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Abstract

We present an explicit memory organization scheme for distributing M data items among
N memory modules where M € @(N'5=0(1/1eN)) Fach datum is replicated into a constant
number of copies assigned to distinct modules. Assuming that NV processors are connected to
the memories through a complete graph, we provide an access protocol so that the processors
can read/write any set of N/ < N distinct data in O((N’)"/?log* N’ +log N) worst-case time.
The address computation can be carried out efficiently without resort to a complete memory
map and using O(1) internal storage per processor.

1 Introduction

Consider a parallel system with N processors and N memory modules collectively storing M > N wvariables
that are available for access by the processors. A memory organization scheme is sought to distribute the
data among the modules so that any set of N/ < N variables can be efficiently accessed by the processors
in parallel. This problem, originally referred to as granularity problem, naturally arises in the design and
implementation of parallel systems (such as PRAMs and parallel databases) and has received considerable
attention in the literature. An early survey by [Kuc77] quotes fourteen works that deal with some special
cases. More recently, it has become the main focus of the large body of work concerning the simulation
of the PRAM on distributed memory machines [MV84, UW87, AHMPS&7, KU8S8, LPP88, Her89, LPP90,
Her90, Ran91, Mey92, KLM92].

It is convenient to study this problem on a synchronous system where processors and memories are
ideally thought of as being connected by a complete bipartite graph and each memory module is able to
fulfill at most one access request (read/write) per time unit (Module Parallel Computer (MPC)) [MV84].
Thus, the time needed to access a set of variables is proportional to the maximum number of access requests
that a single module must fulfill. This modeling enables us to separate the request routing problem - to
be dealt with when the bipartite graph is simulated by a bounded-degree network - from the more difficult
memory organization problem.

For the latter, a number of randomized schemes have been successfully developed based on the use of
universal classes of hash functions to distribute the variables among the modules [MV84, KU88, LPP8S8,
Ran91, Mey92, KL.M92]. Instead, the development of efficient deterministic schemes appears to be much
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harder. The pioneering work of Mehlhorn and Vishkin [MV84] introduced the idea of representing each
variable by several copies so that a read operation needs access only one (the most convenient) copy.
This is necessary to avoid the worst case when all the requests are addressed to the same module. For
M € O(N¥¢), they present a memory organization scheme that uses ¢ copies per variable and allows a set of
N read requests to be satisfied in time O(ch_l/c). However, this use of the copies penalizes the execution
of write operations where all the copies of the variables must be accessed, so requiring O(¢N) time in the
worst case.

Later, Upfal and Widgerson [UWS8T7] proposed a more balanced use of the multiple copies exploiting the
majority concept previously adopted for databases [Tho79]. Each variable is represented by 2¢ — 1 copies.
Each copy contains the value of the variable and a time-stamp indicating the last time that particular copy
has been accessed. Thus, a read/write operation must access only a majority ¢ of the copies to assure that
the most recent value of the variable is always retrieved. The assignment of the copies to the memory
modules is represented by a bipartite graph G = (V,U; F), where V represents the set of variables, U the
set of modules, and 2¢ — 1 edges connect each variable to the modules storing its copies. For M polynomial
in N and ¢ € O(log N ), [UW8T7] show that there exist graphs ¢ with suitable expansion properties so that
N variables can be accessed in O(log N (loglog N)?) worst-case time on the MPC. They do not provide
an explicit construction for GG but show that a random graph exhibits the desired properties, with high
probability.

Several authors followed the ideas in [UW87] improving the time complexity and using bounded degree
networks instead of the complete network of the MPC [AHMPR7, HB88, Her89, LPP90, Her90, AS90]. Such
schemes, however, are all based on the ezistence of similar expanding random graphs, which represents the
basic shortcoming (maybe fatal from the practical standpoint) of this class of approaches, for the following
reasons.

(1) No efficient way is known of testing a random graph for such expansion properties. As [PP93] have
recently pointed out, the only known technique, based on the second eigenvalue, cannot be applied when
the sizes of the two sets V and U differ by more than a constant factor, which is the case for memory
organizations.

(2) The representation of the memory map poses substantial implementation problems. How can a
processor determine, for any variable, the modules storing its copies and the physical address of each copy
within its module? The hypothesis of a complete memory map stored internally in each processor appears
eminently impractical and even the approach of Herley [Her90], where the memory map is distributed
among the processors with only polylogarithmic storage per processor, has a very involved implementation.

Recently, we presented explicit deterministic memory organization schemes for M € ©(N?) and M €
O(N?) variables where any set of N variables can be accessed in O(v/N) and O(N?/?) time on the MPC,
respectively, using constant redundancy [PP93]. In both schemes the implementation is simple and each
processor can determine the physical address of any copy in O(log N) time using O(1) storage. In this
paper, we deal with a smaller number of variables; this is an interesting case, as [Her90] already pointed
out, since, in a typical parallel application, the size of the data memory required is not enormously larger
than the number of processors. Our main result is summarized in the following theorem.

Theorem 1 For M € @(N1'5_O(1/1°gN)) there exists an explicit memory organization scheme that uses
O(1) copies per variable and such that any set of N' < N wariables can be accessed in O((N')'/>log* N’ +
log N') worst-case time on the MPC. Moreover, each processor can determine the physical address of any
copy in O(log N') time using O(1) internal storage per processor.

The advantage of our scheme is twofold: (1) The memory organization is constructive, i.e., not based on
existential arguments. (2) Its implementation is simple and involves only elementary algebra, so that the



address computation can be carried out efficiently with a limited use of resources. The less attractive time
complexity, however, is mitigated by the fact that with constant redundancy (desirable from a practical
standpoint) a polylogarithmic complexity cannot be obtained, at least for M € Q(N¥¢). In fact, [UWST]
show that using a fized number r of copies per variables on average, the time complexity of any memory
organization scheme is at least Q((M/N)'/?"). In the paper we show that when the copies per variable are
exactly r the lower bound can be raised to Q((M/N)'/"), thus showing that our time performance is not
so far from being optimal.

Our memory access mechanism incorporates most of the ideas and notations pioneered by [UW87] and
adopted since by several authors. Each variable is represented by ¢+ 1 copies (i.e., ¢+ 1 = 2¢— 1), where ¢
is a power of 2, and a read/write operation needs access only ¢/2+ 1 copies. The assignment of the copies
to the modules is described, as before, by a bipartite graph G = (V,U; F).

The paramount contribution of this paper is the construction and implementation of the graph G' and
the analysis of its expansion capabilities. Indeed, the scheme presented here and that of [PP93] are the
first constructive approaches known to achieve sublinear, and eminently practical, worst-case access time
with constant redundancy. Inspired by the construction presented by [Mor91] for bounded concentrators,
we associate the sets V' and U with two quotients of PG Ly(¢™) (the group of non-singular 2 x 2 matrices
over the field F,», modulo its center), and define the edges as intersections of cosets. This kind of graphs
exhibit a rich algebraic structure and a remarkable ‘isotropy’ (the graph appears the same from any of its
vertices), which make them very attractive for many computer science applications. Here, in particular, we
prove that for any set § C V, we have |T(5)| € Q(]5|*/?¢), where T'(S) C U represents the image of S over
U in . This is accomplished without resort to the (here ineffective) standard second-eigenvalue bound,
and solves a major problem left open in [Mor91]. This result allows us to achieve the time complexity
claimed in Theorem 1 using an access protocol similar to [UW8T].

