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Abstract

Given an undirected graph with nonnegative edge-costs, a subset of nodes of size k called the
terminals, and an integer ¢ between 1 and &, the minimum ¢-Steiner forest problem is to find a forest
of minimum cost with at most ¢ trees that spans all the terminals. When ¢ = 1, we have the classical
minimum-cost Steiner tree problem on networks. In this note, we adapt a primal-dual approximation
algorithm for the latter problem due to Agrawal, Klein and Ravi to provide one for the former. The
k—lﬁ) times the
minimum. Here n and m denote respectively the number of nodes and edges in the input graph.

algorithm runs in time O(nlog n 4+ m) and outputs a solution of cost at most 2(1 —

Keywords: Approximation algorithm, primal-dual method, Steiner tree problem.

1 Introduction

We consider a generalization of the classical Steiner tree problem in networks called the Steiner forest
problem. We are given an undirected graph with nonnegative costs on the edges, and a subset of &
nodes called terminals. Given an integer ¢ between 1 and k, the goal is to find a forest of minimum cost
containing at most ¢ trees spanning all the terminals. When m = 1, we have the classical Steiner tree
problem where a single tree of minimum cost spanning all the terminals is required.

The Steiner forest problem was introduced by Duin and Volgenant [4] motivated by the following
application. A tree in the forest spanning a subset of the terminals represents establishing a service for
the terminals in the tree. The cost of the tree may be taken to be the cost of providing the service.
The ¢-Steiner forest problem corresponds to minimizing the service cost for the terminals when there is
provision for providing the service using ¢ different agents. For instance, if the costs obey the triangle
inequality, the Euler tour of each tree in the forest can be short-cut into a cycle, thus providing a tour
covering all the terminals in the tree. When ¢ agents are available to perform ¢ tours that are required
to cover all the terminals at minimum cost, then a solution to the the ¢-Steiner forest problem on these
terminals is a good starting point for this simple heuristic for the ¢g-Steiner tour problem. Applying our

heuristic for the ¢g-Steiner tour problem gives a solution of cost at most 4(1 times the minimum.
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The Steiner tree problem is one of the first few problems proved NP—compleqt-Ie— by Karp in [10]. Since
then, much work has gone towards finding exact and approximate solutions to the problem [7, 8, 9, 18,
19]. Several researchers [5, 14, 16, 17] have independently provided approximation algorithms for this
problem with performance ratio 2(1 — %) where k is the number of terminals specified to be connected
in the problem. There have been several efficient algorithms devised to provide such an approximation
[11, 13, 20] and the best-known running time for such an algorithm is that of Mehlhorn [13]. Mehlhorn’s
algorithm runs in time O(nlogn + m) where n and m are the number of nodes and edges in the input
graph respectively. Zelikovsky [21] devised the first approximation algorithm with a better performance
ratio. His algorithm outputs a solution of cost at most 16—1 times the minimum. Berman and Ramaiyer [2]
have generalized Zelikovsky’s result to provide approximation algorithms with even better performance

ratlos.
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Agrawal, Klein and Ravi [1] provided an approximation algorithm for a different generalization of the
Steiner problem. They consider the generalized Steiner forest problem wherein given an undirected graph
with nonnegative edge-costs, and a set of site-pairs of nodes, a subgraph of minimum cost in which each
site 1s connected to its mate 1s required. They provide an approximation algorithm with performance
guarantee 2(1 — %) where k 1s the number of nodes specified as sites in the input. They prove the
performance guarantee of their algorithm by relating the cost of the approximate solution they find to
the value of a packing of cuts that separate some site-pair. They argue that the value of such a packing
is a lower bound on the cost of any solution; Since they find a solution of cost at most roughly twice
this value, the approximation guarantee follows. Note that the Steiner tree problem is a special case of a
generalized problem where each pair of terminals is specified as a site-pair (or more efficiently, a “root”
terminal is chosen and for every other terminal, a site-pair consisting of the root and this terminal is
specified).

We adapt the algorithm and proof technique of Agrawal, Klein and Ravi to provide an approximation
algorithm for the Steiner forest problem. In addition, we use Mehlhorn’s technique in implementing our
algorithm efficiently. The following is our main result.

Theorem 1.1 For every positive integer q, there is an O(nlogn+m)-time approzimation algorithm for
the q-Steiner forest problem that outputs a solution of cost at most 2(1 — k_lw) times the minimum,
where k 1s the number of terminals specified in the problem, and n and m are the number of nodes and
edges in the input graph respectively.

