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A nearly best-possible approximation algorithmfor node-weighted Steiner treesPhilip Klein� R. RaviyBrown University, Providence, RI 02912, USAAbstractWe give the �rst approximation algorithm for the node-weighted Steiner tree problem. Its per-formance guarantee is within a constant factor of the best possible unless ~P � NP . Our algorithmgeneralizes to handle other network design problems.1 IntroductionThe Steiner problem in networks is a classic hard problem in combinatorial optimization. Much researchhas been devoted to heuristics for its solution [4, 7, 14, 16, 17, 22]. Despite a slew of new approximationalgorithms for this problem and some of its variants, no approximation algorithm has been given forperhaps the most natural variant: the node-weighted Steiner tree problem, in which costs can be assignedto nodes as well as edges. Indeed, Winter's survey [21] on the network Steiner problem closes with thesentence, \Further investigation of the vertex-weighted SPN [Steiner problem in networks] is needed."One reason for the dearth of results on the node-weighted variant may be that it is harder than thestandard problem. Indeed, while constant-factor approximations are known for the standard problem [10,15, 20, 23] and even some of its generalizations [1, 6], the node-weighted version cannot be approximatedto within less than a logarithmic factor unless ~P � NP [2, 13]. 1In this paper, we give the �rst approximation algorithm for the node-weighted Steiner tree problem.The performance guarantee is logarithmic. Thus assuming ~P 6� NP , the accuracy of our approximationis within a constant factor of the best-possible approximation achievable in polynomial time.The algorithm we propose is only a slight variant of a heuristic proposed by Rayward-Smith andClare in 1986 [8, 17, 16] for the standard edge-weighted Steiner tree problem. The key to our analysis isa decomposition lemma for trees; this lemma may be useful in other contexts as well.We also show how to generalize the algorithm and its analysis to handle more general connectivityrequirements. Thus we obtain approximation algorithms for node-weighted versions of, e.g, �xed andnon-�xed point-to-point connection problems.PreliminariesLet G be a graph with nonnegative costs assigned to its nodes and edges. The cost of a subgraph of Gis the sum of the costs of its nodes and edges. Let A be a subset of the nodes of G, called terminals.A Steiner tree for A in G is a connected subgraph of G containing all the nodes of A. (Note that anedge-minimal Steiner tree is indeed a tree.) The Steiner tree problem is to �nd a minimum-cost Steinertree.�Research supported by NSF grant CCR-9012357 and NSF PYI award CCR-9157620, together with PYI matchingfunds from Thinking Machines Corporation and Xerox Corporation. Additional support provided by DARPA contractN00014-91-J-4052 ARPA Order No. 8225.yResearch supported by an IBM Graduate Fellowship. Additional support provided by NSF PYI award CCR-9157620and DARPA contract N00014-91-J-4052 ARPA Order No. 8225.1Here we use ~P to mean the complexity class Deterministic Quasipolynomial time, or DTIME[npolylog n].1



We introduce a problem that turns out to be closely related. Let B be a ground set, and let S1; : : : ; Ssbe subsets of B with costs c1; : : : ; cs. A set cover is a collection of sets Si whose union is B. The setcover problem is to �nd a minimum-cost set-cover.Berman [2] showed that, in the presence of node-weights, approximating the minimum-cost Steinertree is as hard as approximating set cover. More speci�cally, he showed that any instance of set-covercan be formulated as an instance of the node-weighted Steiner tree problem. The reduction is illustratedin Figure 1. Thus an approximation algorithm for minimum-cost Steiner tree could be used to achievethe same approximation for set-cover.
