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AbstractIn this paper, we consider the problem of using disk blocks e�ciently in searchinggraphs that are too large to �t in internal memory. Our model allows a vertex to berepresented any number of times on the disk in order to take advantage of redundancy.We give matching upper and lower bounds for complete d-ary trees and d-dimensionalgrid graphs, as well as for classes of general graphs that intuitively speaking have aclose to uniform number of neighbors around each vertex.



1 IntroductionSearching is a fundamental topic in computer science [Knu]. In external searching,the records to be searched cannot �t simultaneously in the internal memory. Inthis report, we consider searching in graphs. There is a process that generates apath through a graph, and it is necessary for each vertex in the path to be presentin memory in order to decide which vertex to visit next. We assume that internalmemory is capable of holding M vertices, and that data are read from the secondarystorage in blocks of B vertices, where of course B �M . The goal is to minimize thetotal number of block transfers.We show that optimal blocking speed-ups can be achieved for many graphs as longhas some degree of replication of data is present. We study this problem under a widevariety of assumptions concerning replication of data and structure of the underlyinggraph. For the case of grid graphs blocked using isothetic hypercubes, we show thatwith no duplication of data, there is a provably worse bound on the optimal blockingspeed-up.We are expanding on the research area of e�cient data storage, where in ourcase we have some knowledge (in the form of a graph) of the possible data accesses.We do not, however, know the sequence of accesses in advance. There are manyapplications for using blocks e�ciently in external graph searching. These includeA.I. searching in constraint networks, robot motion planning, the simulation of largeDeterministic Finite Automata (DFA), browsing in hypertext applications, accesses inobject-oriented databases, and some matrix algorithms such as searching in monotonearrays [AgP]. Sometimes the graphs are well-structured, as in the case of matrixsearches and robot motion planning in a space discretized in a grid (which gives riseto grid graphs). At other times the graphs are unstructured, as in A.I. searchingand DFA simulation. For the purposes of this paper, we assume that all graphsare undirected, an assumption that may not hold for certain applications such ashypertext and object-oriented databases.One important assumption of our model is that data may be multiply representedin blocks. This is a stronger assumption than that used, for example, by externalB-trees, where a record of data may be pointed to from several places, although thedata (exclusive of the key being indexed) exist in only one block [Ull]. We allow actualreplication of the data and de�ne the storage blow-up s to be the ratio between theactual number of blocks used to represent the data and the minimum number thatcould be used.We know of no previous work for this problem, but there is considerable relatedwork. Borodin et al. considered a similar problem where they were traversing anaccess graph, but they considered only block size B = 1 and worked on developingan e�cient paging algorithm [BIR]. Alternatively, all the work done in the databasecommunity on B-trees could be viewed as a solution to our problem for completetrees with s = 1. 1



There is considerable previous work on embedding of one type of data structureinto another [AlR, CRS, DEL, Rosa, Rosb, Rosc, RoS]. This work is relevant becauseif we view the data structures as graphs, the goal of the embedding is to maintainlocality in the original graph when accesses are done according to the target graph. Ifthe data structures can be stored so that local references in the structure correspondto local references in storage, then it is hoped that such a locality-of-reference wouldlead to fewer page faults. Of course, this is only a heuristic, and local references inthe target graph do not always get translated into local references in the host. Forexample, Rosenberg considered the problem of preserving proximity in arrays [Rosa]when mapping onto a linear access structure. A grid graph describes the proximityproperties of arrays, so the embedding problem here is to map a grid graph into asemi-in�nite number line. An interesting hypothesis is that blocking the data elementsthat are mapped into consecutive sets of B numbers on the number line would givegood performance for graph searching in a grid graph. Rosenberg showed that thereis no linear mapping scheme that preserves proximity globally in arrays that areextendible in more than one dimension. DeMillo et al. considered the same problemand showed that proximity could be maintained if the storage mechanism was abinary tree [DEL]. Both concluded that the standard row-major (or column-major)way of storing arrays was asymptotically optimal for preserving locality in arrays.We �nd, however, that our earlier hypothesis concerning blocking does not hold evenfor �nite arrays, as long as the array structure is much larger than the memory size.The embedding literature also fails to take into account the fact that data itemsmay be multiply represented. An alternative approach is taken by Lipton et al., whoconsider hierarchies of embeddings of graphs, where they do allow a given vertex tobe replicated up to S times in going from one level of the hierarchy to the next, aswell as a factor of T expansion in the distance between vertices [LED]. Their paper,however, focuses on lower bounds for general graphs, and does not deal with the issueof how to �nd optimal embeddings. It is also not clear what the relevance of anyoptimal embeddings is to blocking.In Section 2, we state the speci�cs of the model we are using for blocking inexternal graph searching. Section 3 gives some general results on paging strategies.Section 4 gives upper and lower bounds for searching in general graphs. Sections 5and 6 consider upper and lower bounds for the blocking e�ciency of searching in treesand grid graphs, respectively. Finally, Table 1 in Section 7 gives a summary of theresults.2 ModelWe summarize the key assumptions of the model here, for the graph G = (V;E).1. The data are associated only with the vertices of the graph. Each vertex canbe represented with a �xed amount of space.2



2. Data for the vertices are stored in blocks, each of which can hold data for upto B vertices.3. Data for a single vertex may be redundantly present in more than one block.Only one such block needs to be present in memory to satisfy the request.4. The blocking algorithm must decide which data to store in which block beforethe search occurs, having no pre-knowledge of the search path.5. The internal memory can hold data for at most M vertices, after which B ele-ments will have to be 
ushed from memory to make room for a new block. Inthe weak model, those B elements must comprise a single block; in the strongmodel any B elements may be 
ushed from the memory.6. Initially there are no vertices in internal memory.7. The total number of vertices in the graph is n = �M , where �� 1.8. We will traverse a path of length L, where L could exceed n.Assumption 3 is reasonable for searching (a read-only traversal in the graph),where the data for the vertices are not changed, but would not be a reasonableassumption if we needed to perform updates on the graph, since then all copies ofa vertex would have to be present in memory to service the request. If the totalamount of storage used to represent the graph is S, we de�ne the storage blow-ups = S=(n=B). Intuitively, s is the average number of blocks containing each vertex inthe graph. One of the major e�orts of this research is to see what e�ect storage blow-up has on the e�ciency of blocking algorithms, which in turn determines how muchgain can be achieved by blocking for a read-only application versus an applicationthat is required to update the data structures.If a vertex is present in internal memory at least once, we will call the vertexcovered (by analogy with graph pebbling); conversely those vertices present nowherein memory are uncovered. We will use the term page fault to refer to an event wherethe path we are tracing through a graph extends to an uncovered vertex, and forwhich the searching algorithm therefore needs to read at least one block from thesecondary memory. If a path generates a page fault only every � steps (on average),we say that it achieves a blocking speed-up of �. We usually wish for � to be anincreasing function �(B). We will refer to the vertex currently being traversed at anytime as the pathfront.When a page fault causes a block to be brought into memory, it may be the casethat it is necessary for it to overwrite data that are already in memory so as not toexceed the memory size. If the data are always 
ushed out by blocks, we say thatwere are using the weak paging strategy. A strong paging strategy would allow anyB copies of vertices to be 
ushed, independent of whether they were originally in the3



same block. We count \copies of vertices" rather than the vertices themselves, sinceany vertex may be present multiple times in memory.Notice that an upper bound on the blocking speed-up � derives from theoreticalconsiderations that apply no matter what the algorithm, and a lower bound on �is an algorithm to achieve that speed-up. This is the reverse of the usual upperbound/lower bound situation. An algorithm consists of two parts:1. An assignment of vertices of the graph to blocks, known as the blocking. It ishere that the storage blow-up is a consideration.2. A paging algorithm to specify what vertices/blocks are in memory. It is thepaging algorithm that determines whether we are in the strong or the weakmodel.All algorithms presented in this paper are valid for the strong model. In this paper,all logarithms are base 2 unless otherwise speci�ed.3 Paging StrategiesIt is not obvious given this model that blocking can ever be used e�ciently. In fact,there is a graph for which an adversary can limit �(B) � 1, independently of B.For example, consider KM+1, the complete graph on M + 1 vertices, with the pathstarting on any vertex. At any subsequent point, there will be at least one vertexthat is not in memory. Extending the path to any such vertex will force a page fault.It would seem that restricting the graphs to planar ones would prevent such aterrible case from occurring (at least forM > 4). However, as the next section shows,even this restriction does not help very much in the worst case.We can distinguish between paging algorithms based on whether they are on-lineor o�-line. An o�-line paging strategy may consider the entire path before decidingwhat blocks need to be brought in. An on-line paging strategy must base its decisionon what block to bring in at any point only upon the previous history of the path(indeed it su�ces to know only the pathfront). Note that in both cases, however,the blocks are �xed a priori without knowledge of the path. There is no distinctionbetween an on-line and an o�-line lazy strategy if s = 1. Permitting a paging strategyto be o�-line and an unlimited storage blow-up allows for very e�cient blocking.Lemma 1 There is a blocking and an o�-line paging strategy that always achieves aspeed-up of at least B, even if B =M .Proof : Let the blocking be B = fvertices of all paths of length B � 1g. Clearly thestorage blow-up is large for this blocking. The o�-line algorithm is simple: at anypage fault, pick a block that contains all the vertices belonging to the next B � 1steps of the path. Thus, a page fault can occur at most every B steps. 24



