
Many Birds With One Stone:Multi-Objective Approximation AlgorithmsR. Ravi1M.V.Marathe2S.S. Ravi3D.J. Rosenkrantz4H.B. Hunt III5Technical Report No. CS-92-58December 1992
1Brown University Box 1910, Providence, RI 029122University at Albany-Suny NY 122223University at Albany-Suny NY 122224University at Albany-Suny NY 122225University at Albany-Suny NY 12222





Many birds with one stone: Multi-objective approximationalgorithmsR. Ravi1;3 M. V. Marathe2;4 S. S. Ravi2;5 D. J. Rosenkrantz2;6H.B. Hunt III2;4AbstractWe study network-design problems with multiple design objectives. In particular, we look attwo cost measures to be minimized simultaneously: the total cost of the network and the maximumdegree of any node in the network. Our main result can be roughly stated as follows: given aninteger b, we present approximation algorithms for a variety of network-design problems on an n-node graph in which the degree of the output network is O(b log(nb )) and the cost of this network isO(log n) times that of the minimum-cost degree-b-bounded network. These algorithms can handlecosts on nodes as well as edges. Moreover, we can construct such networks so as to satisfy a varietyof connectivity speci�cations including spanning trees, Steiner trees and generalized Steiner forests.The performance guarantee on the cost of the output network is nearly best-possible unless NP = ~P .We also address the special case in which the costs obey the triangle inequality. In this case, weobtain a polynomial-time approximation algorithm with a stronger performance guarantee. Given abound b on the degree, the algorithm �nds a degree-b-bounded network of cost at most a constanttime optimum. There is no algorithm that does as well in the absence of trianlge inequality unlessP = NP . We also show that in the case of spanning networks, we can simultaneously approximatewithin a constant factor yet another objective: the maximum cost of any edge in the network, alsoreferred to as the bottleneck cost of the network. We extend our algorithms to �nd TSP tours andk-connected spanning networks for any �xed k that simultaneously approximate all these three costmeasures.
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1 Introduction1.1 MotivationSeveral fundamental problems in the design of communication networks can be modeled as �nding anetwork obeying certain connectivity speci�cations. For instance, the network may be required to connectall the nodes in the graph (a spanning tree problem), a subset of the nodes in the graph (a Steiner treeproblem) or may be only interconnect a set of site-pairs of nodes (a generalized Steiner forest problem).If we require the network to de�ne a tour in which each node is visited exactly once, this correspondsto a TSP problem. The goal in such network-design problems can usually be expressed as minimizingsome notion of \cost" associated with the network. This cost may re
ect the price of constructing thenetwork, or it may measure some form of vulnerability of the network, or it may even measure somecritical price in using this network.There are three classic examples of such cost measures. If we associate costs with feasible edges andnodes that can be used to build the network, then we may look for a network such that the price ofconstruction is minimized. This is the minimum-cost network design problem and has been well studied[3, 1, 8, 12, 15, 19, 20, 26, 28, 21, 30]. A notion of cost that re
ects the vulnerability of the network tosingle point failures and also quanti�es the amount of decentralization in the network is the maximumdegree of any node in the network. Minimizing this cost corresponds to the minimum-degree networkdesign problem, which has also been well-studied [2, 9, 10, 27]. A cost measure that captures the priceassociated with using the network is the bottleneck cost which is the maximum cost of any edge in thenetwork. If the cost of an edge re
ects the geographical distance between its endpoints, then minimizingthe bottleneck cost in a network corresponds to minimizing the maximumdistance traveled in a single hopin the network. Such problems are termed bottleneck problems and these have also received considerableattention [14, 25].Finding a network of su�cient generality and of minimum cost with respect to each one of thesemeasures can be shown to be NP-complete [11]. Hence much of the work mentioned above focuses onapproximation algorithms for each of these problems. However, in applications that arise in real-worldsituations, it is often the case that the network to be built is required to minimize more than one of thesecost measures simultaneously. Recent papers have identi�ed many such problems [4, 18, 17, 31] whereinmore than one objective is speci�ed in the statement of the problem.In this paper, we embark on a new research endeavor, namely studying the approximation of generalnetwork-design problems with multiple objectives in a uni�ed way. We consider several combinationsof these parameters and provide approximation algorithms that are nearly best-possible in terms of theperformance guarantee for one of the parameters studied. We also examine the case of cost functionsobeying the triangle inequality and provide better algorithms for this case. We proceed to outline ourmain results.1.2 Degree-bounded minimum-cost network designConsider the following simply stated b-MST problem: Given an undirected edge-weighted graph and aninteger b � 2, �nd a spanning tree in which the maximum degree of any node is at most b and the totalcost is minimum. We assume that the edge-weights are nonnegative and integral. It is straightforward toshow that this problem is NP-complete by a reduction from the Hamiltonian path problem. To examinewhat kind of approximations we can hope for, we �rst make the following simple observation.Observation 1.1 For any �xed rational number R � 1, �nding a spanning tree of G whose maximumdegree is at most b and whose total cost is at most R times that of a minimum-cost degree-b-boundedspanning tree of G is NP-hard.Given this di�culty in conforming to the degree restriction in any approximate solution, we set ourgoals a little lower and seek a solution that is approximate in terms of both the objectives. We presentthe �rst such result for approximating the b-MST problem.Theorem 1.2 There is a polynomial algorithm that, given an undirected graph G on n nodes withnonnegative costs on its edges, and a degree bound b, constructs a spanning tree whose maximum degree1



is O(b log nb ) and whose cost is at most O(log nb ) times that of the minimum-cost b-bounded spanning treeof G.Our techniques are powerful enough to generalize to the case of constructing Steiner trees as well asgeneralized Steiner forests. Given an undirected graph and a set of site-pairs of nodes, de�ne a b-bounded generalized Steiner forest for the site-pairs to be a subgraph such that the maximum degree ofany node in the subgraph is at most b and there is a path in the subgraph between any site-pair. Wehave the following generalization of the above theorem.Theorem 1.3 There is a polynomial-time algorithm that, given an undirected graph G with nonnegativecosts on its edges, a set of site-pairs of nodes, and a degree bound b, constructs an O(b log kb )-boundedgeneralized Steiner forest for the site-pairs whose cost is at most O(log kb ) times that of the minimum-costb-bounded generalized Steiner forest for the site-pairs. Here k represents the number of nodes of G thatare sites.In fact, we can even go one step further and prove the same result as above for a whole class ofconstrained forest problems introduced by Goemans and Williamson in [12]. Using this extension, wecan solve approximately for the �rst time the degree-bounded minimum-cost versions of a non-�xedpoint-to-point interconnection problem.1.3 Extension to the node-weighted caseWe can strengthen each of the results above by considering nonnegative costs on the nodes and aimingto �nd a small degree network of minimum total cost. However, the performance guarantee on the costof the solution worsens slightly as a result of this generalization. Even so, in this case, we achieve aperformance ratio on the cost of the solution that is within a constant factor of best possible.Note that any problem with costs on nodes and edges can be transformed to one with weights onlyon the nodes as follows: replace every edge e = (u; v) of cost c(e) by two edges (u; xe) and (xe; v) wherexe is a new node of cost c(e). Thus the extension below is a strict generalization of Theorem 1.2.The case of spanning trees treated in Theorem 1.2 is less interesting in the case of node-weightedgraphs since every node must be included in the output solution. This problem then reduces to computinga minimum-degree spanning tree that has been well-studied [9, 10].We focus our attention on the more interesting case of Steiner trees. Recently, Klein and Ravi[19] have presented the �rst polynomial-time approximation algorithms for node-weighted Steiner trees.The performance guarantee of their approximation algorithms is logarithmic in the number of terminalsspeci�ed in the problem. Using recent results on the hardness of approximation for the set-cover problem[24], they show that the performance guarantee is nearly best-possible (within a constant factor) unlessNP = ~P . We extend the techniques of Klein and Ravi [19] to the case when the degree of the Steinertree is also required to be bounded and derive the following analogue of Theorem 1.2.Theorem 1.4 There is a polynomial-time algorithm that, given an undirected graph G on n nodes withnonnegative costs on its nodes, a subset of k nodes called terminals, and a degree bound b, constructs aSteiner tree spanning all the terminals whose maximum degree is O(b log(kb )) and whose cost is at mostO(logk) times that of the minimum-cost b-bounded Steiner tree of G spanning all the terminals.As before, we can extend the above theorem to generalized Steiner forests and to even more generalconstrained forest problems addressed in [12]. We omit these extensions in this abstract.We note that the above theorem subsumes the result of Klein and Ravi [19] since it contains theirresult as a special case when the degree of any node in the solution is allowed to be unbounded. Thoughwe generalize their result, the performance guarantee on the cost of the solution that we prove matchesthat proved in [19] within a constant factor. Using the observation in their paper, it follows that theperformance guarantee of our solution in terms of the total cost is nearly best-possible unless NP = ~P .1.4 An application: approximatingminimum-degree generalized Steiner forestsTheorem 1.3 has an important application. We can use this theorem to provide the �rst polynomial-timeapproximation algorithm for a class of minimum-degree forest problems considered by Ravi, Raghavachari2



