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Optimal Deterministic Sortingin Parallel Memory HierarchiesMark H. Nodine and Je�rey Scott VitterDept. of Computer ScienceBrown UniversityProvidence, R. I. 02912{1910August 31, 1992AbstractWe present a general deterministic sorting strategy that is applicable toa wide variety of parallel memory hierarchies with parallel processors. Thesimplest incarnation of the strategy is an optimal deterministic algorithm calledBalance Sort for external sorting on multiple disks with a single CPU. BalanceSort was the topic of a previous report. This report shows how to adapt BalanceSort to sort deterministically in parallel memory hierarchies. The algorithms soderived will be optimal for all parallel memory hierarchies for which an optimalalgorithm is known for a single hierarchy. In the case of D disks, P processors,block size B, and internal memory size M , they are optimal in terms of I/Osfor any P �M and DB < M , and in terms of internal processing time exceptwhen P > M log minfM=B; logMg= logM and logM=B = o(logM).
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1 IntroductionInput/Output communication (I/O) between primary and secondary memory is amajor bottleneck in many important computations, and it is especially prevalentwhen parallel processors are used. Of particular importance is external sorting, inwhich the records to be sorted are too numerous to �t in internal memory and insteadreside in secondary storage, typically made up of one or more magnetic disks. Dataare usually transferred in units of blocks, which may consist of several kilobytes. Thisapproach takes advantage of the fact that the seek time is usually much longer thanthe time needed for transferring a record of data once the disk read/write head is inplace. An increasingly popular way to get further speedup is to use many disk drivesworking in parallel [GHK, GiS, Jil, Mag, PGK, Uni].Aggarwal and Vitter did the initial work in the use of parallel block transfer forsorting [AgV]. In their model, they considered the parametersN = # records in the �leM = # records that can �t in internal memoryB = # records per blockD = # blocks transferred per I=O(# of disks)where M < N , and 1 � DB � M=2. In each I/O, D blocks of B records can betransferred simultaneously, as illustrated in Figure 1. Their measure of performanceis the number of parallel I/Os required; They ignore internal computation time. Thismodel generalized the initial work on I/O of Floyd [Flo] and Hong and Kung [HoK].Aggarwal and Vitter proved that the average-case and worst-case number of I/Osrequired for sorting is1 �  NDB log(N=B)log(M=B)! : (1)All logarithms in this paper are base 2 logarithms. Their lower bound is basedsolely on routing arguments, except for the pathological case in which M and B1We use the notation logx to denote the quantity maxf1; log2 xg.
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Figure 1: A simple D-parallel two-level memory model.1



are extremely small, in which case the comparison model is used. They gave twoalgorithms, a modi�ed merge sort and a distribution sort, that each achieved theoptimal I/O bounds.In distribution sort, the algorithm partitions the set to be sorted into S sets of ap-proximately equal size called buckets. Each bucket will consist of consecutive recordsin the total sorted list. The algorithm makes a pass over the data, separating therecords into their respective buckets, and then sorts the buckets recursively. Finally,the buckets are appended to form a totally sorted list. Since at any level in the recur-sion the sets have approximately equal size, a total of O(logS N) passes are required,each of which accesses O(N) records to achieve a running time of O(N logS N).Vitter and Shriver considered a more realistic D-disk model , in which the sec-ondary storage is partitioned into D physically distinct disk drives [ViSa], as in Fig-ure 2a. (Note that each head of a multi-head drive could count as a distinct disk inthis de�nition, as long as each could operate independently of the other heads on thedrive.) In each I/O operation, each of the D disks can simultaneously transfer oneblock of B records. Thus, D blocks can be transferred per I/O, as in the [AgV] model,but only if no two blocks access the same disk. This assumption is very reasonablein light of the way real systems are constructed.Vitter and Shriver presented a randomized version of distribution sort in the D-disk model using two complementary partitioning techniques. Their algorithm meetsthe I/O lower bound (1) for the more lenient model of [AgV], and thus the algorithmis optimal. The di�culty in implementing a version of distribution sort that works ona set of D parallel disks is making sure that each of the buckets can be read e�cientlyin parallel. The randomization was used to distribute each of the buckets evenly overthe D disks so that they could be read e�ciently with parallel read operations. Theyposed as an open problem the question of whether there is an optimal algorithm thatis deterministic.Disk striping is a commonly-used technique in which the D disks are synchronized,so that the D blocks accessed during an I/O are located at the same relative positionon each disk. This technique e�ectively transforms the disks into a single disk withlarger block size B0 = DB. Merge sort combined with disk striping is deterministic,but the number of I/Os used can be much larger than optimal, by a multiplicativefactor of log(M=B).The question posed by Vitter and Shriver was answered in the a�rmative byNodine and Vitter using an algorithm called Greed Sort [NoVb]. That algorithm wasbased on merge sort, and was therefore not obviously applicable to �nding an optimaldeterministic algorithm for parallel memory hierarchies, since there is no known wayof using merge sort optimally on even a single memory hierarchy.The companion paper [NoVa] described Balance Sort, the �rst known optimal anddeterministic sorting algorithm based on distribution sort. Balance Sort is optimalfor parallel disk sorting, both in terms of the number of I/O steps and in terms of theamount of internal processing. In this report, we describe how to adapt Balance Sort2



to parallel memory hierarchies, including a generalization of the parallel disk modelin which P CPUs are working in parallel.Section 2 describes the memory models considered in this report. Section 3 listsour main results. In Section 4, we give an algorithm that is optimal for all the parallelmulti-level hierarchies. In Section 5, we show how to alter the algorithm to deal withparallelism of CPUs in the parallel disk model. Finally, we summarize our results inSection 6.2 Memory Models2.1 Parallel disk modelsThe �rst memory hierarchy we consider is the two-level memory hierarchy, known asthe disk model. In this case, there is a P -processor CRCW (Concurrent Read, Con-current Write) PRAM with some limited amount of global internal memory capableof storing M records, and a large external memory, in the form of D disks. The Nrecords of the �le reside on the disk and are grouped into blocks of size B.N = # records in the �leM = # records that can �t in internal memoryP = # internal processorsD = # disksB = # records per blockWe require that 1 � P �M and 2BD �M .In a single I/O, each of the D disks can simultaneously transfer a block of Brecords. Our main measure of performance is the number of I/Os, but we will alsoconsider the internal processing time. The di�culty in designing optimal algorithmsis dealing with the partitioning of secondary storage into separate disks.Our disk model is a generalization of the Vitter-Shriver model in which we allowmore than one processor. Figure 2a at the end of the paper shows the uniprocessor(P = 1) multiple disk model, corresponding to the Vitter-Shriver model. The moregeneral model, in which the internal processing is done on a CRCW PRAM with Pprocessors, is shown in Figure 2b for the special case P = D, although we allow P tobe as large as M .2.2 Parallel multilevel hierarchiesThe simplest multilevel hierarchy model is the Hierarchical Memory Model (HMM)proposed by Aggarwal et al. [AAC], depicted in Figure 3a. In the HMMf(x) model,access to memory location x takes f(x) time. Figure 3a suggests the HMMdlogxemodel, where each layer in the hierarchy has a size that is some constant multiple of3
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PRAMFigure 2: (a) The parallel disk model. Each of theD disks can simultaneously transferB records to and from internal memory in a single I/O. The internal memory canstore M � DB records. (b) Multiprocessor generalization of the I/O model in (a),in which each of the P = D internal processors controls one disk and has an internalmemory of size M=P . The P processors and their memories function collectively asa CRCW PRAM with global memory size M .
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Figure 3: Multilevel hierarchy models. (a) The HMM model. (b) The BT model. (c)The UMH model.the size of the previous layer. Accesses to records in the �rst layer take one time unit;in general each record in the nth layer takes n time units. Figure 3a can actually betaken as representative of every well-behaved cost function f(x). The de�nition of awell-behaved cost function is that there exists a constant c such that f(2x) � c f(x)for all x. Therefore, access to layer n will take no more than cn time units, so wehave only a constant-factor slowdown. Our model is pessimistic in that f(x) could4
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Figure 4: Parallel multilevel memory hierarchies. The H hierarchies (of any of thetypes listed in Figure 3) are connected at the base level by an H-processor CRCWPRAM with H global memory locations.grow much slower or not at all.An elaboration of HMM is the Block Transfer (BT) model of Aggarwal etal. [ACSa], depicted schematically in Figure 3b. Like HMM, it has a cost functionf(x), but additionally it simulates the e�ect of block transfer by allowing the ` + 1locations x�`; . . . ; x to be accessed for cost f(x)+`. So in the �gure, the main cost isincurred in injecting the \needle"; pushing additional items in (or pulling them out)once the needle has been placed takes only one time unit per item.A possibly more realistic memory hierarchy is the Uniform Memory Hierarchy(UMH) of Alpern et al. [ACF], depicted in Figure 3c. UMH has several additionalparameters: � = expansion factor between levels� = # of base memory locationsb(`) = bandwidth functionIn particular, the `th level of the hierarchy contains ��` blocks, each holding �`records, for a total of ��2` records in the `th level. Additionally, between level ` andlevel `+1 is a bus with a bandwidth b(`), so that a block on level ` can be transferredto or from level `+1 in time �`=b(`). The base memory level is level 0. A novel featureof the UMH model is that all the buses can be active simultaneously, allowing for akind of controlled data parallelism. The restriction that allows only one bus to beactive at a time is called the SUMH model. A less restrictive model that we proposedearlier [ViN] and which corresponds closely to currently used programming constructs,is the RUMH model, in which several buses are allowed to be active simultaneouslyif they are cooperating on a single logical block move operation.As with two-level hierarchies, multilevel hierarchies can be parallelized. The par-allelization is done in the same way as for the two-level memory hierarchies, as shown5



