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AbstractProbabilistic reasoning su�ers from NP-hard implementations. Inparticular, the amount of probabilistic information necessary to thecomputations is often overwhelming. For example, the size of condi-tional probability tables in Bayesian networks has long been a limitingfactor in the general use of these networks.We present a new approach for manipulating the probabilistic in-formation given. This approach avoids being overwhelmed by essen-tially compressing the information. Furthermore, unlike existing tech-niques, we do not need to explicitly access all the data in order to per-form our computations. We have achieved this by transforming theproblem into linear constraint satisfaction and using approximatingfunctions.
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1 IntroductionProbabilistic reasoning has become the mainstay of almost all inferencingsystems. From expert systems for geological surveying [8] to medical diag-nosis systems [32], the probabilistic approach provides a rich framework forknowledge representation that is essential in these domains. Unfortunately,because of one thing or another, the various approaches generally su�er fromNP-hard implementations. The systems built tend to be tailored or re�ttedaround these problems. This often results in various behavioral anomaliesand general ad-hocness. Yet, we must keep in mind as always that theseproblems will persist only until e�cient algorithms are found.Probably one of the most popular models for probabilistic reasoning isPearl's Bayesian networks [19]. This approach provides a handy visualiza-tion of our knowledge through the means of a directed acyclic graph of ran-dom variable relationships. Basically, each node in the graph represents a\discrete" random variable. The directed arcs between the nodes representprobabilistic conditional (in)dependencies. Furthermore, joint probabilitieson the random variables can be readily computed via Bayes' Theorem andthe given conditional independence assumptions. These computations takethe form of multiplying conditional probability tables which have been asso-ciated with each node in the network.Bayesian networks have been applied to various domains such as storycomprehension [9, 10, 1, 3], circuit fault detection [7, 19], medical diagnosis[32] and planning systems [15]. However, computing with these networkshas proven to be NP-hard as we might have expected [5]. This has gener-ally prevented problem formulations from utilizing the full representationalcapabilities of Bayesian networks.There are two key factors which prevent the general use of Bayesian net-works. The �rst is network topology. Most of the existing algorithms are quitesensitive to this and often end up in a \do or die" situation (See [19, 31]). Forexample, Pearl's message-passing scheme [19] is restricted to singly-connectednetworks, that is, there can only exist at most one directed path between anytwo nodes in the graph. Unfortunately, for those which aren't hindered bytopological considerations, they invariably run into the second factor, condi-tional probability table size.Very little work, if any, has been done to address the issue of table size.Most have simply taken for granted that this problem is unavoidable. Up3



until recently, table size has not been a major factor simply because use ofBayesian networks were generally restricted to \toy"/prototype domains.Table size is directly correlated with the amount of discretization or pre-cision used in the problem formulation. Basically, the size of the table isexponential with respect to the number of instantiations required by eachrandom variable. Thus, in the \toy" domains, precision is generally sacri-�ced resulting in relatively small tables. Extremely coarse approximations ofinformation is typically su�cient for this relatively low level of prototyping.Although there have been arguments that human beings reason well withonly coarse approximations [19], domains such as robotic navigation requirerather precise problem formulations to handle quantitative data such as sonarreadings and map locations [15]. The higher degree of sensitivity needed inthis data means a �ner grained discretization of random variable instantia-tions. In a related vein, consider the domain of medical diagnosis where weare modeling the correlations between diseases and symptoms. As Charniakand McDermott point out in [2], when you start considering relationshipsbetween diseases and simultaneous multiple symptoms, that is,P (disease Ajsymptom S1; . . . ; symptom Sn);the explosion becomes quite apparent since we have to keep a probabilityaround for each combination of disease and symptoms.The explosive growth of probability tables for Bayesian networks is obvi-ously a special case of a more general problem encountered in probabilisticsystems. There is the need of having large amounts of data on hand suchas correlations, statistical frequencies, conditional probabilities etc., in orderto satisfy the axioms of probability theory so that computations can be per-formed. Assumptions on the problem are often made in an e�ort to reducethis data-explosion. For example, we might assume that 2 symptoms aresu�cient for determining a disease or we may choose to quantize distanceinformation to something like near, medium, far. However, as we can easilyguess, we run into the classical dilemma of trading o� representational powerfor computability. More often than not though, at least in terms of our ex-isting computing capabilities, we end up with overly simple models whichthemselves are just barely computable. Much of the problems as we shall seeinvolving table size spawn from the necessity of referencing each and everyprobability. This occurs in all the existing algorithms.4



In this paper, we will focus on how to deal with explosive amounts ofdata. In particular, we present an approach which may be used to solve theconditional table size problem in Bayesian networks.Our approach begins with the following recent result: Santos introduceda new technique for probabilistic computations [23, 25, 24, 3, 26]. Bayesian-style reasoning could be modeled as a linear constraint satisfaction problem.Once this was achieved, extremely e�cient tools and techniques can be ap-plied from Operations Research to perform our computations. Experimentalresults demonstrated that this approach was superior to existing techniques.Whereas the old approaches had an expected-case exponential run-time, thismethod exhibited an expected-case polynomial (O(x2)) run-time over thesame problem-sets. Furthermore, the linear constraints approach was basi-cally insensitive to network topology.Since linear constraint satisfaction already takes care of the network topol-ogy problem for Bayesian networks, this will provide us with a promisinglaunching point for tackling the table size problem. We hope to show howthe problem can be approached through linear constraint satisfaction. Basi-cally, we will develop a model that will allow us to avoid explicitly storingthe tables by replacing them with approximations.We begin in Section 2 by brie
y describing Bayesian networks and theiruses. This section should provide a clear idea of the table size problem.In Section 3, we will discuss the various existing approaches for performingcomputations on Bayesian networks. In Sections 4 and 5, we will providesome of our de�nitions and notations and then brie
y summarize our earlierconstraints approach. Finally, Sections 6 and 7 will present our new approachwhich utilizes approximation functions.2 Bayesian NetworksIn probabilistic reasoning, random variables (abbreviated, r.v.) are used torepresent events and/or objects in the world. By making various instantia-tions to these r.v.s, we can model the current state of the world. For example,consider the Mobile Target Localization problem (abbreviated mtl) [15]. Itinvolves a robot equipped with sonars to track some given mobile target andreporting its location in the coordinate system of a global map. The robot,itself, must also move around in order to keep the target within sensor range.5



We begin our formulation with a set of locations L corresponding to theregions that are used to encode the location of both the robot and target.Thus, L represents the discretization of our global map. We now use thefollowing r.v.s in order to represent our world and its uncertainties:� SRi represents the location of the robot at time i ranging over L.� STi represents the location of the target at time i also ranging over L.� ORi represents our sensor observations of the robot's surroundings attime i.� OTi represents our sensor observations of the target's location relativeto the robot at time i.� ARi represents the action our robot takes such as movement at time i.So, the robotic sequence works as follows: The robot initially has some ideaas to where it is and where the target was. It then takes set of sonar readingson its immediate surroundings and another set for locating the target. Basedon this information, it decides the best sequence of actions and executes the�rst one. Once we �nish executing the �rst action, we start over again andchoose a new sequence, In essence, the sequence is used to help predict whatthe world should look like after a given action.As we can clearly see, by making various instantiations to the above r.v.s,we are creating di�erent states of the world. In this problem, our goal is to�nd the best action for the robot to perform given the other informationsuch as sonar readings and object locations. Thus, this will involve comput-ing joint probabilities of the given r.v.s. Unfortunately, the task is nearlyimpossible without additional information concerning relationships betweenthe r.v.s. In the worst case, we would need the probabilities of every instan-tiation combination which is combinatorially explosive to say the least.On the other hand, we look at Bayes' Theorem as follows:P (STi; SRi; ORi; OTi; ARi) = (1)P (STijSRi; ORi; OTi; ARi)P (SRijORi; OTi; ARi)P (ORijOTi; ARi)P (OTi jARi)P (ARi):Bayesian networks [19] take this a step further by making the importantobservation that certain r.v. pairs may become uncorrelated once informationconcerning some other r.v.(s) is known. More precisely, we may have thefollowing independence condition:P (AjC1; . . . ; Cn; U) = P (AjC1; . . . ; Cn) (2)6



