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AbstractAmemory-based learning system is an extendedmemorymanagement system that de-composes the input space either statically or dynamically into subregions for the pur-pose of storing and retrieving functional information. The main generalization tech-niques employed by memory-based learning systems are the nearest-neighbor search,space decomposition techniques, and clustering. Research on memory-based learningis still in its early stage. In particular, there are very few rigorous theoretical resultsregarding memory requirement, sample size, expected performance, and computa-tional complexity. In this paper, we propose a model for memory-based learning anduse it to analyze several methods| �-covering, hashing, clustering, tree-structuredclustering, and receptive-�elds|for learning smooth functions. The sample size andsystem complexity are derived for each method. Our model is built upon the gen-eralized PAC learning model of Haussler [16] and is closely related to the methodof vector quantization in data compression. Our main result is that we can buildmemory-based learning systems using new clustering algorithms (Lin and Vitter [24])to PAC-learn in polynomial time using only polynomial storage in typical situations.Keywords: Memory-based learning, PAC learning, clustering, approximation, lin-ear programming, relaxation, covering, hashing.



11 MOTIVATIONIn this paper, we introduce a model for memory-based learning and consider theproblem of learning smooth functions by memory-based learning systems. A memory-based learning system is an extended memory management system that decomposesthe input space either statically or dynamically into subregions for the purpose ofstoring and retrieving functional information for some smooth function. The maingeneralization techniques employed by memory-based learning system are the nearest-neighbor search, space decomposition techniques, and clustering. Although memory-based learning systems are not as powerful as neural net models in general, thetraining problem for memory-based learning systems may be computationally moretractable. An example memory-based learning system is shown in Figure 1. The\encoder" 
 maps an input from the input space X into a set of addresses and the\decoder" � maps the set of activated memory locations into an output in the outputspace Y . The look-up table for memory-based learning systems can be organizedas hash tables, trees, or full-search tables. The formal de�nitions of memory-basedlearning systems will be given in Section 2.The motivation for our model is as follows: In the human motor system, mostof the computations done are entirely subconscious. The detailed computations ofwhat each muscle must do in order to coordinate with other muscles so as to producethe desired movement are left to low-level, subconscious computing centers. Con-sidering the complexity of the type of manipulation tasks routinely performed bybiological organisms, it seems that the approach of controlling robotic manipulatorsystems by a mathematical formalism such as trigonometric equations is inadequateto produce truly sophisticated motor behavior. To remedy this situation, Albus [1,2,3] proposed a memory-driven, table-reference motor control system called CerebellarModel Articulation Controller (CMAC ). The fact that for n input variables with Rdistinguishable levels there are Rn possible inputs may be su�cient to discourage thisline of research. However, Albus observed that for any physical manipulator system,the number of di�erent inputs that are likely to be encountered (and thus the size ofmemory that is actually needed) is much smaller than Rn. He also noticed for similarmotor behaviors (for example, swinging a bat or a golf club) that the required mus-cle movements are similar. Albus outlined a memory management technique to take
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Figure 1: An example memory-based learning system. The encoder 
 maps an inputfrom the input space X into a set of addresses and the decoder � maps the set ofactivated memory locations into an output in the output space Y .advantage of these two properties and make the memory-based approach to learningcontrol functions more practical.In the CMAC system, each input x from an input space X is assigned by amapping 
 to a set 
(x) of locations in a memory V . Each location contains a vectorin an output space Y . The output f(x) is computed by summing the values (weights)at all of the memory locations assigned to x:f(x) = Xi2
(x)V [i]:The mapping has the characteristic that similar inputs in the input space X mapto overlapping sets of locations in the memory V , while dissimilar inputs map to



3distinct sets of locations in the memory V . The amount of overlap between twosets of locations in the memory V is related to the generalized Hamming distancebetween two corresponding inputs in X. This mapping is supposed to give automaticgeneralization (interpolation) between inputs in X: that is, similar inputs producesimilar outputs.Clearly, this scheme may require the size of memory V to be on the same orderof magnitude as the total number of possible input vectors in X. In practice, this ishardly feasible. For this reason, the memory V is considered to be only a hypotheticalmemory; each location in V is mapped using a hash function h to a physical memoryZ of practical size. The output f(x) is then computed by summing the values in thememory Z that are mapped to by the input x:f(x) = Xi2
(x)Z[h(i)]= Xi2
0(x)Z[i];where 
0 = h � 
. As a result of the random hashing from the hypothetical memoryV to the physical memory Z, the sets of memory locations mapped to by dissimilarinputs in input space X have a low, but nonzero, probability of overlapping; this cancreate an undesirable generalization between dissimilar inputs.The resulting system will produce an output f(x) 2 Y for any input x in the inputspace X. Since the number of locations in the real memory Z will typically be muchsmaller than the total number of possible inputs, it is unlikely that the weights in Zcan be found such that the outputs of CMAC system are correct over the entire inputspace. On the other hand, it is unlikely that all possible inputs will be encounteredin solving a particular control or classi�cation problem.The standard CMAC model has been applied to the real-time control of robotswith encouraging success (Miller [27]; Miller, Glanz, and Kraft [28]). A comprehensivecoverage of the CMAC models and learning algorithms is given by Dean [7].Research on the CMAC model and its variants is still in its early stage. In particu-lar, there are very few rigorous theoretical results available. Many problems remainedunanswered, among them the following:1. In the current experimental study, learning parameters are chosen on an ad hocbasis. The e�ects of the scale of resolution, the size of physical memory, and