in Figure 4. The base memory level of the H hierarchies forms an H-processor CRCWPRAM with H memory locations. We assume that the hierarchies are all of the samekind and all have the same parameters. The parallel hierarchical models for HMM,BT, etc., are denoted as P-HMM, P-BT, and so on.3 Main ResultsIn this section, we present our main results. The modi�ed Balance Sort algorithmwe describe in the next section gives us optimal deterministic algorithms for all themodels we consider. In particular we get deterministic (as well as more practical)versions of the optimal randomized algorithms based on [ViSa]and [ViN]. We alsoimprove upon the deterministic Greed Sort algorithm in [NoVb], which was optimalonly for the parallel disk models and could not be used optimally for hierarchicalmemories. The lower bounds are proved in [ViSa] (Theorems 1 and 2) and [AgV](Theorem 3).Theorem 1 In the P-HMM model, the time for sorting is�  NH logN log logNlogH!! if f(x) = log x;�  �NH��+1 + NH logN! if f(x) = x�, � > 0.The upper bounds are given by a deterministic algorithm based on Balance Sort. Inthe lower bound for the f(x) = x� case, the (N=H) logN term requires the comparisonmodel of computation.Theorem 2 In the P-BT model, the time for sorting is� �NH logN� if f(x) = log x;� �NH logN� if f(x) = x�, 0 < � < 1;� �NH logN log NH� if f(x) = x�, � = 1;�  �NH�� + NH log NH logH! if f(x) = x�, � > 1.The upper bounds are given by a deterministic algorithm based on Balance Sort. The(N=H) logN terms in the lower bounds require the comparison model of computation.Our techniques can also be used to transform the randomized P-UMH algorithmsof [ViN] into deterministic ones in our model, as we discuss in Section 4.5.6



Theorem 3 The number of I/Os required for sorting N records in the parallel diskmodel is �  NDB log(N=B)log(M=B)! :The upper bound is given by a deterministic algorithm based on Balance Sort, whichalso achieves simultaneously optimal �((N=P ) logN) internal processing time, unlessP > M logminfM=B; logMg= logM and logM=B = o(logM). The lower bounds ap-ply to both the average case and the worst case. The I/O lower bound does not requirethe use of the comparison model of computation, except for the case when M and Bare extremely small with respect to N , namely, when B log(M=B) = o(log(N=B)).The internal processing lower bound uses the comparison model.4 Parallel Memory HierarchiesThis section describes the deterministic algorithm that serves as the basis for theupper bounds in Theorems 1 through 7. Subsection 4.1 gives the overall sortingalgorithm. In Subsection 4.3, we analyze the algorithm for the P-HMM model. Sub-section 4.4 analyzes the algorithm for the P-BT model. Subsection 4.5 analyzes thealgorithm for the P-UMH and related models.4.1 The sorting algorithmAlgorithm 1 gives the algorithm used for sorting in parallel memory hierarchies.We assume that the records have been augmented with a pointer so that each recordcan point to the next record in the same bucket on the same hierarchy; this expansionof the records results in no more than a constant increase in the space needed (hencerunning time).The di�cult part of the algorithm is in making sure that the buckets are (ap-proximately) evenly distributed among the hierarchies; the Balance routine and itsdescendants handles this complexity. In order for the balancing to occur in optimaldeterministic time, it turns out that it is necessary to do partial striping of the hi-erarchies, so that we will have only H 0 virtual hierarchies with logical blocks of sizeB = H=H 0. We will use H 0 = pH= logH.There are a number of parameters in the algorithm that merit explanation, someof which are \global" and accessed by the subroutine Balance. We use \global" inquotes, because there is actually a distinct copy of each variable for each level ofrecursion. They can be thought of as allocated by the Sort routine in local storageand then having a pointer passed to the routines that need to access them.N = # of elements to sortT = array of H 0 elements pointing to the starting block on each virtual hierarchyS = # of partition elements 7



Algorithm 1 [Sort(N;T )]if N � 12Hn := dN=Heform := 1 to n(1) Read H locations to the base level (last read may be partial)Sort internally(2) Write back out again(3) Do binary merge sort of the up to 12 sorted listselse(4) E := ComputePartitionElements(S)f The T array says what location to start with on each hierarchy g(5) Initialize X;L(6) Balance(T )for b := 1 to S(7) T := Read bth row of LNb := number of elements in bucket b(8) Sort(Nb; T )(9) Append sorted bucket to output areaX = (global) S �H 0 histogram matrix (described later)E = (global) array of S � 1 partition elementsL = (global) S �H 0 location matrix (described later)We should make a remark about storage of these \global" arrays. We will assumethroughout that each array will be stored at the lowest level in which it �ts and thataccesses to all elements of the array have the same cost. We are justi�ed in doing thisbecause we restrict ourselves to well-behaved cost functions, as described in Section 2,so that the levels give within a constant factor an upper bound of the actual cost.The alert reader will notice that we often will be storing more than one matrix at thesame level. Since the level is chosen so that each individual matrix (barely) �ts in thelevel, that level would not have enough space for all of the matrices combined. Aslong as we limit ourselves to a constant number of matrices inhabiting the same level(which we do), we will only be overlooking a constant factor in the cost. Taking theseliberties simpli�es the analysis considerably without doing damage to the integrity ofour results.The correctness of the algorithm is easy to establish, since the bottom level ofrecursion by de�nition produces a sorted list and each level thereafter concatenatessorted lists in the right order. We will determine the value of S di�erently dependingupon which hierarchical model we are using in order to produce optimal performance,as shown in the subsections that analyze the performance for the various hierarchicalmemory models. 8



