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Conceptual and Software Support for Abstract Domain Design:Generic Structural Domain and Open ProductA. Cortesi B. Le Charlier P. Van HentenryckBrown University University of Namur Brown UniversityBox 1910, Providence 21 rue Grandgagnage Box 1910, ProvidenceRI 02912 (USA) B-5000 Namur (Belgium) RI 02912 (USA)aac@cs.brown.edu ble@info.fundp.ac.be pvh@cs.brown.eduAbstractAbstract interpretation [11] is a systematic methodology to design static program analysis whichhas been studied extensively in the logic programming community. With the emergence of e�cientgeneric abstract interpretation algorithms for logic programming, the main burden in buildingan analysis is the abstract domain which gives a safe approximation of the concrete domain ofcomputation. However, accurate abstract domains for logic programming are often complex andcomplicated. The purpose of this paper is to propose conceptual and software support for thedesign of abstract domains. It contains two main contributions: a generic pattern domain and thenotion of open product of domains. The generic pattern domain Pat(<) automatically upgradesa domain < (e.g. Prop [30]), with structural information yielding a more accurate domain (e.g.Pat(Prop)) while abstracting away structural information from the designer. The open productis a new way of combining abstract domains allowing each combined domain to bene�t from in-formation from the other components through the notions of queries and open operations. Theopen product is general-purpose and can be used for other programming paradigms as well. Thetwo contributions are orthogonal and can be combined in various ways to obtain sophisticated do-mains while imposing minimal requirements on the designer. Both contributions are characterizedtheoretically and experimentally and were used to design very complex abstract domains such asOPAT(OProp
OMode
OPS) which would be very di�cult to design otherwise. On this last domain,designers need only contribute about 20% (about 3,400 lines) of the complete system (about 17,700lines).1 IntroductionAbstract interpretation is a systematic methodology to develop static program analysis [11]. Ab-stract interpretation has raised much interest in the logic programming because of the need ofoptimizations in compilers to make them competitive with procedural languages. Much progresshas been achieved in this area since the early work of Mellish [31], including frameworks [1, 4, 7,22, 28, 29, 35] abstract domains [5, 8, 15, 19, 21, 32, 34, 36] and �xpoint algorithms [24, 25, 26].Our approach to abstract interpretation consists mainly of three steps:1: the de�nition of a �xpoint semantics of the programming language: the concrete semantics;2: the abstraction of the concrete semantics: the abstract semantics;1



3: the design of a �xpoint algorithm to compute the least �xpoint of the abstract semantics.In general, the abstract semantics and the �xpoint algorithm are generic, i.e. they are param-eterized by an abstract domain and its associated operations. A static analysis is then obtainedby de�ning an abstract domain and providing an implementation of the operations as consistentapproximations of the concrete operations. The main advantage of the approach is to factor out theabstract semantics and the �xpoint algorithm for various applications, providing modularity andreusability. With the emergence of e�cient abstract interpretation algorithms, most of the burdenin developing an analysis lies in the design of the abstract domain and its associated operations.The design of abstract domains is often complex and error-prone and needs to address issues suchas the handling of structural information, the combination of domains, and the tradeo� betweenaccuracy and e�ciency. Yet little research has addressed the important problem of supporting thistask adequately. Notable exceptions are [12, 6, 18].The purpose of this paper is to propose some conceptual and software support to build sophis-ticated abstract domains. It contains two main contributions:- a generic pattern domain Pat(<);- an open product construct 
.The generic pattern domain Pat(<) automatically upgrades a domain < (e.g. Prop) to obtaina new domain combining < and structural information (e.g. Pat(Prop)). The key idea behindPat(<) is to provide an implementation of the abstract operations in terms of simple operationson the domain <. Pat(<) is a generalization of the pattern domain of [33, 24], whose mainidea is to preserve information on subterms. The main bene�t of Pat(<) is to abstract awaystructural information from the designers which can focus on the salient aspects of their analysis.The motivations behind Pat(<) is similar to those of [18] which proposes an engine preservingstructural information. One of the fundamental di�erences between these two approaches is that ourapproach handles structural information at the domain level and not inside the �xpoint algorithm.As a consequence, the domain can be combined with a variety of �xpoint algorithms achievingvarious tradeo�s between e�ciency and accuracy.The open product construct is a novel way of combining abstract domains, independent from logicprogramming and hence applicable to other programming languages as well. The key idea is thenotion of open abstract domains which provide queries (providing information to the environment)and open operations (receiving information form the environment). The open product improves onthe direct product by letting the domains interact, since operations in one domain can use queriesin other domains. Its formal characterization provides us with a precise meaning of consistentapproximation in this open context and an automatic way of combining queries. The open productcan be viewed as a practical and modular way of implementing or approximating the reducedproduct construction of the Cousots [12, 13]. It contains as a degenerated case the re�nementoperation proposed independently by [6]. It also shares some of the motivations behind the ideas ofR-abstraction of [10] and open semantics [3], although the technical detail and practical applicationsare fundamentally di�erent.The two contributions are completely orthogonal and can be combined in various ways toobtain sophisticated abstract domains. The main advantages of this approach are the simplicity,modularity and accuracy if o�ers to abstract domain designers. Simplicity is achieved by abstracting2



away structural information (e.g. the main functor and its arguments) and irrelevant details of thesubdomains; Structural information is ignored in most proposals for abstract domains because ofthe inherent complexity it introduces. Moreover, integrating various components in a single domainis error-prone and di�cult; as a consequence, our contributions are of primary importance to buildcomplex abstract domains. Modularity comes from the fact that abstract domains can be viewed asabstract data types whose operations are the queries and the abstract operations and which receivesqueries to improve accuracy of their operations. Modularity simpli�es both the correctness proofsand the implementation. Finally, accuracy results from structural information and from the ideaof open operation which is so general that abstract domains can interact at will although throughwell-de�ned interfaces.To demonstrate the practicability of this approach, both contributions have been implementedand tested on several abstract domains including Pat(Prop), Pat(OProp
OPS), OPat(OMode
OPS)and OPat(OProp
OMode
OPS), where OPat(<) is the open version of the generic domain Pat(<).Note that OPat(OMode
OPS) is equivalent to the domain Pattern [24] and that the abstract domainOPat(OProp
OMode
OPS) is probably one of the most complicated domains ever implemented forProlog, yet its requirement on the designer are minimal.The rest of the paper is organized in four sections. Section 2 presents the preliminaries. Section3 presents the generic pattern domain Pat(<) from its semantics to its implementation and showsan application to the domain Prop. Section 4 introduces and formalizes the concept of open productfor integrating domains and applies it to a variety of applications. Section 5 reports the experimentalresults on the mentioned domains. Section 6 contains the conclusions of this research. Some partsof the paper are rather technical. In a �rst reading, the reader may want to skip section 3.3 andsection 4.4.2 PreliminariesIn this section, we brie
y review some basic de�nitions necessary for the rest of the paper. Sinceour contributions are essentially independent from the concrete semantics used (and hence from theabstract semantics and the �xpoint algorithm), we simply assume that the concrete semantics canbe built from a reasonable set of operations on substitutions which were used in [23, 24, 26, 39, 40] tode�ne various concrete semantics. The �rst subsection simply introduces the notion of substitutionconsidered in this paper while the second subsection de�nes the concrete operations. The thirdsubsection recalls some basic de�nitions on abstract interpretation.2.1 SubstitutionsWe assume the existence of sets Fi and Pi (i � 0) denoting sets of functors and predicate symbols ofarity i. Let PV be an (in�nite) set of program variables. Variables in PV are ordered and denotedby the x1; x2; . . . ; xi; . . ..We assume the existence of another in�nite set RV of renaming variables. We distinguish twokinds of substitutions: program substitutions, denoted �, whose domain and codomain are subsetsof PV and RV respectively, and standard substitutions, denoted �, whose domain and codomainare subsets of RV . In the following, SP denotes the set of program substitutions, SPD denotes theset of program substitutions the domain of which is D and SS the set of standard substitutions.3



Let � be a program substitution and D � dom(�). The restriction �0 of � to D, denoted �=D , isthe substitution such that dom(�0) = D and xi� = xi�0 for all xi 2 D.The de�nitions of substitution composition and most general uni�er are the usual ones butare only used for standard substitutions. Program substitutions and standard substitutions canonly be combined by applying a standard substitution � to a program substitution �. The result,denoted ��, is de�ned by dom(��) = dom(�) and x(��) = (x�)� for all x 2 dom(�). For programsubstitutions, the notion of free variable is non-standard to avoid clashes between variables duringrenaming. A free variable is represented by a binding to a renaming variable that appears nowhereelse. Let � be a subset of SP . � is complete if and only if, for all � 2 �, � and �0 are variantimplies that �0 2 �.Let D be a �nite subset of PV . CSD = f� � SP : 8� 2� dom(�) = D and � is completeg.CSD is a complete lattice wrt set inclusion �.2.2 OperationsWe consider a number of operations on the concrete set of substitutions CSD.Union of Sets of Substitutions Let �1; . . . ;�n 2 CSD.UNION(�1; . . . ;�n) = �1 [ . . .[ �n:Uni�cation of two Variables Let D = fx1; x2g and � 2 CSD.AI VAR(�) = f�� j � 2 �; � 2 SS; and � 2 mgu(x1�; x2�)gUni�cation of a Variable and a Functor This operation uni�es x1 with f(x2; . . . ; xn). LetD = fx1; . . . ; xng, � 2 CSD, and f 2 Fn�1.AI FUNC(�; f) = f�� j � 2 �; � 2 SS; and � 2 mgu(x1�; f(x2; . . . ; xn)�)gRestriction and Extension of a Set of Substitutions for a Clause The RESTRC opera-tion restricts a set of substitutions on all variables in a clause to the variables in the head. TheEXTC operation extends a set of substitutions on variables in the head of a clause to all variablesin the clause. Let c a clause, D0 be the set of variables in the head and D be the set of variables of c.RESTRC(c;�) = f�=D0 j � 2 �g:EXTC(c;�) = f� j dom(�) = D; �=D0 2 �, and 8x 2 D nD0; x is free in �g:Restriction and Extension of a Set of Substitutions for a Literal The RESTRG operationexpresses a set of substitutions � in terms of the formal parameters x1; . . . ; xn corresponding toa literal l. The EXTG operation extends a set of substitutions � with a set of substitutions �0representing the result of executing a literal l on �. Let D be the domain of �, D00 = fxi1 ; . . . ; xingthe set of variables appearing in l exactly in that order, and D0 = fx1; . . . ; xng:RESTRG(l;�) = f� j dom(�) = D0; 9�0 2 � : xj� = xij�0 (1 � j � n)g:4



EXTG(l;�;�0) = f�� j � 2 �; � 2 SS ; �0� 2 �0 ; dom(�) � codom(�0);(codom(�) n codom(�0))\ codom(�) = ;;dom(�0) = D0 ; xj�0 = xij� (1 � j � n)g:2.3 AbstractionsIn the following we assume familiarity with standard de�nitions and notations for abstract inter-pretation [11]. We assume for simplicity that all complete partial orders (cpo) are pointed.De�nition 1 (domain) A domain is a cpo with an upper bound operation (not necessarily a luboperation).De�nition 2 (abstraction of domains) Let D1; D2 be two domains, ordered by �1 and �2, re-spectively. The domain D2 abstracts D1 if there exists a monotone function Cc : D2 ! D1 suchthat 8d1 2 D1 9d2 2 D2 : d1 �1 Cc(d2). The function Cc is called a \concretization function".1De�nition 3 (abstraction of operations) 2 Let D1; D2 be two domains, ordered by �1 and �2,respectively. Assume that D2 abstracts D1. Let OP1 : D1 ! D1 and OP2 : D2 ! D2. We say thatOP2 is an abstraction (or a consistent approximation) of OP1 if 8d 2 D2 : OP1(Cc(d))�1 Cc(OP2(d)):In the rest of the paper, we focus on domains which abstract the concrete domain of substitutionsCSD, and on operations which abstract the concrete operations UNION; . . . ; EXTG de�ned above.3 The Generic Pattern Domain Pat(<)3.1 OverviewIt is well-known that preserving structural information in abstract domains is often of primaryimportance to achieve a reasonable accuracy3. However, abstract domains preserving structuralinformation are often an order of magnitude more complicated to design. In this section, wede�ne a generic abstract domain Pat(<) which automatically upgrades a domain < with structuralinformation. The domain Pat(<) can be seen as a generalization of the domain Pattern de�nedin [33, 24]. Its main idea is to represent information about subterms occurring in a substitution.More precisely, Pat(<) may associate the following information with each considered subterm:� its pattern which speci�es the main functor of the subterm (if any) and the subterms whichare its arguments;� its properties which are left unspeci�ed and are given in the domain <.1Observe that we do not require the existence of a Galois connection between the domains [11]. This is due to thefact that, in practice, this requirement can be relaxed, without loss of correctness.2We consider for simplicity only a unary operation. The generalization is straightforward.3An alternative is to use reexecution which, in practice, simulates the presence of structural information althoughat a certain loss of accuracy. 5



In addition to the above information, each variable in the domain of the substitutions is as-sociated with one of the subterms. Note that this information enables us to express that twoarguments have the same value (and hence that two variables are bound together) by associatingtwo arguments with the same subterm. To identify the subterms in an unambiguous way, an indexis associated with each of them. If there are n subterms, we make use of indices 1; . . . ; n. Forinstance, the substitution fx1  t � a ; x2  a ; x3  y1 n [ ]gwill have 7 subterms. The association of indices to them could be for instancef(1; t � a); (2; t); (3; a); (4; a); (5; y1 n [ ]); (6; y1); (7; [ ])g:The pattern component (possibly) assigns to an index an expression f(i1; . . . ; in) where f is a func-tion symbol of arity n and i1; . . . ; in are indices. If it is omitted, the pattern is said to be unde�ned.In our example, the (most precise) pattern component will make the following associationsf(1; 2 � 3); (2; t); (3; a); (4; a); (5; 6 n 7); (7; [ ])g:The same value component, in this example, maps x1 to 1, x2 to 3, and x3 to 5.The main interest of Pat(<) is that it is generic with respect to the properties maintained onthe subterms. Pat(<) provides the skeleton which contains structural and same-value informationbut leaves unspeci�ed which information is maintained on the subterms. It is the role of the<-domain to specify this information, i.e. the <-domain describes properties of a set of tuples< t1; . . . ; tp > where t1; . . . ; tp are terms. Obviously, the <-domain does not need to be concernedwith structural information, since this is the purpose of the generic domain. As a consequence,de�ning the <-domain mainly amounts to design a domain on clause variables, which is in generalmuch simpler. The link between the subterms and the information stored in the domain is achievedby using indices. This will appear clearly in the next subsection.Pat(<) can be designed in two di�erent ways, depending upon the fact that we maintaininformation on all terms or only on the leaves. In the rest of this paper, we adopt the �rstapproach for simplicity, although the second approach is more e�cient for many domains <. Inboth cases, the main di�culty in generalizing the original pattern domain is to deal properlywith global information, i.e. information which is not explicit for each subterm but constrainsall subterms together. For instance, in Prop, groundness information is not associated with eachsubterm but rather is given through a global boolean formula. Speci�c information about a termcan of course be extracted from the formula but need not be represented explicitly. The handlingof global information has been achieved through the introduction of a number of novel concepts(e.g. natural transformation) and a new implementation of some operations (e.g. UNION).Notation In the following, we denote by Ip the set of indices f1; . . . ; pg, by STp the set of tuplesof terms < t1; . . . ; tp > and by ST the union of all sets STp for some p � 0. Finally, we denote by}(ST ) the powerset of ST .3.2 SemanticsAn abstract substitution � over the program variables x1; . . . ; xn is a triple (frm; sv; `) where frmis a partial function, sv is a total function, and ` is an element of an <-domain to be speci�ed. The6



