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Database Query Languages Embedded inthe Typed Lambda Calculus�Gerd G. Hillebrandy Paris C. Kanellakisz Harry G. MairsonxAbstractWe investigate the expressive power of the typed �-calculus when expressing computations over�nite structures, i.e., databases. We show that the simply typed �-calculus can express variousdatabase query languages such as the relational algebra, �xpoint logic, and the complex objectalgebra. In our embeddings, inputs and outputs are �-terms encoding databases, and a programexpressing a query is a �-term which types when applied to an input and reduces to an output.Our embeddings have the additional property that PTIME computable queries are expressible byprograms that, when applied to an input, reduce to an output in a PTIME sequence of reductionsteps. Under our database input-output conventions, all elementary queries are expressible inthe typed �-calculus and the PTIME queries are expressible in the order-5 (order-4) fragmentof the typed �-calculus (with equality).1 IntroductionTLC Motivation and Background: The simply typed �-calculus of Church [12] (typed �-calculus or TLC for short) with its syntax and operational semantics is an essential part of anyfunctional programming language. For example, TLC is a core subset of all state-of-the-art func-tional languages such as ML, Haskell, Miranda, etc. TLC together with let-polymorphism [22, 38]is often informally referred to as core-ML. In this paper, we investigate the expressive power of TLCfrom the point of view of expressing computations over �nite structures. In other words, we studythe ability of TLC to express database queries.Our interest in database computations is in marked contrast to the classical approach to TLCexpressibility, which considers computations over Church numerals (see, e.g., [4, 16, 42]). There areseveral results characterizing the expressive power of TLC over Church numerals, but the pictureis somewhat complex. If inputs and outputs are Church numerals typed as Int (where Int � (� !�) ! � ! � for some �xed �), Schwichtenberg [42] and Statman showed that the expressiblemulti-argument functions of type (Int; : : :; Int) ! Int (or equivalently, Int ! � � � ! Int ! Int) areexactly the extended polynomials , i.e., the functions generated by 0 and 1 using the operationsaddition, multiplication and conditional. If inputs and outputs are Church numerals given morecomplex types than Int, exponentiation and predecessor can also be expressed. However, Statman(as quoted in [16]) showed that equality, ordering, and subtraction are not expressible in TLC forany typing of Church numerals.�A preliminary version of the work presented here appeared in [25].yDept. of Computer Science, Brown University, Box 1910, Providence, RI 02912. Research supported by ONRContract N00014-91-J-4052, ARPA Order 8225.zDept. of Computer Science, Brown University, Box 1910, Providence, RI 02912. Research supported by ONRContract N00014-91-J-4052, ARPA Order 8225.xDept. of Computer Science, Brandeis University, Waltham, MA 02254. Research supported by NSF GrantCCR-9017125 and by Texas Instruments. 1



These classical expressibility results have cast a negative and slightly confusing light on thepossible encodings of computations in TLC. Simple types have been criticized for limiting 
exibilityin programs, but they have also been criticized for limiting expressibility. These criticisms haveprovided some motivation for examining more powerful typed calculi, such as the Girard-Reynoldssecond-order �-calculus [17, 41] (adding polymorphism via type quanti�cation) or Milner's ML[22, 38] (adding monomorphic �xpoints and let-polymorphism). We believe that the criticismof TLC in
exibility is justi�ed, although hard to quantify. The criticism of TLC expressibility isunjusti�ed, and a theme of this paper is to quantify how rich a framework TLC is for expressingcomputations, provided that the right setting is chosen.In fact, it is well known that provably hard decision problems can be embedded into TLC. Thisfollows from a theorem of Statman that deciding equivalence of normal forms of two well-typed�-terms is not elementary recursive [43]. The proof in [43] uses a result of Meyer concerning thecomplexity of decision problems in higher-order type theory [37]. A simple proof of both theseresults appears in [35]. However, there are a number of di�culties when one tries to turn theseproofs into frameworks for computations. They do not separate the �xed program (representinga function) from the variable data (representing the input). They use computational overkill forlower complexity classes. Speci�cally, the Powerset construction, crucial to all of the proofs, addsexponential factors to the computation. For example, a simulation of quadratic time is forced totake at least an exponential number of reduction steps in these constructions.One way of avoiding the anomalies associated with representations over Church numerals wasrecently demonstrated by Leivant and Marion [33] for an \impure" version of TLC. By augmentingthe simply typed �-calculus with a pairing operator and a \bottom tier" consisting of the freealgebra of words over f0; 1g with associated constructor, destructor, and discriminator functions,they obtain a simple characterization of the computational complexity class PTIME.In this paper we re-examine the question of representing functions in the \pure" TLC, asopposed to \impure" versions. However, we use encodings of �nite models or �nite �rst-orderrelational structures (databases for short) instead of Church numerals. Thus, we are changing theproblem from encoding numerical functions to encoding generic set functions, i.e., database queries.For our input and output databases we use standard techniques of encoding lists and tuples in thetyped �-calculus. Queries are then encoded as well-typed �-terms that apply to encodings of inputrelations and reduce to an encoding of the output relation. For notational convenience, we useTLC=, the typed �-calculus with atomic constants and an equality on them, and the associated�-reduction of [4, 12]. This is not essential for our analysis. In Section 2.4, we show how to encodeatomic constants and equality in TLC.Our change of data representation, i.e., the framework of �nite model theory instead of arith-metic on Church numerals, has some interesting consequences, because it takes us into the realmof database query languages .DB Motivation and Background: Database query languages have been motivated by Codd'swork on relational databases [14] and have been studied in the context of �nite model theory , e.g.,[9, 10, 11, 15, 27, 46, 48]. Database queries, i.e., the functions from �nite models to �nite modelsexpressed in various languages, have been classi�ed based on their complexity. The most commonlyused measure is the one of data complexity of [10, 48], where the program expressing a query is �xedand the input data is variable. For example, the PTIME queries are those with data complexitythat is polynomial in the size of the input.Relational algebra [14], Datalog and Datalog with Negation [30] (written as Datalog:), andvarious �xpoint logics [3, 10, 11, 20, 32] express practically interesting sets of database queries,2



all subsets of the PTIME queries. In addition, as shown in [27, 48], every PTIME query canbe expressed using �xpoint queries on ordered structures; and, as shown in [3], it su�ces to useDatalog: syntax under a variety of semantics (e.g., in
ationary) to express the various �xpointlogics.Complex object databases have been proposed as a signi�cant extension of relational databases,with many practical applications; see [2] for a recent survey. Well-known languages in this area arethe complex object algebras with or without Powerset of [1]. For the analysis of expressibility ofthe complex object algebra with Powerset we refer to [26, 31] and without Powerset to [39]. Notethat, although Powerset in [1] is powerful (as are the second order queries in [10, 15, 46]), it is animpractical primitive, and much attention has been given to algebras without Powerset for PTIMEqueries.An elegant way of manipulating complex object databases, related to our paper, is based onfunctional programming. There has been some practical work in database query languages in thisarea, e.g., the early FQL language of [8] and the more recent work on structural recursion as aquery language [6, 7, 28]. One important di�erence of the framework developed here from [6, 7, 28]is that we use the \pure" TLC without any added recursion operators (the equality predicate andatomic constants used in our presentation are not essential for our results).Contributions: The topic of this paper is how to embed database query languages in the typed�-calculus with (and without) atomic constants and an equality predicate on these constants. Weconsider three requirements:1. inputs and outputs are �-terms encoding �nite sets of tuples for relational databases, or morearbitrary combinations of �nite sets and tuples for complex object databases,2. programs are �-terms which type when applied to an input, reduce to an output, and expressinput-output functions that are database queries of interest,3. there is a reduction strategy for the application of the program to the input, such that theoutput normal form is produced e�ciently by the reductions (i.e., in time polynomial in thesize of the input) when the functions expressed are PTIME queries.Requirements (1{2) above give us embeddings , in the sense of expressing queries of interest.The additional requirement (3) is important if one wishes to consider the typed �-calculus as afunctional database query language operating by reduction. We call embeddings that satisfy (1{3)PTIME-embeddings .It is implicit in the literature [35, 37, 43] that, under our input-output conventions but withoutconsidering an e�cient reduction strategy, all elementary functions are expressible (where this classof functions includes PTIME, NP, PSPACE, EXPTIME, k-EXPTIME, etc. [40]). For all practicalpurposes, ELEMENTARY is a powerful complexity class with a somewhat misleading name; toquote from [40]: \the optimism in this term may seem a little overstated; the term was introducedin the context of undecidability." Thus, our �nite model input-output conventions illustrate thenontrivial power of TLC.Our new contribution here is that we provide PTIME-embeddings of various practical querylanguages. The main result of this paper is: It is possible to PTIME-embed in the typed �-calculuswith equality the following database query languages: the relational algebra, in
ationary Datalogwith negation, and the complex object algebra. For all these languages we can adapt the frameworkto eliminate atomic constants and equality (see Section 2.4).3



In all the PTIME-embeddings of this paper, the reduction strategies are described as part ofthe proofs and are simple (in fact, we use \eager" reduction in all but a few cases). They are easilyimplementable in PTIME on any Turing Machine implementation of TLC.We also study syntactically restricted fragments of the full TLC de�ned using the standardnotion of functionality order (cf. Section 2.1). Using the characterization of PTIME by [27, 48]and a slightly modi�ed encoding of databases, we prove: It is possible to embed all PTIME queriesin order 4 TLC=. Here we must keep equality as part of the setting, i.e., its removal would raisethe order. Without equality, it is possible to embed all PTIME queries in order 5 TLC. However,these embeddings are not PTIME-embeddings in the sense above, because they do not come withPTIME reduction strategies. Turning them into PTIME-embeddings requires a change in thecomputational engine, i.e., the TLC reduction mechanism (this is carried out in [23, 24]).The deus ex machina of this paper is list iteration|primitive recursion on lists. While certainlyless powerful than unbounded recursion, it does what we need. The list iteration technologydeveloped in our proofs, e.g., duplicate elimination in relational algebra or implementing iterationin Datalog is interesting. Also, the \type-laundering" constructions are somewhat involved. let-polymorphism would have greatly simpli�ed them, but would have taken us outside TLC.From a programmer's point of view, we illustrate how simply typed LISP [36] can accomplisha great deal with lambda, even without using recursion on names or �xpoint combinators!From a database query language perspective, our PTIME-embeddings indicate that the typed �-calculus, with its syntax, semantics and reduction strategies, can be viewed as a unifying functionalframework that is between the declarative calculi and the procedural algebras. After all it is calleda calculus, but reductions are procedural.Organization of the paper: In Section 2, we set out our framework. Section 2.1 presentsthe necessary background on the \pure" TLC and on an \impure" variant with equality, TLC=.Section 2.2 outlines the basics of list iteration. Section 2.3 describes our input-output conventionswith atomic constants and equality in detail, and Section 2.4 discusses how to encode atomicconstants and equality in the \pure" TLC.In Section 3, we PTIME-embed relational algebra (and by [14], relational calculus) into TLC=by encoding the relational algebra operators. The encodings are mostly straightforward, but somecare is needed to eliminate duplicate tuples from the output.In Section 4, we PTIME-embed Datalog: into TLC= by encoding �xpoint queries. We �rstiterate relational algebra expressions without satisfying all typing requirements in Section 4.1. Thetyping requirements are taken care of in Section 4.2, using a technique one can describe as \type-laundering." To illustrate the embedding, Section 4.3 contains the representation of the transitiveclosure query as a detailed example.In Section 5, we PTIME-embed the complex object algebra (and by [1], the complex object cal-culus) into TLC=. We �rst present a concise de�nition of this algebra from [2] (Section 5.1). Thereare two tasks. The �rst is to PTIME-embed the algebra without Powerset; this is accomplishedin Section 5.2. The second is to embed the Powerset operator; this is accomplished in Section 5.3using additional \type-laundering" technology.In Section 6, we modify our earlier embeddings to minimize the functionality order. This leadsto an embedding of QPTIME (the class of all PTIME queries) in order 4 TLC= and order 5 TLC.We conclude with some open problems in Section 7.4



2 The Typed �-Calculus with Equality (TLC=)2.1 TLC and TLC= Syntax and SemanticsTLC: The syntax of TLC types is given by the grammar T � � j (T ! T ), where � ranges overa set of type variables f�;�; � ; : : :g. For example, � is a type, as are (� ! �) and (� ! (� ! �)).In the following, �;�; 
; : : : denote types. We omit outermost parentheses and write � ! � ! 
for �! (� ! 
).The syntax of TLC terms or expressions is given by the grammar E � � j (EE) j ��: E , where� ranges over a set of expression variables fx; y; z; : : :g and where expressions are well-typed asoutlined below. In the following, E;F ;G : : : denote expressions. We omit outermost parenthesesand write EFG for (EF )G.Typability of expressions is de�ned by the following inference rules, where � is a function fromexpression variables to types, and � + fx:�g is the function �0 updating � with �0 (x) = �:(Var) � + fx:�g ` x:�(Abs) � + fx:�g ` E:�� ` �x:E:�! �(App) � ` E:�! � � ` F :�� ` (EF ):�We call a �-term E well-typed (or equivalently a term of TLC) and � a type of E, if � ` E:� isderivable by the above rules, for some � and �.The operational semantics of TLC are de�ned using reduction. For well-typed �-terms E;E0, wewrite E >� E 0 (�-reduction) when E0 can be derived from E by renaming of a �-bound variable,for example �x: �y: y >� �x: �z: z. We write E >� E 0 (�-reduction) when E 0 can be derivedfrom E by replacing a subterm in E of the form (�x: F )G (called a redex) by F [x:= G] (F withG substituted for all free occurrences of x in F ). In the following, we identify �-convertible termsand assume that names of bound variables are chosen to be distinct from each other and from allfree variables. See [4] for details of this \variable convention", standard de�nitions of substitutionand �- and �-reduction for both the typed and untyped �-calculus, and other reduction notionssuch as �-reduction.Let > be the re
exive, transitive closure of >� . Note that, reduction preserves types.Curry vs Church Notation: In the above de�nition, we have adopted the \Curry View" of TLC,where types can be reconstructed for unadorned terms using the inference rules. We could havechosen the \Church View," where types and terms are de�ned together and �-bound variables areannotated with their type (i.e., we would have �x:�:E instead of �x:E). In our encodings belowwe usually provide \Church style" type annotations to prove that the terms are indeed well-typed.TLC=: We obtain TLC= by enriching TLC with: (1) a type constant o, (2) a countably in�niteset fo1; o2; : : :g of expression constants of type o, and (3) an expression constant Eq of type o !o ! � ! � ! � (where � is some �xed type variable). The type inference rules for TLC= are thoseof TLC augmented with axioms oi: o (i = 1; 2; : : :) and Eq: o ! o ! � ! � ! � . The reductionrules of TLC= are obtained by enriching the operational semantics of TLC as follows. For everypair of constants oi; oj , we add to > the reduction rule (known as a �-reduction rule):(Eq oi oj) > ��x: �: �y:�: x if i = j,�x: �: �y:�: y if i 6= j5



