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1 IntroductionHeterogeneous supercomputers consist of serial and parallel supercomputers coupledby high-bandwidth channels. Such machines can greatly reduce computation timefor large problems. It is reported that McRae solved a chemical process resource-allocation problem \40 times faster than he could on a supercomputer alone" [1]using a CRAY Y-MP connected via a high-speed link to a CM-2 Connection Ma-chine. Others report a factor of 5 to 10 reduction in elapsed time [12] for such ar-chitectures. An explanation for this remarkable performance is that many problemsexhibit both serial and parallel aspects that can be exploited by the heterogeneoussupercomputer.In this paper we explore the potential of closely coupled heterogeneous super-computers. We introduce the Mesh SuperHet, a realistic model consisting of a d-dimensional mesh of p coarse-grained processors connected to a serial computer. Weexhibit problems that are more quickly solved with it than by either the serial frontend or the parallel machine alone and we develop fast algorithms and lower boundsfor representative problems on this machine, namely, sorting, the fast Fourier trans-form (FFT), and matrix multiplication. We show that a full speedup of order p isnot attainable for sorting and the FFT, but is attainable for matrix multiplication,even with a very limited bandwidth between the mesh and the serial front end, ifthere is enough local memory per mesh processor.As these examples illustrate, the performance of a closely coupled heterogeneoussupercomputer depends on the architecture of the machine and the problems onwhich it is used. Key factors are the type and bandwidth of the connection betweenthe serial and parallel machine, the speed of mesh processors, their interprocessorbandwidth, and the amount of memory per mesh processor, as well as the demandsof particular computational problems. We make realistic assumptions about thearchitectural elements and analyze problems that are so large they do not �t in thememory of the multidimensional mesh.The Mesh SuperHet consists of a high-performance serial machine closely coupledto a d-dimensional toroidal mesh with a substantial amount of memory per meshprocessor. We study close coupling to understand how it a�ects performance. Closecoupling is obtained by connecting individual processors on the face of the meshto individual memory modules on the front end. We assume front-end memorymodules are addressable via some type of fast routing network, as is typical fora serial supercomputer. A mesh is assumed for the parallel machine because theproximity of processors supports the high-speed local communication needed for1



many large-scale computational problems. (Bilardi and Preparata [4] argue for themesh as the parallel architecture of choice in the limit of very fast computations.)Thus, we have chosen to study a closely coupled heterogeneous supercomputer inwhich the front end connects memory modules via a low-diameter network and theback end connects memory modules via a high-diameter network.For simplicity and without signi�cant loss of generality, we assume: a) all pro-cessors have the same high speed, b) no latency on data movement on any links, c)uniform bandwidth on all links, and d) 
at front-end memory modules of unlimitedsize. Assumption a) is made because we have not found the speed of the front end tobe signi�cant in our studies. Assumption b) holds if data is moved in large blocks,which is valid for the problems studied. The third assumption typically holds inpractice to within a factor of 5-10, which does not a�ect our asymptotic analyses.The last assumption is not practical but can be simulated for many problems [6,15]), including those studied here.Large simulated memories are expensive and are an important distinguishingcharacteristic of serial supercomputers. Parallel machines typically do not supportsuch memories on each processor because of their cost. Consequently, it is natural inheterogeneous machines to assume, as is done here, that large simulated memoriesare physically distinct from the memories of the parallel machine. On the otherhand, if such memories are permitted on each processor of the mesh, our bounds onperformance would be very di�erent.1.1 Related Computational ModelsThe Mesh SuperHet model is a generalization of two models. Atallah and Tsay[2] consider a heterogeneous computer which has a serial front end connected to ad-dimensional mesh in which the memory per mesh processor is small. They alsoassume that in one cycle as many words can be moved between the two machines asthere are processors on one face of the mesh, namely p1�1=d, but make no assumptionsabout the form of the communication between the two machines. They show thata speedup of p1�1=d log p is possible for sorting-related problems in computationalgeometry. Dehne, Fabri and Rau-Chaplin [5] consider a machine consisting of ap-processor d-dimensional mesh in which the processors have enough memory tohold the data for an entire problem, equally distributed over the p memory units.When a sorting problem �ts entirely on a two-dimensional mesh, they show that a2



full speedup is possible if m = 2
(pp).1Like Dehne et al., we assume that each processor on the mesh can have a largeamount of memory. Like Atallah and Tsay, we assume the problem is so large thatit cannot �t entirely on the processor array; a portion of it must reside on the frontend. We severely restrict the Atallah-Tsay model by forcing data to move betweenprocessors on a mesh face and individual front-end memory units, one per meshprocessor.1.2 Detailed Description of ResultsIn Section 2 we give a detailed description of the Mesh SuperHet that spells outour assumptions on processor speeds, network bandwidth, and the interconnectionbetween the serial and parallel machines. We argue that our results are dependentprimarily on the number of mesh processors connected to front-end memories, andnot their location, exact number or bandwidth.In Section 3.1 we show that we can dispense with the serial front-end processorwhen it executes a number of steps that is no more than approximately the numberof steps T divided by the diameter p1=d of the mesh face. We do this by simulatingthe serial processor on the mesh. We also exhibit in Section 3.2 problems that the2-D Mesh SuperHet computes more quickly than does either a serial machine or theMesh SuperHet with the front-end processor disabled.In Section 4 we examine sorting on the Mesh SuperHet and derive a lower boundon the time to sort n items (Section 4.1) as well as a matching upper bound (up to amultiplicative constant) obtained by extending the Atallah-Tsay multidimensional-sorting algorithm to our model (Section 4.3). This extension gives a speedup ofabout p1�1=d log(mp) when n is large. When m is small, we achieve the same resultsas Atallah and Tsay but with a much more restrictive model of data movement.When m is large, the e�ect of memory size is to increase the factor log(p) to log(mp)in the speedup of the original Atallah-Tsay algorithm. While this is not a strongdependence on local memory size, it can give important speedups at small cost.Since our extension of the Atallah-Tsay sorting algorithm is complex, we also derivea simpler and more realistic sorting algorithm (Section 4.2).In Section 5 we examine the FFT algorithm and derive upper and lower bounds(Section 5.1) on its computation time that di�er asymptotically only by constant1For functions f(n) and g(n) on the positive integers, the notation f = O(g) means that thereexists an integer N and a real value c > 0 such that f(n) � cg(n) for n � N . If f = O(g), wewrite g = 
(f). If both f = O(g) and g = 
(f), we write f = �(g).3