In the special case when all the nodes in the graph are terminals, it is not hard to infer that our
algorithm returns an optimal solution. We call this special case the g-spanning forest problem.

Theorem 1.2 For every positive integer q, there is an O(nlogn+m)-time algorithm for the ¢-Spanning
forest problem that outputs a solution of minimum cost, where n and m are respectively the number of
nodes and edges in the input graph.

2 Background

In this section, we define and use the notion of multicuts to derive a lower bound for our problem. The
input to the problem is an undirected graph G = (V, F) with nonnegative edge-costs, and a subset A of
terminals that must be spanned by a ¢-Steiner forest. Let |A| = k. Let the cost on edge e be denoted by
c(e).

Definition: A multicut M is defined by a partition of the vertex set V into sets Vi, Vo, ..., V], ie,
ViNV; =0 whenever i # j and |J; V; = V. The set of edges going between nodes in different sets in
the partition constitute the cut. Call Vi, ..., V; the blocks of the partition. A block 1s termed active if
it contains at least one terminal and its complement contains at least one terminal. Thus a block V; 1s
active whenever V; N A # @ and (V — V;) N A # 0. For a subset V; of nodes, we use ['(V;) to denote the
set of edges with exactly one endpoint in V;.

The following lemma is immediate.

Lemma 2.1 Let F' denote the set of edges of a q-Steiner forest and let M = V1, Vo, ..., Vi denote a
malticut with ¢’ active blocks where ¢’ > q. Then

Yoo PN FIz¢ —q+1.
active blocks v,

We can generalize the above lemma by considering an edge-disjoint collection of multicuts.

Lemma 2.2 Let F' denote the set of edges of a q-Steiner forest and let My, Mo, ..., My be edge-disjoint
multicuts where My has q;(> q) active blocks. Then

Z Z |F(Vi)mF|ZZ(Qi—q—|—1).

multicuts M; active blocks v,eM,



We can use the above lemma to provide a lower bound on the number of edges in a ¢g-Steiner forest
using multicuts with more than ¢ active blocks in them. To generalize this notion to the case when the
edges have costs, we need more definitions.

We associate a rational weight Ap with multicut Mp. Define the load on an edge of the graph due
to a multicut Mp with weight Ap as follows. If an edge has endpoints in two distinct blocks V; and V;
of P, and if both V; and V; are active, then the load on the edge due to the multicut Mp is defined to
be 2 - Ap. If only one of V; and V; is active, then the load on the edge due to Mp is defined to be Ap.
Otherwise, the edge has zero load due to Mp. Lemma 2.1 generalizes as follows to the weighted case.

Lemma 2.3 Let F' denote the set of edges of a q-Steiner forest and let M = V1, Vo, ..., Vi denote a
multicut of weight Ay with ¢ active blocks where ¢' > q. Then the cost of the edges in F is at least
(¢ =g+ 1)Am.

A c-packing of multicuts in a graph is a collection of multicuts My, My, ..., M;, each multicut M;
associated with a rational weight A;, such that for every edge e, the sum of the loads on e due to all the
multicuts in the collection is at most ¢(e), the cost of the edge. Further the number of active blocks ¢; in
multicut M; is greater than ¢ for all ¢. Applying Lemma 2.3 | we arrive at the following generalization
of Lemma 2.2.

Lemma 2.4 Let F' denote the set of edges of a g-Steiner forest and let M1, M, ..., M; denote a c-packing
of multicuts, where multicut M; has ¢;(> q) active blocks and weight ;. Then the cost of the edges in F
is at least Y .(q; —q+ 1)A;.

We use the above lower bound in our analysis of the performance guarantee.

3 The algorithm

The notion of a multicut is dual to that of a g-Steiner forest. Our algorithm is primal-dual in that 1t
runs in iterations, and in each iteration, collects a greedy e-packing of multicuts and at the same time
partially constructs the Steiner forest. During the iterations, we maintain that the cost of the partial
forest constructed is roughly at most twice the lower bound we collect from the multicuts using Lemma
2.4.

The multicuts are collected by growing ordinary cuts greedily starting from all the terminals in a
breadth-first fashion. This way of collecting a dual solution was introduced by Agrawal, Klein and Ravi
in [1]. Each of these greedy cuts around terminals is considered an active block of the partition defining a
multicut in the dual solution. All the nodes of the graph not in an active block together form an inactive
block in the multicut partition. If we have ¢’ active blocks that grow for distance &, then using Lemma
2.3, the value of the lower bound collected by the multicut defined by this partition is (¢' —¢+1)é. When
two growing cuts around active blocks “collide” or load an edge completely, then we merge them into
a single active block of the partition. Note that the multicuts we collect all have at most one inactive
block.

