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Abstract

We present approximation algorithms for several NP-hard optimization problems arising in network
design. Almost all of our algorithms run in polynomial time and output solutions with a worst-case
performance guarantee on the quality of the output solution.

A typical problem that we consider can be stated as follows: given an undirected graph and
certain connectivity requirements, find a subgraph that satisfies these requirements and has minimum
cost. In this thesis, we address many different connectivity requirements such as spanning trees,
Steiner trees, generalized Steiner forests, and two-connected networks. The cost criteria that we
consider range from the total cost of the edges in the network, the total cost of the nodes in the
network, the maximum degree of any node in the network, the maximum cost of any edge in the
network to some combination of these. We also address the maximume-leaf spanning tree problem
and provide the first approximation algorithms for this problem.

In the course of deriving our results, we use three distinct techniques: the primal-dual technique
that draws on the theory of linear programming, local optimization, and a solution-based decompo-
sition method. Our work highlights the applicability of these techniques to designing approximation

algorithms.
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Chapter 1

Introduction

1.1 Stelner trees ...

The advent of high-speed and high-bandwidth networks has triggered a spate of work in the ap-
plication of combinatorial techniques from discrete mathematics and computer science to prob-
lems in network design. The Steiner tree problem [68] is a classical example of such a problem
that arises frequently in practice. This problem arises in applications as diverse as VLSI routing,
telecommunication-network design and phylogeny. The problem can be stated in its simplest form
as follows: given an undirected graph with a specified subset of nodes called the terminals, find a
tree with the minimum number of edges spanning all the terminals. The graph may correspond to
the pins of components in a given placement of a VLSI chip. In this case, the problem considered
is that of finding a minimume-size net to route a connection. The graph may correspond to a set of
locations that are required to be interconnected via a communication network in a telecommunica-
tion setting. The nodes of the graph may even correspond to different species and the links may
represent biological similarities; the problem in this case is to identify a phylogenetic tree providing

a good hypothesis for the evolutionary relationships among the selected set of species.

1.2 ... and beyond

The Steiner tree problem introduced above illustrates the two salient features of any network-design
problem: the connectivity specification and the optimization objective. In the Steiner tree problem
above, the connectivity specification is that the solution must connect all the terminals. The objec-
tive of this optimization problem is to find a solution of minimum cost where the cost is the number
of edges in the solution. We can derive many different network-design problems by combining dif-
ferent connectivity specifications with different optimization objectives. In this thesis, we address

many problems formulated in this way.



1.3 Connectivity specifications

There are several natural connectivity specifications that have been identified. We first survey spec-
ifications that require one-connected or acyclic networks. The spanning tree [98, 127] specification
is a special case of a Steiner tree in which all the nodes in the graph are specified as terminals. Thus
a spanning tree is a subgraph which connects all the nodes. A generalized Steiner forest [97, 2]
generalizes the notion of a Steiner tree. Given a set of site-pairs of nodes, a generalized Steiner
forest 1s a network in which there is a path between every site-pair. Note that this specification
can be easily used to model that of a Steiner tree: choose any terminal in a Steiner tree specifi-
cation and specify each pair formed by pairing the chosen terminal with every other terminal as a
site-pair in the generalized Steiner forest specification. Any network satisfying these specifications
must contain a path from every terminal to the chosen terminal and thus connects all the terminals.
A generalized Steiner forest is sometimes referred to a fixed point-to-point interconnection network
[101]. An interesting generalization, ¢ non-fized point-to-point interconnection network [101]
is formulated as follows: given an equal number of producer and consumer nodes, find a subgraph
in which every connected component has the same number of producer and consumer nodes. We
can think of a generalized Steiner forest specification as one that specifies not only the producers
and consumers but the pairing between them as well. Another interesting class of one-connected
networks are T-joins introduced by Edmonds and Johnson [38]. Given an even number of T-nodes
in an undirected graph, a T-join is a subgraph in which the nodes of odd degree are exactly the
T-nodes. An edge-minimal T-join for a set of two nodes is a path between them; a perfect matching
is a T-join when all the nodes of the graph are specified as T-nodes. Thus the T-join generalizes
both these notions.

The connectivity specifications mentioned above can be generalized by seeking more than one-
connectivity between the pairs of nodes that need to be connected. Such a redundancy requirement
may be important in building resilient networks in commercial applications. Thus each of the
specifications above can be generalized by requiring higher connectivity between nodes where only
one-connectivity was required earlier. For instance, the Steiner tree problem may be generalized
to a two-connected network problem as follows: given an undirected graph with a subset of the
nodes called the terminals, find a subgraph in which each pair of terminals are two-edge-connected
(two-vertex-connected). Any solution network for this problem must contain two edge-disjoint (node-
disjoint) paths between each pair of terminals.

Networks that can survive link or node faults are termed survivable networks. The design of

' A recent television advertisement for the AT & T telephone company highlighted a FASPAR network
that contained the capability to re-route interruptions due to link failures almost instantaneously using an
alternative path in the network. This can be achieved by using an underlying two-edge-connected network.



such networks has received considerable attention in the past [66, 116, 117, 144]. The higher con-
nectivity requirement may be an edge-connectivity requirement or a node-connectivity requirement.
In this thesis we address both these generalizations. In the formulation of a network-design problem
with nonunit edge-connectivity requirements, we can consider two distinct versions: one in which
multiple copies of an edge may be used in achieving higher connectivity, and the other where no edge
is allowed to be duplicated in the solution. The latter version of the problem is more challenging

and the one we consider in this thesis.

1.4 Optimization Objectives

For each of the above specifications of connectivity requirements, the optimization objective in the
corresponding network-design problem can usually be expressed as minimizing some notion of “cost”
associated with the network. This cost may reflect the price of constructing the network, 1t may
measure some form of vulnerability of the network, or it may even measure some critical price
incurred in using the network.

We address three classic examples of such cost measures in this thesis. If we associate costs with
feasible edges and nodes that can be used to build the network, then a natural optimization objective
is to minimize the price of construction of the network. This is the minimum-cost network-design
problem and has been well studied [1, 2, 4, 48, 60, 74, 90, 98, 100, 127, 137, 156]. A notion of cost
that reflects the vulnerability of the network to single-point failures and also quantifies the amount
of decentralization in the network is the maximum degree of any node in the network. Minimizing
this notion of cost corresponds to the minimum-degree network-design problem, which has also
been well studied [3, 49, 50, 131]. A cost measure that captures the notion of price incurred in
using a network i1s the maximum cost of any edge in the network, also termed the the bottleneck
cost of the network. If the cost of an edge reflects the geographical distance between its endpoints,
then minimizing the bottleneck cost in a network corresponds to minimizing the maximum distance
traveled in a single hop in the network. Problems in which the objective is to keep the bottleneck cost
low are termed bottleneck problems and these have also received considerable attention [20, 72, 123].

In many applications that arise in real-world situations, the network to be built is required to
minimize more than one of these cost measures simultaneously. Recent papers have identified many
problems [8, 85, 89, 161] wherein multiple objectives are specified in the statement of the problem.
We formulate such multi-objective problems in the area of network design and provide approximation
algorithms in this thesis.

The optimization objective may also involve maximizing some notion of desirability in the net-
work. In building one-connected networks, one such notion may be the number of pendant vertices

in it. In this thesis, we consider the maximum-leaf spanning tree problem and provide approximation



algorithms for this network-design problem as well.

1.5 Approximation algorithms

Like many important problems in combinatorial optimization, the Steiner tree problem and most of
its variants are NP-complete to solve exactly[53, 83]. The class of NP-complete problems represents
a colossal collection of polynomially-equivalent problems for which no polynomial-time algorithms
are known. One of the outstanding open questions in computational complexity theory has been
“NP = P77, ie., whether the class of NP-complete problems admits a polynomial-time solution.
An emerging pragmatic trend in overcoming the NP-hardness of important practical problems is
to compromise on the quality of the solution for the sake of computing a suboptimal solution quickly.
This leads to the following natural definition of an approximation algorithm for an optimization
problem. An approximation algorithm runs in time polynomial in the problem size and outputs a
solution with a small multiplicative error. The multiplicative error of an approximation algorithm
for a minimization problem is the maximum value, over all instances of the input, of the ratio of
the solution value output by the algorithm to the optimum solution value for the instance?. This
multiplicative error is also commonly referred to as the approximation factor or the performance
guarantee or ratio of the approximation algorithm. This thesis presents approximation algorithms
with performance ratios that are typically a constant or a slow-growing function like the logarithm
of the input size. While the latter may sound ludicrous especially in the context of a multiplicative
error, we show that in some cases, this is nearly best-possible in the following sense: no polynomial-
time approximation algorithm has a substantially better performance ratio unless something nearly
equivalent to P = N P is true. In other words, finding approximation algorithms for such problems
with considerably better performance ratios is tantamount to nearly solving the “P = N P7”

question.

1.6 Performance guarantees

The performance guarantee of an approximation algorithm for an NP-complete optimization prob-
lem provides a good yardstick with which the relative difficulty of NP-complete problems can be
determined. Intuitively, problems with approximation algorithms having good performance guar-
antees may be deemed easier than those without. This notion can be formalized by using results
on lower-bounds on the approximability of NP-hard problems. Such lower-bound results are also
termed non-approximability results since they demonstrate non-approximability of the the problem

in question to better than a certain factor in polynomial time unless something nearly equivalent

2The multiplicative error is the reciprocal of this quantity for a maximization problem.



to P = NP is true. Early results on non-approximability [53, 161] were sporadic and used very
specialized techniques. The recent connection drawn between results from the study of interactive
proof systems from communication complexity theory [5, 6, 41, 110] and proving non-approximability
results has provided a unified way to prove such results.

Another tool that has been useful in applying non-approximability results is a strengthening of
the notion of an NP-hardness reduction called an L-reduction [122]. An L-reduction reduces an
NP-hard problem to another with extra care so that any approximation algorithm for the first can
be used to derive one for the second with performance guarantee at most a small constant factor
more than that for the first problem. Papadimitriou and Yannakakis defined this notion along with
a class of maximization problems called MAX SNP. They showed that all problems in MAX SNP
are interreducible to one another using L-reductions. As a corollary, they derived that either all
problems in this class permit very good approximations in polynomial time or all of them do not,
unless P = N P. Recent results on probabilistically checkable proofs [6] show that the latter is the
case.

Lower bounds on approximability vary from very weak to relatively strong depending on the fac-
tor of approximation that they rule out. For an NP-complete problem with an integral solution value,
a trivial consequence of NP-completeness is that no polynomial-time approximation algorithm for
the problem can provide a solution with an additive error less than one unit from the optimum unless
P = NP. Arriving at such approximations is as hard as solving the original problem. A slightly
stronger type of a non-approximability result rules out polynomial-time approximation schemes for
the problem at hand. For any fixed error parameter € > 0, a polynomial-time approximation scheme
runs in time polynomial in the input size and outputs a solution with multiplicative error 14 €. If the
dependence of the polynomial running time of the algorithm on % is not exponential in % but only
polynomial in %, then the scheme is termed fully polynomial. Problems in the class MAX SNP that
we talked about earlier do not have a fully polynomial-time approximation scheme unless P = N P
[6]. Even stronger non-approximability results rule out approximations with multiplicative factors of
a constant or better than a logarithm of the input size. Lund and Yannakakis [110] recently proved
such a hardness result for the set-cover problem in which given a collection of sets over a ground set,
the objective is to find a minimum-size subcollection that contains all the elements of the ground set.
They showed that no polynomial-time approximation algorithm for the set-cover problem achieves
an approximation factor smaller than one-fourth the natural logarithm of the size of the ground set

polylogn .ontains N P. The strongest non-approximability results are

unless Deterministic Time n
those that show that performance factors nearly as bad as the trivial ones cannot be achieved in
polynomial time unless P = N P. Examples are the maximum independent set problem and the
graph coloring problem [41, 110, 13], for which no polynomial-time approximation algorithms can

have performance ratios better than n® for some fixed & > 0 unless P = N P.



Just like the non-approximability results, approximation algorithms that have been designed
also vary from weak, reasonable, good to nearly best-possible. Weak approximations are those with
performance ratios nearly as bad as what 1s trivially achievable by using any feasible solution. A large
number of problems are known to have only such approximations [16, 18, 94, 95, 132], and are good
candidates for proving strong non-approximability. Reasonable approximation factors are typically
slow-growing functions of the input size like the logarithm. Many known approximation algorithms
have poly-logarithmic performance guarantees [25, 54, 61, 69, 79, 89, 91, 103, 107, 126, 128, 129,
154]. Good approximation algorithms have constant performance ratios [9, 22, 74, 156, 164] while
best-possible approximation algorithms achieve guarantees that cannot be better unless P = NP
[50, 152]. Nearly best-possible approximation algorithms have performance guarantees that are
within a constant factor of what has been shown to be best-possible [25, 91] unless P = N P. Such
approximations are especially interesting for problems for which what is known to be best-possible
in terms of approximation factors is a quantity larger than a constant, like the set-cover problem.
This thesis describes approximation algorithms with performance guarantees ranging from weak to

nearly best-possible.

1.7 Results

All the results presented in this thesis have the following general outline. We consider problems in
network design consisting of a connectivity specification and an optimization objective as mentioned
before. The goal in all these problems is to find a feasible network satisfying the connectivity
specifications that is optimal with respect to the objective. All the problems we consider in this
thesis are NP-complete. We present in this thesis the first approximation algorithms for each of these
problems. All our algorithms output solutions that are guaranteed to be near-optimal in terms of
the objective. All but one of our algorithms run in polynomial time. An overview of the details of
our results is presented in Table 1.1. Here n denotes the number of nodes in the input graph.

The first three problems consider the case when the goal is to find a network of minimum cost
when edges and/or nodes have nonnegative costs. The first result addresses finding biconnected
subgraphs while the second is on finding two-edge-connected networks. The third row describes a
result on approximating node-weighted networks. The fourth row addresses the problem of finding
networks of minimum degree. The fifth row considers the problem of finding networks that have
simultaneously low degree and cost. An interesting corollary of this result 1s an algorithm for the
minimum-degree generalized Steiner forest problem in the fourth row with a better (logarithmic)
performance guarantee in polynomial time. The details of this improvement are in the relevant
chapters (Chapters 5 and 6). The last problem in the table addresses finding spanning trees with

the maximum number of leaves.



Connectivity Specification ‘ Optimization Objective Performance Ratio ‘ Running Time ‘

Biconnected Steiner Minimize total edge-cost | 5 O(n?)
subgraphs
Two-edge-connected Minimize total edge-cost | 3 O(n*logn)
generalized Steiner
subgraphs
Generalized Steiner forests | Minimize total node-cost | O(logn) O(n?)
Generalized Steiner forests, | Minimize the maximum | For any € > 0, nOUog1cn)
Two-edge-connected degree (14 €) times
spanning subgraphs optimal plus
O(logl—l—e n)
Steiner trees Minimize total node-cost | Degree is O(n?)
Generalized Steiner forests | subject to budget b O(blogn); Cost is
on the maximum degree | O(logn) times
optimal
Spanning trees Maximize number of 5,3 O(n*),0(n")
leaves

Table 1.1: Results in this thesis.

We note that Table 1.1 provides only an overview of the results in this thesis and does not
contain the most general versions in which they may be stated. Many one-connected network-design
problems can be formulated as finding a subgraph that covers a family of cuts in the graph: for a
certain family of cuts in a graph, find a subgraph intersecting all the cuts in the family. The par-
ticular family of cuts depends on the problem to be formulated. Building on the work of Agrawal,
Klein and Ravi [1, 2], Goemans and Williamson [60] formulated a minimum-cost one-connected
network-design problem as such a cut-cover problem and provided an approximation algorithm with
performance factor two. Their formulation captures many important one-connectivity requirements
such as Steiner trees, generalized Steiner forests, T-joins, and non-fixed point-to-point interconnec-
tion networks. The generalized Steiner forest problem is a prototypical problem in this formulation.
In each of the results in Table 1.1, the connectivity specification of generalized Steiner forest can
be replaced by this more general one-connectivity specification. Also the specification of two-edge-
connected generalized Steiner subgraphs may be replaced with a two-edge-connected version of this
more general specification. We postpone precise description of these results until the appropriate

chapters for the sake of concreteness.



1.8 Techniques

The challenge in the design of an approximation algorithm lies in the proof of the performance
guarantee of the algorithm. This proof is typically arrived at by using a combinatorial estimate of
the value of the optimal solution for the instance at hand. Even computing the exact value of the
optimal solution for any instance is NP-hard. This necessitates the development of techniques to
arrive at good estimates on the solution value for all instances. Very often, such techniques rely
on discovering structural relationships between combinatorial quantities defined by the problem at
hand. In this thesis, we demonstrate the efficacy of three different techniques of this form.

The techniques we use in proving the performance ratios can be classified broadly as follows:
1. The primal-dual technique which draws heavily from the theory of Linear Programming,

2. local optimization in which simple local changes are used to arrive at a locally-optimal

approximate solution, and

3. A solution-based decomposition method in which the optimal solution is decomposed into

simpler subparts, and an approximate solution is built out of such subparts.

We elaborate on these techniques below.

1.9 The Primal-Dual method

This technique uses the framework of linear programming to derive approximate solutions to NP-
hard problems. This technique has been well-known since its application to approximate the set-
cover problem [25, 79, 107]. There has recently been a lot of work in applying this technique to
approximation algorithms [1, 2, 3, 9, 52, 55, 60, 61, 88, 103, 90, 154].

There are two distinct ways in which this method can be applied to approximation algorithms.
We formulate the hard problem as an integer program and consider its fractional relaxation. We
then derive the dual of this relaxation and interpret the dual combinatorially in terms of graph-
theoretic quantities associated with the problem. Restricting the variables of the dual program to
be zero-one or integral in general is a useful tool in arriving at such an interpretation [1, 2]. Another
useful method that has been explored before [1] is to assign values to all dual variables uniformly,
1.e., all non-zero variables are assigned the same value. Such assignments lead to lower-bounds for
the problem at hand (assuming that this is a minimization problem) which are often good lower
bounds in that the maximum value of the dual solution even under such restricted assignments is
close to that (within a small factor) of an optimal solution to the hard problem. In this case, the
duality gap or the ratio of the optimal solution to the hard problem and the fractional relaxation

value (also equal to the dual value) is also bounded by a small quantity.



Apart from the use of this technique to formulate hard problems and arrive at good combi-
natorial lower bounds, we may use it even more directly in designing approximation algorithms.
Classical primal-dual algorithms such as the matching algorithm [37] follow a basic framework to
prove optimality of the solution that they find. These algorithms typically start with a primal in-
feasible solution and a dual feasible but suboptimal solution. Suppose that the problem at hand is
a minimization problem. The algorithm works in iterations; in each iteration, the value of the dual
solution increases by collecting appropriate dual assignments and the primal solution is augmented
S0 as to progress towards feasibility. These iterations are guided by using the complementary slack-
ness conditions for the two dual linear programs. During each iteration, the value of a selected set
of dual variables are increased uniformly until one of the slackness conditions becomes tight. This
is followed by a primal solution augmentation and identification of new dual variables to update
in the next iteration. Through such iterations, the value of the dual solution collected and that
of the partial primal solution are shown to be equal using the complementary slackness conditions.
At termination the primal solution is feasible and by the equality of this solution value and that of
the algorithmically constructed dual solution, it is also optimal. We can use the same framework
in designing an approximation algorithm except that we cannot hope to show optimality of our
final solution. Instead, we may maintain an approximate version of the complementary slackness
condition that ensures in the end that the value of the final primal solution 1s close to that of the
dual solution collected through the algorithm. Since the dual solution is a lower bound on the cost
of any primal solution by weak duality, the performance guarantee of the algorithm is proved. This
technique yields an approximation algorithm for computing a near-optimal dual solution as well.
This technique was used in a paper of Agrawal, Klein and Ravi [1, 2] and made more explicit in
the subsequent work of Goemans and Williamson [60]. We use the approximate equality between
two combinatorial quantities proved in [2] in proving the performance guarantee in Chapter 2. We
also extend and use this technique combined with the idea of applying it in phases in Chapter 3.
There has been a surge of work subsequent to ours in extending our techniques to higher-connected

network problems [52, 61, 154].

1.10 Local Optimization

Local optimization has been a well-known heuristic for hard problems even before the theory of
NP-completeness was formalized [30]. There have been many practically successful applications of
this heuristic to many important hard problems. Some notable examples are its applications to the
graph partitioning [84, 43] and the Traveling Salesperson problems [102]. More recently, there has
been some work on complexity issues related to this method [80, 120].

The underlying idea in this method is simple: start with an arbitrary solution, apply local



changes that improve the quality of the solution until a locally-optimal solution is reached, and
output this solution. There are several randomized variants of this basic technique variously termed
genetic algorithms [58], tabu-search, and simulated annealing [151]. However, none of these various
heuristic techniques have been known to be approximation algorithms in the sense we have described.
A theoretical breakthrough in this area came with the work of Fiirer and Raghavachari [50]. They
showed that a variant of the local search heuristic can be applied to the problem of computing
a spanning tree of an undirected graph in which the maximum degree of any node is minimum.
Their work provides polynomial-time approximation algorithms with good performance ratios. In
Chapter b, we extend their results and show how they can be applied to more general minimum-
degree problems. In Chapter 7, we go one step further and show an application of this technique to
approximating the maximums-leaf spanning tree problem. This later result significantly adds to the
handful of problems that are known to have approximation algorithms based on local search.
There are two simple features that we may use in analyzing algorithms based on this technique.
We typically use the progress in the quality of the solution at hand as a potential function to
argue that these algorithms terminate quickly. Second, we use constraints on the structure of a

locally-optimal solution to prove the performance guarantee.

1.11 Solution-based Decomposition

The solution-based decomposition technique has been implicitly used in designing many well-known
approximation algorithms. In Christofides’ classical %—approximation for the Traveling Salesperson
Problem on a graph with triangle inequalities [22], the optimal TSP tour is decomposed into two
equal-sized matchings. This leads to the observation that the minimum cost of a perfect matching in
this graph is at most half the minimum cost of a TSP tour. A generalization of this observation is the
key to the performance analysis of Christofides’ heuristic. This heuristic illustrates the basic feature
of the solution-based decomposition technique: decompose the optimal solution to the hard problem
into one or many solutions to a simpler or computationally tractable problem. The approximation
algorithm based on this insight finds such simpler pieces optimally and using the decomposition,
proves that an approximate solution constructed using these simpler pieces is near-optimal. Implicit
applications of this technique can be found in [48, 49].

We use this technique to provide the first approximation algorithms for node-weighted network-
design problems in Chapter 4. We also use this technique in our algorithms for multi-objective

approximations in Chapter 6.
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1.12 Road Map

We present our results in the order in which they appear in Table 1.1. Chapters 2 and 3 address
minimum-cost two-connected network-design problems. Chapter 4 addresses node-weighted network-
design problems. Chapter 5 examines minimum-degree network problems. Chapter 6 contains our
results on multi-objective approximation algorithms for network design. Chapter 7 describes our
results on the maximum-leaf spanning tree problem. We close with Chapter 8 presenting some

conclusions and directions for future work.
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Chapter 2

Biconnected Steiner Subgraphs

2.1 Problem Definition

In this chapter, we begin our study of minimum-cost network-design by addressing the minimum-cost
biconnected network-design problem mentioned in the first row of Table 1.1. This is a generalization
of the problem of increasing the connectivity of a given graph to two at minimum cost. Given an edge-
weighted graph, a subset of the vertex set called the terminals and an initial subgraph, the objective
in this problem is to find a minimum-weight augmentation of edges that makes the terminals two-
vertex-connected. No edge in the initial subgraph can be used in the augmentation. Moreover,
the augmentation cannot contain more than one copy of any edge. We present an approximation
algorithm for this problem with performance ratios of four if the initial subgraph connects the
terminals and five otherwise.

Fredrickson and Ja’Ja’ [46] were the first to consider the problem of augmenting a given graph to
make 1t two-connected. This is a special case of our problem in which all nodes are terminals. They
showed that this problem is NP-hard and provided approximation algorithms. Subsequently, Khuller
and Thurimella [86] presented a more efficient and simplified version of the results of Frederickson
and Ja’Ja’ [46]. The performance guarantee of these algorithms is two if the initial subgraph is
connected and three otherwise. The results of Frederickson and Ja’Ja’ as well as that of Khuller and
Thurimella hold for both the edge and vertex-connected versions of the problem.

Watanabe, Higashi, and Nakamura [153] address a closely related augmentation problem using
techniques similar to ours. In [153], Watanabe, Higashi, and Nakamura have presented approx-
imation algorithms for the following augmentation problem: given an edge-weighted undirected
graph, an initial subgraph (g that connects all the nodes, and a specified subset S of the nodes,
find a minimum-cost augmentation of the initial subgraph (g so that each pair of nodes in § is
two-connected (they consider both edge- and vertex-connectivity) in the augmented graph. They

provide approximation algorithms for these problems with performance guarantees two and four for
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the edge- and vertex-connected versions respectively. Though their technique appears to be similar
to ours, they left open the case when the initial subgraph (G does not span all the nodes in the
graph. We obtain the same performance ratio as [153] for the biconnected problem under the weaker
assumption that the initial subgraph (Gg connects only the nodes specified in 5. Furthermore, even
when (g does not connect the nodes in 9, we can derive approximation algorithms with a slightly
worse guarantee of five. This latter problem was left open for future research in [153].

In the next chapter, we present results on finding minimum-cost two-edge-connected networks.
Using these results, one can derive approximation algorithms for the two-edge-connected version of
the problem we consider in this chapter. The performance ratios for the two-edge-connected Steiner
subgraph problem that we can obtain using the results in the next chapter are two when the initial
subgraph connects the terminals and three otherwise. Note that this matches that of Watanabe,

Higashi, and Nakamura for the two-edge-connected case.

2.2 Strategy and Results

Before we present our results, we describe a simple strategy that allows us to transform an instance
of an augmentation problem to an instance of a minimum-cost problem. Let G = (V, F) be an
undirected graph with a nonnegative weight function w on its edges. A subset .5 of nodes is specified
as the terminal set. Given an initial subgraph Gy of (¢, the augmentation problem is to find an
edge-augmentation of minimum weight such that the augmented Gy biconnects the terminals. This
problem is essentially equivalent to setting the weight of all the edges in (G to zero and finding a
minimum-cost subgraph of the resulting graph in which all the terminals are biconnected. Hence we
restrict our attention to approximating minimume-cost biconnected Steiner subgraphs (i.e., subgraphs
biconnecting every pair of terminals).

There has been previous work on polynomial-time algorithms for the minimum-cost two-connected
Steiner subgraph problems for special classes of graphs such as outerplanar graphs [157], series-
parallel graphs [158] and Halin graphs [29]. Our main results are approximation algorithms for the

case of general graphs and we state them below.

Theorem 2.2.1 There is a polynomial-time approximation algorithm for the minimum-

cost biconnected Steiner subgraph problem. The performance guarantee of the algorithm is

five.

When the initial subgraph (Gg in the augmentation problem connects all the terminals, we can
obtain a slightly stronger result than Theorem 2.2.1. In this case, we can transform the augmentation
problem to a minimum-cost tree-biconnecting problem. To do this, we choose an edge-minimal

Steiner tree from the edges in Gy (which is guaranteed to connect all the terminals, and hence
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contains such a tree), and set the cost of all the edges in GG not in this tree to zero. We now seek
a minimum-cost set of edges disjoint from the tree edges whose addition to the tree biconnects all
the nodes in the tree. The resulting minimum-cost tree-biconnecting problem for this Steiner tree
is easily seen to be equivalent to the original augmentation problem. We have the following result

for the tree-biconnecting problem.

Theorem 2.2.2 There is a polynomial-time approzimation algorithm for the minimum-cost

tree-biconnecting problem. The performance guarantee of the algorithm is four.

The key idea in all our algorithmsis to construct an auxiliary graph on a subset of the nodes in the
original graph and to select a tree spanning these nodes. We then use the algorithms of Frederickson
and Ja’'Ja’ [46] or those of Khuller and Thurimella [86] to find an approximately minimum-cost
augmentation of this spanning tree to biconnect it. Finally we transform this augmentation to an
augmentation that biconnects the tree in the original graph. To show the performance guarantee we
use a simple property that an edge-minimal augmentation that biconnects a Steiner tree is acyclic.
This observation may be of independent interest.

In addition to constructing the auxiliary graph, we also adapt and use an approximate min-max
equality relating approximately minimum-cost Steiner trees to packing of cuts derived by Agrawal,
Klein, and Ravi [2] to prove the performance guarantee of five in Theorem 2.2.1.

In the next section, we introduce some definitions. Then we prove Theorem 2.2.2. Finally, we
introduce some background on the approximate min-max equality proved in [2] and use it along

with Theorem 2.2.2 to prove Theorem 2.2.1.

2.3 Definitions

Let G = (V, F) be the given undirected graph with nonnegative weights w assigned to its edges
and let n = |V]| and m = |E|. The weight of any subgraph is the sum of the weights of the edges
in it. An undirected edge between two nodes u and v is represented by (u,v). For a graph G and a
node v in G, we use G/{v} to denote the graph obtained from G after deleting v and all its incident
edges.

An undirected graph is (one-)connected if for any two nodes u and v, there is an undirected
path from u to v in the graph. A cutvertez is a vertex whose removal along with its incident edges
disconnects (. A graph is two-vertex-connected or biconnected if it contains no cutvertices. Note
that in a biconnected graph, there always exists two node-disjoint paths between any pair of nodes.

A block is a maximal biconnected subgraph of a given undirected graph.
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2.4 The Steiner Tree Augmentation Problem

In this section, we prove Theorem 2.2.2. We are given an edge-minimal Steiner tree 7' = (Vr, Fr)
spanning the terminals. The problem is to find a minimum-cost set of edges from G' — F that will
make all the nodes in T" biconnected.

The key to deriving our results is the the following important property of any edge-minimal

augmentation that biconnects® any tree 7.
Lemma 2.4.1 For any tree T, any edge-minimal set of edges that biconnects T is acyclic.

Proof: Any set H C E/F7 of edges biconnects T if and only if for every internal node v of T,
H U T/{v} is connected. Let B be an edge-minimal augmentation that biconnects T'. Suppose B
contains a cycle ' . Without loss of generality we may assume that the cycle C' is simple. We show
that an edge e can be removed from this cycle in B while maintaining that, for any internal node v
of T, the graph BUT'/{v} — e is connected. There are few cases to consider.

Case 1: The cycle contains no node of T'. In this case, for any internal node v of T', the cycle
C' is also a cycle in B U T /{v}. Removing any edge e from C' leaves B U T /{v} — e connected.

Case 2: The cycle contains at most one node u in T'. For an internal node v of T, if v # u,
then this reduces to the previous case. If v = u, then it 1s easy to see that on removing an edge e
that is incident on v from the cycle, BUT /{v} —e = BUT/{v}. Since BUT /{v} is connected,
sois BUT/{v} —e.

Case 3: The cycle C' in B contains two or more nodes of T". Define a segment to be a maximal
subpath of C' none of whose internal nodes belong to T'. We partition the cycle C' into two or more
segments going between nodes of T'. As before, we wish to identify an edge ¢ € (' whose deletion
from B leaves a set of edges that biconnects T'. We use the following observation to identify such

an edge.

Proposition 2.4.2 Let T be a tree and B an augmentation that biconnects T. Suppose
there exists a path P in T U B consisting entirely of edges of B such that every internal
node of P is not a node of T and has degree exactly two in T U B, and the endpoints of P
lie in a simple cycle in T U B — P. Then B — P biconnects T as well.

The proof of the above proposition is immediate from the observation that a chord of a circuit
in a biconnected graph can be removed without violating biconnectivity (See, for example, [107],
Problem 6.35).

To use this observation, we first identify a segment S of the cycle C' whose endpoints lie in a

simple circuit in the graph B U T — 5. However, we may not be able to delete the whole segment

!By “an augmentation that biconnects 7, we mean one that biconnects every pair of nodes in 7.
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Figure 2.1: Using a cycle C' to identify a subtree 7" of tree T'. The cycle ' wraps around
T'.

since 1t may contain nodes with degree more than two. But we show that we can always identify an

edge in such a segment that can be deleted without affecting the biconnectivity of the tree T

Claim 2.4.3 There is a segment S of the cycle C' such that the endpoints of S lie on a
simple cycle in BUT — 5.

Proof: To prove the claim we restrict our attention to a subtree T’ of the tree T" made up of edges
of T that lie on simple paths in 1" between nodes of C'. We say that the cycle C' wraps around the
tree T" (See Figure 2.1). We show that there is a segment .S of C' whose endpoints lie in a simple
cycle in 7' U C' — §. Note that the leaves of T” are in the cycle C' by construction. We show the

existence of the segment 5 in the following proposition.

Claim 2.4.4 Let C be a cycle that wraps around a tree To. Let DS be a distinguished
segment of the cycle C'. Then there is a segment S in C' — DS such that the endpoints of S

are in a simple cycle in C'UTgo — 5.

Proof: The proof is by induction on the number of segments in the cycle €'. The basis is trivial
when the cycle has exactly two segments one of which is DS. In this case, the other segment,
(' — DS, has two node-disjoint paths between its endpoints, namely, DS and the tree path between
these nodes. Hence this segment obeys the condition in the claim.

Assume the proposition holds for all cycles with at most k& segments; we now prove it for a
cycle C' with k + 1 segments. Let S be a segment adjoining the distinguished segment DS, and
let ¢ and d be its endpoints where d adjoins DS. Consider the graph T U €' — 5. If this graph is
biconnected, then the nodes ¢ and d lie on a simple cycle, and the segment S satisfies the condition
in the Claim. Otherwise, there is a cutvertex in this graph. Since T U €' is biconnected, any
cutvertex in T U €' — 5 must lie on the path in T between ¢ and d. Let ¢t be such a cutvertex.

Since (' wraps around T¢, note that C' — 5 is a simple path from ¢ to d as well. However, since
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Figure 2.2: The induction step in the proof of Claim 2.4.4. By replacing a subpath of the
cycle C' with a segment DS, we form a cycle C’ with fewer segments than C'. The induction
hypothesis can be applied to C”.