4 2 A MEMORY-BASED LEARNING MODELthe size of the training database (examples) on system performance are largelyunknown.2. Given a class F of functions and a tolerable relative error bound, what are thesample size and memory size required to approximate functions in F?3. Given a sample, what are the computational complexities of training? Thatis, how much time does it require to determine system parameters from thesample?In Section 2 we outline a theoretical framework for answering these problems.Our memory-based learning model is built upon the generalized PAC learning modelof Haussler [16] and is closely related to the method of vector quantization in datacompression (Gersho [13]; Gray [15]; Riskin [38]; Gersho and Gray [14]). Section 3 in-troduces the notion of quantization number , which is intended to capture the optimalmemory requirement of memory-based learning systems for a given error bound. Thequantization number can be signi�cantly smaller than the covering number in prac-tice. In Section 4 we use our model to analyze several methods for learning smoothfunctions by nearest-neighbor systems. Our main result is that we can build memory-based learning systems using the new clustering algorithms of Lin and Vitter [24] toPAC-learn in polynomial time using only polynomial storage in typical situations.We extend our analysis to tree-structured and higher-order memory-based learningsystem in Section 5 and 6, respectively. We conclude with some possible extensionsto our model in Section 7.2 A MEMORY-BASED LEARNING MODELLet T be a complete and separable metric space with distance metric dT . We de-note the metric space by (T; dT ). Let H(T ) denote the space whose points are thecompact subset of T . The diameter of a set A 2 H(T ), denoted as diam(A), issupt1;t22T dT (t1; t2). The distance dT (t; A) from a point t to a set A 2 H(T ), is de-�ned as infx2A dT (t; x). For any � > 0, an �-cover for A is a �nite set U � T suchthat for all t 2 A there is a u 2 U such that dT (t; u) � �. If A has a �nite �-cover forevery � > 0 then A is totally bounded. Let N (A; �; dT ) denote the size of the smallest�-cover for A. We refer to N (A; �; dT ) as the covering number .



2.1 MEMORY-BASED LEARNING SYSTEMS 5In this paper, we let X � <k be the input space and Y � <` be the output spaceand let dX and dY be the Euclidean metrics. In typical applications, X and Y areusually hypercubes or hyperrectangles. LetMX = diam(X) andMY = diam(Y ). Fora positive integer s, let Ns denote the set f1; . . . ; sg. Let Nrs be the collection of allr-element subsets (r-subsets) of Ns. Let U = fu1; . . . ; usg and B be a subset of U ,then index (B) denotes the set of indices of elements in B.2.1 MEMORY-BASED LEARNING SYSTEMSDe�nition 1 A generic memory based learning system G realizes a class of functionsfrom the input space (X; dX) to the output space (Y; dY ). Each function g realizableby G can be speci�ed by a sequence of memory contents Z = hz1; . . . ; zsi, where s isa positive integer, and a pair of functions h
; �i; 
 is the encoder, which is a mappingfrom X to 2Ns and � is the decoder, which is a mapping from 2Ns �< to Y . We canwrite g as the composition � � 
. We denote Z(i) = zi.We may regard Ns as the address (or neuronal) space and 2Ns as the collectionof sets of activated addresses (or neurons).We will often study parameterized classes of memory-based learning systems. LetC : G ! <+ be a complexity function of memory-based learning systems, which mapsa system g 2 G to a positive real number. The most straightforward complexitymeasure is the size of memory, which we will use in this paper. However, for someapplications, other complexity measures may be more appropriate. For example, inreal-time applications, we may be more concerned with the speed of encoding and de-coding. In remote-control applications, the sensor/encoder and e�ector/decoder maynot be at the same location, and the sensor has to send control signals (addresses)to the e�ector via communication channels. In such a scenario, communication com-plexity may be a more important issue. We let Gs denote the class of memory-basedlearning systems of complexity at most s, that is Gs = fg j C(g) � sg.We are interested in the following two types of memory-based learning systems:full-search systems and tree-structured systems. In a full-search system, each mem-ory location corresponds to a region in the input space and contains a representativevector (key) and a functional value; the encoder maps an input to the memory loca-tions corresponding to regions that include the input point. Examples of full-search



6 2 A MEMORY-BASED LEARNING MODELsystems include Voronoi systems and receptive-�eld systems.De�nition 2 The class G = [s�rGrs of (generalized) Voronoi systems of order r isde�ned as follows: Let U = fu1; . . . ; usgy and B be an r-subset of U , then Vor(B; r)denotes the Voronoi region of order r for B. The encoder 
 of a Voronoi system oforder r and size s is a mapping from X to Nrs and maps x 2 X to index (B) if andonly if x 2 Vor (B; r). The decoder � is a mapping from X �Nrs and is de�ned asg(x) = 1r Xi2
(x)Z(i):We shall refer to the �rst-order Voronoi systems simply as Voronoi systems.De�nition 3 The class G = [s�1Gs of receptive-�eld systems is de�ned as follows:Let R = fR1; . . . ; Rsg be a collection of polyhedral sets (regions) such that SRRi =X. The encoder 
 maps an input x to the set 
(x) of indices of regions that contain x.Note that the regions are allowed to be overlapped. The maximum degree of overlapis the order of the system. The decoder � is a mapping from X �Nrs and is de�nedas g(x) = Xi2
(x)Z(i):Notable examples of receptive-�eld systems include the CMAC model andMoody's multi-resolution hierarchies (Moody [29]).In a tree-structured system, the encoder partitions the input space into a hierarchyof regions. An input is mapped to the memory location corresponding to the regionrepresented by a leaf. The computational advantage of tree-structured systems overfull-search systems in sequential models of computation is that the mapping from aninput to a memory location can be done quickly by tree traversal.De�nition 4 The class G = [s�1Gs of tree-structured systems is de�ned as follows:The encoder 
 of a tree-structured systems of size s partitions the input space into ahierarchy of regions speci�ed by a tree with s nodes. Each internal node has a numberof branches, each of which is associated with a key. Given an input, starting at theroot node, the encoder compares the input with each key and follows the branchassociated with the key nearest to the input; the search proceeds this way until a leafis reached. The search path is output by the encoder as the address for that input.The decoder � takes a search path and outputs the value in the leaf.



