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AbstractWe present approximation algorithms for several NP-hard optimization problems arising in networkdesign. Almost all of our algorithms run in polynomial time and output solutions with a worst-caseperformance guarantee on the quality of the output solution.A typical problem that we consider can be stated as follows: given an undirected graph andcertain connectivity requirements, �nd a subgraph that satis�es these requirements and has minimumcost. In this thesis, we address many di�erent connectivity requirements such as spanning trees,Steiner trees, generalized Steiner forests, and two-connected networks. The cost criteria that weconsider range from the total cost of the edges in the network, the total cost of the nodes in thenetwork, the maximum degree of any node in the network, the maximum cost of any edge in thenetwork to some combination of these. We also address the maximum-leaf spanning tree problemand provide the �rst approximation algorithms for this problem.In the course of deriving our results, we use three distinct techniques: the primal-dual techniquethat draws on the theory of linear programming, local optimization, and a solution-based decompo-sition method. Our work highlights the applicability of these techniques to designing approximationalgorithms.
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Chapter 1Introduction1.1 Steiner trees ...The advent of high-speed and high-bandwidth networks has triggered a spate of work in the ap-plication of combinatorial techniques from discrete mathematics and computer science to prob-lems in network design. The Steiner tree problem [68] is a classical example of such a problemthat arises frequently in practice. This problem arises in applications as diverse as VLSI routing,telecommunication-network design and phylogeny. The problem can be stated in its simplest formas follows: given an undirected graph with a speci�ed subset of nodes called the terminals, �nd atree with the minimum number of edges spanning all the terminals. The graph may correspond tothe pins of components in a given placement of a VLSI chip. In this case, the problem consideredis that of �nding a minimum-size net to route a connection. The graph may correspond to a set oflocations that are required to be interconnected via a communication network in a telecommunica-tion setting. The nodes of the graph may even correspond to di�erent species and the links mayrepresent biological similarities; the problem in this case is to identify a phylogenetic tree providinga good hypothesis for the evolutionary relationships among the selected set of species.1.2 ... and beyondThe Steiner tree problem introduced above illustrates the two salient features of any network-designproblem: the connectivity speci�cation and the optimization objective. In the Steiner tree problemabove, the connectivity speci�cation is that the solution must connect all the terminals. The objec-tive of this optimization problem is to �nd a solution of minimum cost where the cost is the numberof edges in the solution. We can derive many di�erent network-design problems by combining dif-ferent connectivity speci�cations with di�erent optimization objectives. In this thesis, we addressmany problems formulated in this way. 1



1.3 Connectivity speci�cationsThere are several natural connectivity speci�cations that have been identi�ed. We �rst survey spec-i�cations that require one-connected or acyclic networks. The spanning tree [98, 127] speci�cationis a special case of a Steiner tree in which all the nodes in the graph are speci�ed as terminals. Thusa spanning tree is a subgraph which connects all the nodes. A generalized Steiner forest [97, 2]generalizes the notion of a Steiner tree. Given a set of site-pairs of nodes, a generalized Steinerforest is a network in which there is a path between every site-pair. Note that this speci�cationcan be easily used to model that of a Steiner tree: choose any terminal in a Steiner tree speci�-cation and specify each pair formed by pairing the chosen terminal with every other terminal as asite-pair in the generalized Steiner forest speci�cation. Any network satisfying these speci�cationsmust contain a path from every terminal to the chosen terminal and thus connects all the terminals.A generalized Steiner forest is sometimes referred to a �xed point-to-point interconnection network[101]. An interesting generalization, a non-�xed point-to-point interconnection network [101]is formulated as follows: given an equal number of producer and consumer nodes, �nd a subgraphin which every connected component has the same number of producer and consumer nodes. Wecan think of a generalized Steiner forest speci�cation as one that speci�es not only the producersand consumers but the pairing between them as well. Another interesting class of one-connectednetworks are T-joins introduced by Edmonds and Johnson [38]. Given an even number of T -nodesin an undirected graph, a T -join is a subgraph in which the nodes of odd degree are exactly theT -nodes. An edge-minimalT -join for a set of two nodes is a path between them; a perfect matchingis a T -join when all the nodes of the graph are speci�ed as T -nodes. Thus the T -join generalizesboth these notions.The connectivity speci�cations mentioned above can be generalized by seeking more than one-connectivity between the pairs of nodes that need to be connected. Such a redundancy requirementmay be important in building resilient networks in commercial applications.1 Thus each of thespeci�cations above can be generalized by requiring higher connectivity between nodes where onlyone-connectivity was required earlier. For instance, the Steiner tree problem may be generalizedto a two-connected network problem as follows: given an undirected graph with a subset of thenodes called the terminals, �nd a subgraph in which each pair of terminals are two-edge-connected(two-vertex-connected). Any solution network for this problemmust contain two edge-disjoint (node-disjoint) paths between each pair of terminals.Networks that can survive link or node faults are termed survivable networks. The design of1A recent television advertisement for the AT & T telephone company highlighted a FASPAR networkthat contained the capability to re-route interruptions due to link failures almost instantaneously using analternative path in the network. This can be achieved by using an underlying two-edge-connected network.2



such networks has received considerable attention in the past [66, 116, 117, 144]. The higher con-nectivity requirement may be an edge-connectivity requirement or a node-connectivity requirement.In this thesis we address both these generalizations. In the formulation of a network-design problemwith nonunit edge-connectivity requirements, we can consider two distinct versions: one in whichmultiple copies of an edge may be used in achieving higher connectivity, and the other where no edgeis allowed to be duplicated in the solution. The latter version of the problem is more challengingand the one we consider in this thesis.1.4 Optimization ObjectivesFor each of the above speci�cations of connectivity requirements, the optimization objective in thecorresponding network-design problem can usually be expressed as minimizing some notion of \cost"associated with the network. This cost may re
ect the price of constructing the network, it maymeasure some form of vulnerability of the network, or it may even measure some critical priceincurred in using the network.We address three classic examples of such cost measures in this thesis. If we associate costs withfeasible edges and nodes that can be used to build the network, then a natural optimization objectiveis to minimize the price of construction of the network. This is the minimum-cost network-designproblem and has been well studied [1, 2, 4, 48, 60, 74, 90, 98, 100, 127, 137, 156]. A notion of costthat re
ects the vulnerability of the network to single-point failures and also quanti�es the amountof decentralization in the network is the maximum degree of any node in the network. Minimizingthis notion of cost corresponds to the minimum-degree network-design problem, which has alsobeen well studied [3, 49, 50, 131]. A cost measure that captures the notion of price incurred inusing a network is the maximum cost of any edge in the network, also termed the the bottleneckcost of the network. If the cost of an edge re
ects the geographical distance between its endpoints,then minimizing the bottleneck cost in a network corresponds to minimizing the maximumdistancetraveled in a single hop in the network. Problems in which the objective is to keep the bottleneck costlow are termed bottleneck problems and these have also received considerable attention [20, 72, 123].In many applications that arise in real-world situations, the network to be built is required tominimize more than one of these cost measures simultaneously. Recent papers have identi�ed manyproblems [8, 85, 89, 161] wherein multiple objectives are speci�ed in the statement of the problem.We formulate such multi-objective problems in the area of network design and provide approximationalgorithms in this thesis.The optimization objective may also involve maximizing some notion of desirability in the net-work. In building one-connected networks, one such notion may be the number of pendant verticesin it. In this thesis, we consider the maximum-leaf spanning tree problem and provide approximation3



algorithms for this network-design problem as well.1.5 Approximation algorithmsLike many important problems in combinatorial optimization, the Steiner tree problem and most ofits variants are NP-complete to solve exactly[53, 83]. The class of NP-complete problems representsa colossal collection of polynomially-equivalent problems for which no polynomial-time algorithmsare known. One of the outstanding open questions in computational complexity theory has been\NP = P?", i.e., whether the class of NP-complete problems admits a polynomial-time solution.An emerging pragmatic trend in overcoming the NP-hardness of important practical problems isto compromise on the quality of the solution for the sake of computing a suboptimal solution quickly.This leads to the following natural de�nition of an approximation algorithm for an optimizationproblem. An approximation algorithm runs in time polynomial in the problem size and outputs asolution with a small multiplicative error. The multiplicative error of an approximation algorithmfor a minimization problem is the maximum value, over all instances of the input, of the ratio ofthe solution value output by the algorithm to the optimum solution value for the instance2. Thismultiplicative error is also commonly referred to as the approximation factor or the performanceguarantee or ratio of the approximation algorithm. This thesis presents approximation algorithmswith performance ratios that are typically a constant or a slow-growing function like the logarithmof the input size. While the latter may sound ludicrous especially in the context of a multiplicativeerror, we show that in some cases, this is nearly best-possible in the following sense: no polynomial-time approximation algorithm has a substantially better performance ratio unless something nearlyequivalent to P = NP is true. In other words, �nding approximation algorithms for such problemswith considerably better performance ratios is tantamount to nearly solving the \P = NP?"question.1.6 Performance guaranteesThe performance guarantee of an approximation algorithm for an NP-complete optimization prob-lem provides a good yardstick with which the relative di�culty of NP-complete problems can bedetermined. Intuitively, problems with approximation algorithms having good performance guar-antees may be deemed easier than those without. This notion can be formalized by using resultson lower-bounds on the approximability of NP-hard problems. Such lower-bound results are alsotermed non-approximability results since they demonstrate non-approximability of the the problemin question to better than a certain factor in polynomial time unless something nearly equivalent2The multiplicative error is the reciprocal of this quantity for a maximization problem.4



to P = NP is true. Early results on non-approximability [53, 161] were sporadic and used veryspecialized techniques. The recent connection drawn between results from the study of interactiveproof systems from communication complexity theory [5, 6, 41, 110] and proving non-approximabilityresults has provided a uni�ed way to prove such results.Another tool that has been useful in applying non-approximability results is a strengthening ofthe notion of an NP-hardness reduction called an L-reduction [122]. An L-reduction reduces anNP-hard problem to another with extra care so that any approximation algorithm for the �rst canbe used to derive one for the second with performance guarantee at most a small constant factormore than that for the �rst problem. Papadimitriou and Yannakakis de�ned this notion along witha class of maximization problems called MAX SNP. They showed that all problems in MAX SNPare interreducible to one another using L-reductions. As a corollary, they derived that either allproblems in this class permit very good approximations in polynomial time or all of them do not,unless P = NP . Recent results on probabilistically checkable proofs [6] show that the latter is thecase.Lower bounds on approximability vary from very weak to relatively strong depending on the fac-tor of approximation that they rule out. For an NP-complete problem with an integral solution value,a trivial consequence of NP-completeness is that no polynomial-time approximation algorithm forthe problem can provide a solution with an additive error less than one unit from the optimumunlessP = NP . Arriving at such approximations is as hard as solving the original problem. A slightlystronger type of a non-approximability result rules out polynomial-time approximation schemes forthe problem at hand. For any �xed error parameter � > 0, a polynomial-time approximation schemeruns in time polynomial in the input size and outputs a solution with multiplicative error 1+�. If thedependence of the polynomial running time of the algorithm on 1� is not exponential in 1� but onlypolynomial in 1� , then the scheme is termed fully polynomial. Problems in the class MAX SNP thatwe talked about earlier do not have a fully polynomial-time approximation scheme unless P = NP[6]. Even stronger non-approximability results rule out approximations with multiplicative factors ofa constant or better than a logarithm of the input size. Lund and Yannakakis [110] recently provedsuch a hardness result for the set-cover problem in which given a collection of sets over a ground set,the objective is to �nd a minimum-size subcollection that contains all the elements of the ground set.They showed that no polynomial-time approximation algorithm for the set-cover problem achievesan approximation factor smaller than one-fourth the natural logarithm of the size of the ground setunless Deterministic Time npolylogn contains NP . The strongest non-approximability results arethose that show that performance factors nearly as bad as the trivial ones cannot be achieved inpolynomial time unless P = NP . Examples are the maximum independent set problem and thegraph coloring problem [41, 110, 13], for which no polynomial-time approximation algorithms canhave performance ratios better than n� for some �xed � > 0 unless P = NP .5



Just like the non-approximability results, approximation algorithms that have been designedalso vary from weak, reasonable, good to nearly best-possible. Weak approximations are those withperformance ratios nearly as bad as what is trivially achievable by using any feasible solution. A largenumber of problems are known to have only such approximations [16, 18, 94, 95, 132], and are goodcandidates for proving strong non-approximability. Reasonable approximation factors are typicallyslow-growing functions of the input size like the logarithm. Many known approximation algorithmshave poly-logarithmic performance guarantees [25, 54, 61, 69, 79, 89, 91, 103, 107, 126, 128, 129,154]. Good approximation algorithms have constant performance ratios [9, 22, 74, 156, 164] whilebest-possible approximation algorithms achieve guarantees that cannot be better unless P = NP[50, 152]. Nearly best-possible approximation algorithms have performance guarantees that arewithin a constant factor of what has been shown to be best-possible [25, 91] unless P = NP . Suchapproximations are especially interesting for problems for which what is known to be best-possiblein terms of approximation factors is a quantity larger than a constant, like the set-cover problem.This thesis describes approximation algorithms with performance guarantees ranging from weak tonearly best-possible.1.7 ResultsAll the results presented in this thesis have the following general outline. We consider problems innetwork design consisting of a connectivity speci�cation and an optimization objective as mentionedbefore. The goal in all these problems is to �nd a feasible network satisfying the connectivityspeci�cations that is optimal with respect to the objective. All the problems we consider in thisthesis are NP-complete. We present in this thesis the �rst approximation algorithms for each of theseproblems. All our algorithms output solutions that are guaranteed to be near-optimal in terms ofthe objective. All but one of our algorithms run in polynomial time. An overview of the details ofour results is presented in Table 1.1. Here n denotes the number of nodes in the input graph.The �rst three problems consider the case when the goal is to �nd a network of minimum costwhen edges and/or nodes have nonnegative costs. The �rst result addresses �nding biconnectedsubgraphs while the second is on �nding two-edge-connected networks. The third row describes aresult on approximating node-weighted networks. The fourth row addresses the problem of �ndingnetworks of minimum degree. The �fth row considers the problem of �nding networks that havesimultaneously low degree and cost. An interesting corollary of this result is an algorithm for theminimum-degree generalized Steiner forest problem in the fourth row with a better (logarithmic)performance guarantee in polynomial time. The details of this improvement are in the relevantchapters (Chapters 5 and 6). The last problem in the table addresses �nding spanning trees withthe maximum number of leaves. 6



Connectivity Speci�cation Optimization Objective Performance Ratio Running TimeBiconnected Steiner Minimize total edge-cost 5 O(n3)subgraphsTwo-edge-connected Minimize total edge-cost 3 O(n2 logn)generalized SteinersubgraphsGeneralized Steiner forests Minimize total node-cost O(logn) O(n4)Generalized Steiner forests, Minimize the maximum For any � > 0, nO(log1+� n)Two-edge-connected degree (1 + �) timesspanning subgraphs optimal plusO(log1+� n)Steiner trees Minimize total node-cost Degree is O(n4)Generalized Steiner forests subject to budget b O(b logn); Cost ison the maximum degree O(logn) timesoptimalSpanning trees Maximize number of 5,3 O(n4); O(n7)leavesTable 1.1: Results in this thesis.We note that Table 1.1 provides only an overview of the results in this thesis and does notcontain the most general versions in which they may be stated. Many one-connected network-designproblems can be formulated as �nding a subgraph that covers a family of cuts in the graph: for acertain family of cuts in a graph, �nd a subgraph intersecting all the cuts in the family. The par-ticular family of cuts depends on the problem to be formulated. Building on the work of Agrawal,Klein and Ravi [1, 2], Goemans and Williamson [60] formulated a minimum-cost one-connectednetwork-design problem as such a cut-cover problem and provided an approximation algorithm withperformance factor two. Their formulation captures many important one-connectivity requirementssuch as Steiner trees, generalized Steiner forests, T -joins, and non-�xed point-to-point interconnec-tion networks. The generalized Steiner forest problem is a prototypical problem in this formulation.In each of the results in Table 1.1, the connectivity speci�cation of generalized Steiner forest canbe replaced by this more general one-connectivity speci�cation. Also the speci�cation of two-edge-connected generalized Steiner subgraphs may be replaced with a two-edge-connected version of thismore general speci�cation. We postpone precise description of these results until the appropriatechapters for the sake of concreteness. 7



1.8 TechniquesThe challenge in the design of an approximation algorithm lies in the proof of the performanceguarantee of the algorithm. This proof is typically arrived at by using a combinatorial estimate ofthe value of the optimal solution for the instance at hand. Even computing the exact value of theoptimal solution for any instance is NP-hard. This necessitates the development of techniques toarrive at good estimates on the solution value for all instances. Very often, such techniques relyon discovering structural relationships between combinatorial quantities de�ned by the problem athand. In this thesis, we demonstrate the e�cacy of three di�erent techniques of this form.The techniques we use in proving the performance ratios can be classi�ed broadly as follows:1. The primal-dual technique which draws heavily from the theory of Linear Programming,2. local optimization in which simple local changes are used to arrive at a locally-optimalapproximate solution, and3. A solution-based decomposition method in which the optimal solution is decomposed intosimpler subparts, and an approximate solution is built out of such subparts.We elaborate on these techniques below.1.9 The Primal-Dual methodThis technique uses the framework of linear programming to derive approximate solutions to NP-hard problems. This technique has been well-known since its application to approximate the set-cover problem [25, 79, 107]. There has recently been a lot of work in applying this technique toapproximation algorithms [1, 2, 3, 9, 52, 55, 60, 61, 88, 103, 90, 154].There are two distinct ways in which this method can be applied to approximation algorithms.We formulate the hard problem as an integer program and consider its fractional relaxation. Wethen derive the dual of this relaxation and interpret the dual combinatorially in terms of graph-theoretic quantities associated with the problem. Restricting the variables of the dual program tobe zero-one or integral in general is a useful tool in arriving at such an interpretation [1, 2]. Anotheruseful method that has been explored before [1] is to assign values to all dual variables uniformly,i.e., all non-zero variables are assigned the same value. Such assignments lead to lower-bounds forthe problem at hand (assuming that this is a minimization problem) which are often good lowerbounds in that the maximum value of the dual solution even under such restricted assignments isclose to that (within a small factor) of an optimal solution to the hard problem. In this case, theduality gap or the ratio of the optimal solution to the hard problem and the fractional relaxationvalue (also equal to the dual value) is also bounded by a small quantity.8



Apart from the use of this technique to formulate hard problems and arrive at good combi-natorial lower bounds, we may use it even more directly in designing approximation algorithms.Classical primal-dual algorithms such as the matching algorithm [37] follow a basic framework toprove optimality of the solution that they �nd. These algorithms typically start with a primal in-feasible solution and a dual feasible but suboptimal solution. Suppose that the problem at hand isa minimization problem. The algorithm works in iterations; in each iteration, the value of the dualsolution increases by collecting appropriate dual assignments and the primal solution is augmentedso as to progress towards feasibility. These iterations are guided by using the complementary slack-ness conditions for the two dual linear programs. During each iteration, the value of a selected setof dual variables are increased uniformly until one of the slackness conditions becomes tight. Thisis followed by a primal solution augmentation and identi�cation of new dual variables to updatein the next iteration. Through such iterations, the value of the dual solution collected and thatof the partial primal solution are shown to be equal using the complementary slackness conditions.At termination the primal solution is feasible and by the equality of this solution value and that ofthe algorithmically constructed dual solution, it is also optimal. We can use the same frameworkin designing an approximation algorithm except that we cannot hope to show optimality of our�nal solution. Instead, we may maintain an approximate version of the complementary slacknesscondition that ensures in the end that the value of the �nal primal solution is close to that of thedual solution collected through the algorithm. Since the dual solution is a lower bound on the costof any primal solution by weak duality, the performance guarantee of the algorithm is proved. Thistechnique yields an approximation algorithm for computing a near-optimal dual solution as well.This technique was used in a paper of Agrawal, Klein and Ravi [1, 2] and made more explicit inthe subsequent work of Goemans and Williamson [60]. We use the approximate equality betweentwo combinatorial quantities proved in [2] in proving the performance guarantee in Chapter 2. Wealso extend and use this technique combined with the idea of applying it in phases in Chapter 3.There has been a surge of work subsequent to ours in extending our techniques to higher-connectednetwork problems [52, 61, 154].1.10 Local OptimizationLocal optimization has been a well-known heuristic for hard problems even before the theory ofNP-completeness was formalized [30]. There have been many practically successful applications ofthis heuristic to many important hard problems. Some notable examples are its applications to thegraph partitioning [84, 43] and the Traveling Salesperson problems [102]. More recently, there hasbeen some work on complexity issues related to this method [80, 120].The underlying idea in this method is simple: start with an arbitrary solution, apply local9



changes that improve the quality of the solution until a locally-optimal solution is reached, andoutput this solution. There are several randomized variants of this basic technique variously termedgenetic algorithms [58], tabu-search, and simulated annealing [151]. However, none of these variousheuristic techniques have been known to be approximation algorithms in the sense we have described.A theoretical breakthrough in this area came with the work of F�urer and Raghavachari [50]. Theyshowed that a variant of the local search heuristic can be applied to the problem of computinga spanning tree of an undirected graph in which the maximum degree of any node is minimum.Their work provides polynomial-time approximation algorithms with good performance ratios. InChapter 5, we extend their results and show how they can be applied to more general minimum-degree problems. In Chapter 7, we go one step further and show an application of this technique toapproximating the maximum-leaf spanning tree problem. This later result signi�cantly adds to thehandful of problems that are known to have approximation algorithms based on local search.There are two simple features that we may use in analyzing algorithms based on this technique.We typically use the progress in the quality of the solution at hand as a potential function toargue that these algorithms terminate quickly. Second, we use constraints on the structure of alocally-optimal solution to prove the performance guarantee.1.11 Solution-based DecompositionThe solution-based decomposition technique has been implicitly used in designing many well-knownapproximation algorithms. In Christo�des' classical 32 -approximation for the Traveling SalespersonProblem on a graph with triangle inequalities [22], the optimal TSP tour is decomposed into twoequal-sized matchings. This leads to the observation that the minimumcost of a perfect matching inthis graph is at most half the minimumcost of a TSP tour. A generalization of this observation is thekey to the performance analysis of Christo�des' heuristic. This heuristic illustrates the basic featureof the solution-based decomposition technique: decompose the optimal solution to the hard probleminto one or many solutions to a simpler or computationally tractable problem. The approximationalgorithm based on this insight �nds such simpler pieces optimally and using the decomposition,proves that an approximate solution constructed using these simpler pieces is near-optimal. Implicitapplications of this technique can be found in [48, 49].We use this technique to provide the �rst approximation algorithms for node-weighted network-design problems in Chapter 4. We also use this technique in our algorithms for multi-objectiveapproximations in Chapter 6. 10



1.12 Road MapWe present our results in the order in which they appear in Table 1.1. Chapters 2 and 3 addressminimum-cost two-connected network-design problems. Chapter 4 addresses node-weighted network-design problems. Chapter 5 examines minimum-degree network problems. Chapter 6 contains ourresults on multi-objective approximation algorithms for network design. Chapter 7 describes ourresults on the maximum-leaf spanning tree problem. We close with Chapter 8 presenting someconclusions and directions for future work.
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Chapter 2Biconnected Steiner Subgraphs2.1 Problem De�nitionIn this chapter, we begin our study of minimum-cost network-design by addressing the minimum-costbiconnected network-design problem mentioned in the �rst row of Table 1.1. This is a generalizationof the problem of increasing the connectivity of a given graph to two at minimumcost. Given an edge-weighted graph, a subset of the vertex set called the terminals and an initial subgraph, the objectivein this problem is to �nd a minimum-weight augmentation of edges that makes the terminals two-vertex-connected. No edge in the initial subgraph can be used in the augmentation. Moreover,the augmentation cannot contain more than one copy of any edge. We present an approximationalgorithm for this problem with performance ratios of four if the initial subgraph connects theterminals and �ve otherwise.Fredrickson and Ja'Ja' [46] were the �rst to consider the problem of augmenting a given graph tomake it two-connected. This is a special case of our problem in which all nodes are terminals. Theyshowed that this problem is NP-hard and provided approximation algorithms. Subsequently, Khullerand Thurimella [86] presented a more e�cient and simpli�ed version of the results of Fredericksonand Ja'Ja' [46]. The performance guarantee of these algorithms is two if the initial subgraph isconnected and three otherwise. The results of Frederickson and Ja'Ja' as well as that of Khuller andThurimella hold for both the edge and vertex-connected versions of the problem.Watanabe, Higashi, and Nakamura [153] address a closely related augmentation problem usingtechniques similar to ours. In [153], Watanabe, Higashi, and Nakamura have presented approx-imation algorithms for the following augmentation problem: given an edge-weighted undirectedgraph, an initial subgraph G0 that connects all the nodes, and a speci�ed subset S of the nodes,�nd a minimum-cost augmentation of the initial subgraph G0 so that each pair of nodes in S istwo-connected (they consider both edge- and vertex-connectivity) in the augmented graph. Theyprovide approximation algorithms for these problems with performance guarantees two and four for12



the edge- and vertex-connected versions respectively. Though their technique appears to be similarto ours, they left open the case when the initial subgraph G0 does not span all the nodes in thegraph. We obtain the same performance ratio as [153] for the biconnected problem under the weakerassumption that the initial subgraph G0 connects only the nodes speci�ed in S. Furthermore, evenwhen G0 does not connect the nodes in S, we can derive approximation algorithms with a slightlyworse guarantee of �ve. This latter problem was left open for future research in [153].In the next chapter, we present results on �nding minimum-cost two-edge-connected networks.Using these results, one can derive approximation algorithms for the two-edge-connected version ofthe problem we consider in this chapter. The performance ratios for the two-edge-connected Steinersubgraph problem that we can obtain using the results in the next chapter are two when the initialsubgraph connects the terminals and three otherwise. Note that this matches that of Watanabe,Higashi, and Nakamura for the two-edge-connected case.2.2 Strategy and ResultsBefore we present our results, we describe a simple strategy that allows us to transform an instanceof an augmentation problem to an instance of a minimum-cost problem. Let G = (V;E) be anundirected graph with a nonnegative weight function w on its edges. A subset S of nodes is speci�edas the terminal set. Given an initial subgraph G0 of G, the augmentation problem is to �nd anedge-augmentation of minimumweight such that the augmented G0 biconnects the terminals. Thisproblem is essentially equivalent to setting the weight of all the edges in G0 to zero and �nding aminimum-cost subgraph of the resulting graph in which all the terminals are biconnected. Hence werestrict our attention to approximatingminimum-cost biconnected Steiner subgraphs (i.e., subgraphsbiconnecting every pair of terminals).There has been previous work on polynomial-time algorithms for the minimum-cost two-connectedSteiner subgraph problems for special classes of graphs such as outerplanar graphs [157], series-parallel graphs [158] and Halin graphs [29]. Our main results are approximation algorithms for thecase of general graphs and we state them below.Theorem 2.2.1 There is a polynomial-time approximation algorithm for the minimum-cost biconnected Steiner subgraph problem. The performance guarantee of the algorithm is�ve.When the initial subgraph G0 in the augmentation problem connects all the terminals, we canobtain a slightly stronger result than Theorem 2.2.1. In this case, we can transform the augmentationproblem to a minimum-cost tree-biconnecting problem. To do this, we choose an edge-minimalSteiner tree from the edges in G0 (which is guaranteed to connect all the terminals, and hence13



contains such a tree), and set the cost of all the edges in G0 not in this tree to zero. We now seeka minimum-cost set of edges disjoint from the tree edges whose addition to the tree biconnects allthe nodes in the tree. The resulting minimum-cost tree-biconnecting problem for this Steiner treeis easily seen to be equivalent to the original augmentation problem. We have the following resultfor the tree-biconnecting problem.Theorem 2.2.2 There is a polynomial-time approximation algorithm for the minimum-costtree-biconnecting problem. The performance guarantee of the algorithm is four.The key idea in all our algorithms is to construct an auxiliary graph on a subset of the nodes in theoriginal graph and to select a tree spanning these nodes. We then use the algorithms of Fredericksonand Ja'Ja' [46] or those of Khuller and Thurimella [86] to �nd an approximately minimum-costaugmentation of this spanning tree to biconnect it. Finally we transform this augmentation to anaugmentation that biconnects the tree in the original graph. To show the performance guarantee weuse a simple property that an edge-minimal augmentation that biconnects a Steiner tree is acyclic.This observation may be of independent interest.In addition to constructing the auxiliary graph, we also adapt and use an approximate min-maxequality relating approximately minimum-cost Steiner trees to packing of cuts derived by Agrawal,Klein, and Ravi [2] to prove the performance guarantee of �ve in Theorem 2.2.1.In the next section, we introduce some de�nitions. Then we prove Theorem 2.2.2. Finally, weintroduce some background on the approximate min-max equality proved in [2] and use it alongwith Theorem 2.2.2 to prove Theorem 2.2.1.2.3 De�nitionsLet G = (V;E) be the given undirected graph with nonnegative weights w assigned to its edgesand let n = jV j and m = jEj. The weight of any subgraph is the sum of the weights of the edgesin it. An undirected edge between two nodes u and v is represented by (u; v). For a graph G and anode v in G, we use G=fvg to denote the graph obtained fromG after deleting v and all its incidentedges.An undirected graph is (one-)connected if for any two nodes u and v, there is an undirectedpath from u to v in the graph. A cutvertex is a vertex whose removal along with its incident edgesdisconnects G. A graph is two-vertex-connected or biconnected if it contains no cutvertices. Notethat in a biconnected graph, there always exists two node-disjoint paths between any pair of nodes.A block is a maximal biconnected subgraph of a given undirected graph.14



2.4 The Steiner Tree Augmentation ProblemIn this section, we prove Theorem 2.2.2. We are given an edge-minimal Steiner tree T = (VT ; ET)spanning the terminals. The problem is to �nd a minimum-cost set of edges from G�ET that willmake all the nodes in T biconnected.The key to deriving our results is the the following important property of any edge-minimalaugmentation that biconnects1 any tree T .Lemma 2.4.1 For any tree T , any edge-minimal set of edges that biconnects T is acyclic.Proof: Any set H � E=ET of edges biconnects T if and only if for every internal node v of T ,H [ T=fvg is connected. Let B be an edge-minimal augmentation that biconnects T . Suppose Bcontains a cycle C . Without loss of generality we may assume that the cycle C is simple. We showthat an edge e can be removed from this cycle in B while maintaining that, for any internal node vof T , the graph B [ T=fvg � e is connected. There are few cases to consider.Case 1: The cycle contains no node of T . In this case, for any internal node v of T , the cycleC is also a cycle in B [ T=fvg. Removing any edge e from C leaves B [ T=fvg � e connected.Case 2: The cycle contains at most one node u in T . For an internal node v of T , if v 6= u,then this reduces to the previous case. If v = u, then it is easy to see that on removing an edge ethat is incident on v from the cycle, B [ T=fvg� e = B [ T=fvg. Since B [T=fvg is connected,so is B [ T=fvg � e.Case 3: The cycle C in B contains two or more nodes of T . De�ne a segment to be a maximalsubpath of C none of whose internal nodes belong to T . We partition the cycle C into two or moresegments going between nodes of T . As before, we wish to identify an edge e 2 C whose deletionfrom B leaves a set of edges that biconnects T . We use the following observation to identify suchan edge.Proposition 2.4.2 Let T be a tree and B an augmentation that biconnects T . Supposethere exists a path P in T [ B consisting entirely of edges of B such that every internalnode of P is not a node of T and has degree exactly two in T [B, and the endpoints of Plie in a simple cycle in T [ B � P . Then B � P biconnects T as well.The proof of the above proposition is immediate from the observation that a chord of a circuitin a biconnected graph can be removed without violating biconnectivity (See, for example, [107],Problem 6.35).To use this observation, we �rst identify a segment S of the cycle C whose endpoints lie in asimple circuit in the graph B [ T � S. However, we may not be able to delete the whole segment1By \an augmentation that biconnects T", we mean one that biconnects every pair of nodes in T .15
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maintaining biconnectivity. Then on removing each of these subpaths, there are cutvertices in eachof the remaining graphs.Consider the graph remaining after deleting the subpath from c to c0. By choice of S, c and dlie in a cycle even after deleting S and hence are in the same block in this graph.Since c0 has degree three or more, we can follow an edge of B incident to c0 but not in the cycleC along a path. Note that this path cannot lead back to the segment S without intersecting a nodein T for otherwise we would have identi�ed a cycle in B with no node in T . This is disallowed byCase 1. Therefore this path meets a node t1 of T . Now we can follow the path in the tree from t1to d (Note that t1 may be d in which case this path is empty) and then the segment S from d to c0to form a simple cycle containing c0 and d. Thus c0 and d are in the same block in the graph formedafter deleting the subpath from c to c0.Since B [ T is biconnected, any cutvertex formed on removing the subpath from c to c0 mustlie on a path between c and c0 in the remaining graph. Since c and d lie on the same block evenafter deleting this subpath, this cutvertex must lie in the subsegment of S from c0 to d. Since c0and d0 are in the same block after deleting the subpath from c to c0, d must be a cutvertex formedon deleting the subpath from c to c0. Also, in proving that c0 and d are in the same block, note thatwe have identi�ed a path P1 between c0 and d through the node t1 which avoids the segment S.By a symmetric argument, one of the cutvertices formed on removing the subpath of S from dto d0 must be c, and there is a path P2 between d0 and c avoiding S in the block containing c andd0. Suppose P1 \ P2 = ;. Then following the path along the segment S from c0 to d0 and thenP2 between d0 to c, then a path between c and d in the cycle containing them and �nally the pathP1 from d to c0 identi�es a simple cycle containing c and c0 (See Figure 2.3). This contradicts theassumption that removing this subsegment violates biconnectivity of T [B.Otherwise P1 and P2 share a node. Let P 01 be the initial subpath of P1 from c0 until it intersectsP2 at a, say (P 01 may be empty, e.g., when c0 = d0 = a). Now we can follow the subpath P 01 fromc0 to a, then the subpath of P2 from a to c followed by the path between c and d and �nally thepath in the segment S from d to c0 to identify a simple cycle containing c and c0. This gives acontradiction as well and completes the proof of Claim 2.4.5. 2This also completes the proof of Lemma 2.4.1. 2Now we are ready to describe the algorithms in Theorem 2.2.2. We construct an auxiliarymultigraph T 0 on the nodes VT . The edge-set of T 0 is E0 = ET [Ea where (u; v) 2 Ea wheneveru 6= v and there is a path from u to v in G � ET all of whose internal nodes are not in T . Notethat [ represents multiset union here. Each edge (u; v) in Ea is assigned weight equal to the weight18
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T 0 to biconnect it. Since the optimal augmentation of T in G induces an augmentation in T 0 ofat most twice the cost by Lemma 2.4.6, and since the performance guarantee of the approximationalgorithms of [46, 86] is two, we �nally get an augmentation of cost at most four times the minimum.Finally we transform the augmentation in T 0 that we �nd to the collection of shortest paths in theoriginal graph that the edges in the augmentation correspond to. Noting that the construction ofthe auxiliary graph T 0 and the algorithms in [46, 86] are polynomial-time completes the proof ofTheorem 2.2.2.2.5 The Biconnected Steiner Subgraph ProblemIn this section, we prove Theorem 2.2.1. To do this we need some background.Packing of requirement cutsGiven a graph G and a subset of the vertices S speci�ed as terminals, we de�ne a requirement cutas a set of edges whose removal separates at least one terminal from another. Each requirement cut(henceforth referred to as a cut) can be written as �(W ), whereW is a node subset of the graph, and�(W ) denotes the set of edges with exactly one endpoint inW . �(W ) is also referred to as the co-cycle determined byW . A fractional packing of cuts is a family of cuts �(W1);�(W2); : : : ;�(Wk),together with a rational weight �i for each cut. A (fractional) w-packing of cuts is a weighted col-lection of cuts that have the following property: for each edge (u; v), the sum of the weights of allthe cuts in this collection containing the edge is at most w(u; v). The value of the packing is thesum of the weights of all the cuts in the packing. A maximum packing is one of maximum value.Maximum packing of cuts and minimum-weight Steiner treesGiven an edge-weighted graph with a subset of the nodes speci�ed as terminals, the problem of �ndinga minimum-weight Steiner tree connecting all the terminals is NP-complete. Since a requirement cutseparates the terminals, any Steiner tree must have an edge in the cut. Thus it is easy to see thatthe weight of any Steiner tree is at least as much as the value of a maximumpacking of requirementcuts. The following result was shown by Agrawal, Klein and Ravi [2].Theorem 2.5.1 Given an undirected graph with edge-weights, and a subset of the verticesspeci�ed as terminals, the minimum-weight of a Steiner tree connecting all the terminals isat most twice the value of a maximum packing of requirement cuts.The algorithm in [2] greedily �nds a packing of requirement cuts and simultaneously builds aSteiner tree of weight at most twice the value of this packing.20