and Klein in [27]. A prototypical example of a problem in this class is the minimum-degree generalizedSteiner forest problem: given an undirected graph with site-pairs of nodes, �nd a generalized Steinerforest for the site-pairs whose maximum degree is minimum. The best approximation ratio for thisproblem achievable using the techniques in [27] is 
(n�) for some constant � > 0. The running timeof the algorithm achieving this ratio is O(n 1� ). We can improve the approximation factor achievable inpolynomial-time for this problem by an application of Theorem 1.3.Theorem 1.5 There is a polynomial-time algorithm that, given an undirected graph G on n nodes and aset of site-pairs of nodes, constructs a generalized Steiner forest for the site-pairs whose maximum degreeis at most O(log k�� ) times the minimum possible. Here k represents the number of nodes of G that aresites and �� is the minimum-degree of any generalized Steiner forest for the site-pairs.1.5 Approximations under triangle inequalityOne way to circumvent the di�culty exhibited in Observation 1.1 is to consider cost-functions on theedges with more structure. In this direction, we turn to the case of cost-functions on the edges obeying thetriangle inequality. This is a reasonable assumption in the design of communication networks where thecosts typically measure geographic distances between the nodes. In this case, we present approximationsthat strictly conform to the degree restrictions in the input problem and approximate the bottleneck costof the output network as well.We introduce an extension of the short-cutting technique of Rosenkrantz, Stearns and Lewis [28] forthe TSP problem to approximate the total cost, the maximum degree as well as the bottleneck cost ofspanning networks.Theorem 1.6 [The b-MST Theorem] There is a polynomial-time algorithm that, given an undirectedgraph with edge costs obeying the triangle inequality and an integer b � 3, outputs a spanning tree whosedegree is at most b and whose total cost is at most (2� (b�2)(n�1)) times optimum and whose bottleneck costis at most twice optimum.If we insist on a Hamiltonian path (i.e., require b = 2), then the simple TSP heuristic in [28] provides asolution that approximates the total cost of the spanning tree by a factor 2(1� 1n) in an n-node graph,but provides no guarantee on the bottleneck cost. However, we can tailor our short-cutting technique toobtain a TSP with small total cost as well as small bottleneck cost.Theorem 1.7 There is a polynomial-time algorithm that, given a undirected graph with edge costs obey-ing the triangle inequality, outputs a TSP tour whose total cost is at most four times optimum and whosebottleneck cost is at most eight times optimum.We note that the techniques of Parker and Rardin [25] and subsequently Hochbaum and Shmoys [14]apply to approximate the bottleneck cost of the TSP within a factor of two of the optimum. Similarly,the techniques of Rosenkrantz, Stearns and Lewis [28] apply to approximate the total cost of the TSPwithin twice the optimum. However, the theorem above is the �rst of its kind on approximating boththese cost measures for the TSP simultaneously even under triangle inequality.We can extend Theorem 1.6 to higher-connected networks as follows.Theorem 1.8 There is a polynomial-time algorithm that, given an undirected graph with edge costsobeying the triangle inequality, an integer k � 2 (the edge-connectivity requirement), and an integerb � k (the degree bound), outputs a k-connected spanning subgraph of G in which the degree of any nodeis at most b, the total cost of all the edges in the subgraph is at most 4(k + 2) times optimum, and themaximum cost of any edge in the subgraph is at most 4k times optimum.This theorem is proved by using short-cuts that induce higher-connected graphs. We can extendthe results in Theorem 1.6 to more general one-connected networks. Thus, for instance, we can obtainapproximation algorithms for degree-bounded minimum-cost Steiner trees and for degree-bounded min-imum bottleneck Steiner trees. These extensions are straightforward and are detailed in the Appendix.In the next section, we �rst discuss related work. In Section 3, we provide a proof of Theorem 1.2as warm-up. Then we sketch the proof of its extensions and its application to prove Theorem 1.5. Then3



we move on to present the algorithm and proof of Theorem 1.4 in the following section. After this, wepresent the results for the case of cost functions obeying triangle inequality. In the appendix we includesome simple NP-hardness results and also some observations on �nding approximately minimum Steinertrees under multiple objectives.2 Related work2.1 Multi-objective approximationsThere has been very little work on approximating problems with many simultaneous objective functions.One important contribution to this area is by Bar-Ilan and Peleg [4]. In this work, they provide approx-imation algorithms for problem of allocating network centers wherein each center is allowed to serviceonly a bounded number of nodes. Wong [31] examines a budget network design problem in which anetwork is to be built whose cost is at most a certain budget such that the sum of the path-lengths ofcommodities to be routed using this network is minimized. He showed that even �nding near-optimalsolutions is NP-hard if we are required to conform to the budget requirement and approximate only thesum of path-lengths. This result is quite similar in 
avor to Observation 1.1 wherein we are required toconform to the degree requirement and wish to approximate only the total cost. Klein, Agrawal, Raviand Rao [18] provide an approximation algorithm for �nding an elimination ordering for sparse Gaussianelimination to simultaneously minimize the �ll-in, the total operation count and the elimination height.Khuller, Raghavachari, and Young [17] provide an algorithm for �nding a spanning tree whose weight isat most a constant times that of the MST such that the distance in this tree from the root is at most aconstant times the distance in the input graph.Iwainsky et al. [16] formulated a version of the minimum-cost Steiner problem with an additionalcost based on node-degrees. Duin and Volgenant [6] formulate the degree-bounded Steiner tree problemmotivated by practical considerations.2.2 Minimizing one of the cost measuresMuch work has been done on approximating each of the cost measures that we simultaneously minimize.A series of recent results have addressed the problem of minimum-degree networks of various forms:spanning trees [9, 10], Steiner trees [2, 10], generalized Steiner forests and more general one-connectednetworks as well as two-edge-connected spanning networks [27].A lot of research e�ort has been dedicated to the study of minimum-cost network problems: e.g.,spanning trees [3, 20, 26], TSPs [21, 8], Steiner trees [15, 30], generalized Steiner trees [1] and even moregeneral one-connected networks [12].Bottleneck problems have been investigated in [14, 25].3 Approximating both the degree and cost: the edge-weightedcaseIn this section, we sketch a proof of Theorem 1.2. First, we provide some background and address aproblem which comes up as a subproblem in our solution.3.1 BackgroundIn this section, we provide some background material needed to understand the working of our algorithmand our proofs. First, we recall a tree decomposition theorem. Then we look at a variant of a degreeconstrained subgraph problem which we use as a subroutine in our solutions.3.1.1 A tree decomposition theoremThe following tree decomposition theorem from [19] will be used in bounding the cost of the solutionobtained by our algorithms. 4