The rest of the paper describes the memory organization scheme. In Section 2 we define the graph G,
study its structure and give a tight bound to its expansion capability. Section 3 presents the protocol for
satisfying a set of memory requests on the MPC and analyzes its time complexity. Finally, in Section 4 we
discuss how to represent the graph so that each processor can efficiently determine the physical address of
any data item (copy of a variable).

2 The graph G(V,U; E)

Recall that V' and U, with |V| = M and |U| = N, represent the sets of variables and memory modules,
respectively. Let F; denote the finite field of order k, with &k a prime power, and F} its multiplicative
subgroup. The Projective Linear Group of degree 2 over Fj (PG La(k)) is the group of 2 X 2 nonsingular
matrices with entries in F, modulo its center, the group of scalar matrices [Gor68]. For convenience, a

matrix of PG Ly(k) will be written either as : ? or ? g , with a, 8,7 € Fp, and the equality

between matrices will be modulo scalar multiples. Let ¢ be a power of 2 and n > 3. Consider the following
two subgroups of PG Ly(¢"):

H,_ 4 = {(g ?), ackFy, andaeﬂ:qn}

HO PGLQ(Q)

1>

The graph G is defined as follows:



U = PGLQ(qn)/Hn_l

Thus, the variables are associated with the left cosets of Hy and the modules with the left cosets of H,_;.
The edge set is defined as follows:

FE = {(AH(),BHn_l) : A,B € PGLQ(qn) and AHoN BH,_4 ;é @},

and it can be easily seen that £ isin a one-to-one correspondence with the cosets of PG'Ly(¢™)/(HoNH—1).
The following properties derive from well known facts in group theory (see [Gor68]).

Fact 1 We have

_ (¢"+1)q™(¢"-1)
L |Vl= q(q-l-lfq(qq—l)

n -1
2. |U0l=("+1)L3

s
3. The degree of each node in'V is g+ 1

n—1

4. The degree of each node in U is ¢

Therefore, N € ©(¢**~') and M € O(¢* %) = @(N%_ﬁ). FEach variable is represented by ¢ + 1

n—1

copies and each module is assigned ¢ copies of distinct variables.

2.1 Notations and Technical Facts

Let v be a primitive element of Fn. We have

n—1
For= {Z ai’yi, a; €F,,0<i< n}
=0

We need to distinguish a particular subset of Fyn, consisting of all those elements that can be written
as polynomials in v with constant term ag equal to 0. More specifically, we define

n—1
P, 2 {Zai’yi, a; € [':q}. (1)
=1

Note that | P, = ¢" 1.

For v € V let I'(v) C U denote the set of modules storing the copies of v (i.e., I'(v) = {u € U :
(v,u) € I}). Correspondingly, for u € U let I'(u) denote the set of variables storing copies in u (i.e.,
I'(u)={v €V :(v,u) € E}). Thus, I' gives the set of neighbors of a node in the graph. Its definition is
naturally extended to subsets. Also define

1>

I2(u) & T(T(w)-u Yuel. (2)

2.2 Structure of ¢

We first give a convenient representation for the nodes in U. More specifically, we determine a set of
matrices representatives of the cosets of PG Ly(¢")/H,—1 = U.



Lemma 1

7i 0 . (]n—l [0 f}/i ) qn_l
= : < L " <
U {(0 1)Hn—1 0_Z<q—1}U{(1 O)Hnl ael, and0_2<q_1}

Proof: 1t is not difficult to see that all of the above cosets are distinct and, therefore, (since their number
is (¢" + 1)qqn__11) they form a partition of U. O

Next, we list a number of facts concerning the functions I' and I'?. Let A € PG Ly(¢"). We have

Lemma 2 T(AHy) = {AH,_{} U {A ( Cl‘ (1) ) Ho_1: a€ [Fq} .

Proof: We first prove that

F(HO):{Hn_l}U{( | (1) )Hn_lz a€ [Fq}.

1 0 a 1 a 1 a 1
0 1)€HoﬂHn_1and(1 O)EHO,foraeﬂ:q,sothat(l O)EHoﬂ(l O)Hn_l

Therefore, HyN H,,_1 # 0§ and Hy N (

Note that (

(11 (1) ) H,_1 # 0, for a« € F,. This implies

T(Hp) D {Hn_l}u{( 1 (1) )Hn_lz ac [Fq}.

a 1
10
g + 1 distinct cosets, the above containment relation holds with equality.

Now, it is easy to see that for any A, B € PG Ly(q"),

However, since |I'(Hg)| = ¢+ 1 (by Fact 1), and the set {H,_1} U ) H, 1:ac€ ﬂ:q} consists of

HoNBH, | #0 < AHyNABH,_| # ()
This implies

T(AHy) = {AH,_{} U {A ( Cl‘ (1) ) Ho_1: a€ [Fq}.

Lemma 3 I'(AH,_1) = {A ( (1) ]1) ) Hy: pe PW}.

Proof: Reasoning as before, we only need to prove

F(Hn_l):{((l) ﬁ’)HO: pEPW}.

Since ( (1) ]1) ) € H,_1, we have H,_1 N (

—_ 3

(1) ) Hy # (§ and, therefore,

F(Hn_l)g{((l) ﬁ’)HO: pEPW}.

5



By Fact 1, |[I(H,—1)| = ¢" ' = |P,]. So, all we have to show is that for any p;,p; € P, pi # pjs

1 p 1 p; _ .
Pi Hy # pf Hgy. Suppose, for a contradiction, that there exists € Hg such that

b
0 1 0 d

1 pi a b\ 1 p; . epi+a dp;+b\ 1 p; .. . B B
(0 1)(0 d)_(O i , that is, c d = 0 1 . This implies ¢ = 0,d =

l,a =1 and p; + b = p;, which violates the definition of P,.

Combining the two lemmas we can prove that, given any pair of variables, their copies share at most
one memory module. This is formally stated in the following theorem.

Theorem 2 Let A, B € PG Ly(q") with AHy # BHo. Then |I'(AHo)NT(BHy)| < 1.

Proof: For a contradiction suppose that |[I'(AHg)NT'(BHg)| > 2. Then, there exist C, D € PG Ly(q™) with
CH,_1# DH,_1,such that CH,_1,DH,_1 € '(AHo)NT'(BHy) (see Fig. 1). Without loss of generality,
we assume that CH,_; = H,_;, otherwise we could premultiply 4, B,C and D by C'~! and obtain a sim-

ilar situation. With this choice of ', using Lemma 3 we can choose A = ( (1) ])11 ) and B = ( (1) pf ),

with pi,p2 € Py, p1 # p2. Note that AH,_; = BH,_y = H,_4, since, for p € P,, p ) H, 1=H,_1.