�rst two components form the \kernel" of the abstract domain, since they contain respectively theinformation about the terms corresponding to the program variables and about the structure ofthe terms.3.2.1 Pattern ComponentThe pattern component associates with some of the indices in Ip a pattern f(i1; . . . ; iq), where fis a function symbol of arity q and fi1; . . . ; iqg � Ip. The pattern component is a partial functionfrm : Ip 6! PATp, where PATp is the set of all patterns on Ip, satisfying the following condition.Let Gfrm be the graph whose nodes belong to Ip and whose arcs are the pairs (i; j) such thatfrm(i) = f(. . . ; j; . . .): The graph Gfrm must be acyclic. We take the convention of denoting byfrm(i) = undef the fact that no pattern is associated with i. In the following, we denote by FRMpthe set of all functions frm for a �xed p and by FRM the union of all FRMp (p � 0).The meaning of an element frm is given by the concretization function that speci�es that thecomponent represents all p tuples of terms that satisfy simultaneously all pattern constraints:Cc : FRMp ! }(STp)Cc(frm) = f< t1; . . . ; tp > j 8i : 1 � i � p : frm(i) = f(i1; . . . ; iq)) ti = f(ti1 ; . . . ; tiq)g:The condition on Gfrm ensures that Cc(frm) is not empty.3.2.2 Same Value ComponentThe second component assigns a subterm to each variable in the substitution. Given a set D ofprogram variables and a set of indices Im, this component is a surjective function sv : D ! Im.We denote by SVD;m the set of all same value functions for �xed D and m and by SV the unionof all sets SVD;m for any D and m.The meaning of an element sv is given by a concretization function that makes sure that twovariables assigned to the same index have the same value:Cc : SVD;m ! CSDCc(sv) = f� j dom(�) = D and 8xi; xj 2 D : sv(xi) = sv(xj)) xi� = xj�g:3.2.3 The <-componentThe <-component of the generic domain is an element of a domain <p that gives information ona tuple of terms < t1; . . . ; tp >. These tuples are called <-tuples in the following. The domain isassumed to satisfy the requirements of de�nition 1. The signature of the concretization functionCc is as follows: Cc : <p ! }(STp)In the following, we denote by < the union of all <p (p � 0).The generic domain provides a standard implementation of the abstract operations UNION,AI VAR, AI FUNC, RESTRC, EXTC, RESTRC and EXTG in terms of a number of basic operations onthe <-domain: <-REN, <-INTR, <-PROJ, <-UNION, <-SPECAT, <-COMB, <-UNIF, and <-JOIN. Therest of this section speci�es the concrete versions of these operations, i.e. C-REN, C-INTR, C-PROJ,C-UNION, C-SPECAT, C-COMB, C-UNIF, and C-JOIN. According to de�nition 2, the abstract versionsmust be consistent approximations of the concrete operations.7



Before specifying the operations, let us explain informally why some of them are needed. Oper-ation <-INTR is used each time new terms are being introduced in a substitution. This is the caseat clause entry (operation EXTC) as well as during the uni�cation operations (operations AI VAR,AI FUNC, EXTG). Operation <-PROJ is used each time some terms should be removed from a sub-stitution. This occurs in many operations, including clause exit (RESTRC) and procedure entry(RESTRG). Operations <-SPECAT, <-COMB, and <-UNIF are needed for various phases of the uni�ca-tion process. The implementation of the abstract uni�cation mimics a recursive concrete uni�cationas long as at least one of the patterns is known. The base case occurs when none of the patternsare known and this is when operation <-UNIF is called. The case of the two terms with compatiblepatterns is simply dealt with through recursion. The case when only one pattern, say the patternof tj , is known is reduced to the above recursive case by applying �rst to the other term, say ti,a specialization operation which uni�es ti with a functor f(y1; . . . ; yn) where y1; . . . ; yn are newvariables. Operation <-SPECAT is used to propagate the e�ect of this uni�cation on the <-domain.Operation <-COMB is used by AI FUNC before applying the general abstract uni�cation algorithm.AI FUNC simply constructs a new term using functor f and indices i1; . . . ; in, and operation <-COMBis responsible to update the <-domain with the uni�cation of this term and a newly introducedvariable. Operation <-JOIN is used to concatenate two <-tuples in operation EXTG just beforecalling the general uni�cation algorithm.We are now in position to specify the concrete version of <-domain operations. Let � denote asubset of ST .Introduction of variables: This operation introduces k variables in locations m+1; . . . ; m+k.C-INTR(�; m; k) = f< t1; . . . ; tm; y1; . . . ; yk; tm+1; . . . ; tp > j < t1; . . . ; tp >2 � & y1; . . . ; yk arenew distinct variables g.Projection: This operation projects out of term tj .C-PROJ(�; j) = f< t1; . . . ; tj�1; tj+1; . . . ; tp > j < t1; . . . ; tp >2 � g:This operation can be extended easily to sets of indices.C-PROJ(�; ;) = �C-PROJ(�; fj1; . . . ; jng) = C-PROJ(C-PROJ(�; j1); fj2; . . . ; jng) where j1 = max(fj1; . . . ; jng):Union: This operation takes the union of two sets of tuples.C-UNION(�1;�2) = �1 [ �2:Uni�cation Operations: We now turn to the uni�cation operations.C-SPECAT(�; i; fj1; . . . ; jng; f) = f < t1�; . . . ; tp� > j < t1; . . . ; tp >2 � &� 2 mgu(ti; f(tj1 ; . . . ; tjn)) &� 2 SS &tj1 ; . . . ; tjn are distinct free variables g:8



C-COMB(�; i; fj1; . . . ; jng; f) = f < t1�; . . . ; tp� > j < t1; . . . ; tp >2 � &� 2 mgu(ti; f(tj1 ; . . . ; tjn)) &� 2 SS &ti is a free variable g:C-UNIF(�; i; j) = f < t1�; . . . ; tp� > j < t1; . . . ; tp >2 � & � 2 mgu(ti; tj) & � 2 SS g:Join: This operation concatenates tuples of terms coming from two di�erent setsC-JOIN(�1;�2) = f< t11; . . . ; t1n; t21; . . . ; t2m > j < t11; . . . ; t1n >2 �1 & < t21; . . . ; t2m >2 �2 g:Renaming of Variables: The <-domain also needs a renaming operation. Let r : Ip ! Ip be arenaming of indices.C-REN(�; r) = f< tr(1); . . . ; tr(p) > j < t1; . . . ; tp >2 �g:3.2.4 The Concretization FunctionWe are now in position to specify the domain Pat(<).De�nition 4 Let D be a �nite set of program variables. The set of abstract substitutions Pat(<)is the subset of FRM � SV �< satisfying the following conditions:1) 9m; p 2 N; p � m & ` 2 <p & sv 2 SVD;m & frm 2 FRMp;2) 8i :m < i � p : 9j : 1 � j � p : frm(j) = f(. . . ; i; . . .):Formally, the meaning of an abstract substitution � = (frm; sv; `) is given by the followingconcretization function: Cc : Pat(<)! }(CSD)Cc(�) = f� j dom(�) = D & 9ht1; . . . ; tpi 2 Cc(`) \ Cc(frm) : 8x 2 D : x� = tsv(x)gIt remains to de�ne the ordering relation on substitutions. Consider two abstract substitutions�1; �2, and assume in the following that frmi; svi; `i are the components of a substitution �i, pi isthe number of indices in the domains of frmi, and mi is the number of indices in the codomainof svi4. Conceptually, �1 � �2 should hold i� �1 imposes the same or more constraints on allcomponents than �2 does, that is i� Cc(�1) � Cc(�2). To obtain a syntactic de�nition, we assumethe existence of the following notion on the domain <.De�nition 5 (Natural Transformation) A natural transformation on domain < is a law (i.e.a functor in the terminology of Category theory) which maps any function tr : Ip2 ! Ip1 onto afunction tr# : <p1 ! <p2. This law has to satisfy the following conditions:1. id#Ip(`) = `;5.4The domain of svi is implicitly de�ned by the substitution.5idIp is the identity function on Ip 9



2. tr#2 � tr#1 = (tr1 � tr2)#;3. ` �<p1 `0 implies tr#(`) �<p2 tr#(`0);4. (Consistency): fhttr(1); . . . ; ttr(p2)i j 9ht1; . . . ; tp1i 2 Cc(l)g � Cc(tr#(l)):The intuition is as follows: an element of <p is a constraint over the set of tuples of the form< t1; . . . ; tp >. A function tr : Ip ! Ip0 contains two implicit pieces of information: �rst a set ofequality constraints for terms whose indices are mapped onto the same value by tr; second it ignoresterms whose indices are not the image of some index in Ip. This intuition is formally captured byfunction tr# which indicates how to transform an abstract object in <p by removing super
uousterms and duplicating some others. The ordering on domains must obviously be respected sincenew equal terms are added in the same way to all elements of the domain. The above explanationalso justi�es that tr# will always exist for reasonable domains and will be natural. We are nowready to present the ordering on the abstract substitutions.De�nition 6 �1 � �2 i� there exists a function tr : Ip2 ! Ip1 satisfying1. tr#(`1) �<p2 `2;2. 8x 2 D : sv1(x) = tr(sv2(x));3. 8i 2 Ip2 : frm2(i) = f(i1; . . . ; iq)) frm1(tr(i)) = f(tr(i1); . . . ; tr(iq)):It is important to note here that the above relation is only a preorder, since distinct elements(corresponding to permutations of indices) may have the same concretization. Formally, the domainshould be de�ned as the quotient of Pat(<) by this equivalence relation6. In practice, there is noadvantage in proceeding in this way and we will continue working on the abstract domain Pat(<).Note that the natural transformation can be implemented in two ways:1. a speci�c way: the <-domain is required to de�ne the transformation; this will be in generalthe most e�cient solution, since locality can be exploited if necessary;2. a generic way: the transformation can be implemented in a standard way by using more basicoperations required on the domain.In the next section, we describe the generic implementation.3.3 Implementation: Abstract OperationsIt remains now to specify the generic abstract operations on the above abstract domain, namelyUNION, AI VAR, AI FUNC, RESTRC, EXTC, RESTRC and EXTG. For each of these operations we pro-vide the speci�cation and a safe implementation. In many cases, the correctness proofs are directconsequences of the speci�cations and can be fully described as a formal generalization of the cor-responding proofs in [33] (also sketched in [24]). This section is quite technical and can be skippedat �rst reading.6This is similar to the notion of reduced domain in [13].10



Notation: In what follows, we denote by � an abstract substitution (frm; sv; `) 2 Pat(<) withfrm 2 FRMp, sv 2 SVD;m and ` 2 <p. Observe, in particular, that � marks out the indices p andm.3.3.1 The Natural TransformationAs mentioned previously, the natural transformation can be implemented in a standard way usingthree more basic operations which are required to be monotone: <-REN, <-PROJ, and <-EQU. Thelast operation can be obtained from <-INTR and <-UNIF but we provide its speci�cation for clarity.Its main purpose is to introduce an equality constraint between an old and a new index.C-EQU(�; i) = f < t1; . . . ; ti; . . . ; tp; ti > j < t1; . . . ; ti; . . . ; tp >2 � g:Given a sequence of indices hi1; . . . ; ini, we de�neC-EQU(�; hi1; . . . ; ini) = C-EQU(C-EQU(�; i1); hi2; . . . ; ini) (n � 1)C-EQU(�; hi) = �We are now in position to de�ne the natural transformation in a generic way.Implementation 1 The natural transformation tr# of tr : Ip2 ! Ip1 can be de�ned as follows.Let� p3 = #tr(Ip2);7� i1; . . . ; ip3 be such that i1 < . . . < ip3 and fi1; . . . ; ip3g = tr(Ip2);� tr1 : Ip2 ! Ip2 such that1. tr1 is a permutation;2. tr(tr1(j)) = ij for j 2 Ip3;� tr2 : Ip1 ! Ip3 such that tr2(ij) = j for j 2 Ip3iǹ1 = <-PROJ(`; Ip1 n fi1; . . . ; ip3g`2 = <-EQU(`1; htr2(tr(tr1(p3 + 1))); . . . ; tr2(tr(tr1(p2))i)tr#(`) = <-REN(`2; tr�11 ):As mentioned previously, the key idea is to project irrelevant terms and to introduce new termsand equality constraints to obtain the new domain. Note that tr1 in the implementation can bede�ned as follows.V = fj j j 2 Ip2 & 8k 2 Ip2 : tr(k) = tr(j)) j � kgtr1(j) = minfk j tr(k) = ijg if j � p3= kj�p3 if j > p3 where k1 < . . .< kp2�p3 & V [ fk1; . . . ; kp2�p3g = Ip2 :7We use #A to denote the cardinality of a set A. 11



Theorem 1 Implementation 1 of the natural transformation is consistent.Proof:ht1; . . . ; tp1i 2 Cc(l)) hti1 ; . . . ; tip3 i 2 Cc(l1)) httr(tr1(1)); . . . ; ttr(tr1(p3))i 2 Cc(l1)) httr(tr1(1)); . . . ; ttr(tr1(p3)); ttr(tr1(tr2(tr(tr1(p3+1))))); . . . ; ttr(tr1(tr2(tr(tr1(p2)))))i 2 Cc(l2)) httr(tr1(1)); . . . ; ttr(tr1(p3)); ttr(tr1(p3+1)); . . . ; ttr(tr1(p2))i 2 Cc(l2)) httr(tr1(tr�11 (1))); . . . ; ttr(tr1(tr�11 (p2)))i 2 Cc(tr#(l))) httr(1); . . . ; ttr(p2)i 2 Cc(tr#(l))3.3.2 Operation EXTC(�; c) = �0This operation extends a substitution with new variables at the entry of a clause.Speci�cation 1 Let D = fx1; . . . ; xng be the set of variables in the head of c, dom(�) = D andD0 = fx1; . . . ; xn+kg be the set of all variables in c. EXTC(�; c) produces a substitution �0 =(frm0; sv0; `0) such thatCc(�0) = f� j dom(�) = D0 & �=D 2 Cc(�) & xn+1�; . . . ; xn+k� are distinct renaming variables& xn+j� 62 codom(�=D) (1 � j � k)g:Implementation 2 Under the assumptions of Speci�cation 1, EXTC(�; c) = �0, where:p0 = p+ k:m0 = m+ k:r(i) = ( i 1 � i � m;i� k m0 < i � p0:frm0 = fhi; f(i1; . . . ; in)i j hr(i); f(r(i1); . . . ; r(in))i 2 frmgsv0(xi) = sv(xi) (1 � i � n):sv0(xn+i) = m+ i (1 � i � k):`0 = <-INTR(`;m; k):The implementation is straightforward. To accommodate the formal structure of abstract sub-stitutions, the new variables must be mapped onto indices m + 1; . . . ; m+ k. Hence, the functionr is introduced to shift the old indices greater than m.3.3.3 Operation RESTRC(�; c) = �0This operation restricts the output substitution of a clause to the head variables.12



Speci�cation 2 Let D be the domain of � and D0 be the set of variables in the head of c (D0 � D).RESTRC(�; c) produces a substitution �0 = (frm0; sv0; `0) such thatCc(�0) = f�=D0 j � 2 Cc(�)gThis operation needs to compute the set of indices reachable from a given index as the other indicesare no longer relevant.De�nition 7 The set of indices reachable from i 2 Ip via frm, denoted reachable(i; frm), isde�ned inductively by1. fig if frm(i) = undef ;2. fig [Snj=1 reachable(ij; frm) if frm(i) = f(i1; . . . ; in):We also use reachable(I; frm) to denote Si2I reachable(i; frm):Implementation 3 Under the assumptions of Speci�cation 2, RESTRC(�; c) = �0, wheresv(D0) = fsv(x) j x 2 D0gI = reachable(sv(D0); frm);m0 = #sv(D0);p0 = #I;W = fi 2 Ip j i 62 Ig:r is the unique strictly increasing function from I to Ip0 ;frm0 = f hr(i); f(r(i1); . . . ; r(in))i j hi; f(i1; . . . ; in)i 2 frm and i 2 I g;sv0(x) = r(sv(x)) 8x 2 D0;`0 = <-PROJ(`;W ).The operation RESTRG can be deduced easily from the above operation and an operation thatproduces a variable renaming.3.3.4 Uni�cationOverview The uni�cation operation will be handled through a number of suboperations whichsigni�cantly reduce the combinatorial explosion of subcases. The base case is operation UNIF1,which uni�es two subterms whose patterns are unde�ned. Operation SPECAT is used to unify twoterms, one with a pattern and the other without. The operation specializes the second term sothat both have the same pattern and the general case applies. The general case is taken care ofby operation UNIF. Operation FCTA simply removes one subterm after uni�cation. The operationsAI VAR, AI FUNC and EXTG can be derived from operation UNIF in a direct way.13



A Note on Notation Consider the uni�cation of two terms and observe that after a uni�cation,only one of the terms is necessary and the other one can be removed. Moreover, the same valuecomponent should be updated to re
ect the removal of the subterm. These operations are ratherfrequent in the uni�cation process and, instead of updating permanently the components, theequalities will be stored using a function fi : Iq ! Ip such that fi(i) = fi(j) ) ti = tj . Thisallows us to simplify the presentation and the implementation as well8. The idea is that the samevalue component needs only to be updated at the very end of each operation. So for the momentwe restrict attention to two components omitting the same value component.We call �-tuples associations of two components (frm; `) where frm; ` are de�ned on the sameset of indices Ip. �-tuples will be denoted in the following by � and �0 possibly subscripted.Formally � de�nes a set of p tuples of terms Cc(�) such thatCc(�) = Cc(frm)\ Cc(`):Moreover, we call a �-tuple the association (�; fi) of an �-tuple � and a function fi. Theremaining operations will be de�ned on �-tuples. Note also that we will implicitly assume that a�-tuple �k is associated to a pair (�k; fik) (and similarly a �-tuple �0 to a pair (�0; fi0)).As usual, we de�ne the meaning of �-tuples by means of a concretization function as follows:Cc(�) = fhu1; . . . ; uqi j 9ht1; . . . ; tpi 2 Cc(�) : ui = tfi(i) (1 � i � q)g= fhtfi(1); . . . ; tfi(q)i j ht1; . . . ; tpi 2 Cc(�)gIn the rest of the presentation, we will often have to write expressions such as expr(t(i1); . . . ; t(in))where i1; . . . ; in 2 Ip2 and t : Ip2 ! Ip1 . We take the convention of representing those expressionsas expr(i1; . . . ; in) (t)meaning that all indices ik from Ip2 in the expression have to be substituted their values t(ik).Fusion of �-tuples The �rst operation, FCTA(i; j; �) = �0, that we de�ne on �-tuples amounts toadding an equality between terms ti and tj and to propagating this equality in the rest of �-tuple�. The basic idea behind this operation is to remove a subterm which is no longer necessary.Speci�cation 3 Let �u = hu1; . . . ; uqi be a �-tuple of terms. Then the following holds:�u 2 Cc(�)ui = uj ) ) �u 2 Cc(�0):Let us de�ne two functions, assuming max = max(i; j) (fi)1. ti : Ip ! Ip�1ti(k) = k if k < max;= min(i; j) (fi) if k = max;= k � 1 if k > max;8At the implementation level, the function fi is close to the uni�cation process of Prolog.14



