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Abstract

Probabilistic reasoning suffers from NP-hard implementations. In
particular, the amount of probabilistic information necessary to the
computations is often overwhelming. For example, the size of condi-
tional probability tables in Bayesian networks has long been a limiting
factor in the general use of these networks.

We present a new approach for manipulating the probabilistic in-
formation given. This approach avoids being overwhelmed by essen-
tially compressing the information. Furthermore, unlike existing tech-
niques, we do not need to explicitly access all the data in order to per-
form our computations. We have achieved this by transforming the
problem into linear constraint satisfaction and using approximating
functions.



1 Introduction

Probabilistic reasoning has become the mainstay of almost all inferencing
systems. From expert systems for geological surveying [8] to medical diag-
nosis systems [32], the probabilistic approach provides a rich framework for
knowledge representation that is essential in these domains. Unfortunately,
because of one thing or another, the various approaches generally suffer from
NP-hard implementations. The systems built tend to be tailored or refitted
around these problems. This often results in various behavioral anomalies
and general ad-hocness. Yet, we must keep in mind as always that these
problems will persist only until efficient algorithms are found.

Probably one of the most popular models for probabilistic reasoning is
Pearl’s Bayesian networks [19]. This approach provides a handy visualiza-
tion of our knowledge through the means of a directed acyclic graph of ran-
dom variable relationships. Basically, each node in the graph represents a
“discrete” random variable. The directed arcs between the nodes represent
probabilistic conditional (in)dependencies. Furthermore, joint probabilities
on the random variables can be readily computed via Bayes’ Theorem and
the given conditional independence assumptions. These computations take
the form of multiplying conditional probability tables which have been asso-
ciated with each node in the network.

Bayesian networks have been applied to various domains such as story
comprehension [9, 10, 1, 3], circuit fault detection [7, 19], medical diagnosis
[32] and planning systems [15]. However, computing with these networks
has proven to be NP-hard as we might have expected [5]. This has gener-
ally prevented problem formulations from utilizing the full representational
capabilities of Bayesian networks.

There are two key factors which prevent the general use of Bayesian net-
works. The first is network topology. Most of the existing algorithms are quite
sensitive to this and often end up in a “do or die” situation (See [19, 31]). For
example, Pearl’s message-passing scheme [19] is restricted to singly-connected
networks, that is, there can only exist at most one directed path between any
two nodes in the graph. Unfortunately, for those which aren’t hindered by
topological considerations, they invariably run into the second factor, condi-
tional probability table size.

Very little work, if any, has been done to address the issue of table size.
Most have simply taken for granted that this problem is unavoidable. Up



until recently, table size has not been a major factor simply because use of
Bayesian networks were generally restricted to “toy” /prototype domains.

Table size is directly correlated with the amount of discretization or pre-
cision used in the problem formulation. Basically, the size of the table is
exponential with respect to the number of instantiations required by each
random variable. Thus, in the “toy” domains, precision is generally sacri-
ficed resulting in relatively small tables. Extremely coarse approximations of
information is typically sufficient for this relatively low level of prototyping.

Although there have been arguments that human beings reason well with
only coarse approximations [19], domains such as robotic navigation require
rather precise problem formulations to handle quantitative data such as sonar
readings and map locations [15]. The higher degree of sensitivity needed in
this data means a finer grained discretization of random variable instantia-
tions. In a related vein, consider the domain of medical diagnosis where we
are modeling the correlations between diseases and symptoms. As Charniak
and McDermott point out in [2], when you start considering relationships
between diseases and simultaneous multiple symptoms, that is,

P(disease A|symptom Si,..., symptom S,,),

the explosion becomes quite apparent since we have to keep a probability
around for each combination of disease and symptoms.

The explosive growth of probability tables for Bayesian networks is obvi-
ously a special case of a more general problem encountered in probabilistic
systems. There is the need of having large amounts of data on hand such
as correlations, statistical frequencies, conditional probabilities etc., in order
to satisfy the axioms of probability theory so that computations can be per-
formed. Assumptions on the problem are often made in an effort to reduce
this data-explosion. For example, we might assume that 2 symptoms are
sufficient for determining a disease or we may choose to quantize distance
information to something like near, medium, far. However, as we can easily
guess, we run into the classical dilemma of trading off representational power
for computability. More often than not though, at least in terms of our ex-
isting computing capabilities, we end up with overly simple models which
themselves are just barely computable. Much of the problems as we shall see
involving table size spawn from the necessity of referencing each and every
probability. This occurs in all the existing algorithms.



In this paper, we will focus on how to deal with explosive amounts of
data. In particular, we present an approach which may be used to solve the
conditional table size problem in Bayesian networks.

Our approach begins with the following recent result: Santos introduced
a new technique for probabilistic computations [23, 25, 24, 3, 26]. Bayesian-
style reasoning could be modeled as a linear constraint satisfaction problem.
Once this was achieved, extremely efficient tools and techniques can be ap-
plied from Operations Research to perform our computations. Experimental
results demonstrated that this approach was superior to existing techniques.
Whereas the old approaches had an expected-case exponential run-time, this
method exhibited an expected-case polynomial (O(z?)) run-time over the
same problem-sets. Furthermore, the linear constraints approach was basi-
cally insensitive to network topology.

Since linear constraint satisfaction already takes care of the network topol-
ogy problem for Bayesian networks, this will provide us with a promising
launching point for tackling the table size problem. We hope to show how
the problem can be approached through linear constraint satisfaction. Basi-
cally, we will develop a model that will allow us to avoid explicitly storing
the tables by replacing them with approximations.

We begin in Section 2 by briefly describing Bayesian networks and their
uses. This section should provide a clear idea of the table size problem.
In Section 3, we will discuss the various existing approaches for performing
computations on Bayesian networks. In Sections 4 and 5, we will provide
some of our definitions and notations and then briefly summarize our earlier
constraints approach. Finally, Sections 6 and 7 will present our new approach
which utilizes approximation functions.

2 Bayesian Networks

In probabilistic reasoning, random variables (abbreviated, r.v.) are used to
represent events and/or objects in the world. By making various instantia-
tions to these r.v.s, we can model the current state of the world. For example,
consider the Mobile Target Localization problem (abbreviated MTL) [15]. It
involves a robot equipped with sonars to track some given mobile target and
reporting its location in the coordinate system of a global map. The robot,
itself, must also move around in order to keep the target within sensor range.



We begin our formulation with a set of locations L corresponding to the
regions that are used to encode the location of both the robot and target.
Thus, L represents the discretization of our global map. We now use the
following r.v.s in order to represent our world and its uncertainties:

o Sg, represents the location of the robot at time 2 ranging over L.

o St, represents the location of the target at time ¢ also ranging over L.

o Op, represents our sensor observations of the robot’s surroundings at

time .
o Or, represents our sensor observations of the target’s location relative
to the robot at time 2.

o Ap, represents the action our robot takes such as movement at time .
So, the robotic sequence works as follows: The robot initially has some idea
as to where it is and where the target was. It then takes set of sonar readings
on its immediate surroundings and another set for locating the target. Based
on this information, it decides the best sequence of actions and executes the
first one. Once we finish executing the first action, we start over again and
choose a new sequence, In essence, the sequence is used to help predict what
the world should look like after a given action.

As we can clearly see, by making various instantiations to the above r.v.s,
we are creating different states of the world. In this problem, our goal is to
find the best action for the robot to perform given the other information
such as sonar readings and object locations. Thus, this will involve comput-
ing joint probabilities of the given r.v.s. Unfortunately, the task is nearly
impossible without additional information concerning relationships between
the r.v.s. In the worst case, we would need the probabilities of every instan-
tiation combination which is combinatorially explosive to say the least.