1
0 1
Then by Lemma 2

I(AHy)— H,_y = T(AHy)— AH,_,

_ 1 p a 1 )
A o)
prt+a 1
{( 1 O)H ae[pq}

I'(BHy)— H,_y = {(m;r“ é)Hn_l: aEﬂ:q}

This implies |(I'(AHo) — H,—1) N(I(BHy) — Hy—1)| = |(AHo)NT(BHy) — H,—1| = 0, which contradicts
the assumption that I'(AHg) and I'(BHg) share more than one element. ]

and, similarly,

Next we consider the function T'2.
Lemma 4 T?(AH, 1) = {A ( ? (1) ) H, 1: ac [':q"}-

Proof: By definition (2),
I*(AH, 1) =T(I(AH,_,))— AH,_;

By Lemma 3,



Figure 1: AH,, BHy, CH,_1,and DH,_4

(3 2)meofo (1) (3 o o)

{AHn_l}U{A(p—Il—a é)Hn_lz aE[Fq}

By Lemma 2,

(i)

o =

since Lop H,_1= H,_1. Hence,
0 1
FQ(AHn_l) = {A ( p-ll-a (1) ) H,1: aclF,andpe PW}
The proof is completed by observing that {p+a: p€ P, and a € F;} = Fn. O
Theorem 3 Let A, B € PGLy(q") with AH,_y # BH,_y. Then |[T*(AH,_1)NT*(BH,_1)] <q—1.

Proof: Without loss of generality, assume AH,_1 = H,_1 (same argument as in the proof of Theorem 2).
By Lemma 4, I'*(H,_;) = {( i (1)
form of BH,,_1.

CASE 1: BH,_, = ( 70 (1)

0 a 1
I2(BH,_1) = {(70 1)(1 O)Hn_l: ae[Fqn}
= {( 710[ ’Z) ) Hn_l Doe ":qn}

Since ' # 1, we have |I'*(H,_1)NT?*(BH,_1)| = 0.

) H,_1: 6€Fym ;. Then, we have three cases, depending upon the

) H,_1,forsomei, 1 <i<(¢"—1)/(qg—1). Applying Lemma 3 we get

1 0

I%(BH,_,) = {(f é)(i‘ é)Hn_l: ae[Fqn}
= {(ﬂaa-l-l ?)Hn_l: aE":qn}

CASE 2: BH,,_ = ( g1 ) H,,_q, for some § € Fyn. Applying Lemma 3 we get



«Q 1

D/(

)/ (g —
B4+ al vy =1 0
1 0 0 1

Now, if & = 0 then ( fatl 5 ) H, 1=H,1¢T*H,_1)NT*BH,_1). Otherwise, let —a=2 =

1), and b € 3. Simple calculations show that

-1
(i o v (7 )

_ (ﬁo”rl ﬂ)Hn_l.

bk, for some k, 0 < k < (¢" —
k

«Q 1

: b=t 0 1 a7t
Since both ( 01 ) € H,_1 and ( 01 ) € H,_1, we have
pat+1 _ [ Bat A
( o 1 )= 1 o ) -t

Notice that {—a™2 : «a € Fi.} = {y*: 0 <4< ¢" -2} = F}., since ¢ is even. Therefore, there
-2
S

are exactly ¢ — 1 values of a such that —a F*, i.e., k = 0. These are the values of a for which

q°

1

( ﬁaa—l- f ) H, y €T*H,_1). Thus |I*(H,_1)NT*(BH,_1)| = q— 1.
1 0

IT%(H,—1)NT?(BH,_1)| = ¢ — 1, and the proof is analogous to that for CASE 2.

By recalling the set of representatives for U given by Lemma 1, one concludes that the above three
cases cover all possible cosets of U. O

CASE 3: BH, ; = (ﬂ 7 )Hn_l, for some § € Fgn and ¢, 1 < i < (¢" —1)/(¢ — 1). We have

Theorems 2 and 3 have two important consequences, stated below as corollaries, which will play a key
role in proving the expansion capability of G.

Corollary 1 Let u € U and consider a set of t distinct variables vy,..., vy such that w € I'(v;), for
1<e<t. Then

IT({v1,...,0}) —ul = qt.
Proof: Immediate from Theorem 2. O

Corollary 2 Let S C V be a set of variables and consider a set of k distinct modules uy, ..., u;. Let
ti = |I'(u;) N S|. Then

l k
IT(S)] > thi_ ( 5 ) (g—1).

Proof: Let A; denote the set T'(I'(u;) N S) — u;. Since T(UL, A;) € T(S), by the inclusion-exclusion
principle we have

k
[T(S)] > DAL= Y AN A
=1

1<i<j<k
by Cor. 1 _* ) )
2 St S M) 0wy
=1 1<i<j<k
by Th.3 & 2
> thi—(Q)(q_l)
=1



We are now ready to analyze the expansion properties of graph . In particular, given a set of
variables S C V we want to bound from below the size of the set of modules I'(S') containing the copies of
the variables in 5. This problem was left open in [Mor91], where the node sets V' and U were two stages of
a multistage diagram, each stage consisting of a quotient of PG Ly(¢™) with respect to a different subgroup.

Theorem 4 Let S C V. We have )
TS 2 Sisl512%

Proof: We first prove that |T'(S)| > \/[S]g. There are |S|(q+ 1) edges incident to members of . Suppose
IT(9)| < /[9g. Then there exists a node in U receiving at least \/[S|(¢+1)/q edges from 5. By Corollary 1
this implies [T(S)| > ¢\/]S](¢ + 1)/q > \/]S]q, which contradicts the assumption |T'(S)| < /[S]q.

Now, let |T'(S)] = v/]S]e, with € > ¢. We claim that each node of I'(5) receives fewer than /[Se/q
edges from 5. Indeed, suppose there is some u € ['(S) receiving s > /[S]e/q edges from S; clearly,
[(T(u)NnS) C T(S) and, by Corollary 1, [[(T(u)NS)| = sq+ 1, yielding [['(S)] > [T(T(u)NS)| > /]S]e+1,
a contradiction. Let ¢ be the number of nodes in T'(.9) receiving at least \/[S]q/e edges from 5. We majorize
the degrees of these t nodes (strictly) to y/[S]e/q, and the degrees of the remaining (1/]S]e — t) nodes to
V/]5]q/¢€, and obtain the following inequality:

t/151e/q + (/1Sle = /IS 1afe > 1Sl(q + 1)

This implies ¢ > |S|E2%27 and the fact € > ¢ implies t > /|5|¢/e. Now, let u;, for 1 < i < /|95]q/¢, be
distinct nodes of I'(\9) receiving each at least \/|5|¢/€e edges from 5. From Corollary 2 we get

V1Sla/e
TS > Y alfw)ns| - ( Slafe ) (4-1)

ay/I81a/ = 5810/~ 1)

q
.
| 2¢2

v

v

Combining the hypothesis |I'(9)| = v/|9|e with the above inequality we obtain

1
T($)] > 51812

The next theorem proves that when n is composite the lower bound given by Theorem 4 is tight.

Theorem 5 For any integer m, 0 < m < n and m | n, there exists S C V such that

(¢" + Dg™(¢™ = 1)

o (¢+ 1)g(q—1)
L

Hence, || € O(¢*"~%) and [I($)] € O(¢*"~1) = (S /%).



Proof: Let S = PGLy(q™)/Hy. Since m | n, Fym is a subfield of F» and PG Ly(¢™) is a subgroup of

PG Ly(¢"). Therefore, S C V and, by Fact 1, |5] = %, as desired. Since S consists of all the
matrices in PG'Ly(¢™), and only of those, it is clear that I'(\S) = {AH,,—1 : A € PGLy(q™)}. Let

Hm_lz{(g ?), acky, andaeﬂ:qm}

It is easy to see that H,,_1 = H,_1 N PGLy(q™), therefore

T(S) = 1PGLag")/| Humr
= |PGL2( )/ m— 1|
S —

a

Corollary 3 Suppose a set of M wvariables, each represented by q + 1 copies, is distributed among the N
modules of the MPC' according to the graph G. For any integer m, 0 < m < n and m | n, there exists a
set of variables S, with |S| = %, such that Q(|S*/3/q) parallel steps are needed to access at
least one copy per variable.