The interesting cases come, of course, with using an on-line paging strategy andwith blockings with constant-degree storage blow-ups. We can term a paging al-gorithm as lazy if it only brings a block into memory that services an immediatelypreceding page fault. It is possible to show that we can restrict ourselves to lazyalgorithms from the standpoint of proving upper bounds, at least if we are dealing inthe weak model, as the following theorem shows.Theorem 1 For any blocking B = fBig, there is an optimal on-line weak pagingstrategy that is lazy.Proof : We want to convert any on-line weak paging algorithm A to a correspondingstrategy A0 that is lazy, without increasing the total number of page faults. Let thepath P = (v1; . . . ; vL) be �xed. We de�ne the set of blocksMi = fBk j algorithm A has Bk in memory when stepping to vertex vi+1g:Mi is a set of blocks; we will represent the set of vertices that is the union of all theblocks as [Mi. We de�ne M0i similarly for algorithm A0. We will let our derivedalgorithm proceed in a lazy fashion, maintaining the invariant M0i � Mi for all0 � i < L. We consider three transactions that may take place by algorithm A instepping from vertex vi to vi+1:1. Some set of blocks Ai is 
ushed from memory.2. Some block Bj may brought into memory as a result of a page fault. LetFi = ( fBjg if vi+1 =2 [Mi and vi+1 2 Bj; if vi+1 =2 [MiWe maintain jFij � 1; if more than one block contains a faulted vertex, weinclude only one of them.3. Some other set of blocks Ci is read into memory. Some of these blocks maycontain vi+q.By de�nition, Mi+1 = (Mi � Ai) [ Fi [ Ci. We are now ready to de�ne how toformM0i+1.1. If vi+1 2 [(M0i �Ai) then M0i+1 =M0i �Ai.2. If vi+1 =2 [(M0i �Ai) then(a) If Fi 6= ; then letM0i+1 = (M0i �Ai) [ Fi.(b) If Fi = ;. In this case, algorithm A0 will cause a page fault where algo-rithm A did not. A0 has in memory (at least) all those blocks which Abrought into memory for servicing page faults and has not subsequently
ushed. It follows that vi+1 2 Bk for some k for which Bk 2 C` forsome ` � i and Bk =2 Am for any ` < m � i + 1. Then we letM0i+1 = (M0i �Ai) [ fBkg. Set C` = C` � fBkg.5



It is easy to see that each of the possibilities preserves the invariantM0i+1 �Mi+1,thus guaranteeing that algorithm A0 will never exceed available memory. We can alsocompare the number of pages read by A0 at step i + 1, Pi+1(A0) to those read by Aat the same step, Pi+1(A):1. Pi+1(A0) = 0 � Pi+1(A).2. For the two subcases:(a) Pi+1(A0) = 1 � Pi+1(A).(b) Pi+1(A0) = 1. In this case, Pi+1(A0) could be higher than Pi+1(A). How-ever, then we must have had the case that P`(A0) � P`(A)�1, since j C` j�1, so that Pi+1(A0)+P`(A0) � Pi+1(A)+P`(A). We reduced the cardinalityof C` by one to compensate, so that Pi+1(A0) + P`(A0) � Pi+1(A) + P`(A).Thus, algorithm A0 needs no more reads than algorithm A, but has operatedthroughout in a lazy fashion. 2It is possible that this theorem could be extended to the strong model by con-sidering the multi-set of vertices present in memory instead of the set of blocks andproceeding similarly. The extension is not straightforward, however, since it is notso easy to decrement the cardinality of C`, since the block that read in the faultedvertex back in step ` may have had many of its vertices subsequently 
ushed, so thatit is di�cult to argue that Pi+1(A0) + P`(A0) � Pi+1(A) + P`(A).4 Searching in general graphsWe here consider the problem of searching in general graphs. First we must startwith some de�nitions. Consider we have a connected graph G = (V;E) such thatjV j = n = �M , where � > 1.De�nition 1 Let v 2 N � V . Then we say that N is a neighborhood of v.Note that N is not necessarily connected. Let Nv = fall neighborhoods of vg. IfN 2 Nv and jN j = k, then we say N is a k-neighborhood of v. Let Nv(k) =fall k-neighborhoods of vg.De�nition 2 Let N 2 Nv. Then b(v;N), the break-out distance of v in N , is de�nedto be the minimum distance from v to any point not in N , i.e.,b(v;N) = minv0 =2N d(v; v0);where d(v; v0) is the minimum path length from v to v0.6



De�nition 3 We call any N 2 Nv(k) for which b(v;N) is a maximum over all k-neighborhoods of v a compact k-neighborhood. If N is a compact k-neighborhood of v,then we de�ne rv(k) = b(v;N) to be the k-radius of v. We let N �v (k) denote the setof all compact k-neighborhoods of v.We can show a simple lemma concerning compact neighborhoods.Lemma 2 Assume we have a graph G = (V;E). At least one compact k-neighborhoodof vertex v is connected for any vertex v 2 V .Proof : Consider the sets W = fv0 2 V j d(v; v0) � rv(k)g and W 0 = fv0 2 V jd(v; v0) � rv(k)g and consider any V 0 2 N �v (k). By de�nition of rv(k), jW j � S <jW 0j. Since V is a compact k-neighborhood, it must be the case that W � V 0. Itcan be shown by simple induction on k that W and W 0 are connected. So any set V 0such that W � V 0 � W 0 will be connected, since V 0 �W will comprise only verticesconnected to some vertex in W and W was connected. There is some such V 0 forwhich jV 0j = k, which will be a connected, compact k-neighborhood of v. 2De�nition 4 We can de�ne two k-radii for graphs, then minimum k-radius and themaximum k-radius respectively to ber�(k) = minv2V rv(k)and r+(k) = maxv2V rv(k):De�nition 5 Any class of graphs for which the ratio r+(k)=r�(k) is bounded by aconstant for some k is called a k-uniform class of graphs.Clearly, for any particular graph, the ratio between the upper and lower k-radiusis constant, so the uniformity de�nition applies only to an in�nite class of graphs.We start with a few examples of k-radii, followed by a few simple lemmas.Example 1 We can compute the k-radii of complete d-ary trees. It is simple to seethat the root has (dr+1 � 1)=(d� 1) within a distance of r (assuming that the heightof the tree is at least r). This fact leads torroot(k) = log (k(d � 1) + 1)log d � 1:Similarly, a vertex that is at least a distance r from both the root and the leaves hasradius rint(k) = log (k(d � 1) + 2) � log(d + 1)log d :7



The leaves are a little harder to analyze, but each leaf of a tree with height at least rhas dbr=2c+1 + ddr=2e � 2d� 1vertices within a distance r of it. This leads to a radiusrleaf(k) = min(2& log (k(d� 1) + 2) � 1log d � 12' ;2& log ((k(d+ 1) + 2)=d � 1)� 1log d '+ 1) :Comparing these values, it follows that for complete d-ary trees, r�(k) = rint(k)and r+(k) = rleaf(k). Those internal vertices that are within a distance r of the roothave a number of vertices within a distance r of them that is intermediate betweenthose of the internal vertices and the root; the radii are correspondingly intermediatewhen k becomes large enough. A similar fact holds for those internal vertices thatare close to the leaves. 2Lemma 3 The set of all complete d-ary trees is a uniform class of graphs.Proof : The minimum and maximum radii are always within about a factor of 2. 2Example 2 We can also compute the leading term of the radii for grid graphs. SeeSection 6 for a de�nition of grid graphs. We �rst note that all the vertices in a d-dimensional grid graph have the same radius rd(k) for any value k; consequently gridgraphs comprise a uniform class of graphs. We start by computing the number ofvertices kd(r) within a distance r of any vertex in a d-dimensional grid graph; theradii are found by inverting this function to get r as a function of k. The problem ofcomputing how large the neighborhoods of radius r in d-dimensional grid graphs wasconsidered by Rosenberg [Rosa], where he derived the answer O(rd). In the followingderivation, we �nd the exact coe�cient of the rd term.It is immediately apparent that in one dimension, there are 2r+1 vertices withina distance r of any vertex; in other words, k1(r) = 2r + 1. We will only be able tocompute the leading term, so we will consider the functions ~kd(r) that are the sameas kd(r) with all but the leading terms removed. Thus, ~k1(r) = 2r. We observe thatkd(r) = kd�1(r) + 2 X0�r0<r kd�1(r0);or equivalently ~kd(r) = 2 X0�r0<r ~kd�1(r0):It is also clear that ~kd(r) = cdrd for some cd. We can compute the recurrence for cdas follows: cd = 2dcd�1c1 = 28



