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Type Analysis of Prolog Using Type Graphs1P. Van Hentenryck A. Cortesi B. Le CharlierBrown University University of Venezia University of NamurBox 1910 Via Torino 155 21 rue GrandgagnageProvidence RI 02912 (USA) I-30170 Mestre-VE (Italy) B-5000 Namur (Belgium)pvh@cs.brown.edu cortesi@moo.dsi.unive.it ble@info.fundp.ac.beAbstractType analyis of Prolog is of primary importance for high-performance compilers, since type infor-mation may lead to better indexing and to sophisticated specializations of uni�cation and built-inpredicates to name a few. However, these optimizations often require a sophisticated type infer-ence system capable of inferring disjunctive and recursive types and hence expensive in computationtime.The purpose of this paper is to describe a type analysis system for Prolog based on abstractinterpretation and type graphs (i.e. disjunctive rational trees) with this functionality. The system(about 15,000 lines of C) consists of the combination of a generic �xpoint algorithm, a genericpattern domain, and a type graph domain. The main contribution of the paper is to show that thisapproach can be engineered to be practical for medium-sized programs without sacri�cing accuracy.The main technical contributions to achieve this result are (1) a novel widening operator for typegraphs which appears to be accurate and e�ective in keeping the sizes of the graphs, and hencethe computation time, reasonably small; (2) the use of the generic pattern domain to obtain acompact representation of equality constraints between subterms and to factor out sure structuralinformation.1 IntroductionAlthough Prolog is an untyped language, type analysis of the language is important since it en-ables to improve indexing, to specialize uni�cation, and to produce more e�cient code for built-inpredicates to name a few. However, to provide compilers with su�ciently precise information, typeanalyses must be rather sophisticated and contain disjunctive and recursive types. Consider forinstance the simple program to insert an element in a binary tree:insert(E,void,tree(void,E,void)).insert(E,tree(L,V,R),tree(Ln,V,R)) :- E � V, insert(E,L,Ln).insert(E,tree(L,V,R),tree(L,V,Rn)) :- E > V, insert(E,R,Rn).If compilers are given the information that the �rst argument is not a variable and that the typeT of the second argument is described the grammar1This research was partly supported by the O�ce of Naval Research under grant N00014-91-J-4052 ARPA order8225 and the National Science Foundation under grant numbers CCR-9357704 and a National Young InvestigatorAward. 0



T ::= void j tree(T,Any,T)then at most two tests are necessary to select the appropriate clause to execute. Note that arecursive type is needed because of the recursive call. Information about the functor of the secondargument would only enable to specialize the �rst call to insert.Extensive research has been devoted to type inference in logic programming, although fewsystems have actually been developed. A popular line of research, called the cartesian closureapproach in [9], was initiated by [15] and further developed in many authors (See [7] for a completeaccount). The key idea is to approximate the traditional Tp operator by replacing substitutionsby sets of substitutions and using a cartesian closure operator to ignore inter-variable and inter-argument dependencies. This approach originated in type checking applications but can be used fortype analysis as well. The type inference problem in this approach was shown to be decidable byHeintze and Ja�ar [9] using a reduction to set constraints. By reducing the problem to the inferenceof (a subclass of) monadic logic programs, Fruehwirth et al. [7] gave an exponential lower boundfor type checking and an exponential algorithm for type inference. The appealing feature of thisapproach is that the problem is amenable to precise characterization and hence its properties canbe studied more easily. Its limitation for type analyis is that the relationships between predicatearguments are ignored which may entail a loss of precision and makes it di�cult to integrate thesystem with other analyses such as modes and sharing. A type inference system based on thisapproach was developed by Heintze [8] and the experimental results (on programs up to 32 clauses)indicate that there is hope to make this approach practical.Another line of research is the approach of Bruynooghe and Janssens (e.g. [2, 10]) which is basedon a traditional abstract interpretation approach [4]. The key idea is to approximate a collectingsemantics of the language by an abstract semantics where sets of substitutions are described bytype graphs, i.e. disjunctive rational trees. A �xpoint algorithm is then used to compute the least�xpoint or a post�xpoint of the abstract semantics. The problem of inferring the set of principalfunctors for an argument in a program is undecidable and the result of the analysis is thus anapproximation as is traditional in abstract interpretation. The appealing features of this approachis the possibility of exploiting variable dependencies and the ease with which type analysis can becombined with other analyses as required by applications such as compile-time garbage collection[17]. The drawback is that the result of the analysis is more di�cult to characterize formally as thedesign of the abstract domain is an experimental endeavour. This approach has been implementedin a prototype system [10] but experimental results have only been reported on very small programsand were not very encouraging. Hence the practicability of this approach remains open. Note alsothat the two approaches, which use fundamentally di�erent algorithms, are not directly comparablein accuracy, since the accuracy of the abstract interpretation approach depends upon the choicesmade in the abstract domain.The purpose of this paper is to describe the design and implementation of a type system based onthe second approach. The system is best described as GAIA(Pat(Type)), where GAIA is a generictop-down �xpoint algorithm for Prolog [12, 6]2, Pat is a generic pattern domain for structuralinformation [3], and Type is a type graph domain. The main contribution of the system (about15,000 lines of C) is to show that type analysis based on abstract interpretation and type graphscan be engineered to be practical, at least for medium-sized programs (up to 450 lines of Prolog).It also shows that type graphs can be practical and this is of importance for many applications such2GAIA is available by anonymous ftp from Brown University.1



