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A Practical Constructive Scheme forDeterministic Shared-Memory Access�A. Pietracaprinayz and F.P. PreparatazAbstractWe present an explicit memory organization scheme for distributing M data items amongN memory modules where M 2 �(N1:5�O(1=logN)). Each datum is replicated into a constantnumber of copies assigned to distinct modules. Assuming that N processors are connected tothe memories through a complete graph, we provide an access protocol so that the processorscan read/write any set of N 0 � N distinct data in O((N 0)1=3 log�N 0+ logN) worst-case time.The address computation can be carried out e�ciently without resort to a complete memorymap and using O(1) internal storage per processor.1 IntroductionConsider a parallel system with N processors and N memory modules collectively storingM � N variablesthat are available for access by the processors. A memory organization scheme is sought to distribute thedata among the modules so that any set of N 0 � N variables can be e�ciently accessed by the processorsin parallel. This problem, originally referred to as granularity problem, naturally arises in the design andimplementation of parallel systems (such as PRAMs and parallel databases) and has received considerableattention in the literature. An early survey by [Kuc77] quotes fourteen works that deal with some specialcases. More recently, it has become the main focus of the large body of work concerning the simulationof the PRAM on distributed memory machines [MV84, UW87, AHMP87, KU88, LPP88, Her89, LPP90,Her90, Ran91, Mey92, KLM92].It is convenient to study this problem on a synchronous system where processors and memories areideally thought of as being connected by a complete bipartite graph and each memory module is able toful�ll at most one access request (read/write) per time unit (Module Parallel Computer (MPC)) [MV84].Thus, the time needed to access a set of variables is proportional to the maximum number of access requeststhat a single module must ful�ll. This modeling enables us to separate the request routing problem - tobe dealt with when the bipartite graph is simulated by a bounded-degree network - from the more di�cultmemory organization problem.For the latter, a number of randomized schemes have been successfully developed based on the use ofuniversal classes of hash functions to distribute the variables among the modules [MV84, KU88, LPP88,Ran91, Mey92, KLM92]. Instead, the development of e�cient deterministic schemes appears to be much�This paper was partially supported by NFS Grant CCR-91-96152 andONR Contract N00014-91-J-4052, ARPA order 8225.yDepartment of Computer Science, University of Illinois at Urbana-Champaign, Urbana, IL 61801zDepartment of Computer Science, Brown University, Providence, RI 029121



harder. The pioneering work of Mehlhorn and Vishkin [MV84] introduced the idea of representing eachvariable by several copies so that a read operation needs access only one (the most convenient) copy.This is necessary to avoid the worst case when all the requests are addressed to the same module. ForM 2 O(N c), they present a memory organization scheme that uses c copies per variable and allows a set ofN read requests to be satis�ed in time O(cN1�1=c). However, this use of the copies penalizes the executionof write operations where all the copies of the variables must be accessed, so requiring O(cN) time in theworst case.Later, Upfal and Widgerson [UW87] proposed a more balanced use of the multiple copies exploiting themajority concept previously adopted for databases [Tho79]. Each variable is represented by 2c� 1 copies.Each copy contains the value of the variable and a time-stamp indicating the last time that particular copyhas been accessed. Thus, a read/write operation must access only a majority c of the copies to assure thatthe most recent value of the variable is always retrieved. The assignment of the copies to the memorymodules is represented by a bipartite graph G = (V; U ;E), where V represents the set of variables, U theset of modules, and 2c�1 edges connect each variable to the modules storing its copies. ForM polynomialin N and c 2 �(logN), [UW87] show that there exist graphs G with suitable expansion properties so thatN variables can be accessed in O(logN(log logN)2) worst-case time on the MPC. They do not providean explicit construction for G but show that a random graph exhibits the desired properties, with highprobability.Several authors followed the ideas in [UW87] improving the time complexity and using bounded degreenetworks instead of the complete network of the MPC [AHMP87, HB88, Her89, LPP90, Her90, AS90]. Suchschemes, however, are all based on the existence of similar expanding random graphs, which represents thebasic shortcoming (maybe fatal from the practical standpoint) of this class of approaches, for the followingreasons.(1) No e�cient way is known of testing a random graph for such expansion properties. As [PP93] haverecently pointed out, the only known technique, based on the second eigenvalue, cannot be applied whenthe sizes of the two sets V and U di�er by more than a constant factor, which is the case for memoryorganizations.(2) The representation of the memory map poses substantial implementation problems. How can aprocessor determine, for any variable, the modules storing its copies and the physical address of each copywithin its module? The hypothesis of a complete memory map stored internally in each processor appearseminently impractical and even the approach of Herley [Her90], where the memory map is distributedamong the processors with only polylogarithmic storage per processor, has a very involved implementation.Recently, we presented explicit deterministic memory organization schemes for M 2 �(N2) and M 2�(N3) variables where any set of N variables can be accessed in O(pN) and O(N2=3) time on the MPC,respectively, using constant redundancy [PP93]. In both schemes the implementation is simple and eachprocessor can determine the physical address of any copy in O(logN) time using O(1) storage. In thispaper, we deal with a smaller number of variables; this is an interesting case, as [Her90] already pointedout, since, in a typical parallel application, the size of the data memory required is not enormously largerthan the number of processors. Our main result is summarized in the following theorem.Theorem 1 For M 2 �(N1:5�O(1= logN)) there exists an explicit memory organization scheme that usesO(1) copies per variable and such that any set of N 0 � N variables can be accessed in O((N 0)1=3 log�N 0+logN) worst-case time on the MPC. Moreover, each processor can determine the physical address of anycopy in O(logN) time using O(1) internal storage per processor.The advantage of our scheme is twofold: (1) The memory organization is constructive, i.e., not based onexistential arguments. (2) Its implementation is simple and involves only elementary algebra, so that the2



address computation can be carried out e�ciently with a limited use of resources. The less attractive timecomplexity, however, is mitigated by the fact that with constant redundancy (desirable from a practicalstandpoint) a polylogarithmic complexity cannot be obtained, at least for M 2 
(N1+�). In fact, [UW87]show that using a �xed number r of copies per variables on average, the time complexity of any memoryorganization scheme is at least 
((M=N)1=2r). In the paper we show that when the copies per variable areexactly r the lower bound can be raised to 
((M=N)1=r), thus showing that our time performance is notso far from being optimal.Our memory access mechanism incorporates most of the ideas and notations pioneered by [UW87] andadopted since by several authors. Each variable is represented by q+1 copies (i.e., q+1 = 2c�1), where qis a power of 2, and a read/write operation needs access only q=2+ 1 copies. The assignment of the copiesto the modules is described, as before, by a bipartite graph G = (V; U ;E).The paramount contribution of this paper is the construction and implementation of the graph G andthe analysis of its expansion capabilities. Indeed, the scheme presented here and that of [PP93] are the�rst constructive approaches known to achieve sublinear, and eminently practical, worst-case access timewith constant redundancy. Inspired by the construction presented by [Mor91] for bounded concentrators,we associate the sets V and U with two quotients of PGL2(qn) (the group of non-singular 2� 2 matricesover the �eld Fqn , modulo its center), and de�ne the edges as intersections of cosets. This kind of graphsexhibit a rich algebraic structure and a remarkable `isotropy' (the graph appears the same from any of itsvertices), which make them very attractive for many computer science applications. Here, in particular, weprove that for any set S � V , we have j�(S)j 2 
(jSj2=3q), where �(S) � U represents the image of S overU in G. This is accomplished without resort to the (here ine�ective) standard second-eigenvalue bound,and solves a major problem left open in [Mor91]. This result allows us to achieve the time complexityclaimed in Theorem 1 using an access protocol similar to [UW87].The rest of the paper describes the memory organization scheme. In Section 2 we de�ne the graph G,study its structure and give a tight bound to its expansion capability. Section 3 presents the protocol forsatisfying a set of memory requests on the MPC and analyzes its time complexity. Finally, in Section 4 wediscuss how to represent the graph so that each processor can e�ciently determine the physical address ofany data item (copy of a variable).2 The graph G(V; U ;E)Recall that V and U , with jV j = M and jU j = N , represent the sets of variables and memory modules,respectively. Let Fk denote the �nite �eld of order k, with k a prime power, and F�k its multiplicativesubgroup. The Projective Linear Group of degree 2 over Fk (PGL2(k)) is the group of 2� 2 nonsingularmatrices with entries in Fk, modulo its center, the group of scalar matrices [Gor68]. For convenience, amatrix of PGL2(k) will be written either as  � �
 1 ! or  � �1 0 !, with �; �; 
 2 Fk , and the equalitybetween matrices will be modulo scalar multiples. Let q be a power of 2 and n � 3. Consider the followingtwo subgroups of PGL2(qn):Hn�1 4= ( a �0 1 ! ; a 2 F�q ; and � 2 Fqn)H0 4= PGL2(q)The graph G is de�ned as follows: V = PGL2(qn)=H03