On the other hand, we look at Bayes’ Theorem as follows:

P(STiasRnORnOTnARi) = (1)
P(STi SRi7ORi7OTi7ARi)P(SRi ORi7OTi7ARi)
P(ORi OTi7ARi)P(OTi ARi)P(ARi)‘

Bayesian networks [19] take this a step further by making the important
observation that certain r.v. pairs may become uncorrelated once information
concerning some other r.v.(s) is known. More precisely, we may have the
following independence condition:

P(A|Cy,...,Cu,U) = P(A|CY,...,Cy) (2)



S.I.

Fig. 2.1. Bayesian network for MTL problem with 4 time slices.

for any collection of r.v.s U. Intuitively, we can interpret this as saying that
A is completely determined by Cy, ..., C,.

Combined with Bayes’ Theorem, these conditional independencies allow
us to replace the terms in (1) with the smaller conditionals (2). Thus, in-
stead of explicitly keeping the joint probabilities, all we need are smaller
conditional probability tables which we can then use to compute the joint
probabilities. Furthermore, these independence conditions provide us with a
handy graphical visualization of the r.v. relationships at hand.

Using Bayesian networks, the MTL problem is modeled in Figure 2.1. We
can now rewrite equation (1) as follows for the r.v.s involved in time step



T1§2

P(ST17SR17OR17OT17AR1) = (3)
P(ST1|SR17OT1)P(SR1|OR1)P(OR1)P(OT1)P(ARi)'

What we have is a directed acyclic graph of r.v. relationships. Directed arcs
between r.v.s represent conditional dependencies. When all the parents of a
given r.v. are instantiated, that r.v. is said to be conditionally independent
of the remaining r.v.s given it’s parents (See (2)).

Our goal in the MTL problem is to determine the best course of action
for the robot such that it continues to keep track of its target. Basically, the
robot must base it’s decision on current sonar readings plus its own internal
knowledge of the world. Having formulated the MTL problem using Bayesian
networks, determining the best action can be modeled as follows: Assuming
we are only working with 4 time slices as seen in Figure 2.1, this will imply
that we are looking for a 3 action sequence. Hence, we are given the following
information:

e Og, which represents the current/actual sonar readings on the robot’s

position.

e O, which represents the current/actual sonar readings on the target’s

position.
Our goal is to determine an action a* for Ag, such that

P(ARI = a’*|OR17OT1) = mf‘XP(ARl = a’|OR17OT1)' (4)

2We can isolate the r.v.s in time step T} from the remaining r.v.s because of the following
observation on the conditional independence relationships: Let U be the remaining r.v.s
in the network. We know that

P(ST1:SR1:OR1:OT1:AR1) =
ZP(STI)SR1)OR1)OT1)AR1)U)'
U

Furthermore, according to our independence assumptions

P(STU SR, OR,, Or,, AR, U) =
P(U|ST1: SR,, Or,, Or,, AR1)P(ST1: SRy, Or,, Ory, AR1)
Since the second term on the right hand side is constant, summing over the different

possible instantiations for U reduces the first term to the value of 1. Hence, we can simply
ignore the r.v.s in U.



This type of computation performed with Bayesian networks is classified as
belief updating [19]. In general, belief updating involves updating our beliefs
about the different possible instantiations of a r.v. given certain instantiations
of other r.v.s as evidence/observations.?

Belief updating is one of two common computations performed with
Bayesian networks. The second is called belief revision [19]. Belief revi-
sion is best used for modeling explanatory/diagnostic tasks. Basically, some
evidence or observation is given to us, and our task is to come up with
a set of hypothesis that together constitute the most satisfactory explana-
tion/interpretation of the evidence at hand. This process has also been con-
sidered abductive reasoning in one form or another [12, 30, 20, 4]. More
formally, if W is the set of all r.v.s in our given Bayesian network and e is
our given evidence?, any complete instantiations to all the r.v.s in W which
is consistent with e will be called an ezplanation or interpretation of e. Our
problem is to find an explanation w* such that

P(w*|e) = ijP(w|e). (5)

Intuitively, we can think of the non-evidence r.v.s in W as possible hypoth-
esis for e. For example, consider the probabilistic medical diagnosis model
presented in [20]. It is a 2-layer Bayesian network consisting of a layer of
manifestations (symptoms) and a layer of disorders (diseases). The manifes-
tations are conditionally dependent on different sets of disorders. Given a
set of manifestations, we must determine a set of disorders which maximizes
(5).

The Bayesian networks approach can achieve an enormous reduction in
the amount of probability data needed. Unfortunately, even identifying all
the conditional independencies is usually not enough. Looking at the MTL
problem, we consider the the following conditional table:

P(ST2|SR27OT27ST1)' (6)

The size of this table is |L|?|O| where O is the range of instantiations for the
sonar readings Or,. Clearly, the higher the precision we desire in our robot
world, the larger both L and O become. Even if we had decided that there

3Typically, we are only interested in finding the best instantiation.
4That is, e represents a set of instantiations made on a subset of W.



are only 100 possible locations in our world, the size of this table alone would
be in the millions. This remains the predominant prohibiting factor of trying
to use Bayesian networks for modeling complex tasks.

3 Computational Methods

Barring the fact that we may have a combinatorial explosion in the number
of conditional probability entries, belief revision and updating on Bayesian
networks, however, is also NP-hard with respect to the size of the network
[5, 31]. Various techniques are available for performing the computations,
but we must point out that although they may have reasonable expected
run-times, these complexity measures are made with respect to the num-
ber of nodes/edges in the network and consider the table sizes to be some
multiplicative constant. Obviously, when we have a table with an exponen-
tial number of entries, the run-times will generally be exponential for these
techniques.

Probably the two most popular approaches for performing belief updating
are message-passing schemes [19] and stochastic simulations [29, 6, 33, 11].
In message-passing, the basic idea is to treat each node in the network as
an individual processor. Information is then propagated back and forth be-
tween the nodes until equilibrium is achieved. The manner of communication
defined by message-passing guarantees that the results obtained when the
network stabilizes will correspond precisely to belief updating. This algo-
rithm is known to be efficient on a restricted network topology called singly-
connected network. A singly-connected network requires that there exists at
most one directed path between any two nodes. However, message-passing
fails on the more general class of multiply-connected networks. Although
there are methods such as clustering and conditioning [19] for transforming a
multiply-connected network into an equivalent singly-connected one [28, 13],
the transformations have also been shown to be quite difficult to accomplish.

Stochastic simulation, on the other hand, has no such topological restric-
tion. The method basically works as follows: Assume that we are given
evidence e, A is the r.v. we wish to update and X is the set of remaining
r.v.s not including those in e or A. We know that

P(Ae)
Ple) (7)

P(Ale) =
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Furthermore,

P(Ae) =) P(AeX), and (8)
P(e) = ;P(eY) (9)

where Y = X U {A}. By making various instantiations for X, we can easily
compute the joint distribution P(AeX) and apply it to (8). This process
is called taking sample points in order to construct the joint probabilities.
Stochastic simulation uses various approaches for sampling points to achieve
better and better estimates on the probabilities while also guaranteeing con-
vergence. Unfortunately, while stochastic simulation is invariant under net-
work topology, it is quite sensitive to the distribution in the conditional
tables. For example, if we take the simplest approach to sampling by doing
it randomly, then in a network with a slightly skewed distribution, say one
of the conditional tables is sparse, then we may sample a large number of
points which have a joint probability of 0. Thus, the estimate will be very
poor, indeed.

