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AbstractThe speed of CPUs is accelerating rapidly, outstripping that of peripheralstorage devices and making it increasingly di�cult to keep CPUs busy. Multi-level memory hierarchies, scaled to simulate single-level memories, are increas-ing in importance. In this paper we introduce the Memory Hierarchy Game,a multi-level pebble game simulating data movement in memory hierarchiesfor straight-line computations. This game provides a framework for derivingupper and lower bounds on computation time and the I/O time at each levelin a memory hierarchy. We apply this framework to a representative set ofproblems including matrix multiplication and the Fourier transform. We alsodiscuss conditions on hierarchies under which they act as fast 
at memories.
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1 IntroductionA memory hierarchy for a serial computer is a connected set of memory units throughwhich programs and data pass when moving from the highest-level unit (the slowest,largest and most remote) to the lowest-level unit (the fastest, smallest and most ac-cessible) and back. The lowest-level unit is the local memory of a central processingunit. Memory hierarchies are used because the cost per bit of memory units is typ-ically smaller for slower units than for faster ones. Thus, the capacity of units in amemory hierarchy typically grows with decreasing speed and increasing distance ofthe units from the CPU.Memory hierarchies are increasing in importance as CPUs increase in speed rela-tive to that of RAMs and magnetic disks, the principal form of bulk storage. CPUshave become so fast that it is increasingly di�cult to keep them busy.A key question asked about memory hierarchies is how to design them so theyappear as fast as single-level memories for a large collection of important problems.We address this issue by introducing a multi-level pebble game called the MemoryHierarchy Game (MHG) that simulates data-independent computation and datamovement in memory hierarchies. Data-independent or straight-line computationsare modeled by directed acyclic graphs (dags). Not only are many important compu-tational science algorithms described by dags, e�cient prefetching in large memoryhierarchies may require that all large computations be straight-line. The MHG gen-eralizes to L levels the two-level game introduced by Hong and Kung [11].The rules of the MHG assume that the values of input vertices of a dag G = (V;E)are kept in the level-L archival memory unit. The goal of the game is to compute thevalues of the output vertices of G and store them in the level-L memory unit. Whenthe value of a vertex v is resident in the level-j memory unit, we place a level-j pebbleon v. A value can be in more than one unit at a time. We only allow values to movefrom a memory unit to an adjacent unit, one at the next higher or lower level. Wemodel this by disallowing the placement of a level-j pebble on a vertex, j � 2, unlessit carries one at level-(j � 1). Since the value of a vertex can only be computed ina CPU, we have rules requiring that a vertex v not carrying a pebble must �rst begiven one at level-1. To do this we require that the immediate predecessors of v carrylevel-1 pebbles, that is, their values must also be in the CPU. If there are insu�cientlymany level-1 pebbles to compute the value of a new vertex, we can replace level-1pebbles on other vertices with level-2 pebbles, freeing up the level-1 pebbles to beused elsewhere. This corresponds to moving data up the memory hierarchy, therebyfreeing up places at lower levels. This can be repeated up to the highest level, if thehighest level unit can be used for intermediate storage (the \standard game"), or onlyto the next highest level if it cannot (the \I/O limited game").3



The standard game models a memory hierarchy in which there is no large gapbetween the access times of the highest and next-highest level memory units whereasthe I/O limited games does model such a gap. The two-level I/O limited game isactually the Paterson-Hewitt [14] one-color pebble game while the two-level standardgame is the Hong-Kung Red-Blue pebble game. Thus, the MHG combines elementsof both games and generalizes them to multiple levels.A pebble strategy is \minimal" if we minimize the number of \computation steps"(placement of level-1 pebbles on a vertex containing no pebbles) and if we successivelyminimize the number of I/O operations at each level starting with the second. An\I/O operation at level-j" is either an \input from level-j" (placement of a level-(j�1)pebble on a vertex carrying a level-j pebble) or an \output to level-j" (placement ofa level-j pebble on a vertex carrying a level-(j � 1) pebble).We develop methods for deriving upper and lower bounds on performance thatwe apply to a representative set of problems consisting of matrix multiplication, theFast Fourier Transform and permutation and merging networks. We also generalizethe model to block transfers. If the storage unit at level l holds pl words, and theI/O time at level l, Tl, is the number of times blocks of bl words move between thestorage units at levels l � 1 and l, then we establish a framework in which to derivelower bounds on Tl in terms of bl and sl, the storage capacity of all units up to andincluding the lth, that is, sl = p1 + p2 + : : : + pl. Under weak conditions on bl andfor the problems under consideration, we show that our lower bounds on Tl can beachieved for the representative problems up to multiplicative constants for all levelssimultaneously.This approach is illustrated by the problem of multiplying matrices. We showthat using any variant of the classical algorithm to multiply two n�n matrices, Tl isproportional to �(n3=(blpsl�1)) when sl�1 = O(n2). If tl is the time (relative to thatof the fastest memory) to transfer a block between levels l � 1 and l, it follows thata memory hierarchy will behave as single 
at memory if tl � blpsl�1 for 2 � l � L.Prior Research Models for memory hierarchies have been studied by a number ofauthors. Aggarwal and Vitter [3] examined a two-level memory in which P blocksof contiguous items can be transferred in each step. They obtained tight bounds forsorting-related problems, including sorting, FFT, permutation networks, and matrixtransposition. They did not handle the I/O-limited case or multiple levels.Aggarwal, Alpern, Chandra and Snir [1] introduced the hierarchy memory model(HMM), which treats memory as a linear array with cost f(x) to access location xin the array, and obtained tight bounds for a number of problems. They examinedcost functions dlog xe, x, and x� for � � 0. They don't handle blocks, show optimalalgorithms for an arbitrary spectrum of memory sizes, nor handle the I/O-limited4



