
A linear-processor polylog-time algorithm forshortest paths in planar graphsPhilip N. Klein and Sairam SubramanianDepartment of Computer ScienceBrown UniversityProvidence, Rhode Island 02912CS-93-35September 1993





A linear-processor polylog-time algorithmfor shortest paths in planar graphsPhilip N. Klein�Brown University Sairam SubramanianyBrown UniversitySeptember 1, 1993AbstractWe give an algorithm requiring polylog time and a linear number of processors to solve single-source shortest paths in directed planar graphs, bounded-genus graphs, and 2-dimensional overlapgraphs. More generally, the algorithm works for any graph provided with a decomposition treeconstructed using size-O(pn polylog n) separators.

�Research supported by NSF PYI award CCR-9157620, together with PYI matching funds from Honeywell Corporation,Thinking Machines Corporation and Xerox Corporation. Additional support provided by ARPA contract N00014-91-J-4052ARPA Order No. 8225.yResearch supported in part by a National Science Foundation Presidential Young Investigator Award CCR{9047466with matching funds from IBM, by NSF research grant CCR{9007851, by Army Research O�ce grant DAAL03{91{G{0035,and by the O�ce of Naval Research and the Defense Advanced Research Projects Agency under contract N00014{91{J{4052and ARPA order 8225.



1 IntroductionComputing single-source shortest paths with nonnegative lengths, in addition to being a fundamentalproblem in its own right, arises frequently in solving other problems. The sequential algorithms for thisproblem are quite e�cient; they require only slightly more than linear time [1,7,8,14]. Unfortunately,we don't know how to solve this problem as e�ciently in parallel. Polylog-time algorithms using apolynomial number of processors are known, but the processor bounds are large. These algorithms userepeated squaring of n � n matrices, and hence require about n3 processors. Thus the work done bythese algorithms (work = time � number of processors, essentially the total number of operations) farexceeds the work done by the sequential algorithms. An e�cient parallel algorithm for a problem isone that does work exceeding the sequential time by no more than a polylog factor. This polylog factorrepresents the overhead in going from a sequential to a parallel solution.It is a longstanding open problem to �nd an e�cient polylog-time algorithm for shortest paths. Thegap between what we can and cannot achieve is particularly evident when we consider sparse graphs,graphs where the number of edges is a small factor times the number of nodes. For such graphs, thework required by known polylog-time algorithms is essentially the cube of the sequential time required.Put another way, using p processors yields a speed-up of roughly p1=3 instead of p.We give more e�cient randomized polylog-time algorithms for shortest paths in sparse graphs withmoderate edge-lengths.Theorem 1 For m-edge directed graphs with integral nonnegative edge-lengths � L, single-source shortestpaths can be computed in time O(polylog m logL) with m2 processors.Our main result, concerns planar graphs.Theorem 2 For n-node planar directed graphs with integral nonnegative edge-lengths � L, single-sourceshortest paths can be solved in time O(polylog n logL) using n processors.Our proof of Theorem 2 does not depend on planarity. and can be generalized to apply also to any graphsfor which ~O(pn)-node separators1 can be found e�ciently in polylog time, including constant-genusgraphs and two-dimensional geometric overlap graphs.2The best previously known polylog-time algorithm for single-source shortest paths in undirectedgraphs with such separators is that of Pan and Reif [25,26], which does ~O(n1:5) work. Cohen [4] hasgiven an algorithm with similar bounds for the directed case. The previous bounds are no better forbreadth-�rst search, the special case where every edge-length is one.Our shortest-path algorithm applied to planar graphs in particular has several further applications.It can be used to obtain an e�cient polylog-time algorithm for minimum s-t cut in planar graphs, usingJohnson's parallel version of an algorithm of Reif [15,16,27]. In the case when s and t belong to thesame face, we can also e�ciently obtain a maximum s-t 
ow, using the algorithm of Hassin [12]. Bestpreviously known parallel algorithms for these problems relied on the algorithm of Pan and Reif, andhence required ~O(n1:5) work.Breadth-�rst search also has several applications. For example, using our algorithm in conjunctionwith the method of Miller [18], we obtain the �rst polylog-time, linear-processor algorithm for �ndingO(pn) separators in planar graphs. The best NC algorithm previously known was that of Gazit andMiller [9], which takes O(log2 n) time and requires O(n1+�) processors (for any given constant � > 0).31We use the ~O(�) notation to elide polylog factors.2Use of separators in (sequentially) computing shortest paths was pioneered by Frederickson [6].3Their algorithm can also be used to �nd separators of size O(pn polylog (n)) using only O(n) processors. Indeed, weuse this in our algorithm. 1



Another application of parallel breadth-�rst search is in implementing in parallel a method due to Baker[3] for approximation schemes for a variety of problems in planar graphs. Her method involves doinga breadth-�rst search on a graph derived from the planar input graph. Since the graph still has smallseparators, our method applies. The second stage of her method involves solving the problem exactlyon k-outerplanar graphs. This stage can be done e�ciently in parallel using the algorithm of Lagergren[20]Our method also provides an algorithm for multiple-source reachability in directed graphs with sepa-rators. This generalizes the result of Kao and Klein [17] on planar graphs (see also Guattery and Miller[11]).We can extend the algorithm presented here to handle negative lengths, as long as no negative-lengthedge appears in a directed cycle. Using this algorithm, we can solve longest-path in a dag and, by usingthe technique of Hassin and Johnson [13], we can �nd the maximum 