Claim 3.1 Let T be a tree with an even number of marked nodes. Then there is a pairing (v1; w1); . . . ; (vk; wk)of the marked nodes such that the vi � wi paths in T are edge-disjoint.3.1.2 The Degree Constrained Subgraph (DCS) problemWe describe a DCS problem in this section since we use an algorithm for this problem as a subroutinein our solutions. The general DCS problem can be stated as follows: Given an undirected graph withnonnegative costs on the edges, and an integer valued-function f de�ned on the vertices of the graph,�nd a minimum-cost subgraph (if any) such that the degree of any vertex v in this subgraph is f(v).This problem is sometimes referred to as the f-factor problem [23], and is known to be polynomiallysolvable [23, 7, 29]. The following more general variant of this problem is also known to be polynomiallysolvable using matching techniques [23].De�nition: We denote the degree of a node v in a subgraph H by degH(v).Fact 3.2 [23] (b-bounded even DCS problem) The following problem has a polynomial time solution:Given an undirected graph G = (V;E) such that V = S [ T and S \ T = ;, and an integer b � 2,�nd a subgraph H (if one exists) of G of minimum cost such that degH(v) = 1 for all vertices v 2 T ,0 � degH(v) � b for all vertices v 2 S, and degH(v) � 0 ( mod 2) for all v 2 S.The b-bounded even DCS problem described above is a generalization of the famous T -join problem[7]. Note that when b is allowed to be unbounded, then the b-bounded even DCS problem reduces tothe T -join problem. A proof of Fact 3.2 can be provided using a transformation to a min-cost perfectmatching problem as is done for the T -join problem in [23, 7]. Using results on the structure of T -joins,it is easy to prove the following property of any subgraph H satisfying the conditions of Fact 3.2.Proposition 3.3 Let H be any subgraph satisfying the conditions in Fact 3.2. Then there is a pairingof the nodes of T in H such that there are edge-disjoint paths in H between each pair of vertices.We will use the above proposition in the proof of the performance guarantee.3.2 The spanning tree case: Proof of Theorem 1.2In this section, we prove Theorem 1.2 by describing the algorithm referred to in the theorem. We shalluse b to denote the degree bound speci�ed in the problem. We also use OPTb to denote the minimumcost of any b-bounded spanning tree of the input graph.3.2.1 OverviewThe algorithm follows the same skeletal outline as that of F�urer and Raghavachari [9] for approximatingthe minimum degree spanning tree. However, we generalize it to ensure that the cost of the solutionchosen is small as well.The algorithm works in O(log nb ) phases where n is the number of nodes in the original graph. Tobegin with, the solution subgraph is empty and each node is in a connected component by itself inthe current solution. At each phase, we add edges between the components thus reducing the numberof connected components in the current solution by a factor of half. When the number of connectedcomponents falls to O(b) we run a standard MST algorithm to connect up all these components. Thusthere are O(log nb ) phases in all. We also ensure that in each phase, the degree of any node in the graphincreases by at most O(b) and the set of edges added has cost at most OPTb. Thus we prove the boundon the degree and the cost of the solution subgraph as stated in Theorem 1.2.3.2.2 The AlgorithmInput: An undirected graph G = (V;E) and a degree bound b � n � 1 where n = jV j.Output: A spanning tree in which the maximumdegree isO(b log nb ) and whose total cost isO(OPTb log nb ).1 Initialize the set of edges in the solution subgraph F := ;, and the iteration count i := 1.2 Repeat until the number of connected components of (V; F ) is O(b)5



3 Let C = fC1 . . . ; Cpg, be the set of connected components of (V; F ).4 Construct an auxiliary graph Gi as follows.5 Add a node in Gi for every node in V and one node for every Cj 2 C. Thus the node set Vi ofGi is V [ C.6 Add the following edges in Gi: Between all the nodes of V in each connected component Cj 2 C,add edges of zero-cost to form a clique.Let E0 � E represent the set of edges of G whose endpoints are in di�erent components in C.For each edge e = (u; v) 2 E0 of cost c(e), add four edges in Gi: let u 2 Cu 2 C and v 2 Cv 2 C.Note that since e 2 E0, we have Cu 6= Cv. We add the edges (u; v); (u;Cv); (v; Cu) and (Cu; Cv)each of cost c(e) in Gi.7 If jCj is odd, we add an extra dummy node z and add zero-cost edges between z and everyCj 2 C.8 Find a 2b-bounded even DCS of Gi setting S = V and T = C (or T = C [fzg if jCj is odd). Thiscan be done using the algorithm referred to in Fact 3.2.9 F := F [ the set of edges of G found by the DCS algorithm in Step 8.10 i := i + 1.11 Now the number of connected components of (V; F ) is O(b). Contract each of these connectedcomponents to single nodes and �nd an MST of these nodes in the original graph. Add the edgesof these MST to the set F .12 Output a spanning tree of (V; F ).Note that at each iteration, only the edges of E0 � E are represented in Gi and so these are the onlyedges chosen as a solution to the DCS problem (other than the zero-cost edges). However, the solutionto the DCS problem may choose one or more copies of an edge e 2 E0. In this case, in Step 9, we includeonly one copy of this edge in the set F .3.2.3 Performance GuaranteeWe prove the performance guarantee using a series of lemmas.Lemma 3.4 The total number of iterations of the above algorithm is O(log nb ).Proof: We prove the above lemma using a potential function argument. De�ne the potential at eachiteration of the algorithm to be the number of components in the set C at the beginning of the iteration.We claim that at each iteration, this number reduces by a factor of half. To show this, we use Proposition3.3 to derive a pairing of the components in C such that there are edge-disjoint paths between the pairsin the DCS solution subgraph found in Step 8 of the iteration. It is easy to convert these paths in Gito paths in (V; F ) of the same cost between corresponding pairs of components. Thus after adding theDCS solution found in this iteration, each component merges with at least one other component. Hencethe total number of components in the resulting graph reduces by a factor of half. Since there are ncomponents to begin with and we stop and compute a MST when the number of connected componentsfalls to O(b), there are O(log nb ) iterations in all.Lemma 3.5 The degree of the spanning tree output by the above algorithm is O(b log nb ).Proof: The lemma is proved using the constraint on the degree of the nodes in the DCS solution formedat each iteration of the algorithm. At any iteration i except the last, the contribution to the degree ofany node in the solution subgraph F is at most 2b due to edges incident on its copy in Gi and at most 1due to an edge incident on the component in C to which the node belongs. Hence the degree of any nodeof V due to edges in the DCS formed in Gi is at most 2b+ 1. This is also an upper bound on the degreeof the subgraph induced on the node set V by the edges in this DCS solution. The degree added to anynode using the edges in the last edges is O(b) since we add a tree spanning this many nodes. Since thenumber of iterations is O(log nb ) by Lemma 3.4, the degree of any node in the solution subgraph F inStep 12 is O(b logn). Hence any spanning tree of (V; F ) also has maximum degree O(b log nb ).Lemma 3.6 At each iteration i of the algorithm, the cost of the solution to the DCS problem in Step 8in this iteration is at most OPTb. 6



Proof: This is trivial to see in the last iteration of the algorithm since a b-MST of cost OPTb inducesa spanning tree on the remaining O(b) components of cost at most OPTb. For every other iteration i ofthe algorithm, we show that there exists a solution of cost at most OPTb to the DCS problem set up inthis iteration. Since we �nd a minimum-cost DCS at Step 8 of this iteration and this is also the cost ofthe edges of G added to F in this iteration, this set of edges has cost at most OPTb.To construct a feasible solution of value at most OPTb for the DCS problem on Gi, consider aminimum-cost b-bounded spanning tree T � of cost OPTb. Let Ci represent the set of connected compo-nents in C at the beginning of iteration i. Contract all the nodes of T � in the same connected componentin Ci to a single supernode to form a graph T �(i) on the node set Ci. This operation preserves connectiv-ity and since T � is connected, T �(i) is a connected graph as well. Let Ti be any spanning tree of T �(i).Then Ti is a spanning tree on the nodes Ci and has cost at most OPTb since all the edges in Ti are edgesof T �. But the degree of any node in Ti may be much larger than b as a result of contraction. However,we shall show that we can use Ti to derive a solution to the DCS problem in Gi having small degree atthe nodes of V . In particular, we prove the following claim.Claim 3.7 Using the spanning tree Ti on the node set Ci, we can construct a solution of cost at mostthat of Ti to the DCS problem set up in Step 8.Proof: Assume for the sake of simplicity that jCij is even7. Applying Claim 3.1 to the tree Ti with allthe nodes (representing components in Ci) marked, we can �nd a pairing P of all the components in Cisuch that the paths in Ti between the pairs are edge-disjoint.We now convert these paths into a feasible solution to the DCS problem as follows:(i) First, we consider pairs of components in P such that the path between them in Ti is a singleedge. Let Cu; Cv be such a pair in P joined by an edge (u; v) of T �. Since Cu 6= Cv, the edgee = (u; v) 2 E0. So by the construction in Step 6 of the algorithm, there is an edge (Cu; Cv) of costc(e) in Gi. In this case, we add this edge (Cu; Cv) of cost c(e) to the DCS solution. We do this forevery pair of components joined by a single edge in Ti.(ii) Then we consider pairs of components in P between which the paths in Ti consist of more thana single edge. Let Cx; Cy be such a pair of components in P. Let the path between them in Tibe (Cx; C1); (C1; C2); . . . ; (Cq; Cx). For each edge in this path, there is a corresponding edge in T �from which this edge is derived. Let these edges in T � be (vx; v1;in); (v1;out; v2;in); . . . ; (vq;out; vy)respectively. Note that for 1 � j � q, both vj;in and vj;out are in the component Cj but they maybe two distinct vertices. Now, we de�ne a path Px;y in Gi between Cx and Cy as follows.Px;y = (Cx; v1;in); (v1;in; v1;out)[ if v1;in 6= v1;out ](v1;out; v2;in); (v2;in; v2;out)[ if v2;in 6= v2;out ] . . . (vq;out; Cy)It is easy to verify that all the edges used in any path of the above form were included in the graphGi in Step 6. Also note that all edges of the form (vj;in; vj;out) are of zero cost since both theendpoints of any such edge are in the same component in Ci. We form such a path Px;y betweenevery pair of components in the pairing P between which the path in Ti has more than one edge.We then take the modulo two sum of all these paths 8 and add this to the DCS solution.It is now routine to verify that the cost of the solution constructed this way is at most that of theset of edge-disjoint paths in Ti from which it was constructed. This in turn is at most OPTb.Each vertex v 2 V � Vi has degree at most b in T � and we add at most one extra edge of zero cost forevery edge of T � incident on it in part (ii) of the construction above. Furthermore, taking the modulotwo sum of these paths may only reduce the degree of any node in V . Thus the degree of any node inV in the constructed solution is at most 2b. To verify that the degree of each node in V is even in thesolution constructed, note that any node in this set is only used as an internal node in the set of pathsidenti�ed in (ii) above. Since we used a modulo two sum of the paths in (ii), the degree of these nodesdue to the set of edges added in the solution is even.This completes the proof of Claim 3.7.7The case when jCij is odd can be treated similarly by including the dummy node added in Step 7 in the set Ci.8An edge is in the modulo two sum only if it occurs in an odd number of the paths that are being summed.7