To U C — 5 is not biconnected and contains ¢ as a cutvertex, ¢ must also lie in C' — 5. We can
now clump several segments of C' as a single distinguished segment to form a cycle ' to which
the induction hypothesis can be applied. To do this, we consider the subpath of (' between ¢ and
¢ containing DS as a single distinguished segment DS’. The new cycle C” is formed from C' by
replacing the subpath of (' between ¢ and ¢ containing DS with a single segment D.S” (See Figure
2.2). Note that C” has at most k segments. Let T/, be the subtree of T that the cycle C” wraps
around. By the induction hypothesis, there is a segment S other than DS’ in C” whose endpoints
are in a simple cycle in C" U T} — 5. This segment is also in ' — DS and the simple cycle in
C'"UTL — S corresponds to a simple cycle in C'U T — 5. This completes the proof of Claim 2.4.4.
O

To prove Claim 2.4.3, we choose any segment of the cycle C' as a distinguished segment and

apply Claim 2.4.4. O

Now we return to complete the proof of Case 3. We use Claim 2.4.3 to identify a segment 9
whose endpoints ¢ and d lie on a simple cycle in the graph formed after the removal of the segment
S . If all nodes in the segment 5 are of degree two in 7" U (', then we can delete the whole segment
and retain biconnectivity by Proposition 2.4.2. Otherwise there is at least one node in 9 of degree
three or more in T'UC'. Let ¢’ and d’ denote the nodes of degree three or more in .S that are closest
to ¢ and d respectively. We show that a portion of the cycle ' in Case 3 can be removed while
retaining biconnectivity. This proves that B contains no cycle of this type either and completes the

proof of Lemma 2.4.1.

Claim 2.4.5 At least one of the subpaths of the segment S from c to ¢’ or from d to d' can
be deleted from B while retaining biconnectivity of T U B.

Proof: The proof is by contradiction. Suppose neither of the subpaths can be deleted from B while
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maintaining biconnectivity. Then on removing each of these subpaths, there are cutvertices in each
of the remaining graphs.

Consider the graph remaining after deleting the subpath from ¢ to ¢’. By choice of S, ¢ and d
lie in a cycle even after deleting 5 and hence are in the same block in this graph.

Since ¢’ has degree three or more, we can follow an edge of B incident to ¢’ but not in the cycle
(' along a path. Note that this path cannot lead back to the segment .5 without intersecting a node
in T for otherwise we would have identified a cycle in B with no node in T'. This is disallowed by
Case 1. Therefore this path meets a node #; of 7. Now we can follow the path in the tree from #;
to d (Note that t; may be d in which case this path is empty) and then the segment S from d to ¢’
to form a simple cycle containing ¢’ and d. Thus ¢’ and d are in the same block in the graph formed
after deleting the subpath from ¢ to ¢’

Since B U T is biconnected, any cutvertex formed on removing the subpath from ¢ to ¢’ must
lie on a path between ¢ and ¢’ in the remaining graph. Since ¢ and d lie on the same block even
after deleting this subpath, this cutvertex must lie in the subsegment of .5 from ¢’ to d. Since ¢’
and d’ are in the same block after deleting the subpath from ¢ to ¢, d must be a cutvertex formed
on deleting the subpath from ¢ to ¢’. Also, in proving that ¢’ and d are in the same block, note that
we have identified a path P; between ¢’ and d through the node ¢; which avoids the segment 5.

By a symmetric argument, one of the cutvertices formed on removing the subpath of .S from d
to d’ must be ¢, and there is a path P, between d’ and ¢ avoiding S in the block containing ¢ and
d.

Suppose P; N P, = (). Then following the path along the segment S from ¢’ to d’ and then
P, between d’ to ¢, then a path between ¢ and d in the cycle containing them and finally the path
Py from d to ¢’ identifies a simple cycle containing ¢ and ¢’ (See Figure 2.3). This contradicts the
assumption that removing this subsegment violates biconnectivity of T'U B.

Otherwise Py and P, share a node. Let P| be the initial subpath of P; from ¢’ until it intersects
P, at a, say (P] may be empty, e.g., when ¢/ = d’ = a). Now we can follow the subpath P| from
c to a, then the subpath of Py from a to ¢ followed by the path between ¢ and d and finally the
path in the segment S from d to ¢’ to identify a simple cycle containing ¢ and ¢’. This gives a

contradiction as well and completes the proof of Claim 2.4.5. O
This also completes the proof of Lemma 2.4.1. O

Now we are ready to describe the algorithms in Theorem 2.2.2. We construct an auxiliary
multigraph 7”7 on the nodes V. The edge-set of T"is ' = Er U F, where (u,v) € E, whenever
u # v and there is a path from u to v in G — 7 all of whose internal nodes are not in T. Note

that U represents multiset union here. Each edge (u,v)in Fj, is assigned weight equal to the weight
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Figure 2.3: Figure illustrating the proof of Claim 2.4.5. A simple circuit is identified between
the endpoints of a subpath of 5, contradicting the assumption that this subpath cannot be
removed from B without violating biconnectivity of T'U B.

of a shortest path from % to v in G — E7 all of whose internal nodes are not in 7.

Lemma 2.4.6 If A C E/FE7 is a set of edges of weight w(A) that biconnects T in G, than

there is an augmentation A’ of weight at most 2w(A) that biconnects T in T'.

Proof: Since all edge-weights are nonnegative, we can assume without loss of generality that A is
edge-minimal, and hence by Lemma 2.4.1, A is acyclic. We now identify edges in F/, that form an
augmentation of cost at most 2w(A) using the edges of A. Mark all the nodes of 1" in the subgraph
induced by A. Perform an Euler tour of each tree in A and partition each tour into segments
between marked nodes. Note that the sum of the weights of all such segments is exactly the sum of
the weights of the Euler tours which in turn is 2w(A). Each segment between two marked nodes
identifies an edge included in F/;, between the endpoints of the segment which are nodes of T. Tt is
easy to see that the union of all the edges in I/, identified by these segments biconnects the tree
T in T'. Furthermore, the weight of all these edges is at most the weight of the segments used to
identify them, and hence is at most 2w(A). O

Now we can apply the techniques of Frederickson and Ja’Ja’ [46], or that of Khuller and

Thurimella [86], to find an approximately minimum-cost set of edges to augment the tree T in
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T’ to biconnect it. Since the optimal augmentation of 7" in G induces an augmentation in 7" of
at most twice the cost by Lemma 2.4.6, and since the performance guarantee of the approximation
algorithms of [46, 86] is two, we finally get an augmentation of cost at most four times the minimum.
Finally we transform the augmentation in 7" that we find to the collection of shortest paths in the
original graph that the edges in the augmentation correspond to. Noting that the construction of
the auxiliary graph T’ and the algorithms in [46, 86] are polynomial-time completes the proof of
Theorem 2.2.2.

2.5 The Biconnected Steiner Subgraph Problem

In this section, we prove Theorem 2.2.1. To do this we need some background.

Packing of requirement cuts

Given a graph GG and a subset of the vertices ' specified as terminals, we define a requirement cut
as a set of edges whose removal separates at least one terminal from another. Each requirement cut
(henceforth referred to as a cut) can be written as I'(W'), where W is a node subset of the graph, and
I'(W) denotes the set of edges with exactly one endpoint in W. I'(WW) is also referred to as the co-
cycle determined by W. A fractional packing of cuts is a family of cuts I'(W7), I'(Wz), ..., I'(Wy),
together with a rational weight A; for each cut. A (fractional) w-packing of cuts is a weighted col-
lection of cuts that have the following property: for each edge (u,v), the sum of the weights of all
the cuts in this collection containing the edge is at most w(u,v). The value of the packing is the

sum of the weights of all the cuts in the packing. A maximum packing is one of maximum value.

Maximum packing of cuts and minimum-weight Steiner trees

Given an edge-weighted graph with a subset of the nodes specified as terminals, the problem of finding
a minimum-weight Steiner tree connecting all the terminals is NP-complete. Since a requirement cut
separates the terminals, any Steiner tree must have an edge in the cut. Thus it is easy to see that
the weight of any Steiner tree is at least as much as the value of a maximum packing of requirement

cuts. The following result was shown by Agrawal, Klein and Ravi [2].

Theorem 2.5.1 Given an undirected graph with edge-weights, and a subset of the vertices
specified as terminals, the minimum-weight of a Steiner tree connecting all the terminals is

at most twice the value of a maximum packing of requirement cuts.

The algorithm in [2] greedily finds a packing of requirement cuts and simultaneously builds a

Steiner tree of weight at most twice the value of this packing.
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Note that any biconnected Steiner subgraph must have at least {wo edges crossing any require-
ment cut since this subgraph has two node-disjoint paths between the terminals separated by this

cut. Thus we have the following lemma.

Lemma 2.5.2 The weight of any biconnected Steiner subgraph is at least twice as much as

the value of a maximum packing of requirement cuts.
Combining the results from Theorem 2.5.1 and Lemma 2.5.2, we get the following theorem.

Theorem 2.5.3 Given an undirected graph with edge-weights, and a subset of the vertices
specified as terminals, the approximately minimum-weight Steiner tree found by the algo-

rithm in [2] has weight at most that of any minimum-weight biconnected Steiner subgraph.

We can use the above theorem to handle the case when all terminals are not one-connected in
the initial subgraph Gy. We first add edges to (G so as to one-connect all the terminals. Then we
use the algorithm in the previous section to augment this tree. We use the above theorem in the
first phase of one-connecting the terminals. For this, we set the weight of all the edges in G to zero
and use the approximation algorithm of Agrawal, Klein and Ravi in [2] to find an approximately
minimum-weight Steiner tree one-connecting the terminals. By Theorem 2.5.3 above, the cost of
the set of edges added in this first phase is at most that of a minimum-weight biconnected Steiner
subgraph.

We use this tree as the starting point in applying the algorithm in the previous section. The
minimum-weight biconnected Steiner subgraph also forms a solution to the tree-biconnecting prob-
lem for the tree T'. Therefore, by Theorem 2.2.2, the cost of the tree-biconnecting edges added in
this second phase is at most four times that of the minimum-weight biconnected Steiner subgraph.

Summing the costs of edges added in both phases gives the bound in Theorem 2.2.1.
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Chapter 3

Generalized Two-edge-connected

Networks

We continue our study of minimum edge-cost network-design problems by considering an edge-
connected generalization of the problem we addressed in the previous chapter. In this chapter, we
present a general approximation technique for a class of network-design problems where we seek
a network of minimum cost that satisfies certain communication requirements and is resilient to
worst-case single-link failures. Our algorithm runs in O(n2 logn) time on a graph with 7 nodes
and outputs a solution of cost at most thrice the optimum. We extend our technique to obtain
approximation algorithms for augmenting a given network so as to satisfy certain communication
requirements and achieve resilience to single-link failures. In this chapter, two-connectivity refers to
two-edge-connectivity unless explicitly stated otherwise.

The technique we introduce in this chapter allows one to find nearly minimume-cost two-connected
networks for a variety of connectivity requirements. For example, our result generalizes earlier results
on finding a minimum-cost two-connected subgraph of a given edge-weighted graph in [46, 86].
Using our technique, we can also approximately solve for the first time a two-connected version
of the generalized Steiner network problem and a two-connected version of the non-fixed point-to-
point connection problem. The results in this chapter were obtained jointly with Philip Klein, and

appeared in [90].

3.1 Introduction: The Framework

On designing a network

The following scenario was proposed in [2]. You are in the job of providing communication links to

customers. You have a set of clients with communication requirements; each client has specified a pair
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of cities (called a site-pair) between which the client must have communication capabilities. In front
of you is the price list from the telephone company, which gives prices for constructing communication
links between various cities. Each link built has essentially infinite communication bandwidth. Your
job 18 to select a minimum-cost collection of communication links that can accommodate all your
clients” communication requirements. The network you must construct need not be connected; all
that is needed is that every client’s pair of cities be connected through your network. Unfortunately,
your job’s NP-complete. So you come up with an approximately good solution [2] and build a
network using this strategy.

Soon you notice that your clients are complaining. The links used in your network seem to be
breaking down pretty often. And you notice that it is very often the case that it is just a single
edge that has caused each tree in your solution to come to a standstill. So your clients want you to
augment this network so that each pair of cities have at least two connections. Moreover, they do
not want you to duplicate any link in the already existing network since the link failures seem to be
related to the location of the cables. By duplicating links, you are only making both copies prone
to failure. Well, your problem is NP-complete again [46]. If you were lucky to have a large enough
clientéle so that your network spanned all the cities, then you could use the approximate solution in
[46]. However, considering your past history with fortune, no approximation algorithms are known
in the general case.

In this chapter, we give the first approximation algorithm for augmenting this generalized Steiner
network to a network in which each site-pair is two-connected. Combining this with the solution
offered to your earlier problem in [2], this provides an approximation for a general two-connected
Steiner network design problem. In fact, you weren’t so unlucky after all. For, while you set out
to solve the problem of finding a minimum cost network two-connecting all the site-pairs, your
technique turns out to solve a whole class of minimum-cost two-connected subgraph problems...

An example of a solution formed this way for the generalized two-connected Steiner network

problem is depicted in Figure 3.1.

Framework

We can model the generalized two-connected Steiner network problem as follows: Define a cut in
the graph to be active if it separates some site-pair. A network is said to two-connect a site-pair
if there are two edge-disjoint paths between them in the network. Thus, any network that two-
connects the site-pairs must cross this active cut twice. Conversely, if a network crosses every such
active cut twice, the network indeed two-connects all the site-pairs. More formally, we can define a
function f defining the activity of all cuts in the graph. If a cut (' separates some site-pair, then

we set f(C') = 1 and call C' an active cut. Otherwise, we set f(C') = 0 and call C' an inactive
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cut. Any set of edges that crosses each of the active cuts twice is a feasible solution to the two-
connected Steiner network problem. We can generalize this two-connected network design problem
by extending our notion of active cuts. For this, we turn to the work of Goemans and Williamson
in [60] where they define the notion of proper functions. Proper functions are a class of functions
used for defining the activity of cuts in a graph.

In [2], Agrawal, Klein and Ravi provided the first approximation algorithm for the generalized
network Steiner problem. The algorithm presented there involved construction of feasible primal
and dual solutions with an approximate relation between their values. Subsequently, Goemans and
Williamson [60] generalized this result to a technique for approximating a large class of constrained
forest problems. They introduced the notion of proper functions whose elegant definition captures
the connectivity requirements for a variety of constrained forest problems. In this chapter, we use
their notion of proper functions in formulating a general two-connected network design problem.

Given a graph G = (V, F), a function f : 2V — {0,1} and a non-negative cost function ¢ on

the edges, we consider the following integer program:

Min ZeeE CeTe
subject to constraints:
z(I'(S) > 2f(5) ; 0#5CV (IP)
e € {0,1} ; eeck

Here I'(S') denotes the set of edges having exactly one endpoint in the set S and z(F') =
> ccF Te. Any feasible solution to the program above is a collection of edges that intersect each
active cut under the function f at least twice. Thus, any minimal feasible solution to (IP) is a
collection of two-connected subgraphs. In this chapter, we address solutions to the above program
for the class of proper functions f. An important requirement of the solution subgraph that this
chapter addresses 1s that edges are not allowed to be replicated. This will be the assumption in all
the problems we consider. Thus, the program is feasible only if the input graph has a feasible solution
as a subgraph. We shall assume that the input graph is itself feasible for (IP). It is not hard to verify
this assumption. We define A, the set of terminalsin V as theset A ={v eV : f({v}) =1}

The following is our main result.

Theorem 3.1.1 There is an O(n?logn) algorithm to produce an feasible solution F' to

(IP) such that 3~ cprce < (3 — %)OPT where OPT is the optimum value of (IP).

Although we use weak linear programming duality in our analysis, our algorithm does not linear

programming,.
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Formulating problems in this framework - Examples

The generalized two-connected Steiner network problem without edge replication is representable in
the above framework. We set f(.9) = 1 if there is a site pair that contains a site in .5 and one outside
S, and we set f(.9) to 0 otherwise. The above framework also captures the following point-to-point
two-connection problem we introduce. In this, we are given a set C' = {¢1,...,¢,} of sources
and a set D = {dy,...,dp,} of destinations in the graph and we need to find a minimum-cost set
F of edges such that each source-destination pair is two-connected in F. The fixed destination
case, in which ¢; is required to be two-connected to d;, reduces to a case of the generalized two-
connected Steiner network problem. However, we can also approximate the non-fixed destination
case, where the only requirement is that each component of F' contains the same number of sources

and destinations. For this, we set f(.9) to 1 whenever |S N C| # |S N D| and to 0 otherwise.

Strategy

The algorithm we present in this chapter works in two phases. In the first phase, the algorithm in
[60] is applied to construct a partial solution Fy that partially satisfies the requirements in (IP),
namely, the solution satisfies the one-connectivity constraints: 2(I'(9)) > f(S) 0 # 5 C V.
In the second phase, we augment the partial solution F; such that the augmented subgraph two-
connects each of the trees in the forest F7. We show that the cost of the solution output at the first
phase is at most the optimum value of (IP) and the cost of the augmentation output at the second
phase is at most twice the optimum value of (IP) to obtain a performance guarantee of three. The
second phase is a careful reapplication of the methods of Goemans and Williamson. We define an
auxiliary function f specifying a different notion of active cuts, based on the partial solution F. If
f! were proper, then we could reapply the method in [60] directly. Unfortunately, f’ is not proper

and so we need to adapt this method.

Approximating augmentation

The techniques used in proving Theorem 3.1.1 can be adapted to provide approximation algorithms
for minimum-cost augmentation. Suppose that we are given a graph G = (V, I) along with an
initial subgraph G with edge set Fg. The minimum-cost augmentation problem is to choose a
minimum-cost set of edges in G whose addition to (7o yields a graph that obeys the constraints of
(IP). This problem generalizes the minimum-cost bridge-connectivity augmentation problem consid-
ered in [46, 86] and also the Steiner version considered in Chapter 2. We have the following theorem

about approximating the minimum-cost augmentation.

Theorem 3.1.2 The augmentation problem described above can be approzimated in O(n?logn)

time within a factor of 2(1 — ﬁ) iof the incidence vector, xg of the initial subgraph Gy obeys
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the one-connectivity constraints
2o(T(S)) > f(S) VS : 0#£SCV
Otherwise the performance guarantee is 3(1 — W)'

In the next section, we look at related work. After that, we present background results and
the basic technique used in proving our main result. In Section 3.4, we present the second-phase
augmentation algorithm. In the following section, we prove the performance bound of this phase.

Finally, we prove the results on augmentation.

3.2 Related Work

Fredrickson and Ja’Ja’; in their pioneering work [46] on approximation algorithms for weighted graph
augmentation problems, provided the first approximate solution for the problem of augmenting a
given graph to be two-connected. The performance guarantee of their algorithm was a multiplicative
factor of two. Their technique also gave an approximate solution to the minimum-cost two-connected
subgraph problem. The performance guarantee is a multiplicative factor of three. Their solution for
the latter problem starts with a minimum spanning tree and augments this to be two-connected.
Khuller and Thurimella [86] have extended these results and provided more efficient algorithms for
the same. In Chapter 2, we showed how to generalize this method achieving a weaker performance
ratio to find minimum-cost two-connected Steiner subgraphs of a given graph. All the above methods
are also able to solve the node two-connected versions approximately. Khuller and Vishkin have
presented algorithms with better performance guarantees for the minimum two-connected subgraph
problems in [87]. The bounds are % for the two edge-connected case and % for the two node-connected
case.

When the cost function ¢ obeys the triangle inequality, then Fredrickson and Ja’Ja’ [47] present
an adaptation of Christofides’ heuristic to solve the minimum-cost biconnectivity augmentation
problem with a performance factor of % There has been considerable previous work on network
survivability [569, 66, 116, 117, 144] that addresses constructing minimum-cost k-connected subgraphs
under such cost functions. However, our interest is in the general case when the cost function does
not satisfy the triangle inequality.

There has also been considerable work on characterizations of integer polyhedra arising from
connectivity constraints [65], and construction of minimum-cost two-connected survivable networks
[59, 118].

As mentioned in the previous section, Agrawal, Klein and Ravi [2] introduced a primal-dual
method for approximating the minimum-cost generalized Steiner network. Though this result ad-

dressed arbitrary connectivity requirements between pairs of nodes, it allowed for edge replication.
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This was consequently generalized by Goemans and Williamson in [60].
Our method combines the two-phase idea of Fredrickson and Ja’Ja’ with a primal-dual method

tailored to provide an approximate solution in both phases.

3.3 Background

Following [60], we define the notion of a proper function f : 2V — {0,1}. A function f is proper
if the following properties hold.

o Null] £(0) = 0;
e [Symmetry] f(5) = f(V — 5) forall § C V; and
e [Disjointness] If A and B are disjoint, then f(A) = f(B) = 0 implies f(AU B) = 0.

The functions f used to model the problems in the first section can be easily verified to be proper.

The first phase:

As mentioned in the introduction, our algorithm works in two phases. In the first phase, we construct

an approximate solution to the following modified integer program:

Min )~ _cpcete
subject to constraints:
z(T(S)) > f(§) ;0#£5CV (IP1)
. € {0,1} ; e€eFE

We do this using the method in [60]. Let the solution generated be denoted by Fy. We shall use
F1 to denote the set of edges in this solution returned in the first phase. It follows from [60] that
F7 induces a forest in . The algorithm in [60] implicitly constructs a dual solution to the above
linear program to prove the performance guarantee. This dual to the linear relaxation of the above

integer program (using z. > 0) is the following.

Max Y gcv f(5) - s

subject to constraints:
YoSwer(s)¥s < ¢ ; e€l
ys > 0 ; 0#S5CV

Recall that A is the set of terminals in V. We will be using the following results from [60].
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Theorem 3.3.1 ([60]) The solution Iy feasible for (IP1) and the dual y constructed are

related by
2

ZCSS(Q—W)Z@/S
e€l SCV
Lemma 3.3.2 ([60]) Let e € N where N is a connected component of a minimal solution

Fy. Let Ny and Ny be the two connected components of N —{e}. Then f(N1)= f(Nz)=1.
Observation 3.3.3 ([60]) If f(5) =0 and f(B) =0 for some B C S, then f(5S—B) = 0.

The LP relaxation of our integer program (IP) is obtained by replacing each integrality constraint

z. € {0, 1} with the linear constraint 0 < 2. < 1. The dual to this LP relaxation is as follows.

Max 3 ogey 2f(5) - ys — Xeep e
subject to constraints:
Yseer(s)¥s S ceFre ;e€k
ys 0 04 SCV (LP)
Te 0 cec B

(AVARR AV

By weak linear programming duality, if O PT denotes the value of the optimal solution to (IP)
and Z7 p denotes that of the optimal dual solution to (LP), then OPT > Zjp. Note that the
dual solution y provided by the algorithm of [60] is feasible for (LP) by setting 7. = 0 for all
edges e. The value of the above program (LP) with this solution is 2 g~y ys. Thus we have
OPT > 23 gcy ys. Combining this with Theorem 3.3.1, we get the following bound on the first

phase solution.

Lemma 3.3.4 Let Fy be the set of edges chosen in the first phase and let O PT denote the

value of an optimum solution to (IP). Then

1
e <(1- —)ort
eeFl | |

The second phase:

In the next section, we describe an algorithm for augmenting the forest F; with a set of edges F5
disjoint from F. The algorithm also simultaneously constructs an implicit dual solution %g for

S C V. We shall prove the following theorem in the next two sections.

Theorem 3.3.5 The second phase algorithm chooses a set Fy of edges disjoint from Fi,

and an implicit dual solution 7.

(1) The set of edges in Fy U Fy two-connects each of the trees in (V, F).
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(2) The solution § will have the property that §s > 0 only when |I'(S)N Fy| = 1. Also,
the solution § will obey the normal packing constraint on all edges not in Fy. Namely,

for any edge e € I/ — Fy, we have ZST(S)% s < Ce.
We also prove the following relation, which is the basis for our performance analysis of the algorithm.

Theorem 3.3.6 Let Fy be the set of edges chosen by the second phase algorithm and let §

be the dual solution it implicitly constructs. Then

ZCSS(Q_%)Z@S'

e€Fy SCV

The strategy to prove a bound of two for the second phase is to show that 3 is feasible to the dual

(LP) above. For this, we need the following lemma.
Lemma 3.3.7 If|['(S)N Fy| =1 then f(5)=1.

Proof: Suppose I'(S) N Iy = {e} and suppose € € N, where N, Ny,..., N, are components
of (V, F1). Let P and ) be the two components of N — {e}. Assume without loss of generality
that P C S and @ NS = (. Since I'(9) only intersects the edge e from F}, for each N;, either
SNN; =0or SNN; = N;. Thus, we can write S as the disjoint union of P and some of the
components in F;. Now f(N;) = 0 for all the N;’s. Also, from Lemma 3.3.2, we have f(P) = 1.
Disjointness and Observation 3.3.3 together imply that f(5) = 1. O

Now, we show that § is a feasible solution to (LP). Namely, for each edge e € Fy, set 7, =
>S540, T(S)nFi={c} ys. Set . = 0 for all the other edges. Since we have yg > 0 only when
IT(S)N F1| = 1, we get

Dore=d re=2, > Ps= Y, Gs=) s (3.1)
cEE c€F, c€Fy S:T(S)nF1={e} ST (S)NF =1 Scv

Now, we show that the solution §g obeys all the packing constraints in (LP). For any edge e € F},

we have

Z 375 =re<rcetee
S:I'(S)3e

since ¢, >> 0. Also, for any edge € not in F7, we have

Z 375 <ee <ot 7e
S:I'(S)3e

using the second part of Theorem 3.3.5. Finally, the value of the solution is

ZQf(S)gs_ZreZQ Z gS_Zre:ZgS
S e S

S:T(S)nFy|=1 c€Fy
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The first inequality follows from Lemma 3.3.7 and the second equality from Equation (3.1). By weak
linear programming duality, we again have OPT > 5" ¢ 9g. Combining this and Theorem 3.3.6, we

get the following lemma.

Lemma 3.3.8 Let Iy be the set of edges chosen by the second phase algorithm and let O PT
denote the value of an optimum solution to (IP). Then
2
Z CBS(Q_I)OPT
6€F2 | |

We pause and prove that the solution F} U F5 we offer is feasible.

Lemma 3.3.9 Iy U F, is feasible for (IP).

Proof: For any S C V, we have |I'(S) N Fy| > f(9) since Fy is feasible for (IP1). By The-
orem 3.3.5, the set of edges in Iy U Fy two-connects all the trees in Fy. Thus if f(5) = 1 and
IT'(S)N F1| = 1 then we must have [I'(S) N Fy| > 1 for such S. Therefore if  is the incidence
vector of F1 U Fy then for any S with f(.5) = 1, we have

2(T(S)) = [T(S) N B+ |T(S) 0 Fy| > 2

Hence, z is feasible for (IP). O

We have described construction of a feasible solution Fy U Fy to (IP) and we have bounds on
its value from Lemmas 3.3.4 and 3.3.8. These give us the Theorem 3.1.1. It remains to describe the

algorithm to construct Fo and the implicit dual §s. We do this in the next section.

3.4 The Algorithm

In this section, we describe the algorithm for augmenting a given forest Fj such that each tree in
Fy becomes two-connected. Note that [} is a minimal solution to the integer program (IP1). We
also implicitly construct a dual solution g such that it has the properties we required in Theorem
3.3.5. Since we require that g > 0 only when |[['(S) N Fi| = 1, we define this condition as a new

function f’, namely,

1 TSNl =1

0 otherwise

f'(8) =

It is important to note that the function f’ defined this way is not proper. It can be easily shown to
violate the disjointness requirement. Our basic algorithm for the second phase is similar to that of
Goemans and Williamson but i1s modified to take care of this difference. As input to the algorithm,
we are given an undirected graph G with edge costs ¢, > 0 and the forest Fj. We output a set F5
of edges such that F5 N I} = 0 and each tree in F} is two-connected in Fy U Fy.
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Overview

The algorithm maintains a forest, F', of edges as candidates for F5. The forest F’ initially has no
edges. It also maintains a set, of clusters which partitions the vertex set at any time in the running
of the algorithm. To begin with, each node in V' is in its own cluster. The set of clusters at any
time in the running of the algorithm can be partitioned into active and dead (or inactive) clusters,
namely, those with f” value 1 and 0 respectively. The algorithm progresses in iterations, choosing
edges between clusters and merging clusters. Each merge involves an active cluster. When no active
cluster remains, the algorithm terminates. Whenever a chosen edge closes a cycle in F; U F’, this
cycle 1s collapsed: all the clusters containing nodes in the cycle are unioned into a single cluster. Note
that the graph induced by Fy U F" at the beginning of each iteration with the clusters contracted to
single nodes is acyclic, because cycles are collapsed at each iteration. The algorithm also implicitly
maintains a dual solution §. Only the active clusters are used to update the dual solution. As long
as there remains an active cluster, there remain at least two clusters since f’(V) = 0. In the end,

we do a clean-up to retain only essential edges and remove redundant edges.

The algorithm

We use the notation of [60]. We shall use C to denote the set of clusters that the algorithm maintains.
For a vertex v, we let (', denote the cluster containing ». We shall use a counter ¢ which records
the iteration number during the course of the algorithm. Henceforth, we shall use the term “at time

t” to refer to iteration number ¢ of the algorithm.

1 Initialize F := 0, C := {{v} : veV}, t:=0.
2 Comment: Implicitly set §s := 0 for all S C V.
3 For each v € V| set d(v) := 0.

4 While there is a C' € C such that f'(C') =1

5 Find edge e = (¢,j) with ¢t € C1 € C, j € Cy € C, Cy # C5 that minimizes the reduced
cost 6 = %

6 For all v € C' € C, set d(v) := d(v) + ¢ - f/(C'). Comment: Implicitly set Jo :=
Jo 8- 110

7 Set t :=t+4 1 and F':= F'U {e}. Comment: Edge € is chosen at time ?.

8 If e closes a cycle in F; U F’, then union all the clusters containing nodes in this cycle to

form a new cluster and insert this in C. Delete each of the old clusters used in the unioning
from C. Comment: We say that a collapse has occurred at time ¢. All the edges in this

cycle with their endpoints in different clusters are said to participate in this collapse.
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9 If € does not close a cycle, union the two clusters C'y and (5 to form a new cluster and

insert this in C. Delete the two clusters €'y and C'y from C.

10 (Clean-up step) Select a subset F5 of F' to output. Comment: This step is described later

in this section.

Clean-Up

Before we describe the clean-up step, we need some notation. At any time ¢, let C(¢) denote the set
of clusters in C just after iteration number ¢ of the algorithm. Let e; denote the unique edge added
in the ¥ iteration. We define F(t) to be set of edges in the set /' added until time ¢ including e;.
Let 1 be the total number of iterations before the algorithm terminates.

We shall refer to the graph (V, F}) or any contracted version of it as the skeleton. Hence the
edges in F) are termed skeletal. Also, a path made up of edges entirely in F} is called a skeletal
path. Similarly, edges in F' are termed nonskeletal.

Clean-up works by processing the edges in F’ in the reverse order in which they were chosen by
the algorithm and discarding those that are not essential for two-connectivity. The procedure below
takes as input the set of edges F’ chosen by the algorithm and outputs a subset Fy C F' of edges to
be retained in the final solution.

1 Initialize Fy := 0.
2 Fort:=1ty down to 1 do

3 If the graph (V, F1 U F5 U F'(t) — {e;}) contains at least one skeletal bridge edge b;, then
set F2 = F2 U {et}.
Feasibility

We have the following observations from the algorithm.

Proposition 3.4.1 At any iteration t of the algorithm, the set of nodes in each cluster in

C(t) is one-connected using edges in Fy U F(t).

The above proposition can be proved by induction on the iteration count .
Definition: Define a skeletal edge € to be enclosed at time t if both its endpoints belong to the

same cluster in C(?).

Observation 3.4.2 A skeletal edge is enclosed at time t if and only if it is part of an
edge-simple cycle in (V, Fy U F(1)).

Proof: First we prove the if part. In step 8, we collapse any cycle formed by a newly chosen edge,

and we merge the clusters involved. It follows by induction on the iteration count ¢ that all the
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nodes in any edge-simple cycle in (V, F1 U F(t)) are in the same cluster in C(t). If a skeletal edge
is part of such a cycle, both its endpoints are in the same cluster, and hence the edge is enclosed.
Now, we prove the only-if part. Suppose a skeletal edge s is enclosed for the first time during
the course of the algorithm at time #/. Then a collapse must have occurred at time ¢’ and the edge
s participated in the collapse. We now identify an edge-simple cycle in (V, Fj U F(t/)) containing
s. Consider the cycle that collapsed at time ¢. Each cluster in the collapsing cycle is one-connected
using edges in Fy U F'(#' — 1) by Proposition 3.4.1. So we can form a cycle containing s using the

edges in this collapsing cycle, along with the paths within each cluster in this cycle in the graph
(V,RUF(')) D

Note that a skeletal edge, once enclosed, stays enclosed for the rest of the algorithm.

Observation 3.4.3 Let N be any connected component in (V, Fy). Then the set of nodes

in N that occur in the same cluster in C(t) are two-connected in (V, Fy U F(1)).

Proof: Using induction on the iteration count ¢, we can show that the set of edges in N with both
endpoints in the same cluster in C(t) form a subtree of N. Each edge in this subtree is thus enclosed
at time ¢ by definition and hence its endpoints are two-connected by Observation 3.4.2. Since two-

connectivity is a transitive relation on the nodes, all the nodes in this subtree are two-connected.

a

Definition: For any iteration number ¢ of the algorithm, we define F3(?) and F3(t) to be the
subset of edges in Fy and Fy respectively with their endpoints in different clusters in C(?). Note
that F5(1) is just the set of edges in F3 chosen after iteration .

From the running of the main algorithm, we have the following lemma.

Observation 3.4.4 Fach connected component of Fy is completely contained in some clus-

ter in C(ty).

Proof: Consider the graph (C(ts), Fi(ts)) that F} induces on the set of clusters at the time of
termination of the algorithm. We claim that Fl(tf) is empty. Otherwise, consider a nonsingleton
connected component H of (C(ts), F1(ts)). Each cluster in H has degree at least one. By definition
of the activity function f’, since each cluster is inactive at time iy, each cluster in H has degree at
least two. Hence H contains a cycle. But the algorithm collapses any such cycle into a single cluster

and thus this is impossible. O

The observation above implies that every skeletal edge is enclosed at time {¢. Using Observation
3.4.2, this implies that each tree in the initial skeletal forest (V, F}) is two-connected in the graph
(V,F1 U F). By the definition of clean-up, we can prove the following proposition by backwards

induction on the iteration count %.
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Proposition 3.4.5 The graph (V, Fy U F5(t) U F(t)) does not contain any skeletal bridge
edge.

Since F3(0) = F5, the above proposition implies that there is no skeletal bridge edge in the final
retained solution (V, F1 U F3). Thus we have the following lemma.

