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Abstract

We give a linear-time algorithm for single-source
shortest paths in planar graphs with nonnegative edge-
lengths. Our algorithm also yields a linear-time al-
gorithm for maximum flow in a planar graph with the
source and sink on the same face. The previous best al-
gorithms for these problems required 2(n+/logn) time
where n 1s the number of nodes in the input graph.

For the case where negative edge-lengths are al-
lowed, we give an algorithm requiring O(n*/3lognL)
time, where L is the absolute value of the most neg-
ative length. Previous algorithms for shortest paths
with negative edge-lengths required Q(n>/?) time. Our
shortest-path algorithm yields an O(n*/®logn)-time
algorithm for finding a perfect matching in a planar
bipartite graph. A similar improvement s obtained
for mazimum flow i a directed planar graph.

1 Introduction

Computing shortest paths is a fundamental and
ubiquitous problem in network analysis. Aside from
the importance of this problem in its own right, of-
ten the problem arises in the solution of other prob-
lems (e.g. network flow and matching). In this paper
we give improved algorithms for single-source shortest
paths in planar networks.

The first algorithm handles the important spe-
cial case of nonnegative edge-lengths. For this case,
we obtain a linear-time algorithm. Thus our algo-
rithm 1s optimal, up to constant factors. No linear-
time algorithm for shortest paths in planar graphs
was previously known. For general graphs the best
bounds known in the standard model, which forbids
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bit-manipulation of the lengths, is O(m+nlogn) time,
due to Fredman and Tarjan [9].! For planar graphs,
Frederickson [7] pioneered the use of separators to ob-
tain faster shortest-path algorithms. His algorithm,
the best known previously, runs in O(n+/logn) time
on planar graphs. It depends on the fact that planar
graphs have size-O(+/n) separators.

One interesting aspect of our shortest-path algo-
rithm for nonnegative edge-lengths is that, although
it uses separators, they are not required to have size
O(/n). For example, it is sufficient to use separators
of size O(n*=¢). Thus our algorithm can in principle
be applied to a much broader class of graphs than just
planar graphs. Of course, in order for the whole com-
putation to take only linear time, it must be possible
to find the r-division in linear time. If this is not the
case, our algorithm may still be useful if many shortest
path computations are performed on the same graph,
for in this case it may be worthwhile to precompute the
decomposition. This is the case in various algorithms,
e.g., approximate multicommodity flow computations.

The second algorithm handles negative edge-
lengths. We obtain an algorithm that takes time
O(n*/3lognl), where the lengths are integers greater
than — 7. For general graphs, the best bound known
is O(n'/?mlog L) time, due to Goldberg [14] which
yields O(n®/?log L) time on sparse (e.g. planar)
graphs.  For undirected planar graphs, Pan and
Reif [25,26] showed how to achieve O(n?/?) time using
separators. Cohen [4] showed how to achieve the same
bound for directed planar graphs. Previously no algo-
rithm handling negative lengths was known that ran
faster than O(n®/?). Our algorithm overcomes this
apparent barrier, improving the time by a (fractional)
polynomial factor when the negative lengths are not

n less restricted models, bounds of O(m+nlogn/ loglog n)
and O(m +n+/log C) can be achieved [1,8]. Here m is the num-

ber of edges, n is the number of nodes, and C' is the maximum
magnitude of an edge-length assuming edge-lengths are integers.



too large in magnitude.

For planar graphs, shortest-path computation is
closely related to network flow. Hassin [17] has shown
that if a source s and a sink ¢ are located on the same
face of a planar graph, then a maximum st-flow can
be found by computing single-source shortest-paths in
the planar dual. Thus using our linear-time algorithm,
one obtains a linear-time algorithm for maximum st-
flow in this case.

In the case when s and ¢ are not on the same
face and the graph is directed, Miller and Naor [21]
(see also Johnson and Venkatesan [19]) show how to
solve max-flow by computing single-source shortest-
path computation with negative lengths. They use
this approach to find a maximum flow. They also
use the approach in solving the following problem:
given multiple sources and multiple sinks, each with
a specified supply or demand, find a feasible flow in
the network. Bipartite perfect matching in a planar
graph, for example, can be formulated in this way.
The previous best algorithms for all of these problems
required Q(n%/?) time. Our shortest-path algorithm
thus yields polynomial-factor improvements for these
problems. In particular, we obtain an O(n*/3logn)-
time algorithm for planar bipartite perfect matching.
We obtain an O(n*/3lognlog C')-time algorithm for
maximum flow, where C' is the sum of (integral) ca-
pacities.

The approach used in obtaining the shortest-path
algorithm for arbitrary lengths also enables us to ob-
tain parallel and dynamic algorithms for this problem
and for max-flow and matching.

The key to both our shortest-path algorithms is our
use of graph-decompositions based on separators. Lip-
ton and Tarjan showed [23] that given an n-node pla-
nar graph one can in linear time find a set of nodes of
size O(/n) whose removal breaks the graph into pieces
each of size at most %n Based on this result, Fred-
erickson [7] developed the notion of an r-division of a
graph, a division of the graph into regions of size ©(r)
with boundaries of size O(y/r). Frederickson showed
that an r-division could be found in O(nlogn) time
by recursive application of the separator-algorithm of
Lipton and Tarjan. Goodrich [15] has recently given a
linear-time algorithm to find a separator decomposi-
tion in a planar graph. His method yields a linear-time
algorithm to find an r-division.