and then close > transitively again. Note that this augmented notion of reduction also preservestypes. The motivation behind the Eq reduction rules is the desire to express statements of the form\if x = y then E else F"|with the above rules, this can be written simply as (Eq x y E F ).A �-term from which no reduction is possible is in normal form. TLC and TLC= enjoy thefollowing properties, see [4, 21]:1. Church-Rosser property: If E > E 0 and E > E 00, then there exists a �-term E 000 such thatE0 > E 000 and E 00 > E 000.2. Strong normalization property: For each E, there exists an integer n such that if E > E0,then the derivation involves no more than n individual reductions.3. Principal type property: A well-typed �-term E has a principal type, that is a type fromwhich all other types can be obtained via substitution of types for type variables.4. Type reconstruction property: One can show that given E it is decidable whether E is a well-typed �-term and the principal type of this term can be reconstructed. Also, given � ` E:�,it is decidable if this statement is derivable by the above rules. (Both these algorithms use�rst-order uni�cation and reconstruct types. They work with or without type annotationsand with or without constants). TLC and TLC= type reconstruction is linear-time in thesize of the program analyzed.5. Completeness of Equational Reasoning: ��-equality completely characterizes validity in TLCmodels. See [21, 44, 45] for details and for many semantic properties of TLC.Functionality Order: The order of a type, which measures the higher-order functionality ofa �-term of that type, is de�ned as order (�) = 0, if � is a type variable or type constant, andorder (�) = max (1 + order (�); order (
)), if � is an arrow type � ! 
. We also refer to the orderof a well-typed �-term as the order of its principal type. The above de�nitions and properties holdfor fragments of TLC and TLC=, where the order of terms is bounded by some �xed k. In suchfragments we use the above inference rules (Var), (Abs), and (App), but with all types restrictedto order k or less.2.2 List Iteration: Some ExamplesWe brie
y review how list iteration works. Let fE1;E2; : : :;Ekg be a set of �-terms, each of type �;then L � �c: �n: cE1 (cE2 : : : (cEk n) : : :)is a well-typed �-term with principal type (� ! � ! �) ! � ! �, where � is a type variable.We abbreviate this list construction as [E1;E2; : : :;Ek]; the variables c and n abstract over the listconstructors Cons and Nil. In functional programming terminology, [E1;E2; : : :;Ek] is a partiallyevaluated foldr operator with its list argument �xed.1To understand how list iteration works, think of L as a \do"-loop de�ned in terms of a \loopbody" c and a \seed value" n. The loop body is invoked once for every element in L, starting fromthe last and proceeding backwards to the �rst. (By Church-Rosser and strong normalization, all1If we had written L as �c: �n: (c (: : : (c (cnE1)E2) : : :)Ek), we would have obtained a partially evaluated foldloperator. Both representations are equivalent in terms of expressive power, since we can go from one to the other byreversing the order of E1; E2; : : :; Ek and swapping the arguments of c.6



evaluation orders lead to the same results.) At every invocation, the loop body is provided withtwo arguments: the current element of the list and an \accumulator" containing the value returnedby the previous invocation of the loop body (initially, the accumulator is set to n). From thesedata, the loop body produces a new value for the accumulator and the iteration continues with theprevious element of L. Once all elements have been processed, the �nal value of the accumulatoris returned.As an example, consider the problem of determining the parity of a list of Boolean values. Astandard encoding of Boolean logic uses True � �x: �: �y:�: x and False � �x: �: �y:�: y, both oftype Bool � � ! � ! � . The exclusive-or function can be written asXor � �p:Bool: �q:Bool: �x: �: �y:�: p (q y x) (q x y):To compute the parity of a list of Boolean values, we begin with an accumulator value of False andthen loop over the elements in the list, setting at each stage the accumulator to the exclusive-or ofits previous value and the current list element. Thus, the parity function can be written simply as:Parity � �l: (Bool ! Bool ! Bool)! Bool ! Bool: lXor False:If L is a list �c: �n: cE1 (cE2 : : : (cEk n) : : :), the term (Parity L) reduces toXor E1 (Xor E2 : : :(XorEk False) : : :);which indeed computes the parity of E1; : : :;Ek. Unlike circuit complexity, the size of the programcomputing parity is constant, because the iterative machinery is taken from the data, i.e., the list L.As another example, to compute the length of a list, we de�neLength � �l: (�! Int ! Int)! Int ! Int: l (�x:�: Succ)Zero;where Succ � �n: (� ! �) ! � ! �: �s: � ! �: �z: �: n s (s z) and Zero � �s: � ! �: �z:�: z codesuccessor and zero on the Church numerals (of type Int � (� ! �)! � ! �). The variable x in the\loop body" �x:�: Succ serves to absorb the current element of l; the successor function is thenapplied to the accumulator value.These two simple examples point already to a restriction imposed by the simply typed �-calculus:its lack of polymorphism. There are two facets to this problem.(1) A list L of Booleans has principal type � � (Bool ! � ! �) ! � ! �, where � is a typevariable. To type Parity L, we must type L with Bool � � ! � ! � substituted for �, which wewrite as � [�:= Bool]. Similarly, to type LengthL, we need to type L as � [�:= Int]. Thinkingof the principal type � of L as a \clean" type, in both instances we see that the type of L mustbe \contaminated" or \raised" to provide the primitive recursive iterator. If we want to use L intwo di�erent contexts requiring di�erent substitution instances of its principal type, this poses aproblem. The problem can be solved by de�ning a \type-laundering" operator that transforms a\contaminated" list, e.g., L:� [�:= Int], into a \clean" list of type just �.(2) If we do not want to \contaminate" the type at all, this poses yet another di�culty. Thisproblem can sometimes be handled by \type-clean" encodings. Revisiting the length example wecan use Length � �l: (�! �! �)! �! �: �s:�! �: �z:�: l (�x:�: s) z, where l is used to iterateover objects of lower type.Both \type-laundering" and \type-clean" encoding techniques are exploited repeatedly in thefollowing sections. 7



2.3 Databases as �-TermsWe compute on �nite models. Inputs and outputs of a computation are �nite models or databases ,which are encoded according to De�nition 2.1. To motivate the encoding conventions postulatedthere, let us illustrate step by step how to build relational data structures in TLC=.Let D = fo1; o2; : : :g be the set of atomic constants, of type o, of the TLC= calculus. We assumethat the same set of constants also serves as the universe over which all �nite models are de�ned.Let � be the �xed type variable used in the typing Eq: o ! o ! � ! � ! � .Boolean values are represented byTrue: � ! � ! � � �u: �: �v:�: u; False: � ! � ! � � �u: �: �v:�: v:We abbreviate the type � ! � ! � as Bool. Note that under this convention the type of Eq becomeso ! o ! Bool and the reduction rules for Eq assume the more transparent form (Eq oi oj) > Trueif i = j, (Eq oi oj) > False if i 6= j. Also, if E is of type Bool and F and G are of type � , we canwrite (E F G) to simulate the conditional \if E then F else G."Tuples are represented as follows: if E1; : : :;Ek are �-terms of type �1; : : :; �k , thenhE1; : : :;Eki: (�1 ! � � � ! �k ! �)! � � �f :�1 ! � � � ! �k ! �: f E1 : : :EkWe abbreviate the type (�1 ! � � � ! �k ! �) ! � as �1 � � � � � �k or, if �i � � for 1 � i � k,as �k . In particular, ok is the abbreviation for the type of a k-tuple of atomic constants. Note that�1 is di�erent from �: it denotes the type (� ! �) ! � . The representation of tuples is chosento make it easy to extract their components: the ith component of a k-tuple T is produced by theexpression (T (�x1 : : :�xk: xi)), as the reader may verify.Lists are represented as described above: if E1; : : :; Ek are �-terms of type �, then[E1; : : :; Ek]: (�! � ! �)! � ! � � �c:�! � ! �: �n:�: c E1 (cE2 : : :(cEk n) : : :)We abbreviate the type (� ! � ! �) ! � ! � as f�g. Substitution instances of this type, wherea type � has been substituted for � , are written as f�g [� := �]. Note the di�erence between listsand tuples: a tuple represents a collection of a �xed number of terms of varying type, whereas alist represents a collection of a variable number of terms of a �xed type.Relations are represented as duplicate-free lists of tuples of constants. An example encoding ofa relation is given in De�nition 2.1 below. We usually type a k-ary relation as fokg, but sometimeswe use a \contaminated" type fokg [� := �], where � is some type expression.Queries are represented by TLC= terms with the property that, when applied to encodingsof (the proper number of) input relations (of the proper arities), the combined term: (1) types,(2) reduces to an encoding of the desired output relation, and (3) produces the same output relationindependent of the order in which tuples are listed in the input encodings. Our encodings of queriesmake sure that their output is duplicate-free, provided that the input is duplicate-free.Let us state our encoding conventions precisely:De�nition 2.1 Let R = f(o1;1; o1;2; : : :; o1;k); (o2;1; o2;2; : : :; o2;k); : : :; (om;1; om;2; : : :; om;k)g � Dk bea k-ary relation over D. An encoding of R, denoted by R, is a �-term:�c: �n:(c (�f: f o1;1 o1;2 : : :o1;k)(c (�f: f o2;1 o2;2 : : : o2;k)� � �(c (�f: f om;1 om;2 : : : om;k)n) : : :))8



in which every tuple of R appears exactly once. Note that there are many possible encodings, onefor each ordering of the tuples in R.Let (k1; : : :; kl; k) be a set of arities. A query term of arity (k1; : : :; kl; k) is a TLC= term Qwith the following properties.1. Typability: For all encodings R1; : : :; Rl of relations of arities k1; : : :; kl over D, the term(QR1 : : :Rl) is well-typed in TLC=.2. Well-formed output: For all encodings R1; : : :; Rl of relations of arities k1; : : :; kl over D, theterm (QR1 : : :Rl) reduces to a normal form R which is the encoding of a k-ary relation R.3. Encoding independence: If R1; : : :;Rl and R10; : : :;Rl0 are encodings of the same input rela-tions R1; : : :;Rl, then the normal forms of (QR1 : : :Rl) and (QR10 : : :Rl0) are encodings ofthe same output relation R. We call R the output of Q on inputs R1; : : :; Rl, and we call themapping (R1; : : :; Rl) 7! R the database query expressed by Q.This de�nition will be used in our embeddings of relational algebra and �xpoint queries in thenext two sections. We will generalize it for the complex object algebra so as to encode complexobject databases (in Section 5) and modify it for minimizing the functionality order (in Section 6).Let us comment on a few aspects of our de�nition of query terms.Syntactic vs. semantic conditions: The above de�nition of query terms is semantic in the sensethat its three conditions should hold for all encodings of relations over D of arities k1; : : :; kl. Thisraises the question: Given arities (k1; : : :; kl; k) and a TLC= term Q, is Q a query term? In general,this is undecidable. However, for the embeddings constructed in the next sections, the conditionsare easily veri�ed and this is part of our proofs. One might also ask whether conditions (1){(3) canbe made syntactic by translating them into constraints on the type of Q. For condition (1), this istrue, because the typing of a term (QR1 : : :Rl) is essentially independent of the size of R1; : : :;Rl.For conditions (2) and (3), this fails, because encodings of relations cannot be characterized bytheir types (there are TLC= terms of type fokg that are not encodings of relations, and di�erentencodings of the same relation are indistinguishable at the type level).Genericity: Without condition (3), a query term would only de�ne a mapping from encodingsof relations to encodings of relations, not necessarily from relations to relations. It is possible towrite �-terms that satisfy conditions (1) and (2), but not (3) (cf. the First operator used in theimplementation of projection in Section 3). This seems inherent in our framework, since the �-calculus does not provide unordered sets as primitive objects. Note that, condition (3) and the factthat atomic constants are not distinguishable by the Eq-reduction rules, enforce genericity in thesense of [10]. To see this, consider a query term Q, input relations R1; : : :; Rl forQ, and a bijection �of D that acts as the identity on the constants appearing in Q. Let R be the relation encoded bythe normal form of (QR1 : : :Rl), � (Ri) be the image of Ri under the canonical extension of � tostructures over D, and � (Ri) be the TLC= term that arises from Ri by replacing every constantwith its image under �. Observe that � (Ri) is an encoding of � (Ri), so by condition (3), the outputof Q on inputs � (R1); : : :; � (Rl) is encoded by the normal form of (Q� (R1) : : : � (Rl)). Considernow a reduction sequence leading from (QR1 : : :Rl) to its normal form R. If we replace everyconstant occurring in this reduction sequence by its image under �, we obtain a valid reductionsequence leading from � (QR1 : : :Rl) � (Q� (R1) : : :� (Rl)) to � (R). (This is because di�erentconstants have di�erent images under �, so the outcome of any Eq-reductions is una�ected by �.)It follows that the output of Q on inputs � (R1); : : :; � (Rl) is given by � (R), so Q represents ageneric query.Typing inputs and outputs: The de�nition of a query term requires that for legal inputs theprogram type checks and produces a legal output in a generic way. In imposing these conditions, we9