Lemma 3.4.6 Fach component N of Fy is two-connected in the graph (V, Fy U Iy).

This proves the first part of Theorem 3.3.5.

Definition: Note that the edges in Fy(t) and Fy(t) defined earlier have their endpoints in
different clusters in C(t). So we can define an auxiliary graph G/(t) on the node set C(t) by
G(t) = (C(t), F1(t) U Fy(t)). For each edge ¢ = (a,b) in F1(t) U F5(t), we have an edge (A, B)
in the graph G/(¢) such that A 5 @ and B 5 b. The graph (/(¢) may be thought of as a contracted
version of the solution subgraph (V, Iy U Fy) at time ¢ in which all the nodes in the same cluster in

C(t) have been contracted into a single node and only edges between clusters are retained.
Observation 3.4.7 The graph (C(t), F5(t)) is acyclic.

Proof: Connectivity between clusters in C(t) using edges of F3(t) implies that these clusters are
eventually merged into a single cluster in the course of the algorithm. Since no edges are ever chosen

between nodes in the same cluster, the graph (C(%), F5(t)) is acyclic. O

A property of clean-up

As a result of the clean-up, we have the following lemma.

Lemma 3.4.8 Suppose the edge e; € Fy is retained in Fy because it left a skeletal edge by
as a bridge edge in step 3 of the clean-up procedure. Then b; is also a bridge edge in the
graph G(t') — {e:} for any t' < t.

Proof: By the definition of clean-up, the edge €; is retained in F3 because it left the skeletal edge
b; as a bridge edge in the graph (V, F1 U F5(t) U F(t) — {e;}). Hence, b; is also a bridge edge in
the subgraph (V, F1 U F(t) — {e;}). From Observation 3.4.2, this implies that it is not enclosed at
any time t’ < t. Thus b; € Fy(1').

Note that we can obtain the graph G(t') —{e;} from (V, F1 U F5(t)U F(t) —{e;}) by a series of
edge-contractions and edge-deletions not involving bs. Each cluster in C(t') is one-connected using
edges in F1 U F(t) by Proposition 3.4.1; we can therefore obtain a node in C(t/) by contracting along
the edges between nodes in V' in this cluster. It remains to show that we can obtain G(t') — {e}

from the contracted graph by deleting edges. Now by definition, Fl(t/) C Fy. Also, since t' < t,
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the set of edges in I chosen after time ¢’ is a subset of all the edges chosen until time ¢ and the set
of edges in Fy chosen after time ¢, i.e., F5(t') C F(t) U F5(f). We conclude that the edges in G/(?)
are Fi (1)U Fy(t'), asubset of Fi U Fy(t)U F(t), so we can obtain G(t') — {e;} from the contracted
graph by deleting edges. Note that since b; € Fi(#'), we do not use it in any of these operations.

Furthermore, neither of these operations destroys bridge edges and so b; remains a bridge in the

graph G(t') — {e;} . O

We shall use the above lemma in the proof of the performance guarantee.

3.5 The Performance Guarantee

Our analysis of the algorithm is modeled on that of [60]. In this section, we prove Theorem 3.3.6.
From the construction of the § values and the choice of edges in F, we get the following lemma

directly.

Lemma 3.5.1 The solution § satisfies §s > 0 only when |I'(S) N Fy| = 1. Furthermore, it
obeys the normal packing constraints on edges not in Fy. Namely, for any edge e € E — F},
we have ZST(S)% s < ¢.. Also, for any edge in F, this constraint is tight, i.e., for e € F,

Ce = ZS:F(S)ae Ys-

The above lemma proves the second part of Theorem 3.3.5.
We restate Theorem 3.3.6 and in the remainder of this section, prove it.
Theorem 3.3.6 Let F5 be the set of edges chosen by the second phase algorithm and let 7 be the
dual solution it implicitly constructs. Then
ZCeS(Q—%)Zﬂs
) scv
At any time ¢ in the running of the algorithm, recall that the set of nodes in C(t) can be partitioned
into active nodes and dead nodes, representing clusters with f’ value 1 and 0 respectively. Let k(%)

denote the number of active nodes in C(¢). We prove the following theorem in the remainder of the

section and use it in the induction step of our proof of Theorem 3.3.6.

Theorem 3.5.2 For each iteration number t, the sum of the degrees of the active nodes in

the graph (C(t), F5(t)) is at most 2(k(t) — 1).

The proof of Theorem 3.3.6 is adapted from a proof by Goemans and Williamson [60]. They use a
lemma similar to our Theorem 3.5.2 in order to prove Theorem 3.3.6 by induction on the iteration
count ¢. However, our proof of Theorem 3.5.2 differs completely from the proof of its counterpart

in [60]. We now show that the above theorem suffices to prove Theorem 3.3.6.

35



Proof of Theorem 3.3.6: The proof is by induction on the iteration count . From Lemma
3.5.1, we can write > cpm € = D e, ZS:F(S)ae Js. By changing the order of summation we can
rewrite the above double sum as follows: Y .cp ¢ = > g s - [{e € T'(9): e € Fy}|. Let gs(t)
denote the value of yg just before the " iteration of the algorithm. We show by induction on the
iteration count ¢ that

S2ds(0)- He € 18t e € P2} < (2= 70) 3 ()

S SCV

The inequality clearly holds when ¢ = 0. Let ¢ denote the reduced cost of the edge e; chosen at
time ¢. At this iteration of the algorithm, the increase in the left-hand side of the above inequality
1s

Z 6-H{eel'(C): e € Iy}
Cec(t):f(C)=1
For the induction step, we must prove that this increase is bounded by the increase in the right-hand
side, namely by
(2= rp)-e- 0 e f(O) = 1]
By definition, k(?) = |C € C(t) : f/(C') = 1]. In terms of the graph (C(%), F2(¢)), we must prove
that the sum of the degrees of the active nodes is at most 2(k(?) — %43'2)

Each leaf in the initial forest F/} is a terminal and the number of active nodes in C(¢) at any
time ¢ is at most the number of leaves in F;. Hence k(t) < |A] at any time t. Hence it is sufficient
to prove that the sum of the degrees of the active nodes in the graph (C(t), F5(%)) is at most
2(k(t) —1). But this is exactly what Theorem 3.5.2 states. Thus this theorem proves the induction
step. O

We shall prove Theorem 3.5.2 in the remainder of this section.

Proof of Theorem 3.5.2: The proof works by constructing a subgraph of Gi(t) that is a forest
spanning all the nodes in G/(¢). We call this the proof forest; it is made up of proof trees. This
forest will include all the edges in F5(¢). It also has the property that that every edge in F3(?) is

on a path between two active nodes in the forest. The following proposition asserts that we can

construct such a proof forest.

Proposition 3.5.3 For each iteration number t, we can construct a spanning forest of G(t)
that includes all the edges in Fy(t) such that each such edge is on a path between two active

nodes in the forest.

Then, we prune the forest so as to delete each edge that does not lie on a path between two active
nodes. Notice that since every edge in F5(%) is in a path between two active nodes, no edge in F(t)
gets pruned. Moreover, as a result of pruning, each leaf node in the forest will be an active node.

Thus any inactive node in the forest 1s an internal node and has degree at least two.
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Since the pruned proof forest contains every edge in F5(t), (C(t), F2(t)) is a subgraph of this
forest. Hence the sum of the degrees of the active nodes in (C(), F2(t)) is at most the sum of the
degrees of the active nodes in the pruned proof forest. Let N; denote the number of inactive nodes
in the pruned proof forest. The sum of the degrees of all the nodes in the pruned forest is at most
2(k(t) + N; — 1). The sum of the active node degrees is the sum of the degrees of all the nodes
minus the sum of the degrees of the inactive nodes. Since each inactive node has degree at least

two, the sum of the active node degrees is at most 2(k(¢) — 1). This proves Theorem 3.5.2. O

Construction of the proof forest

It remains to prove Proposition 3.5.3. For this, we need a few definitions.
Definition: Define a node in C(t) to be a skeletal node if it has at least one edge of Fy(?)
incident on it. Thus the skeletal nodes are exactly the nodes that are not isolated nodes in the
graph (C(1), Fy(1)).

We say that an edge b is a bridge edge for edge a if b is a bridge edge in the graph G/(?) —{a}.

Proof of Proposition 3.5.3: We prove Proposition 3.5.3 by proving the following lemma that
asserts that we can construct the proof forest inductively. In the following lemma, ¢ denotes the
iteration count such that we are attempting to construct a proof forest for G/(¢). For any t' > ¢, the
set Fy(t) — F3(t') represent the set of edges in the solution subgraph that have been chosen after

time ¢ up to and including time #'.

Lemma 3.5.4 Let t be an iteration number of the algorithm. Then, for every t' > t, there

exists a proof forest of (C(t), F1(t) U(Fy(t) — F5(t'))) such that the following properties hold.

1) All the nodes in a connected component of (C(t), Fi(t)) are in the same tree of the
proof forest.

2) The proof forest contains all the edges in Fy(t) — F5(t').

3) Fach edge in a nonskeletal path between two skeletal nodes in the forest is on a proof

tree path between two active nodes.

4) FEach skeletal edge b € Fy(t) that is not in the proof forest is a bridge edge for some
nonskeletal edge in G(t).

We prove Proposition 3.5.3 by using Lemma 3.5.4 with ¢’ = t;. By the second property in this
lemma, we get that the proof forest includes every edge in F5(¢). By Lemma 3.4.8, each edge e
in Fy(t) is chosen at some time ' > ¢ and is part of a cycle in the graph G(t) = (C(t), Fy(t) U
F5(t)). Furthermore, this cycle contains at least one skeletal edge since (C(%), F3(?)) is acyclic by
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Observation 3.4.7. Since the proof forest contains F5(t), this edge forms part of a nonskeletal path
between skeletal nodes in the proof forest. Then the third property in Lemma 3.5.4 implies that

this edge 1s on a path between two active nodes. This completes the proof of Proposition 3.5.3. O

Proof of Lemma 3.5.4: The proof is by induction on ¢'. Henceforth, we shall use the phrase
proof forest for t' for any t' > ¢ to refer to the proof forest of the graph (C(t), F1(t) U (Fa(t) —
(')

Basis: (t' = t) In this case, the proof forest for ¢’ is (C(t), Fi(t)). It is easy to verify that the
properties in Lemma 3.5.4 are true for this forest.

Induction step: Let P be the proof forest for #'. We show how to obtain a proof forest P for
t + 1. Let e be the edge chosen by the algorithm at ¢’ + 1. If € does not appear in Fy, (i.e. it was
omitted during the clean-up phase), then P itself is a proof forest for ¢ + 1. Therefore suppose the
edge € does appear in F5. There are two cases.

Case 1: The edge e does not form any new nonskeletal path between skeletal nodes. In this
case, PU{e} is acyclic, so we let the new proof forest Pbe PU {e}. Since no edges are deleted, the
first and fourth properties continue to hold. Since we added the edge e to ]3, the second property
continues to hold. Also, since we form no new nonskeletal paths between skeletal nodes, the third
property also continues to hold.

Case 2: The edge e forms a new nonskeletal path between skeletal nodes. There are two
subcases.

Subcase 2a: The new nonskeletal path formed goes between two skeletal nodes in different proof
trees in the forest P. Thus this path merges these two proof trees in the proof forest. In this case
also, P U {e} is acyclic, so we let the new proof forest Pbe PU {e}. Since no edge is deleted, the
first and fourth properties continue to hold. Since we added the edge e to ]3, the second property
continues to hold. Also, in this case, we can inductively infer that each of the two merging trees
contains an active node. Thus the edges in the newly formed nonskeletal path are on a path between
two active nodes in the two merging trees. This proves the third property for the proof forest P.

Subcase 2b: The new nonskeletal path formed goes between two skeletal nodes in the same proof
tree T in the forest P. In this case, addition of the edge e causes the formation of a cycle C' in
the proof tree 7. We shall add the edge e to the proof forest P and identify a skeletal edge b in
this cycle to delete so that the remaining graph is acyclic and the four properties are maintained.
The first property will be maintained if we delete any edge in the cycle C' since this still leaves all
the nodes in the proof tree T" connected. Since we add the edge € to form the new proof forest and
do not delete any nonskeletal edge, the second property would also continue to hold. However, it
is harder to find a skeletal edge to delete so as to maintain the third and fourth properties. We

introduce some definition to talk about the skeletal edge we delete.
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Definition: A node in the cycle C'is called an entry node if it is reachable in T — ' from an
active node (See Figure 3.2).
In the following claim, we state the properties of the skeletal edge b that we delete from C' to

form the new proof tree.

Claim 3.5.5 There is a skeletal edge b in C' such that
1) b is on a skeletal path between two entry nodes in the cycle C'.
2) b is a bridge edge for a nonskeletal edge in G(1).

Assume that the above claim holds. To form the new proof forest P from the old, we add the edge
e and delete the edge b whose existence is stated by the claim above. From the above discussion,
this maintains the first two properties for P. We prove that P also satisfies the third and fourth
properties.

The fourth property follows from the second part of the above claim. To show that the third
property is maintained, we must show that each edge in any nonskeletal path between skeletal nodes
is on a path between two active nodes. Since the edge b is on a skeletal path between two entry
nodes, each nonskeletal edge in the cycle €' is on the complementary path in C' between these two
entry nodes. Since each of these entry nodes can reach an active node in T — ' by definition,
all nonskeletal edges in the cycle ' lie on a path between two active nodes in the new proof tree.
Since the third property is inductively true for the tree T', any nonskeletal edge not in C' and on a
nonskeletal path between skeletal nodes is on a proof tree path between two active nodes in T'. It is
easy to verify that deletion of the skeletal edge b in ' maintains this property for such edges. Thus
the third property is maintained in the new proof tree P in this subcase.

This completes the proof of Lemma 3.5.4. O

It remains to prove Claim 3.5.5. We do so in the remainder of this section.

Proof of Claim 3.5.5

We need a few preliminaries.
Claim 3.5.6 For any cycle Cy in G(t), for any nonskeletal edge €' in C1,
(1) No edge of G(t) — Cy is a bridge edge for €.
(2) Cy must contain a skeletal bridge edge for €.

Proof: First we prove (1). We have by Proposition 3.4.5 that /() has no skeletal bridge edge.
Hence a bridge edge in G/(?) — {€’} must separate the endpoints of €. But C7 — {€’} is a path

between the endpoints of €', so any such bridge edge must belong to C'; — {e}.
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Next we prove (2). By Lemma 3.4.8, G/(t) — {€'} must contain a skeletal bridge edge. By (1),
the bridge edge must occur in C'y. O

Recall that the cycle C' is the unique cycle in T'U {e}.
Definition: A path consisting of edges of the cycle C' is called a segment of C'. A segment is
nonskeletal (skeletal) if it consists entirely of nonskeletal (skeletal) edges. For any two nodes & and
y in the cycle C', note that there are two segments between x and y. Given an edge €’ of C', we can
distinguish between these two segments as follows: the segment containing €’ is denoted (.1a,¥),

and the segment not containing f is denoted ./(x, y).

Short-cuts and properties

Definition: A pair (z,y) of nodes in C'is called a short-cut if there is a path from z to y in G(?)
using no edge of (.
Note that a pair (2, 2) is trivially a short-cut. If  # y, we say that (2, y) is a proper short-cut.

We have the following properties from the definition of short-cuts.

Claim 3.5.7 Let €' be a nonskeletal edge of the cycle C and let (z,y) be a short-cut. Then

(A) o{x,y) cannot contain a skeletal bridge edge for €'
(B) (oz,y) must contain a skeletal bridge edge for €.

Proof: Let P be the path from z to ¥ using no edges of C'. By applying Claim 3.5.6 to the cycle
Cy=CUP— u{x,y), weinfer from (1) that . (2, y) contains no skeletal bridge edge for ¢’. This
proves (A). Since C' must contain such a skeletal bridge edge, it must occur in C' — (x, y) which

is (¢, y). This proves (B). O

Corollary 3.5.8 For each proper short-cut (x,y), the two segments between x and y each

must contain a skeletal edge.

Proof: Let 5 be one of the segments between 2 and y. Suppose for a contradiction that .5 consists
entirely of nonskeletal edges. Let €’ be one of these edges. By part (B) of Claim 3.5.7, (.12, ¥),
which is ., contains a skeletal bridge edge for €/, contradicting the fact that S is nonskeletal. O

Transition nodes and properties

Recall that we are working with a proof tree 7" such that C' is the unique cycle in T'U {e}.
Definition: A {ransition node is a node of C' with one incident skeletal and one incident

nonskeletal edge in . Thus every maximal nonskeletal segment is bounded by transition nodes.
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Lemma 3.5.9 Let z be a transition node of C'. Then there is an active node a, reachable

from x by a skeletal path that avoids C.

Proof: The proof is illustrated in Figure 3.3. If x is itself active, we are done, so assume x is
inactive. It has at least one incident skeletal edge, the one in the cycle C'. Because it is inactive, it
must have at least one other incident skeletal edge €’ outside the cycle C'. Let a, be a leaf reachable
from x by a skeletal path P going through €’. We show that P, does not intersect the cycle C.

Suppose for a contradiction that the skeletal path intersects C'. Let 21 # 2 be the first point of
intersection of the path from z to a,. Now 2 and 1 are connected via a skeletal path P;. They are
also connected via a path P; along the cycle using edges of the proof tree T'. Since the proof tree T
is acyclic, there is a skeletal edge b’ in this skeletal path P, from z to z; that is deleted in forming
the proof tree. Inductively, property (4) of Lemma 3.5.4 is true for 7" and so &’ must be a bridge
edge for some nonskeletal edge ¢ in G/(t). Since z1 # 2, note that 21 and 2 are also connected in
G/(t) via the path P5 = C'— Py. Therefore the nonskeletal edge ¢ for which b’ is a bridge edge must
lie in the path P;. But since the path P; is skeletal, this is a contradiction. O

Observation 3.5.10 For each transition node x of the cycle C, there is a entry node x' in

C such that (x,2") is a short-cut.

Proof: By Lemma 3.5.9, there is an active node a, reachable from x by a skeletal path P, that
avoids C'. Inductively, property (1) of Lemma 3.5.4 holds for T, so there is a path P; in T" from a,
to . Let ' be the first node of P; that lies on the cycle C'; then 2’ is an entry node. Following
P, from x to a,, then continuing along P; to @’ yields a path from z to #’ using no edge of C'. So

(z,2') is a short-cut. O

Definition: For every transition node z in the cycle €', we designate an entry node z’ that

can be found using the above observation as the entry node corresponding to x.

Forbidden segments and their properties

Definition: A segment S is said to be forbidden if the endpoints of § are entry nodes, and 9
consists of three subsegments 91.59.53, where 95 is a nonskeletal segment, the endpoints of 57 form
a short-cut, and the endpoints of S5 form a short-cut (See Figure 3.4). For any edge f in (', if fis
not in 57 U 553, we say that S is forbidden for f. This terminology is motivated by the following
claim.

Let € be any nonskeletal edge in the cycle C'. By part (2) of Claim 3.5.6, there is a skeletal
edge b. in C' that is a bridge edge for €’
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Claim 3.5.11 Any skeletal edge b, that is a bridge edge for a nonskeletal edge €' in C

cannot occur in a segment that is forbidden for €.

Proof: Let S = 515593 be a segment forbidden for €. Since 95 is nonskeletal, the edge b,/ cannot
lie in this subsegment. Let the endpoints of .57 be z and y. By definition, the edge f does not occur
in 51, so we have S1 = o (z,y). Since (z,y) is a short-cut, by part (A) of Claim 3.5.7, (2, y)
cannot contain a skeletal bridge edge for €/. Hence 57 cannot contain b./. Similarly, we show that

S3 cannot contain b.r. Thus any skeletal edge b.s that is a bridge edge for €’ cannot occur in 5. O

From the definition of segments forbidden for an edge f € (', we have the following observation.

Observation 3.5.12 Let S be a forbidden segment. For any nonskeletal edge ' in C' — 9,
the segment S is forbidden for f'.

The following lemma is illustrated in Figure 3.5.

Lemma 3.5.13 Let € be any nonskeletal edge in C, and let P be the maximal nonskeletal
segment containing €. Let | and v be the endpoints of P, and let their corresponding entry

nodes be I' and v'. Then the segment (', 7"} is a forbidden segment for €.

Proof: The entry nodes I’ and 7/ cannot be internal nodes in the path P, else the short-cuts ({,’)
and (7, 7") would violate Corollary 3.5.8. Hence o+ (I’,1), P, and o/ (r, r’}) are contiguous edge-disjoint
segments, and (', 7") = (I';)1) U P Uy (r,r'). Thus S = (', ') has entry nodes as endpoints
and can be written as S7.9955 where 57 = o (I',1),5; = P, and S5 = . (r,r’) and ({,{’) and
(r,7") are short-cuts. So 9 is a forbidden segment. Moreover, since ¢’ ¢ 51 U S35, S is forbidden for

a. O

Finding the skeletal edge to delete

Now we prove Claim 3.5.5 by providing an iterative procedure to find a skeletal edge b with the
properties stated in the Claim. Note that we do not need to implement this algorithm since it is
purely for the purpose of proof.

The algorithm to find the skeletal edge b maintains a nonskeletal edge f in the cycle C' and
a set of segments of the cycle C' that are forbidden for f. On each iteration of this procedure, it
either finds a skeletal edge b as required in Claim 3.5.5, or finds a new nonskeletal edge f’ and adds
a new forbidden segment to the set W. This new forbidden segment contains at least one edge
not contained in any previous forbidden segment, so the number of iterations of this procedure is

bounded by the size of the cycle C.
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Find-skeletal-edge(f,W)

1 Initialize the nonskeletal edge f := e. By Lemma 3.5.13, we can find a segment {.u’, v’) that
is forbidden for e. Initialize W := {(.u/,v")}.

2 Repeat

3 By part (2) of Claim 3.5.6, since f is a nonskeletal edge in ', there is a skeletal edge by € C'
that is a bridge edge for f. By Claim 3.5.11, this skeletal bridge edge by cannot occur in
any segment in W for these are forbidden for f. So by must occur in a maximal segment
S of C' that is not overlapped by any segment in W. Note that the endpoints of 5 must
be entry nodes.

4 If the segment S is wholly skeletal, the bridge edge by for f is one of the edges in this
segment. This skeletal edge by has the properties required in Claim 3.5.5, so we are done
in this case. We stop and output the edge by as the required skeletal edge.

5 Otherwise, the segment S contains at least one nonskeletal edge f’. In this case, observe
that since f’ is not in any of the segments in W, by Observation 3.5.12 each segment in W
is forbidden for f’. Now we use Lemma 3.5.13 to find a segment (!, ') forbidden for f’
and add this segment to the set /. We then set f := f’ and continue.

Notice that the set W with the segment <f/l’, 7’} added consists of a set of segments forbid-
den for the new nonskeletal edge f’. Also, since f’ was not in any of the forbidden segments
in W earlier, but is included in the segment <f/l’, ') added to W, the number of edges in

the union of all the segments in W has increased by at least one.

Thus the above procedure eventually finds a skeletal edge b as required in Claim 3.5.5. This

completes the proof of the performance guarantee of the algorithm.

3.6 Approximating Augmentation

In this section, we restate Theorem 3.1.2 and prove it.

Theorem 3.1.2 Given a graph G = (V, F) along with an initial subgraph Gy with edge set
Fy, the minimum-cost augmentation problem is to choose a minimum-cost set of edges in
G whose addition to Gg yields a graph that obeys the constraints of (IP). This problem can
be approzimated in O(n*logn) time within a factor of 2(1 — ﬁ) if the incidence vector, xg

of the initial subgraph Gy obeys the one-connectivity constraints
2o(T(S)) > f(S) VS : 0#£SCV

Otherwise the performance guarantee is 3(1 — |le|)
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Proof: First we prove the weaker bound. For this, we modify the cost function ¢ on the edges of
(G by setting the cost of the edges in the initial subgraph (g to zero. Let ¢’ be the modified cost
function. Then we apply the algorithm in Theorem 3.1.1 to the graph (& with cost function ¢’. The
algorithm finds a set of edges F’ whose incidence vector is feasible for (IP). Moreover, the cost of
the set of edges F” is at most 3(1 — |le|) times the cost of an optimum solution to (IP) under the
cost function ¢’. Consider the minimum-cost augmentation of GGy. Let the cost of the edges in this
augmentation be Aug*. This set of edges along with the zero-cost edges in Fy is a feasible solution
to (IP) of value Aug* under ¢’. Thus the cost of the edges in F” is at most 3(1 — ﬁ)Aug* under ¢’.
Finally we observe that since F” is feasible for (IP), the edges in F’ — Ey form a valid augmentation
of Fy. This augmentation has cost at most 3(1 — |}T|)Aug* under c¢. This proves the weaker bound.

We now turn to the case when the incidence vector of the edges in FEy satisfies the one-

connectivity constraints:

2(T(S) > f(S) VS : 0£SCV

In this case, we choose an arbitrary spanning forest F of (. It is easy to verify that the incidence
vector of F satisfies the one-connectivity constraints. We then define a minimal version Fy of F

by retaining only the edges in F’ that are critical. Formally, we define
Fy — {e € I : for some connected component N of (V, F'— {e}), f(N) =1}

It follows from the results in [60] that if F'is feasible for the one-connectivity constraints, then so is
Fi. We can then use F) as the skeletal forest and apply the second-phase algorithm in Section 3.4.
However, as before, we first modify the cost function ¢ on the edges of G by setting to zero the cost
of the edges in Fy. We apply the algorithm in Section 3.4 to the graph G with the modified cost
function ¢’ and the input skeletal forest Fy. The algorithm chooses a set of edges Fy disjoint from
Fi. We first show that Fo — Fy provides a valid augmentation and then we show that it has low
cost.

By Lemma 3.3.9, the subgraph Iy U I is feasible for (IP). Since Fj is contained in Fjy, the
subgraph F, — Fj is a valid augmentation of Flg. Now we show that F5 — Fy has low cost under e.
It suffices to show that I has low cost under ¢’. By Lemma 3.3.8, the cost of the edges in I} is at
most 2(1 — |le|) times that of an optimum solution to (IP) under the cost function ¢’. The optimum
augmentation of Gy together with Fjy is a feasible solution to (IP). The cost of this solution under
¢’ is just the cost of the augmentation. Hence the cost of the edges in Fy is at most 2(1 — |le|) times

the cost of the optimal augmentation. This completes the proof of the stronger bound in Theorem

3.1.2. 0
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3.7 Implementation Issues

We note that our algorithm can be implemented in time O(n2 logn) where n = |V using the
techniques in [60]. We address the implementation of the clean-up steps. The important observation
here is the initial forest | and the candidate set of edges F’ both form acyclic subgraphs. Hence
the total number edges in them is O(n). At each step of clean-up, we identify the two-connected
components of a graph with O(n) edges. The time taken is linear in the number of edges and hence
the time to implement each step of clean-up is linear in n. Since there are only a linear number
of clean-up steps, the total time for performing the clean-up is O(nz). The overall running time is

thus dominated by the time for implementing the main loop and is O(n2 log n).

3.8 A Tight Example

We note that the performance bounds of the algorithms we have presented in Theorems 3.1.1 and
3.1.2 are existentially tight. This can be seen by their performance on an example graph adapted
from [46]. This graph is shown in Figure 3.6. The thick (solid and dashed) edges are of unit cost and
the thin edges have cost € close to zero. We use the proper function f defined by f(.5) = 1 for every
nonempty proper subset S of V', i.e, we seek a minimum-cost two-connected subgraph. The initial
spanning tree constructed in the first phase of our algorithm may consist of all the thick solid lines
but one and all the thin lines of cost (k — 1) + 3ke. All but one of the thick dashed lines may be
chosen as the second phase solution. The cost of this set is (2k — 1). Thus our algorithm outputs a
solution of total cost 3k — 2+ 3ke. A minimum-cost two-connected subgraph of this graph consists
of alternating thick dashed lines with all the thin lines. This subgraph has cost k& 4+ 3ke¢. Thus this

example shows that the performance bounds of our algorithms are existentially tight.
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Figure 3.1: An instance of the unweighted generalized two-connected Steiner network prob-
lem and an optimum solution. Solid edges correspond to unit-cost links; dotted edges
connect site pairs. In the figure on the right, the solid edges correspond to first phase
one-connecting solution. The thick dashes form an augmentation to two-connect the solid
trees.

PathinT-C

Figure 3.2: A node z in the cycle (' is called an entry node if it is reachable in T'— C' from
an active node a.
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cycle C

Figure 3.3: 2 is a transition node of C'. ¢’ is a skeletal edge incident to x outside C' and a,
is a leaf reachable from z by a skeletal path Ps going through €’. 2y # x is the first node
in the cycle €' where the path P; meets C'. Py, the subpath of P; from z to z; is shown in
dark.

7
r-\
S /
entry 1 Y entry

node node

Figure 3.4: A segment 5 is said to be forbidden if the endpoints of 5 are entry nodes, and
S consists of three subsegments 5715553, where 55 is a nonskeletal segment, the endpoints
of 51 form a short-cut, and the endpoints of 53 form a short-cut. The dark dashed paths
represent paths in G(t) — C' between the endpoints of 57 and between the endpoints of Ss.
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Figure 3.5: Lemma 3.5.13: €’ is some nonskeletal edge in (', and P is the maximal nonskele-
tal path containing €’ in C'. Let [ and r be the endpoints of P, and let their corresponding
entry nodes be !’ and r’. Then the segment (.!’,7') is a forbidden segment for ¢’. The
dark lines show paths in G(t) — C' between each of [ and r and the entry nodes !’ and #/
corresponding to them.

k copies

Figure 3.6: An example showing that the performance bounds of the algorithms in Theorems
3.1.1 and 3.1.2 are existentially tight.
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Chapter 4

Node-weighted Network Design

We continue with our study of minimum-cost network-design problems and address an important
generalization of the problem when the nodes of the network are assigned weights as well. This is
a strict generalization of an edge-weighted problem since an edge-weighted problem can be reduced
to a node weighted problem by subdividing each edge to introduce a new node with cost equal to
that of the edge. In this chapter, we give the first approximation algorithm for the node-weighted
Steiner tree problem. Its performance guarantee is within a constant factor of the best possible
unless P D NP. ' We generalize our algorithm to handle other node-weighted network-design
problems. The results in this chapter were obtained jointly with Philip Klein, and appeared in [91].

4.1 Problem Definition

The Steiner tree problem in networks that we introduced in Section 1.1 is a classic hard problem in
combinatorial optimization. Much research has been devoted to heuristics for its solution [33, 68,
112, 134, 135, 163]. Despite a slew of new approximation algorithms for this problem and some of
its variants, no approximation algorithm has been given for perhaps the most natural variant: the
node-weighted Steiner tree problem, in which costs can be assigned to nodes as well as edges.
Indeed, Winter’s survey [156] on the network Steiner problem closes with the sentence, “Further
investigation of the vertex-weighted SPN [Steiner problem in networks] is needed.”

One reason for the dearth of results on the node-weighted variant may be that it is harder than
the standard problem. Indeed, while constant-factor approximations are known for the standard
problem [96, 125, 148, 164] and even some of its generalizations [2, 60], the node-weighted version
cannot be approximated to within less than a logarithmic factor unless P 2 NP [14, 110].

In this chapter, we give the first approximation algorithm for the node-weighted Steiner tree

problem. The performance guarantee 1s logarithmic. Thus assuming P 2 NP, the accuracy

1P stands for the complexity class Deterministic Quasi-polynomial time, or DTIME[nPOlleg .
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of our approximation is within a constant factor of the best-possible approximation achievable in
polynomial time.

The algorithm we propose is only a slight variant of a heuristic proposed by Rayward-Smith and
Clare in 1986 [74, 135, 134] for the standard edge-weighted Steiner tree problem. The key to our
analysis is a decomposition lemma for trees; this lemma may be useful in other contexts as well.

We also show how to generalize the algorithm and its analysis to handle more general connectivity
requirements modeled using the framework of proper functions introduced in Section 3.3. Thus we
obtain approximation algorithms for node-weighted versions of, e.g, fixed and non-fixed point-to-

point connection problems.

Preliminaries

Let GG be a graph with nonnegative costs assigned to its nodes and edges. The cost of a subgraph
of (G is the sum of the costs of its nodes and edges. Let A be a subset of the nodes of (&, called
terminals. A Steiner tree for A in (G is a connected subgraph of G containing all the nodes of
A. (Note that an edge-minimal Steiner tree is indeed a tree.) The Steiner tree problem is to find a
minimum-cost Steiner tree.

We introduce a problem that turns out to be closely related. Let B be a ground set, and let
S1,...,55 be subsets of B with costs ¢q,...,¢s. A set coveris a collection of sets 5; whose union
is B. The set cover problem is to find a minimum-cost set-cover.

Berman [14] showed that, in the presence of node-weights, approximating the minimum-cost
Steiner tree 1s as hard as approximating set cover. More specifically, he showed that any instance of
set-cover can be formulated as an instance of the node-weighted Steiner tree problem. The reduction
is illustrated in Figure 4.1. Thus an approximation algorithm for minimum-cost Steiner tree could
be used to achieve the same approximation for set-cover.

It has recently been proved [110] that no polynomial-time approximation algorithm for set-cover

polylogn o ntaing

achieves an approximation factor smaller than % In | B| (unless Deterministic Time n
NP). By Berman’s reduction, the same holds for the node-weighted Steiner tree problem. Thus we
cannot expect to obtain an approximation algorithm that achieves a performance ratio better than

logarithmic.

Theorem 4.1.1 There is a polynomial-time algorithm to approximate the node-weighted
Steiner tree problem in networks. The performance ratio is 21n k, where k is the number of

terminals.

An example due to Chvéatal [25] can be adapted to show that our analysis of the algorithm is
nearly tight (See Figure 4.2).
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Our method can be easily applied to more general node-weighted network-design problems. For
example, consider the following generalization of the Steiner problem: given a set of pairs of nodes
(s4,1;), find a minimum-cost subgraph in which each s; is connected to ¢;. The edge-weighted
version of this problem was addressed in [2]; the node-weighted version can be approximately solved
using the method of this chapter.

We use a framework due to Goemans and Williamson [60] to formulate problems like that de-
scribed above. Many network-design problems can be formulated as finding a subgraph of minimum-
cost that covers a family of cuts in the graph (the particular family depends on the problem). For
certain families of cuts, the edge-weighted problem can be approximated to within a factor of two
[60]. We show in Section 4.5 that the node-weighted variants of these network-design problems can

also be approximated; the performance is as in Theorem 4.1.1.