Obviously, belief revision is a very different computational task from up-
dating. In essence, updating is a summation over joint probabilities, whereas
revision is a maximization over those same probabilities. It is this max-
imization property that prompts us to interpret revision as some form of
explanatory or diagnostic reasoning. Basically, the r.v.s being instantiated
are likened to hypothesis. The joint probability is then used to measure how
well a set of hypotheses supports the given evidence. Since, we are now ex-
plicitly defining the notion of a “best set”®, it becomes necessary that we not
only be able to compute the best, but also any other “good” alternatives.
This is especially true in domains such as medical diagnosis where we must
consider alternative diagnoses to the most-likely one.

Finding the alternatives also has implications for belief updating. From
equation (8), it has been observed that P(AeX) and P(eY) for any 4, X and
Y are simply explanations/diagnoses for evidence e [26]. We can consider
the alternative solutions to be sample points for use in (8). By starting
with the “best” explanation, we now have the sample point with the largest
probability, hence, avoiding the problem encountered with random sampling
we saw above.

SPearl in [19] calls this the most-probable-ezplanation (abbreviated, MPE) criterion.
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One of the earliest methods for performing belief revision on Bayesian
networks was a message-passing variant of the one mentioned above for belief
updating [19]. Again, unfortunately, the scheme was restricted to singly-
connected networks. Also, the scheme had no mechanisms for computing
alternative solutions beyond the second most-probable. Sy in [34] introduces
another variant of message-passing which has been empirically shown to be
more efficient than Pearl’s method. This variant changes the message passing
into a strictly feed-forward manner, hence, requiring only one pass through
the network. Furthermore, generating the alternative solutions is possible
due to his architecture.® However, Sy’s approach also stumbles on multiply-
connected networks.

Shimony and Charniak in [31] showed that belief revision can be solved
using a best-first search strategy. Hence, the problem of network topology is
absorbed in the choice of a best-first search heuristic. Furthermore, through
back-tracking, the alternative solutions could be generated. The biggest
problem with this approach, though, is the explosive amount of search re-
quired as you progress to larger networks.

Most recently, Santos in [25, 26] introduced a new approach which reduces
the problem of belief revision into linear constraint satisfaction. Having ac-
complished this reduction, efficient Operations Research tools such as the
Simplez Method [17, 27, 18] could be used to solve the problem. This ap-
proach is invariant under network topology and also provides a mechanism
for generating the alternative solutions. Although the newly transformed
problem remains NP-hard, empirical studies indicate the approach to exhibit
an expected-case polynomial run-time [24, 23, 26], easily outperforming the
best-first search technique of [31, 4].

Although the above methods are radically different in their approaches,
they all generally suffer from a common problem. Namely, if the conditional
tables are exponentially large, the computation times are also exponential.
This is due to the fact that each and every entry in the table will be explicitly
referenced at some point in each of the algorithms. It becomes even worse
for the methods restricted to singly-connected networks. Aside from the fact
that reducing multiply-connected ones can be extremely expensive, one of

61n essence, a notion of backtracking is now present in this system. By carefully choos-
ing an alternative branch from which to feed-forward, you could generate other solutions
in order of probability.
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the techniques, clustering, actually increases the table sizes combinatorially.

Our goal in this paper is to show how we can avoid having to reference
every entry in the conditional table to perform our computations. Basically,
our approach exploits the structure of the formulation by ignoring entire
chunks of entries once some given entry has been explored. Careful compres-
sion of the tables should permit the realization of this approach.

4 Terms, Definitions and Notations

In this section, we provide terms and definitions which will be used through-
out the remainder of this paper.

We first observe that a Bayesian network can be completely described by
a finite collection of random variables and a finite set of conditional proba-
bilities based on the r.v.s.”
NotaTioN. Throughout the remainder of this thesis, upper case italicized let-
ters such as A, B, ... will represent r.v.s and lower case italicized letters such
as a, b, ... will represent the possible assignments to the associated upper case
letter r.v., in this case, A, B,.... Subscripted upper case letters which are
not italicized are variables in a constraint system which explicitly represent
the instantiation of the associated r.v. with the item in the subscript. For
example, Aa denotes the instantiation of r.v. A with value a.
NotaTioN. Given a r.v. A, the set of possible values for A called the range
of A will be denoted by R(A).

Given a Bayesian network, we can construct an ordered pair (V, P) where
V is the set of r.v.s in the network and P is a set of conditional probabil-
ities associated with the network. P(A = a|C1 = ¢1,...,Cp = ¢,) € P iff
Ci,...,C, are all the immediate parents of A and there is an edge from C; to
Aforv=1,...,n in the network. We can clearly see that (V, P) completely
describes the Bayesian network.

DEeFINITION 4.1. Given a Bayesian network B = (V, P), an instantiation is
an ordered pair (A, a) where A € V and a € R(A). (An instantiation (A, a)
is also denoted by A = a and Aa.) A collection of instantiations w is called
an instantiation-set iff (4,a),(A4,a’) in w inplies a = o'.

"We consider prior probabilities to be degenerate cases of conditional probabilities, i.e.,
P(A =a) = P(A = a|¢) where ¢ is the empty set.
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An instantiation represents the event when a r.v. takes on a value from
its range. Given an instantiation-set, we can define the notion of the span of
an instantiation-set.

DEFINITION 4.2. Given an instantiation-set w for a Bayesian network B =
(V, P), we define the span of w, span(w), to be the collection of r.v.s in the
first coordinate of the instantiations. Furthermore, an instantiation-set w s
said to be complete iff span(w) = V.

Straightforwardly, the span of an instantiation-set simply denotes the
r.v.s which have been instantiated.
NortatioN. For each r.v. A, we define cond(A) as follows: B € cond(A) iff
there exists a conditional probability in P of the form P(A = qa|...,B =
b,...).

Intuitively, cond(A) is the set of r.v.s which are the parents of A.
NortatioN. Given an instantiation-set w for B such that cond(A) C span(w),
w(A) denotes the instantiation A = a where (4,a) € w.

w(cond(A4)) = {w(B)|B € cond(A4)}.

DEFINITION 4.3. Given an instantiation-set w = {(A1,a1),...,(An,an)} for
a Bayesian network B = (V, P), we define the probability of w to be

P(w)=P(A1 =a1,...,An = an).

5 Constraints Formulation

As we mentioned earlier, our new approach is based on the results of trans-
forming belief revision into linear constraint satisfaction [25, 26]. This ap-
proach was shown to be topologically invariant, capable of generating alter-
native solutions and perform efficiently on moderately-connected networks.
In this section, we give a brief summary of the concepts and methodology
used in the transformation that will be shared with our new approach.®
The transformation involves mapping the notion of r.v. instantiations into
some multi-dimensional space which we will denote by ™. A subspace of

8Precise details and theoretical proofs can be found in [25, 26].
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R™ will represent “valid” instantiations where valid includes things like being
consistent to the given evidence e, each r.v. has at most one instantiation,
etc. In particular, we are interested in transforming it into a polyhedral con-
vezr set.” Such a set can be described by a collection of linear inequalities.
As it turns out, these inequalities will intuitively correspond to the restric-
tions/constraints required in making valid instantiations of the r.v.s. Finally,
we would like to define a linear energy function such that by minimizing it
over the convex set, the resulting answer will be the best explanation after
we make the appropriate inverse mapping. Thus, we would have the makings
of a linear constraint satisfaction problem.

We begin our transformation by mapping r.v. instantiations. Let A be a
r.v. and a be a possible instantiations for A. If A is instantiated to a, that is,
A = a, then we would like to set a real variable Az to the value 1. If A # q,
then Az = 0. This holds for every possible instantiation of A for every r.v.
A.

