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Abstract. We address a problem arising in debugging parallel prograetecting race
conditions in programs using a single semaphore for symitration. It is NP-complete to
detect races in programs that use many semaphores. Foisthefaasingle semaphore, we
give an algorithm that take3(n"°p) time, wherep is the number of processors ands the
total number of semaphore operations executed. Our digodgbnstructs a representation
from which one can determine in constant time whether a raistsebetween two given
events.

1 Introduction

Race condition detection is a crucial aspect of developinigebugging shared-memory parallel
programs. Explicit synchronization is usually added tohspmgrams to coordinate access to
shared data, anthce conditiongesult when this synchronization does not force concurrent
processes to access data in the expected order. One wayamibatly detect races in a program
is to trace its execution and analyze the traces afterwacgr#ral part of dynamic race detection
is to compute from the trace the order in which shared-meraocgsses weiguaranteedy the
execution’s synchronization to have executed. Accesséseteame location not guaranteed to
execute in some particular order are considered a race. Ybhgnams use semaphore operations
for synchronizatiort, some operations (belonging to different processes) coald potentially
executed in an order different than what was traced. In tyieep we present fast algorithms for
computing the order in which an execution’s semaphore tipascould haveexecuted for the
only case when itis tractable: programs that use a singlegleane. Our algorithms can be used
to exactly detect race conditions in executions of suchnamog. Past work has shown that exactly
detecting races in programs that use multiple semaphoM3-iomplete [9], and has developed
exact algorithms for other cases where the problem is affigisolvable (programs that use types
of synchronization weaker than semaphores) [6,8], andstesfor the multiple semaphore case
[4,7]. The complexity for the case of a single semaphore bas lan open question.

Our main results are two fast algorithms, and are the firsikmolynomial-time algorithms
that allow exact race detection in programs that use semeph®ur goal was to solve this
problem as efficiently as possible, since parallel prograrestypically long-running, and the
resulting large traces must be analyzed quickly by our #lgms. Our first algorithm determines
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! When using a semaphore Jaoperation increments the semaphore, arfd aperation waits until the
semaphore is greater than zero and then decrements thetsmmdp operations are typically used to
wait (synchronize) until some condition is true (such as areth buffer becoming non-empty), ahd
operations typically signal that some condition is now true



whether any two given semaphore operations could have ectua different order than during
execution (and can be used to detect whether a race exigisdreany two particular events) and
runs in time and space linear in the total number of semaptmeeations. Our second algorithm
answers this question for all pairs of operations (and caectlall races in the execution) and
runs inO(n'-°p) time, wheren is the number of operations apds the number of processes in
the execution.

Computing the order in which an execution’s semaphore ¢ipasacould have executed
requires solving a scheduling problem. To determine whiethy two operations; andb, where
guaranteed to have executed in a fixed order, we must deteifrsomevalid schedule of the
execution’s operations exists in whiétprecedes:.. A valid schedule is an interleaving of the
processes’ semaphore operations that honors the semaintesmaphore-style synchronization;
i.e., a linear ordering of the operations such that at eacht pothe ordering, the number of
V' operations is never exceeded by the numbeP @iperations (meaning that the semaphore is
always nonnegative). Then, if the trace indicates éhateceded in the actual execution, but a
valid schedule exists in whidhprecedes, thena andb could have executed in either order.

This scheduling problem can be reduced to a special caggjaeéncing to minimize maximum
cumulative cost (SMMCCgiven an acyclic directed graghwith costs on the nodes, a schedule
is a topological ordering of the nodes; i.e. an ordering efrthdes consistent with the arcs. The
cumulative cost of the firstnodes of such a schedule is just the sum of the cost of thessnod
Thus minimizing the maximum cumulative cost is an attemph#ke sure that the cumulative
cost stays low throughout the schedule. The SMMCC problddPicomplete in general [1,5],
but Abdel-Wahab and Kameda presentam?)-time algorithm for the special case whe¥es
a series-parallel graph [2] (the time bound was later impddeO(n logn) [3]). As part of this
solution, they give arD(n logp)-time algorithm applicable whef¥' is a chain graph, a graph
consisting of a union of disjoint directed paths.

The problem we address can be reduced to the SMMCC problechiaia graph augmented
with one inter-chain edge. In particular, suppose we wailetermine whether there is a valid
schedule in whiclh precedes. We add an edge fromto «, assign costs to the nodes if the
node is aP-operation#41 if a V' -operation), and compute the minimum maximum cumulative
cost. The cost is zero if there is a valid schedule, and pesitiherwise. The augmented chain
graph is not series-parallel, so the algorithm of Abdel-#ahnd Kameda is not applicable. We
show that the SMMCC problem can nevertheless be solved ympaoiial time. In fact, for the
special case of interest, that in which the coststatewe give a linear-time algorithm.

Theorem 1. Suppose7 is a graph consisting g disjoint chains comprising nodes, where
each node represents either a P-operation or a V-operatonany two nodes andb of (¢, one
can determine i (n) time whether there is a valid schedule in whichrecedes:.

In the application, parallel debugging, itis importanttaetly detect all races. Hence we need
to determine the above for all pairs of nodgesndb. Fortunately, there iseompact representation
of this information. The relationd' precedes in all valid schedules” (writtem < b) is a partial
order consistent with the original chain graph. To repre#i@n information, it is sufficient that
we indicate, for each node and for each chai@' not containingg, the first nodeé in €' such that
a precedes in all valid schedules. This representation has élzep), wheren is the number of
nodes ang is the number of chains.