2. it : Ip�1 ! Ipit(k) = k if k < max;= k + 1 if k � max:When applied to the �-tuple, the function ti removes one of the terms (the one with the largestindex) by pushing leftwards the indices which are greater than the removed term while the functionit allows us to retrieve previous information.Implementation 4 The function FCTA(i; j; �) is de�ned asfrm0 = fhti(k); f(ti(k1); . . . ; ti(kn))i j hk; f(k1; . . . ; kn)i 2 frmg;`0 = <-PROJ(`;max);fi0 = ti � fi:Note that the function fi of the �-tuple needs to be updated as well. The operation FCTA can beeasily extended to sets of pairs.Operation UNIF1(i; j; �) = �0Speci�cation 4 This operation is de�ned on an �-tuple � = (�; fi), where � = (`; frm), assumesthat frm(i) = frm(j) = undef (fi), and produces another �-tuple �0 = (�0; fi0), where �0 =(`0; frm0). Informally speaking, UNIF1(i; j; �) uni�es subterms i and j in the �-tuple �, giving �0.More formally, given �t = ht1; . . . ; tpi, a p tuple of terms, and � a substitution, the operationveri�es � 2 mgu(ti; tj)�t 2 Cc(�) ) ) �t� 2 Cc(�0):The implementation is simple. It performs the uni�cation of ui and uj (i.e. of tfi(i) and tfi(j)),using operation UNIF1 on �-tuples. Then FCTA is used to remove one of the redundant terms.Implementation 5 Let UNIF1(i,j,�)= �0 be de�ned as follows: the pattern component remainsthe same as no new pattern is introduced, while the < component is obtained by adding to ` thematching between ti and tj .UNIF1(i; j; �) = �0 wherefrm0 = frm`0 = <-UNIF(`; i; j)UNIF1(i; j; �) = �0 where9�0 = FCTA(i; j; �1)�1 = UNIF1(i; j; �) (fi)fi1 = fi9Recall here that �1 = (�1; fi1). 15



3.3.5 Operation SPECAT(i; j; �) = �0The next operation is useful for the uni�cation of two terms ti; tj where frm(i) = undef andfrm(j) = f(j1; . . . ; jn). In fact, such a uni�cation can be achieved in two steps:1. the uni�cation of ti and f(y1; . . . ; yn) giving � where y1; . . . ; yn are new variables;2. the uni�cation of (y1; . . . ; yn)� and tj1 ; . . . ; tjn .The operation SPECAT performs the �rst step. The second step is carried out by the generaluni�cation procedure.Speci�cation 5 We �rst specify SPECAT on �-tuple and then we extend the de�nition to �-tuple.Given �t = ht1; . . . ; tpi, a p tuple of terms, � a substitution, y1; . . . ; yn, n distinct variables notoccurring in �t, the operation SPECAT(i; j; �)= �0 veri�es�t 2 Cc(�)ti; tj are uni�able� 2 mgu(f(y1; . . . ; yn); ti) 9>=>; ) (t1; . . . ; tp; y1; . . . ; yn)� 2 Cc(�0):Implementation 6 The implementation returns �0 = ? if i 2 reachable(j; frm). Otherwise, letp0 = p + n, the < component is obtained by adding to ` the correspondence between the term tiand the set of terms ftp+1; . . . ; tp+ng, whereas the pattern component is de�ned by adding the newpattern : frm0 = frm [ fhi; f(p+ 1; . . . ; p+ n)g;`0 = <-SPECAT(<-INTR(`; p; n); i; f(p+ 1); . . . ; (p+ n)g; f):Operation SPECAT can be adapted to �-tuples. The speci�cation is the same as before exceptthat �-tuples are replaced by �-tuples. The implementation simply uses SPECAT for �-tuples andbuild a new function fi0 to take into account the new indices in �0.Implementation 7 Assume that � = (�; fi) with dom(fi) = q and 1 � i; j � q. OperationSPECAT(i; j; �) = �0 where�0 = ? if SPECAT(i; j; �) (fi) = ?�0 = (�0; fi0) otherwisewith �0 = SPECAT(i; j; �)(fi)fi0 : Iq+n ! Ip+n is such thatfi0(k) = fi(k) if k � qfi0(k) = k � q + p if k > q.3.3.6 Operation UNIF(i; j; �) = �0Let us present the main procedure for uni�cation UNIF(i; j; �) = �0. Observe that there is no directreference to the <-component: the behaviour of the <-component is completely captured by theoperations UNIF1, FCTA and SPECAT de�ned above.Informally speaking, procedure UNIF(i; j; �) uni�es subterms i and j in the �-tuple �. In thefollowing, we say that hu1; . . . ; umi is a pre�x of ht1; . . . ; tni (m � n) i� ui = ti (1 � i � m).16



Speci�cation 6 Given �u = hu1; . . . ; uqi, a q tuple of terms, and � a substitution, the operationveri�es � 2 mgu(ui; uj)�u 2 Cc(�) ) ) 9�u0 2 Cc(�0) : �u� is a pre�x of �u0:Implementation 8 The implementation of operation UNIF is as follows:if i = j (fi) then�0 = �else if (frm(i) = undef = frm(j) (fi)) then�0 = UNIF1(i; j; �)else if ((frm(i) = undef (fi)) & SPECAT(i; j; �) = ?) _((frm(j) = undef (fi)) & SPECAT(j; i; �) = ?) _((frm(i) = f(i1; . . . ; in) & (frm(j) = g(j1; . . . ; jm) (fi)) & (f 6= g _ n 6= m) then�0 = ?else�0 = FCTA(i; j; �n) where�� = 8><>: SPECAT(i; j; �) if (frm(i) = undef (fi))SPECAT(j; i; �) if (frm(j) = undef (fi))� otherwise(frm0(i) = f(i1; . . . ; in) & frm0(j) = f(j1; . . . ; jn) (fi0))�k = UNIF(ik; jk; �k�1) (1 � k � n).The implementation mimics a recursive algorithm for concrete uni�cation as long as at least oneof the patterns of ui and uj are known. The correctness of this algorithm has been proven in [33].3.3.7 Operation AI VAR(�) = �0This operation uni�es two variables x1 and x2 in an abstract substitution �. This operation simplyuni�es subterms 1 and 2 to obtain a new �-tuple. The �-tuple produces the pattern component andthe <-component, while the same-value component is obtained from the old same-value componentand the function of the �-tuple.Speci�cation 7 Let � such that dom(�) = fx1; x2g. The following holds for any program substi-tution � and any renaming substitution �:� 2 Cc(�) & � 2 mgu(x1�; x2�) ) �� 2 Cc(�0):Implementation 9 The implementation of AI VAR(�) with � = (sv; �) produces a substitution�0 = (sv0; �0) with (�0; fi0) = UNIF(sv(x1); sv(x2); (�; id)) and sv0 = fi0 � svwhere id denotes the identity function. 17



3.3.8 Operation AI FUNC(f; �) = �0This abstract operation uni�es a variable x1 with a term f(x2; . . . ; xn) in an abstract substitution�. It is achieved by creating a new subterm p+1 containing the new function to unify and unifyingterms p+ 1 and 1.Speci�cation 8 Let � such that dom(�) = fx1; . . . ; xng. The following holds for any programsubstitution � and any renaming substitution �:� 2 Cc(�) & � 2 mgu(x1�; f(x2; . . . ; xn)�) ) �� 2 Cc(�0):Implementation 10 Assuming that ik = sv(xk) (1� k � n), the implementation of AI FUNC(�)produces (sv0; �0) where(�0; fi0) = UNIF(i1; p+ 1; �1)frm1 = frm [ fhp+ 1; f(i2; . . . ; in)ig`1 = <-COMB(<-INTR(`; p; 1); p+ 1; fi2; . . . ; ing; f)fi1 = idsv0 = fi0 � sv:3.3.9 Operation EXTG(g; �1; �2) = �0This operation is used to extend a clause substitution (i.e. �1) with the result of the execution ofa procedure call (i.e. �2).Speci�cation 9 Let xi1 ; . . . ; xik be the sequence of variables occurring in the procedure call g.Let us de�ne D = fxi1 ; . . . ; xikg. Let �1 be an abstract substitution such that fxi1 ; . . . ; xikg �fx1; . . . ; xmg = dom(�1). Let �2 be an abstract substitution such that fx1; . . . ; xkg = dom(�2). Let�1 and �2 such that dom(�i) = dom(�i) (i = 1; 2). Let � a renaming substitution. The followingholds: �1 2 Cc(�1) & �2 2 Cc(�2)(8j : 1 � j � k : xj�2 = xij�1�)dom(�) � codom(�1=D)(codom(�1)� codom(�1=D))\ codom(�) = ; 9>>>=>>>; ) �1� 2 Cc(�0):We make use of a procedure UNIF LIST(List; �) whose input is a list of pairs (i1; j1); . . . ; (in; jn)and a �-tuple, and whose output is another �-tuple where the terms ik; jk have been uni�ed. (It issimple to de�ne this procedure from procedure UNIF or to generalize UNIF to obtain it).The implementation proceeds in two steps. First it builds a unique term that contains bothsubstitutions. Then, it uni�es the corresponding arguments of the substitutions.Implementation 11 Let xi1 ; . . . ; xik be the sequence of variables occurring in g and assume that� = (�; id) where� = (`; frm)` = <-JOIN(`1; `2)frm = frm1 [ fhi+ p1; f(i1+ p1; . . . ; in + p1)i j hi; f(i1; . . . ; in)i 2 frm2g18



EXTG(g; �1; �2) produces �0 = (sv0; �0) where(�0; fi0) = UNIF LIST(l; �)sv0 = fi0 � sv1l = ((sv1(xi1); sv2(xi1) + p1); . . . ; (sv1(xik); sv2(xik) + p1)).3.3.10 Operation UNION(�1; �2) = �Speci�cation 10 Let �1; �2 be two abstract substitutions such that dom(�1) = dom(�2) = D.UNION(�1; �2) produces an abstract substitution � such thatdom(�) = D & Cc(�1) [ Cc(�2) � Cc(�):or, when <-UNION computes an upper bound,dom(�) = D & �1; �2 � �To implement the function UNION(�1; �2) we need to build the set of pairs (i; j) of indicesthat are in correspondence. Let D be the domain of �1 and �2. We de�ne the set E of pairs incorrespondence induced by the same value component:E = f(i; j) j 9x 2 D : i = sv1(x) & j = sv2(x)g:The remaining correspondences can be obtained from E and the pattern components. Hence wede�ne the set F of all correspondences as the smallest set satisfying1. (i; j) 2 E ) (i; j) 2 F2. (i; j) 2 E & frm1(i) = f(i1; . . . ; in) & frm2(j) = f(j1; . . . ; jn)) (ik; jk) 2 F (1 � k � n):The number of indices in the substitution produced by the UNION operation will be exactly the sizeof F , i.e. p = #F , as these are precisely the terms corresponding in both substitutions. Of course,the number of variables n is the same in �; �1; �2. We also need a bijective function tr : F ! Ipto establish the relation between the old and the new indices of the corresponding subterms. Wedenote by tr1 : Ip ! Ip1 and tr2 : Ip ! Ip2 the functions mapping elements of Ip to Ip1 and Ip2respectively. tr1(k) = i if there exists (i; j) 2 F such that tr(i; j) = k, and analogously tr2(k) = jif there exists (i; j) 2 F such that tr(i; j) = kImplementation 12 The operation UNION(�1; �2) produces a substitution � = (frm; sv; `) de�nedas follows.UNION(�1; �2) = �frm = fhtr(i; j); f(tr(i1; j1); . . . ; tr(in; jn))i j (i; j) 2 F & frm1(i) = f(i1; . . . ; in) &frm2(j) = f(j1; . . . ; jn)gsv(x) = tr(sv1(x); sv2(x)) 8x 2 D` = <-UNION(tr#1 (`1); tr#2 (`2)) 19



3.4 Application: The Domain Pat(Prop)In this section, we present the domain Pat(Prop), as an instantiation of the generic domain Pat(<)to the domain Prop [30, 9, 27]. Pat(Prop) is particularly appropriate for groundness analysis,although there are many other possible uses of boolean formulas[7, 2]. Prop represents groundnessinformation in terms of propositional variables and a number of logical connectives (^;_;$). Forsimplicity, we use the integers 1; 2; . . . ; i; . . . as propositional variables, since they refer directly tothe subterms they are associated with. Readers which are not comfortable with this notation cansimply see them as an abbreviation for a set of variables w1; w2; . . . ; wi; . . ..3.4.1 DomainAn element of Propp is the poset of boolean functions that can be represented by propositionalformulas constructed from Ip, the logical connectives ^;_ and $, and the boolean constants trueand false and is ordered by implication. It is easy to see that Propp is a �nite lattice where thegreatest lower bound is given by conjunction and the least upper bound by disjunction.De�nition 8 A truth assignment over Ip is a function T : Ip ! Bool. The value of a booleanfunction f wrt a truth assignment T is denoted T (f). When T (f) = true, we say that T satis�esf . The basic intuition behind the domain Prop is that a tuple of terms < t1; . . . tp > is abstractedby a Boolean function f i�, for all instances < t01; . . . t0p > of < t1; . . .tp >, the truth assignment Tde�ned byT (i) = true i� t0i is ground (1 � i � p)satis�es f .For instance, 1 $ 2 abstracts the tuples of terms < y1; y1 >, < a; a >, but not < a; y2 > nor< y1; y2 >.De�nition 9 The concretization function for Propp is a function Cc : Propp ! }(STp) de�ned asCc(f) = f< t1; . . . ; tn > j 8� 2 SS : assign (< t1�; . . . ; tp� >)(f) = truegwhere assign : STp ! Ip ! Bool is de�ned by assign < t1; . . . ; tp > (i) = true i� ti is ground.The following de�nitions will be used later.De�nition 10 The valuation of a function f wrt a variable i and a truth value b, denoted f ji=b,is the function obtained by replacing i by b in f .De�nition 11 The denormalization of a formula f wrt [i1; . . . ; in] is the boolean function ob-tained by replacing simultaneously 1; . . . ; n by i1; . . . ; in in f . This denormalization is denoteddenorm [i1; . . . ; in] f . 20