Having mapped instantiations to R™, we must now define our polyhedral
convex set. We begin with the simplest of constraints: Each r.v. must have
exactly one instantiation. This can be achieved with the linear constraint

>, Aa=1 (10)

a€R(A)

where R(A) is the set of all possible instantiations for A. Next, for each
conditional probability P(A = a|B = b,C = ¢) in the network,'® construct a
real variable q[Aa | B}, Cc] (which for convenience, we will simply call it g for
now) such that ¢ = 1 if the conditional probability P(A = a|B = b,C = ¢)
is used in computing the joint probability. Otherwise, ¢ = 0. Obviously, the
conditional will be used only when we have the instantiations A =a, B =5
and C = c¢. To guarantee this property for g, we simply use the following
constraints:

g<Cc (12)

9“Polyhedral” refers to the fact that the boundaries of the subspace are composed of
hyperplanes.
10Generalizing this to other than two conditionals is straightforward.

15



and

Y. a=Aa (13)

qu(Aa)

where Q(Aa) are all the ¢’s whose associated conditional probability is of the
form P(A=al...).

Finally, given evidence e, if A = a is an instantiation in e, then we also
include the constraint Az = 1.

Taking all these constraints together, we can prove that the resulting
polyhedral convex set is indeed the the set of valid explanations for e. All
that is left for us is to define the appropriate energy function. We will
simply form a linear function from the ¢’s, also called conditional variables,
as follows: If g is true, this implies that the associated conditional probability
must have been used to compute the joint probability. Thus, for each g, we
have the following term in the energy function:

—log(P(A =a|B =b,C = c))q[Aa| By, Ccl. (14)

By taking exp(€ReT8Y function)) we will get back the correct joint probabil-
ity. Hence, minimizing it will get us our most-probable explanation.

We have now reduced belief revision into linear constraint satisfaction. In
particular, what we now have is an 0-1 integer linear programmaing problem
[17, 27, 18]. We can efliciently solve this problem by combining the Dual
Simple Method with Branch and Bound [24, 25, 26]. Furthermore, by using a
Cutting Plane approach [25, 26], we can generate all the alternative solutions
in order of decreasing probability. The individual methods themselves are
well-understood in Operations Research allowing for many other variations
to be used which may be even more effective.

Unfortunately, this approach also suffers from table size explosions. For
each entry in a conditional table, we must associate a unique real variable gq.
As we shall see, we present a new approach founded on this linear constraint
satisfaction method that should effectively avoid the table size problem.

6 Approximation Functions

To avoid the possible exponential explosion in our conditional table size, our
approach is to compress the information. Through the use of approximation

16



functions we call splining functions, we would reduce the entire table and
store it as a simple function. Ideally, we would like to have a table reduced
to a single splining function, but even multiple functions are still more desir-
able than having the explicit table. These splining functions are real-valued
functions whose range will be from some £™ and domain be . Obviously, the
domain will correspond to the conditional probabilities whereas the range will
be used as indices in fetching/computing the appropriate conditional proba-
bilities. Unfortunately, instantiations for r.v.s need not be numeric in nature.
They can be objects, names, etc. Hence, it is necessary to map them into
real values for our purposes.
NoTaTION. @ is the set of rational numbers. Q7 is the set of positive rational
numbers.

Let B = (V, P) be a Bayesian network where V' is the set of r.v.s and P
are the associated conditional probabilities in the network.

DEFINITION 6.1. Given a r.v. A in V, a one-to-one and onto mapping E,

from R(A) to Q" is called an encoder for A.

Intuitively, encoders provide a total ordering on the possible instanti-
ations for a r.v. Furthermore, it provides a mechanism for flexibly trans-
forming/reorganizing our instantiations to a possibly more useful form or
interpretation as we shall see.

Clearly, the choice of encoders will have a major impact on the success
of our compression/approximation. The problem is certainly easier if we
just arbitrarily choose an encoder to work with. As we shall see in the next
section though, it is possible to determine an optimal encoder.

One final note on encoders before we proceed with our formulation is on
the possibilities of using multiple encoders. Currently, we will just assume
a single encoder to simplify our discussion. At the end of this section, the
benefits of multiple encoders should become clear. A method will also be
presented for handling them.

Let £z be a collection of encoders for the r.v.s in V such that there is
exactly one encoder for each r.v.

NoTaTioN. Let T be a collection of conditional probabilities from P.

RV(T) = {A|P(Co = |C1 =c1,...,Cn =¢n) € T and C; = A for some 1}

If we have multiple splining functions, then we must have a way of deter-
mining which one to use for computing probabilities given an instantiation-
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set. For example, given an instantiation-set d and some table T such that
span(d) € RvV(T'), only some of the splining functions will be applicable to
d. The remaining are not defined for these particular instantiations. By re-
stricting which entries in a table may be grouped with other entries, we can
automatically provide such a mechanism.

DEFINITION 6.2. Let T' be a conditional table in B and assume
RV(T) - {Co, Cl, ey Cn}

Let p(T) be a partition on T. We say the p(T) is contiguous with respect to
Ep if and only if for each cell o in p(T), there ezists o;,B; fort =0,...,n
such that

o ={P(Co=c|C1=c1,...,Cn=cn) € Ty, < E¢;, < B; fort=0,...,n}.

We call each o in p(T) a sub-table of T

Intuitively, we can view a contiguous partition as follows: For each r.v. B
involved in T', somehow uniquely number the instantiations R(B). We now
construct a hypercube whose axes correspond to each r.v. B in T bounded by
the minimum and maximum values of the numbering on R(B). A contiguous
partition of T" will cut up the hypercube into a set of smaller hypercubes based
on the instantiation numbering. Each of these sub-tables will be replaced by
a splining function.

DerINITION 6.3. Let p(T') be a contiguous partition with respect to Eg. For
each cell o 1n p(T), we associate a function Sg, o, from K™ to R such that

55370(E00(00)7E01 (01)7 cee 7Ecn(cﬂ)) = P(CO = CO|01 =C1y.-, Cﬂ = cﬂ)
(15)

where Ec,, E¢,, ..., Ec, are the encoders found in g and
Cco € R(Co), ... Cp € R(Cn)

We call S, a spline for o. Let Sg, 1) be a collection of splines associated
with partition p(T). We call Sg, ;1) @ spline-set for T.

Let Sg, be a set of spline-sets such that each table T" in B is associated
with exactly one spline-set.
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NoraTION. Given Sg, (1), since p(T') is a partition, for any co € R(Ch),...,cn €
R(C,),
SSB,p(T)(ECo(CO)J cee 7ECn(cﬂ))

will unambiguously refer to the appropriate spline function defined in

SSB 7P(T) .

Given Sg,, since all our conditional probability tables are unique, for any

Co - R(Co), ...Cp S R(CTL)7

Ses(Ecy(co), -, Ec,(cn))

will unambiguously refer to the appropriate spline function defined in Sg,,.
We now redefine our notion of a Bayesian network.

DEFINITION 6.4. Given a Bayesian network B = (V, P), let £ be a collec-
tion of encoders and Sg, be a collection of spline-sets. We define a splined
Bayesian network to be a 3-tuple B = (V, Eg, S¢,, ).

DEFINITION 6.5. Given a complete instantiation set w for B, we define the
spline probability, P, for B as

Pw)= TI = Sea(w(A),uw(cond(A))). (16)

Aespan(w)

ProposITION 6.1. Given a complete instantiation set w, P(w) = Ps(w).

The above proposition shows that our splining probability is equivalent to
our normal probability function. Thus, we can substitute splining probability
functions into our computations for belief revision.

THEOREM 6.2. Any Bayesian network can be modeled as a splined Bayesian
network.

(Proofs can be found in Appendiz A.)