ow in an undirected network wheres and t are not necessarily on the same face, both in polylog time using a linear number of processors.The top-level description of our shortest-path algorithm is as follows. We show that the exact shortest-paths problem can be quickly and e�ciently reduced to a certain kind of approximate shortest-pathproblem. The reduction resembles a scaling algorithm due to Gabow [24] for shortest paths. To solve theapproximate problem, we show how to construct a graph in which shortest-path distances approximateshortest-path distances in the original graph, and in which for every pair of nodes v; w a shortest pathfrom v to w exists that has only a polylog number of edges. As Cohen observed [4], a simple parallelvariant of the Bellman-Ford algorithm then su�ces to quickly �nd shortest paths in such a graph fromany given source. To construct this graph, we use similar but denser graphs on the separators. This ideawas used by Lingas [22] in the context of breadth-�rst search and later by Cohen [4] for shortest-paths.However, in [4] the dense graphs on the separators were simply complete graphs where there was andirect edge uv representing the shortest path from u to v. In our algorithm, we too use a graph inwhich each edge represents a path, but the shortest path may consist of more than one edge. We callthis graph a summary of the original graph. Summaries are formally de�ned in Subsection 2.4. Ourmain subprocedures, outlined in Section 3, operate on summaries. Since a summary is typically dense,naive approaches to manipulating a summary would be too expensive. The key idea of our approach,incorporated into Lemma 7, uses the fact (see Subsection 2.7) that in a dense summary of a sparsegraph, many pairs of edges represent intersecting paths of the original graph. This fact provides thebasis for e�ciently searching a summary.For an initial overview, the reader is directed to the introductory text of Subsection 3.2, followed bythe introductory material of Subsection 3.1.2 The ingredientsFor a graph G, we use V (G) to denote the nodes of G, and jGj to denote the number of edges in G.An r-edge path is one with at most r edges.SeparatorsFor a graph G and a node-subset S, an S-balanced node-separator is a set of nodes whose removalbreaks G into two pieces such that each piece contains at most an � fraction of the nodes of S (forsome suitable constant 1=2 � � < 1). Several families of graphs have such separators of size O(pn)where n is the number of nodes in the graph. Examples include planar graphs [23], bounded-genusgraphs [10], two-dimensional overlap graphs [19], and graphs excluding a �xed graph as a minor [2].Of these families, for all but the last there are polylog-time algorithms for �nding such separators. Ifone is willing to settle for separators of size O(pn polylog (n)), the algorithm of Gazit and Miller [9]for planar graphs requires only a linear number of processors. By iterated use of this algorithm, one2



can �nd such a separator in constant-genus graphs (though the bound is not as good as that in [10]).Separators of size O(pn) can be found for overlap graphs by an algorithm using only a linear numberof processors [19].2.1 Decomposition treeLet G be a constant-degree graph all of whose subgraphs belong to such a separator family. Byrepeatedly �nding separators, one obtains a decomposition of G. Following tradition, we �nd it usefulto represent the structure of the decomposition by means of a rooted tree, the decomposition tree. Werefer to vertices of the decomposition tree instead of nodes in order to avoid confusion with the nodes ofG. Each vertex v of the decomposition tree is labeled with a node-induced subgraph G(v) of G, calledthe pertinent graph of v, and a subset S(v) of the nodes of G(v), called the splitting set of v. EssentiallyS(v) consists of the nodes used to separate G(v), together with the nodes of G(v) used in separatorsbelonging to ancestors of v.We de�ne the decomposition tree recursively as follows. Suppose S is a subset of G's nodes such thatjSj = ~O(pn). If G contains only one node, then the decomposition tree for G and S consists of a singlevertex v labeled with pertinent graph G and splitting set S. Otherwise, let X be a separator for G thatbreaks G into up to three pieces such that each piece contains at most an � fraction of the nodes ofG and S.4 Let G1; G2; G3 be the pieces with the separator nodes X added to each. For i = 1; 2; 3, letSi = (X [ S) \ V (Gi). Let Ti be the decomposition tree for Gi and Si. Then the decomposition treefor G and S is obtained from T1 [ T2 [ T3 by adding a new vertex v labeled with G and with splittingset S [X , and having as its three children the roots of T1, T2, and T3.The point of the splitting sets is as follows. Let G0 be the pertinent graph of the root. A path inG0 cannot \escape" a pertinent graph G(v) without �rst passing through a node of the splitting set ofv's parent p(v). More formally, S(p(v) separates G(v)� S(p(v)) from the rest of G0. We call this thesplitting property of the decomposition tree with respect to the graphs G(�).A vertex v in the tree is said to be in level i if the distance of v from the root of the tree is i. LetT (G0) be the decomposition tree for G0 and the empty set. Let N = jV (G0)j. It is not hard to showthat T (G0) has the following properties:- The number of levels in the decomposition tree is O(logN), and- For each level i, the sum of the sizes of the pertinent graphs at that level is O(N), and the sum of thesquares of the sizes of the splitting sets is ~O(N).2.2 Reducing exact to approximate shortest pathsGabow's scaling algorithm computes single-source shortest paths in a graph with maximum edge-length L by solving a series of logL instances (involving the same graph) in which each shortest-pathdistance is guaranteed to be at most N , the number of nodes. For such an instance, any edge whoselength exceeds N is super