as compile-time garbage collection (e.g. [17]) and automatic termination analysis (e.g. [21]). Thetechnical contributions to obtain this result are (1) a novel widening operator for type graphs whichappears to be accurate and e�ective in keeping the sizes of the graphs, and hence the computationtime, reasonably small; (2) the use of the pattern domain to obtain a compact representation ofequality constraints between subterms and to factoring sure structural information. This should becontrasted with Bruynooghe and Janssens's approach which restricts attention to a �nite domainto guarantee the �niteness of the analysis and represents all information in the type graph domain.Note also that the use of widening operators for type inference has been recently investigated inthe context of functional programming but the technical details of this work are fundamentallydi�erent [16].The rest of this paper is organized as follows. Section 2 illustrates the functionality of thesystem on a variety of small but representative examples. Section 3 gives an overview of thepaper. Sections 4 and 5 brie
y review our abstract interpretation framework and the genericpattern domain. Section 6 describes our design of the type graph domain. Section 7 reports theexperimental results. Section 8 concludes the paper.2 An Illustration of the Functionality of the Type SystemThe purpose of this section is to illustrate the behaviour of the type analysis system on a numberof examples. It should give the reader an intuitive idea of the accuracy and e�ciency of thetype analysis system. The examples are small for clarity but they represent abstractions of existingprocedures and illustrate many aspects of Prolog programming. Results on medium-sized programsare given in Section 8.Our type analysis system receives as input a Prolog program and an input pattern, i.e. apredicate symbol and some type information on each of the arguments. The input pattern givesinformation on how the program is used, i.e. it speci�es the top-level goal and the type proper-ties satis�ed by the arguments. In this section, for simplicity, all input patterns are of the formp(Any.: : :,Any), where Any represents the set of all terms. The output of the system is an outputpattern, i.e. a predicate symbol and some type information on each of the arguments. The outputpattern represents type information of the arguments on success of the predicate. The system alsoreturns a set of tuples (�in; p; �out) which represent the input and output patterns for a predicatesymbol p needed to compute the result. Note that the system performs a polyvariant analysis,i.e. there may be multiple tuples associated with the same predicate symbol. In the following, wemainly show the top-level result for simplicity. The results are presented as context free grammars,since there is a close analogy between grammars and type graphs (see Section 6.1). Consider �rstthe traditional naive reverse programnreverse([],[]).nreverse([F|T],Res) :- nreverse(T,Trev), append(Trev,[F],Res).append([],X,X).append([F|T],S,[F|R]) :- append(T,S,R).For an input pattern nreverse(Any,Any), the system produces the output pattern nreverse(T,T)where T is de�ned as follows: 2



T ::= [] j cons(Any,T).In other words, both arguments should be lists after execution of nreverse. The analysis alsoconcludes that the �rst argument to append is always a list. Note that the system has no prede�nednotion of list: [] and cons/2 are uninterpreted functors. The analysis time for this example isabout 0.01 seconds. Consider now the following program which is an abstraction of a procedureused in the parser of Prolog.process(X,Y) :- process(X,0,Y).process([],X,X).process([c(X1)|Y],Acc,X) :- process(Y,c(X1,Acc),X).process([d(X1)|Y],Acc,X) :- process(Y,d(X1,Acc),X).The program is interesting because it contains a sophisticated form of accumulator, a traditionalProlog programming technique. For the input pattern process(Any,Any), the analysis returns theoutput pattern process(T,S) such thatT ::= [] j cons(T1,T).T1 ::= c(Any) j d(any).S ::= 0 j c(Any,S) j d(Any,S).The �rst argument is inferred to be a list with two types of elements while the second argumentcaptures perfectly the structure of the accumulator. The analysis time is about 0.34 seconds.Consider now a slight variation of the program to introduce two mutually recursive procedures:process(X,Y) :- process(X,0,Y).process([],X,X).process([c(X1)|Y],Acc,X) :- other process(Y,c(X1,Acc),X).other process([d(X1)|Y],Acc,X) :- process(Y,d(X1,Acc),X).For the input pattern process(Any,Any), the analysis returns the output pattern process(T,S)such thatT ::= [] j cons(c(Any),cons(d(Any),T)).S ::= 0 j d(Any,c(Any,S)).Once again the types of the accumulator and of the list are inferred perfectly and the analysis timeis about 0.08 seconds. Consider now the example depicted in Figure 1 which contains imbricatedlists and an accumulator. Given the input pattern get(Any), the analysis system returns the outputpattern get(T) whereT ::= [] j cons(T1,T).T1 ::= [] j cons(T2,T1).T2 ::= a j b. 3



llist([]).llist([F|T]) :- list(F), llist(T).list([]).list([F|T]) :- p(F), list(T).p(a). p(b).reverse(X,Y) :- reverse(X,[],Y).reverse([],X,X).reverse([F|T],Acc,Res) :- reverse(T,[F|Acc],Res).get(Res) :- lt(X), reverse(X,Res).Figure 1: A Prolog Program Manipulating Imbricated Lists
add(0,[]).add(X + Y,Res) :- add(X,Res1), mult(Y,Res2), append(Res1,Res2,Res).mult(1,[]).mult(X * Y,Res) :- mult(X,Res1), basic(Y,Res2), append(Res1,Res2,Res).basic(var(X),[X]).basic(cst(C),[]).basic(par(X),Res) :- add(X,Res).Figure 2: A Prolog Program Manipulating Arithmetic Expressions4



add(X,Res) :- mult(X,Res).add(X + Y,Res) :- add(X,R1), mult(Y,R2), append(R1,R2,Res).mult(X,Res) :- basic(X,Res).mult(X * Y,Res) :- mult(X,R1), basic(Y,R2), append(R1,R2,Res).basic(var(X),[X]).basic(cst(X),[]).basic(par(X),Res) :- add(X,Res).Figure 3: Another Prolog Program Manipulating Arithmetic ExpressionsThe analysis time is about 0.09 seconds. The example illustrates well how the imbricated liststructure is inferred by the system and preserved when used inside the accumulator of reverse.Consider the program depicted in Figure 2 which collects information in arithmetic expressions.For the input pattern add(Any,Any), the analysis produces the output pattern add(T,S) whereT ::= T + T1 j 0.T1 ::= T1 * T2 j 1.T2 ::= cst(Any) j par(T) j var(Any).S ::= [] j cons(Any,S).The interesting point in this example is that the rule for T2 contains an occurrence of T showing thatour analysis can generate grammars with mutually recursive rules. The analysis time is about 0.11seconds. Consider now the even more sophisticated program on arithmetic expressions depicted inFigure 3. For the input pattern add(Any,Any), the analysis produces the output pattern add(T,S)whereT ::= T2 j T + T1 j T * T2.T1 ::= T2 j T1 * T2.T2 ::= cst(Any) j var(Any) j par(T).S ::= [] j cons(Any,S).The analysis time is about 0.45 seconds. Finally, we would like to mention the analysis of thetokenizer of Prolog which produces the resultT ::= [] j cons(T1,T).T1 ::= '(' j ')' j ',' j '[' j ']' j 'f' j '|' j 'g' jatom(Any) j integer(Any) j string(T2) j var(Any,Any)T2 ::= [] j cons(Any,T2).The analysis time is about 0.42 seconds and the interesting point was the ability of the wideningto preserve the string type. 5