The representation can be used to determine in constantiiraiher there is a race between
two given operationg andb. A race exists if either operation can precede the othereferchine
whetherb can precede, we determine the first node s chain that is preceded layin all valid



Fig. 1.AhumpH of 12 nodesu;, . . ., v;411. The costof each node is in the circle. By definitigiid ) = —2,
h(H) = 2,andh(H) = 4. Both ofv;;1 andv; 7 are peaks off, but onlyv;1 is useful.

schedules. If this first node is numbered later thahenb can precede. If not, b cannot precede
a.

We therefore consider the complexity of constructing sucbpaesentation. Clearly it can
be constructed by a sequence of calls to the algorithm of fEned. We show how to do much
better; in fact the time required by our algorithm is only,/n) times the time required simply
to write down the output.

Theorem 2. Suppose~ is as in Theorem 1. The compact representation of the reldtio
precedes in all valid schedules” can be constructed@(n’°p) time.

2 Definitions and Lemmas

For the remainder of the paper, we shall d8eto denote an acyclic graph, ax#gto denote a
chain graph whose node costs aré. Let;(G*) denote the lowest maximum cumulative cost of
a schedule ofy’. Thus we shall be interested in computin@~ U {ab}) for pairsa, b of nodes

of G.

Now we introduce some terminology having to do with scheslléuch of this terminology
is adapted from that in [2]. Aegmenbf a schedule is a consecutive subsequence Il et
v;v;11- - - vx be asequence consisting of some of the nodés dhecostof H, denoteds(H),
is the sum of the costs of its nodes. Tieightof a nodev, in H is defined to be the sum of
the costs of the nodeg throughv,. The heightof H, denotedh(H ), is the maximum height
of any node inH. A node of maximum height i/ is called apeak Thereverse heighof H,
denoteﬁ(H), is the height off minus the cost off. Note that height and reverse height are
nonnegative.

A chainis a connected graph with all indegrees and outdegrees abm@s/\e are concerned
primarily with graphs consisting of the disjoint union of chains. For convenienee assume
in such a graph the existence of amtial pseudonodgpreceding all nodes, andtarminal
pseudonoddollowing all nodes, each of cost zero.

SupposeH is a chain inG’ containing a peak, such that (1) every node df preceding
v¢ has nonnegative height, and (2) every nodéiofollowing v, has height at least the cost of
H. In this case, we call ahumpin G, and we sayy is auseful pealof H. This definition is
illustrated in Figure 1.

We say a hump is a®v-humpif its cost is negative, &-humpif its cost is positive, and
an L-humpif its cost is zero. As part of their scheduling algorithm &aries-parallel graphs,
Abdel-Wahab and Kameda show that in linear time a sequenoedss can be decomposed into
a series of humps. It can be proved that the humps have tloavfoly properties.

Hump decomposition properties:

— The series consists df -humps, followed by at most one-hump, followed byP-humps.



Fig. 2. A chain which is decomposed into twé-humps, ond.-hump, and thre&-humps.

Fig. 3. The second sequence of nodes is obtained from the first onkisteiing the numbered nodes to
node 3.

— The N-humps are in increasing order of height, and théumps are in decreasing order
of reverse height. Furthermore, for any tWehumps in the series, the reverse height of the
one ahead is less than the height of the one behind. For anyttmamps in the series, the
reverse height of the one ahead is greater than the heigh¢ ainte behind.

— Every peak of the sequence occurs at or before theHiistimp.

For example, the chain in Figure 2 is decomposed intoXioumps, ond.-hump, and three
P-humps. When we refer ttthe humps of a chain or a graph, we mean the humps obtained by
this hump decomposition process. We refer the process pfiegrout this decomposition on a
sequence asonstructing the humpsf the sequence. A node is callechamp boundaryf the
sequence if it is the last node of some hump of the sequenté&bl&) denote the set of hump
boundaries of some sequengeOne can prove the following property.

Hump boundary property: For sequenceS$; andS», we have hfS152) C hb(S1) U hb(.S3).
Furthermore, if hbS1.572) contains the last node &f, then hi§S,) C hb(51.55).

It will turn out that once we decompose a sequence of nodeshiinps, we need not be
concerned with the internal structure of these humps. We orly store the heights, costs, and
boundaries of the humps. Thus a sequence consistifiguhps can be represented by a lenjth-
sequence of triples (height, cost, boundary). We call taggience th&ump representatioof
the sequence. Using the hump boundary properties, one reaghgforwardly derive the hump
representation of1.5> from the hump representation 6f and that ofS;, and can derive the
hump representation ¢, from that of51.55.

Three lemmas are useful to our results. They are all gemat@ns of lemmas in [2]. The
first lemma concerns an operation on a schedule callesteringthe nodes of a hump. Suppose
H isahumpinG, and letv be a useful peak dff . Let .S be a schedule af. If all the nodes of/
are consecutive i, we sayH is clustered inS. Consider the humps obtained in applying hump
decomposition to the chains 6f; if each of these humps is clustered9nwe say the schedule
S is clustered If a hump is not clustered in a schedule, we can modify thedule to make it
so. Tocluster the nodes aff to v is to change the positions of hodeskfother thanv so that
all the nodes of{ are consecutive, and the order among nodd$ o unchanged. An example
is shown in Figure 3.