U = PGL2(qn)=Hn�1Thus, the variables are associated with the left cosets of H0 and the modules with the left cosets of Hn�1.The edge set is de�ned as follows:E = f(AH0; BHn�1) : A;B 2 PGL2(qn) and AH0 \BHn�1 6= ;g;and it can be easily seen thatE is in a one-to-one correspondence with the cosets of PGL2(qn)=(H0\Hn�1).The following properties derive from well known facts in group theory (see [Gor68]).Fact 1 We have1. jV j = (qn+1)qn(qn�1)(q+1)q(q�1)2. jU j = (qn + 1) qn�1q�13. The degree of each node in V is q + 14. The degree of each node in U is qn�1Therefore, N 2 �(q2n�1) and M 2 �(q3n�3) = �(N 32� 34n�2 ). Each variable is represented by q + 1copies and each module is assigned qn�1 copies of distinct variables.2.1 Notations and Technical FactsLet 
 be a primitive element of Fqn . We haveFqn = (n�1Xi=0 ai
i; ai 2 Fq; 0 � i < n)We need to distinguish a particular subset of Fqn , consisting of all those elements that can be writtenas polynomials in 
 with constant term a0 equal to 0. More speci�cally, we de�neP
 4= (n�1Xi=1 ai
i; ai 2 Fq) : (1)Note that jP
 j = qn�1.For v 2 V let �(v) � U denote the set of modules storing the copies of v (i.e., �(v) = fu 2 U :(v; u) 2 Eg). Correspondingly, for u 2 U let �(u) denote the set of variables storing copies in u (i.e.,�(u) = fv 2 V : (v; u) 2 Eg). Thus, � gives the set of neighbors of a node in the graph. Its de�nition isnaturally extended to subsets. Also de�ne�2(u) 4= �(�(u))� u 8 u 2 U: (2)2.2 Structure of GWe �rst give a convenient representation for the nodes in U . More speci�cally, we determine a set ofmatrices representatives of the cosets of PGL2(qn)=Hn�1 = U .4



Lemma 1U = ( 
i 00 1 !Hn�1 : 0 � i < qn � 1q � 1 )[( � 
i1 0 !Hn�1 : � 2 Fqn and 0 � i < qn � 1q � 1 )Proof: It is not di�cult to see that all of the above cosets are distinct and, therefore, (since their numberis (qn + 1) qn�1q�1 ) they form a partition of U . 2Next, we list a number of facts concerning the functions � and �2. Let A 2 PGL2(qn). We haveLemma 2 �(AH0) = fAHn�1g [ (A a 11 0 !Hn�1 : a 2 Fq) :Proof: We �rst prove that �(H0) = fHn�1g [ ( a 11 0 !Hn�1 : a 2 Fq) :Note that  1 00 1 ! 2 H0\Hn�1 and  a 11 0 ! 2 H0; for a 2 Fq, so that  a 11 0 ! 2 H0\ a 11 0 !Hn�1Therefore, H0 \Hn�1 6= ; and H0 \  a 11 0 !Hn�1 6= ;, for a 2 Fq. This implies�(H0) � fHn�1g [ ( a 11 0 !Hn�1 : a 2 Fq) :However, since j�(H0)j = q + 1 (by Fact 1), and the set fHn�1g [ ( a 11 0 !Hn�1 : a 2 Fq) consists ofq + 1 distinct cosets, the above containment relation holds with equality.Now, it is easy to see that for any A;B 2 PGL2(qn),H0 \BHn�1 6= ; () AH0 \ABHn�1 6= ;This implies �(AH0) = fAHn�1g [ (A a 11 0 !Hn�1 : a 2 Fq) : 2Lemma 3 �(AHn�1) = (A 1 p0 1 !H0 : p 2 P
) :Proof: Reasoning as before, we only need to prove�(Hn�1) = ( 1 p0 1 !H0 : p 2 P
) :Since  1 p0 1 ! 2 Hn�1, we have Hn�1 \  1 p0 1 !H0 6= ; and, therefore,�(Hn�1) � ( 1 p0 1 !H0 : p 2 P
) :5



By Fact 1, j�(Hn�1)j = qn�1 = jP
 j. So, all we have to show is that for any pi; pj 2 P
 , pi 6= pj , 1 pi0 1 !H0 6=  1 pj0 1 !H0. Suppose, for a contradiction, that there exists  a bc d ! 2 H0 such that 1 pi0 1 ! a bc d ! =  1 pj0 1 !, that is,  cpi + a dpi + bc d ! =  1 pj0 1 !. This implies c = 0,d =1,a = 1 and pi + b = pj , which violates the de�nition of P
 . 2Combining the two lemmas we can prove that, given any pair of variables, their copies share at mostone memory module. This is formally stated in the following theorem.Theorem 2 Let A;B 2 PGL2(qn) with AH0 6= BH0. Then j�(AH0) \ �(BH0)j � 1:Proof: For a contradiction suppose that j�(AH0)\�(BH0)j � 2. Then, there exist C;D 2 PGL2(qn) withCHn�1 6= DHn�1, such that CHn�1; DHn�1 2 �(AH0) \ �(BH0) (see Fig. 1). Without loss of generality,we assume that CHn�1 = Hn�1, otherwise we could premultiply A;B;C and D by C�1 and obtain a sim-ilar situation. With this choice of C, using Lemma 3 we can choose A =  1 p10 1 ! and B =  1 p20 1 !,with p1; p2 2 P
 , p1 6= p2. Note that AHn�1 = BHn�1 = Hn�1, since, for p 2 P
 ,  1 p0 1 !Hn�1 = Hn�1.Then by Lemma 2 �(AH0)�Hn�1 = �(AH0)�AHn�1= ( 1 p10 1 ! a 11 0 !Hn�1 : a 2 Fq)= ( p1 + a 11 0 !Hn�1 : a 2 Fq)and, similarly, �(BH0)�Hn�1 = ( p2 + a 11 0 !Hn�1 : a 2 Fq)This implies j(�(AH0)�Hn�1) \ (�(BH0)�Hn�1)j = j�(AH0) \ �(BH0)�Hn�1j = 0; which contradictsthe assumption that �(AH0) and �(BH0) share more than one element. 2Next we consider the function �2.Lemma 4 �2(AHn�1) = (A � 11 0 !Hn�1 : � 2 Fqn) :Proof: By de�nition (2), �2(AHn�1) = �(�(AHn�1))� AHn�1By Lemma 3, �(AHn�1) = (A 1 p0 1 !H0 : p 2 P
) :6