Proof: Consider a set S as in Theorem 5. Obviously, the processors cannot access more than |I'(.9)| copies
per step. Since |T'(S)| € O(]5]*/3¢) and at least S copies have to be accessed, we need Q(|S|/|T(5)|) =
Q(|S[Y/3/q) parallel steps. O

It is not known whether for n prime the result in Theorem 4 is tight.

3 Access Protocol and Analysis

Consider an MPC with N processors, N memory modules and M variables with their copies distributed
among the modules according to the graph G defined in the previous section. Suppose each processor issues
a read /write request for a distinct variable. Recall that, because of the majority rule, for each variable it
is sufficient to access only ¢/2 + 1 copies.

The access protocol we propose is similar to the ones of [UWS87, PP93]. The processors are subdivided
into N/(q+ 1) clusters, with ¢ + 1 processors per cluster. Let P(¢,j) denote the jth processor in cluster
i,for 1 <i< N/(g+1)and 1 < j < ¢+ 1. Let also v(7, ) denote the variable requested by processor
P(i,7). The protocol consists of ¢ + 1 phases. In the kth phase the processors of each cluster cooperate
to access the variable requested by their kth companion. More specifically, processor P(¢,7) is in charge
of the jth copy of v(7, k), for any ¢ and j. A number of iterations are executed. In each iteration each
processor tries to access its assigned variable unless it previously succeeded or other ¢/2 4+ 1 copies of the
same variable have already been accessed. A memory module can satisfy at most one request per iteration,
so the number of copies accessed in an iteration is equal to the number of modules receiving requests in
that iteration. The code for Phase j is shown in Figure 2. For each variable, a flag is used to indicate
whether the variable is alive or not.

Let ® be the maximum number of iterations executed in any phase. As we will see in the next section,
each processor is able to determine the physical address of any copy in O(log N) time. Therefore, it can
be seen that the entire access protocol is completed in O(q(® logq + log N)) steps on the MPC. We will

10



Phase j

begin
fori:=1to N/(¢g+ 1) do in parallel
P(i,7) broadcasts v(¢, j) to the processors in cluster i;
for [ := 1 to ¢+ 1 do in parallel
P(i,1) determines the address of the Ith copy of v(4, )
endfor;
set flag(i,j) ‘alive’;
while flag(,j)= ‘alive’ do
for [ := 1 to ¢+ 1 do in parallel
P(i,1) tries to access the {th copy of v(¢,7), if not yet accessed
endfor;
\* Each memory module accepts one request (if any) *\
count the number of copies of v(¢,j) accessed so far;
if count > ¢ then set flag(7,j) ‘dead’ endif
endwhile
endfor
end.

Figure 2: Code for Phase j

now give an upper bound to the value of ®. Consider a phase. At some point during the execution of the
phase, a copy is said to be alive if it has not been accessed yet; a variable is said to be alive if at least
q/2+ 1 of its copies are still alive. (This terminology is used only for variables and copies requested in the
phase under consideration.) We need to slightly modify the result in Theorem 4. For a set of live variables
S CV,let I'()9) denote the set of modules storing the live copies of .

Theorem 6 Let S CV be a set of live variables. Then

TS > 151

Proof: We first adapt the results of Corollaries 1 and 2. Consider ¢ live variables vy, ..., v, each storing a
live copy in a fixed module u. Since each live variable has at least ¢/2 + 1 live copies, by Theorem 2 we get

({or,evd) = {u}] 2 3t (3)
Now consider a set of live variables S C V and k£ memory modules, uy,...,u;. Let ¢; be the number of

live copies of variables in 5 stored in u;, 1 <7 < k. Reasoning as in the proof of Corollary 2 and applying
(3) we can prove
k
q k
INOTED S TR G IO (1
=1
Once these two facts are established, the proof proceeds similarly to that of Theorem 4. We first show
that |T7(.9)| > v/|5](¢/2). Suppose |I7(5)| < +/|S](q/2). Since there are at least |5](¢/24 1) live copies,
there must be a node in U storing at least \/|5|(¢/2 4+ 1)/(q/2) > /|9]| live copies. By (3) this implies
IT(S)] > +/|5](¢/2), which contradicts the assumption |IV(5)] < /|5](¢/2).
Now, let [T'(9)] = /|S]e, with € > (¢/2). Again using (3), we can easily see that each node in I'()9)
must store fewer than +/|S|e/(¢/2) live copies. Let t be the number of nodes in I'(5) storing at least
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V151(q/2)/¢€ live copies. We have

ST + (st - s W2) 5 \51(q/2+ 1)

This implies t > /|9 Jq/—QL > /151(q/2)/e. Let k = 1/19 M Note that ¢t > k. Consider k nodes of

q/2
I'(5) storing at least \/|.S[(q/2)/€ live copies. Applying

(4
T > by ( )

> L (M) q_ %|5| (M)QQ

2 € 2 € 2
1 g\> /1\?
> sl (5) (‘)

Combining the hypothesis [IV(.9)| = /| 5]e with the above inequality we obtain

) we get

T'(9)] = |51*/% > |5|2/3q

2. 21/3
O

For a given phase, let Ry denote the number of live copies remaining after the end of the kth iteration,
where Ry = N. The following lemma is similar to Lemma 3.3 of [UWS87].

g \/3
< 1- —
Biv1 < R ( ‘ (Rk) )

Lemma 5 For any k > 0,

with 0.19 < ¢ £ 0.25.

Proof: Let Ly be the number of live variables remaining after the kth iteration. Note that Ly > Ri/(q+1).
By Theorem 6 we have

I
=
ES
|
|
~
ES
<

Ry

IA
=
S
|
| =
TN
=
=
S
N
[\™]
~—
w
=

A
=
ES
TN
|
B~
&)
=+ (=
—
N
[\™]
~—
w
TN
Bl
N
-
~—
w
N~—

Note that for ¢ > 2,

Theorem 7 If g is a constant, ® € O(Nl/Slog* N).
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Proof: Let {k;};>o be a sequence of indices such that 0 = ko < by < kg < ... < k; < ..., and define
€ = k; — k;_q1, for ¢« > 1. By applying Lemma 5 it follows immediately that

¢ 1/3\ &
Ry, < Ry, (1 - (Rki—l) ) (5)

for any ¢ > 1. Let b > 1 be a suitable constant and define the sequence {62'}2'20 as follows

s = 1
s = b7 fori>o0
i+l = : or v >

It can be easily seen that for z > 1,

8 = b

where the exponent of b is a tower of i — 1 w’s and w = b'/3. We choose the integers k;’s so that

N(g+1
Rki < % < Rki+1
Thus, for some smallest j € O(log™ N), Ry, < 1.