Lemma 3. Let G’ be an acyclic graph with costs on nodes dide a hump inG’. Suppose
is a schedule of'. If T' is obtained fromS by clustering all nodes i to a useful peak off,
thenT is a schedule of’ andh(T) < h(95).
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Fig. 4. (a) The graplti is composed of two chains. The first chain is composed d¥ arump followed by
a P-hump. The second chain is composed offahump followed by aP-hump. (b) A schedule fof; of
height four. (c) The schedule obtained from the previoushynelustering theV-hump to its useful peak.
(d) A clustered schedule f of height two. This one is obtained from the previous schedylclustering
every hump. (e) A clustered schedulg’ébf minimum height.

The proofis a modification of the proof in [2] of a similar lerarthat require&’ to be a chain
graph. An example is shown in Figure 4. The height of the saledd (c) is smaller than that of
the schedule in (b). It follows from Lemma 3 that there is 3lsva clustered optimal schedule of
(. Two clustered schedules of the graph in Figure 4-(a) are/shio Figure 4-(d) and (e). The
latter is optimal.

Consider a series$; . . . S, of subsequences. It is gtandard fornif it satisfies the following
properties:

Standard form properties:

— The series consists 6f’s with negative costs, followed hby;’s with zero costs, followed by
Sk's with positive costs;

— The S;’s with negative costs are in nondecreasing order of heagtut theS,’s with positive
costs are in nonincreasing order of reverse height.

Lemmad4. LetG’ be an acyclic graph with node costs. L&tB, 51, 52, andS3 be subsequences
of nodes in’. Suppose = 5145,B53, T1 = S1BAS,S53, andT, = 515, BAS;. If the series
of BA is in standard form then eithér(S) > h(T1) or h(S) > h(T3).

The proof of Lemma 4 is a modification of a similar lemma in [24t requiresd and B to
be humps and requires 71, andT; to be schedules af’.
The following lemma is immediate from Lemma 4; we simply$gtbe empty.

Lemmabs. Let G be an acyclic graph with node costs. L&t B, and .S, be subsequences of
nodes inG’. Suppose = S14BS, andT = S1BAS. If the series ofB A is in standard form
thena(S) > A(T).

A schedule of7 is in standard formif it is clustered and its series of humpd(is in standard
form. Let7T" be any schedule af¥ in standard form. Recall that by Lemma 3 there is always an
optimal schedul&' of G which is clustered. The humps 6f, while clustered both iff" and in
S, may not be in the same order. However, any two humps of the sl@in ofG must be in
the same order ifi’ and inS, else eithefl" or S is not a schedule. Take two consecutive humps



in S that are from different chains and that are not in the samer@slin7’, and exchange their
positions. By Lemma 5, the resulting ordering has height woenthanS. By a series of such
exchanges, we eventually obtaihfrom 5. It follows that7”s height is no more than that of,
and hence thdl" is optimal. This argument shows that every schedule in stahtbrm is an
optimal schedule of/. The algorithm of Abdel-Wahab and Kameda for chain gragtt®nsists
in decomposing the chains into humps and then merging thexiags of humps into a series of
humps in standard form; they show this can be dor@(imlogp) time. Let us call this algorithm
thehump-merging algorithm

3 The Linear-time Algorithm for a Single Pair

In this section we shall present an algorithm of compuitg U {e}), wheree = ba, anda and

b are nodes ofy. The algorithm consists of two steps. The first step mefges{e} into three
chains with an extra arc. The second step computes the mimaxd@mum cumulative cost of the
merged graph.

3.1 Mergingp — 2 Chains into One Chain

We useC'(a) andC'(b) to denote the chains containingndb, respectively. We assunié(a) #
C'(b), for otherwise either no schedule existg®ty U {e}) = u(G), depending on the relative
order ofa andb. In the first step of our algorithm we use the hump-merging@digm to find
an optimal schedulé™ for the otherp — 2 chains. Letz* = C'(a) U C(b) U C* U {e}. The
following theorem implies that the minimal maximum cumitatcost ofG' U {e} is the same as
that of G*.

Theorem 6. LetG’ be an acyclic graph with node costs, anddgtandC’ be two parallel chains
in G’. Suppos&” is the graph obtained fro¥’ by mergingC; andC> using the hump-merging
algorithm. The minimal maximum cumulative costfs equal to that of7”.

Proof. SinceG" is more restrictive thaii’, clearly the cost of a schedule f6f’ is at least

that for G’. To prove the reverse inequality, we first use Lemma 3 to shaiy tvithout loss of

generality, an optimal schedule f6f can be assumed to consist of the humpé&bin standard

form. By Lemmas 4 and 5, we can assume moreover that the huoeps im the same order

as in the merge of’; and C5. The resulting schedule is also a schedule@dr proving the

theorem. O
The following observation is the basis for our linear-tinggoaithm for merging.

Observation 1 Let C' be a chain, and ley be then!® node ofC. The hump decomposition
algorithm applied ta” yieldsO(+/n) humps containing nodes occurring befgreMoreover, the
hump decomposition applied gachains comprising: nodes yield€)(,/np) humps.