Note that any biconnected Steiner subgraph must have at least two edges crossing any require-ment cut since this subgraph has two node-disjoint paths between the terminals separated by thiscut. Thus we have the following lemma.Lemma 2.5.2 The weight of any biconnected Steiner subgraph is at least twice as much asthe value of a maximum packing of requirement cuts.Combining the results from Theorem 2.5.1 and Lemma 2.5.2, we get the following theorem.Theorem 2.5.3 Given an undirected graph with edge-weights, and a subset of the verticesspeci�ed as terminals, the approximately minimum-weight Steiner tree found by the algo-rithm in [2] has weight at most that of any minimum-weight biconnected Steiner subgraph.We can use the above theorem to handle the case when all terminals are not one-connected inthe initial subgraph G0. We �rst add edges to G0 so as to one-connect all the terminals. Then weuse the algorithm in the previous section to augment this tree. We use the above theorem in the�rst phase of one-connecting the terminals. For this, we set the weight of all the edges in G0 to zeroand use the approximation algorithm of Agrawal, Klein and Ravi in [2] to �nd an approximatelyminimum-weight Steiner tree one-connecting the terminals. By Theorem 2.5.3 above, the cost ofthe set of edges added in this �rst phase is at most that of a minimum-weight biconnected Steinersubgraph.We use this tree as the starting point in applying the algorithm in the previous section. Theminimum-weight biconnected Steiner subgraph also forms a solution to the tree-biconnecting prob-lem for the tree T . Therefore, by Theorem 2.2.2, the cost of the tree-biconnecting edges added inthis second phase is at most four times that of the minimum-weight biconnected Steiner subgraph.Summing the costs of edges added in both phases gives the bound in Theorem 2.2.1.
21



Chapter 3Generalized Two-edge-connectedNetworksWe continue our study of minimum edge-cost network-design problems by considering an edge-connected generalization of the problem we addressed in the previous chapter. In this chapter, wepresent a general approximation technique for a class of network-design problems where we seeka network of minimum cost that satis�es certain communication requirements and is resilient toworst-case single-link failures. Our algorithm runs in O(n2 logn) time on a graph with n nodesand outputs a solution of cost at most thrice the optimum. We extend our technique to obtainapproximation algorithms for augmenting a given network so as to satisfy certain communicationrequirements and achieve resilience to single-link failures. In this chapter, two-connectivity refers totwo-edge-connectivity unless explicitly stated otherwise.The technique we introduce in this chapter allows one to �nd nearly minimum-cost two-connectednetworks for a variety of connectivity requirements. For example, our result generalizes earlier resultson �nding a minimum-cost two-connected subgraph of a given edge-weighted graph in [46, 86].Using our technique, we can also approximately solve for the �rst time a two-connected versionof the generalized Steiner network problem and a two-connected version of the non-�xed point-to-point connection problem. The results in this chapter were obtained jointly with Philip Klein, andappeared in [90].3.1 Introduction: The FrameworkOn designing a networkThe following scenario was proposed in [2]. You are in the job of providing communication links tocustomers. You have a set of clients with communication requirements; each client has speci�ed a pair22



of cities (called a site-pair) between which the client must have communication capabilities. In frontof you is the price list from the telephone company, which gives prices for constructing communicationlinks between various cities. Each link built has essentially in�nite communication bandwidth. Yourjob is to select a minimum-cost collection of communication links that can accommodate all yourclients' communication requirements. The network you must construct need not be connected; allthat is needed is that every client's pair of cities be connected through your network. Unfortunately,your job's NP-complete. So you come up with an approximately good solution [2] and build anetwork using this strategy.Soon you notice that your clients are complaining. The links used in your network seem to bebreaking down pretty often. And you notice that it is very often the case that it is just a singleedge that has caused each tree in your solution to come to a standstill. So your clients want you toaugment this network so that each pair of cities have at least two connections. Moreover, they donot want you to duplicate any link in the already existing network since the link failures seem to berelated to the location of the cables. By duplicating links, you are only making both copies proneto failure. Well, your problem is NP-complete again [46]. If you were lucky to have a large enoughclient�ele so that your network spanned all the cities, then you could use the approximate solution in[46]. However, considering your past history with fortune, no approximation algorithms are knownin the general case.In this chapter, we give the �rst approximation algorithm for augmenting this generalized Steinernetwork to a network in which each site-pair is two-connected. Combining this with the solutiono�ered to your earlier problem in [2], this provides an approximation for a general two-connectedSteiner network design problem. In fact, you weren't so unlucky after all. For, while you set outto solve the problem of �nding a minimum cost network two-connecting all the site-pairs, yourtechnique turns out to solve a whole class of minimum-cost two-connected subgraph problems...An example of a solution formed this way for the generalized two-connected Steiner networkproblem is depicted in Figure 3.1.FrameworkWe can model the generalized two-connected Steiner network problem as follows: De�ne a cut inthe graph to be active if it separates some site-pair. A network is said to two-connect a site-pairif there are two edge-disjoint paths between them in the network. Thus, any network that two-connects the site-pairs must cross this active cut twice. Conversely, if a network crosses every suchactive cut twice, the network indeed two-connects all the site-pairs. More formally, we can de�ne afunction f de�ning the activity of all cuts in the graph. If a cut C separates some site-pair, thenwe set f(C) = 1 and call C an active cut. Otherwise, we set f(C) = 0 and call C an inactive23



cut. Any set of edges that crosses each of the active cuts twice is a feasible solution to the two-connected Steiner network problem. We can generalize this two-connected network design problemby extending our notion of active cuts. For this, we turn to the work of Goemans and Williamsonin [60] where they de�ne the notion of proper functions. Proper functions are a class of functionsused for de�ning the activity of cuts in a graph.In [2], Agrawal, Klein and Ravi provided the �rst approximation algorithm for the generalizednetwork Steiner problem. The algorithm presented there involved construction of feasible primaland dual solutions with an approximate relation between their values. Subsequently, Goemans andWilliamson [60] generalized this result to a technique for approximating a large class of constrainedforest problems. They introduced the notion of proper functions whose elegant de�nition capturesthe connectivity requirements for a variety of constrained forest problems. In this chapter, we usetheir notion of proper functions in formulating a general two-connected network design problem.Given a graph G = (V;E), a function f : 2V ! f0; 1g and a non-negative cost function c onthe edges, we consider the following integer program:MinPe2E cexesubject to constraints:x(�(S)) � 2f(S) ; ; 6= S � V (IP)xe 2 f0; 1g ; e 2 EHere �(S) denotes the set of edges having exactly one endpoint in the set S and x(F ) =Pe2F xe. Any feasible solution to the program above is a collection of edges that intersect eachactive cut under the function f at least twice. Thus, any minimal feasible solution to (IP) is acollection of two-connected subgraphs. In this chapter, we address solutions to the above programfor the class of proper functions f . An important requirement of the solution subgraph that thischapter addresses is that edges are not allowed to be replicated. This will be the assumption in allthe problems we consider. Thus, the program is feasible only if the input graph has a feasible solutionas a subgraph. We shall assume that the input graph is itself feasible for (IP). It is not hard to verifythis assumption. We de�ne A, the set of terminals in V as the set A = fv 2 V : f(fvg) = 1g.The following is our main result.Theorem 3.1.1 There is an O(n2 logn) algorithm to produce an feasible solution F 0 to(IP) such that Pe2F 0 ce � (3� 3jAj )OPT where OPT is the optimum value of (IP).Although we use weak linear programming duality in our analysis, our algorithm does not linearprogramming. 24



Formulating problems in this framework - ExamplesThe generalized two-connected Steiner network problem without edge replication is representable inthe above framework. We set f(S) = 1 if there is a site pair that contains a site in S and one outsideS, and we set f(S) to 0 otherwise. The above framework also captures the following point-to-pointtwo-connection problem we introduce. In this, we are given a set C = fc1; : : : ; cpg of sourcesand a set D = fd1; : : : ; dpg of destinations in the graph and we need to �nd a minimum-cost setF of edges such that each source-destination pair is two-connected in F . The �xed destinationcase, in which ci is required to be two-connected to di, reduces to a case of the generalized two-connected Steiner network problem. However, we can also approximate the non-�xed destinationcase, where the only requirement is that each component of F contains the same number of sourcesand destinations. For this, we set f(S) to 1 whenever jS \ Cj 6= jS \Dj and to 0 otherwise.StrategyThe algorithm we present in this chapter works in two phases. In the �rst phase, the algorithm in[60] is applied to construct a partial solution F1 that partially satis�es the requirements in (IP),namely, the solution satis�es the one-connectivity constraints: x(�(S)) � f(S) ; 6= S � V .In the second phase, we augment the partial solution F1 such that the augmented subgraph two-connects each of the trees in the forest F1. We show that the cost of the solution output at the �rstphase is at most the optimum value of (IP) and the cost of the augmentation output at the secondphase is at most twice the optimum value of (IP) to obtain a performance guarantee of three. Thesecond phase is a careful reapplication of the methods of Goemans and Williamson. We de�ne anauxiliary function f 0 specifying a di�erent notion of active cuts, based on the partial solution F1. Iff 0 were proper, then we could reapply the method in [60] directly. Unfortunately, f 0 is not properand so we need to adapt this method.Approximating augmentationThe techniques used in proving Theorem 3.1.1 can be adapted to provide approximation algorithmsfor minimum-cost augmentation. Suppose that we are given a graph G = (V;E) along with aninitial subgraph G0 with edge set E0. The minimum-cost augmentation problem is to choose aminimum-cost set of edges in G whose addition to G0 yields a graph that obeys the constraints of(IP). This problem generalizes the minimum-cost bridge-connectivity augmentation problem consid-ered in [46, 86] and also the Steiner version considered in Chapter 2. We have the following theoremabout approximating the minimum-cost augmentation.Theorem 3.1.2 The augmentation problem described above can be approximated in O(n2 log n)time within a factor of 2(1� 1jAj) if the incidence vector, x0 of the initial subgraph G0 obeys25



the one-connectivity constraintsx0(�(S)) � f(S) 8S : ; 6= S � VOtherwise the performance guarantee is 3(1� 1jAj).In the next section, we look at related work. After that, we present background results andthe basic technique used in proving our main result. In Section 3.4, we present the second-phaseaugmentation algorithm. In the following section, we prove the performance bound of this phase.Finally, we prove the results on augmentation.3.2 Related WorkFredrickson and Ja'Ja', in their pioneering work [46] on approximation algorithms for weighted graphaugmentation problems, provided the �rst approximate solution for the problem of augmenting agiven graph to be two-connected. The performance guarantee of their algorithmwas a multiplicativefactor of two. Their technique also gave an approximate solution to the minimum-cost two-connectedsubgraph problem. The performance guarantee is a multiplicative factor of three. Their solution forthe latter problem starts with a minimum spanning tree and augments this to be two-connected.Khuller and Thurimella [86] have extended these results and provided more e�cient algorithms forthe same. In Chapter 2, we showed how to generalize this method achieving a weaker performanceratio to �nd minimum-cost two-connected Steiner subgraphs of a given graph. All the above methodsare also able to solve the node two-connected versions approximately. Khuller and Vishkin havepresented algorithms with better performance guarantees for the minimum two-connected subgraphproblems in [87]. The bounds are 32 for the two edge-connected case and 53 for the two node-connectedcase.When the cost function c obeys the triangle inequality, then Fredrickson and Ja'Ja' [47] presentan adaptation of Christo�des' heuristic to solve the minimum-cost biconnectivity augmentationproblem with a performance factor of 32 . There has been considerable previous work on networksurvivability [59, 66, 116, 117, 144] that addresses constructing minimum-cost k-connected subgraphsunder such cost functions. However, our interest is in the general case when the cost function doesnot satisfy the triangle inequality.There has also been considerable work on characterizations of integer polyhedra arising fromconnectivity constraints [65], and construction of minimum-cost two-connected survivable networks[59, 118].As mentioned in the previous section, Agrawal, Klein and Ravi [2] introduced a primal-dualmethod for approximating the minimum-cost generalized Steiner network. Though this result ad-dressed arbitrary connectivity requirements between pairs of nodes, it allowed for edge replication.26



This was consequently generalized by Goemans and Williamson in [60].Our method combines the two-phase idea of Fredrickson and Ja'Ja' with a primal-dual methodtailored to provide an approximate solution in both phases.3.3 BackgroundFollowing [60], we de�ne the notion of a proper function f : 2V ! f0; 1g. A function f is properif the following properties hold.� [Null] f(;) = 0;� [Symmetry] f(S) = f(V � S) for all S � V ; and� [Disjointness] If A and B are disjoint, then f(A) = f(B) = 0 implies f(A [B) = 0.The functions f used to model the problems in the �rst section can be easily veri�ed to be proper.The �rst phase:As mentioned in the introduction, our algorithmworks in two phases. In the �rst phase, we constructan approximate solution to the following modi�ed integer program:MinPe2E cexesubject to constraints:x(�(S)) � f(S) ; ; 6= S � V (IP1)xe 2 f0; 1g ; e 2 EWe do this using the method in [60]. Let the solution generated be denoted by F1. We shall useF1 to denote the set of edges in this solution returned in the �rst phase. It follows from [60] thatF1 induces a forest in G. The algorithm in [60] implicitly constructs a dual solution to the abovelinear program to prove the performance guarantee. This dual to the linear relaxation of the aboveinteger program (using xe � 0) is the following.MaxPS�V f(S) � ySsubject to constraints:PS:e2�(S) yS � ce ; e 2 EyS � 0 ; ; 6= S � VRecall that A is the set of terminals in V . We will be using the following results from [60].27



Theorem 3.3.1 ([60]) The solution F1 feasible for (IP1) and the dual y constructed arerelated by Xe2F1 ce � (2� 2jAj) XS�V ySLemma 3.3.2 ([60]) Let e 2 N where N is a connected component of a minimal solutionF1. Let N1 and N2 be the two connected components of N�feg. Then f(N1) = f(N2) = 1.Observation 3.3.3 ([60]) If f(S) = 0 and f(B) = 0 for some B � S, then f(S�B) = 0.The LP relaxation of our integer program (IP) is obtained by replacing each integrality constraintxe 2 f0; 1g with the linear constraint 0 � xe � 1. The dual to this LP relaxation is as follows.MaxPS�V 2f(S) � yS �Pe2E resubject to constraints:PS:e2�(S) yS � ce + re ; e 2 EyS � 0 ; ; 6= S � V (LP)re � 0 ; e 2 EBy weak linear programming duality, if OPT denotes the value of the optimal solution to (IP)and Z�LP denotes that of the optimal dual solution to (LP), then OPT � Z�LP . Note that thedual solution y provided by the algorithm of [60] is feasible for (LP) by setting re = 0 for alledges e. The value of the above program (LP) with this solution is 2PS�V yS . Thus we haveOPT � 2PS�V yS . Combining this with Theorem 3.3.1, we get the following bound on the �rstphase solution.Lemma 3.3.4 Let F1 be the set of edges chosen in the �rst phase and let OPT denote thevalue of an optimum solution to (IP). ThenXe2F1 ce � (1� 1jAj)OPTThe second phase:In the next section, we describe an algorithm for augmenting the forest F1 with a set of edges F2disjoint from F1. The algorithm also simultaneously constructs an implicit dual solution ~yS forS � V . We shall prove the following theorem in the next two sections.Theorem 3.3.5 The second phase algorithm chooses a set F2 of edges disjoint from F1,and an implicit dual solution ~y.(1) The set of edges in F1 [ F2 two-connects each of the trees in (V; F1).28



(2) The solution ~y will have the property that ~yS > 0 only when j�(S) \ F1j = 1. Also,the solution ~y will obey the normal packing constraint on all edges not in F1. Namely,for any edge e 2 E � F1, we have PS:�(S)3e ~yS � ce.We also prove the following relation, which is the basis for our performance analysis of the algorithm.Theorem 3.3.6 Let F2 be the set of edges chosen by the second phase algorithm and let ~ybe the dual solution it implicitly constructs. ThenXe2F2 ce � (2� 2jAj) XS�V ~ySThe strategy to prove a bound of two for the second phase is to show that ~y is feasible to the dual(LP) above. For this, we need the following lemma.Lemma 3.3.7 If j�(S) \ F1j = 1 then f(S) = 1.Proof: Suppose �(S) \ F1 = feg and suppose e 2 N , where N;N1; : : : ; Nm are componentsof (V; F1). Let P and Q be the two components of N � feg. Assume without loss of generalitythat P � S and Q \ S = ;. Since �(S) only intersects the edge e from F1, for each Ni, eitherS \ Ni = ; or S \ Ni = Ni. Thus, we can write S as the disjoint union of P and some of thecomponents in F1. Now f(Ni) = 0 for all the Ni's. Also, from Lemma 3.3.2, we have f(P ) = 1.Disjointness and Observation 3.3.3 together imply that f(S) = 1. 2Now, we show that ~y is a feasible solution to (LP). Namely, for each edge e 2 F1, set re =PS:~yS>0; �(S)\F1=feg ~yS . Set re = 0 for all the other edges. Since we have ~yS > 0 only whenj�(S) \ F1j = 1, we getXe2E re = Xe2F1 re = Xe2F1 XS:�(S)\F1=feg ~yS = XS:j�(S)\F1j=1 ~yS = XS�V ~yS (3.1)Now, we show that the solution ~yS obeys all the packing constraints in (LP). For any edge e 2 F1,we have XS:�(S)3e ~yS = re � re + cesince ce � 0. Also, for any edge e not in F1, we haveXS:�(S)3e ~yS � ce � ce + reusing the second part of Theorem 3.3.5. Finally, the value of the solution isXS 2f(S)~yS �Xe re � 2 XS:j�(S)\F1j=1 ~yS � Xe2F1 re =XS ~yS29



The �rst inequality follows from Lemma 3.3.7 and the second equality from Equation (3.1). By weaklinear programming duality, we again have OPT �PS ~yS . Combining this and Theorem 3.3.6, weget the following lemma.Lemma 3.3.8 Let F2 be the set of edges chosen by the second phase algorithm and let OPTdenote the value of an optimum solution to (IP). ThenXe2F2 ce � (2� 2jAj)OPTWe pause and prove that the solution F1 [ F2 we o�er is feasible.Lemma 3.3.9 F1 [ F2 is feasible for (IP).Proof: For any S � V , we have j�(S) \ F1j � f(S) since F1 is feasible for (IP1). By The-orem 3.3.5, the set of edges in F1 [ F2 two-connects all the trees in F1. Thus if f(S) = 1 andj�(S) \ F1j = 1 then we must have j�(S) \ F2j � 1 for such S. Therefore if x is the incidencevector of F1 [ F2 then for any S with f(S) = 1, we havex(�(S)) = j�(S) \ F1j+ j�(S) \ F2j � 2Hence, x is feasible for (IP). 2We have described construction of a feasible solution F1 [ F2 to (IP) and we have bounds onits value from Lemmas 3.3.4 and 3.3.8. These give us the Theorem 3.1.1. It remains to describe thealgorithm to construct F2 and the implicit dual ~yS . We do this in the next section.3.4 The AlgorithmIn this section, we describe the algorithm for augmenting a given forest F1 such that each tree inF1 becomes two-connected. Note that F1 is a minimal solution to the integer program (IP1). Wealso implicitly construct a dual solution ~y such that it has the properties we required in Theorem3.3.5. Since we require that ~yS > 0 only when j�(S) \ F1j = 1, we de�ne this condition as a newfunction f 0, namely, f 0(S) = 8<: 1 if j�(S) \ F1j = 10 otherwiseIt is important to note that the function f 0 de�ned this way is not proper. It can be easily shown toviolate the disjointness requirement. Our basic algorithm for the second phase is similar to that ofGoemans and Williamson but is modi�ed to take care of this di�erence. As input to the algorithm,we are given an undirected graph G with edge costs ce � 0 and the forest F1. We output a set F2of edges such that F2 \ F1 = ; and each tree in F1 is two-connected in F1 [ F2.30



OverviewThe algorithm maintains a forest, F , of edges as candidates for F2. The forest F initially has noedges. It also maintains a set of clusters which partitions the vertex set at any time in the runningof the algorithm. To begin with, each node in V is in its own cluster. The set of clusters at anytime in the running of the algorithm can be partitioned into active and dead (or inactive) clusters,namely, those with f 0 value 1 and 0 respectively. The algorithm progresses in iterations, choosingedges between clusters and merging clusters. Each merge involves an active cluster. When no activecluster remains, the algorithm terminates. Whenever a chosen edge closes a cycle in F1 [ F , thiscycle is collapsed: all the clusters containing nodes in the cycle are unioned into a single cluster. Notethat the graph induced by F1 [F at the beginning of each iteration with the clusters contracted tosingle nodes is acyclic, because cycles are collapsed at each iteration. The algorithm also implicitlymaintains a dual solution ~y. Only the active clusters are used to update the dual solution. As longas there remains an active cluster, there remain at least two clusters since f 0(V ) = 0. In the end,we do a clean-up to retain only essential edges and remove redundant edges.The algorithmWe use the notation of [60]. We shall use C to denote the set of clusters that the algorithmmaintains.For a vertex v, we let Cv denote the cluster containing v. We shall use a counter t which recordsthe iteration number during the course of the algorithm. Henceforth, we shall use the term \at timet" to refer to iteration number t of the algorithm.1 Initialize F := ;; C := ffvg : v 2 V g; t := 0.2 Comment: Implicitly set ~yS := 0 for all S � V .3 For each v 2 V , set d(v) := 0.4 While there is a C 2 C such that f 0(C) = 15 Find edge e = (i; j) with i 2 C1 2 C; j 2 C2 2 C; C1 6= C2 that minimizes the reducedcost � = ce�d(i)�d(j)f 0(C1)+f 0(C2) .6 For all v 2 C 2 C, set d(v) := d(v) + � � f 0(C). Comment: Implicitly set ~yC :=~yC + � � f 0(C).7 Set t := t+ 1 and F := F [ feg. Comment: Edge e is chosen at time t.8 If e closes a cycle in F1 [ F , then union all the clusters containing nodes in this cycle toform a new cluster and insert this in C. Delete each of the old clusters used in the unioningfrom C. Comment: We say that a collapse has occurred at time t. All the edges in thiscycle with their endpoints in di�erent clusters are said to participate in this collapse.31



9 If e does not close a cycle, union the two clusters C1 and C2 to form a new cluster andinsert this in C. Delete the two clusters C1 and C2 from C.10 (Clean-up step) Select a subset F2 of F to output. Comment: This step is described laterin this section.Clean-UpBefore we describe the clean-up step, we need some notation. At any time t, let C(t) denote the setof clusters in C just after iteration number t of the algorithm. Let et denote the unique edge addedin the tth iteration. We de�ne F (t) to be set of edges in the set F added until time t including et.Let tf be the total number of iterations before the algorithm terminates.We shall refer to the graph (V; F1) or any contracted version of it as the skeleton. Hence theedges in F1 are termed skeletal. Also, a path made up of edges entirely in F1 is called a skeletalpath. Similarly, edges in F are termed nonskeletal.Clean-up works by processing the edges in F in the reverse order in which they were chosen bythe algorithm and discarding those that are not essential for two-connectivity. The procedure belowtakes as input the set of edges F chosen by the algorithm and outputs a subset F2 � F of edges tobe retained in the �nal solution.1 Initialize F2 := ;.2 For t := tf down to 1 do3 If the graph (V; F1 [ F2 [ F (t)� fetg) contains at least one skeletal bridge edge bt, thenset F2 := F2 [ fetg.FeasibilityWe have the following observations from the algorithm.Proposition 3.4.1 At any iteration t of the algorithm, the set of nodes in each cluster inC(t) is one-connected using edges in F1 [ F (t).The above proposition can be proved by induction on the iteration count t.De�nition: De�ne a skeletal edge e to be enclosed at time t if both its endpoints belong to thesame cluster in C(t).Observation 3.4.2 A skeletal edge is enclosed at time t if and only if it is part of anedge-simple cycle in (V; F1 [ F (t)).Proof: First we prove the if part. In step 8, we collapse any cycle formed by a newly chosen edge,and we merge the clusters involved. It follows by induction on the iteration count t that all the32



nodes in any edge-simple cycle in (V; F1 [ F (t)) are in the same cluster in C(t). If a skeletal edgeis part of such a cycle, both its endpoints are in the same cluster, and hence the edge is enclosed.Now, we prove the only-if part. Suppose a skeletal edge s is enclosed for the �rst time duringthe course of the algorithm at time t0. Then a collapse must have occurred at time t0 and the edges participated in the collapse. We now identify an edge-simple cycle in (V; F1 [ F (t0)) containings. Consider the cycle that collapsed at time t0. Each cluster in the collapsing cycle is one-connectedusing edges in F1 [ F (t0 � 1) by Proposition 3.4.1. So we can form a cycle containing s using theedges in this collapsing cycle, along with the paths within each cluster in this cycle in the graph(V; F1 [ F (t0)) 2Note that a skeletal edge, once enclosed, stays enclosed for the rest of the algorithm.Observation 3.4.3 Let N be any connected component in (V; F1). Then the set of nodesin N that occur in the same cluster in C(t) are two-connected in (V; F1 [ F (t)).Proof: Using induction on the iteration count t, we can show that the set of edges in N with bothendpoints in the same cluster in C(t) form a subtree ofN . Each edge in this subtree is thus enclosedat time t by de�nition and hence its endpoints are two-connected by Observation 3.4.2. Since two-connectivity is a transitive relation on the nodes, all the nodes in this subtree are two-connected.2De�nition: For any iteration number t of the algorithm, we de�ne F1(t) and F2(t) to be thesubset of edges in F1 and F2 respectively with their endpoints in di�erent clusters in C(t). Notethat F2(t) is just the set of edges in F2 chosen after iteration t.From the running of the main algorithm, we have the following lemma.Observation 3.4.4 Each connected component of F1 is completely contained in some clus-ter in C(tf ).Proof: Consider the graph (C(tf); F1(tf )) that F1 induces on the set of clusters at the time oftermination of the algorithm. We claim that F1(tf ) is empty. Otherwise, consider a nonsingletonconnected componentH of (C(tf); F1(tf )). Each cluster inH has degree at least one. By de�nitionof the activity function f 0, since each cluster is inactive at time tf , each cluster in H has degree atleast two. Hence H contains a cycle. But the algorithm collapses any such cycle into a single clusterand thus this is impossible. 2The observation above implies that every skeletal edge is enclosed at time tf . Using Observation3.4.2, this implies that each tree in the initial skeletal forest (V; F1) is two-connected in the graph(V; F1 [ F ). By the de�nition of clean-up, we can prove the following proposition by backwardsinduction on the iteration count t. 33



Proposition 3.4.5 The graph (V; F1 [ F2(t) [ F (t)) does not contain any skeletal bridgeedge.Since F2(0) = F2, the above proposition implies that there is no skeletal bridge edge in the �nalretained solution (V; F1 [ F2). Thus we have the following lemma.Lemma 3.4.6 Each component N of F1 is two-connected in the graph (V; F1 [ F2).This proves the �rst part of Theorem 3.3.5.De�nition: Note that the edges in F1(t) and F2(t) de�ned earlier have their endpoints indi�erent clusters in C(t). So we can de�ne an auxiliary graph G(t) on the node set C(t) byG(t) = (C(t); F1(t) [ F2(t)). For each edge g = (a; b) in F1(t) [ F2(t), we have an edge (A;B)in the graph G(t) such that A 3 a and B 3 b. The graph G(t) may be thought of as a contractedversion of the solution subgraph (V; F1[F2) at time t in which all the nodes in the same cluster inC(t) have been contracted into a single node and only edges between clusters are retained.Observation 3.4.7 The graph (C(t); F2(t)) is acyclic.Proof: Connectivity between clusters in C(t) using edges of F2(t) implies that these clusters areeventually merged into a single cluster in the course of the algorithm. Since no edges are ever chosenbetween nodes in the same cluster, the graph (C(t); F2(t)) is acyclic. 2A property of clean-upAs a result of the clean-up, we have the following lemma.Lemma 3.4.8 Suppose the edge et 2 F2 is retained in F2 because it left a skeletal edge btas a bridge edge in step 3 of the clean-up procedure. Then bt is also a bridge edge in thegraph G(t0)� fetg for any t0 < t.Proof: By the de�nition of clean-up, the edge et is retained in F2 because it left the skeletal edgebt as a bridge edge in the graph (V; F1 [ F2(t) [ F (t) � fetg). Hence, bt is also a bridge edge inthe subgraph (V; F1[ F (t)� fetg). From Observation 3.4.2, this implies that it is not enclosed atany time t0 < t. Thus bt 2 F1(t0).Note that we can obtain the graph G(t0)�fetg from (V; F1[F2(t)[F (t)�fetg) by a series ofedge-contractions and edge-deletions not involving bt. Each cluster in C(t0) is one-connected usingedges in F1[F (t) by Proposition 3.4.1; we can therefore obtain a node in C(t0) by contracting alongthe edges between nodes in V in this cluster. It remains to show that we can obtain G(t0) � fetgfrom the contracted graph by deleting edges. Now by de�nition, F1(t0) � F1. Also, since t0 < t,34



the set of edges in F2 chosen after time t0 is a subset of all the edges chosen until time t and the setof edges in F2 chosen after time t, i.e., F2(t0) � F (t)[F2(t). We conclude that the edges in G(t0)are F1(t0)[F2(t0), a subset of F1[F2(t)[F (t), so we can obtain G(t0)�fetg from the contractedgraph by deleting edges. Note that since bt 2 F1(t0), we do not use it in any of these operations.Furthermore, neither of these operations destroys bridge edges and so bt remains a bridge in thegraph G(t0)� fetg . 2We shall use the above lemma in the proof of the performance guarantee.3.5 The Performance GuaranteeOur analysis of the algorithm is modeled on that of [60]. In this section, we prove Theorem 3.3.6.From the construction of the ~y values and the choice of edges in F , we get the following lemmadirectly.Lemma 3.5.1 The solution ~y satis�es ~yS > 0 only when j�(S) \ F1j = 1. Furthermore, itobeys the normal packing constraints on edges not in F1. Namely, for any edge e 2 E�F1,we have PS:�(S)3e ~yS � ce. Also, for any edge in F , this constraint is tight, i.e., for e 2 F ,ce =PS:�(S)3e ~yS .The above lemma proves the second part of Theorem 3.3.5.We restate Theorem 3.3.6 and in the remainder of this section, prove it.Theorem 3.3.6 Let F2 be the set of edges chosen by the second phase algorithm and let ~y be thedual solution it implicitly constructs. ThenXe2F2 ce � (2� 2jAj) XS�V ~ySAt any time t in the running of the algorithm, recall that the set of nodes in C(t) can be partitionedinto active nodes and dead nodes, representing clusters with f 0 value 1 and 0 respectively. Let k(t)denote the number of active nodes in C(t). We prove the following theorem in the remainder of thesection and use it in the induction step of our proof of Theorem 3.3.6.Theorem 3.5.2 For each iteration number t, the sum of the degrees of the active nodes inthe graph (C(t); F2(t)) is at most 2(k(t)� 1).The proof of Theorem 3.3.6 is adapted from a proof by Goemans and Williamson [60]. They use alemma similar to our Theorem 3.5.2 in order to prove Theorem 3.3.6 by induction on the iterationcount t. However, our proof of Theorem 3.5.2 di�ers completely from the proof of its counterpartin [60]. We now show that the above theorem su�ces to prove Theorem 3.3.6.35



Proof of Theorem 3.3.6: The proof is by induction on the iteration count t. From Lemma3.5.1, we can write Pe2F2 ce =Pe2F2 PS:�(S)3e ~yS . By changing the order of summation we canrewrite the above double sum as follows: Pe2F2 ce = PS ~yS � jfe 2 �(S) : e 2 F2gj. Let ~yS(t)denote the value of ~yS just before the tth iteration of the algorithm. We show by induction on theiteration count t thatXS ~yS(t) � jfe 2 �(S) : e 2 F2gj � (2� 2jAj) XS�V ~yS(t)The inequality clearly holds when t = 0. Let � denote the reduced cost of the edge et chosen attime t. At this iteration of the algorithm, the increase in the left-hand side of the above inequalityis XC2C(t):f 0(C)=1 � � jfe 2 �(C) : e 2 F2gjFor the induction step, we must prove that this increase is bounded by the increase in the right-handside, namely by (2� 2jAj) � � � ��C 2 C(t) : f 0(C) = 1��By de�nition, k(t) = jC 2 C(t) : f 0(C) = 1j. In terms of the graph (C(t); F2(t)), we must provethat the sum of the degrees of the active nodes is at most 2(k(t)� k(t)jAj ).Each leaf in the initial forest F1 is a terminal and the number of active nodes in C(t) at anytime t is at most the number of leaves in F1. Hence k(t) � jAj at any time t. Hence it is su�cientto prove that the sum of the degrees of the active nodes in the graph (C(t); F2(t)) is at most2(k(t)� 1). But this is exactly what Theorem 3.5.2 states. Thus this theorem proves the inductionstep.We shall prove Theorem 3.5.2 in the remainder of this section.Proof of Theorem 3.5.2: The proof works by constructing a subgraph of G(t) that is a forestspanning all the nodes in G(t). We call this the proof forest; it is made up of proof trees. Thisforest will include all the edges in F2(t). It also has the property that that every edge in F2(t) ison a path between two active nodes in the forest. The following proposition asserts that we canconstruct such a proof forest.Proposition 3.5.3 For each iteration number t, we can construct a spanning forest of G(t)that includes all the edges in F2(t) such that each such edge is on a path between two activenodes in the forest.Then, we prune the forest so as to delete each edge that does not lie on a path between two activenodes. Notice that since every edge in F2(t) is in a path between two active nodes, no edge in F2(t)gets pruned. Moreover, as a result of pruning, each leaf node in the forest will be an active node.Thus any inactive node in the forest is an internal node and has degree at least two.36



Since the pruned proof forest contains every edge in F2(t), (C(t); F2(t)) is a subgraph of thisforest. Hence the sum of the degrees of the active nodes in (C(t); F2(t)) is at most the sum of thedegrees of the active nodes in the pruned proof forest. Let Ni denote the number of inactive nodesin the pruned proof forest. The sum of the degrees of all the nodes in the pruned forest is at most2(k(t) + Ni � 1). The sum of the active node degrees is the sum of the degrees of all the nodesminus the sum of the degrees of the inactive nodes. Since each inactive node has degree at leasttwo, the sum of the active node degrees is at most 2(k(t)� 1). This proves Theorem 3.5.2.Construction of the proof forestIt remains to prove Proposition 3.5.3. For this, we need a few de�nitions.De�nition: De�ne a node in C(t) to be a skeletal node if it has at least one edge of F1(t)incident on it. Thus the skeletal nodes are exactly the nodes that are not isolated nodes in thegraph (C(t); F1(t)).We say that an edge b is a bridge edge for edge a if b is a bridge edge in the graph G(t)�fag.Proof of Proposition 3.5.3: We prove Proposition 3.5.3 by proving the following lemma thatasserts that we can construct the proof forest inductively. In the following lemma, t denotes theiteration count such that we are attempting to construct a proof forest for G(t). For any t0 � t, theset F2(t) � F2(t0) represent the set of edges in the solution subgraph that have been chosen aftertime t up to and including time t0.Lemma 3.5.4 Let t be an iteration number of the algorithm. Then, for every t0 � t, thereexists a proof forest of (C(t); F1(t)[ (F2(t)�F2(t0))) such that the following properties hold.1) All the nodes in a connected component of (C(t); F1(t)) are in the same tree of theproof forest.2) The proof forest contains all the edges in F2(t)� F2(t0).3) Each edge in a nonskeletal path between two skeletal nodes in the forest is on a prooftree path between two active nodes.4) Each skeletal edge b 2 F1(t) that is not in the proof forest is a bridge edge for somenonskeletal edge in G(t).We prove Proposition 3.5.3 by using Lemma 3.5.4 with t0 = tf . By the second property in thislemma, we get that the proof forest includes every edge in F2(t). By Lemma 3.4.8, each edge e0in F2(t) is chosen at some time t0 > t and is part of a cycle in the graph G(t) = (C(t); F1(t) [F2(t)). Furthermore, this cycle contains at least one skeletal edge since (C(t); F2(t)) is acyclic by37