This also completes the proof of Lemma 3.6.By Lemma 3.5, the degree of the output spanning tree is at most O(b log nb ). The cost of the spanningtree is at most that of the solution subgraph F from which the tree is extracted in Step 12. This subgraphis the union of the DCS solutions obtained at di�erent iterations. The cost of the DCS solution at eachiteration is at most OPTb by Lemma 3.6 and there are O(log nb ) iterations by Lemma 3.4. Hence thebound on the cost follows. This proves Theorem 1.2.4 Extensions to generalized connectivities and an applicationIn this section, we show how to extend Theorem 1.2 proved in Section 3 to more general one-connectednetworks like generalized Steiner trees.4.0.4 Proof of Theorem 1.3We sketch the algorithm for the generalized Steiner case. The algorithm follows the same outline as thealgorithm in Section 3. We highlight only the di�erences here. The main di�erence is that every vertexdoes not start out in a connected component that needs to be merged with all the others. Instead weintroduce the notion of active components, namely components that separate a site-pair. Thus, to beginwith, each node in a site-pair is in an active component by itself.In constructing the auxiliary graph Gi, we add zero cost edges as before between nodes in the sameactive component. We also add all the other graph edges between the nodes of V . This permits the useof paths in the graph G to connect up the active components in a DCS solution.We must also modify the algorithm for the sake of proof as follows: If in an iteration, there are qactive components, we add b q3c dummy nodes that have zero cost edges to all the active componentsin the auxiliary graph Gi. As a result, only 2q3 of the active components may be paired using the DCSsolution found. However, this reduces the number of active components by q3 ensuring that the numberof iterations is still O(log(kb )) where k is the number of nodes that are in site-pairs. So the performanceguarantee of the algorithm remains una�ected.We use this modi�cation in the auxiliary graph Gi to prove the existence of a feasible solution tothe DCS problem of value at most OPTb (Lemma 3.6 and Claim 3.7) in each iteration. In the proof ofLemma 3.6, we start with the optimal generalized Steiner forest and contract the active components tosingle nodes. This may leave a forest where the q components are in q3 trees with three active componentseach. Note that we can apply Claim 3.1 only to trees with an even number of nodes, so in this case,a single node remains in each tree. This node must be paired with a dummy node so as to exhibit afeasible solution to the DCS problem set up in Gi. This is the reason why we use so many dummy nodesin Gi. Since each active component must be part of a tree with at least one other active component, itis easy to see that adding q3 dummy nodes always su�ce to exhibit such a solution to the DCS problemset up in Gi from the optimal solution.In the last iteration, when the number of active components falls to O(b), we run the approximationalgorithm for minimum-cost generalized Steiner forest of Agrawal, Klein and Ravi [1] using the contractedactive components as sites. The maximum degree of any node in this forest is O(b) and the cost is atmost twice OPTb using the performance guarantee in [1]. Also, the �nal subgraph output has no activecomponent and so the �nal subgraph contains a generalized Steiner forest for the site-pairs. The proofof the performance guarantee proceeds exactly as before. Note that the number of iterations is nowO(log(kb )) where k is the number of nodes in site-pairs. The rest of the proof is the same as before andthis proves Theorem 1.3.4.0.5 Proof of Theorem 1.5Now we show how to apply Theorem 1.3 to approximate the problem of �nding a minimum-degreegeneralized Steiner forest in an unweighted graph. We are given an undirected graph G with a setof site-pairs and we wish to �nd a generalized Steiner forest for the site-pairs whose degree is nearlyminimum. 8



To do this, we introduce costs between every pair of nodes in G as follows: If there is an edge betweenu and v we assign the edge (u; v) unit cost. Otherwise, we assign the edge a very high cost C (say, somenumber much larger than n2 where n is the number of nodes in G). Now we run the algorithm inTheorem 1.3 on the graph G with these weights and with the same set of site-pairs, but we run it fordi�erent values of the degree bound starting from n down to 1. Let b� be the minimum-degree of anygeneralized Steiner forest for the site-pairs in the input graph. Then as long as the value of the degreebound is at least b�, the algorithm in Theorem 1.3 outputs a tree of degree at most O(b� log k) where kis the number of nodes in site-pairs. Furthermore, the cost of this tree is at most O(n logn) since thereis a generalized Steiner forest (namely, the one with minimum-degree b�) whose cost is at most n � 1.Since edges not in G have excessive cost (exceeding n2), the generalized Steiner forest provided by thealgorithmmust use only edges in G. We run the algorithm with decreasing values of the degree bound aslong as we obtain a solution of cost less than n2, i.e., using only the original edges. From the discussionabove, we know that when the degree bound is actually set to b� we will obtain a generalized Steinerforest using edges of G of degree O(b� log nb� ). This proves Theorem 1.5. Note that we may speed thingsup by doing a binary search on the values of the degree bound to converge on the smallest value suchthat the output solution uses only original edges in G.5 Approximating both the degree and cost: the node-weightedcaseThe algorithms presented for minimum-degree edge-weighted network design do not extend directly tohandle node-costs. In particular, we cannot model the subproblem at each phase as a DCS problem.Instead, we choose a series of greedy subgraphs to add to the solution. In this section, we turn to thisnode-weighted version of network design and prove Theorem 1.4.5.0.6 OutlineThe algorithmmaintains a node-disjoint set of trees containing all the terminals. Initially, each terminalis in a tree by itself. As in Section 3, the algorithm works in O(log(kb )) phases. However, in each phase,instead of a DCS problem we run a greedy algorithm to choose a subgraph of small degree and node-costwhose addition to the current solution reduces the number of active components by a constant factor.As before, we use OPTb to denote the minimum cost of any b-bounded Steiner tree of the input graph.5.0.7 The AlgorithmInput: An undirected graph G = (V;E) with a cost c(v) on each node v, a subset D of the nodes calledterminals and a degree bound b.Output: A Steiner tree spanning D in which the maximumdegree is O(b log( jDjb )) and whose total costis O(OPTb log jDj).1 Initialize the set of nodes in the solution S := D, the set of terminals, the set of edges in thesolution subgraph F := ;, and the iteration count i := 1.2 De�ne a component in (S; F ) to be active if it contains at least one terminal and does not containat least one terminal.3 While there are active components in (S; F )4 Let C be the set of active components of (S; F ). Let C = fC1 . . . ; Cqg. Let G0 := G.5 While the number of active components in (S; F ) is greater than 11q12 (If q = O(b), then we runthis iteration until there are no active components.)6 Let V 0 be the nodes in G0.7 Construct an auxiliary complete bipartite graph Gi from G0 as follows.8 Add a node in Gi for every node in V 0 and one node for every Cj 2 C. Thus the node set Viof Gi is V 0 [ C.Assign costs to nodes in V 0 as follows. If v 2 S, then set c(v) = 0. Otherwise, the cost of thenode is as speci�ed in the input graph G.9