case or large discontinuities in the storage access time between levels.Aggarwal, Chandra and Snir [2] introduced the BT model, an extension of theHMM model supporting block transfers. A block of size b ending at location x isallowed to move in time f(x) + b. They establish tight bounds on computation timefor problems including matrix transpose, FFT, and sorting using the cost functionsdlog xe, x, and x� for 1 � � � 1. They allow blocks to be arbitrarily large andproblem dependent but do not handle the I/O-limited case nor large discontinuitiesin access time.Alpern, Carter and Feig [4] introduced the uniform memory hierarchy (UMH).The uth memory has capacity ��2u, block size �u, and time �u=�(u) to move a blockbetween levels; �(u) is a bandwidth function. They allow I/O overlap between levelsand determine conditions under which matrix transposition, matrix multiplicationand Fourier transforms can and cannot be done e�ciently.Savage and Vitter [17] extended the one-level Paterson-Hewitt model [14] to sup-port parallel pebbling and the Hong-Kung model to support contiguous block I/O.Vitter and Shriver [20] examine three parallel memory systems in which the memoriesare disks with block transfer, of the HMM type, or of the BT type. They present arandomized version of distribution sort that meets the lower bounds for these modelsof computation. Nodine and Vitter [13] give an optimal deterministic sorting algo-rithm for these memory models. The models have the limitations described above.2 The Memory Hierarchy GameThe Memory Hierarchy Game (MHG) de�ned below captures the essential featuresof serial computers that use storage units organized into levels and in which datamoves between levels from the highest to the lowest level and back. The highest levelstorage unit models an archival store with large access time whereas the lowest levelunit models a fast memory used by the CPU for all its computations.The L-level Memory Hierarchy Game (MHG) is played on dags with pl pebblesat level l, 1 � l � L � 1, and an unlimited number of pebbles at level L. It hasresource vector p = (p1; p2; : : : ; pL�1), where pj � 1 for 1 � j � L � 1, and usessl = Plj=1 pj pebbles at level l or less. The rules of the game are given below.R1. (Computation Step) A �rst-level pebble can be placed on any vertex all of whoseimmediate predecessors carry �rst-level pebbles.R2. (Pebble Deletion) Except for level-L pebbles on output vertices, a pebble at anylevel can be deleted from any vertex.R3. (Initialization) A level-L pebble can be placed on an input vertex at any time.5



R4. (Input from Level-l) For 2 � l � L� 1, a level-(l� 1) pebble can be placed onany vertex carrying a level-l pebble.Standard GameR5. (Output to Level-l) For 2 � l � L, a level-l pebble can be placed on any vertexcarrying a level-(l� 1) pebble.I/O-limited GameR5. (Output to Level-l) For 2 � l � L � 1, a level-l pebble can be placed on anyvertex carrying a level-(l� 1) pebble.R6. (I/O-limitation) Level-L pebbles can only be placed on input vertices and out-put vertices carrying level-(L� 1) pebbles.The �rst rule permits the placement of �rst-level pebbles on vertices whose imme-diate predecessors carry �rst-level pebbles. This rule must be used to place a pebbleon a vertex without one. Rule 2 permits the deletion of pebbles. Rule 3 allows level-L pebbles to be placed on input vertices. Since there are arbitrarily many level-Lpebbles, we can assume that all input pebbles carry such pebbles initially. Rule 4 (an\input from level l") permits the movement of pebbles down the hierarchy, that is, intoward the CPU. Rule 5 (an \output to level l") in the standard game permits themovement of pebbles up the hierarchy. The modi�ed Rule 5 of the I/O-limited gameonly allows movement up to level L � 1. Rule 6 allows movement up to level L foroutput vertices. Thus, in the standard game level-L pebbles can be used for storageof intermediate values whereas in the I/O-limited game they cannot. Application ofRule 1 is called a computation step whereas application of Rule 3 is called an ini-tialization step. Each application of Rules 4, 5, and 6 is called an I/O operation.Applications of Rule 2 are not counted.Two restrictions of this game have been studied previously. The Red-Blue PebbleGame [11] is the standard MHG on two levels. It is used to investigate the number ofI/O operations needed when the number of storage locations in the �rst-level memoryis small. The Red Pebble Game [14] is the two-level I/O-limited MHG game. (Rule5 does not apply.) It is generally viewed as a one-level game because second-levelpebbles can be placed only on input and output vertices. The Red Pebble Game isused to explore tradeo�s between space and time for computations done completelyin fast memory. Clearly, the multi-level MHG has elements of both games.As a minor technical convenience we allow \sliding" of �rst-level pebbles froma predecessor to a successor vertex, that is, a pebble may be placed on a successorvertex as it is removed from a predecessor. This models the use of a register as boththe source and target of an operation. 6



3 Computational InequalitiesIn this section we derive generic lower bounds on the number of I/O and computationsteps required by the MHG. We begin with de�nitions of these concepts and theconcept of a minimal pebbling. We assume throughout that all vertices of a dagG = (V;E) are reachable from input vertices.De�nition 3.1 A pebbling P(p;G) in the L-level MHG of the dag G with resourcevector p is a step-by-step assignment of pebbles to vertices of G according to the rulesof the MHG. Let n(L)1 (P) be the number of computations steps in P and let n(L)l (P),2 � l � L, be the number of level-l I/O operations. A pebbling P is minimal ifn(L)1 (P) is minimal and for 2 � l � L, n(L)l (P) is minimal given that n(L)l�1(P) isminimal. For 1 � l � L, let T (L)l (p;G) be the minimal value of n(L)l (P).Thus, a pebbling is minimal if it has the minimal number of computation stepsfor the given resource vector, the minimal number of level-2 I/O operations amongthose pebblings with the minimal number of computation steps, and the minimalnumber of level-3 I/O operations given minimality at the two previous levels, etc. Weuse this de�nition of minimality because in real-world applications the time to movedata between successive levels increases rapidly with level and is much larger thanthe time to perform a computation step. It follows that, in a minimal standard MHGcomputation, pebbles are never removed from a vertex once the vertex receives a peb-ble because there is an unlimited supply of highest-level pebbles available. However,under the I/O limitation, vertices may have to be recomputed many times.Since there is little risk of confusion, we use the same notation, T (L)l (p;G), forthe number of computation and I/O steps in the MHG with and without the I/Olimitation. We use the following conventional de�nitions.De�nition 3.2 For a directed acyclic graph G = (V;E), let In(G) and Out(G) be theset of vertices of indegree zero (inputs) and outdegree zero (outputs), respectively.All edges in G are directed from inputs to outputs via intermediate vertices. If (u; v)is an edge directed from vertex u to vertex v, v is an immediate descendant of uand u is an immediate predecessor of v. If there is a directed path from u to v, vis a descendant of u and u is a predecessor of v. Let V � = V � In(G).We assume that every vertex in V must be pebbled to pebble the output vertices,a condition that can always be satis�ed. Since every input must be read from levelL and every output written to level L, we have the following simple facts.7