2.2 THE MEMORY-BASED LEARNING PROBLEM 7Examples of tree-structured systems include learning systems based uponquadtrees and k-d trees such as SAB-trees of Moore [31].2.2 THE MEMORY-BASED LEARNING PROBLEMInformally, given a probability measure P over X � Y , the goal of learning in thismodel is to approximate P by a memory-based learning system g 2 G of reasonablecomplexity. The expected error of the hypothesis g with respect to P is denoted byerP (g) = E [dY (g(x);y)] = ZX�Y dY (g(x); y) dP (x; y);where hx;yi is the random vector corresponding to P . The formal PAC memory-based learning model is de�ned below:De�nition 5 Amemory-based learning problem B is speci�ed by a class G of memory-based learning systems and a class P of probability measures over X � Y , whereX � <k and Y � <`. We say that B is learnable if for any 0 < � < 1=2 and0 < � < 1=2 the following holds: There exists a (possibly randomized) algorithm Lsuch that if L is given as input a random sample sequence � = h(xi; yi)i of polynomialsize m(1� ; 1� ; k; `), then with probability at least 1� �, L will output a memory-basedlearning system L(�) 2 G that satis�eserP (L(�)) � �MY :If L runs in polynomial time, then we say that B is polynomial-time learnable.2.3 SMOOTH FUNCTIONSWithout any restriction on the class P of probability measures over X � Y , learningis not likely to be feasible in terms of memory requirement, sample size, and com-putational complexity. In this paper, we restrict P to be generated by some smoothfunction f and some probability measure PX over X, that is, the sample point is ofthe form (x; f(x)). Further justi�cation for the smoothness assumption is given byPoggio and Girosi [33,34].De�nition 6 A function f from X into Y is called a Lipschitz function if and onlyif for some K <1 we havedY (f(x); f(x0)) � KdX(x; x0);



8 3 VORONOI ENCODERS AND QUANTIZATION NUMBERSfor all x; x0 2 X. Let kfkL denote the smallest suchK. A class of functions F from Xinto Y is called Lipschitz functions if and only if for some K <1 we havesupf2F kfkL � K:Let kFkL denote the smallest such K. We call K the Lipschitz bound.The Lipschitz bound does not have to hold everywhere; it su�ces for our purpose ifit holds with probability one. For example, the class of piece-wise Lipschitz functionssatis�es this relaxed condition. Haussler [16] has relaxed the Lipschitz conditionfurther:De�nition 7 For each f 2 F and real � > 0, �(f; �; �) is the real-valued functionon X de�ned by �(f; �; x) = supfdY (f(x); f(x0))g;where the supremum is taken over all x0 2 X for which dX(x; x0) � �. Let PX be aprobability measure over X. We say that the F is uniformly Lipschitz on the averagewith respect to PX if for all � > 0 and all f 2 F there exists some 0 < K <1 suchthat E [�(f; �=K;x)] � �:Let kFkPXL be the smallest such K. For a class PX of probability measures over X,we de�ne kFkPXL = supPX2PX kFkPXL .3 VORONOI ENCODERS AND QUANTIZA-TION NUMBERSThe class G = [s�1Gs of Voronoi systems (nearest-neighbor systems) is de�ned asfollows: We can specify each g 2 Gs by a set U = fu1; . . . ; usg of size s. Let V or(uj)denote the Voronoi region for the point uj. The encoder 
 of g is a mapping from Xto Ns and maps x 2 X to j if and only if x 2 V or(uj). Let Z = fz1; . . . ; zsg � Y .The decoder � of g is a mapping from Ns to Y de�ned by �(j) = zj. In other words,the system maps an input x to its nearest neighbor in U , and then outputs the valuestored in the memory location corresponding to that point.



3.1 THE PSEUDO-DIMENSION OF VORONOI ENCODERS 9We call the encoders of Voronoi systems the Voronoi encoders. In the following,we introduce the notion of quantization number , which characterizes the optimalsize of Voronoi encoders for a given error bound. The quantization number can besubstantially smaller than the covering number.De�nition 8 Let PX be a probability measure over X and let x be the randomvector corresponding to PX . For any � > 0, the quantization number QPX (X; �; dX)of PX is de�ned as the smallest integer s such that there exists a Voronoi encoder 
of size s that satis�es E hdX(x; u
(x))i � �:For a class PX of probability measures over X, we de�ne QPX (X; �; dX) =supPX2PX QPX (X; �; dX).3.1 THE PSEUDO-DIMENSION OF VORONOI EN-CODERSBuilding on the work of Vapnik and Chervonenkis [41,42], Pollard [35,36], Dudley [10],and Devroye [8], Haussler [16] introduced the notion of pseudo-dimension, which is ageneralization of VC dimension. He �rst de�ned the notion of fullness of sets:De�nition 9 For x 2 <, let sign(x) = 1 if x > 0; else sign(x) = 0. Forx = (x1; . . . ; xk) 2 <m, let sign(x) = (sign(x1); . . . ; sign(xm)) and for A � <mlet sign(A) = fsign(y) j y 2 Ag. For any A � <m and x 2 <m, let A+ x = fy + x jy 2 Ag, that is, the translation of A obtained by adding the vector x. We say that Ais full if there exists x 2 <m such that sign(A+ x) = f0; 1gm, that is, if there existssome translation of A that intersect all 2m orthants of <m.For example, hyperplanes in <m are not full, since no hyperplanes in <m canintersect all orthants of <m. The pseudo-dimension is de�ned as follows:De�nition 10 Let F be a class of functions from a set X into <. For any sequence�X = (x1; . . . ; xm) of points inX, let F(�X) = f(f(x1); . . . ; f(xm)) : f 2 Fg. If F(�X)is full then we say that �X is shattered by F . The pseudo-dimension of F , denoted bydimP(F), is the largest m such that there exists a sequence of m points in X that isshattered by F . If arbitrarily long sequences are shattered, then dimP(F) is in�nite.