Algorithm 2 [ComputePartitionElements(S)]partition into G groups of at most dN=Ge elements, G1; . . . ;GGfor g := 1 to G(1) sort Gg recursively(2) set aside every blogNcth element into C(3) sort C using binary merge sort with hierarchy striping(4) ej := the bjN=((S � 1) logN)cth smallest element of CAlgorithm 2 gives the routine for computing the partition elements. The speci�cvalue of G used in the algorithm is dependent upon which hierarchical memorymodelis being considered. Although the array E = fejg is listed as being returned from theroutine, it is too large to �t into the base memory level, and is therefore implementedas a \global" variable. This algorithm is essentially identical to that given in [ViSa].We show the following lemma, which will lead to an analysis of the e�ectiveness ofthe approximate partitioning elements in dividing the records into nearly equal-sizedbuckets.Lemma 1 Assuming that all keys are distinct, if we choose every pth element fromthe subsets in line (2) of Algorithm 2, the amount of slop in the size of the bucketsproduced is less than pG, that is, each bucket b will have Nb elements in it satisfyingNS � pG < Nb < NS + pG:Proof : We collect a set C of N=p elements by choosing every pth element from eachof the G subsets, where p = logN . We then sort C and choose the ith partitionelement to be the iqth element of C, where q = N=((S � 1) logN). Let ck denote thekth smallest element of C. The minimum rank in the original set of the ciq is iqp,since each of the iq elements in C less than or equal to ciq represents p elements inthe original set. The maximum rank in the original set of ciq occurs if each of theother G � 1 subsets has p � 1 elements greater than ciq. Thus, the amount of slopdoes not exceed (G� 1)(p � 1). 2Corollary 1 If we choose every logN th element and we choose G such thatG logN � N=S then we get 0 < Nb < 2N=S for any bucket b.Notice that following the call to ComputePartitionElements, the original set of Nrecords is left as G sorted subsets of approximately N=G records each. This fact iscrucially important in allowing for partial hierarchy striping, as described in the nextsubsections.Algorithm 3 gives the routine for balancing the buckets. A track is a set of Hrecords, one from each hierarchy. We do not assume that the records are at the same9



Algorithm 3 [Balance(T)]for each track(1) read track(2) assign records to buckets (in parallel)collect buckets into blocks of size H=H 0 (all elements of block from same bucket)(3) update the placement matrix X(4) A := ComputeAux(X)if there is a 2 in A(5) Rebalance(A;X)(6) update the internal pointers of the blocks and the location matrix L(7) write tracklocation on each hierarchy; however we assume that the records all come from thesame level. The locations of the �rst track on each hierarchy are gotten from thearray T . Since T has only H 0 elements and we have H hierarchies, the �rst value in Trefers to the �rst H=H 0 consecutive hierarchies, the second value in T to the secondH=H 0 hierarchies, and so on. The subsequent tracks are read by following pointerspresent within each hierarchy; these pointers were placed there by the previous levelof recursion. The �rst level of recursion simply reads the tracks in order.Collecting the buckets into virtual blocks is surprisingly easy. The value of G ischosen in such a way that the initial sorts of size N=G will put together an averageof at least H=H 0 records from each bucket in each of the S buckets. Thus, we lose nomore than a factor of two due to internal fragmentation of the blocks, as shown inthe next lemma.Lemma 2 If a set containing k distinct values has N � kB elements, then it can bebroken into no more than 2dN=Be blocks such that each block contains all the samevalue.Proof : Write out as many complete blocks all containing the same value as possible.Then write out partially �lled blocks containing all the same value. The number ofpartially �lled blocks is at most k. By supposition, k � bN=Bc. There are no morethan dN=Be completely �lled blocks. So the total number of blocks will be no morethan �NB �+ �NB � � 2 �NB � : 2We will apply this lemma using k = S and B = H=H 0. Processing an input trackresults in processing up to two output tracks; lines (3) to (7) will be executed oncefor each of the output tracks. We will not consider this issue further as it results inat most a factor of two in the running time.10



Algorithm 4 [ComputeAux(X)]for b := 1 to Sm := d2H 0=3eth smallest element of xb1; . . . ; xbH 0for h := 1 to H 0 in parallelabh := max(0; xbh �m)Algorithm 5 [Rebalance]H := fvirtual hierarchies with the �rst bH 0=3c 2sg(1) Shu�e(H)H := fvirtual hierarchies with the second bH 0=3c 2sg(2) Shu�e(H)H := fvirtual hierarchies with the third bH 0=3c 2sg(3) Shu�e(H)H := fany remaining virtual hierarchies with 2sg(4) Shu�e(H)The histogram matrix X = fxbhg speci�es how the buckets are distributed amongthe hierarchies; xbh = # of records of bucket b on hierarchy h. Updating the his-togram matrix on line (3) simply means that if hierarchy h has read a record frombucket b, that it increments the value of xbh. Auxiliary matrix A = fabhg is designedto let us know if the placement becomes too badly skewed. The location matrixL = flbhg tells what location was written last on each hierarchy for each bucket. Weupdate the internal pointer in the record to hold the old value of L for the hierarchyand bucket and store the location to which the bucket is written (which is the samelocation from which the original record on that hierarchy was read) into L. Thus, bystarting at lbh and following the pointers, we can read all the records from bucket b onhierarchy h in the inverse of the order in which they were processed at the previouslevel of recursion.Algorithm 4 gives the ComputeAux routine. It is listed as returning a matrix A,but since this matrix is larger than will �t into the base memory level, it is another\global" variable. ComputeAux is guaranteed to set at least d2H 0=3e elements ofevery row of A to 0. We wish to maintain the buckets so that no element of A islarger than 1. If any element of A becomes larger than 1, then we call the routineRebalance to restore the balance. In fact, Rebalance will take care of as many bucketsas have become unbalanced during the last track.Algorithm 5 gives the rebalancing routine. At most H 0 2s could be introduced11



Algorithm 6 [Shu�e(H)]f Create a bipartite matching problem gU := HV := f1; . . . ;H 0gE := ;for i := 1 to jU jh := Uib := (unique) bucket such that abh = 2for j := 1 to jV j in parallelh0 := Vj(1) if abh0 = 0E := E [ (Ui; Vj)f We will swap a pair of blocks for every edge in the following match g(2) Find a maximum bipartite matching on the graph G = (U [ V;E)f The array R will tell us what buckets to read from each hierarchy gf The array W will tell us on what hierarchy to write the block gfor h := 1 to H 0rh := 0wh := 0for each match (Ui; Vj) in parallelh := Uirh := bwh := Vj(3) Update X to re
ect the swap(4) Read the last block of bucket rh on virtual hierarchy h if rh 6= 0(5) Write the block read from virtual hierarchy h onto virtual hierarchy wh if rh 6= 0by the track being processed into the auxiliary matrix A. The reason is that onlyH 0 values in the histogram matrix X are incremented by the track, one for eachvirtual hierarchy, and only values of the histogram matrix that are incremented canbecome 2. We call the routine Shu�e to remove any 2s that are introduced bH 0=3cat a time; it follows that at most 4 calls to Shu�e will remove all the 2s that mayhave been introduced.Algorithm 6 shows the routine Shu�e, which is able to remove up to bH 0=3c 2sin a single parallel memory reference. Lines (4) and (5) of Algorithm 6 are done inparallel. The routine is based on the simple observation that if we read a block froma virtual hierarchy h corresponding to a bucket b that has abh = 2 and we write it toanother virtual hierarchy h0 for which abh0 = 0, then we will have removed the 2. Weset up the matching so that we can accommodate up to bH 0=3c 2s simultaneously in12