The algorithm for nonnegative edge-lengths starts
with a recursive version of an r-division, 1.e. an r-
division each of whose regions has an #/-division (for
7" much smaller than r), and so on. The algorithm
maintains priority queues for each of the regions. It

performs steps analogous to those of Dijkstra’s al-
gorithm for shortest paths, but moves between the
queues of different regions in a way that takes into
account the fact that operations on queues associated
with larger regions are more expensive than those for
queues associated with smaller regions (because the
former queues have more elements). The labels thus
assigned to nodes within a region are not guaranteed
to be accurate because the labels of the boundary
nodes of the region may not be accurate. Thus the
movement between different regions must be carefully
orchestrated to make progress towards obtaining ac-
curate distance labels while at the same time ensuring
that on average enough small-queue operations can
be done per large-queue operation. Note that other
problems such as bottleneck shortest path that can be
solved using slight variants of Dijkstra’s algorithm can
also be solved in linear time using our approach.

The algorithm for arbitrary lengths first applies the
algorithm of Cohen [4] to each region, obtaining (1)
shortest-path distances between each pair of bound-
ary nodes of the region and (2) an augmented version
of the region that facilitates computing shortest-paths
in the region. For each region, the algorithm con-
structs a complete directed graph on the boundary
nodes, where the length of an edge from u to v is de-
fined to be the distance from u to v within the region.
The algorithm then applies the algorithm of Goldberg
to the union of these complete graphs, obtaining dis-
tances from the source to each of the boundary nodes.
Finally, the algorithm operates once again on each re-
gion, using the distances computed for the boundary
nodes together with the augmented version of the re-
gion to compute distances for all the nodes in the re-
gion.

To obtain a parallel algorithm, we simply use a
parallel algorithm to carry out each step. Finding
the r-division can be done by repeated application of
the parallel planar-separator algorithm of Gazit and
Miller [12]. Cohen gives a parallel version of her algo-
rithm. To compute shortest paths on the union of
complete graphs, we use not Goldberg’s algorithm,
which does not directly parallelize, but Gabow and
Tarjan’s parallel algorithm for the assignment prob-
lem; there is an efficient reduction from single-source
shortest-paths to the assignment problem. We obtain
a parallel algorithm requiring O(n*/3lognLlog® n)
time and O(n*®lognllogn) work, where L is the
maximum magnitude of lengths. The same bounds
hold for perfect matching; the bounds are higher by a
logarithmic factor for max flow.

To obtain a dynamic algorithm, we use an approach



used previously for dynamically approximating short-
est paths in planar undirected graphs [20], an ap-
proach based in turn on that used in dynamic algo-
rithms for a variety of problems in planar graphs [6,
10,11,27]. To compute the shortest path from a given
source to a given sink, one operates on the union of
complete graphs with two of the complete graphs re-
placed by the regions they represent, one for the source
and one for the sink. To update the cost of an edge,
for example, one recomputes the complete graph for
the region containing the edge. Some difficulties arise
in handling addition of edges to the network; the so-
lution involves bounding the time per addition only
in an amortized sense. The time per operation is

O(n®/Tlognl).

2 Graph decompositions

For a graph G we use V() to denote the node-
set of G and FE(G) to denote the edge-set. TFor a
graph G and a node-subset S, an S-balanced node-
separator is a set of nodes whose removal breaks G
into two pieces such that each piece contains at most
an « fraction of the nodes of S (for some suitable con-
stant 1/2 < a < 1). The size of the separator is
the number of nodes it contains. A class of graphs
has an f-separator theorem if any k-node member
of the class has a size-f(k) separator. Examples of
classes for which such theorems have been proved are
planar graphs [23], bounded-genus graphs [13], two-
dimensional overlap graphs [22], and graphs excluding
a fixed graph as a minor [2].

Separators can be used to find a division [6] of a
graph, a partition of the edge-set into subsets, called
regions. A node 1s said to be contained in a region if
some edge of the region is incident to the node. A node
contained in more than one region is called a boundary
node of the regions containing it. An (r, s)-division of
an n-node graph is a division into O(n/r) regions, each
containing at most r nodes including O(s) boundary
nodes.

Theorem 2.1 [Frederickson] Any class of graphs with an
f-separator theorem has an (v, f(r))-division for any r.

If we repeatedly divide the regions of an (r,s)-
division to get smaller and smaller regions, we get
a recursive division. More formally, for integer non-
decreasing functions g and f where g(k) < k for all
k, a (g, f)-recursive division of an n-node graph G is
defined recursively as follows. The recursive division
contains one region Rg consisting of all of G. If G
has more than one edge then in addition the recursive
division contains a (g, f)-recursive division of each re-

gion of a (g(n), f(¢g(n)))-division of G. Our shortest-
path algorithm for the case when edges have nonneg-
ative weights makes use of a (g, f)-recursive division
for suitable values of ¢ and f.

The regions of the (g(n), f(g(n)))-division are
called the children of R, and R¢ is called their par-
ent. The ancestors and descendants of a region are
defined analogously. We also use the term subregion
to mean descendant. A region with only one edge has
no subregions and is hence called an atomic region.
For an edge zy, the atomic region consisting of zy is
denoted R(zy).