using the fact that X0�i<n id = 1d + 1nd+1 +O(nd):We can solve the recurrence for cd to show that~kd(r) = 2dd! rd:Inverting this formula, we arrive at our radius:rd(k) = 12 (d! k)1=d + o(k1=d):We can use Stirling's formula to approximate the d! term, giving the resultrd(k) � 12e(2�d)1=2d dk1=d:Finally, notice that (2�d)1=2d converges to 1 as d ! 1 (and is never larger thanabout 2.5), so that rd(k) � 12e dk1=d:Since all the vertices have the same radius, we getr+d (k) = r�d (k) � 12e dk1=d: (1)2Lemma 4 For any graph G = (V;E), if k � k0, then1. rv(k) � rv(k0) for any v 2 V ,2. r+(k) � r+(k0), and3. r�(k) � r�(k0).Proof : Assume that k � k0.(1) Let N be a compact k-neighborhood of v. Let N 0 be N plus any (k0�k) othervertices. Then N 0 is a k0-neighborhood with radius at least rv(k).(2) Let v be a vertex such that rv(k0) = r�(k0). Then we haver�(k) � rv(k) � rv(k0) = r�(k0):(3) Let v be a vertex such that rv(k) = r+(k). Thenr+(k) = rv(k) � rv(k0) � r+(k0): 29
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>2r  (k)+Figure 1: Vertex w will have a larger k-radius than r+(k).The next lemma states that if we increase a compact j-neighborhood of any vertexby adding k additional vertices, we cannot increase the radius by more than 2r+(k).Lemma 5 For any vertex v, rv(j + k) � rv(j) + 2r+(k).Proof : Figure 1 illustrates this proof. Assume by way of contradiction that forsome j, k, and v, we have rv(j + k) > rv(j) + 2r+(k). We can �nd two compactneighborhoods Nj and Nj+k consisting of j and j + k vertices, respectively, withNj � Nj+k. By de�nition of the radius, those vertices on the border of Nj (i.e.,those vertices v0 such that b(v0; Nj) = 1) have b(v0; Nj+k) > 2r+(k) + 1. Choosethat vertex v0 such that b(v0; Nj+k) is minimized and consider a path that realizesthe break-out distance. This path will have length more than 2r+(k) + 1. Considerthe vertex w that is the midpoint of the path. De�ne N = Nj+k � Nj ; N is a k-neighborhood of w. From vertex w, it takes more than r+(k) steps to reach any vertexin Nj; likewise it takes more than r+(k) steps to reach any vertex in G � Nj+k. Itfollows that b(w;N) > r+(k), contradicting the de�nition of r+(k). Hence there canbe no such j, k, and v. 2The previous lemma leads to the following important result.Lemma 6 Assume that k � k0. Thenr+(k0) �  2k0k + 2! r+(k):10



Proof : Let v be some vertex with radius rv(k0) = r+(k0) and let d = dk0=ke. ByLemma 5, if we start from some compact k-neighborhood of v, we can increase theradius by at most 2r+(k) for every additional k vertices we add to it. It follows thatr+(k0) = rv(k0) � rv(k) + 2dr+(k) � r+(k) + 2dr+(k) �  2k0k + 2! r+(k): 24.1 Upper boundsArmed with the above de�nitions and lemmas, we are ready to prove some upperbounds. The �rst few upper bounds are trivial.Lemma 7 The fastest worst-case speed-up that could be achieved in any graph is � �r+(M).Proof : Let the vertices in memory be some k-neighborhood of the pathfront just aftera page fault has been serviced, for some k � M . By de�nition of r+(M), there willalways be some vertex within that distance of the pathfront that is not in memory,so it can take at most that many steps to cause the next page fault. Causing thenext page fault leaves the same con�guration as we assumed, so this process can becontinued inde�nitely. 2A second lemma is like this �rst one.Lemma 8 The fastest worst-case speed-up that could be achieved in any graph is � �2r�(M).Proof : Let v be a vertex such that rv(M) = r�(M) (there must be at least one suchvertex by the de�nition of minimum M -radius), and let W = fv0 2 V j d(v; v0) �r�(M)g. By de�nition, jW j > M and the distance between any two points w;w0 2 Wis d(w;w0) � d(w; v) + d(v;w0) � 2r�(M):Then as long as the pathfront is somewhere in W , it is always possible to extend thepath to a vertex in W that is not in memory in fewer than 2r�(M) steps, no matterwhich M vertices are in memory. We can begin at vertex v to establish the initialcondition. 2These lemmas correctly handle the example where a vertex is attached toM othervertices; r+(M) = 1 in this case and as we found before, no speed-up was possibleregardless of the block size.The di�culty with these two lemmas is that they are independent of the blocksize. Intuitively, it would seem that by using a block size of B, the fastest possiblespeed-up would be B or at least O(B). The next lemma proves such a bound.11



Lemma 9 The fastest worst-case speed-up that could be achieved in a graph contain-ing �M vertices, � > 1, is � � 2 �� � 1B:Proof : Assume that we are anywhere in the graph and that there are at most Mvertices in memory. We can walk through the entire graph using exactly 2�M stepsby doing an Eulerian tour of the graph resulting from doubling all the edges of somespanning tree; this tour will leave us back at the same node as we started. Duringthis walk, we are guaranteed to cause at least (�� 1)M=B page faults. 2This upper bound reduces to 2B as we let � !1. In the special case of graphscontaining a Hamiltonian cycle, we can clearly get an upper bound of B by havingthe adversary continually follow the Hamiltonian cycle.We would like to prove an even stronger upper bound, speci�cally something thatis proportional to r+(B) � B. The next lemma gives a result along this line.Lemma 10 The fastest worst-case speed-up that could be achieved for any graph is� � �2MB + 2� r+(B).Proof : From Lemma 7, we know that r+(M) is an upper bound. But from Lemma 6,r+(M) � �2MB + 2� r+(B). 2In particular, the previous lemma shows that we have a bound that is proportionalto r+(B) as long as we use blocks that grow as a constant fraction of the memorysize|in other words, as long as we have large blocks. As the block sizes becomesmaller, it becomes much more di�cult to get an upper bound proportional to r+(B).The following lemma gives such a bound with some restrictions on the blocking. Welater generalize the lemma to remove any such restrictions.Before presenting the lemma, however, we want to make some observations abouthypergraphs [Ber]. First, a hypergraph is a pair G = (V;H), where V is a setof vertices and H is a set of subsets of V called edges. If each set H 2 H hascardinality 2, then G is an ordinary graph. If jHj = r for all H 2 H, then we saythat the hypergraph is r-regular. Let S � V . Then if for every H 2 H we havejH \ Sj � 1, then we say that S is a strongly stable set of vertices. Notice thatblocking the vertices of the graph in which we wish to search induces a B-regularhypergraph, where each of the blocks is an edge of the hypergraph. The next lemmasays that we can get an upper bound proportional to r+(B) as long as we can �nd astrongly stable set of vertices of cardinality at least dN=Be.Lemma 11 Assume that there are dN=Be vertices such that there is no block con-taining any two of them. Then the blocking speed-up satis�es�(B) � 8r+(B)as N=M !1. 12



Centers of close-packing balls

“Must-visit” verticesFigure 2: Creating a spanning tree visiting all the \must-visit" vertices.Proof : De�ne the ball of radius r around vertex v to be fv0 2 V j d(v; v0) � rg,denoted by Kv(r). De�ne a close packing of balls of radius r in a graph to be apacking of balls of radius r such that each ball is touching at least one other ball(assuming there is more than one ball in the packing). Two balls are touching if thedistance between their centers is 2r. Choose any maximal close packing of balls ofradius r+(B) in the graph. Connect the centers of any touching balls together viapaths of length 2r+(B) and create a spanning tree of the resulting subgraph, as shownin Figure 2. This spanning tree is called the skeletal Steiner tree. Since each ball ofradius r+(B) by de�nition contains at least B vertices of the graph, there are at mostbN=Bc balls in the maximal close packing. Hence, the total length of this skeletalSteiner tree is no more than 2r+(B) (bN=Bc � 1).We claim that every vertex in the graph is within a distance 2r+(B) of the skeletalSteiner tree. Assume that some point exists whose distance to the skeletal Steiner treeis greater than 2r+(B). Then it must likewise have a distance at least 2r+(B) from thecenters of each of the balls, and consequently there exists some vertex with distanceexactly 2r+(B) from some ball whose ball of radius r+(B) does not overlap any ofthe other balls, contradicting the assumption that the close packing was maximal.Now choose dN=Be strongly stable vertices. We call these vertices the \must-visit" vertices, since by visiting all of them, we guarantee that we will cause at leastdN=Be �M page faults. This set of strongly stable vertices was assumed to existin the lemma. Attach each of these vertices to the skeletal tree using a path whoselength is no more than 2r+(B) to form an augmented Steiner tree of total length nomore than 2r+(B) �NB �+ 2r+(B)��NB � � 1� < 4r+(B) �NB � :13