a single parallel memory reference. We prove these two facts in the next two lemmas.Lemma 3 Reading a block from a virtual hierarchy h corresponding to a bucket b thathas abh = 2 and writing it to a virtual hierarchy h0 for which abh0 = 0 and updating Xto re
ect the change will result in abh � 1 and abh0 = 0 if ComputeAux is called torecompute A after the operation.Proof : There are two cases to consider: (1) incrementing xbh0 does not changethe d2H 0=3eth smallest element of row b and (2) incrementing xbh0 does change thed2H 0=3eth smallest element. In either case, xbh decreases by at least 1 with respectto the d2H 0=3eth smallest element and so abh will no longer be 2. Also in either case,xbh0 � the d2H 0=3eth smallest element, so abh0 will be 0. 2Lemma 4 The maximum matching at line (2) of routine Shu�e will always matchall bH 0=3c elements of U .Proof : We can give an elementary sequential algorithm to accomplish this task. First,notice that G is a rather special bipartite graph: it has no more than bH 0=3c verticeson the left, H 0 vertices on the right, and every vertex on the left has edges to at leastd2H 0=3e vertices on the right. So if we simply take the �rst vertex on the left andmatch it to any vertex on the right, it can remove at most one possible matchingvertex on the right for each of the remaining vertices on the left. We can now matchthe second vertex on the left, and so on. We see that even when we get around tomatching the bH 0=3cth vertex on the left, there are at least d2H 0=3e � bH 0=3c �bH 0=3c possibilities left for the match. Hence, the match will always complete. 2As can be seen by the proof to Lemma 4, it is not necessary for us to use a max-imum matching routine in Algorithm 6; any maximal matching will be a maximummatching. In order to achieve optimal time for memory hierarchies with a logarithmicaccess cost, we need to be able to do the matching in time O(logH). Unfortunately,even the fastest known deterministic parallel algorithm for maximal matching withn items is O(log2 n) with a quartic number of processors for dense graphs (which wehave) [Luba], or O(log3 n) with a quadratic number of processors [IsS] or n2= log nprocessors [GoS]. Since we have n = H 0, this means that the fastest known algo-rithm is �(log2H), and still doesn't work since we have only H = �((H 0)2 log2H 0)processors. Subsection 4.2 addresses the subject of how to do the matching e�ciently.For the current purposes it is enough to recognize that the Shu�e routine doessuccessfully remove bH 0=3c 2s from the auxiliary matrix A. By \removing a 2" fromthe auxiliary matrix, we mean that if the auxiliary matrix is immediately recomputedafter the operation, an element that was a 2 will now be no more than 1, and no 2s willhave been introduced by the operation. Hence it follows that if the auxiliary matrixwere computed immediately after the call to Rebalance, there will be no elements init larger than 1.We now have a theorem that tells how well each bucket is balanced.13



Algorithm 7 [Fast Match](1) while there are unmatched vertices on the left � = f�ig(2) while �i has not picked adjacent previously unmatched right vert.�i picks a random vertex on right f1; . . . ;H 0g(3) if vertex on right is picked by more than one on left, smallest winsadd left-right pair to matchingTheorem 4 Any bucket b will take no more than a factor of around 3 above theoptimal number of tracks to read.Proof : Let mb denote the d2H 0=3eth element in bucket b. When the Balance routineterminates, we have maxh abh � 1 for any bucket b. Thus, the number of tracksneeded to read bucket b is no more than mb + 1. But we also know that the buckethas at least dH 0=3emb blocks in it, since the dH 0=3e virtual hierarchies with the mostblocks from bucket b each have at least mb such blocks, so it requires at least&dH 0=3embH 0 ' � �mb3 �tracks to read it. Thus, we are a factor of at mostmb + 1dmb=3e � 3from the optimal. (The expression could be as large as 4 if H 0 is divisible by 3 andmb = 3.) 2Algorithm 3 assumes that it reads H 0 blocks on every track, whereas the previousphase does not guarantee that every track up to the last is fully used. Adjustingthe algorithm for partial tracks is simple: if no block is available to be read on somehierarchy h, we pretend that we read from a dummy bucket 0. Bucket 0 will be havethe characteristic that x0h = 0 for all 1 � h � H 0, so in particular, that row of thematching matrix will be all zeroes. The part of the algorithm that increments thevalues of X should ignore bucket 0.4.2 How to do deterministic log-time matchingIn this subsection, we discuss how to do deterministic log-time matching. Thisis not the ground-breaking result it would seem to be, because we are able to takeadvantage of very special properties of our particular matching problem. Recall thatwe have k � bH 0=3c vertices on the left, each of which has edges to at least d2H 0=3eof the H 0 vertices on the right. We start by giving a randomized algorithm called14



Fast Match, shown in Algorithm 7, for doing our maximal bipartite matching in loga-rithmic time with a linear (in H 0) number of processors. Step (3) of this routine is theonly place in the entire algorithm where we require the power of the CRCW-PRAM.To prove that this matching can be done in logarithmic time with H 0 processors, wewill show in the following lemmas that Loop (1) of Algorithm 7 will be executed onlyexpected O(logH 0) times, and Loop (2) only expected O(1) times. Notice that wecan implement the algorithm assigning one processor to each vertex on the right andleft, using only O(H 0) processors.Lemma 5 The expected number of iterations of Loop (2) of Algorithm 7 is O(1).Proof : Since k � bH 0=3c, at most bH 0=3c�1 vertices on the right could already havebeen matched when we get to Loop (2), or Loop (1) would already have terminated.Since each vertex has at least d2H 0=3e edges, it follows that at least&2H 03 '� $H 03 %+ 1 � $H 03 %+ 1of its edges are unmatched. Generating a number from 1 to H 0 will result in one ofthese edges being chosen in expected timeH 0bH 0=3c + 1 � 3: 2Loop (2) has each unmatched vertex on the left pick a previously unmatchedvertex on the right to which it has an edge; this operation is equivalent to havingevery unmatched vertex on the left pick an edge at random in a graph where edgesto any matched vertices on the right have been deleted. There is not enough time todo any actual deletions, but we have enough of a surfeit of edges that we can get thesame e�ect in constant time by just ignoring picks to already-matched vertices on theright.Lemma 6 The expected number of iterations of Loop (1) of Algorithm 7 is O(logH 0).Proof : The question to settle is what fraction of the unmatched vertices on the leftwill be matched after each has randomly picked an edge to a previously unmatchedvertex on the right. If we have k unmatched vertices on the left, then each vertexhas at least d2H 0=3e � k edges to unmatched vertices on the right. If we view theselection process sequentially, the probability that vertex 1 hits a previously selectedvertex is 0, the probability that vertex 2 will choose the same one that vertex 1 choseis no more than 1=(d2H 0=3e � k), and in general,Prfvertex i hits a previously selected vertexg � i� 1d2H 0=3e � k :15