4.2 The Algorithm

In this section we describe the algorithm. Note that since any Steiner tree must include all the
terminals, we can assume without loss of generality that the terminals have zero cost.

The algorithm maintains a node-disjoint set of trees containing all the terminals. Initially, each
terminal is in a tree by itself.

The algorithm uses a greedy strategy to iteratively merge the trees into larger trees until there
is only one tree. In each iteration, it selects a node v and a nonsingleton subset of the current trees

so as to minimize the ratio

cost of the node v plus sum of distances to the trees

(4.1)

number of trees

Here the distance along a path does not include the costs of its endpoints. Thus the choice minimizes
the average node-to-tree distance. The algorithm uses the shortest paths between the node and the
selected trees to merge the trees into one.

It is easy to implement an iteration. For each node v, define the quotient cost of v to be the
minimum value of (4.1), taken over all nonsingleton subsets of the the current trees. To find the
quotient cost of v, compute the distances d; from v to each of the trees T;; assume without loss of
generality that the trees are numbered so that dy < dy < --- < d. In computing the quotient cost
of v, it is sufficient to consider subsets of the form {71, T5,...,T;}. Thus the quotient cost for a
given vertex can be computed in polynomial time; by computing the quotient cost of all the vertices,
we can determine the minimum quotient cost, and thus carry out an iteration in polynomial time.

In Figure 4.2, we adapt an example due to Chvatal [25] to show that the performance ratio in

Theorem 4.1.1 is nearly tight.
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In Section 4.4, we show that the cost of all nodes and edges selected by the algorithm is not

much more than the minimum cost of a Steiner tree.

4.3 Spider Decompositions

The proof of the performance guarantee of the algorithm involves showing the existence of a node
with low quotient cost relative to the minimum cost of a Steiner tree. To show this, we prove that a
minimum Steiner tree can be decomposed into subtrees we call spiders. It follows that one of these
spiders has low quotient cost relative to the cost of the minimum Steiner tree. It then follows that
the cost of an iteration of the greedy algorithm is small.

Definition: A spideris a tree with at most one node of degree greater than two. A center of a
spider 1s a node from which there are edge-disjoint paths to the leaves of the spider. Note that if
a spider has at least three leaves, its center is unique. A foot of a spider is a leaf, or, if the spider
has at least three leaves, the spider’s center. Note that every spider contains disjoint paths from its
center to all of its feet. A nontrivial spider is one with at least two leaves.

Definition: Let G be a graph, and let. M be a subset of its nodes. A spider decomposition of M
in (G is a set of node-disjoint nontrivial spiders in (& such that the union of the feet of the spiders in

the decomposition contains M.

Theorem 4.3.1 Let G be a connected graph, and let M be a subset of its nodes such that
|M| > 2. Then G' contains a spider decomposition of M.

Proof: We provide a simple proof of the theorem due to L. Wolsey [160]. Let T be any rooted
spanning tree of (7. The depth of a node in the tree is defined as the distance of the node from the
root.

We prove the theorem by induction on |M|. Choose a node v of maximum depth in the tree
such that the subtree rooted at v contains at least two nodes in M. Ties are broken arbitrarily. By
choice of v, all the paths from the nodes in M to the node » in the subtree of v are node-disjoint,
and together form a nontrivial spider centered at v.

We now delete the subtree rooted at v from the tree. If no node in M remains in the tree, we
are done. If the tree contains two or more nodes in M, then we can find a spider decomposition of
these nodes by the induction hypothesis. Otherwise, there is exactly one node in M remaining in
the tree. In this case, we add the path in the tree from this node in M to the spider centered at v.

This leaves a spider centered at v and we are done. O
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4.4 The Performance Guarantee

Now we prove the performance guarantee for the greedy algorithm. Let ¢; denote the number of
subtrees in the solution just after iteration ¢. Thus, for instance, ¢ is the number of terminals in

(. Let the number of trees merged at iteration ¢ be h;. Then we have

¢i = ¢i—1 — (hi = 1) (4.2)

Let ('; denote the cost of the subgraph added by the algorithm in iteration ¢. Let OPT denote the
cost of a minimum-cost Steiner tree spanning the terminals. The key ingredient of our proof is the

following lemma, which depends on our spider-decomposition theorem.

Lemma 4.4.1 At any iteration i of the algorithm,

Ci- ¢ia
hy > ——— 4.3
‘= OPT (43)
Let T™ be a minimum-cost Steiner tree. Let T,...,Ty. | be the current trees at the beginning

of iteration ¢ of the algorithm. Let 77" be the graph obtained from 7™ by contracting each T} to a
supernode of zero cost. Note that 77" is connected and contains all supernodes. Let M be the set
of supernodes. We apply Theorem 4.3.1 to the graph 77" to obtain a spider decomposition of M.
Furthermore, the cost of all spiders in the decomposition is at most that of T which is in turn at
most OPT.

Let ¢q,...,c, be the centers of the spiders in the decomposition. For a spider with only two
leaves, i.e., a path, pick any node in the path as its center. Let {1,...,{, denote the number of
nodes of M in each of these spiders respectively. Let the cost of the spider centered at ¢; be C'ost;.
Since every spider in the decomposition is nontrivial, each {; is at least two. Moreover, a spider
with center ¢; induces a subset of the current trees, namely the £; trees whose supernodes belong

to this spider. The cost of ¢; plus the sum of distances to these trees is exactly C'ost;. Hence the

quotient cost of ¢; is at most

Cost;
{;

Since the algorithm chooses a vertex of minimum quotient cost, for each spider in the decompo-

sition we have
Cost; _ C;
>
ﬁ]‘ — hy

Summing over all the spiders in the cover yields

r

ZCOSt]‘ > %Zﬁ]
i=1 ¢

i=1



By node-digjointness, the sum Z] 1 {; of the number of nodes of M in each of the spiders is exactly
the number ¢;_1 of current trees. Also Ej:l Cost; is exactly the cost of the spider decomposition,
which is at most OPT. Substituting in the above equation and simplifying yields

> Cipia
- OPT

We now use the above lemma in conjunction with an analysis technique due to Leighton and
Rao [103] to complete the proof of the performance guarantee.
Substituting Equation (4.3) into (4.2) and using the inequality h; < 2(h; — 1), we get
s
< i1l — ———= 4.4

If the total number of iterations of the algorithm is p, then ¢, = 1. Unraveling (4.4), we obtain

P C]
< -7y
p—%g(l 2-OPT)

Taking natural logarithms on both sides and simplifying using the approximation In(1 + 2) < z

we obtaln

<b

p

p
21In(— OPTZZ

Since we assumed that all the terminals have zero cost, note that the cost of the final solution is the

exactly the sum Z§:1 C';. Noting that ¢g = k and ¢, = 1 we finally have
p
> C;<2nk-OPT (4.5)
—

This proves the performance guarantee in Theorem 4.1.1. O

4.5 General Node-weighted Network-design Problems

In this section, we generalize our algorithm to handle more general network-design problems. As
discussed in Section 1.7, many such problems can be formulated as cut-covering problems: for a
certain family of cuts in a graph, find a minimum-cost subgraph intersecting all the cuts in the
family. We described the class of cut families that can be represented using proper functions f
introduced by Goemans and Williamson in Section 3.3.

Given a proper function f, recall that the terminals are the nodes v of & such that f({v}) = 1.
As for the Steiner tree problem, every solution subgraph must contain all the terminals. Hence we

can assume without loss of generality that the terminal nodes have zero cost.
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Goemans and Williamson [60] gave a 2-approximation algorithm for edge-weighted cut-cover
problems where the cut-family corresponds to a proper function f. In this chapter we give a

complementary result for node-weighted problems.

Theorem 4.5.1 Let GG be a graph with node- and edge-weights. Let f be a proper function
on the node-subsets of G. There is a polynomial-time approzimation algorithm for finding
a minimum-cost subgraph covering all cuts in the family defined by f. The performance

guarantee is 21n k, where k is the number of terminals.

Proof of Theorem 4.5.1: The algorithm in the theorem follows the outline of the algorithm
in Section 4.2 very closely. As before, the algorithm maintains a set of node-disjoint trees. Initially
each terminal is in a tree by itself; the algorithm merges them iteratively. An important difference
is that only some of the trees are candidates for merging.

We designate a tree to be active if f({nodes in the tree}) = 1. At each iteration, the algorithm
proceeds as before but considers only active trees in computing the quotient costs of nodes. That

18, the algorithm selects a node and a set of at least two active trees so as to minimize

cost of the node plus sum of distances to the active trees

(4.6)

number of active trees

Then the algorithm uses the paths from the node to the selected trees and merges them into a single
tree.

As long as there is at least one active tree in the network, it follows by the symmetry and
disjointness properties of f that there are at least two. The algorithm reduces the number of active
trees in the network by at least one in each iteration, so it eventually terminates and outputs a set
of inactive trees as the final solution. Thus each connected component of the solution is inactive. It
follows [60] that the solution is in fact a cut-cover.

The proof of the performance guarantee proceeds as before, except that we define the value
of the potential function ¢; to be the number of active trees in the current solution, rather than
the number of trees. To prove the analogue of Lemma 4.4.1, we consider an optimal cut-cover and
contract the current trees. This may result in a subgraph with possibly many inactive connected
components. We then apply Theorem 4.3.1 to each of these connected components to obtain a spider

decomposition of the contracted active trees. We use the result in the inequality

¢ < gim1 — (hi — 1) (4.7)

where h; is the number of active trees merged in the ¢th iteration. Note that with our new definition
of the potential function ¢; we have inequality in (4.7) instead of equality as in (4.2) because the
tree resulting from the merge may be inactive. The rest of the analysis is identical. This completes

the proof of Theorem 4.5.1. O
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4.6 Concluding Remarks

In this chapter, we have described approximation techniques for a variety of one-connected node-
weighted network-design problems. In Chapter 6, we show how these techniques can been generalized
to handle node-weighted network design problems with an additional constraint on the maximum
degree of any node in the tree.

Two other natural generalizations of the node-weighted Steiner tree problem are at least as hard
to approximate as the set cover problem, the directed Steiner problem and the group Steiner problem.
In the directed Steiner problem, we are given a directed arc-weighted graph, a distinguished node,
and a set of terminals. The goal is to find a minimum-cost arborescence rooted at the distinguished
node and spanning the terminals. A transformation of the node-Steiner problem to the directed
version was proposed by A. Segev [139].

The group Steiner problem, proposed by Reich and Widmayer [136], arises in VLSI design. In
this problem, we are given an undirected edge-weighted graph and a collection of node-subsets, called
groups. The goal is to find a minimum-cost connected subgraph containing at least one node from
each group.

We now show how to reduce the set cover problem to a group Steiner problem: construct a graph
with an auxiliary node and one node for each subset in the set cover problem. Each subset-node
has an edge to the auxiliary node of cost equal to the cost of the subset. In formulating the group
Steiner problem on this graph, define a group for each ground set element in the set cover problem:
namely, the set of nodes corresponding to the subsets that contain the ground element. It is easy
to check that a group Steiner tree in this graph corresponds to a set cover of the same cost and
Vice-versa.

We also observe that an approximation algorithm for the latter would yield one for the former.
An instance of the group Steiner problem can be transformed to an instance of the directed Steiner
problem as follows: replace each edge in the input graph with a pair of antiparallel arcs of the same
cost. For each group ¢ = {u1,...,us} of vertices, introduce a new vertex v, and add zero-cost arcs
from each u; € g to v,. It is easy to verify that a outward-directed Steiner tree originating from a
node in any group in this transformed graph can be converted to a group Steiner tree of the same
edge-cost in the original graph and vice-versa.

This chapter concludes our study of minimum-cost network-design problems. We continue by
studying a new notion of cost, namely, the maximum degree of any node in the network, in the next

chapter.

56



Figure 4.1: Let G be the bipartite graph with k£ nodes on one side of the bipartition, one
for each ground element, and s nodes on the other side, one for each set 5;. There is an
edge between a ground element node and a set node if the set contains the element. In
addition, all the set nodes are pairwise adjacent. The cost of each set node is that of the
set it represents. All other nodes and all edges have zero cost. It is easy to check that a
Steiner tree for the k nodes corresponds to a set cover of the same cost, and vice versa.

@ terminal node

Figure 4.2: In the example above, the minimum-node-cost Steiner tree consists of the node
of unit cost with edges to all the terminals. The greedy algorithm may choose each of the
other nodes from left to right successively to produce a Steiner tree of cost 2(H (k) — 1)
where H (k) denotes the k*" harmonic number.
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Chapter 5

Minimum-degree Network-design

5.1 Motivation

In this chapter, we consider the problem of designing minimum-degree communication networks. The
criterion of minimizing the maximum degree reflects decentralization of the communication network.
The advantage of a network with low degree is that the failure of a node does not adversely affect
the rest of the network too much. Keeping the maximum degree small is also essential in designing
switching networks where the same switch is to be installed at each of the nodes. The switch must
be designed to handle as many connections as the maximum degree of any node in the network in
which it is to be used. Minimum-degree networks are also useful in building networks for broadcast
where we wish to minimize the amount of work done at each site and also in designing power grids
where the cost of a node increases with the degree of splitting the power [50]. The purpose of the
network itself gives rise to certain connectivity requirements in the network.

In this chapter, we consider essentially two distinct types of such connectivity requirements on the
solution subgraph. In the first type, we consider network design problems where the connectivity
requirements can be modeled by a {0, 1}-valued function f on all the cuts in the graph. In the
second type, we consider the problem of designing a minimum-degree two-edge-connected spanning
subgraph of a given graph. For problems of both types, we provide an approximation algorithms to
output a network whose degree is guaranteed to be at most 14 € times optimal, plus an additive error
of O(log,, n) for any € > 0. Both the algorithms run in quasipolynomial time O(n10g1+€”). As
a simple consequence, we obtain polynomial-time approximation algorithms for both the problems
with performance ratio O(né) for any 6§ > 0 (by setting € = n%). Other than having the same
performance guarantees and running times, both the algorithms we describe use the technique of
local optimization: perform local improvements to the solution that decreases the degrees of nodes
with high degree in the solution.

As a consequence of our analysis, we show that the minimum degree in both the problems above
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is well-estimated by certain polynomially solvable linear programs. This fact suggests that the linear
programs we describe could be useful in obtaining optimal solutions via branch-and-bound.

The performance factor achievable in polynomial time for the minimum-degree one-connected
network problem using results in this chapter can be improved using our techniques in Chapter
6. We describe there a technique for finding networks with low degree as well as low cost. As a
consequence of one of the results we derive there, we can obtain a performance guarantee for the
minimum-degree one-connected network-design problem addressed in this chapter that is logarithmic
in the number of nodes in the graph. This improvement is elaborated in Section 6.4. However, the
result described for this problem in this chapter may be used to derive approximation factors even
better than logarithmic at the expense of higher running times. The results in this chapter were
obtained jointly with Balaji Raghavachari and Philip Klein, and appeared in [131].

In Section 5.2, we start by reviewing previously known results on special cases of the problem
we consider in this chapter. In Section 5.3, we describe our results on general minimum-degree one-
connected networks. In Section 5.4, we address the minimum-degree two-edge-connected spanning

network-design problem.

5.2 Previous Work

The minimum-degree spanning tree problem: The problem is to find a spanning tree
of the graph whose maximum degree is minimized. This problem is a generalization of the Hamil-
tonian Path problem and hence is clearly NP-hard [53]. The first result on approximating the
minimum-degree spanning tree was that of Fiirer and Raghavachari [49]. They gave a polyno-
mial time approximation algorithm for minimum-degree spanning tree with performance guarantee
O(logn). Their algorithm further generalizes to find rooted spanning trees in directed graphs of
approximately minimum indegree. In subsequent work [50], they improved their previous results and
provided another polynomial time algorithm to approximate the minimum-degree spanning tree to
within one of the optimal. Clearly no better approximation algorithms are possible for this problem.

In distantly related work on this problem, Lawler [99] showed that matroid methods sufficed to
solve the following variant of the minimum-degree spanning tree problem in polynomial time: given
a graph (G and an independent set I of nodes of (7, find a spanning tree that minimizes the maximum
degree of any node in I. Gavish [56] formulated the minimum-degree spanning tree problem as a
mixed integer program and provided an exact solution using the method of Lagrangian multipliers.
The minimum-degree Steiner tree problem: This is an extension of the above problem,
where given an input graph and a distinguished subset of the vertices, I, we seek to find a Steiner
tree (spanning at least the set 1) whose maximum degree is minimum. The first polynomial-time

approximation algorithm was provided by Agrawal, Klein and Ravi [3]. The performance guarantee
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is a factor of O(log k), where k is the size of D. This was improved by Fiirer and Raghavachari in [49]
and they provide a polynomial-time approximation algorithm for the problem with the performance
guarantee essentially the same as that we show here. In fact, our work is a generalization of this
algorithm and reduces to their algorithm for this special case. Their analysis of this special case of our
algorithm also shows that in this case, our algorithm is polynomial-time. Furer and Raghavachari
[51] later demonstrated a polynomial-time algorithm for the Steiner case that finds a tree whose

degree is within one from optimal.

5.3 The Minimum-degree Constrained Forest Problem

We begin this section by formulating general one-connected network problems using the framework of
proper function introduced in Section 3.3. We then introduce the notion of weakness, a generalization
of the reciprocal of the toughness of a graph. We then state results relating this quantity to the

minimum degree of networks and prove these results algorithmically.

Formulation

We recall the framework proposed by Goemans and Williamson [60] for specifying connectivity
requirements that we introduced in Section 3.3. This framework captures a wide variety of specifica-
tions of requirements, including Steiner and generalized Steiner connectivity, general point-to-point
connectivity, and T-joins. In this chapter, we show how to find a network satisfying the requirements
that has nearly minimum degree. All we use of [60] is their framework for specifying connectivity
requirements; our algorithm and analysis are based on the work of Fiirer and Raghavachari [50].

Consider a spanning tree of a graph, and any cut in the graph. At least one edge of the spanning
tree must cross this cut. Conversely, if a network crosses every cut, it must span all nodes. More
generally, in order to specify connectivity requirements for a network, we designate a subset of the
cuts in a graph as active cuts, and we require that the network cross every active cut.

Goemans and Williamson [60] introduced the formalism of specifying which cuts are active using
a 0—1 function f on the node-subsets of a graph. For a node-subset .5, recall that I'(.9') denotes the
set of edges each having exactly one endpoint in 5. To specify that the cut I'(.9) is active, we set
f(9) to be 1. Using this formalism, one can formulate an integer program for a minimum-degree
network crossing all active cuts:

Min d
subject to constraints:
z(I(9) = f(5) ; VO#£SCV
Yeer(hte < d ; VoeV (IP)
. € {0,1} ; VeeFl
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Here 2(F) = 3" _cp @. We call any feasible solution to (IP) an f-join. Minimal f-joins are forests
[60].

Goemans and Williamson [60] focused on the class of proper function f. Recall that a function
f 2V — {0,1} is proper if it obeys the following properties: (7) [Null] f(0) = 0; (4i)[Symmetry]
f(S) = f(V—=29)forall § C V; and (¢i7)[Disjointness] if A and B are disjoint, then f(A) =
f(B) = 0 implies f(AU B) = 0. We are interested in solutions to (IP) for the class of proper

functions f. One of the main results of this chapter is the following.

Theorem 5.3.1 Suppose f is a proper function. Let d* denote the optimum value of (IP).
There is an n°U°81+c™) time algorithm for finding a feasible solution to (IP) whose objective

value is at most (1 4+ €)d* + O(logy, n) for any € > 0.

Some examples of problems that can be solved approximately using the algorithm in the above
theorem are the minimum-degree generalized Steiner forest problem, the minimum-degree T-join
problem, and minimum-degree point-to-point connection problems. As we mentioned earlier, we
present an approximation algorithm with a better (logarithmic) performance ratio and polynomial
running time for the problem addressed in Theorem 5.3.1 using entirely different techniques in

Section 6.4

Toughness, Weakness and generalizations: A lower bound

Toughness, first defined by Chvétal in [26], is a measure of how tough it is to disconnect a graph
into many components by removing few nodes. The toughness of a graph is the minimum ratio of
nodes removed to the number of components in the remaining graph. That is, it is the minimum
ratio of | X'| to the number of components in G — X where X ranges over all non-trivial node-subsets
of G. Computing the toughness of a graph was recently shown NP-complete by Bauer, Hakimi and
Schmeichel [68]. The definition of toughness we have given differs slightly from Chvatal’s original
definition in [26]. According to our definition, the minimum toughness ratio is never more than 1
(for nonsingleton graphs), since even a singleton X yields a ratio of at most 1. Chvatal defines
toughness to be the same minimum ratio, but the minimum is taken only over those node-subsets
X for which G — X has at least two components. According to this definition, the minimum ratio
can be arbitrarily large.

We generalize the above notion to allow active components defined by proper functions f. For
any X C V, a connected component of G — X is active under a proper function f whenever
f(X) = 1. The f-toughness of a graph for any given function f is the minimum ratio of the nodes
removed to the number of active components formed. In other words, it is the minimum ratio of | X|
and the number of active components in (G' — X ) where X ranges over all non-trivial node-subsets

of GG. For any subset X of nodes, this ratio is termed the f-toughness of the set X. Thus the
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node-separator

k active components

Figure 5.1: The f-weakness of the graph is a lower bound on the maximum degree of any
node in any f-join.

f-toughness of the graph is the minimum f-toughness of any of its non-trivial node subsets. Note
that ordinary toughness is a special case of f-toughness as we have defined it since it corresponds
to a function f where every non-trivial subset of the nodes of the graph is active. We are interested
in computing the f-toughness of the graph for proper functions f. Call any single node that forms
an active set a terminal. Note that as long as there is at least one terminal, the f-toughness ratio
i1s at most 1, since this is the ratio achieved on removing a single terminal.

We shall refer to the reciprocal of the f-toughness of a graph as its f-weakness. The notion of
weakness of a graph arises as a dual to the problem of constructing minimum-degree networks. In
fact, this notion can be arrived at by looking at the dual of (IP) and assigning values uniformly to
all the variables in it as described in Section 1.9. The following lemma can then be proved in this
way as a consequence of weak duality. However, to illustrate the relationship between the minimum
value of the degree of any f-join and the f-weakness of the graph more directly, we provide a simple

proof.

Lemma 5.3.2 For any function f, the optimum value of (IP) is at least the f-weakness of
the graph.

Proof: Consider the node set X achieving the optimal f-weakness (See Figure 5.1). Let the number
of active components in G — X under f be k. In any f-join, each of the k active components in
GG — X must have an edge to X. Thus the average degree of a node of X in an optimal solution to
(IP) is k/|X|, the f-weakness of the graph. Hence the maximum degree of any node in X in an
optimal solution to (IP) is also at least &/ | X|. O
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An approximate min-max relation and applications

How good a lower bound is the f-weakness of a graph for the minimum degree problem? In the
course of proving the performance guarantee for the solutions we construct for (IP), we demonstrate
an approximate min-max equality between the optimum value of (IP) and the f-weakness of the

graph.

Theorem 5.3.3 The optimum value of (IP) is at most (1 4 e)w* + O(logy . n) for any
€ > 0 where w* is the f-weakness of the graph.

The proof of Theorem 5.3.3 is algorithmic. We provide an algorithm that constructs a f-join whose
degree is close to the f-weakness ratio of a set we identify. Theorem 5.3.3 and Lemma 5.3.2 together
prove the performance bounds given in Theorem 5.3.1. In addition, we also have the following result

about approximating the f-weakness of the graph for any proper function f.

Theorem 5.3.4 Let f be a proper function on the nodes of an n-node graph. Let w* denote
the f-weakness of a graph and let € be a small positive constant. There is an n©0osm).
time algorithm to determine a node subset X for which the f-weakness ratio is at least

(I —e)w* - O(logy . n).

The f-weakness of the graph is an estimate of the vulnerability of any f-join. A node subset with
high value of f-weakness represents a weak spot in such a network: damage to this subset results
in nearly the worst disconnection among the nodes in the network.

An important application of the approximate min-max equality presented in Theorem 5.3.3
arises from the fact that the relaxed version of (IP) is polynomially solvable. This follows from the
observation that separation over (IP) is equivalent to solving an instance of finding the minimum-cut
around any active set. The latter problem can be solved using the fact that proper functions are
uncrossable and can be inferred from the results in [52, 154]. Using the Ellipsoid method [64], which
provides a polynomial-time reduction of the optimization problem to the separation problem, we
have that the fractional relaxation of (IP) can be solved in polynomial-time. It follows from Theorem
5.3.3 that the value of this linear program is a good estimate of the minimum degree. While solving
the linear program does not give us a solution network with this degree, just knowing the value can

be useful, namely in a branch-and-bound search for an optimal solution [119].

The algorithm and its analysis

We now describe the algorithm for providing an approximate solution to (IP) and prove Theo-
rem 5.3.3. As input we are given an undirected graph G = (V, F), an arbitrary number € > 0 to

determine the performance accuracy, and a proper function f defined on (G. We can assume without
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loss of generality that the graph (& is connected, for otherwise we can work on each connected piece
independently. We find a forest F’ that is feasible for the covering constraints of (IP) using an
iterative local-improvement algorithm. Note that we can always assume without loss of generality
that any feasible solution to (IP) is the incidence vector of a forest [60]. The claim on the running

time of the algorithm is proved using a potential function argument.

Lemma 5.3.5 ([60]) Let F' denote a subset of the edge set of G'. I is a feasible solution
to (IP) if and only if f(N) =0 for each connected component N of F.

Overview

The algorithm starts with a feasible solution to (IP) and iteratively applies improvement steps aimed
at reducing the degree of high-degree vertices. Intuitively, if we find a cycle in the graph that contains
a node w of high degree, and if all edges that must be added to the current feasible solution to form
this cycle are incident to low degree nodes, then we can improve the current solution by adding in

the cycle and deleting an edge incident to w. This reduces the degree of w by one.

Constructing an initial feasible solution

We start with any spanning tree T" of the given connected graph as the initial feasible solution. Note
that the null and symmetry conditions on f imply that f(V') = 0 and so, by Lemma 5.3.5, T is

feasible.

An improvement step

Denote the set of nodes in the current forest with degree at least d by Sy. An improvement step
with target d tries to reduce the degree of a node in 3. We use two types of improvement steps.
The first and simpler type determines whether the forest F' remains feasible on deleting an edge
incident on a node in §. If so, we delete this edge from F' to obtain the new forest I and proceed
to the next improvement step. The second type of improvement step is more involved. Starting
from G, we delete all the edges in /' — F’ that are incident to nodes in the forest having degree at
least d — 2, i.e., edges that are incident to nodes in Sy_o. In this graph, we examine if any node
in Sy is in a cycle. If so, we add all the edges in £/ — F' in this cycle to the forest F' and delete an
edge of I incident to the the node in Sy in this cycle. This gives a new forest F”.

Note that after performing an improvement step with target d, the degree of a node in Sy reduces
by one and the resulting degree of each of the affected vertices increases by at most two and is at

most d — 1. We note that the resulting forest F” is a f-join.

Lemma 5.3.6 The forest F' formed at the end of an improvement step is feasible.
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Proof: The lemma follows immediately if the improvement step is of the first type. Therefore
suppose the improvement is of the second type. Let I’ be the feasible forest before the improvement
step. Consider the cycle involved in the improvement. Since F' is acyclic, the addition of the cycle
and the deletion of an edge clearly leaves I acyclic. But, we have merged many of the trees in
F to form a single tree containing the edges of the cycle in F”’. However, since F' was feasible,
Lemma 5.3.5 guarantees that each of the trees in the merged tree has f value 0. Since the merged
component is a disjoint union of these components, the disjointness property of f implies that the
f value of this new component is also 0. All the remaining components in /" were also components

of F having f-value 0. Applying Lemma 5.3.5, we conclude that F” is feasible. O

The algorithm

The algorithm starts with an initial feasible solution. Let the maximum degree of any node in the
current, feasible solution be k. We apply improvement steps with target d for d > k — ﬂogl_l_E n|
until no such improvements are possible. The resulting forest is our locally optimal approximate

solution.
Definition 5.3.7 Define an edge e of a feasible forest F' to be critical if F'—e is not feasible.

As a result of performing the first type of improvement step, note that all the edges incident on

nodes of degree at least k — ﬂogl_l_E n] are critical in the locally optimal solution.

Termination

Each improvement step is polynomial-time implementable. We adapt a potential-function argument
from [50] to bound the number of improvement steps. Define the potential of a vertex v with degree
d in the forest F' to be ¢(v) = n% where n is the number of nodes in the graph. The potential of the
forest F' is defined as ¢(F) = >, ¢(v). Initially ¢(F) < n™. Each improvement step with target
d reduces the potential by at least nd_z, since the degree of a node of degree d is reduced by 1 and
the degree of all the other nodes may increase to d — 1. Since d > k — [log;, n| where k is the
maximum degree of the current forest, this reduction in potential is at least a fraction p=OUogiycn)

of the current potential of the forest ¢(F'). It follows that the number of improvement steps is at

most nPUog11en)

Performance guarantee

We prove the performance guarantee by identifying a node separator from the solution subgraph

whose f-weakness value is very close to the degree of the solution. Let k denote the maximum
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degree of the solution subgraph. The following proposition is immediate using a simple contradiction

argument.
Proposition 5.3.8 There is some i € [k — [log,, n|, k] with |S;_3| < (1 + €)|5;].

Proof of Theorem 5.3.3: Let i be as in Proposition 5.3.8. We prove Theorem 5.3.3 by estimating

the f-weakness of 5;_3. In the following lemma, we show that the number of active components in

G — S;_3 is at least 7|5 — (2 + €)|.5;|. By choice of 7, note that |.S;—2| < (1 + €)|5;|. Therefore
1—(24¢€)

the f-weakness of 5;_5 and hence of (7 is at least —7c Note that the degree of the solution /*

is at most ¢ + log; . n. Combining these proves Theorem 5.3.3. O

Lemma 5.3.9 Let I’ be the locally optimal solution network and let © be the index in Propo-
sition 5.3.8. The number of active components in G — S;_o is at least i|.9;| — (2 + €)|.9;].

We prove the above lemma in the remainder of this section. Call a tree in F relevant if it
contains a node in 9;. Define the equivalence class ~ on the edges of F’ by the rule: e; ~ eg if there
is a path between an endpoint of e; and an endpoint of €5 in F avoiding 5;. Define an auxiliary
forest F; whose nodes are 9; together with the equivalence classes of ~. Fj is bipartite, and there
is an edge between a node v € 5; and an equivalence class C' of ~ if there is an edge in ' incident
on v. Note that since I is acyclic, there is at most one edge in any equivalence class C' incident on
any node v in 5;. Thus if a node v € 5; has degree j in F, it also has degree j in F;. Note also

that F; is acyclic and has exactly as many components as the number of relevant trees in F.

Claim 5.3.10 The number of equivalence classes C' of degree one in F; is at least (i —

2)|S;| + 2r where r is the number of relevant trees in F.

Proof: Let t be the number of classes of degree one and let p be the number of other classes.
The number of edges in the forest F; is the number of nodes in the forest minus the number of
components in it. This is exactly ¢ + p + |SZ| — r. The sum of the degrees of the nodes of F; is
twice the number of edges. That sum is at least % - |SZ| + 2p + t. The claim follows. O

Each class C' of degree one defines a set X of nodes as follows: a node v is in X if C' contains
all the edges of F' that are incident on v. Note that each X¢ is a component of F' — 9; and thus
represents a subset of nodes of a relevant tree (See Figure 5.2). Conisder an edge in [ incident on
a node in 5;. Since [ is feasible, by Lemma 5.3.5, the component of F containing this edges is
inactive. Since this edge is critical on account of the first type of improvement step, the two distinct
components formed in F' on removing this edge and containing its endpoints must both be active.
Consider an edge € in a degree-one equivalence class C' of ~ that is incident on a node in 5;. One
of the connected components formed on its removal from F is X, and so this set is active. This is

summarized in the following proposition.
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Figure 5.2: Each equivalence class (' of ~ with degree one in F; defines a set of nodes X,
namely those nodes all of whose incident edges in F' are in C'. In the figure above, v is a
node in 5; and three sets identified using degree-one equivalence classes of ~ are shown.

Proposition 5.3.11 Fach set X¢ defined by a class C' of degree one in F; is an active set.

We now derive a lower bound on the number of active components of G — 5;_5. Most of the
node sets representing degree-one classes of F; are useful in forming these active components. There
are two ways in which such a set might fail to be an active component of G — 5;_5. When nodes
of §;_o — 9; are removed, some of these components may break up, but few can break up this way.
By choice of i, the number of such components is at most |9;_3| — |.9;|, which is at most € |9;]. We
will disregard these broken-up components. Secondly, when nonforest edges are added, some of the
remaining components may merge, possibly resulting in fewer components and inactive components.

We show that in fact there remain many active components.

Claim 5.3.12 The total number of such sets X ’s that merge with others on adding edges
of G — Si_g is at most 2(r — 1).

Proof: Suppose for a contradiction that more than 2(r — 1) such X¢’s merge on adding the edges
of G — 5;_3. We show that this identifies a cycle in ' U (G' — S;_2) containing a node of \5; and
so F’ permits an improvement of the second type.

To show this we consider the auxiliary graph F; and augment it with edges representing merging
X¢’s. For every pair of X¢’s that merge, we include an edge between the nodes corresponding to
the them in F;. If more than 2(r — 1) such X¢’s merge, then more than r — 1 edges must be
included in the auxiliary graph in addition to F;. Since F; has exactly r connected components,
and more than 7 — 1 edges are added to it, the resulting graph must be cyclic. A cycle in this graph
directly corresponds to a cycle in F'U (G — S;_3) containing a node of .S; and so F' permits an

improvement of the second type. This contradicts the local optimality of F°. O
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The sets X¢’s that remain might merge with inactive components of F’ on adding the nonforest
edges of G — 9;_5. By the properties of a proper function, the resulting component in G — 9;_»
containing X is also active. By Claim 5.3.10, the number of degree-one equivalence classes is at
least (7 — 2)|.5;| 4 27, and by Proposition 5.3.11 each of these defines an active set. We discount at
most € |.9;| of them that may break up on removing nodes in S;_g —.5;. The number of such classes
that may merge with one another is at most 2(r — 1) by Claim 5.3.12. Thus the number of such
active sets that remain is at least 7 |.5;| — (2 + €)|\9;|. This completes the proof of Lemma 5.3.9.

