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A Randomized Linear-Time Algorithmfor Finding Minimum Spanning TreesPhilip N. Klein�Robert E. TarjanyAbstractWe present a randomized linear-time algorithm for �nding a minimum spanning tree in a connectedgraph with edge weights. The algorithm is a modi�cation of one proposed by Karger and uses randomsampling in combination with a recently discovered linear-time algorithm for verifying a minimum span-ning tree. Our computational model is a unit-cost random-access machine with the restriction that theonly operations allowed on edge weights are binary comparisons.1 IntroductionWe consider the problem of �nding a minimum spanning tree in a connected graph with real-valued edgeweights. This problem has a long and rich history; the �rst fully realized algorithm was devised by Bor�uvkain the 1920's [3]. An informative survey paper by Graham and Hell [10] describes the history of the problemup to 1985. In the last two decades faster and faster algorithms were found, the fastest being an algorithmof Gabow, Galil, and Spencer [8] (see also [9]), with a running time of O(m log �(m;n)) on a graph of nvertices and m edges. Here �(m;n) = minfi j log(i) n � m=ng.This and earlier algorithms used as a computational model the sequential unit-cost random-accessmachine with the restriction that the only operations allowed on the edge weights are binary comparisons.Fredman and Willard [7] considered a more powerful model that allows bit manipulation of the binary�Department of Computer Science, Brown University, Providence, RI 02912-1910. Research partially supported by an NSFPYI award, CCR-9157620, together with PYI matching funds from Thinking Machines Corporation, Xerox Corporation, andHoneywell Corporation. Additional support provided by DARPA Contract No. N00014-91-J-4052, ARPA Order No. 8225,and by the NEC Research Institute, Princeton, NJ.yDepartment of Computer Science, Princeton University, Princeton, NJ and the NEC Research Institute, Princeton, NJ.Research at Princeton University partially supported by the National Science Foundation, Grant No. CCR-8920505; the O�ceof Naval Research, Contract No. N0014-91-J-1463; and DIMACS (Center for Discrete Mathematics and Theoretical ComputerScience), a National Science and Technology Center, Grant No. NSF-STC88-09648.1



representations of the edge weights. In this model they were able to devise a linear-time algorithm. Still,the question of whether a linear-time algorithm exists for the restricted random-access model remainedopen.A problem related to �nding minimum spanning trees is that of verifying that a given spanning tree isminimum. Tarjan [18] gave a veri�cation algorithm running in O(m �(m;n)) time, where � is a functionalinverse of Ackermann's function. Later, Koml�os [15] showed that a minimum spanning tree can be veri�edin O(m) binary comparisons of edge weights, but with nonlinear overhead to decide which comparisons tomake. Dixon, Rauch and Tarjan [6] recently combined these algorithms with a table lookup technique toobtain an O(m)-time veri�cation algorithm.In this paper we describe a randomized algorithm for �nding a minimum spanning tree. It has anexpected running time of O(m) in the restricted random-access model. The algorithm is a modi�cation ofone proposed by Karger [12], who obtained an expected time bound of O(m+n logn). Our algorithm usesthe random-sampling technique of Karger in combination with the veri�cation algorithm of Dixon, Rauch,and Tarjan to discard edges that cannot be in the minimum spanning tree.Our algorithm uses no algorithmic ideas that are not part of Karger's algorithm. The key to ourimprovement of Karger's result is a random-sampling lemma that improves his corresponding lemma bya logarithmic factor. In the next section we present this lemma and its proof, which uses a techniquedi�erent from Karger's. In Sections 3 and 4 we describe and analyze our algorithm. Section 5 containssome �nal remarks.Throughout the paper, we assume for simplicity that all edge weights are distinct. This implies thatthe minimum spanning tree is unique. Ties in edge weights can be broken by numbering the edges andchoosing the edge of smaller number whenever a tie occurs. We also assume that the input graph has noisolated vertices (vertices without incident edges). Our algorithm actually solves the slightly more generalproblem of �nding a minimum spanning forest in a possibly disconnected graph. We assume familiaritywith standard results on minimum spanning trees, as presented, for example, in [19].2 A Sampling LemmaIn order to present the sampling result, we need a little terminology. Let G be a graph with weightededges. We denote by w(x; y) the weight of edge fx; yg. If F is a forest in G, we denote by F (x; y) thepath (if any) connecting x and y in F , and by wF (x; y) the maximum weight of an edge on F (x; y), withthe convention that wF (x; y) = 1 if x and y are not connected in F . We say an edge fx; yg is F -heavyif w(x; y) > wF (x; y) and F -light otherwise. For any forest F , no F -heavy edge can be in the minimumspanning forest of G. This is a consequence of the \red rule" for minimum spanning tree construction2