are as 
exible as possible with the typings of legal inputs and outputs. In particular, we allow thetypes of inputs and outputs to di�er. For example, the type assigned to an input Ri in a particularquery (QR1 : : :Rl) may be of the form fokig [� := �i], where �i is some type expression, whereasthe type assigned to an output R may be of the form fokg. This is di�erent from the setting of[16, 42], but necessary to express queries beyond relational algebra. We type k-ary relations as fokgfor inputs and outputs in Section 3 and for outputs in Section 4. We use the less restrictive typingfokg [� := �], where � is some type expression, for inputs in Section 4. The typing of inputs andoutputs for Section 5 is explained in detail in the description of the Powerset operator there.When a query term Q expresses a database query q, we say that q can be embedded into TLC=.This is purely a measure of expressive power. In practice, we also want e�cient embeddings, inthe sense that PTIME queries should be expressed by �-terms that can be evaluated in polynomialtime. However, computation in TLC= is a nondeterministic reduction process that does not imme-diately correspond to a machine model, so it is not obvious what is meant by \can be evaluated inpolynomial time."One desirable condition is that there exists a sequence of reduction steps that produces thenormal form in a polynomial number of steps using intermediate terms of at most polynomialsize. In this case, a nondeterministic Turing machine that \guesses" the right redexes to contractcan compute the normal form in polynomial time, since each reduction step requires at mosta polynomial number of moves. We adopt the following deterministic version of this (weaker)existential condition.De�nition 2.2 A reduction strategy  is a mapping from non-normal-form �-terms to occurrencesof redexes in these terms. A reduction sequence is carried out according to  if for each reductionstep E > E 0 in the sequence, the redex contracted is the one given by  (E). Given a �-term Qand a family of �-terms I = fI1; I2; : : :g such that (QIj) is well-typed for all j,  is a PTIMEreduction strategy for Q and I if:1. The normal form of (QIj) can be computed in a number of reduction steps polynomial in thesize of Ij if the reductions are carried out according to  .2. All intermediate terms occurring during the reduction of (QIj) in (1) above are of size atmost polynomial in the size of Ij.3.  is computable, and the computation of  (E) for all intermediate terms E occurring duringthe reduction of (QIj) can be carried out in time polynomial in the size of Ij.De�nition 2.3 Let q be a PTIME database query mapping l relations of arities k1; : : :; kl to arelation of arity k. A PTIME-embedding of q into TLC= is a pair (Q; ), where Q is a TLC=query term of arity (k1; : : :; kl; k) expressing q (see De�nition 2.1) and  is a PTIME reductionstrategy for Q and the family of encodings of relations of arities k1; : : :; kl (see De�nition 2.2).PTIME-embeddings are interesting because they capture e�cient functional (i.e., reduction)computations. For such embeddings, the time needed to evaluate a query by executing the reductionsequence on a sequential machine (such as a Turing Machine implementing TLC= reduction) ispolynomial in the size of the inputs. The PTIME-embeddings we present in the following sectionsin fact all use very simple reduction strategies (except for a few cases, they use \eager" or \call-by-value" reduction, where a redex (�x:M)N is contracted only after N has been fully reduced),and their running time on a sequential machine typically matches that of a naive implementationof the corresponding queries in a procedural language.10



2.4 Encoding Constants and EqualityAs mentioned in the introduction, the presence of atomic constants and an equality predicate is notessential for the expressive power of TLC. We present here a simple way of encoding these \impure"features using \pure" TLC terms. For another way of coding up equality on �nite domains see [35].Let A = fo1; o2; : : :; oNg be the set of constants occurring in a particular input. We call this�nite set the active domain. Given A, we code the constant oi as the projection function�Ni � �x1 : : : �xN : xitypable as ! � � ! � � � ! � , where the number of � 's is N + 1 and depends on the size of theactive domain. The equality predicate is coded as the termEqN � �p: �q: �u: �v: p (q u N�1z }| {v : : : v) (q v u N�2z }| {v : : : v) : : :(q N�1z }| {v : : :v u)typable as ! ! ! ! Bool which, when applied to two projection functions �Ni and �Nj , reduces to�u: �v: u if i = j and to �u: �v: v otherwise.The input is then encoded in the usual way, except that database constants are replaced bytheir corresponding projection functions. Since the encoding of Eq now depends on the size of theactive domain, Eq has to be part of the input. So Eq has to be �-bound at the outermost level ofthe query term.With these modi�cations, query terms described in the following sections express the samequeries and can be evaluated with similar PTIME reduction strategies. They are typable in TLCas they are in TLC= with ! instead of o. Thus, the conditions of De�nitions 2.1 and 2.3 are stillsatis�ed (at the price of having the typings depend in a uniform fashion on the input size).3 Coding Relational AlgebraWe begin by demonstrating how the relational algebra operators of [14] can be represented in thesimply typed �-calculus with equality. This involves coding the following operators, where t; t0denote tuples and R;S relations, that is, sets of tuples (see [47] for more details):� Intersection, de�ned by Intersection (R;S) = ft j t 2 R ^ t 2 Sg, where arity (R) = arity (S);� Setminus, de�ned by Setminus (R;S) = ft j t 2 R ^ t =2 Sg, where arity (R) = arity (S);� Union, de�ned by Union (R;S) = ft j t 2 R _ t 2 Sg, where arity (R) = arity (S);� Times, de�ned by Times (R; S) = ft t0 j t 2 R ^ t0 2 Sg, where t t0 denotes the concatenationof t and t0;� Select�, de�ned by Select� (R) = ft j t 2 R ^ t = (x1; : : :; xk) ^ �g, where � is a comparisonof the form xi = xj or xi = oj ;� Projecti1:::il , de�ned by Projecti1:::il (R) = ft0 j t 2 R ^ t = (x1; : : :; xk) ^ t0 = (xi1 ; : : :; xil)g.Intersection can be expressed in terms of the other operators, but we include it here anyway becauseof its simplicity.Every operator is coded as a �-term that takes one or two relations in the list-of-tuples formatdescribed in De�nition 2.1 as input and produces another relation in the same format as output.The terms do not place any constraints on the type variable � occurring free in their input andoutput types, so the output of one term can be used as input for another. Thus, arbitrary relationalalgebra expressions can be coded by nesting the �-terms corresponding to the individual operators.11



Equal: As a �rst example, we present a fairly simple term Equalk that tests two k-tuples�f: f oi1 : : :oik and �f: f oj1 : : : ojk for equality. The result of the comparison is a Bool, i.e., theterm �u: �v: u if the comparison comes out true and �u: �v: v otherwise. The code depends on thearity of the tuples involved, so we use the subscript k to indicate that this particular term worksfor k-tuples.Equalk: ok ! ok ! Bool ��t: ok: �t0: ok:�u: �: �v:�:t (�x1: o : : :�xk: o:t0 (�y1: o : : :�yk: o:(Eq x1 y1(Eq x2 y2� � �(Eq xk yk u v) : : :v) v)))Here, Eq denotes the equality predicate for constants, of type o ! o ! Bool. Once t and t0 areinstantiated with tuples �f: f oi1 : : :oik and �f: f oj1 : : : ojk , all (Eq xi yi) terms reduce to eitherTrue � �u: �v: u or False � �u: �v: v. Hence the \body"�u: �: �v:�:t (�x1: o : : :�xk: o:t0 (�y1: o : : :�yk: o:(Eq x1 y1(Eq x2 y2� � �(Eq xk yk u v) : : : v)v)))of the Equalk predicate reduces to �u: �v: u if oil = ojl for all l 2 f1; : : :; kg and to �u: �v: votherwise.We adopt the following reduction strategy for terms of the form (Equalk T T 0). We assumethat the arguments T and T 0 are already fully reduced. If either T or T 0 is not an encoding�f: f oi1 : : :oik of a tuple, no further reductions are performed (we will see that this never happenswhen we discuss the reduction strategies for the query terms that use Equal). Otherwise, T and T 0are substituted into the body of the Equalk predicate and the leftmost redexes are resolved, leadingto the substitution of constants for the variables x1; : : :; xk and y1; : : :; yk . Then, the Eq predicatesare evaluated from left to right until the �nal normal form|either �u: �v: u or �u: �v: v|is reached.Clearly, this is always the case after at most O (k) reduction steps total.Member: The following term checks whether a k-tuple �f: f oi1 : : :oik occurs in a list of k-tuples�c: �n: c T1 (c T2 : : : (c Tmn) : : :) by comparing the tuple to every element of the list.Memberk: ok ! fokg ! Bool ��t: ok: �r:fokg:�u: �: �v:�:r (�t0: ok: �p:�: (Equalk t t0)u p) v 12



For example, (Member2 h1; 2i [h3; 4i; h5;6i]) reduces to�u: �v: (Equal2 h1; 2i h3; 4i) u ((Equal2 h1; 2i h5; 6i)u v);which in turn reduces to �u: �v: v � False, because both (Equal2 : : :) terms evaluate to False.Our reduction strategy for terms of the form (Memberk T R) is as follows. We assume thatT and R are already in normal form. If they are not the encoding of a tuple and a relation,respectively, no further reductions are performed (we will see that this never happens when wediscuss the reduction strategies for the query terms that use Member). Otherwise, T and R aresubstituted into the body of the Member predicate and a copy of the \loop body" (Equalk T t0) u pis evaluated once for every tuple in R, beginning with the last tuple and proceeding backwards tothe �rst. At each step, the current tuple of R is substituted for t0 and the result of the previousiteration (initially v) is substituted for p. Since both arguments to Equal are now encodings oftuples, the reduction strategy for Equal described above applies and produces the result of thecomparison in O (k) steps. This result, a Bool, is then applied to u and p in order to select thevalue to pass on to the next stage.With this reduction strategy, the �nal result can be determined in O (kjRj) reduction steps,where jRj is the cardinality of the relation encoded by R. The same bound holds for the size ofintermediate terms.Note that there are also \bad" reduction strategies leading to intermediate terms of exponentialsize. This happens, for example, if in a term (Memberk T R) with T coding a tuple and R codinga relation, all �-redexes are resolved before any Eq-redexes.With the aid of Equal andMember, we can now code the set-theoretic operators of the relationalalgebra:Intersection: To intersect two k-ary relations R and R0, we build a new relation by \walkingdown" R and testing each tuple for membership in R0. If the tuple occurs in R0, it is included inthe output, otherwise it is ignored.Intersectionk: fokg ! fokg ! fokg ��r:fokg: �r0: fokg:�c: ok ! � ! �: �n: �:r (�t: ok: �p: �: (Memberk t r0) (c t p)p)nFor example, (Intersection2 [h1; 2i] [h1; 2i; h3; 4i]) reduces to�c: �n: (Member2 h1; 2i [h1; 2i; h3; 4i]) (c h1; 2in)n;which further reduces to �c: �n: c h1; 2in � [h1; 2i].The reduction strategy for terms of the form (IntersectionRR0)|and, with the obvious mod-i�cations, for the next two relational operators as well|is as follows. We assume that R and R0are already in normal form. Nothing is done if they are not encodings of relations. Otherwise,the normal forms are substituted into the body of the Intersection operator and the \loop body"(Memberk t R0) (c t p) p is evaluated once for each tuple in R, from last to �rst, with the currenttuple substituted for t and the result of the previous iteration (initially n) substituted for p. Sincet and R0 hold encodings of a tuple and a relation, respectively, at each stage, the reduction strategyfor Member outlined above applies and produces the result of each stage in O (kjR0j) reductionsteps. Hence, the �nal result can be computed in O (kjRjjR0j) steps, using intermediate terms ofsize at most O (kjRjjR0j). 13



Set di�erence: This works like intersection, except that a tuple from R is included in the outputif it does not occur in R0.Setminusk: fokg ! fokg ! fokg ��r:fokg: �r0: fokg:�c: ok ! � ! �: �n: �:r (�t: ok: �p: �: (Memberk t r0) p (c t p))nUnion: The union of two k-ary relations R and R0 is formed by starting with R0 and adding thosetuples of R that do not occur in R0. This also works like intersection.Unionk : fokg ! fokg ! fokg ��r:fokg: �r0: fokg:�c: ok ! � ! �: �n: �:r (�t: ok: �p: �: (Memberk t r0) p (c t p)) (r0 c n)If we knew that R and R0 were disjoint or if we allowed duplicates, we could implement union bythe simpler termSimpleUnion: f�g ! f�g ! f�g ��r:f�g: �r0: f�g:�c:�! � ! �: �n: �:r c (r0 c n);which merely concatenates R and R0. In the general case, however, we need the more complexUnion operator to ensure a duplicate-free output.Having dealt with the \set-oriented" operators, we now examine the \tuple-oriented" operators.We need two auxiliary terms �rst: The Concatk;l operator concatenates a k-tuple and an l-tupleto form a (k + l)-tuple, and the Rearrangek;i1;:::;il operator takes a k-tuple and returns an l-tupleconsisting of columns i1; : : :; il of the input. These terms can be reduced in any fashion.Concatk;l: ok ! ol ! ok+l ��t: ok: �t0: ol:�f : o ! � � � ! o ! �:t (�x1: o : : :�xk: o:t0 (�y1: o : : :�yl: o:f x1 : : :xk y1 : : :yl))Rearrangek;i1;:::;il : ok ! ol ��t: ok:�f : o ! � � � ! o ! �:t (�x1: o : : :�xk: o: f xi1 : : : xil) 14



Cartesian product: The Cartesian product of a k-ary relation R and an l-ary relation R0 isformed by a straightforward nested iteration, in which every tuple of R is concatenated with everytuple of R0 and appended to the output.Timesk;l: fokg ! folg ! fok+lg ��r:fokg: �r0: folg:�c: ok+l ! � ! �: �n:�:r (�t: ok: �p: �:r0 (�t0: ol: �p0: �:c (Concatk;l t t0) p0) p)nFor example, (Times1;1 [h1i; h2i] [h3i; h4i]) reduces to�c: �n:c (Concat1;1 h1i h3i)(c (Concat1;1 h1i h4i)(c (Concat1;1 h2i h3i)(c (Concat1;1 h2i h4i)n)));which further reduces to [h1; 3i; h1; 4i; h2; 3i; h2; 4i].The reduction strategy for an expression (TimesRR0) follows the now familiar pattern. Assum-ing that the arguments are already fully reduced and are encodings of relations, they are substitutedinto the body of the operator and the \outer loop body" R0 (�t0: �p0: c (Concatk;l t t0) p0) p is eval-uated once for each tuple in R, from last to �rst, with t and p replaced by the current tuple andthe result of the previous iteration, respectively. Evaluating the \outer loop body" just consists ofevaluating the \inner loop body" c (Concatk;l t t0) p0 once for each tuple in R0, which eventually leadsto an evaluation of (Concatk;l t t0) once for every combination of tuples t 2 R and t0 2 R0. It is easyto see that the entire procedure takes O ((k + l)jRjjR0j) reduction steps and uses O ((k+ l)jRjjR0j)space for intermediate terms.Selection: To select tuples from a k-ary relation R according to some condition, say column i =column j, it su�ces to iterate over R and include those tuples in the output that satisfy thecondition.Selectk;i=j : fokg ! fokg ��r:fokg:�c: ok ! � ! �: �n: �:r (�t: ok: �p: �:t (�x1: o : : :�xk: o: (Eq xi xj) (c t p) p))nThe reduction strategy for an expression (SelectR) again consists of substituting the value of R intothe body of the operator and then evaluating the \loop body" once for each tuple in R. Reductionsequence length and term size are bounded by O (kjRj).Projection: This is slightly tricky. The straightforward attempt to project onto columns i1; : : :; ilof a k-ary relation R,SimpleProjectk;i1;:::;il : fokg ! folg � 15