The level of an atomic region is zero, and the level
of a nonatomic region i1s one more than the maximum
level of its immediate subregions. We use parent(R)
to denote the parent of a region R, and we use £(R)
to denote its level.

Theorem 2.2 Any class of graphs with an f-separator
theorem has a (g, f.)-division for any g where g(k) =

o(k).

3 Shortest paths
edge-lengths

For our shortest-path algorithm, we assume with-
out loss of generality that the input graph G is di-
rected, that each node has at most two incoming and
outgoing edges, and that there is a finite-length path
from s to each node. The algorithm maintains a la-
bel d(v) for each node v of G. For each region of the
recursive division of (¢, the algorithm maintains a pri-
ority queue Q(R). If R is nonatomic, the items stored
in Q(R) are the immediate subregions of R. If R is
an atomic region, Q(R) consists of only one item, the
single edge contained in R; in this case the key associ-
ated with the edge is either the label of the tail of the
edge or infinity, depending on whether the edge needs
processing.

We assume the priority queue ) supports the op-
erations

with nonnegative

o updateKey(Q, x, k), which updates the key of »
to k,

o minltem(Q), which returns the item in @ with
the minimum key, and

o minKey(R), which returns the key associated
with minltem(Q)

The effect of removing an item from the queue is
achieved by updating the item’s key to infinity.

For each level £ of the recursive division, we have
an associated parameter ay. We determine the values
of these parameters later.



The algorithm is based on the following two proce-
dures.

Activate(R)

Comment: R is a region.

Al If R contains a single edge uv then

A2 if d(v) > d(u) + length(uv) then set d(v) :=
d(u) + length(uv) and, for each outgoing edge
vw of v, call GlobalUpdate(R(vw), vw, d(v)).

A3 updateKey(Q(R), uv, 00).

A4 Return minKey(Q(R)).

A5 Else (R is nonatomic)

A6 Repeat ayg) times or until min Key(Q(R)) is

infinity:
AT Let R := minltem(Q(R)).
A8 Let k& = Activate(R'), and call

update Key(Q(R), R, k).
A9 Return minKey(Q(R)).

GlobalUpdate(R, x, k)
Comment: R is a region, « is an item of Q(R), and k
is a key value.

Gl updateKey(Q(R), z, k)

G2 If the update Key operation reduced the value of
minKey(Q(R)) then

G3  GlobalUpdate(parent(R), R, k).

To compute shortest paths from a source s, proceed
as follows. Initialize all labels and keys to infinity.
Then assign the label d(s) := 0, and for each outgoing
edge sw, call GlobalUpdate(R(sw), sw,0). Then call
Activate(Rg), where R¢ is the region consisting of all
of G. When it returns, the labels d(v) are the shortest
distances from s, as we prove in the next subsection.
3.1 Correctness

We say an edge vw is relazed if d(v) < d(w) +
length(vw). Tt is well-known that if

1. d(s) =0,

2. every label d(v) is an upper bound on the distance
from s to v, and

3. every edge is relaxed,

then the labels give correct distances. The algorithm
immediately assigns d(s) := 0 and never changes that
label, so the first condition holds. We show that the
second condition also holds throughout the algorithm
and that the third condition holds if the algorithm
terminates. In the next subsection, we bound the time
until termination.

Lemma 3.1 For each node v, throughout the algorithm
the label d(v) is an upper bound on the distance from s
to v.

Proof: By induction on the number of steps of the
algorithm that have been executed. Initially every la-
bel except that of s is infinity. We only change labels
in step A2. Assuming inductively that d(u) and the
old value of d(v) are upperbounds on the distance to
u and v, it follows that the new value of d(v) is also
an upper bound. O

We say that an edge uv 1s pending if the key of uv
in Q(R(uv)) is finite.

Lemma 3.2 If an edge uv is not pending then it is re-
laxed.

Proof: The lemma holds before the first call to Ac-
tivate since at that point every node but s has label
infinity, and every outgoing edge of s is pending. The
algorithm only changes an edge uv to not pending,
l.e., uv 18 assigned a key of oo in step A3, just after
the edge is relaxed.

An edge vw could become unrelaxed when the
labels of its endpoints change. Note that labels
never go up. The label of v might go down
in step A2, but in the same step the algorithm
calls GlobalUpdate( R(vw), vw, d(v)) for each outgo-
ing edge vw of v. In step G1 of GlobalUpdate, the
key of vw is updated to a finite value, so vw 1s again
pending. O

Lemma 3.3 The key of a pending edge vw is d(v).

Proof: [Initially all labels and keys are oo. When-
ever a label d(v) is assigned a value k (either in
the initialization, where v = s, or in step A2),
GlobalUpdate( R(vw), vw, k) is called for each outgo-
ing edge vw. The first step of GlobalUpdate(R, v, k)
is to update the key of vw to k. O

Next we show that the queues are “consistent,” in a
sense to become apparent. During the execution of the
algorithm, the most recent invocation of Activate that
is still active 1s called the current invocation, and the
region to which that invocation was applied is called
the current region.

Lemma 3.4 For any region R that is not an ancestor
of the current region, the key associated with R in

Q)(parent(R)) is the min key of Q(R).