5.4 Minimum-Degree Two-Edge-Connected Subgraphs

In this section, we consider minimum-degree networks of a different type. Given as input a two-
edge-connected undirected graph, we consider the problem of finding a two-edge-connected spanning
subgraph of minimum degree. This problem can be easily seen to be NP-hard by a reduction from
the Hamiltonian cycle problem. Using a local-improvement algorithm similar to that used in proving

Theorem 5.3.1, we obtain an approximate solution for this problem as well.

Theorem 5.4.1 Let A* be the minimum degree of a two-edge-connected subgraph of a given
graph G and let € be a positive number. There is an nCU°81+e™ _time algorithm for finding

a two edge-connected subgraph of G having degree at most (1 + €)A* + O(log, . n).

As in Section 5.3, 1t is easy to cast this problem as an exponential-sized integer program. The frac-
tional relaxation of this program is solvable in polynomial time by using a minimum-cut procedure
to solve the corresponding separation problem. As before, the above theorem can be applied to show
that this linear program solution value is a very good estimate of the value of the exact solution to
the minimum-degree problem. As we mentioned earlier, such estimates can be used in pruning the

search space for exact solutions to this problem.

Preliminaries

Let G = (V, F) be an arbitrary k-edge-connected graph. Consider the problem of computing a k-
edge-connected subgraph IV of G which spans V' such that the maximum degree of N is minimum.
The case of kK = 1 corresponds to the minimum-degree spanning tree problem and is NP-hard [53].
So far there have been no results when & > 1. In this section, we consider the case when k = 2
(two-edge-connected graphs are also called bridge-connected). In this section, “connectivity” always
stands for edge connectivity (and not vertex connectivity). For a graph (7, we use A*(() to denote
the minimum degree of a two-connected spanning subgraph of G.

We first give some preliminary definitions which show that the notion of k-connected components

is meaningful in the context of edge connectivity. It allows the partition of V' into k-connected
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components.

Definition 5.4.2 A pair of vertices u and v are said to be k-connected in a graph N if there
are k edge-disjoint paths between v and v in N. This relation is an equivalence relation. It
partitions the vertices into equivalence classes of vertices. Within each class, each pair of

vertices is k-connected. Such a class is called a k-component.

Definition 5.4.3 For a graph H, the bridge-connected forest (bcf) of H is obtained by
contracting each two-component of H to a supervertex and deleting self-loops. A leaf two-
component of H is a two-component that has degree one in the bef of H. An isolated

two-component of H is one of degree zero in the bef of H.
The following lemma is obvious from the definition of two-edge-connected graphs.

Lemma 5.4.4 Let N be any 2-connected spanning subgraph of G, and let X be any subset
of vertices. Let C' be a two-component of G — X. If C' is a leaf two-component, then there
s at least one edge of N between C' and X. If C' is an isolated two-component, then there

are at least two edges of N between C' and X .

The above lemma motivates the following definition.

Definition 5.4.5 Let H be a graph with £ leaf two-components and k isolated two-components.
Then the deficiency of H is defined as { 4+ 2k and is denoted by def(H ).

We now derive an easy lower bound on the minimum degree of a two-connected spanning sub-
graph. Consider removing a node subset X from an undirected graph (; the remaining graph
has deficiency def(G' — X'). In any two-connected spanning subgraph of (¢, there must be at least
def(G' — X') edges going between G — X and the nodes in X by Lemma 5.4.4. Thus, the maxi-

def(G-X)

mum degree of a node in X is at least —IxT Applying this argument to the minimum-degree

two-connected spanning subgraph, we get the following corollary.

Corollary 5.4.6 Let X be a subset of the nodes of a graph G. Then

L deflG - X)
AY(G) = X

The algorithm and its time-complexity

The local-search algorithm proceeds as follows. Fix € to be an arbitrary quantity greater than
zero. The algorithm starts with an arbitrary 2-connected subgraph, and iteratively applies local
improvement steps to reduce the degrees of high-degree vertices. When a local minimum is reached,

the algorithm outputs the current subgraph.
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Figure 5.3: An example of a degree-5 candidate graph for an edge e. The figure on top
illustrates the network N with dark edges. The figure in the bottom is the degree-5 candi-
date graph for the edge e formed by contracting each of the three two-components of N —e
to single nodes and deleting edges in G — N incident on nodes of degree five or more.

Now we give definitions pertaining to an improvement step. Let N denote a two-connected
subgraph of G. For an edge ¢ € N, we define IV, to be the bef of V — e. Since N is two-connected,
it follows that N, is a simple path.

Definition 5.4.7 The degree-d candidate graph for an edge ¢ in N is obtained from G as
Jollows: contract each two-component of N — e, and then delete e and the edges of G — N
incident to nodes of degree more than d in N (See Figure 5.3).

A wvertex w of degree d in N is said to admit an improvement if there is an edge e

incident to w in N such that the degree-(d — 3) candidate graph for e is two-connected.

An improvement step consists in replacing e with edges from the candidate graph so that the
resulting network remains two-connected. We require that the degree of no vertex is increased
beyond d — 1. The following lemma shows that this can be done. We use degy(v) to denote the
degree of a node v in the subgraph formed by a collection H of edges.

Lemma 5.4.8 Let () be a minimal collection of edges whose addition two-connects N..

Then for every node v of N., degg(v) < 2.

Proof: Suppose that degQ(v) > 3. Since N, is a path, v splits N, into two subpaths. Then at

least two of v’s three incident edges must be incident on nodes in the same subpath. Let e be the one
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whose other endpoint is closer to v in the subpath. Then () — e also 2-connects N, contradicting

the minimality of ). O

Note that an improvement step for a vertex w reduces w’s degree by one, and does not increase

the degree of any vertex to more than w’s new degree.

Definition 5.4.9 Let N be a two-connected spanning subgraph of G, and let A be the degree
of N. Then N is called locally optimal if no vertex of degree at least A — ﬂogl_l_E n| admits

an improvement.

Using a potential function argument as in the previous section, it is easy to show that nOUogiycn)
improvement steps suffice to yield a locally optimal subgraph. Since each improvement step can be
executed in polynomial time, the running time is as claimed in Theorem 5.4.1. In the remainder of

this section, we show that a locally optimal subgraph has degree not much more than A*.
Performance guarantee
Theorem 5.4.10 The degree of any locally optimal subgraph of a graph G with n nodes is

at most (1 + €)A*(G) + [log . n] +4(1+ ¢).

Let 5; denote the set of nodes whose degree in IV is at least ¢. The proof of Theorem 5.4.10
consists in showing that there is an ¢ in the range [A — [logy, n], A] for which G — 5; has many
leaf and isolated two-components. We show this in Lemma 5.4.13. Theorem 5.4.10 then follows from

Corollary 5.4.6.

Lemma 5.4.11 Let GG be a 2-connected graph, and let S be a set of vertices of G. Then there
is a 2-connected subgraph A of G that contains all vertices of S, such that 3 g deg (v) <
415].

Proof: We provide an algorithm to compute A. A graph H is defined to be a minor of graph ¢
if one can obtain H from (G by repeatedly contracting or deleting edges. For a minor H of GG, we
say a vertex v of H is active if one of the vertices contracted to form v belongs to 5. Consider the

following algorithm:
o Initialize Hy := G.
e Let j := 0 and let Ag be the empty graph.
e While S is not 2-connected via A;, do

— Let C'j41 be a shortest cycle in H; containing at least two active vertices.
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— Let Aj-l-l = AJ‘ U Cj+1~
— Obtain H;4q from H; by contracting together all vertices of C'j4;.
—7:=74+1

Let k£ be the number of iterations. By the termination condition, .5 is 2-connected in Aj. For each
J, let &; be the number of active vertices in C';. Since the edges of C'; form a cycle in H, the degree
due to these edges on active vertices in the cycle is at most twice the number of active vertices in

the cycle.

Z degc,(v) < 2z;. (5.1)
vES

It follows that

Z deg 4(v Z Z dege (v Z 2x; (5.2)

vES 1=1veS
Next we bound the right-hand side of (5.2). Since at each iteration j, we contract x; active vertices

of H; into a single active vertex in Hjyy, we have the following claim.
Claim 5.4.12 (No. of active vertices in H;11) = (no. of active vertices in H;) —(x; — 1)

Since H}, contains 1 active vertex and Hy contains || active vertices, it follows by Claim 5.4.12
that
k

> (x; =|5-1 (5.3)

=1
In each iteration ; — 1 > 1, so the number of iterations k is at most || — 1. Hence ) (z; — 1) >
>-ax; — (]S] = 1). Combining this inequality with (5.3) yields >~ z; < 2(].5| — 1). Combining this
with (5.2) yields >~ cs deg 4(v) < 4(|S] —1). This completes the proof of Lemma 5.4.11. O

Lemma 5.4.13 Let N be a locally optimal subgraph with degree A. Then there is an
integer i in the range [A — [log,, n|, A] such that the deficiency of G — S;_y is at least
|9:| (i — 4(1+€)) and |Si—2| < (1+ €)|54.

Proof: As in Proposition 5.3.8, there is an 7 in the given range such that |S;_2| < (14 €)|5;|. By
Lemma 5.4.11, there exists a 2-connected subgraph A of NV such that 9;_5 is contained in A and
> oveSi_y deg 4(v) < 4|5;_2|. By choice of 7, the value 4].5;_2| is at most 4(1 + €)].9;]. To continue
the proof, we show that a large portion of the degree of the nodes in 9;_o can be used to infer that

GG — 5;_5 has high deficiency.

Definition 5.4.14 We say an edge e of a 2-connected graph H is critical in H if H — e is

not 2-connected.
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Figure 5.4: The edge (u,v) goes between u € S;_5 and a vertex v in a two-component C' in
the bef of G — 5;_5. Suppose C'is internal, we can identify two edge-disjoint paths between
w and C' in the degree-(7 —3) candidate graph for e contradicting the local optimality of the
network N.

By local optimality, for every edge € of N incident on S, the degree-(7 — 3) candidate graph for e

is not two-connected. Note that this also implies that the edge e is critical in V.

Claim 5.4.15 Let e be an edge of N not in A such that one endpoint of e belongs to 5.
Then the other endpoint of e belongs to a leaf 2-component or isolated 2-component of the

bef of G — 9;_5.

Proof: We give a proof by contradiction. Let e = {u, v}, where u belongs to .5;. First suppose
that v belongs to A; this includes the case where v belongs to 9;_3. Since A is 2-connected and
contains 1, it follows that e is noncritical, which is a contradiction. It follows that v belongs to some
2-component C' of G — S;_9. By the same argument as above, (' contains no vertices of A.

Next suppose that €' has degree two or more in bef(G' — 5;_3). Then C' is internal to some
path in bef(G' — S;_2) between leaf 2-components Ly and Ly. For j = 1,2, let P; be the subpath
from C' to L;. By Lemma 5.4.4, there is an edge €; of N between each L; and S;_o for j = 1,2.
We have constructed edge-disjoint paths P;e; and Pyeg from C' to A. The edges of these paths are
in NU (G — 5;_3) (See Figure 5.4). Recall that A is two-connected and contains only edges in N,
and that u is in A. It follows that C' is two-connected to u using edges in (N U (G — S;_2) —{e}).
This contradicts the fact that the degree-(¢ — 3) candidate graph for e is not two-connected. O

Now we complete the proof of Lemma 5.4.13. The sum of the degrees of all the nodes of 9; in
N is at least ¢ - |.9;|. By choice of the set A, we have > oueS;_s deg 4(v) < 4(1+¢€)|9;|. Hence there
are at least |9;](7 — 4(1 4 €)) edges incident on .S; not in A. By Claim 5.4.15, each of these edges
goes to a leaf 2-component or isolated 2-component of bef(G — S;_3). By the criticality of these

edges in N, it also follows that there is at most one such edge to a leaf-component and at most two
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such edges to a isolated-component in bef(G — §;_32). Hence each such edge contributes one to the

deficiency of G — S;_9. This concludes the proof of Lemma 5.4.13. O

This chapter concludes our study of single-objective network-design problems. In Chapters 2, 3
and 4, we studied problems in which the the total cost of the network is to required be minimized.
In this chapter, we studied problems in which the maximum degree of any node in the network
is required to be minimized. In the next chapter, we turn to problems where we require a single

network in which both these costs are low.
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Chapter 6

Multi-objective Approximation

Algorithms

6.1 Problem Definitions and Results

In the previous chapters we studied single-objective network-design problems where either the cost of
the network or the maximum degree of the network is required to be minimized. In this chapter, we
study network-design problems with multiple design objectives. In particular, we look at problems
where both the cost measures we addressed earlier, the total cost of the network and the maximum
degree of any node, are required to be simultaneously minimized in the network. We formulate this
problem as one of minimizing the total cost of the network subject to a constraint on the maximum
degree of any node in the network. Our main result can be roughly stated as follows: given an integer
b, we present polynomial-time approximation algorithms for a variety of network-design problems
on an n-node graph such that the degree of the output network is O(blog(%)) and the cost of this
network is O(log n) times that of a minimum-cost degree-b-bounded network. Our algorithms can
handle costs on nodes as well as edges. Moreover, we can construct such networks so as to satisfy a
variety of connectivity specifications including spanning trees, Steiner trees and generalized Steiner
forests.

We also address in this chapter the special case in which the costs obey the triangle inequality
and present approximation algorithms with better performance guarantees. For the problem of
constructing spanning networks in this special case, we also show how to simultaneously approximate
vet another objective: the maximum cost of any edge in the network. The results in this chapter
were obtained jointly with Madhav V. Marathe, S. S. Ravi, Daniel J. Rosenkrantz, and Harry B.
Hunt I1T, and appeared in [129].
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Degree-bounded minimum-cost network design

We call the following the b-MST problem: Given an undirected edge-weighted graph and an integer
b > 2, find a spanning tree in which the maximum degree of any node is at most b and the total cost
is minimum. We assume that the edge-weights are nonnegative and integral. It is straightforward
to show that this problem is NP-complete by a reduction from the Hamiltonian path problem. To
examine what kind of approximations we can hope for, we first make the following simple observation

(This is proved in the first part of Theorem 6.7.2).

Observation 6.1.1 For any fized rational number R > 1, finding a spanning tree of G
of mazimum degree at most b and of total cost at most R times that of a minimum-cost

degree-b-bounded spanning tree of G is NP-hard.

Given this difficulty in conforming to the degree restriction in any approximate solution, we set
our goals a little lower and seek a solution that is approximate in terms of both the objectives. We

present the first such result for approximating the b-MST problem.

Theorem 6.1.2 There is a polynomial algorithm that, given an undirected graph G on n
nodes with nonnegative costs on its edges, and a target degree b, constructs a spanning tree of
mazimum degree O(blog ) and of cost O(log 3 ) times that of the minimum-cost b-bounded

spanning tree of G.

Our techniques generalize to the case of constructing Steiner trees as well as generalized Steiner
forests. Given an undirected graph and a subset of the nodes called terminals, recall that a Steiner
tree for the terminals is a subgraph spanning the terminals. Agrawal, Klein and Ravi [2] consider a
generalization of Steiner trees called generalized Steiner forests. Given an undirected graph and a
set of site-pairs of nodes, a generalized Steiner forest for the site-pairs is a subgraph in which there
is a path between every site-pair. In [2], they provide the first approximation algorithm for finding
minimum-cost generalized Steiner forests. A b-bounded generalized Steiner forest for the site-pairs
is a generalized Steiner forest for the site-pairs in which the maximum degree of any node is at most

b. We can extend Theorem 6.1.2 as follows.

Theorem 6.1.3 There is a polynomial-time algorithm that, given an undirected graph G
with nonnegative costs on its edges, a set of site-pairs of nodes, and a target degree b,
constructs an O(blog %)-bounded generalized Steiner forest for the site-pairs of cost O(log %)
times that of the minimum-cost b-bounded generalized Steiner forest for the site-pairs. Here

k represents the number of nodes of G that are sites.

Building on the work of Agrawal, Klein and Ravi [2], Goemans and Williamson [60] considered

a class of constrained forest problems using the formalism of proper functions. We described their
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formalism in Section 3.3. The generalized Steiner forest problem is a prototypical example of such
a constrained forest problem. Our techniques directly extend to approximating degree-bounded
minimum-cost networks of this general form. We postpone description of this extension until the

relevant section.

Extension: Handling arbitrary degree specifications

Theorems 6.1.2 can be generalized in a very nice way. Instead of specifying an integer b as the bound
on the maximum degree of any node in the networks to be constructed, we can allow an arbitrary
integer-valued function d that assigns a nonnegative integer value to each vertex v in the graph. The
value d(v) specifies the maximum allowable degree of the network at node v. Given a function d, we
can define a d-constrained minimum-cost network design (spanning tree, Steiner tree etc.) problem
as follows: Find a minimum-cost network in which the degree of node v is at most d(v). We have

the following generalization of Theorem 6.1.2.

Theorem 6.1.4 There is a polynomial-time algorithm that, given an undirected graph G
on n nodes and a function d assigning nonnegative values to the nodes of G, constructs a
spanning tree of G of cost O(logn) times that of a minimum-cost d-constrained spanning

tree in which the degree of any node v is O(d(v)logn).

Like Theorem 6.1.2, the above theorem also gemeralizes to approximating more general d-

constrained forest problems such as Steiner trees and generalized Steiner forests.

Extension: Approximating minimum weighted-degree spanning trees

We can extend the techniques used to prove Theorem 6.1.2 to approximate the following generaliza-
tion of the minimum-degree spanning tree problem [53, 49, 50]. Given nonnegative weights on the
edges, define the weighted-degree of any node in a spanning tree to be the sum of the weights of
the edges incident to the node in the tree. The minimum weighted-degree spanning tree problem is
that of finding a spanning tree of a given graph in which the maximum weighted degree of any node
is minimum. This problem is a natural capacitated generalization of the minimum-degree spanning
tree problem which results if all the edges in the graph are assigned unit weight. While there is an
approximation algorithm that provides a solution to the minimum-degree spanning tree problem to
within an additive error of one [50], no approximations are known for the weighted-degree problem.

We provide the first approximation algorithm for this problem.

Theorem 6.1.5 There is a polynomial-time algorithm that, given an undirected graph G
on n nodes with nonnegative weights on the edges, constructs a spanning tree of G in which

the mazimum weighted-degree of any node is O(logn) times the minimum possible.
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This theorem, however, does not generalize to the case of more general constrained forest prob-
lems addressed in [2, 60]. It does generalize to the case in which, given costs and weights (two
distinct measures on the edges), and a bound B on the maximum weighted-degree of any node, we

are required to find a minimum-cost spanning tree under this weighted-degree constraint.

Theorem 6.1.6 There is a polynomial algorithm that, given an undirected graph G on
n nodes with nonnegative costs and weights on its edges, and a target weighted-degree B,
constructs a spanning tree of maximum weighted-degree O(Blogn) and of cost O(logn)
times that of the minimum-cost spanning tree of G in which the maximum weighted-degree

1s at most B.

Extension to the node-weighted case

We can strengthen our results above by considering nonnegative costs on the nodes and aiming to
find a small degree network of minimum total cost. However, the performance guarantee on the cost
of the solution worsens slightly as a result of this generalization.

The case of spanning trees treated in Theorem 6.1.2 is less interesting in the case of node-
weighted graphs since every node must be included in the solution. This problem then reduces to
computing a minimum-degree spanning tree that has been well-studied [49, 50].

We focus our attention on the more interesting case of Steiner trees. In Chapter 4, we presented
the the first polynomial-time approximation algorithm for node-weighted Steiner trees. The perfor-
mance guarantee of this approximation algorithm is logarithmic in the number of terminals specified
in the problem. We can extend this result to the case when the degree of the Steiner tree is also

required to be bounded and derive the following analogue of Theorem 6.1.2 for Steiner trees.

Theorem 6.1.7 There is a polynomial-time algorithm that, given an undirected graph G
on n nodes with nonnegative costs on its nodes, a subset of k nodes called terminals, and
a target degree b, constructs a Steiner tree spanning all the terminals, of mazimum degree
O(blog(%)) and of cost O(log k) times that of the minimum-cost b-bounded Steiner tree of

G spanning the terminals.

Note that a Steiner tree problem with costs on nodes and edges can be transformed to one with
costs only on the nodes: replace every edge € = (u,v) of cost ¢(€) by two edges (u,z.) and (2., v)
where 2. is a new node of cost ¢(e). Thus the above theorem is a strict generalization of Theorem
6.1.2.

As before, we can extend the above theorem to generalized Steiner forests and to more general

constrained forest problems addressed in [2, 60].

78



An application: Approximating minimum-degree generalized Steiner forests

Theorem 6.1.3 has an important application. We can use this theorem to provide a polynomial-
time approximation algorithm for a class of minimum-degree forest problems that we considered in
Chapter 5. Therein we addressed the problem of finding two-edge-connected spanning subgraphs
and one-connected networks of a general form such that the maximum degree is minimum. We
presented in Chapter 5 quasi-polynomial (nO(IOgHen)—time) approximation algorithms for these
problems that provide solutions of degree at most (1 + €) times the minimum with an additive error
of O(logl_l_E n) for any € > 0. A prototypical example of the one-connected network problem we
considered is the minimum-degree generalized Steiner forest problem: given an undirected graph with
site-pairs of nodes, find a generalized Steiner forest for the site-pairs in which the maximum degree is
minimum. As we mentioned in Chapter 5, these results can be adapted to provide polynomial-time
approximation algorithms with performance ratio Q(né) for any constant ¢ > 0 by setting ¢ = nt.

We can improve the approximation factor achievable in polynomial time for this problem by an

application of Theorem 6.1.3.

Theorem 6.1.8 There is a polynomial-time algorithm that, given an undirected graph G
on n nodes and a set of site-pairs of nodes, constructs a generalized Steiner forest for the
site-pairs in which the maximum degree of any node is O(6* log éﬁ*) Here k is the number
of nodes of G that are sites and 6* is the minimum degree of any generalized Steiner forest

for the site-pairs.

Approximations under triangle inequality

One way to circumvent the difficulty exhibited in Observation 6.1.1 is to consider more structured
cost functions on the edges. In this direction, we turn to the case of cost functions on the edges
satisfying the triangle inequality. The underlying graph 1s assumed to be complete with costs only
on the edges and these costs obey the triangle inequality. Define the bottleneck cost of a network
to be the maximum cost of any edge in it. In this case, we present approximations that strictly
conform to the degree restriction in the input problem and approximate the bottleneck cost of the

output network as well. We introduce a short-cutting technique to prove the following theorem.

Theorem 6.1.9 There is a polynomial-time algorithm that, given an undirected graph with
edge costs satisfying the triangle inequality and an integer b > 3, outputs a spanning tree

in which the maximum degree of any node is at most b, the total cost of the tree is at most

2 — ((2:?) times that of a minimum spanning tree, and the bottleneck cost is at most twice

that of the minimum-bottleneck spanning tree.
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If we insist on a Hamiltonian path (i.e., require b = 2) or a Traveling Salesperson (TSP) tour, then
the simple short-cutting heuristic of Rosenkrantz, Stearns and Lewis [137] provides a TSP tour of
cost at most 2(1 — %) times that of a minimum spanning tree (MST) in an n-node graph. Deleting
an edge from this tour gives a Hamiltonian path with the same guarantee. But there is no guarantee
on the bottleneck cost of the tour. We tailor our short-cutting technique to obtain a TSP tour with

small total cost as well as small bottleneck cost.

Theorem 6.1.10 There is a polynomial-time algorithm that, given a undirected graph with
edge costs satisfying the triangle inequalily, outputs a TSP tour of total cost at most two
times the cost of a« MST and of bottleneck cost at most three times that of a minimum

bottleneck-cost spanning tree.
Using the above theorem, we can extend Theorem 6.1.9 to higher-connected networks as follows.

Theorem 6.1.11 There is a polynomial-time algorithm that, given an undirected graph

with edge costs satisfying the triangle inequality, an integer k > 2 (the vertex-connectivity

requirement), and an integer b > k 4+ 1 (the target degree), outputs a k-connected spanning

subgraph of G in which the degree of any node is at most b, the total cost of all the edges in

the subgraph is at most k + 2 times that of a minimum-cost k-connected subgraph, and the
k

bottleneck cost of the subgraph is at most 3 - [5] times that of a minimum bottleneck-cost

spanning tree.

The above theorem is proved by using short-cuts that induce higher-connected graphs.

In the next section, we discuss related work. Then we present the algorithm for approximat-
ing degree-bounded edge-weighted networks, and prove Theorem 6.1.2. After this, we present the
proof of its extensions and its applications. We then present the algorithm for degree-bounded
node-weighted networks in the following section. Following this, we outline the algorithms for the
problems under triangle inequality. Finally, we briefly outline some hardness results and some simple

observations about a related problem.

6.2 Related Work

Minimizing one of the cost measures

Much work has been done on approximating each of the cost measures that we simultaneously
minimize.

A series of recent results have addressed the problem of minimum-degree networks of various
forms: spanning trees [49, 50], Steiner trees [3, 50], generalized Steiner forests and more general

one-connected networks as well as two-edge-connected spanning networks [131].
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A lot of research effort has been dedicated to the study of minimum-cost network problems: e.g.,
spanning trees [4, 98, 127], TSPs [48, 100], Steiner trees [74, 156, 164], generalized Steiner trees [2]
and even more general one-connected networks [52, 60, 154].

Bottleneck problems have been investigated in [20, 72, 123].

Multi-objective approximations

While there has been much work on finding minimum-cost networks for each of the cost measures
that we simultaneously minimize, there has been relatively little work on approximations for multi-
objective network-design. In this direction, Bar-Tlan and Peleg [8] considered balanced versions
of problems of assigning network centers. In the balanced version, a budget is imposed on the
number of nodes that any center can service. They extended existing approximation algorithms for
center problems to the balanced versions. Wong [161] examined a budget network design problem
in which a network is to be built whose cost is at most a certain budget such that the sum of the
path-lengths of commodities to be routed using this network is minimized. He showed that even
finding near-optimal solutions is NP-hard if we are required to conform to the budget requirement
and approximate only the sum of path-lengths. Lin and Vitter [106] provided approximations for
the s-median problem where s median nodes must be chosen so as to minimize the sum of the
distances from each vertex to its nearest median. The solution output is approximate in terms
of both the number of median-nodes used and the sum of the distances from each vertex to the
nearest median. Iwainsky et al. [75] formulated a version of the minimum-cost Steiner problem
with an additional cost based on node-degrees. Duin and Volgenant [36], motivated by practical
considerations, formulated the degree-bounded Steiner tree problem.

Other researchers have addresses multi-objective approximation algorithms for problems arising
in areas other than network design. Agrawal, Klein and Ravi [89] provided an approximation
algorithm for finding an elimination ordering for sparse Gaussian elimination to simultaneously
minimize the fill-in, the total operation count and the elimination height. Khuller, Raghavachari,
and Young [85] gave an algorithm for finding a rooted spanning tree of weight at most a constant
times that of a MST such that the distance in this tree from the root is at most a constant times the
distance in the input graph. Shmoys and Tardos [140] studied the problem of scheduling unrelated
parallel machines with costs associated with processing a job on a given machine. Given a budget on
the cost of the schedule, they presented an approximation algorithm for minimizing the makespan
of the schedule. Mitchell, Piatko and Arkin [115] studied bicriteria optimization problems arising in

computational geometry.
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6.3 The Edge-weighted Case

In this section, we sketch a proof of the results on edge-weighted degree-bounded networks.

Background

In this section, we describe some background material on a degree constrained subgraph (DCS)
problem. The general DCS problem can be stated as follows: Given an undirected graph with
nonnegative costs on the edges, and an integer-valued function f defined on the vertices of the graph,
find a minimum-cost subgraph (if one exists) such that the degree of any vertex v in this subgraph
is f(v). This problem is referred to as the f-factor problem [109], and is known to be polynomially
solvable [38, 109]. The following variant of this problem is also known to be polynomially solvable
using matching techniques [109]. Denote the degree of a node v in a subgraph H by degr(v).

Fact 6.3.1 [109] (b-bounded even DCS problem) The following problem has a polynomial-
time solution: Given an undirected graph G = (V, E) such that V.= SUT and SNT = 0,
and an integer b > 2, find a subgraph H (if one exists) of G of minimum cost such that

o for all vertices v € T', we have degy(v) =1, and

o for all vertices v € S, we have 0 < degp(v) < b and degg(v) =0 ( mod 2).

The b-bounded even DCS problem described above is a generalization of the T-join problem
[38]. When b is allowed to be unbounded, this problem reduces to the T-join problem.

We now prove a simple tree-decomposition result.

Claim 6.3.2 Let R be a tree with an even number of marked nodes. Then there is a pairing

(v1,w1), ..., (v, wi) of the marked nodes such that the v; — w; paths in R are edge-disjoint.

Proof: We begin with a definition.
Definition: For any two paths P and () that intersect only at one endpoint, we use () P to denote
the path formed by the the concatenation of these paths at their point of intersection.

Let (v1,w1),. .., (vg, wk) be the pairing minimizing the number of occurrences of edge-overlap
between the v; — w; paths, P;, in R. We claim that the paths P; are edge-disjoint. To see this,
suppose for a contradiction that P, and P, share an edge zy. Let ()7 be the terminal subpath of
P, ending at x and not passing through y. Similarly define Q¥, Q7 and (¥. Then by replacing P,
and P; with QZQ7% and QYQ)Y, we obtain a pairing that has fewer occurences of overlaps, namely at
the edge xy. This contradicts the minimality of the initial pairing. The proof is depicted in Figure
6.1.

O
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Figure 6.1: F; is the path in the tree R between v; and w; as defined in the proof of Claim
6.3.2. The paths P; are edge-disjoint. Suppose that P, and P; share an edge zy. Let Q7 be
the terminal subpath of P, ending at x and not passing through y. Similarly define Q¥, @7,
and QY. Then by replacing P, and P, with Q7 Q7 and QYQ)Y, we obtain a pairing that has
fewer occurences of overlaps, namely at xy. This contradicts the minimality of the initial
pairing.

Any minimal solution to the b-bounded even DCS problem is a forest in which each tree contains
an even number of nodes of T'. Applying the above claim to each tree in such a solution we have

the following.

Proposition 6.3.3 Let H be any subgraph satisfying the conditions in Fact 6.3.1. Then
there is a pairing of the nodes of T in H such that there are edge-disjoint paths in H between

each pair of vertices.

We use the above results in the proof of the performance guarantee.

The approximation algorithm for 6-MST

We now describe the algorithm referred to in Theorem 6.1.2. We use b to denote the degree bound
specified in the problem, and O PT}, to denote the minimum cost of any b-bounded spanning tree of

the input graph.

Overview

Our algorithm follows the same skeletal outline as an early algorithm [49] of Fiirer and Raghavachari
for approximating the minimum-degree spanning tree. However, we generalize it to ensure that the
cost of the solution chosen is small as well.

The algorithm works in O(log %) iterations where n is the number of nodes in the original
graph. To begin with, the solution subgraph is empty and each node is in a connected component
by itself in the current solution. At each iteration, we add edges between the components, thereby
reducing the number of connected components in the current solution by a factor of half. When the

number of connected components falls to O(b) we run a standard MST algorithm to connect up all
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these components. Thus there are O(log %) iterations in all. We also ensure that in each iteration,
the degree of any node in the graph increases by O(b) and the set of edges added has cost at most
O PT,. Thus we prove the bound on the degree and the cost of the solution subgraph as stated in
Theorem 6.1.2.

The Algorithm

1 Initialize the set of edges in the solution subgraph F':= ), and the iteration count ¢ := 1.
2 Repeat until the number of connected components of (V, F') is O(b)

Let C = {Cy...,C,} be the set of connected components of (V, ).
Construct an auxiliary graph (; as follows.

The node set of G; is V UC.

S Ot e W

We now describe the edges included in G;: Between all the nodes of V' in each connected

component C'; € C, include edges of zero-cost to form a clique in G;.

Let £’ C FE represent the set of edges of G whose endpoints are in different components

in C. For each edge € = (u,v) € E' of cost ¢(e), include four edges in G;: let u € C,,

and v € C,. We include the edges (u,v),(u,C)),(v,C,) and (C\,C,), each of cost

c(e), in G;.

7 If |C| is odd, we include an extra dummy node z in C and include zero-cost edges between

7 and every C; € C in ;.

8 Find a 2b-bounded even DCS of (¢; with nodes in V having even degree (between 0 and
2b) and the nodes in C having degree one.

9 F := F U the set of edges of G found by the DCS algorithm in Step 8.

10 1:=1+ 1.

11 The number of connected components of (V, F') is now O(b). Contract each of these connected

components to single nodes and find a MST of these nodes. Add the edges of this MST to
the set F.

12 Output a spanning tree of (V, I).

Note that at each iteration, the solution to the DCS problem may contain one or more copies of an
edge e € E’. In any case, in Step 9, we include only one copy of such an edge in the set F.
Performance Guarantee

We prove the performance guarantee using a series of lemmas.
At each iteration, applying Proposition 6.3.3 to the solution to the DCS problem in Step 8, we

can derive a pairing of the connected components in C such that there are paths between these pairs
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in the solution. Thus at each iteration, the number of connected components of (V, F') reduces by

a factor of half. Using this observation, it 1s easy to prove the following.
Lemma 6.3.4 The total number of iterations of the above algorithm is O(log 3).

The following lemma i1s immediate from the constraint on the degree of the nodes in the subgraph

added at each iteration of the algorithm.

Lemma 6.3.5 The degree of the spanning tree output by the above algorithm is O(blog 7).

Lemma 6.3.6 At each iteration i of the algorithm, the cost of the solution to the DCYS
problem in Step 8 in this iteration is at most O PTy.

Proof: This is trivial to see in the last iteration of the algorithm since a b-MST of cost O PTy
induces a spanning tree on the remaining O(b) components of cost at most O PT}. For every other
iteration ¢ of the algorithm, we show that there exists a solution of cost at most O PT} to the DCS
problem set up in the iteration.

To construct a feasible solution of value at most O PTj, for the DCS problem on (&5, consider
a minimum-cost b-bounded spanning tree T of cost O PT}. Let C; represent the set of connected
components in C at the beginning of iteration . For each component in C;, contract all the nodes
in it to form a single supernode representing this component. It is easy to derive a subgraph T; of
T™ such that T is a spanning tree on the supernodes C;. The cost of T is at most O PT}.