Traversing this augmented Steiner tree using an Eulerian tour is guaranteed to touchon dN=Be distinct blocks, with a total path length of no more than 8r+(B)dN=Be.Thus, we can have a blocking speed-up no more than8r+(B)dN=BedN=Be �M ! 8r+(B)as N=M !1, since M � B and therefore N=B !1 as N=M !1. 2This lemma has a simple corollary in the case that s = 1.Corollary 1 If the storage blow-up s is 1, then the blocking speed-up � is less than8r+(B).Proof : There are at least dN=Be blocks required to cover the graph. Pick a rep-resentative of each of these blocks as the \must-visit" vertices. These vertices areguaranteed to satisfy the strongly-stable condition of Lemma 11. 2In the case s = 1, choosing and connecting the dN=Be \must-visit" vertices is aninstance of what is described in the literature at the group Steiner tree problem. Inthe group Steiner tree problem, the input consists of several sets of vertices, and thegoal is to �nd a Steiner tree that touches at least one representative of each set. Reichand Widmayer gave an approximation algorithm for the minimum group Steiner treeproblem, but did not give any guarantees on how much worse than optimal theirresults could be [ReW]. Ihler has shown the problem to be NP-hard, even if thegraph is a tree, and gave a trivial algorithm to approximate the optimal tree withina factor of g � 1, where g is the number of groups [Ihl].The problem with applying Lemma 11 to blockings where there are not dN=Bestrongly stable vertices is that we are not guaranteed that each of the \must-visit"vertices will cause a page fault. Choosing a static set of \must-visit" vertices allowsthe paging algorithm to possibly satisfy several of the requests with a single block. Inthe extreme case where every set of B vertices comprises a block, the paging algorithmmight always bring in the next B \must-visit" vertices, achieving a blocking speed-upof Br+(B). The following lemma is a generalization to Lemma 11 that gets aroundthis problem by choosing the \must-visit" vertices dynamically.Lemma 12 The fastest worst-case speed-up that could be attained in any graph is� � 8r+(B):Proof : We construct a skeletal Steiner tree in the graph identically to how we did inthe proof for Lemma 11. However, instead of picking a �xed set of dN=Be \must-visit"vertices, we instead consider all the vertices in the graph as potential \must-visit"vertices. We show that every time we extend our path by 8dN=Ber+(B), we willcause at least d(N �M)=Be page faults, giving us the desired upper bound.14



We are going to order all the vertices in the graph. We start by associating witheach vertex of the skeletal Steiner tree a group consisting of all the vertices in the graphthat are closer to it than to any other vertices of the skeletal Steiner tree. Verticesthat are equidistant from several vertices of the skeletal Steiner tree are arbitrarilyassigned to the group of one of them. We call the vertex on the skeletal Steiner treethe parent of its group. Each group has at least one vertex in it: its parent. We nowpick some vertex of the skeletal Steiner tree as our distinguished start vertex, andassign it the number 1. We number any other vertices in its group in arbitrary orderstarting at 2. We complete the numbering by doing an Eulerian tour of the skeletalSteiner tree, numbering all the vertices of any previously unnumbered groups as wecome across the group's parent node in the skeletal Steiner tree.Assume for the moment that none of the vertices is in memory and that we startour path at the start vertex of the graph, vertex 1. In response to the request atvertex 1, the paging algorithm will generate a page fault, bringing in some block of Bvertices. We then consider the next \must-visit" vertex to be the �rst vertex accordingto the ordering that is not in memory (call it v). As in the proof to Lemma 11, wevisit v by going along the skeletal Steiner tree in Eulerian order until we get to itsparent node and then taking a shortest path to v. After causing the page fault at v,we �nd the next \must-visit" vertex (call it w) in the same way, extend the path to wby going back to the skeletal Steiner tree reversing the path that brought us to v,taking the Eulerian path in the skeletal Steiner tree to the parent of w, and taking ashortest path to w. We continue this process until we have caused dN=Be page faults.At this point we will not have completed the tour, since we have N potential \must-visit" vertices, but the paging algorithm can only bring in B at a time, so that wecan always cause dN=Be page faults. Complete the tour by considering vertex 1 as adummy \must-visit" node and extending the path appropriately. This process createsan augmented Steiner tree among dN=Be dynamically chosen \must-visit" vertices,with total path length no more than 8r+(B), just as in the proof of Lemma 11. Ifthere are vertices in memory, we can create the augmented Steiner tree in the samefashion, except that we can only guarantee d(N �M)=Be \must-visit" vertices inthe augmented Steiner tree. We can obviously continue cycling through the verticesinde�nitely, choosing a di�erent set of \must-visit" vertices at each pass. Thus, theoverall blocking speed-up can be no more than�(B) � 8r+(B)dN=Bed(N �M)=Be ;which gives the desired result as N=M !1. 2The previous lemmas lead up to our upper bound theorem.Theorem 2 The fastest worst-case speed-up that could be attained in any graph con-taining �M vertices, � > B, is� � min(r+(M); 2r�(M); 2 �� � 1B;�2MB + 2� r+(B); 8r+(B)) :15



Proof : This theorem follows directly from Lemmas 7 to 12. 24.2 Lower boundsIf we do not care about the storage blow-up, we can easily obtain a lower bound forgeneral graphs.Lemma 13 There is a blocking and an on-line paging algorithm that achieves aworst-case speed-up of r�(B) with average storage blow-up s = B as long as M � B.Proof : Let the blocking B consist of one representative of N �v (B) for each vertex v inthe graph. When a page fault occurs on some vertex w, we bring in the representativeof N�w(B), replacing whatever else is in memory. By the de�nition of the radius, itwill take at least rw(B) � r�(B) steps to cause another page fault.We can easily compute the storage blow-up of the blocking. The blocking hasone block of size B for every vertex in the graph; thus, on average, each vertex isrepresented B times. However, there is no bound on the maximum number of timesa vertex may be represented. 2It is natural to ask to what extent we can reduce the storage blow-up in Lemma 13.It seems excessive to center a block on every vertex. It is indeed possible to reduce thestorage blow-up somewhat. First, let us de�ne a problem called BALL COVER(r).� Problem: BALL COVER(r)� Input: Connected graph G = (V;E) and distance r� Output: A subset V 0 � V of minimal cardinality such that for all v 2 V thereexists a v0 2 V 0 such that d(v; v0) � rThe problem of BALL COVER(r) is to pack a minimumnumber of balls of radius rinto the graph in such a way that the entire graph is covered.We can show a simple lemma relating BALL COVER(1) to VERTEX COVER.Recall that VERTEX COVER is the problem of �nding a minimum cardinality subsetV 0 � V such that for every edge e = (u; v) 2 E, either u 2 V 0 or v 2 V 0.Lemma 14 For a connected graph, any vertex cover is a ball cover(1).Proof : Let V 0 be a solution to VERTEX COVER. Assume by way of contradictionthat there is some vertex v such that d(v; v0) � 2 for all v0 2 V 0. Since G is connected,v is connected to some vertex u. u =2 V 0 by assumption since d(v; u) = 1. But thenthe edge (v; u) has no representative in V 0, so V 0 was not a vertex cover. 2VERTEX COVER is an NP-complete problem [GaJ], but there is a well-knownpolynomial algorithm that approximates the optimal vertex cover within a factor of 2.Take any maximal matching of G. A maximal matching is a set of vertex-disjoint16