Observation 3.4.7. Since the proof forest contains F2(t), this edge forms part of a nonskeletal pathbetween skeletal nodes in the proof forest. Then the third property in Lemma 3.5.4 implies thatthis edge is on a path between two active nodes. This completes the proof of Proposition 3.5.3.Proof of Lemma 3.5.4: The proof is by induction on t0. Henceforth, we shall use the phraseproof forest for t0 for any t0 � t to refer to the proof forest of the graph (C(t); F1(t) [ (F2(t) �F2(t0))).Basis: (t0 = t) In this case, the proof forest for t0 is (C(t); F1(t)). It is easy to verify that theproperties in Lemma 3.5.4 are true for this forest.Induction step: Let P be the proof forest for t0. We show how to obtain a proof forest bP fort0 + 1. Let e be the edge chosen by the algorithm at t0 + 1. If e does not appear in F2, (i.e. it wasomitted during the clean-up phase), then P itself is a proof forest for t0 + 1. Therefore suppose theedge e does appear in F2. There are two cases.Case 1: The edge e does not form any new nonskeletal path between skeletal nodes. In thiscase, P [feg is acyclic, so we let the new proof forest bP be P [feg. Since no edges are deleted, the�rst and fourth properties continue to hold. Since we added the edge e to bP , the second propertycontinues to hold. Also, since we form no new nonskeletal paths between skeletal nodes, the thirdproperty also continues to hold.Case 2: The edge e forms a new nonskeletal path between skeletal nodes. There are twosubcases.Subcase 2a: The new nonskeletal path formed goes between two skeletal nodes in di�erent prooftrees in the forest P . Thus this path merges these two proof trees in the proof forest. In this casealso, P [ feg is acyclic, so we let the new proof forest bP be P [ feg. Since no edge is deleted, the�rst and fourth properties continue to hold. Since we added the edge e to bP , the second propertycontinues to hold. Also, in this case, we can inductively infer that each of the two merging treescontains an active node. Thus the edges in the newly formed nonskeletal path are on a path betweentwo active nodes in the two merging trees. This proves the third property for the proof forest bP .Subcase 2b: The new nonskeletal path formed goes between two skeletal nodes in the same prooftree T in the forest P . In this case, addition of the edge e causes the formation of a cycle C inthe proof tree T . We shall add the edge e to the proof forest P and identify a skeletal edge b inthis cycle to delete so that the remaining graph is acyclic and the four properties are maintained.The �rst property will be maintained if we delete any edge in the cycle C since this still leaves allthe nodes in the proof tree T connected. Since we add the edge e to form the new proof forest anddo not delete any nonskeletal edge, the second property would also continue to hold. However, itis harder to �nd a skeletal edge to delete so as to maintain the third and fourth properties. Weintroduce some de�nition to talk about the skeletal edge we delete.38



De�nition: A node in the cycle C is called an entry node if it is reachable in T �C from anactive node (See Figure 3.2).In the following claim, we state the properties of the skeletal edge b that we delete from C toform the new proof tree.Claim 3.5.5 There is a skeletal edge b in C such that1) b is on a skeletal path between two entry nodes in the cycle C.2) b is a bridge edge for a nonskeletal edge in G(t).Assume that the above claim holds. To form the new proof forest bP from the old, we add the edgee and delete the edge b whose existence is stated by the claim above. From the above discussion,this maintains the �rst two properties for bP . We prove that bP also satis�es the third and fourthproperties.The fourth property follows from the second part of the above claim. To show that the thirdproperty is maintained, we must show that each edge in any nonskeletal path between skeletal nodesis on a path between two active nodes. Since the edge b is on a skeletal path between two entrynodes, each nonskeletal edge in the cycle C is on the complementary path in C between these twoentry nodes. Since each of these entry nodes can reach an active node in T � C by de�nition,all nonskeletal edges in the cycle C lie on a path between two active nodes in the new proof tree.Since the third property is inductively true for the tree T , any nonskeletal edge not in C and on anonskeletal path between skeletal nodes is on a proof tree path between two active nodes in T . It iseasy to verify that deletion of the skeletal edge b in C maintains this property for such edges. Thusthe third property is maintained in the new proof tree bP in this subcase.This completes the proof of Lemma 3.5.4.It remains to prove Claim 3.5.5. We do so in the remainder of this section.Proof of Claim 3.5.5We need a few preliminaries.Claim 3.5.6 For any cycle C1 in G(t), for any nonskeletal edge e0 in C1,(1) No edge of G(t)� C1 is a bridge edge for e0.(2) C1 must contain a skeletal bridge edge for e0.Proof: First we prove (1). We have by Proposition 3.4.5 that G(t) has no skeletal bridge edge.Hence a bridge edge in G(t) � fe0g must separate the endpoints of e0. But C1 � fe0g is a pathbetween the endpoints of e0, so any such bridge edge must belong to C1 � fe0g.39



Next we prove (2). By Lemma 3.4.8, G(t)� fe0g must contain a skeletal bridge edge. By (1),the bridge edge must occur in C1. 2Recall that the cycle C is the unique cycle in T [ feg.De�nition: A path consisting of edges of the cycle C is called a segment of C. A segment isnonskeletal (skeletal) if it consists entirely of nonskeletal (skeletal) edges. For any two nodes x andy in the cycle C, note that there are two segments between x and y. Given an edge e0 of C, we candistinguish between these two segments as follows: the segment containing e0 is denoted he0x; yi,and the segment not containing f is denoted e0hx; yi.Short-cuts and propertiesDe�nition: A pair (x; y) of nodes in C is called a short-cut if there is a path from x to y in G(t)using no edge of C.Note that a pair (x; x) is trivially a short-cut. If x 6= y, we say that (x; y) is a proper short-cut.We have the following properties from the de�nition of short-cuts.Claim 3.5.7 Let e0 be a nonskeletal edge of the cycle C and let (x; y) be a short-cut. Then(A) e0hx; yi cannot contain a skeletal bridge edge for e0.(B) he0x; yi must contain a skeletal bridge edge for e0.Proof: Let P be the path from x to y using no edges of C. By applying Claim 3.5.6 to the cycleC1 = C [P � e0hx; yi, we infer from (1) that e0hx; yi contains no skeletal bridge edge for e0. Thisproves (A). Since C must contain such a skeletal bridge edge, it must occur in C � e0hx; yi whichis he0x; yi. This proves (B). 2Corollary 3.5.8 For each proper short-cut (x; y), the two segments between x and y eachmust contain a skeletal edge.Proof: Let S be one of the segments between x and y. Suppose for a contradiction that S consistsentirely of nonskeletal edges. Let e0 be one of these edges. By part (B) of Claim 3.5.7, he0x; yi,which is S, contains a skeletal bridge edge for e0, contradicting the fact that S is nonskeletal. 2Transition nodes and propertiesRecall that we are working with a proof tree T such that C is the unique cycle in T [ feg.De�nition: A transition node is a node of C with one incident skeletal and one incidentnonskeletal edge in C. Thus every maximal nonskeletal segment is bounded by transition nodes.40



Lemma 3.5.9 Let x be a transition node of C. Then there is an active node ax reachablefrom x by a skeletal path that avoids C.Proof: The proof is illustrated in Figure 3.3. If x is itself active, we are done, so assume x isinactive. It has at least one incident skeletal edge, the one in the cycle C. Because it is inactive, itmust have at least one other incident skeletal edge e0 outside the cycle C. Let ax be a leaf reachablefrom x by a skeletal path Ps going through e0. We show that Ps does not intersect the cycle C.Suppose for a contradiction that the skeletal path intersects C. Let x1 6= x be the �rst point ofintersection of the path from x to ax. Now x and x1 are connected via a skeletal path P1. They arealso connected via a path P2 along the cycle using edges of the proof tree T . Since the proof tree Tis acyclic, there is a skeletal edge b0 in this skeletal path P1 from x to x1 that is deleted in formingthe proof tree. Inductively, property (4) of Lemma 3.5.4 is true for T and so b0 must be a bridgeedge for some nonskeletal edge c in G(t). Since x1 6= x, note that x1 and x are also connected inG(t) via the path P3 = C�P2. Therefore the nonskeletal edge c for which b0 is a bridge edge mustlie in the path P1. But since the path P1 is skeletal, this is a contradiction. 2Observation 3.5.10 For each transition node x of the cycle C, there is a entry node x0 inC such that (x; x0) is a short-cut.Proof: By Lemma 3.5.9, there is an active node ax reachable from x by a skeletal path Ps thatavoids C. Inductively, property (1) of Lemma 3.5.4 holds for T , so there is a path Pt in T from axto x. Let x0 be the �rst node of Pt that lies on the cycle C; then x0 is an entry node. FollowingPs from x to ax, then continuing along Pt to x0 yields a path from x to x0 using no edge of C. So(x; x0) is a short-cut. 2De�nition: For every transition node x in the cycle C, we designate an entry node x0 thatcan be found using the above observation as the entry node corresponding to x.Forbidden segments and their propertiesDe�nition: A segment S is said to be forbidden if the endpoints of S are entry nodes, and Sconsists of three subsegments S1S2S3, where S2 is a nonskeletal segment, the endpoints of S1 forma short-cut, and the endpoints of S3 form a short-cut (See Figure 3.4). For any edge f in C, if f isnot in S1 [ S3, we say that S is forbidden for f . This terminology is motivated by the followingclaim.Let e0 be any nonskeletal edge in the cycle C. By part (2) of Claim 3.5.6, there is a skeletaledge be0 in C that is a bridge edge for e0. 41



Claim 3.5.11 Any skeletal edge be0 that is a bridge edge for a nonskeletal edge e0 in Ccannot occur in a segment that is forbidden for e0.Proof: Let S = S1S2S3 be a segment forbidden for e0. Since S2 is nonskeletal, the edge be0 cannotlie in this subsegment. Let the endpoints of S1 be x and y. By de�nition, the edge f does not occurin S1, so we have S1 = e0hx; yi. Since (x; y) is a short-cut, by part (A) of Claim 3.5.7, e0hx; yicannot contain a skeletal bridge edge for e0. Hence S1 cannot contain be0 . Similarly, we show thatS3 cannot contain be0 . Thus any skeletal edge be0 that is a bridge edge for e0 cannot occur in S. 2From the de�nition of segments forbidden for an edge f 2 C, we have the following observation.Observation 3.5.12 Let S be a forbidden segment. For any nonskeletal edge f 0 in C � S,the segment S is forbidden for f 0.The following lemma is illustrated in Figure 3.5.Lemma 3.5.13 Let e0 be any nonskeletal edge in C, and let P be the maximal nonskeletalsegment containing e0. Let l and r be the endpoints of P , and let their corresponding entrynodes be l0 and r0. Then the segment he0l0; r0i is a forbidden segment for e0.Proof: The entry nodes l0 and r0 cannot be internal nodes in the path P , else the short-cuts (l; l0)and (r; r0) would violate Corollary 3.5.8. Hence e0hl0; li; P , and e0hr; r0i are contiguous edge-disjointsegments, and he0 l0; r0i = e0hl0; li [ P [e0 hr; r0i. Thus S = he0l0; r0i has entry nodes as endpointsand can be written as S1S2S3 where S1 = e0hl0; li; S2 = P , and S3 = e0hr; r0i and (l; l0) and(r; r0) are short-cuts. So S is a forbidden segment. Moreover, since e0 62 S1 [S3, S is forbidden fora. 2Finding the skeletal edge to deleteNow we prove Claim 3.5.5 by providing an iterative procedure to �nd a skeletal edge b with theproperties stated in the Claim. Note that we do not need to implement this algorithm since it ispurely for the purpose of proof.The algorithm to �nd the skeletal edge b maintains a nonskeletal edge f in the cycle C anda set of segments of the cycle C that are forbidden for f . On each iteration of this procedure, iteither �nds a skeletal edge b as required in Claim 3.5.5, or �nds a new nonskeletal edge f 0 and addsa new forbidden segment to the set W . This new forbidden segment contains at least one edgenot contained in any previous forbidden segment, so the number of iterations of this procedure isbounded by the size of the cycle C. 42



Find-skeletal-edge(f,W)1 Initialize the nonskeletal edge f := e. By Lemma 3.5.13, we can �nd a segment heu0; v0i thatis forbidden for e. Initialize W := fheu0; v0ig.2 Repeat3 By part (2) of Claim 3.5.6, since f is a nonskeletal edge in C, there is a skeletal edge bf 2 Cthat is a bridge edge for f . By Claim 3.5.11, this skeletal bridge edge bf cannot occur inany segment in W for these are forbidden for f . So bf must occur in a maximal segmentS of C that is not overlapped by any segment in W . Note that the endpoints of S mustbe entry nodes.4 If the segment S is wholly skeletal, the bridge edge bf for f is one of the edges in thissegment. This skeletal edge bf has the properties required in Claim 3.5.5, so we are donein this case. We stop and output the edge bf as the required skeletal edge.5 Otherwise, the segment S contains at least one nonskeletal edge f 0. In this case, observethat since f 0 is not in any of the segments inW , by Observation 3.5.12 each segment in Wis forbidden for f 0. Now we use Lemma 3.5.13 to �nd a segment hf 0l0; r0i forbidden for f 0and add this segment to the set W . We then set f := f 0 and continue.Notice that the set W with the segment hf 0l0; r0i added consists of a set of segments forbid-den for the new nonskeletal edge f 0. Also, since f 0 was not in any of the forbidden segmentsin W earlier, but is included in the segment hf 0l0; r0i added to W , the number of edges inthe union of all the segments in W has increased by at least one.Thus the above procedure eventually �nds a skeletal edge b as required in Claim 3.5.5. Thiscompletes the proof of the performance guarantee of the algorithm.3.6 Approximating AugmentationIn this section, we restate Theorem 3.1.2 and prove it.Theorem 3.1.2 Given a graph G = (V;E) along with an initial subgraph G0 with edge setE0, the minimum-cost augmentation problem is to choose a minimum-cost set of edges inG whose addition to G0 yields a graph that obeys the constraints of (IP). This problem canbe approximated in O(n2 logn) time within a factor of 2(1� 1jAj) if the incidence vector, x0of the initial subgraph G0 obeys the one-connectivity constraintsx0(�(S)) � f(S) 8S : ; 6= S � VOtherwise the performance guarantee is 3(1� 1jAj).43



Proof: First we prove the weaker bound. For this, we modify the cost function c on the edges ofG by setting the cost of the edges in the initial subgraph G0 to zero. Let c0 be the modi�ed costfunction. Then we apply the algorithm in Theorem 3.1.1 to the graph G with cost function c0. Thealgorithm �nds a set of edges F 0 whose incidence vector is feasible for (IP). Moreover, the cost ofthe set of edges F 0 is at most 3(1� 1jAj ) times the cost of an optimum solution to (IP) under thecost function c0. Consider the minimum-cost augmentation of G0. Let the cost of the edges in thisaugmentation be Aug�. This set of edges along with the zero-cost edges in E0 is a feasible solutionto (IP) of value Aug� under c0. Thus the cost of the edges in F 0 is at most 3(1� 1jAj)Aug� under c0.Finally we observe that since F 0 is feasible for (IP), the edges in F 0�E0 form a valid augmentationof E0. This augmentation has cost at most 3(1� 1jAj)Aug� under c. This proves the weaker bound.We now turn to the case when the incidence vector of the edges in E0 satis�es the one-connectivity constraints: x(�(S)) � f(S) 8S : ; 6= S � VIn this case, we choose an arbitrary spanning forest F of G0. It is easy to verify that the incidencevector of F satis�es the one-connectivity constraints. We then de�ne a minimal version F1 of Fby retaining only the edges in F that are critical. Formally, we de�neF1  fe 2 F : for some connected component N of (V; F � feg); f(N) = 1gIt follows from the results in [60] that if F is feasible for the one-connectivity constraints, then so isF1. We can then use F1 as the skeletal forest and apply the second-phase algorithm in Section 3.4.However, as before, we �rst modify the cost function c on the edges of G by setting to zero the costof the edges in E0. We apply the algorithm in Section 3.4 to the graph G with the modi�ed costfunction c0 and the input skeletal forest F1. The algorithm chooses a set of edges F2 disjoint fromF1. We �rst show that F2 � E0 provides a valid augmentation and then we show that it has lowcost.By Lemma 3.3.9, the subgraph F1 [ F2 is feasible for (IP). Since F1 is contained in E0, thesubgraph F2�E0 is a valid augmentation of E0. Now we show that F2�E0 has low cost under c.It su�ces to show that F2 has low cost under c0. By Lemma 3.3.8, the cost of the edges in F2 is atmost 2(1� 1jAj) times that of an optimum solution to (IP) under the cost function c0. The optimumaugmentation of G0 together with E0 is a feasible solution to (IP). The cost of this solution underc0 is just the cost of the augmentation. Hence the cost of the edges in F2 is at most 2(1� 1jAj) timesthe cost of the optimal augmentation. This completes the proof of the stronger bound in Theorem3.1.2. 2 44



3.7 Implementation IssuesWe note that our algorithm can be implemented in time O(n2 logn) where n = jV j using thetechniques in [60]. We address the implementation of the clean-up steps. The important observationhere is the initial forest F1 and the candidate set of edges F both form acyclic subgraphs. Hencethe total number edges in them is O(n). At each step of clean-up, we identify the two-connectedcomponents of a graph with O(n) edges. The time taken is linear in the number of edges and hencethe time to implement each step of clean-up is linear in n. Since there are only a linear numberof clean-up steps, the total time for performing the clean-up is O(n2). The overall running time isthus dominated by the time for implementing the main loop and is O(n2 log n).3.8 A Tight ExampleWe note that the performance bounds of the algorithms we have presented in Theorems 3.1.1 and3.1.2 are existentially tight. This can be seen by their performance on an example graph adaptedfrom [46]. This graph is shown in Figure 3.6. The thick (solid and dashed) edges are of unit cost andthe thin edges have cost � close to zero. We use the proper function f de�ned by f(S) = 1 for everynonempty proper subset S of V , i.e, we seek a minimum-cost two-connected subgraph. The initialspanning tree constructed in the �rst phase of our algorithm may consist of all the thick solid linesbut one and all the thin lines of cost (k � 1) + 3k�. All but one of the thick dashed lines may bechosen as the second phase solution. The cost of this set is (2k� 1). Thus our algorithm outputs asolution of total cost 3k� 2+ 3k�. A minimum-cost two-connected subgraph of this graph consistsof alternating thick dashed lines with all the thin lines. This subgraph has cost k + 3k�. Thus thisexample shows that the performance bounds of our algorithms are existentially tight.
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Figure 3.1: An instance of the unweighted generalized two-connected Steiner network prob-lem and an optimum solution. Solid edges correspond to unit-cost links; dotted edgesconnect site pairs. In the �gure on the right, the solid edges correspond to �rst phaseone-connecting solution. The thick dashes form an augmentation to two-connect the solidtrees.
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Chapter 4Node-weighted Network DesignWe continue with our study of minimum-cost network-design problems and address an importantgeneralization of the problem when the nodes of the network are assigned weights as well. This isa strict generalization of an edge-weighted problem since an edge-weighted problem can be reducedto a node weighted problem by subdividing each edge to introduce a new node with cost equal tothat of the edge. In this chapter, we give the �rst approximation algorithm for the node-weightedSteiner tree problem. Its performance guarantee is within a constant factor of the best possibleunless ~P � NP . 1 We generalize our algorithm to handle other node-weighted network-designproblems. The results in this chapter were obtained jointly with Philip Klein, and appeared in [91].4.1 Problem De�nitionThe Steiner tree problem in networks that we introduced in Section 1.1 is a classic hard problem incombinatorial optimization. Much research has been devoted to heuristics for its solution [33, 68,112, 134, 135, 163]. Despite a slew of new approximation algorithms for this problem and some ofits variants, no approximation algorithm has been given for perhaps the most natural variant: thenode-weighted Steiner tree problem, in which costs can be assigned to nodes as well as edges.Indeed, Winter's survey [156] on the network Steiner problem closes with the sentence, \Furtherinvestigation of the vertex-weighted SPN [Steiner problem in networks] is needed."One reason for the dearth of results on the node-weighted variant may be that it is harder thanthe standard problem. Indeed, while constant-factor approximations are known for the standardproblem [96, 125, 148, 164] and even some of its generalizations [2, 60], the node-weighted versioncannot be approximated to within less than a logarithmic factor unless ~P � NP [14, 110].In this chapter, we give the �rst approximation algorithm for the node-weighted Steiner treeproblem. The performance guarantee is logarithmic. Thus assuming ~P 6� NP , the accuracy1 ~P stands for the complexity class Deterministic Quasi-polynomial time, or DTIME[npolylog n].49



of our approximation is within a constant factor of the best-possible approximation achievable inpolynomial time.The algorithm we propose is only a slight variant of a heuristic proposed by Rayward-Smith andClare in 1986 [74, 135, 134] for the standard edge-weighted Steiner tree problem. The key to ouranalysis is a decomposition lemma for trees; this lemma may be useful in other contexts as well.We also show how to generalize the algorithmand its analysis to handle more general connectivityrequirements modeled using the framework of proper functions introduced in Section 3.3. Thus weobtain approximation algorithms for node-weighted versions of, e.g, �xed and non-�xed point-to-point connection problems.PreliminariesLet G be a graph with nonnegative costs assigned to its nodes and edges. The cost of a subgraphof G is the sum of the costs of its nodes and edges. Let A be a subset of the nodes of G, calledterminals. A Steiner tree for A in G is a connected subgraph of G containing all the nodes ofA. (Note that an edge-minimal Steiner tree is indeed a tree.) The Steiner tree problem is to �nd aminimum-cost Steiner tree.We introduce a problem that turns out to be closely related. Let B be a ground set, and letS1; : : : ; Ss be subsets of B with costs c1; : : : ; cs. A set cover is a collection of sets Si whose unionis B. The set cover problem is to �nd a minimum-cost set-cover.Berman [14] showed that, in the presence of node-weights, approximating the minimum-costSteiner tree is as hard as approximating set cover. More speci�cally, he showed that any instance ofset-cover can be formulated as an instance of the node-weighted Steiner tree problem. The reductionis illustrated in Figure 4.1. Thus an approximation algorithm for minimum-cost Steiner tree couldbe used to achieve the same approximation for set-cover.It has recently been proved [110] that no polynomial-time approximation algorithm for set-coverachieves an approximation factor smaller than 14 ln jBj (unless Deterministic Timenpolylogn containsNP). By Berman's reduction, the same holds for the node-weighted Steiner tree problem. Thus wecannot expect to obtain an approximation algorithm that achieves a performance ratio better thanlogarithmic.Theorem 4.1.1 There is a polynomial-time algorithm to approximate the node-weightedSteiner tree problem in networks. The performance ratio is 2 ln k, where k is the number ofterminals.An example due to Chv�atal [25] can be adapted to show that our analysis of the algorithm isnearly tight (See Figure 4.2). 50



Our method can be easily applied to more general node-weighted network-design problems. Forexample, consider the following generalization of the Steiner problem: given a set of pairs of nodes(si; ti), �nd a minimum-cost subgraph in which each si is connected to ti. The edge-weightedversion of this problem was addressed in [2]; the node-weighted version can be approximately solvedusing the method of this chapter.We use a framework due to Goemans and Williamson [60] to formulate problems like that de-scribed above. Many network-design problems can be formulated as �nding a subgraph of minimum-cost that covers a family of cuts in the graph (the particular family depends on the problem). Forcertain families of cuts, the edge-weighted problem can be approximated to within a factor of two[60]. We show in Section 4.5 that the node-weighted variants of these network-design problems canalso be approximated; the performance is as in Theorem 4.1.1.4.2 The AlgorithmIn this section we describe the algorithm. Note that since any Steiner tree must include all theterminals, we can assume without loss of generality that the terminals have zero cost.The algorithm maintains a node-disjoint set of trees containing all the terminals. Initially, eachterminal is in a tree by itself.The algorithm uses a greedy strategy to iteratively merge the trees into larger trees until thereis only one tree. In each iteration, it selects a node v and a nonsingleton subset of the current treesso as to minimize the ratiocost of the node v plus sum of distances to the treesnumber of trees (4.1)Here the distance along a path does not include the costs of its endpoints. Thus the choice minimizesthe average node-to-tree distance. The algorithm uses the shortest paths between the node and theselected trees to merge the trees into one.It is easy to implement an iteration. For each node v, de�ne the quotient cost of v to be theminimum value of (4.1), taken over all nonsingleton subsets of the the current trees. To �nd thequotient cost of v, compute the distances di from v to each of the trees Ti; assume without loss ofgenerality that the trees are numbered so that d1 � d2 � � � � � dk. In computing the quotient costof v, it is su�cient to consider subsets of the form fT1; T2; : : : ; Tig. Thus the quotient cost for agiven vertex can be computed in polynomial time; by computing the quotient cost of all the vertices,we can determine the minimum quotient cost, and thus carry out an iteration in polynomial time.In Figure 4.2, we adapt an example due to Chv�atal [25] to show that the performance ratio inTheorem 4.1.1 is nearly tight. 51



In Section 4.4, we show that the cost of all nodes and edges selected by the algorithm is notmuch more than the minimum cost of a Steiner tree.4.3 Spider DecompositionsThe proof of the performance guarantee of the algorithm involves showing the existence of a nodewith low quotient cost relative to the minimum cost of a Steiner tree. To show this, we prove that aminimum Steiner tree can be decomposed into subtrees we call spiders. It follows that one of thesespiders has low quotient cost relative to the cost of the minimum Steiner tree. It then follows thatthe cost of an iteration of the greedy algorithm is small.De�nition: A spider is a tree with at most one node of degree greater than two. A center of aspider is a node from which there are edge-disjoint paths to the leaves of the spider. Note that ifa spider has at least three leaves, its center is unique. A foot of a spider is a leaf, or, if the spiderhas at least three leaves, the spider's center. Note that every spider contains disjoint paths from itscenter to all of its feet. A nontrivial spider is one with at least two leaves.De�nition: Let G be a graph, and letM be a subset of its nodes. A spider decomposition ofMin G is a set of node-disjoint nontrivial spiders in G such that the union of the feet of the spiders inthe decomposition contains M .Theorem 4.3.1 Let G be a connected graph, and let M be a subset of its nodes such thatjM j � 2. Then G contains a spider decomposition of M .Proof: We provide a simple proof of the theorem due to L. Wolsey [160]. Let T be any rootedspanning tree of G. The depth of a node in the tree is de�ned as the distance of the node from theroot.We prove the theorem by induction on jM j. Choose a node v of maximum depth in the treesuch that the subtree rooted at v contains at least two nodes in M . Ties are broken arbitrarily. Bychoice of v, all the paths from the nodes in M to the node v in the subtree of v are node-disjoint,and together form a nontrivial spider centered at v.We now delete the subtree rooted at v from the tree. If no node in M remains in the tree, weare done. If the tree contains two or more nodes in M , then we can �nd a spider decomposition ofthese nodes by the induction hypothesis. Otherwise, there is exactly one node in M remaining inthe tree. In this case, we add the path in the tree from this node in M to the spider centered at v.This leaves a spider centered at v and we are done. 252



4.4 The Performance GuaranteeNow we prove the performance guarantee for the greedy algorithm. Let �i denote the number ofsubtrees in the solution just after iteration i. Thus, for instance, �0 is the number of terminals inG. Let the number of trees merged at iteration i be hi. Then we have�i = �i�1 � (hi � 1) (4.2)Let Ci denote the cost of the subgraph added by the algorithm in iteration i. Let OPT denote thecost of a minimum-cost Steiner tree spanning the terminals. The key ingredient of our proof is thefollowing lemma, which depends on our spider-decomposition theorem.Lemma 4.4.1 At any iteration i of the algorithm,hi � Ci � �i�1OPT (4.3)Let T � be a minimum-cost Steiner tree. Let T1; : : : ; T�i�1 be the current trees at the beginningof iteration i of the algorithm. Let T �i be the graph obtained from T � by contracting each Tj to asupernode of zero cost. Note that T �i is connected and contains all supernodes. Let M be the setof supernodes. We apply Theorem 4.3.1 to the graph T �i to obtain a spider decomposition of M .Furthermore, the cost of all spiders in the decomposition is at most that of T �i which is in turn atmost OPT.Let c1; : : : ; cr be the centers of the spiders in the decomposition. For a spider with only twoleaves, i.e., a path, pick any node in the path as its center. Let `1; : : : ; `r denote the number ofnodes of M in each of these spiders respectively. Let the cost of the spider centered at cj be Costj .Since every spider in the decomposition is nontrivial, each `j is at least two. Moreover, a spiderwith center cj induces a subset of the current trees, namely the `j trees whose supernodes belongto this spider. The cost of cj plus the sum of distances to these trees is exactly Costj . Hence thequotient cost of cj is at most Costj`jSince the algorithm chooses a vertex of minimum quotient cost, for each spider in the decompo-sition we have Costj`j � CihiSumming over all the spiders in the cover yieldsrXj=1Costj � Cihi rXj=1 `j53



By node-disjointness, the sumPrj=1 `j of the number of nodes ofM in each of the spiders is exactlythe number �i�1 of current trees. AlsoPrj=1Costj is exactly the cost of the spider decomposition,which is at most OPT. Substituting in the above equation and simplifying yieldshi � Ci�i�1OPTWe now use the above lemma in conjunction with an analysis technique due to Leighton andRao [103] to complete the proof of the performance guarantee.Substituting Equation (4.3) into (4.2) and using the inequality hi � 2(hi � 1), we get�i � �i�1(1� Ci2 �OPT ) (4.4)If the total number of iterations of the algorithm is p, then �p = 1. Unraveling (4.4), we obtain�p � �0 pYj=1(1� Cj2 �OPT )Taking natural logarithms on both sides and simplifying using the approximation ln(1 + x) � x,we obtain 2 ln(�0�p ) �OPT � pXj=1CjSince we assumed that all the terminals have zero cost, note that the cost of the �nal solution is theexactly the sumPpj=1 Cj . Noting that �0 = k and �p = 1 we �nally havepXj=1Cj � 2 ln k �OPT (4.5)This proves the performance guarantee in Theorem 4.1.1.4.5 General Node-weighted Network-design ProblemsIn this section, we generalize our algorithm to handle more general network-design problems. Asdiscussed in Section 1.7, many such problems can be formulated as cut-covering problems: for acertain family of cuts in a graph, �nd a minimum-cost subgraph intersecting all the cuts in thefamily. We described the class of cut families that can be represented using proper functions fintroduced by Goemans and Williamson in Section 3.3.Given a proper function f , recall that the terminals are the nodes v of G such that f(fvg) = 1.As for the Steiner tree problem, every solution subgraph must contain all the terminals. Hence wecan assume without loss of generality that the terminal nodes have zero cost.54



Goemans and Williamson [60] gave a 2-approximation algorithm for edge-weighted cut-coverproblems where the cut-family corresponds to a proper function f . In this chapter we give acomplementary result for node-weighted problems.Theorem 4.5.1 Let G be a graph with node- and edge-weights. Let f be a proper functionon the node-subsets of G. There is a polynomial-time approximation algorithm for �ndinga minimum-cost subgraph covering all cuts in the family de�ned by f . The performanceguarantee is 2 ln k, where k is the number of terminals.Proof of Theorem 4.5.1: The algorithm in the theorem follows the outline of the algorithmin Section 4.2 very closely. As before, the algorithm maintains a set of node-disjoint trees. Initiallyeach terminal is in a tree by itself; the algorithm merges them iteratively. An important di�erenceis that only some of the trees are candidates for merging.We designate a tree to be active if f(fnodes in the treeg) = 1. At each iteration, the algorithmproceeds as before but considers only active trees in computing the quotient costs of nodes. Thatis, the algorithm selects a node and a set of at least two active trees so as to minimizecost of the node plus sum of distances to the active treesnumber of active trees (4.6)Then the algorithm uses the paths from the node to the selected trees and merges them into a singletree.As long as there is at least one active tree in the network, it follows by the symmetry anddisjointness properties of f that there are at least two. The algorithm reduces the number of activetrees in the network by at least one in each iteration, so it eventually terminates and outputs a setof inactive trees as the �nal solution. Thus each connected component of the solution is inactive. Itfollows [60] that the solution is in fact a cut-cover.The proof of the performance guarantee proceeds as before, except that we de�ne the valueof the potential function �i to be the number of active trees in the current solution, rather thanthe number of trees. To prove the analogue of Lemma 4.4.1, we consider an optimal cut-cover andcontract the current trees. This may result in a subgraph with possibly many inactive connectedcomponents. We then apply Theorem 4.3.1 to each of these connected components to obtain a spiderdecomposition of the contracted active trees. We use the result in the inequality�i � �i�1 � (hi � 1) (4.7)where hi is the number of active trees merged in the ith iteration. Note that with our new de�nitionof the potential function �i we have inequality in (4.7) instead of equality as in (4.2) because thetree resulting from the merge may be inactive. The rest of the analysis is identical. This completesthe proof of Theorem 4.5.1. 55