factors. The FFT and sorting problems show the same speedups. As the meshdimensionality d increases, the bandwidth of the interface between the serial andparallel machines grows, and both sorting and the FFT show speedups approachingthe limit p.In Section 6 we demonstrate that the matrix multiplication problem exhibits avery di�erent dependence on the parameters of the Mesh SuperHet. A full speedupof order p is possible as long as pm� � cpdd=2e=d for some constant c. This conditionholds even when �, the number of mesh processors connected to front-end memories,is constant, as long as m, the memory per processor, grows as pdd=2e2=d.As these results demonstrate, the amount of speedup possible with the MeshSuperHet depends both on the problems for which it is used and on the parameters ofthe machine, in particular, the bandwidth between serial and parallel processors andthe amount of memory on each mesh processor. Kung [10] has explored conditionsunder which balance is obtained between computation and I/O time for matrixmultiplication, Gaussian elimination, the fast Fourier transform, and sorting whenexecuted on serial machines; he also comments on these issues for two-dimensionalmeshes.Conclusions are drawn in Section 7.2 The Mesh SuperHet ModelThe Mesh SuperHet model described below captures essential features of an impor-tant class of heterogeneous supercomputer. It connects a front end containing asimulated large 
at random-access memory to a d-dimensional array of processors.It achieves a high bandwidth between the mesh and the front end by connecting eachprocessor on a face of the mesh to a front-end memory module. This assumptionrequires only small changes in the architecture of traditional serial supercomputers{ the front-end addressing logic needs to arbitrate the tra�c to and from the front-end memory units. The interface between these machines can be simulated by otherarchitectures without seriously a�ecting the results derived for the Mesh SuperHet.The connection between the front end and the mesh in the Mesh SuperHetimposes important restrictions on data movement between the two machines. Whenlarge volumes of data are moved from the mesh to the front end, care must be takento assign data to memorymodules in such a way that it can be retrieved later withoutcreating serial bottlenecks. We show that many problems can be executed e�cientlyon this model despite the specialized connection between the two machines.4



De�nition 1 The Mesh SuperHet has the following characteristics:� A parallel computer consisting of a toroidal d-dimensional mesh of p = sdprocessors, s processors per dimension, each with m words in its local memory.� A mesh-interprocessor bandwidth comparable to the mesh memory bandwidth.� A serial front-end computer with sd�1 memory units and an I/O subsystemsimulating a large 
at serial memory.� A front end that executes instructions at the same speed as mesh processors.� Individual channels connecting some or all of the sd�1 processors on a face ofthe mesh to front-end memory units with a bandwidth comparable to the meshinterprocessor bandwidth.� A common word size on the mesh and the front end.We make the following assumptions about the initial and �nal locations of thedata on which the Mesh SuperHet operates:� All data for a task is located initially in the front-end memory units.� All results of a computation are located in the front-end memory at the com-pletion of the task.Figure 1 shows a 2-D version of the Mesh SuperHet in which the front-endmemory is subdivided into modules connected to rows of the mesh. As is trueof traditional serial supercomputers, a large investment in the addressing logic ofthe front-end memory is necessary to simulate a uniform high-speed memory. Notshown is the I/O subsystem; it too must be su�ciently large and fast to keep thefront-end memory supplied with data in a timely fashion. The mesh network o�erslower latency and higher speed local communication than can be obtained with otherarchitectures, such as the hypercube.Each processor in a d-dimensional toroidal mesh is indexed by a d-tuple a =(a1, a2, . . ., ad), 0 � ai � s � 1, such that processors a and b are adjacent if andonly if for some index i0, ai = bi for i 6= i0 and ai0 = bi0 � 1 (mod s). The meshhas p processors and s = p1=d. Communication is between adjacent processors. Wemake the reasonable assumption that mesh-processor/memory-module bandwidth iscomparable to the mesh. We also assume that data moves in su�ciently large blocks5
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Figure 1: The two-dimensional Mesh SuperHet computeror su�ciently infrequently that the e�ect of latency is minimized. In particular,we assume that the average times to move a word and execute a mesh processorinstruction are comparable. The processing elements are assumed to have modest-sized random-access memories with m words per processor. The value of m candetermine how e�ciently the Mesh SuperHet uses the available computing power.The assumption that interface processors connect to individual memorymodulesis realistic. Memories can be dual-ported at a small incremental cost, althoughimportant changes may be necessary in the front-end memory arbitration logic. Wehave chosen to limit the number of mesh processors connected to the front end to thesize of face of the mesh. If the mesh were constructed as a dense cube to minimizewire lengths, it would only be practical to access memories on the surface of thecube. We have connected mesh processors to memory modules as a way to reducethe otherwise large burden that arises when data has to be communicated betweenp1�1=d interface processors and the front end when p is large.2.1 Inter-Machine CommunicationLet's now examine the following variants on the communication assumptions:6



i) p1�1=d memory modules and processors are connected via channels but theprocessors are not all on one face of the mesh,ii) the number of front-end memory modules and mesh-face processors connectedvia channels is substantially di�erent from p1�1=d,iii) the bandwidth of the interface channels is substantially di�erent from the meshinterprocessor bandwidth.In the �rst case, data on the mesh can be routed to the appropriate interfaceprocessors. As shown later, this can be done in O(mp1=d) steps which is comparableto the time to move data onto and o� of the mesh. Thus, it is not crucial that thefront end and mesh communicate via a mesh face.The second assumption can have a substantial impact on the performance of theMesh SuperHet. When all p mesh processors are connected to separate front-endmemory units, every mesh processor has an unlimited amount of local memory. Inthis case it is possible for some problems, such as sorting for which a full speedup isnot possible on the Mesh SuperHet, to show a full speedup of order p (see [2] andSection 4.3). In other cases, such as matrix multiplication, the number of channelsconnecting processors and memory units can be considerably less than p1�1=d and afull speedup is still possible (see Section 6).In the third case, an increase in inter-machine channel bandwidth can compen-sate for having fewer interface processors. However, limitations on the speed of meshprocessors put a ceiling on channel bandwidth. Decreasing the channel bandwidthhas an e�ect similar to reducing the number of interface channels.3 Testing the Limits of the Mesh SuperHetIn this section we consider two questions: \Is the front-end processor always needed?"and\Are there problems that are solved more quickly on a Mesh SuperHet than on eitherthe serial front end or the parallel computer alone?" We examine these questions inthe next two sections.3.1 The Importance of the Serial Front EndThe algorithms developed in Sections 4, 5 and 6 make limited use of the serial frontend. This causes us to ask if the front end is always necessary. From a practical7