Claim For any i > 1, ¢ € O(N'/?).
Proof: We need to estimate ¢; = k; — k;_; knowing that Ry, < %;H) and Ry, , < %. Since the RHS

of (5) is an increasing function of Ry, ,, we can substitute Mé%l for Ry, , and obtain

1—17

N(g+1) q 52»_1)1/3
<t e ——
B, < 0i1 ( C(q-l-l N

This inequality certainly holds if

N(g+1) 1_C< g 62'_1)1/3 Y N(g+ D)
0i1 g+1 N o

Solving for ¢;, we get
10gb 62 — 10gb (Si_l

—log, (1 —c ((1%5%1)1/3)

Using the well known fact log,(1 + 2) < zlog, e, for z > —1, we get

€ =

¢ < NP 1/3 o & _ngb =
¢ (%) log; e b;
1 logy 6;
1/3 b Y
< NY . \1/3 PSYE
c (m) log,e %-1
By definition of é;, log, 6; = 62»11:1)’, therefore,
1
¢ < N3 7 € O(N'/?)
¢ (q%) log, e
that proves the claim. O

Combining the result in the claim with the fact that for some j € O(log®™ N), Ry, < 1, we conclude
that after ® € O(N1/3 log™ N) iterations there are no live copies, i.e., Rp < 1. O

13



Therefore, when ¢ € O(1), the entire protocol requires O(N'/31log* N) parallel steps to satisfy a set of N
requests.

In general, if N/ < N requests are issued by the processors a similar protocol is executed with & €
O((N")'/31og™ N') iterations per phase. Then the total time complexity becomes O((N')'/3log* N'+log N'),
as claimed in Theorem 1.

Before closing this section, we want to give the reader an idea on how far from optimal the performance
of our scheme is. The following theorem, which is patterned after [UWS87, Theorem 4.1] with appropriate
modifications, provides a lower bound to the performance of any memory organization scheme.

Theorem 8 Consider any memory organization scheme where M wvariables, each represented by exactly
T copies, are distributed among N memory modules (with copies of the same variable assigned to distinct
modules), and N processors are connected to the memories. If the number of variables that can be stored in
the processors’ internal registers is negligible with respect to M, then the worst-case time needed to access
a set of N variables is

Q(min(N/r,(M/N)'"))
Proof: Let t — 1 be the number of parallel steps needed to access a set of N variables, in the worst case. If
t > N/(cr), for some constant ¢ > 2 then we are done. Therefore, assume ¢t < N/(er). Since at least one
copy per variable has to be accessed, for any set of N variables their copies must reside in more than N/t

modules, otherwise at least N/(N/t) = t steps would be required. So any set of N/t modules contain all
of the copies of at most N — 1 variables. Note that the r copies of any variable occur in exactly

N —r
(N/t—r)

of the ( ]\]7\;15 ) gsets of N/t modules. Counting these variables by rows and columns in a (variables) x

(N—l)(]\]f\;t)
M < . (6)
N-—-r
(N/t—r)

(3)eo(() ) Jwmss)

(sets of modules) array, we obtain

Using the well known fact

we get

N
) o™
N/t—r
= 0 (Ntr (1 - Z::)N/H (1 + NT_ T)N_N/t)
(

NN—_]\;/t_T(N/t;fT_)(:_l))) (for large N)

14



since t < N/(er). By (6), we obtain
te Q((M/N))

a

Note that the result is independent of any strategy adopted to access the variables (e.g., majority rule)
and of any interconnection pattern between processors and memories. In our case, choosing ¢ = 2 (i.e.,

r = 3), the lower bound becomes QN {((1/2)=0(1/1ogN))(1/3)) — ( N (1/6)=0(1/log N}y,

4 Implementation

A crucial aspect of the development of a memory organization scheme concerns its implementation, an
issue that has been often ignored in the past. In particular, a processor that wants to access a specific copy
of a variable must be able to efficiently determine the module storing that copy and the physical address
of the copy within the module. This section explains how this can be done in our memory organization.

Let vg, ..., var—1 denote the variables, and g, ..., uny_1 the memory modules. We first need to associate
variables and modules with the appropriate cosets. That is, we need to establish the following bijections.

1. For 0 <i< M, v; — A;Hy, for some A; € PG Ly(q").

2. For 0 < j< N, u; «— B;H,_4, for some B; € PGLy(q").

Recall that each variable is represented by ¢+ 1 copies assigned to distinct modules, and that each module
is assigned exactly ¢"~' = M(q+ 1)/N copies. In other words, in graph G each node of V (U, resp.) has
degree ¢ + 1 (¢"71, resp.). Also recall that the edges of the graph are in one-to-one correspondence with
the cosets of HyN H,_1. Let

q
AiHo = |J AF(Hon Hy_y)
k=0
qn—l_l
BjH,1 = |J BNHoNH,.1)
h=0

for 0 <i< M and 0 < 7 < N. We adopt the convention that the kth copy of »; is the hth item stored in
module u; if and only if A¥(HoNH,_1) = B;L(Ho N H,—1). Therefore, to determine the address of the kth

copy of v;, a processor proceeds as follows:

STEP 1: Compute A*

STEP 2: Find j and h such that Af(HoN H,_1) = B} HoN H,,_1)

The goal now is to define the A;’s, B;’s, Af’s and B{L’s such that STEP 1 and 2 can be carried out
efficiently. The only delicate part regards the definition of the A;’s, which we will deal with later in a
separate section. For the time being assume that, given any index ¢, a processor is able to compute A4; in
O(log N) time using O(1) internal storage (Theorem 11).

We first need to introduce some notations. The elements of the field F,» can be denoted by polynomials
in v of degree less than n, with coefficients in F,. Let Fyn = {ag, ..., ayn_1}, where the indexing is given
by the lexicographic order of the n-tuples of coefficients. Note that among the ¢" — 1 nonzero polynomials

15



there are qqn__ll monic ones. We will denote these polynomials by m;, for 0 < ¢ < qqn__ll. Finally, let
[':q = {ao, ey aq_l}.

For 0 <1< M, set

Ai(“’“ 1) if 0<k<g—1

A if k=g

Lemma 2 implies that for ky # ko, Afl(Ho NH,—1)# Afz’(Ho N H,_1). For the definition of the B;’s,
it is convenient to associate the integers [0,..., N — 1] with pairs of indices as follows. For 0 < s < qqn__ll

and —1 <t < ¢" let

J(,0) 2 s(q" + 1)+t +1.

Clearly, J(s,t) takes all the values between 0 and N — 1. Define

s 0 e
(0 1) ift=-1

Qy Tg .
( N ) otherwise

Claim 1 The Bj(sy)’s belong to distinct cosets of PG Lz(q" )/ Hp—1.