We use the edges of T; to construct a solution to the DCS problem set up in Step 8. Assume for
the sake of simplicity that |C;] is even.! Applying Claim 6.3.2 to the tree T; with all the supernodes
marked, we can find a pairing P of all the components in C; such that the paths in 7; between
the pairs are edge-disjoint. We convert these paths into a feasible solution to the DCS problem as

follows:

(i) Consider all pairs of components in P such that the path between them in T5 is a single edge.
Let (', C, be such a pair joined by an edge (u,v) € E’. By the construction in Step 6 of
the algorithm, there is an edge (C,,, Cy) of cost ¢(e) in ;. We include this edge (C,, C)) of
cost ¢(€) in the DCS solution.

(ii) Consider pairs of components in P between which the paths in 7T} consist of more than a single
edge. Let Cy, C, be such a pair and let the path between them in 7} be (C, C1), (C1,C2), ..., (Cy, Cy).
For each edge in this path, there is a corresponding edge in 1™ from which this edge is de-

rived. Let these edges in T be (v, v1,in), (V1 0uts ¥2,in)s - - - » (Vg 0uts Uy ) respectively. Note

!The case when |C;| is odd can be treated similarly by adding the dummy node included in Step 7 to the
set C;.
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that for 1 < j < g, both v;;, and v; oy are in the component C'; but they may be two
distinct vertices. However there is a zero-cost edge in (&; joining them. Thus, using these
edges, we can form a path P, , in G; between every such pair (', C'y in P. We then take the
modulo-two sum of all these paths? and include this subgraph in the DCS solution.

It is routine to verify that the set of edges identified above form a valid solution to the DCS
problem and that the cost of this solution is at most O PT}. This completes the proof of Lemma
6.3.6. O

Combining Lemmas 6.3.4, 6.3.5 and 6.3.6 gives Theorem 6.1.2.

6.4 Extensions and an Application

In this section, we show how to extend Theorem 6.1.2 proved in Section 6.3 and prove Theorems

6.1.3,6.1.4, and 6.1.5. Then we outline a proof of Theorem 6.1.8.

Extension to generalized Steiner forests

We now provide a proof of Theorem 6.1.3 We sketch the algorithm for the generalized Steiner
case. The algorithm follows the same outline as the algorithm in Section 6.3. We highlight only
the differences here. The main difference is that every vertex does not start out in a connected
component that needs to be merged with all the others. Instead we introduce the notion of active
components, namely components that separate a site-pair. Thus, to begin with, each node in a
site-pair is in an active component by itself.

In constructing the auxiliary graph (;, we add zero cost edges as before between nodes in the
same active component. We also add all the other graph edges between the nodes of V. This permits
the use of paths in the graph (G to connect up the active components in a DCS solution.

We also modify the subgraph constructed at each iteration of the algorithm as follows: In an
iteration with ¢ active components, we add L%J dummy nodes with zero cost edges to all the active
components in the auxiliary graph (&;. Even in this case, at least %q of the active components will
be paired among themselves in the DCS solution found. This pairing reduces the number of active
components by %, ensuring that the number of iterations is still O(log(%)) where k is the number
of nodes that are in site-pairs. The performance guarantee of the algorithm thus remains unaffected
by the modification.

We use this modification in the auxiliary graph (; to prove the existence of a feasible solution
to the DCS problem of value at most O PT} (Lemma 6.3.6) in each iteration. In the proof of Lemma

6.3.6, we start with the optimal generalized Steiner forest and contract the active components to

2An edge is in the modulo-two sum only if it occurs in an odd number of the paths that are being summed.
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single nodes. This may leave a forest where the active components are in several trees. Note that
each of these trees must contain at least two active components. We can apply Claim 6.3.2 only to
trees with an even number of active components. However the total number of trees with an odd
number of active components is at most L%J since each such tree has at least two active components.
To apply Claim 6.3.2 to such a tree, we consider the active components in the tree along with a
dummy node in (+;. Note that we have have included a sufficient number of dummy nodes to find
such a pairing for all such trees. Thus we can derive Lemma 6.3.6 in this case as well.

In the last iteration, when the number of active components falls to O(b), we run the ap-
proximation algorithm for minimum-cost generalized Steiner forests [2] using the contracted active
components as sites. The maximum degree of any node in this forest is O(b) and the cost is at most
twice O PT}, using the performance guarantee in [2]. Also, the final subgraph output has no active
component and so the final subgraph contains a generalized Steiner forest for the site-pairs. The
proof of the performance guarantee proceeds exactly as before. Note that the number of iterations
s now O(log(%)) where k is the number of nodes in site-pairs. The rest of the proof is the same as
before and this proves Theorem 6.1.3.

We can generalize our algorithm to handle even more general network-design problems using the
framework of proper functions introduced in Section 3.3. We formulate the network-design problem
as before as that of finding a cut-cover for a cut-family defined by a proper function f. Recall that
the terminals are the nodes v of GG such that f({v}) = 1. We can generalize Theorem 6.1.3 for

cut-cover problems defined by proper functions f as follows.

Theorem 6.4.1 There is a polynomial-time algorithm that, given an undirected graph G
with nonnegative costs on its edges, a proper function [ defined on the node subsets of G,
and a degree bound b, constructs a cut-cover for the family of cuts defined by f in which the
mazimum degree of any node is O(blog %) and the cost of the cover is O(log &) times that
of the minimum-cost cut cover for f with degree at most b. Here k represents the number

of terminals defined by f.

The proof of the above theorem is identical to that of Theorem 6.1.3 with the only difference
that active components are now defined directly by the function f. It follows from the properties of
proper functions [60] that each active component must be connected with at least one other active
component in any solution. Hence adding L%J dummy nodes as before in an iteration with g active
components is sufficient to derive a solution to the subgraph problem set up at each iteration using

the optimal solution. The rest of the analysis is identical and proves Theorem 6.4.1.
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Arbitrary degree constraints

We now describe how we can handle arbitrary degree specifications on the nodes and still find
networks that approximately obey these degree constraints and are of nearly minimum cost under
this restriction.

The key observation is that we can solve in polynomial time a more general degree constrained
minimum-cost subgraph problem than that described in Fact 6.3.1. In this general version of the
[f-Tactor problem [109], we are given upper and lower bounds on the value of a degree of each node
in the network and required to find a subgraph obeying these degree restrictions and has minimum
possible cost under these restrictions. To use these results, we form an auxiliary graph as in Section
6.3 and instead of looking for a subgraph with degree at most 2b at the nodes of V', we set the upper
bound on the degree of a vertex v € V as 2d(v). Using the optimal solution to the d-constrained
problem, we can derive a solution to this problem that we set up during this iteration of cost at most
the optimal. Since we can solve this more general problem in polynomial-time as well [38, 109, 13§],
we can obtain a solution of cost at most the optimal. The rest of the performance guarantee is the
same as before. To derive the O(logn) guarantee on the degree and the cost, we run this algorithm
to completion until all the components have been joined in a spanning tree. This proved Theorem
6.1.4.

The extension of this result to more general one-connected networks like Steiner trees, general-
ized Steiner trees and proper function cut-covers is immediate using techniques from the previous

subsection along with those described above.

Approximating weighted-degree spanning trees

In this section, we describe how our techniques can be applied to approximate minimum weighted-
degree spanning trees. The algorithm for finding such an approximate solution follows the same
framework as the algorithm in Section 6.3.

The algorithm works in O(log n) phases where n is the number of nodes in the input graph. As
before, to begin with, the solution subgraph is empty and each node is in a connected component.
At each phase, we add edges between the components thus reducing the number of connected
components in the current solution by a factor of half. We set up a minimum cost DCS problem to
achieve this in Section 6.3. However for the special case of spanning trees, this reduces to a simple
minimum-cost 2b-matching algorithm in which we match the cluster nodes in C to nodes in V' at
minimum cost (using inter-cluster edges only). The added restriction is that we want the degree of
any node in V' in this matching to be at most 2b.

In the case of weighted spanning trees, let B* denote the minimum weighted-degree of a spanning

tree for the graph. At each iteration we form the same auxiliary graph as before. Then we draw
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an analogy with a scheduling problem considered by Lenstra, Shmoys and Tardos [104] as follows.
The cluster nodes are analogous to “jobs” while the nodes of V' are analogous to “machines”. The
cost of an inter-cluster edge between a cluster (' and a node v is analogous to the processing time of
job €' on machine v. Under this analogy, considering the nodes of V' as unrelated parallel machines
and minimizing the makespan of the jobs in C corresponds to matching each cluster (or job) node
with a node » of V' (or machine) such that the maximum total weight of matched edges incident
on any node v (makespan of machine ») is minimized. From the optimal solution with weighted-
degree B*, it is easy to derive a schedule of makespan at most B*. Lenstra, Shmoys and Tardos
describe a 2-approximation for the makespan problem. Thus using their algorithm as a subroutine
in implementing an iteration, we can reduce the number of components by a half while incurring a
cost of at most B* in terms of weighted-degree at any node. This proves Theorem 6.1.5.

The extension to finding minimum-cost spanning trees while keeping the weighted-degree low
follows by using a generalization of the result of Lenstra, Shmoys and Tardos by Shmoys and Tardos
[140]. In this generalization, Shmoys and Tardos show that if there exists a schedule of cost €' and
makespan ', one can obtain in polynomial time a schedule of cost at most C' and makespan at most

2T. Using this method as a subroutine in each phase of our algorithm, Theorem 6.1.6 follows.

Better approximations for minimum-degree generalized Steiner forests

We now show how to apply Theorem 6.1.3 to approximate the problem of finding a minimum-degree
generalized Steiner forest in an unweighted graph, and thus prove Theorem 6.1.8. We are given an
undirected graph G with a set of site-pairs and we wish to find a generalized Steiner forest for the
site-pairs whose degree is nearly minimum.

To do this, we introduce costs between every pair of nodes in G as follows: If there is an edge
between u and v we assign the edge (u,v) unit cost. Otherwise, we assign the edge a very high cost
(' (say, some number much larger than n? where n is the number of nodes in (7). Now we use the
algorithm in Theorem 6.1.3 on the graph (G with these weights and with the same set of site-pairs.
However we run this algorithm for all values of the degree bound from 7 down to 1. Let b* be
the minimum-degree of any generalized Steiner forest for the site-pairs in the input graph. Then
as long as the value of the degree bound is at least b*, the algorithm in Theorem 6.1.3 outputs a
forest of degree O(b*log bﬁ*) where k is the number of nodes in site-pairs. Furthermore, the cost of
this forest is O(n log bﬁ*) since there is a generalized Steiner forest (namely, the one with minimum-
degree b*) whose cost is at most n — 1. Since edges not in (G have excessive cost (exceeding nz),
the generalized Steiner forest provided by the algorithm must use only edges in G. We run the
algorithm with decreasing values of the degree bound as long as we obtain a solution of cost less
than n?, i.e., using only the original edges. We output the solution consisting of original edges with

the minimum degree among all the runs of our algorithm. From the discussion above, we know
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that when the degree bound is set to b* we will obtain a generalized Steiner forest using edges of
G of degree O(b*log bﬁ*) This proves Theorem 6.1.8. Note that we may speed things up by doing
a binary search on the value of the degree bound to converge on the smallest value such that the

output solution uses only original edges in G.

6.5 The Node-weighted Case

In this section, we present the algorithm for node-weighted networks and prove Theorem 6.1.7.

The algorithm for node-weighted networks

The algorithm maintains a set .5 of nodes and a set F’ of edges. Initially 5 contains all the terminals
and F'is empty. During the course of the algorithm, the connected components of the graph (.5, F')
are node-disjoint trees containing all the terminals. Define a connected component of (9, F') to be
active if 1t contains at least one terminal and does not, contain at least one terminal.

As in Section 6.3, the algorithm works in O(log(%)) iterations. However, in each iteration,
instead of a DCS problem we follow the approach in Chapter 4: we run a greedy algorithm to
choose a subgraph of small degree and node-cost whose addition to the current solution reduces the
number of connected components of (.9, F') by a constant factor. As before, we use O PT} to denote
the minimum cost of any b-bounded Steiner tree of the input graph. In the algorithm, we use the
term “shortest path” between two vertices to mean the minimum node-cost of any path between the

vertices excluding the costs of these vertices.

The Algorithm

1 Initialize S to be the set of terminals, and F' to be the empty set.

2 Repeat while there are active components in (.5, )

3 Let C be the set of active components of (5, F'). Let C = {Cy...,C,} where ¢ = |C|. Let
G':=G.

4 Repeat while the number of active components in (.5, F) is greater than % (If ¢ = O(b),
then we run this iteration until there are no active components.)

5 Let V'’ be the nodes in G”.

6 Construct an auxiliary complete bipartite graph H from G’ as follows.

7 The node set of H is V' UC. The cost of a node v is zero if v € §, otherwise it is as

specified in the input graph G.
8 The edge (v, ;) in H is assigned cost ¢(v, ;) equal to that of a shortest path from v

to any node in C'; in G,
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9 Find a node v € V' in the graph H minimizing the ratio

c(v) + Xjzi (v, Cj)

min min
2<r<b41 {C4,...Cr}CC 7
10 Let v be the node and C, ..., be the components in C chosen in the previous step of
the algorithm. Let Py, ..., P, be a set of shortest paths in G’ connecting v to C1,...,C,

respectively. Add an acyclic subgraph of U§:1Pj to the current solution (.9, F') so as to
merge C,C5, ..., into one. Update C.

11 For every node v € V', if the degree of the node using edges added in this iteration is
between 2b and 3b, delete this node from G’. In the last iteration, i.e., when ¢ = O(b),

we ignore this step and delete no nodes from G’.

12 The number of active components in (.5, F') is now at most %. We go on to the next

iteration.

13 Output (5, F) as the solution.

It is easy to implement Step 9 as shown for the algorithm in Chapter 4. We repeat the argument
here for completeness. For each node v, define the quotient cost of v to be the minimum value of the
ratio in Step 9 achieved by this node. To find the quotient cost of v, we can order the components
in C as (1,4, Cs3,. .. in nondecreasing order of ¢(v, ;). In computing the quotient cost of v, it
is sufficient to consider subsets of C of the form {C,Cy,...,C;} where 2 < j < b4 1. Thus the
quotient cost for a given vertex can be computed in polynomial time; by computing the quotient
cost for each vertex, we can determine the minimum quotient cost, and thus carry out Step 9 in

polynomial time.

Performance guarantee

We prove the performance guarantee using a series of lemmas. As in Section 6.3, the following two

lemmas are immediate.

Lemma 6.5.1 The number of iterations of the algorithm is O(log(%)) where k is the number

of terminals.

Lemma 6.5.2 At any iteration of the algorithm, the degree of any node due to edges added
in this iteration is O(b).

Now we turn to the cost of the subgraph added in an iteration.

Lemma 6.5.3 At any iteration of the algorithm except the last, the cost of the set of nodes
added to the solution in this iteration is O(OPTy).
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To bound the cost of nodes added in the last iteration, we notice that the number of active
components is O(b) at the beginning of this iteration. For this iteration, our algorithm reduces to
that in Chapter 4 for node-weighted Steiner trees with the active components as terminals. Hence
using Theorem 4.1.1 with the number of terminals being O(b), we arrive at the following bound on

the cost of nodes added in this iteration.

Lemma 6.5.4 The cost of the set of nodes added to the solution in the last iteration is

O(OPTb 10g b)

We prove Lemma 6.5.3 in the remainder of this section.

Proof of Lemma 6.5.3

We prove an averaging lemma and use this in conjunction with a potential function argument due to
Leighton and Rao [103] to prove Lemma 6.5.3. First we prove a simple lemma bounding the number
of nodes deleted from G in each iteration.

Fix an iteration and let ¢ denote the number of active components at the beginning of the
iteration. In the beginning of this iteration, we initialize the graph G’ := G. During the course of

this iteration, we may delete nodes from G’ in Step 11.

Claim 6.5.5 At any iteration of the algorithm, the number of nodes deleted from G' is at

9
most 55 -

Proof: Assume for a contradiction that more than % nodes were deleted from (' during this
iteration. By the condition for the deletion of a node in Step 11, each of the deleted nodes has
degree at least 2b. Hence the sum of the degrees of all the deleted nodes is at least ¢. The idea
of the proof is to show that a large fraction of this degree contributes to merging the ¢ active
components in this iteration, using the fact that the subgraph added in this iteration is acyclic.

This allows us to derive a contradiction to the fact that the inner loop terminates when a small

9
> 12

factor (i.e., 75) of the active components are merged using edges added in this iteration.

We construct an auxiliary graph H (%) for this iteration 7 using edges added in the current
iteration . Let the active components in the beginning of this iteration ¢ be C',C,...,C,. The
node set of H (i) is the set of clusters at the beginning of this iteration. Note that this includes all
of C'1,Cy,...Cy as well as all the remaining inactive clusters. The set of edges in H (%) is the set
of all edges added in Step 10 in this iteration. These edges form an acyclic subgraph on the set of
cluster nodes. Moreover, by the running of the algorithm, all the the leaves in this subgraph are
active components. A leaf in H (%) is thus one of the active components C, ..., C,.

The set of nodes that are deleted from G’ during the course of this iteration is exactly the set of

nodes in V' whose degree in H (%) is at least 2b. We call such nodes deleted nodes. By assumption,
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there are more than % such nodes. We show that in this case, a large fraction of the ¢ active
components in the beginning of this iteration would have merged on adding the edges in H(%).
Denote the trees in () that contain deleted nodes by Hy,..., H,. Let d; denote the number

of deleted nodes in the tree H;. By our assumption, we have ijl d; > By definition, the

L.
degree of each deleted node is at least 2b and so the degrees of all the deleted nodes in H; sum to
at least 2bd;. The set of edges between these d; nodes contribute at most 2d; to this degree since
H; is acyclic. Thus, the number of leaves in H; is at least 2bd;(1 — %) > bd; since b > 2. Note
that all these leaves are active components from the set {C4,...,C,} and the tree [{; merges these
components together. Thus the decrease in the number of active components due to addition of the
edges in H; to the solution is at least bd; — 1 > % since bd; > 2.
Summing over all the trees H;, the decrease in the number of active components due to addition
of edges in this iteration is
“bd: b & b q _ ¢
I R R T
But this iteration terminates when more than 1q—2 of the active components have been merged, giving

a contradiction. Thus the total number of nodes deleted in G’ at any iteration beginning with ¢

active components is at most %. a

Spider decompositions

We employ the notion of spider decompositions introduced in Chapter 4 in showing that the each
node chosen in Step 9 has small quotient cost with respect to the optimal solution. We recall a few
definitions we introduced in Chapter 4.

Definitions: A spideris a tree with at most one node of degree greater than two. A center of a
spider is a node from which there are node-disjoint paths (called legs) to the leaves of the spider.
Note that if a spider has at least three leaves, its center is unique. A foot of a spider is a leaf, or, if the
spider has at least three leaves, the spider’s center. Thus every spider contains disjoint paths from
its center to all of its feet. A nontrivial spider is one with at least two leaves. Let (G be a graph,
and let M be a subset of its nodes. A spider decomposition of M in (G is a set of node-disjoint
nontrivial spiders in (& such that the union of the feet of the spiders in the decomposition contains

M. We restate Theorem 4.3.1 below.

Theorem 6.5.6 Let G be a connected graph, and let M be a subset of its nodes such that
|M| > 2. Then G' contains a spider decomposition of M.
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An averaging lemma

Let v be a node chosen in Step 9 in this iteration and let C' denote the cost of the subgraph added
subsequently in Step 10. Let this subgraph merge 7 trees. We prove the following claim.

Claim 6.5.7

5Cq
> 6.1
"= 120PT, (6.1
Proof: Let T be a minimum-cost b-bounded Steiner tree. Let C,...,C), be the active compo-

nents when the node v was chosen. Let T™(v) be the graph obtained from 7™ by contracting each
(' to a supernode of zero cost. T*(v) is connected and contains all supernodes.

Delete all edges incident to nodes in V' — V"’ in T*(v). The number of nodes in V' — V"' is at
most % by Claim 6.5.5. Since any node has degree at most b in T, the number of edges deleted

from T*(v) is at most 4. The deletion of these edges breaks T*(v) into many subtrees. But at least

11g

12’at

p— % of the supernodes are in subtrees with at least two or more supernodes. Since p >

5 .
least % supernodes are in such trees.

Proposition 6.5.8 Let M denote the subset of supernodes that are in subtrees with two or
more supernodes. Then we have
5q

M| > =
12

We apply Theorem 6.5.6 to each subtree of 7™(v) with at least two supernodes to obtain a spider
decomposition of M. We now compare the quotient cost of the node v chosen by the algorithm
with that of each spider in the decomposition. To do this however, the center of each spider in the
decomposition must be a real node (not a supernode) and the number of legs of each spider must
be at most b + 1.

We can further partition a spider centered at a supernode into many nontrivial spiders each
centered at a real node contained in this supernode such that the union of their feet contain the feet
of the original spiders and the number of legs in each resulting spider is bounded. To do this, first
consider all the real nodes in the central supernode with at least two legs of the spider incident on
them. Each such real node can be made the center of a nontrivial spider with all the legs incident on
it as the legs of this spider. Since the degree of any real node in T™ is at most b, the number of legs
of any such spider is at most & as well. If no legs remain after removing such legs from the spider,
then we may add the central supernode as a foot of one of the spiders found. Otherwise, each of the
remaining legs is incident to a different real node in the supernode. We may arbitrarily partition
these legs into classes with at most b legs in each class and use any real node by which a leg in this
class is incident to the supernode as a center. Note that in the auxiliary graph H, the distance of
the center to the foot of any leg is at most the cost of the nodes in the leg since all nodes inside

the central supernode have been assigned zero cost. Thus the distance of this center to the feet of
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all the legs in this class in the auxiliary graph H is at most the cost of the legs. These classes with
their centers form spiders that we may use to compare with the subgraph chosen by the algorithm.
As before, the central supernode can be included as a foot of one of these spiders. Let the centers
of the resulting spider decomposition be the set of real nodes v1,...,v;.

For a spider with only two legs, i.e., a path, pick any node in the path as its center. Let £1,...,{;
denote the number of nodes of M in each of these spiders respectively. Since every spider in the
decomposition is nontrivial and is derived as above, each {; is at least two and at most b + 1.
Moreover, a spider with center v; induces a subset of the current active components, namely the ¢;
components whose supernodes belong to this spider. Let the cost of the spider centered at v; (i.e.,
cost of v; plus the sum of the node-costs of the paths from v; to the {; components) be C'ost;.

Cost,

Then the quotient cost of v; in the auxiliary graph H constructed in this loop is at most 7
J

Since the algorithm chooses a vertex of minimum quotient cost in H, for each spider in the

decomposition we have OZStJ > % Summing over all the spiders in the cover yields
J

13 C 13
Z:COSt]‘ > ? Z_:ﬁ]
71=1 71=1

Since the union of the feet of the spiders contains M, Z;:l ;> |M| > i—% by Proposition 6.5.8.
Also Z;:l Cost; is exactly the cost of the spider decomposition, which is at most that of 7(v)

which in turn is at most O PT}. Substituting in the above equation and simplifying yields the Claim.
O

A potential function argument

Now we are ready to complete the proof of Lemma 6.5.3. Fix an iteration ¢ and let the set of nodes
chosen in Step 9 of the algorithm in this iteration be v1,...v; in the order in which they were
chosen.

Let ¢; denote the number of active components in the solution after choosing vertex v; in this
iteration. Thus, for instance, ¢g = ¢, the number of active components at the beginning of this
iteration in (.9, F') and ¢; < 19 Tet the number of trees merged using vertex v; be 7;. Then we

12

have
¢j=¢j1—(rj— 1) (6.2)
Let (; denote the cost of the subgraph added by the algorithm in the step when vertex v; was

chosen. Then by Claim 6.5.7, we have

o> 905G
1= 120PT, = 120PT,

(6.3)
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We now use an analysis technique due to Leighton and Rao [103] to complete the proof as in

Chapter 4. Substituting Equation (6.3) into (6.2) and simplifying using r; > 2 gives

5C;
< i (1l - —— A
¢J = ¢J 1( 24OPTb) (6 )
Unraveling (6.4), we obtain
f-1
5C,
1 < 1—- —
¢f-1 < o II( 24CIP1%)

i=1

Taking natural logarithms on both sides and simplifying using the approximation In(1 + z) < z,

we obtaln

-1
240 PT;

5 $r-1 j=1
Note that ¢g = ¢ and ¢5_1 > % and so we have
= 12
> C; <50PT,In 7 = 0(0PT) (6.5)
J=1

Note that the cost of the nodes added in this iteration is exactly the sum Zle C;.
To complete the proof, we bound the cost of the subgraph associated with vy, the last node
chosen in this iteration. Using Claim 6.5.7 and noting that r; < ¢ we have
;< 1205PTb
Using the above equation and (6.5), we have that the cost of the set of nodes added in this iteration
is
> C; = 0(0PT)
j=1
This proves Lemma 6.5.3.
Lemmas 6.5.1,6.5.2, 6.5.3 and 6.5.4 together prove the performance guarantee in Theorem 6.1.7.
The extension of Theorem 6.1.7 to generalized Steiner forests and proper function cut-covers is
immediate and follows the same outline as above. The only additional issue is that in the proof of
the performance guarantee of the cost of the subgraph added in each iteration, the optimal solution
is a forest instead of a single tree. Using the fact that each tree in the forest must contain at least
two active components, we can infer that this forest contains at least as many edges as half the
number of active components. This observation is sufficient to prove a modified version of Claim

6.5.7 with slightly worse constants. The rest of the analysis is identical.
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6.6 Algorithms under Triangle Inequality

In this section, we introduce the short-cutting technique used in proving Theorem 6.1.9. First, we

review the short-cutting method introduced in [137].

Short-cutting for TSP

Rosenkrantz, Stearns and Lewis [137] introduced a simple short-cutting technique for obtaining a
TSP tour of a graph with edge-costs obeying the triangle inequality. We review this method briefly.
First note that the cost of a TSP tour is at least as much as that of a minimum spanning tree of
the graph. We start with an MST and duplicate each edge in it. The resulting multigraph has an
Euler tour since each vertex has an even degree. The Euler tour can be converted to a TSP tour
by starting at an arbitrary vertex, traversing the nodes in the order of the Euler tour and including
each vertex in the TSP tour at the first instance it is visited in this traversal. This corresponds to
adding short-cut edges over paths composed of already visited nodes in the Euler tour. By triangle
inequality, the cost of the TSP tour so obtained is no more than the cost of the Euler tour which is
in turn at most twice the cost of the MST.

Deleting a single edge (say the costliest) from this tour gives a spanning tree of maximum degree
two, and of total cost at most twice the MST. However, it falls short in two ways in addressing our
problem in Theorem 6.1.9. First, the approximation bound cannot be improved for higher values
of the degree bound b, and secondly, since the short-cuts may represent arbitrarily long paths, no
bound can be proven on the bottleneck cost of the tree so obtained. We provide a short-cutting
method that rectifies these shortcomings. We present below the approximation algorithm referred

to in Theorem 6.1.9.

The algorithm for an approximate 6-MST

Input: An undirected graph with edge-costs satisfying the triangle inequality and a degree bound
b>3.

Output: A spanning tree in which the maximum degree of any node is b.

1 Find an MST of the given graph [4, 98, 127]. Root the spanning tree at any node 7 of degree

at least two.

2 Partition the edges of the tree into “claws”, namely, sets of edges going from every internal
node to its children in the tree. Sort the edges in every claw in the order of non-decreasing
cost. Thus if a typical internal node v has children vy, vg,...,vq then for 1 < ¢ < d, the

costs obey C(?J, Ui) < C(?J, Ui—|—1)~

3 We short-cut each claw locally by replacing edges from the internal node to its first (d —
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Figure 6.2: An example of the short-cutting algorithm for finding a spanning tree of small
cost, degree and bottleneck cost. The edges to the children from every internal node are
drawn from left to right in nondecreasing order of cost. The tree on the right results on
applying th algorithm with b = 3.

b + 2) children except the very first child, with edges between consecutive children. Thus
if an internal node v has d children in the tree and d > (b — 1), then replace the edges

(v, ?JQ), (v, ?Jg), RN (v, Ud—b+2) in the tree with the set of edges (vl, ?JQ), (?JQ, vg), ey (Ud—b-|—17 Ud—b-|—2)~
4 Output the resulting spanning tree.

An example of the running of the algorithm is shown in Figure 6.2.

Proof of the 5-MST Theorem

We prove that the above algorithm outputs a spanning tree with the properties in Theorem 6.1.9.
It is easy to see that the short-cutting above produces a spanning tree. Since the local short-

cutting at a vertex reduces the degree of a vertex from d + 1 by removing exactly d — b + 1 edges

incident on it, the degree of any node in the output spanning tree is at most b as required.

The following facts are immediate.

Fact 6.6.1 (/20]) Any minimum spanning tree of an undirected graph is also a minimum

bottleneck spanning tree, namely, one in which the cost of the mazimum edge is minimum.

Observation 6.6.2 For any b > 2, the cost of any b-bounded spanning tree is at least as
much as that of the MST.

Observation 6.6.3 For any b > 2, the bottleneck cost of any b-bounded spanning tree is at

least as much as that of the minimum bottleneck cost spanning tree.

Let 7 denote the node chosen as the root by the algorithm. The algorithm partitions the edges
of the MST into claws. Let T denote the tree output by the algorithm. For any set E’ of edges, let
¢(E'") denote the sum of the costs of all the edges in E’. We have the following relations.

c(MST) = Z c(claw(v)).

v : v 1s not a leaf of the MST
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For the solution T’, we have

d—b+2 d—b+2
oT) = > [e(claw(v)) = > e(v,v)+ Y c(vicy, vi)].
v : v is not a leaf of the MST =2 =2

By triangle inequality on the costs ¢, we have
c(vim1,v5) < e(vim1,v) + (v, v5) < 2¢(v, v;)

The last inequality follows from the way we ordered the edges in each claw in non-decreasing order
of costs. Putting the above three equations together, we get the following bound on the cost of the

output tree 7.
«T) (b—2)

«(MST) = (2- (n — 1))‘
Combining this with Observation 6.6.2 above proves the bound on the cost of the tree output by

the algorithm.

We now complete proof by proving the bound of two on the bottleneck cost. By the Fact 6.6.1,
the MST found in the first step of the algorithm is also an optimum bottleneck spanning tree. Since
each short-cut used in forming the output tree T is made of at most two edges, the bottleneck cost
of T is at most twice that of the MST. Since the bottleneck cost of any b-bounded spanning tree is
at least as much as that of the bottleneck spanning tree by Observation 6.6.3, the resulting tree has

bottleneck cost at most twice optimum.

The algorithm for TSPs

The algorithm used in proving Theorem 6.1.10 is based on a recursive short-cutting procedure that
uses edges from the cube of the minimum spanning tree of the graph. Let T" be a MST of the input
graph. We denote by T2 the set of edges between pairs of nodes of T’ that are at a distance of at

most three from each other in 7T'.

Lemma 6.6.4 Let G be an edge-weighted graph with the weights obeying the triangle in-
equality. Let T be a spanning tree of G rooted at r and of weight w(T) and let ¢ be one
of the children of v inT. Then there exist a Hamiltonian path in G from r to ¢ of cost at
most 2w(T) — w(r,c) in which all the edges are in T>. Here w(r,c) denoted the weight of
the edge (r,c).

Proof: The proof of the lemma is by induction on the number of nodes in (. The basis when there
are two nodes in ( is trivial.
To prove the induction step, assume that 7T is a tree on 7 nodes. Let the children of the root r

in T be r1(= ¢), ..., Consider the subtree T} rooted at r;. By the induction hypothesis, there
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Figure 6.3: The recursive short-cutting procedure for obtaining a Hamiltonian path from
the root of a tree to one of its children using only edges from the cube of the tree and having
cost at most twice the cost of the tree.

exists Hamiltonian paths from each 7; to ¢; of weight at most Qw(TZ’) — w(ri, CZ'). We can now string
these paths together to obtain a Hamiltonian path from r1(= ¢) to r as follows. Starting from 71,
we follow the path in 77 to ¢, followed by the edge (¢1,72) in T3, continuing this way in each of
Ty, ... T} and finally add the edge (7, 7) to end in 7 (See Figure 6.3). The extra edges we used are
(¢i,7i41) V1; all these extra edges are in T3. Furthermore the weight of the Hamiltonian path we

1dentified 1s

k k-1
Z(Qw(Ti) —w(ei, )+ Z: w(eg, riq1) + w(r, ).

By the triangle inequality,
w(eg, ripr) < wleg, i)+ wlry,r) + w(r, rig).
Substituting above and simplifying using w(T) = S (w(T;) + w(r,r;)) finally yields that the
weight of the Hamiltonian path identified is at most
2w(T) — w(r, )

as desired. O

The above lemma gives a natural recursive algorithm for finding a TSP with the bounds as
in Theorem 6.1.10. We can apply the lemma to a rooted MST of the input graph and find a
Hamiltonian path from the root to one of its children. Adding the edge from the root to this child
to the Hamiltonian path gives a TSP of cost at most twice that of the MST. The bound on the
bottleneck cost follows from Observation 6.6.3 and the property that we used only edges from the
cube of the MST in forming the tour. This completes the proof of Theorem 6.1.10.
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Higher connectivities

Now we are ready to prove Theorem 6.1.11 in its full generality. The starting point is the TSP tour
obtained in Theorem 6.1.10. Let ¢* and 0™ denote the cost of an MST and the optimum bottleneck
cost of a spanning tree of the input graph. By Theorem 6.1.10, we can obtain a TSP tour T of
cost ¢(T') and bottleneck cost b(7T') such that ¢(7") < 2¢* and b(T) < 3b*. Let the vertices in

this tour be numbered vy, v9,...,v,. Now, we add extra edges to this cycle as follows: Add edges
joining any two vertices that are within a distance [%—‘ of each other in the cycle (distance in terms

of number of edges: reachable using a path of at most k edges). It is not hard to see that this graph
is k-vertex-connected. The degree of every node in this graph is at most &+ 1. Since each short-cut
employed replaces a path of at most % edges, the bottleneck cost goes up by this factor. This proves
that the bottleneck cost of this subgraph is within 3 - [%—‘ of optimal.

The total cost of the graph obtained this way is w times that of the TSP tour T that we

started with. This in turn is at most M

. However, we can apply an approximate min-max
relation between a MST and a packing of cuts in the graph that is derived in [2, 60] in proving a
better performance guarantee of k 4 2 for the total cost. In particular, if O PT}, denotes the cost of
a minimum k-connected subgraph, we show that O PT} > k%* This would prove that the cost of
the k-connected subgraph output by our algorithm is at most (k + 2)O PTy as claimed in 6.1.11 3

It remains to prove that O PT}, > k%* We do this in the remainder of this section. For this we
need to recall a Theorem from Section 2.5 in Chapter 2. Recall that a (fractional) packing of cuts is
a family of cuts I'(Wy), I'(Wz), ..., I'(W}), together with a rational weight for each cut with the
following property: for each edge (u, v) of weight w(u,v), the sum of the weights of all the cuts in

this collection containing the edge is at most w(u, v). The following is a restatement of Theorem

2.5.1 and is a consequence of the results in [2, 60].