point of view it is extremely convenient; many computational problems generatedata in parallel but analyze it with code containing large numbers of branchingstatements that is hard to parallelize. Thus, it is highly desirable to have availablea high-performance machine to run such analysis code on the data generated by aparallel machine.While this discussion argues for the importance of the serial front end, it does notestablish that it is always needed, especially when the mesh processors are equallyfast. As the following theorem demonstrates, the work of the serial front end candone by the parallel processors as long as the front end computes for a relativelysmall fraction of the total time.Theorem 1 Let Tserial be the number of steps executed by the serial front end of ad-dimensional, p-processor Mesh SuperHet during a T -step computation. If Tserial =O(T=p1=d), a complete computation can be done with a disabled front-end processorin O(T ) steps.Proof We describe a simulation of a Mesh SuperHet computation by sucha model from which the front-end processor and addressing logic have beendeleted. All mesh processors execute their original computations until the frontend performs a serial step whereupon they pause while some of the mesh proces-sors simulate a front-end step. They then resume their original computations.Counters can be added to programs to keep track of the progress of the serialand parallel computations. We show that O(p1=d) steps on the mesh su�ce tosimulate one front-end step. This implies that the simulating program executesO(p1=d � Tserial + T ) steps, which is O(T ) under the hypothesis of the theorem.Front-end operations on registers are simulated by a designated mesh-face pro-cessor. This processor also dispatches messages to other processors on the meshface when a memory access is necessary. The time for each of these dispatchesis O(p1=d), the diameter of the mesh face, from which the result follows. 2P-complete problems [11] are believed hard to parallelize. Such problems run inserial polynomial time but are not thought to be executable on any parallel machinein time polynomial in the logarithm of the problem input size. Such problems areequally hard to solve on the Mesh SuperHet.8
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pFigure 2: Computational graph that is computed on the Mesh SuperHet more e�-ciently than on the serial front end or parallel machine alone.3.2 A Problem Better Solved on the Mesh SuperHetwe asked above whether there are problems that can be computed by a heterogeneoussupercomputer more quickly than by either a serial or parallel supercomputer alone.In this section we show the existence of such problems for the 2-D p-processor MeshSuperHet.The graph shown in Figure 2 suggests a problem computed quickly on the 2-DMesh SuperHet which cannot be computed quickly by either the serial or parallelcomponent of the machine. Let pp be even. Rows and columns are numbered0; 1; 2; . . . ;pp� 1 from bottom to top and left to right. Let the vertex in row i andcolumn j be denoted (i; j). Then edges are directed from from (i; j) to (i; j +1) for0 � i � pp � 1 and 1 � j � pp � 1, from (j � 1; j � 1) to (j;pp=2 + j � 1) for jodd, and from (j � 1;pp=2 + j � 2) to (j; j) for j even.Let �i;j denote the value computed at vertex (i; j) of this graph and let thevariables f�i;jg be over the set A. The open vertex (0; j) computes �0;j = �0;j. Theclosed unary vertex (i; j) computes the function� of the value �i�1;j at the precedingvertex and the variable �i;j, returning the value �i;j = �i�1;j��i;j. The closed binaryvertex (i; j) computes the function g of the value �i�1;j of the preceding vertex, thevalue of the remote vertex �i;j, and the value of the variable �i;j, returning the value�i;j = g(�i�1;j; �i;j; �i;j). Here �i;j is determined by the de�nition of the graph.This function, which we denote fpMSH : Ap 7! App, can be computed e�cientlyrow by row on the 2-D Mesh SuperHet as follows: a) at each row the front-endprocessor fetches the datum needed from the appropriate memory module in onestep and deposits it into a special location in the module in which it is needed; b) themesh-face processor needing this value (see Figure 1) fetches it and combines it with9



other data in a constant number of steps. Clearly this computation can be done inO(pp) steps. On the serial machine �(p) steps are needed. The computation canalso be done in O(p) steps on the parallel machine without the front-end processorby simulating one step of the serial front end with O(pp) steps of the mesh, asdescribed in Theorem 1.To derive a lower bound on computation time when the front end is not used, weconsider a slightly more general problem. O(p) steps appear to be needed when thefront-end processor is not available because data must be transported great distanceswithin the mesh to simulate each step of the front end. If an adversary knows whatdata need to be moved, it can store columns so that it can fetch each remote datumin one step. The adversary can be frustrated by generalizing the problem slightly.We add the pp binary number variables fcj 2 f0; 1gdlogpe j 0 � j � pp � 1g tothe problem. The meaning of these variables is that in the kth row vertex (k; ck) isthe only binary vertex and it uses �k�1;ck�1 as the remote value. Clearly the valuesfcjg can be chosen so that the computation is exactly that described by the graphof Figure 2 when columns are stored together.It is not hard to generalize the algorithm given earlier to compute the value ofthis new function fp;pp logpMSH on the Mesh SuperHet in O(pp) steps; the front endreads the values of the variables fcjg and not only leaves the value of �k�1;ck�1 in aspecial register for the ckth processor but also leaves a bit to inform it that it mustcompute the function g instead of �. The function can also be computed in O(p)steps on the serial machine or when the front-end processor is disabled.Theorem 2 The time to compute the function fp;pp logpMSH serially or on the 2-D MeshSuperHet when the front-end processor is not used is �(p), whereas it is �(pp) whenthe complete 2-D Mesh SuperHet is used.Proof All results except for the lower bound when the front-end processor isnot used follow from the above discussion. The remaining result is a consequenceof the fact that the binary vertices in each row are e�ectively embedded ontothe rows of the 2-D mesh in such a way that they map to a path whose lengthin the mesh is �(p), thereby requiring at least this many steps to compute thefunction with the mesh and the front-end memory modules.If another parallel machine is employed, the proof can be extended by embeddingthe binary vertices so they are far apart on the parallel machine. 210