As we grow such active blocks to form a series of multicuts, we also maintain a tree for each active
block that connects all the terminals within the block. Whenever we merge two active blocks into one, we
connect the corresponding trees using a shortest path that is testimony to the collision of these two blocks.
The breadth-first growth of the active blocks lends a notion of time to the running of the algorithm. At
any instant in the running of the algorithm, the total distance from the start of the algorithm that any
of the currently active blocks have grown for is defined to be the current time. Using this definition of
time, if two active blocks collide at time ¢, then there is a path of length at most 2¢ between a pair of
terminals, one from each of these colliding blocks. We use this path to connect the trees of the colliding
blocks.

We continue until there are at most ¢ active blocks in the multicut at which point we have at most ¢
trees spanning all the terminals. We stop and output this ¢g-Steiner forest as the approximate solution.



4 Performance guarantee

The proof of the performance guarantee is based on the following Lemma that we prove by using induction
on the steps of the algorithm.

Lemma 4.1 At any ttme t in the running of the algorithm, let LBy denote the total lower bound accu-
mulated until time t using the multicuts collected so far in the running of the algorithm, and let ki(> q)
denote the number of active blocks in the multicut. Let Fy denote the cost of the forest built up so far.
Then

where ¢(Fy) is the sum of the costs of all the edges in Fy.

Proof: The proof uses induction on the running of the algorithm. Assume that the lemma holds for any
time ¢’ < t. We prove it for time ¢. There are two distinct kinds of steps that the algorithm performs: a
grow step which happens over a period of time, and a build-network step that happens at certain instants
of time. We show that during both types of steps of the algorithm, the claim in the lemma is maintained.

Suppose the algorithm grows a multicut for the period from ¢ to ¢ without adding any edge to
the solution F'. Then F; = Fy and k; = ky. Moreover, the increase in the lower bound is exactly
(kt+—q+1)(t—1"). Using this and the induction hypothesis at time t’, we see that the claim in the lemma
continues to hold.

The build-network step of the algorithm happens at certain instants of time. Consider such an instant
t. In this step, we merge two active blocks into one thus reducing k; by one. But at the same time we
connect the spanning trees of the two merging blocks using a path of length at most 2¢. Thus assuming
that the statement of the lemma holds just before the merge, it continues to hold after the merge as well
since the increase in the left-hand side in the cost of the solution is at most the increase in the right-hand
side due to the decrease in k;.

This completes the inductive verification of the Lemma. 0O

Suppose the algorithm stops at time ¢; and outputs a ¢-Steiner forest F', then by applying the above
lemma, we have that

o(F) < 2(LB:, —ts)

since k;, = ¢. Since the maximum value of LB, is attained if all the multicuts collected have the
maximum number of active blocks, we have that

LBi, < (k—q+1)-t,.

Substituting above and simplifying gives the performance guarantee in Theorem 1.1.

5 Implementation

To arrive at an efficient implementation of the algorithm, observe that the algorithm may be simply
restated as follows: Compute an auxiliary distance-graph on the terminals where the edge between two
terminals has weight equal to the shortest path between them in the graph. Run a Minimum Spanning
Tree algorithm in this graph until there are at most ¢ connected components. Add the shortest paths
corresponding to the edges added in the auxiliary graph to obtain the final ¢-Steiner forest. This is
because the uniform breadth-first growth of the active blocks would cause exactly the shortest-paths
between distinct active blocks to be picked in the same order in which they would be picked by the MST
algorithm.

We can now use the algorithm of Mehlhorn [13] to compute an auxiliary graph that is equivalent to
the one we described above in terms of running the MST algorithm. However, Mehlhorn showed that this
alternative graph can be computed using just one single-source shortest-path computation. This takes
time O(nlogn + m) using Fredman and Tarjan’s implementation of Dijkstra’s algorithm [6]. Running
the MST algorithm in this alternative graph until at most ¢ components result and converting this to a
g-Steiner forest can be accomplished in this time as well. This proves the running time in Theorem 1.1.
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Remarks

It is not hard to see that the algorithm reduces to a truncated version of Kruskal’s algorithm for MSTs
[12] in the case of g-spanning forests addressed in Theorem 1.2. At any step in Kruskal’s algorithm when
z edges have been added to the solution, these edges form a minimum-cost set of  edges that induce
an acyclic subgraph. Thus 1t is also easy to see that this algorithm outputs a minimum-cost solution as
claimed in Theorem 1.2.
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