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Department of Computer Science, Brown University, Providence, RI 02912, USA??
Abstract. We address a problem arising in debugging parallel programs, detecting race
conditions in programs using a single semaphore for synchronization. It is NP-complete to
detect races in programs that use many semaphores. For the case of a single semaphore, we
give an algorithm that takesO(n1:5p) time, wherep is the number of processors andn is the
total number of semaphore operations executed. Our algorithm constructs a representation
from which one can determine in constant time whether a race exists between two given
events.

1 Introduction

Race condition detection is a crucial aspect of developing and debugging shared-memory parallel
programs. Explicit synchronization is usually added to such programs to coordinate access to
shared data, andrace conditionsresult when this synchronization does not force concurrent
processes to access data in the expected order. One way to dynamically detect races in a program
is to trace its execution and analyze the traces afterward. Acentral part of dynamic race detection
is to compute from the trace the order in which shared-memoryaccesses wereguaranteedby the
execution’s synchronization to have executed. Accesses tothe same location not guaranteed to
execute in some particular order are considered a race. Whenprograms use semaphore operations
for synchronization,1 some operations (belonging to different processes) could have potentially
executed in an order different than what was traced. In this paper, we present fast algorithms for
computing the order in which an execution’s semaphore operationscould haveexecuted for the
only case when it is tractable: programs that use a single semaphore. Our algorithms can be used
to exactly detect race conditions in executions of such programs. Past work has shown that exactly
detecting races in programs that use multiple semaphores isNP-complete [9], and has developed
exact algorithms for other cases where the problem is efficiently solvable (programs that use types
of synchronization weaker than semaphores) [6,8], and heuristics for the multiple semaphore case
[4,7]. The complexity for the case of a single semaphore has been an open question.

Our main results are two fast algorithms, and are the first known polynomial-time algorithms
that allow exact race detection in programs that use semaphores. Our goal was to solve this
problem as efficiently as possible, since parallel programsare typically long-running, and the
resulting large traces must be analyzed quickly by our algorithms. Our first algorithm determines? Research supported by NSF grant CCR-9012357 and NSF PYI award CCR-9157620, together with

PYI matching funds from Thinking Machines Corporation and Xerox Corporation. Additional support
provided by DARPA contract N00014-91-J-4052 ARPA Order No.8225.?? Email addresses:fhil,pnk,rng@cs.brown.edu.

1 When using a semaphore, aV operation increments the semaphore, and aP operation waits until the
semaphore is greater than zero and then decrements the semaphore.P operations are typically used to
wait (synchronize) until some condition is true (such as a shared buffer becoming non-empty), andV
operations typically signal that some condition is now true.
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whether any two given semaphore operations could have executed in a different order than during
execution (and can be used to detect whether a race exists between any two particular events) and
runs in time and space linear in the total number of semaphoreoperations. Our second algorithm
answers this question for all pairs of operations (and can detect all races in the execution) and
runs inO(n1:5p) time, wheren is the number of operations andp is the number of processes in
the execution.

Computing the order in which an execution’s semaphore operations could have executed
requires solving a scheduling problem. To determine whether any two operations,a andb, where
guaranteed to have executed in a fixed order, we must determine if somevalid schedule of the
execution’s operations exists in whichb precedesa. A valid schedule is an interleaving of thep
processes’ semaphore operations that honors the semanticsof semaphore-style synchronization;
i.e., a linear ordering of the operations such that at each point in the ordering, the number ofV operations is never exceeded by the number ofP operations (meaning that the semaphore is
always nonnegative). Then, if the trace indicates thata precededb in the actual execution, but a
valid schedule exists in whichb precedesa, thena andb could have executed in either order.

This scheduling problem can be reduced to a special case ofsequencing to minimize maximum
cumulative cost (SMMCC). Given an acyclic directed graphGwith costs on the nodes, a schedule
is a topological ordering of the nodes; i.e. an ordering of the nodes consistent with the arcs. The
cumulative cost of the firsti nodes of such a schedule is just the sum of the cost of these nodes.
Thus minimizing the maximum cumulative cost is an attempt tomake sure that the cumulative
cost stays low throughout the schedule. The SMMCC problem isNP-complete in general [1,5],
but Abdel-Wahab and Kameda present anO(n2)-time algorithm for the special case whereG is
a series-parallel graph [2] (the time bound was later improved toO(n logn) [3]). As part of this
solution, they give anO(n logp)-time algorithm applicable whenG is a chain graph, a graph
consisting of a union ofp disjoint directed paths.

The problem we address can be reduced to the SMMCC problem in achain graph augmented
with one inter-chain edge. In particular, suppose we want todetermine whether there is a valid
schedule in whichb precedesa. We add an edge fromb to a, assign costs to the nodes (�1 if the
node is aP -operation,+1 if a V -operation), and compute the minimum maximum cumulative
cost. The cost is zero if there is a valid schedule, and positive otherwise. The augmented chain
graph is not series-parallel, so the algorithm of Abdel-Wahab and Kameda is not applicable. We
show that the SMMCC problem can nevertheless be solved in polynomial time. In fact, for the
special case of interest, that in which the costs are�1, we give a linear-time algorithm.

Theorem 1. SupposeG is a graph consisting ofp disjoint chains comprisingn nodes, where
each node represents either a P-operation or a V-operation.For any two nodesa andb ofG, one
can determine inO(n) time whether there is a valid schedule in whichb precedesa.