Proof. Recall that the costs of nodes are eithdror —1. Hence a hump of heiglitcontains at
least? nodes. By the second hump decomposition property, the tseigla series ofV-humps
must all be different. Thus any sequencekofV-humps comprises?(k?) nodes. The same
property holds forP-humps, and there is at most ohehump. This proves the first statement.
Suppose there am nodes in the!” chain, where/y + - - - + £, = n. The total number of
humps isy". O(v/7;), which can be shown to b@(np). O
We now describe the algorithm for mergipg- 2 chains. To initialize, we apply the hump
decomposition algorithm to obtain hump representationsdich of the chains. This takégn)



time. The remainder of the algorithm consistsfogp) iterations. In each iteration the chains
are paired up and each pair is merged into one chain. At thaieg of the:*” iteration, we have
the hump representation for eachpg®’~* chains. By Observation 1, the total number of humps
isO(y/np/2i—1). Given a pair of chain€” andC” having respectively; andn, humps, we can
merge the pair into a single chain and find the humps of thisatain in timeO (n1+ n2). Hence
the time for thei’” iteration isO(/np/2i~1). Therefore the time complexity of aid(logp)

iterations isy . O(+/np/2i-1) = O(/np), whichisO(n).

3.2 Finding an Optimal Schedule of Three Chains with One Arc

Let (V1, V2) denote an ordered partition df — {a} that is consistent witli/ (i.e. no edge ofy
goes from a node i to a node irf’1) and such that all nodes 6f(«a) preceding: are inV; and
all nodes ofC'(«) preceded by are inV%. We call such an ordered partitipmoper. Note that a
proper partition is determined by the last node’tih) in V; and the last node af* in V1. We
call the boundaries right after these last nobesikpoints For the case that all nodes ©f are
in V5, the breakpoint irC* is the boundary right before the first node(f. Because there are
at mostn possible breakpoints i¥(5) and at most: possible breakpoints i@*, the number of
proper(V1, V2)-partitions isO (n?).

We say a schedule dnsistentvith (V1, 1) if it has the formS;a.5>, whereS is an ordering
of V1 and S, is an ordering ob%. Let 2 (V1, V2) be the minimum height of a schedule consistent
with (V1, V2). Clearly the minimum height of a schedule {6t in whichb precedes is given by

u(G™) = (Qllgz)h(vl, V2), 1)
where the minimum is taken over all proper partitidig, V2) of V — {a} such thab € V3.

To find h(V1, V2), let G* (V1) andG*(V2) be the subgraphs @ induced byV; and V5,
respectively. Each consists of three parallel chains. \ii/dpe hump-merging algorithm to find
optimal schedules? and 55 of these graphs. The$i; «.S5 is a schedule of* consistent with
(W1, V2), and its height is

max{u(G*(V1)), w(G(V))+ Y s(v)}. ()

veViu{a}

Any consistent schedule of lower height would induce bett&iedules fo6; (V1) andG™ (V2),
a contradiction. Thus; a.S3 is optimal, andk(V1, V2) is given by (2).

To computeu(G*) according to (1), it is sufficient to consider each of thén?) proper
partitions, and compute (2) for each. In order to achievedirtime, however, we must restrict
the set of breakpoints considered. The following obseowas a step in that direction.

Observation 2 We need only consider breakpointg(iiib) and C* that are hump boundaries.

Proof. Let S be an optimal schedule fof*. Let us construct humps fér* and for the subchain
of C'(b) which is composed of nodes aftein C'(b). By Observation 1, each ha¥\/n) humps.
Let 7" be obtained front by clustering these humps. By Lemmai3is also an optimal schedule.
By definition of clustering, each of these humps is conseeduti 7', so none is separated by
Thus in the schedulé, the element must occur between two of these humps. It follows that in
the equation (1), we may restrict the proper partitions tsé&where the breakpointsdi(6) and
C” lie between these humps. O

By careful examination of these hump boundaries, we cahéduntestrict the search for an
optimal schedule. Namely, for any breakpointifb), we show below how to quickly determine



just two breakpoints irC* such that there is an optimal schedule using one of theseWigo.
exploit this property in a procedure to compute the valueldf (et C1(a) be the subchain of
C'(a) up to but not including, and letC5(b) be the subchain beginning afterLet C1(b) be the
subchain of”'(5) up to and including, and letC>(b) be the remainder af'(b). In the procedure
below we assume that hump decompositions are givef'forC (a), Co(a), C1(b), andCa(b).
All these hump decompositions can be foundir) time in a preprocessing step.

For the sake of our all-pairs algorithm, we present a proeeauNSCHED that takes an
additional parameter. Given a nogef C'(b), MINSCHED computes the value of (1) where the
minimum is taken over all proper partitiofi§1, V2) whereb € V3 andy € V5. Assuming the
hump decompositions described above are provided, therémared isO(v/nf), where( is
the number of nodes if'(b) betweenb andz. Wheny is the terminal pseudonode, the value
computed is the minimum height of a scheduleddrin whichb precedes. In this case the time
required iSO (y/n|C(b)]).