�r:fokg:�c: ol ! � ! �: �n: �:r (�t: ok: �p: �: c (Rearrangek;i1;:::;il t) p)n;has the disadvantage that the output may contain duplicate tuples. To �x this, we include theprojection � (T ) of tuple T in the output only if T is the �rst tuple in R whose projection is � (T ).For that, we use an auxiliary term (FirstT R) which reduces to True i�, among all tuples in Rhaving the same projection as T , T is the �rst in sequence:Firstk;i1;:::;il : ok ! fokg ! Bool ��t: ok: �r:fokg:�u: �: �v:�:r (�t0: ok: �p:�:Equall (Rearrangek;i1;:::;il t) (Rearrangek;i1;:::;il t0) (Equalk t t0 u v) p)uFor example, (First2;1 h1; 2i [h1; 2i; h1; 3i]) reduces to�u: �v:(Equal1 h1i h1i) ((Equal2 h1; 2i h1; 2i)u v)((Equal1 h1i h1i) ((Equal2 h1; 2i h1; 3i)u v)u);which further reduces to �u: �v: u� True, whereas (First2;1 h1; 3i [h1; 2i; h1; 3i]) reduces to�u: �v:(Equal1 h1i h1i) ((Equal2 h1; 3i h1; 2i)u v)((Equal1 h1i h1i) ((Equal2 h1; 3i h1; 3i)u v)u)and then to �u: �v: v � False. The First operator is an example of a term that is not oblivious tothe ordering of its input. Using the First operator, projection can now be coded as follows:Projectk;i1;:::;il : fokg ! folg ��r:fokg:�c: ol ! � ! �: �n: �:r (�t: ok: �p: �: (Firstk;i1;:::;il t r) (c (Rearrangek;i1;:::;il t) p) p)nFor example, (Project2;1 [h1; 2i; h1; 3i]) evaluates to�c: �n:(First2;1 h1; 2i [h1; 2i; h1; 3i])(c h1i ((First2;1 h1; 3i [h1;2i; h1; 3i]) (c h1in)n))((First2;1 h1; 3i [h1; 2i; h1; 3i]) (c h1in)n)and then, following the example above, to �c: �n: c h1in � [h1i]. The reduction strategy for Projectis similar to the one for the other relational operators, reducing the arguments �rst and thenevaluating the \loop body" once for each tuple in R. The number of steps and the amount of spaceneeded is O (kjRj2). 16



This completes the coding of relational algebra. It is straightforward to verify that every termgiven above satis�es the typability, well-formed output, and encoding independence conditionsof De�nition 2.1 and expresses the desired algebra operation. By nesting these terms, arbitraryrelational algebra expressions can be coded. Moreover, when such a nested expression is applied toa set of (encoded) input relations and then reduced \from the inside out" according to the reductionstrategies given above for the individual operators, the length of the reduction sequence and thesize of intermediate terms are polynomial in the size of the inputs. (In fact, the length of thereduction sequence typically matches the running time of a naive implementation of the operatorin question.) Therefore, we have the following theorem.Theorem 3.1 Any relational algebra query can be PTIME-embedded into TLC= in the sense ofDe�nition 2.3.Remark 3.2 We close this section with the observation that any expression consisting of the oper-ators SimpleProject, SimpleUnion, and Times does not involve the Eq constant. This observationwill be useful in the next section, when trying to construct the active domain of a database.4 Coding Fixpoint QueriesWith the machinery of the previous section at our disposal, we can now code arbitrary relationalqueries as TLC=-terms. The next step is to �nd a way of iterating such queries in order to compute�xpoints. It su�ces to perform a polynomial number of iterations using in
ationary semantics tocapture all PTIME-computable queries [27, 48].4.1 Iterating Relational QueriesIntuitively, the solution is very simple|we build a su�ciently long list from a Cartesian product ofthe input relations and then use that list as an iterator to repeat a relational query polynomiallymany times. The only di�culty lies in getting the types straight, so that the input can serve bothas \data" for a relational algebra query and as a \crank" for iterating that same query.Here are the details. Let � (r; r1; : : :; rl) be a relational algebra expression over relational vari-ables r; r1; : : :; rl of arities k; k1; : : :; kl such that the result of � is again of arity k. We wish tocompute the in
ationary �xpoint of � with respect to r, i.e.,(�r �) (r1; : : :; rl) := 1[i=1 i (;) =  nk (;);where  is the mapping r 7! r [ � (r; r1; : : :; rl) and n is the size of the active domain. This can bedone as follows.Let Q be the TLC= encoding of the expression r [ � (r; r1; : : :; rl), with variables r; r1; : : :; rloccurring free in Q. Let A be a TLC= term which computes the active domain of the input, i.e.,the set of constants occurring in the relations encoded by r1; : : :; rl. A can be expressed as theunion of all columns of r1; : : :; rl:A: fog �(SimpleUnion (SimpleProjectk1;1 r1) (SimpleUnion (SimpleProjectk1;2 r1) : : :(SimpleUnion (SimpleProjectk2;1 r2) (SimpleUnion (Projectk2;2 r2) : : :� � �(SimpleUnion (SimpleProjectkl;1 rl) (SimpleUnion (SimpleProjectkl;2 rl) : : :)17



We use SimpleUnion and SimpleProject here, since we do not need duplicate elimination and wewant to avoid using Eq for reasons explained later. The length of the list computed by A is atleast n, the size of the active domain. To obtain an iterator of length at least nk, we form thek-fold Cartesian product of A with itself:Crank: fokg � ( k factorsz }| {TimesA (TimesA : : :(TimesAA) : : :))Finally, let Nil � �c:ok ! � ! �: �n: �: n be the empty relation. A straightforward encoding of(�r �) in the untyped �-calculus is then the termFix� � �r1 : : :�rl:Crank (�t: �r: Q)Nil:Here, t is some variable not occurring in Q; it serves merely to absorb the k-tuple of constantssupplied by Crank at each iteration. The evaluation of Fix� proceeds by �rst forming the normalform of Crank according to the reduction rules for relational operators, and then evaluating Q oncefor each tuple in Crank, from last to �rst, with R bound to the result of the previous iteration(initially the empty relation). This way, the �nal result of the �xpoint query is produced in apolynomial number of reduction steps involving terms of polynomial size.4.2 Fixing the Types using \Type-Laundering"Unfortunately, Fix� cannot be typed using simple types. This is due to a type con
ict between theoccurrences of the ri's in Crank and in Q. Inside Q, occurrences of ri are typed as usual as fokig.However, Crank is used to iterate over objects of type fokg, so the occurrences of ri inside Crankmust be typed with fokg substituted for � , i.e., as fokig [� : = fokg]. These two typings cannot beuni�ed, since � does not unify with fokg � (ok ! � ! �)! � ! � .The solution is to introduce a \type-laundering" operator Copyki ;k which takes an encoding ofa relation Ri of type fokig [� := fokg] and produces another encoding of Ri of type fokig. That is,Copyki ;k computes the identity function on encodings of relations, but forces di�erent types for itsinput and output. Copyki;k can be written as follows:Copyki;k: fokig [� := fokg]! fokig ��r:fokig [� : = fokg]:�c: oki ! � ! �: �n: �:r (�t: oki [� := fokg]: �p:fokg:t (�x1: o : : :�xki : o:�c0: ok ! � ! �: �n0: �:c hx1; : : :; xkii (p c0n0)))(�c0: ok ! � ! �: �n0: �: n)(�t0: ok: �p0: �: p0)nThis somewhat bewildering term arises in the following way. A straightforward \deep" copy oper-ator that does not worry about types would look like this:SimpleCopy ki : fokig ! fokig ��r:fokig: 18



�c: oki ! � ! �: �n: �:r (�t: oki : �p: �:t (�x1: o : : :�xki : o:c hx1; : : :; xkii p))nIt is easy to see that this term computes the identity function on encodings of relations of typefokig. If we now want the type of the input to be fokig [� : = fokg], then we must modify thosesubterms of SimpleCopy that are \shipped out" of a tuple or a relation, namely c hx1; : : :; xkii pand t (�x1 : : : �xki : c hx1; : : :; xkii p), to have type fokg instead of � . The easiest way of doing thisis by prepending dummy �-abstractions �c0: ok ! � ! �: �n0: � to the term c hx1; : : :; xkii p. Thesedummy abstractions can be removed at the next stage of the iteration by applying the \incomingvalue" p to the dummy variables c0 and n0. This leads to a \loop body"(�t: oki [� := fokg]: �p:fokg:t (�x1: o : : :�xki : o:�c0: ok ! � ! �: �n0: �:c hx1; : : :; xkii (p c0 n0)));which has indeed the correct type oki [� := fokg]! fokg ! fokg. Of course, the initial value for theiteration, which used to be just n, has to be changed as well; it becomes (�c0: ok ! � ! �: �n0: �: n).With these changes, the iterator term in the copy operator becomesr (�t: oki [� := fokg]: �p:fokg:t (�x1: o : : :�xki : o:�c0: ok ! � ! �: �n0: �:c hx1; : : :; xkii (p c0n0)))(�c0: ok ! � ! �: �n0: �: n)That almost works: if R is a list�c: oki [� := fokg]! fokg ! fokg: �n:fokg: c T1 (c T2 : : : (c Tm n) : : :);then the above term reduces, as an easy induction shows, to�c0: ok ! � ! �: �n0: �: c T1 (c T2 : : : (c Tm n) : : :):What remains is to remove the �-abstractions on c0 and n0 by supplying dummy arguments of typeok ! � ! � and � , respectively, and then to �-abstract on c and n, which leads to the term�c: oki ! � ! �: �n:�:r (�t: oki [� := fokg]: �p:fokg:t (�x1: o : : :�xki : o:�c0: ok ! � ! �: �n0: �:c hx1; : : :; xkii (p c0 n0)))(�c0: ok ! � ! �: �n0: �: n)(�t0: ok: �p0: �: p0)n 19



actually used in the de�nition of the Copy operator above. The reduction strategy for an expression(Copy R) is as usual, involving a loop over the tuples in R. The normal form is reached afterO (kjRj)steps using O (kjRj) space.With this \type-laundering" machinery at our hands, we can solve the typing problem for�xpoint queries. We modify our original encodingFix� � �r1 : : :�rl:Crank (�t: �r: Q)Nilby replacing every occurrence of ri in Q by (Copyki;k ri), i.e., by writingFix� ��r1: fok1g [� := fokg] : : :�rl: foklg [� := fokg]:Crank (�t: ok [� := fokg]: �r:fokg: Q [r1: = (Copyk1;k r1); : : :; rl:= (Copykl;k rl)])Nil :It is straightforward, though tedious, to verify that this is indeed a well-typed term. There isonly one subtle point. In Crank we never use Eq (by Remark 3.2), so we never have to assign a\contaminated" type o ! o ! Bool [� := fokg] � o ! o ! fokg ! fokg ! fokg to Eq.Since (Copyki ;k Ri) and Ri encode the same relation, the semantics of Fix� are unchanged bythis modi�cation. The space and time complexity of the evaluation are also unchanged, because itsu�ces to evaluate the expressions (Copyki;k Ri) only once.We now have the machinery in place to compute in
ationary �xpoints of relational algebraqueries. By Immerman's and Vardi's characterization of the PTIME queries [27, 48], this gives usthe ability the express arbitrary PTIME queries, provided we can encode an ordering relation onthe active domain of the input. The following term does this:Precedes: o ! o ! Bool ��x: o: �y:o:�u: �: �v:�:A (�z: o: �w:�:Eq z x u (Eq z y v w)) v;where A computes the active domain as above, but without duplicates. It is easy to see that(PrecedesX Y ) reduces to True i� X occurs to the left of Y in the list produced by A. Thereduction is carried out by the usual loop, assuming that A, X , and Y are already fully reduced.Of course, if Precedes is used inside Q, the \type-laundering" substitutions [ri:= (Copyki;k ri)]described above apply to it as well.We have proved the following theorem:Theorem 4.1 Any PTIME database query can be PTIME-embedded into TLC= in the sense ofDe�nition 2.3.4.3 An Example: Transitive ClosureTo illustrate the concepts above, let us study the representation and evaluation of the transitiveclosure query in some detail. We compute the transitive closure of a binary relation e by iteratingthe relational algebra query r 7! e [ (�1;4 (�2=3 (r � r)))starting from the empty relation. Here, �1;4 denotes projection onto the �rst and fourth attributeand �2=3 denotes selection on equal second and third attributes. According to the previous section,20



the translation into TLC= of this �xpoint query is (we omit type annotations):TC � �e:Crank(�t: �r:Union2 (Copy2;2 e) (Project4;1;4 (Select4;2=3 (Times2;2 r r))))Nil ;where Crank � (Times1;1AA)and A � Union1 (Project2;1 e) (Project2;2 e):Note that, for typing reasons, we should use the operators SimpleUnion and SimpleProject in A.Without loss of generality, we take the more complex operators to illustrate their reductions andto shorten the total number of iterations of Crank in the example.Assume that E encodes the relation [h1; 2i; h2; 3i; h3; 4i] and we want to evaluate (TC E). Ac-cording to the reduction strategy for �xpoint queries, we �rst have to evaluate the expressionsCrank and (Copy2;2E). For the latter, we have (omitting some intermediate steps)(Copy2;2E)> �c: �n:(�t: �p: t (�x: �y: �c0: �n0: c hx; yi (p c0n0))) h1; 2i((�t: �p: t (�x: �y: �c0: �n0: c hx; yi (p c0n0))) h2; 3i((�t: �p: t (�x: �y: �c0: �n0: c hx; yi (p c0n0))) h3; 4i(�c0: �n0: n))) (�t0: �p0: p0)n> �c: �n:(�t: �p: t (�x: �y: �c0: �n0: c hx; yi (p c0n0))) h1; 2i((�t: �p: t (�x: �y: �c0: �n0: c hx; yi (p c0n0))) h2; 3i(h3; 4i (�x: �y: �c0: �n0: c hx; yi ((�c0: �n0: n) c0 n0))))(�t0: �p0: p0)n> �c: �n:(�t: �p: t (�x: �y: �c0: �n0: c hx; yi (p c0n0))) h1; 2i((�t: �p: t (�x: �y: �c0: �n0: c hx; yi (p c0n0))) h2; 3i(�c0: �n0: c h3; 4in))(�t0: �p0: p0)n> � � �> �c: �n:(�c0: �n0:c h1; 2i(c h2; 3i(c h3; 4in))) (�t0: �p0: p0)n 21