9 For every v 2 V 0 and Cj 2 C, there is an edge (v; Cj) in Gi. This edge is assigned costc(v; Cj) equal to that of a shortest path from v to any node in Cj in G0 using node-costs. Incomputing these shortest paths we ignore the costs of the end-points. Thus for example, ifv 2 Cu or if (v; u) 2 G0 and u 2 Cu, then the edge (v; Cu) has zero cost.10 Find a node v 2 V 0 in the graph Gi minimizing the ratiomin2�r�b minfC1;...;Crg�C c(v) +Prj=1 c(v; Cj)r (1)11 Let v be the node and C1; . . . ; Cr be the components in C chosen in the previous step of thealgorithm. Let P1; . . . ; Pr be a set of shortest paths in G0 connecting v toC1; . . . ; Cr respectively.Add an acyclic subgraph of [rj=1Pj to the current solution (S; F ) so as to merge all the activecomponents in [rj=1Cj to a single component.Update C by deleting all the merged components and adding the newly-formed component if itis active.12 For every node v 2 V 0, if the degree of the node using edges added in this iteration i is between2b and 3b, delete this node from G0. In the last iteration, i.e., when q = O(b), we ignore thisstep and delete no nodes from G0.13 The number of active components in (S; F ) is now at most 11q12 . So we move onto the nextiteration setting i := i+ 1.14 Output (S; F ) as the solution.It is easy to implement Step 10. For each node v, de�ne the quotient cost of v to be the minimumvalue of (1), taken over all subsets of the the current components. To �nd the quotient cost of v, wecan order the components in C as C1; C2; C3; . . . in nondecreasing order of distance c(v; Cj) from v. Incomputing the quotient cost of v, it is su�cient to consider subsets of C of the form fC1; C2; . . . ; Cjgwhere 2 � j � b. Thus the quotient cost for a given vertex can be computed in polynomial time; bycomputing the quotient cost for each vertex, we can determine the minimum quotient cost, and thuscarry out Step 10 in polynomial time.Next, we show that both the degree and the cost of all nodes in the solution output by the algorithmare not much more than those of a minimum-cost b-bounded Steiner tree.5.0.8 Performance guaranteeWe prove the performance guarantee using a series of lemmas.Lemma 5.1 The number of iterations of the algorithm is O(log(kb )) where k = jDj.The number of active components in the solution goes down by a constant factor in each iteration. Sincethere are k active components to begin with and O(b) components in the beginning of the last iteration,the above lemma follows. The bound on the degree and the cost of the output solution follows from thefollowing lemmas.Lemma 5.2 At any given iteration of the algorithm, the degree of any node due to edges added to thesolution in this iteration is at most O(b).This lemma directly follows from the way the algorithm works: In every iteration except the last, anynode is deleted from consideration in the graph G0 when its degree lies between 2b and 3b at Step 12.Note that the degree can never overshoot 3b since the degree of any node in the subgraph added in Step11 is at most b. In the last iteration, the degree of any node increases by at most O(b) since the subgraphadded is acyclic and connects O(b) components.Now we turn to the cost of the subgraph added in an iteration. We shall prove the following lemma.Lemma 5.3 At any iteration of the algorithm except the last, the cost of the set of nodes added to thesolution in this iteration is at most O(OPTb), where OPTb is the minimum-cost of a b-bounded Steinertree spanning the terminals.Lemma 5.4 The cost of the set of nodes added to the solution in the last iteration is at most O(OPTb log b),where OPTb is the minimum-cost of a b-bounded Steiner tree spanning the terminals.We prove Lemma 5.3 in the remainder of this section. Lemma 5.4 is proved similarly.10



5.0.9 Spider decompositionsWe employ the notion of spider decompositions introduced in [19] in showing that the each node chosenin Step 10 has small quotient cost with respect to the optimal solution.De�nition: A spider is a tree with at most one node of degree greater than two. A center of a spideris a node from which there are node-disjoint paths to the leaves of the spider. Note that if a spider hasat least three leaves, its center is unique. A foot of a spider is a leaf, or, if the spider has at least threeleaves, the spider's center. Note that every spider contains disjoint paths from its center to all of its feet.A nontrivial spider is one with at least two leaves.De�nition: Let G be a graph, and let M be a subset of its nodes. A spider decomposition of M inG is a set of node-disjoint nontrivial spiders in G such that the union of the feet of the spiders in thedecomposition contains M .Theorem 5.5 (Klein and Ravi [19]) Let G be a connected graph, and let M be a subset of its nodessuch that jM j � 2. Then G contains a spider decomposition of M .5.0.10 Outline of the proofWe prove an averaging lemma and use this in conjunction with a potential function argument to proveLemma 5.3. Fix an iteration i and let q denote the number of active components at the beginning of theiteration. In the beginning of this iteration, we initialize the graph G0 := G. During the course of thisiteration, we may delete nodes fom G0 in Step 12. We call these nodes saturated since they are saturatedin terms of their degree. We �rst prove the following upper bound on the number of saturated nodes inan iteration.5.0.11 Few nodes are saturated in an iterationClaim 5.6 At iteration i of the algorithm, the number of saturated nodes deleted from G0 is at most q2b .Proof: Assume for a contradiction that more than q2b nodes were deleted from G0 during this iteration.By the condition for the deletion of a node in Step 12, each saturated node has degree at least 2b. Hencethe sum of the degrees of all the saturated nodes is greater than q. The idea of the proof is to show thata large portion of this degree contributes to merging the q active components in the beginning of thisiteration, using the fact that the subgraph added in this iteration is acyclic. We elaborate on this ideabelow.Construct an auxiliary graph H(i) for this iteration i as follows. Let the active components in thebeginning of this iteration i be C1; C2; . . . ; Cq. The node set of H(i) is fC1; C2; . . .Cqg [ V . We nowadd all the edges added to the solution in this iteration in H(i) as follows. Consider a set of such edgesadded in Step 11. These edges form a tree whose leaves are nodes in active components of the solutioncurrently. A leaf can thus be a node in one of the active components fC1; . . . ; Cqg or in a componentformed subsequently in this iteration by a merge. Consider the case of a leaf that is a node x in acomponent Cx 2 fC1; . . . ; Cqg such that this component participates in a merge for the �rst time in thisiteration. In this case, apart from adding the set of edges added in Step 11 to H(i), we also add an edgein H(i) from this leaf node x 2 V to the component node representing Cx. It is not hard to show thatthe graph H(i) formed this way is acyclic and that the leaves of each tree in H(i) are nodes in the setfC1; . . . ; Cqg.The set of saturated nodes in this iteration that are deleted from G0 during the course of this iterationis exactly the set of nodes in V whose degree in H(i) is at least 2b. We assumed for a contradiction thatthere are more than q2b saturated nodes in this iteration. We shall show that in this case, a large fractionof the q active components in the beginning of this iteration would have merged on adding the edges inH(i).Denote the trees in H(i) that contain saturated nodes by H1; . . . ;Hz. Let dj denote the number ofsaturated nodes in the tree Hj. By our assumption, we have Pzj=1 dj > q2b . By de�nition, the degreeof each saturated node is at least 2b and so the degrees of all the saturated nodes in Hj sum to at least2bdj. At most 2dj of these edges are on paths between the dj saturated nodes in Hj. Thus, the numberof leaves in Hj is at least 2bdj(1� 1b ) � bdj since b � 2. Note that by construction, all these leaves are11