uous and can be discarded. By using this reduction, we can assume henceforththat the sum of edge-lengths is at most N3. This observation was made by D. Karger.Next we show how to reduce an exact problem of this form to an approximate problem of the sameform. The reduction again uses the idea of Gabow's scaling algorithm, namely modifying edge-lengthsaccording to node prices derived from a previous shortest-path calculation.We de�ne the (1 � �)-approximate shortest path problem to be computing distance estimates d(v)from a given root such that (a) there is an auxiliary graph containing the nodes and edges of theinput graph and such that the estimates are exact shortest-path distances in the auxiliary graph, and(b) if the distance in the original graph between two nodes is d, the distance in the auxiliary graph4It is easy to see that such a separator can be obtained by �rst �nding a G-balanced separator and then �nding anS-balanced separator in the piece that contains more than half the nodes of S.3



is between (1 � �)d and d. We now prove that the single-source shortest path problem is e�cientlypolylog-time-reducible to the 12 -approximate shortest path problem.Lemma 1 Single-source directed shortest paths in a graph with nonnegative integral lengths and maximumshortest-path length D can be solved using logD calls to an algorithm for computing 12 -approximate shortestpaths in the same graph (with di�erent nonnegative integral lengths)Proof : We give a recursive algorithm and show it has recursion depth logD. The algorithm �rstcomputes distance estimates d(v) from the source. If these estimates are all zero, then by property (b)of the estimates, the exact distances are all zero. Otherwise the algorithm recursively computes exactshortest-path distances bf (v) in a graph with lengths `(uv) de�ned byb̀(uv) := `(uv) + dd(u)e � dd(v)eFinally the algorithm computes exact shortest-path distances f(v) in the original graph by settingf(v) = bf(v) + dd(v)e.The correctness of this procedure is proved as follows. For any node x and any path P from thesource to x,b̀(P ) = Xuv2Pdd(u)e+ `(uv)� dd(v)e= dd(source)e+ `(P )� dd(x)e (1)Since dd(source)e = 0, it follows that the shortest path to x indeed has length f(v).Next we show that the new lengths b̀ are nonnegative. For any edge uv of the original graph, theu-to-v distance in the auxiliary graph is clearly at most `(uv), so we have d(v) � d(u)+ `(uv). It followsthat dd(v)e � dd(u)e+ `(uv), so b̀(vw) � 0.To show that the recursion depth is logD, it su�ces to show that the maximum shortest-path distancewith respect to the lengths b̀ is at most D=2. For any node x, let P be a shortest path to x accordingto lengths `(uv). By property (b) of the distance estimates, dd(x)e � (1 � 12)`(P ). Hence by (1), thedistance to x according to lengths b̀(uv) is at most `(P )=2. 22.3 Limited Bellman-Ford search from a source-pathGiven a graph G with a source, and given a positive integer r, we consider the problem of computing,for each node v, the shortest source-to-v path consisting of at most r edges. As was observed byCohen [4,5], this problem can be solved in O(r log jGj) time and O(rjGj) work by a variant of theBellman-Ford algorithm. We initialize all distance estimates d(v) to 1, except that d(source) = 0.In parallel, we relax all the edges in G, i.e. we compute new distance estimates d0(v) by settingd0(v) := minout-edges uv d(u) + `(uv) for each node v. A simple induction shows that after this step isrepeated r times, the resulting distance estimates are as desired.We now show how to adapt this idea to give a shortest-path procedure that �nds approximate r-edgedistances in a graph G to a path P = �1 : : : �s.Lemma 2 There is a procedure that takes as inputs a graph G, a path P in G, a positive integer r, adistance bound d�, and an error parameter �. The procedure computes the following for each ordinary nodev in G and each distance d � d� that is a multiple of �d�:(A) either a node � in P such that(1) there is a v-to-� path of length at most d, and(2) for every node �0 occurring before � in P , every4



v-to-�0 path consisting of at most r edges has lengthmore than d� �d�,(B) or 1, if there is no v-to-P path of length at most d and size at most r.The procedure takes time O(r logm) and work O(m��1r2), where m is the number of edges in G.First the procedure discards edges of length more than d�, as such edges obviously do not participatein paths of length at most d�. Next it uses rounding to replace the edge-lengths with small integers. Let`(vw) denote the length of edge vw, and de�ne b̀(vw) := d`(vw)=�e, where � = �d�=r. Let i� = r��1,and note that b̀(vw) � i�.Let the source-path be P = �1�2 : : :�s. We give a procedure using lengths b̀(�) that computes a tableTv of size i� + 1 for every node v, satisfying the following correctness condition: for each nonnegativei � i�, Tv[i] is the minimum index j such that there is a v-to-�j path of length at most i and size atmost r. If there is no such index, Tv[i] =1.Before giving this procedure, we show how it can be used to prove Lemma 2. For any distance d � d�that is a multiple of �d�, let i = dd=�e. Then for a node v, if Tv[i] is 1 then there is no no v-to-Ppath of length at most d and size at most r. If Tv[i] = j then there is a v-to-�j path that has b̀-lengthat most d=�. Hence �j satis�es (1) of Lemma 2. Moreover, for any �0 occurring before �j in P , everyv-to-�0 path Q of size at most r satis�esi < Xvw2Qd`(vw)=�e � ( Xvw2Q `(vw)=�) + rSubstituting for i and � yields `(Q) > d� �d�. Hence �j satis�es condition (2) of Lemma 2.Now we give the procedure. To initialize the tables, for every i we set Tv[i] :=1 for all nodes v notin the path P , and set T�j [i] := j for nodes �j in the path.The basic step is relaxing all edges by simultaneously updating each table Tv as follows.T 0v[i] := minfTv[i];minfTw[i� `(vw)] : `(vw) � igg: (2)It is a simple induction on r to show that, after r iterations of applying (2) to all the nodes of Gsimultaneously, the correctness condition holds. Each of these r iterations requires time O(logm) andwork O(i�m), where m is the number of edges of G. Substituting for i� yields the bounds of Lemma 2.A similar procedure can be used to compute r-limited shortest-paths from P to the nodes of G.2.4 SummariesA summary H of G is a graph consisting of