Lemma 3.1 The following inequalities hold for any minimal MHG on G = (V;E)for 2 � l � L:T (L)l (p;G) � jIn(G)j+ jOut(G)j; T (L)1 (p;G) � jV �jThe following de�nition abstracts ideas used by Hong and Kung [11].De�nition 3.3 Given a dag G = (V;E), let the S-span of G, �(S;G), be the themaximum number of vertices of G that can be pebbled with the MHG using only rulesR1 and R2 and S level-1 pebbles without repebbling any vertex, maximized over allinitial placements of S level-1 pebbles and assuming that pebbles are left on outputvertices.The S-span of G is a measure of the maximum (over an initial placement of Slevel-1 pebbles) number of vertices of G that can be pebbled in the Red Pebble Gameusing S level-1 pebbles, assuming that pebbles placed on output vertices remain there.For example, �(S;G) � 2S3=2 for n� n multiplication when S � n2.The following theorem generalizes Hong-Kung [11] lower bound on I/O time forthe two-level MHG. Our proof is new and far simpler.Theorem 3.1 Consider a minimal pebbling of the dag G = (V;E) in the standardMHG with resource vector p using sl pebbles at level j, 1 � j � l. Let T (L)l (p;G)be the number of I/O operations at level l, 2 � l � L, and let T (L)1 (p;G) be thenumber of computations steps used in this pebbling. Then, the following lower boundon T (L)l (p;G), 2 � l � L, must be satis�ed whether the MHG is I/O-limited or not:dT (L)l (p;G)=sl�1e�(2sl�1; G) � jV �jAlso, T (L)1 (p;G) � jV �j.Proof Since fewer pebblings are done at each level for the standard game, thebounds are derived for this case. sl�1 is the number of pebbles at all levels upto and including level l � 1. Let C be a minimal pebbling of G. It contains onecomputation step for each vertex in V �. Divide C into consecutive sequentialsub-pebblings fC1; C2; : : : ; Chg where each sub-pebbling has sl�1 level-l I/O op-erations except possibly the last which has no more such operations. There areh = dT (L)l (p;G)=sl�1e such sub-pebblings.We now develop an upper bound Q to the number of computation steps in eachsub-pebbling. This number multiplied by the number h of sub-pebblings is an8



upper bound to the total number of computation steps, jV �j, performed by thepebbling C. It follows that Qh � jV �jThe bound on Q is developed by adding sl�1 new level-(l � 1) pebbles so thatin each sub-pebbling, Ct, we may move all I/O operations at level l or higher toeither the beginning or end of the sub-pebbling without changing the number ofcomputation steps or I/O operations at level l�1 or less. Thus, we move withoutchanging them all computation steps and I/O operations at level l � 1 or lowerto a \middle interval" of Ct in between the higher level I/O operations.We now show how level-j I/O operations, j � l, can be moved to the beginning orend of Ct by adding at most sl�1 new level-(l� 1) pebbles and without changingthe number of pebblings at level l � 1 or lower. Consider a vertex v carrying alevel-l pebble sometime during Ct that subsequently is given a level-(l�1) pebble.Consider the �rst such pebble placement on v. The level-(l� 1) pebble assignedto v may have been in use prior to its placement on v. If a new level-(l � 1)pebble is used for v, the �rst pebbling of v with a level-(l � 1) pebble can bemoved toward the beginning of Ct so that it precedes all placements of lowerlevel pebbles without violating the precedence conditions of G. Attach this newlevel-(l� 1) pebble to v during Ct.Consider a vertex v carrying a level-(l� 1) pebble that is pebbled with a level-lpebble during Ct. Replace this pebble with one of the new level-(l�1) pebbles andattach it to v (unless such a pebble has been attached previously to v), therebyfreeing up the original level-(l� 1) pebble. Because we attach this extra pebbleto v for the entire pebbling Ct, all subsequent level-l I/O operations on v can bedeleted except for the last level-l output operation which can be moved to theend of the interval. These changes do not a�ect any computation or level-j I/Ostep in Ct for 2 � j � l� 1.We now derive an upper bound to Q. At the start of the pebbling of the middleinterval there will be at most 2sl�1 pebbles of levels l�1 or less on G, at most sl�1original pebbles plus a like number of new pebbles. Any output vertex pebbledin this interval must have a level-(l� 1) or lower pebble on it at the end of theinterval since the pebbling is minimal. Clearly, the number of vertices pebbledin computation steps in the middle interval is largest when all 2sl�1 pebbles oflevels l � 1 or less on G are treated as level-1 pebbles. It follows that at most�(2sl�1; G) computation steps can be done on G in Ct with level-1 pebbles. Thiscompletes the proof of this theorem. 29



Hong and Kung [11] derive their lower bound on the number of I/O operationsin the Red-Blue Game by showing that at least S[P (2S) � 1] I/O operations arenecessary to pebble a graph with S red pebbles when P (S) is the minimum numberof vertex sets in any \S-partition" of the graph being pebbled. An S-partition is apartition of the vertices of a dag into sets fVig such that every path from an input to avertex in a set Vi passes through at most S vertices (a dominator set), the vertices ina set Vi which have no descendants in Vi (the minimum set) has at most S vertices,and there is no cyclic dependency between sets (Vi is dependent on Vj if there is anedge directed from a vertex in Vj to a vertex in Vi). To obtain concrete lower boundsthey use the inequality P (S) � jV j=�(S;G) to show that at least S[jV j=�(2S;G)� 1]I/O operations are needed.The following corollary to Theorem 3.1 provides an explicit lower bound to T (L)l (p;G).Corollary 3.1 In the standard MHG when T (L)l (p;G) � �(sl�1 � 1) for � > 1, thefollowing inequality holds for 2 � l � L.T (L)l (p;G) � sl�1�(2sl�1; G) �� + 1 jV jIn the standard game each vertex of G is pebbled once in a computation step.However, when the I/O limitation applies, some vertices may have to be repebbled.The following result is useful in such cases.Theorem 3.2 Let � be the maximum indegree of any vertex in G. Then, for anyminimal computation with the MHG, whether standard or I/O-limited, and for 3 �l � L, the following conditions hold:T (L)1 (p;G) � T (L)2 (p;G)=(� + 1); T (L)l�1(p;G) � T (L)l (p;G) � T (L)L (p;G)Proof We have T (L)1 (p;G) � T (L)2 (p;G)=(� + 1) because for each computationstep there are at most � transitions from level 2 to level 1 (otherwise some ofthese transitions are redundant) and at most one transition from level 1 to level2 in any optimal computation. In an optimal pebbling a transition of a pebblefrom level l to level l� 1 on a vertex must coincide with (if l = 2) or be followedby (if l > 2) the placement of a level-1 pebble on that vertex; if not, then suchan I/O operation is redundant. Similarly, any transition from l � 1 to l must bepreceded by a transition from l � 2 to l � 1. Thus, the number of level-(l � 1)I/O operations is at least equal to the number of level-l I/O operations. 210