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Figure 1: Let G be the bipartite graph with k + 1 nodes on one side of the bipartition, one for eachground element and one auxiliary node a, and s nodes on the other side, one for each set Si. There isan edge between a ground element node and a set node if the set contains the element. In addition, theauxiliary node a is adjacent to all the set nodes. The cost of each set node is that of the set it represents.All other nodes and all edges have zero cost. It is easy to check that a Steiner tree for the k + 1 nodescorresponds to a set cover of the same cost, and vice versa.It has recently been proved [13] that no polynomial-time approximation algorithm for set-coverachieves an approximation factor smaller than 14 ln jBj (unless Deterministic time npolylogn contains NP).By Berman's reduction, the same holds for the node-weighted Steiner tree problem. Thus we cannotexpect to obtain an approximation algorithm that achieves a performance ratio better than logarithmic.Theorem 1.1 There is a polynomial-time algorithm to approximate the node-weighted Steiner tree prob-lem in networks. The performance ratio is 2 lnk, where k is the number of terminals.An example due to Chv�atal [3] can be adapted to show that the cost of our algorithm's output canbe as much as lnk times optimal.Our method can be easily applied to more general node-weighted network-design problems. Forexample, consider the following generalization of the Steiner problem: given a set of pairs of nodes(si; ti), �nd a minimum-cost subgraph in which each si is connected to ti. The edge-weighted versionof this problem was addressed in [1]; the node-weighted version can be approximately solved using themethod of this paper.We use a framework due to Goemans and Williamson [6] to formulate problems like that describedabove. Many network-design problems can be formulated as �nding a subgraph of minimum-cost thatcovers a family of cuts in the graph (the particular family depends on the problem). For certain familiesof cuts, the edge-weighted problem can be approximated to within a factor of two [6]. We show inSection 5 that the node-weighted variants of these network design problems can also be approximated;the performance is as in Theorem 1.1.2 The algorithmIn this section we describe the algorithm. Note that since any Steiner tree must include all the terminals,we can assume without loss of generality that the terminals have zero cost.2



The algorithm maintains a node-disjoint set of trees containing all the terminals. Initially, eachterminal is in a tree by itself.The algorithm uses a greedy strategy to iteratively merge the trees into larger trees until there is onlyone tree. In each iteration, it selects a node and a subset of the current trees of size at least two so as tominimize the ratio cost of the node plus sum of distances to the treesnumber of trees (1)Here the distance along a path does not include the costs of its endpoints. Thus the choice minimizesthe average node-to-tree distance. The algorithm uses the shortest paths between the vertex and theselected trees to merge the trees into one.It is easy to implement an iteration. For each node v, de�ne the quotient cost of v to be the minimumvalue of (1), taken over all subsets of the the current trees. To �nd the quotient cost of v, compute thedistances di from v to each of the trees Ti; assume without loss of generality that the trees are numberedso that d1 � d2 � � � � � dk. In computing the quotient cost of v, it is su�cient to consider subsets of theform fT1; T2; : : : ; Tig. Thus the quotient cost for a given vertex can be computed in polynomial time; bycomputing the quotient cost of all the vertices, we can determine the minimum quotient cost, and thuscarry out an iteration in polynomial time.In Section 4, we show that the cost of all nodes and edges selected by the algorithm is not much morethan the minimum cost of a Steiner tree.3 Spider decompositionThe proof of the performance guarantee of the algorithm involves showing the existence of a node withlow quotient cost relative to the minimumcost of a Steiner tree. To show this, we prove that a minimumSteiner tree can be decomposed into subtrees we call spiders. It follows that one of these spiders haslow quotient cost relative to the cost of the minimum Steiner tree. It then follows that the cost of aniteration of the greedy algorithm is small.De�nition: A spider is a tree with at most one node of degree greater than two. A center of a spideris a node from which there are