nodes of G (ordinary nodes) and segment nodes. Eachsegment node is a copy of some node of G. We de�ne all such copies to be distinct.5 Each edge uv of Hcorresponds to a path in G between the nodes corresponding to u and v. Note that distinct edges neednot map to disjoint paths. The mapping from edges of H to paths of G is represented by a derivationdag, described later.The segment nodes of H are partitioned into disjoint paths, called segments. The only edges in Hbetween segment nodes are the edges belonging to the segments. These edges are called segment edgesto distinguish them from ordinary edges, which connect ordinary nodes to segment nodes or to otherordinary nodes. The segment graph of H is the graph obtained by coalescing each segment into a singlenode. A supernode of H is either an ordinary node or a segment. Thus the nodeset of the segment graphof H consists of the supernodes of H . Note that the segment graph may have multiple edges betweenthe same endpoint. Note also that it has no edges between segments. We de�ne the edge-multiplicity ofthe segment graph to be equal to the maximum number of edges between any two nodes of the segmentgraph.5Hence when two summaries are unioned, segment nodes are never coalesced, as happens to ordinary nodes appearingin both summaries. 5
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Figure 1: Augmenting a segment with jump edges.A hop in H is a path from one ordinary node to another all of whose internal nodes are segmentnodes belonging to a single segment. Since there are no edges between segments, any path in H betweenordinary nodes can be decomposed into hops. A k-hop path is one consisting of at most k hops.2.5 Applying limited Bellman-Ford to a summaryIn computing limited shortest paths in a summary, we cannot a�ord to spend lots of time traversingthe many edges in a segment. For purposes of computing shortest paths, therefore, we shall assume thesegments have been augmented with jump edges as shown in Figure 1. Each jump edge is assigned alength equal to the sum of the lengths jumped, so distances are not a�ected. These jump edges havethe property that any subpath of the segment can be replaced by a path of at most 2 log s jump edges,where s is the size of the segment. Moreover, given any subset X of the nodes of the segment, there isa node-induced subgraph consisting of jX j logs nodes and 2jX j logs edges that has the same propertywith respect to X : any path in the original segment starting and ending at nodes of X can be replacedby a path in the subgraph consisting of at most 2 log s edges. This is called the subgraph relevant toX . We assume in the following lemmas that the segments of the input summary H have been thusaugmented. We also assume that su�cient preprocessing has taken place that, given a subset X of thenodes of a segment, it is easy to obtain the relevant subgraph. We omit the details.Lemma 3 Given an augmented summary H and a source node v of H , k-hop-limited shortest paths to allordinary nodes of H can be found in time O(k log2 n0) and work O(km log3 n0), where n0 is the number ofnodes in H and m is the number of ordinary edges.Proof : In order to achieve a work bound that depends only on the number m of ordinary edges, ratherthan on the total number of edges in the summary, we must restrict our attention to only some ofthe segment nodes and edges. Call a segment node active if it has incident ordinary edges. For eachsegment, we consider only the subgraph relevant to the segment's active nodes. hence the total numberof nodes and edges under consideration is O(m logn0). By applying limited Bellman-Ford search fromthe source node v with r = 2k logn0, we obtain the desired shortest paths. 2Next we make use of the shortest-path approximation algorithm of Lemma 2 for searching from apath. Our goal is to construct a representation of nearly shortest k-hop paths that go through the path.Lemma 4 There is a procedure that, given an augmented summary H , a distance bound d�, an accuracyparameter �, an ordinary path P in H of length at most �d�=4, and a positive integer k, constructs a P -substitute for H , consisting of a copy P 0 of P and a set of pseudoedges between ordinary nodes and nodesof P 0, with the following properties: 6
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1 2 PFigure 2: The P -substitute satis�es correctness properties (III) and (IV).I. Each ordinary node has O(��1) pseudoedges to and from P 0.II. Each edge in P 0 has cost 1� � times the corresponding edge in P .III. Each pseudoedge corresponds to a path in H and has length 1� � times the length of the path.IV. For ordinary nodes v and w, if there is a v-to-w path of length d 2 [d�=2; d�] consisting of at mostk hops and containing a node of P , then there is a v-to-w path of length at most d consisting of apseudoedge, followed by a subpath of P 0, followed by a pseudoedge.The procedure constructs the P -substitute in time O(k log2 n0) and work O(m��1k2 log3 n0), where n0 isthe number of nodes in H .Proof : As before, we consider only relevant subgraphs of active nodes within each segment, so thenumber of edges under consideration is O(m logn0). The procedure to construct the P -substitute is asfollows. Apply the procedure of Lemma 2 to H 0 with r = (2 + 2 logn0)k, distance bound d�, and errorparameter �� = �=8. For each ordinary node v we construct ���1 outgoing edges, one for each distanced � d� that is a multiple of ��d�. The edge corresponding to distance d is v�, where � is the copy in P 0of the node of P satisfying (1) and (2) of Lemma 2, namely:(1) there is a v-to-� path of length at most d, and(2) for every node �0 occurring before � in P , every v-to-�0 path consisting of at most r edges has lengthmore than d� ��d�.The length assigned to the pseudoedge is 1 � � times the length of the path it represents, namely thepath of (1). For those d for which (Lemma 2,B) holds, there is no corresponding pseudoedge.We have described the construction of outgoing pseudoedges. Incoming pseudoedges are constructedanalogously. The time and work for this procedure are dominated by the time and work required bythe two calls to the procedure of Lemma 2. The bounds of Lemma 4 therefore follow.Now we show the construction satis�es the correctness properties. Properties (I) and (II) are im-mediate. Let Q be a v-to-w path of length between d�=2 and d� consisting of at most k hops andcontaining a node � of P . Write Q = Q1�Q2, and let d1 = d`(Q1)=��d�e��d�, and d2 = d`(Q2)=��d�e��d�.7