4 Sorting on the Mesh SuperHetThe sorting problem is to put a collection of n elements drawn from a linearlyordered set into ascending order. In this section we examine the performance ofcomparison-based sorting algorithms on the Mesh SuperHet.Comparison-based algorithms compare and move pairs of elements but treat alldata as indecomposable. We begin by deriving lower bounds on the time to sort onthe Mesh SuperHet, and then present and analyze two sorting algorithms for thisproblem, a simple 2-D one that is asymptotically non-optimal but is neverthelesse�cient, and another multidimensional one that is complex but is asymptoticallyoptimal. Throughout we assume that each item to be sorted �ts into one memorylocation.4.1 A Lower Bound on the Time to SortProcessors on the Mesh SuperHet can perform comparisons in parallel. The paralleldecision tree model of computation, an extension of the well-known serial decision-tree model, captures essential features of such algorithms [8, pp. 185]. As shown inFigure 3 (a), a parallel decision tree performs multiple comparisons in each step andthen executes one of several multiway branches. The path to a vertex is associatedwith the results of comparisons taken to reach it. Thus, the leaves of a full paralleldecision tree to sort n words (see Figure 3(b)) identify the n! permutations of thesewords. It should be noted that the paths through a parallel decision tree may notall have the same length and that several di�erent paths may be associated withthe same set of comparisons, although performed in di�erent orders.We now state and prove a lower bound on the number of steps needed by theMesh SuperHet to sort n words using only comparisons.Theorem 3 The number of steps, Tsort(n;m; p; d), to sort n elements on a p-processor, d-dimensional Mesh SuperHet with m words per processor satis�es thefollowing inequality for n � 4:Tsort(n;m; p; d) � n log n4(1 + 2 p1�1=d log(2mp))Proof Divide time up into intervals of length mp1=d. In any given interval let ewords enter and l words leave the mesh. Clearly, e+ l � mp. At the beginningof the interval there are at most mp words in the array. It follows that at most11
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Mesh SuperHet in Tsort(n;m; p; d) steps is at most (Nsubtree)Tsort(n;m;p;d)=mp1=d.Since the Mesh SuperHet must distinguish n! permutations, we have the follow-ing lower bound on Tsort(n;m; p; d):Tsort(n;m; p; d) � mp1=d log n!(log(2mp)!) +mp1=dSince (q=4) log q � log(q!) for q � 4 and log(q!) � q log q for q � 1, we haveTsort(n;m; p; d) � n log n4(1 + 2 p1�1=d log(2mp))Thus, the speedup increases with the dimension d and the bandwidth. 2This lower bound shows that a speedup of at most about p1�1=d log(mp) is pos-sible. A full speedup of p is not achievable because it takes time proportional tomp1=d to move mp words on and o� the mesh, which is comparable to the time tomerge mp words on the mesh. It is interesting to note that, as shown by Dehne etal. [5], if all n words are uniformly distributed initially over the p processors in a2-D mesh they can be sorted with a full speedup if m = 2
(pp).4.2 An E�cient 2D-Mesh SuperHet Sorting AlgorithmWe now present an e�cient two-dimensional sorting algorithm for the Mesh Super-Het. In a pre-processing stage it uses the mesh to sort 2n=mp sets of mp=2 wordseach. The front end then merges these sorted lists using a merging algorithm basedon an extension of Batcher's bitonic sorter. In the next section we describe a muchmore complicated algorithm based on one given by Atallah and Tsay [2] for the d-dimensional case and modi�ed to run under the Mesh SuperHet's severe restrictionon data movement.Dehne et al. [5] have shown that Batcher's oblivious bitonic sorting algorithm [3]can be converted to a merger of sorted sublists by replacing each compare-exchangeoperator with a merge-split operator, an operator that takes two sorted lists of kelements, merges them, and produces two lists, each of k elements, in which allelements in the �rst list are less than all elements in the second. Later we sketcha proof that the optimal mesh-sorting algorithm of Schnorr and Shamir [16] can bemodi�ed in the same way to create a mesh-merging algorithm.13



The procedure Sort uses Batcher's bitonic sorter to organize mergesof lists on the mesh using a variant of the Schnorr-Shamir algorithm.Sort(List)fSort 2n=mp lists of mp=2 elements.gfor (1 � r � 2n=mp)Move the rth list of mp=2 words to the mesh;In parallel sort p lists of m=2 elements serially;Merge these lists with the Schnorr-Shamir merging algorithm;Move the tth sorted list of mp=2 words to the front end;fBitonically merge sorted listsgfor (1 � r � [(2n=mp) log2(2n=mp)]=4)Choose the next pair of lists to be merged bitonically;Move the pair of lists to the mesh;Merge these lists with the Schnorr-Shamir merging algorithm;Move the smaller and larger lists to the front end;Figure 4: A Mesh SuperHet sorting algorithm.We use Schnorr-Shamir's mesh merger on the mesh and Batcher's bitonic mergeron the front end. (The Schnorr-Shamir algorithm leaves words on the mesh in row-major order, which greatly simpli�es data movement between the serial and parallelmachines.) The full sorting algorithm is sketched in Figure 4.The n words to be sorted are stored initially on the front end and are uniformlydistributed over the pp memory units. In mpp steps mp words are moved to themesh and stored in the p memories, m words per memory. Each processor seriallysorts its list of m words. A Schnorr-Shamir merging algorithm is then used onthe mesh to merge the sorted sublists into one list of mp elements. The Schnorr-Shamir algorithm leaves the elements on the array in snake-like row-major order.We assume that the smallest mp=2 words are at the top of the mesh and, whenreturned to the front-end memories, are put in the top pp=2 memory units. Thelargest mp=2 words are placed in the bottom pp=2 memory units. This placementof data is chosen to simplify subsequent merges. Later in this section we explainhow data can be moved e�ciently to achieve this objective.14



After n=mp stages all n words have been moved to the mesh, sorted and movedback to the front end memory units. Although they are organized as n=mp sortedlists of mp words each, we treat them as 2n=mp sorted lists of mp=2 words. We thenexecute Batcher's bitonic merger on these smaller lists. Two lists of mp=2 wordsare moved to the mesh and merged using the Schnorr-Shamir mesh merger. Thisprocedure works correctly as long as the two lists to be merged are in di�erent halvesof the front end memory, since in this case they can both be moved to the mesh inparallel in mpp steps. When the two lists are in the same half of the memory, oneis moved to its half of the mesh and then routed to the other half. This can be donein 2mpp steps. Thus, in at most 3mpp steps two sorted lists of mp=2 words canbe moved onto the mesh. To insure that the front-end memories remain balanced,the two sorted lists resulting from the merge are moved back to the same halves ofthe front-end memory.A Schnorr-Shamir mesh merger executes 3pp merge-split operations on p listsof m words, each of which is executed serially in 2m steps. Thus, a Schnorr-Shamirmerge operation takes 6mpp steps. The �rst phase, in which n=mp lists of mpelements are sorted and then merged, takes O((n=mp)m logm) steps to sort each listand (n=mp)8mpp steps to merge sorted sublists of m words each, including 2mppsteps to move data onto and o� of the mesh. A total of Tfirst = O((n logm)=p +n=pp) steps is used in the �rst phase.In the second phase Batcher's bitonic merger is executed. Since each mergeoperation in bitonic merging is preceded and followed by a data-movement and eachsuch movement may take as many as 3mpp steps, it follows that one merge anddata movement stage of bitonic merging takes no more than 12mpp steps. Sincebitonic merging of k lists takes at most k(log2 k)=4 merge and data movement stepsand k = 2n=mp, it follows that the number of steps in the second phase, Tbitonic, isat most 6(n=pp) log2(2n=mp).Theorem 4 A list of n words can be sorted on the 2-D p-processor Mesh SuperHetwith m words per processor in Tsimple:sort(n;m; p; d) steps, whereTsimple:sort(n;m; p; d) = O  npp log2  2nmp!+ np logm!When n is large, i.e. when n � (mp=2)2p(logm)=pp, the �rst term dominates and theachievable speedup is approximately pp.We now show that the Schnorr-Shamir mesh sorting algorithm can be modi�edto merge p sorted lists of m elements each in time O(mp).15