The following theorem relates the number of moves in an L-level game to thenumber in a two-level game and allows us to use prior results.Theorem 3.3 Let S = sL�1 = PL�1j=1 pj . Then, the following two inequalities holdwhen the graph G is pebbled in the L-level MHG, whether I/O limited or not, withthe resource vector p:T (L)1 (p;G) � T (2)1 (S;G); T (L)L (p;G) � T (2)2 (S;G)Here T (2)2 (S;G) is the number of I/O operations in the Red-Blue Pebble Game playedon G with S level-1 pebbles.Proof Consider a two-level MHG (the Red-Blue Game) played with S = sL�1level-1 (red) pebbles. These S pebbles can be classi�ed into L � 1 groups andlabeled with the integers f1 : : : L � 1g so that we can simulate the steps in theL-level MHG. Since the number of �rst level and last level operations in thesimulated game are no less than the minimal number of such operations in theRed-Blue Game when the labeling restriction is dropped, the results follow. 2Combining Lemma 3.1, Theorem 3.2 and Theorem 3.3, we obtain the followinglower bounds on the number of I/O operations and computation steps needed topebble a directed acyclic graph in the I/O-limited MHG.Corollary 3.2 Let G be pebbled in either the standard or I/O-limited MHG withresource vector p. Let S = sL�1. If � is the maximum indegree of any vertex in thegraph G, then for all 1 � l � L� 1 the following lower bound on T (L)l (p;G) holds:T (L)l (p;G) � max(T (2)2 (S;G)�+ 1 ; jV �j)We close this section with a result giving conditions under which lower bounds oncomputation and I/O time for one graph can be used for another.Let a reduction of dag G1 = (V1; E1) be a dag G0 = (V0; E0), V0 � V1 andE0 � E1, obtained by deleting edges from E1 and coalescing the non-terminal verticeson a \chain" of vertices in V1 into the �rst vertex on the chain. A chain is a sequencev1; v2; : : : ; vr of vertices such that (vi; vi+1) 2 V1 for 1 � i � r � 1 and for all othervertices u is (u; vi+1) 62 V1 for 1 � i � r � 2.11



Lemma 3.2 Let G0 be a reduction of G1. Then, for 1 � l � L:T (L)l (p;G1) � T (L)l (p;G0)Proof Any minimal pebbling strategy for G1 can be used to pebble G0 bysimulating moves on a chain with pebble placements on the vertex to whichvertices on the chain are coalesced and by honoring the edge restrictions of G1that are removed to create G0. Since this strategy for G1 may not be minimalfor G0, the inequalities follow. 2In the next section we specialize the above lower bounds to representative problemsand derive corresponding upper bounds.4 Bounds for Individual ProblemsWe now examine the extent to which the lower bounds derived above can be met byderiving upper and lower bounds on the number of computation and I/O steps inthe standard and I/O-limited MHG for the following representative problems: ma-trix multiplication when only scalar additions and multiplications are used, the dis-crete Fourier Transform, and networks for permuting, merging and sorting sequences.These problems are at the heart of scienti�c computation. Carlson has designed veryfast two-level FFT algorithms for CRAY supercomputers [6,7] and Dongarra etal. [8]cite algorithms for memory hierarchies designed for linear algebra problems.4.1 Matrix MultiplicationWe now derive a bound on the S-span of \butter
y-based level graphs," the FFTand related graphs on 2d inputs, such as permutation networks based on three back-to-back FFT graphs P (d) [21], bitonic sorting networks BS(d) for merging sorted lists[12, pp. 632], and sorting networks S(d) based on bitonic sorting [12, pp. 633].Consider a matrix multiplication algorithm conforming to the classical algorithm.All products of pairs of entries in the two matrices A and B are formed and combinedin independent binary addition trees. We develop tight upper and lower bounds onthe I/O and computation time for the standard MHG as well as the I/O-limitedMHG.Developing good upper bounds under the I/O limitation is related to the challengingproblem of deriving fast algorithms for matrix multiplication.We begin by deriving an upper bound on the S-span of G, �(S;G), for matrixmultiplication. We simplify the proof given by Hong and Kung [11] and illustratehow such bounds are derived. 12



Lemma 4.1 The S-span of any graph G associated with the classical algorithm tomultiply two n�n matrices with the binary operations of addition and multiplicationof component values satis�es �(S;G) � 2S3=2 for S � n2.Proof �(S;G) is the maximumnumber of pebblings possible in G from an initialplacement of S pebbles under the assumption that any pebble placed on an outputvertex stays there throughout the computation and the computation is minimal.Let A, B, and C be n� n matrices with entries fai;jg, fbi;jg, and fci;jg, respec-tively, where 1 � i; j � n. Let C = A�B. Then, ci;j = Pk ai;kbk;j. The classicalalgorithm forms products of entries and adds them in binary addition trees. Eachproduct is associated with a unique term ci;j, as is each addition. Consider a dagfor this computation which has one vertex for each addition and multiplication.We say a vertex is in an addition tree if it is either a product vertex (an input toan addition tree) or a vertex internal to such a tree.Consider an initial placement of S � n2 pebbles. Let r of these pebbles be inaddition trees. Let the remaining S�r pebbles be on input vertices. Let p be thenumber of products that can be formed from these pebbled inputs. Each productcorresponds to one pebble placement. We show that at most p + r � 1 pebbleplacements are possible on non-input vertices in addition trees, giving a total ofat most � = 2p + r � 1 pebble placements.Given the dependencies in the classical algorithm, there is no loss in generality inassuming that product vertices are pebbled before pebbles are advanced in addi-tion trees. It follows that at most p+r addition-tree vertices carry pebbles beforepebbles are advanced in addition trees. These pebbled vertices de�ne subtreesall of whose vertices can be pebbled from the p + r initial pebble placements.Since a binary with n leaves has n� 1 non-leaf nodes, it follows that if there aret such trees, at most p + r � t pebble placements will be made. This number ismaximized at t = 1.We now complete the proof by deriving an upper bound on p. Let A be the 0� 1n � n matrix whose (i; j) entry is 1 if the variable in the (i; j) position of the�rst matrix carries a pebble initially and 0 otherwise. Let B be similarly de�nedfor the second matrix. It follows that the (i; j) entry, �i;j , of the matrix productC = AB, where addition and multiplication are over the integers, is equal to thenumber of products that can be formed that contribute to the (i; j) entry of theresult matrix. Thus, p = Pi;j �i;j . We now show that p � pS(S � r).Let A and B have a and b 1's, respectively, where a + b � S � r. There are atmost a=� rows of A containing at least � 1's. The maximum number of productsthat can be formed from such rows is ab=� because each 1 in B can combine with13
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Figure 1: Pebbling schema for matrix multiplication.at most a=� 1's in these rows. Now consider the product of other rows of A withcolumns of B. At most S such row-column inner products are formed since atmost S outputs can be pebbled. Since each of them involves a row with at most� 1's, at most �S products of pairs of variables can be formed. Thus, a totalof at most p = ab=� + �S products can be formed. We are free to choose � tominimize this sum but must choose a and b to maximize it. The result is thatp � pS(S � r).We complete the proof by observing that � � 2pSS for r � 0. 2We now derive bounds on the computation and I/O times for the standard MHG.We show that the lower bounds given above on these times can be achieved up toconstant multiplicative factors simultaneously at all levels in the memory hierarchy.Theorem 4.1 Let G be any graph consistent with the classical algorithm to multiplytwo n � n matrices. Let it be pebbled in the standard MHG with the resource vectorp. Let sl = Plj=1 pj and let k be the largest integer such that sk � 3n2. When p1 � 3there is a pebbling of G such that the following bounds hold simultaneously:T (L)l (p;G) = 8><>: �(n3) l = 1�(n3=psl�1) 2 � l � k + 1�(n2) k + 2 � l � LProof We note that any graph G consistent with the classical matrix multi-plication algorithm has jV �j = �(n3). We consider the three lower bounds inturn. The lower bound in the �rst case follows from the fact that we have topebble �(n3) vertices with level-1 pebbles to pebble the graph, namely, 2n2 inputvertices, n2 result vertices, n3 product vertices, and n2(n � 1) addition vertices.14