The procedurelNSCHED s as follows. Consider the humps@$(b). By Observation 1, there
areO(v/¢) hump boundaries occurring befogeWe will try each of these hump boundaries as
a breakpoint folC'(b). For each, we determine #(4/|C*|) time two candidate breakpoints in
C*, each a hump boundary. Combining a breakpointf¢) with a breakpoint folC"™* yields
a proper partition(Vi, V2). It follows by hump boundary property that from the given hum
decompositions we can obtain the humpsCap) N Vi and C(b) N V% in O(+/|C(b)]) time
(the hump boundaries are a subset of those appearing inw@e gump decompositions). We
similarly obtain the humps af* N V3 andC* N V3. Using these humps we compuyt&i* (V1))
andu(G*(V2)) in O(+/n) time, and thus determine the value of (2). The total time ireguby
the procedure is thus(v/(n).

We commence the proof that for any breakpointif), we can determine two breakpointsin
C” that are sufficient to examine. First, we know from Obseorafl that we need only consider
boundaries between humps@f. Every such boundary is either next toskkhump (i.e. between
two N-humps or just before the firdf-hump or just after the last) or next tafrahump, or both.
We show that by scanning all the boundaries in the first cayegoe can be determined which
is at least as good a breakpoint as all the others in that@stegnd similarly for the second
category.

Lemma?7. For any fixed breakpoint i'(b), a breakpoint next to atv-hump can be found in
O(+/n) time that is just as good as all the other such breakpoints.

The analogous lemma holds for the breakpoints neRttmimps, and is proved symmetrically.
The proof of Lemma 7 relies on the following observation,ettiollows directly from Lemma 5.

Observation 3 LetG’ be an acyclic graph with node costs. L%t 52, A, andB be subsequences
of nodes inG’, wheres(B) < 0. Supposes = S14ABS; and T = S1BAS,. If either (1)
h(A) > h(B), or (2) s(4) > 0, thenh(S) > r(T).

Let N1, Na, ..., N, bethe series aV-humps inC™*, which is in standard form. We must select
one best breakpoint from among the- 1 occurring between these humps. Fet 0,1, ..., ¢q,
let (W;, W/) be the proper partition withvy, . .., N; in W; andN; 11, ..., N, in W/. We define
T; = §*(W;, W/). Note thatNy, ..., N, are in the same order ify, . .., T;. Without loss of
generality, we may assume that all humps other tNan .., V, are also in the same order in
1o, ...,1; as well. Supposéy = HiH,--- HiaHeyq -+ Hy,, Wwhere each;, 1 < j < m, is
a hump belonging t@’'y(a), Ca(a), C1(b), Co2(b), or C*. By definition of Ty, every humpy;
occurs after: in 7p. Forj = 0,1, ..., ¢, let A; denote the series of humpsig from H; to H,,
i.e.Aj = HjHj_|_1- -« Hy.



Fork =0,1,...,q, let B, denote the portion dfy starting atz, and ending just before the
occurrence ofVy. Let By, be B;, but with all humpsV; omitted. Thus, ifV; is thejfh hump of
Tofori=1,...,q,then

B =alyp---HjaHj 1 Hj 1 Hjpqn -+ Hy, 1.

Note thatB,, is a segment of each @._1, I}, ..., 1,. The following four claims help us relate
the height of7}, to the heights off,_; and 7} 11.

Claim1 If there exists/ < ¢ such thath(H;) > h(Ny), thenh(Tx_1) > h(T}).
Proof. Sinceh(A;By) > h(H;) > h(Ny), by the first condition of Observation 3

. Becausei(H;) > h(Ng) > h(Ng_1) > --- > h(N1), all of Nq,. .., Ny_1 must be scheduled
beforeH; in 1} _1. It follows thatA; By, IV, is a segment dfj,_1. Note thatV, A; By, is a segment
of T}, where the(Vy, V5)-partition of 7], is the same as that @f,. Henceh(T,_1) > h(T}) >
h(Tk) O

Claim 2 If there exists/ < ¢ such thats(A;B) > 0, thenh(Ti_1) > h(T%).

Proof. Sinces(A4;) + s(Bx) = s(4;B;) > 0 ands(Bg) < 0, we haves(4;) > 0. This
implies that at least on®-hump exists ind;. Let H;: be the firstP-hump in4;. We know
thats(A;:) > s(A;). Hences(A;: By) > 0. By the second condition of Observation 3, we have
h(A; BgNy) > h(NyA;:By). Becausdd;: isaP-hump, all of Ny, . . ., N _1 must be scheduled
beforeH ;, inl}, 1. Itfollows thatA ;: By, Ny, is asegment df}, ;. Note thatVy, A; By, is asegment

of T}, where the(Vy, V5)-partition of 7], is the same as that @f,. Henceh(T;_1) > h(T}) >
h(Tk) O

Claim 3 Ifforeveryl < j < ¢, h(H;) < h(Ng) ands(A; By) < 0, thenh(Ti_1) < h(T}).

Proof. Thereisa 1< j' < ¢such thatd;: B, N is a segment df, _1 andN; A;/ By, is a segment
of Tj,. Sinces(A; By) < 0, if we can prove that(Ny) > h(A; By), thenh(Ti_1) < h(T%) by
the first condition of Observation 3. Note thgtd; B, ) = max{h(A,), s(A;/) + h(Bg)}. Let
us show that (V) is actually greater than both elements of the maximum.