Let v�1 be the outgoing pseudoedge in the substitute that corresponds to distance d1, and let �2w bethe incoming pseudoedge that corresponds to distance d2. By construction `(Q1)���d � d1 � `(Q1)+��dand `(Q2) � ��d � d2 � `(Q2) + ��d. Therefore by condition (2) of Lemma 2 (as shown in Figure 2) �occurs no earlier than �1 and no later than �2 on P . Thus �1 occurs no later than �2 on P . Let P 00 bethe subpath of P 0 from �1 to �2. The path consisting of the pseudoedge v�1 followed by P 00 followed by�2w has length at most (1� �)[d1 + d2 + `(P )], which is at most `(Q). 22.6 The derivation dagIn manipulating a summary H of a graph G, it is useful to maintain the mapping from edges ofH to paths in G. A derivation dag for a graph G and summary H is a directed acyclic graph (dag)whose vertices represent paths in G. The vertices with no predecessors represent edges of G. Everyother vertex v has an ordered pair of predecessors; the path represented by v is the path obtained bycomposition from the paths represented by v's predecessors. We require that for each edge of H thecorresponding path of G is represented by some vertex in the derivation dag. For brevity, we abusethe terminology and say that the edge of H is represented by the vertex. We also require that the thederivation dag be shallow and not be much bigger than the graph G. In particular, the derivation dagshould have depth polylogarithmic in jGj and size ~O(jGj). Here depth is the maximum number of edgesin a directed path in the dag.In connection with a derivation dag, we will use the term constructing a path P to mean adding tothe dag a vertex representing P (including adding arcs and additional vertices as needed.) We shall haveneed on occasion to construct a subpath P 0 of a path P already represented. This is facilitated by thefact that one can always �nd a logarithmic number of paths represented in the dag whose compositionis P 0.Given a set of edges in the summary H , one can use a downward sweep of the derivation dagto determine the set of underlying edges of G belonging to the corresponding paths. The time isproportional to the dag's depth (which is O( polylog jGj), and the work is proportional to its size(which is ~O(jGj). Other such operations can similarly be performed using a constant number of upwardand downward sweeps. We omit the details.2.7 Near-coversThe edges of a summary H of G need not map to disjoint paths in G. We say two edges of Hintersect if the corresponding paths in G share a node. We say G is sparse if every subgraph of G hasat most c times as many edges as nodes, where c is a constant. For example, constant-degree graphsand planar graphs are sparse. If G is sparse but H is dense, it intuitively follows that many of theedges of H intersect. We use this idea in the lemmas below, which are the basis for our shortest-pathapproximation algorithm.The following lemma can be proved using an argument due to Leighton [21] for lower-bounding thecrossing number of a graph.Lemma 5 Let H be a summary of a sparse graph G. Suppose the segment graph of H has m edges andn nodes and maximum edge-multiplicity 1, and m = 
(n). Then 
(m3=n2) pairs of ordinary edges of Hintersect.A near-cover of H is a set of ordinary edges A such that at least half the ordinary edges of H intersectsome edge in A. As a corollary of Lemma 5 we can get the following bounds on the size of a near-coverfor the summary H :Corollary 1 Let H be a summary of a sparse graph G. Suppose the segment graph of H has m edges andn nodes and maximum edge-multiplicity r, and m = 
(rn) Then a near-cover of H of size O(r2n2=m) canbe found in expected time O(polylog jGj) and work O(r(jGj+ jH j) polylog jGj).8



3 The shortest-path approximation algorithmIn this section we describe our randomized algorithm for single-source shortest path approximation.Throughout this section we use G0 to denote the (sparse) input graph, and N to denote jV (G0)j.Throughout this section we assume (as justi�ed in Subsection 2.2) that the sum of the edge lengthsof G0 is at most N3. We use G to denote a subgraph of G0. Our goal is an algorithm that requiresO(polylog N) time and uses N processors. It is su�cient to give an algorithm requiring O(polylog N)time and O(N polylog N) work, because then the processor bound can be reduced to N at the expenseof increasing the running time by an O(polylog N) factor.We want the correctness and running time of our algorithm to hold with high probability, i.e. withprobability 1�N�c, where c is any given constant. For this reason the time bounds for our proceduresdepend on logN . For example, the procedure of Corollary 1 for �nding a near-cover in a graph Gtakes expected time O(polylog jGj). By having this procedure start over whenever its running timesigni�cantly exceeds the expected time, we get a procedure that only starts over O(logN) times withhigh probability, for a total running time of O(polylog N).For an accuracy parameter �, the algorithm computes (1 � �)O(log2N)-approximate shortest-pathdistances. We therefore assign � := �(1= log2N) so as to get 12 -approximate distances. Our proceduresalso refer to a parameter k, a limit on number of hops as in Lemma 3 and 4. In order to achievecorrectness with high probability, we assign k := ĉ logN where ĉ is a constant to be determined.We use H to denote a summary of G, and we use n andm to denote the number of nodes and edges inthe segment. For every summary H under consideration, each segment has O(��1n) nodes and at mostO(��1) edges to and from each ordinary node (cf. Lemma 4). Hence the maximum edge-multiplicity ofthe segment graph of H is O(��1). We use Vo(H) and Vs(H) to denote, respectively, the set of ordinarynodes of H and the set of supernodes