4.6 Concluding RemarksIn this chapter, we have described approximation techniques for a variety of one-connected node-weighted network-design problems. In Chapter 6, we show how these techniques can been generalizedto handle node-weighted network design problems with an additional constraint on the maximumdegree of any node in the tree.Two other natural generalizations of the node-weighted Steiner tree problem are at least as hardto approximate as the set cover problem, the directed Steiner problem and the group Steiner problem.In the directed Steiner problem, we are given a directed arc-weighted graph, a distinguished node,and a set of terminals. The goal is to �nd a minimum-cost arborescence rooted at the distinguishednode and spanning the terminals. A transformation of the node-Steiner problem to the directedversion was proposed by A. Segev [139].The group Steiner problem, proposed by Reich and Widmayer [136], arises in VLSI design. Inthis problem, we are given an undirected edge-weighted graph and a collection of node-subsets, calledgroups. The goal is to �nd a minimum-cost connected subgraph containing at least one node fromeach group.We now show how to reduce the set cover problem to a group Steiner problem: construct a graphwith an auxiliary node and one node for each subset in the set cover problem. Each subset-nodehas an edge to the auxiliary node of cost equal to the cost of the subset. In formulating the groupSteiner problem on this graph, de�ne a group for each ground set element in the set cover problem:namely, the set of nodes corresponding to the subsets that contain the ground element. It is easyto check that a group Steiner tree in this graph corresponds to a set cover of the same cost andvice-versa.We also observe that an approximation algorithm for the latter would yield one for the former.An instance of the group Steiner problem can be transformed to an instance of the directed Steinerproblem as follows: replace each edge in the input graph with a pair of antiparallel arcs of the samecost. For each group g = fu1; : : : ; utg of vertices, introduce a new vertex vg and add zero-cost arcsfrom each ui 2 g to vg. It is easy to verify that a outward-directed Steiner tree originating from anode in any group in this transformed graph can be converted to a group Steiner tree of the sameedge-cost in the original graph and vice-versa.This chapter concludes our study of minimum-cost network-design problems. We continue bystudying a new notion of cost, namely, the maximumdegree of any node in the network, in the nextchapter. 56
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Chapter 5Minimum-degree Network-design5.1 MotivationIn this chapter, we consider the problem of designing minimum-degree communication networks. Thecriterion of minimizing the maximumdegree re
ects decentralization of the communication network.The advantage of a network with low degree is that the failure of a node does not adversely a�ectthe rest of the network too much. Keeping the maximum degree small is also essential in designingswitching networks where the same switch is to be installed at each of the nodes. The switch mustbe designed to handle as many connections as the maximum degree of any node in the network inwhich it is to be used. Minimum-degree networks are also useful in building networks for broadcastwhere we wish to minimize the amount of work done at each site and also in designing power gridswhere the cost of a node increases with the degree of splitting the power [50]. The purpose of thenetwork itself gives rise to certain connectivity requirements in the network.In this chapter, we consider essentially two distinct types of such connectivity requirements on thesolution subgraph. In the �rst type, we consider network design problems where the connectivityrequirements can be modeled by a f0; 1g-valued function f on all the cuts in the graph. In thesecond type, we consider the problem of designing a minimum-degree two-edge-connected spanningsubgraph of a given graph. For problems of both types, we provide an approximation algorithms tooutput a network whose degree is guaranteed to be at most 1+� times optimal, plus an additive errorof O(log1+� n) for any � > 0. Both the algorithms run in quasipolynomial time O(nlog1+� n). Asa simple consequence, we obtain polynomial-time approximation algorithms for both the problemswith performance ratio O(n�) for any � > 0 (by setting � = n�). Other than having the sameperformance guarantees and running times, both the algorithms we describe use the technique oflocal optimization: perform local improvements to the solution that decreases the degrees of nodeswith high degree in the solution.As a consequence of our analysis, we show that the minimumdegree in both the problems above58



is well-estimated by certain polynomially solvable linear programs. This fact suggests that the linearprograms we describe could be useful in obtaining optimal solutions via branch-and-bound.The performance factor achievable in polynomial time for the minimum-degree one-connectednetwork problem using results in this chapter can be improved using our techniques in Chapter6. We describe there a technique for �nding networks with low degree as well as low cost. As aconsequence of one of the results we derive there, we can obtain a performance guarantee for theminimum-degree one-connected network-design problem addressed in this chapter that is logarithmicin the number of nodes in the graph. This improvement is elaborated in Section 6.4. However, theresult described for this problem in this chapter may be used to derive approximation factors evenbetter than logarithmic at the expense of higher running times. The results in this chapter wereobtained jointly with Balaji Raghavachari and Philip Klein, and appeared in [131].In Section 5.2, we start by reviewing previously known results on special cases of the problemwe consider in this chapter. In Section 5.3, we describe our results on general minimum-degree one-connected networks. In Section 5.4, we address the minimum-degree two-edge-connected spanningnetwork-design problem.5.2 Previous WorkThe minimum-degree spanning tree problem: The problem is to �nd a spanning treeof the graph whose maximum degree is minimized. This problem is a generalization of the Hamil-tonian Path problem and hence is clearly NP-hard [53]. The �rst result on approximating theminimum-degree spanning tree was that of F�urer and Raghavachari [49]. They gave a polyno-mial time approximation algorithm for minimum-degree spanning tree with performance guaranteeO(logn). Their algorithm further generalizes to �nd rooted spanning trees in directed graphs ofapproximatelyminimumindegree. In subsequent work [50], they improved their previous results andprovided another polynomial time algorithm to approximate the minimum-degree spanning tree towithin one of the optimal. Clearly no better approximation algorithms are possible for this problem.In distantly related work on this problem, Lawler [99] showed that matroid methods su�ced tosolve the following variant of the minimum-degree spanning tree problem in polynomial time: givena graph G and an independent set I of nodes ofG, �nd a spanning tree that minimizes the maximumdegree of any node in I . Gavish [56] formulated the minimum-degree spanning tree problem as amixed integer program and provided an exact solution using the method of Lagrangian multipliers.The minimum-degree Steiner tree problem: This is an extension of the above problem,where given an input graph and a distinguished subset of the vertices, D, we seek to �nd a Steinertree (spanning at least the set D) whose maximum degree is minimum. The �rst polynomial-timeapproximation algorithm was provided by Agrawal, Klein and Ravi [3]. The performance guarantee59



is a factor ofO(log k), where k is the size ofD. This was improved by F�urer and Raghavachari in [49]and they provide a polynomial-time approximation algorithm for the problem with the performanceguarantee essentially the same as that we show here. In fact, our work is a generalization of thisalgorithmand reduces to their algorithm for this special case. Their analysis of this special case of ouralgorithm also shows that in this case, our algorithm is polynomial-time. F�urer and Raghavachari[51] later demonstrated a polynomial-time algorithm for the Steiner case that �nds a tree whosedegree is within one from optimal.5.3 The Minimum-degree Constrained Forest ProblemWe begin this section by formulating general one-connected network problems using the framework ofproper function introduced in Section 3.3. We then introduce the notion of weakness, a generalizationof the reciprocal of the toughness of a graph. We then state results relating this quantity to theminimum degree of networks and prove these results algorithmically.FormulationWe recall the framework proposed by Goemans and Williamson [60] for specifying connectivityrequirements that we introduced in Section 3.3. This framework captures a wide variety of speci�ca-tions of requirements, including Steiner and generalized Steiner connectivity, general point-to-pointconnectivity, and T -joins. In this chapter, we show how to �nd a network satisfying the requirementsthat has nearly minimum degree. All we use of [60] is their framework for specifying connectivityrequirements; our algorithm and analysis are based on the work of F�urer and Raghavachari [50].Consider a spanning tree of a graph, and any cut in the graph. At least one edge of the spanningtree must cross this cut. Conversely, if a network crosses every cut, it must span all nodes. Moregenerally, in order to specify connectivity requirements for a network, we designate a subset of thecuts in a graph as active cuts, and we require that the network cross every active cut.Goemans and Williamson [60] introduced the formalismof specifying which cuts are active usinga 0{1 function f on the node-subsets of a graph. For a node-subset S, recall that �(S) denotes theset of edges each having exactly one endpoint in S. To specify that the cut �(S) is active, we setf(S) to be 1. Using this formalism, one can formulate an integer program for a minimum-degreenetwork crossing all active cuts:Min dsubject to constraints:x(�(S)) � f(S) ; 8 ; 6= S � VPe2�(fvg) xe � d ; 8 v 2 V (IP)xe 2 f0; 1g ; 8 e 2 E 60



Here x(F ) =Pe2F xe. We call any feasible solution to (IP) an f -join. Minimal f -joins are forests[60].Goemans and Williamson [60] focused on the class of proper function f . Recall that a functionf : 2V ! f0; 1g is proper if it obeys the following properties: (i) [Null] f(;) = 0; (ii)[Symmetry]f(S) = f(V � S) for all S � V ; and (iii)[Disjointness] if A and B are disjoint, then f(A) =f(B) = 0 implies f(A [ B) = 0. We are interested in solutions to (IP) for the class of properfunctions f . One of the main results of this chapter is the following.Theorem 5.3.1 Suppose f is a proper function. Let d� denote the optimum value of (IP).There is an nO(log1+� n)-time algorithm for �nding a feasible solution to (IP) whose objectivevalue is at most (1 + �)d� +O(log1+� n) for any � > 0.Some examples of problems that can be solved approximately using the algorithm in the abovetheorem are the minimum-degree generalized Steiner forest problem, the minimum-degree T-joinproblem, and minimum-degree point-to-point connection problems. As we mentioned earlier, wepresent an approximation algorithm with a better (logarithmic) performance ratio and polynomialrunning time for the problem addressed in Theorem 5.3.1 using entirely di�erent techniques inSection 6.4Toughness, Weakness and generalizations: A lower boundToughness, �rst de�ned by Chv�atal in [26], is a measure of how tough it is to disconnect a graphinto many components by removing few nodes. The toughness of a graph is the minimum ratio ofnodes removed to the number of components in the remaining graph. That is, it is the minimumratio of jX j to the number of components in G�X where X ranges over all non-trivial node-subsetsof G. Computing the toughness of a graph was recently shown NP-complete by Bauer, Hakimi andSchmeichel [68]. The de�nition of toughness we have given di�ers slightly from Chv�atal's originalde�nition in [26]. According to our de�nition, the minimum toughness ratio is never more than 1(for nonsingleton graphs), since even a singleton X yields a ratio of at most 1. Chv�atal de�nestoughness to be the same minimum ratio, but the minimum is taken only over those node-subsetsX for which G�X has at least two components. According to this de�nition, the minimum ratiocan be arbitrarily large.We generalize the above notion to allow active components de�ned by proper functions f . Forany X � V , a connected component of G � X is active under a proper function f wheneverf(X) = 1. The f -toughness of a graph for any given function f is the minimum ratio of the nodesremoved to the number of active components formed. In other words, it is the minimum ratio of jX jand the number of active components in (G�X) where X ranges over all non-trivial node-subsetsof G. For any subset X of nodes, this ratio is termed the f -toughness of the set X . Thus the61
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     k  active componentsFigure 5.1: The f -weakness of the graph is a lower bound on the maximum degree of anynode in any f -join.f -toughness of the graph is the minimum f -toughness of any of its non-trivial node subsets. Notethat ordinary toughness is a special case of f -toughness as we have de�ned it since it correspondsto a function f where every non-trivial subset of the nodes of the graph is active. We are interestedin computing the f -toughness of the graph for proper functions f . Call any single node that formsan active set a terminal. Note that as long as there is at least one terminal, the f -toughness ratiois at most 1, since this is the ratio achieved on removing a single terminal.We shall refer to the reciprocal of the f -toughness of a graph as its f -weakness. The notion ofweakness of a graph arises as a dual to the problem of constructing minimum-degree networks. Infact, this notion can be arrived at by looking at the dual of (IP) and assigning values uniformly toall the variables in it as described in Section 1.9. The following lemma can then be proved in thisway as a consequence of weak duality. However, to illustrate the relationship between the minimumvalue of the degree of any f -join and the f -weakness of the graph more directly, we provide a simpleproof.Lemma 5.3.2 For any function f , the optimum value of (IP) is at least the f -weakness ofthe graph.Proof: Consider the node setX achieving the optimal f -weakness (See Figure 5.1). Let the numberof active components in G � X under f be k. In any f -join, each of the k active components inG�X must have an edge to X . Thus the average degree of a node of X in an optimal solution to(IP) is k= jX j, the f -weakness of the graph. Hence the maximum degree of any node in X in anoptimal solution to (IP) is also at least k= jX j. 262



An approximate min-max relation and applicationsHow good a lower bound is the f -weakness of a graph for the minimum degree problem? In thecourse of proving the performance guarantee for the solutions we construct for (IP), we demonstratean approximate min-max equality between the optimum value of (IP) and the f -weakness of thegraph.Theorem 5.3.3 The optimum value of (IP) is at most (1 + �)w� + O(log1+� n) for any� > 0 where w� is the f -weakness of the graph.The proof of Theorem 5.3.3 is algorithmic. We provide an algorithm that constructs a f -join whosedegree is close to the f -weakness ratio of a set we identify. Theorem 5.3.3 and Lemma 5.3.2 togetherprove the performance bounds given in Theorem 5.3.1. In addition, we also have the following resultabout approximating the f -weakness of the graph for any proper function f .Theorem 5.3.4 Let f be a proper function on the nodes of an n-node graph. Let w� denotethe f -weakness of a graph and let � be a small positive constant. There is an nO(logn)-time algorithm to determine a node subset X for which the f -weakness ratio is at least(1� �)w� �O(log1+� n).The f -weakness of the graph is an estimate of the vulnerability of any f -join. A node subset withhigh value of f -weakness represents a weak spot in such a network: damage to this subset resultsin nearly the worst disconnection among the nodes in the network.An important application of the approximate min-max equality presented in Theorem 5.3.3arises from the fact that the relaxed version of (IP) is polynomially solvable. This follows from theobservation that separation over (IP) is equivalent to solving an instance of �nding the minimum-cutaround any active set. The latter problem can be solved using the fact that proper functions areuncrossable and can be inferred from the results in [52, 154]. Using the Ellipsoid method [64], whichprovides a polynomial-time reduction of the optimization problem to the separation problem, wehave that the fractional relaxation of (IP) can be solved in polynomial-time. It follows fromTheorem5.3.3 that the value of this linear program is a good estimate of the minimum degree. While solvingthe linear program does not give us a solution network with this degree, just knowing the value canbe useful, namely in a branch-and-bound search for an optimal solution [119].The algorithm and its analysisWe now describe the algorithm for providing an approximate solution to (IP) and prove Theo-rem 5.3.3. As input we are given an undirected graph G = (V;E), an arbitrary number � > 0 todetermine the performance accuracy, and a proper function f de�ned on G. We can assume without63



loss of generality that the graph G is connected, for otherwise we can work on each connected pieceindependently. We �nd a forest F that is feasible for the covering constraints of (IP) using aniterative local-improvement algorithm. Note that we can always assume without loss of generalitythat any feasible solution to (IP) is the incidence vector of a forest [60]. The claim on the runningtime of the algorithm is proved using a potential function argument.Lemma 5.3.5 ([60]) Let F denote a subset of the edge set of G. F is a feasible solutionto (IP) if and only if f(N) = 0 for each connected component N of F .OverviewThe algorithm starts with a feasible solution to (IP) and iteratively applies improvement steps aimedat reducing the degree of high-degree vertices. Intuitively, if we �nd a cycle in the graph that containsa node w of high degree, and if all edges that must be added to the current feasible solution to formthis cycle are incident to low degree nodes, then we can improve the current solution by adding inthe cycle and deleting an edge incident to w. This reduces the degree of w by one.Constructing an initial feasible solutionWe start with any spanning tree T of the given connected graph as the initial feasible solution. Notethat the null and symmetry conditions on f imply that f(V ) = 0 and so, by Lemma 5.3.5, T isfeasible.An improvement stepDenote the set of nodes in the current forest with degree at least d by Sd. An improvement stepwith target d tries to reduce the degree of a node in Sd. We use two types of improvement steps.The �rst and simpler type determines whether the forest F remains feasible on deleting an edgeincident on a node in Sd. If so, we delete this edge from F to obtain the new forest F 0 and proceedto the next improvement step. The second type of improvement step is more involved. Startingfrom G, we delete all the edges in E � F that are incident to nodes in the forest having degree atleast d � 2, i.e., edges that are incident to nodes in Sd�2. In this graph, we examine if any nodein Sd is in a cycle. If so, we add all the edges in E � F in this cycle to the forest F and delete anedge of F incident to the the node in Sd in this cycle. This gives a new forest F 0.Note that after performing an improvement step with target d, the degree of a node in Sd reducesby one and the resulting degree of each of the a�ected vertices increases by at most two and is atmost d� 1. We note that the resulting forest F 0 is a f -join.Lemma 5.3.6 The forest F 0 formed at the end of an improvement step is feasible.64



Proof: The lemma follows immediately if the improvement step is of the �rst type. Thereforesuppose the improvement is of the second type. Let F be the feasible forest before the improvementstep. Consider the cycle involved in the improvement. Since F is acyclic, the addition of the cycleand the deletion of an edge clearly leaves F 0 acyclic. But, we have merged many of the trees inF to form a single tree containing the edges of the cycle in F 0. However, since F was feasible,Lemma 5.3.5 guarantees that each of the trees in the merged tree has f value 0. Since the mergedcomponent is a disjoint union of these components, the disjointness property of f implies that thef value of this new component is also 0. All the remaining components in F 0 were also componentsof F having f -value 0. Applying Lemma 5.3.5, we conclude that F 0 is feasible. 2The algorithmThe algorithm starts with an initial feasible solution. Let the maximum degree of any node in thecurrent feasible solution be k. We apply improvement steps with target d for d � k � �log1+� n�until no such improvements are possible. The resulting forest is our locally optimal approximatesolution.De�nition 5.3.7 De�ne an edge e of a feasible forest F to be critical if F�e is not feasible.As a result of performing the �rst type of improvement step, note that all the edges incident onnodes of degree at least k � �log1+� n� are critical in the locally optimal solution.TerminationEach improvement step is polynomial-time implementable. We adapt a potential-function argumentfrom [50] to bound the number of improvement steps. De�ne the potential of a vertex v with degreed in the forest F to be �(v) = nd where n is the number of nodes in the graph. The potential of theforest F is de�ned as �(F ) = Pv �(v). Initially �(F ) � nn. Each improvement step with targetd reduces the potential by at least nd�2, since the degree of a node of degree d is reduced by 1 andthe degree of all the other nodes may increase to d� 1. Since d � k � �log1+� n� where k is themaximum degree of the current forest, this reduction in potential is at least a fraction n�O(log1+� n)of the current potential of the forest �(F ). It follows that the number of improvement steps is atmost nO(log1+� n).Performance guaranteeWe prove the performance guarantee by identifying a node separator from the solution subgraphwhose f -weakness value is very close to the degree of the solution. Let k denote the maximum65



degree of the solution subgraph. The following proposition is immediate using a simple contradictionargument.Proposition 5.3.8 There is some i 2 [k� dlog1+� ne; k] with jSi�2j � (1 + �)jSij.Proof of Theorem 5.3.3: Let i be as in Proposition 5.3.8. We prove Theorem 5.3.3 by estimatingthe f -weakness of Si�2. In the following lemma, we show that the number of active components inG� Si�2 is at least ijSij � (2 + �)jSij. By choice of i, note that jSi�2j � (1 + �)jSij. Thereforethe f -weakness of Si�2 and hence of G is at least i�(2+�)1+� . Note that the degree of the solution Fis at most i+ log1+� n. Combining these proves Theorem 5.3.3. 2Lemma 5.3.9 Let F be the locally optimal solution network and let i be the index in Propo-sition 5.3.8. The number of active components in G� Si�2 is at least ijSij � (2 + �)jSij.We prove the above lemma in the remainder of this section. Call a tree in F relevant if itcontains a node in Si. De�ne the equivalence class � on the edges of F by the rule: e1 � e2 if thereis a path between an endpoint of e1 and an endpoint of e2 in F avoiding Si. De�ne an auxiliaryforest Fi whose nodes are Si together with the equivalence classes of �. Fi is bipartite, and thereis an edge between a node v 2 Si and an equivalence class C of � if there is an edge in C incidenton v. Note that since F is acyclic, there is at most one edge in any equivalence class C incident onany node v in Si. Thus if a node v 2 Si has degree j in F , it also has degree j in Fi. Note alsothat Fi is acyclic and has exactly as many components as the number of relevant trees in F .Claim 5.3.10 The number of equivalence classes C of degree one in Fi is at least (i �2)jSij+ 2r where r is the number of relevant trees in F .Proof: Let t be the number of classes of degree one and let p be the number of other classes.The number of edges in the forest Fi is the number of nodes in the forest minus the number ofcomponents in it. This is exactly t + p + jSij � r. The sum of the degrees of the nodes of Fi istwice the number of edges. That sum is at least i � jSij+ 2p+ t. The claim follows. 2Each class C of degree one de�nes a set XC of nodes as follows: a node v is in XC if C containsall the edges of F that are incident on v. Note that each XC is a component of F � Si and thusrepresents a subset of nodes of a relevant tree (See Figure 5.2). Conisder an edge in F incident ona node in Si. Since F is feasible, by Lemma 5.3.5, the component of F containing this edges isinactive. Since this edge is critical on account of the �rst type of improvement step, the two distinctcomponents formed in F on removing this edge and containing its endpoints must both be active.Consider an edge e in a degree-one equivalence class C of � that is incident on a node in Si. Oneof the connected components formed on its removal from F is XC , and so this set is active. This issummarized in the following proposition. 66



vFigure 5.2: Each equivalence class C of � with degree one in Fi de�nes a set of nodes XC ,namely those nodes all of whose incident edges in F are in C. In the �gure above, v is anode in Si and three sets identi�ed using degree-one equivalence classes of � are shown.Proposition 5.3.11 Each set XC de�ned by a class C of degree one in Fi is an active set.We now derive a lower bound on the number of active components of G � Si�2. Most of thenode sets representing degree-one classes of Fi are useful in forming these active components. Thereare two ways in which such a set might fail to be an active component of G � Si�2. When nodesof Si�2� Si are removed, some of these components may break up, but few can break up this way.By choice of i, the number of such components is at most jSi�2j � jSij, which is at most � jSij. Wewill disregard these broken-up components. Secondly, when nonforest edges are added, some of theremaining components may merge, possibly resulting in fewer components and inactive components.We show that in fact there remain many active components.Claim 5.3.12 The total number of such sets XC 's that merge with others on adding edgesof G� Si�2 is at most 2(r� 1).Proof: Suppose for a contradiction that more than 2(r� 1) such XC 's merge on adding the edgesof G � Si�2. We show that this identi�es a cycle in F [ (G � Si�2) containing a node of Si andso F permits an improvement of the second type.To show this we consider the auxiliary graph Fi and augment it with edges representing mergingXC 's. For every pair of XC 's that merge, we include an edge between the nodes corresponding tothe them in Fi. If more than 2(r � 1) such XC 's merge, then more than r � 1 edges must beincluded in the auxiliary graph in addition to Fi. Since Fi has exactly r connected components,and more than r� 1 edges are added to it, the resulting graph must be cyclic. A cycle in this graphdirectly corresponds to a cycle in F [ (G � Si�2) containing a node of Si and so F permits animprovement of the second type. This contradicts the local optimality of F . 267



The sets XC 's that remain might merge with inactive components of F on adding the nonforestedges of G � Si�2. By the properties of a proper function, the resulting component in G � Si�2containing XC is also active. By Claim 5.3.10, the number of degree-one equivalence classes is atleast (i� 2) jSij+ 2r, and by Proposition 5.3.11 each of these de�nes an active set. We discount atmost � jSij of them that may break up on removing nodes in Si�2�Si. The number of such classesthat may merge with one another is at most 2(r � 1) by Claim 5.3.12. Thus the number of suchactive sets that remain is at least i jSij � (2 + �) jSij. This completes the proof of Lemma 5.3.9.5.4 Minimum-Degree Two-Edge-Connected SubgraphsIn this section, we consider minimum-degree networks of a di�erent type. Given as input a two-edge-connected undirected graph, we consider the problem of �nding a two-edge-connected spanningsubgraph of minimum degree. This problem can be easily seen to be NP-hard by a reduction fromthe Hamiltonian cycle problem. Using a local-improvement algorithm similar to that used in provingTheorem 5.3.1, we obtain an approximate solution for this problem as well.Theorem 5.4.1 Let �� be the minimum degree of a two-edge-connected subgraph of a givengraph G and let � be a positive number. There is an nO(log1+� n)-time algorithm for �ndinga two edge-connected subgraph of G having degree at most (1 + �)�� +O(log1+� n).As in Section 5.3, it is easy to cast this problem as an exponential-sized integer program. The frac-tional relaxation of this program is solvable in polynomial time by using a minimum-cut procedureto solve the corresponding separation problem. As before, the above theorem can be applied to showthat this linear program solution value is a very good estimate of the value of the exact solution tothe minimum-degree problem. As we mentioned earlier, such estimates can be used in pruning thesearch space for exact solutions to this problem.PreliminariesLet G = (V;E) be an arbitrary k-edge-connected graph. Consider the problem of computing a k-edge-connected subgraph N of G which spans V such that the maximum degree of N is minimum.The case of k = 1 corresponds to the minimum-degree spanning tree problem and is NP-hard [53].So far there have been no results when k > 1. In this section, we consider the case when k = 2(two-edge-connected graphs are also called bridge-connected). In this section, \connectivity" alwaysstands for edge connectivity (and not vertex connectivity). For a graph G, we use ��(G) to denotethe minimum degree of a two-connected spanning subgraph of G.We �rst give some preliminary de�nitions which show that the notion of k-connected componentsis meaningful in the context of edge connectivity. It allows the partition of V into k-connected68



components.De�nition 5.4.2 A pair of vertices u and v are said to be k-connected in a graph N if thereare k edge-disjoint paths between u and v in N . This relation is an equivalence relation. Itpartitions the vertices into equivalence classes of vertices. Within each class, each pair ofvertices is k-connected. Such a class is called a k-component.De�nition 5.4.3 For a graph H, the bridge-connected forest (bcf) of H is obtained bycontracting each two-component of H to a supervertex and deleting self-loops. A leaf two-component of H is a two-component that has degree one in the bcf of H. An isolatedtwo-component of H is one of degree zero in the bcf of H.The following lemma is obvious from the de�nition of two-edge-connected graphs.Lemma 5.4.4 Let N be any 2-connected spanning subgraph of G, and let X be any subsetof vertices. Let C be a two-component of G�X. If C is a leaf two-component, then thereis at least one edge of N between C and X. If C is an isolated two-component, then thereare at least two edges of N between C and X.The above lemma motivates the following de�nition.De�nition 5.4.5 LetH be a graph with ` leaf two-components and k isolated two-components.Then the de�ciency of H is de�ned as `+ 2k and is denoted by def(H).We now derive an easy lower bound on the minimum degree of a two-connected spanning sub-graph. Consider removing a node subset X from an undirected graph G; the remaining graphhas de�ciency def(G �X). In any two-connected spanning subgraph of G, there must be at leastdef(G � X) edges going between G � X and the nodes in X by Lemma 5.4.4. Thus, the maxi-mum degree of a node in X is at least def(G�X)jX j . Applying this argument to the minimum-degreetwo-connected spanning subgraph, we get the following corollary.Corollary 5.4.6 Let X be a subset of the nodes of a graph G. Then��(G) � def(G�X)jX jThe algorithm and its time-complexityThe local-search algorithm proceeds as follows. Fix � to be an arbitrary quantity greater thanzero. The algorithm starts with an arbitrary 2-connected subgraph, and iteratively applies localimprovement steps to reduce the degrees of high-degree vertices. When a local minimum is reached,the algorithm outputs the current subgraph. 69



e

Figure 5.3: An example of a degree-5 candidate graph for an edge e. The �gure on topillustrates the network N with dark edges. The �gure in the bottom is the degree-5 candi-date graph for the edge e formed by contracting each of the three two-components of N � eto single nodes and deleting edges in G�N incident on nodes of degree �ve or more.Now we give de�nitions pertaining to an improvement step. Let N denote a two-connectedsubgraph of G. For an edge e 2 N , we de�ne Ne to be the bcf of N � e. Since N is two-connected,it follows that Ne is a simple path.De�nition 5.4.7 The degree-d candidate graph for an edge e in N is obtained from G asfollows: contract each two-component of N � e, and then delete e and the edges of G� Nincident to nodes of degree more than d in N (See Figure 5.3).A vertex w of degree d in N is said to admit an improvement if there is an edge eincident to w in N such that the degree-(d� 3) candidate graph for e is two-connected.An improvement step consists in replacing e with edges from the candidate graph so that theresulting network remains two-connected. We require that the degree of no vertex is increasedbeyond d � 1. The following lemma shows that this can be done. We use degH(v) to denote thedegree of a node v in the subgraph formed by a collection H of edges.Lemma 5.4.8 Let Q be a minimal collection of edges whose addition two-connects Ne.Then for every node v of Ne, degQ(v) � 2.Proof: Suppose that degQ(v) � 3. Since Ne is a path, v splits Ne into two subpaths. Then atleast two of v's three incident edges must be incident on nodes in the same subpath. Let e be the one70



whose other endpoint is closer to v in the subpath. Then Q � e also 2-connects Ne, contradictingthe minimality of Q. 2Note that an improvement step for a vertex w reduces w's degree by one, and does not increasethe degree of any vertex to more than w's new degree.De�nition 5.4.9 Let N be a two-connected spanning subgraph of G, and let � be the degreeof N . Then N is called locally optimal if no vertex of degree at least �� �log1+� n� admitsan improvement.Using a potential function argument as in the previous section, it is easy to show that nO(log1+� n)improvement steps su�ce to yield a locally optimal subgraph. Since each improvement step can beexecuted in polynomial time, the running time is as claimed in Theorem 5.4.1. In the remainder ofthis section, we show that a locally optimal subgraph has degree not much more than ��.Performance guaranteeTheorem 5.4.10 The degree of any locally optimal subgraph of a graph G with n nodes isat most (1 + �)��(G) + �log1+� n�+ 4(1 + �).Let Si denote the set of nodes whose degree in N is at least i. The proof of Theorem 5.4.10consists in showing that there is an i in the range [�� dlog1+� ne;�] for which G� Si has manyleaf and isolated two-components. We show this in Lemma 5.4.13. Theorem 5.4.10 then follows fromCorollary 5.4.6.Lemma 5.4.11 Let G be a 2-connected graph, and let S be a set of vertices of G. Then thereis a 2-connected subgraph A of G that contains all vertices of S, such that Pv2S degA(v) �4jSj.Proof: We provide an algorithm to compute A. A graph H is de�ned to be a minor of graph Gif one can obtain H from G by repeatedly contracting or deleting edges. For a minor H of G, wesay a vertex v of H is active if one of the vertices contracted to form v belongs to S. Consider thefollowing algorithm:� Initialize H0 := G.� Let j := 0 and let A0 be the empty graph.� While S is not 2-connected via Aj , do{ Let Cj+1 be a shortest cycle in Hj containing at least two active vertices.71



{ Let Aj+1 := Aj [ Cj+1.{ Obtain Hj+1 from Hj by contracting together all vertices of Cj+1.{ j := j + 1.Let k be the number of iterations. By the termination condition, S is 2-connected in Ak . For eachj, let xj be the number of active vertices in Cj. Since the edges of Cj form a cycle in Hj , the degreedue to these edges on active vertices in the cycle is at most twice the number of active vertices inthe cycle. Xv2S degCj(v) � 2xj : (5.1)It follows that Xv2S degA(v) = kXj=1Xv2S degCj (v) � kXj=1 2xj (5.2)Next we bound the right-hand side of (5.2). Since at each iteration j, we contract xj active verticesof Hj into a single active vertex in Hj+1, we have the following claim.Claim 5.4.12 (No. of active vertices in Hj+1) = (no. of active vertices in Hj) �(xj � 1)Since Hk contains 1 active vertex and H0 contains jSj active vertices, it follows by Claim 5.4.12that kXj=1(xj � 1) = jSj � 1 (5.3)In each iteration xj � 1 � 1, so the number of iterations k is at most jSj� 1. Hence P(xj � 1) �Pxj � (jSj � 1). Combining this inequality with (5.3) yields Pxj � 2(jSj � 1). Combining thiswith (5.2) yieldsPv2S degA(v) � 4(jSj � 1). This completes the proof of Lemma 5.4.11. 2Lemma 5.4.13 Let N be a locally optimal subgraph with degree �. Then there is aninteger i in the range [� � dlog1+� ne;�] such that the de�ciency of G � Si�2 is at leastjSij (i� 4(1 + �)) and jSi�2j � (1 + �)jSij.Proof: As in Proposition 5.3.8, there is an i in the given range such that jSi�2j � (1+ �)jSij. ByLemma 5.4.11, there exists a 2-connected subgraph A of N such that Si�2 is contained in A andPv2Si�2 degA(v) � 4jSi�2j. By choice of i, the value 4jSi�2j is at most 4(1+ �)jSij. To continuethe proof, we show that a large portion of the degree of the nodes in Si�2 can be used to infer thatG� Si�2 has high de�ciency.De�nition 5.4.14 We say an edge e of a 2-connected graph H is critical in H if H � e isnot 2-connected. 72
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such edges to a isolated-component in bcf(G� Si�2). Hence each such edge contributes one to thede�ciency of G� Si�2. This concludes the proof of Lemma 5.4.13. 2This chapter concludes our study of single-objective network-design problems. In Chapters 2, 3and 4, we studied problems in which the the total cost of the network is to required be minimized.In this chapter, we studied problems in which the maximum degree of any node in the networkis required to be minimized. In the next chapter, we turn to problems where we require a singlenetwork in which both these costs are low.
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Chapter 6Multi-objective ApproximationAlgorithms6.1 Problem De�nitions and ResultsIn the previous chapters we studied single-objective network-design problems where either the cost ofthe network or the maximumdegree of the network is required to be minimized. In this chapter, westudy network-design problems with multiple design objectives. In particular, we look at problemswhere both the cost measures we addressed earlier, the total cost of the network and the maximumdegree of any node, are required to be simultaneously minimized in the network. We formulate thisproblem as one of minimizing the total cost of the network subject to a constraint on the maximumdegree of any node in the network. Our main result can be roughly stated as follows: given an integerb, we present polynomial-time approximation algorithms for a variety of network-design problemson an n-node graph such that the degree of the output network is O(b log(nb )) and the cost of thisnetwork is O(logn) times that of a minimum-cost degree-b-bounded network. Our algorithms canhandle costs on nodes as well as edges. Moreover, we can construct such networks so as to satisfy avariety of connectivity speci�cations including spanning trees, Steiner trees and generalized Steinerforests.We also address in this chapter the special case in which the costs obey the triangle inequalityand present approximation algorithms with better performance guarantees. For the problem ofconstructing spanning networks in this special case, we also show how to simultaneously approximateyet another objective: the maximum cost of any edge in the network. The results in this chapterwere obtained jointly with Madhav V. Marathe, S. S. Ravi, Daniel J. Rosenkrantz, and Harry B.Hunt III, and appeared in [129]. 75



Degree-bounded minimum-cost network designWe call the following the b-MST problem: Given an undirected edge-weighted graph and an integerb � 2, �nd a spanning tree in which the maximumdegree of any node is at most b and the total costis minimum. We assume that the edge-weights are nonnegative and integral. It is straightforwardto show that this problem is NP-complete by a reduction from the Hamiltonian path problem. Toexamine what kind of approximations we can hope for, we �rst make the following simple observation(This is proved in the �rst part of Theorem 6.7.2).Observation 6.1.1 For any �xed rational number R � 1, �nding a spanning tree of Gof maximum degree at most b and of total cost at most R times that of a minimum-costdegree-b-bounded spanning tree of G is NP-hard.Given this di�culty in conforming to the degree restriction in any approximate solution, we setour goals a little lower and seek a solution that is approximate in terms of both the objectives. Wepresent the �rst such result for approximating the b-MST problem.Theorem 6.1.2 There is a polynomial algorithm that, given an undirected graph G on nnodes with nonnegative costs on its edges, and a target degree b, constructs a spanning tree ofmaximum degree O(b log nb ) and of cost O(log nb ) times that of the minimum-cost b-boundedspanning tree of G.Our techniques generalize to the case of constructing Steiner trees as well as generalized Steinerforests. Given an undirected graph and a subset of the nodes called terminals, recall that a Steinertree for the terminals is a subgraph spanning the terminals. Agrawal, Klein and Ravi [2] consider ageneralization of Steiner trees called generalized Steiner forests. Given an undirected graph and aset of site-pairs of nodes, a generalized Steiner forest for the site-pairs is a subgraph in which thereis a path between every site-pair. In [2], they provide the �rst approximation algorithm for �ndingminimum-cost generalized Steiner forests. A b-bounded generalized Steiner forest for the site-pairsis a generalized Steiner forest for the site-pairs in which the maximumdegree of any node is at mostb. We can extend Theorem 6.1.2 as follows.Theorem 6.1.3 There is a polynomial-time algorithm that, given an undirected graph Gwith nonnegative costs on its edges, a set of site-pairs of nodes, and a target degree b,constructs an O(b log kb )-bounded generalized Steiner forest for the site-pairs of cost O(log kb )times that of the minimum-cost b-bounded generalized Steiner forest for the site-pairs. Herek represents the number of nodes of G that are sites.Building on the work of Agrawal, Klein and Ravi [2], Goemans and Williamson [60] considereda class of constrained forest problems using the formalism of proper functions. We described their76



formalism in Section 3.3. The generalized Steiner forest problem is a prototypical example of sucha constrained forest problem. Our techniques directly extend to approximating degree-boundedminimum-cost networks of this general form. We postpone description of this extension until therelevant section.Extension: Handling arbitrary degree speci�cationsTheorems 6.1.2 can be generalized in a very nice way. Instead of specifying an integer b as the boundon the maximum degree of any node in the networks to be constructed, we can allow an arbitraryinteger-valued function d that assigns a nonnegative integer value to each vertex v in the graph. Thevalue d(v) speci�es the maximumallowable degree of the network at node v. Given a function d, wecan de�ne a d-constrained minimum-cost network design (spanning tree, Steiner tree etc.) problemas follows: Find a minimum-cost network in which the degree of node v is at most d(v). We havethe following generalization of Theorem 6.1.2.Theorem 6.1.4 There is a polynomial-time algorithm that, given an undirected graph Gon n nodes and a function d assigning nonnegative values to the nodes of G, constructs aspanning tree of G of cost O(logn) times that of a minimum-cost d-constrained spanningtree in which the degree of any node v is O(d(v) logn).Like Theorem 6.1.2, the above theorem also generalizes to approximating more general d-constrained forest problems such as Steiner trees and generalized Steiner forests.Extension: Approximating minimum weighted-degree spanning treesWe can extend the techniques used to prove Theorem 6.1.2 to approximate the following generaliza-tion of the minimum-degree spanning tree problem [53, 49, 50]. Given nonnegative weights on theedges, de�ne the weighted-degree of any node in a spanning tree to be the sum of the weights ofthe edges incident to the node in the tree. The minimum weighted-degree spanning tree problem isthat of �nding a spanning tree of a given graph in which the maximumweighted degree of any nodeis minimum. This problem is a natural capacitated generalization of the minimum-degree spanningtree problem which results if all the edges in the graph are assigned unit weight. While there is anapproximation algorithm that provides a solution to the minimum-degree spanning tree problem towithin an additive error of one [50], no approximations are known for the weighted-degree problem.We provide the �rst approximation algorithm for this problem.Theorem 6.1.5 There is a polynomial-time algorithm that, given an undirected graph Gon n nodes with nonnegative weights on the edges, constructs a spanning tree of G in whichthe maximum weighted-degree of any node is O(logn) times the minimum possible.77