Proof: At the very beginning of the algorithm, all
keys are infinity. Thus in this case the lemma holds
trivially. Every time the minimum key of some queue



Q(R) is changed in step G1, a recursive call to Glob-
alUpdate in step G3 ensures that the key associated
with R in Q(parent(R)) is updated.

We must also consider the moment when a new re-
gion becomes the current region. This happens upon
invocation of the procedure Activate, and upon re-
turn from Activate. When Activate(R) is newly in-
voked, the new current region R is a child of the old
current region, so Lemma 3.4 applies to even fewer re-
gions than before; hence we know 1t continues to hold.
When Activate(R) returns, the parent of the previ-
ous current region R becomes current. Hence at that
point Lemma 3.4 applies to R. Note, however, that
Activate(R) returns the value minKey(Q(R)), and
the calling invocation, which is Activate(parent(R)),
updates the key of R in Q(parent(R)) to this returned
value. O

Corollary 3.5 For any region R that is not an ancestor
of the current region,
minKey(Q(R)) =

min{d(v) : vw is a pending edge contained in )

Proof: By induction on the level of R, using
Lemma 3.4. O

Recall that the algorithm terminates when
Activate(R¢g) returns, where Rg consists of the whole
graph. We shall assign infinity to the parameter «;
associated with this invocation, so Activate(Rg) re-
turns only when minKey(Q(Rg)) = oo. It follows
from Corollary 3.5 that at that point no edge is pend-
ing, so by Lemma 3.2 every edge is relaxed. Hence the
labels d(v) give shortest-path distances.
3.2 Analysis

In this subsection, we prove a bound on the run-
ning time of the algorithm. The bound depends on
the quality of the recursive division and on the pa-
rameters ay used in the algorithm. We show that for,
e.g., planar graphs, the running time is linear.

Consider an 1invocation A of the procedure
Activate.? The region of A is the region R to which
Activate is applied. The level of A 1s the level of R.
The start key of A is the min key of Q(R) just before
the invocation begins. The node v achieving the min-
imum in (1) at this moment is called the start node of
A. We say that A starts with v.

The end key of A is the min key of Q(R) just after
the invocation ends. We denote the start key of A by
start(A4), and the end key of A by end(A).

If invocation B is the result of executing step A8
during invocation A, then B is called the child of A.

2Henceforth, unless otherwise stated, an “invocation” refers
to an invocation of Activate.

The children of an invocation A are ranked accord-
ing to when they occur in time. The parent of an
invocation, and the descendants and ancestors of an
invocation are similarly defined.

We define the partial order < on the set of invo-
cations as follows: A < B if A and B have the same
region R, and A occurs before B. We say A is B’s
immediate predecessor if A < B and there is no invo-
cation C' with region R such that 4 < C' < B.

Lemma 3.6 Consider a invocation A with region R,
and a child A’ of A. At the time when A’ starts,

minKey(Q(R)) is the start key of A’

Proof: Let R’ be the region of A’. By choice of
R’ in step A7, R’ is the item in Q(R) whose key is
minimum. Furthermore, by Lemma 3.4, the key of R’
is the start key of A’. O

Lemma 3.7 1. Foran invocation A, every key assigned

during A has value at least the start key of A, and

2. If Ay, ..., A, are the children of A ordered by rank,
then start(A4) = start(A,),

start(4;) <start(A;) < - < start(A4p)

and start(A4,) < end(A4).

Proof: By induction on the level of A. If the region
of A is R(uv) for some edge uv, then the start key
of A is d(u). TIf GlobalUpdate is called in step A2, it
is called with a key k& = d(u) + length(vw), which is
at least d(u) by the nonnegativity of the edge-lengths.
Thus every key assigned during the call to GlobalUp-
date is at least the start key of A. The only other key
assigned during A is oo, which is assigned in step A3.
Suppose now that the argument of A is a nonatomic
region R. Let Ay,..., A, be the children of A. For
i=1,...,k, let k; be the min key of Q(R) at the time
when A; starts, and let k,4q1 be the min key of Q(R)
when A, ends. Since A; starts just after A starts, &
is the start key of A. By Lemma 3.6, k; i1s the start
key of A;. By definition, kp41 is the end key of A.
We show that k;41 > ki for ¢ = 1,... p, which
proves Statement 2. By Statement 1 of the inductive
hypothesis, every key assigned during A; has value at
least k;. In particular, every key assigned to an item
of Q(R) has value at least k;, so in particular the min
key of Q(R) at the end of A;, which is k;41, does not
go below k;. We have proved Statement 2. We have
shown moreover that every key assigned during the
children of A has value at least kq, proving Statement
1 holds for A. This completes the induction step. O



We say a boundary node v of a region R 1s an entry
node of R if v has an outgoing edge in K. We also
define the source node s to be an entry node of each
of the regions containing it.

Lemma 3.8 Let kg be the key associated with R at some
time ¢, and let A be the first invocation with region R
occurring after time ¢t. If start(A) < ko then A starts
with an entry node.

Proof: Let v be the start node of A. Since
start(4) < ko, it follows from Corollary 3.5 and
Lemma 3.3 that the key of some edge vw in R must
have been lowered to less than ky by an updateKey
operation between time t and the time A started. Dur-
ing this time no invocation acted on the region R or its
subregions. The update K ey operation must have been
called by an invocation GlobalUpdate( R(vw), vw, k)
occurring either during the initialization of the algo-
rithm or during an invocation of Activate with an
atomic region R(uv).