10 3 VORONOI ENCODERS AND QUANTIZATION NUMBERSIt is clear when F is a class of f0; 1g-valued functions that the de�nition of thepseudo-dimension is the same as that of the VC dimension. Dudley and Hausslerhave shown the following useful property of pseudo-dimension:Theorem 1 (Dudley [9]) Let F be a k-dimensional vector space of functions from aset X to <. Then dimP(F) = k.Theorem 2 (Haussler [16]) Let F be a class of function from a set X into <. Fix anynondecreasing (or nonincreasing) function h : < ! < and let H = fh � f : f 2 Fg.Then we have dimP(H) � dimP(F).To derive the pseudo-dimension of Voronoi encoders, we use the following lemmaattributed to Sauer [39]:Lemma 1 [Sauer's Lemma] Let F be a class of functions from S = f1; 2; . . . ;mginto f0; 1g with jFj > 1 and let d be the length of the longest sequence of points �Sfrom S such that F(�S) = f0; 1gd. Then we havejFj � (em=d)d;where e is the base of the natural logarithm.We now are ready to bound the pseudo-dimension of Voronoi encoders:Lemma 2 Let Gs be the Voronoi system of size at most s and let dX be the Euclideanmetric. For each possible encoder 
 of Gs, we de�ne f
(x) = dX(x; u
(x)) and let�s : X ! [0;MX ] be the class of all such functions f
(x). Then we havedimP(�s) � 2(k + 1)s log(3s) = O(ks log s);where k is the dimension of the input space.Proof : By the de�nition of the Euclidean metric, we can write (f
(x))2 as a poly-nomial in k variables with 2k + 1 coe�cients, where k is the dimension of the inputspace. By Theorems 1 and 2, we have dimP(�1) � 2k + 1. Let �X be a sequenceof m points in X and let r be an arbitrary m-vector. Since f
(x) = minu2U dX(x; u),we have jsign(�s(�X) + r)j � jsign(�1(�X) + r)js� � em2k + 1�(2k+1)s :



3.2 SAMPLE SIZE FORTHE UNIFORMCONVERGENCEOF VORONOIENCODERS11The last inequality follows from Sauer's Lemma. If m = 2(k + 1)s log(3s), then(em=(2k + 1))(2k+1)s < 2m. Therefore, we have dimP(�s) � 2(k + 1)s log(3s) =O(ks log s). 23.2 SAMPLE SIZE FOR THE UNIFORM CONVER-GENCE OF VORONOI ENCODERSIn this section, we bound the sample size for estimating the error of Voronoi encoders.In the following, let Ê�X (f) = 1m Pmi=1 f(xi) be the empirical mean of the function f ,and let d�(r; t) = jr � tj=(� + r + t). We need the following corollary from Hausslerand Long [18]:Corollary 1 Let F be a family of functions from a set X into [0;MX], wheredimP(F) = d for some 1 � d <1. Let PX be a probability measure on X. Assume� > 0 and 0 < � < 1. Let �X be generated by m independent draws from X accordingto PX . If the sample size ism � 9MX�2�  2d ln 24MX(�p�)� + ln 4�! ;then we have Prf9f 2 F j d�(Ê�X (f);E(f)) > �g � �:Lemma 2 and Corollary 1 imply the following theorem:Theorem 3 Let �s be de�ned as in Lemma 2. Assume � > 0 and 0 < � < 1. Let PXbe a probability measure on X and �X be generated by m independent draws from Xaccording to PX . If the sample size ism � 9MX�2�  2(2k + 1)s log(3s) ln 24MX(�p�)� + ln 4�! ;then we have Prf9f 2 �s j d�(Ê�X (f);E(f)) > �g � �:4 MEMORY-EFFICIENT LEARNINGOF SMOOTHFUNCTIONSIn this section, we investigate in detail three methods of learning smooth functionsby Voronoi systems: �-covering, hashing, and clustering. Our results are summarized



12 4 MEMORY-EFFICIENT LEARNING OF SMOOTH FUNCTIONSin Table 1.First, we introduce some notation: Let � = h(x1; y1); . . . ; (xm; ym)i be a randomsample sequence of length m. We denote the sequence hx1; . . . ; xmi by �X . Wedenote the random vector corresponding to a probability measure P 2 P by (x;y).We denote the average empirical distance from the x-components of the examplesto U by d̂�X (U) = 1m mXi=1 dX(xi;U):The discrete version of the above problem is to restrict U to be a subset of �X .The learning problem is speci�ed as follows: We are given a class G of Voronoisystems and a class P of probability measures generated by a class PX of probabilitymeasures over X and a class F of smooth functions from X to Y with kFkPXL = K.Each sample point is of the form (x; f(x)) for some f 2 F . Give 0 < �; � < 1 andsample sequence � = h(x1; y1); . . . ; (xm; ym)i, the goal of learning is to construct aVoronoi system g 2 G such that the size of g is as small as possible and the expectederror rate satis�es erP (g) � �MY ;with probability at least 1 � �.4.1 LEARNING BY �-COVERINGThe main idea of �-covering is to cover the input space with small cells of radius � andassign each cell a constant value. The smoothness condition assures a small expectederror for the resulting system. The algorithm essentially learns by brute force:Algorithm LE (learning by �-covering):1. Let U be an �MY4K -cover of size N , where N = N (X; �MY4K ; dX). Let m = 2N� ln N�be the sample size.2. For each ui 2 U , if Vor(ui) \ �X 6= ; then we choose an arbitrary yj such thatxj 2 Vor(ui) \ �X and set Z(i) = yj; otherwise, we set Z(i) arbitrarily.Theorem 4 With probability at least 1 � �, the expected error for Algorithm LEsatis�es erP (LE(�)) � �MY .