Lemma 1 When each compare-exchange operator in the Schnorr-Shamir n � nmesh-sorting algorithm is replaced by a merge-split operator, the algorithm correctlymerges sorted sublists.Proof The Schnorr and Shamir algorithm sorts n2 items on an n� n mesh ofprocessors in 3n steps which is optimal when each processor holds a constantnumber of elements and n is of the form n = 24q, q an integer. The algorithmsubdivides the mesh into blocks as well as vertical and horizontal slices, andsorts elements within blocks and slices. It su�ces to use a linear time sort-ing algorithm, such as odd-even transposition sort (\bubble sort"), for thesesteps. Correctness of the merger follows by showing correctness of a mergerobtained by replacing compare-exchange operations in odd-even transpositionsort with merge-split operations. But this is a consequence of a straightforwardapplication of the 0-1 principle [9], which can be extended to this case. 24.3 An Asymptotically Optimal Sorting AlgorithmAtallah and Tsay [2] have described an algorithm for a number of sorting-basedproblems that gives a speedup of p1�1=d log p when run on a heterogeneous super-computer consisting of a serial machine and a p-processor, d-dimensional mesh witha small number of memory locations per processor. They assume the two machinesare coupled by a channel of unrestricted type with bandwidth proportional to thesize of one face of the mesh, p1�1=d. In this section we generalize their algorithm tothe Mesh SuperHet in which processors on one face of the mesh are connected indi-vidually to a like number of front-end memory units. Since the number of memoryunits involved can be large, e�ciency demands that care be taken in organizing thedata generated on the mesh to avoid storing large amounts of data in one memoryunit that must be transferred serially to the mesh, thereby wasting the availableparallelism.Our extension of the Atallah-Tsay mesh-sorting algorithm to the Mesh SuperHetrecursively sorts a list of n items and recursively forms q = dp1=(d+1)e sorted listsof n=q elements each. (Note that q � p1=d, which is an integer.) To simplify theanalysis we assume that n = qk for some integer k. Our algorithm then �nds the(mp=3)th smallest item among the n elements and removes it and most smalleritems from the lists. (The complex details of this removal process are central to ourextension of the Atallah-Tsay algorithm.) This process is repeated with the next(mp=3)th smallest element until all lists are exhausted. Identi�cation, removal and16



Sort(List u of n items)Divide u into q = dp1=(d+1)e sublists vj, 1 � j � q;Recursively sort sublists into lists wj, 1 � j � q;Merge sorted sublists fwj, 1 � j � qg;Merge fwj, 1 � j � qgUntil doneFind (mp=3)th smallest item;Delete mp=3 smallest items from lists;Shorten lists fwj, 1 � j � qg (Update pointers);Move mp=3 smallest items to mesh;Sort items on mesh;Move sorted items to front end;Figure 5: Sketch of an asymptotically optimal mesh-based sorting algorithm.sorting of these items is done through coordinated action by the serial front end andthe mesh that requires careful data management. At the level of detail shown inFigure 5, this algorithm is a sketch of the Atallah-Tsay algorithm. It di�ers only inthat merging is done by extracting groups of mp=3 smallest elements instead of pelements. Our extension to this algorithm requires a careful implementation of theprocedures Merge and Extract.Let Tsort(n;m; p; d) be the number of steps used by this sorting algorithm. Weshow that the combining phase, in which the complete sorted list is produced fromthe q sorted lists, can be done in O(n=p1�1=d) steps. Thus,Tsort(n;m; p; d) � qTsort nq ;m; p; d!+ c np1�1=dwhere c is a positive constant. Also, we show that Tsort((mp=3);m; p; d) = O(mp1=d+m logm). The solution to this recurrence is given below.Theorem 5 A set of n elements can be sorted on the p-processor, d-dimensionalMesh SuperHet with m words per mesh processor in Tsort(n;m; p; d) steps whereTsort(n;m; p; d) = O  n log np1�1=d log(mp=3) + np logm!17



The second term dominates when n = 2O(log(mp=3) log(m)=p1=d). Thus, a full speedup ispossible when n = mk, k a constant, and m = 2
(p1=d)=p. Otherwise the speedup isat most O(p1�1=d log(mp=3)).Proof It is straightforward to show that the bound of the theorem satis�es theinitial condition and the recurrence. We now show that the base case and theinductive hypothesis hold.The mesh is used either to sort or merge lists of items. In every case we insurethat each mesh processor has the same number w � m of words in its localmemory. To sort a list of wp items on the mesh, individual lists of w items aresorted sequentially in O(w logw) steps and these lists are merged in O(wp1=d)steps, as described in the next paragraph. Thus, Tsort(wp;m; p; d) = O(wp1=d +w logm) for w � m.We use Batcher's bitonic sorting algorithm, extended to a merging network.On a d-dimensional mesh this network will merge p lists of w sorted items inwp1=d steps but leave the sorted items in positions that are not convenient forthe recursive algorithm described below. Therefore, we group the w items ineach memory into sorted sublists of m=3 elements and route them to the newpositions described below. This routing can be done as a merging by assigningas key to each element a pair consisting of its destination mesh memory unitand its value. Thus, a routing can also be done as a succession of up to threemergings in a total of O(wp1=d) steps.A linear order is given to the mesh processors connected to front-end memoryunits. It is preferable that this order be as close as possible to that generatedby the mesh sorting and merging algorithms. We will insure that all sorted listsof more than mp=3 items can be divided into sorted sections of exactly mp=3items. By routing they will be distributed over the p1=d planes of the mesh andarranged on each plane as sublists of m=3 items per processor, ordered by thelinear order of the interface processors. This will divide the list into p1=d sortedlists of mp1�1=d=3 items each called blocks. A block can be stored in the p1�1=dfront-end memories with m=3 items per memory unit.A collection of n elements is divided into q = dp1=(d+1)e lists and sorted recur-sively. The mp=3th element in these sorted lists is then found using the e�cientserial algorithm of Frederickson and JohnsonLspace [7] discussed below. Our goal is to use this element to �nd and move tothe mesh for sorting the mp=3 smallest elements in these lists, a step taken in18