In the former case, v = s. In the latter case, since
R(uv) is not a subregion of R, v must be a boundary
node of R. Hence in either case v 1s an entry node of
R. O

We immediately obtain two corollaries.

Corollary 3.9 Let A and B be invocations with region R
such that A is B's immediate predecessor. If end(A4) >
start(B) then B starts with a entry node of R.

Corollary 3.10 For each region R, the first invocation
with region R starts with an entry node of R.

Lemma 3.11 f A < B are two invocations with the
same start node then start(A4) > start(B).

Proof: Let v be the common start node. By Corol-
lary 3.5, the start key of A is the label of v at the time
A begins. The first atomic regions to be processed dur-
ing A are those for outgoing edges of v. After these
are processed, the keys associated with these atomic
regions are set to infinity in step A3. Step A2 ensures
that these keys are not further updated unless there is
a reduction in the label of v. Since the start node of
B is v, it follows by Corollary 3.5 that some outgoing
edge of v 1s once again pending, so such a reduction in
the label of v must have taken place before B begins.
Since the start key of B is the label of v, it follows
that start(A) > start(B). O

We say an invocation A is stable if, for every B > A,
the start key of B is at least the start key of A. Corol-
lary 3.9 essentially shows that the source of instability
is start nodes that are entry nodes.

For an invocation A, let entryPred(A) be the latest
invocation F/ < A such that F starts with an entry
node. It follows by Corollary 3.10 that there is such an
invocation E. Note that entryPred(A) is a predecessor
of A (not necessarily a proper predecessor) and hence
has the same region as A.

Lemma 3.12 For every invocation A, start(4) >

start(entryPred(A)).

Proof: Let Ag = entryPred(A), and let 4g < 4; <
-+ < A, = A be the invocations with the same region
as A that occur between Ay and A. By definition of
entryPred, none of of Ay, ..., A, starts with an entry
node, so, by Corollary 3.9, start(A4g) < start(A;) <
- < start(4). O

Lemma 3.13 Suppose A < B are two invocations such
that entryPred(A) = entryPred(B). If B is stable then
every child of A is stable.

Proof: Let A = Cy < €1 < ... < Cp, = B be
the invocations with region R that occur between A
and B. Since entryPred(A) = entryPred(B), the start
nodes of C1, ..., Cy are not entry nodes of R. Hence it
follows by Corollary 3.9 that end(C;_;) < start(C;) for
t=1,...,p. Moreover, it follows from Statement 2 of
Lemma 3.7 that start(C;) < end(C;) fori = 1,...,p.
We infer that

end(A) < start(C;) (2)

fori=1,...,p.
Let A’ be a child of A, and let C’ be any invocation
such that ¢ > A’. Our goal is to show

start(A’) < start(C") (3)

Let C be the parent invocation of C” (so the region of
C'is R). If C' = A, then (3) follows from Statement 1
of Lemma 3.7.

Assume therefore that ¢' > A. Tt follows from
Statement 1 of Lemma 3.7 that start(A’) < end(A)
and that start(C) < start(C’), so it suffices to show
end(A) < start(C). There are two cases.

Case 1: C' = C; for some ¢ > 1. In this case,
end(A) < start(C) by (2).

Case 2: €' > B. In this case, end(A) < start(B)
follows by (2), and start(B) < start(C') follows by the
stability of B, so we obtain end(A4) < start(C). O

Recall that Rg is the region consisting of the whole
graph.

For an invocation A, define stableAnc(A) to be the
lowest stable ancestor of A. Since there is only one
invocation of Activate whose region is Rg, the region



consisting of the whole graph, that activation is triv-
ially stable. Hence every invocation has a stable an-
cestor, so stableAnc(A) is well-defined.

We define an invocation A to be truncated if end(A)
is infinity. Our first goal 1s to upper-bound the time
spent in truncated invocations. We will then bound
the amount of time spent in nontruncated invocations.
We leave for later the time spent in the procedure
GlobalUpdate.

Define the chargee of a truncated invocation C' to
be the pair (v, R) where v and R are, respectively, the
start node and the region of entryPred(stableAnc(C')).
Note that by definition of entryPred, the start node
v is an entry node of R, and R is also the region of
stable Anc(C'). Hence the region of C'is a subregion of
R. A truncated invocation whose chargee is (v, R) is

called a charger of (v, R).

Lemma 3.14 For each pair (v, R) there is an invocation
A with region R such that every charger of (v, R) is a
descendant of A.

Proof: The lemmais trivial if (v, R) has no chargers.
Otherwise, let C' be the earliest charger. Let A =
stableAnc(C), and let E = entryPred(A). Then R is
the region of A and F, and v is the start node of E.
Moreover, by Lemma 3.12,

start(F) < start(A) (4)

Let B be any invocation such that B > A. Our
goal is to show that no descendant of B is a charger.
Suppose for a contradiction that C’ is a descendant
of B and is a charger of (v, R). Tt follows that
B = stableAnc(C') and in particular that B is sta-
ble. Let E' = entryPred(B), and note that v is the
start node of E’. Since B occurs after A, £ occurs no
earlier than F. Suppose that F and E’ are distinct.
In this case E/ must occur after A (else entryPred(A)
would be E’). Moreover, by Lemma 3.11, start(E’) <
start(E). Combining this inequality with (4), we ob-
tain start(F’) < start(A), contradicting the stability
of A. Thus we may assume F = eniryPred(B).
Case 1: C'= A. In this case, A is truncated, so end(A)
is infinity. Let A’ be the immediate successor of 4, and
note that since £’ comes no later than A and B comes
after A, £ < A’ < B. By Corollary 3.9, A’ starts
with an entry node of R, contradicting the fact that
E = entryPred(B).
Case 2: C'# A. By Lemma 3.13, the child of A that is
an ancestor of C'is stable, contradicting the fact that
A 1s the lowest stable ancestor of C'. O

For levels i > j, let 8;; = a1 -+ -ajp1. (Bi s
defined to be 1, and 3;; with ¢ < j is defined to be 0.)