active components from the set fC1; . . . ; Cqg and the tree Hj merges these components together. Thusthe decrease in the number of active components due to addition of the edges in Hj to the solution is atleast bdj � 1 � bdj2 since bdj � 2.Summing over all the trees hj made of edges added in this iteration, the decrease in the number ofactive components due to addition of edges in this iteration iszXj=1 bdj2 = b2 � zXj=1 dj > b2 � q2b � q4But this iteration terminates when more than q12 of the active components have been merged and sothis is a contradiction. Thus the total number of saturated nodes in iteration i beginning with q activecomponents in the solution is at most q2b .5.0.12 An averaging lemmaLet v be a node chosen in Step 10 in this iteration and let C denote the cost of the subgraph addedsubsequently in Step 11. Let this subgraph merge r trees. We prove the following claim.Claim 5.7 r � 5Cq12OPTb (2)Proof: Let T � be a minimum-cost Steiner tree. Let C1; . . . ; Cp be the current active components whenthe node v was chosen. Let T �(v) be the graph obtained from T � by contracting each Cj to a supernodeof zero cost. Note that T �(v) is connected and contains all supernodes.Now consider deleting all edges incident to nodes in V � V 0 in T �(v). These are nodes that weredeleted from consideration in forming G0 and Gi since they were saturated in degree. The number ofsuch nodes is at most q2b by Claim 5.6 above. Since any node has degree at most b in T �, the number ofedges deleted from T �(v) is at most q2 . The deletion of these edges breaks T �(v) into many subtrees. Butat least (p� q2 ) of the supernodes are in subtrees with at least two or more supernodes. Since p � 11q12 ,at least 5q12 supernodes are in such trees. Let M be the subset of supernodes that are in such subtreeswith two or more supernodes. What we argued above is summarized in the following.Proposition 5.8 jM j � 5q12We apply Theorem 5.5 to each of the subtrees of T �(v) with at least two supernodes to obtain aspider decomposition of M . The cost of all spiders in the decomposition is at most that of T �(v) whichis in turn at most OPTb.To estimate the quotient cost of the node v chosen by the algorithm with respect to that inducedby each spider in the decomposition, we must further decompose the spider decomposition so that thecenters of the spiders are real nodes and thus have degree at most b. We do this next. Let c1; . . . ; cs bethe centers of the spiders in the decomposition. If cj is a real node, then the degree of this node in T �and hence in the decomposition is at most b. However, if the center is a supernode, we can partitionthe spider into many spiders, each centered at a real node contained in this supernode. The arms of thespider are partitioned among the real nodes based on the real node to which the arm is incident to inthe supernode. Note that the spiders obtained this way are still nontrivial and the union of their feetcontains the active components in M . Each of the spiders obtained this way now has degree at most b.Let the centers of the resulting spider decomposition be the set of real nodes v1; . . . ; vt.For a spider with only two leaves, i.e., a path, pick any node in the path as its center. Let `1; . . . ; `tdenote the number of nodes of M in each of these spiders respectively. Since every spider in the decom-position is nontrivial, each `j is at least two. Moreover, a spider with center vj induces a subset of thecurrent active components, namely the `j components whose supernodes belong to this spider. Let thecost of the vertex vj plus the sum of distances to these `j active components in the bipartite graph Gibe Costj . Hence the quotient cost of vj in Gi is at most Costj`j .12



Since the algorithm chooses a vertex of minimum quotient cost in Gi, for each spider in the decom-position we have Costj`j � Cr . Summing over all the spiders in the cover yieldstXj=1Costj � Cr tXj=1 `jThe sumPtj=1 `j of the number of nodes of M in each of the spiders is at least 5q12 by Proposition 5.8.Also Ptj=1Costj is exactly the cost of the spider decomposition, which is at most OPTb. Substitutingin the above equation and simplifying yields the Claim.5.0.13 A potential function argumentNow we are ready to complete the proof of Lemma 5.3. Fix an iteration i and let the set of nodes chosenin Step 10 of the algorithm in this iteration be v1; . . .vf in the order in which they were chosen.Let �j denote the number of active components in the solution after choosing vertex vj in thisiteration. Thus, for instance, �0 = q, the number of active components at the beginning of this iterationin (S; F ) and �f � 11q12 . Let the number of trees merged using vertex vj be rj. Then we have�j = �j�1 � (rj � 1) (3)Let Cj denote the cost of the subgraph added by the algorithm in the step when vertex vj was chosen.Then by Claim 5.7, we have rj � 5Cjq12OPTb � 5Cj�j�112OPTb (4)We now use an analysis technique due to Leighton and Rao [22] to complete the proof. SubstitutingEquation (4) into (3) and using the inequality ri � 2(ri � 1), we get�j � �j�1(1� 5Cj24OPTb ) (5)Unraveling (5), we obtain �f�1 � �0 f�1Yj=1(1� 5Cr24OPTb )Taking natural logarithms on both sides and simplifying using the approximation ln(1 + x) � x, weobtain 24OPTb5 ln( �0�f�1 ) � f�1Xj=1CjNote that �0 = q and �f�1 > 11q12 and so we havef�1Xj=1Cj < 5OPTb ln 1211 = O(OPTb) (6)Note that the cost of the nodes added in this iteration is exactly the sumPfj=1 Cj.To complete the proof, we bound the cost of the subgraph associated with vf , the last node chosenin this iteration. Using Claim 5.7 and noting that rf � q we haveCf � 12OPTb5Using the above equation and (6), we have that the cost of the set of nodes added in this iteration isfXj=1Cj = O(OPTb)This proves Lemma 5.3.Lemmas 5.1, 5.2, 5.3 and 5.4 together prove the performance guarantee in Theorem 1.4.13



6 Algorithms under triangle inequalityIn this section, we introduce the short-cutting technique used in proving Theorem 1.6. First, we reviewthe short-cutting method introduced in [28].6.1 Short-cutting for TSPRosenkrantz, Stearns and Lewis [28] introduced a simple short-cutting technique for obtaining a TSPtour of a graph with edge-costs obeying the triangle inequality. We review this method brie
y. First notethat the cost of a TSP tour is at least as much as that of a minimum spanning tree of the graph. Westart with an MST and duplicate each edge in it. The resulting multigraph has an Euler tour since eachvertex has an even degree. The Euler tour can be converted to a TSP tour by starting at an arbitraryvertex, traversing the nodes in the order of the Euler tour and including each vertex in the TSP tour atthe �rst instance it is visited in this traversal. This corresponds to adding short-cut edges in the TSPtour over paths composed of already visited nodes in the Euler tour. By triangle inequality, the cost ofthe TSP tour so obtained can be shown to be no more than the cost of the Euler tour which is in turnat most twice the cost of the MST.Deleting a single edge (say the costliest) from this tour gives a spanning tree of maximumdegree two,and of total cost at most twice the MST. However, it falls short in two ways in addressing our problem inTheorem 1.6. First, the approximation bound cannot be improved for higher values of the degree boundb, and secondly, since the short-cuts may represent arbitrarily long paths, no bound can be proven on thebottleneck cost of the tree so obtained. We provide a short-cutting method that recti�es these problems.We present below the approximation algorithm referred to in Theorem 1.6.6.2 The algorithm for an approximate b-MSTInput: An undirected graph with edge-costs satisfying the triangle inequality and a degree bound b � 3.Output: A spanning tree in which the maximum degree of any node is b.1 Find an MST of the given graph. This can be done by using any of the well-known algorithms[20, 26, 3].2 Root the spanning tree at an arbitrary node r. Now every node except the root has a uniqueparent.3 Partition the edges of the tree into \claws", namely, sets of edges going from every node that isnot a leaf to its children in the tree. Sort the edges in every claw in the order of non-decreasingcost. Thus a typical node v has children v1; v2; . . . ; vd where d is one less than the degree of v inthe tree (d equals the degree of node if v = r, the root). If we denote the cost of an edge (x; y) byc(x; y), then we have for 1 � i < d, the costs obey c(v; vi) � c(v; vi+1) as a result of our ordering.4 We short-cut each claw locally as follows. For each node v that is not a leaf, we do the follow-ing.5 If v has d children in the tree and d > (b � 1), then replace the edges (v; v2); . . . ; (v; vd�b+2) inthe tree by the set of edges (v1; v2); (v2; v3); . . . ; (vd�b+1; vd�b+2).6 Output the resulting spanning tree.6.3 Proof of the b-MST TheoremWe now sketch a proof of Theorem 1.6. It is not hard to see that the short-cutting above produces ab-spanning tree. To bound the cost of the tree, we decompose the cost of the MST into the sum of thecosts of the claws centered at each internal node of the MST. For any such claw of degree d we deleteabout (d�b) edges incident on it and add edges between the children instead in Step 5. The cost of theseadded edges can be shown to be at most twice the cost of the deleted edges using triangle inequality.Using the fact that we deleted only the cheapest (d� b) edges in each claw, we can prove the bound onthe cost of the output tree. 14