A H 0

B H0

C Hn−1

D Hn−1

V U

Figure 1: AH0, BH0, CHn�1, and DHn�1By Lemma 2,� A 1 p0 1 !H0! = (A 1 p0 1 !Hn�1) [ (A 1 p0 1 ! a 11 0 !Hn�1 : a 2 Fq)= fAHn�1g [ (A p+ a 11 0 !Hn�1 : a 2 Fq)since  1 p0 1 !Hn�1 = Hn�1. Hence,�2(AHn�1) = (A p+ a 11 0 !Hn�1 : a 2 Fq and p 2 P
)The proof is completed by observing that fp+ a : p 2 P
 and a 2 Fqg = Fqn . 2Theorem 3 Let A;B 2 PGL2(qn) with AHn�1 6= BHn�1. Then j�2(AHn�1) \ �2(BHn�1)j � q � 1:Proof: Without loss of generality, assume AHn�1 = Hn�1 (same argument as in the proof of Theorem 2).By Lemma 4, �2(Hn�1) = ( � 11 0 !Hn�1 : � 2 Fqn) : Then, we have three cases, depending upon theform of BHn�1.CASE 1: BHn�1 =  
i 00 1 !Hn�1, for some i, 1 � i < (qn � 1)=(q � 1). Applying Lemma 3 we get�2(BHn�1) = ( 
i 00 1 ! � 11 0 !Hn�1 : � 2 Fqn)= ( 
i� 
i1 0 !Hn�1 : � 2 Fqn)Since 
i 6= 1, we have j�2(Hn�1) \ �2(BHn�1)j = 0.CASE 2: BHn�1 =  � 11 0 !Hn�1, for some � 2 Fqn . Applying Lemma 3 we get�2(BHn�1) = ( � 11 0 ! � 11 0 !Hn�1 : � 2 Fqn)= ( ��+ 1 �� 1 !Hn�1 : � 2 Fqn)7



Now, if � = 0 then  �� + 1 �� 1 !Hn�1 = Hn�1 62 �2(Hn�1) \ �2(BHn�1). Otherwise, let ���2 =b
k, for some k, 0 � k < (qn � 1)=(q � 1), and b 2 F�q . Simple calculations show that � + ��1 
k1 0 ! b�1 00 1 ! 1 ��10 1 !Hn�1 = b�1��1  ��+ 1 �� 1 !Hn�1=  ��+ 1 �� 1 !Hn�1:Since both  b�1 00 1 ! 2 Hn�1 and  1 ��10 1 ! 2 Hn�1, we have ��+ 1 �� 1 !Hn�1 =  � + ��1 
k1 0 !Hn�1:Notice that f���2 : � 2 F�qng = f
2i : 0 � i � qn � 2g = F�qn ; since q is even. Therefore, thereare exactly q � 1 values of � such that ���2 2 F�q , i.e., k = 0. These are the values of � for which ��+ 1 �� 1 !Hn�1 2 �2(Hn�1): Thus j�2(Hn�1) \ �2(BHn�1)j = q � 1.CASE 3: BHn�1 =  � 
i1 0 !Hn�1, for some � 2 Fqn and i, 1 � i < (qn � 1)=(q � 1). We havej�2(Hn�1) \ �2(BHn�1)j = q � 1, and the proof is analogous to that for CASE 2.By recalling the set of representatives for U given by Lemma 1, one concludes that the above threecases cover all possible cosets of U . 2Theorems 2 and 3 have two important consequences, stated below as corollaries, which will play a keyrole in proving the expansion capability of G.Corollary 1 Let u 2 U and consider a set of t distinct variables v1; . . . ; vt such that u 2 �(vi), for1 � i � t. Then j�(fv1; . . . ; vtg)� uj = qt:Proof: Immediate from Theorem 2. 2Corollary 2 Let S � V be a set of variables and consider a set of k distinct modules u1; . . . ; uk. Letti = j�(ui) \ Sj. Then j�(S)j � kXi=1 qti �  k2 ! (q � 1):Proof: Let Ai denote the set �(�(ui) \ S) � ui. Since �(Ski=1Ai) � �(S), by the inclusion-exclusionprinciple we have j�(S)j � kXi=1 jAij � X1�i<j�k jAi \ Aj jby Cor. 1� kXi=1 qti � X1�i<j�k j�2(ui) \ �2(uj)jby Th. 3� kXi=1 qti �  k2 ! (q � 1) 28



We are now ready to analyze the expansion properties of graph G. In particular, given a set ofvariables S � V we want to bound from below the size of the set of modules �(S) containing the copies ofthe variables in S. This problem was left open in [Mor91], where the node sets V and U were two stages ofa multistage diagram, each stage consisting of a quotient of PGL2(qn) with respect to a di�erent subgroup.Theorem 4 Let S � V . We have j�(S)j � 121=3 jSj2=3qProof: We �rst prove that j�(S)j > pjSjq. There are jSj(q+ 1) edges incident to members of S. Supposej�(S)j � pjSjq. Then there exists a node in U receiving at leastpjSj(q+1)=q edges from S. By Corollary 1this implies j�(S)j > qpjSj(q + 1)=q > pjSjq, which contradicts the assumption j�(S)j � pjSjq.Now, let j�(S)j = pjSj�, with � > q. We claim that each node of �(S) receives fewer than pjSj�=qedges from S. Indeed, suppose there is some u 2 �(S) receiving s � pjSj�=q edges from S; clearly,�(�(u)\S) � �(S) and, by Corollary 1, j�(�(u)\S)j = sq+1, yielding j�(S)j � j�(�(u)\S)j � pjSj�+1,a contradiction. Let t be the number of nodes in �(S) receiving at leastpjSjq=� edges from S. We majorizethe degrees of these t nodes (strictly) to pjSj�=q, and the degrees of the remaining (pjSj� � t) nodes topjSjq=�, and obtain the following inequality:tqjSj�=q + (qjSj� � t)qjSjq=� > jSj(q+ 1)This implies t � pjSj q��2�q2 , and the fact � > q implies t � pjSjq=�. Now, let ui, for 1 � i � pjSjq=�, bedistinct nodes of �(S) receiving each at least pjSjq=� edges from S. From Corollary 2 we getj�(S)j � pjSjq=�Xi=1 qj�(ui) \ Sj �  pjSjq=�2 ! (q � 1)� q(qjSjq=�)2 � 12(qjSjq=�)2(q � 1)� jSj q32�2Combining the hypothesis j�(S)j = pjSj� with the above inequality we obtainj�(S)j � 121=3 jSj2=3q 2The next theorem proves that when n is composite the lower bound given by Theorem 4 is tight.Theorem 5 For any integer m, 0 < m � n and m j n, there exists S � V such thatjSj = (qm + 1)qm(qm � 1)(q + 1)q(q � 1)j�(S)j = (qm + 1)qm � 1q � 1Hence, jSj 2 �(q3m�3) and j�(S)j 2 �(q2m�1) = �(jSj2=3q).9