3.4.2 OperationsThe implementations of the operations required by the generic domain Pat(<)are conceptuallysimple in the case of Prop.Renaming of a formula: Let r : Ip ! Ip be a renaming of indices, i.e. a bijective function fromthe set f1; . . . ; pg to itself. The Prop-REN operation is implemented by using the denorm functionpreviously de�ned.Prop-REN(f; r) = denorm [r(1); . . . ; r(p)] f .Introduction of new variables: Prop-INTR(f;m; k) is obtained by shifting the indices of thelast p�m variables by k positions.Prop-INTR(f;m; k) = denorm [1; . . . ; m;m+ 1 + k;m+ 2 + k; . . . ; p+ k] f:Projection of a variable: Projection is simply de�ned as:Prop-PROJ(f; j) = denorm [1; . . . ; j � 1; . . . ; j + 1; . . . ; p� 1] (f jj=true _ f jj=false).Union of abstract tuples: The least upper bound in Prop of two propositional formulas f1; f2over the same variables corresponds to their logical disjunction.Prop-UNION(f1; f2) = f1 _ f2.Note that the least upper bound does not lose precision in Prop.Uni�cation of a variable and a functor: The two specializations <-SPECAT and <-COMB of theuni�cation of a variable and a functor are implemented in the same way for Prop.Prop-SPECAT(f; i; fj1; . . . ; jng; g) = f ^ (i$ (j1 ^ . . .^ jn)).Prop-COMB(f; i; fj1; . . . ; jng; g) = f ^ (i$ (j1 ^ . . .^ jn)).Uni�cation of two variables: The operation <-UNIF is a particular case of the <-SPECAToperation.Prop-UNIF(f; i; j) = f ^ (i$ j).Junction of abstract tuples: Let f1 2 Propp; f2 2 Propq.Prop-JOIN(f1; f2) = f1 ^ denorm [(p+ 1); . . . ; (p+ q)] f2.4 Open ProductThe purpose of this section is to propose a novel combination of domains achieving more precisionthan the direct product. This contribution is orthogonal to the Pat(<) domain proposed in theprevious section and the combination of the two ideas gives rise to an advanced methodological21



and software support to build complex abstract domains. Probably the problem of combiningabstract domains was �rst addressed by the Cousots. In [12, 13] they proposed the idea of areduced domain whose underlying idea is to cluster together elements of the cartesian productwhich have the same concretization. As a consequence, the reduced product of a Galois insertionis itself a Galois insertion. The reduced product is a theoretical ideal but it does not suggest aparticular implementation, since an implementation cannot use the concretization function. Themain contribution of this section is the idea of open product, a new construct to combine abstractdomains e�ciently and accurately.4.1 OverviewThe problem we consider is to design a domain D from some given domains D1; . . . ; Dn. The keyidea behind the open product is the notion of open abstract interpretation. Informally speaking,an open abstract interpretation di�ers from a traditional abstract interpretation by introducing thenotion of queries and open operations. A query is simply a function giving information about theproperties captured by the domain. An open operation is essentially an abstract operation exceptthat it receives one or more boolean functions describing additional properties of the abstract objects(e.g. properties not captured by the interpretation). The main bene�t of open interpretations isthe fact that abstract operations are able to receive information from the environment to improvetheir accuracy. Note that the idea of open interpretation is somewhat related to the idea of opensemantics [3].Once open interpretations are de�ned, it is natural to de�ne a new form of product, the openproduct, which is similar to the direct product except that the open operations in one domain canuse some queries in other domains to improve accuracy. Note that all operations interact in termsof the initial abstract object, i.e. the object before executing the operation.The idea of open interpretations has many applications. It can be used to combine domains,as mentioned before. It can also be used to implement re�nement operations which were proposedindependently, but not formalized, in [6]. The motivation behind re�nements comes from the factthat the open product only uses the initial abstract object for interaction. By letting the componentsinteract after the operations, re�nements enable to remove redundancies, i.e. they improve thecomponents locally while not modifying the global concretization function. Re�nements are specialcase of global operations. Finally, open interpretations can be used in the Pat(<) domain to letthe <-domain use some structural information if necessary.The notion of open product and open interpretation are both theoretical and practical tools.On the theory side, they capture precisely the properties that need to be satis�ed to obtain a newdomain and consistent operations. On the practical side, they allow the designer to build a complexdomain as a set of open domains which are nothing else than abstract data types o�ering queriesand open operations. Moreover, there exist systematic ways of composing queries from di�erentdomains and to complement incomplete interpretations. As a consequence, these ideas provideadvanced support to build sophisticated domains in a simple manner.The rest of this section is organized as follows. In subsection 4.2, we de�ne the concepts ofquery and open interpretation in whole generality. These notions allow to provide a consistentde�nition of open product, where the information contained by each component can be used bythe other components through queries. Subsection 4.3 presents an example of application of this22



approach to the case of the <-domain presented in Section 2, by showing the open product ofProp and of the abstract domains OLIN and OPS for linearity and sharing analysis. Subsection 4.4further applies this approach to the interaction of the pattern and <-components in the open genericpattern domain OPat(<). We conclude the section describing the open abstract interpretation onthe domain OMode for mode analysis.4.2 Semantics4.2.1 Open InterpretationsRecall that a domain is a cpo with a partial order � and an upper bound operation. We use Boolfor the set ftrue; falseg, �TF for the order true � false, and �FT for the order false � true.De�nition 12 (test) A test is a boolean function T : Arg ! Bool. For a given order �o onboolean values, the tests on the same set Arg can be partially ordered as follows:T � T 0 , 8h 2 Arg : T (h) �o T 0(h)De�nition 13 (query) A query on the domain D is a pair Q = (P;�), where � is an orderingon boolean values and P is a monotone function which maps elements of the domain D onto tests.P : D ! ArgD ! BoolFor the sake of clarity, we often identify a query with its boolean function and use Q(d) instead ofP(d).Example On the domain of term tuples }(STp) we can de�ne the queries (C-GROUND, �TF ),(C-MAYSHARE,�FT ) and (C-LINEAR, �TF ) for groundness sharing and linearity. The functionsC-GROUND: STp ! Ip ! Bool, C-MAYSHARE: STp ! Ip � Ip ! Bool, and C-LINEAR: STp !Ip ! Bool are de�ned as follows.C-GROUND(S)(i) = ( true if 8 < t1; . . . ; tp >2 S : ti is a ground termfalse otherwiseC-MAYSHARE(S)(i; j) = ( false if 8 < t1; . . . ; tp >2 S : ti; tj do not share variablestrue otherwiseC-LINEAR(S)(i) = 8><>: true if 8 < t1; . . . ; tp >2 S : ti does not contain multipleoccurrences of the same variablefalse otherwisewhere S � STp is a set of p-tuples of terms.Our notion of query interpretation is a slight generalization of the traditional notion of inter-pretation [10]. 23



De�nition 14 (query interpretation) A query interpretation is a tuple D = (D;�; hOP1; . . . ; OPni;hQ1; . . . ;Qmi) where:- D is a domain;- � is the partial order on D;- OP1; . . . ; OPn are operations of signature OPi : D ! D;10- Q1 . . . ;Qm are queries on D.A query interpretation can be seen as an abstract data type, where queries represent informationabout the domain D which is o�ered to the environment. In order to use queries, we introduce theconcepts of open operation and open interpretation.De�nition 15 (open operation) An open operation OP on the domain D is a function whichmaps a tuple of tests onto an operation. Let m � 0.OP : (Arg ! Bool)m ! D! DObserve that an operation OP : D ! D can be seen as a degenerate open operation which does notdepend on tests. In the following, we assume without loss of generality that all operations use thesame number of queries.The notion of query interpretation is generalized according to the de�nition of open operations.De�nition 16 (open interpretation) An open interpretation is a tuple D = (D;�; hOP1; . . . ; OPni;hQ1; . . . ;Qmi) where:- D is a domain;- � is the partial order on D;- OP1; . . . ; OPn are open operations on D;- Q1 . . . ;Qm are queries on D.Observe that a query interpretation can be seen as a degenerate case of open interpretation wherenone of the operations depends on tests.4.2.2 Open Abstract InterpretationsNow we consider the abstraction of query interpretations and of open interpretations.De�nition 17 (abstraction of queries) Let Q1 and Q2 be two queries with the same Booleanorder � on domains D1 and D2 respectively and assume that D2 abstracts D1. We say that Q2 isan abstraction of Q1 if the following condition is satis�ed.8d 2 D2 : Q1(Cc(d)) � Q2(d)10For simplicity, we restrict our attention to unary operations. A generalization of the de�nition is straightforward.24



Example In the case of Prop, we can consider queries for groundness, sharing, and linearity.The functions Prop-GROUND: Propp ! Ip ! Bool, Prop-MAYSHARE: Propp ! Ip � Ip ! Bool, andProp-LINEAR: Propp ! Ip ! Bool are de�ned as follows. Let f be a formula of Prop.Prop-GROUND(f)(i) , (f ! i)Prop-MAYSHARE(f)(i; j) , :(f ! i) & :(f ! j)Prop-LINEAR(f)(i) , (f ! i)It is not di�cult to see that (Prop-GROUND;�TF ), (Prop-MAYSHARE;�FT ) and (Prop-LINEAR;�TF )are abstractions of the concrete queries (C-GROUND;�TF ), (C-MAYSHARE;�FT ) and (C-LINEAR;�TF )introduced in the previous example.De�nition 18 (abstraction of query interpretations) Consider two query interpretationsD1= (D1;�1; hOP11; . . . ; OP1ni; hQ11; . . .Q1mi) and D2 = (D2;�2; hOP21; . . . ; OP2ni; hQ21; . . . ;Q2mi).We say that D2 is an abstraction of D1 if:- D2 abstracts D1;- for 1 � i � n : OP2i abstracts OP1i , i.e. 8d2 2 D2 : OP1i (Cc(d2)) �1 Cc(OP2i (d2));- for 1 � i � m : Q2i abstracts Q1i .We now introduce the semantics of open operations through the notion of open abstraction.De�nition 19 (open abstraction) Consider a query interpretation D1 = (D1;�1; hOP11; . . . ; OP1ni;hQ11; . . .Q1mi) and an open interpretation D2 = (D2;�2; hOP21; . . . ; OP2ni; hQ21; . . . ;Q2mi).We say that D2 is an open abstraction of D1 if:- D2 abstracts D1;- for 1 � i � n : OP2i abstracts OP1i , i.e.{ OP2i is monotone with respect to the boolean orders on Q11; . . .Q1m;{ 8d2 2 D2 8d1 2 D1 : d1 �1 Cc(d2) ) OP1i (d1) �1 Cc(OP2i (hQ11(d1); . . . ;Q1m(d1)i) (d2)):- for 1 � i � m : Q2i abstracts Q1i .4.2.3 Open ProductWe are now in position to de�ne the notion of open products of domains.De�nition 20 (open product) Consider two open interpretations D1 = (D1;�1; hOP11; . . . ; OP1ni;hQ11; . . .Q1mi) and D2 = (D2;�2; hOP21; . . . ; OP2ni; hQ21; . . . ;Q2mi) such that the order �i of Q1i is thesame as that of Q2i .The open product D1
D2 is the query interpretation (D;�; hOP1; . . . ; OPni; hQ1; . . . ;Qmi) de�nedas follows.- D is the cartesian product D1 �D2; 25



- the partial ordering � is the product ordering of �1 and �2;- the query Qi = (Pi;�i) is de�ned by:the order �i is the same order as in Q1i and Q2iPi = P1i �P2i where� = 8><>: ^ if the order �i is �FT ;_ if the order �i is �TF :- the operation OPi : (D1 �D2)! (D1 �D2) is de�ned by:OPi(d1; d2) = ( OP1i (hQ1(d1; d2); . . . ;Qm(d1; d2)i) (d1) ; OP2i (hQ1(d1; d2); . . . ;Qm(d1; d2)i) (d2) ):Note that the operations use the best available queries by using the combination of queries fromeach domain.Theorem 2 (consistency of the open product) Let D0 be a query interpretation, and assumethe existence of a greatest lower bound operation u on the domain of D0. Let D1 and D2 be openinterpretations. Assume that both D1 and D2 are open abstractions of D0.The open product D1 
D2 is an abstraction of D0.Proof: LetD0 = (D0;�0; hOP01; . . . ; OP0ni; hQ01; . . . ;Q0mi),D1 = (D1;�1; hOP11; . . . ; OP1ni; hQ11; . . . ;Q1mi),and D2 = (D2;�2; hOP21; . . . ; OP2ni; hQ21; . . . ;Q2mi). The three conditions of de�nition 18 hold.1. Domain: Domain D1 �D2 abstracts D0 through the following concretization function:Cc : D1 �D2 ! D0Cc(d1; d2) = Cc(d1) u Cc(d2)This function is monotone by composition of monotone functions.2. Queries: Query Qi abstracts Q0i sinced0 �0 Cc(d1); Cc(d2)) Q0i (d0) �i Q1i (d1);Q2i (d2)) Q0i (d0) �i Qi(d1; d2)3. Operations: Operation OPi abstracts OP0i sinced0 �0 Cc(d1); Cc(d2)) OP0i (d0) �0 Cc(OPhi (hQ01(d0); . . . ;Q0m(d0)i)(dh))(Dh is an open abstraction of D0; 1 � h � 2)) OP0i (d0) �0 Cc(OPhi (hQ1(d1; d2); . . . ;Qm(d1; d2)i)(dh))(Qj is an abstraction of Q0j ; 1 � j � m; 1 � h � 2)26



) OP0i (d0) �0 u1�h�2 Cc(OPhi (hQ1(d1; d2); . . . ;Qm(d1; d2)i)(dh))(by properties of greatest lower bound)) OP0i (d0) �0 Cc(OPi(d1; d2))(by de�nition of OPi):ThereforeOP0i (Cc(d1; d2)) �0 Cc(OPi(d1; d2))(because Cc(d1; d2) �0 Cc(d1); Cc(d2)):Note that, in general, the existence of u is trivially ensured, since D0 will be the concretedomain.4.2.4 Re�ned Open ProductThe open product enables operations to bene�t from information from the other components inthe state before the product operation. However, the operations themselves can produce additionalinformation that may be useful to re�ne the results. As mentioned previously, re�nements canbe used after each product operation. This idea was proposed independently, but not formalized,in [6].Speci�cation 11 (re�nement) LetD1, D2 be respectively a query interpretation and an open in-terpretation such that D2 is an open abstraction of D1. An operation REFINE: (ArgD1 ! Bool)m !D2 ! D2 is a re�nement operation of D2 with respect to D1 if for all d1 2 D1 and d2 2 D2, thefollowing conditions are satis�ed.- d1 �1 Cc(d2) ) d1 �1 Cc(REFINE(hQ11(d1); . . . ;Q1m(d1)i)(d2));- REFINE(hT1; . . . ; Tmi)(d2) �2 d2 for any test T1; . . . ; Tm.Consider the open product D1 
 D2, where D1 and D2 are open abstractions of the queryinterpretation D0. Assume that the re�nement functions REFINE1 and REFINE2 are de�ned inD1 and D2 respectively. The corresponding operation REFINE on the open product is similar totraditional operations.De�nition 21 (re�nement in the open product) In the hypotheses and notation of theorem 2,assume that REFINE1 and REFINE2 are re�nement functions for D1 and D2 with respect to D0. There�nement function REFINE on the open product D1 
D2 is de�ned by:REFINE(d1; d2) = (REFINE1(hQ1(d1; d2); . . . ;Qm(d1; d2)i) (d1) ;REFINE2(hQ1(d1; d2); . . . ;Qm(d1; d2)i) (d2))An abstract operation in the open product can now be de�ned as follows.De�nition 22 (re�ned abstract operation) Under the hypotheses and notation of theorem 2,assume that REFINE1 and REFINE2 are re�nement functions for D1 and D2 with respect to D0.The operation OPi : (D1 �D2)! (D1 �D2) can be de�ned as:OPi(d1; d2) = REFINE(d01; d02)(d01; d02) = ( OP1i (hQ1(d1; d2); . . . ;Qm(d1; d2)i) (d1) ; OP2i (hQ1(d1; d2); . . . ;Qm(d1; d2)i) (d2) )27



It is easy to adapt the correctness proof to re�ned abstract operations. In general, the abovede�nitions are su�cient to obtain a good accuracy. However, it may be the case that multipleapplications of the re�nement are useful. This leads to revisit the de�nition of the REFINE functionin the open product.De�nition 23 (re�nement in the open product revisited) In the hypotheses and notationof theorem 2, assume that REFINE1 and REFINE2 are re�nement functions for D1 and D2 withrespect to D0. De�ne(a0; b0) = (d1; d2)(an; bn) = (REFINE1(hQ1(an�1; bn�1); . . . ;Qm(an�1; bn�1)i)(an�1) ;REFINE2(hQ1(an�1; bn�1); . . . ;Qm(an�1; bn�1)i)(bn�1) ) n > 0The operation REFINE in the open product D1 
D2 is nowREFINE(d1; d2) = (am; bm) for some m � 0:Observe that the implementation of the operations REFINE can be expressed simply by usingqueries. This guarantees once again the complete modularity of the approach, since the interpre-tations can be constructed independently.4.3 Application I: < as an Open ProductWe have already outlined the generality of the framework for combining abstract domains presentedabove. In this section we show how to apply this approach to the multiple instantiation of the <-component of the domain Pat(<) developed in Section 3, combining the two contributions of thispaper.4.3.1 OverviewAn <-domain is an abstraction of the concrete domain of term tuples }(ST ). We have alreadypresented, in the examples of Section 4.2, the meaning of queries in this concrete domain and howan abstraction of these queries can be de�ned, for instance, in Prop. The main di�erence for thedesign of an <-domain is that the operations may be parameterized on tests. However, none ofthe speci�cations and implementations of Section 3 needs to be changed. Each <-operation on thedomain Pat(<) is performed, as mentioned in Section 4.2.4, by a parallel execution of the open<i-operations followed by a global re�nement.Summarizing, let < = <1 
 . . .
<n be an open product of <-domains. In order to implementa cooperative interaction among the components, each domain <i is asked to specify:i) The tests called by <i, i.e. the queries with respect to whom the open operations on <i areabstraction of the corresponding concrete operations.ii) The queries supported by <i. In practice, a default value is automatically provided to thequeries which are not explicitly supported by the domain <i.28