The second lower bound follows from Corollary 3.1 and Lemma 4.1. The thirdlower bound follows from Corollary 3.2 and the fact that every input vertex inthe Red-Blue Pebble Game must be pebbled at least once with blue pebbles.We now give a pebbling strategy that simultaneously achieves these lower boundsup to constant multiplicative factors. The base case applies to L = 2. It usesthe obvious algorithm suggested by Figure 1. Entries of the n � n matrix C arecomputed in r1� r1 blocks. These are formed by taking inner products of r1� r1submatrices of A and B. Without loss of generality, assume that r1 divides n.At no cost place level-2 pebbles on all 2n2 input vertices. Pebble an r1 � r1block of C by pebbling with level-1 pebbles those vertices associated with theinner product. With s1 = 3r21 (or r1 = qs1=3) level-1 pebbles, s1 � 3, this innerproduct can be completed. During this pebbling level-1 pebbles are removed fromsubmatrices of A and B and added to others. No level-2 output operations areneeded except for the n2 entries in C. The number of level-2 input operations perelement of A and B is the number of times an r1� r1 submatrix is involved in aninner product, namely, n=r1. Thus, a total of 2n3=r1 level-2 input operations areperformed, giving a combined total number of O(n3=ps1) I/O operations. Thenumber of computation steps is O(n3) because each addition and multiplicationis in a distinct addition tree and done once.Now consider the multilevel case. Our strategy is to successively block C intori � ri submatrices for i = k; k � 1; : : : ; 1. To avoid memory fragmentation theintegers ri be chosen as shown below so they divide one another. They are alsochosen relative to si so there are su�ciently many pebbles available to pebbleri � ri submatrices.ri = 8>><>>: bqs1=3c i = 1ri�1bq(si � i+ 1)=(p3ri�1)c i � 2Then, ri divides rj for i � j. Also, q(si � i+ 1)=12 � ri � q(si � i+ 1)=3 sinceb=2 � abb=ac � b when a and b are integers and 1 � a � b. Thus, si � 3r2i + i�1.Let k be the largest integer such that r2k � n2. Without loss of generality assumethat rk = n, that is, we assume that A, B and C are rk � rk matrices. We nowgive an e�cient pebbling strategy for G.Our goal is to compute entries of C by pebbling output vertices of G. This isdone recursively; we represent the rk�rk matrices A, B, and C as mk�mk blockmatrices,mk = rk=rk�1, containing rk�1�rk�1 submatrices. Each such submatrix15



of C is the inner product of rk�1 � rk�1 submatrices of A with a like number ofsuch submatrices of B, as suggested in Figure 1. The products of rk�1 � rk�1matrices are computed recursively.The pebbling is done using two sets of pebbles, a reserve set containing onepebble per level except the �rst, and the remainder. With the remaining pebbles,recursively pebble the product of two rj � rj submatrices A1 and B1 of A andB under the assumption that A1 and B1 have pebbles at level j or lower ontheir entries initially. Their product is obtained by pebbling inner products ofrj�1� rj�1 submatrices. This is done by advancing pebbles at level j�1 or lowerto corresponding submatrices of A1 and B1, applying the matrix multiplicationalgorithm recursively, and pebbling the sum of two such matrices (except for the�rst step). This procedure is repeated until the lowest level is reached whereuponthe base case applies.When pebbles at levels j or lower are placed on inputs of A1 and B1, we exhaustpebbles at each level before using pebbles at a lower level. This guarantees that ifa submatrix of A1 or B1 does not have all its input vertices covered with pebblesat level j � 1 or less, there will be low-level pebbles that can be moved to themusing the reserve pebbles without having to remove pebbles from other vertices.(Note that if a vertex carries a level-j pebble but the highest level remainingnon-reserve pebble is a level-3 pebble, we can use reserve pebbles to put a level-3pebble on the vertex.) Because sj � 3r2j + j � 1, there are su�ciently manynon-reserve pebbles to carry out each inner product computation.This pebbling procedure will eventually place level-1 pebbles on r1�r1 submatri-ces of A and B and they will be multiplied as in the base case. To free up pebblesto pebble other such submatrices, we may have to replace some level-1 pebbleswith level-2 pebbles. By the de�nition of s2, there are su�ciently many pebblesat level-2 or less to do this. Similarly, we may have to replace some level-(j � 1)pebbles with level-j pebbles. (Note that level-t pebbles can be used as level-jpebbles, t < j, if there are su�ciently many of them.)Let's now determine the number of I/O and computation steps at each level.Since all non-input vertices of G are pebbled once, the number of computationsteps is O(n3). I/O operations are done on input and output vertices, not onvertices corresponding to additions. Once an output vertex has been pebbled atthe �rst level, reserve pebbles can be used to place a level-L pebble in it. Thusone output will be done on each the n2 output vertices at each level.Consider now only I/O operations on input vertices. If the product of two rj� rjsubmatrices A1 and B1 is to be pebbled, as many as rj=rj�1 input and outputoperations may be necessary at level j for each of the r2j entries of A1 and B1.16