This theorem, however, does not generalize to the case of more general constrained forest prob-lems addressed in [2, 60]. It does generalize to the case in which, given costs and weights (twodistinct measures on the edges), and a bound B on the maximum weighted-degree of any node, weare required to �nd a minimum-cost spanning tree under this weighted-degree constraint.Theorem 6.1.6 There is a polynomial algorithm that, given an undirected graph G onn nodes with nonnegative costs and weights on its edges, and a target weighted-degree B,constructs a spanning tree of maximum weighted-degree O(B logn) and of cost O(logn)times that of the minimum-cost spanning tree of G in which the maximum weighted-degreeis at most B.Extension to the node-weighted caseWe can strengthen our results above by considering nonnegative costs on the nodes and aiming to�nd a small degree network of minimum total cost. However, the performance guarantee on the costof the solution worsens slightly as a result of this generalization.The case of spanning trees treated in Theorem 6.1.2 is less interesting in the case of node-weighted graphs since every node must be included in the solution. This problem then reduces tocomputing a minimum-degree spanning tree that has been well-studied [49, 50].We focus our attention on the more interesting case of Steiner trees. In Chapter 4, we presentedthe the �rst polynomial-time approximation algorithm for node-weighted Steiner trees. The perfor-mance guarantee of this approximation algorithm is logarithmic in the number of terminals speci�edin the problem. We can extend this result to the case when the degree of the Steiner tree is alsorequired to be bounded and derive the following analogue of Theorem 6.1.2 for Steiner trees.Theorem 6.1.7 There is a polynomial-time algorithm that, given an undirected graph Gon n nodes with nonnegative costs on its nodes, a subset of k nodes called terminals, anda target degree b, constructs a Steiner tree spanning all the terminals, of maximum degreeO(b log(kb )) and of cost O(log k) times that of the minimum-cost b-bounded Steiner tree ofG spanning the terminals.Note that a Steiner tree problem with costs on nodes and edges can be transformed to one withcosts only on the nodes: replace every edge e = (u; v) of cost c(e) by two edges (u; xe) and (xe; v)where xe is a new node of cost c(e). Thus the above theorem is a strict generalization of Theorem6.1.2.As before, we can extend the above theorem to generalized Steiner forests and to more generalconstrained forest problems addressed in [2, 60].78



An application: Approximatingminimum-degree generalized Steiner forestsTheorem 6.1.3 has an important application. We can use this theorem to provide a polynomial-time approximation algorithm for a class of minimum-degree forest problems that we considered inChapter 5. Therein we addressed the problem of �nding two-edge-connected spanning subgraphsand one-connected networks of a general form such that the maximum degree is minimum. Wepresented in Chapter 5 quasi-polynomial (nO(log1+� n)-time) approximation algorithms for theseproblems that provide solutions of degree at most (1+ �) times the minimumwith an additive errorof O(log1+� n) for any � > 0. A prototypical example of the one-connected network problem weconsidered is the minimum-degree generalized Steiner forest problem: given an undirected graph withsite-pairs of nodes, �nd a generalized Steiner forest for the site-pairs in which the maximumdegree isminimum. As we mentioned in Chapter 5, these results can be adapted to provide polynomial-timeapproximation algorithms with performance ratio 
(n�) for any constant � > 0 by setting � = n�.We can improve the approximation factor achievable in polynomial time for this problem by anapplication of Theorem 6.1.3.Theorem 6.1.8 There is a polynomial-time algorithm that, given an undirected graph Gon n nodes and a set of site-pairs of nodes, constructs a generalized Steiner forest for thesite-pairs in which the maximum degree of any node is O(�� log k�� ). Here k is the numberof nodes of G that are sites and �� is the minimum degree of any generalized Steiner forestfor the site-pairs.Approximations under triangle inequalityOne way to circumvent the di�culty exhibited in Observation 6.1.1 is to consider more structuredcost functions on the edges. In this direction, we turn to the case of cost functions on the edgessatisfying the triangle inequality. The underlying graph is assumed to be complete with costs onlyon the edges and these costs obey the triangle inequality. De�ne the bottleneck cost of a networkto be the maximum cost of any edge in it. In this case, we present approximations that strictlyconform to the degree restriction in the input problem and approximate the bottleneck cost of theoutput network as well. We introduce a short-cutting technique to prove the following theorem.Theorem 6.1.9 There is a polynomial-time algorithm that, given an undirected graph withedge costs satisfying the triangle inequality and an integer b � 3, outputs a spanning treein which the maximum degree of any node is at most b, the total cost of the tree is at most2 � (b�2)(n�1) times that of a minimum spanning tree, and the bottleneck cost is at most twicethat of the minimum-bottleneck spanning tree.79



If we insist on a Hamiltonian path (i.e., require b = 2) or a Traveling Salesperson (TSP) tour, thenthe simple short-cutting heuristic of Rosenkrantz, Stearns and Lewis [137] provides a TSP tour ofcost at most 2(1� 1n ) times that of a minimum spanning tree (MST) in an n-node graph. Deletingan edge from this tour gives a Hamiltonian path with the same guarantee. But there is no guaranteeon the bottleneck cost of the tour. We tailor our short-cutting technique to obtain a TSP tour withsmall total cost as well as small bottleneck cost.Theorem 6.1.10 There is a polynomial-time algorithm that, given a undirected graph withedge costs satisfying the triangle inequality, outputs a TSP tour of total cost at most twotimes the cost of a MST and of bottleneck cost at most three times that of a minimumbottleneck-cost spanning tree.Using the above theorem, we can extend Theorem 6.1.9 to higher-connected networks as follows.Theorem 6.1.11 There is a polynomial-time algorithm that, given an undirected graphwith edge costs satisfying the triangle inequality, an integer k � 2 (the vertex-connectivityrequirement), and an integer b � k + 1 (the target degree), outputs a k-connected spanningsubgraph of G in which the degree of any node is at most b, the total cost of all the edges inthe subgraph is at most k + 2 times that of a minimum-cost k-connected subgraph, and thebottleneck cost of the subgraph is at most 3 � dk2 e times that of a minimum bottleneck-costspanning tree.The above theorem is proved by using short-cuts that induce higher-connected graphs.In the next section, we discuss related work. Then we present the algorithm for approximat-ing degree-bounded edge-weighted networks, and prove Theorem 6.1.2. After this, we present theproof of its extensions and its applications. We then present the algorithm for degree-boundednode-weighted networks in the following section. Following this, we outline the algorithms for theproblems under triangle inequality. Finally, we brie
y outline some hardness results and some simpleobservations about a related problem.6.2 Related WorkMinimizing one of the cost measuresMuch work has been done on approximating each of the cost measures that we simultaneouslyminimize.A series of recent results have addressed the problem of minimum-degree networks of variousforms: spanning trees [49, 50], Steiner trees [3, 50], generalized Steiner forests and more generalone-connected networks as well as two-edge-connected spanning networks [131].80



A lot of research e�ort has been dedicated to the study of minimum-cost network problems: e.g.,spanning trees [4, 98, 127], TSPs [48, 100], Steiner trees [74, 156, 164], generalized Steiner trees [2]and even more general one-connected networks [52, 60, 154].Bottleneck problems have been investigated in [20, 72, 123].Multi-objective approximationsWhile there has been much work on �nding minimum-cost networks for each of the cost measuresthat we simultaneously minimize, there has been relatively little work on approximations for multi-objective network-design. In this direction, Bar-Ilan and Peleg [8] considered balanced versionsof problems of assigning network centers. In the balanced version, a budget is imposed on thenumber of nodes that any center can service. They extended existing approximation algorithms forcenter problems to the balanced versions. Wong [161] examined a budget network design problemin which a network is to be built whose cost is at most a certain budget such that the sum of thepath-lengths of commodities to be routed using this network is minimized. He showed that even�nding near-optimal solutions is NP-hard if we are required to conform to the budget requirementand approximate only the sum of path-lengths. Lin and Vitter [106] provided approximations forthe s-median problem where s median nodes must be chosen so as to minimize the sum of thedistances from each vertex to its nearest median. The solution output is approximate in termsof both the number of median-nodes used and the sum of the distances from each vertex to thenearest median. Iwainsky et al. [75] formulated a version of the minimum-cost Steiner problemwith an additional cost based on node-degrees. Duin and Volgenant [36], motivated by practicalconsiderations, formulated the degree-bounded Steiner tree problem.Other researchers have addresses multi-objective approximation algorithms for problems arisingin areas other than network design. Agrawal, Klein and Ravi [89] provided an approximationalgorithm for �nding an elimination ordering for sparse Gaussian elimination to simultaneouslyminimize the �ll-in, the total operation count and the elimination height. Khuller, Raghavachari,and Young [85] gave an algorithm for �nding a rooted spanning tree of weight at most a constanttimes that of a MST such that the distance in this tree from the root is at most a constant times thedistance in the input graph. Shmoys and Tardos [140] studied the problem of scheduling unrelatedparallel machines with costs associated with processing a job on a given machine. Given a budget onthe cost of the schedule, they presented an approximation algorithm for minimizing the makespanof the schedule. Mitchell, Piatko and Arkin [115] studied bicriteria optimization problems arising incomputational geometry. 81



6.3 The Edge-weighted CaseIn this section, we sketch a proof of the results on edge-weighted degree-bounded networks.BackgroundIn this section, we describe some background material on a degree constrained subgraph (DCS)problem. The general DCS problem can be stated as follows: Given an undirected graph withnonnegative costs on the edges, and an integer-valued function f de�ned on the vertices of the graph,�nd a minimum-cost subgraph (if one exists) such that the degree of any vertex v in this subgraphis f(v). This problem is referred to as the f -factor problem [109], and is known to be polynomiallysolvable [38, 109]. The following variant of this problem is also known to be polynomially solvableusing matching techniques [109]. Denote the degree of a node v in a subgraph H by degH(v).Fact 6.3.1 [109] (b-bounded even DCS problem) The following problem has a polynomial-time solution: Given an undirected graph G = (V;E) such that V = S [ T and S \ T = ;,and an integer b � 2, �nd a subgraph H (if one exists) of G of minimum cost such that� for all vertices v 2 T , we have degH(v) = 1, and� for all vertices v 2 S, we have 0 � degH(v) � b and degH(v) � 0 ( mod 2).The b-bounded even DCS problem described above is a generalization of the T -join problem[38]. When b is allowed to be unbounded, this problem reduces to the T -join problem.We now prove a simple tree-decomposition result.Claim 6.3.2 Let R be a tree with an even number of marked nodes. Then there is a pairing(v1; w1); : : : ; (vk; wk) of the marked nodes such that the vi�wi paths in R are edge-disjoint.Proof: We begin with a de�nition.De�nition: For any two paths P and Q that intersect only at one endpoint, we use QP to denotethe path formed by the the concatenation of these paths at their point of intersection.Let (v1; w1); : : : ; (vk; wk) be the pairing minimizing the number of occurrences of edge-overlapbetween the vi � wi paths, Pi, in R. We claim that the paths Pi are edge-disjoint. To see this,suppose for a contradiction that Pr and Ps share an edge xy. Let Qxr be the terminal subpath ofPr ending at x and not passing through y. Similarly de�ne Qyr , Qxs , and Qys . Then by replacing Prand Ps with QxrQxs and QyrQys , we obtain a pairing that has fewer occurences of overlaps, namely atthe edge xy. This contradicts the minimality of the initial pairing. The proof is depicted in Figure6.1.2 82
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these components. Thus there are O(log nb ) iterations in all. We also ensure that in each iteration,the degree of any node in the graph increases by O(b) and the set of edges added has cost at mostOPTb. Thus we prove the bound on the degree and the cost of the solution subgraph as stated inTheorem 6.1.2.The Algorithm1 Initialize the set of edges in the solution subgraph F := ;, and the iteration count i := 1.2 Repeat until the number of connected components of (V; F ) is O(b)3 Let C = fC1 : : : ; Cpg be the set of connected components of (V; F ).4 Construct an auxiliary graph Gi as follows.5 The node set of Gi is V [ C.6 We now describe the edges included in Gi: Between all the nodes of V in each connectedcomponent Cj 2 C, include edges of zero-cost to form a clique in Gi.Let E 0 � E represent the set of edges of G whose endpoints are in di�erent componentsin C. For each edge e = (u; v) 2 E 0 of cost c(e), include four edges in Gi: let u 2 Cuand v 2 Cv. We include the edges (u; v); (u; Cv); (v; Cu) and (Cu; Cv), each of costc(e), in Gi.7 If jCj is odd, we include an extra dummy node z in C and include zero-cost edges betweenz and every Cj 2 C in Gi.8 Find a 2b-bounded even DCS of Gi with nodes in V having even degree (between 0 and2b) and the nodes in C having degree one.9 F := F [ the set of edges of G found by the DCS algorithm in Step 8.10 i := i+ 1.11 The number of connected components of (V; F ) is nowO(b). Contract each of these connectedcomponents to single nodes and �nd a MST of these nodes. Add the edges of this MST tothe set F .12 Output a spanning tree of (V; F ).Note that at each iteration, the solution to the DCS problem may contain one or more copies of anedge e 2 E 0. In any case, in Step 9, we include only one copy of such an edge in the set F .Performance GuaranteeWe prove the performance guarantee using a series of lemmas.At each iteration, applying Proposition 6.3.3 to the solution to the DCS problem in Step 8, wecan derive a pairing of the connected components in C such that there are paths between these pairs84



in the solution. Thus at each iteration, the number of connected components of (V; F ) reduces bya factor of half. Using this observation, it is easy to prove the following.Lemma 6.3.4 The total number of iterations of the above algorithm is O(log nb ).The following lemma is immediate from the constraint on the degree of the nodes in the subgraphadded at each iteration of the algorithm.Lemma 6.3.5 The degree of the spanning tree output by the above algorithm is O(b log nb ).Lemma 6.3.6 At each iteration i of the algorithm, the cost of the solution to the DCSproblem in Step 8 in this iteration is at most OPTb.Proof: This is trivial to see in the last iteration of the algorithm since a b-MST of cost OPTbinduces a spanning tree on the remaining O(b) components of cost at most OPTb. For every otheriteration i of the algorithm, we show that there exists a solution of cost at most OPTb to the DCSproblem set up in the iteration.To construct a feasible solution of value at most OPTb for the DCS problem on Gi, considera minimum-cost b-bounded spanning tree T � of cost OPTb. Let Ci represent the set of connectedcomponents in C at the beginning of iteration i. For each component in Ci, contract all the nodesin it to form a single supernode representing this component. It is easy to derive a subgraph Ti ofT � such that Ti is a spanning tree on the supernodes Ci. The cost of Ti is at most OPTb.We use the edges of Ti to construct a solution to the DCS problem set up in Step 8. Assume forthe sake of simplicity that jCij is even.1 Applying Claim 6.3.2 to the tree Ti with all the supernodesmarked, we can �nd a pairing P of all the components in Ci such that the paths in Ti betweenthe pairs are edge-disjoint. We convert these paths into a feasible solution to the DCS problem asfollows:(i) Consider all pairs of components in P such that the path between them in Ti is a single edge.Let Cu; Cv be such a pair joined by an edge (u; v) 2 E0. By the construction in Step 6 ofthe algorithm, there is an edge (Cu; Cv) of cost c(e) in Gi. We include this edge (Cu; Cv) ofcost c(e) in the DCS solution.(ii) Consider pairs of components in P between which the paths in Ti consist of more than a singleedge. Let Cx; Cy be such a pair and let the path between them in Ti be (Cx; C1); (C1; C2); : : : ; (Cq; Cy).For each edge in this path, there is a corresponding edge in T � from which this edge is de-rived. Let these edges in T � be (vx; v1;in); (v1;out; v2;in); : : : ; (vq;out; vy) respectively. Note1The case when jCij is odd can be treated similarly by adding the dummy node included in Step 7 to theset Ci. 85



that for 1 � j � q, both vj;in and vj;out are in the component Cj but they may be twodistinct vertices. However there is a zero-cost edge in Gi joining them. Thus, using theseedges, we can form a path Px;y in Gi between every such pair Cx; Cy in P . We then take themodulo-two sum of all these paths2 and include this subgraph in the DCS solution.It is routine to verify that the set of edges identi�ed above form a valid solution to the DCSproblem and that the cost of this solution is at most OPTb. This completes the proof of Lemma6.3.6. 2Combining Lemmas 6.3.4, 6.3.5 and 6.3.6 gives Theorem 6.1.2.6.4 Extensions and an ApplicationIn this section, we show how to extend Theorem 6.1.2 proved in Section 6.3 and prove Theorems6.1.3, 6.1.4, and 6.1.5. Then we outline a proof of Theorem 6.1.8.Extension to generalized Steiner forestsWe now provide a proof of Theorem 6.1.3 We sketch the algorithm for the generalized Steinercase. The algorithm follows the same outline as the algorithm in Section 6.3. We highlight onlythe di�erences here. The main di�erence is that every vertex does not start out in a connectedcomponent that needs to be merged with all the others. Instead we introduce the notion of activecomponents, namely components that separate a site-pair. Thus, to begin with, each node in asite-pair is in an active component by itself.In constructing the auxiliary graph Gi, we add zero cost edges as before between nodes in thesame active component. We also add all the other graph edges between the nodes of V . This permitsthe use of paths in the graph G to connect up the active components in a DCS solution.We also modify the subgraph constructed at each iteration of the algorithm as follows: In aniteration with q active components, we add b q3c dummy nodes with zero cost edges to all the activecomponents in the auxiliary graph Gi. Even in this case, at least 2q3 of the active components willbe paired among themselves in the DCS solution found. This pairing reduces the number of activecomponents by q3 , ensuring that the number of iterations is still O(log(kb )) where k is the numberof nodes that are in site-pairs. The performance guarantee of the algorithm thus remains una�ectedby the modi�cation.We use this modi�cation in the auxiliary graph Gi to prove the existence of a feasible solutionto the DCS problem of value at most OPTb (Lemma 6.3.6) in each iteration. In the proof of Lemma6.3.6, we start with the optimal generalized Steiner forest and contract the active components to2An edge is in the modulo-two sum only if it occurs in an odd number of the paths that are being summed.86



single nodes. This may leave a forest where the active components are in several trees. Note thateach of these trees must contain at least two active components. We can apply Claim 6.3.2 only totrees with an even number of active components. However the total number of trees with an oddnumber of active components is at most b q3c since each such tree has at least two active components.To apply Claim 6.3.2 to such a tree, we consider the active components in the tree along with adummy node in Gi. Note that we have have included a su�cient number of dummy nodes to �ndsuch a pairing for all such trees. Thus we can derive Lemma 6.3.6 in this case as well.In the last iteration, when the number of active components falls to O(b), we run the ap-proximation algorithm for minimum-cost generalized Steiner forests [2] using the contracted activecomponents as sites. The maximumdegree of any node in this forest is O(b) and the cost is at mosttwice OPTb using the performance guarantee in [2]. Also, the �nal subgraph output has no activecomponent and so the �nal subgraph contains a generalized Steiner forest for the site-pairs. Theproof of the performance guarantee proceeds exactly as before. Note that the number of iterationsis now O(log(kb )) where k is the number of nodes in site-pairs. The rest of the proof is the same asbefore and this proves Theorem 6.1.3.We can generalize our algorithm to handle even more general network-design problems using theframework of proper functions introduced in Section 3.3. We formulate the network-design problemas before as that of �nding a cut-cover for a cut-family de�ned by a proper function f . Recall thatthe terminals are the nodes v of G such that f(fvg) = 1. We can generalize Theorem 6.1.3 forcut-cover problems de�ned by proper functions f as follows.Theorem 6.4.1 There is a polynomial-time algorithm that, given an undirected graph Gwith nonnegative costs on its edges, a proper function f de�ned on the node subsets of G,and a degree bound b, constructs a cut-cover for the family of cuts de�ned by f in which themaximum degree of any node is O(b log kb ) and the cost of the cover is O(log kb ) times thatof the minimum-cost cut cover for f with degree at most b. Here k represents the numberof terminals de�ned by f .The proof of the above theorem is identical to that of Theorem 6.1.3 with the only di�erencethat active components are now de�ned directly by the function f . It follows from the properties ofproper functions [60] that each active component must be connected with at least one other activecomponent in any solution. Hence adding b q3c dummy nodes as before in an iteration with q activecomponents is su�cient to derive a solution to the subgraph problem set up at each iteration usingthe optimal solution. The rest of the analysis is identical and proves Theorem 6.4.1.87



Arbitrary degree constraintsWe now describe how we can handle arbitrary degree speci�cations on the nodes and still �ndnetworks that approximately obey these degree constraints and are of nearly minimum cost underthis restriction.The key observation is that we can solve in polynomial time a more general degree constrainedminimum-cost subgraph problem than that described in Fact 6.3.1. In this general version of thef -factor problem [109], we are given upper and lower bounds on the value of a degree of each nodein the network and required to �nd a subgraph obeying these degree restrictions and has minimumpossible cost under these restrictions. To use these results, we form an auxiliary graph as in Section6.3 and instead of looking for a subgraph with degree at most 2b at the nodes of V , we set the upperbound on the degree of a vertex v 2 V as 2d(v). Using the optimal solution to the d-constrainedproblem, we can derive a solution to this problem that we set up during this iteration of cost at mostthe optimal. Since we can solve this more general problem in polynomial-time as well [38, 109, 138],we can obtain a solution of cost at most the optimal. The rest of the performance guarantee is thesame as before. To derive the O(logn) guarantee on the degree and the cost, we run this algorithmto completion until all the components have been joined in a spanning tree. This proved Theorem6.1.4.The extension of this result to more general one-connected networks like Steiner trees, general-ized Steiner trees and proper function cut-covers is immediate using techniques from the previoussubsection along with those described above.Approximating weighted-degree spanning treesIn this section, we describe how our techniques can be applied to approximate minimum weighted-degree spanning trees. The algorithm for �nding such an approximate solution follows the sameframework as the algorithm in Section 6.3.The algorithm works in O(logn) phases where n is the number of nodes in the input graph. Asbefore, to begin with, the solution subgraph is empty and each node is in a connected component.At each phase, we add edges between the components thus reducing the number of connectedcomponents in the current solution by a factor of half. We set up a minimum cost DCS problem toachieve this in Section 6.3. However for the special case of spanning trees, this reduces to a simpleminimum-cost 2b-matching algorithm in which we match the cluster nodes in C to nodes in V atminimum cost (using inter-cluster edges only). The added restriction is that we want the degree ofany node in V in this matching to be at most 2b.In the case of weighted spanning trees, letB� denote the minimumweighted-degree of a spanningtree for the graph. At each iteration we form the same auxiliary graph as before. Then we draw88



an analogy with a scheduling problem considered by Lenstra, Shmoys and Tardos [104] as follows.The cluster nodes are analogous to \jobs" while the nodes of V are analogous to \machines". Thecost of an inter-cluster edge between a cluster C and a node v is analogous to the processing time ofjob C on machine v. Under this analogy, considering the nodes of V as unrelated parallel machinesand minimizing the makespan of the jobs in C corresponds to matching each cluster (or job) nodewith a node v of V (or machine) such that the maximum total weight of matched edges incidenton any node v (makespan of machine v) is minimized. From the optimal solution with weighted-degree B�, it is easy to derive a schedule of makespan at most B�. Lenstra, Shmoys and Tardosdescribe a 2-approximation for the makespan problem. Thus using their algorithm as a subroutinein implementing an iteration, we can reduce the number of components by a half while incurring acost of at most B� in terms of weighted-degree at any node. This proves Theorem 6.1.5.The extension to �nding minimum-cost spanning trees while keeping the weighted-degree lowfollows by using a generalization of the result of Lenstra, Shmoys and Tardos by Shmoys and Tardos[140]. In this generalization, Shmoys and Tardos show that if there exists a schedule of cost C andmakespan T , one can obtain in polynomial time a schedule of cost at most C and makespan at most2T . Using this method as a subroutine in each phase of our algorithm, Theorem 6.1.6 follows.Better approximations for minimum-degree generalized Steiner forestsWe now show how to apply Theorem 6.1.3 to approximate the problem of �nding a minimum-degreegeneralized Steiner forest in an unweighted graph, and thus prove Theorem 6.1.8. We are given anundirected graph G with a set of site-pairs and we wish to �nd a generalized Steiner forest for thesite-pairs whose degree is nearly minimum.To do this, we introduce costs between every pair of nodes in G as follows: If there is an edgebetween u and v we assign the edge (u; v) unit cost. Otherwise, we assign the edge a very high costC (say, some number much larger than n2 where n is the number of nodes in G). Now we use thealgorithm in Theorem 6.1.3 on the graph G with these weights and with the same set of site-pairs.However we run this algorithm for all values of the degree bound from n down to 1. Let b� bethe minimum-degree of any generalized Steiner forest for the site-pairs in the input graph. Thenas long as the value of the degree bound is at least b�, the algorithm in Theorem 6.1.3 outputs aforest of degree O(b� log kb� ) where k is the number of nodes in site-pairs. Furthermore, the cost ofthis forest is O(n log kb� ) since there is a generalized Steiner forest (namely, the one with minimum-degree b�) whose cost is at most n � 1. Since edges not in G have excessive cost (exceeding n2),the generalized Steiner forest provided by the algorithm must use only edges in G. We run thealgorithm with decreasing values of the degree bound as long as we obtain a solution of cost lessthan n2, i.e., using only the original edges. We output the solution consisting of original edges withthe minimum degree among all the runs of our algorithm. From the discussion above, we know89



that when the degree bound is set to b� we will obtain a generalized Steiner forest using edges ofG of degree O(b� log kb� ). This proves Theorem 6.1.8. Note that we may speed things up by doinga binary search on the value of the degree bound to converge on the smallest value such that theoutput solution uses only original edges in G.6.5 The Node-weighted CaseIn this section, we present the algorithm for node-weighted networks and prove Theorem 6.1.7.The algorithm for node-weighted networksThe algorithmmaintains a set S of nodes and a set F of edges. Initially S contains all the terminalsand F is empty. During the course of the algorithm, the connected components of the graph (S; F )are node-disjoint trees containing all the terminals. De�ne a connected component of (S; F ) to beactive if it contains at least one terminal and does not contain at least one terminal.As in Section 6.3, the algorithm works in O(log(kb )) iterations. However, in each iteration,instead of a DCS problem we follow the approach in Chapter 4: we run a greedy algorithm tochoose a subgraph of small degree and node-cost whose addition to the current solution reduces thenumber of connected components of (S; F ) by a constant factor. As before, we use OPTb to denotethe minimum cost of any b-bounded Steiner tree of the input graph. In the algorithm, we use theterm \shortest path" between two vertices to mean the minimumnode-cost of any path between thevertices excluding the costs of these vertices.The Algorithm1 Initialize S to be the set of terminals, and F to be the empty set.2 Repeat while there are active components in (S; F )3 Let C be the set of active components of (S; F ). Let C = fC1 : : : ; Cqg where q = jCj. LetG0 := G.4 Repeat while the number of active components in (S; F ) is greater than 11q12 (If q = O(b),then we run this iteration until there are no active components.)5 Let V 0 be the nodes in G0.6 Construct an auxiliary complete bipartite graph H from G0 as follows.7 The node set of H is V 0 [ C. The cost of a node v is zero if v 2 S, otherwise it is asspeci�ed in the input graph G.8 The edge (v; Cj) in H is assigned cost c(v; Cj) equal to that of a shortest path from vto any node in Cj in G0. 90



9 Find a node v 2 V 0 in the graph H minimizing the ratiomin2�r�b+1 minfC1;:::;Crg�C c(v) +Prj=1 c(v; Cj)r10 Let v be the node and C1; : : : ; Cr be the components in C chosen in the previous step ofthe algorithm. Let P1; : : : ; Pr be a set of shortest paths in G0 connecting v to C1; : : : ; Crrespectively. Add an acyclic subgraph of [rj=1Pj to the current solution (S; F ) so as tomerge C1; C2; : : : ; Cr into one. Update C.11 For every node v 2 V 0, if the degree of the node using edges added in this iteration isbetween 2b and 3b, delete this node from G0. In the last iteration, i.e., when q = O(b),we ignore this step and delete no nodes from G0.12 The number of active components in (S; F ) is now at most 11q12 . We go on to the nextiteration.13 Output (S; F ) as the solution.It is easy to implement Step 9 as shown for the algorithm in Chapter 4. We repeat the argumenthere for completeness. For each node v, de�ne the quotient cost of v to be the minimumvalue of theratio in Step 9 achieved by this node. To �nd the quotient cost of v, we can order the componentsin C as C1; C2; C3; : : : in nondecreasing order of c(v; Cj). In computing the quotient cost of v, itis su�cient to consider subsets of C of the form fC1; C2; : : : ; Cjg where 2 � j � b+ 1. Thus thequotient cost for a given vertex can be computed in polynomial time; by computing the quotientcost for each vertex, we can determine the minimum quotient cost, and thus carry out Step 9 inpolynomial time.Performance guaranteeWe prove the performance guarantee using a series of lemmas. As in Section 6.3, the following twolemmas are immediate.Lemma 6.5.1 The number of iterations of the algorithm is O(log(kb )) where k is the numberof terminals.Lemma 6.5.2 At any iteration of the algorithm, the degree of any node due to edges addedin this iteration is O(b).Now we turn to the cost of the subgraph added in an iteration.Lemma 6.5.3 At any iteration of the algorithm except the last, the cost of the set of nodesadded to the solution in this iteration is O(OPTb).91



To bound the cost of nodes added in the last iteration, we notice that the number of activecomponents is O(b) at the beginning of this iteration. For this iteration, our algorithm reduces tothat in Chapter 4 for node-weighted Steiner trees with the active components as terminals. Henceusing Theorem 4.1.1 with the number of terminals being O(b), we arrive at the following bound onthe cost of nodes added in this iteration.Lemma 6.5.4 The cost of the set of nodes added to the solution in the last iteration isO(OPTb log b).We prove Lemma 6.5.3 in the remainder of this section.Proof of Lemma 6.5.3We prove an averaging lemma and use this in conjunction with a potential function argument due toLeighton and Rao [103] to prove Lemma 6.5.3. First we prove a simple lemma bounding the numberof nodes deleted from G0 in each iteration.Fix an iteration and let q denote the number of active components at the beginning of theiteration. In the beginning of this iteration, we initialize the graph G0 := G. During the course ofthis iteration, we may delete nodes from G0 in Step 11.Claim 6.5.5 At any iteration of the algorithm, the number of nodes deleted from G0 is atmost q2b .Proof: Assume for a contradiction that more than q2b nodes were deleted from G0 during thisiteration. By the condition for the deletion of a node in Step 11, each of the deleted nodes hasdegree at least 2b. Hence the sum of the degrees of all the deleted nodes is at least q. The ideaof the proof is to show that a large fraction of this degree contributes to merging the q activecomponents in this iteration, using the fact that the subgraph added in this iteration is acyclic.This allows us to derive a contradiction to the fact that the inner loop terminates when a smallfactor (i.e., q12 ) of the active components are merged using edges added in this iteration.We construct an auxiliary graph H(i) for this iteration i using edges added in the currentiteration i. Let the active components in the beginning of this iteration i be C1; C2; : : : ; Cq. Thenode set of H(i) is the set of clusters at the beginning of this iteration. Note that this includes allof C1; C2; : : :Cq as well as all the remaining inactive clusters. The set of edges in H(i) is the setof all edges added in Step 10 in this iteration. These edges form an acyclic subgraph on the set ofcluster nodes. Moreover, by the running of the algorithm, all the the leaves in this subgraph areactive components. A leaf in H(i) is thus one of the active components C1; : : : ; Cq.The set of nodes that are deleted fromG0 during the course of this iteration is exactly the set ofnodes in V whose degree in H(i) is at least 2b. We call such nodes deleted nodes. By assumption,92



there are more than q2b such nodes. We show that in this case, a large fraction of the q activecomponents in the beginning of this iteration would have merged on adding the edges in H(i).Denote the trees in H(i) that contain deleted nodes by H1; : : : ; Hz. Let dj denote the numberof deleted nodes in the tree Hj . By our assumption, we have Pzj=1 dj > q2b . By de�nition, thedegree of each deleted node is at least 2b and so the degrees of all the deleted nodes in Hj sum toat least 2bdj. The set of edges between these dj nodes contribute at most 2dj to this degree sinceHj is acyclic. Thus, the number of leaves in Hj is at least 2bdj(1 � 1b ) � bdj since b � 2. Notethat all these leaves are active components from the set fC1; : : : ; Cqg and the tree Hj merges thesecomponents together. Thus the decrease in the number of active components due to addition of theedges in Hj to the solution is at least bdj � 1 � bdj2 since bdj � 2.Summing over all the trees Hj , the decrease in the number of active components due to additionof edges in this iteration is zXj=1 bdj2 = b2 � zXj=1 dj > b2 � q2b � q4But this iteration terminates when more than q12 of the active components have been merged, givinga contradiction. Thus the total number of nodes deleted in G0 at any iteration beginning with qactive components is at most q2b . 2Spider decompositionsWe employ the notion of spider decompositions introduced in Chapter 4 in showing that the eachnode chosen in Step 9 has small quotient cost with respect to the optimal solution. We recall a fewde�nitions we introduced in Chapter 4.De�nitions: A spider is a tree with at most one node of degree greater than two. A center of aspider is a node from which there are node-disjoint paths (called legs) to the leaves of the spider.Note that if a spider has at least three leaves, its center is unique. A foot of a spider is a leaf, or, if thespider has at least three leaves, the spider's center. Thus every spider contains disjoint paths fromits center to all of its feet. A nontrivial spider is one with at least two leaves. Let G be a graph,and let M be a subset of its nodes. A spider decomposition of M in G is a set of node-disjointnontrivial spiders in G such that the union of the feet of the spiders in the decomposition containsM . We restate Theorem 4.3.1 below.Theorem 6.5.6 Let G be a connected graph, and let M be a subset of its nodes such thatjM j � 2. Then G contains a spider decomposition of M .93



An averaging lemmaLet v be a node chosen in Step 9 in this iteration and let C denote the cost of the subgraph addedsubsequently in Step 10. Let this subgraph merge r trees. We prove the following claim.Claim 6.5.7 r � 5Cq12OPTb (6.1)Proof: Let T � be a minimum-cost b-bounded Steiner tree. Let C1; : : : ; Cp be the active compo-nents when the node v was chosen. Let T �(v) be the graph obtained from T � by contracting eachCj to a supernode of zero cost. T �(v) is connected and contains all supernodes.Delete all edges incident to nodes in V � V 0 in T �(v). The number of nodes in V � V 0 is atmost q2b by Claim 6.5.5. Since any node has degree at most b in T �, the number of edges deletedfrom T �(v) is at most q2 . The deletion of these edges breaks T �(v) into many subtrees. But at leastp � q2 of the supernodes are in subtrees with at least two or more supernodes. Since p � 11q12 , atleast 5q12 supernodes are in such trees.Proposition 6.5.8 Let M denote the subset of supernodes that are in subtrees with two ormore supernodes. Then we have jM j � 5q12We apply Theorem 6.5.6 to each subtree of T �(v) with at least two supernodes to obtain a spiderdecomposition of M . We now compare the quotient cost of the node v chosen by the algorithmwith that of each spider in the decomposition. To do this however, the center of each spider in thedecomposition must be a real node (not a supernode) and the number of legs of each spider mustbe at most b+ 1.We can further partition a spider centered at a supernode into many nontrivial spiders eachcentered at a real node contained in this supernode such that the union of their feet contain the feetof the original spiders and the number of legs in each resulting spider is bounded. To do this, �rstconsider all the real nodes in the central supernode with at least two legs of the spider incident onthem. Each such real node can be made the center of a nontrivial spider with all the legs incident onit as the legs of this spider. Since the degree of any real node in T � is at most b, the number of legsof any such spider is at most b as well. If no legs remain after removing such legs from the spider,then we may add the central supernode as a foot of one of the spiders found. Otherwise, each of theremaining legs is incident to a di�erent real node in the supernode. We may arbitrarily partitionthese legs into classes with at most b legs in each class and use any real node by which a leg in thisclass is incident to the supernode as a center. Note that in the auxiliary graph H , the distance ofthe center to the foot of any leg is at most the cost of the nodes in the leg since all nodes insidethe central supernode have been assigned zero cost. Thus the distance of this center to the feet of94



all the legs in this class in the auxiliary graph H is at most the cost of the legs. These classes withtheir centers form spiders that we may use to compare with the subgraph chosen by the algorithm.As before, the central supernode can be included as a foot of one of these spiders. Let the centersof the resulting spider decomposition be the set of real nodes v1; : : : ; vt.For a spider with only two legs, i.e., a path, pick any node in the path as its center. Let `1; : : : ; `tdenote the number of nodes of M in each of these spiders respectively. Since every spider in thedecomposition is nontrivial and is derived as above, each `j is at least two and at most b + 1.Moreover, a spider with center vj induces a subset of the current active components, namely the `jcomponents whose supernodes belong to this spider. Let the cost of the spider centered at vj (i.e.,cost of vj plus the sum of the node-costs of the paths from vj to the `j components) be Costj .Then the quotient cost of vj in the auxiliary graph H constructed in this loop is at most Costj`j .Since the algorithm chooses a vertex of minimum quotient cost in H , for each spider in thedecomposition we have Costj`j � Cr . Summing over all the spiders in the cover yieldstXj=1Costj � Cr tXj=1 `j :Since the union of the feet of the spiders contains M , Ptj=1 `j � jM j � 5q12 by Proposition 6.5.8.Also Ptj=1Costj is exactly the cost of the spider decomposition, which is at most that of T �(v)which in turn is at mostOPTb. Substituting in the above equation and simplifying yields the Claim.2A potential function argumentNow we are ready to complete the proof of Lemma 6.5.3. Fix an iteration i and let the set of nodeschosen in Step 9 of the algorithm in this iteration be v1; : : :vf in the order in which they werechosen.Let �j denote the number of active components in the solution after choosing vertex vj in thisiteration. Thus, for instance, �0 = q, the number of active components at the beginning of thisiteration in (S; F ) and �f � 11q12 . Let the number of trees merged using vertex vj be rj . Then wehave �j = �j�1 � (rj � 1) (6.2)Let Cj denote the cost of the subgraph added by the algorithm in the step when vertex vj waschosen. Then by Claim 6.5.7, we haverj � 5Cjq12OPTb � 5Cj�j�112OPTb (6.3)95