T1 T2 T3 T4

AR

TS

RO

SR

OTFig. 2.1. Bayesian network for mtl problem with 4 time slices.for any collection of r.v.s U . Intuitively, we can interpret this as saying thatA is completely determined by C1; . . . ; Cn.Combined with Bayes' Theorem, these conditional independencies allowus to replace the terms in (1) with the smaller conditionals (2). Thus, in-stead of explicitly keeping the joint probabilities, all we need are smallerconditional probability tables which we can then use to compute the jointprobabilities. Furthermore, these independence conditions provide us with ahandy graphical visualization of the r.v. relationships at hand.Using Bayesian networks, the mtl problem is modeled in Figure 2.1. Wecan now rewrite equation (1) as follows for the r.v.s involved in time step7



T1:2 P (ST1; SR1; OR1; OT1 ; AR1) = (3)P (ST1jSR1; OT1)P (SR1 jOR1)P (OR1)P (OT1)P (ARi):What we have is a directed acyclic graph of r.v. relationships. Directed arcsbetween r.v.s represent conditional dependencies. When all the parents of agiven r.v. are instantiated, that r.v. is said to be conditionally independentof the remaining r.v.s given it's parents (See (2)).Our goal in the mtl problem is to determine the best course of actionfor the robot such that it continues to keep track of its target. Basically, therobot must base it's decision on current sonar readings plus its own internalknowledge of the world. Having formulated the mtl problem using Bayesiannetworks, determining the best action can be modeled as follows: Assumingwe are only working with 4 time slices as seen in Figure 2.1, this will implythat we are looking for a 3 action sequence. Hence, we are given the followinginformation:� OR1 which represents the current/actual sonar readings on the robot'sposition.� OT1 which represents the current/actual sonar readings on the target'sposition.Our goal is to determine an action a� for AR1 such thatP (AR1 = a�jOR1; OT1) = maxa P (AR1 = ajOR1; OT1): (4)2We can isolate the r.v.s in time step T1 from the remaining r.v.s because of the followingobservation on the conditional independence relationships: Let U be the remaining r.v.sin the network. We know thatP (ST1 ; SR1 ; OR1 ; OT1; AR1) =XU P (ST1 ; SR1 ; OR1 ; OT1; AR1 ; U ):Furthermore, according to our independence assumptionsP (ST1 ; SR1 ; OR1 ; OT1; AR1 ; U ) =P (U jST1 ; SR1 ; OR1; OT1; AR1)P (ST1 ; SR1 ; OR1 ; OT1; AR1)Since the second term on the right hand side is constant, summing over the di�erentpossible instantiations for U reduces the �rst term to the value of 1. Hence, we can simplyignore the r.v.s in U . 8



This type of computation performed with Bayesian networks is classi�ed asbelief updating [19]. In general, belief updating involves updating our beliefsabout the di�erent possible instantiations of a r.v. given certain instantiationsof other r.v.s as evidence/observations.3Belief updating is one of two common computations performed withBayesian networks. The second is called belief revision [19]. Belief revi-sion is best used for modeling explanatory/diagnostic tasks. Basically, someevidence or observation is given to us, and our task is to come up witha set of hypothesis that together constitute the most satisfactory explana-tion/interpretation of the evidence at hand. This process has also been con-sidered abductive reasoning in one form or another [12, 30, 20, 4]. Moreformally, if W is the set of all r.v.s in our given Bayesian network and e isour given evidence4, any complete instantiations to all the r.v.s in W whichis consistent with e will be called an explanation or interpretation of e. Ourproblem is to �nd an explanation w� such thatP (w�je) = maxw P (wje): (5)Intuitively, we can think of the non-evidence r.v.s in W as possible hypoth-esis for e. For example, consider the probabilistic medical diagnosis modelpresented in [20]. It is a 2-layer Bayesian network consisting of a layer ofmanifestations (symptoms) and a layer of disorders (diseases). The manifes-tations are conditionally dependent on di�erent sets of disorders. Given aset of manifestations, we must determine a set of disorders which maximizes(5).The Bayesian networks approach can achieve an enormous reduction inthe amount of probability data needed. Unfortunately, even identifying allthe conditional independencies is usually not enough. Looking at the mtlproblem, we consider the the following conditional table:P (ST2jSR2; OT2; ST1): (6)The size of this table is jLj3jOj where O is the range of instantiations for thesonar readings OT2. Clearly, the higher the precision we desire in our robotworld, the larger both L and O become. Even if we had decided that there3Typically, we are only interested in �nding the best instantiation.4That is, e represents a set of instantiations made on a subset of W .9



are only 100 possible locations in our world, the size of this table alone wouldbe in the millions. This remains the predominant prohibiting factor of tryingto use Bayesian networks for modeling complex tasks.3 Computational MethodsBarring the fact that we may have a combinatorial explosion in the numberof conditional probability entries, belief revision and updating on Bayesiannetworks, however, is also NP-hard with respect to the size of the network[5, 31]. Various techniques are available for performing the computations,but we must point out that although they may have reasonable expectedrun-times, these complexity measures are made with respect to the num-ber of nodes/edges in the network and consider the table sizes to be somemultiplicative constant. Obviously, when we have a table with an exponen-tial number of entries, the run-times will generally be exponential for thesetechniques.Probably the two most popular approaches for performing belief updatingare message-passing schemes [19] and stochastic simulations [29, 6, 33, 11].In message-passing, the basic idea is to treat each node in the network asan individual processor. Information is then propagated back and forth be-tween the nodes until equilibrium is achieved. The manner of communicationde�ned by message-passing guarantees that the results obtained when thenetwork stabilizes will correspond precisely to belief updating. This algo-rithm is known to be e�cient on a restricted network topology called singly-connected network. A singly-connected network requires that there exists atmost one directed path between any two nodes. However, message-passingfails on the more general class of multiply-connected networks. Althoughthere are methods such as clustering and conditioning [19] for transforming amultiply-connected network into an equivalent singly-connected one [28, 13],the transformations have also been shown to be quite di�cult to accomplish.Stochastic simulation, on the other hand, has no such topological restric-tion. The method basically works as follows: Assume that we are givenevidence e, A is the r.v. we wish to update and X is the set of remainingr.v.s not including those in e or A. We know thatP (Aje) = P (Ae)P (e) : (7)10



Furthermore, P (Ae) =XX P (AeX); and (8)P (e) =XY P (eY ) (9)where Y = X [ fAg. By making various instantiations for X, we can easilycompute the joint distribution P (AeX) and apply it to (8). This processis called taking sample points in order to construct the joint probabilities.Stochastic simulation uses various approaches for sampling points to achievebetter and better estimates on the probabilities while also guaranteeing con-vergence. Unfortunately, while stochastic simulation is invariant under net-work topology, it is quite sensitive to the distribution in the conditionaltables. For example, if we take the simplest approach to sampling by doingit randomly, then in a network with a slightly skewed distribution, say oneof the conditional tables is sparse, then we may sample a large number ofpoints which have a joint probability of 0. Thus, the estimate will be verypoor, indeed.Obviously, belief revision is a very di�erent computational task from up-dating. In essence, updating is a summation over joint probabilities, whereasrevision is a maximization over those same probabilities. It is this max-imization property that prompts us to interpret revision as some form ofexplanatory or diagnostic reasoning. Basically, the r.v.s being instantiatedare likened to hypothesis. The joint probability is then used to measure howwell a set of hypotheses supports the given evidence. Since, we are now ex-plicitly de�ning the notion of a \best set"5, it becomes necessary that we notonly be able to compute the best, but also any other \good" alternatives.This is especially true in domains such as medical diagnosis where we mustconsider alternative diagnoses to the most-likely one.Finding the alternatives also has implications for belief updating. Fromequation (8), it has been observed that P (AeX) and P (eY ) for any A,X andY are simply explanations/diagnoses for evidence e [26]. We can considerthe alternative solutions to be sample points for use in (8). By startingwith the \best" explanation, we now have the sample point with the largestprobability, hence, avoiding the problem encountered with random samplingwe saw above.5Pearl in [19] calls this the most-probable-explanation (abbreviated, MPE) criterion.11