3 Overview of the Type Analysis SystemOur type analysis system can be described as GAIA(Pat(Type)) where1. GAIA(R) is a generic �xpoint algorithm for Prolog which, given an abstract domain R,computes the least �xpoint (�nite domains) or a post�xpoint (in�nite domains) of an abstractsemantics based on R;2. Pat(R) is a generic pattern domain which enhances any domain R with structural informa-tion and equality constraints between subterms;3. Type is the type graph domain to represent type information.The next three sections are devoted to each of the subsystems with a special emphasis on Typesince the other two systems have been presented elsewhere.4 The Abstract Interpretation FrameworkIn this section, we brie
y review our abstract interpretation framework. The framework is presentedin details in [12] and is close to the work of Marriott and Sondergaard [14] and Winsborough [22].It follows the traditional approach to abstract interpretation [4].Concrete Semantics As is traditional in abstract interpretation, the starting point of the anal-ysis is a collecting semantics for the programming language. Our concrete semantics is a collecting�xpoint semantics which captures the top-down execution of logic programs using a left-to-rightcomputation rule and ignores the clause selection rule. The semantics manipulates sets of substi-tutions which are of the form fx1  t1; : : : ; xn  tng for some n � 0. Two main operations areperformed on substitutions: uni�cation and projection. The semantics associates to each of thepredicate symbol p in the program a set of tuples of the form (�in; p;�out) which can be interpretedas follows:\the execution of p(x1; : : : ; xn)� with � 2 �in produces a sequence of substitutions�1; : : : ; �n; : : :, all of which belongs to �out."Abstract Semantics The second step of the methodology is the abstraction of the concretesemantics. Our abstract semantics consists in abstracting a set of substitutions by a single abstractsubstitutions, i.e. an abstract substitution represents a set of substitutions. As a consequence, theabstract semantics associates with each predicate symbol p a set of tuples of the form (�in; p; �out)which can be read informally as follows:\the execution of p(x1; : : : ; xn)� with � satisfying the property described by �in producesa sequence of substitutions �1; : : : ; �n; : : :, all of which satisfying the property describedby �out."The abstract semantics assumes a number of operations on abstract substitutions, in particularuni�cation, projection, and upper bound. The �rst two operations are simply consistent approx-imations of the corresponding concrete operations. The upper bound operation is a consistentabstraction of the union of sets of substitutions. 6



The Fixpoint Algorithm The last step of the methodology consists in computing the least�xpoint or a post�xpoint of the abstract semantics. The �xpoint algorithm GAIA [12] is a top-down�xpoint algorithm computing a small, but su�cient, subset of least �xpoint (or of a post�xpoint)necessary to answer a user query. The algorithm uses memoization, a dependency graph to avoidredundant computation, the abstract operations of the abstract semantics, and the ordering relationon the abstract domain. It has many similarities with PLAI [18] and can be seen either as animplementation of Bruynooghe's framework [1] or as an instance of a general �xpoint algorithm[13]. In the experimental results, we use the pre�x version of the algorithm [6].5 The Generic Pattern DomainIn this section, we brie
y recall the basic notions behind the generic abstract domain Pat(R).The main signi�cance of Pat(R) for type analysis is the reduction in the size of the type graphsby factoring out sure structural information and, more importantly, by providing a compact rep-resentation of equalities between subterms. This allows the domain Type to be kept as simple aspossible and should be contrasted with the approach of [10] where both information are handledin the same domain.The key intuition behind Pat(R) is to represent information on some subterms occurring in asubstitution instead of information on terms bound to variables only. More precisely, Pat(R) mayassociate the following information with each considered subterm: (1) its pattern which speci�es themain functor of the subterm (if any) and the subterms which are its arguments; (2) its propertieswhich are left unspeci�ed and are given in the domain R. A subterm is said to be a leaf i� its patternis unspeci�ed. In addition to the above information, each variable in the domain of the substitutionsis associated with one of the subterms. Note that the domain can express that two arguments havethe same value (and hence that two variables are bound together) by associating both argumentswith the same subterm. This feature produces additional accuracy by avoiding decoupling termsthat are equal but it also contributes in complicating the design and implementation of the domain.It should be emphasized that the pattern information is optional. In theory, information on allsubterms could be kept but the requirement for a �nite analysis makes this impossible for almostall applications. As a consequence, the domain shares some features with the depth-k abstraction[11], although Pat(R) does not impose a �xed depth but adjusts it dynamically through upperbound and widening operations.Pat(R) is thus composed of three components: a pattern component, a same value component,and a R-component. The �rst two components provide the skeleton which contains structural andsame-value information but leaves unspeci�ed which information is maintained on the subterms.The R-domain is the generic part which speci�es this information by describing properties of aset of tuples < t1; : : : ; tp > where t1; : : : ; tp are terms. As a consequence, de�ning the R-domainamounts essentially to de�ning a traditional domain on substitutions. In particular, it shouldcontain operations for uni�cation, projection, upper bound, and ordering. The only di�erence isthat the R-domain is an abstraction of a concrete domain whose elements are sets of tuples (ofterms) instead of sets of substitutions. This di�erence is conceptual and does not fundamentallya�ect the nature or complexity of the R-operations.The implementation of the abstract operations of Pat(R) is expressed in terms of the R-domainoperations. In general, the implementations are guided by the structural information and call theR-domain operations for basic cases. Pat(R) can be designed in two di�erent ways, depending7



upon the fact that we maintain information on all terms or only on the leaves. For Pat(Type), weonly maintain type information on the leaves. Since Pat(R) and Type are both in�nite domains,a widening operation is needed as well. This operation is simply the upper-bound operation onPat(R) with the upper bound operation on the subdomain replaced by a widening operation. Thewidening operation on Type is the critical design decision in Type and is discussed in Section 6.3.The identi�cation of subterms (and hence the link between the structural component and theR-domain) is a somewhat arbitrary choice. In Pat(R), subterms are identi�ed by integer indices, say1 : : :n if n subterms are considered. For instance, the substitution fx1  t�a ; x2  a ; x3  y1n[ ]gwill have 7 subterms. The association of indices to them could be for instancef(1; t � a); (2; t); (3; a); (4; a); (5; y1 n [ ]); (6; y1); (7; [ ])g:The pattern component (possibly) assigns to an index an expression f(i1; : : : ; in), where f is afunction symbol of arity n and i1; : : : ; in are indices. If it is omitted, the pattern is said to beunde�ned. To represent the following set of substitutionsf fx1  t � a ; x2  a ; x3  y1 n [ ]g ; fx1  t � a ; x2  b ; x3  y1 n [ ]g gthe (most precise) pattern component will make the following associationsf(1; 2 � 3); (2; t); (3; a); (5; 6n 7); (7; [ ])g:Note that no information is associated with subterm 4, since this information di�ers in the substi-tutions. The same value component, in this example, maps x1 to 1, x2 to 4, and x3 to 5.As mentioned previously, the R-domain associates some properties with the leaves. In the caseof the Pat(Type), we could have the association f(4; T)g where T would be described asT ::= a j b.6 The Type Graph DomainIn this section, we present the design of the domain Type. We start with type graphs and thende�ne the domain, its operations, and the widening operator.6.1 Type GraphsOur type graphs are essentially what Bruynooghe and Janssens call rigid types and readers arereferred to [10] for a complete coverage of type graphs. Our presentation uses more algorithmicconcepts to simplify the rest of the presentation.De�nition and Denotation A type graph g is a rooted graph h G, r i, where G = (V,E)is a directed graph such that, for any vertex v in G, the successors of v are ordered and r is adistinguished vertex called the root of g and denoted by root(g). In the following, type graphsare denoted by the letter g and vertices by the letter v, both possibly subscripted or superscripted.A vertex v in a type graph g is associated with the following information:8