([19], p.71). Given a forest F in G, the F -heavy edges of G can be computed in time linear in the numberof edges of G, using an adaptation of the veri�cation algorithm of Dixon, Rauch, and Tarjan. (Page 1188in [6] describes the changes needed in the algorithm.)Lemma 1 Let H be a subgraph obtained from G by including each edge independently with probability p,and let F be the minimum spanning forest of H. Then, for any k, the number of F -light edges of G exceedsk with probability at most n�1Xi=0(ki )pi(1� p)k�i (1)where n is the number of vertices of G.Proof. Let e1; e2; :::; em be the edges of G, arranged in increasing order by weight. Consider the followingcomputation, a variant of Kruskal's minimum spanning tree algorithm [16]. Begin with an empty forest F .Process the edges ej in increasing order on j. To process an edge ej , �rst 
ip a coin that has probability pof coming up heads. If the coin does come up heads, include ej in H . Then test whether both endpointsof ej are in the same connected component of F . If so, ej is F -heavy; discard it. If not, add ej to Fif ej belongs to H . The forest F produced by this computation is the forest that would be produced byKruskal's algorithm applied to the edges in H , and is therefore exactly the minimum spanning forest ofH . Our goal is to show that the number of edges not discarded is probably small.The coin-
ips corresponding to discarded edges are irrelevant; such edges are F -heavy regardless ofwhether they are included in H . We therefore consider only coin-
ips corresponding to non-discardededges. For each non-discarded edge, if the coin comes up heads, the edge is placed in F . The size of Fis at most n � 1. Hence the probability that the number of non-discarded edges exceeds k is at most theprobability that k coin-
ips take place before the nth occurence of heads. Since the number of occurencesof heads could be any i from 0 to n� 1, the probability of this happening is at most Pn�1i=0 (ki )pi(1� p)k�i.Remark. Lemma 1 has an immediate generalization to matroids. See [13].Corollary 1.1 The expected value of the number of F -light edges is at most n=p.Proof : The expected value is Xk�0Prob[number of F -light edges exceeds k]:We obtain the bound n=p by substituting the bound (1) and applying standard techniques for seriessummation. 23



3 The AlgorithmThe algorithm intermeshes steps of Bor�uvka's minimum-spanning-tree algorithm [3] with random-samplingsteps that discard edges that cannot be in the minimum spanning tree. Each Bor�uvka step reduces thenumber of vertices by at least a factor of two. A random-sampling step is performed only if the graphdensity (the number of edges divided by the number of vertices) is su�ciently high, in which case the stepreduces the number of edges by a constant factor with high probability.The algorithm is recursive. In the case of a dense graph, it performs two recursive calls, but the totalsize of the two subproblems is with high probability no more than a fraction less than one of the size of theoriginal problem. It follows that the expected running time is linear. The recurrence relation resemblesthe one arising in the analysis of a linear-time selection algorithm [2].Here is a complete speci�cation of the algorithm.Step 1. For each vertex, select the minimum-weight edge incident to the vertex. Contract all the selectededges, replacing by a single vertex each connected component de�ned by the selected edges and eliminatingresulting isolated vertices, loops (edges both of whose endpoints are the same) and all but the lowest-weightedge among each set of multiple edges.Step 2. If the density of the remaining graph is less than 6, go directly to Step 3; otherwise, proceedas follows. Choose a subgraph H by including each edge independently with probability 1=2. Apply thealgorithm recursively toH , producing a minimum spanning forest F of this subgraph. Find all the F -heavyedges in the entire graph and delete them.Step 3. Apply the algorithm recursively to the remaining graph to compute a minimum spanning for-est F 0. The minimum spanning forest for the original graph consists of those edges contracted in Step 1plus the edges of F 0.4 Analysis of the AlgorithmFirst we show that the algorithm runs in expected linear time. Then we carry out a worst-case analysisof the algorithm. Finally, we use the results of the worst-case analysis to show that the algorithm runs inlinear time except with exponentially small probability.Suppose the algorithm is applied to a graph with n vertices and m edges. The total time spent inSteps 1{3, excluding the time spent on the recursive subproblems, is O(m): Step 1 is just a single step of4