edges in a graph such that no additional edges can be added to it that will still bevertex-disjoint. Let V 0 = fall endpoints in the maximal matchingg. V 0 is a vertexcover, since if any edge had neither endpoint in V , we could add it to the matching,implying that the matching was not maximal. It approximates the optimal vertexcover within a factor of two, since at least one endpoint of every edge in the maximalmatching must be present in the vertex cover. Unfortunately, the upper bound onthe cardinality of V 0 is n.We can use the idea to give upper bounds on the maximum cardinality subsets ofBALL COVER(r).Lemma 15 There is a solution V 0 to BALL COVER(2) such that jV 0j � jn2 k when-ever n � 2.Proof : Find a maximal matching of G and let V 0 consist of one endpoint of everyedge in the matching. If the matching is empty, the graph must consist of a singlepoint. If the matching is non-empty, any vertex that is a member of some matchingis within a distance 1 of some v0 2 V 0. Likewise, any vertex that is adjacent to avertex in the matching is within a distance 2 of some v0 2 V 0. Therefore, any vertex vthat is not within a distance 2 of some v0 2 V 0 must have a distance at least 2 fromany vertex in the matching. But then there is a vertex u adjacent to v that has adistance 1 from any matching, so (v; u) could be added to the matching, contradictingour assumption that the matching was maximal. Hence, V 0 is a ball cover(2). Thematching can use at most n vertices, of which only one half are in V 0, so jV 0j � n2 . 2In �nding a ball cover(1), we packed as many graphs of the form �{� as wecould, where a �lled circle denotes a vertex that we include in V 0. When searchingfor a ball cover(2), we packed subgraphs of the form �{�. What happens of we packsubgraphs of the form �{�{�?Lemma 16 There is a solution V 0 to BALL COVER(3) such that jV 0j � jn3k as longas n � 3.Proof : Find a maximal packing of graphs of the form �{�{�, where we includethe middle vertex in V 0. If the packing is empty, the graph has only two verticesin it (either of which is a ball cover(3)). Assume that V 0 is non-empty. To showthat V 0 is a ball cover(3), consider the fact that any vertex within one of the packedsubgraphs must have a distance at most 1 from a vertex in V 0. Thus, if there were avertex v that had a distance of 4 from any vertex in V 0, then it must have a distanceat least 3 from any vertex in the packing. But if that were the case, then it wouldbe adjacent to a vertex u of distance 2 which is adjacent to a vertex w of distance 1from any vertex in the packing. But then the path (v; u;w) could have been addedto the packing (and u added to V 0), contradiction the assumption that the packingwas maximal. 2We can summarize the results above in the following table:17



r jBALL COVER(r)j1 n2 jn2 k3 jn3 kIt is tempting to extrapolate the table to say that jBALL COVER(r)j � jnr k.Unfortunately, the above construction does not generalize to n = 4. However, we canextend the method to show the following theorem.Theorem 3 Let j 2 Z+. Then there is a solution V 0 to BALL COVER(3j) suchthat jV 0j � j n2j+1k whenever n � 2j + 1.Proof : Consider a maximal packing of subgraphs of the form�{� � �{�| {z }j {�{�{� � �{�| {z }j ;choosing only the centermost point to be in V 0. If the packing is empty, then there areno two points in the graph that are separated by a distance of more than 2j+1 � 3j,so any single vertex will comprise a ball cover(3j); the cardinality, 1, will be no morethan n=(2j+1) whenever there are at least 2j+1 vertices in the graph. Now considerthe case where the packing is not empty. (By de�nition, there are at least 2j + 1vertices in the graph.) We claim that V 0 is a ball cover(3j). Assume that there issome vertex v that has a distance (without loss of generality) of 3j+1 from any vertexin V 0. Every vertex in one of the packed subgraphs is within a distance j of somepoint in V 0, so vertex v must have a distance that is at least 2j+1 from any vertex inthe packing. But then there is a path of length 2j + 1 that does not include verticesof any matching, contradicting the assumption that the packing was maximal. Thus,V 0 is a ball cover(3j). It is evident by inspection that jV 0j � bn=(2j + 1)c. 2What about BALL COVER(2j + 1) and BALL COVER(2j + 2)? We can extendTheorem 3 by the simple observation that any ball cover(r) is also a ball cover(r+1).Corollary 2 There is a solution V 0 to BALL COVER(r) such that jV 0j � n2br=3c+1.Proof : Choose j = br=3c and apply Theorem 3. Every vertex is within a dis-tance 3br=3c � r of some vertex of V 0 and the cardinality jV 0j is exactly the givenexpression. 2We are now ready to reduce the storage blow-up needed to attain a blockingspeed-up of cr�(B).Theorem 4 There is a blocking and an on-line paging algorithm that achieves aspeed-up � � dr�(B)=2e with asymptotically s = 3B=r�(B) as long as M � B.18
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≥rFigure 3: The distance between vertex v and vertex w must be at least l r2m.Proof : For compactness of notation, let r = r�(B). Construct a set V 0 to be a ballcover(br=2c), and choose as our blocking a representative of N �v (B) for every v 2 V 0.Recall that a compact B-neighborhood will have radius at least r. When a page faultoccurs at some vertex v, we know that there is some v0 2 V 0 such that d(v; v0) � r=2.Bring in the block associated with v0, Bv0 , replacing whatever else is in memory. Theblock contains every vertex within a distance rv0(B) � 1 � r � 1 of v0. Considerany vertex w not within the block Bv0 , as illustrated in Figure 3. By the triangleinequality, we know that d(v0; w) � d(v;w) + d(v; v0);or d(v;w) � d(v0; w)� d(v; v0):Furthermore, d(v0; w) � r and d(v; v0) � br=2c. Consequently it will take atleast dr�(B)=2e steps to cause an additional page fault from v. The memory needsclearly never exceed B.To show the storage blow-up, notice that as long as the graph has at least br=2cvertices in it, the number of vertices in V 0 isjV 0j � n2br=6c + 1 :Since each block contains B vertices, each vertex is represented an average ofs � Bn n2br=6c + 1times, giving the result. 219



Notice that the lower bounds give us tight upper and lower bounds on the blockingspeed-up in uniform classes of graphs, since the upper bound we have achieved isproportional to r+(B) and the lower bound is proportional to r�(B), which are withina constant factor of each other for uniform classes of graphs. We can give a di�erentsolution to the BALL COVER problem that works out better for grid graphs in termsof storage blow-up, but not quite as well for complete trees. First, we de�ne somethingthat is as close as we can come to the inverse functions for r+(k) and r�(k).De�nition 6 Let kv(r) = jKv(r)j, the cardinality of the ball of radius r aroundvertex v. We call kv(r) the volume of Kv(r). Then we de�nek+(r) = maxv2V kv(r)k�(r) = minv2V kv(r)Now we can show our other bound for BALL COVER.Theorem 5 Let G = (V;E) and radius r be given. Then there exists a solution V 0to BALL COVER(r) with cardinalityjV 0j � nk�(br=2c) :Proof : Consider a maximal packing of G with balls of radius br=2c and include in V 0the center point of all these balls. We claim that every vertex v is within a distance r ofsome v0 2 V 0, i.e., that V 0 is a ball cover(r). Assume by way of contradiction that thereis a point v that is more than a distance r from all the vertices, so that d(v; v0) � r+1for all v0 2 V 0. Then each of the neighbors w1;i of v has d(w1;i; v0) � r for all v0 2 V 0.Similarly, those vertices of distance 2 from v have distance d(w2;i; v0) � r� 1, and soon down to d(wbr=wc;i; v0) � dr=2e+1 > br=2c. But then, we could include Kv(br=2c)in the packing, contradicting the assumption that the packing was maximal. Hence,V 0 is a ball cover(r). To show the cardinality, simply notice that each of the ballsof radius br=2c removes at least k�(br=2c) vertices from further consideration in thepacking; at most nk�(br=2c)such balls could be removed. 2Now we can do a new version of Theorem 4.Theorem 6 There is a blocking and an on-line paging algorithm that achieves aspeed-up of dr�(B)=2e with s � B=k�(br�(B)=4c).Proof : As in the proof to Theorem 4, construct V 0 to be a ball cover(br�(B)=2c) andpick a compact B-neighborhood around each v 2 V 0. The same argument shows that20



the speed-up is at least dr�(B)=2e. By Theorem 5, the cardinality of V 0 need be nomore than jV 0j � nk� �j r�(B)4 k� : 2In the case of d-dimensional grid graphs, this theorem results in a storage blow-upof 4d. It might be possible to reduce the base of the exponent by using a di�erentargument, but the fact that we need to consider neighborhoods of radius r=2 to geta ball cover of radius r means that the result will be exponential.We do not have any lower bound results for general graphs that have constantstorage blow-up. We hope to get something with s = constant that will be propor-tional to r�(B). It is likely that when we disallow storage blow-up that we will not beable to obtain such good results; a general proof technique for showing upper boundsin the absence of storage blow-up is not known.In the next two sections, we consider special-case arguments for complete treesand grid graphs.5 Searching in Complete TreesFirst we will consider upper bounds on the blocking speed-up in complete d-ary trees.After showing the upper bounds, we will give algorithms to achieve them within aconstant factor with a small constant storage blow-up.5.1 Upper boundsIf we allow the arity of the tree to be arbitrarily large, we immediately run intoproblems where we cannot use blocking e�ciently. Consider, for example, a graphin which some vertex v is connected to M other vertices. It is possible to cause (atleast) one page fault by extending the path to v and then going to any of the othervertices that are not in memory. There must be at least one such vertex. Thus, wecan generate a page fault with every other vertex for a worst-case blocking speed-up�(B) � 2 independently of B.We can generalize this argument to complete d-ary trees to give a result that isabout a factor of 8 better than the general 8r+(B) result of Lemma 12.Theorem 7 In a complete d-ary tree of height h, the maximum worst-case speed-upthat could be guaranteed is �(B) � 2hhlogdB � logdM : (2)21