We now use an analysis technique due to Leighton and Rao [103] to complete the proof as inChapter 4. Substituting Equation (6.3) into (6.2) and simplifying using rj � 2 gives�j � �j�1(1� 5Cj24OPTb ) (6.4)Unraveling (6.4), we obtain �f�1 � �0 f�1Yj=1(1� 5Cr24OPTb )Taking natural logarithms on both sides and simplifying using the approximation ln(1 + x) � x,we obtain 24OPTb5 ln( �0�f�1 ) � f�1Xj=1 CjNote that �0 = q and �f�1 > 11q12 and so we havef�1Xj=1 Cj < 5OPTb ln 1211 = O(OPTb) (6.5)Note that the cost of the nodes added in this iteration is exactly the sumPfj=1 Cj.To complete the proof, we bound the cost of the subgraph associated with vf , the last nodechosen in this iteration. Using Claim 6.5.7 and noting that rf � q we haveCf � 12OPTb5Using the above equation and (6.5), we have that the cost of the set of nodes added in this iterationis fXj=1Cj = O(OPTb)This proves Lemma 6.5.3.Lemmas 6.5.1, 6.5.2, 6.5.3 and 6.5.4 together prove the performance guarantee in Theorem 6.1.7.The extension of Theorem 6.1.7 to generalized Steiner forests and proper function cut-covers isimmediate and follows the same outline as above. The only additional issue is that in the proof ofthe performance guarantee of the cost of the subgraph added in each iteration, the optimal solutionis a forest instead of a single tree. Using the fact that each tree in the forest must contain at leasttwo active components, we can infer that this forest contains at least as many edges as half thenumber of active components. This observation is su�cient to prove a modi�ed version of Claim6.5.7 with slightly worse constants. The rest of the analysis is identical.96



6.6 Algorithms under Triangle InequalityIn this section, we introduce the short-cutting technique used in proving Theorem 6.1.9. First, wereview the short-cutting method introduced in [137].Short-cutting for TSPRosenkrantz, Stearns and Lewis [137] introduced a simple short-cutting technique for obtaining aTSP tour of a graph with edge-costs obeying the triangle inequality. We review this method brie
y.First note that the cost of a TSP tour is at least as much as that of a minimum spanning tree ofthe graph. We start with an MST and duplicate each edge in it. The resulting multigraph has anEuler tour since each vertex has an even degree. The Euler tour can be converted to a TSP tourby starting at an arbitrary vertex, traversing the nodes in the order of the Euler tour and includingeach vertex in the TSP tour at the �rst instance it is visited in this traversal. This corresponds toadding short-cut edges over paths composed of already visited nodes in the Euler tour. By triangleinequality, the cost of the TSP tour so obtained is no more than the cost of the Euler tour which isin turn at most twice the cost of the MST.Deleting a single edge (say the costliest) from this tour gives a spanning tree of maximumdegreetwo, and of total cost at most twice the MST. However, it falls short in two ways in addressing ourproblem in Theorem 6.1.9. First, the approximation bound cannot be improved for higher valuesof the degree bound b, and secondly, since the short-cuts may represent arbitrarily long paths, nobound can be proven on the bottleneck cost of the tree so obtained. We provide a short-cuttingmethod that recti�es these shortcomings. We present below the approximation algorithm referredto in Theorem 6.1.9.The algorithm for an approximate b-MSTInput: An undirected graph with edge-costs satisfying the triangle inequality and a degree boundb � 3.Output: A spanning tree in which the maximum degree of any node is b.1 Find an MST of the given graph [4, 98, 127]. Root the spanning tree at any node r of degreeat least two.2 Partition the edges of the tree into \claws", namely, sets of edges going from every internalnode to its children in the tree. Sort the edges in every claw in the order of non-decreasingcost. Thus if a typical internal node v has children v1; v2; : : : ; vd then for 1 � i < d, thecosts obey c(v; vi) � c(v; vi+1).3 We short-cut each claw locally by replacing edges from the internal node to its �rst (d �97



r rFigure 6.2: An example of the short-cutting algorithm for �nding a spanning tree of smallcost, degree and bottleneck cost. The edges to the children from every internal node aredrawn from left to right in nondecreasing order of cost. The tree on the right results onapplying th algorithm with b = 3.b + 2) children except the very �rst child, with edges between consecutive children. Thusif an internal node v has d children in the tree and d > (b � 1), then replace the edges(v; v2); (v; v3); : : : ; (v; vd�b+2) in the tree with the set of edges (v1; v2); (v2; v3); : : : ; (vd�b+1; vd�b+2).4 Output the resulting spanning tree.An example of the running of the algorithm is shown in Figure 6.2.Proof of the b-MST TheoremWe prove that the above algorithm outputs a spanning tree with the properties in Theorem 6.1.9.It is easy to see that the short-cutting above produces a spanning tree. Since the local short-cutting at a vertex reduces the degree of a vertex from d+ 1 by removing exactly d� b+ 1 edgesincident on it, the degree of any node in the output spanning tree is at most b as required.The following facts are immediate.Fact 6.6.1 ([20]) Any minimum spanning tree of an undirected graph is also a minimumbottleneck spanning tree, namely, one in which the cost of the maximum edge is minimum.Observation 6.6.2 For any b � 2, the cost of any b-bounded spanning tree is at least asmuch as that of the MST.Observation 6.6.3 For any b � 2, the bottleneck cost of any b-bounded spanning tree is atleast as much as that of the minimum bottleneck cost spanning tree.Let r denote the node chosen as the root by the algorithm. The algorithm partitions the edgesof the MST into claws. Let T denote the tree output by the algorithm. For any set E 0 of edges, letc(E 0) denote the sum of the costs of all the edges in E 0. We have the following relations.c(MST ) = Xv : v is not a leaf of the MST c(claw(v)):98



For the solution T , we havec(T ) = Xv : v is not a leaf of the MST[c(claw(v))� d�b+2Xi=2 c(v; vi) + d�b+2Xi=2 c(vi�1; vi)]:By triangle inequality on the costs c, we havec(vi�1; vi) � c(vi�1; v) + c(v; vi) � 2c(v; vi)The last inequality follows from the way we ordered the edges in each claw in non-decreasing orderof costs. Putting the above three equations together, we get the following bound on the cost of theoutput tree T . c(T )c(MST ) � (2� (b� 2)(n� 1)):Combining this with Observation 6.6.2 above proves the bound on the cost of the tree output bythe algorithm.We now complete proof by proving the bound of two on the bottleneck cost. By the Fact 6.6.1,the MST found in the �rst step of the algorithm is also an optimum bottleneck spanning tree. Sinceeach short-cut used in forming the output tree T is made of at most two edges, the bottleneck costof T is at most twice that of the MST. Since the bottleneck cost of any b-bounded spanning tree isat least as much as that of the bottleneck spanning tree by Observation 6.6.3, the resulting tree hasbottleneck cost at most twice optimum.The algorithm for TSPsThe algorithm used in proving Theorem 6.1.10 is based on a recursive short-cutting procedure thatuses edges from the cube of the minimum spanning tree of the graph. Let T be a MST of the inputgraph. We denote by T 3 the set of edges between pairs of nodes of T that are at a distance of atmost three from each other in T .Lemma 6.6.4 Let G be an edge-weighted graph with the weights obeying the triangle in-equality. Let T be a spanning tree of G rooted at r and of weight w(T ) and let c be oneof the children of r in T . Then there exist a Hamiltonian path in G from r to c of cost atmost 2w(T )� w(r; c) in which all the edges are in T 3. Here w(r; c) denoted the weight ofthe edge (r; c).Proof: The proof of the lemma is by induction on the number of nodes in G. The basis when thereare two nodes in G is trivial.To prove the induction step, assume that T is a tree on n nodes. Let the children of the root rin T be r1(= c); :::; rk. Consider the subtree Ti rooted at ri. By the induction hypothesis, there99
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Figure 6.3: The recursive short-cutting procedure for obtaining a Hamiltonian path fromthe root of a tree to one of its children using only edges from the cube of the tree and havingcost at most twice the cost of the tree.exists Hamiltonian paths from each ri to ci of weight at most 2w(Ti)�w(ri; ci). We can now stringthese paths together to obtain a Hamiltonian path from r1(= c) to r as follows. Starting from r1,we follow the path in T1 to c1, followed by the edge (c1; r2) in T 3, continuing this way in each ofT2; :::Tk and �nally add the edge (rk; r) to end in r (See Figure 6.3). The extra edges we used are(ci; ri+1) 8i; all these extra edges are in T 3. Furthermore the weight of the Hamiltonian path weidenti�ed is kXi=1(2w(Ti)� w(ci; ri)) + k�1Xi=1 w(ci; ri+1) + w(r; rk):By the triangle inequality,w(ci; ri+1) � w(ci; ri) + w(ri; r) + w(r; ri+1):Substituting above and simplifying using w(T ) = Pi(w(Ti) + w(r; ri)) �nally yields that theweight of the Hamiltonian path identi�ed is at most2w(T )� w(r; r1)as desired. 2The above lemma gives a natural recursive algorithm for �nding a TSP with the bounds asin Theorem 6.1.10. We can apply the lemma to a rooted MST of the input graph and �nd aHamiltonian path from the root to one of its children. Adding the edge from the root to this childto the Hamiltonian path gives a TSP of cost at most twice that of the MST. The bound on thebottleneck cost follows from Observation 6.6.3 and the property that we used only edges from thecube of the MST in forming the tour. This completes the proof of Theorem 6.1.10.100



Higher connectivitiesNow we are ready to prove Theorem 6.1.11 in its full generality. The starting point is the TSP tourobtained in Theorem 6.1.10. Let c� and b� denote the cost of an MST and the optimum bottleneckcost of a spanning tree of the input graph. By Theorem 6.1.10, we can obtain a TSP tour T ofcost c(T ) and bottleneck cost b(T ) such that c(T ) � 2c� and b(T ) � 3b�. Let the vertices inthis tour be numbered v1; v2; : : : ; vn. Now, we add extra edges to this cycle as follows: Add edgesjoining any two vertices that are within a distance dk2e of each other in the cycle (distance in termsof number of edges: reachable using a path of at most k edges). It is not hard to see that this graphis k-vertex-connected. The degree of every node in this graph is at most k+1. Since each short-cutemployed replaces a path of at most k2 edges, the bottleneck cost goes up by this factor. This provesthat the bottleneck cost of this subgraph is within 3 � dk2e of optimal.The total cost of the graph obtained this way is k(k+2)4 times that of the TSP tour T that westarted with. This in turn is at most k(k+2)c�2 . However, we can apply an approximate min-maxrelation between a MST and a packing of cuts in the graph that is derived in [2, 60] in proving abetter performance guarantee of k+2 for the total cost. In particular, if OPTk denotes the cost ofa minimum k-connected subgraph, we show that OPTk � kc�2 . This would prove that the cost ofthe k-connected subgraph output by our algorithm is at most (k + 2)OPTk as claimed in 6.1.11 3It remains to prove that OPTk � kc�2 . We do this in the remainder of this section. For this weneed to recall a Theorem from Section 2.5 in Chapter 2. Recall that a (fractional) packing of cuts isa family of cuts �(W1);�(W2); : : : ;�(Wk), together with a rational weight for each cut with thefollowing property: for each edge (u; v) of weight w(u; v), the sum of the weights of all the cuts inthis collection containing the edge is at most w(u; v). The following is a restatement of Theorem2.5.1 and is a consequence of the results in [2, 60].Theorem 6.6.5 Given an undirected graph with edge-weights, the minimum-weight span-ning tree has weight at most twice the value of a maximum packing of cuts.Note that any k-connected spanning subgraph must have at least k edges crossing any cut sincethis subgraph has k disjoint connections between every pair of vertices. Thus we have the followinglemma.Lemma 6.6.6 The weight of any k-connected subgraph is at least k times as much as thevalue of a maximum packing of cuts.Applying the above lemma to the optimum k-connected subgraph of cost OPTk and combiningwith Theorem 2.5.1 above we conclude that that OPTk � kc�2 .3For k odd, taking the ceiling gives that the total cost of the subgraph is at most (k+1)(k+3)4 times that ofthe TSP tour. Using the similar argument, the �nal bound for this case is (k+1)(k+3)k . We chose to presentthe cleaner though not completely correct bound in the statement of Theorem 6.1.11.101



6.7 Hardness ResultsIn this section we sketch related NP-completeness results and some simple hardness results that fallout of them. Then, we examine approximation of Steiner trees under multiple objectives.NP-completenessIn this subsection, we prove NP-completeness of the problems we considered. Though the minimumspanning tree and the minimum bottleneck spanning tree problems are polynomially solvable (infact coincidentally by the same algorithm!), the degree bounded versions of these problems thatwe consider in this paper are NP-hard. In these versions, the maximum degree of any node in thespanning tree is required to be bounded by an integer b where 2 � b � n1�� for any constant � > 0.Theorem 6.7.1 The following problems are NP-complete:� (b-bounded minimum spanning tree) Given an undirected graph on n nodes and adegree bound b such that 2 � b � n1�� for some constant � > 0, �nd a minimum-costspanning tree of G in which the maximum degree of any node is at most b.� (b-bounded bottleneck spanning tree) Given an undirected graph on n nodes and adegree bound b such that 2 � b � n1�� for some constant � > 0, �nd a spanning tree ofG in which the maximum degree of any node is at most b and in which the maximumcost of any edge is minimum.Proof Sketch: First of all, it is easy to see that case b = 2 is hard for both the above problems,by a reduction from the Hamiltonian path problem. Given a graph in which we wish to �nd aHamiltonian path, we can assign unit edge cost to all the edges in the graph and a cost of two toedges not in the graph. The resulting edge-weighted graph has a 2-bounded MST of cost (n � 1)if and only if the original graph is Hamiltonian. Furthermore this edge-weighted graph has a 2-bounded bottleneck spanning tree of cost one if and only if the original graph is Hamiltonian. Notethat the edge-costs we assigned satisfy the triangle inequality, so the problem is hard even in thecase of a graph with such a special cost function.Now we can handle the more general case of b = n1�� for any �xed � > 0. To do this, wetransform the problem of determining if there is a Hamiltonian path from vertex u to vertex v inan undirected graph to this problem as follows: For each of u and v, add hb � 1 additional nodesto the graph u1; : : : ; uhb�1; v1; : : : ; vhb�1. Add edges (u; ui) and (v; vi) for all 1 � i � (hb � 1).For every other vertex w in the graph, add hb � 2 additional vertices w1; : : : ; whb�2 and edges(w;wi) for 1 � i � (hb � 2). The resulting graph has the property that any of the newly addedvertices xi has a single incident edge in the graph. Hence in any spanning tree, xi is adjacent to the102



corresponding vertex x. Thus this graph has a hb-bounded spanning tree if and only if the originalgraph has a Hamiltonian path from u to v. Note that the number of vertices in the resulting graphis about hb � n. We require hb = (n � hb)�. Solving gives hb = n 1��� . Thus the transformation ispolynomial-size for any �xed � > 0.2Hardness of approximationTheorem 6.7.2 Let G be an undirected graph with nonnegative costs on the edges and letR be a �xed rational number such that R � 1. The following problems are NP-hard.� Given an integer b � 2 (the bound on the degree), �nd a spanning tree of G whosemaximum degree is at most b and whose total cost is at most R times that of aminimum-cost degree-b-bounded spanning tree of G.� Given an integer b � 2 (the bound on the degree), �nd a spanning tree of G whosemaximum degree is at most b and for which the maximum cost of any edge in thetree (sometimes referred to as the bottleneck cost) is at most R times the minimumbottleneck cost of any degree-b-bounded spanning tree of G.� Let the costs on the edges obey the triangle inequality and let R < 2. Given an integerb � 2 (the bound on the degree), �nd a spanning tree of G whose maximum degree isat most b and for which the bottleneck cost of the tree is at most R times the minimumbottleneck cost of any degree-b-bounded spanning tree of G.Proof Sketch: When the cost function does not obey the triangle inequality, the proof of theTheorem 6.7.1 can be turned into a non-approximability proof for any ratio R � 1. To do this, wecan simply set the cost of any edge not in the original graph to R(n � 1) for the b-bounded MSTproblem and to R for the b-bounded bottleneck spanning tree problem. The cost of a b-boundedMST in the resulting graph is exactly (n � 1) if the original graph is Hamiltonian and is at leastR(n � 1) if it is not. Similarly, the maximum cost of any edge in a b-bounded spanning tree inthis graph is at most one if the original graph is Hamiltonian and is at least R otherwise. Thusany approximation algorithm with performance ratio less than R would be able to recognize if theoriginal graph is Hamiltonian. This proves the �rst two parts of Theorem 6.7.2.To prove the last part, we use the cost assignment as in the proof of Theorem 6.7.1 above thatobeys the triangle inequality. Under this assignment, the maximum cost of any edge in any b-bounded spanning tree of the resulting graph is at most one if the original graph is Hamiltonian andis at least two otherwise. Hence an approximation algorithm with performance ratio less than two103



in this case would be able to recognize Hamiltonian graphs. This completes the proof of Theorem6.7.2. 2Triangle inequality: One-connected extensionsIn this section we prove the following results on approximating both bottleneck cost and total costof Steiner trees with respect to the respective optima.Proposition 6.7.3 We can construct an undirected graph G with nonnegative costs on theedges such that the costs obey the triangle inequality and identify a subset of the nodes ofG as terminals, such that the following is true: For any tree T , let c(T ) and b(T ) denotethe total edge-cost and the bottleneck cost of T respectively. Let c� and b� represent theminimum total cost and minimum bottleneck cost of any Steiner tree of G spanning theterminals. Then for every Steiner tree T spanning the terminals,c(T ) � b(T )c� � b� � pnwhere n is the number of nodes in G.Proof: The example illustrating the Proposition is described below. The graph has n nodes andconsists of two terminal vertices t1 and t2 with an edge of cost pn between them. There is also apath consisting of all the remaining n � 2 nodes between t1 and t2. Each of the (n � 1) edges inthis path has unit cost. All the other edge costs in the graph are as implied by these edges and thetriangle-inequality. The minimum-cost Steiner tree T1 connecting t1 and t2 consists of the singleedge (t1; t2) of cost pn. The optimal bottleneck Steiner tree T2 consists of the path between t1 andt2 of the remaining n� 2 vertices. This Steiner tree has bottleneck cost of one. Now the bottleneckcost of the tree T1 is pn which is pn times the optimal value. Similarly, the tree T2 has total cost(n � 1) which is about pn times the minimum possible. It is easy to check that any other pathconnecting t1 and t2 also exhibits the trade-o� implied in Proposition 6.7.3. 2We also prove a theorem to show that the bound above is algorithmically achievable within aconstant factor.Theorem 6.7.4 Let G be an undirected graph with nonnegative costs on the edges suchthat the costs obey the triangle inequality, and let a subset of the nodes of G be speci�edas terminals. For any tree T , let c(T ) and b(T ) denote the total edge-cost and the bottle-neck cost of T respectively. Let c� and b� represent the minimum total cost and minimumbottleneck cost of any Steiner tree of G spanning the terminals. Let Rs denote the ratio ofapproximation achievable for the minimum-cost Steiner tree problem by a polynomial-time104



heuristic. Then we can �nd in polynomial-time a Steiner tree T 0 spanning the terminalssuch that c(T 0) � b(T 0)c� � b� � Rspn (6.6)where n is the number of nodes in G.Currently, the best known values of Rs are 169 using the techniques of Zelikovsky [164] and Bermanand Ramaiyer [15].Proof: The algorithm for computing the Steiner tree which simultaneously minimizes the prod-uct of the total cost and the bottleneck cost given in the ratio (6.6) is simply this: Compute anapproximately minimum-cost Steiner tree using any of the known algorithms [164, 15]. Let thisheuristic guarantee a solution which comes to within Rs of the minimum-cost Steiner tree. Call thistree T1. Let c(T1) and b(T1) denote the total edge cost and the bottleneck cost of the tree. Nextwe construct a Steiner tree whose bottleneck cost is optimal. To do this, we simply add edges inthe graph in the increasing order of cost and stop when all the terminals are in a single connectedcomponent. Clearly any spanning tree of this component has minimum bottleneck cost. Call thistree T2. Choose one of the two trees T1 or T2 that yields a lower product for the total edge costand the bottleneck cost. Call this tree T 0.Case 1: T 0 = T1. Since the bottleneck cost of a tree can be no more than the total edge cost ofthe tree, we have c(T1) � b(T1) � Rsc� �Rsc�. Thusc(T1) � b(T1)c� � b� � R2sc�b�Case 2: T 0 = T2. Since the total cost of any tree in no more than n times the bottleneck cost, wehave that c(T2) � b(T2) � n � b� � b� and soc(T2) � b(T2)c� � b� � b� � nc�Since we selected the tree which has a lesser product of total and bottleneck costs it follows that theworst case performance ratio is less than Rspn since for any � � 1,min(n� ; Rs � �) � Rspn:2 This chapter completes our study of network-design problems with minimization objectives. Inthe next chapter, we turn to a maximization problem that arises in �nding trees with a large numberof pendant vertices. 105



Chapter 7Maximum-leaf Spanning Trees7.1 IntroductionIn this chapter we turn to a maximization problem arising in the design of spanning trees. Givena simple, undirected graph G = (V;E), suppose we wish to �nd a spanning tree of G with themaximum number of leaves. This problem �nds applications in communication networks, circuitlayouts and in other graph-theoretic problems [145]. An interesting application is mentioned in[124]: In [32], E. W. Dijkstra studied the problem of self-stabilizing a set of processors in thepresence of distributed control and proposed a solution based on mutual exclusion. A variant ofthis solution [149] seeks a spanning tree of a graph such that the product of the degrees of all thenodes in the tree is minimum. We can use a spanning tree with the maximum number of leaves asa heuristic solution (with no guarantees) for the latter problem.The maximum-leaf spanning tree problem is NP-complete [53]. In this chapter, we use thesimple technique of local optimization to provide the �rst approximation algorithms for this problem.These algorithms perform a series of local-improvement steps until a local optimum is reached andoutput a locally optimal solution. This notion of applying local-improvement heuristics to hardoptimization problems was around [30] long before the invention of NP-completeness [83]. It hasbeen applied heuristically to solve a variety of NP-hard problems in combinatorial optimization [121].As we mentioned in Section 1.10, a recent breakthrough in this area was the work of F�urer andRaghavachari [50], who applied this technique to the minimum-degree spanning tree problem. Theyshowed a version of a local optimization algorithm runs in polynomial time to produce near-optimalsolutions. The work in this chapter is inspired by that of F�urer and Raghavachari. We demonstratethat local optimization can be used to design polynomial-time approximation algorithms for themaximum-leaf spanning tree problem. Our algorithms output spanning trees with as many leavesas at least a constant fraction of the maximum. The results in this chapter were obtained jointlywith Hsueh-I Lu, and appeared in [111]. 106



Our algorithms perform local changes that increase the number of leaves in the resulting spanningtree. For the problem at hand, there is a natural notion of such a local change, namely, swapping atree edge for a non-tree edge. This notion can be extended to include swapping many tree edges foran equal number of non-tree edges in a single local change operation. Our algorithms perform suchlocal changes that increase the number of leaves until no improvement in the solution is possibleand output a locally optimal solution as the approximate solution.By varying the limit on the number of tree edges that can participate in a single local changeoperation, we derive a series of approximation algorithms. Increasing this limit corresponds toallowing for more powerful local improvement steps. Thus, the higher this limit is, the higher is therunning time of the corresponding algorithm. A local change operation involving at most k tree edgesis termed a k-change. Thus k-changes are costlier to implement than (k � 1)-changes. Intuitivelywe expect that an algorithm using k-changes would perform better than an algorithm using only(k � 1)-changes. In this chapter, we corroborate this intuition and prove that local improvementalgorithms that use 1-changes and 2-changes have performance ratios of 5 and 3 respectively. Thefollowing are the main results in this chapter.Theorem 7.1.1 There is an O(n4) algorithm using 1-changes for �nding a spanning treeof any simple, undirected graph G on n nodes such that the number of leaves in this spanningtree is at least as many as a �fth of the number of leaves in any spanning tree of G.Theorem 7.1.2 There is an O(n7) algorithm using 2-changes for �nding a spanning tree ofany simple, undirected graph G with n nodes such that the number of leaves in this spanningtree is at least as many as a third of the number of leaves in any spanning tree of G.We prove that the running time of the approximation algorithm using k-changes increases withk as follows.Lemma 7.1.3 The running time of the approximation algorithm using k-changes on agraph with n nodes is O(n3k+1).The pattern exhibited in Theorems 7.1.1 and 7.1.2 lead us to conjecture that there is a trade-o�between the running times and the performance ratios exhibited in the series of algorithms we havede�ned.Conjecture 7.1.4 The performance of the approximation algorithm using k-changes isstrictly better than that of the algorithm using (k� 1)-changes.In the next section, we survey related work. Then we describe the approximation algorithmsafter introducing relevant de�nitions. In the following section, we illustrate our proof techniqueby providing a rough bound on the performance guarantee. In the subsequent sections, we proveTheorems 7.1.1 and 7.1.2. We close this chapter with some remarks on related problems.107



7.2 Related WorkThe technique of local optimization has been applied to provide heuristic solutions for a varietyof hard problems in combinatorial optimization. Chapter 19 of [121] surveys a few applications ofthis technique. Some notable examples are its applications to the graph partitioning [84] and theTraveling Salesperson problems [102]. A number of complexity results relating to the paradigm oflocal optimality and the time complexity of computing a locally optimal solution are presented in[80, 120]. In this work, we are interested in the application of local search techniques to designe�cient approximation algorithms, namely, those that run in polynomial time and provide provablygood solutions with values close to that of the optimum.F�urer and Raghavachari [50] showed such an application of local search to the problem of com-puting a spanning tree of a given graph whose maximum degree is minimum. This is termed theminimum-degree spanning tree problem and is NP-complete [53]. F�urer and Raghavachari showthat local optimization can be applied to produce spanning trees and even Steiner trees of nearlyminimum degree. We showed in Chapter 5 how to generalize their technique to obtain approxima-tion algorithms for a variety of minimum-degree network-design problems. In this chapter, we addto the list of problems that are amenable to good approximate solutions by local-search methods.Previous work on �nding spanning trees with many leaves have focused on graphs with minimumdegree at least k for some �xed k � 3. For such graphs, good lower bounds on the number of leavesachievable in a spanning tree are derived in [67, 92, 124, 145]. These lower bounds are typicallyproved algorithmically by constructing a spanning tree with the desired number of leaves. Thusthese algorithms can be interpreted as approximation algorithms for the maximum-leaf spanningtree problem for special classes of graphs in which the minimum degree of a node is at least k.However, to the best of our knowledge, no previous approximation algorithms for this problemare known in the general case that we consider in this chapter. The best-known lower bound forthe number of leaves achievable in a spanning tree of a n-node graph with minimum degree k is(1� b lnk=k)n where b is any constant exceeding 2.5 and k is su�ciently large [92]. The best lowerbounds for the cases k = 3 and 4 are n=4 and 2n=5 respectively [92].There has also been work on polynomial-time solutions to the problem of determining if a givengraph has a spanning tree with at least k leaves for �xed k. The �rst such algorithm was due toFellows and Langston [42]. The running time of their algorithm was improved by Bodlaender [17].7.3 De�nitionsIn this section, we introduce some de�nitions that we use throughout this chapter. The followingde�nitions are relevant to any spanning tree of the input simple graph G. Henceforth we shall use108



the term degree of a node to refer to its degree in the tree under consideration. Thus leaves are justnodes of degree one. A node is internal if it is not a leaf. We call a node of degree greater than twoa high-degree node. A leaf is special if it is adjacent in the tree to a high-degree node. All otherleaves are termed normal . Thus normal leaves are exactly the leaves that are adjacent to nodes ofdegree two in the tree. A maximal tree path containing only nodes of degree two is called a 2-path.Its length is the number of nodes in it. A 2-path is short if its length is one; otherwise it is long .We shall sometimes refer to an edge e = (u; v) as an edge between u and v. We say a node v isenclosed by a non-tree edge e if the node v is not an endpoint of e and is in the unique tree cycleclosed by e.We use �(T ) to denote the number of leaves in a spanning tree T . We omit the T where it isunderstood. We use ni to denote the number of nodes of degree i. We de�ne Ni = Pj�i nj , thenumber of nodes with degree at least i. Thus for instance, N3 is the number of high-degree nodes,and N1 = n, the total number of nodes in the graph. The number of short and long 2-paths aredenoted by P` and Ps, respectively. Let �s and �n be the number of special and normal leaves,respectively.Contracting all the 2-paths in a tree to single edges and bounding the number of internal nodes(each resulting internal node has degree at least 3) in this contracted tree by the number of leaves,we arrive at the following observation.Observation 7.3.1 The number of high-degree nodes in a tree is at most the number ofleaves in the tree minus two. In other words, N3 � �� 2:By discarding special leaves along with their incident edges from a tree, contracting all 2-pathsto single edges and bounding the number of contracted edges in the resulting tree by the number ofnodes, we have the following. P` + Ps � N3 + �n � 1: (7.1)From Equation 7.1 and Observation 7.3.1, we have the following.Observation 7.3.2 The number of 2-paths in any tree is at most twice the number of leavesin the tree, i.e., P` + Ps � 2�� 3:7.4 The AlgorithmIn this section, we formally de�ne k-changes and describe the approximation algorithms.109
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Figure 7.1: Examples of local improvements. In (a), the tree T is shown in dark lines andthe non-tree edges are dotted. The change (e; f) is a 1-improvement to T resulting in T1with one more leaf as shown in (b). T1 does not admit any 1-improvement but admits the2-improvement (e1; e2; f1; f2) to give T2 shown in (c).Edge Changes, Improvements and LOTsOur algorithm starts with an arbitrary spanning tree T of the given graph G. Let e = (u; v) be anedge in G� T and let f be an edge in the unique path connecting u and v in T . We call makinge a tree edge and f a non-tree edge an (edge) change (e; f) with respect to T . The spanning treeobtained by applying change (e; f) to T is denoted by T (e; f). If T (e; f) has more leaves than T ,then we call the change (e; f) an improvement.We can generalize the notion of performing single edge swaps to allow for multiple edge swapsin a single change step. Suppose e0 = e, f0 = f , and T0 = T . Let Ti+1 denote Ti(ei; fi), where(ei; fi) is a change with respect to Ti for 0 � i < j. We use T (e0; e1; : : : ; ej�1; f0; f1; : : : ; fj�1)to denote Tj . We de�ne (e0; e1; : : : ; ej�1; f0; f1; : : : ; fj�1)to be a k-change with respect to T , for any k � j. A k-change with respect to a spanning tree Tis a k-improvement if the resulting spanning tree on applying the k-change has more leaves thanT . Note that a k-change is stronger than k 1-changes. It is a batched version of any sequenceof k 1-changes. In Figure 7.1, we illustrate a spanning tree T that admits a 1-improvement. Onapplying the 1-improvement we get a spanning tree T1 that does not admit a 1-improvement buthas a 2-improvement.A k-locally optimal tree (k-LOT) of a given graph G is a spanning tree that does not admitany k-improvement. By de�nition, an i-LOT is also a j-LOT for any j � i. Since a spanning treehas exactly n � 1 edges, an optimal spanning tree with the maximum number of leaves is just a(n� 1)-LOT. 110



Input A simple undirected graph G and an integer k � 1.Output A k-LOT T of G.1. Find a spanning tree T of G.2. While there exists a k-improvement with respect to T doLet T be the tree obtained by applying the improvement to T .Figure 7.2: The approximation algorithm.The Algorithm and TerminationOur idea is simply to use k-LOTs to approximate the maximum-leaf spanning tree for small valuesof k.The approximation algorithm is shown in Figure 7.2. We start with an arbitrary spanning treeand keep applying k-improvements to the current spanning tree until this spanning tree is a k-LOT. Clearly, the second step dominates the time complexity. Whether a spanning tree is a k-LOTcan be decided in polynomial time for constant k, since a spanning tree cannot have more than�(n2)�n+1k � � �n�1k � k-changes. The algorithm itself has no more than n � 3 iterations because thenumber of leaves should be at least 2 to begin with and at most n � 1 in the end and this numberincreases with every iteration. Therefore, the running time to obtain a k-LOT is O(n3k+1) whichis a polynomial in n for constant k. This proves Lemma 7.1.3.Our major concern is the performance guarantee of this approximation algorithm. In otherwords, how much less can the number of leaves in a k-LOT be than that of the optimum? In thefollowing sections we shall prove that the performance ratios of 1-LOTs and 2-LOTs are 5 and 3,respectively. However, we believe that 2-LOTs have a better performance ratio than what we prove.7.5 Proof of a Rough BoundIn this section, we illustrate our proof method by proving a rough bound on the performance ratioof 1-LOTs. We begin by examining a few basic properties that are useful in proving the bounds.Basic PropertiesBy de�nition, a 1-LOT has the following properties (See Figure 7.3).P1 In a 1-LOT T , any cycle formed by adding a non-tree edge between a leaf and an internal nodedoes not enclose two adjacent nodes of degree two in T .P2 In a 1-LOT T , there is no non-tree edge between a normal leaf and an internal node.111



e

f

violates P1

f

ee

violates P3violates P2

feFigure 7.3: Illustrating properties P1, P2 and P3 for 1-LOTs. In the above �gure, darkedges represent tree edges and the dashed edge is a non-tree edge violating one of theproperties P1, P2 or P3. In all the above �gures, a 1-improvement (e; f) can be identi�ed.P3 In a 1-LOT T , any cycle formed by adding a non-tree edge between two internal nodes doesnot enclose a node of degree two in T .The following lemma shows that P1, P2 and P3 together are su�cient conditions for 1-optimality.Lemma 7.5.1 A tree is a 1-LOT of a given graph if it satis�es P1, P2 and P3.Proof We prove the contrapositive and show that if a spanning tree is not a 1-LOT then it violatesone of P1, P2 or P3. If a spanning tree is not a 1-LOT then there exists a 1-improvement for thisspanning tree. It is easy to see that any non-tree edge incident on two leaves cannot be involved inany 1-improvement. So any non-tree edge involved in a 1-improvement must be an edge between aninternal node and a leaf or an edge between two internal nodes. In the �rst case, the tree violateseither property P1 or P2 and in the second case, it violates P3. 2Any 2-path in a spanning tree partitions the remaining nodes of the tree into two pieces on itsremoval. We refer to the sets of nodes representing these two pieces as the two sides of the 2-path.Using Lemma 7.5.1, it is easy to derive the following.Lemma 7.5.2 In a 1-LOT T , only the �rst two nodes on a long 2-path, counting from aparticular side, have non-tree edges to nodes in that side. Furthermore, all non-tree edgesbetween nodes in two sides of a long 2-path must have both their endpoints as leaves in T .Lemma 7.5.3 In a 1-LOT, there is no non-tree edge between two nodes in the same long2-path.The Strategy: Proving a Rough BoundIn this subsection, we illustrate the basic strategy used in proving Theorem 7.1.1 by proving thefollowing weaker version of it. Recall that �(T ) denotes the number of leaves in a tree T .112
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eFigure 7.4: Proof of Lemma 7.5.5 by contradiction: The dark edges are edges of T 0 and thedashed edges are edges of T . If there are �ve leaves of T 0 in path P , then the middle nodemust be connected in T 0 to one of the two sides via a non-tree edge e as shown above. Thisedge e violates the assumption that the tree T is a 1-LOT by Lemma 7.5.2.Theorem 7.5.4 Let G be a given simple undirected graph. If T � is a maximum-leaf span-ning tree of G and T is a 1-LOT of G, then �(T �) � 10 � �(T ).Consider any spanning tree T 0 of G. We bound the number of leaves of T 0 that are (a) leavesin T , (b) high-degree nodes in T , and (c) nodes in 2-paths in T independently. Note that thesethree categories account for every node in G. The total number of leaves in T is �(T ) by de�nition.Also, the total number of high-degree nodes in T is at most �(T ) by Observation 7.3.1. Also, wecan bound the number of 2-paths in T by 2�(T ) using Observation 7.3.2. Below, we bound thenumber of leaves of T 0 in each 2-path of T by four. Thus the total number of leaves in T 0 is at most�(T ) + �(T ) + 2�(T ) � 4 = 10�(T ). Since this bound holds for any tree T 0 it also holds for T � inparticular and our theorem is proved. It remains to bound the number of leaves of T 0 in any 2-pathin T by four. We do this next.Lemma 7.5.5 For any spanning tree T 0 of G and any 2-path P of a 1-LOT T , the numberof leaves of T 0 in P is at most four.Proof The proof is by contradiction. Assume for a contradiction that there are no less than �veleaves of T 0 in P . Let �ve of them be w1, w2, w, w3, and w4, where w is the middle one along P ,and w1 and w2 are on the same side of w (See Figure 7.4). Note that by Lemma 7.5.3 there are nonon-tree edges between nodes in P . Let v be the closest node to w in T 0 that is not in P . Let thelast edge in the path from w to v in T 0 be e = (u; v) where u 2 P . Since w is the middle leaf inT 0 along P , the cycle closed by e contains at least two nodes of degree two, i.e., either w1 and w2or w3 and w4. Without loss of generality, let these two nodes be w1 and w2. Since they are bothin P , the nodes between them in P , if any, also have degree two in T . This implies that the cycleclosed by e encloses at least two adjacent nodes of degree two which contradicts the fact that T isa 1-LOT by Lemma 7.5.2. 2 113