Proof: Note that {r, : 0 < s < L=} forms a set of representatives for the quotient Fin/F5. Since

q—1
{7v: 0<s< qq__ll} is also a set of representatives for the same quotient, we have that for each s,
0<s< q:__ll}, there exist a; € F> and s/, 0 <8’ < q:__ll}, such that
Ty = a7y’

and if 51 # sy then s} # s,. Now, it is easy to see that

and

o T\ oy as’ysl T ’ysl 1 0
1 0 B 1 0 N 1 0 0 a, |

Since both ( %5 (1) ) and ( (1) (S ) belong to H,_1, we conclude that
s 0 (40
( 0 1 ) Hn—l - ( 0 1 ) Hn—l
and /
Qy T _ oy P
(1 O)H”_l_(l O)H”_l'
Thus, by Lemma 1, the By s belong to distinct cosets of PG La(q")/Hy-1. O
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Let P, = {po,...,pyn-1_1}. (Recall that P, represents the set of polynomials of degree at most n — 1

q:__ll, —1<t<qgand 0 < h < ¢" ! let

1
Bjany = Bis) ( 0 1 )

Lemma 3 implies that for hy # ho, BSL%SJ)(HO NH,—1)# BSL?SJ)(HO N H,-1). The following lemma

identifies the matrices in each coset BSL(S t)(Ho NHy,_1).

in v with constant term equal to 0.) For 0 < s <

Lemma 6 Ift = —1 then

B§(57t)(HO ﬂ Hn—l) = {( az)rs (ph -Iib)ﬂ-s ) : a,b E ":q, a 7£ 0}

Otherwise (t > 0),

aq ph—|—b0& + 7
Bf}(&t)(HoﬂHn_l):{( at ( ph)—l—tb ): a,bEﬂ,a;ﬁO}

Proof: It immediately derives for the definition of the BSL(S t)’s and the fact

HomHn_lz{(g 11)) a,bEﬂ:q,a;zéO}.

a

We are now ready to describe how the two-step procedure that computes the physical address of a
copy can be effectively implemented. We assume that each processor has a local work space consisting of a
constant number of registers, and that, in addition to the usual arithmetic operations, it is able to perform
addition, multiplication, and inverse in the fields F, and F . We also assume that arithmetic operations
and operations in F, take constant time. The operations in F » can be implemented using feedback shift
registers, each operation taking O(n) = O(log N) time and space equivalent to the storage of O(1) field
elements (see [Ber68, Ch. 2] for details).

We used po, ..., pn-1_1 to denote the polynomials of P,. Each polynomial can be uniquely associated
with its (n — 1) coefficients. Thus, the indexing is given by the lexicographic order of the ¢"~! distinct
(n — 1)-tuples of elements of .

Suppose the address of the kth copy of v; is sought and consider the two steps presented before. For
STEP 1, we assume that A; has been already determined in O(log N) time. It is clear that, given A;, Af
can be determined with only a constant number of operations; therefore, STEP 1 requires O(log N) time,
in total.

Let us consider now STEP 2. Let Af = ﬁ z , where z,y,2 and v are elements of F,» and the

usual notation for matrices of PG Ly(q") is adopted, i.e., v = 1 or zv = 1 0. The procedure in Fig. 3, which
exploits the result of Lemma 6, computes the indices s,¢ and h such that Af € BSL(S t)(Ho N H,_1), that

is, Af(Ho NH,—1)= BSL(S t)(Ho N H,_1). In the code, given in Fig. 2, we denote the operations in F» as
follows

o (Addition) x @y, Ve,y e Fpn
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e (Subtraction) x 6y, Ve,y e Fpn
o (Multiplication) z @y, Ve,y € Fypn
o (Inverse) INV (z)=2"', Ve eF:,
We also use four macros INDEX1, INDEX2, INDEX3 and MONIC, defined as follows. Given 2 € Fn,

o INDEX1(z) =t, where z = oy
e INDEX2(z) = h, where = pj, + b, for some b € [,
o INDEX3(z) = s, where z = ar,, for some a € I,

e MONIC(z) = w5, where z = ar,.

It is easy to see that if z is represented as polynomial in v of degree less than n, INDEX1, INDEX2,
INDEX3 and MONIC are all executed in O(log N) time.

STEP 2

begin
ifz=0
then
begin
t:=—1;
Ts := MONIC (z);
s := INDEX3 (2);
h:=INDEX2 (y @ INV (7y));
end
else \kz # 0%\
begin
ar =2 ® INV (2);
t:= INDEXI (ay);
ifv=0
then
begin
s := INDEX3 (y);
h:=0
end
else \xv=1x%\
begin
Ts := MONIC ((y 8 a¢) @ INV (2));
s:=INDEX3 ((y & a¢) ® INV (2));
h:=INDEX2 (INV (y & oy) ® 75)
end
end
end.

Figure 3: Code for STEP 2
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Theorem 9 The code for STEP 2 is correct and is executed in O(log N) time.

Proof: Refer to Lemma 6 and distinguish three cases.
CASE 1. (2 = 0): Clearly t = —1 and we must have

(m y):(mrs (ph+b)7rs)
Z 0 1

for some 0 < s < qqn__ll, 0 <h< ¢! and a,b € F, with @ # 0. Therefore, 7, = MONIC (z) and

s = INDEX3 (z). Once 75 and s have been determined, we compute py + b = y(7,)~!, from which the
index h is derived using INDEX2.

CASE 2. (z=1Av=0): We must have ¢t > 0 and

v y\ (o alm,
z v | 1 0
g"—1

forsome <t < ¢",0<s< ] and a € F;. Note that & = 0 since p;, = 0. Note also that a; = z = zz7l
The computation of s and ¢ is obvious.

CASE 3. (z #0A v = 1): Again, we must have ¢ > 0 and

( Ty ) _ ( ac(pp +0)™1 ar+ (pr+b)7 i )

z v a(pp +b)71 1

for some 0 <t < ¢", 0 <5< q:__ll, 0<h<q"anda,beF, with a # 0. As before, a; = 227!, Once
-1

a; has been computed, we can derive s from (y — a;)2~! = a7 !7,. And, given s, we compute pj, + b as

(y — ay)"tr,, which enables us to determine h. O

4.1 Representatives for PGLy(q")/H,

The purpose of this section is to find a suitable set of matrices representatives of PG'L2(¢")/ Hy, such that,
given an integer ¢, 0 < 7 < M, the ith matrix is easily retrieved. For simplicity we will only consider the
case of ¢ = 2 and n odd!. The other cases can be handled using similar techniques, but require more
involved computations.

Let Fy = {0,1}. The group Ho = PG L3(2) consists of six matrices:

Ho(1) = (é (1)) Ho(4) :(
= (1) wo - (1)
wo - (1) mo - (1)

!Note that when ¢ = 2 there are three copies per variable, which, as [Mey92] pointed out, appears to be one of
the interesting cases for practical PRAM simulations.
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Since |PGLy(2")| = (22" — 1)2", we have

220 — 1

M = |PGLy(2%)/Ho| = 2" ! 3

The main idea that allows us to choose the representatives of PG Ly(2")/Hy is to focus on the set of
top (bottom) rows of each coset. We first observe that each row of a matrix of PG Ly(2") can be uniquely
associated with a non-zero element of the extension field Fq2., as follows. Let A be a generator of the
multiplicative group F3,,, and let

. , . N
We have 3, = {A" : 0 <4 < 3}; in other words, A generates FF},. Let us denote w = A?. Note that
Fo2 C Fa2n but, since n is odd, Fy2 ¢ Fon, as pictured in the diagram below.

":22n
":277,

F

22
. Fl

Therefore, w € Fy2n — Fan and (w, 1) forms a basis for Fy2n over Fan; that is, each element of Fy2 can be
uniquely written as aw + 3, for some a, 3 € Fyn. Define the function ® : Fan X Fon — Fo2n as

¢(a,f)=aw+ 5 Yo,B€Fpm
Now consider a matrix ( ﬁ z ) € PG L3(2™). Such matrix can be uniquely represented by the pair

(®(z,y), 2(2,v))

where, since the matrix is non-singular, both ®(z,y) and ®(z, v) are nonzero. From now on, both the usual
matrix notation and the pair notation will be used interchangeably.