(C-GROUND,�TF ) (C-MAYSHARE,�FT ) (C-LINEAR,�TF )OProp yes yes yesOPS not yes notOLIN not not yesdefault abstr. (false;�TF ) (true;�FT ) (false;�TF )Table 1: Queries abstracted by the <-domainsGROUND MAYSHARE LINEAROProp not not notOPS yes not yesOLIN yes yes yesTable 2: Tests called by <-domainsiii) A re�nement function <i-REFINE. This open abstract operation uses the available informationfrom the other components to re�ne the precision of the abstract term tuple. The defaultimplementation of <i-REFINE is the identity function on <i.Let us apply the de�nitions presented in Section 4.2 to obtain a combined analysis of groundness,linearity, and sharing. At this end, we consider three open interpretations: OProp for groundness,OPS for sharing and OLIN for linearity.We need to embed Prop, presented in section 3.4, in an open interpretation OProp, and tospecify the two open interpretations OPS and OLIN. Their open product will be fully speci�edin Section 4.3.5. Table 1 illustrates the queries supported in a non-trivial way by the <-domainsconsidered and shows the default abstraction of each of them. Table 2 summarizes the tests actuallyused by these <-domains.4.3.2 The Open Interpretation OPropWe choose to represent Prop as a query interpretation OProp, since Prop is generally very accurateand would not bene�t much from other domains.11 The operations in OProp are hOProp-REN; . . . ;OProp-JOINi, and the queries are h(OProp-GROUND;�TF ); (OProp-MAYSHARE;�FT ); (OProp-LINEAR;�TF)i. The re�nement operation for OProp is provided by default: OProp-REFINE(f) = f:4.3.3 The Open Interpretation OPSDomain The abstract domain OPS (inspired by the sharing component described in [24]) speci�esthe possible pair-sharing of variables between terms. As usual, let p be an integer. The elements ofOPSp are binary and symmetrical relations ps : Ip� Ip. We denote by OPS the union of all the OPSpfor p integer. The ordering between two abstract elements ps1, ps2 over the same set of variablesis de�ned as follows: ps1 � ps2 if 8(i; j) : ps1(i; j)) ps2(i; j). The element ps speci�es that the11Of course, other choices are possible in other contexts.29



terms can only share variables when the ps relation allows it.Cc : OPSp ! }(STp)Cc(ps) = f< t1; . . . ; tp > j 8i; j 2 Ip : var(ti) \ var(tj) 6= ; ) ps(i; j)g:Queries OPS supports non-trivially the query (OPS-MAYSHARE,�FT ) as follows:OPS-MAYSHARE(ps)(i; j) , (i; j) 2 ps:The other queries de�ned on the concrete domain }(STp) are supported by OPS through theirdefault implementation.Operations It remains to specify the abstract operations on the abstract domain OPS. Let ~psdenote the symmetrical relation deduced from ps. The operations OPS-REN, OPS-INTR, OPS-PROJ,OPS-UNION and OPS-JOIN do not depend on tests. On the other hand, the operations OPS-SPECAT,OPS-COMB and OPS-UNIF are properly open operations.Renaming: Let p0 � p and let t : Ip0 ! Ip0 be a renaming of indices, i.e. a bijective function fromthe set f1; . . . ; p0g to itself.OPS-REN()(ps; t) = f(t(i); t(j)) j ps(i; j)g:Introduction of new variables: Let t(i) = i for 1 � i � m and t(i) = (i� k) for m+ k < i � p+ k.OPS-INTR()(ps;m; k) = f(i; j) j ps(t(i); t(j))g[ f(i; i) jm < i � m+ kg.Projection of a variable:OPS-PROJ()(ps; j) = f(h; k) j ps(h; k) & h 6= j& k 6= jgUnion of abstract tuples:OPS-UNION()(ps1; ps2) = f(i; j) j ps1(i; j)_ ps2(i; j)g.Uni�cation of a variable and a functor: The two specializations of the uni�cation of a variable and afunctor, are implemented as follows. OPS-SPECAT is an open abstraction of C-SPECAT with respectto the tests (C-GROUND,�TF ) and (C-LINEAR,�TF ). The intuition behind the implementation isas follows. When the term ti is ground, no sharing has to be propagated to the (new variables)tj1 ; . . . ; tjn , which surely become ground after this operation. Moreover, if ti is linear, then theterms tj1 ; . . . ; tjn remain independent.OPS-SPECAT(hGROUND; LINEARi)(ps; i; fj1; . . . ; jng; g) = ps0ps0 = ( ps if GROUND(i)ps [ ~ps0 [ ~ps1 [ ps2 otherwisewhere:ps0 = f(i; jh) j 1 � h � ng. 30



ps1 = f(k; jh) j 1 � h � n & ps(i; k) & k 62 fj1; . . . ; jng g.ps2 = ( ; if LINEAR(i)f(jh; jk) j 1 � h; k � ng otherwiseThe open operation OPS-COMB is an open abstraction of C-COMB with respect to (C-GROUND,�TF ).OPS-COMB(GROUND)(ps; i; fj1; . . . ; jng; g) = ps0ps0 = ( ps if GROUND(j1)& . . .&GROUND(jn)ps [ ~ps1 [ ~ps2 otherwiseps1 = f(i; jh) j 1 � h � ngps2 = f(i; k) j 9h : 1 � h � n : ps(jh; k)g:Uni�cation of two variables: The open operation OPS-UNIF is an open abstraction of C-UNIF withrespect to the query (C-GROUND,�TF ).OPS-UNIF(GROUND)(ps; i; j) = ~ps0, whereps0 = 8>>><>>>: ps if GROUND(i) _ GROUND(j)ps [ f(i; j)g[f(k; l) j 9k0; l0 : ps(k0; k) & ps(l0; l) & k0; l0 2 fi; jgg[f(i; k) j ps(j; k)g [ f(j; k) j ps(i; k)g otherwise:Junction of two abstract tuples: Let ps1; ps2 2 OPS, and let Ip1 and Ip2 the sets of indices associatedto ps1; ps2, respectively.OPS�JOIN()(ps1; ps2) = ps1 [ f(i+ p1; j + p1) j ps2(i; j)g.Re�nement The following re�nement function can be applied to ps 2 OPS in the presence ofgroundness information. Let W = fi j GROUND(i) g.OPS-REFINE(GROUND)(ps) = f(i; j) j ps(i; j) & i 62 W & j 62Wg:4.3.4 The Open Interpretation OLINNow we introduce a simple domain for linearity. Even though more complicated domains forlinearity can be de�ned, the domain OLIN shows how a simple domain heavily bene�ts from querieswhen combined with domains providing groundness and sharing information.Domain The elements of OLINp are sets of indices lin � Ip. The order is de�ned as follows: iflin1; lin2 2 OLINp, we say that lin1 � lin2 if lin1 � lin2.The meaning of a set lin is given by the concretization function that speci�es that the setrepresents all the p�tuples of terms that satisfy the linearity constraint.Cc : OLINp ! }(STp)Cc(lin) = f< t1; . . . ; tp > j if i 2 lin then ti is linear g31



Queries The domain OLIN supports the query OLIN-LINEAR byOLIN-LINEAR(lin)(i) , i 2 lin:The other queries on }(STp) are not explicitly abstracted in OLIN. However, they can be seensupported through their default approximations.Operations It remains now to specify the abstract operations on the abstract domain OLIN. Theoperations OLIN-REN, OLIN-INTR, OLIN-PROJ, OLIN-UNION and OLIN-JOIN do not depend on tests.On the other hand, the operations OLIN-SPECAT, OLIN-COMB and OLIN-UNIF are properly openoperations.Renaming of an abstract tuple: Given a renaming of indices r, the new set is obtained by simul-taneously replacing each occurrence of i by r(i).OLIN-REN( )(lin; r) = fr(i) j i 2 ling.Introduction of new variables: Let t(i) = i for 1 � i � m and t(i) = (i+ k) for m < i � p.OLIN-INTR( )(lin;m; k) = ft(i) j i 2 ling [ fi j m < i � m+ kgProjection of a variable: Projection is simply de�ned as:OLIN-PROJ( )(lin; j) = lin n fjg.Union of abstract tuples: The UNION of two sets lin1; lin2 corresponds to their intersection:OLIN-UNION( )(lin1; lin2) = lin1 \ lin2.Uni�cation of a variable and a functor: OLIN-SPECAT is an abstraction of C-SPECAT with respectto the query (C-LINEAR,�TF ). The operation OLIN-SPECAT(LINEAR)(lin; i; fj1; . . . ; jng; g) is imple-mented by removing from lin the indices which correspond to terms possibly nonlinear becauseof this uni�cation. Recall that ftj1 ; . . . ; tjng are free variables. If ti is non-linear then one offtj1 ; . . . ; tjng may become non-linear. Observe that if the term ti is ground, it is linear, and alsotj1 ; . . . ; tjn , which become ground after the uni�cation step, will remain linear.OLIN-SPECAT(LINEAR)(lin; i; fj1; . . . ; jng; g) = lin0lin0 = 8><>: lin if LINEAR(i)lin n fj1; . . . ; jng otherwiseThe open operation OLIN-COMB is an abstraction of C-COMB with respect to the tuple of queriesh(C-LINEAR,�TF ); (C-MAYSHARE, �FT )i.OLIN-COMB(hLINEAR; MAYSHAREi)(lin; i; fj1; . . . ; jng; g) = lin032



lin0 = 8><>: lin nW if (9k : :LINEAR(jk))_ (9h; k : MAYSHARE(jh; jk))lin otherwiseW = fk 2 lin j MAYSHARE(i; k)gUni�cation of two variables: The operation OLIN-UNIF is an abstraction of C-UNIF with respect tothe tuple of queries h(C-GROUND,�TF ); (C-LINEAR,�TF ); (C-MAYSHARE, �FT )i.OLIN-UNIF(hGROUND; LINEAR; MAYSHAREi)(lin; i; j) = lin0lin0 = 8><>: lin if GROUND(i) _ GROUND(j)_ (LINEAR(i) ^ LINEAR(j) ^ :MAYSHARE(i; j))lin nW otherwiseW = fk 2 lin j MAYSHARE(i; k) _ MAYSHARE(j; k)gJunction of abstract tuples: Let lin1 2 OLINp1 and lin2 2 OLINp2 .OLIN-JOIN( )(lin1; lin2) = lin1 [ f(i+ p1) j i 2 lin2g.Re�nement The re�nement function adds to lin the indices representing ground terms.OLIN-REFINE(GROUND)(lin) = lin [ fi j GROUND(i)g:4.3.5 The open product < = OProp
 OLIN
 OPS.We are ready to fully specify the open product < = OProp
OLIN
OPS, of the three open abstractinterpretations introduced so far. The components of < = (R;�;<-REFINE; h<-REN; . . . ;<-JOINi;h(<-GROUND;�TF ); (<-MAYSHARE;�FT ); (<-LINEAR;�TF )i) are as follows.- R is the cartesian product of the three domains.- The partial order � is (!;�;�).- The queries of the open product are de�ned by:8><>: <-GROUND(f; lin; ps) = Prop-GROUND(f)<-MAYSHARE(f; lin; ps) = Prop-MAYSHARE(f) ^ OPS-MAYSHARE(ps)<-LINEAR(f; lin; ps) = Prop-LINEAR(f) _ OLIN-LINEAR(lin)- The operation <-REFINE is obtained, according to De�nition 23, as follows:<-REFINE(f; lin; ps) = (f 0; lin0; ps0)8><>: f 0 = OProp-REFINE(f)lin0 = OLIN-REFINE(<-GROUND(f; lin; ps))(lin)ps0 = OPS-REFINE(<-GROUND(f; lin; ps))(ps)33



Observe that no further iteration is necessary in this case.Now we can de�ne the other operations on the open product. They may be split in two sets.The operations <-REN, <-INTR, <-PROJ, <-UNION and <-JOIN are obtained by re�ning thepointwise combination of the corresponding operations in each domain, since none of them isstrictly open. For instance,<-UNION((f1; lin1; ps1); (f2; lin2; ps2)) = <-REFINE(f 0; lin0; ps0)8><>: f 0 = OProp-UNION(f1; f2)lin0 = OLIN-UNION( )(lin1; lin2)ps0 = OPS-UNION( )(ps1; ps2):Observe that in some cases the re�nement is redundant and can be skipped.The operations <-SPECAT, <-COMB and <-UNIF are more interesting, since they are openoperations. For instance,<-SPECAT((f; lin; ps); i; fj1; . . . ; jng; g) = <-REFINE(f 0; lin0; ps0)8><>: f 0 = OProp-SPECAT(f; i; fj1; . . . ; jng; g)lin0 = OLIN-SPECAT(<-LINEAR(f; lin; ps))(lin; i; fj1; . . . ; jng; g)ps0 = OPS�SPECAT(h<-GROUND(f; lin; ps);<-LINEAR(f; lin; ps)i)(ps; i; fj1; . . . ; jng; g)The operations <-COMB and <-UNIF are de�ned similarly.4.4 Application II: The Open Generic Pattern Domain OPatf<g4.4.1 OverviewIn the previous section, we have shown how the <-domain can be built as an open product ofseveral open abstract interpretations. In this section, we go one step further and show that the<-domain itself can be viewed as an open interpretation inheriting automatically the informationmaintained by the pattern component. Although providing structural information is not useful formost abstract interpretations such as OProp, there exist some interpretations where it can improveaccuracy signi�cantly. A typical example is the domain OMode which maintain information on themode of each subterm. For instance, OMode does not maintain groundness dependencies betweensubterms (contrary to OProp) and hence may results in signi�cant loss of accuracy. The availabilityof structural information reduces this loss of accuracy. The main contribution of this subsectionis to de�ne a new generic domain OPat(<) which can be viewed informally as SV � (FRM 
 <).None of the de�nitions needs to be changed since the frm component will not use the informationin < but we need to specify its queries.4.4.2 QueriesThe pattern component supports queries on the structure of terms. These queries specify whether aterm is structured or not, and, if it is the case, which is the arity and which are the main subterms.It is clear that all these properties can be easily expressed by means of boolean functions ordered by34



�TF . For practical reasons, we will use an equivalent representation in terms of partial functions.The concrete speci�cation is:C-STRUCTURED(S)(i) = ( true if 8 < t1; . . . ; tp >2 S : ti is a structured termfalse otherwiseC-ARITY(S)(i) = ( n if 8 < t1; . . . ; tp >2 S : ti = f(tj1 ; . . . ; tjn)unde�ned otherwiseC-ARGUMENT(S)(i; h) = ( ih if 8 < t1; . . . ; tp >2 S : ti = f(ti1 ; ::; tih; ::; tin)unde�ned otherwisewhere S is a set of concrete tuples in ST .Each domain FRMp supports the functions above as follows.FRM-STRUCTURED(frm)(i) = ( true if frm(i) = f(j1; . . . ; jn)false if frm(i) = undefFRM-ARITY(frm)(i) = ( n if frm(i) = f(j1; . . . ; jn)unde�ned if frm(i) = undef:FRM-ARGUMENT(frm)(i; h) = 8>>><>>>: ih if FRMp-ARITY(frm)(i) = n &h � n & frm(i) = f(i1; ::ih::; in)unde�ned otherwiseIn the rest of this section we introduce the open interpretation on the domain OMode, whoseoperations heavily depend on the pattern information provided by the frm component. Thede�nitions of the operations in OPat(MODE) follow the lines of what we have seen in Section 4.3.5.Analogously, we can combine OMode with other domains obtaining, for instance, OPat(OMode
 OPS).4.4.3 An Auxiliary Domain of ModesLet us revisit the domain of modes de�ned in [33]. This domain will be the basis of the abstractdomain OMode.The modes are taken from the setModes = f?; ground; var; ngv; novar; gv; noground; anyg andsatisfy the ordering relationship de�ned by the diagram depicted in Figure 1, where the nodes aremodes and an arc between nodes i1 and i2 with i1 above i2 means that i1 > i2. The ordering relationbetween modes is simply the transitive closure of the ordering implied by the above diagram. Thesemantics of the modes can be given by the following concretization functions:Cc(ground) = ft j t is a ground term g;Cc(var) = ft j t is a variable g;Cc(ngv) = ft j t is not a variable nor a ground term g;Cc(lub(M1;M2)) = Cc(M1) [ Cc(M2):35
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Figure 1: The Ordering of Modes as an Hasse diagramWe now turn to the various operations on modes.CONS(n;M1; . . . ;Mn) = M 0This operation, called Construction of Modes, will be used to compute the mode of a complexterm f(t1; . . . ; tn) from the modes of the subterms t1; . . . ; tn. For instance, if all the modesMi are ground, it is clear that the result is ground. On the other hand, if one of the Mi isnoground, the resulting term is ngv. It should be useful for a type domain including lists,for example. We keep it in order to preserve genericity of the presentation.Speci�cation 12 Let M1; . . . ;Mn be modes, t1; . . . ; tn be terms, and f be any n-ary functionsymbol. The operation satis�es the following property:8i : 1 � i � n : ti 2 Cc(Mi) ) f(t1; . . . ; tn) 2 Cc(M 0):Implementation 13 Denote by C the condition 9i : 1 � i � n : Mi = ?: Then the operationcan be implemented as follows:T 0 = ? if C;ground if 8i : 1 � i � n :Mi = ground;ngv if :C and 9i : 1 � i � n : Mi � noground;novar otherwise:EXTR(M;n) = (M 01; . . . ;M 0n)This operation, called Extraction of Modes, is the reverse of the previous operation. It com-putes the best possible modes of terms t1; . . . ; tn such that for any-ary functor f , f(t1; . . . ; tn)36