> �c: �n: c h1; 2i (c h2; 3i (c h3; 4in))� [h1; 2i; h2;3i; h3; 4i];which is what we expect, since Copy a�ects only the type of an encoding, not its value.To evaluate Crank, we �rst have to evaluate the termA � Union1 (Project2;1E) (Project2;2E):We illustrate the reduction sequence for (Project2;1E), according to the reduction strategy forprojection:(Project2;1E)> �c: �n:(�t: �p: (First2;1 t [h1; 2i; h2; 3i; h3; 4i]) (c (Rearrange2;1 t) p) p) h1; 2i((�t: �p: (First2;1 t [h1; 2i; h2; 3i; h3; 4i]) (c (Rearrange2;1 t) p) p) h2; 3i((�t: �p: (First2;1 t [h1; 2i; h2; 3i; h3; 4i]) (c (Rearrange2;1 t) p) p) h3; 4in))> �c: �n:(�t: �p: (First2;1 t [h1; 2i; h2; 3i; h3; 4i]) (c (Rearrange2;1 t) p) p) h1; 2i((�t: �p: (First2;1 t [h1; 2i; h2; 3i; h3; 4i]) (c (Rearrange2;1 t) p) p) h2; 3i((First2;1 h3; 4i [h1; 2i; h2; 3i; h3; 4i]) (c (Rearrange2;1 h3; 4i)n)n))> �c: �n:(�t: �p: (First2;1 t [h1; 2i; h2; 3i; h3; 4i]) (c (Rearrange2;1 t) p) p) h1; 2i((�t: �p: (First2;1 t [h1; 2i; h2; 3i; h3; 4i]) (c (Rearrange2;1 t) p) p) h2; 3i(True (c (Rearrange2;1 h3; 4i)n)n))> �c: �n:(�t: �p: (First2;1 t [h1; 2i; h2; 3i; h3; 4i]) (c (Rearrange2;1 t) p) p) h1; 2i((�t: �p: (First2;1 t [h1; 2i; h2; 3i; h3; 4i]) (c (Rearrange2;1 t) p) p) h2; 3i(c h3in))> � � �> �c: �n: c h1i (c h2i (c h3in))� [h1i; h2i; h3i](Project2;2E) reduces to [h2i; h3i; h4i] and thus A reduces as follows:A � Union1 [h1i; h2i; h3i] [h2i; h3i; h4i]> �c: �n:(�t: �p: (Member1 t [h2i; h3i; h4i]) p (c t p)) h1i((�t: �p: (Member1 t [h2i; h3i; h4i]) p (c t p)) h2i((�t: �p: (Member1 t [h2i; h3i; h4i]) p (c t p)) h3i(c h2i (c h3i (c h4in))))) 22



> �c: �n:(�t: �p: (Member1 t [h2i; h3i; h4i]) p (c t p)) h1i((�t: �p: (Member1 t [h2i; h3i; h4i]) p (c t p)) h2i((Member1 h3i [h2i; h3i; h4i])(c h2i (c h3i (c h4in)))(c h3i (c h2i (c h3i (c h4in))))))> �c: �n:(�t: �p: (Member1 t [h2i; h3i; h4i]) p (c t p)) h1i((�t: �p: (Member1 t [h2i; h3i; h4i]) p (c t p)) h2i(c h2i (c h3i (c h4in))))> � � �> �c: �n: c h1i (c h2i (c h3i (c h4in)))� [h1i; h2i; h3i; h4i]We then obtain Crank � (Times1;1AA) > [h1; 1i; h1;2i; : : :; h4; 4i]. After these reductions, the�xpoint query becomes(�t: �r:Union2 [h1; 2i; h2; 3i; h3; 4i] (Project4;1;4 (Select4;2=3 (Times2;2 r r)))) h1; 1i((�t: �r:Union2 [h1; 2i; h2;3i; h3; 4i] (Project4;1;4 (Select4;2=3 (Times2;2 r r)))) h1; 2i� � �((�t: �r:Union2 [h1; 2i; h2; 3i; h3; 4i] (Project4;1;4 (Select4;2=3 (Times2;2 r r)))) h4; 4i(�c: �n: n)))This expression is now reduced from the inside out by evaluating the \loop body" sixteen times.Since we have already seen the relational operators in action, we will not trace this reduction, butrather just list the values substituted for r at the beginning of each iteration:Iteration Value of r1 �c: �n: n2 �c: �n: c h1; 2i (c h2; 3i (c h3; 4in))3 �c: �n: c h1; 2i (c h2; 3i (c h3; 4i (c h1; 3i (c h2; 4in))))4 �c: �n: c h1; 2i (c h2; 3i (c h3; 4i (c h1; 3i (c h1; 4i (c h2; 4in)))))5� 1 6 unchangedThus, the �nal normal form of the query is [h1; 2i; h2; 3i; h3; 4i; h1;3i; h1; 4i; h2; 4i], which is indeedthe transitive closure of [h1; 2i; h2; 3i; h3; 4i].5 The Complex Object AlgebraWe conclude our tour of relational query languages with an encoding of Abiteboul's and Beeri'scomplex object algebra [1]. This takes us from manipulating \
at" relations to more complicateddata structures, namely arbitrary �nite trees built from tuple and set constructors. The algebraunder consideration is extremely powerful|in fact it expresses any generic elementary time compu-tation on �nite structures. Interestingly, no �xpoint or looping construct is needed; the expressivepower stems from the ability to create larger and larger sets using the Powerset operator.23



5.1 Complex Object Algebra De�nitionLet us �rst describe the salient features of the complex object model and its operator algebra. Thepresentation here is taken with slight modi�cations from [2].5.1.1 Complex Object DatabasesWe assume the existence of the following countably in�nite and pairwise disjoint sets of atomicelements: relation names fR1; R2; : : :g, attributes fA1;A2; : : :g, constants D = fd1; d2; : : :g.De�nition 5.1 The abstract syntax � and the interpretation [[�]] of sorts are given by:1. � = D j hB1: �; : : :;Bk :�i j f�g (where k � 0 and B1; : : :;Bk are distinct attributes),2. [[D]] = D,3. [[hB1:�1; : : :; Bk: �ki]] = fhB1: v1; : : :;Bk : vki j vj 2 [[�j ]] for j = 1; : : :; kg,4. [[f�g]] = ffv1; : : :; vjg j vi 2 [[�]] for i = 1; : : :; jg.An element of a sort is called a complex object.Note that, each complex object can be viewed as a �nite tree. A complex object of the form h: : :i(resp., f: : :g) is said to be a tuple (resp., a set). The tuple �elds are viewed as unordered. Wetherefore do not distinguish, for instance, between sorts hA:D;B:Di and hB:D;A:Di, or betweenobjects hA: 2;B: 2i and hB: 2;A: 2i. Note also that (because of the empty set) a complex objectmay belong to more than one sort.De�nition 5.2 A database schema is a pair (R;S) where R is a set of relation names and S isa function from R to sorts. A database instance I of a schema (R;S) is a function from R suchthat for each R 2 R, I (R) 2 [[fS (R)g]].Note that by de�nition, each I (R) is a set and can be viewed as a �nite tree. Figure 5.1.1shows an instance I of (fR1;R2;R3g;S) where S (R1) = S (R3) = hA:D;B: fhA1:D;A2:Digi andS (R2) = hA:D;A1:D;A2:Di.We next de�ne the computable queries using the auxiliary concept of \C-genericity." Thequeries that we consider are generalizations of the computable relational queries of Chandra andHarel [9].De�nition 5.3 Let C be a �nite set of constants. A mapping f from instances to instances is C-generic if for each permutation � of the constants which is the identity on C and each instance I,f (� (I)) = � (f (I)). A computable query q is a mapping from instances over a schema (R;S) toinstances over a schema (R0;S0) which is (1) a partial recursive function and (2) Cq-generic, whereCq is the set of constants occurring in (the selection predicates of) q. We use the term sort of aquery for the sort of its output.5.1.2 The Algebraic OperatorsWe next de�ne a many sorted algebra for complex objects. Let (R;S) be a schema.De�nition 5.4 For each R in R, [R] is an atomic (algebraic) query and sort ([R]) = fS (R)g.24



A Bd1 A1 A2d1 d2d3 d4d1 A1 A2d3 d4d5 d6d2 A1 A2d1 d3d2 d4 A A1 A2d1 d1 d2d1 d3 d4d1 d5 d6d2 d1 d3d2 d2 d4 A Bd1 A1 A2d1 d2d3 d4d5 d6d2 A1 A2d1 d3d2 d4I (R1) I (R2) I (R3)Figure 1: A database instance.Note again that because of the empty set, an atomic query may be of more than one sort. Tosimplify the presentation, we ignore this aspect here and assume in the following that each query qhas a unique sort.More elaborate queries are obtained by combining atomic queries via various algebra operators:De�nition 5.5 A composite (algebraic) query is one of the following:� Set operations:{ If q1 and q2 are queries with sort (q1) = sort (q2), then q1 \ q2, q1 [ q2, q1 � q2, andPowerset (q1) are queries and sort (q1 \ q2) = sort (q1 [ q2) = sort (q1 � q2) = sort (q1),sort (Powerset (q1)) = fsort (q1)g.{ If q is of sort f�g, then Set (q) is a query of sort ff�gg.{ If q is of sort ff�gg, then Setcomb (q) is a query of sort f�g.� Tuple operations: If q is a query of sort fhB1:�1; : : :;Bj :�jig, then{ Select� (q) is a query of sort fhB1:�1; : : :;Bj :�jig; the selector � is (with obvious re-strictions on sorts) of the form: B1 = d, B1 = B2, B1 2 B2 or B1 = B2: C, where d isa constant and in the last case it is required that �2 is a tuple sort with a C-�eld;{ ProjectB1;:::;Bk (q) is a query of sort fhB1:�1; : : :;Bk :�kig.{ If q is of sort f�g, then TupA (q) is a query of sort fhA:�ig.{ If q is of sort fhA:�ig, then Tupcomb (q) is a query of sort f�g.� Cartesian product: If qi, i = 1 : : :m, are queries with sorts �i = fDBi1:�i1; : : :;Biji :�ijiEgand the attribute sets are disjoint, then q1 � : : :� qm is a query with sort (q1 � � � � � qm) =fDB11 :�11 ; : : :;B1j1 :�1j1 ; : : :; Bm1 :�m1 ; : : :;Bmjm :�mjmEg.25



De�nition 5.6 The answer to a query q on an instance I, denoted by q (I), is de�ned as follows:� [R] (I) = I (R);� (q1 \ q2) (I) = q1 (I) \ q2 (I) and similarly for [, �, Powerset;� Set (q1) (I) = fftg j t 2 q1 (I)g;� Setcomb (q1) (I) = S q1 (I);� Select� (q1) (I) = fv j v 2 q1 (I); v ` �g, where ` is de�ned by:hB1: v1; : : :i ` B1 = d if v1 = d,hB1: v1; : : :i ` B1 = B2 if v1 = v2,hB1: v1; : : :i ` B1 2 B2 if v1 2 v2,hB1: v1; : : :i ` B1 = B2: C if v2 = hC: v1; : : :i;� ProjectB1;:::;Bk (q1) (I) = fhB1: v1; : : :;Bk : vki j 9 vk+1; : : :; vj : hB1: v1; : : :;Bj : vji 2 q1 (I)g;� TupA (q1 (I)) = fhA: ti j t 2 q1 (I)g;� Tupcomb (q1) (I) = fv1; : : :; vjg if q1 (I) = fhA: v1i; : : :; hA: vjig;� Let qi, i = 1 : : :m, be queries of sorts �i = fDBi1:�i1; : : :;Biji :�ijiEg. Then q1 � � � � � qm (I) =fDB11 :x11; : : :; B1j1 :x1j1 ; : : :;Bm1 :xm1 ; : : :;Bmjm :xmjmE j 8 i:DBi1: xi1; : : :; Biji :xijiE 2 qi (I)g.This algebra we call ALG. For the algebra without powerset operation we use ALG�.5.1.3 The Expressive Power of ALG and ALG�A query is an elementary query if it is a computable query and has elementary-recursive datacomplexity2 with respect to the database size. It turns out that a query is in ALG/CALC i�it is an elementary query (we refer to [26, 31] for detailed de�nitions and proofs). Furthermore,Hull and Su exhibited a hierarchy of classes of queries based on the level of set nesting allowedin temporary predicates [26]. One level leads to SO, i.e., relational calculus extended with secondorder quanti�cation [10]. Kuper and Vardi showed a somewhat analogous result [31]: there existsa hierarchy of classes of powerset algebras based on the allowable level of nesting of powersets.One might wonder what is at the bottom of the hierarchy, i.e., what is the power of the algebrawithout the powerset operation. One can show that queries in ALG� can be computed in PTIMEwith respect to the size of the database. The (nested) use of the powerset operation is solelyresponsible for (the stack of) exponential blowups. Thus ALG� is strictly less expressive than ALG.Paredaens and Van Gucht showed that a query from a relational schema to a relational schema isexpressible in ALG� i� it is expressible in the classical relational algebra [39]. A restricted calculusis presented in [1]. The restrictions consist of syntactically forcing formulas to provide limitedranges to all variables. The restricted calculus is called CALC�. The equivalence of ALG� andCALC� is shown in [1].2We are concerned here exclusively with the data complexity in the sense of [10, 48].26