To prove the bound on the bottleneck cost, observe that the MST is also a minimum bottleneck costspanning tree. Since we used short-cuts that replace a path of length at most two in the MST, thebottleneck cost of the resulting tree is at most twice optimum.Next, we describe how to obtain spanning networks that are two-edge-connected and have small totalcost, degree and bottleneck cost. Then we extend this algorithm to prove Theorem 1.7. Theorem 1.7proves the case of k = 2 in Theorem 1.8. However, we use the TSP tour obtained in Theorem 1.7 toprove Theorem 1.8 in its full generality.6.4 The algorithm for 2-edge-connected spanning networksThe algorithm for 2-edge-connected case works in two phases. In the �rst phase we construct a minimumspanning tree for the given graph. Next we use our b-MST algorithm to obtain a spanning tree of degreeat most 3. The cost of this tree is no more than twice that of the MST. We then augment the tree usingedges in the square of this tree to get a 2-edge connected subgraph. We show that this augmentationmay increase the degree by at most one at each vertex.Input: An undirected graph G with edge-costs satisfying the triangle inequality and a degree boundb � 4.Output: A spanning 2-edge-connected subgraph in which the degree of any node is at most 4.1 Find a 3-bounded spanning tree using algorithm in Section 6. Denote this tree by T1. Note thatevery vertex that is not a leaf has either one or two children. We may assume without loss ofgenerality that the root has two children.2 Initialize the solution to be the tree T1. Consider the vertices of the tree starting from the root ina breadth-�rst fashion.3 Case 1: The vertex v has two children.Let the children of the vertex v be v1 and v2. We add the edge (v1; v2) to the solution.Case 2: The vertex v has a single child vc in T1. In this case add the edge (vp; vc), where vpdenotes the parent of v in T1 and delete the edge (v; vp).4 Output the resulting subgraph.Claim 6.1 The subgraph obtained at the end of the algorithm is 2-edge connected and has maximumdegree 4.Proof Sketch: First we prove that the degree of any node is at most 4 in the output subgraph. Sincewe started with T1 which is 3-bounded, the degree of any node in T1 is at most 3. During the course ofthe algorithm, we may add edges between nodes in Step 3. There are two cases. If the edge is addedin Case 1, it increases the the degree of both its endpoints by 1. This is allowable since the degree maybe 4 in the �nal subgraph. If the edge is added in Case 2, then note that we delete an edge incident tovp on adding the edge (vc; vp) so this does not change the degree of vp. However this may increase thedegree of vc by 1. But in this case, note that vc has no sibling in the tree T1 and so we do not add anextra edge to it in Case 1. So this increase is allowed for vertex vc. Thus, the maximum degree of theoutput subgraph is at most 4.We show that the output subgraph is 2-edge-connected by induction on the breadth-�rst levels of T1.Since we can assume that the root has at least two children, the base case is the root and its two childrenjoined by an edge and thus they form a cycle which is 2-edge-connected. Assume that after the algorithmhas worked on all the nodes until level i, the solution constructed on these nodes is 2-edge-connected.We prove that the algorithm working on the nodes in level i+ 1 maintains this property. There are twocases based on the running of the algorithm.Case 1: If the vertex in level i has two children in the tree T1, we add an edge between its childrenforming a cycle connecting the vertex and its children. This 2-edge-connects the two children in level i+1with their parent in level i and hence with all nodes in levels i and below by the induction hypothesis.Case 2: In this case we deleted an edge from the parent of the vertex v in level i+ 1 to its grandparentin T1, but added an edge from v to the grandparent. The vertex v can shown to have two edge-disjointpaths to its parent in the resulting graph. One of these is a direct edge added to its parent and theother path is using the added edge to its grandparent concatenated with a path from the grandparent15



to the parent. The latter path exists since the graph until level i is two-edge-connected by the inductionhypothesis and we deleted a single edge from this graph. Thus in this case also, the node v in level i+ 1is two-edge-connected to all the nodes in levels i and below. 2We note that the subgraph produced by the algorithm above has a very nice structure. Namely, everyedge has degree either two or four. Thus it can be decomposed into a set of cycles that intersect only atnodes of degree four. Moreover the cycles are connected to each other in a tree-like fashion. Thus, thedegree-four nodes are cut-vertices in the solution. We shall use this structure to build a TSP tour byshort-cutting this graph.Theorem 6.2 The cost of the output subgraph is no more than four times the minimum spanning treeon the same set of nodes and the cost of the maximum edge is also no more than four times the optimum.Proof Sketch: We �rst construct a 3-bounded MST T1 whose cost is at most twice the cost of an MSTof the input graph and whose bottleneck cost is twice optimum by Theorem 1.6. Then we use edgesin the square of this tree to form the �nal output solution. We can show that the sum of the costs ofthe edges added minus the costs of the deleted edges is at most the cost of the tree T1 itself and so theoutput subgraph has cost at most 2T1. This is at most four times the cost of the MST. Since the edgesadded to T1 were edges in the square of T1, the bottleneck cost of the output subgraph is at most twicethat of T1 which is at most four times optimum as claimed. 26.5 TSP by short-cuttingWe note that the 2-edge-connected subgraph output by the algorithm above has a very nice structure.Namely, every edge has degree either two or four. Thus it can be decomposed into a set of cycles thatintersect only at nodes of degree four. Moreover, the cycles are connected to each other in a tree-likefashion, i.e., every pair of these cycles intersect in at most one degree-four node. These degree-four nodesare cut-vertices in the solution. We shall use this structure to build a TSP tour by short-cutting thisgraph.We perform a local short-cut to reduce the degree of each of these degree-four nodes to two. Fora degree-four vertex v, let v1 and v2 be two of its descendants in T1 to which there are edges in the2-edge-connected solution. Also, v is part of a cycle not using any of its descendants in T1. Let theneighbors of v in this cycle be u1 and u2. We delete two of the edges, (u1; v); (v; v1) incident on v andadd the short-cut edge (u1; v1) instead. By triangle inequality, we have not increased the cost of theresulting subgraph, but we may have increased the bottleneck cost by a factor of two. Doing this localshort-cuts at all the degree-four vertices yields a TSP tour with the bounds as claimed in Theorem 1.7.6.6 Higher connectivitiesNow we are ready to prove Theorem 1.8 in its full generality. The starting point is the TSP tour obtainedin Theorem 1.7. Let c� and b� denote the cost of an MST and the optimum bottleneck cost of a spanningtree of the input graph. By Theorem 1.7, we can obtain a TSP tour T of cost c(T ) and bottleneck costb(T ) such that c(T ) � 4c� and b(T ) � 8b�. Let the vertices in this tour be numbered v1; v2; . . . ; vn. Now,we add extra edges to this cycle as follows: Add edges joining any two vertices that are within a distancek2 of each other in the cycle (distance in the graph-theoretic sense: reachable using a path of at most kedges). Now it is easy to see that this graph is k-connected. The degree of every node in this graph isk. Since each shortcut employed replaces a path of at most k2 edges, the bottleneck cost goes up by thisfactor. This proves that the bottleneck cost of this subgraph is within k2 � 8 = 4k of optimal.The cost of the graph obtained this way is k(k+2)2 times that of the TSP tour T that we started with.This in turn is at most 2k(k+2)c�. However, we can apply an approximate min-max relation between aMST and a packing of cuts in the graph that is derived in [12] in proving a better performance guaranteeof 4(k+2) for the total cost. In particular, if OPTk denotes the cost of a minimumk-connected subgraph,we show that OPTk � kc�2 . This would prove that the cost of the k-connected subgraph output by ouralgorithm is at most 4(k + 2)OPTk as claimed in 1.8.Given a graph G, each cut in the graph can be written as �(W ), where W is a node subset of thegraph, and �(W ) denotes the set of edges with exactly one endpoint in W . �(W ) is also referred to as16