Proof: Let S = PGL2(qm)=H0. Since m j n, Fqm is a sub�eld of Fqn and PGL2(qm) is a subgroup ofPGL2(qn). Therefore, S � V and, by Fact 1, jSj = (qm+1)qm(qm�1)(q+1)q(q�1) , as desired. Since S consists of all thematrices in PGL2(qm), and only of those, it is clear that �(S) = fAHn�1 : A 2 PGL2(qm)g. LetHm�1 = ( a �0 1 ! ; a 2 F�q ; and � 2 Fqm)It is easy to see that Hm�1 = Hn�1 \ PGL2(qm), thereforej�(S)j = jPGL2(qm)j=jHm�1j= jPGL2(qm)=Hm�1j= (qm + 1)qm � 1q � 1 2Corollary 3 Suppose a set of M variables, each represented by q + 1 copies, is distributed among the Nmodules of the MPC according to the graph G. For any integer m, 0 < m � n and m j n, there exists aset of variables S, with jSj = (qm+1)qm(qm�1)(q+1)q(q�1) , such that 
(jSj1=3=q) parallel steps are needed to access atleast one copy per variable.Proof: Consider a set S as in Theorem 5. Obviously, the processors cannot access more than j�(S)j copiesper step. Since j�(S)j 2 �(jSj2=3q) and at least S copies have to be accessed, we need 
(jSj=j�(S)j) =
(jSj1=3=q) parallel steps. 2It is not known whether for n prime the result in Theorem 4 is tight.3 Access Protocol and AnalysisConsider an MPC with N processors, N memory modules and M variables with their copies distributedamong the modules according to the graph G de�ned in the previous section. Suppose each processor issuesa read/write request for a distinct variable. Recall that, because of the majority rule, for each variable itis su�cient to access only q=2 + 1 copies.The access protocol we propose is similar to the ones of [UW87, PP93]. The processors are subdividedinto N=(q + 1) clusters, with q + 1 processors per cluster. Let P (i; j) denote the jth processor in clusteri, for 1 � i � N=(q + 1) and 1 � j � q + 1. Let also v(i; j) denote the variable requested by processorP (i; j). The protocol consists of q + 1 phases. In the kth phase the processors of each cluster cooperateto access the variable requested by their kth companion. More speci�cally, processor P (i; j) is in chargeof the jth copy of v(i; k), for any i and j. A number of iterations are executed. In each iteration eachprocessor tries to access its assigned variable unless it previously succeeded or other q=2 + 1 copies of thesame variable have already been accessed. A memory module can satisfy at most one request per iteration,so the number of copies accessed in an iteration is equal to the number of modules receiving requests inthat iteration. The code for Phase j is shown in Figure 2. For each variable, a 
ag is used to indicatewhether the variable is alive or not.Let � be the maximum number of iterations executed in any phase. As we will see in the next section,each processor is able to determine the physical address of any copy in O(logN) time. Therefore, it canbe seen that the entire access protocol is completed in O(q(� log q + logN)) steps on the MPC. We will10



Phase jbeginfor i := 1 to N=(q + 1) do in parallelP (i; j) broadcasts v(i; j) to the processors in cluster i;for l := 1 to q + 1 do in parallelP (i; l) determines the address of the lth copy of v(i; j)endfor;set flag(i; j) `alive';while flag(i; j) = `alive' dofor l := 1 to q + 1 do in parallelP (i; l) tries to access the lth copy of v(i; j), if not yet accessedendfor;n� Each memory module accepts one request (if any) �ncount the number of copies of v(i; j) accessed so far;if count � c then set flag(i; j) `dead' endifendwhileendforend. Figure 2: Code for Phase jnow give an upper bound to the value of �. Consider a phase. At some point during the execution of thephase, a copy is said to be alive if it has not been accessed yet; a variable is said to be alive if at leastq=2+ 1 of its copies are still alive. (This terminology is used only for variables and copies requested in thephase under consideration.) We need to slightly modify the result in Theorem 4. For a set of live variablesS � V , let �0(S) denote the set of modules storing the live copies of S.Theorem 6 Let S � V be a set of live variables. Thenj�0(S)j � 14 jSj2=3qProof: We �rst adapt the results of Corollaries 1 and 2. Consider t live variables v1; . . . ; vt, each storing alive copy in a �xed module u. Since each live variable has at least q=2+1 live copies, by Theorem 2 we getj�0(fv1; . . . ; vtg)� fugj � q2 t (3)Now consider a set of live variables S � V and k memory modules, u1; . . . ; uk. Let ti be the number oflive copies of variables in S stored in ui, 1 � i � k. Reasoning as in the proof of Corollary 2 and applying(3) we can prove j�0(S)j � kXi=1 q2ti �  k2 ! (q � 1) (4)Once these two facts are established, the proof proceeds similarly to that of Theorem 4. We �rst showthat j�0(S)j > pjSj(q=2). Suppose j�0(S)j � pjSj(q=2). Since there are at least jSj(q=2 + 1) live copies,there must be a node in U storing at least pjSj(q=2 + 1)=(q=2) > pjSj live copies. By (3) this impliesj�0(S)j > pjSj(q=2), which contradicts the assumption j�0(S)j � pjSj(q=2).Now, let j�0(S)j = pjSj�, with � > (q=2). Again using (3), we can easily see that each node in �0(S)must store fewer than pjSj�=(q=2) live copies. Let t be the number of nodes in �0(S) storing at least11



pjSj(q=2)=� live copies. We havetqjSj �(q=2) + (qjSj�� t)qjSj(q=2)� � jSj(q=2+ 1)This implies t � pjSj (q=2)��2�(q=2)2 � pjSj(q=2)=�: Let k = 12pjSj(q=2)� . Note that t > k. Consider k nodes of�0(S) storing at least pjSj(q=2)=� live copies. Applying (4) we getj�0(S)j � kqjSj(q=2)� q2 �  k2 ! (q � 1)> 12 jSj�(q=2)� �2 q2 � 14 jSj�(q=2)� �2 q � 12> 14 jSj�q2�3 �1��2Combining the hypothesis j�0(S)j = pjSj� with the above inequality we obtainj�0(S)j � 12 � 21=3 jSj2=3q > 14 jSj2=3q 2For a given phase, let Rk denote the number of live copies remaining after the end of the kth iteration,where R0 = N . The following lemma is similar to Lemma 3.3 of [UW87].Lemma 5 For any k � 0, Rk+1 � Rk  1� c� qRk�1=3!with 0:19 � c � 0:25.Proof: Let Lk be the number of live variables remaining after the kth iteration. Note that Lk � Rk=(q+1).By Theorem 6 we have Rk+1 � Rk � 14L2=3k q� Rk � 14 � Rkq + 1�2=3 q� Rk  1� 14 � qq + 1�2=3� qRk�1=3!Note that for q � 2, 0:19 � c = 14 � qq + 1�2=3 � 0:25 2Theorem 7 If q is a constant, � 2 O(N1=3 log�N).12



Proof: Let fkigi�0 be a sequence of indices such that 0 = k0 < k1 < k2 < . . . < ki < . . ., and de�ne�i = ki � ki�1, for i � 1. By applying Lemma 5 it follows immediately thatRki � Rki�1 0@1� c qRki�1!1=31A�i (5)for any i � 1. Let b > 1 be a suitable constant and de�ne the sequence f�igi�0 as follows( �0 = 1�i+1 = b�1=3i for i � 0It can be easily seen that for i � 1, �i = bw���wwhere the exponent of b is a tower of i� 1 w's and w = b1=3. We choose the integers ki's so thatRki � N(q + 1)�i < Rki+1Thus, for some smallest j 2 O(log�N), Rkj � 1.Claim For any i � 1, �i 2 O(N1=3).Proof: We need to estimate �i = ki � ki�1 knowing that Rki � N(q+1)�i and Rki�1 � N(q+1)�i�1 . Since the RHSof (5) is an increasing function of Rki�1 , we can substitute N(q+1)�i�1 for Rki�1 and obtainRki � N(q + 1)�i�1  1� c� qq + 1 �i�1N �1=3!�iThis inequality certainly holds ifN(q + 1)�i�1  1� c� qq + 1 �i�1N �1=3!�i = N(q + 1)�i :Solving for �i, we get �i = logb �i � logb �i�1� logb �1� c � qq+1 �i�1N �1=3�Using the well known fact logb(1 + x) � x logb e, for x > �1, we get�i � N1=3 1c � qq+1�1=3 logb e logb �i � logb �i�1�1=3i� N1=3 1c � qq+1�1=3 logb e logb �i�1=3i�1By de�nition of �i, logb �i = �1=3i�1, therefore,�i � N1=3 1c � qq+1�1=3 logb e 2 O(N1=3)that proves the claim. 2Combining the result in the claim with the fact that for some j 2 O(log�N), Rkj � 1, we concludethat after � 2 O(N1=3 log�N) iterations there are no live copies, i.e., R� � 1. 213



