theunion of all the Qat sets is polynomial in those variables of concern. If wecould guarantee that the size of theQat sets were polynomial in jcalSj, jcalAj,94



j�j and jV�t�1j, we would then have a very e�cient algorithm. However, such aguarantee eludes us at this time and we must settle for empirical comparisonsto the existing algorithms.4.10 ComplicationsThis section presents some of the implementation complications that we haveencountered in our implementations which are not speci�c to any one algo-rithm.As the problem size increases, the value function will typically be com-prised of a larger number of vectors. As this number increases the di�erencebetween vectors becomes harder to distinguish. The vectors begin to getcloser and closer to each other as the solution requires minute di�erencesto di�erentiate between di�erent regions of the policy. The 
oating pointprecision of the existing computers will impose an upper limit on the sizeof problems that can be solved. After so many decimal places, two slightlydi�erent vectors will appear equal to the precision of the machine. Evenfor modest sized problems this becomes an issue, because there are manyinstances in the algorithms where these vectors must be compared to eachother. Unless extreme care is taken during implementation, this could resultin poor algorithms. Round o� errors can lead to duplicate slightly di�erentvectors when there should only be one. But if you try to make your imple-mentation distinguish these errors and ignore them, you might be classifyingtwo di�erent vectors as being the same since there di�erence is not that great.The heavy dependence on linear programming techniques presents manydi�culties. None of these algorithms should be attempted without a stable,robust lp package. Among the more serious problems encountered are thoseof precision and scaling.The precision that the lp software uses internally needs to be consistentwith those used and assumed by the rest of the implementation. This isclosely related to the machine precision problems.The lps generated by the algorithms have constraint coe�cients thatare based upon the di�erences between two vectors. As the problem sizeincreases, these vectors will get closer and closer in value making the dif-ferences extremely small. This results in lps with a wide dynamic range ofcoe�cients which causes the lps to be extremely unstable. Good lp packageswill scale the constraints to avoid this instability. If the package used does95



not provide this functionality, erratic and even incorrect answers can result.5 Conclusions5.1 Advantages of POMDPsIn this section we try to show why the pomdp model is worth exploringand why deriving optimal solutions is desirable. Obviously, for the latter,optimality is always more desirable (all else being equal) than sub-optimalpolicies. Even when the computational costs of �nding optimal policies isprohibitive, knowing the form and methods for �nding the optimal policycan help guide the process of exploring the space of approximate solutiontechniques.Another way in which exact solution techniques might be useful is as asub-component of a larger system. For large world models or environments,�nding optimal solutions for every decision process will not be feasible. How-ever, there might be small sub-problems that can be cast in a compact pomdpmodel, for which we will be able to obtain the optimal policy by these meth-ods.5.2 Drawbacks/Assumptions of POMDPsIn this section we attempt to list the major problems with pomdp modelsand exact solutions procedures for these models. One of the most glaring de-�ciencies is the assumption that the agent knows the complete pomdpmodel.This requires knowing a vast amount of information (e.g., transition proba-bilities, observation probabilities, rewards, etc.) and all of this supposes thatthe agent also knows the number of states, actions and observations. This isnot realistic for many problems and it is highly desirable to have algorithmsthat perform well without having access to such complete information aboutthe environment.Another limitation is that assumption of �niteness in the model. Thepomdp model assumes �niteness of the states, actions and observations, butmany problems are better modelled with continuous quantities for these. Arobot that has a turn-left action, can usually be given any angle not a�nite set of angles. The same would be true for a robot's location and its96



sensory readings.The solution procedures for pomdps assume that the model is static. Itdoes not permit the model to change over time. Actually, we can modelchange over time in this framework, but it requires exploding the state spaceto deal with all the possible changes that could occur. While theoreticallyfeasible, this state space expansion is impractical and leads to a model of theworld which is very unintuitive.While the notion of a belief state proves to be convenient for some aspectsof the model, it requires time to compute this at run time. For certainapplications, the resources to maintain and update belief states might not beavailable.The most depressing news of solving the pomdp model is that it is im-possible to compute the optimal policy for anything but small problems.5.3 ContributionsThe existing literature on pomdps su�ers from a few problems which thiswork has addressed. The papers that present speci�c algorithms [17, 16, 6, 4]are di�cult to follow unless the reader already has an intimate knowledgeof the area . The survey articles [12, 9] are at too high level to give muchinsight into the details of pomdps and the solution procedures. To compoundthis problem, each author uses di�erent notation and terminology than theothers. This makes exploring this �eld very di�cult for persons not alreadyfamiliar with the concepts and results in this area.This paper has tried to present some of the major work in the pomdparea using consistent notation and terminology. The paper's length is a directresult of our attempt to explain the algorithms and intuitions behind themin language that can be understood by persons not already familiar with thisarea. We have presented the structure of pomdp solutions in many formsand have tried to relate each of these to the others. We believe our approachis helpful for understanding pomdps and we have not seen it done this wayin any other work to date. This paper has also attempted to sort out andclarify many of the existing bugs in the literature.There is a related document, [8], that presents the Witness algorithm ina more rigorous and formal setting. It provides many of the derivations andproofs that are required to show that the algorithm is correct. In addition,it also delves into the details about the approximation bounds when exact97



solutions cannot be found. It would be the preferred document for those whoare more familiar with mdps and pomdps.We have also presented a new algorithm, Witness, for computing optimalsolutions to �nite horizon pomdps which does not su�er from some of theproblems of previous solution techniques. Empirically we have been able tosolve problems much larger than any other previously presented work.The Operations Research community, where most of the pomdp workhas come from, does not address the complexity issues when comparing al-gorithms. In this work we have attempted to classify a number of �nitehorizon algorithms by their complexity. Though at an extremely crude level,this analysis identi�es the limiting elements of the running times of eachand allows comparison between them. This rough analysis coincides withthe existing empirical performance results, based upon our results and thoseof [4].
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