5.2 Coding ALG�.We begin by extending our embedding of relational algebra to deal with complex objects and toexpress the Tup, Tupcomb, Set, and Setcomb operators. The Powerset operator comes with itsown share of di�culties and its treatment is postponed to the next section.In the discussion below, we assume for simplicity that the domain over which all complex objectsare de�ned is the set D = fo1; o2; : : :g of TLC= constants. Furthermore, we regard the componentsof a tuple as ordered and rely on their relative position instead of attribute names for identi�cation.We encode complex objects in the natural way, using TLC= constants at the bottom level andthen combining them into tuples and lists. Relations in the complex object model are just sets ofobjects of a common sort, and they are encoded as a TLC= list of the encodings of their elements.More precisely, we have the following encoding convention:De�nition 5.7 Let X be a complex object. Then an encoding of X, denoted by X, is a TLC=term E such that� E = oj , if X is an atomic element oj,� E = �f: f X1 : : :Xk, if X is a tuple hX1; : : :; Xki,� E = �c: �n: (cX1 (cX2 : : :(cXk n) : : :)), if X is a set fX1; : : :;Xkg.If (R1: �1; : : :;Rl:�l) is a database instance, then an encoding of Ri, denoted by Ri, is an encodingof the complex object fX j X 2 Rig. Query terms are de�ned as in De�nition 2.1, with aritiesreplaced by sorts.Note that the type ofX corresponds to the sort ofX : The encoding of an atomic element has type o,the encoding of an object of sort h�1; : : :; �ki has type �01 � � � � � �0k � (�01 ! � � � ! �0k ! �)! � ,where �0i is the type corresponding to sort �i, and the encoding of an object of sort f�g has typef�0g � (�0 ! � ! �)! � ! � . Because of this tight correspondence, we often simply speak of the\type" of a complex object if the distinction between its sort and the type of its encoding does notmatter.Most of the relational algebra operators described in Section 3 work with little or no changein the complex object setting. However, the Equal operator becomes more complicated, becauseit has to implement a \deep" comparison that traverses the structure of two complex objectsand checks equality at each level. Because set equality involves subset testing, which in turn isde�ned in terms of the membership predicate, we have to de�ne the Equal, Subset, and Memberpredicates simultaneously, using structural induction over the argument types. Thus, for eachcomplex object type �, we de�ne below three terms Equal�, Member�, and Subsetf�g that encodethe corresponding predicate for objects of that type, using the already de�ned encodings for objectsof less complex type.Equalo: o ! o ! Bool ��x: o: �y:o:Eq x yEqualf�g: f�g ! f�g ! Bool ��s: f�g: �s0: f�g:�u: �: �v:�:(Subsetf�g s s0) ((Subsetf�g s0 s)u v) v27



Equal�1������k :�1 � � � � � �k ! �1 � � � � � �k ! Bool ��t:�1 � � � � � �k: �t0:�1 � � � � � �k :�u: �: �v:�:t (�x1:�1 : : : �xk:�k:t0 (�y1:�1 : : :�yk:�k:((Equal�1 x1 y1)� � �((Equal�k xk yk)u v) v) : : :v)))Member�:�! f�g ! Bool ��x:�: �s:f�g:�u: �: �v:�:s (�y:�: �p: �: (Equal� x y)u p)vSubsetf�g: f�g ! f�g ! Bool ��s: f�g: �s0: f�g:�u: �: �v:�:s (�x:�: �p: �: (Member� x s0) p v)uThe reduction strategies for these operators are as follows. We assume that the argumentsare already in normal form and are encodings of complex objects of the required type. First, thearguments are substituted into the operator body. Then, for a term (Equalf�gS S 0), reductionproceeds by reducing the two Subset terms to either True or False according to the rules belowand then picking either u or v as appropriate. For a term (Equal�1������k T T 0), reduction of thebody proceeds by instantiating x1; : : :; xk and y1; : : :; yk and reducing the Equal�i tests in sequenceuntil the normal form is produced. For terms (Member�X S), reduction of the body involves aloop over the elements of S in reverse sequence, evaluating the Equal� predicate at each step andpassing either u or the result of the previous iteration on to the next stage. The strategy forterms (Subsetf�gS S 0) is analogous. A straightforward induction shows that for each operator, thereduction sequence length and intermediate term size are bounded by the product of the argumentsizes.The main change required to make the relational operators of Section 3 work for complex objectsis to use the new version of Equal and Member . Also, there will now typically be one operatorfor each complex object sort instead of each relation arity. For example, the code for Intersectionbecomes:Intersectionf�g: f�g ! f�g ! f�g ��s: f�g: �s0: f�g:�c:�! � ! �: �n: �:s (�x:�: �p: �: (Member� x s0) (c x p)p)nThe code for Union and Setminus is similar, and the reduction strategies for these operators arethe same as in Section 3. 28



The Times operator for complex objects is exactly the same as the one for relations, exceptthat it is typed di�erently. If R and R0 are encodings of relations of type f�1 � � � � � �kg andf�1 � � � � � �lg, respectively, then their Cartesian product is computed byTimesk;l: f�1 � � � � � �kg ! f�1 � � � � � �lg ! f�1 � � � � � �k � �1 � � � � � �lg ��r:f�1 � � � � � �kg: �r0: f�1 � � � � � �lg:�c:�1 � � � � � �l ! � ! �: �n:�:r (�t:�1 � � � � � �k: �p: �:r0 (�t0: �1 � � � � � �l: �p0: �:c (Concatk;l t t0) p0) p)n;where Concatk;l:�1 � � � � � �k ! �1 � � � � � �l ! �1 � � � � � �k � �1 � � � � � �l ��t:�1 � � � � � �k: �t0:�1 � � � � � �l:�f :�1 ! � � � ! �l ! �:t (�x1:�1 : : : �xk:�k:t0 (�y1:�1 : : : �yl:�l:f x1 : : :xk y1 : : :yl)):Note that the code for these operators depends only on k and l, but not on the exact nature of the�i's and �j 's. The reduction strategy for Times is the same as in Section 3.For Project, it again su�ces to use the new version of Equal instead of the old one. If R isan encoding of a relation of type f�1 � � � � � �kg, the projection of R onto columns i1; : : :; il iscomputed byProject�1������k ;i1;:::;il : f�1 � � � � � �kg ! f�i1 � � � � � �ilg ��r:f�1 � � � � � �kg:�c:�i1 � � � � � �il ! � ! �: �n: �:r (�t:�1 � � � � � �k: �p: �: (First�1������k ;i1;:::;il t r) (c (Rearrangek;i1;:::;il t) p) p)n;where First�1������k ;i1;:::;il :�1 � � � � � �k ! f�1 � � � � � �kg ! Bool ��t:�1 � � � � � �k: �r:f�1 � � � � � �kg:�u: �: �v:�:r (�t0:�1 � � � � � �k: �p: �:Equal�i1������il (Rearrangek;i1;:::;il t) (Rearrangek;i1;:::;il t0)(Equal�1������k t t0 u v)p)uand Rearrangek;i1;:::;il is de�ned as in Section 3. The reduction strategy for Project remains un-changed. 29



The Select operator has to cater to a larger set of selection conditions than in relational algebra,but its basic structure remains unchanged:Selectf�1������kg;�: f�1 � � � � � �kg ! f�1 � � � � � �kg ��r:f�1 � � � � � �kg:�c:�1 � � � � � �k ! � ! �: �n: �:r (�t:�1 � � � � � �k: �p: �:t (�x1:�1 : : :�xk:�k : (� x1 : : : xk) (c t p) p))n;where �:�1 ! � � � ! �k ! Bool encodes the selection condition. For example, to select on thecondition x1 = o1, � would be written as �x1 : : :�xk:Eq x1 o1; to select on x1 2 x2, � would bewritten as �x1 : : :�xk:Member x1 x2, and so forth. The reduction strategy for Select is the sameas in Section 3.The new operators Tup, Tupcomb, and Set can be implemented in a straightforward fashion(remember that �1 is an abbreviation for the type (�! �)! �):Tup: f�g ! f�1g ��s: f�g:�c:�1 ! � ! �: �n: �:s (�x:�: �p: �: c (�f :�! �: f x) p)nTupcomb: f�1g ! f�g ��r:f�1g:�c:�! � ! �: �n: �:r (�t:�1: �p: �: t (�x:�: c x p))nSet: f�g ! ff�gg ��s: f�g:�c: f�g ! � ! �: �n:�:s (�x:�: �p: �: c (�c0:�! � ! �: �n0: �: c0x n0) p)nAs long as the arguments are reduced to fully instantiated encodings of complex objects �rst, anyreduction strategy will work in polynomial time and space for these terms.The Setcomb operator, which \
attens" a set of sets by computing the union of all its members,is slightly more involved because it has to deal with duplicate elimination. The technique is basicallythe same as in the Project operator, involving a predicate (FirstX S 0S) that evaluates to True i�X 2 S0 2 S and S 0 is the �rst element of S that contains X . Using this predicate, (Setcomb S)can be computed duplicate-free by looping over all elements S0 2 S and for each S0, including onlythose X 2 S0 in the output for which (FirstX S0S) evaluates to True. That is exactly what thefollowing term does.Setcomb: ff�gg ! f�g ��s: ff�gg:�c:�! � ! �: �n: �:s (�s0: f�g: �p:�:s0 (�x:�: �p0: �: (First� x s0 s) (c x p0) p0) p)n;30



where First�:�! f�g ! ff�gg ! Bool ��x:�: �s0: f�g: �s:ff�gg:�u: �: �v:�:s (�s00: f�g: �p:�:s00 (�y:�: �p0: �:Equal� x y (Equalf�g s0 s00 u v)p0) p) v:The reduction strategy for an expression (SetcombS) operator is as follows. We assume that S isin normal form and is an encoding of a complex object of sort set of sets. S is substituted into thebody of the operator and the \outer loop body" s0 (�x: �p0: (First x s0 S) (c x p0) p0) p is evaluatedonce for each set in S, from last to �rst, with s0 and p replaced by the current set and the resultof the previous iteration stage, respectively. The evaluation of the \outer loop body" is done byevaluating the \inner loop body" (First x s0 S) (c x p0) p0 once for each element of the current set,from last to �rst, with x and p0 replaced by the current element and the result of the previous\inner" iteration stage, respectively. The evaluation of the \inner loop body" in turn is done by�rst reducing the expression (First x s0 S), with the proper values substituted for x and s0, to eitherTrue or False and then returning either (c x p0) or p0 as appropriate. The reduction strategy for theFirst predicate is essentially the same, except that the evaluation of the \inner loop body" involvesreducing two Equal terms, which is done according to the reduction strategies speci�ed for Equal.It is easy to see that the entire procedure uses time and space polynomial in the size of R.This completes the coding of ALG�. It is straightforward to verify that every term given abovesatis�es the typability, well-formed output, and encoding independence conditions of De�nition 2.1and expresses the desired algebra operation. By nesting these terms, arbitrary ALG� expressionscan be coded. Moreover, when such a nested expression is applied to a set of (encoded) inputobjects and then reduced \from the inside out" according to the reduction strategies given abovefor the individual operators, the length of the reduction sequence and the size of intermediate termsare polynomial in the size of the inputs. Therefore, we have the following theorem.Theorem 5.8 Any ALG� query can be PTIME-embedded into TLC= in the sense of De�ni-tion 2.3.5.3 Coding PowersetThe one remaining operator, Powerset, accounts for the great expressiveness of the algebra, butposes a variety of di�cult typing problems. Writing a �-term that computes powersets is nottoo hard|essentially a generalization of the well-known term for exponentiating Church numerals.However, getting the types straight, so that the Powerset operator can be used in conjunction withthe other algebra operators, is somewhat tricky.Let us �rst look at a simple version of Powerset that is not concerned with types. Its operationis guided by the inductive de�nition of the powerset P (S) of a set S:P (;) = f;gP (fx1; : : :; xng) = P (fx1; : : :; xn�1g) [ ffxng [ s j s 2 P (fx1; : : :; xn�1g)gThus, to compute the powerset of a set S (represented in TLC=as an iterator), we start out withthe list [Nil] � �c: �n: c (�c0: �n0: n0)n containing just the empty list, and then perform an iteration31



over the elements of S, computing at each step the union of the list P produced so far and thelist P 0 derived from P by prepending the current element of S to every element of P :SimplePowersetf�g: ((�! ff�gg ! ff�gg)! ff�gg ! ff�gg)! ff�gg ��s: (�! ff�gg ! ff�gg)! ff�gg ! ff�gg:s (�x:�: �p:ff�gg:Unionff�gg p (Prepend x p)) [Nil ];where Prepend:�! ff�gg ! ff�gg ��x:�: �p:ff�gg:�c: f�g ! � ! �: �n:�:p (�s: f�g: �p0: �: c (Cons x s) p0)nand Cons:�! f�g ! f�g ��x:�: �s:f�g:�c:�! � ! �: �n: �:c x (s c n):SimplePowerset is well-typed and computes the powerset function. However, it is not goodenough for use with the other algebra operators, because it introduces an \inhomogeneity" ineither input or output types. When encoding a relational expression � (S) where S is the argumentof a powerset operation, S is used as an iterator, and its type must then be modi�ed (by typesubstitution) to re
ect the type of the output powerset. As a consequence, S may become type-incompatible with relational operators, such as Equal and Member, which inductively recurse onthe structure of complex objects. We now discuss this anomaly in further detail.In a type such as f�g � (�! � ! �)! � ! � , where � corresponds to a non-atomic complexobject sort, there may be many free occurrences of the type variable � in �, each occurrenceintroduced by one of the various tuple and set constructors used in constructing �. In principle,occurrences of � belonging to di�erent constructors could correspond to di�erent types; in fact, themost general typing of an encoding of a complex object would use a di�erent free type variable foreach constructor. However, structure-traversing operators such as Equal or Member force all theseoccurrences to correspond to the same type; for example, equality of sets iterates equality testsover elements of the set, equality of tuples iterates equality over tuple components, and so on. Anexpression (Equalf�g S S0) can be typed with any type � substituted for � , as long as the substitutionis carried out for all occurrences of � . Unfortunately, the SimplePowerset operator forces the typeof its input to be (� ! ff�gg ! ff�gg) ! ff�gg ! ff�gg, i.e., f�g with ff�gg substituted forthe topmost occurrences of � only; since SimplePowerset never needs to examine the structure ofthe elements of the input set|an instance of parametric polymorphism|it need not mutate thetype of the elements, as appearing in the input type or the output type. Therefore, once a set S isused as input to SimplePowersetf�g, it cannot be used as input to any operator involving Equal orMember.We could resolve this problem by assigning the \homogeneous" type f�g [� : = ff�gg]|read\f�g with all occurrences of � replaced by ff�gg"|to the input of SimplePowerset, but then thetype of its output would become ff� [� := ff�gg]gg, i.e., ff�gg with ff�gg substituted for all butthe topmost occurrences of � , and now the output would be unsuitable for further use with Equalor Member. In summary, SimplePowerset spoils either its input or output|it cannot be freelycombined with the other algebra operators. 32