Cc(h(V,E),ri) = lfp(D)(r).D: (V ! SST) ! (V ! SST)D(�) = f (v; T) j v 2 V & T = Denot(v;�) g.Denot(v,�) =if type(v) = Any then STelse if type(v) = or then S1�i�arity(v)�(succ(v; i))else ff(t1; : : : ; tarity(v)) j f = functor(v)& ti 2 �(succ(v; i))g:Figure 4: The Denotation of Type Graphstype(v): an element of fAny, functor, org;functor(v): a string if type(v) = functor;arity(v): a natural number if type(v) 2 ffunctor,org.If type(v) = or, arity(v) > 1. The successors of a vertex v are denoted by succ(v) and the ithsuccessor of v by succ(v,i) for 1 � i � arity(v). More types (e.g. Integer, Real, Ground)can be added easily without a�ecting the results described here.The denotation of a type graph g, denoted by Cc(g), is depicted in Figure 4. In the �gure,ST denotes the set of all terms, SST the powerset of ST, and lfp is the least �xpoint operator.� is a function from vertices to sets of terms which is described by its table in the result of thetransformation D. Note also that, in the following, we also talk about the denotation of a vertex vin a graph g, i.e. lfp(D)(v), and we use Ccg(v) to denote it.Relation to Context-Free Grammars Type graphs can easily be related to context-free gram-mars and we exploited this correspondence in the informal introduction to display the results. Asimple idea is to associate a non-terminal symbol Tv with each vertex v. The rule associated withan or-vertex v with successors v1,: : :,vn is simplyTv ::= Tv1 j : : : j Tvn.The rule associated with a functor-vertex having f as functor and v1,: : :,vn as successors is simplyTv ::= f(Tv1,: : :,Tvn).The rule associated with an any-vertex is simplyTv ::= Any.In the presentation of the results, we generally apply some partial evaluation of the grammar toimprove its readability. 9



Relation to Monadic Logic Programs Type graphs can also be related to monadic logicprograms of [7]. The logic program associated with a type graph succeeds for all well-typed terms.A simple way is to associate a procedure pv with each vertex v. The procedure for an any-vertexis simplyany(X).The procedure for a functor-vertex having f as functor and v1,: : :,vn as successors is simplypv(f(X1,: : :,Xn)) :- pv1(X1), : : :, pvn(Xn).The procedure associated with an or-vertex with successors v1,: : :,vn is simplypv(X) :- pv1(X).: : :pv(X) :- pvn(X).Note that this rewriting shows that inferring even the principal functors of an argument is undecid-able, since the halting problem for a program prog(Input,Output) can be expressed as the typeinference problem:p(a,Input) :- prog(Input,Output).p(b,Input).Additional De�nitions The following de�nitions will be useful subsequently. We assume forsimplicity an underlying type graph g. The depth of a vertex v, denoted by depth(v), is theshortest path from root(g) to v. An ancestor of a vertex v is any vertex v' 6= v on the shortestpath from root(v) to v. The set of ancestors of v is denoted by ancestor(v). It is sometimesconvenient to identify a vertex by a path, i.e. a sequence of integers. Given a type graph g and apath p, the vertex is obtained by follow(root(g),p) wherefollow(v,[]) = v;follow(v,[i1,: : :,in]) = follow(succ(v,i1),[i2,: : :,in]).The size of a graph g, denoted by size(g), is simply the number of vertices and edges in the graph.The vertices (resp. the edges) of g are denoted by vertices(g) (resp. edges(g)). We also use thefunction removeUnconnected to remove the vertices which are not connected to the root. It isde�ned asremoveUnconnected(h(V,E),ri) = h(V',E'),ri whereV' = f v j v 2 V & r 2 ancestor(v) gE' = f (v,v') j (v,v') 2 E & v,v' 2 V' g.Pragmatic Restrictions Our system enforces a number of pragmatic restrictions on type graphsfor e�ciency and convenience reasons:1. the successors of an or-vertex are functor-vertices;2. if v1 and v2 are successors of an or-vertex v, functor(v1) 6= functor(v2);10



3. if v' is a successor of a functor-vertex v, v' is an or-vertex or depth(v') > depth(v);4. for any vertex v, ancestor(v) \ predecessor(v) = fv'g and there is a single edge (v,v').Restrictions 1,2, and 4 are adaptations of similar restrictions in [10]. The second restriction actuallyreduces the expressive power of type graphs and is called the principal functor restriction in [10](pf-restriction for short). Restriction 3 requires cycles to start at functor-vertices and to end at or-vertices while restriction 4 prevents subgraphs from sharing. When these restrictions are adopted,it makes sense to refer to the pf-set of an or-vertex as the set of all functors of its successors. Thepf-set of an or-vertex v is denoted pf(v). The pf-set of a functor-vertex is simply the singleton setcontaining its functor. We will also assume in the following that the successors of or-vertices withthe same pf-set are ordered in such a way that successors with the same functor are at the sameposition.The Domain The abstract domain Type simply abstracts a set of term tuples of the formht1; : : : ; tni by an abstract tuple hg1; : : : ; gni. The concretization function is simply given byCc(hg1; : : : ; gni) = fht1; : : : ; tni j ti 2 Cc(gi) (1 � i � n)g:6.2 Operations on Type GraphsThe abstract operations of Type can be obtained immediately from three operations on type graphs:1. g1 � g2: returns true i� Cc(g1) � Cc(g2);2. g1 \ g2: returns g3 such that Cc(g3) � Cc(g1) \ Cc(g2);3. g1 [ g2: returns g3 such that Cc(g1) [ Cc(g2) � Cc(g3).The �rst two operations are described in [10]. Note that intersection is used for uni�cation sinceour type graphs are downward-closed. The third operation is not described in [10] which uses anindirect approach: �rst, an or-vertex is created with the two inputs as successors; then a compactionalgorithm is applied to satisfy the restrictions. Our system uses a direct implementation which doesnot raise any di�culty. It is only necessary to take care of the pf-restriction in the cases functor/orand or/or by applying the algorithm recursively. Of course, memoization is used to guaranteetermination. Note also that, in the following, we often use operation � on vertices to denoteinclusion of their denotation. The algorithm is the same as for type graphs.6.3 The Widening OperatorThe main di�culty in the type graph domain comes from the fact that the domain is in�niteand does not satisfy the ascending chain property. In fact, it is not even a cpo. To overcomethis di�culty, Bruynooghe and Janssens [10] use a �nite subdomain by restricting the number ofoccurrences of a functional symbol on the paths of the graphs. We adopted a di�erent, less syntactic,solution based on a widening operator as proposed in [4]. The design of widening operators isexperimental in nature and it a�ects both the performance and accuracy of the analysis. Theexamples given previously in the paper shows that our widening operator leads to accurate resultsand is e�ective in keeping the graph sizes small. The purpose of this section is to describe thewidening operator informally and formally. 11