If we let Xi be a 0-1 random variable specifying whether vertex i hits a new vertex(with respect to vertices 1 to i� 1), thenE(Xi) � d2H 0=3e � k � i+ 1d2H 0=3e � k = 1 � i� 1d2H 0=3e � k :If we let n be the expected number of vertices that do not collide, we getn = X1�i�kE(Xi) � X1�i�k  1� i� 1d2H 0=3e � k!= k  1 � k � 12 (d2H 0=3e � k)! :So a \constant" fraction of the vertices on the left is matched, where the \constant"is 1� k � 12 (d2H 0=3e � k) :This \constant" is minimized as k gets large. But we know that k � bH 0=3c, so thatthe constant is at least 1=2. Hence, in expected O(logH 0) time, we can match all thevertices on the left. 2This algorithm can be derandomized in an e�cient way using the techniques ofLuby [Luba, Lubb]. First, notice that we have H processors available instead of onlyH 0. When H 0 = pH= logH, that means that H = �((H 0)2 log2H 0). The aboverandomized matching algorithm uses only pairwise independence in the analysis ofthe running time, so we construct a special probability space to take advantage ofthe pairwise independence. We let q be a prime number in the range H 0 logH 0 � q �2H 0 logH 0 and generate a probability space with H 0 logH 0 random variables and qpossibilities for each random variable. Those q possibilities will consist of the numbers1; . . . ;H 0 repeated �(logH 0) times. Since q is not divisible by H 0, we add enough 0sat the end to pad out to exactly q possibilities for each random variable. Selectinga 0 for the random variable will mean that the pick was missed; this modi�cationhas no e�ect on the expected running time and leaves the probability distributionunchanged. We will use q2 processors (which we have available to us) to search theprobability space exhaustively in parallel. Since the algorithm terminates in expectedO(logH 0) steps using expected O(H 0) random variables on the average, there must besome point in the probability space that achieves at least the average, and hence thatcan complete the matching with the given number of random variables in O(logH 0)steps. We had to choose q at least as large as the number of random variables due toa technicality in the way that Luby's method achieves pairwise independence.Notice that the matrix of random variables from which we are sampling occupiesonly O((H 0)2 log2(H 0)) = O(H) space, so that it can all be �t at the base memorylevel of the hierarchies, and we therefore need not consider the cost of accessing therandom variables.To summarize, we have shown the following theorem.16



Theorem 5 The maximal matching problem can be solved deterministically inO(logH) time using H processors.4.3 Analysis of P-HMMWe will do the analysis of the sorting algorithm using general f(x) and then computethe speci�c bound for speci�c functions f(x). In the P-HMM model, we chooseG = 8>>>><>>>>: pN if N > H2vuut N2pH logH if N � H2S = 8>>>>>><>>>>>>: min( pNpH logH ; pNlogN ) if N > H2vuut N2pH logH if N � H2We show that the virtual blocking can be done and that the buckets are approximatelythe same size in the following lemmas.Lemma 7 With the above values of G and S, the average number of elements perbucket per sorted run created by ComputePartitionElements is at least H=H 0 =pH logH.Proof : The average number of elements per bucket per run is N=SG. When N > H2,we notice that S � pN=(pH logH), so N=SG � pH logH as promised. WhenN � H2, N=SG = 2pH logH > pH logH. 2Lemma 8 The buckets created using the above values of G and S are approximatelythe same size.Proof : The condition we derived in Corollary 1 is that G logN � N=S. WhenN > H2, S � pN= logN , so that N=S � pN logN . The condition follows directly.When N � H2, we rewrite the condition to be logN � N=SG. But when N � H2,then logN � 2 logH < 2pH logH = NSG;so the condition is satis�ed. 2The recurrence for P-HMM is derived in Table 1. We assume throughout thataccess to a data structure of size s has a cost of f(s=H). The extra logH factor online (2) of Algorithm 6 is due to the matching time. In Algorithm 3, it is possible toassume that the number of iterations of the loop is O(N=H) because of Theorem 4.17



Alg. Line Repeats Time/repeat Total time6 1 (H 0)2H f �SH 0H � (H 0)2H f �SH 0H �2 1 (logH)f � (H 0)2H � (logH)f �(H 0)2H �3 1 f �SH 0H � f �SH 0H �4,5 2 f �NH� 2f �NH �Total C6 = O �� (H 0)2H + 1� f �SH 0H �+ logH f � (H 0)2H �+ f �NH ��5 1{4 4 C6 4C6Total C5 = O(C6)3 1,7 O �NH� f �NH� NH f �NH �2 1 see text GSH f � SH�3,6 O �NH� f �SH 0H � NH f �SH 0H �4 O �NH� (H 0)2H f �SH 0H � N(H 0)2H2 f �SH 0H �5 O �NH� C5 NHC5Total C3 = O �NH �f �NH �+ f �SH 0H �+ C5�+ GSH f � SH �+ N(H 0)2H2 f �SH 0H ��2 1 G T �NG� GT �NG�2 G NGH logN f � logNH � NH logN f � logNH �3 1 logN log logNH f � logNH � logN log logNH f � logNH �4 1 SH �f � SH �+ f � logNH �� SH �f � SH �+ f � logNH ��Total C2 = GT �NG �+ � NH logN + logN log logNH + SH � f � logNH �+ SH f � SH �1 4 1 C2 C25 2 SH 0H f �SH 0H � 2SH 0H f �SH 0H �6 1 C3 C37 S f �SH 0H � Sf �SH 0H �8 S T (Nb) Pb T (Nb)9 S NbH f �NH � NH f �NH �Total T (N) = Pb T (Nb) + C2 +O �C3 + �SH 0H + S� f �SH 0H �+ NH f �NH ��Table 1: Derivation of the recurrence for P-HMMf(x).18



There is a trick used to obtain the running time of assigning records to buckets atline (2) of Algorithm 3. Notice that the records have already been sorted into G setsof size N=G by ComputePartitionElements. It follows that in assigning the records tobuckets, we will be using the partition elementsG times in order using full parallelism;hence the overall time needed for reading the partition elements is what is given inthe table. The evaluation of ComputeAux at line (4) of Algorithm 3 can be doneincrementally in the given time.A major simpli�cation of the recurrence occurs by noticing that H 0=H =O((H 0)2=H) = O(1), since H 0 = pH= logH. It is also true that S = O(N=H).To show the base of the recursion, consider what happens when N � H2. The �rstrecursive call will have arguments of N=G in the �rst term and T (Nb) in the sum.But we have arranged it so that Nb � 2N=S = 2N=G, so the largest argument to arecursive call will be 2NG = q8NpH logH � q8 logHH5=4;since N � H2. Now consider N � p8 logHH5=4, and look at the second level ofrecursion. Here, again, the maximum argument to any recursive call is 2N=G, orq8NpH logH � q8p8 logHH7=4 logH= 29=4H7=8 log3=4H< 12Hfor all H. Thus, when N � H2, two further levels of recursion always su�ce to bringthe maximum size sub�le to be sorted to no more than 12H.The following lemma helps establish the bound for the base case.Lemma 9 Two sorted lists whose length totals N can be merged in P-HMM in timeO((N=H)(f(N=H) + logH)).Proof : We will always keep r1 = bH=2c records from list 1 and r2 = dH=2e recordsfrom list 2 in the base memory level, until one of the lists runs out of records. Westart by reading the �rst r1 records of list 1 and r2 records of list 2. This operationwill require two parallel reads, since the elements will reside on hierarchies 1; . . . ; r1and 1; . . . ; r2, respectively. Between the two reads, it is necessary to shift the itemsfrom list 1 by r2 processors to make room in the base memory level for the items fromlist 2; this shift operation takes O(logH), since one could implement it by sorting.We need to add a �eld to each record keeping track of which list it originatedfrom. We also keep track of which is the next hierarchy to read for each of the listsand which hierarchy is the �rst to write with our output elements. At each step, wesort the H records in the base memory locations, shift so that the record with thesmallest key is on the next hierarchy to write, and write out the bH=2c records withthe smallest keys. We update which hierarchy will be the next to write and count19