Therefore, when q 2 O(1), the entire protocol requires O(N1=3 log�N) parallel steps to satisfy a set of Nrequests.In general, if N 0 < N requests are issued by the processors a similar protocol is executed with � 2O((N 0)1=3 log�N 0) iterations per phase. Then the total time complexity becomes O((N 0)1=3 log�N 0+logN),as claimed in Theorem 1.Before closing this section, we want to give the reader an idea on how far from optimal the performanceof our scheme is. The following theorem, which is patterned after [UW87, Theorem 4.1] with appropriatemodi�cations, provides a lower bound to the performance of any memory organization scheme.Theorem 8 Consider any memory organization scheme where M variables, each represented by exactlyr copies, are distributed among N memory modules (with copies of the same variable assigned to distinctmodules), and N processors are connected to the memories. If the number of variables that can be stored inthe processors' internal registers is negligible with respect to M , then the worst-case time needed to accessa set of N variables is 
(min(N=r; (M=N)1=r))Proof: Let t� 1 be the number of parallel steps needed to access a set of N variables, in the worst case. Ift > N=(cr), for some constant c > 2 then we are done. Therefore, assume t � N=(cr). Since at least onecopy per variable has to be accessed, for any set of N variables their copies must reside in more than N=tmodules, otherwise at least N=(N=t) = t steps would be required. So any set of N=t modules contain allof the copies of at most N � 1 variables. Note that the r copies of any variable occur in exactly N � rN=t� r !of the  NN=t ! qsets of N=t modules. Counting these variables by rows and columns in a (variables) �(sets of modules) array, we obtain M � (N � 1) NN=t ! N � rN=t� r ! : (6)Using the well known fact  ab ! 2 � �ab�b � aa� b�a�bs ab(a� b)!we get (N � 1) NN=t ! N � rN=t� r ! 2 � NtN=t� NN � r�N�N=t�N=t� rN � r �N=t�r!= � Ntr �1� tr � rN � r�N=t�r �1 + rN � r�N�N=t!= ��Ntrexp�rN �N=tN � r � r (N=t� r)(t� 1)N � r �� (for large N)= � (Ntr) 14



since t � N=(cr). By (6), we obtain t 2 
((M=N)1=r) 2Note that the result is independent of any strategy adopted to access the variables (e.g., majority rule)and of any interconnection pattern between processors and memories. In our case, choosing q = 2 (i.e.,r = 3), the lower bound becomes 
(N ((1=2)�O(1=logN))(1=3)) = 
(N (1=6)�O(1=logN)).4 ImplementationA crucial aspect of the development of a memory organization scheme concerns its implementation, anissue that has been often ignored in the past. In particular, a processor that wants to access a speci�c copyof a variable must be able to e�ciently determine the module storing that copy and the physical addressof the copy within the module. This section explains how this can be done in our memory organization.Let v0; . . . ; vM�1 denote the variables, and u0; . . . ; uN�1 the memory modules. We �rst need to associatevariables and modules with the appropriate cosets. That is, we need to establish the following bijections.1. For 0 � i < M , vi  ! AiH0, for some Ai 2 PGL2(qn).2. For 0 � j < N , uj  ! BjHn�1, for some Bj 2 PGL2(qn).Recall that each variable is represented by q+1 copies assigned to distinct modules, and that each moduleis assigned exactly qn�1 = M(q + 1)=N copies. In other words, in graph G each node of V (U , resp.) hasdegree q + 1 (qn�1, resp.). Also recall that the edges of the graph are in one-to-one correspondence withthe cosets of H0 \Hn�1. Let AiH0 = q[k=0Aki (H0 \Hn�1)BjHn�1 = qn�1�1[h=0 Bhj (H0 \Hn�1)for 0 � i < M and 0 � j < N . We adopt the convention that the kth copy of vi is the hth item stored inmodule uj if and only if Aki (H0 \Hn�1) = Bhj (H0 \Hn�1). Therefore, to determine the address of the kthcopy of vi, a processor proceeds as follows:STEP 1: Compute AkiSTEP 2: Find j and h such that Aki (H0 \Hn�1) = Bhj (H0 \Hn�1)The goal now is to de�ne the Ai's, Bj 's, Aki 's and Bjh's such that STEP 1 and 2 can be carried oute�ciently. The only delicate part regards the de�nition of the Ai's, which we will deal with later in aseparate section. For the time being assume that, given any index i, a processor is able to compute Ai inO(logN) time using O(1) internal storage (Theorem 11).We �rst need to introduce some notations. The elements of the �eld Fqn can be denoted by polynomialsin 
 of degree less than n, with coe�cients in Fq . Let Fqn = f�0; . . . ; �qn�1g, where the indexing is givenby the lexicographic order of the n-tuples of coe�cients. Note that among the qn� 1 nonzero polynomials15



there are qn�1q�1 monic ones. We will denote these polynomials by �i, for 0 � i < qn�1q�1 . Finally, letFq = fa0; . . . ; aq�1g.For 0 � i < M , set Aki = 8>>><>>>: Ai  ak 11 0 ! if 0 � k � q � 1Ai if k = qLemma 2 implies that for k1 6= k2, Ak1i (H0 \Hn�1) 6= Ak2i (H0 \Hn�1). For the de�nition of the Bj 's,it is convenient to associate the integers [0; . . . ; N � 1] with pairs of indices as follows. For 0 � s < qn�1q�1and �1 � t < qn let J(s; t) 4= s(qn + 1) + t + 1:Clearly, J(s; t) takes all the values between 0 and N � 1. De�neBJ(s;t) = 8>>>>>><>>>>>>:  �s 00 1 ! if t = �1 �t �s1 0 ! otherwiseClaim 1 The BJ(s;t)'s belong to distinct cosets of PGL2(qn)=Hn�1.Proof: Note that f�s : 0 � s < qn�1q�1 g forms a set of representatives for the quotient F�qn=F�q . Sincef
s : 0 � s < qn�1q�1 g is also a set of representatives for the same quotient, we have that for each s,0 � s < qn�1q�1 g, there exist as 2 F�q and s0, 0 � s0 < qn�1q�1 g, such that�s = as
s0and if s1 6= s2 then s01 6= s02. Now, it is easy to see that �s 00 1 ! =  as
s0 00 1 ! =  
s0 00 1 ! as 00 1 !and  �t �s1 0 ! =  �t as
s01 0 ! =  �t 
s01 0 ! 1 00 as ! :Since both  as 00 1 ! and  1 00 as ! belong to Hn�1, we conclude that �s 00 1 !Hn�1 =  
s0 00 1 !Hn�1and  �t �s1 0 !Hn�1 =  �t 
s01 0 !Hn�1:Thus, by Lemma 1, the BJ(s;t)'s belong to distinct cosets of PGL2(qn)=Hn�1. 216