of H (nodes of the segment graph of H).For a set S of nodes, S-distances are the shortest-path distances (in a given graph) between pairs ofnodes in S. An (1� �)-accurate underestimate of a distance d is an estimate between (1� �)d and d;the de�nition of an (1 + �)-accurate overestimate is analogous.Lemma 6 Consider two graphs, A and B, where V (A) \ V (B) = V 0. Suppose that V 0-distances in Bare (1� �2)-accurate underestimates of V 0-distances in A, and, for some S � V (A), S-distances in A are(1� �1)-accurate underestimates of some other set of distances �. Then1. V (A)-distances in A [B are (1� �1)(1� �2)-accurate underestimates of �, and2. V -distances in B equal V -distances in A [ B.3.1 Reducing the size and diameter of a summaryThis subsection contains the core of our algorithm for shortest-path approximation. In particular,we describe two procedures, Compact and SmallPath. The �rst takes as parameters a summaryH and a node-subset S, and produces a summary whose size is proportional to S that approximatesdistances in H . The second takes a summary H and produces another summary of size proportional tothat of H that approximates distances in H and that obeys the following crucial property: for any twoordinary nodes u and v, if there is a u-to-v path in the output summary, there is a shortest such paththat consists of only O(log2N) hops.Both these procedures are based on a random-sampling technique due to Ullman and Yannakakis[28], combined with our procedure Abbreviate. Intuitively, the goal of Abbreviate is to search k-hop paths between n nodes in a summary H with m edges. Naively this would take work proportionalto nm, where m is typically around n2. Our method performs the search in around n2 work, using9



the fact that the summary has a near-cover of size roughly n2=m. Namely, it �nds a near-cover andreplaces its edges with paths; it then does searches both to and from all these paths using the procedureof Lemma 4, e�ectively searching all k-hop paths that intersect the edges of the near-cover. The workfor the search is roughly m per path, for a total of roughly n2. In order to search the paths that do notintersect the edges of the near-cover, it deletes the edges intersecting the near-cover and recurses.Lemma 7 There is a procedure that given a distance bound d� and a summary H such that no ordinaryedge in H has length more than d� produces a summary bH with the following properties:A1: V (H) \ V ( bH) is the set of ordinary nodes of H .A2: bH has at most maxf0; n=4 logN � cn2=�3mg segments, where c is a constant.A3: For u; v 2 V0(H), if the u-to-v distance in H is d such that d�=2 � d � d�, the u-to-v distance in bHis at least (1� �)d.A4: For u; v 2 Vo(H), if there is a k-hop u-to-v path of length d in H such that d�=2 � d � d�, then theone-hop u-to-v distance in bH is at most d.The procedure runs in time O(k polylog N) and requires work O((jGj + k2��4n2) polylog N) with highprobability.Proof : The procedure is recursive. The base case is when the number of ordinary edges is 8cn��3 logN .In this case, the procedure uses the procedure of Lemma 3 to �nd k-hop-limited shortest paths fromevery ordinary node to every other ordinary node. The graph bH consists of the ordinary nodes of H ,together with an edge vw for every pair of ordinary nodes such that a limited shortest path was foundfrom v to w; the length of the edge is taken to be the length of the path. In this case, properties (A1)through (A4) clearly hold. From lemma 3 it can be seen that the time required for this computation isO(k log2 n0) and the work required is O(k2n2��3 log3 n0 logN).The recursive case is as follows. First it uses the procedure of Corollary 1 to �nd a near-cover A ofsize cn2=4�2m for H (this is where c is determined), i.e. a set of ordinary edges of H that intersect atleast half the ordinary edges. Let H 0 be the summary obtained from H by deleting all the intersectededges. Letm0 be the number of ordinary edges of H 0. Since A is a near-cover,m0 � m=2. The procedurecalls itself recursively on H 0, returning a summary bH 0. By the inductive hypothesis,A10: V (H) \ V ( bH 0) = V0(H):A20: bH 0 has at most maxf0; n=4 logN � cn2=�3m0g segments.We will show how the procedure obtains bH from bH 0 by adding cn2=�3m segments and putting in edgesbetween these segments and the ordinary nodes. Thus property (A1) will hold. The number of segmentsin bH will be maxf0; n=4 logN � cn2=�3m0g + cn2=�3m. , which is at most maxfcn2=�3m;n=4 logN �cn2=�3mg since m0 � m=2. Moreover, since m > 8cn��3 logN (else the base case applies), the secondterm of the maxfg dominates the �rst. Thus (A2) holds.As for (A3) and (A4), the u-to-v paths in H not represented in H 0 (and hence not represented in bH 0)are those containing edges intersecting A. The added segments will help represent these paths. Recallthat an ordinary edge e is said to intersect an edge a 2 A if the path in G that e represents sharesa node with the path that a represents. Using the derivation dag, the procedure determines one suchnode ve for each intersected edge e. For each such node, the procedure determines one edge a 2 Awhose path contains the node. We say that node is essential to a.Next the procedure uses the derivation dag to process the paths represented by the edges in A. Itdecomposes these paths into node-disjoint subpaths of length at most �d�=4. Since each edge has length10