how many records from each list were written, say t1 records from list 1 and t2 recordsfrom list 2. We then read in t1 records from list 1 and t2 records from list 2, withappropriate shifts before each read, and update the pointers to the next hierarchyto read for each list. Since at each step, we have at least the next bH=2c recordsfrom each list, we can always output the next bH=2c records for the merged list. Werequire 3N=bH=2c I/Os to process the N records, each of which takes time f(N=H).We also need O(logH) time for sorting and shifting between I/Os, yielding a totaltime that is O((N=H)(f(N=H) + logH)). 2Corollary 2 When N � 12H, the amount of time needed to merge two lists isO(logH).Thus, the overall recurrence reduces toT (N) = 8>><>>: GT �NG�+Xb T (Nb) +O�NH �f �NH �+ logH�� if N > 12HO(logH) if N � 12H(2)Lemma 10 When f(x) = log x, the algorithm given sorts in deterministic timeNH logN log logNlogH ! :Proof : Simply plug the correct f(x) into Recurrence (2). When N > H2, the givenvalue of S satis�es the recurrence. When N � H2, there are only two further levelsof recursion giving time O((N=H)(f(N=H) + logH) = O((N=H) logN). 2Lemma 11 When f(x) = x�, the algorithm given sorts in deterministic time�NH ��+1 + NH logN:Proof : Plug the correct f(x) into Recurrence (2). When N > H2, the given valueof S satis�es the recurrence. When N � H2, there are only two further levels ofrecursion giving time O((N=H)(f(N=H) + logN)), which is exactly the result. 2Lemmas 10 and 11 complete the proof of Theorem 1. In fact, we can go evenfarther for the P-HMM model and show that the algorithm is uniformly optimal forany well-behaved cost functions f(x) as de�ned in Section 2.Theorem 6 The algorithm given above is optimal for all well-behaved cost func-tions f(x). 20



Proof : This proof is essentially that of the corresponding theorem in [ViSa] for theirrandomized algorithm. Let TM;H(N) denote the average number of I/O steps thesorting algorithm does with an internal memory of size M , where we allow eachhierarchy to move simultaneously, in a single I/O step, a record between internalmemory and external memory. Note that we are only viewing the algorithm fromthe standpoint of I/O, and therefore we can ignore any internal computation timewhenever M > H. In particular, the matching time does not get counted. WhenN > M2, the algorithm gives the recurrenceTM;H(N) = pNTM;H(pN ) + X1�b�S TM;H(Nb) + NH ;where P1�b�S Nb = N and Nb < 2N=S for all 1 � b � S. We have used the costfunction f(x) = ( 1 if x > M=H0 otherwise :When N < M2, we get TM;H = O(N=H). It can be shown that this recurrence issolved by TM;H = O  NH logNlogM ! (3)Aggarwal and Vitter showed a lower bound for the problem of sorting with internalmemory size M and no blocking or parallelism ofTM = 
  N logNlogM �M! ;where the \�M" term allows up to M items to be present initially in the internalmemory. At best we could achieve a speed-up of a factor of H by using H disksin parallel, so dividing TM by H gives a lower bound on the I/O complexity withH disks. But Equation (3) is within an additive term of O(M=H) of this optimalI/O bound. At the base memory level, we consider M = H, and �nd that we load inO(N logN=(H logH)) memory loads, each of which takes O(logH) communicationtime for matching or sorting. Thus, the amount of time used in the base memorylevel by the algorithm is O((N=H) logN), all of which is above the optimal algorithm.De�ne �f �MH � = f �M + 1H �� f �MH � :Then the total time above the optimal can be found by adding the amount of timeused in the base memory level of the algorithm to the amount used incrementally forevery memory size between H and N . Thus, we get that the amount of time spentabove the optimal isO0@NH logN + XH�M<N MH �f �MH �1A21



= O0@NH logN + NHf �NH�� f(1)� 1H XH�M<N f �M + 1H �1A= O �NH logN + NHf �NH �� (4)where the sum at the end of the �rst line has been expanded and rearranged toproduce the second line and the sum at the end of the second line contains fewerthan N items each of which has value no greater than f(N=H). The �rst term in (4)is the lower bound resulting from using a comparison-based sorting algorithm. Thesecond term in (4) is the minimum amount of time needed to read all of the elementsinto the base memory level at least once, assuming that the cost function f(x) iswell-behaved and that we are therefore justi�ed in counting all the records in the setto be sorted as taking the same amount of time to access as the last record. It followsthat the sorting algorithm is optimal. 24.4 Analysis of P-BTEssentially the same algorithm will work for the P-BT model as we used in the P-HMM model. The only di�erence is that in Algorithm 1, we need to add anotherline right after step (6) to reposition all the buckets into consecutive locations oneach virtual memory hierarchy. This repositioning is done on a virtual-hierarchy-by-virtual-hierarchy basis, using the generalized matrix transposition algorithm given in[ACSa].We concentrate in this section on the cost function f(x) = x�, where 0 < � < 1.Deterministic algorithms for f(x) = x� with � � 1 have been reported previously[ViSa]. The upper bound for f(x) = log x can be no larger than that for f(x) = pxsince log x < px for all x > 0; since the lower bounds are identical it follows thatthe algorithm for f(x) = px applied to hierarchies with cost function f(x) = log x isoptimal.In the algorithm given, we will chooseG = 8>>>>><>>>>>: 14 logHN1�� if N > H2vuut N2pH logH if N � H2S = 8>>>>><>>>>>: N�pH logN if N > H2vuut N2pH logH if N � H2We show that the virtual blocking can be done and that the buckets are approximatelythe same size in the following lemmas. 22



Lemma 12 With the above values of G and S, the average number of elementsper bucket per sorted run created by ComputePartitionElements is at least H=H 0 =pH logH.Proof : The average number of elements per bucket per run is N=SG. When N > H2,N=SG = pH logN � pH logH. When N < H2, the values of S and G are the sameas in the P-HMM case, so the same proof holds as before. 2Lemma 13 The buckets created using the above values of G and S are approximatelythe same size.Proof : The condition we derived in Corollary 1 is that G logN � N=S. WhenN > H2, we require N1�� logN � pHN1�� logN . When N < H2, the values of Sand G are the same as in the P-HMM case, so the same proof holds as before. 2As with the P-HMM algorithm, there are at most two additional levels of recursionafter N � H2. [ViSb] showed that two lists can be merged in P-BT using the sameamount of time as that needed to touch all the elements.We need to make one more change to the algorithm for BT hierarchies, but onethat is hard to write explicitly. Aggarwal et al. gave an algorithm called the \touch"algorithm [ACSa]. This algorithm takes an array of n consecutive records stored atthe lowest possible level and passes them through the base memory level in order,using time O(n log log n) for 0 < � < 1. As it turns out, all the data structuresare processed in order throughout the algorithm due to the sorted runs of size N=Gcreated by �nding the partitioning elements. The e�ect of this change is that weget the same recurrence as for the P-HMM model, using an e�ective cost functionf(x) = log log x. It turns out that the limiting step in the algorithm for P-BT is theneed for repositioning the buckets, which can be done using the cited algorithm intime O ((N=H)(log log(N=H))4). So the overall recurrence isT (N) = GT �NG�+Xb T (Nb) +O  NH  �log log NH �4 + GSH log log SH + logH!! :(5)for the case N > 12H. The case N < 12H is the same as in (2).Lemma 14 The given algorithm sorts in the P-BT model using timeT (N) = NH logN:Proof : Substituting the solution above into Equation (5) demonstrates that it is asolution. 2We have now completed the proof for Theorem 2.23