In the application,parallel debugging, it is important to exactly detect all races. Hence we need
to determine the above for all pairs of nodesa andb. Fortunately, there is acompact representation
of this information. The relation “a precedesb in all valid schedules” (writtena � b) is a partial
order consistent with the original chain graph. To represent this information, it is sufficient that
we indicate, for each nodea, and for each chainC not containinga, the first nodeb inC such thata precedesb in all valid schedules. This representation has sizeO(np), wheren is the number of
nodes andp is the number of chains.

The representation can be used to determine in constant timewhether there is a race between
two given operationsa andb. A race exists if either operation can precede the other. To determine
whetherb can precedea, we determine the first node inb’s chain that is preceded bya in all valid
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Fig. 1.A humpH of 12 nodes:vj; : : : ; vj+11. The cost of each node is in the circle. By definitions(H) = �2,h(H) = 2, andh̃(H) = 4. Both ofvj+1 andvj+7 are peaks ofH, but onlyvj+1 is useful.

schedules. If this first node is numbered later thanb, thenb can precedea. If not,b cannot precedea.
We therefore consider the complexity of constructing such arepresentation. Clearly it can

be constructed by a sequence of calls to the algorithm of Theorem 1. We show how to do much
better; in fact the time required by our algorithm is onlyO(pn) times the time required simply
to write down the output.

Theorem 2. SupposeG is as in Theorem 1. The compact representation of the relation “ a
precedesb in all valid schedules” can be constructed inO(n1:5p) time.

2 Definitions and Lemmas

For the remainder of the paper, we shall useG0 to denote an acyclic graph, andG to denote a
chain graph whose node costs are�1. Let�(G0) denote the lowest maximum cumulative cost of
a schedule ofG0. Thus we shall be interested in computing�(G [ fabg) for pairsa; b of nodes
of G.

Now we introduce some terminology having to do with schedules. Much of this terminology
is adapted from that in [2]. Asegmentof a schedule is a consecutive subsequence. LetH =vjvj+1 � � �vk be a sequence consisting of some of the nodes ofG. Thecostof H, denoteds(H),
is the sum of the costs of its nodes. Theheightof a nodev` in H is defined to be the sum of
the costs of the nodesv1 throughv`. Theheightof H, denotedh(H), is the maximum height
of any node inH. A node of maximum height inH is called apeak. The reverse heightof H,
denoteh̃(H), is the height ofH minus the cost ofH. Note that height and reverse height are
nonnegative.

A chainis a connected graph with all indegrees and outdegrees at most one. We are concerned
primarily with graphsG consisting of the disjoint union of chains. For convenience, we assume
in such a graph the existence of aninitial pseudonode, preceding all nodes, and aterminal
pseudonode, following all nodes, each of cost zero.

SupposeH is a chain inG0 containing a peakv` such that (1) every node ofH precedingv` has nonnegative height, and (2) every node ofH following v` has height at least the cost ofH. In this case, we callH a humpin G0, and we sayv` is auseful peakof H. This definition is
illustrated in Figure 1.

We say a hump is anN -humpif its cost is negative, aP -humpif its cost is positive, and
anL-humpif its cost is zero. As part of their scheduling algorithm forseries-parallel graphs,
Abdel-Wahab and Kameda show that in linear time a sequence ofnodes can be decomposed into
a series of humps. It can be proved that the humps have the following properties.
Hump decomposition properties:

– The series consists ofN -humps, followed by at most oneL-hump, followed byP -humps.
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Fig. 2.A chain which is decomposed into twoN -humps, oneL-hump, and threeP -humps.
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Fig. 3. The second sequence of nodes is obtained from the first one by clustering the numbered nodes to
node 3.

– TheN -humps are in increasing order of height, and theP -humps are in decreasing order
of reverse height. Furthermore, for any twoN -humps in the series, the reverse height of the
one ahead is less than the height of the one behind. For any twoP -humps in the series, the
reverse height of the one ahead is greater than the height of the one behind.

– Every peak of the sequence occurs at or before the firstP -hump.

For example, the chain in Figure 2 is decomposed into twoN -humps, oneL-hump, and threeP -humps. When we refer tothehumps of a chain or a graph, we mean the humps obtained by
this hump decomposition process. We refer the process of carrying out this decomposition on a
sequence asconstructing the humpsof the sequence. A node is called ahump boundaryof the
sequence if it is the last node of some hump of the sequence. Let hb(S) denote the set of hump
boundaries of some sequenceS. One can prove the following property.
Hump boundary property: For sequencesS1 andS2, we have hb(S1S2) � hb(S1) [ hb(S2).
Furthermore, if hb(S1S2) contains the last node ofS1, then hb(S2) � hb(S1S2).

It will turn out that once we decompose a sequence of nodes into humps, we need not be
concerned with the internal structure of these humps. We need only store the heights, costs, and
boundaries of the humps. Thus a sequence consisting of` humps can be represented by a length-`
sequence of triples (height, cost, boundary). We call this sequence thehump representationof
the sequence. Using the hump boundary properties, one can straightforwardly derive the hump
representation ofS1S2 from the hump representation ofS1 and that ofS1, and can derive the
hump representation ofS2 from that ofS1S2.

Three lemmas are useful to our results. They are all generalizations of lemmas in [2]. The
first lemma concerns an operation on a schedule calledclusteringthe nodes of a hump. SupposeH is a hump inG, and letv be a useful peak ofH. LetS be a schedule ofG. If all the nodes ofH
are consecutive inS, we sayH is clustered inS. Consider the humps obtained in applying hump
decomposition to the chains ofG; if each of these humps is clustered inS, we say the scheduleS is clustered. If a hump is not clustered in a schedule, we can modify the schedule to make it
so. Tocluster the nodes ofH to v is to change the positions of nodes ofH other thanv so that
all the nodes ofH are consecutive, and the order among nodes ofH is unchanged. An example
is shown in Figure 3.