One of the earliest methods for performing belief revision on Bayesiannetworks was a message-passing variant of the one mentioned above for beliefupdating [19]. Again, unfortunately, the scheme was restricted to singly-connected networks. Also, the scheme had no mechanisms for computingalternative solutions beyond the second most-probable. Sy in [34] introducesanother variant of message-passing which has been empirically shown to bemore e�cient than Pearl's method. This variant changes the message passinginto a strictly feed-forward manner, hence, requiring only one pass throughthe network. Furthermore, generating the alternative solutions is possibledue to his architecture.6 However, Sy's approach also stumbles on multiply-connected networks.Shimony and Charniak in [31] showed that belief revision can be solvedusing a best-�rst search strategy. Hence, the problem of network topology isabsorbed in the choice of a best-�rst search heuristic. Furthermore, throughback-tracking, the alternative solutions could be generated. The biggestproblem with this approach, though, is the explosive amount of search re-quired as you progress to larger networks.Most recently, Santos in [25, 26] introduced a new approach which reducesthe problem of belief revision into linear constraint satisfaction. Having ac-complished this reduction, e�cient Operations Research tools such as theSimplex Method [17, 27, 18] could be used to solve the problem. This ap-proach is invariant under network topology and also provides a mechanismfor generating the alternative solutions. Although the newly transformedproblem remains NP-hard, empirical studies indicate the approach to exhibitan expected-case polynomial run-time [24, 23, 26], easily outperforming thebest-�rst search technique of [31, 4].Although the above methods are radically di�erent in their approaches,they all generally su�er from a common problem. Namely, if the conditionaltables are exponentially large, the computation times are also exponential.This is due to the fact that each and every entry in the table will be explicitlyreferenced at some point in each of the algorithms. It becomes even worsefor the methods restricted to singly-connected networks. Aside from the factthat reducing multiply-connected ones can be extremely expensive, one of6In essence, a notion of backtracking is now present in this system. By carefully choos-ing an alternative branch from which to feed-forward, you could generate other solutionsin order of probability. 12



the techniques, clustering, actually increases the table sizes combinatorially.Our goal in this paper is to show how we can avoid having to referenceevery entry in the conditional table to perform our computations. Basically,our approach exploits the structure of the formulation by ignoring entirechunks of entries once some given entry has been explored. Careful compres-sion of the tables should permit the realization of this approach.4 Terms, De�nitions and NotationsIn this section, we provide terms and de�nitions which will be used through-out the remainder of this paper.We �rst observe that a Bayesian network can be completely described bya �nite collection of random variables and a �nite set of conditional proba-bilities based on the r.v.s.7Notation. Throughout the remainder of this thesis, upper case italicized let-ters such as A;B; . . . will represent r.v.s and lower case italicized letters suchas a; b; . . . will represent the possible assignments to the associated upper caseletter r.v., in this case, A;B; . . .. Subscripted upper case letters which arenot italicized are variables in a constraint system which explicitly representthe instantiation of the associated r.v. with the item in the subscript. Forexample, Aa denotes the instantiation of r.v. A with value a.Notation. Given a r.v. A, the set of possible values for A called the rangeof A will be denoted by R(A).Given a Bayesian network, we can construct an ordered pair (V; P ) whereV is the set of r.v.s in the network and P is a set of conditional probabil-ities associated with the network. P (A = ajC1 = c1; . . . ; Cn = cn) 2 P i�C1; . . . ; Cn are all the immediate parents of A and there is an edge from Ci toA for i = 1; . . . ; n in the network. We can clearly see that (V; P ) completelydescribes the Bayesian network.Definition 4.1. Given a Bayesian network B = (V; P ), an instantiation isan ordered pair (A; a) where A 2 V and a 2 R(A). (An instantiation (A; a)is also denoted by A = a and Aa.) A collection of instantiations w is calledan instantiation-set i� (A; a); (A; a0) in w inplies a = a0.7We consider prior probabilities to be degenerate cases of conditional probabilities, i.e.,P (A = a) = P (A = aj�) where � is the empty set.13



An instantiation represents the event when a r.v. takes on a value fromits range. Given an instantiation-set, we can de�ne the notion of the span ofan instantiation-set.Definition 4.2. Given an instantiation-set w for a Bayesian network B =(V; P ), we de�ne the span of w, span(w), to be the collection of r.v.s in the�rst coordinate of the instantiations. Furthermore, an instantiation-set w issaid to be complete i� span(w) = V .Straightforwardly, the span of an instantiation-set simply denotes ther.v.s which have been instantiated.Notation. For each r.v. A, we de�ne cond(A) as follows: B 2 cond(A) i�there exists a conditional probability in P of the form P (A = aj . . . ; B =b; . . .).Intuitively, cond(A) is the set of r.v.s which are the parents of A.Notation. Given an instantiation-set w for B such that cond(A) � span(w),w(A) denotes the instantiation A = a where (A; a) 2 w.w(cond(A)) = fw(B)jB 2 cond(A)g:Definition 4.3. Given an instantiation-set w = f(A1; a1); . . . ; (An; an)g fora Bayesian network B = (V; P ), we de�ne the probability of w to beP (w) = P (A1 = a1; . . . ; An = an):5 Constraints FormulationAs we mentioned earlier, our new approach is based on the results of trans-forming belief revision into linear constraint satisfaction [25, 26]. This ap-proach was shown to be topologically invariant, capable of generating alter-native solutions and perform e�ciently on moderately-connected networks.In this section, we give a brief summary of the concepts and methodologyused in the transformation that will be shared with our new approach.8The transformation involves mapping the notion of r.v. instantiations intosome multi-dimensional space which we will denote by <n. A subspace of8Precise details and theoretical proofs can be found in [25, 26].14



<n will represent \valid" instantiations where valid includes things like beingconsistent to the given evidence e, each r.v. has at most one instantiation,etc. In particular, we are interested in transforming it into a polyhedral con-vex set.9 Such a set can be described by a collection of linear inequalities.As it turns out, these inequalities will intuitively correspond to the restric-tions/constraints required in making valid instantiations of the r.v.s. Finally,we would like to de�ne a linear energy function such that by minimizing itover the convex set, the resulting answer will be the best explanation afterwe make the appropriate inverse mapping. Thus, we would have the makingsof a linear constraint satisfaction problem.We begin our transformation by mapping r.v. instantiations. Let A be ar.v. and a be a possible instantiations for A. If A is instantiated to a, that is,A = a, then we would like to set a real variable Aa to the value 1. If A 6= a,then Aa = 0. This holds for every possible instantiation of A for every r.v.A. Having mapped instantiations to <n, we must now de�ne our polyhedralconvex set. We begin with the simplest of constraints: Each r.v. must haveexactly one instantiation. This can be achieved with the linear constraintXa2R(A)Aa = 1 (10)where R(A) is the set of all possible instantiations for A. Next, for eachconditional probability P (A = ajB = b; C = c) in the network,10 construct areal variable q[Aa jBb;Cc] (which for convenience, we will simply call it q fornow) such that q = 1 if the conditional probability P (A = ajB = b; C = c)is used in computing the joint probability. Otherwise, q = 0. Obviously, theconditional will be used only when we have the instantiations A = a, B = band C = c. To guarantee this property for q, we simply use the followingconstraints: q � Bb; (11)q � Cc (12)9\Polyhedral" refers to the fact that the boundaries of the subspace are composed ofhyperplanes.10Generalizing this to other than two conditionals is straightforward.15