Thus, we may do as many as 2r3j =rj�1 I/O operations per matrix or a totalof 4r3j=rj�1 I/O operations. No level-j I/O operations are done while pebblingsubmatrices. However, level-j I/O operations are done when multiplying rj � rjsubmatrices of an rj+1�rj+1 matrix. In fact, the number of level-j I/O operationsperformed to multiply two rj+1� rj+1 matrices is (rj+1=rj)3 times the number tomultiply two rj�rj submatrices. This follows because each submatrix is involvedin rj+1=rj products and there are (rj+1=rj)2 such submatrices in each matrix.Thus, the number of level-j I/O operations done on rj+1 � rj+1 matrices is atmost 4r3j+1=rj�1. Generalizing this to the highest level, the number of level-j I/Ooperations is O(n3=rj�1) for j � k. It is O(n2) for j > k. 2We close this section with a lower bound for the I/O-limited version of the game.It is based on the following lower bound due to Grigoryev [10] on the number of timesthat pebbles are placed on input vertices in the Red Pebble Game. (See Savage andSwamy [15] for a translation of Grigoryev's proof.) As explained in Section 2, theRed Pebble Game is generally viewed as a one-level game but is actually a two-levelgame with the I/O limitation. The I/O time T (2)2 (S;G) is the number of times thatinputs and outputs are pebbled.Lemma 4.2 ([10]) For any straight-line program for matrix multiplication, the num-ber of times inputs must be pebbled in the Red Pebble Game when played with S redpebbles satis�es the following inequality:T (2)2 (S;G) � n34(S + 1)Theorem 4.2 Let G be any dag associated with matrix multiplication of n � n ma-trices and let it be pebbled under the I/O limitation. If S = sL�1 � n, then thetime to pebble G at the lth level, T (L)l (p;G), must satisfy the following relation for1 � l � L: T (L)l (p;G) = 
(n3S )Proof The lower bounds follow from Corollary 3.2 and Lemma 4.2. Matchingupper bounds in general are not known. 217
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(3) Figure 2: Decomposition of the FFT graph F (5).4.2 The Fourier TransformThe (real) discrete Fourier Transform (DFT) on n inputs is de�ned by the matrix-vector multiplication Ax where x is an n-tuple of reals and A is the Vandermondematrix whose i; j entry is ai;j = wij, 0 � i; j � n� 1. Here w is the nth root of unity.The fast Fourier Transform (FFT) is a straight-line algorithm characterized by therecursively de�ned directed acyclic graph on n = 2d inputs, F (d), shown in Figure 2.The graph has n inputs in the bottom row and a total of log n + 1 rows. Each FFTgraph can be decomposed as a collection of FFT subgraphs, as indicated in Figure 2and Lemma 4.3. If the outputs of the bottom FFT subgraphs are placed in rows in amatrix, the inputs to the top FFT subgraphs are obtained by a matrix transposition.We use this construction to produce good pebblings of the FFT graph.Lemma 4.3 ([16]) For d � 2 and each 1 � j � d � 1, the FFT graph F (d) on 2dinputs can be represented as the composition of 2d�j disjoint \top" FFT graphs on 2jinputs fF (j)t;p j 0 � p � 2d�j � 1g with 2j disjoint \bottom" FFT graphs on 2d�j inputsfF (d�j)b;m j 0 � m � 2j � 1g, where the mth input vertex of F (j)t;p is the pth output vertexof F (d�j)b;m for 0 � m � 2j � 1 and 0 � p � 2d�j � 1. The ith output vertex of F (d) isthe rth output vertex of F (j)t;s for the unique integers r; s � 0 such that i = r2d�j + sand s < 2d�j . 18



A bound on the S-span for the FFT is implicit in the work of Hong and Kung[11] and explicit in the work of Aggarwal and Vitter [3]. We state the bound and forcompleteness give a variant of the latter's proof.Lemma 4.4 The S-span of the FFT graph F (d) on n = 2d inputs satis�es �(S;G) �2S logS when S � n.Proof �(S;G) is the maximum number of vertices of G that can be pebbledfrom some initial con�guration of S pebbles on G under the assumption thatany pebble placed on an output vertex stays there throughout the computationand the computation is minimal. Given that G is composed of two-input FFTgraphs, the number of vertices pebbled is maximized by pebbling a vertex v1 andits (matching) pair v2 in a two-input FFT subgraph whenever either one of themcan be pebbled. We let fpi j 1 � i � Sg denote the S pebbles available to pebbleG. We assign an integer cost num(pi) (initialized to zero) to the ith pebble pi inorder to derive an upper bound to the total number of pebble placements madeon G.Consider a matching pair of vertices v1 and v2 and their common predecessors u1and u2. Suppose on the next step we can place a pebble on v1. Then pebbles (callthem p1 and p2) must reside on u1 and u2. Advance p1 and p2 to both v1 and v2.(In principle we need an additional pebble to advance two pebbles from the twoinputs of a two-input butter
y to the two outputs. We allow this move withoutthe third pebble because it only increases the number of possible moves.)After advancing p1 and p2, if num(p1) = num(p2), augment both num(p1) andnum(p2) by 1; otherwise, augment the smaller by 1. Since all of the S pebblesremain on the graph during a pebbling that maximizes the number of verticespebbled, 2P1�i�S num(pi) is an upper bound on the total number of pebbleplacements.Using the fact that all predecessors of u1 and u2 are disjoint, it is easy to show byinduction on depth that at least 2max(num(p1);num(p2)) of their predecessors carrypebbles initially. Since this number is at most S, it follows that num(pi) � log Sfor all pebbles pi. The lemma follows immediately. 2We now present upper and lower bounds on the number of I/O and computationsteps to pebble the FFT in the standard MHG. In this case an unlimited numberof highest-level pebbles is available to pebble the graph and they may be used forintermediate computations. 19



Theorem 4.3 Let the FFT graph on n = 2d inputs, F (d), be pebbled in the standardMHG with resource vector p. Let sl = Plj=1 pj and let k be the largest integer suchthat sk � n. When p1 � 3 there is a pebbling of F (d) such that the following relationsare simultaneously satis�ed:3T (L)l (p; F (d)) = 8><>: �(n log n) l = 1�(n log n= log sl�1) 2 � l � k + 1�(n) k + 2 � l � LProof The �rst lower bound is obvious; every vertex in F (d) has to be pebbleda �rst time. The second follows from Corollaries 3.1, 3.2, Lemma 4.4 and theobvious lower bound on jV �j. The third follows from the fact that pebbles atevery level must be placed on each input and output vertex. We now exhibitone pebbling strategy giving upper bounds matching (up to a multiplicative fac-tor) these lower bounds for all 1 � l � L. Our pebbling strategy is based onLemma 4.3.We note that if e divides d, we can decompose F (d) into a collection of subgraphsF (e) each of which can be pebbled level by level with 2e+1 level-1 pebbles withoutrepebbling any vertex (if we slide pebbles, as discussed in Section 2). We use theseobservations to develop an hierarchical pebbling strategy for F (d).We now de�ne a non-decreasing sequence d = (d1; d2; : : : ; dL�1) of integers thatwe use to describe an e�cient pebbling strategy for F (d). Let d0 = 1 and d1 =blog(s1 � 1)c � 1 where s1 = p1 � 3. De�ne mr and dr for 1 � r � L� 1 bymr = bblogmin(sr � 1; n)cdr�1 cdr = mrdr�1Note that dr is divisible by dr�1. Observe that sr � 2dr +1 when sr � n+1. Alsonote that blog ac � (log a)=2 when a � 1 and that abb=ac � b=2 when a and bare integers and 1 � a � b. From this it follows that dr � (logmin(sr � 1; n))=4.These values of dr are chosen to avoid memory fragmentation and to permit thedecomposition of F (dr) into dr=dr�1 = mr stages with 2dr�dr�1 copies of F (dr�1)on each stage. For example, F (8) can be decomposed into four stages with 64copies of F (2) on each stage. Output vertices of a graph F (2) on one stage areinput vertices of a graph F (2) on the next stage. (See Figure 2.) It simpli�esthe following discussion to assume that the dr are distinct, that is, they form anincreasing sequence, although the result holds even when this is not the case.3All logarithms are to base 2. 20