4.5 Sorting in P-UMH and relativesVitter and Nodine gave upper and lower bound results for P-UMH, P-RUMH, andP-SUMH [ViN], some of which are were based on simulating the randomized P-HMMand P-BT algorithms given in [ViSa]. The results of the last two subsections can beused to give deterministic algorithms in our model for all those cases that previouslyrequired randomization, leading to the following theorem:Theorem 7 Distribution sort algorithms can be scheduled on P-UMH and P-RUMHwith the following running times.��NP logN� if b(`) = 1;O  NP logN log logNlogP !! if b(`) = 1`+ 1;� �NP �1+c=2 + NP logN! if b(`) = ��c`, c > 0.The bound given for b(`) = 1=(` + 1) is also a lower bound in P-RUMH.The following bounds are matching upper and lower bounds for sorting in P-SUMH. � NP logN log logNlogP !! if b(`) = 1;��NP logN log NP � if b(`) = 1`+ 1;� �NP �1+c=2 + NP logN! if b(`) = ��c`, c > 0.In all these models, the upper bounds for b(`) = 1 and b(`) = 1=(` + 1) are given bya deterministic algorithm based on Balance Sort.The disadvantage of the deterministic algorithms with respect to the random-ized ones is that the former require a CRCW-PRAM to interconnect the processors,whereas the latter will work with a hypercube or cube-connected-cycles interconnec-tion.5 Parallel Disks with Parallel ProcessorsIn this section, we present a version of Balance Sort for the parallel disk model.The algorithm is optimal in terms of parallel disk I/Os and will also be optimal inthe internal processing time when more than one processor is present, up to P =M log(M=B)= logM . 24



Algorithm 8 [Balance Disks]for each memoryload(1) read memoryload(2) assign all M records to buckets(3) group buckets together (sort using bucket number as key)(4) for each consecutive D blocks of values in parallelupdate XA := ComputeAux(X)Rebalance(A;X)(5) write memoryloadThe algorithm for the parallel disk model is the same as that used for the P-HMMmodel, except for a few small changes. In Algorithm 1, we use N � M rather thanN � H as the termination condition for the recursion. We use the Balance Disksalgorithm given in Algorithm 8 instead of the Balance routine given in Algorithm 3.Note that the parameter we callD (the number of disks) is equivalent to the parameterwe called H for parallel memory hierarchies. We will likewise use partial striping togroup D=D0 disks together to make D0 virtual disks, with D0 = pD= logD. We alsouse a di�erent method for computing the partitioning elements, described in [ViSa].Finally, we will select S = �MB �
 :The procedure for �nding the partitioning elements uses as a subroutine Algo-rithm 9, which computes the kth smallest of n elements in O(n=DB) I/Os. It doesthis by recursively subdividing about an element that is guaranteed to be close to themedian. Algorithm 10 gives the algorithm for �nding the partitioning elements.We start by showing the correctness of the overall sorting algorithm. The generalproof of correctness for distribution sort applies, except that we must show that we cangroup into virtual blocks on our virtual hierarchies. If this grouping is not possible, thematching will not correctly distribute records into buckets, and the sorting algorithmwill fail. We need to achieve a virtual blocking with D=D0 = pD logD blocks pervirtual block so that all the records in the virtual block fall in the same bucket. Whenwe read in a memoryload, we have M records in memory, and an average of M=Srecords in each bucket. Thus, each bucket �lls an average of M=(SB) blocks. Weneed to ensure that M=(SB) � pD logD. ButMSB = �MB �1�
 � D1�
 > pD logD:Here we have used the fact thatM � DB. If we choose 
 = 1=4, then we �nd that forany value of D, D1�
 � kpD logD, where k = (e log 2)=4, so we have an additional25



Algorithm 9 [Select(S0; k)]t := djS0j=Mefor i := 1 to tRead M elements in parallel (dM=DBe tracks; the last may be partial)Sort internallyRi := the median elementif t = 1return(kth element)s := the median of R1; . . . ; Rt using algorithm from [BFP]Partition into two sets S1 and S2 such that S1 < s and S2 � sk1 := jS1jk2 := jS2jif k � k1Select(S1; k)elseSelect(S2; k � k1)Algorithm 10 [ComputePartitionElements(S)]for each memoryload of records Mi(1 � i � N=M)Read Mi into memorySort internallyConstruct M0i to consist of every (S � 1)=2th recordWrite M0iM0 :=M01 [ � � � [M0N=Mfor j := 1 to S � 1ej := Select(M0; 2Nj=(S � 1)2)factor of no more than 4=(e log 2) � 2:123 due to internal fragmentation from havingblocks that are not quite full on average.From the standpoint of showing I/O and internal processing bounds, we need toshow that the routine for computing the partition elements produces buckets that havenearly the same size. We re-apply Lemma 1, except this time we have p = (S� 1)=2.Substituting in G and S, it results in a slop that is less than (M=B)
N=2M . Theratio between the slop and the average number of elements per bucket is12M �MB �2
 < 1226



for any 
 > 0. Thus, we have for any bucket b,N2S < Nb < 3N2S :The I/O bound is easy to show for the new algorithm. A, X, L, and E all residein the internal memory, so there is no cost to access them. We have shown that thesedata structures will �t in the internal memory in a previous report.A \memoryload" is the collection of O(M) records that �t into memory. The onlyplace that I/Os are done in the disk version of the algorithm is in lines (1) and (5)of Algorithm 8 and in computing the partition elements. We can read and writea memoryload using full parallelism using O(M=DB) I/Os. Since there are overalldN=Me memoryloads, we �nd that the number of I/Os done per call to Balance Disksis O(N=DB). Vitter and Shriver showed that the partition elements can also becomputed using O(N=DB) I/Os [ViSa]. Thus, we get the recurrenceT (N) = ( ST �NS �+O(N=DB) if N > M0 if N �M ;which has solutionT (N) = O � NDB logS NM � = O NDB log(N=B)log(M=B)! :This is the same bound as was shown to be optimal for the parallel disk model [AgV].We devote the remainder of this section to showing that the algorithm oper-ates with optimal internal processing time as long as the number of processorsP � M log minfM=B; logMg= logM . The optimal internal processing time (as-suming comparison-based sorting) is 
((N=P ) logN). The crux of the matter isin showing that we can use the given number of processors e�ciently in all aspectsof the sorting algorithm.The algorithm for �nding the partition elements does a total of O(N=DB)I/Os. Since the data are always processed in terms of memoryloads, this corre-sponds to O(N=M) memoryloads. Each of the memoryloads can be processed intime O((M=P ) logM) for any number of processors P � M , giving a total timeO((N=P ) logM) = O((N=P ) logN).The remainder of the internal computation time occurs in the routine Bal-ance Disks. We assume that the CPUs are inactive during I/O, so there is no CPUtime charged during steps (1) and (5) of Algorithm 8.Steps (2) and (3) of Algorithm 8 are easy to analyze in terms of processing timeneeded per memoryload. The next two lemmas state these bounds.Lemma 15 Step (2) of Algorithm 8 can be done in time O((M=P ) log(M=B)) foreach memoryload for any P �M . 27