SupposeH ;- is the hump containing the last peak af.. Namely h(A;/) = s(H;/) +
s(Hjiy1) + -+ + s(Hj+—1) + h(H;+). By the third hump decomposition properfy;. cannot
be later than the firsP-hump. This implies that none @f;:, H;/41,..., H;«_1 is a P-hump.
ThUSS(Hj/) =+ S(Hj/+1) + 4 S(Hj*_l) < 0. It follows thath(Nk) > h(H]*) > h(A]/)

By the second hump decomposition property and the factBhas composed ofV-humps,
we havel(N;) > h(Bi) = h(Bxy) — s(Bg). Sinces(A;/) 4+ s(By) = s(A;:By) < 0, it follows
thath(Nk) > h(Bk) + S(Aj/). O

Claim4 If foreveryl < j < ¢, h(H;) < h(Ny) ands(A;By) < 0, then for everyl < j < ¢,
we haveh(H;) < h(Ngy1) ands(A;Bgy1) < O.

Proof. SinceNy 41 is aN-hump,h(H;) < h(Ny) < h(Nk11). Note that
Bk-l-l = Bkij+lij+2 o 'ij+1—17

whereH;, 11, Hj, y2,..., H;, ,,_1 are allN-humps. It follows that(Bx41) < s(Bx). Hence
S(AjB;H_]_) < S(AjBk) < 0. O



Now we can prove Lemma 7. Let ¥ k < ¢ be the least nhumber such that for every

1<j<{ h(H;) < h(Ng) ands(A4;By) < 0. By Claim 4, for everyk < i < ¢, h(H;) <
h(N;) ands(A;B;) < 0. By Claim 3 we know

h(Ti-1) < h(Tk) < M(Thy1) < -+ < B(T). ®3)
Note that for every &< ¢ < k — 1, eitherh(H;) > h(N;) ors(A4;B;) > 0. By Claim 1 and 2,
h(To) > h(T1) = -+ > h(Th—2) > h(Tk-1). (4)

Itfollows from (3) and (4) that the boundary betwe¥p_1 and N, is one of the best breakpoints
among/N-humps ofC. Note that if such & does not exist, then the boundary right aferis
as least as good as all the other boundaries amogimps.

Let H;, be the highest hump among &l;'s, 1 < j < ¢. In particular, ifh(H;/) < h(Ny)
thenh(H;) < h(Ny) forall1 < j < {. Let H;» be the hump that(H1H»--- H;#_1) is the
smallest. Since(H1H,--- H;) is fixed, s(A;) is the largest among ali;’s. This implies that
if s(A4;#By) < 0thens(A;B;) < 0forall 1< j < £ In order to locate the best breakpoint
between amongd/-humps ofC*, we just iteratively scan th& -humps. For eaclV-hump/; in
turn, we test ifa(H;/) < h(Ny) ands(A;+By) < 0 are both true. Since only+ 1 iterations
are required, we need onf¥(¢) time. The lemma follows by using Observation 1 to show that

q = O(v/n).

4 The Algorithm for All Pairs

Recall thatZ is composed op chains ofn nodes. In this section we shall show how to decide
the < relation for all pairs of nodes itv. The linear-time algorithm for a single pair of nodes,
applied to allO(n?) pairs, take®) (n?) time. We present a faster algorithm, one that runs in time
O(n'-®p). The algorithm is outlined in Figure 5. We elaborate it in thiébowing subsections.

Input:  C1,Ch, ..., Cp.
Output: For everyC; and(;, for every node in C;, output the arew
wherew is the first node irC; such that < w.

Step 1 Construct humps for every possible pair of subchains.
Step2 Forevery 1<: < pdo

Step 3 Build a merge tre€?" from all chains except);.

Step 4 Forevery 1< j < pdo

Step 5 FromT;* computeC ;, the chain merged from all chains excé€ptandC’;.
Step 6 Forevery node in C; do

Step 7 Find the first nodev™ in C; such that < w*.

Step 8 Output the ar@w*.

Fig. 5. TheO(n"*p)-time algorithm of computing the: relation among every pair of nodes.

Step 1:Let ¢; be the number of nodes ij;. For every chair;, we construct humps for every
possible pair of subchains! andC{’ whereC; = C/CY'. There are two passes, one fof and
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the other forC!’. The first pass is as follows. To initialize, €Y be the hump composed of the
first node ofC;. We then execute a loop @f — 1 iterations. In thek!” iteration, we add the
(k + 1)** node ofC; to C/, and then reconstruct humps f6f. The second pass is very similar
to the first one. Initially let!” be the hump composed of the last nod€gfin thek!” iteration,
we add thgk + 1)** last node of”; to C/, and then reconstruct humps 6f'.

Since the lengths of/ andC}" are always less than or equal 49 the number of humps
constructed in every iteration is always bounded}fy/?;). Whenever a new node is added to
C!, it takes onlyO(+/Z;) time to reconstruct humps for the lengthened subchainlitivis that
the time complexity of Step 1153, ., O(4v/%;) = O(n').

Step 3:In this step the algorithm constructs a rooted binary treghafns to help implement step

5. The leaves of the tree are all the chains except'th@n hump representation). Every nonleaf
vertex is (the hump representation of) the chain resultiognfmerging the vertex’s children.

Thus the root is the chain resulting from merging all the imadjp chains except the”.

By the same analysis as in Subsection 3.1, building a meegetakes)(,/np) time. Note
that the humps of every chain in the merge tree are constrattéhe same time. The hump
representation uses(1) space for every constructed hump. Since therelHrgnp) humps in
this merge tree, the space used for the tree is only linear.