edge-disjoint paths to the leaves of the spider. Note that if a spider hasat least three leaves, its center is unique. A foot of a spider is a leaf, or, if the spider has at least threeleaves, the spider's center. Note that every spider contains disjoint paths from its center to all of its feet.A nontrivial spider is one with at least two leaves.De�nition: Let G be a graph, and let M be a subset of its nodes. A spider decomposition of M inG is a set of node-disjoint nontrivial spiders in G such that the union of the feet of the spiders in thedecomposition contains M .Theorem 3.1 Let G be a connected graph, and let M be a subset of its nodes such that jM j � 2. ThenG contains a spider decomposition of M .For convenience, we call the nodes of M marked nodes. Since G is connected, it has a spanning treeT . We prove that T contains a spider decomposition.De�nition: For any two paths P and Q that intersect only at one endpoint, we use QP to denote thepath formed by the the concatenation of these paths at their point of intersection.Claim 3.2 Suppose T has an even number of marked nodes. Then there is a pairing (v1; w1); : : : ; (vk; wk)of the marked nodes such that the vi � wi paths in T are edge-disjoint.Proof: Let (v1; w1); : : : ; (vk; wk) be the pairing minimizing the quantitykXi=1 jE(Pi)j (2)where Pi is the path in T from vi to wi and E(P ) is the set of edges in P . We claim that the paths Piare edge-disjoint. The proof is depicted in Figure 2.3
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sFigure 2: Let (v1; w1); : : : ; (vk; wk) be the pairing minimizing the number of occurrences of edge-overlapbetween the vi�wi paths in T . Let Pi be the path in T between vi and wi. Then the paths Pi are edge-disjoint. Suppose for a contradiction that Pr and Ps share an edge xy. Let Qxr be the terminal subpathof Pi ending at x and not passing through y. Similarly de�ne Qyr , Qxs , and Qys. Then by replacing Prand Ps with QxrQxs and QyrQys , we obtain a pairing that contradicts the minimality of the initial pairing.Claim 3.3 Let S be a nontrivial spider and let P be a v-to-w path intersecting S only at w. Then S [Pcontains one or two node-disjoint nontrivial spiders whose feet contain the feet of S together with v.Proof: If w is a center of S, then S [ P is a spider. Otherwise, let Q be the center-to-leaf path of Sgoing through w (not including the center). Let Q0 be the terminal subpath of Q from w to the leaf.Then S �Q and Q0 [P are node-disjoint spiders (See Figure 3).
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SFigure 3: S is a nontrivial spider and P is a v-w path intersecting S only at w. Suppose w is not a centerof S. Let Q be the center-to-leaf path of S going through w. Let Q0 be the terminal subpath of Q fromw to the leaf. Then S � Q and Q0 [ P are node-disjoint spiders. Note that Q0 [ P has two leaves, so itis nontrivial. Moreover, S � Q has one fewer leaves than S. Since S has at least three leaves (else anyof its nodes is a center), S �Q has at least two. Thus S �Q is nontrivial.Claim 3.4 Suppose T contains k edge-disjoint paths whose endpoints are the marked nodes. Then Tcontains a spider decomposition.Proof: By induction on k. The basis k = 0 is trivial. Suppose we have k + 1 edge-disjoint pathsP1; : : : ; Pk+1. Consider as marked only the endpoints of the �rst k of these paths. By the inductivehypothesis, T contains node-disjoint spiders S1; : : : ; Sr whose feet include these endpoints. If Pk+1 doesnot intersect any of these spiders then we are done, for S1; : : : ; Sr; Pk+1 is the required set of spiders.Otherwise, let v be an endpoint of Pk+1, and let St be the spider whose intersection with Pk+1 is closestto v. Let P be the subpath of Pk+1 from v to this intersection. By applying Claim 3.3 to St and P , weobtain one or two spiders; By replacing St with these spiders, we obtain a set of node-disjoint spidersfS0ig whose feet include v along with the endpoints of the �rst k paths.Let w be the other endpoint of Pk+1. We again apply Claim 3.3 as above to obtain a set of spiderswhose feet also include w. 4