Lemma 3. LetG0 be an acyclic graph with costs on nodes andH be a hump inG0. SupposeS
is a schedule ofG0. If T is obtained fromS by clustering all nodes inH to a useful peak ofH,
thenT is a schedule ofG0 andh(T ) � h(S).
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Fig. 4. (a) The graphG is composed of two chains. The first chain is composed of anN -hump followed by
aP -hump. The second chain is composed of anL-hump followed by aP -hump. (b) A schedule forG of
height four. (c) The schedule obtained from the previous oneby clustering theN -hump to its useful peak.
(d) A clustered schedule ofG of height two. This one is obtained from the previous schedule by clustering
every hump. (e) A clustered schedule ofG of minimum height.

The proof is a modification of the proof in [2] of a similar lemma that requiresG0 to be a chain
graph. An example is shown in Figure 4. The height of the schedule in (c) is smaller than that of
the schedule in (b). It follows from Lemma 3 that there is always a clustered optimal schedule ofG. Two clustered schedules of the graph in Figure 4-(a) are shown in Figure 4-(d) and (e). The
latter is optimal.

Consider a seriesS1 : : :Sm of subsequences. It is instandard formif it satisfies the following
properties:
Standard form properties:

– The series consists ofSi’s with negative costs, followed bySj ’s with zero costs, followed bySk ’s with positive costs;
– TheSi’s with negative costs are in nondecreasing order of height,and theSk ’s with positive

costs are in nonincreasing order of reverse height.

Lemma 4. LetG0 be an acyclic graph with node costs. LetA,B, S1,S2, andS3 be subsequences
of nodes inG0. SupposeS = S1AS2BS3, T1 = S1BAS2S3, andT2 = S1S2BAS3. If the series
ofBA is in standard form then eitherh(S) � h(T1) or h(S) � h(T2).

The proof of Lemma 4 is a modification of a similar lemma in [2] that requiresA andB to
be humps and requiresS, T1, andT2 to be schedules ofG0.

The following lemma is immediate from Lemma 4; we simply letS2 be empty.

Lemma 5. Let G0 be an acyclic graph with node costs. LetA, B, andS2 be subsequences of
nodes inG0. SupposeS = S1ABS2 andT = S1BAS2. If the series ofBA is in standard form
thenh(S) � h(T ).

A schedule ofG is instandard formif it is clustered and its series of humps inG is in standard
form. LetT be any schedule ofG in standard form. Recall that by Lemma 3 there is always an
optimal scheduleS of G which is clustered. The humps ofG, while clustered both inT and inS, may not be in the same order. However, any two humps of the same chain ofG must be in
the same order inT and inS, else eitherT or S is not a schedule. Take two consecutive humps
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in S that are from different chains and that are not in the same order as inT , and exchange their
positions. By Lemma 5, the resulting ordering has height no more thanS. By a series of such
exchanges, we eventually obtainT from S. It follows thatT ’s height is no more than that ofS,
and hence thatT is optimal. This argument shows that every schedule in standard form is an
optimal schedule ofG. The algorithm of Abdel-Wahab and Kameda for chain graphsG consists
in decomposing the chains into humps and then merging the orderings of humps into a series of
humps in standard form; they show this can be done inO(n logp) time. Let us call this algorithm
thehump-merging algorithm.

3 The Linear-time Algorithm for a Single Pair

In this section we shall present an algorithm of computing�(G [ feg), wheree = ba, anda andb are nodes ofG. The algorithm consists of two steps. The first step mergesG [ feg into three
chains with an extra arc. The second step computes the minimal maximum cumulative cost of the
merged graph.

3.1 Mergingp� 2 Chains into One Chain

We useC(a) andC(b) to denote the chains containinga andb, respectively. We assumeC(a) 6=C(b), for otherwise either no schedule exists or�(G [ feg) = �(G), depending on the relative
order ofa andb. In the first step of our algorithm we use the hump-merging algorithm to find
an optimal scheduleC� for the otherp � 2 chains. LetG� = C(a) [ C(b) [ C� [ feg. The
following theorem implies that the minimal maximum cumulative cost ofG[ feg is the same as
that ofG�.
Theorem 6. LetG0 be an acyclic graph with node costs, and letC1 andC2 be two parallel chains
inG0. SupposeG00 is the graph obtained fromG0 by mergingC1 andC2 using the hump-merging
algorithm. The minimal maximum cumulative cost ofG0 is equal to that ofG00.
Proof. SinceG00 is more restrictive thanG0, clearly the cost of a schedule forG00 is at least
that forG0. To prove the reverse inequality, we first use Lemma 3 to show that, without loss of
generality, an optimal schedule forG0 can be assumed to consist of the humps ofG0 in standard
form. By Lemmas 4 and 5, we can assume moreover that the humps occur in the same order
as in the merge ofC1 andC2. The resulting schedule is also a schedule forG00, proving the
theorem. ut

The following observation is the basis for our linear-time algorithm for merging.

Observation 1 Let C be a chain, and lety be thenth node ofC. The hump decomposition
algorithm applied toC yieldsO(pn) humps containing nodes occurring beforey. Moreover, the
hump decomposition applied top chains comprisingn nodes yieldsO(pnp) humps.