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Figure 3: Constructing HA from H .at most d�, each of the cn2=4�2m paths gives rise to at most 4=� subpaths, for a total of cn2=�3msubpaths. The procedure applies a splicing operation to each such subpath, splicing out all inessentialnodes. When edges are merged due to splicing, their lengths are summed, so the distances betweenessential nodes are maintained. The spliced subpaths will be segments in bH .In order to determine which ordinary edges to include in bH, the procedure �rst constructs an auxiliarygraph HA from H , and then applies the procedure of Lemma 4 to it. The auxiliary graph is obtainedfrom H by adding the spliced subpaths and some edges between them and the ordinary nodes. Theseare determined as follows. The procedure processes the paths Pe represented by the intersected edgese. For each such path Pe, the procedure constructs the two subpaths P 0e and P 00e obtained by splittingPe at the node ve. Since ve is essential to one of the paths represented by the edges in A, a copy of itappears in one of the spliced subpaths. The procedure adds to HA the edges e0 and e00 correspondingto P 0e and P 00e , attaching these edges to the copy of ve, as shown in Figure 3.Next the procedure calls the procedure of Lemma 4 to �nd P -substitutes for each of these subpathsP . These P -substitutes are added to bH 0 as segments to obtain bH . As before, we splice out segmentnodes that have no ordinary edges attached to them. Thus the number of segments added is cn2=�3mas required. The amount of work required to construct one P -substitute is O(m��1k2 log3 n0), so theamount of work required to construct cn2=�3m substitutes is O(ck2n2��4 log3 n0). Since the depth ofrecursion is logarithmic, the lemma follows. 2Corollary 2 There is a procedure abbreviate that from a summary H produces a summary bH with thefollowing properties:B1: V (H) \ V ( bH) = V 0:B2: bH has at most n=4 segments.B3: For u; v 2 V 0, if the u-to-v distance in H is d, the u-to-v distance in bH is at least (1� �)d.B4: For u; v 2 V 0, if the k-hop u-to-v distance in H is d, then the one-hop u-to-v distance in bH is at mostd. 11



The procedure runs in time O(k polylog N) and requires work O((jGj + k2��4n2) polylog N) with highprobability.Proof : The procedure Abbreviate is as follows. Let Hi be the subgraph of H consisting of edges oflength at most N3=2i. There are at most 3 logN nonempty subgraphs. The procedure simply appliesthe procedure of Lemma 7 to each Hi with the distance bound d� = N3=2i, and unions the resultsbHi to form the summary bH . The only nodes the bHi's have in common are the ordinary nodes of H .Properties (B1) through (B3) are immediate from properties (A1) through (A3) of Lemma 7.As for property (B4), let P be a k-hop u-to-v path in H , such that N3=2i+1 � l(P ) � N3=2i. Surely,P exists in Hi. Furthermore, d�=2 � l(P ) � d� (where d� = N3=2i). Hence by property (A4) theone-hop distance in bHi (and hence in bH) is at most the length of P . This proves property (B4). Thework bound follows from the fact that there are at most 2 logN calls to the procedure of lemma 7. 2Now we introduce the random-selection technique of Ullman and Yannakakis [28]. Let H be asummary of G. For each pair of ordinary nodes u; v, let us designate a shortest u-to-v path Puv . Fora summary H of G, suppose we randomly select a subset consisting of half the ordinary nodes of H .De�ne a gap to be a path with no internal nodes being selected. Say a gap is large if it consists of atleast k hops, where k is the global we de�ned to be ĉ logN for a constant ĉ. The following propositiondetermines the value of ĉ.Proposition 1 With high probability, no designated path Puv contains a large gap.Proof : For each Puv and each ordinary node w in Puv , consider the ĉ logN -hop subpath of Puv startingat w. Say this subpath fails if it is a gap. One can show that the probability of a subpath failing isexp(�
(ĉ logN)). Since there are at most N3 of these subpaths, the probability that any fail is at mostN3 exp(�
(ĉ logN)). By choice of the constant ĉ, therefore, one can ensure that with high probabilityno subpath fails. 2Lemma 8 There is a procedure Compact that, given a summary H and a subset S of the ordinary nodesof H , produces a summary HS that with high probability has the following properties:C1: S-distances in HS are (1 � �)log8=7 n-accurate underestimates of S-distances in H , where n is thenumber of supernodes in H .C2: HS has at most 8jSj supernodes.The procedure runs in time O(polylog N) and work O(jGj+ ��4n2) polylog N) with high probability.Proof : If jSj � n=8, then H itself obeys (C1) and (C2), so the procedure returns H . Otherwise, theprocedure selects a random subset consisting of half the ordinary nodes of H . Also consider the nodesof S as selected. The procedure applies Abbreviate to H , obtaining bH. The procedure constructs H 0from bH by deleting all the ordinary nodes that were not selected. Finally the procedure obtains HS byrecursing on H 0.The proof of correctness is by induction on n. By (B2) of Corollary 2, H 0 has n=4 segments. H 0 hasat most jSj+ n=2 ordinary nodes, and jSj < n=8, so H 0 has a total of at most 78n supernodes. By theinductive hypothesis, HS has at most 8jSj supernodes so property (C2) holds.By the inductive hypothesis, S-distances in HS are (1 � �)(log8=7 n)�1-accurate underestimates ofS-distances in H 0. We claim that with high probability S-distances in H 0 are (1� �)-accurate underes-timates of S-distances in H . It follows that property (C1) holds.12



It remains to prove the claim. It follows from (B3) that S-distances in bH and hence in H 0 are noless than 1 � � times the corresponding distances in H . We must prove that they are no greater thanthe corresponding distances. By Proposition 1, for every u; v 2 S there is a shortest u-to-v path Puvthat decomposes into subpaths, where each subpath consists of at most k hops and starts and ends atselected nodes. By property (B4), for each such subpath there is a one-hop path in bH with the sameendpoints and having no greater length. Since H 0 contains all segments in bH and all selected nodes,each such one-hop path is contained in H 0. This proves the claim. 