Now we complete the proof of Theorem 3.1. First assume T has an even number of marked nodes.By Claim 3.2, we have edge-disjoint paths in T whose endpoints are the marked nodes. Hence by Claim3.4 we obtain the desired spiders.Now suppose T has an odd number of marked nodes. Let v be any marked node. Considering v asunmarked, proceed as above to obtain node-disjoint spiders. Let S be the spiders closest to v, and let Pbe the path from v to S. By applying Claim 3.3, we replace S with one or two spiders whose feet includethe feet of S together with v. This completes the proof of Theorem 3.1.4 The performance guaranteeNow we prove the performance guarantee for the greedy algorithm. Let �i denote the number of subtreesin the solution just after iteration i. Thus, for instance, �0 is the number of terminals in G. Let thenumber of trees merged at iteration i be hi. Then we have�i = �i�1 � (hi � 1) (3)Let Ci denote the cost of the subgraph added by the algorithm in iteration i. Let OPT denote the costof a minimum-cost Steiner tree spanning the terminals. The key ingredient of our proof is the followinglemma, which depends on our spider-decomposition theorem.Lemma 4.1 At any iteration i of the algorithm,hi � Ci � �i�1OPT (4)Let T � be a minimum-cost Steiner tree. Let T1; : : : ; T�i�1 be the current trees at the beginning ofiteration i of the algorithm. Let T �i be the graph obtained from T � by contracting each Tj to a supernodeof zero cost. Note that T �i is connected and contains all supernodes. Let M be the set of supernodes.We apply Theorem 3.1 to the graph T �i to obtain a spider decomposition of M . Furthermore, the costof all spiders in the decomposition is at most that of T �i which is in turn at most OPT.Let c1; : : : ; cr be the centers of the spiders in the decomposition. For a spider with only two leaves,i.e., a path, pick any node in the path as its center. Let `1; : : : ; `r denote the number of nodes of M ineach of these spiders respectively. Let the cost of the spider centered at cj be Costj . Since every spiderin the decomposition is nontrivial, each `j is at least two. Moreover, a spider with center cj induces asubset of the current trees, namely the `j trees whose supernodes belong to this spider. The cost of cjplus the sum of distances to these trees is exactly Costj . Hence the quotient cost of cj is at mostCostj`jSince the algorithm chooses a vertex of minimum quotient cost, for each spider in the decompositionwe have Costj`j � CihiSumming over all the spiders in the cover yieldsrXj=1Costj � Cihi rXj=1 `jBy node-disjointness, the sumPrj=1 `j of the number of nodes of M in each of the spiders is exactly thenumber �i�1 of current trees. Also Prj=1Costj is exactly the cost of the spider decomposition, which isat most OPT. Substituting in the above equation and simplifying yieldshi � Ci�i�1OPT5



We now use the above lemma in conjunction with an analysis technique due to Leighton and Rao[11] to complete the proof of the performance guarantee.Substituting Equation (4) into (3) and using the inequality hi � 2(hi � 1), we get�i � �i�1(1� Ci2OPT ) (5)If the total number of iterations of the algorithm is p, then �p = 0 while �p�1 � 2. Unraveling (5), weobtain �p�1 � �0 p�1Yj=1(1� Cj2OPT )Taking natural logarithms on both sides and simplifying using the approximation ln(1 + x) � x, weobtain 2OPT ln( �0�p�1 ) � p�1Xj=1CjNote that �0 = k and �p�1 � 2 and so we havep�1Xj=1Cj � 2(lnk � ln 2)OPT < (2 lnk � 1)OPT (6)Since we assumed that all the terminals have zero cost, note that the cost of the �nal solution is theexactly the sumPpj=1Cj.To complete the proof, we bound the cost of the last iteration. Using Lemma 4.1 and noting thathp = �p�1 we have Cp � OPTUsing the above equation and (6), we have that the cost of the solution output by the algorithm ispXj=1Cj < 2 lnkOPTThis proves the performance guarantee in Theorem 1.1.5 General Node-weighted Network Design ProblemsIn this section, we generalize our algorithm to handle more general network design problems. As discussedin the introduction, many such problems can be formulated as cut-covering problems: for a certain familyof cuts in a graph, �nd a minimum-cost subgraph intersecting all the cuts in the family. Fix a graph Gwith node- and edge-weights. For any node-subset S, there is a corresponding cut �(S) in G, namelythat consisting of edges with exactly one endpoint in S. Thus we can use a 0-1 function f on the setof node-subsets to de�ne a family of cuts: f(S) = 1 whenever �(S) is in the family. Goemans andWilliamson [6] proposed a class of cut-families and showed that they are useful in modeling networkdesign problems such as the point-to-point connection problem. They called a function f proper if itobeys the following properties: (null property) f(;) = 0; (symmetry property) f(S) = f(V � S) for allS � V ; and (disjointness property) if A and B are disjoint, then f(A) = f(B) = 0 implies f(A[B) = 0.Given a function f , the terminals are the nodes v of G such that f(fvg) = 1. As before, everysolution subgraph must contain all the terminals. Hence we can assume without loss of generality thatthe terminals have zero cost.Goemans and Williamson gave a 2-approximation algorithm for edge-weighted cut-cover problemswhere the cut-family corresponds to a proper function f . In this paper we give a complementary resultfor node-weighted problems. 6