Proof. Recall that the costs of nodes are either+1 or�1. Hence a hump of height` contains at
least` nodes. By the second hump decomposition property, the heights of a series ofN -humps
must all be different. Thus any sequence ofk N -humps comprises
(k2) nodes. The same
property holds forP -humps, and there is at most oneL-hump. This proves the first statement.

Suppose there arèi nodes in theith chain, wherè 1 + � � �+ `p = n. The total number of
humps is

PiO(p`i), which can be shown to beO(np). ut
We now describe the algorithm for mergingp � 2 chains. To initialize, we apply the hump

decomposition algorithm to obtain hump representations for each of the chains. This takesO(n)
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time. The remainder of the algorithm consists ofO(logp) iterations. In each iteration the chains
are paired up and each pair is merged into one chain. At the beginning of theith iteration, we have
the hump representation for each ofp=2i�1 chains. By Observation 1, the total number of humps
isO(pnp=2i�1). Given a pair of chainsC0 andC00 having respectivelyn1 andn2 humps, we can
merge the pair into a single chain and find the humps of this newchain in timeO(n1+n2). Hence
the time for theith iteration isO(pnp=2i�1). Therefore the time complexity of allO(logp)
iterations is

PiO(pnp=2i�1) = O(pnp), which isO(n).
3.2 Finding an Optimal Schedule of Three Chains with One Arc

Let (V1; V2) denote an ordered partition ofV � fag that is consistent withG (i.e. no edge ofG
goes from a node inV2 to a node inV1) and such that all nodes ofC(a) precedinga are inV1 and
all nodes ofC(a) preceded bya are inV2. We call such an ordered partitionproper. Note that a
proper partition is determined by the last node ofC(b) in V1 and the last node ofC� in V1. We
call the boundaries right after these last nodesbreakpoints. For the case that all nodes ofC� are
in V2, the breakpoint inC� is the boundary right before the first node ofC�. Because there are
at mostn possible breakpoints inC(b) and at mostn possible breakpoints inC�, the number of
proper(V1; V2)-partitions isO(n2).

We say a schedule isconsistentwith (V1; V2) if it has the formS1aS2, whereS1 is an ordering
of V1 andS2 is an ordering ofV2. Let h(V1; V2) be the minimum height of a schedule consistent
with (V1; V2). Clearly the minimum height of a schedule forG� in whichb precedesa is given by�(G�) = min(V1;V2)h(V1; V2); (1)

where the minimum is taken over all proper partitions(V1; V2) of V � fag such thatb 2 V1.
To find h(V1; V2), let G�(V1) andG�(V2) be the subgraphs ofG� induced byV1 andV2,

respectively. Each consists of three parallel chains. We apply the hump-merging algorithm to find
optimal schedulesS�1 andS�2 of these graphs. ThenS�1aS�2 is a schedule ofG� consistent with(V1; V2), and its height is

maxf�(G�(V1)); �(G�(V2)) + Xv2V1[fag s(v)g: (2)

Any consistent schedule of lower height would induce betterschedules forG�
1(V1) andG�(V2),

a contradiction. ThusS�1aS�2 is optimal, andh(V1; V2) is given by (2).
To compute�(G�) according to (1), it is sufficient to consider each of theO(n2) proper

partitions, and compute (2) for each. In order to achieve linear time, however, we must restrict
the set of breakpoints considered. The following observation is a step in that direction.

Observation 2 We need only consider breakpoints inC(b) andC� that are hump boundaries.

Proof. Let S be an optimal schedule forG�. Let us construct humps forC� and for the subchain
of C(b) which is composed of nodes afterb in C(b). By Observation 1, each hasO(pn) humps.
LetT be obtained fromS by clustering these humps. By Lemma 3,T is also an optimal schedule.
By definition of clustering, each of these humps is consecutive inT , so none is separated bya.
Thus in the scheduleT , the elementa must occur between two of these humps. It follows that in
the equation (1), we may restrict the proper partitions to those where the breakpoints inC(b) andC� lie between these humps. ut

By careful examination of these hump boundaries, we can further restrict the search for an
optimal schedule. Namely, for any breakpoint inC(b), we show below how to quickly determine
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just two breakpoints inC� such that there is an optimal schedule using one of these two.We
exploit this property in a procedure to compute the value of (1). LetC1(a) be the subchain ofC(a) up to but not includinga, and letC2(b) be the subchain beginning aftera. LetC1(b) be the
subchain ofC(b) up to and includingb, and letC2(b) be the remainder ofC(b). In the procedure
below we assume that hump decompositions are given forC�, C1(a), C2(a), C1(b), andC2(b).
All these hump decompositions can be found inO(n) time in a preprocessing step.

For the sake of our all-pairs algorithm, we present a procedure MINSCHED that takes an
additional parameter. Given a nodey of C(b), MINSCHED computes the value of (1) where the
minimum is taken over all proper partitions(V1; V2) whereb 2 V1 andy 2 V2. Assuming the
hump decompositions described above are provided, the timerequired isO(pn`), where` is
the number of nodes inC(b) betweenb andx. Wheny is the terminal pseudonode, the value
computed is the minimum height of a schedule forG� in whichb precedesa. In this case the time
required isO(pnjC(b)j).