Proof : Consider an adversary who is trying to cause as many page faults as pos-sible. Assume that the pathfront is at the root, with some M vertices in memory.Thereafter, the adversary will walk down the tree, taking at each level the branchthat goes to the closest vertex that is not in memory. Since at most dr+1�1d�1 verticescan be within a distance r of the pathfront, it is guaranteed that a page fault will begenerated at least every logdB steps in regions that were previously not in memory.The fact that there were M items in memory means that the path could traverse upto logdM of these, for a total of at most logdM page faults not caused. Once theadversary has reached a leaf, he will extend the path by going directly back to theroot. If we assume that the tree has a total height of h, and that no page faultsare caused on the way back to the root, then the adversary can cause a minimum ofhlogdB � logdM page faults in 2h steps. Since this process leaves the same state as wasassumed initially, the process can continue inde�nitely. Taking the ratio of steps topage faults gives the result. 2Corollary 3 As the height of the tree grows without bound, the maximum worst-casespeed-up is �(B) � 2 logB= log d.Proof : This result follows by taking the limit of equation (2) as h!1. 2For upper bounds on other kinds of trees, see Section 4, which gives upper boundsfor general graphs.5.2 Lower boundsSo far, there is no known optimal algorithm that does not have storage blow-upgreater than one. However, we can give a simple blocking with s = 2 that achievesoptimal performance.Lemma 17 There is a blocking in a d-ary tree with s = 2 and an on-line pagingalgorithm such that the worst-case speed-up � is at least logB2 logd , with no assumptionson memory size other than the obvious M � B.Proof : Consider a blocking where we put complete trees of height k = logB= log d+o(logB) into each block. Each of the children of the leaves of a block will be theroots of new blocks. Assume that the root of the tree is the root of the top block.We will call this blocking B1. We will overlap a second such blocking B2 o�set by aheight of k=2, where k = logB= log d + o(logB), as shown in Figure 4. Clearly thiscan be done with a storage blow-up of 2, since vertices are represented at most oncein each of B1 and B2. Now consider a step where the pathfront causes a page fault.There are two cases to consider: (1) the pathfront stepped o� the top (i.e., towardsthe root) of a block that was in memory or (2) the pathfront stepped o� the bottom(i.e., towards the leaves) of a block that was in memory. Without loss of generalityassume that the block being stepped out of belongs to B1. In either case, we bring22
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Figure 4: A blocking of a d-ary tree using s = 2.in the block in B2 containing the pathfront into memory (getting rid of anything elsein memory to make room for the block). By construction, it will require at least k=2additional steps to cause another page fault, proving the result. 2The lower bound when we allow a constant degree of storage blow-up is withina factor of 4 of the upper bound. This result contrasts with the general case, wherepotentially large (non-constant) storage blow-up is required to come within a constantfactor of the optimal blocking speed-up. It is an open question what is possible inthe absence of storage blow-up.6 Searching in Grid Graphs and Diagonal GridGraphsBy a grid graph in d dimensions, we mean a graph, where the vertex set consists ofZd and the edge set isE = f((a0; . . . ; nad); (b0; . . . ; bd)) jXi jai � bij = 1g:For example, in one dimension, the grid graph consists of the integer points on anumber line. In this section, we will consider mainly in�nite grid graphs. We willalso consider diagonal grid graphs, which have the same vertex set as grid graphs,but have edge setE = f((a0; . . . ; nad); (b0; . . . ; bd)) j jai � bij � 1 for all 1 � i � dg:Figure 5 shows an example of a diagonal grid graph in two dimensions.23



Figure 5: A diagonal grid graph in two dimensions.6.1 1-dimensional grid graphsWe start with the results for 1-D grid graphs, where we have tight upper and lowerbounds for the speed-up. The bounds, in particular the upper bound, may seemtrivial, but understanding the argument in one dimension is key to understanding thehigher-dimensional analogues. (The upper bound is also better in some ways thanany we have been able to prove for general graphs.) Note that in one dimension, adiagonal grid graph is the same as a grid graph.6.1.1 Upper boundsLemma 18 The fastest worst-case speed-up that could be achieved in a 1-D grid graphis � � B.Proof : We adopt an adversarial position and demonstrate that under any blocking, wecan force a page fault every B steps in the graph. We start anywhere (we arbitrarilycall it vertex 0) and always walk to the right. We keep a potential function �(t) whichwill increase by B every time we cause a page fault, and decrease by one for everystep to the right we take. Let p(t) be the number of page faults caused after we havetaken t steps, and let �(t) be the value of the potential function after t steps. Wewant to show that at all times, p(t) � tB ; (3)24



or in other words that � = tp(t) � B:By de�nition, �(t) = Bp(t)� t; (4)so rearranging equation (4), we getp(t) = tB + �(t)B : (5)Comparing (3) and (5), we see that we can satisfy (3) by showing that for all t,�(t) � 0. But �(t)� 1 is an upper bound on how many covered cells are to the rightof t, since it increases by B � 1 every time a page fault is caused and decreases by 1every time a covered cell is reached. Since the number of covered cells to the right isnon-negative and �(t) is at least that large, it follows that �(t) � 0. 2We can also give a simple upper bound proof in the case where we have a �nite1-D grid graph.Lemma 19 The fastest worst-case blocking speed-up that could be achieved in a 1-Dgrid graph containing �M vertices, � > 1, is� � �� � 1B � B(�� 1)M :Proof : Assume that we are at one end of the grid graph and that there are at mostMvertices in memory. We will follow a path that will traverse to the other end of thegrid graph. There are (� � 1)M vertices not in memory, which means that we willcause at least (� � 1)M=B page faults in �M � 1 steps. Taking the ratio of steps topage faults gives the result. 2Notice that when � ! 1, the upper bound of Lemma 19 reduces to that ofLemma 18.6.1.2 Lower boundsIt is possible to achieve the upper bound using the obvious strategy of putting Bvertices in one block, the next B vertices in the next block, and so on.Lemma 20 There is a blocking of the 1-D grid graph with s = 1 that achieves aworst-case speed-up of � � B, as long as M � 2B.Proof : Let Bi = fk j Bi � k < B(i + 1)g and consider the obvious blockingB = fBi j i 2 Zg. (See Figure 7a.) The blocks are non-overlapping sequences of Bconsecutive vertices. We show that in the steady state, we can service at least B stepsin the graph every time a page fault is generated. Assume that we cause a page fault25



by stepping to vertex k. Without loss of generality, assume that we have steppedfrom vertex k � 1; the same argument applies in the other direction. Then k = Bifor some i and we can service the request by bringing in block Bi. Since k � 1 wasin memory, we know that block Bi�1 had been read in at some previous time. Weretain block Bi�1. Now, in order to cause another page fault, we must move fromvertex k to either vertex k�B� 1 or vertex k+B since all the intervening nodes arein memory. Thus, it requires a minimum of B steps to cause another page fault. 2It is also possible to alleviate the memory requirement to M � B if we allow thestorage blow-up s to be 2 and let the speed-up decline to B=2 by overlapping two setsof the blockings used in the proof of Lemma 20 o�setting one by B=2 with respect tothe other.6.2 2-dimensional grid graphsLet us turn now to 2-D grid graphs, where the results are not trivial.6.2.1 Upper boundLemma 21 In a 2-D grid graph, the fastest worst-case speed-up that could be achievedis � � 2pB.Proof : This proof proceeds in a similar fashion to that of Lemma 18. This time, weconsider an in�nitely long, pB-wide corridor extending to the right. We divide t, thenumber of steps taken, into two components, tx and ty. We will let tx be an indexof how many columns we have traversed in the corridor (again, we will always bemoving to the right), and ty will be the total number of steps we have taken in the ydirection. As before, we want to show thatp(t) � t2pB: (6)We show that tx � pBp(t) (7)ty � pBp(t) (8)so that t = tx + ty � 2pBp(t), implying (6). Our scheme is actually quite simple:we show that there is an uncovered cell in the corridor within the next (amortized)pB columns (including the current column) and then an additional pB�1 moves inthe y direction will su�ce to step to any uncovered vertex in that column. As before,we de�ne a potential function �(t) that increases by B for every page fault we cause.This time, however, we decrement only when tx increases, and we decrement by pB.Thus, �(t) = Bp(t)�pBtx: (9)26
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Figure 6: A blocking of vertices in a 2-D grid with storage blow-up s = 2.�(t) is an upper bound on the number of vertices covered in the channel to the rightof (and including) the current column, since at most B vertices to the right can benewly covered when we cause a page fault, and by de�nition each step to the rightleaves behind pB covered cells. Rearranging (9), we get thattx = pBp(t)� �(t)B : (10)Comparing (7) and (10), we see that we only need to show that �(t) � 0 to estab-lish (7). But the interpretation of �(t) ensures this, since the number of coveredcolumns is non-negative.We do not need to use an amortized argument to show (8), since a page fault isguaranteed to occur at least every pB � 1 steps in the y direction. 26.2.2 Lower boundsWe can �nd a blocking that comes close to the above limit, if we allow a storageblow-up s = 2. First we need a de�nition.De�nition 7 By a tessellation, we mean a collection of regions such that the unionof all the regions is the entire space and the intersection of any pair of regions neverincludes a point in the interior of either.For simplicial tessellations, it is often required that any intersection between twosimplices be a simplex of each; we make no such requirement in our de�nition.Lemma 22 There exists a blocking in a 2-D grid graph with s = 2 and an on-linepaging algorithm that has a worst-case speed-up � � pB=4, assuming that M � 2B.27