Corollary 3.15 For a level-¢ region R and an entry node
v of R, (v, R) has at most 3;; level-j chargers.

Proof: By Lemma 3.14, all chargers are descendants
of some invocation A with region R. The invocation A
results in at most «; invocations at level i — 1, each of
which results in at most «;_1 invocations at level i —2,
and so on. Thus the number of level-j descendants of
A is at most §;;. O

We can use Corollary 3.15 to count the number of
level-j truncated invocations.

First, we define r; to be the maximum size of any
level ¢ region. We note that r;_1 < g(r;). Also there
are O(n/r;) regions at level i, each consisting of at
most r; nodes and each having O(f(r;)) boundary
nodes. This follows from the fact that each level is
composed of a subset of the O(n) edges of the original
graph. Thus the number of boundary nodes at level ¢
is O(nf(r;)/r;). Each is an entry node of at most two
regions at that level, so there are O(nf(r;)/r;) pairs
(v, R) where R is a level-i region and v is an entry
node of R. Each pair has at most &;; level-j chargers
by Corollary 3.15, for a total of

Z O(nf(r:)Bi;/rs) (5)

Next we formulate a recurrence for the total number
s; of level-j invocations, including both truncated and
non-truncated. Since every level-0 invocation is trun-
cated, sg = >, O(nf(ri)f; 0/r;). Since each nontrun-
cated level-j invocation results in «; invocations at
level j —1, the number of such invocations is s;_1 /cv;.
Hence the total number of level-j invocations is

sj < sj1/a; + ZO(nf(ﬂ)ﬁzj/ri) (6)

The time required for a single level-j invocation,
not including further calls made to Activate or Glob-
alUpdate, is dominated by the number o; of iterations
of the loop multiplied by the time to obtain the mini-
mum item from the queue and to update its key. Since
the queue of a level-j region has O(r;/r;_1) items in
its queue, the time for these operations is O(logr;).
Thus the time for such an invocation is O(«; logr;).
It follows that the total time for the algorithm, not
including time spent in GlobalUpdate, is

Z O(sja;logr;)

J

Next we analyze the time spent in GlobalUp-
date. Consider a level-0 invocation Ay of Activate,
and let R(uv) be its (atomic) region. It makes at



most two calls GlobalUpdate(R(vw), vw, d(v)), each
of which leads to a series of recursive calls to Glob-
alUpdate, involving a corresponding series of regions
R(vw)=Rp, R1,..., Ry, where R;y1 is the parent re-
gion of R;. The call involving region FR; requires
O(logr;) time (not including recursive calls), so the
total time for the series of calls is

O(logr;) (7)

P
:1

J

The key to the analysis is bounding the length of
such a series. Lemma 3.16 below shows that all but
the last call in the series involves a region R; of which
the node v is a boundary node. Let level(v) = max{¢ :
v is a boundary node of a level-i region}. Tt follows
that the length p of the series is at most 1 + level(v).

Suppose the chargee of the level-0 invocation Ag
is (z,R). Let us say Ag is type I if the level of R
is at least level(v), and type 2 otherwise. First we
bound the time spent in type 1 invocations. As in the
previous analysis, there are O(nf(r;)/r;) pairs (v, R)
where R is a level-j region and v is an entry node of
R. Each is the chargee of at most 3; ¢ level-0 invoca-
tions. If such an invocation is type 1 then the time
required for the resulting series of calls to GlobalUp-
date is Zi;l O(logr;). Thus the total time spent in
GlobalUpdates called from type 1 invocations is

J+1
O3 () /)0 - 3 log ) (3)

Now we bound the time for type 2 invocations. Fix
an atomic region R(uv) and let j = level(v). We count
the type 2 invocations with region R(uv) as follows.
By definition of type 2, the chargee of each such invo-
cation is a pair (v, R) where R is an ancestor of R(uv)
and v i1s an entry node of R. If such a region R has
level ¢, it has at most f;g chargees with region R(uv)
by Corollary 3.15. Hence the number of type 2 invo-
cations with region R(uv) is at most ZK]» F(ri)fio.
For any j, the number of atomic regions R(uv) with
level(v) = j is O(nf(r;)/r;) (using the fact that each
node has indegree at most 2), and the time required
by GlobalUpdate for such a region is Zi;l O(logr;).
Hence the total time of the GlobalUpdates caused by
type 2 invocations is

j-1 1
ZO(”f(Tj)/W) (Z f(ri)ﬁm) (Zlogm’) (9)

We now proceed with lemma 3.16.