and Xq2Q(Aa) q = Aa (13)where Q(Aa) are all the q's whose associated conditional probability is of theform P (A = aj . . .).Finally, given evidence e, if A = a is an instantiation in e, then we alsoinclude the constraint Aa = 1.Taking all these constraints together, we can prove that the resultingpolyhedral convex set is indeed the the set of valid explanations for e. Allthat is left for us is to de�ne the appropriate energy function. We willsimply form a linear function from the q's, also called conditional variables,as follows: If q is true, this implies that the associated conditional probabilitymust have been used to compute the joint probability. Thus, for each q, wehave the following term in the energy function:� log(P (A = ajB = b; C = c))q[Aa jBb;Cc]: (14)By taking exp�(energy function), we will get back the correct joint probabil-ity. Hence, minimizing it will get us our most-probable explanation.We have now reduced belief revision into linear constraint satisfaction. Inparticular, what we now have is an 0-1 integer linear programming problem[17, 27, 18]. We can e�ciently solve this problem by combining the DualSimple Method with Branch and Bound [24, 25, 26]. Furthermore, by using aCutting Plane approach [25, 26], we can generate all the alternative solutionsin order of decreasing probability. The individual methods themselves arewell-understood in Operations Research allowing for many other variationsto be used which may be even more e�ective.Unfortunately, this approach also su�ers from table size explosions. Foreach entry in a conditional table, we must associate a unique real variable q.As we shall see, we present a new approach founded on this linear constraintsatisfaction method that should e�ectively avoid the table size problem.6 Approximation FunctionsTo avoid the possible exponential explosion in our conditional table size, ourapproach is to compress the information. Through the use of approximation16



functions we call splining functions, we would reduce the entire table andstore it as a simple function. Ideally, we would like to have a table reducedto a single splining function, but even multiple functions are still more desir-able than having the explicit table. These splining functions are real-valuedfunctions whose range will be from some <n and domain be <. Obviously, thedomain will correspond to the conditional probabilities whereas the range willbe used as indices in fetching/computing the appropriate conditional proba-bilities. Unfortunately, instantiations for r.v.s need not be numeric in nature.They can be objects, names, etc. Hence, it is necessary to map them intoreal values for our purposes.Notation. Q is the set of rational numbers. Q+ is the set of positive rationalnumbers.Let B = (V; P ) be a Bayesian network where V is the set of r.v.s and Pare the associated conditional probabilities in the network.Definition 6.1. Given a r.v. A in V , a one-to-one and onto mapping EAfrom R(A) to Q+ is called an encoder for A.Intuitively, encoders provide a total ordering on the possible instanti-ations for a r.v. Furthermore, it provides a mechanism for 
exibly trans-forming/reorganizing our instantiations to a possibly more useful form orinterpretation as we shall see.Clearly, the choice of encoders will have a major impact on the successof our compression/approximation. The problem is certainly easier if wejust arbitrarily choose an encoder to work with. As we shall see in the nextsection though, it is possible to determine an optimal encoder.One �nal note on encoders before we proceed with our formulation is onthe possibilities of using multiple encoders. Currently, we will just assumea single encoder to simplify our discussion. At the end of this section, thebene�ts of multiple encoders should become clear. A method will also bepresented for handling them.Let EB be a collection of encoders for the r.v.s in V such that there isexactly one encoder for each r.v.Notation. Let T be a collection of conditional probabilities from P .rv(T ) = fAjP (C0 = c0jC1 = c1; . . . ; Cn = cn) 2 T and Ci � A for some igIf we have multiple splining functions, then we must have a way of deter-mining which one to use for computing probabilities given an instantiation-17



set. For example, given an instantiation-set d and some table T such thatspan(d) � rv(T ), only some of the splining functions will be applicable tod. The remaining are not de�ned for these particular instantiations. By re-stricting which entries in a table may be grouped with other entries, we canautomatically provide such a mechanism.Definition 6.2. Let T be a conditional table in B and assumerv(T ) = fC0; C1; . . . ; Cng:Let �(T ) be a partition on T . We say the �(T ) is contiguous with respect toEB if and only if for each cell � in �(T ), there exists �i; �i for i = 0; . . . ; nsuch that� = fP (C0 = c0jC1 = c1; . . . ; Cn = cn) 2 T j�i � ECi � �i for i = 0; . . . ; ng:We call each � in �(T ) a sub-table of T .Intuitively, we can view a contiguous partition as follows: For each r.v. Binvolved in T , somehow uniquely number the instantiations R(B). We nowconstruct a hypercube whose axes correspond to each r.v.B in T bounded bythe minimum and maximumvalues of the numbering on R(B). A contiguouspartition of T will cut up the hypercube into a set of smaller hypercubes basedon the instantiation numbering. Each of these sub-tables will be replaced bya splining function.Definition 6.3. Let �(T ) be a contiguous partition with respect to EB. Foreach cell � in �(T ), we associate a function SEB;� from <n+1 to < such thatSEB;�(EC0(c0); EC1(c1); . . . ; ECn(cn)) = P (C0 = c0jC1 = c1; . . . ; Cn = cn)(15)where EC0; EC1 ; . . . ; ECn are the encoders found in EB andc0 2 R(C0); . . . cn 2 R(Cn):We call SEB;� a spline for �. Let SEB;�(T ) be a collection of splines associatedwith partition �(T ). We call SEB;�(T ) a spline-set for T .Let SEB be a set of spline-sets such that each table T in B is associatedwith exactly one spline-set. 18



Notation. Given SEB;�(T ), since �(T ) is a partition, for any c0 2 R(C0); . . . ; cn 2R(Cn), SEB;�(T )(EC0(c0); . . . ; ECn(cn))will unambiguously refer to the appropriate spline function de�ned inSEB;�(T ):Given SEB , since all our conditional probability tables are unique, for anyc0 2 R(C0); . . . cn 2 R(Cn),SEB(EC0(c0); . . . ; ECn(cn))will unambiguously refer to the appropriate spline function de�ned in SEB .We now rede�ne our notion of a Bayesian network.Definition 6.4. Given a Bayesian network B = (V; P ), let EB be a collec-tion of encoders and SEB be a collection of spline-sets. We de�ne a splinedBayesian network to be a 3-tuple B = (V; EB;SEB).Definition 6.5. Given a complete instantiation set w for B, we de�ne thespline probability, Ps for B asPs(w) = YA2span(w)SEB(w(A); w(cond(A))): (16)Proposition 6.1. Given a complete instantiation set w, P (w) � Ps(w).The above proposition shows that our splining probability is equivalent toour normal probability function. Thus, we can substitute splining probabilityfunctions into our computations for belief revision.Theorem 6.2. Any Bayesian network can be modeled as a splined Bayesiannetwork.(Proofs can be found in Appendix A.)We now proceed to show how we can transform splined Bayesian networksinto linear constraint satisfaction problems.Clearly, a splined Bayesian network B = (V; EB;SEB) induces a partitionon the original conditional probabilities P . Let [P ]B denote this induced par-titioning. Furthermore, a splining function from SEB is uniquely associated19