has mode M . For instance, if f(t1; . . . ; tn) is ground, it is clear that all its arguments areground as well. This operation is used when a term with an unde�ned pattern is uni�edwith a term whose principal functor is known to be an n-ary functor f . (See operationOMode-SPECAT.)Speci�cation 13 Let M be a mode, f be any function symbol of arity n, and t1; . . . ; tn beingterms. The operation satis�es the following property:f(t1; . . . ; tn) 2 Cc(M) ) 8i : 1 � i � n : ti 2 Cc(M 0i):Implementation 14 The operation can be implemented as follows:M 0i = ? if M 2 f?; varg;= ground if M 2 fground; gvg;= noground if M 2 fnoground; ngvg and n = 1;= any otherwise:RECOM(M;M1; . . . ;Mn) = M 0This operation, called Recomputing of Modes, is used during abstract uni�cation to recom-pute the mode of a compound term when some of its subterms may have been instantiated(resulting in new subterms t1; . . . ; tn, with modes M1; . . . ;Mn).Speci�cation 14 Let M;M1; . . . ;Mn be modes, t; t1; . . . ; tn be terms and f any n-ary func-tion symbol. The operation satis�es the following property:t 2 Cc(M) & 8i : 1 � i � n : ti 2 Cc(Mi) & 9� : t� = f(t1; . . . ; tn) ) f(t1; . . . ; tn) 2 Cc(M 0):Implementation 15 The implementation is M 0 = lub(M 01;M 02) whereM 01 = CONS(n;M1; . . . ;Mn) if M 6= ? and M 6= ground;= ? otherwise:M 02 = ground if M � ground and 8i : Mi � ground;= ? otherwise:UAT(M1;M2) = M 0Given the modes of two terms, this operation, called Abstract Uni�cation of Modes, returnsthe mode resulting of the uni�cation of the terms.Speci�cation 15 LetM1;M2 be modes, t1; t2 be terms and � be a substitution. The operationsatis�es the following property:t1 2 Cc(M1) & t2 2 Cc(M2) & � is a mgu of t1; t2 ) t1� 2 Cc(M 0):The implementation is depicted in Table 3.37



bottom var ngv ground noground gv novar anybottom bottom bottom bottom bottom bottom bottom bottom bottomvar bottom var ngv ground noground gv novar anyngv bottom ngv novar ground novar novar novar novarground bottom ground ground ground ground ground ground groundnoground bottom noground novar ground any any novar anygv bottom gv novar ground any gv novar anynovar bottom novar novar ground novar novar novar novarany bottom any novar ground any any novar anyTable 3: Abstract Uni�cation of ModesM bottom var ngv ground noground gv novar anyM 0 bottom any novar ground any any novar anyTable 4: Abstract Instantiation of ModesIAT(M) = M 0This operation, called Abstract Instantiation of Modes, computes the mode M 0 of a termwhose mode is M and which has been arbitrarily instantiated.Speci�cation 16 Let M be a mode. For any term t and substitution �, the following holds:t 2 Cc(M)) t� 2 Cc(M 0):The implementation is depicted in Table 4.IAT2(M1;M2) = M 0This operation, called Specialized Abstract Instantiation, computes the mode M 0 of a termwhose mode is M1 and which has been instantiated by a substitution of a variable to a termwhose mode is M2.Speci�cation 17 Let M1;M2 be modes, t1; t2 be terms and y be a variable. The operationsatis�es the following property:t1 2 Cc(M1) & t2 2 Cc(M2) ) t1fy  t2g 2 Cc(M 0):Once again the implementation can be given in the form of a table shown in Table 5. Thevalues of the �rst argument are given vertically.4.4.4 The Open Pattern Domain OPatfOModegDomain As usual, let Ip be the set of indices f1; . . . ; pg. The elements of OModep are the functionsmo : Ip ! Modes? that associates a mode with each index in Ip where Modes? = Modes n f?g.38



bottom var ngv ground noground gv novar anybottom bottom bottom bottom bottom bottom bottom bottom bottomvar bottom var noground gv noground gv any anyngv bottom ngv ngv novar ngv novar novar novarground bottom ground ground ground ground ground ground groundnoground bottom noground noground any noground any any anygv bottom gv any gv any gv any anynovar bottom novar novar novar novar novar novar novarany bottom any any any any any any anyTable 5: Specialized Abstract Instantiation of Modes: the values of the �rst argument are givenvertically.The meaning of a function mo is given in terms of a concretization function that speci�es that morepresents all tuples of terms that satisfy the modes componentwise.Cc : OModep ! }(STp)Cc(mo) = f< t1; . . . ; tp > j ti 2 Cc(mo(i)) for all 1 � i � pgThe domain OModep is ordered componentwise, as follows: mo1 � mo2 i� 8i 2 Ip :mo1(i) � mo2(i).In the following, we denote by OMode the union of all OModep (p � 0).Queries OMode supports the queries (OMode-GROUND;�TF ) and (OMode-LINEAR;�TF ), as follows.OMode-GROUND(mo)(i) , mo(i) = groundOMode-LINEAR(mo)(i) , (mo(i) = ground) _ (mo(i) = var) _ (mo(i) = gv)The abstraction of other queries, like (C-MAYSHARE,�FT ), is by default.OperationsRenaming: Let p0 � p and let r : Ip0 ! Ip0 be a renaming of indices, i.e. a bijective function fromthe set f1; . . . ; p0g to itself.OMode-REN()(mo; r) = mo0mo0(r(i)) = mo(i).Introduction of new variables:OMode-INTR()(mo;m; k) = mo0, wheremo0(i) = 8><>: mo(i) 1 � i � mvar m < i � m+ kmo(i� k) m+ k < i � p+ k:Projection of a variable: 39



OMode-PROJ()(mo; j) = mo0mo0(i) = ( mo(i) 1 � i < jmo(i+ 1) j � i � p� 1:Union of abstract tuples:OMode-UNION()(mo1; mo2) = mo0, wheremo0(i) = LUB(mo1(i); mo2(i)).Uni�cation of a variable and a functor: The open operation OMode-SPECAT is probably the mostcomplicated operation. Note that, since in general nothing is known about the pattern of ti, theoperation has to take into account all possible cases compatible with its mode.Recall that this operation modi�es the state mo by adding information about the uni�cationof the term ti and the structured term f(tj1 ; . . . ; tjn), where tj1 ; . . . ; tjn are new distinct vari-ables not occurring in the other terms. Let Ip be the set of indices associated to ` and leti; j1; . . .jn � p. Assume, for simplicity, that the indices fj1; . . . ; jng are exactly f(p�n+1); . . . ; pg.Let (M1; . . . ;Mn) = EXTR(mo(i); n), and let S = hMAYSHARE, STRUCTURED, ARITY, ARGUMENTi.OMode-SPECAT(S)(mo; i; fj1; . . . ; jng; f) = mo0, where mo0(k) is as follows.1. 1 � k � p� nif :MAYSHARE(i; k)then mo0(k) = mo(k)else if k = ithenlet M = RECOM(mo(i);M1; . . . ;Mn) inmo0(k) = LUB(M; CONS(n; var; . . . ; var)) if mo(i) � varmo0(k) = M otherwiseelse if ( k 6= i and STRUCTURED(k)and ARITY(k) = nand ARGUMENT(k; h) = kh for h 2 [1::n] )then mo0(k) = RECOM(mo(k); mo0(k1); . . . ; mo0(km))else if k 6= i and (STRUCTURED(k)= false)thenmo0(k) =IAT2(mo(k); CONS(n; var; . . . ; var)) if mo(i) � varmo0(k) = mo(k) otherwise2. p� n < k � pif mo(i) � var then mo0(k) = LUB(Mk�(p�n); var)else mo0(k) = Mk�(p�n). 40



The implementation is based on a reasoning about the uni�cation process of tj = f(t(p�n+1); . . . ; tp)and ti, under the assumption that ti and tj are uni�able and that t(p�n+1); . . . ; tp are distinctvariables which do not appear in any other term.By hypothesis, tj is of the form f(t(p�n+1); . . . ; tp). Therefore, ti is either a variable y or a compoundterm f(u1; . . . ; un). Hence two cases must be distinguished in the reasoning. They are howeveramalgamated in the implementation by means of operation LUB on modes, mainly.Let us consider the case when ti is a variable (say y). This case is possible only if var � mo(i). Then� is simply fy  f(t(p�n+1); . . . ; tp)g. The mode of ti becomes CONS(n; var; . . . ; var). Variablest(p�n+1); . . . ; tp are not instantiated: their mode remains var.On the contrary, if ti is the compound term f(u1; . . . ; un), � is equal to ft(p�n+1)  u1; . . . ; tp  ungsince the tj1 ; . . . ; tjn are new distinct variables. EXTR(mo(i); n) provides the modes M1; . . . ;Mn ofu1; . . . ; un which are the new modes for tj1 ; . . . ; tjn . The mode of ti is not modi�ed.Now what is the e�ect of applying � to any other term tk? Clearly tk� di�ers from tk only if tiis a variable y and tk contains y. (In the other cases, only tj1 ; . . . ; tjn are modi�ed.) This cannothappen if tk does not share with ti nor if tk is a subterm of tj because tj should contain y andthe uni�cation would fail. In any other cases, if the pattern of tk is known, we adjust its modeaccording to the new mode of its subterms; if it is not, tk becomes tkfy  f(t(p�n+1); . . . ; tp)g. Soits new mode is IAT2(mo(k); CONS(n; var; . . . ; var)).The operation OMode-COMB is simply de�ned asOMode� COMB()(mo; p; fj1; . . . ; jng; f) = mo0mo0(i) = ( mo(i) if 1 � i < pCONS(n;mo(j1); . . . ; mo(jn)) if i = pUni�cation of two variables: Consider the test SH(i; j; k) = (MAYSHARE(i; k) _ MAYSHARE(j; k)).Intuitively, it is satis�ed when the term tk may share either with ti or with tj . Let S = hMAYSHARE,STRUCTURED, ARITY, ARGUMENTi.OMode-UNIF(S)(mo; i; j) = mo0 is de�ned as follows (k 2 Ip):mo0(k) = 8>>>>>>><>>>>>>>: mo(k) if :SH(i; j; k)UAT(mo(i); mo(j)) if SH(i; j; k) & (k = i_ k = j);RECOM(mo(k); mo0(k1); . . . ; mo0(kn)) if SH(i; j; k)& i 6= k 6= j &STRUCTURED(k) & ARITY(k) = n &ARGUMENT(k; h) = kh for h 2 [1::n]IAT(mo(k)) otherwise.Let us try to explain the de�nition above. A subterm having no sharing with subterms i or j isnot a�ected by the uni�cation and keeps its mode. The mode of ti and tj is given by the abstractuni�cation of their old modes. If a subterm has sharing with ti and tj and has a well-de�nedpattern, its new mode is given by the recomputing operation on modes given the old mode of thesubterm and the new modes of the arguments of its pattern. The recomputing is necessary sincesubterms ti and tj may be reachable from tk and, since their modes may have been updated, themode of tk may need to be updated as well. If a subterm has an unde�ned pattern, its new mode isgiven by the abstract instantiation of its old mode. Note that the implementation of the operation41



requires a form of bottom-up computation.Junction of two abstract tuples: Let mo1 2 OModep1andmo2 2 OModep2 .OMode-JOIN()(mo1; mo2) = momo(i) = ( mo1(i) if 1 � i � p1mo2(i� p1) if p1 < i � p1 + p2.Re�nement The following re�nement function can be applied to the element mo 2 OMode.OMode-REFINE(GROUND)(mo) = mo0mo0(i) = ( ground if GROUND(i)mo(i) otherwise5 Experimental EvaluationIn this section, we describe experimental results to indicate the practical interest of our approach.Section 5.1 contains some preliminaries. Section 5.2 describes the reduction in development e�ort.Sections 5.3, 5.4, 5.5, and 5.6 discuss respectively the importance of structural information, openoperations, re�nements, and open structural information. Sections 5.7 describes the overhead ofthe approach while section 5.8 discusses the feasibility of designing complex abstract domains. Allcomputation times are given on a Sun SS 10/30.5.1 PreliminariesIn this section, we quickly review the program tested and the algorithm used.5.1.1 The Programs TestedThe programs we use are hopefully representative of "pure" logic programs (i.e. without the useof dynamic predicates such as assert and retract). They are taken from a number of authorsand used for various purposes from compiler writing to equation-solvers, combinatorial problems,and theorem-proving. Hence they should be representative of a large class of programs. In orderto accommodate the many built-ins provided in Prolog implementations and not supported in ourcurrent implementation, some programs have been extended with some clauses achieving the e�ectof the built-ins. Examples are the predicates to achieve input/output, meta-predicates such assetof, bagof, arg, and functor. The clauses containing assert and retract have been droppedin the one program containing them (i.e. Syntax error handling in the reader program).The program kalah is a program which plays the game of kalah. It is taken from [37] andimplements an alpha-beta search procedure. The program press is an equation-solver programtaken from [37] as well. We use two versions of this program, press1 and press2, the di�erencebeing that press2 has a procedure call repeated in the body of a procedure. The program cs is acutting-stock program taken from [38]. It is a program used to generate a number of con�gurationsrepresenting various ways of cutting a wood board into small shelves. The program uses, in variousways, the nondeterminism of Prolog. We use two versions of the program; one of them (i.e.42



cs1) assumes that the data are ground while the other one (i.e. cs) assumes that the data areground lists. The program disj is taken from [17] and is the generate and test equivalent ofa constraint program used to solve a disjunctive scheduling problem. This is also a programusing the nondeterminism of Prolog. Once again, we use two versions of the program with thesame distinction as for the cutting stock example. The program read is the tokeniser and readerwritten by R. O'keefe and D.H.D. Warren for Prolog. It is mainly a deterministic program, withmutually recursive procedures. The program pg is a program written by W. Older to solve aspeci�c mathematical problem. The program gabriel is the Browse program taken from Gabrielbenchmarks. The program plan is a planning program taken from Sterling & Shapiro. The programqueens is a simple program to solve the n-queens problem. peep is a program written by S.Debrayto carry out the peephole optimization in the SB-Prolog compiler. It is a deterministic program.We also use the traditional concatenation and quicksort programs, say append (with input modes(var,var,ground)) and qsort (di�erence lists).5.1.2 The Fixpoint AlgorithmAs mentioned previously, our contributions are independent from the �xpoint algorithm used forthe analysis. The experimental results described here make use of the algorithm GAIA [24] whichassociates with each predicate p in the program a set of tuples (�in; p; �out) where �in and �out repre-sent respectively the input and abstract substitutions. This granularity is appropriate for multiplespecializations [41]. A �ner granularity would be obtained by using the algorithms presented in[14, 39, 18].5.1.3 The ImplementationThe above theoretical ideas have been integrated in a system organized around a number of abstractdata types (ADT):� an ADT for the pattern domain;� an ADT for the <-domain;� an ADT for each of the open domains.The pattern domain ADT is the sole interface to the �xpoint algorithm. Its implementation uses theoperations available in the <-domain ADT. The <-domain ADT is the sole interface to the patterndomain ADT. It provides an implementation of the abstract operations whose speci�cations havebeen given previously. It also contains queries which are obtained by combining the queries ofthe subdomains. The open domain ADTs contain both open operations and queries. The openoperations use the queries supported by the <-domain. As a consequence, these ADT have noknowledge of each other and can only bene�t from the other domains through the <-domain ADT.5.2 On the Development E�ortIn this section, we give some ideas about the e�ort necessary to produce a sophisticated domain,i.e. OPAT(OProp
OMode
OPS) . The overall implementation of the system is 17,712 lines of C, splitin 15,759 lines in .c �les (programs) and 1,953 lines in .h �les (data structure de�nitions). Themode component requires 822 lines (785 + 37), the sharing component requires 800 lines (761 +43