5.3.1 A Type-Homogeneous PowersetTo restore homogeneity to the types, we construct a Powerset operator of type f�g [� := ff�gg]!ff�gg, where the type of the input is f�g with all occurrences of � replaced by ff�gg and the typeof the output is ff�gg with no substitutions for � . The technology used to e�ect this solution is anextension of the \type-laundering" technique introduced in Section 4. It is unavoidable to \raise"the type of the input to Powerset in order to exponentiate the input size, but we can at least tryto keep both input and output types homogeneous, so that they are usable with other operators.The following variant of SimplePowerset achieves this homogeneity:Powersetf�g: f�g [� := ff�gg]! ff�gg ��s: f�g [� := ff�gg]:s (�x:� [� := ff�gg]: �p:ff�gg:Unionff�gg p (Prepend (Copy�;ff�gg x) p)) [Nil];where Prepend is de�ned as above.The only modi�cation from SimplePowerset is the use of (Copy�;ff�gg x) instead of x as anargument to Prepend. The Copy�;ff�gg operator, de�ned below, computes the identity functionon complex objects of sort �, such that its input has type � [� := ff�gg], whereas its output hastype just �. The use of (Copy�;ff�gg x) instead of x does not change the semantics of the Powersetoperator, while assuring that the output has the \clean" type ff�gg instead of ff� [� := ff�g]ggg.As in Section 4, we construct Copy�;ff�gg by taking a straightforward \deep copy" operatorSimpleCopy� of type �! � and inserting suitable dummy abstractions and applications to changeall subexpressions of type � to expressions of type ff�gg. We �rst de�ne SimpleCopy� by structuralinduction over �.SimpleCopyo: o ! o ��x: o: xSimpleCopy f�g: f�g ! f�g ��s: f�g:�c:�! � ! �: �n: �:s (�x:�: �p: �: c (SimpleCopy� x) p)nSimpleCopy�1������k :�1 � � � � � �k ! �1 � � � � � �k ��t:�1 � � � � � �k:�f :�1 ! � � � ! �k ! �:t (�x1:�1 : : : �xk:�k: f (SimpleCopy�1 x1) : : :(SimpleCopy�k xk))It is straightforward to verify that this operator computes the identity on complex objects. Ifwe now want to \raise" the input type by substituting ff�gg for � , we have to prepend dummy�-abstractions to the value computed at each level of the copy operation and to get rid of themagain at the next higher level by supplying dummy arguments. Thus, the correct Copy operatorlooks like this:Copyo;ff�gg: o [� := ff�gg]! o ��x: o: x 33



Copyf�g;ff�gg: f�g [� := ff�gg]! f�g ��s: f�g [� := ff�gg]:�c:�! � ! �: �n: �:s (�x:� [� := ff�gg]: �p:ff�gg:�c0: f�g ! � ! �: �n0: �:c (Copy�;ff�gg x) (p c0n0))(�c0: f�g ! � ! �: �n0: �: n)(�s0: f�g: �p0: �: p0)nTo understand how Copyf�g;ff�gg works, note that if s � �c: �n: c x1 (c x2 (� � � (c xk n) � � �)), then theterm s (�x: �p: �c0: �n0: c (Copy x) (p c0n0)) reduces to �n: �c0: �n0: c y1 (c y2 (� � � (c yk (n c0 n0)) � � �)),where yi is a copy of xi. Applying this term to �c0: �n0: n yields �c0: �n0: c y1 (c y2 (� � �(c yk n) � � �)),a term where the bound variables c0 and n0 do not occur free in the body; they are removed byapplication to dummy arguments of the correct type.The Copy operator for products is de�ned in a similar spirit:Copy�1������k ;ff�gg: (�1 � � � � � �k) [� := ff�gg]! �1 � � � � � �k ��t: (�1 � � � � � �k) [� := ff�gg]:�f :�1 ! � � � ! �k ! �:t (�x1:�1 [� := ff�gg] : : :�xk:�k [� := ff�gg]:�c0: f�g ! � ! �: �n0: �:f (Copy�1;ff�ggx1) : : : (Copy�k ;ff�ggxk))(�s0: f�g: �p0: �: p0)n (where n is some variable of type �)An induction on the structure of encodings of complex objects shows that the above terms arewell-typed and that they compute the identity function on encodings of complex objects of sort �,such that the input encoding can be typed as � [� := ff�gg] and the output encoding can be typedas �. It follows that the Powersetf�g operator given above can be typed as shown and that it indeedcomputes the powerset function on encodings of complex objects of sort f�g.5.3.2 Powersets, Sharing, and Type CompatibilityThere is, however, a further technical issue requiring attention: when a relational expression in-volving Powerset is shared in a larger computation, the respective contexts in which the expressionoccurs may introduce con
icting type constraints. While the input and output types of Powersetare now \homogeneous" in the sense that all occurrences of � correspond to the same type, an ex-pression (Powersetf�gS) still forces the substitution � : = ff�gg on the type of S. This substitutionconstrains the type of objects that S can output when S is used as an iterator in another Powersetoperator, for example (Powersetf���g (Times S S)).Other combinations of S with the output of (Powersetf�gS) become equally problematic. Forexample, the expression (Equal (Set S) (Powersetf�g S)) would not type because (Powersetf�g S)has type ff�gg, whereas (Set S) would be typed as ff�gg [� := ff�gg] due to the \contaminated"type of S. To resolve this problem, we can insert a \type-laundering" operator whenever a con
ictoccurs. For example, the expression (Equal (SetS) (Powersetf�g S)) can be typed if it is rewrittenas (Equal (Set (Copyf�g;ff�ggS) (Powersetf�g S)).34



To make this \type-laundering" process precise, let us �x an expression � (r1; : : :; rk) in thecomplex object algebra, and consider its compilation into a TLC= term. We may think of � as acircuit, where the relational variables rj are inputs, and the algebra operators are gates. Observethat the only shared subexpressions are the inputs. Since the circuit is acyclic, we can topologicallyenumerate the inputs and gates, such that each gate is given an index greater than those of itsinputs. For simplicity, we further stipulate that the input relations are given minimal indices; letj be the index of rj , 1 � j � k. Assume that there are n internal gates and inputs, labeled1; 2; : : :; n, and among these m Powerset gates, with indices k < �1 < � � � < �m � n. Write [i; j] forthe interval i; i+ 1; : : :; j and (i; j] for [i+ 1; j].In order to construct a typing for a TLC= term realizing �, we divide the gates in the circuit intom+1 layers of circuitry delineated by the placement of Powerset gates in the topological ordering:we de�ne `1 = [1; �1], `2 = (�1; �2], `3 = (�2; �3], : : : , `m = (�m�1; �m], `m+1 = (�m; n]. Theboundaries between successive layers can be thought of graphically, where a single Powerset sits onthe boundary, and wires between gates from di�erent layers cross the boundaries. Each boundarynaturally de�nes inputs (equivalently, outputs) between adjacent layers, where the Powerset gatelabeled �j 2 `j generates an input to layer `j+1, and the remaining inputs are the wires crossingthat boundary. Each wire can be labeled with a complex algebra sort that is compatible with thegates at its endpoints. Note that a wire crosses several boundaries if the gates at its endpoints arein nonadjacent layers.Lemma 5.9 Given an r-layer circuit, there exists a TLC= term simulating the circuit where foreach input of sort � in the circuit, the TLC= term has a corresponding free variable of type � [� : =ff�1gg] [� := ff�2gg] � � � [� := ff�rgg], such that each substitution [� := ff�jgg] is generated fromthe jth Powerset operator.Proof: We construct a TLC= termE from the circuit in a syntax-directed manner, via an inductiveconstruction on the number of layers.The inductive construction has two cases for the basis r = 1. If no Powerset gate appears inthe circuit, the construction is immediate and trivial. If one Powerset gate appears, it must bethe gate generating the output of the circuit, and of sort ff�1gg. We construct the TLC= term Eidentical to the circuit, where each wire of sort � in the circuit except the output wire is realized bya subterm with type � [� := ff�1gg] (via type substitution), and the entire term has type ff�1gg.Preserving the invariant, the input relation rj of sort �j appears in E as a free variable of type�j [� := ff�1gg] if there is a Powerset gate, and simply of type �j otherwise.When there is more than one layer in the circuit, we divide it into the \top" part comprisinglayers `r; `r�1; : : :; `2, and the \bottom" part consisting of layer `1. By induction, the top part isrealized by a TLC= term E 0, where for each input wire w to the top part (i.e., to `2) having sort �w,the term E 0 has a corresponding free variable xw of type �w [� : = ff�2gg] � � � [� := ff�rgg]. We nowneed to use the structure of the bottom part to generate TLC= terms that are type-compatiblewith the xw.Similar to the basis construction with one Powerset gate, every wire u of sort �u from thebottom layer `1, except the output wire P of the Powerset gate with sort ff�1gg, can be realizedby a TLC= term Tu of type �u [� := ff�1gg]. The output of the Powerset gate is realized by aterm TP of type ff�1gg, and every other output wire w from the bottom layer can be realized bythe TLC= term (Copy�w;ff�1gg Tw) of type �w.Under the type substitution � = [� := ff�2gg] � � � [� := ff�rgg], TP can then be given typeff�1gg [� := ff�2gg] � � � [� := ff�rgg] to be compatible with its corresponding input wire xP in thetop layer, and (Copy�w;ff�1gg Tw) can be given type �w [� := ff�2gg] � � � [� : = ff�rgg] that is type-compatible with input wire xw . Furthermore, every input to the bottom layer of sort �u and type35



�u [� := ff�1gg] can then be given type �u [� : = ff�1gg] [� := ff�2gg] � � � [� := ff�rgg], preservingthe inductive hypothesis. 2Example 5.10 Suppose we want to use this compilation process to translate the complex objectalgebra expression (SetS) \ (PowersetS), where S is of sort f�g, into TLC=. Let use enumeratethe operators in this expression topologically as: S, Set, Powerset, \. The corresponding circuithas two layers, separated by a Powerset gate: the top layer contains an intersection gate and thebottom layer contains an input node S and a Set gate. The inputs to the top layer are the outputof the Powerset gate and a wire from the Set gate.We realize the top layer by the term (Intersectionff�gg x1 x2) and its inputs by the terms T1 �(Setf�gS) and T2 � (Powersetf�gS), where S is typed as f�g [� := ff�gg]. Term T1 is of typeff�gg [� : = ff�gg] and term T2 is of type ff�gg. When forming the combined expression accordingto the rules above, T2 is substituted directly for x2 and a copy of T1 is substituted for x1. Thus,the TLC= representation of the circuit becomes(Intersectionff�gg (Copyff�gg;ff�gg (Setf�g S)) (Powersetf�gS)):Note that a di�erent, but functionally equivalent, term is generated from the topological orderingS, Powerset, Set, \.5.3.3 Removing Polymorphic EqualityThe procedure given above produces a typable embedding of any complex object algebra expressioninto TLC=, but it has a minor aesthetic defect: it requires a polymorphic typing of the Eq predicate.This is because an occurrence of Eq in an operator at level l must be typed as o ! o ! 
l ! 
l ! 
linstead of o ! o ! � ! � ! � , where 
l = � [� := ff�lgg] [� : = ff�l+1gg] � � � [� : = ff�mgg]. If wewant the type of Eq to stay monomorphic (for example, if we want to supply Eq as part of theinput instead of relying on a built-in predicate, cf. Section 2.4), we can do this by replacing everyoccurrence of Eq at level l with the termEql: o ! o ! 
l ! 
l ! 
l ��x: o: �y:o:�u:
l: �v:
l:�z1:�1 : : : �zk:�k:Eq x y (u z1 : : :zk) (v z1 : : : zk);where the types �1; : : :; �k are given by 
l = �1 ! � � � ! �k ! � . For every pair of constants oi; oj ,the normal form of (Eq oi oj) arises from the normal form of (Eql oi oj) by a series of �-reductions [4].It is known that in a ��-reduction sequence, �-reductions can always be pushed to the end [4,Theorem 15.1.6]. This remains true even if Eq-reductions are added, because Eq- and �-reductionscommute for well-typed terms. Thus, the normal form of a query using Eql instead of Eq �-reducesto the normal form of the original query. However, the output of a query is always the encoding Rof a complex object having an \uncontaminated" type, and it is easy to see that there is no well-typed term other than R that �-reduces to R. Thus, it follows that the normal form of a queryusing Eql instead of Eq and the normal form of the original query are identical.In summary, we have shown:Theorem 5.11 Any ALG query q can be embedded into TLC=. If the Powerset operator is notused in q, the embedding is PTIME in the sense of De�nition 2.3.36