with each cell in the partition. If d is a cell in [P ]B, then Sd will uniquelydenote the appropriate splining function.We say that a r.v. instantiation fA = ag appears in a cell in [P ]B ifthere exists a conditional probability in the cell of the form P (C0 = c0jC1 =c1; . . . ; Cn = cn) where for some i = 1; . . . ; n, Ci � A and ci � a.Definition 6.6. Given a r.v. A and a splined Bayesian network B, we de�nethe partition on R(A) induced by B as follows: a1; a2 2 R(A) both belong inthe same partition if and only if for all cells, d in [P ]B, fA = a1g appearsin d if and only if fA = a2g appears in d. We call this partitioning thecapsulation of A by B and denote it by [A]B.Theorem 6.3. Given any cell d = fa1; . . . ; akg in [A]B where EA(ai) <EA(ai+1), there does not exist b 2 R(A) such that EA(a1) < EA(b) < EA(ak)and b 6= ai for i = 1; . . . ; k.Definition 6.7. Given a splining function S 2 SEB , we say that S is a linearpotential function (lpf) if and only ifSEB(EA(a); EC1(c1); . . . ; ECn(cn)) � ek0EA(a)+k1EC1(c1)+...+knECn(cn)+kfor some constants k; k0; k1; . . . ; kn. We say that SEB is a linear potentialspace if and only if all splining functions in it are all lpfs.Without going into detail, we must generalize our notion of constraintsystems. Previously for belief revision, we restricted our variables to valuesof 0 and 1. We generalize this by allowing variables to be restricted to setsof real values. In doing so, we also generalize our notion of a 0-1 solution tothe notion of a permissible solution as a solution which satis�es all the valuerestrictions as well as constraints.We begin our construction as follows: Let B = (V; EB;SEB) be a splinedBayesian network and SEB be a linear potential space. For each r.v. A inV , construct a real variable xA whose values are restricted to fEA(a)jEA 2EB and a 2 R(A)g. Next, arbitrarily label all the cells in [A]B byfdA;1; dA;2; . . . ; dA;ng:For each cell in fdA;1; dA;2; . . . ; dA;ng, construct a new 0-1 restricted variable20



xda;i. Construct the following constraints:nXi=1 xdA;i = 1 (17)For each dA;i, xA � mina2dA;iEA(a) � �M(1 � xdA;i) (18)xA � maxa2dA;iEA(a) �M(1 � xdA;i) (19)where M is some arbitrarily large positive constant. Intuitively, xdA;i isused to \detect" whether xA falls within a particular interval de�ned by thepartitioning and xA represents the instantiated value if any.From our de�nitions above, we can unambiguously associate a spliningfunction S in SEB with some table T . Furthermore, using our encoder map-pings, we describe the domain of S as a cross product of intervals on realvariables associated with the r.v.s in T . For example, let �(T ) be the parti-tion on T associated with S. According to De�nition 6.3, for each r.v. B inrv(T ), there exists a set of instantiations of B, fB = bi1; . . . ; B = bikg in thecell associated with S in �(T ) such that there does not exist an instantiationfB = cg where c 6= bij for all ij and EB(c) is in the interval fromminij EB(bij)to maxij EB(bij). Thus, we only need the min and the max values to describethe domain for S. Also, remember that we want to incorporate S into ourprobabilistic computations only when the r.v.s are instantiated within its re-stricted domain. Let us denote the interval for a r.v. A for splining functionS by [min(A;S);max(A;S)]. We now proceed with our construction. Foreach splining function S involving the r.v.s fC1; . . . ; Cng, we construct thenew variables xCi;S which are virtual copies of xCi constructed above. Foreach [min(Ci; S);max(Ci; S)], if there does not yet exist a 0-1 variable whichdetects whether xCi is in [min(Ci; S);max(Ci; S)], create a new 0-1 variabledCi;S with the following constraints: For each dA;i,xCi �min(Ci; S) � �M(1 � dCi ;S) (20)xCi �max(Ci; S) �M(1 � dCi;S) (21)Now, continue and construct a new 0-1 real variable dS adding the followingconstraints: dS � n� nXj=1 dCj;S + 1 (22)21



dS � 1n nXj=1 dCj;S (23)For each i, xCi;S � xCi �M(1� dS) (24)xCi;S � xCi +M(1 � dS) (25)xCi;S �MdS (26)dS is used to indicate whether S will be used. If so, copy the values intothe virtual copies and make the computations necessary based on the virtualcopies.We complete our transformation by de�ning an appropriate objectivefunction. For each splining function S in SEB , introduce the following termsinto the objective function: Assume thatSo;EB(EA(a); EC1(c1); . . . ; ECn(cn)) � ek0EA(a)+k1EC1(c1)+...+knECn(cn)+k:The terms to be added are � kdS � nXi=1 kixCi;S (27)We now must show that the solution space de�ned by our induced con-straint system is equivalent to the space of all complete instantiation-sets forthe Bayesian network. We begin by providing a transformation from permis-sible assignments in our constraint systems to instantiation-sets. Let s be apermissible solution. We can construct a complete instantiation-set w[s] asfollows: For each r.v. A in V , A is instantiated if and only if s(xA) > 0. Sinceour encoders are one-to-one and onto, then the inverse (or, called decoder)exists and we denote them by E�1A . If s(xA) > 0, then w[s](A) = E�1A (xA).Conversely, given a complete instantiation-set w, we can construct apermissible assignment s[w] as follows: For each r.v. A in V , s[w](xA) =EA(w(A)). Furthermore, we properly activate the appropriate interval de-tectors. Finally, according to the instantiation-set w, we can easily deter-mine which splining functions are active. s[w](dS) = 1 if and only if S isan active splining function according to w. And, if S is active, then copys[w](xCi;S) = s[w](xCi) for all i involved with S. Otherwise, s[w](xCi;S) = 0.22



Theorem 6.4. w is a complete instantiation-set for B if and only s[w] is apermissible solution for the induced constraint system.Having shown the equivalence, we can prove the following theorem on theprobabilities being calculated.Theorem 6.5. P (w) = e��(s[w]):Therefore, the optimal permissible solution for our induced constraintsystem will be the best complete instantiation set.Finally, we must also incorporate the notion of evidence. Evidence, werecall, is the requirement that a r.v. be instantiated with a certain value.For the case where a r.v. A must be instantiated to a, we simply includethe constraint xA = EA(a). Thus, we can proceed with our belief revisioncomputations like we did earlier in this section.Since we have generalized our restrictions on what values a real variablemay attain from simple 0 and 1, we must modify our original branch andbound algorithm found in [24, 26] to guarantee that we generate permissiblesolutions.Notation. Let x be a real variable and fk1; k2; . . . ; kng be its permissiblevalues such that ki < ki+1. We de�ne the following functions:bkcx = maxki�k kidkex = minki�k kiSimilar to our original branch and bound algorithm, the basic idea isas follows: To �nd an optimal permissible solution, we solve a sequence oflinear programs. This sequence can be represented by a tree where eachnode in the tree is identi�ed with a linear program that is derived fromthe linear programs on the path leading to the root of the tree. The rootof the tree is identi�ed with the linear program induced by our constraintsystem. The linear programs along the nodes of the tree are generated usingthe following schema: Consider s0, the optimal solution to our initial linearprogram denoted lp0. If s0 is a permissible solution, then we are �nished.Otherwise, we choose some non-permissible variable assignment x in s0 andde�ne two new problems lp1 and lp2 as descendants of lp0. lp1 is identical tolp0 except for the additional constraint x � ds0(x)ex, and lp2 is identical to23