Lemma 3.16 Suppose that in step A2 a call
GlobalUpdate( R(vw), vw, d(v))  occurs. Let
R(vw)=Ry, R1,...,Rp, Ryt1 be the regions to which
the resulting recursive invocations of GlobalUpdate are
applied. Then v is an entry node of .

Proof: Let Ay be the invocation of Activate dur-
ing which the initial call to GlobalUpdate was made.
Fori=0,...,p+ 1, let GG; be the invocation of Glob-
alUpdate with region R;, and note that G; calls G4
in step G3 for ¢ = 1,...,p. Since Gjpy; takes place,
it must be that during G}, the condition in step G2
must have been true: the updateKey operation in
step G1 must have resulted in a reduction in the value
of minKey(Q(Rp)).

Since R, is an ancestor of Ry = R(vw), the edge
vw belongs to R,. To show that v is a boundary node
of R,, we show that the edge uv does not belong to
Rp,. Suppose for a contradiction that uv € R,, so
R(uv) is a subregion of R,. Hence the invocation A
is a descendant of some invocation A whose region is
Ry,. If A = Ag then the lemma is trivial. Other-
wise, let A’ be the child of A, that is an ancestor of
Ag. By Lemma 3.6, the start key of A’ is the value
of minKey(Q(Rp)) at the time when A’ starts. By
Lemma 3.7, every key assigned during A’ has value
at least the start key of A’, contradicting our earlier
assertion that step G1 resulted in a reduction in the
value of minKey(Q(R,)). O

We now specify an algorithm by setting ap = 1 and
a; = 4logriy1/logr; for i > 0. Our algorithm runs in
linear time provided that

i+1
Lif} i
> 8 f(ri—1)log riy1 Zlogrj (10)
f(rl) ji=1

We omit the proof of this claim due to lack of space.

Theorem 3.17 For any f such that f(k) = O(k/2'°8" %)
where € is a constant, for any class of graphs with an
f-separator theorem, there is a shortest-path algorithm
that runs in linear time not including the time required
for building a recursive division.

Now we address planar graphs specifically.
Goodrich [3] has given a linear-time algorithm to
find a region decomposition of a planar graph using
y/n-separators. His method can be used to obtain
a (g,+/n)-recursive division.in linear time. Alterna-
tively, we can use the fact that a (g,nz/?’)—recursive
division is sufficient to achieve the linear-time bound.
In the complete version of this paper we will show how

to find such a recursive division 1n linear time.



Corollary 3.18 Single-source shortest paths in planar
graphs with nonnegative lengths can be computed in lin-
ear time.

Proof sketch: We find a (g, f) recursive division of
G where f(k) = ck/21°8°% and g(k) = k/2° 198" % We
can show that inequality 10 holds for such a recursive
division for appropriate choices of ¢ and ¢’. O

4 Single-source shortest paths with
negative edge-lengths
In this section we consider the shortest-path prob-
lem when the edges are allowed to have arbitrary
weights. We will use the term size (as opposed to
length) of a path to refer to the number of edges on
the path.

Theorem 4.1 Let G be a n-node planar directed graph
such that the sum of the absolute values of the edge-
weights is at most [). Given a source node s in (G the

shortest paths from s to all the other nodes in G can be
found in time O(n4/310g2/3 D).

Suppose an r-division has been computed for the
input graph. Define the splitting set of each region to
be the set of boundary nodes of the region. We also use
a separator decomposition for each region, as explained
below. The algorithm consists of three phases.
Phase I: We apply a nested-dissection algorithm [25]
to compute, for each region R of the division, two
auxiliary graphs Hg and G'g. The nodes of Hg are
the splitting nodes, and for every pair of nodes there
is an edge whose length 1s the shortest-path distance
in R. The nodes of G are the nodes of R, each edge
of GGg corresponds to a path in R, and

L |E(GR)| = |E(R)|log(|E(R)]),

2. for any pair of nodes u, v € R there exists a short-
est u-to-v path in Gg that has size O(log |V(R)]).

This is done using a straightforward divide-and-
conquer. The time required is O(r3/?) time [4,25,26],
but for ease of exposition we describe a slightly sim-
plified version that requires a log factor more time.
Given a graph R with splitting set .S, we proceed as
follows. Suppose R has r nodes. Let X be a size
O(+/7) separator for R that breaks R into up to three
pieces R1, Ro, R3such that each piece contains at most
a 2/3 fraction of the nodes of GG and a 2/3 fraction of
the nodes of S.3 Let the splitting set for R; consist of

3Such a separator can be obtained by first finding a V(R)-
balanced separator and then finding an S-balanced separator in
the piece that contains more than half the nodes of S.

the nodes of S that lie in R;, together with the nodes
of X. Suppose we have recursively computed Hg, and
Gpg, for i = 1,2,3. Then Hgr can be computed from
the Hg,’s by computing all-pairs shortest paths in the
union of these graphs; the time required is O((1/7)?).
Finally, Gg consists of the union of Hg with the union
of the Gg,’s. A simple induction proof shows that this
construction has the desired properties.

Phase II: Let H be the union of the Hg’s for all the
regions R of the division. We use the single-source
shortest path algorithm due to Goldberg [14] in H to
compute shortest paths from s to all the boundary
nodes of the regions.