the cocycle determined by W . A fractional packing of cuts is a family of cuts �(W1);�(W2); . . . ;�(Wk),together with a rational weight for each cut. A (fractional) w-packing of cuts is a weighted collection ofcuts that have the following property: for each edge (u; v) of cost w(u; v), the sum of the weights of allthe cuts in this collection containing the edge is at most w(u; v). The value of the packing is the sum ofthe weights of all the cuts in the packing. A maximum packing is one of maximum value. The followingtheorem is a consequence of the results in [1, 12].Theorem 6.3 Given an undirected graph with edge-weights, the minimum-weight Spanning tree hasweight at most twice the value of a maximum packing of cuts.The algorithm in [12] greedily �nds a packing of cuts and simultaneously builds a minimum spanningtree of weight at most twice the value of this packing.Note that any k-connected spanning subgraph must have at least k edges crossing any cut since thissubgraph has k disjoint connections between every pair of vertices. Thus we have the following lemma.Lemma 6.4 The weight of any k-connected subgraph is at least k times as much as the value of amaximum packing of cuts.Applying the above lemma to the optimum k-connected subgraph of cost OPTk and combining withTheorem 6.3 above we conclude that that OPTk � kc�2 .7 Conclusions and Open problemsWe have introduced several problems in network design involving multiple objectives and provided the�rst approximations for many of them. The most important open problems resulting from this work is totighten up the performance ratios in Theorem 1.2 for both the cost measures in the edge-weighted caseand the bound on the degree of the network in Theorem 1.4. It would also be interesting to investigatethe limits of approximability for such problems and trade-o�s in performance ratios for the di�erentobjective functions achievable by approximation algorithms.
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9 The AppendixHere, we sketch related NP-completeness results and some simple hardness results that fall out from thereductions. Then, we examine approximation of Steiner trees under multiple objectives.9.1 Hardness resultsIn this section, we prove NP-completeness of the problems we considered. We also prove hardness resultsabout approximating some of these problems within certain factors under the triangle inequality andotherwise.9.2 Degree-bounded problems are NP-completeThough the minimum spanning tree and the minimum bottleneck spanning tree problems are polyno-mially solvable (in fact coincidentally by the same algorithm!), the degree bounded versions of theseproblems that we consider in this paper are NP-hard. In these versions, the maximum degree of anynode in the spanning tree is required to be bounded by an integer b where 2 � b � n1�� for any constant� > 0.Theorem 9.1 The following problems are NP-complete:� (b-bounded minimum spanning tree) Given an undirected graph on n nodes and a degree bound bsuch that 2 � b � n1�� for some constant � > 0, �nd a minimum-cost spanning tree of G in whichthe maximum degree of any node is at most b.� (b-bounded bottleneck spanning tree) Given an undirected graph on n nodes and a degree bound bsuch that 2 � b � n1�� for some constant � > 0, �nd a spanning tree of G in which the maximumdegree of any node is at most b and in which the maximum cost of any edge is minimum.Proof Sketch: First of all, it is easy to see that case b = 2 is hard for both the above problems, by areduction from the Hamiltonian path problem. Given a graph in which we wish to �nd a Hamiltonianpath, we can assign unit edge cost to all the edges in the graph and a cost of two to edges not in the graph.The resulting edge-weighted graph has a 2-bounded MST of cost (n� 1) if and only if the original graphis Hamiltonian. Furthermore this edge-weighted graph has a 2-bounded bottleneck spanning tree of costone if and only if the original graph is Hamiltonian. Note that the edge-costs we assigned satisfy thetriangle inequality, so the problem is hard even in the case of a graph with such a special cost function.Now we can handle the more general case of an arbitrary �xed bound b. To do this, we transformthe problem of determining if there is a Hamiltonian path from vertex u to vertex v in an undirectedgraph to this problem as follows: For each of u and v, add (b � 1) additional nodes to the graphu1; . . . ; ub�1; v1; . . . ; vb�1. Add edges (u; ui) and (v; vi) for all 1 � i � (b � 1). For every other vertexw in the graph, add b � 2 additional vertices w1; . . . ; wb�2 and edges (w;wi) for 1 � i � (b � 2). Theresulting graph has the property that any of the newly added vertices xi has a single incident edge inthe graph. Hence in any spanning tree, xi is adjacent to the corresponding vertex x. Thus this graphhas a b-bounded spanning tree if and only if the original graph has a Hamiltonian path from u to v. 29.3 Hardness of approximationTheorem 9.2 Let G be an undirected graph with nonnegative costs on the edges and let R be a �xedrational number such that R � 1. The following problems are NP-hard.� Given an integer b � 2 (the bound on the degree), �nd a spanning tree of G whose maximum degreeis at most b and whose total cost is at most R times that of a minimum-cost degree-b-boundedspanning tree of G.� Given an integer b � 2 (the bound on the degree), �nd a spanning tree of G whose maximum degreeis at most b and for which the maximum cost of any edge in the tree (sometimes referred to as thebottleneck cost) is at most R times the minimum bottleneck cost of any degree-b-bounded spanningtree of G. 20



� Let the costs on the edges obey the triangle inequality and let R < 2. Given an integer b � 2(the bound on the degree), �nd a spanning tree of G whose maximum degree is at most b andfor which the bottleneck cost of the tree is at most R times the minimum bottleneck cost of anydegree-b-bounded spanning tree of G.Proof Sketch: When the cost function does not obey the triangle inequality, the proof in the previoussection can be turned into a non-approximability proof for any ratio R � 1. To do this, we can simplyset the cost of any edge not in the original graph to R(n� 1) for the b-bounded MST problem and to Rfor the b-bounded bottleneck spanning tree problem. These cost assignments may not satisfy the triangleinequality. The cost of a b-bounded MST in the resulting graph is exactly (n� 1) if the original graph isHamiltonian and is at least R(n�1) if it is not. Similarly, the maximum cost of any edge in a b-boundedspanning tree in this graph is at most one if the original graph is Hamiltonian and is at least R otherwise.Thus any approximation algorithm with performance ratio less than R would be able to recognize if theoriginal graph is Hamiltonian. This proves the �rst two parts of Theorem 9.2.To prove the last part, we use the cost assignment as in the proof of Theorem 9.1 above that obeysthe triangle inequality. Under this assignment, the maximumcost of any edge in any b-bounded spanningtree of the resulting graph is at most one if the original graph is Hamiltonian and is at least two otherwise.Hence an approximation algorithm with performance ratio less than two in this case would be able torecognize Hamiltonian graphs. This completes the proof of Theorem 9.2. 29.4 Triangle inequality: One-connected extensionsIn this section we prove the following results on approximating both bottleneck cost and total cost ofSteiner trees with respective to the respective optima.Proposition 9.3 We can construct an undirected graph G with nonnegative costs on the edges such thatthe costs obey the triangle inequality and identify a subset of the nodes of G as terminals, such that thefollowing is true: For any tree T , let c(T ) and b(T ) denote the total edge-cost and the bottleneck costof T respectively. Let c� and b� represent the minimum total cost and minimum bottleneck cost of anySteiner tree of G spanning the terminals. Then for every Steiner tree T spanning the terminals,c(T ) � b(T )c� � b� � pnwhere n is the number of nodes in G.We also prove a theorem to show that the bound above is algorithmically achievable within a constantfactor.Theorem 9.4 Let G be an undirected graph with nonnegative costs on the edges such that the costs obeythe triangle inequality, and let a subset of the nodes of G be speci�ed as terminals. For any tree T , letc(T ) and b(T ) denote the total edge-cost and the bottleneck cost of T respectively. Let c� and b� representthe minimum total cost and minimum bottleneck cost of any Steiner tree of G spanning the terminals.Let Rs denote the ratio of approximation achievable for the minimum-cost Steiner tree problem by apolynomial-time heuristic. Then we can �nd in polynomial-time a Steiner tree T 0 spanning the terminalssuch that c(T 0) � b(T 0)c� � b� � Rspn (7)where n is the number of nodes in G.Currently, the best known values of Rs are 116 using the techniques of Zelikovsky [32] or something evenless than that using the extensions of Berman and Ramaiyer [5].9.4.1 Proof of Proposition 9.3The example illustrating the Proposition 9.3 is described below. The graph has n nodes and consists oftwo terminal vertices t1 and t2 with an edge of cost pn between them. There is also a path consisting21



of all the remaining n � 2 nodes between t1 and t2. Each of the (n � 1) edges in this path has unitcost. All the other edge costs in the graph are as implied by these edges and by triangle-inequality. Theminimum-cost Steiner tree T1 connecting t1 and t2 consists of the single edge (t1; t2) of cost pn. Theoptimal bottleneck Steiner tree T2 consists of the path between t1 and t2 of the remaining n� 2 vertices.This Steiner tree has bottleneck cost of one. Now the bottleneck cost of the tree T1 is pn which ispn times the optimal value. Similarly, the tree T2 has total cost (n � 1) which is about pn times theminimumpossible. It is easy to check that any other path connecting t1 and t2 also exhibits the trade-o�implied in Proposition 9.3.9.4.2 Proof of Theorem 9.4The algorithm for computing the Steiner tree which simultaneously minimizes the product of the totalcost and the bottleneck cost given in the ratio (7) is simply this: Compute an approximately minimum-cost steiner tree using any of the known algorithms in the literature [32, 5]. Let this heuristic guaranteea solution which comes to within Rs of the minimum-cost Steiner tree. Call this tree T1. Let c(T1) andb(T1) denote the total edge cost and the bottleneck cost of the tree. Next we construct a Steiner treewhose bottleneck cost is optimal. To do this, we simply add edges in the graph in the increasing orderof cost and stop when all the terminals are in a single connected component. Clearly any spanning treeof this component has minimum bottleneck cost. Call this tree T2. Choose one of the two trees T1 or T2that yields a lower product for the total edge cost and the bottleneck cost. Call this tree T 0.Case 1: T 0 = T1. Since the bottleneck cost of a tree can be no more than the total edge cost of the tree,we have c(T1) � b(T1) � Rsc� �Rsc�. And so we getc(T1) � b(T1)c� � b� � R2sc�b�Case 2: T 0 = T2. Since the total cost of any tree in no more than n times the bottleneck cost, we havethat c(T2) � b(T2) � n � b� � b� and so c(T2) � b(T2)c� � b� � b� � nc�Since we selected the tree which has a lesser product of total and bottleneck costs it follows that theworst case performance ratio is less than Rspn since for any � � 1,min(n� ;Rs � � ) � Rspn
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