6.3.1 Informal PresentationIn abstract interpretation of Prolog, widening needs to be applied in two di�erent situations:1. when the result of a procedure is updated;2. when a procedure is about to be called.In the �rst case, widening avoids the result of a procedure to be re�ned in�nitely often while, in thesecond case, widening avoids an in�nite sequence of procedure calls. Hence, the widening operatoris always applied to an old graph gold (e.g. the previous result of a procedure) and a new graphgnew (e.g. the union of the new clause results) to produce a new graph gres (e.g. the new result ofthe procedure).The main idea behind our widening operator is to consider two graphs,go = gold and gn = gold [ gnewand to exploit the topology of the graphs to guess where gn is growing compared to go. The keynotion is the concept of topological clash which occurs in situations where� a functor-vertex in go corresponds to an or-vertex in gn;� an or-vertex vo in go corresponds to an or-vertex vn in gn where pf(vo) 6= pf(vn);� an or-vertex vo in go corresponds to an or-vertex vn in gn where depth(vo) < depth(vn).In these three cases, the widening operator tries to prevent the graph from growing by introducinga cycle in gn. Given a clash (vo,vn), the widening searches for an ancestor va to vn such thatpf(vn) � pf(va). If such an ancestor is found and if va � vn, a cycle can be introduced.Consider for instance append/3. The second iteration has produced the following type graphfor the �rst argumentTo ::= [] j cons(Any,[]).The union of the clause results for the third iteration gives the following type graph for the �rstargumentTnew ::= [] j cons(Any,cons(Any,[])).Taking the union of To and Tnew produces the type graph described byTn ::= [] j cons(Any,T).T ::= [] j cons(Any,[]).There is a topological clash between To and Tn for the path [2,2] which corresponds to [] and Trespectively. The widening selects Tn as an ancestor and introduces a cycle producing the �nalresultTr ::= [] j cons(Any,Tr). 12



To ::= 0 j 0 + T1.T1 ::= 1 j T1 * T2.T2 ::= cste(Any) j par(0) j var(Any).Tn ::= 0 j T3 + T6.T3 ::= 0 j 0 + T4.T4 ::= 1 j T4 * T5.T5 ::= cste(Any) j par(0) j var(Any).T6 ::= 1 j T6 * T7.T7 ::= cste(Any) j par(T3) j var(Any).Figure 5: Widening for the First Arithmetic ProgramNote also that an ancestor at any depth can be selected. For the �rst arithmetic program (seeFigure 2), the widening applies to the the type graphs To and Tn depicted in Figure 5. Considerthe clash occurring for the path [2,2,2,2,2,1] for To and Tn. An appropriate ancestor for T3 is Tnwhich is not a direct ancestor. This results in the optimal result TrTr ::= 0 j 0 + T1.T1 ::= 1 j T1 * T2.T2 ::= cste(Any) j par(Tr) j var(Any).When no ancestor with a suitable pf-set can be found, the widening operator simply allowsthe graph to grow. Termination will be guaranteed because this growth necessarily adds alongthe branch a pf-set which is not a subset of any existing pf-set in the branch. This case of coursehappens frequently in early iterations of the �xpoint. Returning the arithmetic program, the seconditeration for the predicate basic/2 requires a widening for the �rst argument with the followingtwo graphs:To ::= cste(Any) j var(Any).Tn ::= cste(Any) j par(0) j var(Any).A topological clash of type 2 is encountered but there is no suitable ancestor. The result will simplybe Tn in this case.The last case to consider appears when there is an ancestor va with a suitable pf-set butunfortunately va � vn is false. In this case, introducing a cycle would produce a graph Tr whosedenotation may not include the denotation of Tn and hence our widening operator cannot performcycle introduction. Instead the widening operation replaces va by a new or-vertex which is an upperbound to va and vn but decreases the overall size of the type graph. The widening operator is thenapplied again on the resulting graph.As a consequence, our widening operator is best viewed as a sequence of transformations on Tn,which are of two types: (1) cycle introduction; (2) vertex replacement, until no more topologicalclashes can be resolved. We now formalize these notions.13



7 The Widening and its Formal PropertiesTo simplify presentation, we assume, without loss of generality, that type graphs are such thattheir roots are or-vertices and that the successors of or-vertices (resp. functor-vertices) are functor-vertices (resp. or-vertices). This assumption requires replacing some functor-vertices (resp. any-vertices) by or-vertices with a single successor which is the original functor-vertex (resp. any-vertex). This convention is purely a matter of presentation, all our algorithms being de�ned on theoriginal graphs. The following abbreviations will also be useful in this section.OR(v1) � type(v1) = or.same-depth(v1,v2) � depth(v1) = depth(v2).same-pf(v1,v2) � pf(v1) = pf(v2).We also use hn1; : : : ; ni; : : : ; npi # i to denote element ni. This notation is generalized to sets oftuples by de�ning S # i = fs # i j s 2 Sg:Topological Clashes As mentioned previously, the key idea behind our widening operator isto exploit the topology of the graphs to guess where the sequence is growing. We can establish acorrespondence between the vertices of two graphs as follows.De�nition 1 The correspondence set between two type graphs g1 and g2, denoted by C(g1,g2),is the smallest relation R closed by the following two rules:� (root(g1),root(g2)) 2 R� (v1,v2) 2 R & same-depth(v1,v2) & same-pf(v1,v2) )(succ(v1,i),succ(v2,i)) 2 R (1 � i � arity(v1)).The set of topological clashes can now be de�ned in a simple way.De�nition 2 Let g1,g2 be two type graphs such that g1 � g2. The set of topological clashesbetween g1 and g2, denoted TC(g1,g2), is de�ned as follows:TC(g1,g2) = f (v,v') j (v,v') 2 C(g1,g2) & : (same-depth(g1,g2) & same-pf(g1,g2)) g.The following proposition is an immediate consequence of the de�nitions.Proposition 3 Let g1, g2 be two type graphs such that g1 � g2. If (v,v') 2 TC(g1,g2),then OR(v) & OR(v'). Moreover, there exists a unique tuple (va,va0) 2 C(g1,g2), denoted byca(v,v'), such that v 2 succ(va) and v' 2 succ(va0).Our widening operation focuses on a subset of topological clashes which lead to a growth in thegraph.De�nition 4 Let g1,g2 be two type graphs such that g1 � g2. The set of widening clashes betweeng1 and g2, denoted WTC(g1,g2), is de�ned as followsTWC(g1,g2) = f (v,v') j (v,v') 2 TC(g1,g2) & pf(v') 6= fAnyg &(pf(v) 6= pf(v') _ depth(v) < depth(v')) g14