Theorem 6.6.5 Given an undirected graph with edge-weights, the minimum-weight span-

ning tree has weight at most twice the value of a mazimum packing of cuts.

Note that any k-connected spanning subgraph must have at least k edges crossing any cut since
this subgraph has k disjoint connections between every pair of vertices. Thus we have the following

lemma.

Lemma 6.6.6 The weight of any k-connected subgraph is at least k times as much as the

value of a mazimum packing of cuts.

Applying the above lemma to the optimum k-connected subgraph of cost O PT} and combining
with Theorem 2.5.1 above we conclude that that O PT}, > %

*For k odd, taking the ceiling gives that the total cost of the subgraph is at most w times that of

the TSP tour. Using the similar argument, the final bound for this case is @%ﬁl We chose to present
the cleaner though not completely correct bound in the statement of Theorem 6.1.11.
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6.7 Hardness Results

In this section we sketch related NP-completeness results and some simple hardness results that fall

out of them. Then, we examine approximation of Steiner trees under multiple objectives.

NP-completeness

In this subsection, we prove NP-completeness of the problems we considered. Though the minimum
spanning tree and the minimum bottleneck spanning tree problems are polynomially solvable (in
fact coincidentally by the same algorithm!), the degree bounded versions of these problems that
we consider in this paper are NP-hard. In these versions, the maximum degree of any node in the

spanning tree is required to be bounded by an integer b where 2 < b < n!'~¢ for any constant € > 0.

Theorem 6.7.1 The following problems are NP-complete:

o (b-bounded minimum spanning tree) Given an undirected graph on n nodes and a
degree bound b such that 2 < b < n'~¢ for some constant € > 0, find a minimum-cost

spanning tree of G in which the maximum degree of any node is at most b.

o (b-bounded bottleneck spanning tree) Given an undirected graph on n nodes and a
degree bound b such that 2 < b < n'~¢ for some constant € > 0, find a spanning tree of
G in which the mazimum degree of any node is at most b and in which the mazimum

cost of any edge is minimum.

Proof Sketch: First of all, it is easy to see that case b = 2 is hard for both the above problems,
by a reduction from the Hamiltonian path problem. Given a graph in which we wish to find a
Hamiltonian path, we can assign unit edge cost to all the edges in the graph and a cost of two to
edges not in the graph. The resulting edge-weighted graph has a 2-bounded MST of cost (n — 1)
if and only if the original graph is Hamiltonian. Furthermore this edge-weighted graph has a 2-
bounded bottleneck spanning tree of cost one if and only if the original graph is Hamiltonian. Note
that the edge-costs we assigned satisfy the triangle inequality, so the problem is hard even in the
case of a graph with such a special cost function.

Now we can handle the more general case of b = n'~¢ for any fixed € > 0. To do this, we
transform the problem of determining if there is a Hamiltonian path from vertex u to vertex v in
an undirected graph to this problem as follows: For each of u and v, add h, — 1 additional nodes
to the graph uy, ..., up,—1,v1,...,Vp,—1. Add edges (u,u;) and (v, v;) for all 1 < < (hy — 1).
For every other vertex w in the graph, add hy — 2 additional vertices wy,...,wp,—2 and edges
(w,w;) for 1 <4 < (hy — 2). The resulting graph has the property that any of the newly added

vertices z; has a single incident edge in the graph. Hence in any spanning tree, z; is adjacent to the
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corresponding vertex x. Thus this graph has a /ij-bounded spanning tree if and only if the original
graph has a Hamiltonian path from u to v. Note that the number of vertices in the resulting graph
is about Ay - m. We require by, = (n - hy)°. Solving gives hy = n=. Thus the transformation is
polynomial-size for any fixed € > 0.

a

Hardness of approximation

Theorem 6.7.2 Let G be an undirected graph with nonnegative costs on the edges and let

R be a fized rational number such that R > 1. The following problems are NP-hard.

o Given an integer b > 2 (the bound on the degree), find a spanning tree of G whose
mazimum degree is at most b and whose total cost is at most R times that of a

minimum-cost degree-b-bounded spanning tree of G.

o Given an integer b > 2 (the bound on the degree), find a spanning tree of G whose
mazimum degree is at most b and for which the mazimum cost of any edge in the
tree (sometimes referred to as the bottleneck cost) is at most R times the minimum

bottleneck cost of any degree-b-bounded spanning tree of G.

o Let the costs on the edges obey the triangle inequality and let R < 2. Given an integer
b > 2 (the bound on the degree), find a spanning tree of G whose mazimum degree is
at most b and for which the bottleneck cost of the tree is at most R times the minimum

bottleneck cost of any degree-b-bounded spanning tree of G.

Proof Sketch: When the cost function does not obey the triangle inequality, the proof of the
Theorem 6.7.1 can be turned into a non-approximability proof for any ratio R > 1. To do this, we
can simply set the cost of any edge not in the original graph to R(n — 1) for the b-bounded MST
problem and to R for the b-bounded bottleneck spanning tree problem. The cost of a b-bounded
MST in the resulting graph is exactly (n — 1) if the original graph is Hamiltonian and is at least
R(n — 1) if it is not. Similarly, the maximum cost of any edge in a b-bounded spanning tree in
this graph is at most one if the original graph is Hamiltonian and is at least R otherwise. Thus
any approximation algorithm with performance ratio less than K would be able to recognize if the
original graph is Hamiltonian. This proves the first two parts of Theorem 6.7.2.

To prove the last part, we use the cost assignment as in the proof of Theorem 6.7.1 above that
obeys the triangle inequality. Under this assignment, the maximum cost of any edge in any b-
bounded spanning tree of the resulting graph is at most one if the original graph is Hamiltonian and

is at least two otherwise. Hence an approximation algorithm with performance ratio less than two
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in this case would be able to recognize Hamiltonian graphs. This completes the proof of Theorem

6.7.2. O

Triangle inequality: One-connected extensions

In this section we prove the following results on approximating both bottleneck cost and total cost

of Steiner trees with respect to the respective optima.

Proposition 6.7.3 We can construct an undirected graph G with nonnegative costs on the
edges such that the costs obey the triangle inequality and identify a subset of the nodes of
G as terminals, such that the following is true: For any tree T, let ¢(T) and b(T) denote
the total edge-cost and the bottleneck cost of T respectively. Let ¢* and b* represent the
minimum total cost and minimum bottleneck cost of any Steiner tree of G spanning the
terminals. Then for every Steiner tree T spanning the terminals,

DD va

where n is the number of nodes in G.

Proof: The example illustrating the Proposition is described below. The graph has n nodes and
consists of two terminal vertices {1 and f9 with an edge of cost \/ﬁ between them. There is also a
path consisting of all the remaining 7 — 2 nodes between #; and t3. Each of the (n — 1) edges in
this path has unit cost. All the other edge costs in the graph are as implied by these edges and the
triangle-inequality. The minimum-cost Steiner tree Tj connecting #; and fg consists of the single
edge (tl, tg) of cost \/ﬁ The optimal bottleneck Steiner tree T consists of the path between {1 and
ty of the remaining n — 2 vertices. This Steiner tree has bottleneck cost of one. Now the bottleneck
cost of the tree T3 is v/n which is /7 times the optimal value. Similarly, the tree T5 has total cost
(n — 1) which is about /1 times the minimum possible. It is easy to check that any other path
connecting ¢y and iy also exhibits the trade-off implied in Proposition 6.7.3. O

We also prove a theorem to show that the bound above is algorithmically achievable within a

constant factor.

Theorem 6.7.4 Let G be an undirected graph with nonnegative costs on the edges such
that the costs obey the triangle inequality, and let a subsel of the nodes of G be specified
as terminals. For any tree T, let ¢(T') and b(T) denote the total edge-cost and the bottle-
neck cost of T respectively. Let ¢® and b* represent the minimum total cost and minimum
bottleneck cost of any Steiner tree of G' spanning the terminals. Let R denote the ratio of

approzimation achievable for the minimum-cost Steiner tree problem by a polynomial-time
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heuristic. Then we can find in polynomial-time a Steiner tree T' spanning the terminals
such that ) )
T -b(T

M < Ro/n (6.6)

c* - b* -

where n is the number of nodes in G.

Currently, the best known values of R are 19—6 using the techniques of Zelikovsky [164] and Berman
and Ramaiyer [15].

Proof: The algorithm for computing the Steiner tree which simultaneously minimizes the prod-
uct of the total cost and the bottleneck cost given in the ratio (6.6) is simply this: Compute an
approximately minimum-cost Steiner tree using any of the known algorithms [164, 15]. Let this
heuristic guarantee a solution which comes to within R of the minimum-cost Steiner tree. Call this
tree T7. Let ¢(17) and b(17) denote the total edge cost and the bottleneck cost of the tree. Next
we construct a Steiner tree whose bottleneck cost is optimal. To do this, we simply add edges in
the graph in the increasing order of cost and stop when all the terminals are in a single connected
component. Clearly any spanning tree of this component has minimum bottleneck cost. Call this
tree To. Choose one of the two trees T or Ty that yields a lower product for the total edge cost
and the bottleneck cost. Call this tree T".

Case 1: T’ = Tj. Since the bottleneck cost of a tree can be no more than the total edge cost of

the tree, we have ¢(7T1) - b(11) < Rsc* - Ryc*. Thus

C(Tl) . b(Tl) < REC*
c* - b* - b

Case 2: 1" = T5. Since the total cost of any tree in no more than n times the bottleneck cost, we

have that ¢(7%) - b(T3) < n-b* - b* and so

C(TQ) . b(TQ) < b*-n

c* - b* -

Since we selected the tree which has a lesser product of total and bottleneck costs it follows that the

worst case performance ratio is less than Rgv/n since for any 7 > 1,

min(ﬁ,Rs -7) < Rgy/n.
T

This chapter completes our study of network-design problems with minimization objectives. In
the next chapter, we turn to a maximization problem that arises in finding trees with a large number

of pendant vertices.
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Chapter 7

Maximum-leaf Spanning Trees

7.1 Introduction

In this chapter we turn to a maximization problem arising in the design of spanning trees. Given
a simple, undirected graph G = (V, F), suppose we wish to find a spanning tree of G with the
maximum number of leaves. This problem finds applications in communication networks, circuit
layouts and in other graph-theoretic problems [145]. An interesting application is mentioned in
[124]: In [32], E. W. Dijkstra studied the problem of self-stabilizing a set of processors in the
presence of distributed control and proposed a solution based on mutual exclusion. A variant of
this solution [149] seeks a spanning tree of a graph such that the product of the degrees of all the
nodes in the tree is minimum. We can use a spanning tree with the maximum number of leaves as
a heuristic solution (with no guarantees) for the latter problem.

The maximum-leaf spanning tree problem is NP-complete [53]. In this chapter, we use the
simple technique of local optimization to provide the first approximation algorithms for this problem.
These algorithms perform a series of local-improvement steps until a local optimum is reached and
output a locally optimal solution. This notion of applying local-improvement heuristics to hard
optimization problems was around [30] long before the invention of NP-completeness [83]. Tt has
been applied heuristically to solve a variety of NP-hard problems in combinatorial optimization [121].
As we mentioned in Section 1.10, a recent breakthrough in this area was the work of Firer and
Raghavachari [50], who applied this technique to the minimum-degree spanning tree problem. They
showed a version of a local optimization algorithm runs in polynomial time to produce near-optimal
solutions. The work in this chapter is inspired by that of Furer and Raghavachari. We demonstrate
that local optimization can be used to design polynomial-time approximation algorithms for the
maximum-leaf spanning tree problem. Our algorithms output spanning trees with as many leaves
as at least a constant fraction of the maximum. The results in this chapter were obtained jointly

with Hsueh-I Lu, and appeared in [111].

106



Our algorithms perform local changes that increase the number of leaves in the resulting spanning
tree. For the problem at hand, there is a natural notion of such a local change, namely, swapping a
tree edge for a non-tree edge. This notion can be extended to include swapping many tree edges for
an equal number of non-tree edges in a single local change operation. Our algorithms perform such
local changes that increase the number of leaves until no improvement in the solution is possible
and output a locally optimal solution as the approximate solution.

By varying the limit on the number of tree edges that can participate in a single local change
operation, we derive a series of approximation algorithms. Increasing this limit corresponds to
allowing for more powerful local improvement steps. Thus, the higher this limit is, the higher is the
running time of the corresponding algorithm. A local change operation involving at most k tree edges
is termed a k-change. Thus k-changes are costlier to implement than (k£ — 1)-changes. Intuitively
we expect that an algorithm using k-changes would perform better than an algorithm using only
(k — 1)-changes. In this chapter, we corroborate this intuition and prove that local improvement
algorithms that use 1-changes and 2-changes have performance ratios of 5 and 3 respectively. The

following are the main results in this chapter.

Theorem 7.1.1 There is an O(n*) algorithm using 1-changes for finding a spanning tree
of any simple, undirected graph G' on n nodes such that the number of leaves in this spanning

tree is at least as many as «a fifth of the number of leaves in any spanning tree of G.

Theorem 7.1.2 There is an O(n") algorithm using 2-changes for finding a spanning tree of
any simple, undirected graph G with n nodes such that the number of leaves in this spanning

tree is at least as many as a third of the number of leaves in any spanning tree of G

We prove that the running time of the approximation algorithm using k-changes increases with

k as follows.

Lemma 7.1.83 The running time of the approximation algorithm using k-changes on a

graph with n nodes is O(n*+1).

The pattern exhibited in Theorems 7.1.1 and 7.1.2 lead us to conjecture that there is a trade-off
between the running times and the performance ratios exhibited in the series of algorithms we have

defined.

Conjecture 7.1.4 The performance of the approximation algorithm using k-changes is

strictly better than that of the algorithm using (k — 1)-changes.

In the next section, we survey related work. Then we describe the approximation algorithms
after introducing relevant definitions. In the following section, we illustrate our proof technique
by providing a rough bound on the performance guarantee. In the subsequent sections, we prove

Theorems 7.1.1 and 7.1.2. We close this chapter with some remarks on related problems.
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7.2 Related Work

The technique of local optimization has been applied to provide heuristic solutions for a variety
of hard problems in combinatorial optimization. Chapter 19 of [121] surveys a few applications of
this technique. Some notable examples are its applications to the graph partitioning [84] and the
Traveling Salesperson problems [102]. A number of complexity results relating to the paradigm of
local optimality and the time complexity of computing a locally optimal solution are presented in
[80, 120]. In this work, we are interested in the application of local search techniques to design
efficient approximation algorithms, namely, those that run in polynomial time and provide provably
good solutions with values close to that of the optimum.

Fiirer and Raghavachari [50] showed such an application of local search to the problem of com-
puting a spanning tree of a given graph whose maximum degree is minimum. This is termed the
minimum-degree spanning tree problem and is NP-complete [53]. Fiirer and Raghavachari show
that local optimization can be applied to produce spanning trees and even Steiner trees of nearly
minimum degree. We showed in Chapter 5 how to generalize their technique to obtain approxima-
tion algorithms for a variety of minimum-degree network-design problems. In this chapter, we add
to the list of problems that are amenable to good approximate solutions by local-search methods.

Previous work on finding spanning trees with many leaves have focused on graphs with minimum
degree at least k for some fixed & > 3. For such graphs, good lower bounds on the number of leaves
achievable in a spanning tree are derived in [67, 92, 124, 145]. These lower bounds are typically
proved algorithmically by constructing a spanning tree with the desired number of leaves. Thus
these algorithms can be interpreted as approximation algorithms for the maximume-leaf spanning
tree problem for special classes of graphs in which the minimum degree of a node is at least k.
However, to the best of our knowledge, no previous approximation algorithms for this problem
are known in the general case that we consider in this chapter. The best-known lower bound for
the number of leaves achievable in a spanning tree of a nm-node graph with minimum degree k is
(1 =bInk/k)n where b is any constant exceeding 2.5 and k is sufficiently large [92]. The best lower
bounds for the cases k = 3 and 4 are n/4 and 2n/5 respectively [92].

There has also been work on polynomial-time solutions to the problem of determining if a given
graph has a spanning tree with at least k leaves for fixed k. The first such algorithm was due to

Fellows and Langston [42]. The running time of their algorithm was improved by Bodlaender [17].

7.3 Definitions

In this section, we introduce some definitions that we use throughout this chapter. The following

definitions are relevant to any spanning tree of the input simple graph (. Henceforth we shall use
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the term degree of a node to refer to its degree in the tree under consideration. Thus leaves are just
nodes of degree one. A node is internalif it is not a leaf. We call a node of degree greater than two
a high-degree node. A leaf is special if it is adjacent in the tree to a high-degree node. All other
leaves are termed normal. Thus normal leaves are exactly the leaves that are adjacent to nodes of
degree two in the tree. A maximal tree path containing only nodes of degree two is called a 2-path.
Its length is the number of nodes in it. A 2-path is short if its length is one; otherwise it is long.
We shall sometimes refer to an edge € = (u,v) as an edge between u and v. We say a node v is
enclosed by a non-tree edge e if the node v is not an endpoint of e and is in the unique tree cycle
closed by e.

We use A(T") to denote the number of leaves in a spanning tree 7. We omit the 7" where it is
understood. We use n; to denote the number of nodes of degree . We define N; = ZjZi n;, the
number of nodes with degree at least v. Thus for instance, N3 is the number of high-degree nodes,
and Ny = n, the total number of nodes in the graph. The number of short and long 2-paths are
denoted by Py and P;, respectively. Let A; and A, be the number of special and normal leaves,
respectively.

Contracting all the 2-paths in a tree to single edges and bounding the number of internal nodes
(each resulting internal node has degree at least 3) in this contracted tree by the number of leaves,

we arrive at the following observation.

Observation 7.3.1 The number of high-degree nodes in a tree is at most the number of

leaves in the tree minus two. In other words, N3 < A — 2.

By discarding special leaves along with their incident edges from a tree, contracting all 2-paths
to single edges and bounding the number of contracted edges in the resulting tree by the number of

nodes, we have the following.
P+ P, < Na+ A, — 1. (7.1)
From Equation 7.1 and Observation 7.3.1, we have the following.

Observation 7.3.2 The number of 2-paths in any tree is at most twice the number of leaves
in the tree, i.e.,

P+ P, <2X-—3.

7.4 The Algorithm

In this section, we formally define k-changes and describe the approximation algorithms.
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Figure 7.1: Examples of local improvements. In (a), the tree 7" is shown in dark lines and
the non-tree edges are dotted. The change (e; f) is a 1l-improvement to 7" resulting in 7T}
with one more leaf as shown in (b). 77 does not admit any l-improvement but admits the
2-improvement (eq, e3; f1, f2) to give T shown in (c).

Edge Changes, Improvements and LOTs

Our algorithm starts with an arbitrary spanning tree 7" of the given graph (. Let € = (u, v) be an
edge in G — T and let f be an edge in the unique path connecting « and » in T". We call making
e a tree edge and f a non-tree edge an (edge) change (e; f) with respect to 7. The spanning tree
obtained by applying change (e; f) to T" is denoted by T'(e; f). If T'(e; f) has more leaves than T,
then we call the change (e; f) an improvement.

We can generalize the notion of performing single edge swaps to allow for multiple edge swaps
in a single change step. Suppose eg = €, fo = f, and Ty = T'. Let 141 denote T;(e;; fi), where
(€5 fi) is a change with respect to 7; for 0 < ¢ < j. We use T'(eg, €1,...,€;-13 fo. f1,.- -, fi=1)
to denote T';. We define

(eo, €1, .- 5 €5-15 fo, f1, - - '7fj—1)

to be a k-change with respect to T, for any k > j. A k-change with respect to a spanning tree T’
is a k-improvement if the resulting spanning tree on applying the k-change has more leaves than
T.

Note that a k-change is stronger than k 1-changes. It is a batched version of any sequence
of k 1-changes. In Figure 7.1, we illustrate a spanning tree I" that admits a l-improvement. On
applying the l-improvement we get a spanning tree T} that does not admit a 1-improvement but
has a 2-improvement.

A k-locally optimal tree (k-LOT) of a given graph (i is a spanning tree that does not admit
any k-improvement. By definition, an ¢-LOT is also a j-LOT for any j < ¢. Since a spanning tree
has exactly n — 1 edges, an optimal spanning tree with the maximum number of leaves is just a

(n—1)-LOT.
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Input A simple undirected graph G and an integer £ > 1.
Output A £k-LOT T of GG.
1. Find a spanning tree 7' of G.

2. While there exists a k-improvement with respect to 17" do
Let T be the tree obtained by applying the improvement to 7.

Figure 7.2: The approximation algorithm.

The Algorithm and Termination

Our idea is simply to use k-LOTs to approximate the maximum-leaf spanning tree for small values
of k.

The approximation algorithm is shown in Figure 7.2. We start with an arbitrary spanning tree
and keep applying k-improvements to the current spanning tree until this spanning tree is a k-
LOT. Clearly, the second step dominates the time complexity. Whether a spanning tree is a k-LOT
can be decided in polynomial time for constant k, since a spanning tree cannot have more than
((g);n+1) X (n;1> k-changes. The algorithm itself has no more than n — 3 iterations because the
number of leaves should be at least 2 to begin with and at most n — 1 in the end and this number
increases with every iteration. Therefore, the running time to obtain a k-LOT is O(n3k+1) which
is a polynomial in n for constant k. This proves Lemma 7.1.3.

Our major concern is the performance guarantee of this approximation algorithm. In other
words, how much less can the number of leaves in a k-LOT be than that of the optimum? In the

following sections we shall prove that the performance ratios of 1-LOTs and 2-LOTs are 5 and 3,

respectively. However, we believe that 2-LOTs have a better performance ratio than what we prove.

7.5 Proof of a Rough Bound

In this section, we illustrate our proof method by proving a rough bound on the performance ratio

of 1-LOTs. We begin by examining a few basic properties that are useful in proving the bounds.

Basic Properties
By definition, a 1-LOT has the following properties (See Figure 7.3).

P1 Ina1l-LOT T, any cycle formed by adding a non-tree edge between a leaf and an internal node

does not enclose two adjacent nodes of degree two in 7.

P2 In a I-LOT T, there is no non-tree edge between a normal leaf and an internal node.
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e / f
\
\
violates P1 violates P2 violates P3

Figure 7.3: Hlustrating properties P1, P2 and P3 for 1-LOTs. In the above figure, dark
edges represent tree edges and the dashed edge is a non-tree edge violating one of the
properties P1, P2 or P3. In all the above figures, a 1-improvement (e; f) can be identified.

P3 In a 1I-LOT T, any cycle formed by adding a non-tree edge between two internal nodes does

not enclose a node of degree two in T.
The following lemmashows that P1, P2 and P3 together are sufficient conditions for 1-optimality.

Lemma 7.5.1 A tree is a 1-LOT of a given graph if it satisfies P1, P2 and P3.

Proof We prove the contrapositive and show that if a spanning tree is not a 1-LOT then it violates
one of P1, P2 or P3. If a spanning tree i1s not a 1-LOT then there exists a 1-improvement for this
spanning tree. It is easy to see that any non-tree edge incident on two leaves cannot be involved in
any l-improvement. So any non-tree edge involved in a l-improvement must be an edge between an
internal node and a leaf or an edge between two internal nodes. In the first case, the tree violates
either property P1 or P2 and in the second case, it violates P3. O

Any 2-path in a spanning tree partitions the remaining nodes of the tree into two pieces on its
removal. We refer to the sets of nodes representing these two pieces as the two sides of the 2-path.

Using Lemma 7.5.1, it is easy to derive the following.

Lemma 7.5.2 Ina 1-LOT T, only the first two nodes on a long 2-path, counting from a
particular side, have non-tree edges to nodes in that side. Furthermore, all non-tree edges

between nodes in two sides of a long 2-path must have both their endpoints as leaves in T

Lemma 7.5.3 In a I-LOT, there is no non-tree edge between two nodes in the same long

2-path.

The Strategy: Proving a Rough Bound

In this subsection, we illustrate the basic strategy used in proving Theorem 7.1.1 by proving the

following weaker version of it. Recall that A(7") denotes the number of leaves in a tree 7.
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Figure 7.4: Proof of Lemma 7.5.5 by contradiction: The dark edges are edges of 77 and the
dashed edges are edges of T'. If there are five leaves of T” in path P, then the middle node
must be connected in 7”7 to one of the two sides via a non-tree edge e as shown above. This
edge e violates the assumption that the tree T is a 1-LLOT by Lemma 7.5.2.

Theorem 7.5.4 Let G be a given simple undirected graph. If T* is a mazimum-leaf span-
ning tree of G and T is a 1-LOT of G, then \(T™) < 10 - X(T').

Consider any spanning tree 7”7 of (G. We bound the number of leaves of 1"’ that are (a) leaves
in T, (b) high-degree nodes in 7', and (¢) nodes in 2-paths in 7" independently. Note that these
three categories account for every node in (. The total number of leaves in 1" is A(7") by definition.
Also, the total number of high-degree nodes in 7" is at most A(7") by Observation 7.3.1. Also, we
can bound the number of 2-paths in 17" by 2A(T") using Observation 7.3.2. Below, we bound the
number of leaves of 17 in each 2-path of T’ by four. Thus the total number of leaves in 1" is at most
AMT)Y+ MT) 4+ 2X(T) -4 = 10A(T). Since this bound holds for any tree T' it also holds for T* in
particular and our theorem is proved. It remains to bound the number of leaves of 77 in any 2-path

in 7" by four. We do this next.

Lemma 7.5.5 For any spanning tree T' of G and any 2-path P of a 1-LOT T, the number

of leaves of T' in P is at most four.

Proof The proof is by contradiction. Assume for a contradiction that there are no less than five
leaves of T/ in P. Let five of them be wy, wq, w, w3, and w4, where w is the middle one along P,
and wy and wy are on the same side of w (See Figure 7.4). Note that by Lemma 7.5.3 there are no
non-tree edges between nodes in P. Let v be the closest node to w in 7" that is not in P. Let the
last edge in the path from w to v in 7”7 be € = (u,v) where w € P. Since w is the middle leaf in
T’ along P, the cycle closed by e contains at least two nodes of degree two, i.e., either wy and wy
or ws and wy. Without loss of generality, let these two nodes be wy and wg. Since they are both
in P, the nodes between them in P, if any, also have degree two in T. This implies that the cycle
closed by e encloses at least two adjacent nodes of degree two which contradicts the fact that 7" is

a 1-LOT by Lemma 7.5.2. O

113



7.6 Performance Guarantee of 1-LOTs

In this section we prove the following restatement of Theorem 7.1.1.

Theorem 7.6.1 Let Gy be a given simple undirected graph. If T} is a maximum-leaf span-

ning tree of Go and Ty is a 1-LOT of Gy, then A(15) <5 - A(1)).

Augmentation

In order to prove Theorem 7.6.1, we augment (5 together with Ty as follows. For every normal leaf
in Ty adjacent to a short 2-path, we subdivide the tree edge incident on the normal leaf by inserting

a pseudo-node of degree 2 in this edge. We have the following lemma.

Lemma 7.6.2 Let G and T be the augmented versions of Go and Ty respectively. If Ty is a
1-LOT of G then T is a 1-LOT of G. Furthermore, A(T) = A(1p) < A1F) < A1) where

T3 is a mazimum-leaf spanning tree of Go and T™ is a mazimum-leaf spanning tree of G.

Proof We prove that T is a 1-LOT of G by contradiction. Assume for the sake of a contradiction
that 71" is not a 1-LOT of (¢. Then, there exists a 1-improvement involving addition of a non-tree
edge e. Since Tj is a 1-LOT of (g, a pseudo-node v must be enclosed by e in T". Note that no
non-tree edge is incident on v, so € must be incident on the normal leaf adjacent to v. Since Ty is
a 1-LOT and one of the endpoints of e 1s a normal leaf, by Property P2, we infer that the other
endpoint of e should be a leaf as well. It is easy to see that no non-tree edge incident on two leaves
can participate in a l-improvement. This contradicts the fact that edge e yields a 1-improvement.
Thus T is a 1-LOT.

Now we consider the relations among A(1"), A(71g), A7), and A(T™). The equality is trivial
since augmentation does not change the number of leaves. The first inequality follows from the
definition of T{j. The last inequality is proved by constructing a spanning tree of G with at least
A(TY) leaves. To achieve this goal, we start with 7{;. For each pseudo-node v to be inserted, if
the unique edge whose subdivision resulted in » is in T, we subdivide this edge and insert the
pseudo-node v in T{. Otherwise, let the neighbors of v in ¢ be v1 and vy. To augment T to
include v, we simply attach v to v{. In either case, we finally obtain a spanning tree of G with at

least A(71{) leaves. O

Partition into Regions

For the sake of proof, based on a 1-LOT T, we partition the nodes in G depending on whether they
occur in a long 2-path in T or not. We further partition the nodes of G that are not in any long

2-path in T into regions. These regions are exactly the connected components of T" obtained on
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removing the nodes in long 2-paths from 7". A region is special if it contains at least one special
leaf of T'; otherwise it is normal. Let us use .S and R to stand for the number of special and normal
regions, respectively. The degree of a region is the number of long 2-paths incident on it. Note that
as a result of augmentation, each normal leaf is a single-node normal region by itself. So a normal
region is either a single leaf or a set of high-degree nodes interconnected via short 2-paths. We term

these two kinds of normal regions external and internal, respectively.
Lemma 7.6.3 For an augmented 1-LOT T, we have the following relations.

P = S+R-1 (7.2)
N3+, = P+P,+1 (7.3)

Proof Equality (7.2) is trivial. If we regard 1" as a tree of regions by contracting long 2-paths to
single edges, the number of nodes (i.e. regions) is S + R and the number of edges (i.e. long 2-path)
is Pp. The equality holds because the the number of edges of a tree is equal to the number of nodes
minus one.

Inequality (7.3) is not difficult either. By contracting both short and long 2-paths to single edges
and discarding special leaves, we obtain a tree whose nodes are high-degree nodes and normal leaves.

Since the number of nodes in this tree is exactly the number of edges plus one, we have
N3+An:P£+Ps+17

which proves (7.3). O

The following lemma is a consequence of Lemma 7.5.1.

Lemma 7.6.4 Let u be a node in a region R of T. There is no non-tree edge between u
and v if either v is in an internal normal region other than R, or v is in a long 2-path that

R is not adjacent to.

Proof We prove by contradiction. In both cases, the node » is an internal node and the non-tree
edge (u,v) encloses all the nodes of some long 2-path of 7. Hence this edge violates property P1
contradicting the local optimality of T. O

Accounting for Leaves in Long 2-paths

The key observation which is useful in proving the tighter bound in Theorem 7.6.1 is that not every
long 2-path in 7" contributes four leaves in any spanning tree as implied by Lemma 7.5.5. The

following lemma is a refined version of Lemma 7.5.5 and is proved similarly.
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Lemma 7.6.5 Let T’ be a spanning tree of G and P be a long 2-path of a 1-LOT T of G.
Suppose P is incident on two regions L and R inT'. The number of nodes in P which are

leaves in T is at most
1. four, if L and R are both special,
2. three, if only one of L and R is special, and

3. two, if L and R are both normal.

Proof The case in which both regions are special follows directly from Lemma 7.5.5. The proofs
for the other two cases are similar to that of Lemma 7.5.5.

In the third case, both of £ and R are normal. Assume that there are no less than three nodes
in P that are leaves of T”. Let us say, three of them are wy, w and wy, where w is the middle one,
and £ and w; are on the same side of w. Note that by Lemma 7.5.3 there are no non-tree edges
between nodes in P. Let v be the closest node to w in 7" that is not in P. Let the last edge in the
path from w to v in T’ be e = (u,v) where © € P. Since w is the middle leaf in 7" along P, the
cycle closed by e contains at least one node whose degree is two in T, i.e. either wq or wy. Without
loss of generality, let this node be wy. Since T" is a 1-LOT, by properties P1, P2 and P3, v must be
a special leaf of I". This means that » cannot be in £ or R. Thus v is in some other region. By
Lemma 7.6.4, this is a contradiction and the third case is proved.

Let us consider the second case. Assume without loss of generality that L is special and R is
normal. Assume that there are no less than four nodes of P that are leaves in T”. Let us say, these
four nodes are wy, wsy, w, and wsz, where R and w3 are on the same side of w, and £, wy, and wo
are on the other side of w. For the same reason as above, w must be connected to a node v not in
P through a non-tree connection € = (u, v) where u is a node in P. As before, v must be a special
leaf in T'. By Lemma 7.6.4, v must be in either in R or in £. But by Property P2, v cannot be in
‘R since this region is normal, so v must be in £. Now the cycle closed by € contains at least two
adjacent nodes of degree two in T'. This is a violation of property P1 and hence contradicts the fact
that T is a 1-LOT by Lemma 7.5.1. This prove the second case. O

We can think of the above lemma as providing an upper bound on the number of leaves in T”
in any long 2-path P of T" in the following way. Assume that a normal region contributes a charge
of 1 and a special region a charge of 2 to the upper bound for any incident long 2-path. Then the
upper bound on the number of leaves in 7" in any long 2-path P is exactly the sum of the charge

contributions of both its adjoining regions.
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Invalid Regions and Better Bounding

Even the careful counting of the leaves of 77 in long 2-paths in the above lemma is not sufficient to
prove Theorem 7.1.1. We need some additional results. For example, consider an internal normal
region. To connect any node in such a region in 7" to any region outside, we must use one of the
long 2-paths incident on it since there are no non-tree edges going from this region to any other
region. This implies that this normal region cannot charge a contribution of 1 to all its incident
long 2-paths. To capture this we define the notion of an invalid region.

Definition: A region of T is invalid in T” if it is either an internal normal region or it is a special
region and every special leaf in this region is also a leaf in 7. We now identify long 2-paths for
which the bounds on the number of leaves of T” is more stringent than those stated in Lemma 7.6.5.
Let P be a long 2-path of T'. We call P deficient in T if the number of nodes in P that are leaves

in 77 is at most two less than the upper bound stated in Lemma 7.6.5.

Lemma 7.6.6 Let k(> 2) be the number of regions of T' that are invalid in T’. Then there
are at least k — 1 distinct long 2-paths of T that are deficient in T".