N Prop Pat(Prop)Press1 143 15 99Press2 143 15 99Table 6: Accuracy of the Analysis on Inputs: Comparison of Prop and Pat(Prop)N Prop Pat(Prop)Press1 143 39 140Press2 143 39 140Read 122 70 74Table 7: Accuracy of the Analysis on Outputs: Comparison of Prop and Pat(Prop)39), and the Prop component requires 1791 lines (1766 + 25). For this application, only 19% of theoverall code needs to be supplied. Domain OPAT(OMode
OPS) needs only to produce about 10% ofthe overall code. As should be clear, our approach reduces the development e�ort substantially. Itshould also be clear that the above �gures do not account for the support in the design process,which allows designers to concentrate on one domain at a time and to be liberated from structuralinformation.5.3 On the Importance of Structural InformationStructural information may improve accuracy substantially and strongly reduces the impact of thesyntax of the programs on the accuracy of the analysis. The gain produced by structural informationhas also been measured by several authors (e.g. [20, 26]). We will not repeat those results here.Rather we show that even for very accurate domains such as Prop, preserving structural informationimproves accuracy on practical programs.Tables 6 and 7 compare Prop and Pat(Prop) for the input and output patterns and only reportthe programs for which there are some di�erences. The results indicate that Pat(Prop) improveson Prop on the press programs as far as inputs are concerned and on the press programs andread for the outputs. The improvement comes from the better handling of di�erence-lists providedby Pat(Prop). Note also that the increase in precision is substantial for the press program.Table 8 depicts the e�ciency results of Pat(Prop) and compares them to Prop. The times ofthe analyses with Pat(Prop) are reasonable, yet they are substantially slower (about 22 times)than Prop. This indicates clearly a tradeo� between e�ciency and accuracy in this case.For completeness, we also consider the use of Pat(Prop) for online analysis (see [16] for ade�nition of on-line analysis and a comparison with usual global analysis approaches) where a generalanalysis of some components is performed once and specialized for the input patterns encounteredduring subsequent analysis. Prop and Pat(Prop) are potentially interesting domains for on-lineanalysis since it is possible to obtain a specialized output pattern by unifying the input patternand the general output pattern. For instance, in Prop, append(x1,x2,x3) returns x3 , x2 ^ x1,and qsort(x1,x2) returns x1 , x2 which can both be specialized optimally. To carry out theexperiments, all programs have been run without any assumption on the input patterns (and/orthe database) and have been specialized afterwards with the input patterns.As far as the accuracy is concerned, the quality of the results is rather surprising. On all44



Prop Pat(Prop) Pat(Prop)/PropTime GI CI Time GI CI Time GI CIcs 1.34 50 94 20.95 84 166 15.63 1.68 1.77d isj 1.01 45 88 9.59 68 134 9.50 1.51 1.52gabriel 0.47 47 114 11.98 62 141 25.49 1.32 1.24kalah 0.93 65 129 22.52 117 236 24.22 1.80 1.83peep 1.16 36 249 15.98 76 410 13.78 2.11 1.65pg 0.16 16 31 2.42 36 76 15.13 2.25 2.45plan 0.12 19 41 2.50 31 67 20.83 1.63 1.63press1 5.96 287 866 34.25 190 631 5.75 0.66 0.22press2 6.03 287 878 34.85 192 655 5.78 0.67 0.22qsort 0.05 7 15 0.31 10 22 6.20 1.43 1.47queens 0.04 9 17 0.32 15 29 8.00 1.67 1.71read 1.66 76 311 182.07 178 804 109.68 2.34 0.57Mean 21.66 1.59 1.36Table 8: The Domain Pat(Prop): E�ciency Results
Program Time-on Iter-on Time-st Iter-st Time-on/Time-st Iter-on/Iter-stCS 39.12 99 20.95 84 1.87 1.18Disj 53.14 74 9.59 68 5.54 1.09Kalah 34.80 130 22.52 117 1.55 1.11Peep 36.93 80 15.98 76 2.31 1.05PG 2.66 37 2.42 36 1.10 1.03Plan 3.27 40 2.50 31 1.31 1.29Press1 33.85 190 34.26 190 0.99 1.00Press2 34.35 192 34.85 192 0.99 1.00QSort 0.43 11.00 0.31 10.00 1.39 1.10Queens 0.65 16.00 0.32 15.00 2.03 1.07Read 182.07 179.00 182.07 178.00 1.00 1.01Mean 38.30 95.27 29.62 90.64 1.82 1.08Table 9: On-line Analysis: E�ciency Results of Pat(Prop)45



programs, the specialization of the on-line analysis with the input pattern gives the same result forthe top-level goal than the traditional analysis with Pat(Prop). This indicates that Pat(Prop) isreally a domain of choice for on-line analysis.Table 9 gives the e�ciency results which compare the online analysis with the traditional anal-ysis. As the result indicates, the online analysis is really practical and is about 1.8 slower than thetraditional analysis.5.4 On the Importance of Open OperationsThe purpose of this section is to investigate the importance of open operations and to �nd outwhether re�nement operations can recover the loss of information coming from a direct product.We use the domain OPAT(OMode
OPS) for the experimental results in its standard version (denotedby S) in the tables and in a modi�ed version (denoted NQ) where OMode and OPS can only interactthrough the re�nement operations. Note that queries to structural information are allowed in boththe operations and the re�nements. Removing the queries to structural information is studied in alater section.The accuracy results are depicted in Tables 10 and 11. In the tables, N is the number ofarguments of all predicates, loss is the number of arguments for which NQ loses precision comparedto S, and %loss is the same measure in percentage. The number of free and ground arguments arealso reported for both versions as well as their ratios. Finally, the number of pairs of argumentswhich possibly share are also given for both programs as well as their ratios. All these resultsconcerns only the top-level arguments and not nested terms and the modes compared are thosedescribed previously in this paper.The accuracy results demonstrate the importance of open operations. As far as input patternsare concerned, NQ loses in the average about 26% accuracy for modes, 81% for freeness, 0.42% forgroundness, and has 105% sharing with respect to S. As far as output patterns are considered, NQexhibits substantially more sharing than S. Although they are appropriate to adjust groundnessinformation, re�nement operations lose much precision for other measures such as freeness, inputmodes, and sharing. In these cases, re�nements cannot recover the information lost during theoperations.The e�ciency results in Table 12 show that S is slightly more e�cient than NQ in the average,demonstrating that open operations are particularly appropriate. Note that S is about twice fasterthan NQ on read.5.5 On the Importance of Re�nementsThe purpose of this section is to investigate the importance of re�nements in conjunction with openoperations and to �nd out whether open operations are sophisticated enough to eliminate the needfor re�nements. We use the domain OPAT(OMode
OPS) for the experimental results in its standardversion (denoted by S in the tables) and in a modi�ed version (denoted NR) where no re�nementoperations are used. The accuracy results are depicted in Table 13 only for sharing since the othercomponents have the same accuracy. The notations are consistent with those used in the previoustables. The results for the inputs are the same in both versions.The accuracy results show that re�nement operations can improve substantially the sharingcomponent on the output patterns. The remaining results remain unchanged. Note that moreimprovement may appear if information on all subterms is computed. Nevertheless re�nement46



modes freeness groundness sharingN loss %loss S NQ %(S-NQ)/S S NQ %(S-NQ)/S S NQ %NQ/Scs 94 30 31.91 37 7 81.08 56 56 0.00 38 40 105.26disj 60 17 28.33 21 5 76.19 38 38 0.00 22 22 100.00gabriel 59 16 27.12 18 2 88.89 18 18 0.00 44 52 118.18kalah 123 36 29.27 39 8 79.49 79 79 0.00 44 44 100.00peep 63 13 20.63 15 2 86.67 39 39 0.00 24 24 100.00pg 31 7 22.58 6 1 83.33 20 20 0.00 11 11 100.00plan 32 7 21.88 6 1 83.33 20 19 5.00 13 14 107.69press1 143 30 20.98 36 8 77.78 15 15 0.00 169 181 107.10press2 143 31 21.68 36 8 77.78 99 99 0.00 44 44 100.00qsort 9 2 22.22 3 1 66.67 4 4 0.00 5 5 100.00queens 11 3 27.27 4 1 75.00 7 7 0.00 4 4 100.00read 122 4 36.07 46 3 93.48 34 34 0.00 98 118 120.41Mean 25.83 80.81 0.42 104.89Table 10: The Importance of Open Operations: Input ResultssharingN S NQ %NQ/Scs 94 0 116 1disj 60 0 73 1gabriel 59 55 58 105.45kalah 123 2 114 5700.00peep 63 11 103 936.36pg 31 0 40 1plan 32 1 53 5300.00press1 143 179 208 116.20press2 143 3 208 6933.33qsort 9 4 11 275.00queens 11 0 13 1read 122 86 175 203.49Mean 1Table 11: The Importance of Open Operations: Output Results47



S (Standard Version) NQ (No Query Version) NQ/STime GI CI Time GI CI Time GI CIcs 4.75 85 168 4.63 84 164 0.97 0.99 0.98disj 2.45 68 134 2.56 69 136 1.04 1.01 1.01gabriel 1.64 81 190 1.39 71 163 0.85 0.88 0.86kalah 4.41 117 236 4.59 119 239 1.04 1.02 1.01peep 5.03 94 530 3.68 71 360 0.73 0.76 0.68pg 0.66 38 80 0.62 36 76 0.94 0.95 0.95plan 0.57 36 78 0.58 33 72 1.02 0.92 0.92press1 24.06 554 1841 37.46 544 1909 1.56 0.98 1.04press2 6.90 212 707 6.92 197 679 1.00 0.93 0.96qsort 0.16 13 28 0.16 11 24 1.00 0.85 0.86queens 0.15 15 29 0.08 16 31 0.53 1.07 1.07read 10.95 209 938 21.10 290 1331 1.93 1.39 1.42Mean 1.05 1.00 1.01Table 12: The Importance of Open Operations: E�ciency ResultssharingN S NR %NR/Scs 94 38 91 239.47disj 60 22 66 300.00gabriel 59 44 44 104.55kalah 123 44 111 252.27peep 63 24 80 333.33pg 31 11 31 281.82plan 32 13 35 269.23press1 143 169 186 110.06press2 143 44 185 420.45qsort 9 5 8 160.00queens 11 4 9 225.00read 122 98 129 131.63Mean 229.06Table 13: The Importance of Re�nements: Output Results48



S (Standard Version) NR (No Re�nement) Ratios (NR/S)Time GI CI Time GI CI Time GI CIcs 4.75 85 168 6.21 98 198 1.31 1.15 1.18disj 2.45 68 134 3.27 77 149 1.33 1.13 1.11gabriel 1.64 81 190 1.77 84 196 1.08 1.04 1.03kalah 4.41 117 236 5.51 146 295 1.25 1.25 1.25peep 5.03 94 530 4.56 102 463 0.91 1.09 0.87pg 0.66 38 80 1.21 51 108 1,83 1.34 1.35plan 0.57 36 78 0.91 55 114 1.60 1.53 1.46press1 24.06 554 1841 42.66 612 2069 1.77 1.10 1.12press2 6.90 212 707 10.98 287 998 1.59 1.35 1.41qsort 0.16 13 28 0.19 13 28 1.19 1.00 1.00queens 0.15 15 29 0.13 17 33 0.87 1.13 1.14read 10.95 209 938 12.10 237 1284 1.11 1.13 1.37Mean 1.29 1.22 1.23Table 14: The Importance of Re�nement Operations: E�ciency Resultsoperations seem to be useful in general, although the gain seems much less dramatic than in thecase of open operations.More importantly perhaps, the e�ciency results in Table 14 indicate the bene�t of re�nementoperations as well. GI and CI denote the number of goal and clause iterations respectively. NR isabout 1.3 times slower in the average than S, indicating that re�nement operations can also improvee�ciency by reducing the number of iterations.5.6 On the Importance of Open Structural InformationThe purpose of this section is to investigate the importance of allowing the subdomain operations toquery structural information. We compare the domains OPAT(OMode
OPS) and PAT(OMode
OPS)and refer to them by S and NS in the tables. PAT(OMode
OPS) does not make use of queries tostructural information. The accuracy results are depicted in Tables 15 and 16 and the notation isconsistent with the previous tables.The accuracy results demonstrate the importance of opening the generic pattern domain. Asfar as input patterns are concerned, NS loses in the average about 32% accuracy for modes, 8% forfreeness, 51% for groundness, and produces 2.22 more sharing than S. As far as output patternsare concerned, NS loses in the average about 49% accuracy for modes, 53% for freeness, 51% forgroundness, and produces substantially more sharing than S. This clearly demonstrates the bene�tsof opening the generic domain to the subdomains.The e�ciency results in Table 17 show that S is about 1.5 more e�cient than NS in the average,demonstrating that structural information not only improves precision but also leads to a bettere�ciency. 49



modes freeness groundness sharingN loss %loss S NS %(S-NS)/S S NS %(S-NS)/S S NS %NS/Scs 94 34 36.17 37 37 0.00 56 22 60.71 38 88 231.58disj 60 28 46.67 21 21 0.00 38 11 71.05 22 64 290.91gabriel 59 0 0.00 18 18 0.00 18 18 0.00 44 44 100.00kalah 123 50 40.65 39 39 0.00 79 34 56.96 44 96 218.18peep 63 18 28.57 15 15 0.00 39 21 46.15 24 69 287.50pg 31 14 45.16 6 6 0.00 20 8 60.00 11 28 254.55plan 32 16 50.00 6 6 0.00 20 5 75.00 13 35 269.23press1 143 2 1.40 36 36 0.00 15 13 13.33 169 171 101.18press2 143 88 61.54 36 36 0.00 99 13 86.87 44 171 388.64qsort 9 3 33.33 3 0 100.00 4 1 75.00 5 9 180.00queens 11 5 45.45 4 4 0.00 7 2 71.43 4 10 250.00read 122 1 0.82 46 46 0.00 34 34 0.00 98 98 100.00Mean 32.48 8.33 51.38 222.65Table 15: The Importance of Open Structural Information: Input Resultsmodes groundness sharingN loss %loss S NS %(S-NS)/S S NS %NS/Scs 94 62 65.96 94 32 65.96 0 110 1disj 60 31 51.67 60 29 51.67 0 48 1gabriel 59 0 0.00 22 22 0.00 55 55 100.00kalah 123 69 56.10 121 54 55.37 2 99 4950.00peep 63 26 41.27 53 27 49.06 11 75 681.82pg 31 22 70.97 31 9 70.97 0 31 1plan 32 24 75.00 31 8 74.19 1 40 4000.00press1 143 8 5.59 40 32 20.00 179 190 106.15press2 143 109 76.22 140 32 77.14 3 190 6333.33qsort 9 5 55.56 6 1 83.33 4 11 275queens 11 9 81.82 11 2 81.82 0 13 1read 122 5 4.10 74 69 6.76 86 91 105.81Mean 48.69 53.02 1Table 16: The Importance of Open Structural Information: Output Results50



S (Standard Version) NR (No Open Pattern) Ratios (NR/S)Time GI CI Time GI CI Time GI CIcs 4.75 85 168 6.29 107 215 1.32 1.26 1.28disj 2.45 68 134 2.72 74 144 1.11 1.09 1.07gabriel 1.64 81 190 1.79 81 189 1.09 1.00 0.99kalah 4.41 117 236 6.17 150 309 1.40 1.28 1.31peep 5.03 94 530 4.76 98 472 0.95 1.04 0.89pg 0.66 38 80 0.97 47 100 1.47 1.24 1.25plan 0.57 36 78 1.37 64 134 2.40 1.78 1.72press1 24.06 554 1841 19.88 460 1626 0.83 0.83 0.88press2 6.90 212 707 20.72 472 1698 3.00 2.23 2.40qsort 0.16 13 28 0.27 15 34 1.69 1.15 1.21queens 0.15 15 29 0.26 19 37 1.73 1.27 1.28read 10.95 209 938 11.04 200 861 1.01 0.96 0.92Mean 1.50 1.26 1.27Table 17: The Importance of Open Structural Operations: E�ciency Results5.7 On the Overhead of The ApproachIn this section, we study the overhead of our approach compared to a direct implementation of ourdomain [24]. Our approach introduces mainly three forms of overheads:1. global operations: the generic pattern domain has provisions to accommodate global infor-mation on variables which complicates the operations when only local information is used;2. memory management: the approach allocates and deallocates memory with a much smallergranularity;3. queries: the query mechanism introduces an additional layer necessary to combine the domain.The experimental results were obtained on the domain OPAT(OMode
OPS). This domain is veryappropriate for measuring the overhead because it tests the three types of overhead. It particular,it does not require global information (like in Prop) and can be built with simpli�ed versions ofall abstract operations removing many needs to projections, uni�cations, and renamings on the <-domain. The times given in this section should be interpreted with care, since the implementationhas not be tuned with the same care as the direct implementation. In particular, the memorymanagement has not been changed to accommodate the new needs of the generic domain. Table18 describes the experimental results. They indicate that the direct implementation requires about43% of the time of standard version. This is an acceptable overhead given the signi�cant reductionin development time o�ered by the approach. Moreover, we believe that the overhead can besigni�cantly reduced by improving memory management, caching all queries whenever appropriate,and specializing the implementation when the full generality is not needed. This is obviously animportant topic for further research. 51