The procedureMINSCHED is as follows.Consider the humps ofC2(b). By Observation 1, there
areO(p`) hump boundaries occurring beforey. We will try each of these hump boundaries as
a breakpoint forC(b). For each, we determine inO(pjC�j) time two candidate breakpoints inC�, each a hump boundary. Combining a breakpoint forC(b) with a breakpoint forC� yields
a proper partition(V1; V2). It follows by hump boundary property that from the given hump
decompositions we can obtain the humps ofC(b) \ V1 andC(b) \ V2 in O(pjC(b)j) time
(the hump boundaries are a subset of those appearing in the given hump decompositions). We
similarly obtain the humps ofC� \ V1 andC� \ V2. Using these humps we compute�(G�(V1))
and�(G�(V2)) in O(pn) time, and thus determine the value of (2). The total time required by
the procedure is thusO(p`n).

We commence the proof that for any breakpoint inC(b), we can determine two breakpoints inC� that are sufficient to examine. First, we know from Observation 2 that we need only consider
boundaries between humps ofC�. Every such boundary is either next to anN -hump (i.e. between
twoN -humps or just before the firstN -hump or just after the last) or next to aP -hump, or both.
We show that by scanning all the boundaries in the first category, one can be determined which
is at least as good a breakpoint as all the others in that category, and similarly for the second
category.

Lemma 7. For any fixed breakpoint inC(b), a breakpoint next to anN -hump can be found inO(pn) time that is just as good as all the other such breakpoints.

The analogous lemma holds for the breakpoints next toP -humps, and is proved symmetrically.
The proof of Lemma 7 relies on the followingobservation, which follows directly from Lemma 5.

Observation 3 LetG0 be an acyclic graph with node costs. LetS1,S2,A, andB be subsequences
of nodes inG0, wheres(B) � 0. SupposeS = S1ABS2 and T = S1BAS2. If either (1)h(A) � h(B), or (2) s(A) � 0, thenh(S) � h(T ).

LetN1; N2; : : : ; Nq be the series ofN -humps inC�, which is in standard form. We must select
one best breakpoint from among theq + 1 occurring between these humps. Fori = 0; 1; : : :; q,
let (Wi;W 0i ) be the proper partition withN1; : : : ; Ni in Wi andNi+1; : : : ; Nq in W 0i . We defineTi = S�(Wi;W 0i ). Note thatN1; : : : ; Nq are in the same order inT0; : : : ; Tq. Without loss of
generality, we may assume that all humps other thanN1; : : : ; Nq are also in the same order inT0; : : : ; Tq as well. SupposeT0 = H1H2 � � �H`aH`+1 � � �Hm, where eachHj, 1 � j � m, is
a hump belonging toC1(a), C2(a), C1(b), C2(b), or C�. By definition ofT0, every humpNi
occurs aftera in T0. Forj = 0; 1; : : : ; `, letAj denote the series of humps inT0 fromHj toH`,
i.e.Aj = HjHj+1 � � �H`.
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Fork = 0; 1; : : : ; q, letB0k denote the portion ofT0 starting ata, and ending just before the
occurrence ofNk. LetBk beB0k but with all humpsNi omitted. Thus, ifNi is thejthi hump ofT0 for i = 1; : : : ; q, thenBk = aH`+1 � � �Hj1�1Hj1+1 � � �Hj2�1Hj2+1 � � �Hjk�1:
Note thatBk is a segment of each ofTk�1; Tk; : : : ; Tq. The following four claims help us relate
the height ofTk to the heights ofTk�1 andTk+1.

Claim 1 If there existsj � ` such thath(Hj) � h(Nk), thenh(Tk�1) � h(Tk).
Proof. Sinceh(AjBk) � h(Hj) � h(Nk), by the first condition of Observation 3h(AjBkNk) � h(NkAjBk)
. Becauseh(Hj) � h(Nk) > h(Nk�1) > � � � > h(N1); all of N1; : : : ; Nk�1 must be scheduled
beforeHj in Tk�1. It follows thatAjBkNk is a segment ofTk�1. Note thatNkAjBk is a segment
of T 0k where the(V1; V2)-partition ofT 0k is the same as that ofTk. Henceh(Tk�1) � h(T 0k) �h(Tk): ut
Claim 2 If there existsj � ` such thats(AjBk) � 0, thenh(Tk�1) � h(Tk).
Proof. Sinces(Aj ) + s(Bk) = s(AjBk) � 0 ands(Bk) < 0, we haves(Aj) > 0. This
implies that at least oneP -hump exists inAj . Let Hj0 be the firstP -hump inAj . We know
thats(Aj0) � s(Aj). Hences(Aj0Bk) � 0. By the second condition of Observation 3, we haveh(Aj0BkNk) � h(NkAj0Bk). BecauseHj0 is aP -hump, all ofN1; : : : ; Nk�1 must be scheduled
beforeHj0 inTk�1. It follows thatAj0BkNk is asegment ofTk�1.Note thatNkAj0Bk is asegment
of T 0k where the(V1; V2)-partition ofT 0k is the same as that ofTk. Henceh(Tk�1) � h(T 0k) �h(Tk): ut
Claim 3 If for every1� j � `, h(Hj) < h(Nk) ands(AjBk) < 0; thenh(Tk�1) � h(Tk).
Proof. There is a 1� j0 � ` such thatAj0BkNk is a segment ofTk�1 andNkAj0Bk is a segment
of Tk. Sinces(Aj0Bk) < 0, if we can prove thath(Nk) > h(Aj0Bk), thenh(Tk�1) � h(Tk) by
the first condition of Observation 3. Note thath(Aj0Bk) = maxfh(Aj0); s(Aj0) + h(Bk)g. Let
us show thath(Nk) is actually greater than both elements of the maximum.