Theorem 5.1 Let G be a graph with node- and edge-weights. Let f be a proper function on the node-subsets of G. There is a polynomial-time approximation algorithm for �nding a minimum-cost subgraphcovering all cuts in the family de�ned by f . The performance guarantee is 2 lnk, where k is the numberof terminals.Proof of Theorem 5.1: The algorithm in the theorem follows the outline of the algorithm in Section 2very closely. As before, the algorithm maintains a set of node-disjoint trees. Initially each terminal is ina tree by itself; the algorithm merges them iteratively. An important di�erence is that only some of thetrees are candidates for merging.We designate a tree to be active if f(fnodes in the treeg) = 1. At each iteration, the algorithmproceeds as before but considers only active trees in computing the quotient costs of nodes. That is, thealgorithm selects a node and a set of at least two active trees so as to minimizecost of the node plus sum of distances to the treesnumber of trees (7)Then the algorithm uses the paths from the node to the selected trees and merges them into a singletree.As long as there is at least one active tree in the network, it follows by the symmetry and disjointnessproperties of f that there are at least two. The algorithm reduces the number of active trees in thenetwork by at least one in each iteration, so it eventually terminates and outputs a set of inactive treesas the �nal solution. Thus each connected component of the solution is inactive. It follows [6] that thesolution is in fact a cut-cover.The proof of the performance guarantee proceeds as before, except that we de�ne the value of thepotential function �i to be the number of active trees in the current solution, rather than the numberof trees. To prove the analogue of Lemma 4.1, we consider an optimal cut-cover, contract the currenttrees, and use Theorem 3.1 to obtain a spider decomposition of the contracted active trees. We use theresult in the inequality �i � �i�1 � (hi � 1) (8)where hi is the number of active trees merged in the ith iteration. Note that with our new de�nition ofthe potential function �i we have inequality in (8) instead of equality as in (3) because the tree resultingfrom the merge may be inactive. The rest of the analysis is identical. This completes the proof ofTheorem 5.1.6 Conclusions and open problemsWe have described approximation techniques for a variety of one-connected network design problems.These are the �rst approximation algorithms that can handle costs on the nodes.Two other natural generalizations of the Steiner tree problem are at least as hard to approximate asthe set cover problem, the directed Steiner problem and the group Steiner problem. In the directed Steinerproblem, we are given a directed arc-weighted graph, a distinguished node, and a set of terminals. Thegoal is to �nd a minimum-cost arborescence rooted at the distinguished node and spanning the terminals.A transformation of the node-Steiner problem to the directed version was proposed by A. Segev [19].The group Steiner problem, proposed by Reich and Widmayer [18], arises in VLSI design. In thisproblem, we are given an undirected edge-weighted graph and a collection of node-subsets, called groups.The goal is to �nd a minimum-cost connected subgraph containing at least one node from each group.We now show how to reduce the set cover problem to a group Steiner problem: construct a graphwith an auxiliary node and one node for each subset in the set cover problem. Each subset-node hasan edge to the auxiliary node of cost equal to the cost of the subset. In formulating the group Steinerproblem on this graph, de�ne a group for each ground set element in the set cover problem: namely, theset of nodes corresponding to the subsets that contain the ground element. It is easy to check that agroup Steiner tree in this graph corresponds to a set cover of the same cost and vice-versa.Thus both the group Steiner problem and the directed Steiner problem are candidates for logarithmic-factor approximation algorithms. Indeed, we also observe that an approximation algorithm for the latterwould yield one for the former. 7
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