Phase III: For each region R, we obtain G’ from Hpg
by adding a new source node sg with edges to each
of the boundary nodes of R; the lengths of the edges
are the distances to the corresponding nodes as com-
puted in Phase II. We then compute shortest paths in

'w using the Bellman-Ford shortest-path algorithm.
Because of property (2) above, we only need O(logn)
iterations of that algorithm (as observed, e.g., by Co-
hen [5]).

It is easy to verify that the distances computed in
Phase III are the correct shortest-path distances.

Now we analyze the algorithm. As remarked ear-
lier, the first phase can be done in O(r*/?) time for
each region in the division [4,25,26]. Therefore the to-
tal time for this phase is O((n/r)r3/?). To bound the
time required for the single-source shortest-path com-
putation on the auxiliary graph H, we note that H has
O(n) edges and O(n/r'/?) nodes. Therefore running
Goldberg’s algorithm on H requires O(% log D)
time. The time required to run a Bellman-Ford
computation on one region for O(logr) iterations is
O(rlogr) (see for instance [16]). Thus, the time re-
quired to run the third phase on all the regions is
O(nlogr). Choosing r equal to n231og*> D, we
see that the entire algorithm requires O(n*/3 log?/® D)
time. We thus get the bounds of Theorem 4.1.

A problem related to maximum flow is that of com-
puting circulations. In this problem we are given a
planar directed network with demands (both positive
and negative) on the nodes such that the sum of the
demands is zero. Our task is to compute a feasible flow
assignment to the edges of the network (if one exists)
such that the sum of the flow into any node is equal to
the demand at that node. Miller and Naor [21] show
that a legal-circulation can be computed in a planar
graph G by doing a single-source shortest-path com-
putation in the dual graph. The circulation problem



is also related to the problem of computing perfect
matchings in planar bipartite graph. We can also use
our algorithm to compute maximum flow from one or
more sources. Using our shortest path algorithm we
get the following bounds for these problems:

Corollary 4.2 A legal circulation can be computed in a
planar graph in time O(n4/310g2/3 D) time where D is
the sum of all the edge-capacities. A perfect matching
can be found in O(n4/310g2/3 n) time in an n-node pla-
nar bipartite graph.

Given a single source and sink the maximum flow from
source to sink can be computed in O(n*/3logn log?/® D)
time. A minimum cut can also be computed within the
same time bounds. If there are multiple sources and sinks
that lie on at most k faces then a maximum flow in GG
can be computed in O(k2n4/310gnlog2/3 D) time.

Computing shortest paths in parallel To get
an efficient parallel algorithm we follow the same
three-phase strategy but instead of using Golberg’s
algorithm in the second phase we use an algorithm
due to Gabow and Tarjan [24]. Given an z-node
e-edge graph H with integral edge-lengths that are
at most N in magnitude, the algorithm in [24] can
compute single-source shortest-paths in H in time
O(y/ze log(z N )(log 2p)/p) using p < ¢/(y/zlog* )
processors. Using this algorithm in the boundary-
path stage and setting r to be n?/3log*?n and p to be
n2/3/log®/3n we can get a parallel algorithm with the
following bounds:

Theorem 4.3 Let GG be a n-node planar directed graph
such that the sum of the absolute values of the edge-
lengths is at most D). The single-source shortest-
path problem in GG from a given source-node s can be
solved in time O(n2/310g7/3 n(logn+log D)) and work
O(n*/3logn(logn + log D)).

Using this shortest-path algorithm we can also get
parallel algorithms for computing a legal-circulation,
the maximum st-flow, and a perfect matching in a
planar bipartite graph with the bounds shown in the
following corollary:

Corollary 4.4 A legal circulation in G can be com-
puted in time O(n2/310g7/3 n(logn + log D)) and work
O(n*/3(log n+log D)), while a maximum st-flow can be
computed in time O(nz/?’loglo/?’ n(logn + log D)) and
work O(n*/?1og? n(log n + log D)).

If G is a planar bipartite graph then we can find
a perfect matching in time O(nz/?’logl?’/?’ n) with
O(n/31og® n) work.
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Dynamic maintenance of shortest paths These
partitioning techniques can also be used to derive effi-
cient dynamic algorithms for shortest paths and other
related problems. The ideas are similar to a number of
other fully dynamic algorithms for graph problems [6,
10,11,20,27].

The basic idea is to divide G into suitable sized
pieces and precompute all-boundary pair shortest
paths in each piece. These precomputed answers are
used to answer any given query quickly. At the same
time when edges are added or removed we need only
recompute the shortest paths in a few pieces. Our re-
sults for the dynamic maintenance of shortest paths
are as follows:

Theorem 4.5 Given an n-node planar directed graph
(7, such that the sum of the absolute-values of the
edge-lengths is at most D, there exists a O(n)-space
fully dynamic data structure to maintain the all-pairs
shortest-path information in G. The time per operation
is O(n9/7log D). The time for queries, edge-deletion,
and changing lengths is worst-case while the time for
adding edges is amortized.

As with the sequential and parallel algorithms our
shortest path algorithm can be used to derive dy-
namic algorithms for maintaining circulations and
perfect matchings in planar graphs. The amortized
time per operation for maintaining a circulation is
O(n®/7log D), while the amortized time per operation
for maintaining a perfect matching is O(n®/7logn).
The details will be given in the full version of the pa-
per.
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