Let P
 = fp0; . . . ; pqn�1�1g. (Recall that P
 represents the set of polynomials of degree at most n � 1in 
 with constant term equal to 0.) For 0 � s < qn�1q�1 , �1 � t < qn and 0 � h < qn�1 letBhJ(s;t) = BJ(s;t)  1 ph0 1 !Lemma 3 implies that for h1 6= h2, Bh1J(s;t)(H0 \ Hn�1) 6= Bh2J(s;t)(H0 \ Hn�1). The following lemmaidenti�es the matrices in each coset BhJ(s;t)(H0 \Hn�1).Lemma 6 If t = �1 thenBhJ(s;t)(H0 \Hn�1) = ( a�s (ph + b)�s0 1 ! : a; b 2 Fq ; a 6= 0)Otherwise (t � 0),BhJ(s;t)(H0 \Hn�1) = ( a�t (ph + b)�t + �sa ph + b ! : a; b 2 Fq; a 6= 0)Proof: It immediately derives for the de�nition of the BhJ(s;t)'s and the factH0 \Hn�1 = ( a b0 1 ! : a; b 2 Fq; a 6= 0) : 2We are now ready to describe how the two-step procedure that computes the physical address of acopy can be e�ectively implemented. We assume that each processor has a local work space consisting of aconstant number of registers, and that, in addition to the usual arithmetic operations, it is able to performaddition, multiplication, and inverse in the �elds Fq and Fqn . We also assume that arithmetic operationsand operations in Fq take constant time. The operations in Fqn can be implemented using feedback shiftregisters, each operation taking O(n) = O(logN) time and space equivalent to the storage of O(1) �eldelements (see [Ber68, Ch. 2] for details).We used p0; . . . ; pqn�1�1 to denote the polynomials of P
 . Each polynomial can be uniquely associatedwith its (n � 1) coe�cients. Thus, the indexing is given by the lexicographic order of the qn�1 distinct(n� 1)-tuples of elements of Fq.Suppose the address of the kth copy of vi is sought and consider the two steps presented before. ForSTEP 1, we assume that Ai has been already determined in O(logN) time. It is clear that, given Ai, Akican be determined with only a constant number of operations; therefore, STEP 1 requires O(logN) time,in total.Let us consider now STEP 2. Let Aki =  x yz v !, where x; y; z and v are elements of Fqn and theusual notation for matrices of PGL2(qn) is adopted, i.e., v = 1 or z v = 1 0. The procedure in Fig. 3, whichexploits the result of Lemma 6, computes the indices s; t and h such that Aki 2 BhJ(s;t)(H0 \ Hn�1), thatis, Aki (H0 \Hn�1) = BhJ(s;t)(H0 \Hn�1). In the code, given in Fig. 2, we denote the operations in Fqn asfollows� (Addition) x� y, 8x; y 2 Fqn 17



� (Subtraction) x	 y, 8x; y 2 Fqn� (Multiplication) x
 y, 8x; y 2 Fqn� (Inverse) INV (x) = x�1, 8x 2 F�qnWe also use four macros INDEX1, INDEX2, INDEX3 and MONIC, de�ned as follows. Given x 2 Fqn ,� INDEX1(x) = t, where x = �t� INDEX2(x) = h, where x = ph + b, for some b 2 Fq� INDEX3(x) = s, where x = a�s, for some a 2 F�q� MONIC(x) = �s, where x = a�s.It is easy to see that if x is represented as polynomial in 
 of degree less than n, INDEX1, INDEX2,INDEX3 and MONIC are all executed in O(logN) time.STEP 2beginif z = 0thenbegint := �1;�s := MONIC (x);s := INDEX3 (x);h := INDEX2 (y 
 INV (�s));endelse n � z 6= 0 � nbegin�t := x
 INV (z);t := INDEX1 (�t);if v = 0thenbegins := INDEX3 (y);h := 0endelse n � v = 1 � nbegin�s := MONIC ((y 	 �t)
 INV (z));s := INDEX3 ((y 	 �t)
 INV (z));h := INDEX2 ( INV (y 	 �t)
 �s)endendend. Figure 3: Code for STEP 218



Theorem 9 The code for STEP 2 is correct and is executed in O(logN) time.Proof: Refer to Lemma 6 and distinguish three cases.CASE 1. (z = 0): Clearly t = �1 and we must have x yz v ! =  a�s (ph + b)�s0 1 !for some 0 � s < qn�1q�1 , 0 � h < qn�1 and a; b 2 Fq with a 6= 0. Therefore, �s = MONIC (x) ands = INDEX3 (x). Once �s and s have been determined, we compute ph + b = y(�s)�1, from which theindex h is derived using INDEX2.CASE 2. (z = 1 ^ v = 0): We must have t � 0 and x yz v ! =  �t a�1�s1 0 !for some 0 � t < qn, 0 � s < qn�1q�1 and a 2 F�q . Note that h = 0 since ph = 0. Note also that �t = x = xz�1.The computation of s and t is obvious.CASE 3. (z 6= 0 ^ v = 1): Again, we must have t � 0 and x yz v ! =  a�t(ph + b)�1 �t + (ph + b)�1�sa(ph + b)�1 1 !for some 0 � t < qn, 0 � s < qn�1q�1 , 0 � h < qn�1 and a; b 2 Fq with a 6= 0. As before, �t = xz�1. Once�t has been computed, we can derive s from (y � �t)z�1 = a�1�s. And, given s, we compute ph + b as(y � �t)�1�s, which enables us to determine h. 24.1 Representatives for PGL2(qn)=H0The purpose of this section is to �nd a suitable set of matrices representatives of PGL2(qn)=H0, such that,given an integer i, 0 � i < M , the ith matrix is easily retrieved. For simplicity we will only consider thecase of q = 2 and n odd1. The other cases can be handled using similar techniques, but require moreinvolved computations.Let F2 = f0; 1g. The group H0 = PGL2(2) consists of six matrices:H0(1) =  1 00 1 ! H0(4) =  0 11 0 !H0(2) =  1 11 0 ! H0(5) =  1 10 1 !H0(3) =  0 11 1 ! H0(6) =  1 01 1 !1Note that when q = 2 there are three copies per variable, which, as [Mey92] pointed out, appears to be one ofthe interesting cases for practical PRAM simulations. 19



Since jPGL2(2n)j = (22n � 1)2n, we haveM = jPGL2(2n)=H0j = 2n�1 22n � 13The main idea that allows us to choose the representatives of PGL2(2n)=H0 is to focus on the set oftop (bottom) rows of each coset. We �rst observe that each row of a matrix of PGL2(2n) can be uniquelyassociated with a non-zero element of the extension �eld F22n , as follows. Let � be a generator of themultiplicative group F�22n , and let � 4= 22n � 13We have F�22 = f�i� : 0 � i < 3g; in other words, �� generates F�22 . Let us denote w 4= ��. Note thatF22 � F22n but, since n is odd, F22 6� F2n , as pictured in the diagram below.F22nF2nF2F22 ������� H HTherefore, w 2 F22n �F2n and (w; 1) forms a basis for F22n over F2n ; that is, each element of F22n can beuniquely written as �w + �, for some �; � 2 F2n . De�ne the function � : F2n � F2n �! F22n as�(�; �) = �w + � 8�; � 2 FqnNow consider a matrix  x yz v ! 2 PGL2(2n). Such matrix can be uniquely represented by the pairh�(x; y);�(z; v)iwhere, since the matrix is non-singular, both �(x; y) and �(z; v) are nonzero. From now on, both the usualmatrix notation and the pair notation will be used interchangeably.Partition the elements of F�22n (i.e., �i, for 0 � i < 22n � 1) into cosets of F�22n=F�22 . For 0 � i < � let[�i] = f�iwk : 0 � k < 3g = f�i+k� : 0 � k < 3gWe need to identify the cosets that contain the elements of F�2n . De�ne� 4= 2n + 1� 4= 2n + 13and note that F�2n = f�i� : 0 � i < 2n � 1g: It is easy to prove thatf[�i�] : 0 � i < 2n � 1g = f[�i� ] : 0 � i < 2n � 1g (7)20