Proof : Consider a tessellation of the plane by blocks of size pB � pB. Let theblocking be two such tessellations, o�set by pB=2. Figure 6 demonstrates the block-ing, where one tessellation is shown with solid lines and the other with dashed lines.Formally, we consider the blocking B = fBij : i; j 2 Zg, whereBij = ((k; `) : $ipB2 % � k < $ipB2 %+pB;$jpB2 % � ` < $jpB2 %+pB) :Consider a step that causes a page fault. Without loss of generality, let the step be tothe right out of the shaded block in Figure 6. By leaving the shaded block in memoryand bringing in the appropriate boxed block, we can make sure that it will take atleast pB=4 additional steps to produce another page fault. 2It is also possible to prove a lower bound on the speed-up even if there is nostorage blow-up, but it is not quite as good. We will see in the next subsection thatthere is a good reason for this. Note also that the memory requirement is a littlemore stringent, requiring M � 3B instead of M � 2B.Lemma 23 There exists a blocking in a 2-D grid graph with s = 1 and an on-linepaging algorithm that has a worst-case speed-up � � pB=6, assuming that M � 3B.Proof : Consider the blocking of Figure 7b, where each square has dimensions pB �pB. The slowest speed-up occurs when the pathfront emerges at the place wherethree of the squares meet; in two steps it is possible to cause two page faults. However,the next page fault after those two will require at least pB=2 additional steps, sothat we take pB=2+2 steps to cause 3 page faults, for a speed-up of pB=6+2=3. 26.3 d-dimensional grid graphs and diagonal grid graphsWe can also show upper and lower bounds on higher-dimensional grid graphs anddiagonal grid graphs. The 1-D and 2-D results are special cases of the result ford dimensions, but it was useful to start there to develop our intuitions. However,unexpected results to come from generalizing to multiple dimensions, like the factthat our upper and lower bounds are no longer within a constant factor if we blockusing isothetic (all sides parallel to the coordinate axes) hypercubes, and that goingfrom s = 1 to s = 2 gives provably more than a constant factor improvement in � inany blocking using isothetic hypercubes. Furthermore, it does not appear possible tocreate an optimal algorithm for higher-dimensional grid graphs with any reasonablestorage blow-up (see Section 4); on the other hand, there is an optimal algorithm forhigher-dimensional diagonal grid graphs with a storage blow-up of 2.28
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Figure 7: A blocking of vertices in grid graphs with storage blow-up s = 1, in (a)1-D, (b) 2-D, and (c) 3-D. The sides of each block have length B1=d.29



6.3.1 Upper boundsWe give a special-case argument for d-dimensional grid graphs that improves uponthe general 8r+(B) upper bound by a constant factor of 4=e � 1:47.Lemma 24 In a d-dimensional grid graph, the fastest worst-case speedup that couldbe attained is dB1=d.Proof : The argument for this proof is just like that of Lemma 21. This time, we havean in�nite corridor to the positive �rst dimension with sizeB1=d � � � � �B1=d| {z }d�1 :We again divide t into d components, t1; . . . ; td. We amortize in dimension 1, but notin the others, to show independently thatti � B1=dp(t); 1 � i � d: (11)so that t = X1�i�d ti � dB1=dp(t)giving the desired result p(t) � tdB1=d :Again, we step to an uncovered location in the corridor such that t1 is increased theminimum amount. This time we de�ne� = Bp(t)�B(d�1)=dt1; (12)which again is an upper bound on the number of vertices in memory that have their�rst coordinate at least t1. Rearranging (12), we gett1 = B1=dp(t)� �(t)B(d�1)=d ;showing that the �rst coordinate of (11) is satis�ed as long as �(t) � 0, which it is byits interpretation. The other dimensions all need to take fewer than B1=d steps perpage fault to move to the empty space in the corridor. 2On the other hand, we can prove a tighter upper bound for diagonal grid graphs.Lemma 25 In a d-dimensional diagonal grid graph, the fastest worst-case speedupthat could be attained is 2B1=d. 30



Proof : The argument for this proof has points of commonality with both that ofLemma 21 and that of Lemma 24. We consider an in�nite corridor to the positive�rst dimension with size B1=d � � � � �B1=d| {z }d�1 :This time, we divide t into 2 components, t1 and t2. We amortize in dimension 1, butnot in dimension 2, to show independently thatti � B1=dp(t); 1 � i � 2: (13)so that t = t1 + t2 � 2B1=dp(t);giving the desired result p(t) � t2B1=d :Again, we step to an uncovered location in the corridor such that t1 is increased theminimum amount. This time we de�ne� = Bp(t)�B(d�1)=dt1; (14)which again is an upper bound on the number of vertices in memory that have their�rst coordinate at least t1. Rearranging (14), we gett1 = B1=dp(t)� �(t)B(d�1)=d ;showing that the �rst coordinate of (13) is satis�ed as long as �(t) � 0, which it isby its interpretation. Unlike the situation with d-dimensional grid graphs, however,the diagonals ensure that all the other dimensions can reach the empty space in thecorridor within B1=d steps per page fault, since all the other dimensions can be movingone step closer to the empty space simultaneously at each step. 26.3.2 Lower boundsIn a similar fashion, we can get lower bounds on d-dimensional grid graphs anddiagonal grid graphs.Lemma 26 There exists a blocking of a d-dimensional grid graph or a d-dimensionaldiagonal grid graph with s = 2 and an on-line paging algorithm that produces a worst-case speed-up of � � 14B1=d, as long as M � 2B.Proof : This proof proceeds similarly to that of Lemma 22. We let our blocks beof size B1=d in each dimension and consider two overlapping grids where the cornersof one grid correspond to the centers of the other grid. Exactly the same argumentshows that when a page fault occurs, there is always some block that can be broughtin so that the next page fault will take at least time 14B1=d to occur. 231