2Lemma 9 There is a procedure SmallPath that from a summary H produces a summary H� that withhigh probability has the following properties (n is the number of supernodes in H):D1: Vo(H)-distances in H� are (1� �)log4=3 n-accurate underestimates of Vo(H)-distances in H .D2: For any ordinary nodes u; v, a shortest u-to-v path exists in H� that consists of at most O(logN logn)hopsD3: H� has at most 2n supernodes.The procedure runs in time O(polylog N) and work O(jGj+ ��4n2) polylog N) with high probability.Proof : As in Lemma 8, the procedure selects a random subset of half the ordinary nodes of H . Thenthe procedure applies Abbreviate to H with k = c logN , obtaining bH . The procedure obtains asubgraph H 0 of bH by deleting all unselected ordinary nodes. The procedure calls itself recursively onH 0, obtaining H 0�, and returns the union H� = H [H 0�.By (B2),H 0 has n=4 segments. It has at most n=2 ordinary nodes, so it has at most (3=4)n supernodesin total. By (D3) of the inductive hypothesis applied to H 0, jVs(H 0�)j � 2(3=4)n. The only supernodesin H� that are not in H 0� are the unselected ordinary nodes, and there are at most n=2 such nodes.Thus the total number of supernodes in H� is at most 2(3=4)n+ n=2 = 2n. Thus property (D3) holds.Since H� contains H as a subgraph, clearly Vo(H)-distances in H� are no greater than the corre-sponding distances in H . Conversely, (B3) implies that Vo(H)-distances in bH are at least 1 � � timesthe corresponding distances in H , and so certainly distances in H 0 between ordinary nodes are at least1� � times the corresponding distances in H , since H 0 is a subgraph of bH . By (D1) of the inductive hy-pothesis, distances in H 0� between ordinary nodes are at least (1� �)(log4=3 n)�1 times the correspondingdistances in H 0, and hence at least (1� �)log4=3 n times the corresponding distances in H , proving (D1).It remains to prove (D2). We use an argument like that used in the proof of Lemma 8.Claim 1 For any path Q in H [H 0� between ordinary nodes, there exists an equally short path Q0 with thesame endpoints such that every subpath of Q0 consisting of at least c logN hops contains a node in H 0�.Proof: Write Q = Q1v1Q2v2 � � �vf�1Qf , where the vi's are the selected nodes. Then each Qi notcontained in H 0� belongs wholly to H . Replace each such Qi with the designated shortest path Puvwith the same endpoints. The claim follows by Proposition 1.Property (D2) follows by induction from the following claim.Claim 2 For any path Q in H [ H 0� between ordinary nodes, there exists an equally short path Q00 thateither consists of at most c logN hops or else consists of at most c logN hops followed by a path wholly inH 0� followed by at most c logN hops.Proof: Let Q0 be the path of Claim 1. If Q0 consists of at most c logN hops, we are done. Otherwise,it contains a �rst selected node u and a last selected node v; moreover, the pre�x of Q0 ending at u hasat most c logN hops and similarly for the su�x of Q0 starting at v. By Lemma 6, the u-to-v subpathof Q0 can be replaced by a path lying wholly in H 0�. 213



3.2 Constructing a graph with small diameterOur goal in this subsection is to solve the 12 -approximate shortest-path problem: given a graph witha source, compute distance underestimates from the source to each of the nodes. These estimates mustbe actual shortest-path distances in some graph. It follows from Lemma 1 that our algorithm to thisproblem yields an algorithm of comparable performance for the exact shortest-path problem.Given a graph G0, our goal is to construct a graph G0 that is not too much bigger than G0, suchthat V (G0)-distances in G0 are (1 � �)O(log2 N)-underestimates of V (G0)-distances in G0 itself, andsuch that for any nodes v; w 2 V (G0), if a shortest v-to-w path exists in G0, one exists that has onlyO(polylog N) hops, and hence, using the augmentation described in Subsection 2.5, only O(polylog N)edges. Single-source shortest paths can then be solved in G0 using limited Bellman-Ford. The timerequired is O(polylog N) because only O(polylog N) stages must take place. The work required isO(jG0j polylog N).If G0 is a sparse graph, we can construct such a G0 of size O(jV (G0)j2), as shown in Lemma 9. IfG0 is not a sparse graph, one can apply a standard transformation to reduce its degree to three; theresulting graph, however, has as many nodes as the original graph had edges. We thus prove Theorem1. If in addition G0 and its subgraphs have size- ~O(pn) separators, and we have been provided witha decomposition tree for G0 (or can compute one quickly in parallel), then we show how to constructsuch a G0 of size ~O(jG0j). Essentially we apply Lemma 9 to each splitting set of each vertex in thedecomposition tree. It is easy to show that because shortest paths between nodes in the same splitting setare small, shortest paths between arbitrary nodes are only slightly larger. Of course, the constructionfor nodes of the separator must re
ect paths between nodes not in the separator. We therefore usebottom-up processing of the decomposition tree to carry out these constructions.Namely we work up the decomposition tree T of G, constructing a summary for each vertex v ofT . The summary for one vertex is obtained by applying procedures Compact and SmallPath to theunion of the summaries for the children of that vertex. We combine all these summaries, constructinga \substitute graph" G0(v) in which distances are underestimates of distances in the pertinent graphG(v) of vertex v and in which shortest paths exist that have only polylog size. For a vertex v of T , leth(v) denote the height of v. The following lemma can be proved by induction on h(v) using this idea.Lemma 10 For a vertex v of the decomposition tree, we can compute a graph G(v) and a summary H�(v)with the following properties.E1: V (G(v))-distances in G(v) are (1��)2h(v) logN -accurate underestimates of V (G(v))-distances in G(v).E2: S(v)-distances in H�(v) equal S(v)-distances in G(v).E3: For any a; b 2 S(v), a shortest a-b path in H�(v) exists that has O(log2N) hops.E4: The number of supernodes in jH�(v)j is O(jS(v)j).E5: For any two children vi and vj of v in the decomposition tree, any path in G(v) between G(v1) andG(v2) must contain a node of S(v).E6: For any a 2 S(v) and b 2 V (G(v)), if there is an a-b path in G(v), there is a shortest path of sizeO(h(v) log3N).The time required is O(polylog N), and the work is O(��4jG(v)j polylog N).Recall the splitting property we described when we introduced decomposition trees. Using a simpletop-down induction using property E5 of Lemma 10, one can show that the decomposition tree has thesplitting property with respect to the graphs G(�).14
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