We begin by describing a pebbling strategy to pebble an FFT graph F (dr) on2dr inputs using pebbles at levels 1 through r + 1 when the number of pebblesavailable up to level r, sr, satis�es sr � 2dr + 1. We show by induction on r thatour (r + 1)-level pebbling strategy pebbles F (dr) using at mostn(r)l = 2 drdl�1 2drlevel-l I/O operations, 2 � l � r + 1, on non-input vertices. Each input vertex ispebbled once with pebbles at each level.The basis for induction is r = 1 (a two-level MHG). In this case there are s1 �2d1 + 1 � 3 level-1 pebbles, enough to pebble F (d1) without repebbling verticesor using level-2 pebbles. Level-2 pebbles are placed on inputs initially and onoutputs when the pebbling is complete. Thus 2d1 level-2 I/O operations areperformed on non-input vertices, which establishes the basis.Now assume that the inductive hypothesis holds for r = R�1 and 2 � l � R�1.We show it holds for r = R and 2 � l � R. Per the previous discussion andLemma 4.3, F (dR) can be decomposed into dR=dR�1 = mR stages with 2dR�dR�1copies of F (dR�1) on each stage. We assume there are sl � 2dl + 1 pebbles atlevels l or less for 1 � l � R. Our pebbling strategy is to advance pebblesto the outputs of the �rst-stage FFT subgraphs F (dR�1) using pebbles at levelsR� 1 or less and then use additional pebbles at level R to pebble the outputs ofthese subgraphs. Pebbles at lower levels are left in place on the outputs of thesesubgraphs whenever possible. After pebbles have been advanced to the outputsof these �rst-stage subgraphs (and removed from preceding vertices), we pebblesubgraphs at the next stage using only pebbles at levels R � 1 or less. We thenadd pebbles at level R as necessary on their outputs. We repeat this until wehave placed pebbles on the outputs of the graph F (dR). Since there are 2dR�dR�1FFT subgraphs F (dR�1) of F (dR) in each of dR=dR�1 stages, we haven(R)l � 2dR�dR�1 dRdR�1n(R�1)lfor 2 � l � R � 1. Also, n(R)R � 22dRdR=dR�1 level-R I/O operations are donesince there 2dR vertices on each row of F (dR) and at most two I/O operationsare done on at most dR=dR�1 of these rows. This pebbling strategy pebbles eachvertex once with level-1 pebbles. It also pebbles input vertices with pebbles atall levels once.Now let k be the largest integer such that sk � n = 2d. To pebble F (d), decomposeit into dd=dke stages such that each stage, except possibly the last, contains 2d�dk21



copies of the FFT subgraph F (dk). The last stage has 2d�d� copies of the FFTsubgraphs F (d�) of depth d� = d � (dd=dke � 1)dk.After pebbling each subgraph F (dk) in the �rst stage by the strategy given above,place pebbles at level k + 1 (or less) on their outputs. Since sk+1 � n + 1, thereare enough pebbles available to pebble all n outputs of such subgraphs in the�rst stage. Repeat this process with subgraphs at each of the �rst dd=dke � 1stages. To pebble the remaining vertices, those in subgraphs F (d�), treat groupsof 2dk�d� such subgraphs as pre�xes of the subgraph F (dk) and pebble them inthe same fashion. There will be 2d�dk such groups and the time to pebble eachone using pebbles at the k + 1 levels will be at most that to pebble F (dk). Fromthis it follows that the total number of level-l I/O operations, 2 � l � k + 1, isat most (dd=dke)2d�dk 2dkdl�12dk = dd=dke 2dkdl�12d � 4d2ddl�1The desired conclusion follows from the observation above that dl � (log(sl�1))=4when sl � 1 � n and that sl�1 � 1 � sl�1=2.For l � k + 2, level-l pebbles are used only on the input and output vertices. Itfollows that for these cases the number of I/O operations is at most O(n). 2To derive the bounds when the I/O limitation applies we use the following resultwhich applies to any linear straight-line program for the DFT.Lemma 4.5 ([18]) For any linear straight-line program graph G for the DFT, thenumber of times input vertices are pebbled with red pebbles in the Red Pebble Gamewhen played with S red pebbles satis�es the following inequality:T (2)2 (S;G) � n2=4S + SWe now state lower bounds on the number of I/O and computation steps for DFTsrealized by linear straight-line algorithms for the DFT. Corresponding upper boundsare stated for FFT graphs. The lower bounds are larger than the lower bounds ofTheorem 4.3 when the total number of pebbles at all levels but the highest, S, satis�esS � n= log n where n is the number of inputs to the DFT.Theorem 4.4 Let FFT (n) be any dag associated with the DFT on n inputs whenrealized by a linear straight-line program. Let FFT (n) be pebbled under the I/Olimitation with resource vector p. Let sl = Plj=1 pj . If S = sL�1 � n, then the22



time to pebble FFT (n) at the lth level, T (L)l (p; FFT (n)), must satisfy the followingrelation for 1 � l � L: T (L)l (p; FFT (n)) = 
(n2S )Also, when n = 2d, there is a pebbling of the FFT graph F (d) such that the followingrelations hold simultaneously:T (L)l (p; F (d)) = 8<: O(n2S + n log S) l = 1O(n2S + n logSlog sl�1 ) 2 � l � Lwhen S � 2 log n.Proof The lower bound in the �rst equation follows directly from Corollary 3.2and Lemma 4.5. We now show that these lower bounds can be achieved simulta-neously on F (d) for 1 � l � L when the I/O limitation applies.Recall that the two-level MHG under the I/O limitation is exactly the Red PebbleGame. We begin by describing the construction given in [16] for this game anduse it as a basis for constructing a pebbling in the MHG.Consider the decomposition of F (d) of Lemma 4.3 illustrated in Figure 2. Inthe Red Pebble Game, level-2 pebbles reside initially on input vertices. Level-1pebbles are placed on inputs and advanced to outputs where they are replacedby level-2 pebbles. When the number of level-1 pebbles, p1, is 2j + d � j � n,we can pebble all 2j inputs to the \top" subgraph F (j)t;p by pebbling the binarysubtrees on 2d�j inputs in the 2j \bottom" subgraphs F (d�j)b;m , each subtree beingrooted on an input to F (j)t;p . This is illustrated in Figure 2 for p = 0 by the blackvertices. Since each subtree can be pebbled with d � j + 1 level-1 pebbles inminimal time, all inputs to F (j)t;p can be pebbled with 2j + d� j level-1 pebbles intime 2j(2d�j+1 � 1).Once inputs to a top subgraph F (j)t;p have been pebbled, the remaining verticesin these subgraphs can be pebbled with level-1 pebbles level-by-level with 2j + 1pebbles in time j2j . Thus, the total time to pebble F (j)t;p and predecessor verticeswith level-1 pebbles is at most 2j(j + 2d�j+1 � 1). Since this must be done foreach of the 2d�j subgraphs F (j)t;p , the total time to pebble F (d) with level-1 pebblesis at most 2d(j + 2d�j+1 � 1).Transitions of pebbles from the second to the �rst level occur on each input atotal of 2d�j times, once per subgraph F (j)t;p . A transition of pebbles from the �rst23