the Atallah-Tsay algorithm. We modify their procedure as described below toavoid unbalancing the data distribution over the memory modules.The Frederickson-Johnson algorithm �nds the kth smallest element in an a� bmatrixX in which columns are sorted in non-decreasing order (exactly our case)in time O(b + r log(k=r)) where r = min(k; b). We use the serial front end toexecute this algorithm for the case k = mp=3, a = n=q, b = q and r = q. Itfollows that the mp=3th element can be found in time O(p1=d logmp) when d isa constant since q � p1=d.We now describe changes to the procedures Merge and Extract in Figure 5. Itis helpful to consult Figure 6 as the algorithm is described. Our new proceduresremove most of the smallest mp=3 elements from the q sorted sets by removingblocks (each containing mp1�1=d=3 items). On the front end we serially examineblocks in each sorted list to identify those that contain elements less than orequal to the mp=3th smallest item. This is done by comparing the mp=3thelement to the �rst and last elements in successive blocks. (Blocks are storedin the front-end memory in such a way that these two items are contained inthe �rst and last front-end memory units.) There are at most p1=d + q � 2p1=dsuch blocks, and they can be found in O(p1=d) steps. The number of elementsin all these blocks is at most mp and they will �t onto the mesh. These blocksare moved to the mesh and stored on mesh planes so that no memory is givenmore than m items. Those that have fewer than this many items are increasedto m items by adding copies of an item1 which is larger than all other items.Each block is placed on one plane of the mesh.To �nd the �rst mp=3 smallest items, the mp=3th smallest item is broadcast toall processors in time O(p1=d). The processors on each plane hold at most threeblocks of mp1�1=d=3 items. Each processor scans its elements in O(m) stepsand determines where in its portion of the block the mp=3th element falls. InO(dp1=d) steps (d a constant) it collects the identities of blocks that contain anitem larger than the mp=3th smallest item. (If the mp=3th smallest element isthe last element in a block, such a block is the next block.) This information istransmitted to the front end in O(p1=d) steps.The blocks containing elements larger than the mp=3th are written back to thefront-end memories, replacing the items less than or equal to the mp=3th with1, as suggested in Figure 6. This action allows us to remove these smaller itemswhen searching for the nextmp=3 smallest items. This write-back operation can19
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1 d 1+( )⁄Figure 6: Sorted columns on which Extract operates. Columns are subdivided intoblocks of (m=3)p1�1=d items which are moved to and from the mesh to extract the(mp=3)th next smallest items. Pointers show the next item larger than the next(mp=3) elements in each column.be done in O(mp1=d) steps, the same number taken to move data to the mesh.Now a list of the mp=3 smallest items is formed by assigning value 1 to largeritems, merging lists on individual processors, and merging these lists on themesh. This can be done in O(mp1=d) steps. When the merge is complete, themp=3 smallest items are routed so they are stored in linear order on p1=d planes,mp1�1=d=3 items per plane. This take O(mp1=d) steps. The mp=3 smallest itemsare then moved to front-end memories in O(mp1=d) additional steps.It follows that the �rst mp=3 items can be identi�ed, removed from the set of qlists, and stored in the front-end memory in O(mp1=d) steps.To �nd the next mp=3 smallest items, the serial machine �rst shortens its qlists by advancing a pointer within each list to the �rst item larger than themp=3th, as shown in Figure 6. This is done using the locations transferred tothe front end in the previous phase. The serial machine then computes themp=3th smallest item among those remaining in O(p1=d logmp) steps, againusing the serial Frederickson-Johnson algorithm. All blocks containing itemsthat are greater than themp=3th smallest and less than or equal to the 2mp=3th20



smallest are found and moved to the mesh. Note that the elements less than orequal to the mp=3th element have previously been set to 1. There are at mostp1=d + 2q � 3p1=d of these blocks containing at most mp items and they will �ton the mesh.After the lists are moved to the mesh, the locations of the largest items less thanor equal to the 2mp=3th smallest item are identi�ed and sent to the front end.The blocks containing an item larger than the 2mp=3th smallest item are alsofound and sent to the front end. We write back blocks that contain an item lessthan or equal to the 2mp=3th smallest item as well as a larger item, replacingwith 1 all items less than or equal to the 2mp=3th smallest item. Finally, thelists on each processors are merged serially and these lists are merged in parallelusing the mesh merging algorithm. The 2mp=3 smaller items are routed to theappropriate planes in the appropriate order and then moved to the front end.These operations take O(mp1=d) time.This process is repeated a total of 3n=mp times, each such global step requiringO(mp1=d) time. Thus, the total time to combine the q sorted lists is O(n=p1�1=d).25 The Fast Fourier Transform AlgorithmThe fast Fourier transform (FFT) algorithm on n inputs computes the discreteFourier transform (DFT) in time O(n log n) on a serial computer when n = 2k forsome integer k. In this section we develop Mesh SuperHet algorithms for it.The DFT on n inputs a = (a0, a1, . . ., an�1) over a commutative ring R, F (a) =(f0; f1; . . . ; fn�1), is the value of the following polynomial p(x):p(x) = a0 + a1 � x+ a2 � x2 + . . . + an�1 � xn�1on the n roots of unity, !j, 0 � j � n � 1, i.e.fr = n�1Xk=0 ak � !kr = p(!r)Here fai; !i j 0 � i � n�1g are elements of R and + and � are the ring operations.The roots of unity satisfy !n = 1 and Pn�1k=0 !kl = 0 for 1 � l � n � 1.21
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a0 a8 a4 a12 a2 a10 a6 a14 a1 a9 a5 a13 a3 a11 a7 a15Figure 7: The graph F (4) of the FFT algorithm on 16 inputs.The FFT algorithm follows from the decomposition of the polynomial p(x) intoeven and odd polynomials given below. The FFT graph F (k) describes the operationsand data movement in the FFT algorithm on n = 2k; F (4) is shown in Figure 7.p(x) = a0 + a1x+ a2x2 + . . . + an�1xn�1= (a0 + a2x2 + . . . + an�2xn�2) + x (a1 + a3x2 + . . . + an�1xn�2)= pe(x2) + xpo(x2)The FFT algorithm on n inputs, n a power of two, can be computed serially inO(n log n) steps. On a suitable n-processor parallel machine, the FFT algorithmcan be computed in O(log n) steps.We consider computing the FFT on the Mesh SuperHet. The algorithm wedevelop depends in an essential way on the decomposition property of the FFTstated below. Figure 8 illustrates the decomposition spelled out below.Lemma 2 [14] For k � 2 and each 1 � r � k � 1 the FFT graph F (k) on n = 2kinputs can be represented as the composition of 2k�r disjoint topFFT subgraphs F (r)t;ion 2r inputs, 0 � i � 2k�r�1, with 2r disjoint FFT bottomsubgraphs F (k�r)b;j on 2k�rinputs, 0 � j � 2r � 1, where the jth input vertex of F (r)t;i is the ith output vertexof F (k�r)b;j . The qth output vertex of F (k) is the uth output of F (r)t;v for the uniqueintegers u and v satisfying q = u2k�r + v, 0 � v � 2k�r � 1.22
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(3) Figure 8: Decomposition of the FFT graph F (5) on 32 inputs.We simplify the following analysis without materially changing the results byassuming that m and p are powers of 2.Since the d-dimensional, p-processor Mesh SuperHet can store mp entries onthe mesh, we �rst consider the computation on the mesh of F (a) for a such that2a = mp. As necessary, we assume the existence of additional temporary storagefor local computations and data movement.To compute F (a) we decompose it into 2a�r = m top subgraphs fF (r)t;i g on 2r = pinputs and 2r = p bottom subgraphs fF (a�r)b;j g on 2a�r = m inputs. The bottomsubgraphs are computed in parallel in O(m logm) steps on the p processors us-ing the serial algorithm. The top FFT subgraphs are assigned to processors withthe �rst m=p sugraphs assigned to the \�rst" of the p processors, the second m=psubgraphs assigned to the \second," etc. Then, the m outputs produced by thebottom subgraphs are divided into consecutive groups of m=p outputs and movedto the processors which compute the top subgraphs. This step, which amountsto a matrix transpose, can be done parallel in O(mp1=d) steps using an exten-23