Partition the elements of 3., (i.e., A, for 0 <4 < 22" — 1) into cosets of F2on/F52. For 0 <0 < plet
N ={Nwh : 0<k<3}={NTF . 0<k <3}

We need to identify the cosets that contain the elements of F3.. Define

o 2 94
A 2041
T _=
3

and note that F3, = {7 : 0<i< 2" —1}. It is easy to prove that

{A9]: 0<i<2"=1}={A\"]: 0<i<2"—1} (7)
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and that each such coset contains exactly one element of F3.. We subdivide the cosets of I3, /F%, in two
sets

S1 = {A\"]:0<i<2" =1}
Sy = {[\] : 0<i<psuch that 7 f i}.

Now, given a row vector (z,y) with z,y € F5, and ®(z,y) # 0, consider the six vectors (z,y)Ho(i),
for i =1,...,6. Using the function ®, view these vectors as elements of F,,, and let

a; = ®((z,y)Ho(?)) i=1,...,6

The following lemma shows that the partition of F3,, into the cosets of F3,, /F3, is, in a certain sense,

preserved among the a;’s. Suppose a; € [A*], for some k, 0 < k < p.

Lemma 7
1 {a; : 1<i<6)=[MNU [A(k?n)modp].

2. [NF] = (A2 mode] y and only if T divides k (i.e., [\¥] € 51).

Proof: Observe that

o = O(z,y) oy = Oy, )
a; = P(z+y,2) as = ®(z,z+y)
as = O(y,x+y) o = P(x+y,y)

* 2

Note that F3, = {1,w,w + 1} and, since w generates F3,, we must have w
show that ®(z 4+ y,z) = ®(z,y)w and ®(y,z + y) = ®(x, y)w?, therefore

[(I)(xvy)] = {(I)(xvy)v (I)(x + @/,$), (I)(yvx + y)} = {041,042,043}

= w + 1. Easy calculations

Similarly,

[@(y,2)] = {®(y,2), ®(2, 2+ y), P(x +y,y)} = {a4, @5, a6}
By induction one can easily prove that, when n is odd, w?" = w + 1. Thus,
(®(2,9)"" = (zw+y)* = 2w + ¢ = 2w’ +y=2w+(z+y) = &(z,2+y)

This implies that
{O[Z' 1 S 2 S 6} — [Ak] U [Ak?nmodp]

Now,
(k2")Ymod p = k
— k2" = k4 hp (for some h)
= k(2"-1) = hp
—= k = hr
Hence, [AF] = [A(B2")mode] if and only if [AF] € . O

In other words, the set of a;’s consists of exactly two cosets of F3./F, if [A\F] € S5, and is equal to

*], with each element occurring twice, if [v¥] € §;.

[v
Before proceeding with the choice of representatives of PG Lo(2")/Hy we need a technical fact. For

1§i§2n_1_1 and 0 < j < 2" — 1 define

Kij) = (i+jo)modp (8)
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Fact 2 Foranylgiguand0§j<2”—lwehave

3

1. [/\k(l’])] € 99

. n—1_ .
2. Foranyl <¢ < ==L and0<j <2 -1,

Proof:

(a) k(i',j') = k(i,j) <= i =i and j' = j
(b) k(&' 5') # (2" (4, ) mod p

1. Since 7| o and 7| p, then

2.

| k(i,j)<= 7|1

But 1 <i< =1 ¢ 7, therefore 7 f i and [A(1)] € §,.

(a)

3
The ‘if” part is trivial. Suppose k(i', ;') = k(7,j). Then
(/' +jo)modp = (i+jo)modp
Since 7 < p, the above equation can be rewritten as
/= (it~ f)o)mod p
= (i+(j - /)0 mod p) mod p
Note that AU'=7)7 € Fyn, hence, by (7), (j —j')o mod p = hr for some h, 0 < h < 2" —1. Since
i< 7,04+ hr < (2" —1)r = p. Thus we have
=i+ hT

The condition #' < 7 implies h = 0 and, hence, i = ¢. Also, h = 0 implies (j — j')o = dp, for
some 0 < d < 2" — 1. Now, since n is odd, lem (o,p) = 22" — 1 and, thus, (j' — j)o = dp
implies that (j'— j) is a multiple of lem (o, p)/0 = 2" — 1. But by definition, (' —j) < 2" -1,
so we must have (j' — 7) = 0, that is, j' = j.

Suppose for a contradiction that there exist ¢/ and j’ such that k(¢', ;") = (2"k(7, 7)) mod p.
Then,
(7' 4+ j'o) mod p = (2" + 2"jo) mod p,

that is,
2"imod p = (i + (j' — 2"j)o) mod p

Noting that 2”7 < p and reasoning as before, we conclude that
2% = + hr
for some h, 0 < h < 2" — 1. In other words, ¢ = 2" mod 7. Since 2" = 37 — 1, then

¢ = 2" modr

= (3r—1)imodT

= —imodrT,

which is impossible since 7 = (2" + 1)/3 and both ¢ and ¢’ are at most (2"~ — 1)/3 < [7/2].
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We are now ready to define the matrices representatives of PG Lo(2")/ Hy. For convenience, we partition
these matrices into four groups, Ly, Lo, L3 and Ly.

Definition 1

L 2 {Q, /\h"> 0<h<2"—1}

Ly & {{1,AMDy0))

Ly = {(\CDw 1))

Ly 2 {0 )\t 5>:1gt<p,r)(t and

/\k(z 0)(At s) Q/ [':*n}

with 1 <1 < 2n_31_1, 0<7<2"=1, and 0 < s < 3, wherever they occur.

Lemma 8
|Ly| + |L2| + [Ls| + [La] = M

Proof: It is immediate that

L] = 2"—1
Lo = |Ls| = (2" =1)(2"7" = 1)
27" —-1)(2" -2

As for the cardinality of Ly, note that there are values of ¢ between 1 and p not multiples of 7.

3
It is not difficult to show that, for each ¢, there are exactly 2" — 1 pairs of indices ¢t and s, with 1 <t < p,

7 ) tand 0 < s < 3, such that A¥(:0)(\tw?)=1 € F3,. Therefore,

9n=1 1 (2"~ 1)(2" - 2)
L = 3 —(2" -1
Ll = 2ot 21
271 n n n
= 52127 -2) - (2" - 1)]
211
= (2" -1)——(2" - 3)
3
Simple algebra shows that |L1| 4+ |La| + |Ls| + | L4] = 2”_122)"7_1 =M. 0

Thus, the A;’s defining the bijection between the variables and the cosets of PG L4(2")/Hy, can be

identified with the matrices in the above four sets. Let
A
L = L1 ULy ULsU Ly

Theorem 10 The matrices in L belong to distinct cosets of PG Ly(2")/Ho, thus forming a complete set
of representatives.

Proof: 1t is sufficient to prove the following two facts. (1) £ C PG Ly(2"). (2) For each A,B € L, A # B,
and 6 € [':Qn, A Q/ 6BH,.
For the first fact we only have to prove that each A € £ is non-singular. Let A = (z,y) € L. Note
that both x and y are non-zero; therefore A is non-singular if and only if 271y & Fan (or equivalently,
L' ¢ Fan). We distinguish among four cases, according to the form of A.
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= (1, \"w) € L;. Since w & Fon and M7 € Fon, N7 w & Fon.