Step 5:For a giveni and;j, we must comput€’;;. It is easy to see that there is a setiogp)
vertices of the binary tree constructed in step 2 such tledetves below these vertices comprise
all chains except thé&” and thej*”. We compute the amortized complexity of Step 5. Fix a value
of i. In step 3 the algorithm constructed a merge tree whosedesgee all the chains except the
it" . We use this merge tree in executing step 5, namely compdfindgorj = 1,..., p. We show
that the total time required i9(p+/n). Hence the amortized complexity of step Fié,/n).

For each value of, we recompute the vertices of the merge tree whose chaihslmthe;'”
chain, working from the leaf to the root. Once the root hasveeomputed, we obtain the chain
merged from all chains but th&" and thej”, i.e. C7;. Thus the root gets recomputed a totapof
times, each of its children gets recompupg@ times, and so on. In general, each vertex at level
k gets recomputeg/2* times.

Now we evaluate the sum of times required for recomputingéntces at levek. The total
time required is proportional to the number of humps in chdirlonging to vertices at level
k + 1. The number of chains at leviek 1 is 2 +1, so the number of humps 3(v/n2t+1). This,
then, is the time required for recomputing all the vertidds\ael £, once each. Since each vertex
at levelk gets recomputeg/2* times, the total time invested in recomputing vertices\alle is
O((p/2%)vn2k+1), which isO(py/n/2%). Finally, we sum over all levels, obtainingO (p\/n),
as required.

Steps 6-80ur goal is to determine for eaehin C; the first nodes™ in C'; such that < w. For
the recursion, we address a more complicated goal, in whe&chr given an interval in which
to seekw™. Namely, given a node in C;, and given two nodes andy of C; such thatw* is
guaranteed to be between them, find

First we give a recursive proceduredBEARCH(v, z, y) based on binary search. Letbe the
node ofC’; located midway between andy. We use the procedun@iNSCHED of Section 3 to
determine the value of (1) where the minimum is taken ovepralper partitiongVi, V2) where
w € Vi andy € V. If the value is zero, we conclude that there is a valid scleeniuwhichw
precedes, and hence £ w. It follows thatw* is located betweew andy. We therefore recurse
on this interval.

If the value is positive, we claim that there is no valid salledn whichw precedes;, i.e.
no schedule in whiclw precedes whose maximum cumulative cost is zero. For suppose there
were such a schedulg By our assumption that* lies between: andy, we havev < y, so

11



there is no valid schedule in whiglprecede%. In particularp precedeg in S. LetV; be the set
of nodes preceding in S, and let}V; be the set of nodes following Then(V1, V>) is a proper
partition wherew € V3 andy € V5, and we have that(V1, V2) is no more than the cost f,
which is zero. This contradiction proves our claim. Hemce, w, and we can recurse on the
interval between: andw.

The time required byINSCHED is O(v/nf), where( is the number of nodes in the interval
from = to y. The length of that interval is halved in each recursion,s®ttme required by
BINSEARCH is a geometric series and hence is &¥a/n().

If Step 6 were just a simple FOR-loop, then the time compjerit Step 6—8 would be
O(4;1/nt;). By using divide-and-conquer for Step 6-8, however, weeehtimeO (,/nl; ;)
as follows. For the recursion, we are given an intefwaf] of C; and an intervae, y] of C;. For
everyv in the first interval, we need to find the correspondirig We are given that for every
suchw, the corresponding™ lies in the intervalz, y] of C;. The procedure is as follows. Lebe
the node of”; midway betweem andg, and call BNSEARCH(v, «, y) to find the corresponding
w*. It then follows that for every’ betweerp andwv, the corresponding’™ lies between: and
w*, and for every’ between andg, the corresponding’™ lies betweens™ andy. We therefore
recurse with these intervals. L&tbe the number of nodes in the interyalq], and let¢; be the
number of nodes in the intervial, y]. The recurrence for the time required by the procedure is

T(l, EJ) < c\/nﬁj

T(6, ) < ey/mly + max {T(6:/2,0) + T(/2,6; — ).

It can be proved that therefore the time complexit@is,/n¢;¢;).
Overall Complexity: The complexity of the algorithm is dominated by the time ftaps 6-8,
whichisy", . O(y/nf;f;). This can be shown to b@(n'-°p), proving Theorem 2.
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Appendix: Omitted Proofs

This part does not appear in the WADS paper.

Lemma 3 LetG’ be an acyclic graph with costs on nodes diide a hump inG’. Supposé is
a schedule of. If T is obtained front' by clustering all nodes i/ to a useful peak off, then
T is a schedule ofi” andh(T) < h(S).

Proof. The original lemma in [2] restrict&’ to be a chain graph. We can prove as follows that
the same properties hold even without the restriction. 8s@f = v1- - v, - - - v4, Wherev,, is a
useful peak of{. Supposev w, - - - w, is the segment o such thate;, = v; forall1 < i <d
and 1= j; < j2 < --- < jq = L. The only difference betweesi andT is that the segment of
W = wiws - - -w, in S becomes

! o . ... . . ... . . ... . . ... .
WE = wji1 e Wi Wit -+ Wy m L H W 1 Wy W g 41 W1

inT. SinceH is a chain ini’, there is no precedence relation imposed¥yetweens; andw;
if w; € H andw; ¢ H; otherwiseS cannot be be a schedule@f. HenceT is also a schedule
of G'.