Bor�uvka's algorithm, which takes O(m) time using straightforward graph-algorithmic techniques; Step 2takes O(m) time using the modi�ed Dixon-Rauch-Tarjan veri�cation algorithm, as noted in Section 2. Letcm be an upper bound on the time spent by the algorithm not including recursive calls.4.1 Expected-time analysislet T (m) be the expected time for a worst-case graph with at most m edges. We prove by induction thatT (m) � 7cm. The basis is trivial. For the induction step, let n0 and m0 be the number of vertices andthe number of edges, respectively, in the graph remaining after Step 1. At least n=2 edges are contractedin Step 1, since one edge is selected for each vertex but an edge can be selected twice, once for eachof its endpoints. This implies that n0 � n=2 and m0 � m � n=2. Combining these inequalities yieldsm0 � m� n0. There are two cases, corresponding to the two cases in the algorithm. If the density m0=n0of the graph remaining after Step 1 is less than 6, then m0 < m �m0=6 , so m0 < 6m=7. In this case therecursive invocation in Step 3 is applied to a graph with fewer than 67m edges. Thus in this case we haveT (m) � cm+ T (67m). By the inductive hypothesis, T (67m) � 7c � 67m. Hence T (m) � cm+ 6cm = 7cm.Next we consider the case where the density of the graph remaining after Step 1 is at least 6. In thiscase, there are two recursive calls, one on the random-sample graph H , and one on the graph consistingof F -light edges. Let X be the random variable that is the number of edges in the graph H . There areat most m� 1 edges in the contracted graph. Since each of these edges is included in H with probabilityone-half, the expected value of X is at most (m� 1)=2. Since the number of edges in the contracted graphis less than m, X is certainly less than m. Hence the inductive hypothesis states that T (X) � 7cX . Itfollows that the expected value of T (X) is at most the expected value of 7cX , which is at most 7cm=2.Let Y be the number of F -light edges. It follows from Corollary 1.1 that the expected value of Y is atmost twice the number n0 of nodes in the contracted graph. Since n0 � m0=6 < m=6, it follows that theexpected value of Y is at most m=3. Since the number of edges in the contracted graph is less than m,certainly the number Y of F -light edges is less than m. Hence by the inductive hypothesis, T (Y ) � 7cY .It follows that the expected value of T (Y ) is at most the expected value of 7cY , which is at most 7cm=3.Thus the total expected time in this case is at most cm+ 7cm=2+ 7cm=3. This proves that T (m) � 7cm,completing the induction step.4.2 Worst-case analysisAs shown in Subsection 4.1, the number n0 of nodes in the graph remaining after Step 1 is at most n=2,and the number m0 of edges is less than m. If the density m0=n0 of the remaining graph is less than 6,the recursive invocation in Step 3 is applied to that graph.Suppose m0=n0 is at least 6. In this case the random-sampling step is performed. As in Subsection 4.1,5



let X be the number of edges in the sample graph H , and let Y be the number of edges left after deletionof the F -heavy edges. The forest F constructed in Step 2 has at most n0 � 1 edges; these edges are theonly ones in H not deleted by Step 2. It follows that X + Y � m0+n0� 1 < m. This inequality allows usto derive a bound of m on the number of recursive invocations of the algorithm. If I(m) is the worst-casenumber of invocations as a function of m, we have the following recurrence:I(1) = 1I(m) � 1 + maxfI(x) + I(y)jx+ y < mg for m > 1 (2)It follows by induction that I(m) � m.Next we bound the worst-case running time of the algorithm. If T (n;m) is the worst-case running timeon a graph of at most n vertices and at most m edges, T (n;m) satis�es the following recurrence:T (1; m) = O(m)T (n;m) � O(m) + maxfTbn=2c; x) + T (bn=2c; y)jx+ y < mg for n > 1 (3)A proof by induction yields T (n;m) = O(m logn) = O(m logm).Remark. The alternative recurrence T (1; m) = O(1); T (n;m)� O(n2) + 2T (bn=2c; m) for n > 1, whichfollows from the inequality m � (n2), yields the bound T (n;m) = O(n2). Combining bounds gives aworst-case running time of O(minfm logm;n2g), the same as the bound for Bor�uka's algorithm.4.3 High-probability analysisWe are now ready to undertake a probabilistic analysis of the algorithm. As shown in Subsection 4.1, ifthe density m0=n0 of the graph remaining after Step 1 is less than 6, the recursive invocation in Step 3is applied to a graph with fewer than 67m edges. If m0=n0 � 6, there are two recursive calls, one on agraph with X edges (the sample graph H) and the other on a graph with Y edges (the graph of F -lightedges). The key to the analysis is to show that X + Y � (1� �)m with high probability, for a su�cientlysmall positive constant �. An appropriate recurrence then yields a running time that is O(m) with highprobability.The number X of edges in the sample graph H is binomially distributed with mean m0=2 � m=2.A standard bound on the tail of the binomial distribution [1, 17] implies that the probability that X >m2 (1 + �1) is exponentially small, namely exp (� 
(m)), for any constant �1 > 0. Choosing �1 = 1=10, wehave X > 11m=20 with probability exp (� 
(m)). 6