Proof : Assign M=P records to each processor. Each processor can then do a binarysearch on the (M=B)
 partition elements for each of its records, giving a total timeof O((M=P ) log(M=B)). 2Lemma 16 Step (3) of Algorithm 8 can be done in time O((M=P ) log(M=B)) foreach memoryload if P �M logminfM=B; logMg= logM or logM = O(logM=B).Proof : To group the records within each bucket together, we sort the records ininternal memory. If logM = O(logM=B) then we can sort theM records using Cole'sparallel merge sort algorithm [Col] in time (M=P ) logM = O((M=P ) log(M=B)) forany P �M .Otherwise, instead of sorting using the keys contained in the records, we sort usingthe bucket number as the key. We will start by considering only P �M= logM . Wewill make use of a deterministic algorithm by Rajasekaran and Reif that appears asLemma 3.1 in [RaR]. Their algorithm sorts n elements in the range 1; . . . ; log n intime O(log n) using n= log n processors. We need to consider two cases:Case 1: M=B � logM . In this case, we let n = M . The key values gofrom 1 to (M=B)
 < M=B � logM so we can apply the Rajasekaran-Reifalgorithm directly to sort in time logM with M= logM processors, which wehave. But logM � (M=P ) log(M=B) as long as P � M log(M=B)= logM �M log logM= logM .Case 2: M=B > logM . We will still let n = M , but this time qM=B maybe larger than logM . What we do is a radix sort using the Rajasekaran-Reif algorithm as a subroutine, sorting logM bits at a time. Thus, we needO(log(M=B)= log logM) applications of the algorithm, for timeO logM log(M=B)log logM ! = O �MP logMB �whenever P < M log logMlogM < M log(M=B)logMsince logM < M=B.If P < M= logM , then we can attain the same bound by multitasking P 0 =M= logMvirtual processors onto the P real processors. 2In order to show that loop (4) of Algorithm 8 can be parallelized e�ciently, weneed to understand more precisely what we mean by \in parallel" on line (4). Weare dividing the memoryload into tracks, where each track consists of D consecutiveblocks of values. We make the observation that if any track consists entirely ofelements from the same bucket, it is not necessary for that track to update X orrecompute the portion of A that will need to be updated by changing X for that28



bucket. We assume that A is updated incrementally, only modifying those rows thatwere actually a�ected by the given track. We thus arrive at the following cruciallemma.Lemma 17 At most two tracks need to access values of any speci�c row of A or Xduring a memoryload.Proof : We use here the fact that the records have been sorted according to theirbucket numbers. So any pair of consecutive tracks can have only one bucket incommon. Thus, if we ignore any track that consists entirely of elements from thesame bucket, the lemma is established. 2So we can parallelize this operation by casting out any tracks that consist of all thesame bucket, renumbering the tracks, and then doing all the odd-numbered tracksfollowed by all the even-numbered tracks. The odd/even tracks are guaranteed notto interfere with one another since they access disjoint rows of A and X. This crucialfact leads to the following lemma.Lemma 18 Loop (4) of Algorithm 8 can be done in time O((M=P ) log(M=B)) forany P �M .Proof : As shown in Lemma 17, at most two tracks need to access any row of Xor A. We will have two repetitions of at mostM=2DB tracks. We need to update anelement of X for each of the M=BD0 virtual blocks, which can be done completelyin parallel for any number of processors up to M=BD0. The total amount of timeupdating X is TX = 8><>: M logDPBpD if P �M logDBpD1 if P > M logDBpDIn both cases, the time is less than (M=P ) log(M=B) for any P �M .We can do the ComputeAux routine by these two steps.1. Sort S sets of D0 numbers in parallel to pick the d2D0=3eth smallest element.2. Update all the SD0 elements of A.The sorts take timeTA1 = 8>>>><>>>>: 1P �MB �
 pDlogD log pDlogD! if P � �MB �
 pDlogDlog(pD= logD) if P > �MB �
 pDlogD29



In both cases, the time is no more than (M=P ) log(M=B) for any P � M . Theupdate time isTA2 = 8>>>><>>>>: 1P �MB �
 pDlogD if P � �MB �
 pDlogD1 if P > �MB �
 pDlogDAgain, the time is no more than (M=P ) log(M=B) for any P � M if M �D2=3=(B1=3 log4=3D), which is true since D2=3= log4=3D < D for all D � 2.Finally, we can accomplish the rebalancing by the following steps:1. Set up M=BD matching problems, each of which is D0 �D0.2. Solve the M=BD matching problems.3. Do M=BD sets of swaps.The set-up time can be done in parallel timeTR1 = 8>>><>>>: MPB log2D if P � MB log2D1 if P > MB log2DEach matching problem can use up to D processors to achieve time logD. Thematching takes time TR2 = 8>><>>: M logDPBD if P � MBlogD if P > MBBoth of these steps take time no more than (M=P ) log(M=B) for any P �M . Finally,the swaps involve moving up to M items, but no internal processing time other thantouching them, for a total time of O(M=P ) � (M=P ) log(M=B) for any P �M .We have shown that each individual step meets the time bound proposed by thelemma, establishing its validity. 2Finally, we are ready to prove our main result for disk sorting, Theorem 3.Proof : We established the I/O bound above. To show that the CPU time is optimal,we need to show that it takes a total of O((N=P ) logN) time. We have shown thateach memoryload can be processed using time O((M=P ) log(M=B)) whenever eitherP �M logminfM=B; logMg= logM or logM = O(logM=B). The number of mem-oryloads we need to process the �le is O((N=M) log(N=B)= log(M=B)). Therefore,the total time isO   NM log(N=B)log(M=B)!�MP log(M=B)�! = O �NP log(N=B)�as desired. 230



6 ConclusionsIn this report, we have described the �rst known deterministic algorithm for sortingoptimally using parallel hierarchical memories. This algorithm improves upon therandomized algorithms of Vitter and Shriver [ViSa]. The algorithm applies to P-HMM, P-BT, P-UMH, P-RUMH, and P-SUMH, as well as the parallel disk model.The parallel disk version of the algorithm also improves upon our previously publishedalgorithms [NoVa, ViN] in the following ways:1. The hidden constants in the big-O notation are small. The problem with theGreed Sort algorithm of [NoVb] is that it uses Columnsort [Lei] as a subrou-tine, which introduces at least an additional factor of 4 into the constant ofproportionality.2. The algorithm can operate using only striped write operations. Some paralleldisk subsystems, such as Thinking Machine's Data Vault, impose this require-ment so that error checking and redundancy information can be maintained togive acceptable levels of reliability when dealing with many disks, each of whichhas an independent probability of failure. It is unclear how to adapt the GreedSort algorithm to use only striped writes, again because of the embedded callto Columnsort.3. The new algorithm can be made to work optimally in terms of internal process-ing time even in the presence of large degrees of processor parallelism.The primary disadvantage of the algorithm presented in this report is that itrequires that the CPUs be connected to the memories by a CRCW-PRAM. TheCRCW-PRAM is required only in the log-time matching algorithm, so any improve-ment there will automatically improve the overall algorithm. Ideally, one would liketo be able to do the matching in O(logH) time on a hypercube or other actual parallelprocessor topology.Although we have presented a deterministic algorithm, in practice the randomizedalgorithm resulting from doing randomized matching and not requiring any partialhierarchy striping would be simpler to implement.7 References[AAC] A. Aggarwal, B. Alpern, A. K. Chandra, and M. Snir, \A Model for Hierar-chical Memory," Proceedings of 19th Annual ACM Symposium on Theory ofComputing (May 1987), 305{314.[ACSa] A. Aggarwal, A. Chandra, and M. Snir, \Hierarchical Memory with BlockTransfer," Proceedings of 28th Annual IEEE Symposium on Foundations ofComputer Science (October 1987), 204{216.31
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