and that each such coset contains exactly one element of F�2n . We subdivide the cosets of F�22n=F�22 in twosets S1 = f[�i� ] : 0 � i < 2n � 1gS2 = f[�i] : 0 � i < � such that � 6 j ig:Now, given a row vector (x; y) with x; y 2 F�2n and �(x; y) 6= 0, consider the six vectors (x; y)H0(i),for i = 1; . . . ; 6. Using the function �, view these vectors as elements of F�22n , and let�i = �((x; y)H0(i)) i = 1; . . . ; 6The following lemma shows that the partition of F�22n into the cosets of F�22n=F�22 is, in a certain sense,preserved among the �i's. Suppose �1 2 [�k], for some k, 0 � k < �.Lemma 71. f�i : 1 � i � 6g = [�k] [ [�(k2n)mod�].2. [�k] = [�(k2n)mod�] if and only if � divides k (i.e., [�k] 2 S1).Proof: Observe that �1 = �(x; y) �4 = �(y; x)�2 = �(x+ y; x) �5 = �(x; x+ y)�3 = �(y; x+ y) �6 = �(x+ y; y)Note that F�22 = f1; w; w+ 1g and, since w generates F�22 , we must have w2 = w + 1. Easy calculationsshow that �(x+ y; x) = �(x; y)w and �(y; x+ y) = �(x; y)w2, therefore[�(x; y)] = f�(x; y);�(x+ y; x);�(y; x+ y)g = f�1; �2; �3gSimilarly, [�(y; x)] = f�(y; x);�(x; x+ y);�(x+ y; y)g = f�4; �5; �6gBy induction one can easily prove that, when n is odd, w2n = w + 1. Thus,(�(x; y))2n = (xw+ y)2n = x2nw2n + y2n = xw2n + y = xw + (x+ y) = �(x; x+ y)This implies that f�i : 1 � i � 6g = [�k] [ [�k2nmod�]Now, (k2n) mod � = k() k2n = k + h� (for some h)() k(2n � 1) = h�() k = h�Hence, [�k] = [�(k2n)mod�] if and only if [�k] 2 S1. 2In other words, the set of �i's consists of exactly two cosets of F�2n=F�22 if [�k] 2 S2, and is equal to[
k], with each element occurring twice, if [
k] 2 S1.Before proceeding with the choice of representatives of PGL2(2n)=H0 we need a technical fact. For1 � i � 2n�1�13 and 0 � j < 2n � 1 de�nek(i; j) = (i+ j�) mod � (8)21



Fact 2 For any 1 � i � 2n�1�13 and 0 � j < 2n � 1 we have1. [�k(i;j)] 2 S22. For any 1 � i0 � 2n�1�13 and 0 � j 0 < 2n � 1,(a) k(i0; j 0) = k(i; j)() i0 = i and j 0 = j(b) k(i0; j 0) 6= (2nk(i; j)) mod �Proof:1. Since � j � and � j �, then � j k(i; j)() � j i:But 1 � i � 2n�1�13 < � , therefore � 6 j i and [�k(i;j)] 2 S2.2. (a) The `if' part is trivial. Suppose k(i0; j 0) = k(i; j). Then(i0 + j 0�) mod � = (i+ j�) mod �Since i � �, the above equation can be rewritten asi0 = (i+ (j � j 0)�) mod �= (i+ (j � j 0)� mod �) mod �Note that �(j0�j)� 2 F2n , hence, by (7), (j� j 0)� mod � = h� for some h, 0 � h < 2n�1. Sincei < � , i+ h� < (2n � 1)� = �. Thus we havei0 = i+ h�The condition i0 < � implies h = 0 and, hence, i = i0. Also, h = 0 implies (j � j 0)� = d�, forsome 0 � d < 2n � 1. Now, since n is odd, lcm (�; �) = 22n � 1 and, thus, (j 0 � j)� = d�implies that (j 0� j) is a multiple of lcm (�; �)=� = 2n� 1. But by de�nition, (j 0� j) < 2n� 1,so we must have (j 0 � j) = 0, that is, j 0 = j.(b) Suppose for a contradiction that there exist i0 and j 0 such that k(i0; j 0) = (2nk(i; j)) mod �.Then, (i0 + j0�) mod � = (2ni+ 2nj�) mod �;that is, 2ni mod � = (i0 + (j 0 � 2nj)�) mod �Noting that 2ni < � and reasoning as before, we conclude that2ni = i0 + h�for some h, 0 � h < 2n � 1. In other words, i0 = 2ni mod � . Since 2n = 3� � 1, theni0 = 2ni mod �= (3� � 1)i mod �= �i mod �;which is impossible since � = (2n + 1)=3 and both i and i0 are at most (2n�1 � 1)=3 < b�=2c.22



2We are now ready to de�ne the matrices representatives of PGL2(2n)=H0. For convenience, we partitionthese matrices into four groups, L1, L2, L3 and L4.De�nition 1 L1 4= fh1; �h�wi : 0 � h < 2n � 1gL2 4= fh1; �k(i;j)wsigL3 4= fh�k(i;j)ws; 1igL4 4= fh�k(i;0); �twsi : 1 � t < � ; � 6 j t and�k(i;0)(�tws)�1 62 F�2ngwith 1 � i � 2n�1�13 , 0 � j < 2n � 1, and 0 � s < 3, wherever they occur.Lemma 8 jL1j+ jL2j+ jL3j+ jL4j = MProof: It is immediate that jL1j = 2n � 1jL2j = jL3j = (2n � 1)(2n�1 � 1)As for the cardinality of L4, note that there are (2n�1)(2n�2)3 values of t between 1 and � not multiples of � .It is not di�cult to show that, for each i, there are exactly 2n � 1 pairs of indices t and s, with 1 � t < �,� 6 j t and 0 � s < 3, such that �k(i;0)(�tws)�1 2 F�2n . Therefore,jL4j = 2n�1 � 13 [3(2n � 1)(2n � 2)3 � (2n � 1)]= 2n�1 � 13 [(2n � 1)(2n � 2)� (2n � 1)]= (2n � 1)2n�1 � 13 (2n � 3)Simple algebra shows that jL1j+ jL2j+ jL3j+ jL4j = 2n�1 22n�13 = M . 2Thus, the Ai's de�ning the bijection between the variables and the cosets of PGL2(2n)=H0, can beidenti�ed with the matrices in the above four sets. LetL 4= L1 [ L2 [ L3 [ L4Theorem 10 The matrices in L belong to distinct cosets of PGL2(2n)=H0, thus forming a complete setof representatives.Proof: It is su�cient to prove the following two facts. (1) L � PGL2(2n). (2) For each A;B 2 L, A 6= B,and � 2 F2n , A 62 �BH0.For the �rst fact we only have to prove that each A 2 L is non-singular. Let A = hx; yi 2 L. Notethat both x and y are non-zero; therefore A is non-singular if and only if x�1y 62 F2n (or equivalently,xy�1 62 F2n). We distinguish among four cases, according to the form of A.23