replaceEdge(g,e,e') = removeUnconnected(g') wherevertices(g') = vertice(g)edges(g') = edges(g) n feg [ fe'groot(g') = root(g).replaceVertex(g,v,v') = removeUnconnected(g') wherevertices(g') = vertice(g) [ fv1,: : :,vng (n � 1)edges(g') = edges(g) n E1 [ E2 [ E3root(g') = root(g)vertice(g) \ fv1,: : :,vng 6= ;E1 = f (va,vb) j (va,vb) 2 edges(g) & vb = v gE2 = f (va,v1) j (va,vb) 2 edges(g) & vb = v g(va,vb) 2 E3 ) va 2 fv1,: : :,vng & vb 2 vertices(g')gsize(removeUnconnected(g')) < size(g).Figure 6: The Functions replaceEdge and replaceVertexTransformation Rules The widening operator essentially consists in applying two transfor-mation rules to eliminate (a subset of) topological clashes. The transformation rules nondeter-ministically produce a new type graph gr from two type graphs go and gn with go � gn. Theyare de�ned in terms of two functions: replaceEdge and replaceVertex. Informally speaking,replaceEdge(g,e,e') replaces edge e by edge e' in the graph while replaceVertex(g,v,v')replaces vertex v by a new vertex greater or equal than v and v' and decreases the size of thegraph. The formal de�nitions of the functions are given in Figure 6.The �rst operation is straightforward. The second operation can be implemented easily by makingv1 an any-vertex. It is however possible to obtain much more precision by using a variant of theunion operation which avoids creating or-vertices which would lead to a growth in size. Note alsothat the case where v' � v can be handled in a straightforward manner. We are now ready tospecify the transformation rules. The cycle introduction rule introduces a cycle in the graph byreplacing edges to a vertex by edges to one of its ancestors.De�nition 5 [Cycle Introduction Rule] Let go and gn be two type graphs and letCI(go,gn) = f h(v,vn),(v,va)i j (vo,vn) 2 WTC(go,gn) & va 2 ancestor(vn) &va � vn & depth(vo) � depth(va) & v = ca(vo,vn)#2g.The cycle introduction rule can be speci�ed as follows:TRi(go,gn) = grPrecondition: CI(go,gn) 6= ;.Postcondition: gr = replaceEdge(gn,e,e') for some (e,e') 2 CI(go,gn).15



The replacement rule applies when a cycle cannot be introduced because the denotation of theancestor is not greater than the vertices in the clash. It replaces the ancestor by an upper boundof the vertices.De�nition 6 [Replacement Rule] Let go and gn be two type graphs and letCR(go,gn) = f (vn,va) j (vo,vn) 2 WTC(go,gn) & va 2 ancestor(vn) &:(va � vn) & pf(vn) � pf(va) & depth(vo) � depth(va) g.The replacement rule can be speci�ed as follows:TRr(go,gn) = grPrecondition: CR(go,gn) 6= ;.Postcondition: gr = replaceVertex(gn,va,vn) for some (vn,va) 2 CR(go,gn).Note that this rule only applies when pf(vn) � pf(va) and hence it leaves room for the expansionof type graphs before the widening applies.The Widening Operation We are now in position to present the widening operation. Thewidening essentially applies the transformation rules until the sets CI and CR are empty.De�nition 7 [Widening Operator] The widening operator go 5 gn is de�ned as follows:go 5 gn =if gn � go then go else widen(go,go [ gn).widen(go,gn) =if CI(go,gn) 6= ; then widen(go,TRi(go,gn))else if CR(go,gn) 6= ; then widen(go,TRr(go,gn))else gn.We now prove two important results on operation 5.Proposition 8 [Termination] Operation 5 terminates.Proof We de�ne a function F which maps a graph g to a pair of natural numbers (n1; n2) suchthat n1 = size(g) and n2 = #WTC(go,g). The set of these pairs becomes a well-founded set withthe following total ordering:(n1; n2) < (n01; n02) if n1 < n01 orn1 = n01 and n2 < n02.Consider now the sequence of graphs g1,: : :,gi,: : : occurring as second argument of widen. Wehave F(gi) < F(gi�1), since the cycle introduction rule satis�es size(gi) � size(gi�1) and#WTC(go,gi) < #WTC(go,gi�1) while the replacement rule satis�es size(gi) < size(gi�1). 2Theorem 9 Operator 5 is a widening operator.16