We now proceed to show how we can transform splined Bayesian networks
into linear constraint satisfaction problems.

Clearly, a splined Bayesian network B = (V, €5, S¢,,) induces a partition
on the original conditional probabilities P. Let [P]z denote this induced par-
titioning. Furthermore, a splining function from &g, is uniquely associated
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with each cell in the partition. If d is a cell in [P]g, then Sq will uniquely
denote the appropriate splining function.

We say that a r.v. instantiation {A = a} appears in a cell in [P]g if
there exists a conditional probability in the cell of the form P(Cy = ¢o|Cy =
¢iy...,Cn = ¢y) where for somes=1,...,n,C; = A and ¢; = a.

DEFINITION 6.6. Given a r.v. A and a splined Bayesian network B, we define
the partition on R(A) induced by B as follows: a1,as € R(A) both belong in
the same partition if and only if for all cells, d in [Plz, {A = a1} appears
in d if and only if {A = ay} appears in d. We call this partitioning the
capsulation of A by B and denote it by [Alg.

THEOREM 6.3. Given any cell d = {a1,...,ar} in [Alg where Ea(a;) <
E4(aiy1), there does not exist b € R(A) such that Ex(a1) < Ea(b) < Ea(ax
and b# a; fori=1,...,k.

DEFINITION 6.7. Given a splining function S € S¢,, we say that S is a linear
potential function (LPF) if and only if

SSB(EA(G')a Ecl(c1), o Ecn(cn)) = ghoEBa(a)tkiEg, (a1)+thnEcy,(cn)thk

for some constants k, ko, ky,...,k,. We say that S, is a linear potential
space if and only if all splining functions in it are all LPFs.

Without going into detail, we must generalize our notion of constraint
systems. Previously for belief revision, we restricted our variables to values
of 0 and 1. We generalize this by allowing variables to be restricted to sets
of real values. In doing so, we also generalize our notion of a 0-1 solution to
the notion of a permissible solution as a solution which satisfies all the value
restrictions as well as constraints.

We begin our construction as follows: Let B = (V, £g, S¢,) be a splined
Bayesian network and Sg, be a linear potential space. For each r.v. A in
V, construct a real variable z4 whose values are restricted to {E4(a)|E4 €

Ep and a € R(A)}. Next, arbitrarily label all the cells in [A]z by

{dai,daa,...,dan}

For each cell in {da1,d42,...,dan}, construct a new 0-1 restricted variable
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z4,,. Construct the following constraints:

ZmdA,i =1 (17)
=1

For each d4,,

T4 — rrbin Es(a)> —M(1 —zq,,) (18)
acdy ; '

T4 — max Ei(a) < M(1 —z4,,) (19)
acdy ; '

where M is some arbitrarily large positive constant. Intuitively, zq,, is
used to “detect” whether z 4 falls within a particular interval defined by the
partitioning and x4 represents the instantiated value if any.

From our definitions above, we can unambiguously associate a splining
function S in Sg, with some table T'. Furthermore, using our encoder map-
pings, we describe the domain of S as a cross product of intervals on real
variables associated with the r.v.s in T'. For example, let p(T") be the parti-
tion on T' associated with S. According to Definition 6.3, for each r.v. B in
RV(T'), there exists a set of instantiations of B, {B = b;,,...,B = b;, } in the
cell associated with S in p(7') such that there does not exist an instantiation
{B = c} where ¢ # b;; for all 1; and Ep(c) is in the interval from min;; Ep(b;;)

to max;; E'B(bz-j). Thus, we only need the min and the max values to descrﬂ;e
the domain for S. Also, remember that we want to incorporate S into our
probabilistic computations only when the r.v.s are instantiated within its re-
stricted domain. Let us denote the interval for a r.v. A for splining function
S by [min(4, S),max(A,S)]. We now proceed with our construction. For
each splining function S involving the r.v.s {Cy,...,C,}, we construct the
new variables z¢,; ¢ which are virtual copies of z¢; constructed above. For
each [min(C;, S), max(C;, §)], if there does not yet exist a 0-1 variable which
detects whether z¢, is in [min(C;, S), max(C;, S)], create a new 0-1 variable
dc;,s with the following constraints: For each dg,,

zc, —min(C;, S) > —M(1 — dg, 5) (20)
2o, — max(C;, S) < M(1 — dg, 5) (21)

Now, continue and construct a new 0-1 real variable dg adding the following
constraints:

ds Z n — Z de,S + 1 (22)

=1
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ds < = do;s (23)
n i3
For each 1,
zc;,s Z Teo; — M(l — ds) (24)
zc;,s S Zo; + M(l — ds) (25)
zc,s < Mds (26)

ds is used to indicate whether S will be used. If so, copy the values into
the virtual copies and make the computations necessary based on the virtual
copies.

We complete our transformation by defining an appropriate objective
function. For each splining function S in S¢,, introduce the following terms
into the objective function: Assume that

SI,SB(EA(G')a ECI(Cl); o Ecn(cn)) = gkoBa(a)tkiEg, (1) +-FknBcp(cn)tk

The terms to be added are

— kds — Z kimci,s (27)

=1

We now must show that the solution space defined by our induced con-
straint system is equivalent to the space of all complete instantiation-sets for
the Bayesian network. We begin by providing a transformation from permis-
sible assignments in our constraint systems to instantiation-sets. Let s be a
permissible solution. We can construct a complete instantiation-set w[s] as
follows: For each r.v. Ain V, A is instantiated if and only if s(z4) > 0. Since
our encoders are one-to-one and onto, then the inverse (or, called decoder)
exists and we denote them by E,'. If s(z4) > 0, then w[s](4) = E;*(z4).

Conversely, given a complete instantiation-set w, we can construct a
permissible assignment s[w] as follows: For each r.v. A in V, s[w|(zs) =
E4(w(A)). Furthermore, we properly activate the appropriate interval de-
tectors. Finally, according to the instantiation-set w, we can easily deter-
mine which splining functions are active. s[w](ds) = 1 if and only if S is
an active splining function according to w. And, if S is active, then copy
slw](ze, s) = s|w](z¢;) for all 7 involved with S. Otherwise, s[w](z¢,s) = 0.
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THEOREM 6.4. w is a complete instantiation-set for B if and only s[w| is a
permissible solution for the induced constraint system.

Having shown the equivalence, we can prove the following theorem on the
probabilities being calculated.

THEOREM 6.5.
P(w) = e~ OCslwl)

Therefore, the optimal permissible solution for our induced constraint
system will be the best complete instantiation set.

Finally, we must also incorporate the notion of evidence. Evidence, we
recall, is the requirement that a r.v. be instantiated with a certain value.
For the case where a r.v. A must be instantiated to a, we simply include
the constraint z4 = E4(a). Thus, we can proceed with our belief revision
computations like we did earlier in this section.

Since we have generalized our restrictions on what values a real variable
may attain from simple 0 and 1, we must modify our original branch and
bound algorithm found in [24, 26] to guarantee that we generate permissible
solutions.

NotaTioN. Let z be a real variable and {ki, ks, .., k,} be its permissible
values such that k; < k;11. We define the following functions:

|k|e = 1;61212]}6{ k;

Similar to our original branch and bound algorithm, the basic idea is
as follows: To find an optimal permissible solution, we solve a sequence of
linear programs. This sequence can be represented by a tree where each
node in the tree is identified with a linear program that is derived from
the linear programs on the path leading to the root of the tree. The root
of the tree is identified with the linear program induced by our constraint
system. The linear programs along the nodes of the tree are generated using
the following schema: Consider sq, the optimal solution to our initial linear
program denoted lp,. If s is a permissible solution, then we are finished.
Otherwise, we choose some non-permissible variable assignment z in sg and
define two new problems lp; and lp, as descendants of lp,. 1p, is identical to
lp, except for the additional constraint z > [s%(z)],, and lp, is identical to
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Ipo except for the additional constraint z < [s%(z)|,. Note that the two new
problems do not have s¢ as their optimal solutions. Since we are looking for
a permissible assignment, the optimal permissible solution must satisfy one
of the additional constraints.