� A = h1; �h�wi 2 L1. Since w 62 F2n and �h� 2 F2n , �h�w 62 F2n .� A = h1; �k(i;j)wsi 2 L2. By Fact 2, [�k(i;j)ws] = [�k(i;j)] 2 S2 and, by (7) and the de�nition of S2,�k(i;j)ws 62 F2n .� A = h�k(i;j)ws; 1i 2 L3. Similar to the previous case.� A = h�k(i;0); �twsi 2 L4. The condition �k(i;0)(�tws)�1 62 F2n in the de�nition of L4 assures that Ais non-singular.We now prove the second fact. Let A;B 2 L, with A 6= B, and let � = �a�, for some a, 0 � a < 2n� 1.As before, we need to distinguish among various cases according to the form of A and B.� A and B belong to distinct Li's. We show only the case of A 2 L1 and B 2 L2. The other casescan be dealt with in a similar fashion. Let A = h1; �h�wi and �B = h�a�; �k(i;j)+a�wsi. Note that[�h�w] 2 S1 and [�k(i;j)+a�ws] 2 S2. From Lemma 7, one can argue that for any hx; yi 2 �BH0,[y] 2 S2. Therefore, A 62 �BH0.� A;B 2 L1, with A 6= B. Let A = h1; �h�wi and B = h1; �h0�wi with h0 6= h. Thus �B =h�a�; �(h0+a)�wi. Note that [1], [�h�w], [�a�] and [�(h0+a)�w] are all in S1. By Lemma 7, for anyhx; yi 2 �BH0, [x] = [�a�], so if A 2 �BH0 we would have [�a�] = [1] (i.e., a = 0). For the samereason, [y] = [�(h0+a)�w]; so if a = 0, A 2 �BH0 would imply [�h0� ] = [�h�], that is, h = h0, acontradiction.� A;B 2 L2, with A 6= B. Let A = h1; �k(i;j)wsi and B = h1; �k(i0;j0)ws0i, where it cannot be(i = i0) ^ (j = j 0) ^ (s = s0). Thus, �B = h�a�; �k(i0;j0)+a�ws0i As in the previous case, we canshow that A 2 �BH0 implies a = 0. Since [�k(i0;j0)ws0 ] = [�k(i0;j0)] 2 S2, by Lemma 7 for anyhx; yi 2 �BH0, [y] = [�k(i0;j0)], or [y] = [�(k(i0;j0)2n)mod�]. Therefore, in order to have A 2 �BH0, weneed [�k(i;j)] = [�k(i0;j0)] or [�k(i;j)] = [�(k(i0;j0)2n)mod�], which, by Fact 2, implies i = i0 ^ j = j 0. Thuswe have A = h1; �k(i;j)wsi and �B = h1; �k(i;j)ws0i with s 6= s0. Suppose i = i0, j = j 0 and � = 1.From the proof of Lemma 7 one can easily see that the only matrix in BH0 other than B itself ofthe form h1; yi must have [y] = [�(k(i;j)2n)mod�]. Therefore, A cannot belong to BH0.� A;B 2 L3, with A 6= B. Similar to the previous case.� A;B 2 L4, with A 6= B. Let A = h�k(i;0); �twsi = h�i; �twsi and B = h�k(i0;0); �t0ws0i = h�i0; �t0ws0iwhere it cannot be (i = i0) ^ (t = t0) ^ (s = s0). Thus, �B = h�i0+a�; �t0+a�ws0i: Note that [�i0+a�] =[�k(i0;a)], and by Lemma 7 A 2 �BH0 requires k(i; 0) = k(i0; a), which, by Fact 2, implies i = i0 anda = 0. Thus we must have A = h�i; �twsi and �B = h�i; �t0ws0i Now, since [�i] 2 S2, Lemma 7implies that �B is actually the only matrix in �BH0 whose �rst component is �i. Therefore, in orderto have A 2 �BH0 it must be A = �B, that is t = t0 and s = s0, a contradiction. 24.2 Numbering of the representatives of PGL2(2n)=H0In this section we show how the integers 0; 1; . . . ;M � 1 can be put in one-to-one correspondence withthe matrices chosen in the previous section as representatives of PGL2(2n)=H0 (i.e., the set L). We �rstexplain how, given and integer r, 0 � r < M the rth matrix of L, say Ar, can be computed in the pairnotation. Assume that a primitive element � 2 F22n is known.24



Recall that L = L1 [ L2 [ L3 [ L4 and, as shown in the proof of Lemma 8jL1j = 2n � 1jL2j = jL3j = (2n � 1)(2n�1 � 1)jL4j = (2n � 1)2n�1 � 13 (2n � 3)where jL1j+ jL2j+ jL3j+ jL4j = M . Let 0 � r < M . We number the matrices so thatAr 2 L1 if 0 � r < 2n � 1Ar 2 L2 if 2n � 1 � r < (2n � 1) + (2n � 1)(2n�1 � 1) = (2n � 1)2n�1Ar 2 L3 if (2n � 1)2n�1 � r < (2n � 1)2n�1 + (2n � 1)(2n�1 � 1) = (2n � 1)2Ar 2 L4 if (2n � 1)2 � r < (2n � 1)2 + (2n � 1)2n�1�13 (2n � 3) = MThus we must �nd a one-to-one mapping between the indices in each range and the matrices of theappropriate set. For the �rst three ranges, the mapping can be easily established based on the de�nition L1,L2 and L3, and involves only a constant number of operations. The case of L4 is slightly more complicated.Suppose (2n� 1)2 � r < M and set r0 = r� (2n � 1)2, so that 0 � r0 < (2n � 1)2n�1�13 (2n � 3). Ar will beof the form Ar = h�k(i;0); �twsifor some i, t and s such that 1 � i � 2n�1�13 , 1 � t < �, � 6 j t, 0 � s < 3 and �k(i;0)(�tws)�1 62 F2n . So wemust associate r0 with a triplet (i; t; s). The index i can be chosen asi = � r0(2n � 1)(2n � 3)� + 1;which is clearly a value between 1 and 2n�1�13 . Next we determine t and s. Fixed i, there are (2n�1)(2n�3)pairs t; s to choose from and we want to �nd the lth, where l = r0 mod (2n � 1)(2n � 3). Note that, sincew = ��, then �tws = �t+s�. It is not di�cult to see thatft + s� : 1 � t < �; � 6 j t and 0 � s < 3g = ft0 : 0 � t0 < 22n � 1; � 6 j t0gSo we have to �nd the lth index t0, which is not multiple of � and such that �k(i;0)�t0 = �i�t0 62 F2n ; thatis t0 6= i + j� for any 0 � j < 2n � 1. Among the integers 0 . . .22n � 2, those that are multiples of � orare equal to i+ j� (i.e., the `forbidden' indices), occupy �xed and easily calculable positions, as shown inFig. 4 where the integers 0 . . .22n � 2 are arranged consecutively into 2n � 1 rows and � columns. Notethat the multiples of � are those in columns 0; � and 2� , and the values i+ j�, with 0 � j < 2n � 1, arethose in column i. It is not hard to see that t0 can be computed with a constant number of operations.Finally, from t0 we determine t and s as follows. Since t0 = t+ s�, we havet = t0 mod �s = bt0=�cOnce the matrix Ar is known in pair notation, we need to transform it into the usual form. Morespeci�cally, let Ar = h�i; �ji, for some i and j. We want to �nd �i; �i; �j; �j 2 F2n such that�iw+ �i = �i�jw + �j = �j25
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