lp0 except for the additional constraint x � bs0(x)cx. Note that the two newproblems do not have s0 as their optimal solutions. Since we are looking fora permissible assignment, the optimal permissible solution must satisfy oneof the additional constraints.As we can clearly see, we now proceed in a similar fashion to our branchand bound method for 0-1 problems.Algorithm 6.1. Given a constraint system L = (�; I;  ), �nd its optimalpermissible solution.1. (Initialization) Set CurrentBest := � and ActiveNodes := f(I; 0)g.2. If ActiveNodes = � then go to step 15. Otherwise, let lp be some linearprogram in ActiveNodes.3. ActiveNodes := ActiveNodes � flpg.4. Compute the optimal solution sopt for lp using Simplex, etc.5. If sopt is a permissible solution, then go to step 12.6. (Bound) If CurrentBest 6= � and �L(sopt) > �L(CurrentBest), then goto Step 2.7. (Branch) Choose some variable x 2 lp whose value in sopt is non-permissible.8. Set I1 := I [ fx � bsopt(x)cxg and I2 := I [ fx � dsopt(x)exg9. Create two new linear programs:lp1 := (I1;�L(sopt)) and lp2 := (I2;�L(sopt)).10. ActiveNodes := ActiveNodes [ flp1; lp2g.11. Go to step 2.12. (Permissible solution)If CurrentBest = � or �L(sopt) < �L(CurrentBest), thenCurrentBest := sopt.13. (Pruning) Remove from ActiveNodes all linear programs whose lowerbounds are greater than �L(CurrentBest).14. Go to step 2.15. (Solution) Print CurrentBest.What we have attempted to do in this formulation is to avoid the combi-natorial explosion of O(jR(A)j � jR(C1)j � . . .� jR(Cn)j) by compressing itto O(jR(A)j+ jR(C1)j+ . . . + jR(Cn)j). Our goal is to �nd such an optimalcompression by manipulating encoders and splining functions.One �nal note for this section is on the use of multiple encoders for a singler.v. By associating a separate encoder to each conditional table, this will24



obviously increase the 
exibility of our formulation to compress the tables.Furthermore, multiple encoders will only increase our complexity linearly,we just have to guarantee consistency between encoders. If one encoder saysthat A is instantiated to a, any other encoders must also instantiate A to a.For example, say we have two encoders E1A and E2A and let a 2 R(A). Let x1Aand x2A be the encoder variables associated to the two encoders respectively.Basically, we must make sure that x1A = E1A(a) i� x2A = E2A(a). We canaccomplish this by the following constraints:x1A � E1A(a) � �M(1� yA=a)x1A � E1A(a) � M(1� yA=a)x2A � E2A(a) � �M(1� yA=a)x2A � E2A(a) � M(1� yA=a)where yA=a is a 0-1 detector variable. Obviously, this can be generalized toany number of encoders.7 Computing SplinesOur formulation in the previous section provides an approach to eliminatingthe necessity of explicitly storing conditional probability tables. By view-ing these tables as look-up functions, we aim to replace them with simplecontinuous real functions. The heart of our formulation lies in the e�ectiveidenti�cation of encoder functions and a splining function. In particular, weare interested in approximation functions of the formS(EA(a); EC1(c1); . . . ; ECn(cn)) = ek0EAa+k1EC1(c1)+...+knECn(cn)+k (28)called lpfs in De�nition 6.7. Hence, to complete our formulation, we must�nd such a function by determining the appropriate encoders and the methodto properly combine them.We start with a conditional probability table T that we would like toreplace by an approximation function S. Assume T are probabilities of theform P (C0 = c0jC1 = c1; . . . ; Cn = cn):25



Ideally, we would likeek0EC0(c0)+k1EC1(c1)+...+knECn(cn)+k � P (C0 = c0jC1 = c1; . . . ; Cn = cn): (29)This can be rewritten in a simpler form ask0EC0(c0) + k1EC1(c1) + . . . + knECn(cn) + k �lnP (C0 = c0jC1 = c1; . . . ; Cn = cn): (30)As we can easily see, our goal is to determine the constants k; k0; k1; . . . ; knand to determine the mapping of each particular instantiation of a r.v. tosome real number. Hence, we have the following variables we must solve for:� The constants k; k0; k1; . . . ; kn.� For each r.v. Ci, for each ci 2 R(Ci), the encoding ECi(ci).We can accomplish this by minimizing the following sum over the entries intable T :nXi=0 Xci2R(Ci)24 nXj=0 kjECj (cj) + k � lnP (C0 = c0j . . . ; Cl = cl; . . .)352 : (31)Obviously, this equation is some form of least-squares �t. We can �nd theminimum by taking the partial derivatives over (31) with respect to all thevariables we must solve for; and then set these derivatives to 0. Unfortu-nately, the resulting system of equations is quadratic making it quite di�cultto solve. Instead, we take a careful look at our problem and make the follow-ing observations: First, the encoders EA(a) are already variables themselves.We �nd that we can simply \absorb" the multiplicative constants in front ofthem in (31). We can now reduce the sum to:nXi=0 Xci2R(Ci)24 nXj=0ECj (cj) + k � lnP (C0 = c0j . . . ; Cl = cl; . . .)352 : (32)We have now eliminated a collection of variables simplifying our summation.As a result, by taking the partial derivatives over (32), our system of equa-tions is smaller and most importantly, linear in nature. Furthermore, thepartial derivative equation obtained for k is actually a linear combination of26



the other equations. Hence, we can eliminate k from our summation whichleaves us nXi=0 Xci2R(Ci)24 nXj=0ECj (cj)� lnP (C0 = c0j . . . ; Cl = cl; . . .)352 : (33)Intuitively, what we are seeing in these absorptions is the following: Themultiplicative constants ki simply scales our data while the constant k is atranslation.As it turns out, the nature of our minimization problem has a closed formsolution. Thus, we can avoid having to explicitly solve the system of linearequations. The typical Gaussian elimination techniques take a polynomialamount of time to run.Theorem 7.1. The minimal solution to (31) will be for each r.v. Ck in T ,and for each ck 2 R(Ck),ECk (ck) = (34)1Qni = 0i 6= k mi 8>><>>: nXj = 0j 6= k Xcj2R(Cj) lnP (C0 = c0j . . . ; Cl = cl; . . .)9>>=>>;�n�(T )(n + 1)Qni=0miwhere mi = jR(Ci)j for i = 0; . . . ; n and�(T ) = nXj=0 Xcj2R(Cj) lnP (C0 = c0j . . . ; Cl = cl; . . .):We will now show how we derived the closed form equation (34).Notation. �k = Xck2R(Ck)ECk(ck):For some partial derivation with respect to ECk (c0k), our equation isECk (c0k) nYi = 0i 6= k mi+ (35)27



nXj = 0j 6= k Xcj2R(Cj)266664ECj(cj) nYl = 0l 6= kl 6= j ml � lnP (C0 = c0j . . . ; Cl = cl; . . .)377775 = 0:We begin by summing over all possible c0ks. This results inXck2R(Ck)ECk (ck) nYi = 0i 6= k mi =Xck2R(Ck) nXj = 0j 6= k Xcj2R(Cj)266664lnP (C0 = c0j . . . ; Cl = cl; . . .)� ECj (cj) nYl = 0l 6= kl 6= j ml377775which can be rewritten as�k nYi = 0i 6= k mi = �(T )� nXj = 0j 6= k Xcj2R(Cj)ECj(cj) nYl = 0l 6= j ml= �(T )� nXj = 0j 6= k �j nYl = 0l 6= j ml:Putting all this together implies thatnXj=0�j nYi = 0i 6= j mi = �(T ):Now, assume �j = �(T )(n+ 1)Qni = 0i 6= j mi : (36)
28



We rewrite equation (35) asECk (c0k) nYi = 0i 6= k mi = nXj = 0j 6= k Xcj2R(Cj) lnP (C0 = c0j . . . ; Cl = cl; . . .)� nXj = 0j 6= k �j nYl = 0l 6= kl 6= j ml= nXj = 0j 6= k Xcj2R(Cj) lnP (C0 = c0j . . . ; Cl = cl; . . .)� nXj = 0j 6= k �(T )(n+ 1)Qnl = 0l 6= j ml nYl = 0l 6= kl 6= j ml= nXj = 0j 6= k Xcj2R(Cj) lnP (C0 = c0j . . . ; Cl = cl; . . .)� nXj = 0j 6= k �(T )(n+ 1)mk= nXj = 0j 6= k Xcj2R(Cj) lnP (C0 = c0j . . . ; Cl = cl; . . .)� n�(T )(n+ 1)mk :We can assert (36) above because our system of linear equations is actuallyunder-constrained. Now that we have obtained a closed form solution, we canalso provide necessary and su�cient conditions on when an approximationfunction will �t the data perfectly.Our best approximation function will be a perfect �t if and only ifnXj=0ECj (cj) = lnP (C0 = c0j . . . ; Cl = cl; . . .) (37)for all cj 2 R(Cj) for j = 0; . . . ; n. Take the closed form solution we obtainedin Theorem 7.1 and plug it into (37). This gives us the following conditionon the probabilities:nXj=0mj 2664 nXk = 0k 6= j Xc0k2R(Ck) lnP (C0 = c00jC1 = c01; . . . ; Cj = cj; . . . ; Cn = c0n)3775�lnP (C0 = c0j . . . ; Cl = cl; . . .) nYi=0mi = n2�(T )(n+ 1) (38)29