Proof We start with a few definitions.
Definition: Let R be a region that is invalid in 77. Define the core of R to be the set of nodes
in R excluding special leaves in it if any. Thus, for instance, the core of an invalid normal region is

the whole region. The adjacency of a region R denoted adj(R ) is defined as follows.

adj(R) = U {the node in P closest to R in T'}.
long 2-paths P incident on R

We now define a notion of neighborhood for each invalid region R.
nbrhood(R) = core(R)U adj(R).

We use the properties of a locally optimal tree to investigate the structure of the edges in the

graph going out of the neighborhood of an invalid region. Define
I'(R) = {all edges in GG between nbrhood(R) and V — (R U adj(R))}.

For a normal invalid region, the only edges out of the region in the graph must be in the above
edge set. For special invalid regions, since the special leaves of T' are also leaves in 17, a path in T’

from the core of the region to the outside must use edges of I'(/R). This is summarized below.

Observation 7.6.7 Let R be a region of T invalid in T'. Then the path in T’ between any
node x € nbrhood(R) and y € V — (R U adj(R)) must use an edge in I'(R).

117



We also have the following proposition about the edges in I'(R).

Proposition 7.6.8 Let R be an invalid region in T'. Then every edge e € T(R) has an
endpoint in adj(R).

Proof Since nbrhood(R) = core(R)U adj(R), every edge ¢ € I'(R) has an endpoint in either
core(R) or adj(R ). Suppose one of the endpoints of € is in core(R ). The other endpoint must be
in V — (R Uadj(R)) by the definition of I'(/R). For every possible location of this other endpoint
of e, we can show that ¢ admits a local improvement. This contradicts the fact that 7" is locally
optimal. O

Next we characterize non-tree edges that have an endpoint in long 2-paths. By an ezireme node

of a 2-path P, we mean a node in one of the two ends of P.

Observation 7.6.9 Let T be a 1-LOT and let P be a long 2-path of size at least three in
T. Let uw € P be a node that is not one of the two extreme nodes in P. If (u,v) is a non-tree
edge, then u must be adjacent to an extreme node u' of P and v must be a special leaf in a

region R such that v’ € adj(R).

Proof Suppose u is not adjacent to an extreme node of P. Note that v ¢ P by Lemma 7.5.3.
Since u is not adjacent to an extreme node of P, the edge (u,v) encloses at least two consecutive
nodes of degree two in . This violates property P1 contradicting that 7" is a 1-LOT. Therefore, u
must be adjacent to an extreme node u’ of P.

Since u is adjacent to an extreme node in a 2-path, and (u,v) is a non-tree edge of a locally
optimal tree T, by properties P2 and P3, v cannot be an internal node or a normal leaf in T'. Thus
v must be a special leaf in T. Suppose v is in a region R such that v’ ¢ adj(R). Then the edge
(u,v) encloses at least two consecutive nodes of degree two in the path between R and u’ in 7'
This violates property P1 contradicting the local optimality of T. O

We illustrate typical non-tree edges in a 1-LOT in Figure 7.5.

Now we proceed with the proof of Lemma 7.6.6. Pick a vertex in the core of one of the k(> 2)
invalid regions as the root vertex 7 and direct all edges of 7" towards this vertex. Consider a directed
subtree T of this tree rooted at r that is edge-minimal with respect to the following property: for
each invalid region R not containing r, there is a directed path in the subtree 7" from some node
in core(R) to r. By the edge-minimality property, the leaves of T" are nodes in the core of some
invalid region R not containing r. Furthermore, the edge minimality property also implies that the
tree T contains exactly one node in core(R) for each invalid region R not containing 7. Thus 7"

has at most £ — 1 leaves.
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Figure 7.5: Typical non-tree edges in a 1-LOT are show as dashed lines. The tree edges are
dark while the regions are shown as circles with thick dashed edges. The pendant nodes
inside a regions are special leaves within the region.

For each invalid region R not containing r, let vg be the node in core(R ) in T”. Consider the
path in 7" from v to 7. Let ag be the first node along this path that is in R’ U adj(R’) for some
R +R.

Claim 7.6.10 There is a long 2-path P incident on R and R'. Furthermore, P is deficient
inT'.

Proof The proof essentially uses the local optimality of T". Suppose for a contradiction that R
and R’ are not adjacent to the same 2-path in 7. By Observation 7.6.7, the path from v to ag
in T’ must use an edge e = (2,y) in I'(R). By Proposition 7.6.8, € adj(R). Let P be the long
2-path containing # and suppose P is incident on R and some other region S.

Suppose ¥y = ar. Then ar € R’ U adj(R’) for some R’ # R. Suppose ag € adj(R’). Then
by property P3 and Lemma 7.5.3, the edge (@, as.rr) € P and P has size two. Also in this case
R’ = §. Otherwise ag € R'. By property P3, the node a must be a special leaf in R'. By
Lemma 7.6.4, the 2-path P must be incident on R'. Thus R’ = § in this case also.

Now suppose that ¥ # ar. Then since ¥ is not in any region, it must in a 2-path. By Lemma
7.5.3, the edge (2, y) cannot be a nontree edge and so ¥ must be the node adjacent to  in N. Note
that in this case P has size at least three. We follow the path in 7”7 from y to ag. Let the last
edge in this path be (z,ag). Since all the nodes in this path from y to z are in 2-paths, by Lemma
7.5.3, all the edges between them in this path are edges of P as well. If ag € P, then the last edge
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(z,ar) isin P as well and R’ = §. Otherwise, (2, aR) is a non-tree edge and by Lemma 7.5.2 and
Observation 7.6.9, ag must be a special leaf in the region &. Thus R’ = & in this case as well.

We now show that P is deficient in 7”. Suppose that ax is a special leaf in R'. Then R’ is
a special region. In this case, since ag is on a path in 7" between vy to the root 7 and 1" is a
directed version of T’ the node ag is internal in 7”7. Thus R’ is not an invalid region in 7”. Note
that the path between v and ag in T contains all but one node of . Thus at most one node of
P is aleafin T’. Since R’ is a special region, the allowed number of leaves in P by Lemma 7.6.5 is
at least three. Since 7" contains at most node of P as a leaf, this 2-path is deficient in 7”.

Now suppose ag is in adj(R’). In this case, the path between vg and ag in T’ contains all
nodes in P and so no node in this 2-path is a leaf in 7. Thus P is deficient in this case as well.

O

For each invalid region R other than the one containing 7, we identify a long 2-path P as above

using the path in 7" from v to r.

Claim 7.6.11 Let Py and Py be two long 2-paths identified using two distinct invalid regions
Ry and Ry. Then Py and Py are distinet as well.

Proof Suppose P; = Py. Then these must both be a 2-path P between Rq and Rg. Since
P is a long 2-path incident on two invalid regions, by the definition of deficiency, no node of P is
a leaf in 7”. Also note that all the edges in 7' with both endpoints in P are in 7" in this case.
When P = P; was identified using R1, these edges are directed away from ¢ towards Ry in T7.
Also when P = P; was identified using R, these edges must be directed the other way in T, a
contradiction. Thus P; and Py must be distinct. O

Thus we have identified & — 1 deficient long 2-paths in 7. This completes the proof of Lemma
7.6.6.

O

Now we prove our final bound on the number of leaves of any spanning tree T’ that are nodes
in long 2-paths in a 1-LOT 1. The bound depends on .5, A,, the number of normal leaves which

are still leaves in 77, and the number of invalid special regions.

Lemma 7.6.12 For any spanning tree T', the number of leaves of T' that are nodes of long

2-paths in T is at most
4-543-A,—AF —2-57,

where X5 is the number of normal leaves of T which are also leaves in T', and S* is the

number of special regions of T' that are invalid in T".
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Proof For any 2 > 1, let 5; and R; denote the number of special and normal regions of degree
¢ respectively. Then we have 5 = >7;515; and R = > ;51 R;. If we regard T as a tree of
regions, the sum of degrees of regions is equal to two times the number of long 2-paths. Namely,
Zizli'si+2i21i'Ri§2'Pf~

We interpret Lemma 7.6.5 using the notion of charge contributions of regions to incident long
2-paths. Using this interpretation, the total number of leaves of 7" in long 2-paths of 7" is at most
2-3 51085+ Y st R <4 Pp— %54t R;, by the previous inequality.

Note that a single normal leaf is also a normal region.

Claim 7.6.13 If a normal leaf of T is also a leaf in T’, then this normal region cannot

contribute any charge in the scheme above to its incident long 2-path.

Proof Formally, we show that if £ is a normal leaf with incident long 2-path P, and if R is the
other region adjacent to P, then the number of leaves of 7”7 in P is one less than that claimed in
Lemma 7.6.5. This can be proved by looking at the two cases when R is normal and special. As
before, the proof is by contradiction where we assume more leaves in 7" than claimed and prove a
contradiction to the l-optimality of 1. O

By the above claim, we can subtract one for each such region that is also a leaf in 77, Thus we

arrive at the upper bound on the number of leaves of
4P =Y i Ri— X =4-(R+5-1)=Y i -Ri— X}
i>1 i>1

by (7.2).

Note that the number of invalid regions in 7" is precisely sum of the number of internal normal
regions and invalid special regions. The number of such regions is K — Ry + 5*. By Lemma 7.6.6
and the definition of deficiency, we can then subtract at least 2+ (R — Ry + .5 — 1) from the bound

derived above. Thus the final upper bound on the number of leaves in 7" from long 2-paths in T is

A4-(R+5)=> i-Ri—A,—2-(R— R +5%).
i>1

Simplifying using R = Y .~¢ R; and Ry = A, as shown below proves the lemma.

4-(R+58) =Ygt Ri=No—2- (R~ Ry +5%)
= 4542 R—Ysi-Ri+2 R -\ -2 5
< 4-S43-Ry -\ —2.5%

Now we prove Theorem 7.6.1.
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Figure 7.6: (a) An example of 1-LOT. (b) The maximum-leaf spanning tree of the graph in

(a).
Proof of Theorem 7.6.1

We allow all high-degree nodes in 7" and all nodes in short 2-paths of T" to be leaves in T*. Using
Lemma 7.6.12 with T/ = T™*, we infer that the number of leaves in T™ on long 2-paths of T is at
most 4.5 4+ 3A,, — A7 — 25%. The remaining nodes in  are just special leaves and normal leaves.
Since exactly A normal leaves are still leaves in 7™, and at least .5 — 5™ special leaves are not leaves

in T, the number of leaves in T™ is bounded by

N+ Py + (45 +3X, = A7 —25") + (As — (S = 5")+ A7).
Note that S < Ag because each special region contains at least one special leaf. From (7.2) and
(7.1), we get S+ Py < N3+ A, — R. Tt follows that

AT*) < Ns+A;+3\, +354+ P

< (Na+3X4+3X) + (Ns+ Ay — R) (using 5 < Ay)
= (2N34+3X;+3\,) + (R1 — R)
< 2N3+3A,+ 3\, (since By < R)
< 2ny + 3nq (since Ag + A, is just nq)
= SAT).
By Lemma 7.6.2, we know
NI5) AT
ATo) = MT) —

Therefore Theorem 7.6.1 is proved. O

We conclude this section by presenting an example of 1-LOT such that the bound of 5 in
Theorem 7.1.1 is approachable arbitrarily closely. Tt is easy to verify that the tree in Figure 7.6-(a)
is a 1-LOT. Since the structure is symmetric and repetitive, we only need to verify three different
kinds of non-tree edges as candidates for 1-improvements. Since these three types of non-tree edges
violate none of the properties P1, P2 or P3, the tree is a 1-LOT. The maximum-leaf spanning tree
for this graph is shown in Figure 7.6-(b). Clearly, the longer this 1-LOT is, the closer to five the

ratlo 1s.
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7.7 Performance Guarantee of 2-LOTs

In this section we prove the following restatement of Theorem 7.1.2.

Theorem 7.7.1 Let G be a given simple undirected graph. If T* is a mazimum-leaf span-

ning tree of G and T is a 2-LOT of G, then \(T*) <3 - XT).

In the following discussion, we use (& to denote the given undirected graph. Let T be a 2-LOT of G,
T’ a fixed spanning tree of (¢, and 7™ a maximum-leaf spanning tree of (G. Furthermore, a 2-path
of T is termed external if it is adjacent to a leaf of T'; otherwise, it is termed internal. We do not

use augmentation as we did in the previous section. With these notations and definitions, we shall

show that for any fixed 7", A(7”) is at most 3A(T"). Clearly, this implies Theorem 7.7.1.

Marking and Better Bounds

As in the proof of Theorem 7.6.1, we get a better performance ratio by bounding the number of
leaves of 7' in long and short 2-paths. As before, we bound the number of leaves of T” that are in
the following three accounts: (a) leaves in T', (b) high-degree nodes in 7', and (¢) nodes in 2-paths
in T, independently. The number of leaves in 7" from the first two categories is at most 2A(7") as
before.

To bound the number of leaves of 7" in 2-paths in T, we exhibit a marking scheme that marks
leaves of T' as follows. We only mark leaves in 1" that are internal nodes in 7. Thus marked leaves
represent a slack in the account (a). Moreover, we show that we can mark as many leaves as the
number of leaves of 7' that are nodes of any long 2-path or external short 2-path of 7. Thus the
number of leaves of T’ that are nodes from these two categories is also bounded by the slack in
account (a). The remaining nodes of T are those in internal short 2-paths. The number of such
paths is at most N3 < A(7"). Thus the total number of leaves in 7" is at most 3A(71') as claimed.

It remains to prove the following lemma.

Lemma 7.7.2 Let T be a 2-LOT of G and T’ be any fived spanning tree of G. If there are
{ leaves of T' in long 2-paths and external short 2-paths of T, then we can mark at least {
leaves of T.

To prove the above lemma we need a few preliminaries.

Second connections, cross connections, and normal connections

The marking proceeds by identifying three kinds of edges in 77 — T". We regard T as a tree of
regions as we did for the analysis of 1-LOT. For a long 2-path P = (v1, v3,...), an edge (v, v2) in

T’ — T is called a second connection, whenever v is in the region adjacent to 7 on the side of vy.
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Figure 7.7: If e; and e, are two second connections sharing a special leaf as an endpoint,
then (eq,e3; f1, f2) is a 2-improvement.

By properties P2 and P3, we know that v must be a special leaf in 7. An edge in 7" — T is called
a cross connection if its endpoints are in different regions of T'. By Lemma 7.5.2, both endpoints
must be leaves in T'. An edge (uy,uz) in 7' — T is termed a normal connection if uy is a normal

leaf in T'. Then by Property P2, since T is also a 1-LOT, u3 must be a leaf in 7.

Why we need the right connections...

The rough idea in using these three connections is to mark leaves of T that are endpoints of such
connections. We illustrate this with an example. Let P = (v1, v2,...) be a long 2-path, and let v,
be a leaf of 7. Let the node other than vy that is adjacent to vy in 7" be vg. Suppose the path
P’ connecting vg and vy in T contains a second connection (w, 712) for P. In this case, we mark
the node w that is a leaf in 7" but not in 7" for the node vy that is a leaf in 7’. Similarly, we use
cross connections and normal connections to mark leaves of 7' that are not leaves in 1" for leaves
of T' in long 2-paths and external short 2-paths. The hard part of the proof is showing that we do
not re-mark a leaf of T in this way. For example, it is not hard to see that two different second
connections cannot mark the same leaf as described above. If such a re-marking of a leaf occurs, we
identify a 2-improvement involving the two non-tree edges incident on the re-marked leaf. This is

illustrated in Figure 7.7.

Saturation and Covering

In this subsection we define the notions of saturation and covering. Both these notions are used
to account for leaves of T/ that are nodes in long 2-paths or external short 2-paths of T'.

Definition: A leaf v of T/ in a long 2-path of T is saturated by a second connection € whenever
v is enclosed by e and the endpoint of e that is a special leaf of 1" is not a leaf in 77. We call a
leaf in T unsaturated (by second connection) if it is not saturated by any second connection. The

proof of the following lemma is similar to that of Lemma 7.5.5.

Lemma 7.7.3 Fora 2-LOTT and a fived spanning tree T' of G, a long 2-path of T' contains

at most two unsaturated leaves of T,
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Figure 7.8: A long 2-path of a 2-LOT contains at most two unsaturated leaves. The path
between the middle leaf w and one of the two other leaves, say wy, must contain a non-tree
edge (u,v) where v is a special leaf in a region adjacent to the long 2-path. This edge
saturates wi.

Proof Assume for a contradiction that there is a long 2-path P containing three unsaturated
leaves of 17, i.e. w1y, w, and wq, where w is the middle one. Since w is in the middle and wq is a
leaf in 77, the unique tree path connecting w and wy in T” must contain an edge ¢ = (u, v) where
u € P and v € P. Note that P is of size at least three and also that u is not an extreme node of P.
From Observation 7.6.9, we have that u must be adjacent to an extreme node u’ of P and v must
be a special leaf in a region R such that u’ € adj(R). Since wy and wy lie on two different sides of
@ in P, one of them must be u’. Assume without loss of generality that wy = u’ (See Figure 7.8).
Now since v lies on the path in T’ between u and wy, it is not a leaf in 7" and so the edge (u,v) is
a second-connection saturating wy, contradicting that wy i1s unsaturated. O

Definition: Let w be an external short 2-path! of T which is also a leaf in T”. Let wy be the
normal leaf adjacent to w. We say w is saturated by a normal connection (v, wy) if the unique
tree path connecting wy and w in 17" contains (v, wy). The following is a typical proof illustrating

how saturation and covering works.

Lemma 7.7.4 Fach external short 2-path in T that is a leaf in T' is saturated by a normal

connection. Furthermore, at least one endpoint of this normal connection is internal in T'.

Proof Let w be an external short 2-path in 7' that is a leaf in 7" and let u be the normal leaf in
T adjacent to w. Consider the path in 7" from u to w. The first edge (u, z), say, in this path is a
non-tree edge with the normal leaf u as an endpoint. Hence this edge is a normal connection and
saturates w. Note that z # w and so z is an internal node in 77. O

We classify long 2-paths of T into three types: a long 2-path in 7" is of type 0, 1, or 2 if it
contains 0, 1, or 2 unsaturated leaves, respectively.
Definition: Let P be a long 2-path with two unsaturated leaves wq and wy. We say P is covered
by a cross connection (vl, 712) if the unique tree path connecting wy and wq in 7" contains (vl, 712)

and vy and vy are in different sides of P.

!Note that an external short 2-path is nothing more than a single node. Hence the notation.
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Lemma 7.7.5 Fach long 2-path of type 2 in T is covered by a cross connection. Further-

more, both endpoints of this covering cross connection are internal in T'.

Proof Let P be along 2-path with two unsaturated leaves wy and ws.

Suppose wy and wy are not adjacent in 7. Then there is a node w in P between wq and ws.
Then as in the proof of Lemma 7.7.3, the path in 7”7 between w and w; must contain an edge
saturating either wy or wy contradicting that both these nodes are unsaturated.

Therefore w; and wy must be adjacent in 7. Then the path between w; and wq in 17 must
contain an edge (u, v) where u and v are in different sides of P. By the local optimality of 7', both
w and v must be leaves in two different regions of 7. Thus (u,v) is a cross connection and covers
P.

Since the edge (u,v) is in the path in 77 connecting wy and wz, both u and v are internal in
7' 0
Definition: Suppose P is a long 2-path with one unsaturated leaf w in T”. Let w; and wq be the
nodes adjacent to w in T'. We say P is covered by a cross connection (vy,v2) if the unique tree
path connecting wq and wy in T’ contains (vl, 712) where v1 and vy are on different sides of P. We

have the following lemma about covering.

Lemma 7.7.6 Fach long 2-path of type 1 in T is covered by a cross connection. Further-

more, at least one endpoint of this cross connection is internal in T".

Proof Assume for a contradiction that there is a long 2-path 7 with one unsaturated leaf w which
is not covered by any cross connection. Let w; and wy be the nodes adjacent to w in 7" and let P’
be the unique tree path connecting them in 77. If P’ = (wl, wg), then wq and wy are both leaves
in T by Property P2 and Lemma 7.5.3. This contradicts the fact that 7 is a long 2-path. Since w
is unsaturated, P’ cannot contain any second connection enclosing (and thus saturating) w. So P’
contains only nodes and edges in P. This contradicts the fact that w is a leaf in T”. Therefore each
long 2-path of type 1 is covered by at least one cross connection.

Note that both neighbors of w in T cannot be leaves in T'. Hence both endpoints of the cross
connection covering w cannot be leaves in 77. Thus at least one of the endpoints of this cross

. . . . /
connection is internal in 772, O

Marking

Now we describe the marking scheme used to prove Lemma 7.7.2. We mark nodes that are leaves

in T but internal in T".

2This may actually be the case, e.g., when one of the neighbors of w in T is a normal leaf and the cross
connection covering w leaves w as a leaf in 7”.
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e For cach leaf in T” saturated by a second connection, mark the endpoint of the second con-
nection that is a special leaf of T'. (Note that by definition of a second connection, this special

leaf is an internal node in T’.)

e For an external short 2-path that is a leaf in 77, mark an endpoint of a normal connection

that saturates this short 2-path such that this endpoint is internal in 7”’. (Lemma 7.7.4)

e For each long 2-path of type 2, mark the endpoints of a cross connection which covers this

long 2-path. (Lemma 7.7.5)

e For each long 2-path is of type 1, mark an endpoint of a cross connection that covers this long

2-path such that this endpoint is internal in 77. (Lemma 7.7.6)

In the following subsection, we shall show that there is only one case when a leaf in T is marked

twice.

Sharing of Connections

We say two distinct edges share a node if this node is an endpoint of both edges. Using the fact
that T is a 2-LOT, it is easy to disallow the following cases of sharing.

Lemma 7.7.7 Two normal connections saturating two external short 2-paths cannot share
a leaf in T.

Proof Assume for a contradiction that (v, ) and (v, w) are two normal connections saturating ex-
ternal short 2-paths uy and w1, respectively. Since uy # wy, we have that ((v, ), (v, w); (u,u1), (w, wy))
is a 2-improvement in T'. Namely, applying this edge replacement to T will make w1 and w; leaves
and make only v a non-leaf while both % and w remain leaves. This contradicts the fact that T is

a 2-LOT. O

We prove the following lemmata in a similar manner.

Lemma 7.7.8 Two second connections cannot share a special leaf in T.

Proof Assume for a contradiction that (v, u) and (v, w) are two second connections, where v is
a special leaf in T'. Since u # w, we have that u and w must be in two different long 2-paths of
T. Let uy and wy be the nodes in these two long 2-paths which are enclosed by (v, ) and (v, w),
respectively. Then we have a 2-improvement ((v, u), (v, w); (u, u1), (w,wy1)) in T, since applying
this edge replacement to T’ will make %7 and wq leaves and make only v a non-leaf. This contradicts

the fact that 7" is a 2-LOT. O

Lemma 7.7.9 Two cross connections covering two long 2-paths cannot share a leaf in T.
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Figure 7.9: A second connection (v, w) and a normal connection (v, u) cannot share a leaf v
as an endpoint. If they do, a 2-improvement ((v,u), (v, w); (u,u1), (w,w1)) can be identified.

Proof Assume for a contradiction that (v, u) and (v, w) are two cross connections covering long
2-paths P and Py respectively and v is a leaf in T'. Let uy and u9 be two adjacent nodes in Py,
wy and wz be two adjacent nodes in Pz. Since Py # Pa, ((v,u), (v, w); (uq,uz), (w1, ws)) is a
2-improvement in T". Namely, applying this edge replacement to T will make w1, ug, wy, wo leaves

and make only u, v, and w non-leaves. This contradicts the fact that T is a 2-LOT. O

Lemma 7.7.10 A second connection and a normal connection cannot share a leaf in T.

Proof Assume for a contradiction that (v,u) is a second connection and (v, w) a normal con-
nection. Let u; be the node of degree two enclosed by (v, u), and let wy be the node of degree
two adjacent to w in 7" and enclosed by (v, w). Since u # w, ((v,u), (v, w); (u,u1), (w,w1)) is a
2-improvement in T". Namely, applying this edge replacement to T will make %1 and w leaves and
make only v a non-leaf while w remains a leaf (See Figure 7.9). This contradicts the fact that 7" is

a 2-LOT. O

Lemma 7.7.11 A cross connection and a normal connection cannot share a leaf in T.
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Proof Assume for a contradiction that (v, u) is a cross connection and (v, w ) a normal connection.
Let P be the long 2-path covered by (v,u) and (uy,uz) be two adjacent nodes in P. Let wy be
the node of degree two enclosed by (v, w). Since wy is not in P, ((v, u), (v, w); (ug, uz), (w,w1))
is a 2-improvement in 7'. Namely, applying this edge replacement to T" will make uq, u3, and wq
leaves and make only v and u non-leaves while w remains a leaf. This contradicts the fact that T’
1sa2-LOT. O

The following lemma describes the special conditions under which a special leaf in T can be

marked twice.

Lemma 7.7.12 A cross connection (v, u) covering a long 2-path P can share a special leaf
v in T with a second connection (v, w) only if (a) w is in P, (b) P is of length 2, and (c)

u 1s not a leaf in T'.

Proof (a)Suppose wy is the node in P enclosed by (v, w) and uy and ug are two adjacent nodes in
P. Assume for a contradiction that w isnot in P. There is a 2-improvement ((v, u), (v, w); (U1, uz), (w, w1))
in 7. Namely, applying this edge replacement to T" will make u1, 13, and wy leaves but make only
u and v non-leaves. This contradicts the fact that T is a 2-LOT. Therefore w must be in P.

(b) Assume for a contradiction that P is longer than two. Then ((v, u), (v, w); (w, w1), (w, w3))
is a 2-improvement for 7', where wy and wsg are the two neighbors of w in T'. Namely, applying
this edge replacement to T' will make wy, w, and wy leaves and make only v and % non-leaves (See
Figure 7.10). This contradicts the fact that T"is a 2-LOT. Therefore P is of length two.

(¢) Assume for a contradiction that u is a leaf in T’. Note that P is covered by (v,u). Then by
the definition of covering, (v, u) must be in the unique tree path in 7" between the two neighbors
of w in T'. This implies that « must be adjacent to w. Thus ¥ must be a normal leaf adjacent
to the 2-path P of length two made of w and wy. But then ((v,u), (v, w);(wy,w), (w,u)) is a
2-improvement in 7" (See Figure 7.11). Namely, applying this edge replacement to T'will make wy
and w leaves but make only v a non-leaf while © remains a leaf. This contradicts the fact that 7" is
a 2-LOT.

Therefore this lemma is proved. O

Proof of Lemma 7.7.2 By the above lemmata we know that a leaf v in T" will be marked more
than once (at most twice, actually — see Lemma 7.7.12) only if it is shared by a cross connection
e = (v, u) covering a long 2-path P of length two and type 1, and a second connection f = (v, w)
enclosing a node wy in P. Note that u is a special leaf in T. We show that the endpoint u of e
cannot be marked. Let us assume for a contradiction that u is marked. By Lemma 7.7.12, since u
is a special leaf and an endpoint of the cross connection € = (v, u), the node u can only be marked

for a leaf of T” which is saturated by a second connection e;. By Lemma 7.7.12, €1 is exactly
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Figure 7.10: Suppose the cross connection (v,u) covering a long 2-path P shares a leaf v
in 7' with a second connection (v, w). Then w is in P by a of Lemma 7.7.12. If P has size
three or more, then ((v,u), (v, w); (w,w), (w,ws)) is a 2-improvement for 7.

Figure 7.11: Suppose the cross connection (v, u) covering a long 2-path P shares a leaf v in
T with a second connection (v, w). Then w is in P by a of Lemma 7.7.12. By part b, we
have that P is of size two. Suppose wu is also a leaf in 7’. Then « must be a normal leaf
adjacent to P where P is made of w and wy. In this case ((v,u), (v, w); (w1, w), (w,u))is a
2-improvement.
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Figure 7.12: (a) An example of k-LOT with performance ratio % This tree is not a

(k+1)-LOT since the tree in (b) can be obtained by applying a (k4 1)-improvement.

(u, w1 ) which should saturate the node in P other than w. Since both nodes in P are saturated by
second connections, P cannot be covered by any cross connection. This contradicts the fact that P
is covered by e.

Since u is not marked and is an internal node in 7" by part (¢) of Lemma 7.7.12, we can shift
the one of the two markings from v to u. After this shift, each node 1s marked exactly once and we
have marked as many leaves of T as there are leaves in T/ among nodes in long 2-paths and external

short 2-paths. This proves Lemma 7.7.2. O

7.8 Closing Remarks

We believe that the performance ratio of 2-LOTs is better than what we prove and conjecture the

following.
Conjecture 7.8.1 The performance guarantee of 2-LOTs is 2.5.

Papadimitriou and Yannakakis [122] identified a class of NP-hard optimization problems in-
terreducible to one another using approximation-preserving reductions and thus took a step towards
classifying NP-complete problems with respect to hardness of approximating them. They called this
class MAX SNP. Recent work [6] has shown that problems complete for this class do not permit
a fully polynomial-time approximation scheme unless P = N P. It is an intriguing open problem
to determine if the maximume-leaf spanning tree problem is complete for MAX SNP or if it does
allow a (1 + €)-approximation. Along this direction, it would be interesting to examine if we can
use k-LOTs to derive such a polynomial approximation scheme. We have discovered a series of
examples of graphs in which the performance ratio of a k-LOT can be as bad as % for each k > 3.
We present a typical such graph in Figure 7.12. However, we have no proof that this is the worst
possible performance of £-LOTs on any graph.

We mention in passing that the directed version of the problem we considered in which where

we seek an arborescence rooted at some fixed node with the maximum number of leaves 1s also
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NP-complete. This can be easily deduced using a reduction from the undirected problem. We note
that locally optimal algorithms like those we presented for the undirected case perform badly in the
directed case.

Consider the closely related minimum-leaf spanning tree problem where we seek a spanning
tree with the minimum number of leaves. It i1s easy to see that this problem is NP-complete by a
simple reduction from the Hamiltonian path problem. It is natural to ask if techniques similar to
ours can be used to approximate this problem as well. We can use recent results on hardness of
approximating the longest path problem [81] to infer that the minimum-leaf spanning tree problem
is hard to approximate. The key observation is that a spanning tree on n nodes with at most £
leaves contains a path with at least 2n/( edges. This can be shown by considering an Euler tour
of the tree and estimating the longest length of a path between any two consecutive leaves in the
tour. A Hamiltonian graph has a spanning tree with at most two leaves. Any polynomial-time
approximation algorithm with a multiplicative performance guarantee of f can be used to obtain a
spanning tree of a Hamiltonian graph with at most 2 f leaves. By our observation above, this yields
a path in the graph of size at least n/ f. The results of Karger, Motwani and Ramkumar [81] imply
that f is at least 2 (log" = 1) o any € > 1 unless P = N P?.

®Recall that P stands for the complexity class Deterministic Quasi-polynomial time, or

DTIME[nPOWl08 7,
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Chapter 8
Conclusions and Open Issues

We have investigated several important problems arising in the design of networks and provided
approximation algorithms. In the course of proving the performance guarantee of our algorithms,
we have demonstrated the efficacy of three important techniques: the primal-dual technique, local
optimization, and the solution-based decomposition method. Some of the challenging open problems
that remain are to discover more problems for which each of these techniques will be applicable and
to 1solate the underlying structure of problems that makes such a technique relevant to it. We list

below several specific open issues that arose in the course of our work.

o While the result on finding bridge-connected Steiner subgraphs in 2 has been generalized and
studied extensively [52, 61, 90, 154], the result on the biconnected case in this chapter is
the only one known to date. In recent work with D. Williamson [133, 155], we have applied
the primal-dual method to derive a 2H (k)-approximation algorithm for the minimum-cost
k-vertex-connected subgraph problem where H (k) is the k" harmonic number. It is an
intriguing open problem to apply the primal-dual method to general node-survivability prob-

lems.

¢ While the phased approach introduced in Chapter 3 has been taken to its limit [52, 61, 154] in
the recent spate of work, it is unclear whether the performance guarantees achieved in these
papers are best-possible. An important issue that remains is whether there is a more direct,
one-phased approach that yields better performance guarantees for the problems addressed

therein.

o We described in Chapter 4 two important variants of the Steiner problem that are at least as
hard to approximate as the set-cover problem: the directed Steiner problem and the group
Steiner problem. Finding logarithmic approximation algorithms for these two variants are

challenging open problems.
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e Though the algorithms we present in Chapter 5 provided very good approximations, their run-
ning times were quasipolynomial. We believe that our techniques in this chapter can be used
to obtain polynomial-time approximation algorithms with the same performance guarantees.

This is an important open problem resulting from this work.

¢ In Chapter 6, we studied problems in network design involving multiple objectives and pro-
vided the first approximation algorithms for many of them. The most important open prob-
lem resulting from this work is to tighten up the performance ratios in all our results. In this
context, it would be interesting to investigate if the primal-dual method can be applied to
provide such better guarantees and at the same time, provide a more unified framework for

multi-objective problems.

¢ An important issue in the study of multi-objective approximation algorithms is to examine if
there exists algorithms in which performance ratios achievable for different objectives can be

traded off for one another.

¢ In another direction, 1t would be find ways in which the recent non-approximability results

for single-objective problems can be generalized to related multi-objective problems.

o In Chapter 7, we presented a series of local optimization algorithms, and conjectured (See
Conjecture 7.1.4) that algorithms using more powerful local steps perform strictly better. Tt

would be interesting to resolve this conjecture.

¢ An intriguing open problem raised in Chapter 7 is to determine if the maximum-leaf spanning
tree problem is complete for MAX SNP or if it does allow a (1 + €)-approximation scheme. It
would be interesting to examine if there is any relationship between finding such a scheme and
Conjecture 7.1.4. Thus examining if k-LOTs for higher values of k provide such performance

guarantees is an important direction for future work.

e More specifically, one could attempt to resolve Conjecture 7.8.1 that proposes that 2-LOTs

have a performance bound of 2.5 rather than 3 as we prove in Chapter 7.

o There is a natural weighted version of the maximum-leaf spanning tree problem where nodes
are assigned nonnegative weights and the goal is to find a spanning tree in which the leaves
have maximum total weight. No approximation algorithms are known for this problem. It
would be useful to understand if this problem can be attacked using a variant of the local

optimization technique we used for the unweighted version.

The area of approximation algorithms has seen explosive growth over the years when this thesis

has taken shape, and provided much-needed pragmatic answers to the class of impossible-to-solve
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NP-complete problems. We leave the reader with the optimism that this growth will be matched in
the years ahead.
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