S(tandard Version) D(irect Implementation) D/Scs 4.75 2.13 0.45disj 2.45 1.15 0.47gabriel 1.64 0.73 0.45kalah 4.41 1.99 0.45peep 5.03 2.33 0.46pg 0.66 0.29 0.44plan 0.57 0.20 0.35press1 24.06 9.07 0.38press2 6.90 2.90 0.42qsort 0.16 0.06 0.38queens 0.15 0.06 0.40read 10.95 5.41 0.50Mean 0.43Table 18: The Overhead of The Approach: E�ciency Resultsmodes freeness groundness sharingN loss %loss C S %(C-S)/C C S %(C-S)/S C S %S/Cpress1 143 86 60.14 36 36 0.00 99 15 84.15 44 169 384.09Table 19: On the Feasibility of Complex Domains: Input Results5.8 On the Feasibility of Complex DomainsIn this section, we show how the approach can be used for OPAT(OProp
OMode
OPS) a very complexdomain combining structural information, modes, sharing, and Prop. This domain is probably oneof the most complex domains built for the abstract interpretation of Prolog and would requiresubstantial e�ort for a direct implementation. It obviously combines both local and global domains.The accuracy results are depicted in Tables 19 and 20. In the following we use C to denoteOPAT(OProp
OMode
OPS) and S to denote OPAT(OMode
OPS). The improvements occur only inprograms using di�erence lists or structures, i.e. press, peep, and qsort, since the accuracy ofOPAT(OMode
OPS) is optimal or close to optimal on all other programs [24]. The e�ciency resultsindicate that C is about 5.6 slower than S. This time can certainly be reduced by caching thequeries to OProp, since the groundness queries in OProp are rather time-consuming. Note that Cdoes almost always less iterations than Smodes freeness groundness sharingN loss %loss C S %(C-S)/C C S %(C-S)/S C S %S/Cpeep 63 1 1.59 0 0 0.00 54 53 1.85 9 11 122.22press1 143 101 70.63 0 0 0.00 140 40 71.43 3 179 5966.67qsort 9 1 11.11 0 0 0.00 7 6 14.29 3 4 133.33Table 20: On the Feasibility of Complex Domains: Output Results52



OPAT(OMode
OPS) OPAT(OProp
OMode
OPS) RatiosTime GI CI Time GI CI Time GI CIcs 4.75 85 168 14.26 85 168 3.00 1.00 1.00disj 2.45 68 134 7.67 68 134 3.13 1.00 1.00gabriel 1.64 81 190 11.02 82 193 6.72 1.01 1.02kalah 4.41 117 236 17.75 117 236 4.02 1.00 1.00peep 5.03 94 530 25.40 96 538 5.05 1.02 1.02pg 0.66 38 80 2.38 38 80 3.61 1.00 1.00plan 0.57 36 78 2.53 36 78 4.44 1.00 1.00press1 24.06 554 1841 28.51 207 674 1.18 0.37 0.37press2 6.90 212 707 29.78 213 710 4.32 1.00 1.00qsort 0.16 13 28 0.74 13 28 4.63 1.00 1.00queens 0.15 15 29 0.39 15 29 2.60 1.00 1.00read 10.95 209 938 263.87 239 1073 24.10 1.14 1.14Mean 5.57 0.96 0.96Table 21: The Feasibility of Complex Domains: E�ciency Results6 ConclusionWith the emergence of e�cient generic �xpoint algorithms, most of the di�culty in designing ananalysis lies in the abstract domain. This paper studied how the design process can be supportedboth at the conceptual and implementation level. It introduced two novel ideas: a generic domainfor structural information and a notion of open product.The generic pattern domain automatically upgrades a domain with structural information ab-stracting away structural information while improving accuracy. The generic domain assumes asmall number of operations on the domain and the support consists in a number of generic algo-rithms which achieves the abstract operations needed by a �xpoint algorithm. The generic patterndomain is independent from the �xpoint algorithm and can be used with algorithms working atdi�erent granularities.The open product is a new way of combining abstract domains which can be used to implementor approximate the reduced product of the Cousots. It is based on the notions of queries and openoperations, i.e. operations which are parametrized by tests providing information not necessarilymaintained in the domain. The consistency of the open product has been charactized formally andwe have shown how the idea of re�nements, developed independently by [6], is naturally formalizedin this framework.The two contributions have been implemented in a system modelled along the theory andorganized in a number of abstract data types. We have shown how very complex domains can bebuilt in the system with minimal development e�ort (10-20% of the overall code). The signi�canceof all the contributions (e.g. structural information, open information, re�nements, and openstructural information) have all been characterized experimentally by integrating the resultingdomains inside the GAIA system.Future research will be devoted to enhancements of the system to provide generic subdomainsand other domains such Janssens' type system. Graphical support to design abstract domainsshould further simplify the development time and the automation of the integration. Finally,53



implementation issues should be studied with care to improve further the e�ciency.AcknowledgementsThis research was partly supported by the National Science Foundation under grant number CCR-9108032, the O�ce of Naval Research under grant N00014-91-J-4052 ARPA order 8225, and byCNR, Prog. Fin. \Sistemi Informatici e Calcolo Parallelo" under grant n.91.00026.69.References[1] R. Barbuti, R. Giacobazzi, and G. Levi. A General Framework for Semantics-based Bottom-upAbstract Interpretation of Logic Programs. (To appear in ACM Transactions on ProgrammingLanguages and Systems).[2] P. Bigot, S. Debray, and K. Marriott. Understanding Finiteness Analysis Using AbstractInterpretation. In Proceedings of the International Joint Conference and Symposium on LogicProgramming (JICSLP-92), Washington, DC, November 1992.[3] A. Bossi, M. Gabbrielli, G Levi, and M-C. Meo. Contribution to the Semantics of Open LogicPrograms. In Proc. of Int. Conf. on Fifth Generation Computer Systems, Tokyo, June 1992.[4] M. Bruynooghe. A Practical Framework for the Abstract Interpretation of Logic Programs.Journal of Logic Programming, 10:91{124, 1991.[5] M. Codish, M. Falaschi, and K. Marriott. Suspension Analysis for Concurrent Logic Programs.In Eighth International Conference on Logic Programming (ICLP-91), Paris (France), June1991.[6] M. Codish, A. Mulkers, M. Bruynooghe, M. Garcia de la Banda, and M. Hermenegildo. Improv-ing Abstract Interpretations by Combining Domains. In Proceedings of the ACM Symposiumon Partial Evaluation and Semantics-Based Program Manipulation (PEPM93), Copenhagen,Denmark, June 1993.[7] P. Codognet and G. Fil�e. Computations, Abstractions and Constraints in Logic Programs.In Proceedings of the Fourth International Conference on Programming Languages (ICCL'92),Oakland, CA, April 1992.[8] A. Cortesi and G. Fil�e. Abstract Interpretation of Logic Programs: an Abstract Domain forGroundness, Sharing, Freeness, and Compoundness Analysis. In Proc. ACM-PEPM'91, P.Hudak and N. Jones (eds.), SIGPLAN NOTICES vol.26, n.11, 1991, 1991.[9] A. Cortesi, G. Fil�e, and W. Winsborough. Prop revisited: Propositional formulas as abstractdomain for groundness analysis. In Proc. Sixth Annual IEEE Symposium on Logic in ComputerScience (LICS'91), pages 322{327, 1991.[10] A. Cortesi, G. Fil�e, and W. Winsborough. Comparison of Abstract Interpretations. In Proc.19th International; Colloquium on Automata, Languages and Programming (ICALP'92), 1992.54



[11] P Cousot and R. Cousot. Abstract Interpretation: A Uni�ed Lattice Model for Static Analysisof Programs by Construction or Approximation of Fixpoints. In Conf. Record of Fourth ACMSymposium on Programming Languages (POPL'77), pages 238{252, Los Angeles, CA, 1977.[12] P Cousot and R. Cousot. Systematic Design of Program Analysis Frameworks. In Conf.Record of Sixth ACM Symposium on Programming Languages (POPL'79), pages 269{282, SanAntonio, Tx, 1979.[13] P. Cousot and R. Cousot. Abstract Interpretation and Application to Logic Programs. Journalof Logic Programming, 13(2-3), 1992.[14] S. Debray. On the complexity of data
ow analysis of logic programs. In Proc. 19th ICALP,Vienna, Austria, July 1992.[15] S. Debray and P. Mishra. Denotational and operational semantics for prolog. Journal of LogicProgramming, 5(1):61{91, 1988.[16] A. Deutsch. A Storeless Model of Aliasing and its Abstraction Using Finite Representations ofRight-Regular Equivalence Relations. In Fourth IEEE International Conference on ComputerLanguages (ICCL'92), San Francisco, CA, April 1992.[17] M. Dincbas, H. Simonis, and P. Van Hentenryck. Solving Large Combinatorial Problems inLogic Programming. Journal of Logic Programming, 8(1-2):75{93, 1990.[18] N. Heintze and J. Ja�ar. An Engine for Logic Program Analysis. In IEEE 7th Annual Sym-posium on Logic in Computer Science, 1992.[19] M. Hermenegildo and K. Muthukumar. Combined determination of sharing and freeness ofprogram variables through abstract interpretation. In Eighth International Conference onLogic Programming (ICLP-91), Paris (France), June 1991.[20] M. Hermenegildo, R. Warren, and S. Debray. Global Flow Analysis as a Practical CompilationTool. Journal of Logic Programming, 13(4):349{367, 1992.[21] D. Jacobs and A. Langen. Accurate and E�cient Approximation of Variable Aliasing in LogicPrograms. In Proceedings of the North-American Conference on Logic Programming (NACLP-89), Cleveland, Ohio, October 1989.[22] N.D. Jones and H. Sondergaard. A Semantics-Based Framework for the Abstract Interpretationof Prolog, pages 123{142. Ellis Horwood, 1987.[23] B. Le Charlier, K. Musumbu, and P. Van Hentenryck. A Generic Abstract Interpretation Algo-rithm and Its Complexity Analysis (Extended Abstract). In Eighth International Conferenceon Logic Programming (ICLP-91), Paris (France), June 1991.[24] B. Le Charlier and P. Van Hentenryck. Experimental Evaluation of a Generic Abstract Inter-pretation Algorithm for Prolog. ACM Transactions on Programming Languages and Systems.To appear. An extended abstract appeared in the Proceedings of Fourth IEEE InternationalConference on Computer Languages (ICCL'92), San Francisco, CA, April 1992.55



[25] B. Le Charlier and P. Van Hentenryck. A Universal Top-Down Fixpoint Algorithm. TechnicalReport CS-92-25, CS Department, Brown University, 1992.[26] B. Le Charlier and P. Van Hentenryck. Reexecution in Abstract Interpretation of Prolog.In Proceedings of the International Joint Conference and Symposium on Logic Programming(JICSLP-92), Washington, DC, November 1992.[27] B. Le Charlier and P. Van Hentenryck. Groundness Analysis for Prolog: Implementation andEvaluation of the Domain Prop. In Proceedings of the ACM Symposium on Partial Evaluationand Semantics-Based Program Manipulation (PEPM93), Copenhagen, Denmark, June 1993.[28] K. Marriott and H. Sondergaard. Bottom-up Abstract Interpretation of Logic Programs. InProc. Fifth International Conference on Logic Programming, pages 733{748, Seattle, WA,August 1988.[29] K. Marriott and H. Sondergaard. Notes for a Tutorial on Abstract Interpretation of LogicPrograms. North American Conference on Logic Programming, Cleveland, Ohio, 1989.[30] K. Marriott and H. Sondergaard. Semantics-based Data
ow Analysis of Logic Programs. InInformation Processing-89, pages 601{606, San Francisco, CA, 1989.[31] C. Mellish. The Automatic Generation of Mode Declarations for Prolog Programs. TechnicalReport DAI Report 163, Department of Arti�cial Intelligence, University of Edinburgh, 1981.[32] A. Mulkers, W. Winsborough, and M. Bruynooghe. Analysis of Shared Data Structures forCompile-Time Garbage Collection in Logic Programs. In Seventh International Conference onLogic Programming (ICLP-90), Jerusalem, Israel, June 1990.[33] K. Musumbu. Interpretation Abstraite de Programmes Prolog. PhD thesis, University of Namur(Belgium), September 1990.[34] K. Muthukumar and M. Hermenegildo. Determination of Variable Dependence InformationThrough Abstract Interpretation. In Proceedings of the North American Conference on LogicProgramming (NACLP-89), Cleveland, Ohio, October 1989.[35] U. Nilsson. Systematic Semantic Approximations of Logic Programs. In Proceedings of PLILP90, pages 293{306, Linkoping, Sweeden, August 1990.[36] H. Sondergaard. An Application of Abstract Interpretation of Logic Programs: Occur CheckReduction. In Proc. of ESOP'86, pages 327{338, Sarrbruecken (FRG), 1986.[37] L. Sterling and E. Shapiro. The Art of Prolog: Advanced Programming Techniques. MIT Press,Cambridge, Ma, 1986.[38] P. Van Hentenryck. Constraint Satisfaction in Logic Programming. Logic Programming Series,The MIT Press, Cambridge, MA, 1989.[39] P. Van Hentenryck, O. Degimbe, B. Le Charlier, and L. Michel. Abstract Interpretation ofProlog Based on OLDT-Resolution. Technical Report No. CS-93-05, CS Department, BrownUniversity, 1993. 56



[40] P. Van Hentenryck, O. Degimbe, B. Le Charlier, and L. Michel. The impact of Granularity inAbstract Interpretation of Prolog. Technical report, CS Department, Brown University, 1993.Forthcoming.[41] W. Winsborough. Multiple Specialization using Minimal-Function Graph Semantics. Journalof Logic Programming, 13(4), 1992.

57



Contents1 Introduction 12 Preliminaries 32.1 Substitutions : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 32.2 Operations : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 42.3 Abstractions : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 53 The Generic Pattern Domain Pat(<) 53.1 Overview : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 53.2 Semantics : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 63.2.1 Pattern Component : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 73.2.2 Same Value Component : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 73.2.3 The <-component : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 73.2.4 The Concretization Function : : : : : : : : : : : : : : : : : : : : : : : : : : : 93.3 Implementation: Abstract Operations : : : : : : : : : : : : : : : : : : : : : : : : : : 103.3.1 The Natural Transformation : : : : : : : : : : : : : : : : : : : : : : : : : : : 113.3.2 Operation EXTC(�; c) = �0 : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 123.3.3 Operation RESTRC(�; c) = �0 : : : : : : : : : : : : : : : : : : : : : : : : : : : : 123.3.4 Uni�cation : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 133.3.5 Operation SPECAT(i; j; �) = �0 : : : : : : : : : : : : : : : : : : : : : : : : : : : 163.3.6 Operation UNIF(i; j; �) = �0 : : : : : : : : : : : : : : : : : : : : : : : : : : : : 163.3.7 Operation AI VAR(�) = �0 : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 173.3.8 Operation AI FUNC(f; �) = �0 : : : : : : : : : : : : : : : : : : : : : : : : : : : 183.3.9 Operation EXTG(g; �1; �2) = �0 : : : : : : : : : : : : : : : : : : : : : : : : : : 183.3.10 Operation UNION(�1; �2) = � : : : : : : : : : : : : : : : : : : : : : : : : : : : 193.4 Application: The Domain Pat(Prop) : : : : : : : : : : : : : : : : : : : : : : : : : : : 203.4.1 Domain : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 203.4.2 Operations : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 214 Open Product 214.1 Overview : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 224.2 Semantics : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 234.2.1 Open Interpretations : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 234.2.2 Open Abstract Interpretations : : : : : : : : : : : : : : : : : : : : : : : : : : 244.2.3 Open Product : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 254.2.4 Re�ned Open Product : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 274.3 Application I: < as an Open Product : : : : : : : : : : : : : : : : : : : : : : : : : : : 284.3.1 Overview : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 284.3.2 The Open Interpretation OProp : : : : : : : : : : : : : : : : : : : : : : : : : : 294.3.3 The Open Interpretation OPS : : : : : : : : : : : : : : : : : : : : : : : : : : : 294.3.4 The Open Interpretation OLIN : : : : : : : : : : : : : : : : : : : : : : : : : : 314.3.5 The open product < = OProp
 OLIN
 OPS. : : : : : : : : : : : : : : : : : : : 334.4 Application II: The Open Generic Pattern Domain OPatf<g : : : : : : : : : : : : : : 344.4.1 Overview : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 3458



4.4.2 Queries : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 344.4.3 An Auxiliary Domain of Modes : : : : : : : : : : : : : : : : : : : : : : : : : : 354.4.4 The Open Pattern Domain OPatfOModeg : : : : : : : : : : : : : : : : : : : : 385 Experimental Evaluation 425.1 Preliminaries : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 425.1.1 The Programs Tested : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 425.1.2 The Fixpoint Algorithm : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 435.1.3 The Implementation : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 435.2 On the Development E�ort : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 435.3 On the Importance of Structural Information : : : : : : : : : : : : : : : : : : : : : : 445.4 On the Importance of Open Operations : : : : : : : : : : : : : : : : : : : : : : : : : 465.5 On the Importance of Re�nements : : : : : : : : : : : : : : : : : : : : : : : : : : : : 465.6 On the Importance of Open Structural Information : : : : : : : : : : : : : : : : : : : 495.7 On the Overhead of The Approach : : : : : : : : : : : : : : : : : : : : : : : : : : : : 515.8 On the Feasibility of Complex Domains : : : : : : : : : : : : : : : : : : : : : : : : : 526 Conclusion 53

59