As we can clearly see, we now proceed in a similar fashion to our branch
and bound method for 0-1 problems.

ALGORITEM 6.1. Given a constraint system L = (I',1,%), find its optimal
permissible solution.
1. (Initialization) Set CurrentBest := ¢ and ActiveNodes := {(I,0)}.
2. If ActiveNodes = ¢ then go to step 15. Otherunse, let Ip be some linear
program in ActiveNodes.

3. ActiveNodes := ActiveNodes — {lp}.

4. Compute the optimal solution s°F* for lp using Simplez, etc.

5. If s°Pt is a permissible solution, then go to step 12.

6. (Bound) If CurrentBest # ¢ and Or(s%") > OL(CurrentBest), then go
to Step 2.

7. (Branch) Choose some variable z € lp whose value in s is non-
permissible.

8. Set Iy := T U {z < |sz)]|.} and I := T U {z > [s(z)].}
9. Create two new linear programs:
Ipy 1= (I, O(s™)) and Ipg = (I, O(s™)).
10. ActiveNodes := ActiveNodes U {lp;,1p,}.
11. Go to step 2.
12. (Permissible solution)
If CurrentBest = ¢ or Or(s") < Or(CurrentBest), then
CurrentBest := s°Pt,
13. (Pruning) Remove from ActiveNodes all linear programs whose lower
bounds are greater than O CurrentBest).
14. Go to step 2.
15. (Solution) Print CurrentBest.

What we have attempted to do in this formulation is to avoid the combi-
natorial explosion of O(|R(A)| x |R(C1)| X ... x |R(Cyp)|) by compressing it
to O(|R(A)| + |R(C1)| + ...+ |R(Cy)|). Our goal is to find such an optimal
compression by manipulating encoders and splining functions.

One final note for this section is on the use of multiple encoders for a single
r.v. By associating a separate encoder to each conditional table, this will
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obviously increase the flexibility of our formulation to compress the tables.
Furthermore, multiple encoders will only increase our complexity linearly,
we just have to guarantee consistency between encoders. If one encoder says
that A is instantiated to a, any other encoders must also instantiate A to a.
For example, say we have two encoders E} and E3 and let a € R(A). Let =
and z% be the encoder variables associated to the two encoders respectively.
Basically, we must make sure that z, = E}(a) iff 24 = E%(a). We can
accomplish this by the following constraints:

2y — Ei(a) > —M(1 —ya=a)
2y — Ey(a) < M(1-ya)
2y — Ei(a) > —M(1 —ya=a)
2y — Ei(a) < M(1—ya)

where ya—, is a 0-1 detector variable. Obviously, this can be generalized to
any number of encoders.

7 Computing Splines

Our formulation in the previous section provides an approach to eliminating
the necessity of explicitly storing conditional probability tables. By view-
ing these tables as look-up functions, we aim to replace them with simple
continuous real functions. The heart of our formulation lies in the effective
identification of encoder functions and a splining function. In particular, we
are interested in approximation functions of the form

S(EA(a’)a ECl(cl)7 s 7ECn(cn)) = ekOEAa+klEcl (e1 )tk Egn (en) Tk (28)

called LPFs in Definition 6.7. Hence, to complete our formulation, we must
find such a function by determining the appropriate encoders and the method
to properly combine them.

We start with a conditional probability table 7' that we would like to
replace by an approximation function S. Assume T' are probabilities of the
form

P(Co == Co|01 == Cl,...,Cn == Cn).
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Ideally, we would like
ekoEco(co)+klEcl(Cl)+"'+k"Ec"(C")+k = P(Co = Co|01 = Cly.. .y Cn = Cn). (29)
This can be rewritten in a simpler form as

kOECO(CO) + klEcl (Cl) 4+ ...+ knECn(cn) + k=
1I1P(COZCO|01:Cl,...,Cn:Cn). (30)

As we can easily see, our goal is to determine the constants k, ko, k1, ..., kn
and to determine the mapping of each particular instantiation of a r.v. to
some real number. Hence, we have the following variables we must solve for:
e The constants k, ko, k1, ..., kn.
e For each r.v. C;, for each ¢; € R(C;), the encoding E¢,(c;).
We can accomplish this by minimizing the following sum over the entries in

table T

2

zn: Z zn:kjECj(cj)+k—1HP(Co:Co|...,Cl:Cl,...) . (31)

i=0 ¢;€R(C;) =0

Obviously, this equation is some form of least-squares fit. We can find the
minimum by taking the partial derivatives over (31) with respect to all the
variables we must solve for; and then set these derivatives to 0. Unfortu-
nately, the resulting system of equations is quadratic making it quite difficult
to solve. Instead, we take a careful look at our problem and make the follow-
ing observations: First, the encoders E4(a) are already variables themselves.
We find that we can simply “absorb” the multiplicative constants in front of
them in (31). We can now reduce the sum to:

2

zn: Z iEcj(cj)+k—1HP(Co:Co|...,Cl:Cl,...) . (32)

i=0 ¢;€R(C;) |i=0

We have now eliminated a collection of variables simplifying our summation.
As a result, by taking the partial derivatives over (32), our system of equa-
tions is smaller and most importantly, linear in nature. Furthermore, the
partial derivative equation obtained for & is actually a linear combination of
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the other equations. Hence, we can eliminate k£ from our summation which
leaves us

2
Z Z ZEcj(Cj)—lnP(Co:Co|...,Cl:Cl,...) . (33)
=0 ¢;€R(C;) |j=0
Intuitively, what we are seeing in these absorptions is the following: The
multiplicative constants k; simply scales our data while the constant % is a
translation.
As it turns out, the nature of our minimization problem has a closed form
solution. Thus, we can avoid having to explicitly solve the system of linear

equations. The typical Gaussian elimination techniques take a polynomial
amount of time to run.

THEOREM 7.1. The minimal solution to (81) will be for each r.v. Cy in T,
and for each ¢ € R(Cy),

Ec,(cx) = (34)

1 n
1—[11.7 Z Z 1HP(COZCO|---,CIZCI7.,,) _

=0 MMy =0 e .
iZk ;;k i ER(C5)
né(T)

(n—l_]‘)H:L:OmZ

where m; = |R(C;)| fori=0,...,n and

E(T):zn: Z InP(Co=co|l...,Co=cuy...).

7=0 c; ER(CJ')

We will now show how we derived the closed form equation (34).
NOTATION.

K = Z Eck(ck).

CkER(Ck)

For some partial derivation with respect to E¢,(c},), our equation is

Fo,(d) T[ mit (35)

27



Z Ec H mp — 1I1P Co—c0| Cl:Cl,...) =0.

c; ER(C5)

w,
h Sl
x> O

=0
£k
#3
We begin by summing over all possible ¢;s. This results in

Z Eck ck H
i=o

CkER(Ck)

SOy Y mPC=cl..,Ci=a,...)~ Eolc) I] m
< €R(C))

ckER(Cy) j z : gz 2_
which can be rewritten as
Kk H m;, = &T)— Z Z E'cj(cj) H ™m;
i=0 i=0 c;ER(Cy)
1#k 17k
= T)— > & II m
i i
Putting all this together implies that
Z Kj H m; = §(T
oy
Now, assume

T DI, me

i#J
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We rewrite equation (35) as

i=0 i=0 R(C
ol 129 ci€R(CG))
n n
= 2 5 II m
i=0 i=0
i#k L#£k
]
== Z Z 1I1P Co—Co| )
i=0 c;ER(C;
i#k (@)

o L it
L#3
n » )
= Z 1I1P(C():CO|---,Cl:cl7' Z
i=0 CJ'GR(CJ') =0 n—l_l
Ak i#k
= Z 1I1P Co—CO| Cl:Cl,---)_ né-( )
5t oéiton (nt Ty

We can assert (36) above because our system of linear equations is actually
under-constrained. Now that we have obtained a closed form solution, we can
also provide necessary and sufficient conditions on when an approximation
function will fit the data perfectly.