7.6 Performance Guarantee of 1-LOTsIn this section we prove the following restatement of Theorem 7.1.1.Theorem 7.6.1 Let G0 be a given simple undirected graph. If T �0 is a maximum-leaf span-ning tree of G0 and T0 is a 1-LOT of G0, then �(T �0 ) � 5 � �(T0).AugmentationIn order to prove Theorem 7.6.1, we augment G0 together with T0 as follows. For every normal leafin T0 adjacent to a short 2-path, we subdivide the tree edge incident on the normal leaf by insertinga pseudo-node of degree 2 in this edge. We have the following lemma.Lemma 7.6.2 Let G and T be the augmented versions of G0 and T0 respectively. If T0 is a1-LOT of G0 then T is a 1-LOT of G. Furthermore, �(T ) = �(T0) � �(T �0 ) � �(T �) whereT �0 is a maximum-leaf spanning tree of G0 and T � is a maximum-leaf spanning tree of G.Proof We prove that T is a 1-LOT of G by contradiction. Assume for the sake of a contradictionthat T is not a 1-LOT of G. Then, there exists a 1-improvement involving addition of a non-treeedge e. Since T0 is a 1-LOT of G0, a pseudo-node v must be enclosed by e in T . Note that nonon-tree edge is incident on v, so e must be incident on the normal leaf adjacent to v. Since T0 isa 1-LOT and one of the endpoints of e is a normal leaf, by Property P2, we infer that the otherendpoint of e should be a leaf as well. It is easy to see that no non-tree edge incident on two leavescan participate in a 1-improvement. This contradicts the fact that edge e yields a 1-improvement.Thus T is a 1-LOT.Now we consider the relations among �(T ), �(T0), �(T �0 ), and �(T �). The equality is trivialsince augmentation does not change the number of leaves. The �rst inequality follows from thede�nition of T �0 . The last inequality is proved by constructing a spanning tree of G with at least�(T �0 ) leaves. To achieve this goal, we start with T �0 . For each pseudo-node v to be inserted, ifthe unique edge whose subdivision resulted in v is in T �0 , we subdivide this edge and insert thepseudo-node v in T �0 . Otherwise, let the neighbors of v in G be v1 and v2. To augment T �0 toinclude v, we simply attach v to v1. In either case, we �nally obtain a spanning tree of G with atleast �(T �0 ) leaves. 2Partition into RegionsFor the sake of proof, based on a 1-LOT T , we partition the nodes in G depending on whether theyoccur in a long 2-path in T or not. We further partition the nodes of G that are not in any long2-path in T into regions. These regions are exactly the connected components of T obtained on114



removing the nodes in long 2-paths from T . A region is special if it contains at least one specialleaf of T ; otherwise it is normal. Let us use S and R to stand for the number of special and normalregions, respectively. The degree of a region is the number of long 2-paths incident on it. Note thatas a result of augmentation, each normal leaf is a single-node normal region by itself. So a normalregion is either a single leaf or a set of high-degree nodes interconnected via short 2-paths. We termthese two kinds of normal regions external and internal, respectively.Lemma 7.6.3 For an augmented 1-LOT T , we have the following relations.P` = S + R� 1 (7.2)N3 + �n = P` + Ps + 1 (7.3)Proof Equality (7.2) is trivial. If we regard T as a tree of regions by contracting long 2-paths tosingle edges, the number of nodes (i.e. regions) is S +R and the number of edges (i.e. long 2-path)is P`. The equality holds because the the number of edges of a tree is equal to the number of nodesminus one.Inequality (7.3) is not di�cult either. By contracting both short and long 2-paths to single edgesand discarding special leaves, we obtain a tree whose nodes are high-degree nodes and normal leaves.Since the number of nodes in this tree is exactly the number of edges plus one, we haveN3 + �n = P` + Ps + 1;which proves (7.3). 2The following lemma is a consequence of Lemma 7.5.1.Lemma 7.6.4 Let u be a node in a region R of T . There is no non-tree edge between uand v if either v is in an internal normal region other than R, or v is in a long 2-path thatR is not adjacent to.Proof We prove by contradiction. In both cases, the node v is an internal node and the non-treeedge (u; v) encloses all the nodes of some long 2-path of T . Hence this edge violates property P1contradicting the local optimality of T . 2Accounting for Leaves in Long 2-pathsThe key observation which is useful in proving the tighter bound in Theorem 7.6.1 is that not everylong 2-path in T contributes four leaves in any spanning tree as implied by Lemma 7.5.5. Thefollowing lemma is a re�ned version of Lemma 7.5.5 and is proved similarly.115



Lemma 7.6.5 Let T 0 be a spanning tree of G and P be a long 2-path of a 1-LOT T of G.Suppose P is incident on two regions L and R in T . The number of nodes in P which areleaves in T 0 is at most1. four, if L and R are both special,2. three, if only one of L and R is special, and3. two, if L and R are both normal.Proof The case in which both regions are special follows directly from Lemma 7.5.5. The proofsfor the other two cases are similar to that of Lemma 7.5.5.In the third case, both of L and R are normal. Assume that there are no less than three nodesin P that are leaves of T 0. Let us say, three of them are w1, w and w2, where w is the middle one,and L and w1 are on the same side of w. Note that by Lemma 7.5.3 there are no non-tree edgesbetween nodes in P . Let v be the closest node to w in T 0 that is not in P . Let the last edge in thepath from w to v in T 0 be e = (u; v) where u 2 P . Since w is the middle leaf in T 0 along P , thecycle closed by e contains at least one node whose degree is two in T , i.e. either w1 or w2. Withoutloss of generality, let this node be w1. Since T is a 1-LOT, by properties P1, P2 and P3, v must bea special leaf of T . This means that v cannot be in L or R. Thus v is in some other region. ByLemma 7.6.4, this is a contradiction and the third case is proved.Let us consider the second case. Assume without loss of generality that L is special and R isnormal. Assume that there are no less than four nodes of P that are leaves in T 0. Let us say, thesefour nodes are w1, w2, w, and w3, where R and w3 are on the same side of w, and L, w1, and w2are on the other side of w. For the same reason as above, w must be connected to a node v not inP through a non-tree connection e = (u; v) where u is a node in P . As before, v must be a specialleaf in T . By Lemma 7.6.4, v must be in either in R or in L. But by Property P2, v cannot be inR since this region is normal, so v must be in L. Now the cycle closed by e contains at least twoadjacent nodes of degree two in T . This is a violation of property P1 and hence contradicts the factthat T is a 1-LOT by Lemma 7.5.1. This prove the second case. 2We can think of the above lemma as providing an upper bound on the number of leaves in T 0in any long 2-path P of T in the following way. Assume that a normal region contributes a chargeof 1 and a special region a charge of 2 to the upper bound for any incident long 2-path. Then theupper bound on the number of leaves in T 0 in any long 2-path P is exactly the sum of the chargecontributions of both its adjoining regions. 116



Invalid Regions and Better BoundingEven the careful counting of the leaves of T 0 in long 2-paths in the above lemma is not su�cient toprove Theorem 7.1.1. We need some additional results. For example, consider an internal normalregion. To connect any node in such a region in T 0 to any region outside, we must use one of thelong 2-paths incident on it since there are no non-tree edges going from this region to any otherregion. This implies that this normal region cannot charge a contribution of 1 to all its incidentlong 2-paths. To capture this we de�ne the notion of an invalid region.De�nition: A region of T is invalid in T 0 if it is either an internal normal region or it is a specialregion and every special leaf in this region is also a leaf in T 0. We now identify long 2-paths forwhich the bounds on the number of leaves of T 0 is more stringent than those stated in Lemma 7.6.5.Let P be a long 2-path of T . We call P de�cient in T 0 if the number of nodes in P that are leavesin T 0 is at most two less than the upper bound stated in Lemma 7.6.5.Lemma 7.6.6 Let k(� 2) be the number of regions of T that are invalid in T 0. Then thereare at least k � 1 distinct long 2-paths of T that are de�cient in T 0.Proof We start with a few de�nitions.De�nition: Let R be a region that is invalid in T 0. De�ne the core of R to be the set of nodesin R excluding special leaves in it if any. Thus, for instance, the core of an invalid normal region isthe whole region. The adjacency of a region R denoted adj(R) is de�ned as follows.adj(R) = [long 2-paths P incident on Rfthe node in P closest to R in Tg:We now de�ne a notion of neighborhood for each invalid region R.nbrhood(R) = core(R)[ adj(R):We use the properties of a locally optimal tree to investigate the structure of the edges in thegraph going out of the neighborhood of an invalid region. De�ne�(R) = fall edges in G between nbrhood(R) and V � (R[ adj(R))g:For a normal invalid region, the only edges out of the region in the graph must be in the aboveedge set. For special invalid regions, since the special leaves of T are also leaves in T 0, a path in T 0from the core of the region to the outside must use edges of �(R). This is summarized below.Observation 7.6.7 Let R be a region of T invalid in T 0. Then the path in T 0 between anynode x 2 nbrhood(R) and y 2 V � (R[ adj(R)) must use an edge in �(R).117



We also have the following proposition about the edges in �(R).Proposition 7.6.8 Let R be an invalid region in T . Then every edge e 2 �(R) has anendpoint in adj(R).Proof Since nbrhood(R) = core(R)[ adj(R), every edge e 2 �(R) has an endpoint in eithercore(R) or adj(R). Suppose one of the endpoints of e is in core(R). The other endpoint must bein V � (R[ adj(R)) by the de�nition of �(R). For every possible location of this other endpointof e, we can show that e admits a local improvement. This contradicts the fact that T is locallyoptimal. 2Next we characterize non-tree edges that have an endpoint in long 2-paths. By an extreme nodeof a 2-path P , we mean a node in one of the two ends of P .Observation 7.6.9 Let T be a 1-LOT and let P be a long 2-path of size at least three inT . Let u 2 P be a node that is not one of the two extreme nodes in P. If (u; v) is a non-treeedge, then u must be adjacent to an extreme node u0 of P and v must be a special leaf in aregion R such that u0 2 adj(R).Proof Suppose u is not adjacent to an extreme node of P . Note that v 62 P by Lemma 7.5.3.Since u is not adjacent to an extreme node of P , the edge (u; v) encloses at least two consecutivenodes of degree two in P . This violates property P1 contradicting that T is a 1-LOT. Therefore, umust be adjacent to an extreme node u0 of P .Since u is adjacent to an extreme node in a 2-path, and (u; v) is a non-tree edge of a locallyoptimal tree T , by properties P2 and P3, v cannot be an internal node or a normal leaf in T . Thusv must be a special leaf in T . Suppose v is in a region R such that u0 62 adj(R). Then the edge(u; v) encloses at least two consecutive nodes of degree two in the path between R and u0 in T .This violates property P1 contradicting the local optimality of T . 2We illustrate typical non-tree edges in a 1-LOT in Figure 7.5.Now we proceed with the proof of Lemma 7.6.6. Pick a vertex in the core of one of the k(� 2)invalid regions as the root vertex r and direct all edges of T 0 towards this vertex. Consider a directedsubtree T 00 of this tree rooted at r that is edge-minimal with respect to the following property: foreach invalid region R not containing r, there is a directed path in the subtree T 00 from some nodein core(R) to r. By the edge-minimality property, the leaves of T 00 are nodes in the core of someinvalid region R not containing r. Furthermore, the edge minimality property also implies that thetree T 00 contains exactly one node in core(R) for each invalid region R not containing r. Thus T 00has at most k � 1 leaves. 118



Figure 7.5: Typical non-tree edges in a 1-LOT are show as dashed lines. The tree edges aredark while the regions are shown as circles with thick dashed edges. The pendant nodesinside a regions are special leaves within the region.For each invalid region R not containing r, let vR be the node in core(R) in T 00. Consider thepath in T 00 from vR to r. Let aR be the �rst node along this path that is in R0 [ adj(R0) for someR0 6= R.Claim 7.6.10 There is a long 2-path P incident on R and R0. Furthermore, P is de�cientin T 0.Proof The proof essentially uses the local optimality of T . Suppose for a contradiction that Rand R0 are not adjacent to the same 2-path in T . By Observation 7.6.7, the path from vR to aRin T 0 must use an edge e = (x; y) in �(R). By Proposition 7.6.8, x 2 adj(R). Let P be the long2-path containing x and suppose P is incident on R and some other region S.Suppose y = aR. Then aR 2 R0 [ adj(R0) for some R0 6= R. Suppose aR 2 adj(R0). Thenby property P3 and Lemma 7.5.3, the edge (x; ascrr) 2 P and P has size two. Also in this caseR0 = S. Otherwise aR 2 R0. By property P3, the node aR must be a special leaf in R0. ByLemma 7.6.4, the 2-path P must be incident on R0. Thus R0 = S in this case also.Now suppose that y 6= aR. Then since y is not in any region, it must in a 2-path. By Lemma7.5.3, the edge (x; y) cannot be a nontree edge and so y must be the node adjacent to x in \. Notethat in this case P has size at least three. We follow the path in T 0 from y to aR. Let the lastedge in this path be (z; aR). Since all the nodes in this path from y to z are in 2-paths, by Lemma7.5.3, all the edges between them in this path are edges of P as well. If aR 2 P , then the last edge119



(z; aR) is in P as well and R0 = S. Otherwise, (z; aR) is a non-tree edge and by Lemma 7.5.2 andObservation 7.6.9, aR must be a special leaf in the region S. Thus R0 = S in this case as well.We now show that P is de�cient in T 0. Suppose that aR is a special leaf in R0. Then R0 isa special region. In this case, since aR is on a path in T 00 between vR to the root r and T 00 is adirected version of T 0, the node aR is internal in T 0. Thus R0 is not an invalid region in T 0. Notethat the path between vR and aR in T 0 contains all but one node of P . Thus at most one node ofP is a leaf in T 0. Since R0 is a special region, the allowed number of leaves in P by Lemma 7.6.5 isat least three. Since T 0 contains at most node of P as a leaf, this 2-path is de�cient in T 0.Now suppose aR is in adj(R0). In this case, the path between vR and aR in T 0 contains allnodes in P and so no node in this 2-path is a leaf in T 0. Thus P is de�cient in this case as well.2For each invalid region R other than the one containing r, we identify a long 2-path P as aboveusing the path in T 00 from vR to r.Claim 7.6.11 Let P1 and P2 be two long 2-paths identi�ed using two distinct invalid regionsR1 and R2. Then P1 and P2 are distinct as well.Proof Suppose P1 = P2. Then these must both be a 2-path P between R1 and R2. SinceP is a long 2-path incident on two invalid regions, by the de�nition of de�ciency, no node of P isa leaf in T 0. Also note that all the edges in T with both endpoints in P are in T 00 in this case.When P = P1 was identi�ed using R1, these edges are directed away from R1 towards R2 in T 00.Also when P = P2 was identi�ed using R2, these edges must be directed the other way in T 00, acontradiction. Thus P1 and P2 must be distinct. 2Thus we have identi�ed k� 1 de�cient long 2-paths in T 0. This completes the proof of Lemma7.6.6.2Now we prove our �nal bound on the number of leaves of any spanning tree T 0 that are nodesin long 2-paths in a 1-LOT T . The bound depends on S, �n, the number of normal leaves whichare still leaves in T 0, and the number of invalid special regions.Lemma 7.6.12 For any spanning tree T 0, the number of leaves of T 0 that are nodes of long2-paths in T is at most 4 � S + 3 � �n � ��n � 2 � S�;where ��n is the number of normal leaves of T which are also leaves in T 0, and S� is thenumber of special regions of T that are invalid in T 0.120



Proof For any i � 1, let Si and Ri denote the number of special and normal regions of degreei respectively. Then we have S = Pi�1 Si and R = Pi�1Ri. If we regard T as a tree ofregions, the sum of degrees of regions is equal to two times the number of long 2-paths. Namely,Pi�1 i � Si +Pi�1 i �Ri � 2 � P`.We interpret Lemma 7.6.5 using the notion of charge contributions of regions to incident long2-paths. Using this interpretation, the total number of leaves of T 0 in long 2-paths of T is at most2 �Pi�1 i � Si +Pi�1 i �Ri � 4 � P` �Pi�1 i �Ri, by the previous inequality.Note that a single normal leaf is also a normal region.Claim 7.6.13 If a normal leaf of T is also a leaf in T 0, then this normal region cannotcontribute any charge in the scheme above to its incident long 2-path.Proof Formally, we show that if L is a normal leaf with incident long 2-path P , and if R is theother region adjacent to P , then the number of leaves of T 0 in P is one less than that claimed inLemma 7.6.5. This can be proved by looking at the two cases when R is normal and special. Asbefore, the proof is by contradiction where we assume more leaves in T 0 than claimed and prove acontradiction to the 1-optimality of T . 2By the above claim, we can subtract one for each such region that is also a leaf in T 0. Thus wearrive at the upper bound on the number of leaves of4 � P` �Xi�1 i �Ri � ��n = 4 � (R+ S � 1)�Xi�1 i �Ri � ��nby (7.2).Note that the number of invalid regions in T 0 is precisely sum of the number of internal normalregions and invalid special regions. The number of such regions is R� R1 + S�. By Lemma 7.6.6and the de�nition of de�ciency, we can then subtract at least 2 � (R�R1+S�� 1) from the boundderived above. Thus the �nal upper bound on the number of leaves in T 0 from long 2-paths in T is4 � (R+ S)�Xi�1 i �Ri � ��n � 2 � (R�R1 + S�):Simplifying using R =Pi�1Ri and R1 = �n as shown below proves the lemma.4 � (R+ S) �Pi�1 i �Ri � ��n � 2 � (R�R1 + S�)= 4 � S + 2 �R�Pi�1 i �Ri + 2 �R1 � ��n � 2 � S�� 4 � S + 3 �R1 � ��n � 2 � S�:2 Now we prove Theorem 7.6.1. 121



(a)

(b)Figure 7.6: (a) An example of 1-LOT. (b) The maximum-leaf spanning tree of the graph in(a).Proof of Theorem 7.6.1We allow all high-degree nodes in T and all nodes in short 2-paths of T to be leaves in T �. UsingLemma 7.6.12 with T 0 = T �, we infer that the number of leaves in T � on long 2-paths of T is atmost 4S + 3�n � ��n � 2S�. The remaining nodes in G are just special leaves and normal leaves.Since exactly ��n normal leaves are still leaves in T �, and at least S�S� special leaves are not leavesin T �, the number of leaves in T � is bounded byN3 + Ps + (4S + 3�n � ��n � 2S�) + (�s � (S � S�) + ��n):Note that S � �s because each special region contains at least one special leaf. From (7.2) and(7.1), we get S + Ps � N3 + �n � R. It follows that�(T �) � N3 + �s + 3�n + 3S + Ps� (N3 + 3�s + 3�n) + (N3 + �n � R) (using S � �s)= (2N3 + 3�s + 3�n) + (R1 � R)� 2N3 + 3�s + 3�n (since R1 � R)� 2n1 + 3n1 (since �s + �n is just n1)= 5�(T ):By Lemma 7.6.2, we know �(T �0 )�(T0) � �(T �)�(T ) � 5:Therefore Theorem 7.6.1 is proved. 2We conclude this section by presenting an example of 1-LOT such that the bound of 5 inTheorem 7.1.1 is approachable arbitrarily closely. It is easy to verify that the tree in Figure 7.6-(a)is a 1-LOT. Since the structure is symmetric and repetitive, we only need to verify three di�erentkinds of non-tree edges as candidates for 1-improvements. Since these three types of non-tree edgesviolate none of the properties P1, P2 or P3, the tree is a 1-LOT. The maximum-leaf spanning treefor this graph is shown in Figure 7.6-(b). Clearly, the longer this 1-LOT is, the closer to �ve theratio is. 122



7.7 Performance Guarantee of 2-LOTsIn this section we prove the following restatement of Theorem 7.1.2.Theorem 7.7.1 Let G be a given simple undirected graph. If T � is a maximum-leaf span-ning tree of G and T is a 2-LOT of G, then �(T �) � 3 � �(T ):In the following discussion, we use G to denote the given undirected graph. Let T be a 2-LOT of G,T 0 a �xed spanning tree of G, and T � a maximum-leaf spanning tree of G. Furthermore, a 2-pathof T is termed external if it is adjacent to a leaf of T ; otherwise, it is termed internal . We do notuse augmentation as we did in the previous section. With these notations and de�nitions, we shallshow that for any �xed T 0, �(T 0) is at most 3�(T ). Clearly, this implies Theorem 7.7.1.Marking and Better BoundsAs in the proof of Theorem 7.6.1, we get a better performance ratio by bounding the number ofleaves of T 0 in long and short 2-paths. As before, we bound the number of leaves of T 0 that are inthe following three accounts: (a) leaves in T , (b) high-degree nodes in T , and (c) nodes in 2-pathsin T , independently. The number of leaves in T 0 from the �rst two categories is at most 2�(T ) asbefore.To bound the number of leaves of T 0 in 2-paths in T , we exhibit a marking scheme that marksleaves of T as follows. We only mark leaves in T that are internal nodes in T 0. Thus marked leavesrepresent a slack in the account (a). Moreover, we show that we can mark as many leaves as thenumber of leaves of T 0 that are nodes of any long 2-path or external short 2-path of T . Thus thenumber of leaves of T 0 that are nodes from these two categories is also bounded by the slack inaccount (a). The remaining nodes of T are those in internal short 2-paths. The number of suchpaths is at most N3 � �(T ). Thus the total number of leaves in T 0 is at most 3�(T ) as claimed.It remains to prove the following lemma.Lemma 7.7.2 Let T be a 2-LOT of G and T 0 be any �xed spanning tree of G. If there are` leaves of T 0 in long 2-paths and external short 2-paths of T , then we can mark at least `leaves of T .To prove the above lemma we need a few preliminaries.Second connections, cross connections, and normal connectionsThe marking proceeds by identifying three kinds of edges in T 0 � T . We regard T as a tree ofregions as we did for the analysis of 1-LOT. For a long 2-path P = (v1; v2; : : :), an edge (v; v2) inT 0 � T is called a second connection, whenever v is in the region adjacent to P on the side of v1.123



(a)
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(b)Figure 7.7: If e1 and e2 are two second connections sharing a special leaf as an endpoint,then (e1; e2; f1; f2) is a 2-improvement.By properties P2 and P3, we know that v must be a special leaf in T . An edge in T 0 � T is calleda cross connection if its endpoints are in di�erent regions of T . By Lemma 7.5.2, both endpointsmust be leaves in T . An edge (u1; u2) in T 0 � T is termed a normal connection if u1 is a normalleaf in T . Then by Property P2, since T is also a 1-LOT, u2 must be a leaf in T .Why we need the right connections...The rough idea in using these three connections is to mark leaves of T that are endpoints of suchconnections. We illustrate this with an example. Let P = (v1; v2; : : :) be a long 2-path, and let v1be a leaf of T 0. Let the node other than v2 that is adjacent to v1 in T be v0. Suppose the pathP 0 connecting v0 and v2 in T 0 contains a second connection (w; v2) for P . In this case, we markthe node w that is a leaf in T but not in T 0 for the node v1 that is a leaf in T 0. Similarly, we usecross connections and normal connections to mark leaves of T that are not leaves in T 0 for leavesof T 0 in long 2-paths and external short 2-paths. The hard part of the proof is showing that we donot re-mark a leaf of T in this way. For example, it is not hard to see that two di�erent secondconnections cannot mark the same leaf as described above. If such a re-marking of a leaf occurs, weidentify a 2-improvement involving the two non-tree edges incident on the re-marked leaf. This isillustrated in Figure 7.7.Saturation and CoveringIn this subsection we de�ne the notions of saturation and covering. Both these notions are usedto account for leaves of T 0 that are nodes in long 2-paths or external short 2-paths of T .De�nition: A leaf v of T 0 in a long 2-path of T is saturated by a second connection e wheneverv is enclosed by e and the endpoint of e that is a special leaf of T is not a leaf in T 0. We call aleaf in T 0 unsaturated (by second connection) if it is not saturated by any second connection. Theproof of the following lemma is similar to that of Lemma 7.5.5.Lemma 7.7.3 For a 2-LOT T and a �xed spanning tree T 0 of G, a long 2-path of T containsat most two unsaturated leaves of T 0. 124
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vFigure 7.8: A long 2-path of a 2-LOT contains at most two unsaturated leaves. The pathbetween the middle leaf w and one of the two other leaves, say w1, must contain a non-treeedge (u; v) where v is a special leaf in a region adjacent to the long 2-path. This edgesaturates w1.Proof Assume for a contradiction that there is a long 2-path P containing three unsaturatedleaves of T 0, i.e. w1, w, and w2, where w is the middle one. Since w is in the middle and w1 is aleaf in T 0, the unique tree path connecting w and w1 in T 0 must contain an edge e = (u; v) whereu 2 P and v 62 P . Note that P is of size at least three and also that u is not an extreme node of P .From Observation 7.6.9, we have that u must be adjacent to an extreme node u0 of P and v mustbe a special leaf in a region R such that u0 2 adj(R). Since w1 and w2 lie on two di�erent sides ofu in P , one of them must be u0. Assume without loss of generality that w1 = u0 (See Figure 7.8).Now since v lies on the path in T 0 between u and w1, it is not a leaf in T 0 and so the edge (u; v) isa second-connection saturating w1, contradicting that w1 is unsaturated. 2De�nition: Let w be an external short 2-path1 of T which is also a leaf in T 0. Let w1 be thenormal leaf adjacent to w. We say w is saturated by a normal connection (v; w1) if the uniquetree path connecting w1 and w in T 0 contains (v; w1). The following is a typical proof illustratinghow saturation and covering works.Lemma 7.7.4 Each external short 2-path in T that is a leaf in T 0 is saturated by a normalconnection. Furthermore, at least one endpoint of this normal connection is internal in T 0.Proof Let w be an external short 2-path in T that is a leaf in T 0 and let u be the normal leaf inT adjacent to w. Consider the path in T 0 from u to w. The �rst edge (u; z), say, in this path is anon-tree edge with the normal leaf u as an endpoint. Hence this edge is a normal connection andsaturates w. Note that z 6= w and so z is an internal node in T 0. 2We classify long 2-paths of T into three types: a long 2-path in T is of type 0, 1, or 2 if itcontains 0, 1, or 2 unsaturated leaves, respectively.De�nition: Let P be a long 2-path with two unsaturated leaves w1 and w2. We say P is coveredby a cross connection (v1; v2) if the unique tree path connecting w1 and w2 in T 0 contains (v1; v2)and v1 and v2 are in di�erent sides of P .1Note that an external short 2-path is nothing more than a single node. Hence the notation.125



Lemma 7.7.5 Each long 2-path of type 2 in T is covered by a cross connection. Further-more, both endpoints of this covering cross connection are internal in T 0.Proof Let P be a long 2-path with two unsaturated leaves w1 and w2.Suppose w1 and w2 are not adjacent in P . Then there is a node w in P between w1 and w2.Then as in the proof of Lemma 7.7.3, the path in T 0 between w and w1 must contain an edgesaturating either w1 or w2 contradicting that both these nodes are unsaturated.Therefore w1 and w2 must be adjacent in T . Then the path between w1 and w2 in T 0 mustcontain an edge (u; v) where u and v are in di�erent sides of P . By the local optimality of T , bothu and v must be leaves in two di�erent regions of T . Thus (u; v) is a cross connection and coversP . Since the edge (u; v) is in the path in T 0 connecting w1 and w2, both u and v are internal inT 0. 2De�nition: Suppose P is a long 2-path with one unsaturated leaf w in T 0. Let w1 and w2 be thenodes adjacent to w in T . We say P is covered by a cross connection (v1; v2) if the unique treepath connecting w1 and w2 in T 0 contains (v1; v2) where v1 and v2 are on di�erent sides of P . Wehave the following lemma about covering.Lemma 7.7.6 Each long 2-path of type 1 in T is covered by a cross connection. Further-more, at least one endpoint of this cross connection is internal in T 0.Proof Assume for a contradiction that there is a long 2-path P with one unsaturated leaf w whichis not covered by any cross connection. Let w1 and w2 be the nodes adjacent to w in T and let P 0be the unique tree path connecting them in T 0. If P 0 = (w1; w2), then w1 and w2 are both leavesin T by Property P2 and Lemma 7.5.3. This contradicts the fact that P is a long 2-path. Since wis unsaturated, P 0 cannot contain any second connection enclosing (and thus saturating) w. So P 0contains only nodes and edges in P . This contradicts the fact that w is a leaf in T 0. Therefore eachlong 2-path of type 1 is covered by at least one cross connection.Note that both neighbors of w in T cannot be leaves in T . Hence both endpoints of the crossconnection covering w cannot be leaves in T 0. Thus at least one of the endpoints of this crossconnection is internal in T 02. 2MarkingNow we describe the marking scheme used to prove Lemma 7.7.2. We mark nodes that are leavesin T but internal in T 0.2This may actually be the case, e.g., when one of the neighbors of w in T is a normal leaf and the crossconnection covering w leaves w as a leaf in T 0. 126



� For each leaf in T 0 saturated by a second connection, mark the endpoint of the second con-nection that is a special leaf of T . (Note that by de�nition of a second connection, this specialleaf is an internal node in T 0.)� For an external short 2-path that is a leaf in T 0, mark an endpoint of a normal connectionthat saturates this short 2-path such that this endpoint is internal in T 0. (Lemma 7.7.4)� For each long 2-path of type 2, mark the endpoints of a cross connection which covers thislong 2-path. (Lemma 7.7.5)� For each long 2-path is of type 1, mark an endpoint of a cross connection that covers this long2-path such that this endpoint is internal in T 0. (Lemma 7.7.6)In the following subsection, we shall show that there is only one case when a leaf in T is markedtwice.Sharing of ConnectionsWe say two distinct edges share a node if this node is an endpoint of both edges. Using the factthat T is a 2-LOT, it is easy to disallow the following cases of sharing.Lemma 7.7.7 Two normal connections saturating two external short 2-paths cannot sharea leaf in T .Proof Assume for a contradiction that (v; u) and (v; w) are two normal connections saturating ex-ternal short 2-paths u1 and w1, respectively. Since u1 6= w1, we have that ((v; u); (v; w); (u; u1); (w;w1))is a 2-improvement in T . Namely, applying this edge replacement to T will make u1 and w1 leavesand make only v a non-leaf while both u and w remain leaves. This contradicts the fact that T isa 2-LOT. 2We prove the following lemmata in a similar manner.Lemma 7.7.8 Two second connections cannot share a special leaf in T .Proof Assume for a contradiction that (v; u) and (v; w) are two second connections, where v isa special leaf in T . Since u 6= w, we have that u and w must be in two di�erent long 2-paths ofT . Let u1 and w1 be the nodes in these two long 2-paths which are enclosed by (v; u) and (v; w),respectively. Then we have a 2-improvement ((v; u); (v;w); (u; u1); (w;w1)) in T , since applyingthis edge replacement to T will make u1 and w1 leaves and make only v a non-leaf. This contradictsthe fact that T is a 2-LOT. 2Lemma 7.7.9 Two cross connections covering two long 2-paths cannot share a leaf in T .127
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Figure 7.9: A second connection (v; w) and a normal connection (v; u) cannot share a leaf vas an endpoint. If they do, a 2-improvement ((v; u); (v; w); (u; u1); (w;w1)) can be identi�ed.Proof Assume for a contradiction that (v; u) and (v; w) are two cross connections covering long2-paths P1 and P2 respectively and v is a leaf in T . Let u1 and u2 be two adjacent nodes in P1,w1 and w2 be two adjacent nodes in P2. Since P1 6= P2, ((v; u); (v;w); (u1; u2); (w1; w2)) is a2-improvement in T . Namely, applying this edge replacement to T will make u1, u2, w1, w2 leavesand make only u, v, and w non-leaves. This contradicts the fact that T is a 2-LOT. 2Lemma 7.7.10 A second connection and a normal connection cannot share a leaf in T .Proof Assume for a contradiction that (v; u) is a second connection and (v; w) a normal con-nection. Let u1 be the node of degree two enclosed by (v; u), and let w1 be the node of degreetwo adjacent to w in T and enclosed by (v; w). Since u 6= w, ((v; u); (v;w); (u; u1); (w;w1)) is a2-improvement in T . Namely, applying this edge replacement to T will make u1 and w1 leaves andmake only v a non-leaf while w remains a leaf (See Figure 7.9). This contradicts the fact that T isa 2-LOT. 2Lemma 7.7.11 A cross connection and a normal connection cannot share a leaf in T .128



Proof Assume for a contradiction that (v; u) is a cross connection and (v; w) a normal connection.Let P be the long 2-path covered by (v; u) and (u1; u2) be two adjacent nodes in P . Let w1 bethe node of degree two enclosed by (v; w). Since w1 is not in P , ((v; u); (v;w); (u1; u2); (w;w1))is a 2-improvement in T . Namely, applying this edge replacement to T will make u1, u2, and w1leaves and make only v and u non-leaves while w remains a leaf. This contradicts the fact that Tis a 2-LOT. 2The following lemma describes the special conditions under which a special leaf in T can bemarked twice.Lemma 7.7.12 A cross connection (v; u) covering a long 2-path P can share a special leafv in T with a second connection (v; w) only if (a) w is in P, (b) P is of length 2, and (c)u is not a leaf in T 0.Proof (a) Suppose w1 is the node in P enclosed by (v; w) and u1 and u2 are two adjacent nodes inP . Assume for a contradiction thatw is not inP . There is a 2-improvement ((v; u); (v; w); (u1; u2); (w;w1))in T . Namely, applying this edge replacement to T will make u1, u2, and w1 leaves but make onlyu and v non-leaves. This contradicts the fact that T is a 2-LOT. Therefore w must be in P .(b)Assume for a contradiction that P is longer than two. Then ((v; u); (v;w); (w;w1); (w;w2))is a 2-improvement for T , where w1 and w2 are the two neighbors of w in T . Namely, applyingthis edge replacement to T will make w1, w, and w2 leaves and make only v and u non-leaves (SeeFigure 7.10). This contradicts the fact that T is a 2-LOT. Therefore P is of length two.(c) Assume for a contradiction that u is a leaf in T 0. Note that P is covered by (v; u). Then bythe de�nition of covering, (v; u) must be in the unique tree path in T 0 between the two neighborsof w in T . This implies that u must be adjacent to w. Thus u must be a normal leaf adjacentto the 2-path P of length two made of w and w1. But then ((v; u); (v;w); (w1; w); (w; u)) is a2-improvement in T (See Figure 7.11). Namely, applying this edge replacement to Twill make w1and w leaves but make only v a non-leaf while u remains a leaf. This contradicts the fact that T isa 2-LOT.Therefore this lemma is proved. 2Proof of Lemma 7.7.2 By the above lemmata we know that a leaf v in T will be marked morethan once (at most twice, actually { see Lemma 7.7.12) only if it is shared by a cross connectione = (v; u) covering a long 2-path P of length two and type 1, and a second connection f = (v; w)enclosing a node w1 in P . Note that u is a special leaf in T . We show that the endpoint u of ecannot be marked. Let us assume for a contradiction that u is marked. By Lemma 7.7.12, since uis a special leaf and an endpoint of the cross connection e = (v; u), the node u can only be markedfor a leaf of T 0 which is saturated by a second connection e1. By Lemma 7.7.12, e1 is exactly129
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(b)Figure 7.12: (a) An example of k-LOT with performance ratio k+1k�1 . This tree is not a(k + 1)-LOT since the tree in (b) can be obtained by applying a (k + 1)-improvement.(u; w1) which should saturate the node in P other than w. Since both nodes in P are saturated bysecond connections, P cannot be covered by any cross connection. This contradicts the fact that Pis covered by e.Since u is not marked and is an internal node in T 0 by part (c) of Lemma 7.7.12, we can shiftthe one of the two markings from v to u. After this shift, each node is marked exactly once and wehave marked as many leaves of T as there are leaves in T 0 among nodes in long 2-paths and externalshort 2-paths. This proves Lemma 7.7.2. 27.8 Closing RemarksWe believe that the performance ratio of 2-LOTs is better than what we prove and conjecture thefollowing.Conjecture 7.8.1 The performance guarantee of 2-LOTs is 2.5.Papadimitriou and Yannakakis [122] identi�ed a class of NP-hard optimization problems in-terreducible to one another using approximation-preserving reductions and thus took a step towardsclassifying NP-complete problems with respect to hardness of approximating them. They called thisclass MAX SNP. Recent work [6] has shown that problems complete for this class do not permita fully polynomial-time approximation scheme unless P = NP . It is an intriguing open problemto determine if the maximum-leaf spanning tree problem is complete for MAX SNP or if it doesallow a (1 + �)-approximation. Along this direction, it would be interesting to examine if we canuse k-LOTs to derive such a polynomial approximation scheme. We have discovered a series ofexamples of graphs in which the performance ratio of a k-LOT can be as bad as k+1k�1 for each k � 3.We present a typical such graph in Figure 7.12. However, we have no proof that this is the worstpossible performance of k-LOTs on any graph.We mention in passing that the directed version of the problem we considered in which wherewe seek an arborescence rooted at some �xed node with the maximum number of leaves is also131



NP-complete. This can be easily deduced using a reduction from the undirected problem. We notethat locally optimal algorithms like those we presented for the undirected case perform badly in thedirected case.Consider the closely related minimum-leaf spanning tree problem where we seek a spanningtree with the minimum number of leaves. It is easy to see that this problem is NP-complete by asimple reduction from the Hamiltonian path problem. It is natural to ask if techniques similar toours can be used to approximate this problem as well. We can use recent results on hardness ofapproximating the longest path problem [81] to infer that the minimum-leaf spanning tree problemis hard to approximate. The key observation is that a spanning tree on n nodes with at most `leaves contains a path with at least 2n=` edges. This can be shown by considering an Euler tourof the tree and estimating the longest length of a path between any two consecutive leaves in thetour. A Hamiltonian graph has a spanning tree with at most two leaves. Any polynomial-timeapproximation algorithm with a multiplicative performance guarantee of f can be used to obtain aspanning tree of a Hamiltonian graph with at most 2f leaves. By our observation above, this yieldsa path in the graph of size at least n=f . The results of Karger, Motwani and Ramkumar [81] implythat f is at least 2
(log1�� n) for any � > 1 unless ~P = NP 3.