Next we estimate the number of F -light edges, Y . Lemma 1 applies with p = 1=2 to give an upper boundof (12)k n0Xi=0(ki ) on the probability that Y exceeds k. This sum is the probability of at most n0 heads occuringin a sequence of k 
ips of an unbiased coin. The expected number of heads is k=2. Let k = m3 (1 + �2),where �2 > 0 is a constant to be speci�ed later. Since n0 � m0=6 � m=6, we have n0 � k2(1 + �2)�1. Thebound on the tail of the binomial distribution cited above implies that the probability of at most n0 headsoccuring in k unbiased coin 
ips is exp ( � 
(m)). Choosing �2 = 1=20, we �nd that Y > 7m=20 withprobability exp (� 
(m)).We call an invocation of the algorithm a failure if Step 2 is executed but X > 11m=20 or Y > 7m=20.The analysis above shows that the probability of failure is exp ( � 
(m)). Let r be a parameter to bedetermined. We call an invocation of the algorithm large if the number of edges in the correspondingproblem graph exceeds r. We analyze the running time of the algorithm under the assumption that nolarge invocation fails. We show later that this assumption holds with high probability.Let A(m) denote the running time of the algorithm on a graph of at most m edges assuming that nolarge invocation fails. Using the worst-case time bound of O(m logm) and the de�nition of failure, weobtain the following recurrence for A(m), where c0 and c1 are suitable positive constants:A(m) � c0m logm if m � rA(m) � c1m+ maxfA(11m=20)+ A(7m=20); A(6m=7)g if m > r (4)Lemma 2 A(m) � 10c1m+ c0m1��r� log r where � < 1 is a suitable positive constant.Proof. The proof is by induction on m. If m � r then c0m1��r� log r � c0m logm, so the inequality followsfrom the base case of the recurrence. Suppose m > r. By the induction hypothesis,A(11m=20) � 11c1m=2 + c0(11m=20)1��r� log r� 11c1m=2 + c0(3=5)m1��r� log rif � is chosen so that (11=20)1�� � 3=5.Similarly, A(7m=20) � 7c1m=2 + c0(2=5)m1��r� log rif � is chosen so that (7=20)1�� � 2=5.It follows that c1m+A(11m=20)+ A(7m=20) � 10c1m+ c0m1��r� log r:7



The inequality c1m+ A(6m=7) � 10c1m+ c0m1��rr log ralso follows easily from the induction hypothesis. Thus the inequality of the lemma holds, and the proofis complete.A few observations complete the analysis. For a graph of m edges we choose r = m= log1=�m. Lemma2 implies that the running time of the algorithm is O(m) unless some large invocation among those in therecursion fails. The probability of one such invocation failing is exp (�
(r)). There are at mostm recursiveinvocations altogether, which means that the probability of even one failure occuring is m exp (� 
(r)) =exp (� 
(r)). Thus the algorithm runs in O(m) time except with probability exp(�m= logO(1)m).5 RemarksThe algorithm can be changed in many ways without a�ecting the high-probability O(m) time bound. Forexample, the random-sampling step can be performed unconditionally, rather than just when the graph isdense. The running time analysis becomes more complicated if this change is made, however.In joint work with Richard Cole to be described in a future paper, we have adapted our algorithm torun in parallel. The parallel algorithm does linear work and runs in expected O(logn 2log� n) time on aCRCW PRAM [14]. This is the �rst parallel algorithm for minimum spanning tree that does linear work.In contrast, Karger [11] gives an algorithm running on an EREW PRAM that requires O(logn) time andm= logn+ n1+� processors for any constant � > 0. Also, Cole and Viskin [5] give an algorithm running ona CRCW PRAM that requires O(logn) time and O((n+m) log logn= logn) processors.Among remaining open problems, we note especially the following three:1. Is there a deterministic linear-time minimum spanning tree algorithm in the restricted random-accessmodel?2. Can randomization be used to simplify the linear-time veri�cation algorithm?3. Can randomization be used fruitfully to solve other network optimization problems, such as theshortest-path problem? Randomization has already proved valuable in solving the maximum-
ow [4]and minimum-cut [12] problems.AcknowledgmentsWe thank David Karger, Satish Rao, and David Zuckerman for fruitful discussions.8
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