to the second level occurs once on each output vertex. Thus, a total of 2d(2d�j+1)transitions occur between the �rst and second levels.A pebbling for the L-level MHG is now given that is patterned after the abovepebbling for the Red Pebble Game. Consider the above representation of F (d).Let q be the largest integer such that S � 2q + d� q. Pebble the binary subtreeson 2d�q inputs in the 2q \bottom" subgraphs F (d�q)b;m as follows: On each inputvertex level-L pebbles are replaced by pebbles at all levels down to and includingthe �rst level. Then level-1 pebbles are advanced in the order which minimizesthe number of level-1 pebbles in the Red Pebble Game. It may be necessary touse pebbles at all levels to make these advances; however, each vertex in a subtree(of which there are 2d�q+1 � 1) experiences at most two transitions at each levelin the hierarchy. In addition, each vertex in a bottom tree is pebbled once with alevel-1 pebble in a computation step. Therefore, the number of level-l transitionson vertices in the subtrees is at most 2d+1(2d�q+1 � 1) for 2 � l � L, since thispebbling of 2q subtrees is repeated 2d�q times.Once the inputs to a given subgraph F (q)t;p have been pebbled, the subgraph itselfis pebbled in the manner indicated in Theorem 4.3 using O(q2q= log sl�1) pebblesat each level l for 2 � l � L. Since this is done for each of the 2d�q subgraphsF (q)t;p , it follows that on the top FFT subgraphs a total of O(q2d= log sl�1) level-ltransitions occur, 2 � l � L. In addition, each vertex in a graph F (q)t;p is pebbledonce with a level-1 pebble in a computation step.It follows that at mostT (L)l (p; F (d)) = O(2d(2d�q+1 � 1) + q2dlog sl�1 )level-l I/O operations occur for 2 � l � L as well asT (L)1 (p; F (d)) = O(2d(2d�q+1 � 1) + q2d)computation steps. It is left to the reader to verify that 2q < 2q + d � q � S <2q+1+ d� q� 1 � 42q when q+1 � log d (this is implied by S � 2d), from whichthe result follows.24.3 Permutation and Merging NetworksConsider next merging networks BS(d) based on bitonic sorting networks [12, pp.632] and permutation networks P (d) based on three back-to-back FFT graphs [21].24



Replacing comparators in BS(d) with two-input butter
y graphs produces an FFTwith edge directions reversed. It is immediate from the layered cross-product repre-sentation of FFT graphs [9] that BS(d) is isomorphic to the FFT graph. Thus, thebounds for the FFT apply directly to BS(d).From Lemma 3.2 it follows that lower bounds for the FFT apply to P (d) becauseP (d) reduces to F (d). Since our pebbling strategy for the FFT graph in the standardMHG advances pebbles level-by-level, using higher-level pebbles sparingly to achievethe lower bounds, it follows that the pebbling strategy for the FFT graph is directlyapplicable to this graph.Theorem 4.5 Let P (d) be pebbled in the standard L-level MHG with resourcevector p. Let sl = Plj=1 pj and let k be the largest integer such that sk � n. Whenp1 � 3 there is a pebbling of P (d) such that the number of pebblings at each of the Llevels, fT (L)l j 1 � l � Lg, simultaneously satisfy the following relations:T (L)l (p; P (d)) = 8><>: �(n log n) l = 1�(n log n)= log sl�1) 2 � l � k + 1�(n) k + 2 � l � LWhen the I/O limitation applies and sL�1 is too small, the I/O and computationtime to pebble the permutation and sorting networks can be much larger than that topebble the FFT graph. For example, Carlson and Tompa together show the followingresult, which implies that P (d), which has three FFT graphs back-to-back, requiresat least as much I/O time:Lemma 4.6 ([5,18,19]) Let G be the graph consisting of two back-to-back copies ofthe FFT graph F (d) on n = 2d inputs. Then the number of second-level I/O operationswhen the I/O limitation applies in the Red Pebble Game when played with S level-1pebbles satis�es the following inequality:T (2)2 (S;G) � 
(n3=S2 + (n2 log n)=S)4.4 Generalization to Block-I/OData is typically moved in blocks between memories in a hierarchy; data must fetchedfrom the same block in which it was stored. Our lower bounds can be generalized tothe block-I/O case by dividing the number of I/O operations by the size bl of blocksmoving between levels l � 1 and l. This lower bound can be achieved for matrixmultiplication because data is always read from the higher-level memory in the sameway every time. For the FFT graph in the standard MHG instead of pebbling FFT25



subgraphs on 2dr inputs, we pebble bl FFT subgraphs on 2dr=bl inputs (assuming thatbl is a power of 2). This allows all the data moving back and forth between memoriesin blocks to be used and accommodates the transposition mentioned at the beginningof Section 4.2. This provides an upper bound of O(n log n=(bl�1 log(sl�1=bl�1))) on theI/O time at level l. Clearly, when bl�1 is much smaller than sl�1, say bl�1 = O(psl�1),the upper and lower bounds match.5 ConclusionsWe have introduced a new pebble game that captures essential features of multi-levelmemory hierarchies and allows us to study space-time tradeo�s in such hierarchies.Our model can handle block I/O with level-dependent block sizes. We generalizefrom two to many levels the Hong-Kung lower bound on the number of times datamust move between adjacent levels in a memory hierarchy and give a new and muchsimpler method of proof. We exhibit problems for which we achieve the minimalnumber of I/O operations (up to a multiplicative factor) simultaneously at all levelsof the hierarchy when data can be moved in blocks of size 1. With larger blocks weachieve minimal or near-minimal bounds. As a consequence, we can now answer moreprecise questions about the e�ciency of a memory hierarchy for a class of problems.These techniques can be extended to other problems. In the standard MHG upperbounds on the S-span of the graph of a problem provide lower bounds on the numberof I/O operations in a multi-level memory hierarchy for that problem. Thus, thetask of deriving lower bounds on I/O operations is reduced to that of computing theS-span of a graph.Our lower bounds apply to straight-line computations. As suggested in the Intro-duction, it may not be possible to provide e�cient prefetching in memory hierarchieswith many levels if algorithms do a lot of branching. This may lead to recommenda-tions that users write straight-line code, in which case our results apply.The cost of increasing CPU speeds is growing rapidly, making parallel machinesmore attractive. To fully exploit parallelism it will be necessary to provide high-speedparallel memory hierarchy systems. We need a much better understanding of parallelI/O systems if we are going to meet this challenge.Acknowledgements This work was begun while the author was on sabbatical leavein the Department of Computer Science,Warwick University, Coventry, England. Theauthor gratefully acknowledges the hospitality and support of the faculty and sta�of the Department, particularly Mike Paterson and the Chair, Graham Nudd. Theauthor also gratefully acknowledges the comments of David Carlson.26
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