4.1 LEARNING BY �-COVERING 13Algorithm System size Sample size�-covering (LE ) N O �N� log N� �perfect hashing (LH1 ) O �1� (pN)2� O �pN� log pN� �universal hashing (LH2 ) O �1� pN� O �pN� log pN� �coalesced hashing O(pN) O �pN� log pN� �optimal clustering (LC1 ) s O  ks� log s log 1� + 1� log 1�!approx. clustering (LC2 ) O  s log ks� + log log 1�!! O0@ks� log s log ks� !2 + 1� log 1�1ATable 1: Upper bounds on system size and sample size for six algorithms for learn-ing smooth functions by Voronoi systems. The goal of learning for each learn-ing algorithm L is to achieve with probability at least 1 � � an error bound oferP (L(�)) � �MY . In the table, k is the dimension of the input space, N is thecovering number N (X; �MY4K ; dX), p � 1 is the fraction of nonempty Voronoi cells,and s is the quantization number QPX (X; �MY4K ; dX).Proof : For each Voronoi cell Vor (ui) satisfying PX(Vor (ui)) � �2N , we havePr(Vor(ui) \ �X = ;) � �1� �2N �2N� ln N�� �N :Therefore, with probability at least 1 � �, all Voronoi cells with probability over �2Nwill be hit by some sample point.By the Lipschitz bound, for each Voronoi cell hit, we haveE hdY (z
(x);y) j Vor (ui)i � �MY2PX (Vor(ui)) :



14 4 MEMORY-EFFICIENT LEARNING OF SMOOTH FUNCTIONSFurthermore, the total probability measure of Voronoi cells with less than �2N proba-bility is at most �=2. Therefore, we haveerP (LE(�)) � �1 � �2� �MY2 + �MY2� �MY : 24.2 LEARNING BY HASHINGAlgorithm LE in the previous section covers the whole input space X with points.However, most of the Voronoi cells formed by points in the �-cover U are likely to beempty. In this section we use hashing techniques to take advantage of this property.Below we outline three hashing-based algorithms: perfect hashing, universal hashing,and hashing with collision-resolution.Let h be a hash function from NN to NN 0, where N = jUj and N 0 is a positiveinteger. For each address 1 � i � N 0 we de�ne h�1(i) to be the subset of points in �Xthat hash to memory location i, namely, fxj j h(
(xj)) = i and xj 2 �Xg. We letHN;N 0 be a class of universal hash functions (Carter and Wegman [4]) from NN toNN 0.For the ease of exposition, we assume in the following that the portion p ofnonempty Voronoi cells is known. This assumption can be removed using the tech-niques of Haussler, Kearns, Littlestone, and Warmuth [17].4.2.1 Perfect HashingThe �rst algorithm uses uniform hash functions and resorts to large physical memoryto assure perfect hashing with high probability.1Algorithm LH1 (learning by perfect hashing):1. Let U be an �MY4K -cover of size N , where N = N (X; �MY4K ; dX), and let 0 < p� 1be the fraction of non-empty Voronoi cells. Let m = 2pN� ln 2pN� be the sample1The perfect hashing techniques as surveyed by Ramakrishna and Awasthi [37] assume a staticset of keys, so we are not able to use these techniques for learning, which is dynamic in nature.However, when the learning is complete (the set of keys (addresses) is �xed), we can use perfecthashing techniques to reduce the size of physical memory.



4.2 LEARNING BY HASHING 15size.2. Let N 0 = 2� (pN)2 be the size of physical memory Z and choose a uniform hashfunction h.3. For each address i, if h�1(i) is not empty then we choose an arbitrary 1 � j � msuch that xj 2 h�1(i) and set Z(i) = yj; otherwise we set Z(i) arbitrarily.Theorem 5 With probability at least 1 � �, the expected error for Algorithm LH1satis�es erP (LH1 (�)) � �MY .Proof : Without any collision, by similar analysis as in the proof of Theorem 4, withprobability at least 1� �=2, we have erP (LH1 (�)) � �MY .By choosing physical memory size as N 0 = 2� (pN)2, we bound the probability thatat least one hashing collision occurs by(pN)2 12� (pN)2 � �2 :Therefore, with probability at least 1 � �, we have no collisions and erP (LH1 (�)) ��MY . 24.2.2 Universal HashingIt is not necessary to avoid collisions completely. What we really need is a \good"hash function that incurs not too many collisions. The following algorithm usesuniversal hashing for �nding a good hash function with high probability. We denotethe Lipschitz bound by K.Algorithm LH2 (learning by universal hashing):1. Let U be an �MY4K -cover of size N , where N = N (X; �MY8K ; dX), and let 0 < p� 1be the fraction of non-empty cells. Let m = 8pN� ln 2pN� be the sample size andlet N 0 = 8�pN be the size of physical memory Z.2. Repeat the following procedure log4=3(2=�) times and choose the system withminimum empirical error: We choose a hash function h randomly from the classHN;N 0 of universal hash functions and then call the subroutine H(�; h), whichis given immediately below:



16 4 MEMORY-EFFICIENT LEARNING OF SMOOTH FUNCTIONSSubroutine H: Given a sample sequence � and a hash function h, for eachaddress i, if h�1(i) is not empty then we choose an arbitrary 1 � j � m suchthat xj 2 h�1(i) and set Z(i) = yj; otherwise we set Z(i) arbitrarily.Theorem 6 With probability at least 1 � �, the expected error for Algorithm LH2satis�es erP (LH2 (�)) � �MY .Proof : For each Voronoi cell Vor (ui) with PX(Vor(ui)) � �8pN , we havePr(Vor(ui) \ �X = ;) �  1� �8pN ! 8pN� ln 2pN�� �2pN :Therefore, using sample size m = 8pN� ln 2pN� , with probability at least 1 � �=2, allVoronoi cells with probability over �=(8pN) will be hit by some sample point. By theproperty of universal hashing (Carter and Wegman [4]), for each Voronoi cell hit, theprobability that the cell is involved in some hash collision is at most pN=N 0 = �=8.Therefore, by the Lipschitz bound, we haveE hdY (zh(
(x));y) j Vor(ui)i� 1PX(Vor (ui)) ��1� �8� �MY2 + �8MY �� 5�MY8PX (Vor(ui)) ;where h is the random universal hash function. Thus, we haveE [erP (A(�; h))] � �1� �8� 5�MY8 + �MY8� 3�MY4 ;where the expectation is taken over HN;N 0.We say that a hash function h is \good" if the following inequality holds:erP (H(�; h)) � �MY :By Markov's inequality, at least one fourth of hash functions in HN;N 0 are good.Therefore, by calling subroutine H at least log4=3(2=�) times, the probability that wedo not get a good hash function is at most �=2. Thus, with probability at least 1� �,we have erP (LH2 (�)) � �MY . 2



4.3 LEARNING BY CLUSTERING 174.2.3 Hashing with Collision-ResolutionThe physical memory size can be reduced to O(pN) while maintaining an O(1) worst-case access time by using collision-resolution techniques. This can be achieved, forexample, by using coalesced hashing, which was analyzed in detail by Vitter and Chen[43] and Siegel [40].4.3 LEARNING BY CLUSTERINGAlthough hashing techniques take advantage of the sparseness of distributions, theydo not take advantage of the skewness of distributions. We can exploit the skewnessof distributions by using clustering (or median) algorithms. Given a positive integers � m, the (continuous) s-median (or clustering) problem is to �nd a median setU � X such that jUj = s and the average empirical distortion d̂�X (U) is minimized.The discrete s-median problem is to restrict U to be a subset of �X.For simplicity, we assume in the following that the quantization number s =QPX (X; �MY4K ; dX) is known. This assumption can be removed using the techniquesHaussler, Kearns, Littlestone, and Warmuth [17]. In the following, we also assumethat the Lipschitz bound holds with probability one.4.3.1 Optimal ClusteringIdeally, we would like to use an algorithm for �nding optimal clustering for learning:



18 4 MEMORY-EFFICIENT LEARNING OF SMOOTH FUNCTIONSAlgorithm LC1 (learning by optimal clustering):1. Letm = 
(ks� log s log 1�+ 1� log 1� ) be the sample size, where s is the quantizationnumber QPX (X; �MY4K ; dX).2. Find the optimal U such that d̂�X (U) is minimized.3. For each ui 2 U , we choose 1 � j � m such that xj is the closest point to uiand set Z(i) = yj.Theorem 7 With probability at least 1 � �, the expected error for Algorithm LC1satis�es erP (LC1 (�)) � �MY .Proof : In Theorem 3, we choose � = 1=11 and let � = �MY =(2K). Thus, by choosingsample size as 
(ks� log s log 1� + 1� log 1� ), with probability at least 1� �, for all V � Xof size s, we have d̂�X (V ) � 6E [dX(x; V )]5 + �MY20K ;and E [dX(x; V )] � 6d̂�X (V )5 + �MY20K :Let U� be the optimal median set of size s with respect to PX , then we haveE [dX(x;U)] � 6d̂�X (U)5 + �MY20K� 6d̂�X (U�)5 + �MY20K� 65  6E [dX(x;U�)]5 + �MY20K !+ �MY20K :Since U� is optimal, we have E [dX(x;U�)] � �MY4K . Therefore,E [dX(x;U)] � 65 �65 �MY4K + �MY20K �+ �MY20K� �MY2K :We lose another factor of 2 by the way we set Z(i). The rest of the proof follows fromthe Lipschitz bound. 2