SupposeHj� is the hump containing the last peak ofAj0. Namelyh(Aj0) = s(Hj0) +s(Hj0+1) + � � �+ s(Hj��1) + h(Hj�). By the third hump decomposition property,Hj� cannot
be later than the firstP -hump. This implies that none ofHj0;Hj0+1; : : : ;Hj��1 is aP -hump.
Thuss(Hj0) + s(Hj0+1) + � � �+ s(Hj��1) � 0. It follows thath(Nk) > h(Hj�) � h(Aj0).

By the second hump decomposition property and the fact thatBk is composed ofN -humps,
we haveh(Nk) > h̃(Bk) = h(Bk)� s(Bk). Sinces(Aj0) + s(Bk) = s(Aj0Bk) < 0, it follows
thath(Nk) > h(Bk) + s(Aj0 ). ut
Claim 4 If for every1 � j � `, h(Hj) < h(Nk) ands(AjBk) < 0; then for every1 � j � `,
we haveh(Hj) < h(Nk+1) ands(AjBk+1) < 0:
Proof. SinceNk+1 is aN -hump,h(Hj) < h(Nk) < h(Nk+1). Note thatBk+1 = BkHjk+1Hjk+2 � � �Hjk+1�1;
whereHjk+1;Hjk+2; : : : ;Hjk+1�1 are allN -humps. It follows thats(Bk+1) � s(Bk). Hences(AjBk+1) � s(AjBk) < 0. ut
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Now we can prove Lemma 7. Let 1� k � q be the least number such that for every
1 � j � `, h(Hj) < h(Nk) ands(AjBk) < 0. By Claim 4, for everyk < i � q, h(Hj) <h(Ni) ands(AjBi) < 0: By Claim 3 we knowh(Tk�1) � h(Tk) � h(Tk+1) � � � � � h(Tq): (3)

Note that for every 0� i � k � 1, eitherh(Hj) � h(Ni) or s(AjBi) � 0. By Claim 1 and 2,h(T0) � h(T1) � � � � � h(Tk�2) � h(Tk�1): (4)

It follows from (3) and (4) that the boundary betweenNk�1 andNk is one of the best breakpoints
amongN -humps ofC�. Note that if such ak does not exist, then the boundary right afterNq is
as least as good as all the other boundaries amongN -humps.

Let Hj0 be the highest hump among allHj ’s, 1 � j � `. In particular, ifh(Hj0) < h(Nk)
thenh(Hj) < h(Nk) for all 1 � j � `. Let Hj00 be the hump thats(H1H2 � � �Hj00�1) is the
smallest. Sinces(H1H2 � � �H`) is fixed,s(Aj00) is the largest among allAj ’s. This implies that
if s(Aj00Bk) < 0 thens(AjBk) < 0 for all 1 � j � `. In order to locate the best breakpoint
between amongN -humps ofC�, we just iteratively scan theN -humps. For eachN -humpNk in
turn, we test ifh(Hj0) < h(Nk) ands(Aj00Bk) < 0 are both true. Since onlyq + 1 iterations
are required, we need onlyO(q) time. The lemma follows by using Observation 1 to show thatq = O(pn).
4 The Algorithm for All Pairs

Recall thatG is composed ofp chains ofn nodes. In this section we shall show how to decide
the� relation for all pairs of nodes inG. The linear-time algorithm for a single pair of nodes,
applied to allO(n2) pairs, takesO(n3) time. We present a faster algorithm, one that runs in timeO(n1:5p). The algorithm is outlined in Figure 5. We elaborate it in thefollowing subsections.

Input: C1; C2; : : : ; Cp.
Output: For everyCi andCj, for every nodev in Ci, output the arcvw

wherew is the first node inCj such thatv � w.

Step 1 Construct humps for every possible pair of subchains.
Step 2 Forevery 1� i � p do
Step 3 Build a merge treeT �i from all chains exceptCi.
Step 4 Forevery 1� j � p do
Step 5 FromT �i computeC�i;j , the chain merged from all chains exceptCi andCj .
Step 6 Forevery nodev in Ci do
Step 7 Find the first nodew� in Cj such thatv � w�.
Step 8 Output the arcvw�.

Fig. 5. TheO(n1:5p)-time algorithm of computing the� relation among every pair of nodes.

Step 1:Let `i be the number of nodes inCi. For every chainCi, we construct humps for every
possible pair of subchainsC0i andC00i whereCi = C 0iC 00i . There are two passes, one forC0i and
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the other forC00i . The first pass is as follows. To initialize, letC0i be the hump composed of the
first node ofCi. We then execute a loop of`i � 1 iterations. In thekth iteration, we add the(k + 1)st node ofCi toC0i, and then reconstruct humps forC 0i. The second pass is very similar
to the first one. Initially letC00i be the hump composed of the last node ofCi. In thekth iteration,
we add the(k + 1)st last node ofCi toC 00i , and then reconstruct humps forC00i .

Since the lengths ofC 0i andC00i are always less than or equal to`i, the number of humps
constructed in every iteration is always bounded byO(p`i). Whenever a new node is added toC0i, it takes onlyO(p`i) time to reconstruct humps for the lengthened subchain. It follows that
the time complexity of Step 1 is

P
1�i�pO(`ip`i) = O(n1:5):

Step 3:In this step the algorithm constructs a rooted binary tree ofchains to help implement step
5. The leaves of the tree are all the chains except theith (in hump representation). Every nonleaf
vertex is (the hump representation of) the chain resulting from merging the vertex’s children.
Thus the root is the chain resulting from merging all the originalp chains except theith.