Proof We �rst show that go 5 gn � go, gn. This follows immediately from the fact that widen isapplied initially on go and go [ gn and that the transformation rules cannot decrease the denotation.Let g0',: : :,gi',: : : be a sequence of type graphs and g0,: : :,gi,: : : a sequence de�ned asg0 = g0'gi+1 = gi 5 gi' (i � 0)We show that g0,: : :,gi,: : : is stationary. To de�ne a well-founded set, we assume without lossof generality that a is the number of function symbols in the analysed program and we use thefollowing notions. The potential of a vertex v in a graph g, denoted by p(v,g), is de�ned asfollows:p(v,g) = a + 1 if pf(v) = fAnyg.p(v,g) = # S f pf(v') j v' 2 ancestor(v) or v = v' g otherwise.We use P[S,i,g] to denote the number of vertices v in S such that p(v,g) = i and we de�ne afunction P which associates a graph with a a-tupleh P[vertices(g),2,g],: : :,P[vertices(g),a+1,g] i.The set of these tuples is a well-founded set for the following total orderinghn1; : : : ; nai < hn01; : : : ; n0ai ifn1 < n01 orhn1i = hn01i and n2 < n02 or: : :hn1; : : : ; na�1i = hn01; : : : ; n0a�1i and na < n0a.We also denote by E[g,i] the number of edges in g whose destination is an or-vertex at depth iand de�ne a function E which maps a graph in the natural number1Xi=0i E[g; i]:We prove that the sequence is stationary by associating with each graph g a pair hmp; mei =hP(g); E(g)i. The set of these these pairs is a well-founded set for the following total ordering:(mp; me) < (m0p; m0e) if mp < m0p ormp = m0p and me < m0e.We �rst show that F(gi) � F(gi+1). Consider the following sets:CO = C(gi,gi+1) n TC(gi,gi+1).TC = TC(gi,gi+1).NE = f v' 2 gi+1 j :9 v (v,v') 2 C(gi,gi+1) g .Each tuple (v,v') in CO satis�es p(v) = p(v'). HenceN[ CO#1 , k , gi ] = N[ CO#2 , k , gi+1 ] ( 2 � k � a + 1).17



Each tuple (v,v') in TC can only be of three di�erent forms by de�nition of5 knowing that OR(v)& OR(v'):1. : same-depth(v,v');2. pf(v) 6= fAnyg and pf(v') = fAnyg;3. same-depth(v,v') & pf(v') 6= fAnyg & pf(v') 6= pf(v).In the �rst case, we have depth(v') < depth(v) by de�nition of 5. Hence, p(v') has alreadybeen accounted for in CO#2. In the second case, p(v') > p(v) by de�nition of the potential. Inthe third case, p(v') > p(v) by de�nition of 5 and of the potential. Hence, if case 2 or 3 occurs,there exists a k such thatN[ CO#1 [ TC#1 , k , gi ] > N[ CO#2 [ TC#2 , k , gi+1 ].N[ CO#1 [ TC#1 , j , gi ] = N[ CO#2 [ TC#2 , j , gi+1 ] (2 � j < k).If only case 1 occurs, thenN[ CO#1 [ TC#1 , j , gi] = N[ CO#2[TC#2 , j , gi+1] (2 � j � a+1).Finally, note that each vertex v'' in NE has an ancestor v' such (v,v') 2 TC for some v byde�nition of 5. Moreover, p(v) < p(v') � p(v''). Hence it follows that F(gi) � F(gi+1) byde�nition of F.We conclude the proof by showing that if F(gi) = F(gi+1) then E(gi) > E(gi+1). If F(gi) =F(gi+1), only case 1 could occur. Since gi < gi+1, there must be a least one such case (v,v') 2TC and, by de�nition of 5, depth(v) > depth(v'). Hence E(gi) > E(gi+1). 28 Experimental EvaluationWe now describe the experimental result of our type system. We �rst describe the benchmarks anddiscuss the e�ciency and accuracy of the analysis.The Benchmarks The benchmark programs3 are hopefully representative of "pure" logic pro-grams. KA is an alpha-beta program to play the game of kalah [19]. PR is a symbolic equation-solver[19]. CS is a program to generate a number of con�gurations representing various ways of cutting awood board into small shelves [20]. DS is the generate and test equivalent of a disjunctive schedul-ing problem [5]. RE is the Prolog tokeniser and reader of R.O'keefe and D.H.D.Warren. PG is aprogram written by W. Older to solve a speci�c mathematical problem. BR is a program takenfrom Gabriel benchmark. PL is a planning program from [19]. QU solves the n-queens problem.Finally, PE is a the peephole optimizer of SB-Prolog, written by Debray. We will also pre�x someprograms by L to indicate that the input query assigns lists to some arguments. Finally, we will alsouse the arithmetic programs discussed previously and denote them by AR and AR1. Table 1 givessome indication on the size of these programs while Table 2 reports the number of non-recursive,tail recursive, locally recursive (more than one recursive call or a nonterminal recursive call), andmutually recursive procedures in each of the benchmarks. Four programs have only tail recursive3The benchmarks are available by anonymous ftp from Brown University.18



KA QU PR PE CS DS PG RE BR PLNumber of Procedures 44 5 52 19 32 28 10 42 20 13Number of Clauses 82 9 158 168 55 52 18 163 45 26Number of Program Points 475 38 742 808 336 296 93 820 207 94Number of Goals 84 8 130 90 57 60 17 168 37 29Static Call Tree Size 73 5 75 80 46 47 11 144 21 25Table 1: Sizes of the ProgramsKA QU PR PE CS DS PG RE BR PLTail recursive 12 4 12 6 9 14 6 6 11 4Locally recursive 0 0 5 0 1 0 0 0 1 0Mutually recursive 7 0 8 4 2 0 0 16 0 0Non-recursive 25 1 27 9 20 14 4 20 8 9Table 2: Syntactic Form of the Programsprocedures or non-recursive procedures. Many programs have mutually recursive procedures andsome have many of them. In general, the majority of procedures are non-recursive and in manyprograms, most of the recursive procedures are tail recursive. Program PR contains locally recursiveprocedures due to their divide & conquer approach.Computation Times In this section, we analyse the e�ciency of our type system experimentally.Table 3 describes the CPU time (on a Sun Sparc-10), the number of procedure iterations and thenumber of clause iterations. We also give the CPU time when the number of successors to or-verticesis restricted to 5 and 2 respectively. As can be seen, the analysis is very fast (below 3 seconds)for all programs except RE which takes about 153, 20, and 10 seconds depending on the variousrestrictions. Note that PR is heavily mutually recursive, that CS manipulates heavily imbricatedlists, and that PE has large disjunctions, yet the running time of these programs is excellent.Program RE is time-consuming, since it manipulates large graphs (the result of the tokeniser shownpreviously is only the �rst step), is heavily mutually recursive, and contains an accumulator-basedprocedure (very much like the process predicate shown previously) in the middle of the recursion.This procedure is actually where the time goes since it is expensive in itself, is applied on thelargest graphes occurring in the program, and is recomputed each time a new approximation forthe main predicate is obtained. Program RE is a worst case scenario for our analyser, although thetime remains acceptable. If more e�ciency is desirable, there are various ways of speeding up thecomputation, including the use of a monovariant analysis (instead of the polyvariant analysis usedhere) or the imposition of restrictions on the size of the graphs or vertices as shown in the table.Overall, the results are very encouraging and seems to indicate that type graphs can be engineeredto be practical. The tradeo� between e�ciency and accuracy remains obviously an important topicfor further research.Accuracy To give an idea of the accuracy of the system, we measure tag information that canbe extracted from the analysis under following assumptions. First, no multiple specializations takeplace, i.e. a procedure is associated with a single version. Second, we consider the following taginformation: NI (empty list), CO (cons), LI (list), ST (structure), DI (atom), and HY (structure or19