We denote the heights af; in S andT by hg(w;) and hr(w;), respectively. Note that
hs(vp) = hp(v,) since the set of nodes precedimgdoes not change. Let us show that for every
1<« < {thereexistsan X 3 < ¢ such thatr (w,) < hg(wg).

—lfa= ]z for some 1§ 1 < d, thenhT(wQ) = hT(Ui) < hT(Up) = hS(Up) = hS(wjp).

—If j; < o < jiq1 forsomep < i < d, thenhp(wy) = s(vig1) + s(vig2) + -+ -+ s(vq) +
hS(wQ).SinceH isahump and > p,S(Ui+1)—|—S(Ui+2)—|—- . -—|—8(Ud) = hS(Ud)—hS(UZ') <0
ThUShT(wa) < hS(wQ).

—Ifji < o < jip1forsome 1< i < p, thenhr (wy) = —s(v1)—s(v2)—- - -—s(v; )+ hg(wy).
SinceH is ahump and < p, —s(v1) — s(v2) — -+ - — s(v;) = hs(vo) — hs(v;) < 0, where
vo IS the node precedes in S. Thushr (we) < hg(wy).

It follows that the height of(W’) < h(W). Since the nodes other tham’'s preserve their
heights inS andT’, this lemma is proved. O

Lemma 4 LetG’ be an acyclic graph with node costs. L&tB, 51, 52, andS; be subsequences
of nodes in&’. Supposes = 5145,B53, T1 = S1BAS»S53, andT, = 515, BAS;3. If the series
of BA is in standard form then eithér(S) > h(T1) or A(S) > h(T3).

Proof. The original version of this lemma in [2] restriclsand B to be humps, and restrict§

T1, andT; to be schedules a&’. We can prove as follows that the same property holds even if
without these restrictions. Since the heights of nodes iandS3 are not changed if, 71, and

T, it suffices to ensure that

h(AS2B) > h(BASz) = max{h(B), s(B) + h(A), s(BA) + h(S2)} or
h(AS2B) > h(S2BA) = max{h(S,), s(S2) + h(B), s(S2B) + h(A)},

whereh(AS;B) = max{h(A), s(A) + h(52), s(AS2) + h(B)}.

— If s(A) < Oands(B) < 0thenh(A) > s(B) + h(A) ands(A) + ~(S2) > s(BA) + h(S2).
Since the series d8 A is in standard formj(4) > h(B). Thush(AS>B) > h(BAS53).
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— If s(A) > 0ands(B) > 0thens(A) +h(S2) > h(S2) ands(ASz) +h(B) > s(S2)+h(B).
Since the series dB A is in standard formh(B) > h(A). It follows thath(B) — s(S) >
h(A) —s(A) and thuss(A) 4+ h(B) > s(B) 4+ h(A). Now thats(AS5) + h(B) > s(52B) +
h(A), we haveh(AS,B) > h(S5.BA).

— Suppose(A4) > 0ands(B) < 0.

o If s(S2) > O thenh(A4) > s(B) + h(A4), s(A) + h(5S2) > s(BA) + h(S>), and
s(AS2) + h(B) > h(B). Itfollows thath(AS>B) > h(BAS>).

o If 5(S2) < 0 thens(AS2) + h(B) > s(52) + h(B), h(A) > s(S2B) + h(A4), and
s(A) + h(S2) > h(S2). It follows thath(AS>B) > h(S2BA). O

In section 4 we have shown that the recurrence of the time qitpfor steps 6-8 is

T(l, EJ) S c\/nﬁj

T(EZ, EJ) < c\/nﬁj + 02%{T(£2/2, E) + T(EZ/Z, Ej - E)}
It can be shown thaf'(¢;, £;) = O(4/nf;¢;) by proving

(5, 45) < ex/nlily + e/ntil; 2+ e\ [nlil; A+ -+ e/l

Let us prove this inequality by induction dn. If for all 1 < ¢; < k£ — 1 this inequality holds,
then

T(k, () < e/nl; + max {T(k/2,0)+ T(k/2,6; ~ 0)}

nf; + max {c\/nk€/2+c\/nk€/4—|—---—I—C\/nﬁ—l—

0<e<e

e\fnk(l; — 02+ e\fnk(l; — O /A4 + ey /n(t; - z)}

0y + ex/nkl; + ey /nkt; /24 e[kt A+ -+ ey/200;.

Since the the inequality holds fér = k, it holds for every integet;. ThereforeT'(¢;,¢;) =

O(wnﬁiﬁj).

By the above analysis, the time complexity of this algoriikm

O(n'®) + Z (O(\/@)"' Z (O(«/ﬁ)%—()(m)))

1<i<p 1<i<p

=0(n™) +0(pyap)+ Y. Y. O(/nlily)

1<i<p 1<5<p

= 0(n™%) + O(pyp) + O(Vn) Y O(WV&) Y O(/))

1<i<p 1<j<p

= 0(n**) + O(py/np) + O(Vn)(O(v7p))®
— O(nl'sp).

The space used by this algorithm(¢n). Therefore Theorem 2 is proved.

This article was processed using thgdX macro package with LLNCS style
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