By the same analysis as in Subsection 3.1, building a merge tree takesO(pnp) time. Note
that the humps of every chain in the merge tree are constructed at the same time. The hump
representation usesO(1) space for every constructed hump. Since there areO(pnp) humps in
this merge tree, the space used for the tree is only linear.
Step 5:For a giveni andj, we must computeC�ij. It is easy to see that there is a set ofO(logp)
vertices of the binary tree constructed in step 2 such that the leaves below these vertices comprise
all chains except theith and thejth. We compute the amortized complexity of Step 5. Fix a value
of i. In step 3 the algorithm constructed a merge tree whose leaves were all the chains except theith. We use this merge tree in executing step 5, namely computingC�ij, for j = 1; : : : ; p. We show
that the total time required isO(ppn). Hence the amortized complexity of step 5 isO(pn).

For each value ofj, we recompute the vertices of the merge tree whose chains include thejth
chain, working from the leaf to the root. Once the root has been recomputed, we obtain the chain
merged from all chains but theith and thejth, i.e.C�ij. Thus the root gets recomputed a total ofp
times, each of its children gets recomputedp=2 times, and so on. In general, each vertex at levelk gets recomputedp=2k times.

Now we evaluate the sum of times required for recomputing thevertices at levelk. The total
time required is proportional to the number of humps in chains belonging to vertices at levelk+ 1. The number of chains at levelk+ 1 is 2k+1, so the number of humps isO(pn2k+1). This,
then, is the time required for recomputing all the vertices at levelk, once each. Since each vertex
at levelk gets recomputedp=2k times, the total time invested in recomputing vertices at level k isO((p=2k)pn2k+1), which isO(ppn=2k). Finally, we sum over all levelsk, obtainingO(ppn),
as required.
Steps 6–8:Our goal is to determine for eachv inCi the first nodew� in Cj such thatv � w. For
the recursion, we address a more complicated goal, in which we are given an interval in which
to seekw�. Namely, given a nodev in Ci, and given two nodesx andy of Cj such thatw� is
guaranteed to be between them, findw�.

First we give a recursive procedure BINSEARCH(v; x; y) based on binary search. Letw be the
node ofCj located midway betweenx andy. We use the procedureMINSCHED of Section 3 to
determine the value of (1) where the minimum is taken over allproper partitions(V1; V2) wherew 2 V1 andy 2 V2. If the value is zero, we conclude that there is a valid schedule in whichw
precedesv, and hencev 6� w. It follows thatw� is located betweenw andy. We therefore recurse
on this interval.

If the value is positive, we claim that there is no valid schedule in whichw precedesv, i.e.
no schedule in whichw precedesv whose maximum cumulative cost is zero. For suppose there
were such a scheduleS. By our assumption thatw� lies betweenx andy, we havev � y, so
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there is no valid schedule in whichy precedesv. In particular,v precedesy in S. LetV1 be the set
of nodes precedingv in S, and letV2 be the set of nodes followingv. Then(V1; V2) is a proper
partition wherew 2 V1 andy 2 V2, and we have thath(V1; V2) is no more than the cost ofS,
which is zero. This contradiction proves our claim. Hencev � w, and we can recurse on the
interval betweenx andw.

The time required byMINSCHED is O(pn`), where` is the number of nodes in the interval
from x to y. The length of that interval is halved in each recursion, so the time required by
BINSEARCH is a geometric series and hence is alsoO(pn`).

If Step 6 were just a simple FOR-loop, then the time complexity of Step 6–8 would beO(`ipn`j). By using divide-and-conquer for Step 6–8, however, we achieve timeO(pn`i`j)
as follows. For the recursion, we are given an interval[p; q] of Ci and an interval[x; y] of Cj. For
everyv in the first interval, we need to find the correspondingw�. We are given that for every
suchv, the correspondingw� lies in the interval[x; y] ofCj. The procedure is as follows. Letv be
the node ofCj midway betweenp andq, and call BINSEARCH(v; x; y) to find the correspondingw�. It then follows that for everyv0 betweenp andv, the correspondingw0� lies betweenx andw�, and for everyv0 betweenv andq, the correspondingw0� lies betweenw� andy. We therefore
recurse with these intervals. Let`i be the number of nodes in the interval[p; q], and let̀ j be the
number of nodes in the interval[x; y]. The recurrence for the time required by the procedure isT (1; `j) � cpn`jT (`i; `j) � cpn`j + max

0�`�`jfT (`i=2; `) + T (`i=2; `j � `)g:
It can be proved that therefore the time complexity isO(pn`i`j).
Overall Complexity: The complexity of the algorithm is dominated by the time for steps 6–8,
which is

Pi;j O(pn`i`j). This can be shown to beO(n1:5p), proving Theorem 2.
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Appendix: Omitted Proofs

This part does not appear in the WADS paper.

Lemma 3 LetG0 be an acyclic graph with costs on nodes andH be a hump inG0. SupposeS is
a schedule ofG0. If T is obtained fromS by clustering all nodes inH to a useful peak ofH, thenT is a schedule ofG0 andh(T ) � h(S).
Proof. The original lemma in [2] restrictsG0 to be a chain graph. We can prove as follows that
the same properties hold even without the restriction. SupposeH = v1 � � �vp � � �vd, wherevp is a
useful peak ofH. Supposew1w2 � � �w` is the segment ofS such thatwji = vi for all 1 � i � d
and 1= j1 < j2 < � � � < jd = `. The only difference betweenS andT is that the segment ofW = w1w2 � � �w` in S becomesW 0 = wj1+1 � � �wj2�1wj2+1 � � �wjp�1Hwjp+1 � � �wjp+1�1wjp+1+1 � � �wjd�1

in T . SinceH is a chain inG0, there is no precedence relation imposed byG0 betweenwi andwj
if wi 2 H andwj 62 H; otherwiseS cannot be be a schedule ofG0. HenceT is also a schedule
of G0.