KA QU PR PE CS DS PG RE BR PLCPU Time 1.66 0.01 2.64 2.82 1.14 0.77 0.39 152.38 0.43 0.31Procedure Iterations 142 18 236 100 96 78 51 1075 70 45Clause Iterations 276 35 740 548 182 142 107 3369 161 88CPU Time (5) 1.40 0.01 2.50 2.32 1.14 0.77 0.39 26.28 0.43 0.31CPU Time (2) 1.36 0.01 2.48 1.74 1.14 0.77 0.39 10.25 0.43 0.31Table 3: Computation ResultsType Graphs (Principal Functors) ComparisonPrograms NI CO LI ST DI HY A AI AR C CI CRAR 0 0 6 1 0 3 10 10 1.00 5 5 1.00AR1 0 0 6 4 0 0 10 10 1.00 5 5 1.00CS 0 31 (30) 23 0 0 0 93 24 0.26 33 12 0.37DS 0 5 (4) 29 0 1 (1) 0 59 30 0.51 29 13 0.45BR 0 8 (8) 13 2 (2) 10 (10) 0 59 13 0.22 20 11 0.55KA 0 11 (11) 20 27 13 (1) 2 124 34 0.27 45 22 0.49LDS 0 5 (4) 39 0 1 (1) 0 61 40 0.66 31 23 0.56LPE 0 6 (6) 25 8 (3) 6 4 63 40 0.66 19 19 1.00LPL 0 9 (9) 10 7 (3) 0 1 33 15 0.45 14 8 0.57PE 0 6 (6) 23 8 (3) 6 4 63 38 0.60 19 19 1.00PG 0 6 (6) 14 0 0 0 31 14 0.45 10 7 0.70PL 0 9 (9) 5 7 (3) 0 1 33 10 0.30 14 8 0.57PR 0 19 (19) 24 24 (20) 10 (6) 0 144 32 0.22 53 22 0.41QU 0 1 (1) 6 0 0 0 11 6 0.55 5 4 0.80RE 2 (2) 6 (6) 28 1 (1) 8 (2) 3 123 37 0.30 43 27 0.63Mean 0.50 0.67Table 4: Accuracy Results: Output TagsType Graphs ComparisonPrograms NI CO LI ST DI HY A AI AR C CI CRAR1 0 0 2 0 0 0 10 2 0.20 5 1 0.20AR 0 0 2 0 0 0 10 2 0.20 5 1 0.20CS 0 9 (8) 14 0 0 0 93 15 0.16 33 10 0.30DS 0 2 (1) 15 0 1 (1) 0 59 16 0.27 29 12 0.41BR 0 0 5 1 (1) 10 (10) 0 59 5 0.08 20 5 0.25KA 0 2 (2) 13 18 (18) 7 (1) 2 124 21 0.17 45 18 0.40LDS 0 2 (1) 23 0 1 (1) 0 61 24 0.39 31 13 0.42LPE 0 0 18 5 (3) 0 0 63 20 0.32 19 14 0.74LPL 0 3 (3) 12 4 (3) 0 1 33 14 0.42 14 10 0.71PE 0 0 8 5 (3) 0 0 63 10 0.16 19 6 0.32PG 0 5 (5) 7 0 0 0 31 7 0.22 10 5 0.50PL 0 3 (3) 1 4 (3) 0 1 33 3 0.09 14 3 0.21PR 0 9 (9) 18 9 (7) 5 (3) 0 144 22 0.15 53 19 0.36QU 0 0 2 0 0 0 11 2 0.18 5 2 0.40RE 1 2 (2) 10 1 (1) 5 (2) 3 123 16 0.13 43 14 0.33Mean 0.21 0.38Table 5: Accuracy Results: Input Tags20



atom). For each program, we extract the tag of each procedure argument. These tags will allowus to generate more e�cient code by avoiding tests and specializing indexing. Hence the analysisshould infer as many tags as possible. In addition, we compare the information so obtained with theinformation produced by an analysis preserving only principal functors, i.e. the pattern domainof [12]. The type analysis described here is always more precise than the pattern domain andthe gain can come from disjunctive and recursive types. Note also that when the pattern domaininfers a single functor for an argument, so does our type analysis. The results are described inTables 4 and 5 for the output and input tags respectively. A column is associated with each tagand contains the number of arguments whose tag corresponds to the column. We also give inparenthesis the number of arguments inferred by a principal functor analysis when this number isnon-zero. Columns A, AI and AR represent the number of arguments, the numbers of argumentsfor which the type analysis improves over the functor analysis (i.e. infer more tag information) andthe ratio between the last two �gures. The last three �gures collect the same information at theclause level with the understanding that a clause is improved if any of its arguments is inferredmore precisely. The results indicate that type analysis signi�cantly improves a principal functoranalysis. In the average, the type analysis produces an improvement on about 50% of the outputtags and about 21% of the input tags. The tag information is improved in 67% of the clauses(output) and 38% of the clauses (input). Most of the improvement is divided into the tags LI, DI,ST, and HY with a majority of the tags being lists. The results also show that the combination oftype and freeness analysis should produce signi�cant improvement in code generation, since thetwo analyses are complementary.9 ConclusionIn this paper, we have described a sophisticated type analysis system for Prolog. The system isbased on abstract interpretation and uses three main components: a �xpoint algorithm, a genericpattern domain, and the type graph domain of Bruynooghe and Janssens. The main contributionof our work is to show that type analysis of Prolog based on type graphs can be engineered to bepractical without sacri�cing e�ciency. This has implications beyond type analysis since type graphsare used for a variety of other analysis such as termination and compile-time garbage collection.The key technical contribution of this work is a novel widening operator which appears to berather accurate and e�ective in keeping the sizes of the graphs, and hence the computation time,reasonably small.There are many ways to extend this work. A natural extension is to consider integrated typegraphs which allow variable-vertices and should enable di�erence-list programs to be handled pre-cisely. Another extension consists of providing a database of types that the widening can usewhenever necessary. Finally, on the theoretical level, it would be interesting to characterize forwhich classes of programs our widening is optimal in accuracy.10 AcknowledgmentsStimulating discussions with David MacAllester are gratefully acknowledged.21
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