A
o A= (1, \Dws) € Ly, By Fact 2, [N(6Dws] = [A¥69)] € Sy and, by (7) and the definition of Ss,
A ])ws Q/ ":271.

A = (N 1) € L3. Similar to the previous case.

A = (MG Ny € Ly, The condition A0 A\w)=1 ¢ Fyn in the definition of Ly assures that A

is non-singular.

We now prove the second fact. Let A, B € £, with A # B, and let 6 = A*7, for some a, 0 < a < 2" —1.
As before, we need to distinguish among various cases according to the form of A and B.

e A and B belong to distinct L;’s. We show only the case of A € Ly and B € L,. The other cases
can be dealt with in a similar fashion. Let A = (1, \*“w) and §B = (A%, \(6)+279)  Note that
[MNow] € Sy and [AGD+e75] € 6y, From Lemma 7, one can argue that for any (z,y) € 6BHy,
[y] € S2. Therefore, A ¢ 6 BH,.

o A,B € Ly, with A # B. Let A = (1,M9w) and B = (1,\"w) with &/ # h. Thus §B =
(Ao N Ha)o )y - Note that [1], [Mow], [A*] and [AF'+9)74] are all in Sy. By Lemma 7, for any
(z,y) € 6BHy, [z] = [A\*], soif A € éBHy we would have [A*?] = [1] (i.e., @ = 0). For the same
reason, [y] = [/\(h/"'“)gw]; soif a =0, A € éBHy would imply [/\hlg] = [A'9], that is, b = &', a
contradiction.

o A,B € Ly, with A # B. Let A = (1, D)) and B = (1, \F( />, where it cannot be

1,A

(i =iYA(G = j)A(s = &). Thus, 6B = (A, N3 +275"y Ag in the previous case, we can
show that A € §BH, implies a = 0. Since [N("w*] = [N"9)] € S5, by Lemma 7 for any
(z,y) € 6BHy, [y] = [M], or [y] = [NKE)2")moeds] - Therefore, in order to have A € 6BHy, we
need [A(1)] = (ARSI or [ARGI)] = [NK(E)2")medr] which, by Fact 2, implies i = i’ Aj = j'. Thus
we have A = (1, \F(iD)w?®) and 6B = (1, \¥)w*") with s # /. Suppose i = ¢/, j = j' and § = 1.
From the proof of Lemma 7 one can easily see that the only matrix in BHg other than B itself of
the form (1,y) must have [y] = [A(k(H)2")mods] - Therefore, A cannot belong to BHy.

o A, B € L3, with A# B. Similar to the previous case.

o A, B € Ly, with A# B. Let A = (A0 Ny = (N Aw®) and B = (A0 A"y = (X7 A ")
where it cannot be (i = i') A (t = ') A (s = ). Thus, 6B = (A\'+%7 A\'+2745"y Note that [A7+e7] =
[A(9)], and by Lemma 7 A € § BHy requires k(i,0) = k(i',a), which, by Fact 2, implies ¢ = ¢’ and
a = 0. Thus we must have A = (A, AMw®) and §B = (A, A\'w*") Now, since [A\]] € S5, Lemma 7
implies that ¢ B is actually the only matrix in § BHy whose first component is A*. Therefore, in order
to have A € 6 BHg it must be A = 6B, that is t = ¢/ and s = &', a contradiction.

4.2 Numbering of the representatives of PGLy(2")/H,

In this section we show how the integers 0,1,...,M — 1 can be put in one-to-one correspondence with
the matrices chosen in the previous section as representatives of PG Ly(2")/Hy (i.e., the set £). We first
explain how, given and integer r, 0 < r < M the rth matrix of £, say A,, can be computed in the pair
notation. Assume that a primitive element A € Fg2, is known.
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Recall that £ = L1 U Ly U L3 U L4 and, as shown in the proof of Lemma 8

L] = 2"—1
Lyl = |Ls| = (2" -1)(2"7' —1)
=1 _q
Lal = (2" = D=5 (2" = 3)

where |Li| 4 |La| 4+ |Ls| + |La| = M. Let 0 < r < M. We number the matrices so that

A, €Ly if 0 <r< 2"-1

A, € Ly if 2" -1 <r< (2"-1)4+ 2" -1t -1)=(2" - 1)2""!
A €Ly if (27-1)270 <r< (2712774 (20 - )27 = 1) = (27 - 1)?
Ao €Ly if (20— 1) <r< ("1 42" -DNELA@R -3)=M

Thus we must find a one-to-one mapping between the indices in each range and the matrices of the
appropriate set. For the first three ranges, the mapping can be easily established based on the definition 14,
Lo and Lz, and involves only a constant number of operations. The case of L, is slightly more complicated.
Suppose (27 —1)2 <r < M and set 7' = 7 — (2" — 1)?, so that 0 < r/ < (2" — 1)%(2” —3). A, will be
of the form

AT — <Ak(i,0)7 Atws>

for some 7, t and s such that 1 <7 < 2n_;_1, 1<t<p,7)t,0<s<3and /\k(i’o)(/\tuﬁ)_1 ¢ Fon. So we

must associate 1’ with a triplet (¢,7,s). The index ¢ can be chosen as

T/

{(2” —1)(27 - 3)

7 =

[+

which is clearly a value between 1 and 271_:,)# Next we determine ¢ and s. Fixed ¢, there are (2" —1)(2"—3)
pairs ¢, s to choose from and we want to find the Ith, where [ = ' mod (2" — 1)(2" — 3). Note that, since

w = AP, then Xw® = X157 Tt is not difficult to see that
{t+sp: 1<t<p,r)ftand 0<s<3} = {t': 0<¥ <2*" 1, 7)¢t}

So we have to find the Ith index ¢, which is not multiple of 7 and such that \F(E0)—t" = xi=t' ¢ Fon; that
is ! # 1+ joforany 0 < j < 2" — 1. Among the integers 0...22" — 2, those that are multiples of T or
are equal to ¢ + jo (i.e., the ‘forbidden’ indices), occupy fixed and easily calculable positions, as shown in
Fig. 4 where the integers 0...2%" — 2 are arranged consecutively into 2" — 1 rows and o columns. Note
that the multiples of 7 are those in columns 0,7 and 27, and the values ¢ 4+ jo, with 0 < 7 < 2" — 1, are
those in column 7. It is not hard to see that ¢’ can be computed with a constant number of operations.

Finally, from t’ we determine ¢ and s as follows. Since ¢ =t 4 sp, we have

t = t'modp

11’/ p]

S

Once the matrix A, is known in pair notation, we need to transform it into the usual form. More
specifically, let A, = (A", M), for some ¢ and j. We want to find oy, 8;, o, 5; € Fgn such that

aw+ 3 = N
ajwt i = A
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27 —1

Figure 4: Table of the indices 0,...,2%" — 2

Suppose we know that A = ajw 4 1 (each processor has to store the two values a; and ). Then given
i and j and using the fact w? = w + 1, a;, B;, ; and 3; can be easily computed with O(n) = O(log N)
operations over Fon.

In summary, we have proved

Theorem 11 Gliven an integer v, 0 < r < M, a processor is able to compute the rth matriz of L in
O(log N)) time using O(1) internal storage.
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