sion to Batcher's sort, as discussed above. The top subgraphs are computed inO((m=p)(p log p)) = O(m log p) steps. It follows that F (a) for 2a = mp can becomputed on the mesh in O(m logmp) steps.Let's now apply the decomposition lemma to the computation of the FFT graphF (k) on n = 2k inputs. We decompose such graphs into 2a = mp top FFT subgraphson 2k�a = n=mp inputs and 2k�a = n=mp bottom FFT subgraphs on 2a = mpinputs. The inputs to the ith top subgraph are the ith outputs of the bottomsubgraphs. A storage strategy is needed for the outputs of the bottom sugraphsto insure that they are available in parallel to the top sugraphs. (This is anotherexample of a matrix transposition.) If we were to store the mp outputs of eachbottom subgraph in the same way, a con
ict would result because the �rst top FFTsubgraph would have to access all of its inputs from the �rst memory unit. We showthat data can be organized to make it available in parallel to top FFT subgraphs.Transposition of Data Processors on a mesh face are given a linear order. Weuse that order in this discussion. Data is transferred to front-end memory unitsin blocks of m words. We �rst examine the storage of the mp values of the �rstbottom subgraph. We treat these values as organized into p blocks of m words,f[1; 2; . . . ;m]; [m+1;m+2; . . . ; 2m]; . . . ; [(p�1)m+1; (p�1)m+2; . . . ; pm]g. We re-organize this data so that the qth block contains the entries [q; p+q; 2p+q; . . . ; (m�1)p + q] for 1 � q � m. The �rst p1�1=d such blocks are stored in parallel in thefront-end memories, one block per memory. The second set of p1�1=d blocks are alsostored one per memory. The second block in each memory unit is a block from thesecond set of p1�1=d blocks. This process is repeated until all mp results from the�rst bottom subgraph are stored. For the second bottom subgraph we permute theblocks cyclically right one place. For the lth block we permute the blocks cyclicallyright l places. The data is now available in parallel to top subgraphs. All of theseoperations can be done in O(mp1=d) steps.Now that the data-storage procedure is clear, we assume that n is divisible bymp and again use the FFT decomposition, this time on top subgraphs. It followsthat if TFFT (n;m; p; d) is the number of steps to compute the n-input FFT on the pprocessor, d-dimensional Mesh SuperHet with mmemory words per mesh processor,we have the following bounds on the number of computation steps:TFFT (mp;m; p; d) = O(m logmp +mp1=d)TFFT (n;m; p; d) � mpTFFT ( nmp;m; p; d) + nmp �TFFT (mp;m; p; d) +O(mp1=d)�24



Theorem 6 The FFT algorithm on n inputs can be computed on the p-processor,d-dimensional Mesh SuperHet with m words per mesh processor in TFFT (n;m; p; d)steps where TFFT (n;m; p; d) = O  n log np1�1=d logmp "1 + logmpp1=d #!Proof The bound shown above satis�es the base case of n = mp and therecurrence given above. 2This algorithm provides a speedup of O(p1�1=d logmp) when m = 2O(p1=d)=p, thesame speedup that applies to the sorting of large lists. This is not an artifact of thealgorithm but is inherent in the problem and the architecture of the machine, as weshow below. If p is moderately large, this condition on m will be satis�ed.5.1 A Lower Bound on the Time to Compute the FFTA lower bound on the time to compute the FFT on the Mesh SuperHet can bederived from the lower bound on sorting for this machine and the following lemma.Lemma 3 [17] A permutation network on n inputs, n = 2k, can be constructedfrom three FFT graphs by connecting the outputs of one to the inputs of anotherand interpreting each node of the graphs as compare-exchange operations.A permutation network can be used to sort its inputs. If we replace the op-erations at every node of an FFT graph with a compare-exchange operation, wemake only a constant factor change in the computation time of a Mesh SuperHetalgorithm for it. From this follows the lower bound given below.Theorem 7 The number of steps to compute the FFT on n elements on a p-processor, d-dimensional Mesh SuperHet with m words per processor, TFFT (n;m; p; d),satis�es the following inequality for n � 4:TFFT (n;m; p; d) = 
 n log n1 + 2 p1�1=d log(2mp)!25
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A43C44B34Figure 9: Placement of matrix elements in a 2-D mesh before starting the compu-tation of the product C = A�B. Elements in C remain stationary while those inA and B move horizontally and vertically, respectively.6 Matrix MultiplicationWe now examine multiplication of two n � n matrices on the d-dimensional MeshSuperHet under a limitation on the number of channels between front-end memoryunits and mesh-face processors. We assume that there are at most � � p1=d suchchannels and that they are uniformly distributed over the mesh-face. The goal ofthis section is to understand the e�ect of � on performance of matrix multiplicationon the Mesh SuperHet. We begin by studying a 2-D systolic-based matrix multipli-cation algorithm [13] which we extend to an arbitrary number of dimensions. Weshow that if the storage capacity of the mesh is large enough relative to � and p, afull speedup is possible on the Mesh SuperHet.Shown in Figure 9 is an s � s 2-D mesh on which are laid out the entries ofthe s � s matrices A = fAi;jg and B = fBi;jg. We assume that the (i; j) entriesof each matrix are stored in the positions shown. (These positions are obtainedfrom the standard positions by rotating the ith row of A left cyclically i� 1 placesand rotating the jth column of B up cyclically j � 1 places.) The product of the26



two matrices is then formed systolically, as suggested in Figure 9. In parallel eachprocessor multiplies its two entries Ai;k and Bk;j and, except for the �rst step, addsthe product to the previously accumulated value. The resulting sum Ci;j stays inplace and products are accumulated by rotating the rows of A left cyclically andthe columns of B up cyclically until Ci;j has been formed. This takes O(s) steps, aspeedup of order s2 (the number of processors) over the equivalent serial algorithm.This algorithm also works if Ai;k and Bk;j are matrices themselves, in which casethe products Ai;kBk;j are also matrix multiplications. Consider the case in whichAi;k, Bk;j and the result matrix Ci;j are qm=3 � qm=3 matrices. The productsAi;kBk;j can be formed in 2m3=2=3p3 steps by a serial algorithm on each meshprocessor and the result added to the previous value. The number of steps to movetwo such matrices from one processor/memory node to another is 2m=3. Thus,it follows that the product of two sqm=3 � sqm=3 matrices can be formed ins(2m3=2=3p3 + 2m=3)) steps on the 2-D mesh. This represents a speedup on theorder of s2 over the equivalent serial algorithm.We now extend the algorithm shown in Figure 9 to d dimensions, d even. Let a d-dimensional mesh be used to multiply two sd=2qm=3�sd=2qm=3 matricesA and B.Treat each matrix as an s�s matrix whose entries are s(d�2)=2qm=3�s(d�2)=2qm=3matrices. Each node in the d-dimensional mesh is indexed by a d-tuple a = (a1, a2,. . ., ad), 0 � ai � s � 1. The nodes with the same values for ad�1 and ad form a(d� 2)-dimensional mesh. When these submeshes are treated as nodes, they form a2-D mesh. Place the two matrices A and B on the d-dimensional mesh so that theirs(d�2)=2qm=3 � s(d�2)=2qm=3 submatrices are assigned to the appropriate (d � 2)-dimensional submeshes. Multiply the matrices A and B with the algorithm shownin Figure 9 by multiplying their submatrices on the (d� 2)-dimensional submeshesand shifting and adding the submatrices on the 2-D mesh de�ned by ad�1 and ad.We assume as our inductive hypothesis that the product of two skqm=3� skqm=3matrices can be formed on the 2k-dimensional mesh in Tmesh(s;m; 2k) steps whereTmesh(s;m; 2k) � sk4�m3 �3=2 +mssk � 1s� 1This certainly holds for k = 1. Now consider the number of steps to multiply thematrices A and B when treated as two s� s matrices. The number of steps to addthe s(d�2)=2qm=3 � s(d�2)=2qm=3 product of submatrices to the previous value ofa product is m=3 and the number of steps to shift two such submatrices cyclically27