From this, the next theorem is obvious.Theorem 7.2. There is a perfect �t if and only if (38) holds.In our above formulation, we made two implicit assumptions. First, weallowed encoders to map to non-positive values whereas De�nition 6.1 allowedonly positive ones. This can be easily solved by selecting the translationconstant k such that all encoders are positive. As we demonstrated above, thechoice of k has no bearing on our optimality criterion. The second assumptioninvolved having the encoders be invertible. This can also be easily solved byperturbing the encoder values.8 ExampleWe now present an example transforming a Bayesian network into our con-straints formulation. In particular, we wish to transform the mtl problemwe presented in Section 2. Unfortunately, due to the table size problem, mtlcurrently employs extremely coarse discretizations. There are a total of 5possible robot actions, 10 possible map locations and only 3 possible sonarreadings. The sonars read either NEAR, FAR or LOST. Instead, we assume100 possible map locations and 100 possible sonar readings.From Figure 2.1, we have the following r.v.s: ARi; SRi; ORi; OTi; STi fori = 1; 2; 3; 4. Let mARi = jR(ARi)j, etc. Assume we have one lpf spliningfunction for each conditional table. Furthermore, assume that each table hasits own separate set of encoders.Given the conditional table associated node SR2, we denote the associ-ated encoders by, ESR1 ;SR2 and EAR1 ;SR2 . The second index of the encodersrepresent the associated node. This will be similarly handled for all nodes.Let FSR2 be the splining function associated with node SR2. This is againsimilarly done for all nodes.For our transformation, we begin by constructing the following real vari-ables: For each node A in the network, for each B 2 cond(A), let xB;Arepresent the instantiation of B with respect to node A. Thus, xB;A is theencoded value of instantiations to B in the context of EB;A.Now, since we have multiple encoders, we must guarantee that they areconsistent with one another. Let B be a r.v.. For each b 2 R(B), constructa 0-1 detector yB=b. For each encoder EB;Ai, construct the following two30



constraints: xB;Ai � EB;Ai(b) � �M(1 � yB=b)xB;Ai � EB;Ai(b) � M(1 � yB=b)Assume the our evidence is OR1 = s1, OT1 = s2. Thus, we must add thetwo evidence constraints:xOR1 ;SR1 = EOR1 ;SR1 (s1)xOT1 ;ST1 = EOT1 ;ST1 (s2)Finally, all that needs to be done is to construct the objective function.Given our splining functions F , our function isXA lnF 0(A)where F 0(A) is simply the original splining function FA with the encoderelements replaced by the appropriate real variables representing the instan-tiations. In Appendix B, we show the complete transformation of the mtlproblem.Our transformation involves 24 representation variables, 1615 consistencyvariables, 2 evidence constraints and 4060 consistency constraints. From ourconstruction, the number of variables and constraints is clearly linear tothe number of nodes in the network and the size of each r.v.s state space.Compare this against the total number of probabilities we would need tomaintain in all the conditional tables which is 3,172,015!9 ConclusionsManipulating the enormous amount of probabilistic information needed inmodeling real-world domains has proved to be the stumbling block for allpreviously existing computational methods. Up till now, each of these meth-ods must access almost all of the probabilities to achieve the desired com-putations. Obviously, this has been the main factor in the combinatoriallyexplosive execution-times. In particular, we have taken a look at a popularmodel for probabilistic reasoning called Bayesian networks. This explosioncomes in the form of conditional probability tables which it must maintain.31



The size of the table can me measured as O(jR(A1)j�jR(A2)j�. . .�jR(An)j)where Ai's are r.v.s.Our approach begins with an earlier successful model for computing onBayesian networks. Without considering table-sizes, manipulating Bayesiannetworks have already proven to be NP-hard with respect to network size[5]. The earlier approach [23, 25, 24, 3, 26] transforms Bayesian networksinto linear constraint satisfaction problems. Although the problem remainsNP-hard, high levels of computational e�ciency could be achieved by us-ing tools and techniques from Operations Research. Tools such as Simplexmethod and Karmarkar's projective scaling algorithm formed the implemen-tational core. Empirical studies using a crude implementation of Simplexoutperformed existing methods actually exhibiting an expected polynomialrun-time, O(n2). Furthermore, this approach is also invariant under networktopology.Our new approach augments the earlier one by compressing the tables andreformulating them into linear constraint satisfaction. We have provided ascheme which does not require explicit storage of this data. The compressionis achieved by using splining functions as approximations to the conditionaltables. Unfortunately, although conditional tables are look-up functions, theparameters used, namely r.v. instantiations, may not be numerical valuesas one would like them to be in a real function. For example, r.v. maybe instantiated to objects, names, etc. The most straightforward approachwould be to choose an arbitrary mapping from the instantiations to realvalues. For example, given a r.v. C representing color, a unique integer canbe associated to each possible color, like \red" to 1, \green" to 2, etc. Now,a least-squares �t criterion can be used to determine the best �tting spline.Unfortunately, this technique may be somewhat restrictive. Too much seemsto rest on our initial choice of mappings.Instead, we provide an alternative technique which extends the least-squares �t criterion to simultaneously determine the optimal mapping forthe r.v. instantiations. This now provides us with an immense amount of
exibility for �nding an excellent approximating spline. Furthermore, thesolution for �nding the best mapping and spline can be computed by applyinga very simple set of closed form equations. Furthermore, we can providenecessary and su�cient conditions on when a perfect �t occurs.32



Putting this altogether, we have e�ectively reduced an originallyO(jR(A1)j � jR(A2)j � . . .� jR(An)j)to a O(jR(A1)j+ jR(A2)j+ . . . + jR(An)j):Our examples quite clearly demonstrate the savings that can be achievedthrough our compression.Finally, the tools used in our approach have long been studied and are wellunderstood. Dual Simplex, branch and bound and least-squares methods arevery common computational techniques. We would like to note though thatthese methods are general methods. There are other methods which exploitdomain-dependent information that we can likely use. Methods which rivalSimplex have actually exhibited expected linear and even log-linear run-timeswhich are obviously superior to our initial polynomial time [21, 14, 16, 22].Thus, this helps to provide further evidence for the expected success of ourapproach.
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A ProofsTheorem 6.2. Any Bayesian network can be modeled as a splined Bayesiannetwork.Proof. In brief, we simply partition each r(A) into single element cells.The rest of the construction of a splined Bayesian network should followstraightforwardly.Theorem 6.3. Given any cell d = fa1; . . . ; akg in [A]B where EA(ai) <EA(ai+1), there does not exist b 2 R(A) such that EA(a1) < EA(b) < EA(ak)and b 6= ai for i = 1; . . . ; k.Proof. This follows from the fact that the partitioning induced on Aresults from a contiguous partitioning of the conditional probabilities P andfrom De�nition 6.2.Theorem 6.4. w is a complete instantiation-set for B if and only s[w] is apermissible solution for the induced constraint system.Proof. Given a complete instantiation-set w for B, assume that s[w] is apermissible assignment for the induced constraint system but not a permis-sible solution. This implies that one of the following constraints have beenviolated: (For simplicity, we denote s[w] by s.)1. Pni=1 xdA;i = 12. xA �mina2dA;i EA(a) � �M(1 � xdA;i)3. xA �maxa2dA;i EA(a) �M(1 � xdA;i)4. xCi �min(Ci; S) � �M(1 � dCi;S)5. xCi �max(Ci; S) �M(1 � dCi ;S)6. dS � n�Pnj=1 dCj;S + 17. dS � 1n Pnj=1 dCj ;S8. xCi;S � xCi �M(1� dS)9. xCi;S � xCi +M(1 � dS)10. xCi;S �MdS� Case 1. Pni=1 xdA;i = 1 is violated. This implies thats(xdA;1) = . . . = s(xdA;n) = 0:From our construction, we see that A has been instantiated and forsome i, s(xdA;i) = 1. Contradiction.37