3Recall that ~P stands for the complexity class Deterministic Quasi-polynomial time, orDTIME[npolylog n]. 132



Chapter 8Conclusions and Open IssuesWe have investigated several important problems arising in the design of networks and providedapproximation algorithms. In the course of proving the performance guarantee of our algorithms,we have demonstrated the e�cacy of three important techniques: the primal-dual technique, localoptimization, and the solution-based decomposition method. Some of the challenging open problemsthat remain are to discover more problems for which each of these techniques will be applicable andto isolate the underlying structure of problems that makes such a technique relevant to it. We listbelow several speci�c open issues that arose in the course of our work.� While the result on �nding bridge-connected Steiner subgraphs in 2 has been generalized andstudied extensively [52, 61, 90, 154], the result on the biconnected case in this chapter isthe only one known to date. In recent work with D. Williamson [133, 155], we have appliedthe primal-dual method to derive a 2H(k)-approximation algorithm for the minimum-costk-vertex-connected subgraph problem where H(k) is the kth harmonic number. It is anintriguing open problem to apply the primal-dual method to general node-survivability prob-lems.� While the phased approach introduced in Chapter 3 has been taken to its limit [52, 61, 154] inthe recent spate of work, it is unclear whether the performance guarantees achieved in thesepapers are best-possible. An important issue that remains is whether there is a more direct,one-phased approach that yields better performance guarantees for the problems addressedtherein.� We described in Chapter 4 two important variants of the Steiner problem that are at least ashard to approximate as the set-cover problem: the directed Steiner problem and the groupSteiner problem. Finding logarithmic approximation algorithms for these two variants arechallenging open problems. 133



� Though the algorithms we present in Chapter 5 provided very good approximations, their run-ning times were quasipolynomial. We believe that our techniques in this chapter can be usedto obtain polynomial-time approximation algorithms with the same performance guarantees.This is an important open problem resulting from this work.� In Chapter 6, we studied problems in network design involving multiple objectives and pro-vided the �rst approximation algorithms for many of them. The most important open prob-lem resulting from this work is to tighten up the performance ratios in all our results. In thiscontext, it would be interesting to investigate if the primal-dual method can be applied toprovide such better guarantees and at the same time, provide a more uni�ed framework formulti-objective problems.� An important issue in the study of multi-objective approximation algorithms is to examine ifthere exists algorithms in which performance ratios achievable for di�erent objectives can betraded o� for one another.� In another direction, it would be �nd ways in which the recent non-approximability resultsfor single-objective problems can be generalized to related multi-objective problems.� In Chapter 7, we presented a series of local optimization algorithms, and conjectured (SeeConjecture 7.1.4) that algorithms using more powerful local steps perform strictly better. Itwould be interesting to resolve this conjecture.� An intriguing open problem raised in Chapter 7 is to determine if the maximum-leaf spanningtree problem is complete for MAX SNP or if it does allow a (1+ �)-approximation scheme. Itwould be interesting to examine if there is any relationship between �nding such a scheme andConjecture 7.1.4. Thus examining if k-LOTs for higher values of k provide such performanceguarantees is an important direction for future work.� More speci�cally, one could attempt to resolve Conjecture 7.8.1 that proposes that 2-LOTshave a performance bound of 2.5 rather than 3 as we prove in Chapter 7.� There is a natural weighted version of the maximum-leaf spanning tree problem where nodesare assigned nonnegative weights and the goal is to �nd a spanning tree in which the leaveshave maximum total weight. No approximation algorithms are known for this problem. Itwould be useful to understand if this problem can be attacked using a variant of the localoptimization technique we used for the unweighted version.The area of approximation algorithms has seen explosive growth over the years when this thesishas taken shape, and provided much-needed pragmatic answers to the class of impossible-to-solve134



NP-complete problems. We leave the reader with the optimism that this growth will be matched inthe years ahead.

135



Bibliography[1] A. Agrawal, \Network Design and Network Cut Dualities: Approximation algorithms and ap-plications," Ph. D. Thesis, TR-CS-91-60, Dept. of Computer Science, Brown University, 1991.[2] A. Agrawal, P. Klein and R. Ravi, \When trees collide: an approximation algorithm for the gen-eralized Steiner tree problem on networks," Proceedings of the 23rd Annual ACM Symposiumon Theory of Computing(1991), pp. 134-144.[3] A. Agrawal, P. Klein and R. Ravi, \How tough is the minimum-degree Steiner tree? A newapproximate min-max equality," Technical Report CS-91-33, Brown University (1991).[4] A. V. Aho, J. E. Hopcroft and J. D. Ullman, The design and Analysis of Computer Algo-rithms, Addison Wesley, Reading MA., 1974.[5] S. Arora, and S. Safra, \Probabilistic checking of proofs," Proc. of the 33rd Annual IEEESymp. on Foundations of Computer Science, (1992) pp. 2-13.[6] S. Arora, C. Lund, R. Motwani, M. Sudan, and M. Szegedy, \Proof veri�cation and the hardnessof approximation problems," Proc. of the 33rd Annual IEEE Symp. on Foundations ofComputer Science, (1992) pp. 14-23.[7] A. Balakrishnan, and N. R. Patel, \Problem reduction methods and a tree generation algorithmfor the Steiner network problem," Unpublished paper (1985).[8] J. Bar-Ilan, and D. Peleg, \Approximation algorithms for selecting network centers (Prelimi-nary version)," LNCS 519, Proceedings, 2nd Workshop, WADS '91, Algorithms and DataStructures series, Springer-Verlag.[9] R. Bar-Yehuda, D. Geiger, J. Naor, and R. M. Roth, \Approximation algorithms for the cycle-cover problem with applications to constraint satisfaction and Bayesian inference," (manuscript)July 1993.[10] D. Bauer, S.L. Hakimi, and E. Schmeichel, \Recognizing tough graphs is NP-hard," DiscreteApplied Mathematics, vol. 28 (1990), pp. 191-195.136



[11] J. E. Beasley, \An SST-based algorithm for the Steiner problem in graphs," Techn. Rep., Dept.of Man. Science, Imperial College, London (1985).[12] D. Beinstock, and O. Marcotte, \On a network design problem that is intractable on trees,"Mathematics of Operations Research, vol. 15 (1990), pp. 530-544.[13] M. Bellare, S. Goldwasser, C. Lund, and A. Russell, \E�cient probabilistically checkableproofs," Proc. of the 25th Annual ACM Symp. on the Theory of Computing (1993), pp.294-304.[14] P. Berman, personal communication, 1991.[15] P. Berman and V. Ramaiyer, \Improved approximations for the Steiner tree problem," Proc.,3rd Annual ACM-SIAM Symposium on Discrete Algorithms (1992), pp. 325-334.[16] A. Blum, \Some tools for approximate 3-coloring," Proceedings of the 31st Annual IEEEConference on Foundations of Computer Science (1990), pp. 554-562.[17] H. L. Bodlaender, \On linear time minor tests and depth �rst search," Proceedings of Work-shop on Algorithms and Data Structures 1989, pp. 577-590.[18] R. Boppana, and M. Halld�orsson," Approximating maximum independent sets by excludingsubgraphs," Proc., 2nd Scandinavian Workshop on Algorithmic Theory (SWAT) (1990),pp.13-25.[19] W. M. Boyce, \An improved program for the full Steiner tree problem," ACM Transactionson Mathematical Software, vol. 3 (1977), pp. 359-385.[20] P. M. Camerini, \The min-max spanning tree problem and some extensions," Inform. Proc.Lett., Vol. 7, No. 1, pp. 10-14, (1978).[21] S. K. Chang, \The generation of minimal trees with a Steiner topology," Journal of the ACM,vol. 19 (1972), pp. 669-711.[22] N. Christo�des, \Worst-case analysis of a new heuristic for the traveling salesman problem,"Technical Report, Graduate School of Industrial Administration, Carnegie-Mellon University,Pittsburgh, PA. (1976).[23] F. R. K. Chung, and R. L. Graham, \A new bound for Euclidean Steiner minimum trees,"Ann. N.Y. Acad. Sci., vol. 440 (1985), pp. 328-346.[24] F. R. K. Chung, and F. K. Hwang, \A lower bound for the Steiner tree problem," SIAM J.Appl. Math., vol. 34 (1978), pp. 27-36. 137



[25] V. Chv�atal, \A greedy heuristic for the set-covering problem,"Math. of OR Vol. 4, No. 3, pp.233-235 (1979).[26] Chvatal V., \Tough graphs and Hamiltonian circuits," Discrete Math. 5 (1973), pp. 215-228.[27] E. J. Cockayne, and D. G. Schiller, \Computation of Steiner minimal trees," in Combinatorics,D. A. Welsh, and D. R. Wodall (eds.) (1972).[28] C. J. Colbourn, The combinatorics of network reliability, Oxford University Press (1987).[29] C. R. Coullard, A. Rais, R. L. Rardin, and D. K. Wagner, \Linear-time algorithms for 2-connected Steiner subgraph problems on special classes of graphs," Networks, Vol. 23, (1993),pp. 195-205.[30] G. A. Croes, \A method for solving traveling-salesman problems," OR 6, No. 6, (Nov.-Dec.1958), pp. 791-812.[31] G. B. Dantzig, \Linear programming and extensions," Princeton University Press, Prince-ton, NJ (1963).[32] E. W. Dijkstra, \Self-stabilizing systems in spite of distributed control," Comm. ACM 17, 11(Nov. 1974), pp. 643-644.[33] S. E. Dreyfus, and R. A. Wagner, \The Steiner problem in graphs," Networks, vol. 1 (1971),pp. 195-207.[34] D. Z. Du, and F. K. Hwang, \A new lower bound for the Steiner ratio," Trans. Amer. Math.Soc., vol. 278 (1983), pp. 137-148.[35] D. Z. Du, and F. K. Hwang, \An approach for proving lower bounds: solution of Gilbert-Pollak's conjecture on Steiner ratio," Proceedings of the 31st Annual IEEE Conference onFoundations of Computer Science (1990), pp. 76-85.[36] C. W. Duin, an A. Volgenant, \Some generalizations of the Steiner problem in graphs," Net-works, 17, pp. 353-364, (1987).[37] J. Edmonds, \Paths, trees, and 
owers," Canadian Journal on Mathematics, vol. 17 (1965),pp. 449-467.[38] J. Edmonds and E. L. Johnson, \Matching, Euler tours and the Chinese postman," Math.Programming, vol. 5 (1973), pp. 88-124. 138



[39] C. El-Arbi, \One heuristique pour le problem de l'arbre de Steiner," R.A.I.R.O. OperationsResearch, vol. 12 (1978), pp. 207-212.[40] K. P. Eswaran, and R. E. Tarjan, \Augmentation problems," SIAM Journal on Computing,Vol. 5 (1976), pp. 653-665.[41] U. Feige, S. Goldwasser, L. Lov�asz, and S. Safra, \Approximating clique is almost NP-complete," To appear in the Proceedings of the 32nd Annual IEEE Conference on Founda-tions of Computer Science (1991).[42] M. R. Fellows, and M. A. Langston, \On well-partial-order theory and its applications tocombinatorial problems of VLSI design," Technical Report CS-88-188, Dept. of Computer Science,Washington State Univ., 1988.[43] C. M. Fiduccia, and R. M. Mattheyses, \A linear-time heuristic for improving network parti-tions," in 19th IEEE Design Automation Conference (1982) , pp. 175-181.[44] L. R. Ford, Jr., and D. R. Fulkerson, Flows in Networks, Princeton University Press, Prince-ton, New Jersey (1962).[45] H. Frank, and I. T. Frisch, \Communication, Transmission, and Transportation Networks,"Addison-Wesley (1971).[46] Greg N. Fredrickson, and Joseph Ja'Ja', \Approximation algorithms for several graph augmen-tation problems," SIAM Journal on Computing, Vol. 10, No. 2 (1981), pp. 270-283.[47] Greg N. Fredrickson, and Joseph Ja'Ja', \On the relationship between the biconnectivity aug-mentation and Traveling Salesman problems", Theoretical Computer Science 19 (1982), pp.189-201.[48] A. M. Frieze, G. Galbiati, and F. Ma�oli, \On the worst-case performance of some algorithmsfor the asymmetric traveling salesman problem," Networks, 12, pp. 23-39, (1982).[49] Martin F�urer and Balaji Raghavachari, \An NC approximation algorithm for the minimumdegree spanning tree problem," Proceedings of the 28th Annual Allerton Conference on Commu-nication, Control and Computing (1990), pp. 274-281.[50] Martin F�urer and Balaji Raghavachari, \Approximating the minimum-degree spanning tree towithin one from the optimal degree," Proceedings of the Third Annual ACM-SIAM Sympo-sium on Discrete Algorithms (1992), pp. 317-324.139



[51] M. F�urer and B. Raghavachari, \Approximating the minimum-degree Steiner tree to within oneof optimal", TR CS-92-13, Pennsylvania State University, June 1992.[52] H. N. Gabow, M. X. Goemans, and D. P. Williamson, \An e�cient approximation algorithmfor the survivable network design problem," in Proceedings, the third Integer Programmingand Combinatorial Optimization Conference (1993), pp 57-74.[53] M. R. Garey and D. S. Johnson, Computers and Intractability: A guide to the theory ofNP-completeness, W. H. Freeman, San Francisco (1979).[54] N. Garg, V. Vazirani, and M.Yannakakis, \Approximate max-
ow min-(multi) cut theoremsand their applications," Proc., 25th Annual ACM Symp. on Theory of Computing, (1993),pp. 698-707.[55] N. Garg, V. Vazirani, and M.Yannakakis, \Primal-dual approximation algorithms for integral
ow and multicut in trees, with applications to matching and set cover," Proc. of the 20thInternatnl. Colloq. on Automata, Langs. and Prog. (1993).[56] B. Gavish, \Topological design of centralized computer networks - formulations and algorithms,"Networks 12 (1982), pp. 355-377.[57] E. N. Gilbert, and H. O. Pollak, \Steiner minimal trees," SIAM Journal on Applied Math-ematics, vol. 16 (1968), pp. 1-29.[58] D. E. Goldberg, Genetic Algorithms in Search, Optimization, and Machine Learning,Addison-Wesley (1989).[59] M. X. Goemans and D. J. Bertsimas, \Survivable networks, linear programming relaxationsand the parsimonious property," OR 216-90, Center for Operations Research, MIT (1990);An extended abstract appears as \On the parsimonious property of connectivity problems," inProceedings of the First Annual ACM-SIAM Symposium on Discrete Algorithms (1990),pp. 388-396.[60] M. X. Goemans, and D. P. Williamson, \A general approximation technique for constrainedforest problems," Proceedings of the Third Annual ACM-SIAM Symposium on DiscreteAlgorithms (1992), pp. 307-316.[61] M. Goemans, A. Goldberg, S. Plotkin, D. Shmoys, �E. Tardos, and D. Williamson, \Improvedapproximation algorithms for network design problems," (manuscript) July 1993.[62] R. L. Graham, and F. K. Hwang, \Remarks on Steiner minimal trees," Bull. Inst. Math.Acad. Sinica, vol. 4 (1976), pp. 177-182. 140



[63] J. R. Griggs, D. J. Kleitman, and A. Shastri, \Spanning trees with many leaves in cubic graphs,"Journal of Graph Theory, 13 (1989), pp. 669-695.[64] M. Gr�otschel, L. Lov�asz and A. Schrijver, Geometric Algorithms and Combinatorial Opti-mization, Springer-Verlag (1988).[65] M. Gr�otschel, and C. L. Monma, \Integer polyhedra arising from certain network design prob-lems with connectivity constraints," SIAM J. on Discrete Math., Vol 3, No. 4 (1990), pp.502-523.[66] M. Gr�otschel, C. L. Monma, and M. Stoer, \Computational results with a cutting plane algo-rithm for designing communication networks with low-connectivity constraints," to appear, Oper.Res., (1992).[67] J. R. Griggs, D. J. Kleitman, and A. Shastri, \Spanning trees with many leaves in cubic graphs,"J. Graph Theory, 13 (1989), pp. 669-695.[68] S. L. Hakimi, \Steiner's problem in graphs and its implications,"Networks, vol. 1 (1971), pp.113-133.[69] Mark D. Hansen, \Approximation algorithms for geometric embeddings in the plane with ap-plications to parallel processing problems," Proceedings of the 30th Annual IEEE Conferenceon Foundations of Computer Science (1989), pp. 604-609.[70] M. Held, and R. M. Karp, \The traveling salesman problem and minimum spanning trees,"Operations Research, vol. 18 (1970), pp. 1138-1162.[71] M. Held, and R. M. Karp, \The traveling salesman problem and minimum spanning trees: partII," Math. Prog., vol. 1 (1971), pp. 6-25.[72] D. S. Hochbaum, and D. B. Shmoys, \An uni�ed approach to approximation algorithms forbottleneck problems," JACM, Vol. 33, No. 3, pp. 533-550, (July 1986).[73] F. K. Hwang, \On Steiner minimal trees with rectilinear distance," SIAM Journal on AppliedMathematics, vol. 30(1) (1976), pp. 104-114.[74] F. K. Hwang and D. S. Richards, \Steiner tree problems," Networks, Vol. 22, No. 1, pp. 55-90(1992).[75] A. Iwainsky, E. Canuto, O. Taraszow, and A. Villa, \Network decomposition for the optimiza-tion of connection structures," Networks, 16, pp. 205-235, (1986).141



[76] A. Jain, \Probabilistic analysis of an LP relaxation bound for the Steiner problem in networks,"Networks, vol. 19 (1989), pp. 793-801.[77] D. S. Johnson, \The NP-completeness column, an ongoing guide," Journal of Algorithms,vol. 5 (1984), pp. 147-160.[78] D. S. Johnson, \The NP-completeness column, an ongoing guide," Journal of Algorithms,vol. 6 (1985), pp. 434-451.[79] D. S. Johnson, \Approximation algorithms for Combinatorial Problems," J. Computer Sys-tem. Sci., 9, pp. 256-278 (1974).[80] D. S. Johnson, C. H. Papadimitriou, and M. Yannakakis, \How easy is local search?," J. Comp.Syst. Sci., 37(1988), pp. 79-100.[81] D. Karger, R. Motwani, and G. D. S. Ramkumar, \On approximating the longest path in agraph," to appear in Proceedings, Workshop on Algorithms and Data Structures 1993.[82] N. Karmakar, \A new polynomial-time algorithm for linear programming," Combinatorica,vol. 4, pp. 373-395 (1984).[83] R. M. Karp, \Reducibility among combinatorial problems," in R. E. Miller and J. W. Thatcher(eds.), Complexity of Computer Communications. Plenum Press, New York (1972), pp. 85-103.[84] B. W. Kernighan and S. Lin, \An e�cient heuristic procedure for partitioning graphs," BSTJ49 (1970), pp. 291-308.[85] S. Khuller, B. Raghavachari, and N. Young, \Balancing Minimum Spanning and Shortest PathTrees," Proc., Fourth Annual ACM-SIAM Symposium on Discrete Algorithms (1993).[86] S. Khuller, and R. Thurimella, \Approximation algorithms for graph augmentation," Journalof Algorithms, Vol 14 (2) (1993), pp. 214-225.[87] S. Khuller, and U. Vishkin, \Biconnectivity approximations and graph carvings", Proc., 24thAnnual ACM Symp. on Theory of Computing, (1993).[88] S. Khuller, U. Vishkin, and N. Young, \A primal-dual parallel approximation technique ap-plied to weighted set and vertex cover," Proceedings, the third Integer Programming andCombinatorial Optimization Conference (1993), pp. 333-342.[89] P. Klein, A. Agrawal, R. Ravi, and S. Rao, \Approximation through multicommodity 
ow," inProc. 31th Annual Symposium on Foundations of Computer Science (1990), pp. 726-737.142



[90] P. Klein, and R. Ravi, \When cycles collapse: A general approximation technique for con-strained two-connectivity problems," Proceedings, the third Integer Programming and Com-binatorial Optimization Conference (1993), pp. 39-56.[91] P. N. Klein, and R. Ravi, \A nearly best-possible approximation for node-weighted Steinertrees," Proceedings, the third Integer Programming and Combinatorial Optimization Con-ference (1993), pp. 323-332.[92] D. J. Kleitman and D. B. West," Spanning trees with many leaves," SIAM J. Disc. Math.Vol. 4, No. 1, (February 1991), pp. 99-106.[93] P. Korhonen, \An algorithm for transforming a spanning tree into a Steiner tree," Proc. 9thInt. Math. Progr. Symp. (Budapest 1976), pp. 349-357.[94] G. Kortsarz, and D. Peleg, \Approximation algorithms for minimum time broadcast,"manuscript (March 1992).[95] G. Kortsarz, and D. Peleg, \On choosing a dense subgraph," to appear in Proc., 34th AnnualIEEE Symp. on the Foundations of Computer Science (1993).[96] L. Kou, G. Markowsky and L. Berman, \A fast algorithm for Steiner trees," Acta Informatica,vol. 15 (1981), pp. 141-145.[97] J. Krarup, \The generalized Steiner problem," unpublished note (1978).[98] J. B. Kruskal, \On the shortest spanning subtree of a graph and the traveling salesman prob-lem", Proc. American Mathematical Society, 7(1), pp. 48-50, 1956.[99] E. L. Lawler, \Combinatorial Optimization: Networks and Matroids," Holt, Rinehart andWinston, New York (1976).[100] E. L. Lawler, J. K. Lenstra, A. H. G. Rinnooy Kan, and D. Shmoys (eds.), The TravelingSalesman Problem, Wiley, Chichester, (1985).[101] C.- L. Li, S. T. McCormick, and D. Simchi-Levi, \The point-to-point delivery and connectionproblems: Complexity and algorithms," Disc. Appl. Math., 36 (1992), pp. 267-292.[102] S. Lin and B. W. Kernighan, \An e�ective heuristic algorithm for the Traveling-SalesmanProblem," Oper. Res. 21 (1973), pp. 498-516.[103] F. T. Leighton and S. Rao, \An approximate max-
ow min-cut theorem for uniform multi-commodity 
ow problems with application to approximation algorithms," Proceedings of the29th Annual IEEE Conference on Foundations of Computer Science (1988), pp. 422-431.143



[104] J. K. Lenstra, D. B. Shmoys, and �E. Tardos, \Approximation algorithms for scheduling unre-lated parallel machines," Mathematical Programming A, 46 (1990), pp. 259-271.[105] H. R. Lewis and C. H. Papadimitriou, Elements of the Theory of Computation, Prentice-Hall Inc. (1981).[106] J.-H. Lin and J. S. Vitter, \�-approximations with minimum packing constraint violation,"Proc., 24th Annual ACM STOC (1992), pp. 771-782.[107] L. Lov�asz,, \On the ratio of optimal integral and fractional covers," Disc. Math., 13, pp.383-390 (1975).[108] L. Lov�asz, Combinatorial Problems and Exercises, New York: North Holland, (1979).[109] L. Lov�asz, and M. D. Plummer, \Matching Theory," Akade �miai Kiad�o, Budapest (1986).[110] C. Lund and M. Yannakakis, \On the Hardness of Approximating Minimization Problems,"Proc., 25th Annual ACM Symp. on Theory of Computing, (1993), pp. 286-293.[111] Hsueh-I Lu, and R. Ravi, \The Power of Local Optimization: Approximation Algorithms forMaximum-Leaf Spanning Tree," in Proceedings, Thirtieth Annual Allerton Conference onCommunication, Control and Computing (October 1992), pp. 533-542.[112] K. Mehlhorn, \A faster approximation algorithm for the Steiner problem in graphs," Infor-mation Processing Letters, vol. 27(3) (1988), pp. 125-128.[113] Z. A. Melzak, \On the problem of Steiner," Canad. Math. Bull., vol. 4 (1961), pp. 143-148.[114] M. Minoux, \Network synthesis and optimum network design problems: models, solutionmethods and applications," Networks, vol. 19 (1989), pp. 313-360.[115] J. S. B. Mitchell, C. Piatko, and E. M. Arkin, \Computing a shortest k-link path in a polygon",Proc., 33rd Annual IEEE FOCS (1992), pp. 573-582.[116] C. L. Monma, and C. W. Ko, \Methods for designing survivable communication net-works,"NATO Advanced Research Workshop, Denmark, (1989).[117] C. L. Monma, B. S. Munson, and W. R. Pulleyblank, \Minimum-weight two-connected span-ning networks," Math. Programming, 46 (1990), pp. 153-171.[118] C. L. Monma, and D. F. Shallcross, \Methods for designing communication networks with cer-tain two-connectivity survivability constraints", Operations Research, 37, pp. 531-541, (1989).144



[119] G. L. Nemhauser, and L. A. Wolsey, Integer and Combinatorial Optimization, Wiley In-terscience series in Disc. Math. and Optimization (1988).[120] C. H. Papadimitriou, A. A. Sch�a�er, and M. Yannakakis, \On the complexity of local search(Extended Abstract)," in Proceedings of the twenty-second annual ACM Symposium on theTheory of Computing, pp. 438-445 (1990).[121] C. H. Papadimitriou, and K. Steiglitz, \Combinatorial Optimization," Prentice-Hall Inc.(1982).[122] C. H. Papadimitriou, and M. Yannakakis, \The complexity of restricted minimum spanningtree problems," Lecture Notes in Computer Science 71 (1979), pp. 460-470.[123] R. G. Parker, and R. L. Rardin, \Guaranteed performance heuristic for the bottleneck travelingsalesman problem," Oper. Res. Lett. 6, pp. 269-272, (1982).[124] C. Payan, M. Tchuente, and N. H. Xuong, \Arbres avec un nombres maximum de sommetspendants, Discrete Math., 49 (1984), pp. 267-273.[125] J. Plesnik, \A bound for the Steiner tree problem in graphs," Math. Slovaca, vol. 31 (1981),pp. 155-163.[126] S. Plotkin, and �E. Tardos, \Improved bounds on the max-
owmin-cut ratio for multicommod-ity 
ows," Proc., 25th Annual ACM Symp. on Theory of Computing, (1993), pp. 691-697.[127] R.C. Prim, \Shortest connection networks and some generalizations", Bell System TechJournal, 36(6), pp. 1389-1401, 1957.[128] R. Ravi, A. Agrawal, and P. Klein, \Ordering problems approximated: single-processorscheduling and Interval graph computation," in Proceedings of the 18th International Col-loquium on Automata, Languages and Processing '91 (1991), LNCS 510, pp. 751-762.[129] R. Ravi, M. V. Marathe, S. S. Ravi, D. J. Rosenkrantz, and H.B. Hunt III, \Many birds withone stone: Multi-objective approximation algorithms," Proc., 25th Annual ACM Symposiumon the Theory of Computing (1993), pp. 438-447.[130] R. Ravi, and P. N. Klein, \When cycles collapse: A general approximation technique forconstrained two-connectivity problems," Technical Report TR-CS-92-30, Brown University, (June1992).[131] R. Ravi, B. Raghavachari, and P. N. Klein, \Approximation through local optimality: Design-ing networks with small degree," Proceedings, Twelfth Annual Conference on Foundations145



of Software Technology and Theoretical Computer Science, December 1992, LNCS 652, pp.279-290.[132] R. Ravi, R. Sundaram, M. V. Marathe, D. J. Rosenkrantz, and S. S. Ravi, \Spanning treesshort or small," (manuscript) July 1993.[133] R. Ravi and D. Williamson, \Approximation algorithms for minimum-cost k-vertex-connectedsubgraph," (manuscript), July 1993; a version appears in D. Williamson's thesis [155].[134] V. J. Rayward-Smith, \The computation of nearly minimal Steiner trees in graphs," Internat,J. Math. Ed. Sci. Tech., 14 (1), pp. 15-23 (1983).[135] V. J. Rayward-Smith and A. Clare, \On �nding Steiner vertices", Networks, 16, pp. 283-294(1986).[136] G. Reich and P. Widmayer, \Beyond Steiner's problem: A VLSI oriented generalization," inProc., 15th International Workshop on Graph-Theoretic Concepts in Computer Science,pp. 196-210, Castle Rolduc, (1989).[137] D. J. Rosenkrantz, R. E. Stearns, and P. M. Lewis, \An analysis of several heuristics for thetraveling salesman problem," SIAM Journal on Computing, vol. 6 (1977), pp. 563-581.[138] A. Schrijver, \Min-max results in Combinatorial Optimization," in Mathematical program-ming: The state of the art, Eds. A. Bachem, M. Gr�otschel, and B. Korte, pp. 439-500, Springer(1983).[139] A. Segev, \The node-weighted Steiner tree problem," Networks, vol. 17 (1987), pp. 1-17.[140] D. B. Shmoys and E. Tardos, \Scheduling unrelated parallel machines with costs," Proc., 4thAnnual ACM-SIAM SODA (1993), pp. 448-454.[141] M. L. Shore, L. R. Foulds, and P. B. Gibbons, \An algorithm for the Steiner problem ingraphs," Networks, vol. 12 (1982), pp. 323-333.[142] J. M. Smith, \An O(n logn) heuristic for Steiner minimal tree problems on the Euclideanmetric," Networks, vol. 11 (1981), pp. 23-39.[143] J. M. Smith, D. T. Lee, and J. S. Liebman, \An O(n logn) heuristic algorithm for therectilinear Steiner minimal tree problem," Eng. Optimization, vol. 4 (1980), pp. 179-192.[144] K. Steiglitz, P. Weiner, and D. J. Kleitman, \The design of minimum-cost survivable net-works," IEEE Trans, on Circuit Theory, CT-16, 4, pp. 455-460, (1969).146



[145] J. A. Storer, \Constructing full spanning trees for cubic graphs," Inform. Process. Lett. 13(1981), pp.8-11.[146] G. F. Sullivan, \Approximation algorithms for Steiner tree problems," Tech. Rep. 249, Dept.of Computer Science, Yale Univ. (1982).[147] H. Suzuki, T. Akama and T. Nishizeki, \Finding Steiner forests in planar graphs," 1st Ann.ACM-SIAM Symp. on Disc. Alg. (1990), pp. 444-453.[148] H. Takahashi and A. Matsuyama, \ An approximate solution for the Steiner problem ingraphs," Math. Japonica, vol. 24 (1980), pp. 573-577.[149] M. Tchuente, \Sur l'auto-stabilisation dans un r�eseau d'odinateurs," R. A. I. R. O. Infor-matique Th�eorique 15, (1) (1981), pp. 47-66.[150] A. Tanenbaum, Computer Networks, Prentice-Hall Inc. (1981).[151] P. J. M. van Laarhoven, and E. H. L. Aarts, \Simulated Annealing: Theory and Practice,"Kluwer Academic Publishers, Dordrecht, Holland (1987).[152] V. G. Vizing, \On an estimate of the chromatic class of a p-graph" (in Russian), Diskretny�iAnaliz, vol. 3 (1964), pp. 11-12.[153] T. Watanabe, Y. Higashi, and A. Nakamura, \Graph augmentation problems for a speci�edset of vertices," Proc. SIGAL'90, LNCS 450, pp. 378-387.[154] D. P. Williamson,M. X. Goemans, M. Mihail, and V. Vazirani, \A primal-dual approximationalgorithm for generalized Steiner network problems," Proc. of the 25th Annual ACM Symp.on the Theory of Computing (1993), pp. 708-717.[155] D. P. Williamson, \On the design of approximation algorithms for a class of graph problems,"Ph. D. Thesis (August 1993), Department of Computer Science, MIT.[156] P. Winter, \Steiner problem in networks : a survey," Networks (1987), pp. 129-167.[157] P. Winter, \Generalized Steiner problem in outerplanar graphs,", BIT 25 (1985), pp. 485-496.[158] P. Winter, \Generalized Steiner problem in series-parallel networks," J. Algorithms 7, (1986),pp. 549-566.[159] Pawel Winter, \An algorithm for the Steiner problem in the Euclidean plane," Networks, vol.15 (1985), pp. 323-345.[160] L. Wolsey, personal communication, May 1993.147



[161] R. T. Wong, \Worst-case analysis of network design problem heuristics," SIAM J. Alg. Disc.Math., vol. 1 (1980), pp. 51-63.[162] R. T. Wong, \A dual ascent approach for Steiner tree problems on a directed graph," Math.Program., vol. 28, (1984), pp. 271-287.[163] Y. F. Wu, P. Windmayer and C. K. Wong, \A faster approximation algorithm for the Steinerproblem in graphs," Acta Informatica, vol. 23 (1986), pp. 321-331.[164] A. Z. Zelikovsky, \The 11/6-approximation algorithm for the Steiner problem on networks,"Algorithmica, 9, pp. 463-470.

148