6 Embeddings in Low-Order Fragments of TLC=In this section, we modify the simulation of �xpoint queries in Section 4 to minimize the function-ality order of query terms. We �rst revise our input-output conventions and we then revisit ourembeddings of relational algebra and PTIME queries.Minimizing the input/output order: In the encoding scheme used so far, a k-ary relation isencoded as a term�c: ((o ! � � � ! o ! �)! �)! � ! �: �n:�:(c (�f : o ! � � � ! o ! �: f o1;1 o1;2 : : :o1;k)(c (�f : o ! � � � ! o ! �: f o2;1 o2;2 : : : o2;k)� � �(c (�f : o ! � � � ! o ! �: f om;1 om;2 : : : om;k)n) : : :))whose type fokg is of order 4. The relational operators of Section 3 are coded as terms of typefokg ! folg or fokg ! folg ! fomg, which are of order 5. The �xpoint queries of Section 4 are ofeven higher order because of type contamination|their type is (fok1g ! � � � ! foklg) [� := fokg]!fokg, which is of order 8. Finally, the order of complex object queries is unbounded, because thetype structure essentially re
ects the nesting of tuples and sets in the input and output.Although these encodings are quite natural, they are somewhat wasteful with respect to theorder of their types. A �-term of order 4 is already su�ciently powerful to exponentiate a Churchnumeral, so the use of an order 8 term to compute a polynomial �xpoint seems unnecessary. Indeed,by changing the input-output conventions slightly, we can do much better.The revised encoding scheme does away with independent representations for tuples and lists.The only data structure is the relation, which is encoded as follows. Let D = fo1; o2; : : :g be theset of constants. For convenience, we assume that this set of constants also serves as the universeover which relations are de�ned. We replace De�nition 2.1 with the following:De�nition 6.1 Let R = f(o1;1; o1;2; : : :; o1;k); (o2;1; o2;2; : : :; o2;k); : : :; (om;1; om;2; : : :; om;k)g � Dk bea k-ary relation over D. An encoding of R, denoted by R, is a �-term:�c: kz }| {o ! � � � ! o ! � ! �: �n: �:(c o1;1 o1;2 : : : o1;k(c o2;1 o2;2 : : :o2;k� � �(c om;1 om;2 : : :om;k n) : : :))in which every tuple of R appears exactly once. Query terms are de�ned as in De�nition 2.1.The di�erence between this encoding scheme and the one of De�nition 2.1 is that the �elds ofa tuple now appear as separate atomic arguments to the \list-walking" function c, instead of beinghidden in a single functional argument. One can think of R as a generalized Church numeral thatnot only iterates a given function a certain number of times, but also provides di�erent data ateach iteration. 37



If R contains at least two tuples, the principal type of R is (o ! � � � ! o ! �! �)! �! �,where � is a type variable.3 The order of this type is 2, independent of the arity of R. We abbreviatethis type as o�k. Instances of this type, obtained by substituting some type expression � for �, areabbreviated as o�k , or, if the exact nature of � does not matter, as o�k.Theorem 6.2 Any relational algebra query can be PTIME-embedded into order 3 TLC= in thesense of De�nition 2.3 (but with encoding scheme 6.1 instead of 2.1).Proof: The encodings of the relational operators can be adopted to our new input-output conven-tion in a straightforward fashion. The same also applies for the reduction strategies from Section 3.The basic idea is that whenever an operator was passed a k-tuple as an argument, it is now passedthe k individual components of the tuple instead. The revised encodings are as follows:Equalk: kz }| {o ! � � � ! o ! kz }| {o ! � � � ! o ! Bool ��x1: o : : :�xk: o: �y1: o : : :�yk: o:�u: �: �v:�:Eq x1 y1 (Eq x2 y2 : : : (Eq xk yk u v) v) : : :v))Memberk: kz }| {o ! � � � ! o ! o�k ! Bool ��x1: o : : :�xk: o: �r:o�k:�u: �: �v:�:r (�y1: o : : :�yk : o: �p:�:Equalk x1 : : : xk y1 : : : yk u p) vIntersectionk: o�k ! o�k ! o�k ��r:o�k : �r0: o�k:�c: o ! � � � ! o ! � ! �: �n: �:r (�x1: o : : :�xk: o: �p: �: (Member x1 : : : xk r0) (c x1 : : : xk p) p)nSetminusk: o�k ! o�k ! o�k ��r:o�k : �r0: o�k:�c: o ! � � � ! o ! � ! �: �n: �:r (�x1: o : : :�xk: o: �p: �: (Member x1 : : : xk r0) p (c x1 : : : xk p))nUnionk : o�k ! o�k ! o�k ��r:o�k : �r0: o�k:�c: o ! � � � ! o ! � ! �: �n: �:r (�x1: o : : :�xk: o: �p: �: (Memberk x1 : : : xk r0) p (c x1 : : : xk p)) (r0 c n)3If R is empty or contains only one tuple, this type is only an instance of the principal type of R.38



Timesk;l: o�k ! o�l ! o�k+l ��r:o�k : �r0: o�l :�c: o ! � � � ! o ! � ! �: �n: �:r (�x1: o : : :�xk: o: �p: �:r0 (�y1: o : : :�yl: o: �p0: �:c x1 : : :xk y1 : : :yl p0) p)nSelectk;i=j : o�k ! o�k ��r:o�k :�c: o ! � � � ! o ! � ! �: �n: �:r (�x1: o : : :�xk: o: �p: �: (Eq xi xj) (c x1 : : :xk p) p)nProjectk;i1;:::;il : o�k ! o�l ��r:o�k :�c: o ! � � � ! o ! � ! �: �n: �:r (�x1: o : : :�xk: o: �p: �:r (�y1: o : : :�yk: o: �p0: �:(Equall xi1 : : :xil yi1 : : : yil) (Equalk x1 : : : xk y1 : : : yk (c xi1 : : : xil p) p) p0) p)nWith these terms, we can encode any relational algebra query in TLC= of order 3. 2Representing intermediate results more e�ciently: Under the revised input-output format,the order of a �xpoint query isorder (o�k1 [� : = o�k]! � � � ! o�kl [� : = o�k]! o�k) = 5:With the following trick, we can bring the order down to 4: During the �xpoint computation, werepresent intermediate values of the output relation not as iterators, but as characteristic functions .A characteristic function representation of a k-ary relation R is a TLC= termCR: kz }| {o ! � � � ! o ! Boolsuch that for any k constants oi1 ; : : :; oik ,(CR oi1 : : :oik ) > �True if (oi1 ; : : :; oik) 2 R,False if (oi1 ; : : :; oik) =2 R.Note that the type of CR, o ! � � � ! o ! Bool, is of order 1. We abbreviate this type as �k.List representations of relations can be transformed into characteristic function representationsby the following family of operators (one for each arity):ListToChark: o�k ! �k ��r:o�k :�x1: o : : :�xk: o: (Memberk x1 : : :xk r)39



In order to translate back from a characteristic function to an iterator, we need a list A: o�1containing all the constants in the active domain. (Such a list can be obtained from the inputrelations by forming the union of all columns, using the Project and Union operators.) Given thislist, the iterator corresponding to a characteristic function CR:�k is computed by the TLC= termCharToListk :�k ! o�k ��f : o ! � � � ! o ! Bool:�c: o ! � � � ! o ! � ! �: �n: �:A (�x1: o: �p1: �:A (�x2: o: �p2: �:� � �A (�xk: o: �pk: �:f x1 : : :xk (c x1 : : : xk pk) pk) pk�1) : : : p1)n:Theorem 6.3 Any PTIME database query can be encoded in order 4 TLC=.Proof: We proceed by modifying the proof of Section 4 in view of our PTIME-embedding ofrelational algebra in TLC= or order 3.Suppose that the TLC= term (�r:Q): o�k ! o�k of order 3 represents a relational query to beiterated, with variables r1; : : :; rl representing the input relations occurring free in Q. The term�f:Q0, whereQ0 � ListToChark (Q [r:= (CharToListk f)]);represents the same query, but its order is only 2!To express the �xpoint of �f:Q0, we would like to de�ne, similar to Section 4,FixQ � �r1 : : :�rl:CharToListk (Crank (�f:Q0) (ListToChark Nil));where Crank is a suitably large Church numeral derived from a Cartesian product of the activedomain and Nil is the empty list. However, this term can be typed only with a certain amount of\type-laundering." More precisely, the occurrences of ri in Crank have to have a \contaminated"type (o�ki) [� := �k ], whereas the occurrences of ri in Q0 and CharToList have to have a \clean"type o�ki , for 1 � i � l. This can be achieved by replacing the latter occurrences of ri by the term(Copyki ri), where Copyki is the following \type-laundering" operator:Copyki : (o�ki) [� := �k]! o�ki ��r: (o�ki) [� := �k ]:�c: o ! � � � ! o ! � ! �: �n: �:(r (�x1: o : : :�xki : o: �p:�k:�y1: o : : :�yk: o: �u: �: �v:�: c x1 : : : xki (p y1 : : :yk u v))(�y1: o : : :�yk: o: �u: �: �v:�: n)) z1 : : :zk nn(Here, z1; : : :; zk are some variables of type o.) The proof of correctness is similar to that ofSection 4.2. 40



Thus, the �nal encoding of the �xpoint query becomesFixQ: (o�k1 ! � � � ! o�kl) [� := �k ]! o�k ��r1: o�kk1 : : : �rl: o�kkl :CharToListk [r1:= (Copyk1 r1); : : :; rl: = (Copykl rl)](Crank(�f :�k: Q0 [r1:= (Copyk1 r1); : : :; rl:= (Copykl rl)])(ListToChark Nil)):It is easy to see that this term is indeed well-typed and that its type is of order 4. It follows thatevery in
ationary �xpoint query can be encoded in TLC= of order 4. Observe that the Precedesoperator of Section 4.2 works without change in our current setting. Thus, Theorem 6.3 followsfrom the Immerman-Vardi characterization of QPTIME. 2Remark 6.4 Note that Theorem 6.3 does not make any claims about the number of reductionsteps needed to normalize the query expression. In fact, it is not obvious at all that a �xpointquery in this new encoding scheme can be evaluated in PTIME. This is due to the fact that for anyiterator R representing a relation, the term (ListToChar R) reduces to a normal form whose sizeis exponential in the size of R! Thus, a polynomial evaluation strategy must somehow recognizesuch terms and use special data structures to store their normal forms e�ciently. This programis carried out in [23, 24], where it is shown that for computations over �nite structures, TLC=of order 4 expresses only PTIME computations. Thus, over �nite structures, TLC= of order 4captures exactly PTIME.Finally, we observe that by eliminating constants and equality using the technique of Section 2.4,we obtain an embedding of PTIME in the TLC of order 5:Theorem 6.5 Let (�R �) be any �xpoint query mapping relational variables r1; : : :; rl of aritiesk1; : : :; kl to a relation of arity k. Then there exists a TLC term Q such that whenever R1; : : :; Rl arerelations of arities k1; : : :; kl, the expression (QEqR1 : : :Rl) can be typed in the order-5 fragment ofTLC and it reduces to (�R �) (R1; : : :;Rl). Here, R denotes the encoding of relation R in the formatdescribed above, except that TLC= constants are replaced by the appropriate projection functions,and Eq is a domain-speci�c encoding of the equality predicate as described in Section 2.4.Proof: By Theorem 6.3, there exists a TLC= query term Fix� of order 4 encoding the query(�R �). Let Q be the TLC-term �Eq: o ! o ! � ! � ! �:Fix�. Let R1; : : :;Rl be encodingsof relations of arities k1; : : :; kl using projection functions instead of constants, and let Eq be anencoding of Eq appropriate for these projection functions, as described in Section 2.4. The typesassigned to Eq and R1; : : :;Rl in the TLC expression (QEqR1 : : :Rl) are exactly the same as thetypes assigned to Eq and R1; : : :;Rl in the TLC= expression (Fix�R1 : : :Rl), except that the typeconstant o is replaced by an order-1 type ! � � ! � � � ! � , where the number of � 's depends onthe size of the domain. According to the description of �xpoint queries above, the types assignedto R1; : : :;Rl are order-3 types of the form (o ! � � � ! o ! �k ! �k) ! �k ! �k , where �k isthe order-1 type o ! � � � ! o ! Bool. Substituting ! for o in this type increases the order by 1,so the occurrences of R1; : : :; Rl in (QEqR1 : : :Rl) are assigned order-4 types. The type of Eq is! ! ! ! Bool, which is of order 2. It follows that the occurrence of Q in (QEqR1 : : :Rl), andtherefore the entire expression, can be typed using order at most 5. 241



Remark 6.6 It is easy to see that the same technique can be applied to query terms in order kTLC= for arbitrary k � 3, leading to re-encodings of such query terms in the \pure" TLC of orderk + 1.7 Conclusions and Open ProblemsThe embeddings of database query languages in the typed �-calculus that we present here areinteresting for a number of reasons:(1) Our analysis indicates that certain complexity classes can be expressed using fragments ofTLC or TLC=. Can these fragments, under the appropriate input-output conventions, be usedto characterize complexity classes exactly? There has been some recent progress on this question.There are a number of functional characterizations of PTIME, e.g., [5, 13, 18, 19, 33]. Another suchfunctional characterization, based on appropriate input-output conventions and order 4 TLC= ispresented in [23, 24]. Analogous results for PSPACE/EXPTIME and order 5/order 6 TLC= arein [23]. These characterizations are proven by an analysis of reduction strategies augmented withdata structures. Note that increased order leads to more expressive power as in [26, 29, 31]. Loworders are particularly interesting because of the few primitives in TLC or TLC=, as opposed tothe languages analyzed in [26, 29, 31].(2) Not all database query languages can be embedded in the typed �-calculus. Clearly, anycomputation that is not elementary is not captured by our framework. What should be added tothe typed �-calculus to capture exactly the more powerful database query languages such as thecomputable queries of [9]?(3) The use of reduction strategies in PTIME-embeddings provides a link between complexitytheory, �nite model theory, and the typed �-calculus. It motivates the further study of reductionstrategies in this setting (see [4] for a summary). One interesting problem is the behavior ofoptimal reduction strategies [34] in our setting|do they yield the same resource bounds as ourad-hoc strategies?(4) Our PTIME-embeddings identify \pure" functional database query languages without addedconstructs or added polymorphism. For example, the typed �-calculus with equality is the simplestsyntax to date, that can be used to describe the complex object algebra of [1]. In our embeddingswe use lists of tuples and simulate sets by eliminating duplicates. In [1, 6, 7, 28] sets are usedas basic constructs, and set iteration is used instead of list iteration. What are the properties ofthe �-calculus augmented with set iteration? This is central in the study of database \collectiontypes."(5) Finally, our embeddings indicate that, at least in the database setting, the case for extensionsto TLC should be made on the basis of 
exibility and not expressibility. Since the only reasonablequeries are the PTIME ones and these are PTIME-embeddable into TLC, it has su�cient expressivepower. To make the case for richer type systems, one should examine what algorithms (as opposedto functions) can be described with richer types, but cannot be described in TLC.Acknowledgment: We would like to thank Catriel Beeri and Serge Abiteboul for many helpfuldiscussions and two anonymous referees for their insightful comments.References[1] S. Abiteboul and C. Beeri. On the Power of Languages for the Manipulation of ComplexObjects. INRIA Research Report 846, 1988.42
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