� Case 2. xA�mina2dA;i EA(a) � �M(1�xdA;i ) has been violated. Thisimplies that s(xA) is in the designated interval but s(xdA;i) = 0. Thisis a contradiction according to our construction.� Cases 3, 4 and 5. The reasoning is similar to Case 2.� Case 6. dS � n�Pnj=1 dCj ;S+1 is violated. This implies that s(dS) = 0and s(dCj ;S) = 1 for all j. However, this violates our notion of an activesplining function from our construction. Contradiction.� Case 7. dS � 1nPnj=1 dCj ;S is violated. This implies that s(dS) = 1and s(dCj ;S) = 0 for all j. However, this violates our notion of an activesplining function from our construction. Contradiction.� Case 8. xCi;S � xCi � M(1 � dS) is violated. This implies thats(dS) = 1 and s(xCi;S) < s(xCi). But from our construction, when asplining function is active, s(xCi;S) = s(xCi). Contradiction.� Cases 9 and 10. Similar to Case 8.Contradiction. There s[w] is a permissible solution.Now, given a permissible solution s. Assume that w[s] is not a completeinstantiation-set. This implies that there exists a r.v. A in V such that B isnot instantiated in w[s]. Let A be such a r.v.. From our construction, thisimplies that s(xDd;i) = 0 for all i. However, this violates constraint (17).Contradiction.Theorem 6.5. P (w) = e��(s[w]):Proof. Follows from our construction and Theorem 6.4.Theorem 7.1. The minimal solution to (31) will be for each r.v. Ck in T ,and for each ck 2 R(Ck),ECk (ck) = (39)1Qni = 0i 6= k mi 8>><>>: nXj = 0j 6= k Xcj2R(Cj) lnP (C0 = c0j . . . ; Cl = cl; . . .)9>>=>>;�n�(T )(n + 1)Qni=0mi 38



where mi = jR(Ci)j for i = 0; . . . ; n and�(T ) = nXj=0 Xcj2R(Cj) lnP (C0 = c0j . . . ; Cl = cl; . . .):Proof. We prove this by simply plugging the values for ECk(ck) into thelinear equations. For some partial derivation with respect to ECk(c0k), ourequation isECk (c0k) nYi = 0i 6= k mi+nXj = 0j 6= k Xcj2R(Cj)266664ECj(cj) nYl = 0l 6= kl 6= j ml � lnP (C0 = c0j . . . ; Cl = cl; . . .)377775 = 0:By substituting back our solutions on the lefthand side, we getnXj = 0j 6= k Xcj2R(Cj) lnP (C0 = c0j . . . ; Cl = cl; . . .)�n�(T )(n + 1)mk � nXj = 0j 6= k Xcj2R(Cj) lnP (C0 = c0j . . . ; Cl = cl; . . .) +nXj = 0j 6= k Xcj2R(Cj) 1mk 2664 nXi = 0i 6= j Xci2R(Ci) lnP (C0 = c0j . . . ; Cl = cl; . . .)�n�(T )(n + 1)mj #= � n�(T )(n+ 1)mk+nXj = 0j 6= k 1mk 2664 Xcj2R(Cj) nXi = 0i 6= j Xci2R(Ci) lnP (C0 = c0j . . . ; Cl = cl; . . .)�39



n�(T )(n + 1)#= � n�(T )(n+ 1)mk + nXj = 0j 6= k "�(T )mk � n�(T )(n + 1)mk #= � n�(T )(n+ 1)mk + n�(T )mk � n2�(T )(n + 1)mk= � n�(T )(n+ 1)mk + n(n + 1)�(T )(n+ 1)mk � n2�(T )(n+ 1)mk= � n�(T )(n+ 1)mk + n2�(T )(n + 1)mk + n�(T )(n+ 1)mk � n2�(T )(n + 1)mk= 0:Theorem 7.2. There is a perfect �t if and only if (38) holds.Proof. This follows immediately from our minimization problem and The-orem 7.1.
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B MTL TransformationAssume the following:� R(ARi) = fa1; a2; . . . ; a5g for i = 1; 2; 3.� R(SRi) = R(STi) = fl1; . . . ; l100g for i = 1; 2; 3; 4.� R(ORi) = R(OTi) = fs1; . . . ; s100g for i = 1; 2; 3; 4.We have the two evidence constraints:xOR1 ;SR1 = EOR1 ;SR1 (s1)xOT1 ;ST1 = EOT1 ;ST1 (s2)We have the following consistency constraints: For i = 1; 2; 3, for eachARi, for j = 1; . . . ; 5,xARi ;SRi+1 � EARi ;SRi+1 (aj) � �M(1 � yARi=aj)xARi ;SRi+1 � EARi ;SRi+1 (aj) � M(1 � yARi=aj )xARi ;ORi+1 � EARi ;ORi+1 (aj) � �M(1 � yARi=aj)xARi ;ORi+1 � EARi ;ORi+1 (aj) � M(1 � yARi=aj )For each i = 1; . . . ; 4, for each SRi, for each j = 1; . . . ; 100,xSRi ;SRi+1 �ESRi ;SRi+1 (lj) � �M(1� ySRi=lj)xSRi ;SRi+1 �ESRi ;SRi+1 (lj) � M(1 � ySRi=lj)xSRi ;STi � ESRi ;STi (lj) � �M(1� ySRi=lj)xSRi ;STi � ESRi ;TRi(lj) � M(1 � ySRi=lj)For each i = 1; . . . ; 4, for each STi, for each j = 1; . . . ; 100,xSTi ;STi+1 � ESTi ;STi+1 (lj) � �M(1� ySTi=lj)xSTi ;STi+1 � ESTi ;STi+1 (lj) � M(1� ySTi=lj)For each i = 1; . . . ; 4, for each ORi , for each j = 1; . . . ; 100,xORi ;SRi � EORi ;SRi (sj) � �M(1 � yORi=sj )xORi ;SRi � EORi ;SRi (sj) � M(1 � yORi=sj )41



For each i = 1; . . . ; 4, for each OTi , for each j = 1; . . . ; 100,xOTi ;STi � EOTi ;STi (sj) � �M(1 � yOTi=sj )xOTi ;STi � EOTi ;STi (sj) � M(1 � yOTi=sj )Finally, the objective function is�P3i=1 hKARi + kARixARi ;SRi+1 i� hKSR1 + kSR1xSR1 ;SR2 + kOR1 ;SR1xOR1 ;SR1 i�P4i=2 hKSRi + kSRixSRi ;SRi+1 + kARi�1 ;SRixARi�1 ;SRi + kORi ;SRixORi ;SRi i� hKOR1 + kOR1xOR1;SR1 i�P4i=2 hKORi + kORixORi ;SRi + kARi�1 ;ORixARi�1 ;ORii�P4i=1 hKOTi + kOTixOTi ;STi i� hKST1 + kST1xST1 ;ST2 + kOT1 ;ST1xOT1 ;ST1 i�P4i=2 hKSTi + kSTixSTi ;STi+1 + kSRi ;STixSRi ;STi + kOTi ;STixOTi ;STi i :
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