We denote the heights ofwi in S andT by hS(wi) andhT (wi), respectively. Note thathS(vp) = hT (vp) since the set of nodes precedingvp does not change. Let us show that for every
1� � � ` there exists an 1� � � ` such thathT (w�) � hS(w�).

– If � = ji for some 1� i � d, thenhT (w�) = hT (vi) � hT (vp) = hS(vp) = hS(wjp).
– If ji < � < ji+1 for somep � i < d, thenhT (w�) = s(vi+1) + s(vi+2) + � � �+ s(vd) +hS(w�).SinceH is ahump andi � p,s(vi+1)+s(vi+2)+� � �+s(vd) = hS(vd)�hS(vi) � 0.

ThushT (w�) � hS(w�).
– If ji < � < ji+1 for some 1� i < p, thenhT (w�) = �s(v1)�s(v2)�� � ��s(vi)+hS(w�).

SinceH is a hump andi < p,�s(v1)� s(v2)� � � � � s(vi) = hS(v0)� hS(vi) � 0, wherev0 is the node precedesv1 in S. ThushT (w�) � hS(w�).
It follows that the height ofh(W 0) � h(W ). Since the nodes other thanwi’s preserve their
heights inS andT , this lemma is proved. ut
Lemma 4 LetG0 be an acyclic graph with node costs. LetA,B, S1,S2, andS3 be subsequences
of nodes inG0. SupposeS = S1AS2BS3, T1 = S1BAS2S3, andT2 = S1S2BAS3. If the series
ofBA is in standard form then eitherh(S) � h(T1) or h(S) � h(T2).
Proof. The original version of this lemma in [2] restrictsA andB to be humps, and restrictsS,T1, andT2 to be schedules ofG0. We can prove as follows that the same property holds even if
without these restrictions. Since the heights of nodes inS1 andS3 are not changed inS, T1, andT2, it suffices to ensure thath(AS2B) � h(BAS2) = maxfh(B); s(B) + h(A); s(BA) + h(S2)g orh(AS2B) � h(S2BA) = maxfh(S2); s(S2) + h(B); s(S2B) + h(A)g;
whereh(AS2B) = maxfh(A); s(A) + h(S2); s(AS2) + h(B)g.

– If s(A) < 0 ands(B) < 0 thenh(A) > s(B) +h(A) ands(A) +h(S2) > s(BA) +h(S2).
Since the series ofBA is in standard form,h(A) � h(B). Thush(AS2B) � h(BAS2).
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– If s(A) > 0 ands(B) > 0 thens(A)+h(S2) � h(S2) ands(AS2)+h(B) � s(S2)+h(B).
Since the series ofBA is in standard form,̃h(B) � h̃(A). It follows thath(B) � s(S) �h(A)� s(A) and thuss(A)+h(B) � s(B) +h(A). Now thats(AS2)+h(B) � s(S2B)+h(A), we haveh(AS2B) � h(S2BA).

– Supposes(A) � 0 ands(B) � 0.� If s(S2) � 0 thenh(A) � s(B) + h(A), s(A) + h(S2) � s(BA) + h(S2), ands(AS2) + h(B) � h(B). It follows thath(AS2B) � h(BAS2).� If s(S2) < 0 thens(AS2) + h(B) � s(S2) + h(B), h(A) > s(S2B) + h(A), ands(A) + h(S2) > h(S2). It follows thath(AS2B) � h(S2BA). ut
In section 4 we have shown that the recurrence of the time complexity for steps 6–8 isT (1; `j) � cpn`jT (`i; `j) � cpn`j + max

0�`�`jfT (`i=2; `) + T (`i=2; `j � `)g:
It can be shown thatT (`i; `j) = O(pn`i`j) by provingT (`i; `j) � cpn`i`j + cqn`i`j=2+ cqn`i`j=4+ � � �+ cpn`j:
Let us prove this inequality by induction on`i. If for all 1 � `i � k � 1 this inequality holds,
thenT (k; `j) � cpn`j + max

0�`�`jfT (k=2; `) + T (k=2; `j � `)g� cpn`j + max
0�`�`j �cpnk`=2+ cpnk`=4+ � � �+ cpn`+cqnk(`j � `)=2+ cqnk(`j � `)=4+ � � �+ cqn(`j � `)�� cpn`j + cpnk`j + cqnk`j=2+ cqnk`j=4+ � � �+ cp2n`j:

Since the the inequality holds for`i = k, it holds for every integer̀i. ThereforeT (`i; `j) =O(pn`i`j).
By the above analysis, the time complexity of this algorithmisO(n1:5) + X

1�i�p0@O(pnp) + X
1�j�p�O(pn) +O(pn`i`j)�1A= O(n1:5) +O(ppnp) + X

1�i�p X1�j�pO(pn`i`j)= O(n1:5) +O(ppnp) + O(pn) X
1�i�pO(p`i) X

1�j�pO(p`j)= O(n1:5) +O(ppnp) + O(pn)(O(pnp))2= O(n1:5p):
The space used by this algorithm isO(n). Therefore Theorem 2 is proved.
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