This algorithm is optimal within a factor of 8 for diagonal grid graphs. However,for grid graphs there is a discrepancy of 4d between the upper bound of Lemma 24and this lower bound of Lemma 26. As we will see in the next lemma, it is the upperbound that is correct, and if we permit the storage blow-up to be as large as B, wecan attain a blocking speed-up of at least 12edB1=d, which is o� from the upper boundby a factor of at most 2e.Lemma 27 There is a blocking with s = B that gives a worst-case speed-upof 12edB1=d in a d-dimensional grid graph.Proof : Lemma 13 gives a blocking with s = B that achieves a blocking speed-up ofr�(B). From Equation (1), r�(B) = 12edB1=d. 2Thus, the blocking given in the proof of Lemma 13 is better than the best knownone with a constant storage blow-up (s = 2). The storage blow-up needed for thisblocking is quite large, however, and it is not possible to describe the blocking simply.Using the storage reduction techniques of Theorems 4 and 6, we can reduce the storageblow-up to s � min�6ed B(d�1)=d; 4d�while giving up at most a factor of 2 in the blocking speed-up.6.3.3 Blocking with Isothetic Hypercubes and s = 1Intuitively, the problem with using isothetic hypercubes as blocks to tessellate thespace, as in Lemma 26, is that the blocks do not correspond well with the neighbor-hoods of points that are within a certain distance r of some central point. In 2-D,for example, the neighborhoods are diamond-shaped. In 3-D, they are octohedra. Ingeneral, the shape of the neighborhoods will be the geometric dual of the isothetichypercubes: take the centerpoint of each face of the d-dimensional hypercube andtake the convex hull of the resulting points. The unfortunate property of using thegeometric duals as neighborhoods is that when d � 3, the neighborhoods do nottessellate neatly.We do not get even as good a result as Lemma 26 with isothetic hypercubeswhen we are not allowed to use storage blow-up greater than one. The followinglemma gives a lower bound on the speed-up in grid graphs when no storage blow-upis permitted.Lemma 28 There is a blocking with s = 1 in a d-dimensional grid graph or a d-dimensional diagonal grid graph and an on-line paging algorithm that asymptoticallyachieves a worst-case speed-up of � � B1=d=d2 as long as M � (d + 1)B.Proof : This proof follows along the same lines as that of Lemma 23. Let p be thesmallest prime such that p � d. (By the prime number theorem, with high probability32
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Figure 8: A tessellation of d-space using isothetic unit hypercubes must consist of aseries of shear hyperplanes.p � d + O(log d).) We will block using regular isothetic hypercubes that have sidesequal to B1=d. We will tessellate d-dimensional space by stacking up tessellations of(d � 1)-dimensional space extruded along the dth dimension. We will use the same(d�1)-dimensional tessellation in each layer, but we will o�set adjacent layers by 1=pin the �rst dimension, 2=p in the second dimension, etc., to (d� 1)=p in the (d� 1)stdimension, to arrange the tessellation so that not too many blocks meet at any givenpoint. Figure 7 shows the tessellation for 1 � d � 3. This stacking has been set up sothat at no point do more than d+ 1 hypercubes meet; the construction ensures thata point where d hypercubes meet in d�1 dimensions is always in the middle of a facealong the dth dimension. It similarly controls that places where d � 1 hypercubesmeet in d � 1 dimensions never stack onto a place that 2 hypercubes meet, and soon. Thus, we can cause at most d page faults in consecutive moves, as long as wekeep all the blocks meeting at a point in memory|this leads to the restriction thatM � (d + 1)B; to cause an additional page fault will always take at least B1=d=padditional steps. Thus the speed-up is at leastd +B1=d=pd + 1;which gives the result when p is approximated by d+ log d. 2Notice that this bound is o� from the general grid graph upper bound by a factorof d3. In fact, when storage blow-up is not permitted, we can prove a more stringentupper bound on any blocking that tessellates the d-dimensional space using isothetichypercubes of size B1=d in each dimension; this algorithm is only o� by a factor of dfrom the tighter upper bound. First we need a couple of topological lemmas regardingtessellations of d-space by unit hypercubes.Lemma 29 Any tessellation of d-space using isothetic unit hypercubes can be decom-posed into layers of tessellations of (d � 1)-space extruded along the dth dimension.33



Proof : Consider the two squares C1 and C2 in Figure 8 as projections into twodimensions of two hypercubes whose intersection is a (d� 1)-dimensional region thatis not a complete face of either hypercube. Clearly, the dotted cube C3 is not anacceptable placement for an additional hypercube that touches C2, since we knowthat the hypercubes tessellate the space, but no unit hypercube could �t in theniche between cubes C1 and C3. Thus, cube C3 must abut both cubes C1 and C2.Continuing this argument shows that the solid hyperplane perpendicular to v mustbe a shear plane. Likewise, the hyperplanes on both sides of the (d� 1)-dimensionaltessellations must be shear planes, establishing the lemma. 2This lemma enables us to prove the next one, which we apply to get the morestringent upper bound for the blocking where we do not permit storage blow-up. Weneed a de�nition �rst.De�nition 8 A complex of degree D in a tessellation is a point that is incidentupon D distinct regions of the tessellation.Lemma 30 Any tessellation of d-space using unit hypercubes contains a complex ofdegree at least d + 1.Proof : The proof is by induction on the dimension d. In one dimension, there clearlymust be points where two unit lines meet, forming a complex of degree 2. Assumethat the lemma is true for d � 1 dimensions. We know from Lemma 29 that the d-dimensional tessellation can be decomposed into layers of extruded (d�1)-dimensionaltessellations, and by the inductive hypothesis, that there is some complex of degree din each of these tessellations. When we arrange two adjacent layers together, the bestwe can do to limit the degree of complexes is to position a complex of degree d inone layer incident upon the (d � 1)-dimensional face of the next layer. This process,however, produces a complex of degree d+1, maintaining the inductive hypothesis. 2Of course, in Lemmas 29 and 30, it does not matter that each hypercube hassides of unit length; the important fact is that all the hypercubes are identically thesame size, so we can apply the lemma to the problem of �nding a tessellation of ad-dimensional grid graph using hypercubes with sides that are all B1=d. We set up ourtessellation in such a way that the boundaries of the hypercubes always pass betweeninteger points of the grid graph, so that we can maintain a storage blow-up of 1.Lemma 31 The fastest speed-up that could be achieved by decomposing a d-dimensional grid graph into blocks of size B1=d on a side is� � B1=d + dd + 1 :Proof : By Lemma 30, there must be a (d+1)-complex in the tessellation underlyingour block decomposition. In a (d+ 1)-complex in a d-dimensional space, it is always34



possible for a path to visit all d + 1 of the blocks that are \incident" in consecutivemoves. (This fact can be proved by induction on the number of dimensions.) Thus,if we extend the path to a point that is on a (d+ 1)-complex where we have not yetbrought in any of the incident blocks, we can cause d page faults in d steps. It willtake at most B1=d steps to move to another (d+ 1)-complex where only one block isin memory, to return to the starting situation. This fact means that we cause d + 1page faults every B1=d + d steps. 2This upper bound is a factor of d=4 worse than the one attained with isothetichypercubes by using a storage blow-up s = 2.7 ConclusionsWe have demonstrated matching upper and lower bounds for the blocking speed-upin searching of complete d-ary trees and d-dimensional grid graphs. We have alsoshown matching upper and lower bounds for classes of general graphs for which themaximum and minimumB-radii are within a constant factor of one another. Table 1summarizes these results.One of the issues we explored was the degree to which storage blow-up was neces-sary in attaining optimal blocking speed-ups. For complete trees and d-dimensionalgrid graphs, we were able to show the existence of optimal algorithms with a de-gree of storage blow-up that was independent of the block size (although there isstill a dependence on the dimension for grid graphs). For general graphs, the degreeof storage blow-up required to get optimal blocking speed-up by our algorithms isin general dependent upon the block size. In the case of d-dimensional grid graphsblocked using only isothetic hypercubes, were were able to show that even going froma storage blow-up of 1 to 2 results in provably worse performance for the worst-caseblocking speed-up, re
ected in Table 1 by the fact that the lower bound for s = 2 islarger than the upper bound for s = 1 as long as d > 4. Thus, some degree of storageblow-up is necessary to get good blocking speed-ups. This observation implies thatthese techniques would not be very useful for applications that require any signi�cantamount of updating of the data being stored.There are clearly important questions that are still open.1. Is it possible to prove that there are optimal lazy algorithms for the strongmodel?2. What is the best possible speed-up attainable when s = 1? Is there an algorithmto achieve the speed-up?3. Are there upper bound techniques that take into account the storage blow-up?4. Is it possible to reduce the storage blow-up to some constant and still achievean optimal speed-up? 35



Type of graph Upper bound Lower bound s MBComplete d-ary tree 2 logBlog d logB2 logd 2 � 11-D grid graphs B B 1 � 2B2 2 � 12-D grid graphs 2 pB 16pB 1 � 314pB 2 � 2d-D grid graphs dB1=d 12edB1=d B � 114edB1=d 6ed B(d�1)=d � 114edB1=d 4d � 1d-D grid graphs(isothetic hypercubes) dB1=d 14B1=d 2 � 21dB1=d 1d2B1=d 1 � d+ 1d-D diagonal grids 2B1=d 14B1=d 2 � 2general graphswith �M vertices r+(M)2r�(M)2 ���1B�2MB + 2� r+(B)8r+(B) 9>>>>>>>>>>=>>>>>>>>>>; 8>>><>>>: r�(B)12r�(B)12r�(B) B3Br�(B)Bk�(br�(B)=4c) � 1� 1� 1Table 1: Summary of blocking results for external graph searching.5. How do the results given here apply to directed graphs, instead of undirectedgraphs. This extension is particularly important for object-oriented databases.6. Is it possible to get matching upper and lower bounds for non-uniform classesof graphs? Intuitively, if there are a few vertices with a small B-radius, butthey are separated by a large distance, say r+(M), then the adversary cannottake too much advantage of them if B �M .8 Bibliography[AgP] Alok Aggarwal and James Park, \Notes on Searching in Multidimensional36
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