one place is 2m=3. It follows thatTmesh(s;m; d) � s(Tmesh(s;m; d� 2) +m)which satis�es the inductive hypothesis.Consider now the computation of the product W = U �V of two n�n matricesU and V on the p = sd-processor 2-D Mesh SuperHet when n is divisible by p.Let q = sd=2qm=3 and represent the n � n matrices U , V and W as (n=q)� (n=q)matrices containing as entries q�q matrices, as suggested below for 1 � r; s � (n=q):U = (Ur;s) V = (Vr;s) W = (Wr;s)The product W = U � V is formed by taking the block inner products of rows ofU with columns of V . These inner products are done with (n=q)3 products and(n=q)2(n=q � 1) sums of q � q block matrices. The matrix multiplication algorithmuses the mesh to form such inner products.Consider the inner product of the rth row of U with the sth column of V , namely,Wr;s = n=qXt=1Ur;tVt;sWhen d is even, for each value of 1 � t � n=q, move Ur;t and Vt;s to the mesh,multiply and discard them but retain their product P . The partial sum of Wr;s ismoved to the mesh and added to P and the result stored back on the front-endmemory. When d is odd, represent U , V and W as (n=q) � (n=q) matrices withq = s(d�1)=2qm=3. Move s pairs of submatrices Ur;t and Vt;s to the mesh and operateon them as described above.Suppose now that � of the processors on one edge of the array are connected toa like number of front-end memory units. Let them be uniformly distributed overone face of the mesh. The number of steps necessary to move one q� q matrix ontoor o� of the mesh is O(msd=�). From this follows the bound given below on thetime for this matrix multiplication algorithm:Theorem 8 The number of steps to multiply two n�n matrices on the p-processord-dimensional Mesh SuperHet with � channels between the mesh and front end,Tmatrix(n;m; p; d; �), satis�es the following upper bound:Tmatrix(n;m; p; d; �) = O  n3p "1 + pdd=2e=dpm� #!28



Thus, a full speedup is possible when m = 
(pe(d)=�2), where e(d) = 2dd=2e=d is 1if d is even and (1+1=d) otherwise. When m a constant and d = 2 or 3, a constantfraction of the p1�1=d channels on a mesh face must be used to provide a full speedup.For larger values of d at most � = �(pe(d)=2) = O(p 12+�) su�ce, where � = 1=2d.When � is constant, m must satisfy m = 
(pe(d)) to achieve a full speedup.Proof When d is even we have the following bound for q = sd=2qm=3:Tmatrix(n;m; p; d; �) �  nq!3  Tmesh(s;m; d) + msd� != O 2n3p "1 + sd=2�pm#!When d is even we have the following bound for q = s(d�1)=2qm=3:Tmatrix(n;m; p; d; �) � 1s  nq!3  Tmesh(s;m; d� 1) + msd� != O 2n3p "1 + s(d+1)=2�pm #!The bounds di�er only in the exponent on s in the right-hand terms. 2As this result demonstrates, a full speedup can be achieved by matrix multipli-cation when only one channel (� = 1) is available if the amount of local memory oneach mesh processor grows approximately linearly with the number p of processors.However, if the amount of local memory is constant, a large fraction of the channelsis needed for two- and three-dimensional meshes to achieve the same result. Forhigher dimensions, the number of channels must grow approximately as pp.7 ConclusionWe have introduced the Mesh SuperHet, a model re
ecting essential features ofrealistic closely coupled heterogeneous supercomputers. The model combines a par-allel p-processor, d-dimensional toroidal mesh with a serial front end whose memoryis divided into modules each of which is accessible to a processor on one face of29



the mesh. The model consists of two closely coupled computers, one containing alow-diameter network connecting its memory modules (the front end) and anothercontaining a high-diameter network connecting its memories (the mesh). Couplingis between a face of the mesh and individual front-end memory modules.We have exhibited problems for the 2-D Mesh SuperHet which execute in timeO(pp) if the front end is used but in time 
(p) if it is disabled, thereby showing forthe �rst time that for some problems a heterogeneous supercomputer is essential fore�cient execution. However, we have also shown that the serial front end can bedisabled without more than a constant-factor loss in the running time T for thoseproblems that use the front end for fewer than O(T=p1=d) steps.We have derived lower bounds on the time to sort and compute the FFT onthe Mesh SuperHet and have shown that a full speedup is not possible with thisarchitecture unless the degree of the mesh (and the bandwidth between it and theserial machine) is very large. For any �nite degree mesh a full speedup is impossible.We have given a simple, fast Mesh SuperHet sorting algorithm based on Batcher'sbitonic sorter as well as a complex, asymptotically optimal sorting algorithmwhich isan extension of one proposed by Atallah and Tsay for a less restricted heterogeneoussupercomputer. We have also given an asymptotically optimal implementation ofthe FFT algorithm. We have examined matrix multiplication and shown that a fullspeedup for this problem is possible even with a small-bandwidth channel betweenthe mesh and the serial machine if the memory per mesh processor is su�cient.As heterogeneous supercomputers become more prevalent, they will be used for alarge variety of computationally intensive tasks. Thus, it is important to understandthe opportunities and limitations of this architecture. Not only must experiments beconducted to determine how best to exploit the architectural details of existing ma-chines, studies such as this must be done to understand the fundamental limitationson such architectures and set the context for algorithm development.8 AcknowledgementsThanks are due to Jim Anderson, Jim Doll, Gerry Guralnik, and Don McClure fordiscussions of heterogeneous supercomputing and to David Carlson, Chuck Fiduccia,Philip Klein, Franco Preparata, Jim Smith, Jim Schwarzmeier and Markus Wlokafor their comments on earlier versions of this paper.30
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