4.3 LEARNING BY CLUSTERING 194.3.2 Approximate ClusteringUnfortunately, �nding optimal clusters is NP-hard even in Euclidean space (Karivand Hakimi [20]; Garey and Johnson [12]; Papadimitriou [32]; Megiddo [26]). How-ever, as shown by Lin and Vitter [24], we have approximate clustering algorithmswith provably good performance guarantees. We may use these approximate cluster-ing algorithms for learning:Algorithm LC2 (learning by approximate clustering):1. Let m = 
(ks� log s(log ks� )2 + 1� log 1� ) be the sample size, where s is the quanti-zation number QPX (X; �MY4K ; dX).2. Apply the greedy (discrete) s-median algorithm of Lin and Vitter [24] withrelative error bound on distortion as 1=8. (For convenience, the greedy s-medianalgorithm is given in the appendix.) Let U be the median set returned by thegreedy s-median algorithm.3. For each xj = ui 2 U we set Z(i) = yj.By Corollary 3 in the Appendix and the triangle inequality, we have the followingcorollary:Corollary 2 Let U be the median set returned by the greedy s-median algorithm andlet U� be the set of optimal s-medians. Then we haved̂�X (U) � 2(1 + 18)d̂�X (U�) � 94 d̂�X (U�):and jUj = O(s logm):Proof : Let U� = fu1; . . . ; usg be the set of optimal s-medians. Then by replacingeach point ui 2 U� by its nearest neighbor vi in �X , we obtain a median set V � �Xsuch that d̂�X (V) = 1m mXi=1 dX(xi;V)= 1m sXi=1 Xx2Vor(ui)\�X dX(x;V)� 1m sXi=1 Xx2Vor(ui)\�X dX(x; vi):



20 4 MEMORY-EFFICIENT LEARNING OF SMOOTH FUNCTIONSBy the triangle inequality, we haved̂�X (V) � 1m sXi=1 Xx2Vor(ui)\�X (dX(x; ui) + dX(ui; vi))� 1m sXi=1 Xx2Vor(ui)\�X 2dX (x; ui)= 2d̂�X (U�):The rest of the proof follows from Corollary 3 in the Appendix. 2Theorem 8 With probability at least 1 � �, the expected error for Algorithm LC2satis�es erP (LC2 (�)) � �MY .Proof : We apply Theorem 3 with � = 1=11 and � = �MY =(2K). By usingm = 
(ks� log s(log ks� )2 + 1� log 1� ) sample points, with probability at least 1� �, forall V � X of size at most jUj, we haved̂�X (V ) � 6E [dX(x; V )]5 + �MY20K ;and E [dX(x; V )] � 6d̂�X (V )5 + �MY20K :Let U� be the set of optimal s-medians. By Corollary 2 and by algebraic manip-ulations similar to the proof of Theorem 7, we haveE [dX(x;U)] � �MYK :The rest of the proof follows from the Lipschitz bound. 24.4 SUMMARYWe summarize the results of this section in Table 1. We remark that, in <k, thecovering number is exponential in the dimensionality of the input space. That is, wehave N = N (X; �MY4K ; dX) = �((1� )k). On the other hand, in practice, it is reasonableto assume that the quantization number s = QPX (X; �MY4K ; dX) is a low-degree poly-nomial in 1� , as explained in Section 1. In such typical cases, clustering algorithmsreduce the dependency of memory size on dimensionality by an exponential factor.



215 TREE-STRUCTURED SYSTEMSIn a tree-structured system, the encoder partitions the input space into a hierar-chy of regions. An input is mapped to the memory location corresponding to theregion represented by a leaf. The full de�nition of tree-structured systems is givenin Section 2.1. We call the encoders of tree-structured systems the tree-structuredencoders.Lemma 3 Let Gs be the tree-structured systems of size s and let dX be the Euclideanmetric. For each possible encoder 
 of Gs, we de�ne f
(x) = dX(x; u
(x)) and let�s : X ! [0;MX ] be the class of all such functions. Then we have dimP(�s) �2(k + 1)(s� 1) log(3(s � 1)) = O(ks log s).Proof : There are s� 1 branches in a tree of size s, in which each branch correspondsto a comparison. By derivation similar to the proof of Lemma 2, we have dimP(�s) �2(k + 1)(s � 1) log(3(s � 1)) = O(ks log s). 2Lemma 3 and Corollary 1 imply the following result:Theorem 9 Let �s be de�ned as in Lemma 3. Assume � > 0 and 0 < � < 1. Let PXbe a probability measure on X and �X be generated by m independent draws from Xaccording to PX . If the sample size ism = 
 MX�2�  ks log s log MX(�p�)� + log 1�!! ;then we have Prf9f 2 �s j d�(Ê�X (f);E(f)) > �g � �:In the following we outline an algorithm for building tree-structured systems:1. Construct a tree-structured encoder for the input space from the x-componentsof the sample.2. Estimate a functional value for each node of the tree by averaging the y-components of examples covered by the region represented by that node.The smoothness of the function to be learned assures that the resulting system hassmall expected error. The algorithm for building a tree-structured encoder is given



22 6 HIGHER-ORDER SYSTEMSby Lin and Vitter [23,24]. In addition to memory-based learning, the algorithm alsohas applications to regression, computer graphics, and lossy image compression (Linand Vitter [23]).6 HIGHER-ORDER SYSTEMSIn a higher-order memory-based learning system, an input can activate more thanone memory location. Higher-order learning systems have the advantages of faulttolerance and possibly better generalization ability given a limited number of exam-ples. By fault tolerance, we mean the capability to deal with memory failures ormisclassi�cation of sample points.In this section, we look at the r-nearest-neighbor systems and receptive-�eld sys-tems based upon the combinations of �rst-order systems:6.1 VORONOI SYSTEMS OF HIGHER ORDERThe de�nition for the Voronoi systems of order r (r-nearest-neighbor systems) is givenin Section 2.1. In this section we extend our analysis in Section 3 to the rth-orderVoronoi Systems. We call the encoders of Voronoi systems of order r the Voronoiencoders of order r.Lemma 4 Let Grs be the Voronoi systems of order r and size s and let dX be theEuclidean distance. For each possible encoder 
 of Grs, we de�nef
(x) = 1r rXi=1 dX(x; u
(i)(x));where 
(i)(x)maps an input x to its ith nearest neighbor in U and let �rs : X ! [0;MX]be the class of all such functions. Then we have dimP(�rs) = O(krs log r log s).Proof : By the de�nition of f
(x), it is clear that the pseudo-dimension of �rs isbounded by the pseudo-dimension of sums of r functions from �s, which is de�ned asin Lemma 2. By derivation similar to the proof of Lemma 2, we have dimP(�rs) =O(krs log r log s). 2Lemma 4 and Corollary 1 imply the following:



6.2 RECEPTIVE-FIELD SYSTEMS 23Theorem 10 Let �rs be de�ned as in Lemma 4. Assume � > 0 and 0 < � < 1.Let PX be a probability measure on X and �X be generated by m independent drawsfrom X according to PX . If the sample size ism = 
 MX�2�  krs log r log s log MX(�p�)� + log 1�!! ;then we have Prf9f 2 �rs j d�(Ê�X (f);E(f)) > �g � �:6.2 RECEPTIVE-FIELD SYSTEMSIn a receptive-�eld system, the regions may overlap. In this section, we propose tomodel the receptive-�eld systems as weighted sums of �rst-order Voronoi systems.De�nition 11 Let Gs be the class of (�rst-order) Voronoi systems as de�ned inSection 3. The r-combinations Grs of Voronoi systems are de�ned as the weightedsums of r Voronoi systems. That is, Grs = fPri=1 wigi j gi 2 Gs and 0 � wi �MY g.A receptive-�eld system as de�ned above can be arranged in a \multi-resolution"manner (Moody [29]), that is, as a sum of r Voronoi systems of di�erent sizes. Thelearning algorithm for such systems can start by approximating the function to belearned by the smallest (lowest-resolution) component system, and then approximat-ing the errors by the second smallest component system, and so forth, until the largest(highest-resolution) component system is trained.7 CONCLUSIONSIn this paper, we propose a model for memory-based learning and use it to analyzeseveral methods for learning smooth functions by memory-based learning systems.Our model is closely related to the generalized PAC learning model of Haussler [16]and the methods of vector quantization in data compression. Our main result is thatwe can build memory-based learning systems using new clustering algorithms (Linand Vitter [24]) to PAC-learn in polynomial time using only polynomial storage intypical situations. We also extend our analysis to tree-structured and higher-ordermemory-based learning systems.



24 7 CONCLUSIONSThe memory-based learning systems that we have examined in this paper approx-imate the functional value in each region by a constant. In practice, we might getbetter approximations by using more complicated basis functions. However, this usu-ally makes the training problem harder; most work along this line has been mostlyexperimental in terms of computational complexity. Interested readers are referredto the work of Friedman [11], Moody and Darken [30], and Poggio and Girosi [33,34].Our memory-based learning algorithms mainly take advantage of the skewness ofdistributions over the input space and assume the smoothness of functions over theinput space. However, the degree of smoothness may vary widely from one region tothe other (Dean [7]). In practice, after the initial clustering, we may estimate thedegree of smoothness of each region and then merge or split regions according to theirdegrees of smoothness. Alternatively, we could incorporate either a priori or observedlocal estimates of smoothness directly into the distance matrix in such a way so thatminimizing the distance corresponds to minimizing the error; for example, we couldde�ne dX(x; x0) to be dY (f(x); f(x0)). From a theoretical viewpoint, we must developmodels that adequately capture this property and are computationally tractable.Appendix: Approximate ClusteringIn this appendix, we adapt the greedy (discrete) s-median algorithm of Lin andVitter [24] to do the clustering needed for Algorithm LC2 in Section 4.3.2. Thediscrete s-median problem is de�ned as follows: Let �X = hx1; . . . ; xmi be a sequenceof points in X and let s be a positive integer. The goal is to select a subset U � �Xof s points such that the average distance (distortion)d̂�X (U) = 1m mXi=1 dX(xi;U):is minimized.The discrete s-median problem can be formulated as a 0-1 integer program ofminimizing 1m mXi=1 mXj=1 dX(xi; xj)pij (1)



25subject to mXj=1 pij = 1; i = 1; . . . ;m; (2)mXj=1 qj � s; (3)pij � qj; i; j = 1; . . . ;m; (4)pij ; qj 2 f0; 1g; i; j = 1; . . . ;m; (5)where qj = 1 if and only if xj is chosen as a cluster center, and pij = 1 if and only ifqj = 1 and xi is \assigned" to xj.The linear program relaxation of the above program is to allow qj and pij totake rational values between 0 and 1. Clearly, the optimal fractional solution (linearprogram solution) is a lower bound on the solutions of the discrete s-median problem.Our greedy algorithm for the s-median problem works as follows:1. Solve the linear program relaxation of the discrete s-median problem by linearprogramming techniques; denote the fractional solution by bq; bp.2. For each i, compute cDi = Pmj=1 dX(xi; xj)bpij .3. Given a relative error bound c > 0, for each j such that bqj > 0, construct aset Sj: A point xi is in Sj if and only if dX(xi; xj) � (1 + c)cDi.4. Apply the greedy set cover algorithm (Johnson [19]; Lov�asz [25]; Chv�atal [5]):Choose the set which covers the most uncovered points. Repeat this processuntil all points are covered. Let U be the set of indices of sets chosen by thegreedy heuristic. Output U = fxjgj2U as the median set.The linear programming problem can be solved in provably polynomial time by theellipsoid algorithm (Khachian [22]) or by the interior point method (Karmarkar [21]).The simplex method (Dantzig [6]) works very e�ciently in practice, although in theworst case its performance is not polynomial-time.The results of Lin and Vitter [24]yield the following application:Corollary 3 Given any c > 0, the greedy algorithm outputs a median set U of sizeless than (1 + 1=c)s(lnn+ 1)
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