Our best approximation function will be a perfect fit if and only if

ZEcj(Cj):1I1P(Co:Co|...,Cl:Cl,...) (37)
=0

forall ¢; € R(C;) for 7 =0,...,n. Take the closed form solution we obtained
in Theorem 7.1 and plug it into (37). This gives us the following condition
on the probabilities:

ij o Y InP(Co=clCi=c,...,Ci=cj,...,Ch=2c)| —

k=0 C’ERck
k£ * (Ck)

InP(Co=col...,Cr=cy,...) ﬁmi = nnf(T) (38)
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From this, the next theorem is obvious.
THEOREM 7.2. There is a perfect fit if and only if (38) holds.

In our above formulation, we made two implicit assumptions. First, we
allowed encoders to map to non-positive values whereas Definition 6.1 allowed
only positive ones. This can be easily solved by selecting the translation
constant k such that all encoders are positive. As we demonstrated above, the
choice of k£ has no bearing on our optimality criterion. The second assumption
involved having the encoders be invertible. This can also be easily solved by
perturbing the encoder values.

8 Example

We now present an example transforming a Bayesian network into our con-
straints formulation. In particular, we wish to transform the MTL problem
we presented in Section 2. Unfortunately, due to the table size problem, MTL
currently employs extremely coarse discretizations. There are a total of 5
possible robot actions, 10 possible map locations and only 3 possible sonar
readings. The sonars read either NEAR, FAR or LOST. Instead, we assume
100 possible map locations and 100 possible sonar readings.

From Figure 2.1, we have the following r.v.s: Ag,, Sg;,Og;, O, ST, for
1 =1,2,3,4. Let ma, = |R(AR,)|, etc. Assume we have one LPF splining
function for each conditional table. Furthermore, assume that each table has
its own separate set of encoders.

Given the conditional table associated node Sg,, we denote the associ-
ated encoders by, E'g,le,gR2 and EARpSRg' The second index of the encoders
represent the associated node. This will be similarly handled for all nodes.
Let Fs, be the splining function associated with node Sg,. This is again
similarly done for all nodes.

For our transformation, we begin by constructing the following real vari-
ables: For each node A in the network, for each B € cond(A), let zp 4
represent the instantiation of B with respect to node A. Thus, zp 4 is the
encoded value of instantiations to B in the context of Ep 4.

Now, since we have multiple encoders, we must guarantee that they are
consistent with one another. Let B be a r.v.. For each b € R(B), construct
a 0-1 detector yp—p. For each encoder Ep 4;, construct the following two
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constraints:

—M(1 —yp=s)
M(1 —yp=s)

zB,4; — £,4,(b)

>
zp.a;, — Ep a,(b) <

Assume the our evidence is Og, = s1, Or, = s3. Thus, we must add the
two evidence constraints:

LOR,,Sr, — EORl,SRl(Sl)

LOq, Sy = E0T1,5T1(32)

Finally, all that needs to be done is to construct the objective function.
Given our splining functions F', our function is

Zln F'(A)

where F'(A) is simply the original splining function F4 with the encoder
elements replaced by the appropriate real variables representing the instan-
tiations. In Appendix B, we show the complete transformation of the MTL
problem.

Our transformation involves 24 representation variables, 1615 consistency
variables, 2 evidence constraints and 4060 consistency constraints. From our
construction, the number of variables and constraints is clearly linear to
the number of nodes in the network and the size of each r.v.s state space.
Compare this against the total number of probabilities we would need to
maintain in all the conditional tables which is 3,172,015!

9 Conclusions

Manipulating the enormous amount of probabilistic information needed in
modeling real-world domains has proved to be the stumbling block for all
previously existing computational methods. Up till now, each of these meth-
ods must access almost all of the probabilities to achieve the desired com-
putations. Obviously, this has been the main factor in the combinatorially
explosive execution-times. In particular, we have taken a look at a popular
model for probabilistic reasoning called Bayesian networks. This explosion
comes in the form of conditional probability tables which it must maintain.
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The size of the table can me measured as O(|R(A;)| x |R(A2)| X ... x |R(A4,)|)
where A,’s are r.v.s.

Our approach begins with an earlier successful model for computing on
Bayesian networks. Without considering table-sizes, manipulating Bayesian
networks have already proven to be NP-hard with respect to network size
[5]. The earlier approach [23, 25, 24, 3, 26] transforms Bayesian networks
into linear constraint satisfaction problems. Although the problem remains
NP-hard, high levels of computational efficiency could be achieved by us-
ing tools and techniques from Operations Research. Tools such as Simplex
method and Karmarkar’s projective scaling algorithm formed the implemen-
tational core. Empirical studies using a crude implementation of Simplex
outperformed existing methods actually exhibiting an expected polynomial
run-time, O(n?). Furthermore, this approach is also invariant under network
topology.

Our new approach augments the earlier one by compressing the tables and
reformulating them into linear constraint satisfaction. We have provided a
scheme which does not require explicit storage of this data. The compression
is achieved by using splining functions as approximations to the conditional
tables. Unfortunately, although conditional tables are look-up functions, the
parameters used, namely r.v. instantiations, may not be numerical values
as one would like them to be in a real function. For example, r.v. may
be instantiated to objects, names, etc. The most straightforward approach
would be to choose an arbitrary mapping from the instantiations to real
values. For example, given a r.v. C representing color, a unique integer can
be associated to each possible color, like “red” to 1, “green” to 2, etc. Now,
a least-squares fit criterion can be used to determine the best fitting spline.
Unfortunately, this technique may be somewhat restrictive. Too much seems
to rest on our initial choice of mappings.

Instead, we provide an alternative technique which extends the least-
squares fit criterion to simultaneously determine the optimal mapping for
the r.v. instantiations. This now provides us with an immense amount of
flexibility for finding an excellent approximating spline. Furthermore, the
solution for finding the best mapping and spline can be computed by applying
a very simple set of closed form equations. Furthermore, we can provide
necessary and sufficient conditions on when a perfect fit occurs.
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Putting this altogether, we have effectively reduced an originally
O(R(AL)| x |R(A2)| x ... x |R(A,)])

to a

O(|R(A1)| + |R(A2)[ + ... + [R(An)])-

Our examples quite clearly demonstrate the savings that can be achieved
through our compression.

Finally, the tools used in our approach have long been studied and are well
understood. Dual Simplex, branch and bound and least-squares methods are
very common computational techniques. We would like to note though that
these methods are general methods. There are other methods which exploit
domain-dependent information that we can likely use. Methods which rival
Simplex have actually exhibited expected linear and even log-linear run-times
which are obviously superior to our initial polynomial time [21, 14, 16, 22].
Thus, this helps to provide further evidence for the expected success of our
approach.
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A Proofs

THEOREM 6.2. Any Bayesian network can be modeled as a splined Bayesian
network.

Proof. In brief, we simply partition each V(A) into single element cells.
The rest of the construction of a splined Bayesian network should follow
straightforwardly. O

THEOREM 6.3. Given any cell d = {a1,...,ar} in [Alg where Ea(a;) <
E4(aiy1), there does not exist b € R(A) such that Ex(a1) < Ea(b) < Ea(ax
and b# a; fori=1,...,k.

Proof. This follows from the fact that the partitioning induced on A
results from a contiguous partitioning of the conditional probabilities P and
from Definition 6.2. O

THEOREM 6.4. w is a complete instantiation-set for B if and only s[w| is a
permissible solution for the induced constraint system.

Proof. Given a complete instantiation-set w for B, assume that s[w] is a
permissible assignment for the induced constraint system but not a permis-
sible solution. This implies that one of the following constraints have been
violated: (For simplicity, we denote s[w] by s.)

1. E?:l mdA,i =1

2. x4 — mingea, ; Ba(a) > —M(1 —zq4, ;)
3. 4 — MaXeed,; Fa(a) < M(1 —zq,,)
4. Teo; — min(Ci, S) Z —M(l — dci,s)
5. Teo; — maX(Ci, S) S M(l — dci,s)
6. ds >n—3" 1de; s +1
7. ds < 1Y%  des
8. zc;,s Z Teo; — M(l — ds)
9. zc;,s S Zo; + M(l — ds)
10. zc;,s S Mds
o CASE 1. 377, zq,; = 1 is violated. This implies that

8(2dy,) = ... = s(za,,) = 0.

From our construction, we see that A has been instantiated and for
some 4, s(zq, ;) = 1. Contradiction.

37



o CASE 2. 4 —mingeq,; Ea(a) > —M(1—z4, ) has been violated. This
implies that s(z4) is in the designated interval but s(zq,,) = 0. This
is a contradiction according to our construction.

o CASES 3, 4 AND 5. The reasoning is similar to CASE 2.

o CASE 6. ds > n—37_; dg; s+1 is violated. This implies that s(ds) = 0
and s(dg;,s) = 1 for all 7. However, this violates our notion of an active
splining function from our construction. Contradiction.

o CASE 7. dg < %E?:l dc;,s is violated. This implies that s(ds) = 1
and s(dg;,s) = 0 for all 7. However, this violates our notion of an active
splining function from our construction. Contradiction.

o CASE 8. z¢, 5 > #¢c;, — M(1 — dg) is violated. This implies that
s(ds) = 1 and s(z¢, s) < s(z¢;). But from our construction, when a
splining function is active, s(z¢, s) = s(z¢;). Contradiction.

e CASES 9 AND 10. Similar to CASE 8.

Contradiction. There s{w]| is a permissible solution.

Now, given a permissible solution s. Assume that w[s] is not a complete
instantiation-set. This implies that there exists a r.v. A in V such that B is
not instantiated in w[s]. Let A be such a r.v.. From our construction, this
implies that s(zp,;) = 0 for all 2. However, this violates constraint (17).
Contradiction. 0O

THEOREM 6.5.
P(w) = e~ ®CMD,

Proof. Follows from our construction and Theorem 6.4. 0

THEOREM 7.1. The minimal solution to (81) will be for each r.v. Cy in T,
and for each ¢ € R(Cy),

Ec,(cx) = (39)

1 n
1—[11.7 Z Z 1HP(COZCO|---,CIZCI7.,,) _

t=0 m?. ;= . .
iZk ;;2 c; €R(C;)

né(T)
(n+ 1)1 ms
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where m; = |R(C;)| fori=0,...,n and

=Y Y PG =cl....,Ci=aq,...).

7=0 c; ER(CJ')

Proof. We prove this by simply plugging the values for E¢,(cx) into the
linear equations. For some partial derivation with respect to E¢,(c}), our
equation is

Z H my—InP(Co=c¢o|...,Ci=¢,...)| =0.

=0
£k
#3J

By substituting back our solutions on the lefthand side, we get

Z Z InP(Co=co|l...,Co=c1,...)—

i=0 ¢;€R(C;)
i#k

nf( zn: Z InP(Co=col|...,Co=c,...)+

(n + 1)my c; €ER(C;)

n 1 n
Z — Z Z InP(Co=co|l....,Ci=cp,...)—
i=0 c;eR(Cy) Mk i=0 c;ER(C)
i#k i# ]
né(T)
(n + 1)m;
_ n{(T)
(n + 1)my
n 1 n
Z — Z Z Z InP(Co=co|l....,Ci=cp,...)—
iz Mk | c;eR(C;) 129 GER(G)
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(n + 1)my me (n + 1)my
$(T)  n*(T)
(n + 1)my (n + 1)my (n + 1)my
n¢(T) n?¢(T) n¢(T) n?¢(T)

- _(n—l— Dymy + (n + 1)my + (n + 1)my B (n + 1)my

THEOREM 7.2. There is a perfect fit if and only if (38) holds.

Proof. This follows immediately from our minimization problem and The-
orem 7.1. O
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B MTL Transformation

Assume the following:
o R(Ag,) ={a1,as,...,a5} for:=1,2,3.
e R(Sr,)=R(St,)={l,..., oo} forz =1,2,3,4.
e R(Ogr,)= R(Or,) ={s1,...,8100} for : =1,2,3,4.

We have the two evidence constraints:

LOR,,Sr, — EORl,SRl(Sl)

LOq, Sy = E0T1,5T1(32)

We have the following consistency constraints: For 2 = 1,2, 3, for each
Ag,, for y=1,...,5,

TAR;,Sr;y, — EARi’SRi+1 (a;) > —M(1-— yARi:aj)
mARi’SRHl - EARi’SRi+1 (aj) < M(l - yARi:aj)
TAp;OR;,;, — EARi’ORi+1 (a;) > —M(1-— yARi:aj)
TAp;OR;,;, — EARi’ORi+1 (a;) < M(1- yARi:aj)

For each z = 1,...,4, for each Sg,, for each y = 1,...,100,
_M(l _ySRi:lj)
M(l _ySRi:lj)
_M(l _ySRi:lj)
M(l _ySRi:lj)

For eachz =1,...,4, for each St for each 7 = 1,...,100,

mSRiysRi_I_l - ESR!'SR
mSRiysRi_I_l - ESR!'SR

mSRi 7ST,£ - ESR,L 7ST'

IN IV N IV

mSRi,STi - ESR,L 7TR

_M(l - ySTi:lj)
M(l - ySTi:lj)

For each 2 =1,...,4, for each Og,, for each 7 =1,...,100,

mSTiysTi_I_l - EsTiysTi_I_l (lJ)

IN IV

mSTiysTi_I_l - EsTiysTi_I_l (lJ)

—M(1 - yoRi:sj)

>
S M(]- - yORi:sJ')
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For each 2 = 1,...,4, for each Or,, for each 7 =1,...,100,

mOTi,STi - EOTiysT' (SJ) Z _M(l - yOTi:sj)
<

mOTi,STi - EOTiysT' (SJ) M(l - yOTi:sj)

k3

Finally, the objective function is

-3, [KARi + kARifEARi,SRi_I_l]

- [KSRl + kSRl mSRl’SR2 + kORl SRy mORl’SRl]

— i, [KsRi + ksp, Tsp, Sn;,, T Kar, | ,Sn,Tar,_, ,Sr, T KOg, S5, TOR, Sr,
- [KORI + kog, Tog, 55,

B 2?22 [KORi + kORimORi’SRi + kARi—l’ORimARi—l’ORi]

-y, [KoTi + koTimoTi,sTi]

- [KSTl + kSTl mSTl STy + kOTl Sty mOTl ’ST1:|

— i, [KsTi + ksp,@se,,51,,, T ks, 51,055, 55, T k0g,,57,%01,,51,
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